
Stochastic Gradient Methods for Matrix Completion

Dissertation presented by
Gauthier MUGUERZA

for obtaining the Master’s degree in
Mathematical Engineering

Supervisors
Pierre-Antoine ABSIL, Rodolphe SEPULCHRE

Readers
Estelle MASSART, Shuyu DONG

Academic year 2017-2018

https://www.linkedin.com/in/gauthiermuguerza/
https://sites.uclouvain.be/absil/
https://sites.google.com/site/rsepulchre/
https://perso.uclouvain.be/estelle.massart/
https://uclouvain.be/fr/repertoires/shuyu.dong




Abstract

A common hurdle for handling high-dimensional data is the fact that the observations are often
incomplete. The low-rank matrix completion problem attempts to overcome this hurdle by
recovering this missing data in a large data set. The most famous application of low-rank matrix
completion are recommender systems, but predicting missing values in a database is used in a
diverse set of fields including control, system identification and statistics, just to name a few.

The method used in this thesis is based on optimization on manifolds, since the rank is fixed
beforehand, and the error is minimized. The number of data points being very large, we use
a stochastic gradient descent method. This method is scaled, i.e., efficient preconditioners are
computed to resolve the issue of scale invariance. Two families of sequences of data points are
defined, “Smart shuffling” and “Weighted shuffling”, in order to improve the slow convergence
obtained when the data points are visited in a cyclic order.

Numerical comparisons show that the smart shuffling performs like a random sequence, and
the weighted shuffling improves the convergence.

Key words. low-rank matrix completion, Riemannian optimization, fixed-rank manifold,
stochastic gradient descent methods, shuffling methods, importance sampling.
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Notation

Variables
A A matrix, usually of size d1 × d2 unless stated otherwise.
A> The transpose of matrix A.
Aij The (i, j) entry of matrix A.
dmax The maximum between d1 and d2: dmax = max {d1, d2}.
dmin The minimum between d1 and d2: dmin = min {d1, d2}.
M A Riemannian smooth manifold.

Sets
R The set of real numbers.
[m] The set of integers from 1 to m: [m] = {1, 2, . . . ,m}.
Ω The set of observed entries of a matrix of size d1 × d2: Ω ⊆ ([d1]× [d2]).
Ω̄ The set of unknown entries of a matrix of size d1×d2: Ω̄ = ([d1]× [d2]) \Ω.
Rd1×d2 The set of matrices of size d1 × d2.
Rd1×d2
r The set of matrices of size d1 × d2 and of rank r.

=
{
X ∈ Rd1×d2 : rank (X) = r

}
=Mr.

St (r, d) The compact Stiefel manifold of orthogonal matrices of size d× r.
=
{
X ∈ Rd×r : X>X = Ir×r

}
.

Rd×r∗ The non-compact Stiefel manifold of full-column rank matrices of size
d× r.
=
{
X ∈ Rd×r : rank (X) = r

}
= Rd×rr .

GL (r) The General Linear group of order r, i.e., the set of all invertible matrices
of size r × r.
= {T ∈ Rr×r : det (T) 6= 0}.

Operations

‖·‖`p The `p norm: ‖X‖`p =
(∑d1,d2

i=1,j=1 |Xij |p
)1/p

.

‖·‖`2 = ‖·‖F The `2 norm or Frobenius norm: ‖X‖F =
(∑d1,d2

i=1,j=1 |Xij |2
)1/2

.
PΩ (X) The orthogonal projector of X onto the space of d1 × d2 matrices with 0

on Ω̄.
Rx A retraction on M, that is, a smooth function from TxM to M with

x ∈M.
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ALS Alternating Least Squares

AUC Area Under the Curve

CV Cross-Validation

GDPR General Data Protection Regulation

GPU Graphics Processing Unit

IRLS Iteratively Reweighted Least Squares

LRMC Low-Rank Matrix Completion

MAE Mean Absolute Error

MSE Mean Squared Error

NMAE Normalized Mean Absolute Error

NPC Non-Positive Curvature

RCGMC Robust Conjugate Gradient Matrix Completion

RMSE Root Mean Squared Error

SGD Stochastic Gradient Descent

SPD Symmetric Positive Definite

SVD Singular Value Decomposition

xi



xii



Introduction

After the famous technology company IBM stated that 90 % of the data in the world today
has been created in the last two years, certain questions about good and bad arose. This data
comes from everywhere: sensors used to gather shopping habits, interaction on social media,
digital pictures and videos, and financial transactions, just to name a few. This data is big data.
Therefore, using data mining tools has become crucial. Inferring information from partial data
is one of the most important challenges we are facing. This master’s thesis deals with one of the
solutions to this problem, namely the low-rank matrix completion problem, which can be stated
as trying to recover a low-rank matrix given only a sampling of its entries.

In October 2006, the entertainment company Netflix launched its now famous competition: the
Netflix Prize. It challenged anyone to achieve a higher accuracy than their current recommendation
system, which was called CineMatch. The prize was $1M to be awarded to the team attaining
the highest improvement. The winner was declared in June 2009, “BellKor’s Pragmatic Chaos”
having bettered the root mean squared error (RMSE) by over 10 %, see [BK07]. One of their
main insights was to learn how to optimally blend different predictors to yield a more accurate
predictor. The Netflix Prize was a prime example of a recommender system: the system tried to
predict a rating that a user would give for an item. Recommender systems are just one of the
many applications of matrix completion. Indeed, such problems are of considerable interest in a
diverse set of fields including control, system identification, statistics and signal processing.

Although the general low-rank matrix completion problem is NP-hard, there exist several
heuristic methods that solve the problem approximately by solving the convex relaxation of
the original problem. Nowadays, plenty of powerful tools for this problem have been developed.
The most important tool used to solve the low-rank matrix completion problem, can be stated
as follows: often, data live in low-dimensional spaces. Optimization on manifolds, also called
Riemannian optimization is described in [AMS08], while papers like [BMAS14, Bon13, Van13]
use these concepts to develop powerful algorithms. Stochastic gradient descent is illustrated
in [MS16, TFBJ18, RR13]. Low-rank matrix completion is a trendy problem, and solutions
include [BA11, Cam15].

All of these tools achieve great results, in terms of personalization and predictions. The
advances are so impressive that the European Union has introduced the famous General Data
Protection Regulation (GDPR) in order to help all citizens of the EU with data protection and
privacy issues. The goal of the GDPR is to enable citizens to control their personal information,
and to simplify the regulatory environment for international business. Data-driven companies
now have to deal with the consequences of their powerful algorithms: the public is more and
more afraid of providing information, and recent papers like [VBK18] provide some guidelines on
how to implement algorithms while respecting the rights and obligations laid out in GDPR.

In the recent paper [MHA18], the authors have tried new ways of browsing the data set to
perform Riemannian optimization. In particular, the authors took the Karcher function as the
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objective function, that is, the least squares mean of matrices, and the search space was the
manifold of symmetric positive definite (SPD) matrices, endowed with an affine-invariant metric.
In this framework, an order defined by a specific shuffling performed (slightly) better than a
random order. The reason for this could be the fact that the last data points receive too much
importance, i.e., they are overemphasized. This could be the case for all Hadamard manifolds,
that is, all the complete and simply connected manifolds with non-positive sectional curvature.
Inversely, the phenomenon of underemphasized data points could be observed on manifolds with
non-negative sectional curvature. A reminder about the sectional curvature of manifolds can be
found in [Lee03].

This master’s thesis aims at answering a simple question: is it useful to look at the known
data in a particular order, to solve the low-rank matrix completion problem? In particular, the
starting point is to try the shuffling of [MHA18] on the low-rank matrix completion problem,
and then to develop other ideas to improve the stochastic gradient descent algorithm.

This report is structured in the following way: the problem and the current state-of-the-art
are presented in Chapter 1. We cover the main tools of Riemannian optimization in Chapter 2.
After that, Chapter 3 states some different aspects of stochastic gradient descent, and Chapter 4
collects our contribution, which looks to improve the stochastic gradient descent method. Finally,
in Chapter 5, we test our methods on three different real-world data sets.

Following the discipline of reproducible research, the source code and data files required
to reproduce the experimental results of this master’s thesis can be downloaded from https:
//bitbucket.org/gauthmug/rsgd/src/master/.
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Chapter 1

Low-rank matrix completion

In this first chapter, we start with Section 1.1 by formally defining the problem. A short summary
of the state-of-the-art is given in Section 1.2. Finally, Section 1.3 explains why it is interesting to
solve the low-rank matrix completion problem.

1.1 Problem definition

The low-rank matrix completion problem, also called the LRMC problem, is the task of filling in
the missing entries of a matrix from which only a subset of the entries are observed. Of course,
in the sampled entries, we have some noise or even some outliers. If the original matrix was
perfectly noiseless, the problem could be stated as recovering a matrix M ∈ Rd1×d2 , observed
only on a subset Ω of its entries, by finding a matrix X ∈ Rd1×d2 such that

Xij = Mij , ∀ (i, j) ∈ Ω, (1.1)

where the matrix X has the lowest possible rank. The reader can find some linear algebra
reminders in Appendix A.1, including a basic definition of the rank. Intuitively, the rank of a
matrix can be thought of as the complexity of a matrix: if a matrix has a low rank, it means that
many of its columns (or rows) are linearly dependent, hence these columns (or rows) do not give
more information about the matrix; if a matrix has a high rank, it means that its columns (or
rows) are very different from one another, hence every column (or row) adds more information
about the matrix.

Here we stress the fact that M is given only on Ω. In other words, the sample set Ω is defined
as the set of all (i, j) such that Mij is sampled, i.e., Mij is observed. Rigorously, the entry Mij

is sampled if and only if (i, j) ∈ Ω.

The equality constraint (1.1) is often expressed differently. For this, the orthogonal sampling
operator first needs to be defined. It is a projection PΩ : Rd1×d2 → Rd1×d2 defined as

[PΩ(X)]ij =
{
Xij , if (i, j) ∈ Ω,
0, otherwise.

Hence, the constraint (1.1) can be written as

PΩ (X) = PΩ (M) . (1.2)

3



A standard way of approaching the problem is to minimize the rank. However, in this thesis
we will cast the problem as a fixed-rank optimization problem, assuming that the rank r is known
a priori, i.e.,

min
X∈Rd1×d2

1
2 ‖PΩ (X)− PΩ (M)‖2F

subject to rank (X) = r.

Example 1.1. Consider the partially sampled matrix M defined as

M =

1 2 3
2 4 ?
? ? 9

 ,
where each unsampled entry is denoted as ?. We have Ω = {(1, 1) ; (1, 2) ; (1, 3) ; (2, 1) ; (2, 2) ; (3, 3)}.
There are an infinite number of completions of M. Let us give two examples, namely the matrices

X1 =

1 2 3
2 4 6
3 6 9

 , X2 =

1 2 3
2 4 6
3 7 9

 .

We see that rank (X1) = 1, while rank (X2) = 2. Hence, if the rank r is fixed to 1 for this
problem, then X1 is a solution to the LRMC problem, while X2 is not. Of course, this is only a
small example: in real applications the matrices that we are trying to fill are much larger.

1.2 Related work

Formally, the LRMC problem can be regarded as an optimization problem, as follows

min
X∈Rd1×d2

rank (X)

subject to PΩ (X) = PΩ (M) .
(1.3)

Looking at this formulation, the difficulties are not apparent. However, rank minimization
is (almost always) an intractable problem: it is in fact provably NP-hard and the only known
algorithm to solve it is computationally too expensive, as it is shown in [CG84].

The solution suggested by [CR09] was to rewrite the problem as

min
X∈Rd1×d2

‖X‖∗

subject to PΩ (X) = PΩ (M) ,
(1.4)

where ‖X‖∗ is the nuclear norm of X defined as the sum of the singular values of X. The nuclear
norm is in fact the Schatten norm with p = 1. A reminder about matrix norms is given in
Appendix A.2. A family of low-rank inducing norms and regularizers, which includes the nuclear
norm as a special case, was recently introduced in [GG16]. The authors of [FHB03] have shown
that the nuclear norm is the tightest convex relaxation of the rank. In the context of exact
LRMC, i.e., if the strict constraint (1.1) is imposed, the authors have shown that this formulation
recovers the original underlying matrix under some mild assumptions. Namely, if the number |Ω|
of sampled entries obeys

|Ω| ≥ Cd
6
5 r log (d) ,

4



for some positive numerical constant C, then with very high probability, most d1 × d2 matrices
of rank r can be perfectly recovered by solving a simple convex optimization program. Here, it is
assumed that d = d1 = d2, but this discussion would apply to arbitrary rectangular matrices as
well. The advantage of focusing on square matrices is a simplified exposition and reduction in
the number of parameters we need to keep track of.

Exact matrix completion, i.e., with the constraint (1.1), is used in many problems, e.g., in
fluid dynamics as in [ZJG17]. Strict equality is imposed, similarly to the case of covariance
completion, where precise measurements have to be matched. However, one can see that this
constraint is very strict. Indeed, in real applications, the observations are noisy, thus imposing
this equality can cause problems. These problems come from the fact that the matrix X tries
to perfectly match M, including the noise. This phenomenon is called overfitting; in short it
refers to the situation where the model fits the known entries too well, while deviating too much
from the mean on the unknown entries. Overfitting and underfitting are important concepts in
machine learning, and they will be introduced in Section 4.1. This being said, let us now look at
the problem where strict equality must not be imposed. In order to avoid overfitting, the authors
of [CP10] have defined the problem

min
X∈Rd1×d2

‖X‖∗

subject to ‖PΩ (X)− PΩ (M)‖F ≤ δ,
(1.5)

for some small value of δ ∈ R. Of course, since the projection PΩ is linear, it is equivalent to write
PΩ (X)−PΩ (M) or PΩ (X−M). The second formulation is neater, but one should remember
that the matrix X−M cannot be computed, since M is only known on the set Ω.

The methods described above are focused on minimizing the rank, or some relaxation of the
rank, and the constraint ensures that the new matrix is close to the original data. Now the tables
are turned: the rank is fixed a priori, and the error between the new matrix and the original data
is minimized. Hence, the difference between the matrices X and M on the set Ω is minimized. If
the rank r of the target matrix is fixed a priori, then the problem can be stated as

min
X∈Rd1×d2

1
2 ‖PΩ (X−M)‖2F

subject to rank (X) = r.

(1.6)

A regularization term is often added in order to avoid overfitting. Hence, a term λ ‖X‖2F
would be added to the objective function, for some non-negative regularization parameter λ ≥ 0.
The optimization algorithm then tries to ensure that ‖X‖2F is as small as possible. One can think
of the term ‖X‖2F as a way to quantify the model complexity. Usually, a factor 1

2 is added in
front such that the gradient is easier to write. The careful reader will readily have noticed that
overfitting is already avoided by the constraint rank (X) = r with a small value for the rank r.
This is a good point, but fixing the rank of X to a small value does not avoid its Frobenius norm
to explode. Hence, some formulations include the term λ

2 ‖X‖
2
F in the objective function, but

we will always set λ = 0. Indeed, since stochastic gradient descent (SGD) methods are used in
this thesis, we are not fully optimizing the cost function, and it is unlikely that ‖X‖2F explodes.
In real applications however, a non-zero value for λ can be defined, since this usually allows to
improve the performance on unseen data.

Regarding the constraint rank (X) = r, one might ask why we did not write rank (X) ≤ r
instead. In turns out that the search space could be defined asM≤r, with

M≤r =
{
X ∈ Rd1×d2 : rank (X) ≤ r

}
,

5



but in practice the optimization variable X always has the highest rank possible. The search
space can thus be written asMr, with

Mr =
{
X ∈ Rd1×d2 : rank (X) = r

}
.

This space, which is a set, can be endowed with a manifold structure, a concept that will be
introduced in Chapter 2, see Definition 2.3. Hence, the machinery of optimization on manifolds
described in [AMS08] can be used. The general philosophy of optimization on manifolds is
to recast a constrained optimization problem in the Euclidean space into an unconstrained
optimization on a non-linear search space that encodes the constraint. The idea of a direct
optimization over the set of all fixed-rank matrices, with a generalization of classical non-linear
conjugate gradients, leads to the famous low-rank geometric conjugate gradient method, often
denoted by LRGeomCG, described in [Van13].

Algorithms for low-rank matrix completion based on preconditioned Riemannian optimization
over a single Grassmannian manifold are presented in [BA15, BA11]. The authors have defined
a method called “RCGMC” for Robust Conjugate Gradient Matrix Completion. Another version
called “RCGMC 2” was developed by applying second-order Riemannian trust-region methods.

Now that recent methods have been defined, let us focus on the model. A popular way to
tackle the rank-constraint in (1.6) is by using a factorization model. Suppose that one wishes
to recover a rectangular d1 × d2 matrix M of rank r. Such a matrix M can be represented by
d1d2 numbers, but it only has (d1 + d2 − r) r degrees of freedom. Indeed, it is stated in [HM94,
Proposition 1.14] that the dimension of the manifold of d1×d2 matrices of rank r is (d1 + d2 − r) r,
as long as max {d1, d2} > 1. Among others, this can be revealed by counting the number of
parameters in the singular value decomposition (SVD), i.e., the number of degrees of freedom
associated with the description of the singular values and of the left and right singular vectors.

Let us talk about the procedure defined in [CCS10] to define synthetic data. A fraction
of the entries are randomly removed with uniform probability. Since the dimension of Mr is
(d1 + d2 − r) r, the number of known entries is a multiple of this dimension. This multiple is
called the over-sampling ratio, often abbreviated by OS ratio. The OS ratio determines the
number of known entries. For example, if OS = 5, it means that |Ω| = 5 (d1 + d2 − r) r of
randomly and uniformly selected entries are known a priori out of a total of d1d2 entries.

We are reminded in [Bon13] that a gradient descent method could be applied to solve
problem (1.6). However, the matrix is potentially of high dimension, d1 ≈ 106 and d2 ≈ 105

in the Netflix case. Hence, computing the full gradient is not feasible. Therefore, a standard
method to reduce the computational burden is to draw random elements of Ω, say, element (i, j),
and perform gradient descent ignoring the remaining entries. The updated matrix

X+ = X− α∇X (Mij −Xij) ,

is obtained, where α is the step-size. Unfortunately, this matrix does not have rank r. Seeking the
matrix of rank r which best approximates it can be numerically costly, especially for very large
d1 and d2. Basically, the idea would be to project X+ on the manifold of fixed-rank matrices, i.e.,
Mr. This would involve a SVD. Instead, a more natural way to enforce the rank constraint is to
endow the parameter space with a Riemannian metric, and to perform a gradient step within the
manifoldMr. This approach of Riemannian optimization will be at the core of this thesis.

Finally, two recent PhD theses were very useful to get acquainted with the subject of LRMC.
The thesis [Mis14] is primarily motivated by the LRMC problem that is viewed as a least squares
problem on a matrix manifold with symmetries, whereas optimization on manifolds is exhaustively
discussed in [Bou14].
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1.3 Motivations

The problem of imputing missing values of a matrix appears in dozens of applications. In this
section, three applications are highlighted, taken from very different fields.

The first application is related to healthcare. As it is pointed out in [CMY+16], a medical
record is the practitioner’s most important tool to analyze and monitor a patient’s health status.
However, such records are usually incomplete, due to unpunctuality, incomplete electronic health
records, incorrect trial data collection, absence of patients, and so on. One can use matrix
completion to resolve this missing data problem, and therefore avoid the multiplication of medical
measurements, without affecting the quality of the treatments. Another healthcare-related topic
from [JMC+16] uses matrix completion for genotype imputation, which could enable genome-
wide association studies to increase the chance of a causal SNP being identified. As a reminder,
single-nucleotide polymorphism (SNP) is a variation in a single nucleotide that occurs at a
specific position in the genome. Hence, this application positions itself in the famous Human
Genome Project, often abbreviated to HGP.

The second application is related to traffic planning. Many network management, planning,
and optimization applications rely on accurate and complete traffic measurement. However,
inevitably, traffic flow data are often incomplete or lost. There can be numerous reasons for that,
from sensor failure, transmission error, high measurement costs and unreliable network transport
protocols. As a result, various matrix completion methods were proposed to estimate missing
traffic data, among which those presented in [YCY+17, LLL14].

Finally, probably the most famous application relates to recommender systems. Such a system
seeks to predict the preference a user would give to an item. In the context of collaborative
filtering, the system first collects a large amount of information on the users’ activities. Then,
by analyzing this data and by looking at similarities to other users, it tries to predict what a
particular user will like. Another similar approach is called content-based filtering. It tries to
match the description of an item with the preferences of a user by using keywords, and the
history of the user. Nowadays, a combination of both is used. Hybrid recommender systems are
essential for many companies like the GAFA, i.e., Google, Amazon, Facebook and Apple. The
celebrated Netflix prize presented in [BL07] was one of the key events that energized research in
recommender systems.
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Chapter 2

Riemannian optimization

This chapter describes the essential tools of Riemannian optimization, also called optimization
on manifolds. It is greatly inspired from [Cam15, AMS08]. We refer the reader to the latter
reference for a more rigorous introduction.

Riemannian optimization is a branch of optimization where the search space is a Riemannian
manifold. First, the notion of a Riemannian manifold is defined, which is a set often denoted by
M. Therefore, Sections 2.1 and 2.2 review some key elements of Riemannian geometry. Then,
the topic of interest is studied, which is the optimization of a differentiable function f :M→ R.
The generic formulation is as follows

min
x∈M

f (x) . (2.1)

Thus, Section 2.3 gives the main differences between Riemannian optimization and classical
Euclidean optimization. As it was said earlier, the general idea behind optimization on manifolds
is to rewrite a constrained optimization problem in the Euclidean space into an unconstrained
optimization problem on a non-linear search space, called a manifold, that encodes the constraint.
Finally, more intuition about the manifold of interest for the LRMC problem is given in
Section 2.4.

2.1 The manifold structure

Informally, one can think of an n-dimensional manifold M as a set that can be identified to
Rn locally through some one-to-one correspondence. Formally, we start by definingM as a set.
Then, the concepts of charts and atlases need to be defined.

Definition 2.1 (Chart). An n-dimensional chart ϕ of M from U ⊆ M to an open subset
Y ⊆ Rn is a bijection from U to Y . It is denoted by (U , ϕ).

Intuitively, a chart locally assigns some coordinates in Y to a point of U . However, in order
for the algorithms to be well-defined, we need to have charts that give compatible information.
Therefore, each point of the set M must be at least in one chart domain U . Furthermore, if
a point x ∈ M belongs to the domains of two charts, say (U1, ϕ1) and (U2, ϕ2), then the two
charts must “match”. The concept of atlas takes these requirements into account.

Definition 2.2 (Atlas). An atlas A ofM into Rn is a collection of charts (Uα, ϕα) ofM such
that the following two conditions are satisfied.
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1. The union corresponds to the manifold:
⋃
α Uα =M.

2. For any pair α, β with Uα ∩ Uβ 6= ∅, the sets ϕα (Uα ∩ Uβ) and ϕβ (Uα ∩ Uβ) are open sets
in Rn, and the change of coordinates

ϕαβ = ϕβ ◦ ϕ−1
α : Rn 7→ Rn

is smooth on its domain ϕα (Uα ∩ Uβ). The change of coordinates ϕαβ is often called the
transition map. We say that the elements of an atlas overlap smoothly. A smooth function
is formally defined in [AMS08].

The careful reader will already have noticed that many atlases can be defined for a given set
M. Indeed, two atlases A1 and A2 are said to be equivalent if A1 ∪ A2 is an atlas. To get rid of
all ambiguity, A+ is defined as the maximal atlas ofM such that it contains all possible charts
ofM. The atlas A+ can also be called the complete atlas.

We now have the required tools to define a manifold.

Definition 2.3 (Manifold). An n-dimensional manifold is a couple
(
M,A+) whereM is a set

and A+ is a maximal atlas fromM to Rn.

We say that the manifold is smooth since all the transition maps are smooth, that is,
derivatives of all orders exist. In the present document, unless stated otherwise, all manifolds are
considered to be smooth.

The definitions of this section allow us to formalize the idea that a manifold
(
M,A+) is

locally equivalent to Rn. We can also simply talk about “the manifoldM” if the maximal atlas
is obvious from the context.

2.2 Two types of manifolds

There exist two very different manifold structures of interest, namely embedded and quotient
manifolds. Both are manifolds in the sense of Section 2.1, but they are conceptually quite
different.

2.2.1 Embedded manifolds

On the one hand, embedded manifolds are manifolds that can easily be described by constraints
in the ambient Rn space. They are easy to handle because it is often straightforward to visualize
them as curved shapes in the ambient space. Let us give two examples, respectively Example
5.25 and Example 5.30 from [Lee03]. First, the sphere

Sn−1 = {x ∈ Rn : ‖x‖2 = 1} ,

is an embedded manifold of Rn. Indeed, it is simply defined by constraints on Rn, and it coincides
with the previous definition of a manifold. The set of low-rank matrices

Rd1×d2
r =Mr =

{
X ∈ Rd1×d2 : rank (X) = r

}
, (2.2)

can also be seen as an embedded manifold of Rd1×d2 .
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2.2.2 Quotient manifolds

On the other hand, quotient manifolds are manifolds described by means of equivalence classes. A
point on the manifold will be a class, and it will be represented by one element of the class. The
conventions of [AMS08, Section 3.6.2] will be followed for the notations. LetM be a manifold
equipped with an equivalence relation ∼, i.e., a relation that is reflexive, symmetric and transitive.
The set of all elements that are equivalent to a point x ∈ M is called the equivalence class
containing x, and is defined as

[x] =
{
y ∈M : y ∼ x

}
.

The set of all equivalence classes of ∼ inM is called the quotient ofM by ∼, and is defined as

M =M/ ∼ =
{

[x] : x ∈M
}
.

Notice that the points ofM are subsets ofM. The mapping π :M 7→M defined by x 7→ [x]
is called the natural projection or canonical projection. Clearly, π (x) = π (y) if and only if x ∼ y,
so we have [x] = π−1 (π (x)).

The setM is called the total space, or the product space, of the quotientM. Now we will
show thatM is a quotient manifold, or a quotient space, by defining it.

Let
(
M,A+

)
be a manifold with an equivalence relation ∼ and let B+ be a manifold structure

on the setM. The manifold
(
M,B+) is called a quotient manifold of

(
M,A+

)
if the natural

projection π is a submersion. As a reminder, the mapping π is a submersion if its differential
(that is, the best linear approximation of π) is everywhere surjective. We know from [AMS08,
Proposition 3.4.1] that ifM is a manifold andM is a quotient ofM, thenM admits at most one
manifold structure that makes it a quotient manifold ofM. Given a quotientM of a manifold
M, the setM is called a quotient manifold if it admits a (unique) quotient manifold structure.
In this case, the equivalence relation ∼ is said to be regular, and the setM/ ∼ endowed with
this manifold structure is referred to as “the manifoldM”.

In Section 2.4, these notions are applied to our manifold of interest.

2.3 The steepest descent algorithm

As a reminder, this section is again inspired from [Cam15]. We want to generalize the steepest
descent algorithm, from its Euclidean version

xk+1 = xk − αk∇f (xk) ,

to the Riemannian one. To do so, some notions must be introduced. To understand these notions,
Figure 2.1, on page 12, might prove useful.

2.3.1 Tangent space and Inner product

A way to visualize smooth manifolds is to view them as curved shapes in the ambient space. The
smoothness of the manifold enables us to associate a tangent space, denoted by TxM, to each
point x ∈M. Locally, the tangent space is a first-order approximation of the manifold, and it is
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Figure 2.1: Essential tools of Riemannian optimization: tangent space TxM, tangent vector ξ
and retraction Rx (ξ). Courtesy of [AMS08].

a vector space. The elements of a tangent space are called tangent vectors, and they generalize
the notion of directional derivatives. In order to characterize which direction of motion from x
produces the steepest increase in f , we further need a notion of length that applies to tangent
vectors.

Given a point x ∈M and a tangent space TxM, one can define an inner product between
two vectors ξx ∈ TxM and ηx ∈ TxM. The subscript x denotes that the tangent vectors are in
the tangent space TxM, however we will sometimes abuse notation and remove this subscript x
when the tangent space is obvious from the context. This inner product is defined as

〈·, ·〉x : TxM× TxM→ R : (ξx, ηx)→ 〈ξx, ηx〉x,

with the usual properties of the inner product, i.e., it must be a bilinear, symmetric and positive-
definite form. Note that, in general, this inner product depends on the point x, since the tangent
space depends on x as well. The norm of a vector ξx ∈ TxM is naturally defined as

‖ξx‖x =
√
〈ξx, ξx〉x.

2.3.2 Riemannian metric and Riemannian distance

A manifold whose tangent spaces are endowed with a smoothly varying inner product is called a
Riemannian manifold. The smoothly varying inner product g is called the Riemannian metric.
The following notations

g (ξx, ηx) = gx (ξx, ηx) = 〈ξx, ηx〉 = 〈ξx, ηx〉x

will be equivalently used to denote the inner product of two elements ξx and ηx in TxM.

The Riemannian distance d between two points x and y on a Riemannian manifold (M, g) is
introduced. It can be shown that the Riemannian distance is a metric, because it is a symmetric
and positive-definite form, that respects the triangular inequality. We refer the reader to [AMS08,
Section 3.6] for a rigorous definition.
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2.3.3 Gradient

The most crucial notion in smooth optimization is that of the gradient. With the definition of
the norm in the above lines, the normalized direction of steepest ascent is defined as

argmax
ξ∈TxM:‖ξ‖x=1

Df (x) [ξ] ,

where Df (x) [ξ] is the Fréchet derivative of f at x in the direction ξ. Here, one should write ξx
instead of ξ but the x was dropped to ease notations. A reminder of the Fréchet derivative can
be found in [BN08] or in Appendix A.3.

With this, the gradient of f at x, denoted by grad f (x), is defined as the unique element of
TxM that satisfies

〈grad f (x) , ξ〉x = Df (x) [ξ] ∀ ξ ∈ TxM.

It is no surprise, yet it is a remarkable result that the direction of grad f (x) is the steepest
ascent direction of f at x. In other words, we have

grad f (x)
‖grad f (x)‖ = argmax

ξ∈TxM:‖ξ‖x=1
Df (x) [ξ] .

This being said, when working with embedded manifolds, we can find an easy way to compute
the gradient. The function f is defined fromM to R. Let us assume thatM is an n-dimensional
manifold. Then we define f̄ as an extension of f fromM to Rn, i.e., f̄ is defined from Rn to R.
The Euclidean gradient of f̄ at x is computed, and we use ∇xf̄ (x) ∈ Rn to denote this direction.
Finally, this direction is projected onto the tangent space at x. Therefore, we define Px as the
orthogonal projector from Rn onto TxM. We obtain

grad f(x) = Px
(
∇xf̄(x)

)
.

2.3.4 Exponential mapping and Retraction

In order to solve problem (2.1), we need to move while staying on the manifold. Therefore, let us
assume that we have a direction ξ ∈ TxM. The algorithm starts at a point x ∈M, and moves
in the direction of the tangent vector ξ.

We define a geodesic as a parameterized curve γ that is locally distance-minimizing with
respect to the Riemannian metric d. The exponential map Expx (ξ) : TxM→M maps ξ ∈ TxM
to y ∈M such that there is a geodesic with γ (0) = x, γ (1) = y and dγ

dt (0) = ξ.

In many cases, the exponential map is not easy to compute. Instead, it is much easier to use
the retraction as a first-order approximation of the exponential. If Rx : TxM→M is a retraction
mapping, then we use R−1

x :M→ TxM to denote its inverse, when it is well-defined. Informally,
the retraction from x in a direction ξ ∈ TxM, denoted as Rx (ξ), is a point on the manifoldM
obtained by coming from x in the direction ξ. Formally, we refer to [AMS08, Definition 4.1.1].

For example, let us take the sphere,M = Sn−1, endowed with the natural metric inherited
through immersion in Rn. If we consider a point x ∈M and a tangent vector ξ at this point, it
is clear that the new point x+ ξ does not belong to the sphere. This is because the sphere is not
a vector space. Hence, we define a retraction which simply consists of an addition in the ambient
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space Rn, followed by a projection onto the sphere. Numerically, this is a very simple operation
compared to the exponential mapping which requires the explicit computation of the geodesic
distance.

In that case, one might be tempted to see optimization on manifolds as a special case of
a projected gradient descent method. However, this is not the case. On the one hand, with
the projected gradient method, we compute a classical gradient in the ambient space and it
is projected on the search space. On the other hand, with methods from optimization on an
embedded manifold, we start by projecting the classical gradient to the tangent space. Then,
when the retraction is a projection, we move in this direction, and we project on the embedded
manifold. If the manifold is a sphere, the second method goes a bit further but the results can
be vastly different on a “bumpy” manifold. Actually, the constraint defining the manifold is
encoded in the gradient. In that viewpoint, the direction of the Riemannian gradient is more
relevant than the direction of the classical Euclidean gradient because the latter does not take
the constraint into account.

2.3.5 Steepest descent

We are now able to define the equivalent of the steepest descent algorithm on a manifoldM. As
will be explained in Chapter 3, we start by choosing an initial iterate, say x0, and we set k = 0.
Until xk is close enough to the optimum x?, the iterate is updated with

xk+1 = Rxk
(−αk grad f (xk)) ,

where αk is a positive step-size, and then we set k ← k+ 1. Regarding the step-size, the Armijo’s
backtracking procedure is often used, as in [AMS08, Definition 4.2.2]. Different ways to pick
the step-size are discussed in Section 3.5. It is worth noticing that αk grad f (xk) is well-defined.
Indeed, we have grad f (xk) ∈ TxM, TxM is a vector space and αk ∈ R.

2.4 The manifold of low-rank matrices

2.4.1 Quotient geometry of the full-rank factorization

In practice, the matrix X ∈ Mr cannot be stored as a d1 × d2 matrix. Indeed, it requires
storing d1d2 numbers, which can be equal to 1011 in the Netflix case. We know from Chapter 1
that the manifold dimension is (d1 + d2 − r) r. Since we often have r � min {d1, d2}, it is
clear that d1d2 is much larger than the manifold dimension. Therefore, as it is suggested
in [MMBS14, AO15], a popular way to parameterize fixed-rank matrices is through matrix
factorization. One popular matrix factorization for fixed-rank non-symmetric matrices is reviewed,
and we study the underlying Riemannian geometry of the resulting search space. This fixed-rank
matrix factorizations is called the full-rank factorization. It arises from the thin singular value
decomposition (SVD) of a rank-r matrix X, i.e.

X = UΣV>, (2.3)

where U is a d1 × r matrix with orthogonal columns, Σ is a r × r diagonal matrix with positive
entries and V is a d2 × r matrix with orthogonal columns. As a reminder, the Stiefel manifold
is defined as St (r, d) =

{
U ∈ Rd×r : U>U = Ir×r

}
. The set Diag++ (r) is defined as the set of

r × r diagonal matrices with positive entries. Hence, we have U ∈ St (r, d1), Σ ∈ Diag++ (r)
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and V ∈ St (r, d2). The SVD exists for any matrix X ∈ Rd1×d2
r , as it is proved in [GV96]. The

decomposition (2.3) is illustrated in Figure 2.2.

X

(d1×d2)

= U

(d1×r)

Σ

(r×r)

V>

(r×d2)

Figure 2.2: The thin singular value decomposition (SVD) of a rank-r matrix of size d1 × d2.

Notice that Σ = Σ>. For the sequel we need to define Σ
1
2 , which is a diagonal matrix

composed of the square root of the elements of Σ. It is easy to check that Σ = Σ
1
2 Σ

1
2 , and

Σ
1
2 =

(
Σ

1
2
)>

. The full-rank factorization is obtained when the SVD is rearranged as

X =
(
UΣ

1
2
) (

Σ
1
2 V>

)
= LR>, (2.4)

where L = UΣ
1
2 ∈ Rd1×r

∗ and R = VΣ
1
2 ∈ Rd2×r

∗ . We recall that Rd×r∗ is the set of full column
rank d× r matrices. The factorization (2.4) is illustrated in Figure 2.3.

X

(d1×d2)

= L

(d1×r)

R>

(r×d2)

Figure 2.3: The full-rank factorization of a rank-r matrix of size d1 × d2.

The resulting factorization is not unique because the transformation

(L,R) 7→
(
LT−1,RT>

)
(2.5)

leaves the original matrix X unchanged, where T is a regular r× r matrix, that is, an element of
the General Linear group, T ∈ GL (r) = {T ∈ Rr×r : det (T) 6= 0}. This symmetry stems from
the fact that the row and column spaces are invariant to the change of coordinates.

The classical remedy to remove this indeterminacy in the case of symmetric positive semi-
definite matrices is the Cholesky factorization. In the case of non-symmetric matrices, the LU
decomposition is used. However, in the case of optimization on manifolds, these techniques will
not be used. Instead, the invariance mapping (2.5) is encoded in an abstract search space by
optimizing over a quotient manifoldMr that will be defined next. In other words, we cannot
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simply optimize over the product spaceMr = Rd1×r
∗ × Rd2×r

∗ . Let us use the same notations as
in Subsection 2.2.2. The equivalence relation ∼ is defined by

(L,R) ∼ (G,H)⇔ ∃ T ∈ GL (r) : G = LT−1,H = RT>. (2.6)

The following proposition verifies that this is indeed an equivalence relation.

Proposition 2.1. The relation defined in (2.6) is an equivalence relation.

Proof. See Appendix B.1.

The product spaceMr defined above can also be called the total space. The set of all elements
that are equivalent to a point x = (L,R) ∈Mr is called the equivalence class containing x, and
is defined as

[x] = [(L,R)] =
{(

LT−1,RT>
)

: T ∈ GL (r)
}
. (2.7)

The set of all equivalence classes of ∼ inMr is called the quotient ofMr by ∼, and is defined
as

Mr =Mr/ ∼ =
{

[x] : x ∈Mr

}
.

We will thus use the notationMr/GL (r) forMr/ ∼. The set GL (r) is called the fiber space.
The set of equivalence classes is called the quotient space and it is denoted as

Mr =Mr/GL (r) =
(
Rd1×r
∗ × Rd2×r

∗

)
/GL (r) . (2.8)

At this point, the reader might be confused aboutMr, the set of matrices of fixed rank. Is
Mr an embedded or a quotient manifold? In fact, it can be viewed in both ways. Expressing
Mr in the form of (2.2) shows the embedded structure. However, in the sequel we more often
use the quotient formulation (2.8), since it is more useful here.

2.4.2 Retraction

Let us take a tangent vector ξx ∈ TxMr with ξx = (ξL, ξR). Assume that we are at point x ∈Mr,
and we want to move in the direction ξx. If x = (L,R), then this is equivalent to saying two
things: we are at L ∈ Rd1×r

∗ , and we want to move in the direction ξL; we are at R ∈ Rd2×r
∗ ,

and we want to move in the direction ξR. A simple and efficient retraction is provided by the
following formulas {

RL (ξL) = L + ξL,

RR (ξR) = R + ξR.
(2.9)

This might seem weird, but since the considered embedded manifold has the form (3.16), it
makes sense that the simplest retraction is a sum. The inverse retraction is defined as{

R−1
L (ξL) = ξL − L,

R−1
R (ξR) = ξR −R.

16



Chapter 3

Stochastic Gradient Descent
methods

Given a cost function f , we wish to find x? to minimize f . This chapter introduces important
tools to achieve this goal. The most famous optimization algorithm for doing this is called the
gradient descent method. However, this method is only a member of the family of generic line
search methods. These methods consist in two important steps: determining a search direction
and a step-size. This family is quickly defined in Section 3.1. In the category of generic line
search methods, the gradient descent method is probably the most intuitive one to understand.
Hence, Section 3.2 explains how it works, as well as its variant: the stochastic gradient descent
method. Then, the gradients for our specific cost function are computed in Section 3.3. We
try to improve the search direction by taking into account some scaling, which is explained in
Section 3.4. Finally, Section 3.5 gives some theory about how to choose the step-size.

3.1 Generic line search

As we have already said in the introduction of this chapter, the generic line search method consists
in two important steps: determining a search direction and a step-size. Let us assume that we
are minimizing a function f :M 7→ R, and that we have access to a retraction Rx : TxM 7→M.
We choose an initial iterate, say x0, and we set k = 0. Until we think that xk is close enough to
the optimum x?, we go through four steps.

1. Compute a search direction pk from the iterate xk. Usually we want to ensure that this
direction is a descent direction, such that for a small step away from xk in the direction pk,
the objective function is reduced.

2. Compute a suitable step-size αk > 0. Usually we want to choose αk such that

f (xk + αkpk) < f (xk) . (3.1)

The computation of the step-size is called a line search, and this is usually an inner iterative
loop.

3. Update the iterate: xk+1 ← Rxk
(αkpk).

4. Update the iteration counter: k ← k + 1.
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Note that in the sequel it cannot always be guaranteed that pk is a descent direction.
Furthermore, we will not always be able to state that αk satisfies (3.1). Finally, the careful
reader will have noticed that the third step can be simplified ifM = Rn. Indeed, in this case, it
becomes xk+1 ← xk + αkpk.

Let us look at a special case to illustrate a well-known example of the generic line search
method. Assume that f : Rn 7→ R is a convex and differentiable function. A review of convex
functions can be found in [BV04]. Let us further assume that the gradient of f is a Lipschitz
function with constant L > 0, that is

‖∇f (x)−∇f (y)‖ ≤ L ‖x− y‖ ∀x,y ∈ Rn.

Then, let us take pk = −∇f (xk) and αk = α = 1
L . It is known that these choices satisfy

f (xk)− f (x?) ≤ L ‖x0 − x?‖22
2k .

This method is called the gradient descent method, because the search direction is the gradient.
We see that it has a convergence rate of O

(
1
k

)
, or again that it takes O

(
1
ε

)
iterations to obtain

f (xk)− f (x?) ≤ ε. This convergence is really slow; it is said to be sublinear.

3.2 From Gradient Descent to Stochastic Gradient Descent

Why does the gradient descent method work so well? A gradient (at a point) is the slope of the
tangent to the function (at that point). It points to the direction of the largest increase of the
function. Hence, to minimize the function, it makes sense to follow the opposite direction of the
gradient. This means that we choose pk = −∇f (xk).

Let us define N = |Ω|, i.e., the number of observed entries of the matrix M. We know that
N can be very large, hence the sublinear complexity rate is problematic. Therefore, we only
compute a fraction of the gradient.

As often in machine learning, the cost function of interest is formulated as a sum over the
training examples. Let us clarify that: one training example is picked, say n ∈ [N ], where N
corresponds to the total number of training examples. For this data point, the true value of
the output is known, but we can also predict this value by using our algorithm. This gives a
predicted value. A cost function fn (x) is defined to measure the misfit between the predicted
value, for any given value of x, and the true value. In other words, fn is the cost contributed by
the n-th training example. This is done for all the training examples. We obtain

f (x) = 1
N

N∑
n=1

fn (x) . (3.2)

Now, the idea of stochastic gradient descent, or SGD, can be defined: at each iteration k,
one training example is randomly selected, say n ∈ [N ], the direction gk is computed as

gk = ∇fn (xk) ,

and the search direction is defined as pk = −gk. The idea is the following: the quantity ∇fn (xk)
is cheap to compute and acts as an estimate for the full gradient ∇f (xk). Let us define the
random variable N to denote the chosen training example, i.e., N ∈ [N ].
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As usual, we use n to denote a realization of the random variable N . Since the training
example n is chosen at random with uniform probability, we have

E [gk] =
N∑
n=1

P [N = n]∇fn (xk) = 1
N

N∑
n=1
∇fn (xk) = ∇f (xk) ,

therefore, ∇fN (xk) is said to be an unbiased estimator of ∇f (xk). However, it is clear that
∇fN (xk) is not always a descent direction! Indeed, the direction ∇fN (xk) is the gradient with
respect to only one term in the full objective function, therefore it can point in a direction that
is far different from ∇f (xk). Hence, we would like to find a better estimate. That is why the
notion of batch is defined.

At each iteration k, instead of choosing a single training example, we can choose a couple of
training examples. These training examples are called the batch. Formally, at each iteration k, a
subset B ⊆ [N ] of the training examples is randomly chosen. A new direction is obtained, that is
written as

gk = 1
|B|

∑
n∈B
∇fn (xk) ,

and then again the search direction is defined as pk = −gk.

We use b to denote the size of the batch, i.e., the batch-size, such that b = |B|. In the above
computation, a subset B ⊆ [N ] of the training examples is randomly chosen. For each of these
selected examples n ∈ B, the respective gradients are computed at the same current point, that
is, ∇fn (xk). This computation can be parallelized easily. This is how current deep-learning
applications utilize Graphics Processing Units, or GPUs. We run over b threads in parallel. Let
us assume that we have access to T machines. In short, we go through three steps.

1. Shuffle the data so as to have a representative subset of the full data-set on each machine.

2. Run SGD on each machine locally and compute ft, the cost according to the subset assigned
to machine t, for t = 1, . . . , T .

3. Aggregate the result from all the machines, i.e., compute the final cost f = ∑T
t=1 ft.

This enables the famous back-propagation algorithm for deep neural networks, which is used in
a wide variety of fields including image and speech recognition. Recent papers like [ZE12, PJY+13]
go further into that.

Note that the extreme case B = [N ] corresponds to the above described (full) gradient descent
method. The other extreme is b = 1, which was described earlier. Most of Chapter 4 deals with
b = 1. In general, if b is small, then gk is a bad estimate of ∇f (xk), and if b is large, then gk is a
good estimate of ∇f (xk). Hence, the trade-off already appears. Therefore, we define a different
batch at each iteration, which is denoted by Bk. The notation bk is used to denote the size of
the batch at iteration k, i.e., bk = |Bk|.

At this point, an important remark has to be made regarding this trade-off. On the one hand,
if bk is large, then we only need a few iterations to converge, but each iteration is extremely costly.
On the other hand, if bk is small, then we need a lot of iterations to converge, but each iteration is
cheap. Therefore, when the evolution of the error is displayed, the number of iterations cannot be
taken as an indicator of the speed of convergence. Instead, the running time is used to compare
the convergence speed of different algorithms. These aspects and the trade-off are discussed in
Section 4.4.
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3.3 Computing the gradients

As a reminder, for us, the objective function writes

f (X) = 1
2 ‖PΩ (X)− PΩ (M)‖2F = 1

2
∑

(i,j)∈Ω
[Mij −Xij ]2 , (3.3)

but since X ∈Mr, we can write X = LR> as it is explained in Subsection 2.4.1. The objective
function becomes

f (L,R) = 1
2
∑

(i,j)∈Ω

[
Mij −

(
LR>

)
ij

]2
, (3.4)

with
(
LR>

)
ij

= 〈Li:,Rj:〉 = ∑r
k=1 LikRjk. We can define the cost functions corresponding to

every individual data point, that is

fij (L,R) = 1
2

[
Mij −

(
LR>

)
ij

]2
,

for all (i, j) ∈ Ω, such that we can write

f (L,R) =
∑

(i,j)∈Ω
fij (L,R) .

In order to see the similarity with (3.2), the objective function (3.3) can be written as

f (X) = 1
|Ω|

∑
(i,j)∈Ω

[Mij −Xij ]2 . (3.5)

However, it is clear that the objective functions (3.3) and (3.5) are completely equivalent, from
an optimization point of view.

Now let us choose one entry of the matrix M. This entry corresponds to a pair (i, j), hence
to one term in the sum. For this fixed element (i, j) of the sum, we derive the gradient entry
(i′, k) for L. Analogously, for the same fixed element (i, j) of the sum, we derive the gradient
entry (j′, k) for R. We find

∂fij
∂Li′,k

(L,R) =

−
[
Mij −

(
LR>

)
ij

]
Rjk, if i′ = i,

0, otherwise,

∂fij
∂Rk,j′

(L,R) =

−
[
Mij −

(
LR>

)
ij

]
Lik, if j′ = j,

0, otherwise.

Let S(i,j) be the residual matrix of this subproblem, i.e., S(i,j) =
(
LR>

)
ij
−Mij = Li:R>j:−Mij .

Of course, in this case, S(i,j) is a scalar, not a matrix. Hence, we can write

∇Lfij (L,R) =



01×r
...

01×r
S(i,j)Rj:

01×r
...

01×r


← row i (3.6)
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with Rj: ∈ R1×r which is a row vector, and ∇Lfij (L,R) is therefore a matrix of size d1 × r, as
it should be. We also find

∇Rfij (L,R) =



01×r
...

01×r
S(i,j)Li:

01×r
...

01×r


← row j (3.7)

with Li: ∈ R1×r which is a row vector, and ∇Rfij (L,R) is therefore a matrix of size d2× r, as it
should be. Then, the general SGD updates consist of picking one entry (i, j) ∈ Ω, and computing{

Lk+1 = RLk
(−αk∇Lfij (Lk,Rk)) ,

Rk+1 = RRk
(−αk∇Rfij (Lk,Rk)) .

(3.8)

where RL and RR are retractions (2.9) defined in Subsection 2.4.2. In order to ease the notations,
we often write {

L+ = RL (−α∇Lfij (L,R)) ,
R+ = RR (−α∇Rfij (L,R)) .

(3.9)

By using the definition of the retractions, this becomes{
L+ = L− α∇Lfij (L,R) ,
R+ = R − α∇Rfij (L,R) .

(3.10)

The structure of ∇Lfij (L,R) enables us to see that the matrix L+ is equal to the matrix L,
except for row i. Hence, the entire matrix L must not be updated, but only Li:, which represents
row i of the matrix L at the previous iteration. The same can be said for R. Therefore, the
system (3.10) is rewritten as {

Li:,+ = Li: − αS(i,j)Rj:,

Rj:,+ = Rj: − αS(i,j)Li:.
(3.11)

With this, the SGD updates could be completely defined if the batch-size was equal to one,
i.e., b = 1. However, we will now consider a general stochastic gradient setup, as it is done
in [MS16], where we pick b known entries at a time. Due to the cost function structure, as we
have seen, we end up updating only a maximum of b rows of L and R at a time. Let bL rows of
L and bR rows of R be updated when b known entries are picked, with bL ≤ b and bR ≤ b. At
this point, the reader might wonder why we need the inequalities bL ≤ b and bR ≤ b. One should
remember that different data points might correspond to the same row of L or R. Indeed, to fix
the ideas, let us take b = 3. Let us assume that the data points have indices (i, j1), (i, j2) and
(i, j3). These three different data points only update one row of L, while they update three rows
of R. In this case, we thus have bL = 1 and bR = 3.

Let Lb be the corresponding submatrix of L with the bL rows, i.e., its size is bL× r. Similarly,
let Rb be the corresponding submatrix of R with the bR rows, i.e., its size is bR × r.

An interpretation is that, each time we pick b known entries, we have a subproblem of
completing a matrix Mb of size bL × bR with b known entries at indices Ωb. We try to find
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a matrix Xb = LbR>b such that Xb is as close to Mb as possible on the set Ωb. Let Sb be
the residual matrix of this subproblem, i.e., Sb = PΩb

(
LbR>b −Mb

)
. The matrix Sb is of size

bL × bR, just like Mb. Then, by looking at (3.6) and (3.7), the partial derivatives are{
∇Lb

f (L,R) = SbRb,

∇Rb
f (L,R) = S>b Lb.

Hence, by looking at (3.11) and the partial derivatives, the classical SGD updates are{
Lb,+ = Lb − αSbRb,

Rb,+ = Rb − αS>b Lb.
(3.12)

At this point, the careful reader will notice that the order matters. To fix the ideas, let us
assume that we start by computing Lb,+. After this first step, we hope that Lb,+ is in some
sense “better” than the previous Lb. Then, the matrix Rb,+ is computed, and we notice that
Lb appears in this computation. Since the matrix Lb,+ has already been computed, it would
make sense to replace Lb by Lb,+ in the computation of Rb,+. This idea comes from the famous
forward and backward substitution, in the Gauss–Seidel method, which is explained in [GV96,
Section 3.1].

However, this technique cannot be used. Indeed, one must see the pair (L,R) as a decompo-
sition of the same variable. Therefore, we must update the matrices together.

3.4 Scaling

Can we take into account more precise information? The idea is to define scaling factors sL and
sR in order to rewrite (3.12) as {

Lb,+ = Lb − αSbRbsL,

Rb,+ = Rb − αS>b LbsR.
(3.13)

The scaling factors sL and sR are small matrices of size r × r. These factors are first defined
in order to take into account global information, then local information is taken into account as
well.

3.4.1 Global curvature

Newton’s optimization algorithm takes into account second-order information. It can be defined
as follows

xk+1 = xk − αk
[
∇2f (xk)

]−1
∇f (xk) .

In many cases, using the full Hessian information is computationally costly. As it is explained
in [WN99], a popular compromise between convergence and numerical efficiency is to scale the
gradient by the diagonal elements of the Hessian. Hence, Newton’s method can be seen as a
scaled gradient descent algorithm. This is also explained in [Nes03, Section 1.3]. The scaling
factors sL and sR are called preconditioners, i.e., approximations of the inverse Hessian.
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For a matrix A, the vectorization operator vec (A) stacks the columns of A on top of each
other. This is formally reviewed in Appendix A.4. Hence, we can define vec (L) ∈ Rd1r×1 and
vec (R) ∈ Rd2r×1, and write the objective function f as a function of these vectorizations. Let us
define the variable

y =
(

vec (L)
vec (R)

)
∈ Rr(d1+d2)×1.

The full Hessian matrix with respect to y is a square matrix of size r (d1 + d2)× r (d1 + d2). One
can prove graphically that f , i.e., the objective function (3.4), is not jointly convex in vec (L) and
vec (R), hence the Hessian is not necessarily positive definite. However, f is strictly convex in
vec (L) if vec (R) is fixed, and vice versa, hence the diagonal elements of the Hessian are strictly
positive. We compute

∇2
yf (y) =

[
∇2

vec(L)f (L,R) ?

? ∇2
vec(R)f (L,R)

]
∈ Rr(d1+d2)×r(d1+d2), (3.14)

where the stars ? denote the off-diagonal blocks. Hence, we have

diag
{
∇2
yf (y)

}
=

diag
{
∇2

vec(L)f (L,R)
}

0d1r×d2r

0d2r×d1r diag
{
∇2

vec(R)f (L,R)
} ∈ Rr(d1+d2)×r(d1+d2).

The Hessian matrices are computed as∇2
vec(L)f (L,R) = R>R ⊗ Id1×d1 ∈ Rrd1×rd1 ,

∇2
vec(R)f (L,R) = L>L⊗ Id2×d2 ∈ Rrd2×rd2 ,

where ⊗ denotes the Kronecker product, which is also reviewed in Appendix A.4. The diagonal-
izations are diag

{
∇2

vec(L)f (L,R)
}

= diag
{
R>R

}
⊗ Id1×d1 ,

diag
{
∇2

vec(R)f (L,R)
}

= diag
{
L>L

}
⊗ Id2×d2 ,

(3.15)

where diag
{
R>R

}
is a diagonal matrix extracting the diagonal of R>R, and similarly for L>L.

Now, let us talk about metrics. The same notations as in Section 2.4 are used. The pair
(L,R) is denoted by x ∈ Mr. As a reminder, the total space is Mr = Rd1×r

∗ × Rd2×r
∗ . The

tangent space of the total space at x = (L,R) ∈Mr has the expression

TxMr = Rd1×r × Rd2×r. (3.16)

The metric that is proposed in [MAS12] is defined as gx and maps ξx, ηx ∈ TxMr to a scalar
value in R. The tangent vector ξx ∈ TxMr has (ξL, ξR) as matrix representation, i.e., ξL ∈ Rd1×r

and ξR ∈ Rd2×r, and similarly for ηx ∈ TxMr. We have

gx (ξx, ηx) = vec (ξL)>
(
R>R ⊗ Id1×d1

)
vec (ηL) + vec (ξR)>

(
L>L⊗ Id2×d2

)
vec (ηR) ,

and (A.4) enables us to rewrite this as

gx (ξx, ηx) = Trace
{(

R>R
)
ξ>L ηL

}
+ Trace

{(
L>L

)
ξ>RηR

}
, (3.17)

with Trace {·} the matrix trace operator.

We end up with the scaling factorssL =
[
R>R

]−1
,

sR =
[
L>L

]−1
,

(3.18)

that are incorporated in (3.13).
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3.4.2 Local and global curvature

Starting from (3.17), let us look at the first of the two traces. The square matrix R>R can
be seen as containing global second order information of the cost function, since it captures
knowledge about the entire matrix R. However, in a stochastic setup, we only modify bR rows of
R, namely we only update the submatrix Rb. In [MS16], this leads to the argument that more
weight should be given to the submatrix R>b Rb, since it contains local second order information
of the cost function. Therefore,

(
R>R

)
in (3.17) is replaced by

[
µ
(
R>R

)
+ (1− µ)

(
R>b Rb

)]
,

for some non-negative scalar µ ∈ [0, 1] that weights R>R and R>b Rb differently. A normalization
factor b

dmax
has to be added to the first term in this sum, to ensure that the Frobenius norm

of R>R and R>b Rb are of the same order. Of course, we do the same thing for L. Thus, the
metric (3.17) becomes

gx (ξx, ηx) = Trace
{[

bµ

dmax

(
R>R

)
+ (1− µ)

(
R>b Rb

)]
ξ>L ηL

}
+ Trace

{[
bµ

dmax

(
L>L

)
+ (1− µ)

(
L>b Lb

)]
ξ>RηR

}
.

(3.19)

The scaling factors are defined assL =
[
bµ
dmax

(
R>R

)
+ (1− µ)

(
R>b Rb

)]−1
,

sR =
[
bµ
dmax

(
L>L

)
+ (1− µ)

(
L>b Lb

)]−1
,

(3.20)

that are incorporated in (3.13). Overall, these scaling factors act as efficient preconditioners for
the standard SGD updates (3.12), as it was seen above.

Let us analyze the two extreme cases. If on the one hand µ = 0, then we only use local
curvature information. If on the other hand µ = 1, then we only use global curvature information,
and we are back at (3.18), except that we have added a normalization factor b

dmax
.

For any other µ ∈ (0, 1), we take both the local and the global information into account. A
short analysis of the effect of µ can be found in [MS16]. In problem instances where numerous
entries are already known, i.e., |Ω| is large, the influence of µ is minimal. However, for ill-
conditioned data, making use of local information is more critical, and a smaller value of µ is
more appropriate, e.g., µ = 0.5. Since the goal of this master’s thesis is not to make this analysis,
we will always take µ = 0.5, unless stated otherwise.

3.4.3 Scale invariance

The issue of scale invariance refers to the behavior of algorithms which behave equivalently
when initialized, say, either with (L0,R0) or with

(
L0T−1,R0T>

)
for all non-singular matrices

T ∈ GL (r). The scaling that has been described resolves the issue of scale invariance that exists
in matrix factorization models. Indeed, as it was stated in Subsection 2.4.1, the non-uniqueness of
matrix factorization implies that X remains unchanged under the action (2.5), for all non-singular
matrices. It is straightforward to show that the scaled SGD updates (3.13) with (3.20) are scale
invariant, whereas the standard SGD updates (3.12) are not: let us use Lb,+ and L̃b,+ to denote
the update if the algorithm is initialized with (L0,R0) and

(
L0T−1,R0T>

)
respectively. The

same notation is used for R. With the scaled SGD, we find{
L̃b,+ = Lb,+T−1,

R̃b,+ = Rb,+T>,

24



which enables us to prove scale invariance. For the standard SGD, such a result cannot be
obtained.

3.5 Step-size

In the machine learning community, the name learning rate is often preferred over step-size. The
condition αk ≥ 0 should be verified for all iterations k. Indeed, since the search direction is
usually a descent direction, we do not want to reverse the direction. The challenges in finding
a good αk are both in avoiding that the learning rate is too long, or too short. Therefore,
a backtracking line search is defined as in Algorithm 1. This is heavily used in Riemannian
optimization.

Algorithm 1 Backtracking Line Search
procedure Backtracking Line Search(α0 > 0, τ ∈ (0, 1))

l← 0
while f (xk + αlpk) > f (xk) do

αl+1 ← ταl
l← l + 1

end while
return αl

end procedure

However, since the idea of SGD is to have very cheap iterations, it would not make sense to
compute a cheap search direction, and then look for an optimal step-size. In other words, it is
useless to find the perfect distance if the direction is only a rough estimate. Therefore, five cheap
ways to choose the step-size are discussed.

1. The easiest choice is to take a constant step-size: αk = α for all k.

2. We can also define a geometric sequence: αk = ρkα0 for some initial step-size α0 and
common ratio ρ. If ρ < 1 then the step-sizes are decreasing; if ρ > 1 then the step-sizes are
increasing.

3. In stochastic approximation, asking that the step-sizes are square summable but not
summable is a common rule. This rule states that

∞∑
k=1

αk =∞,
∞∑
k=1

α2
k <∞.

The first one is the so-called infinite travel condition, while the second one ensures that the
step-sizes do not “explode”. The intuition is that the step-sizes have to go to zero, but not
too fast. One typical example is

αk = c1
c2 + k

,

where c1 > 0 and c2 ≥ 0. In particular, the simplest choice is c1 = 1 and c2 = 0. This is a
very simple rule, with a count variable, that ensures that the step-size decreases at every
iteration.

4. The bold driver heuristic is a famous heuristic in the case of SGD. First, we remind that
an epoch is a sweep through the entire training set. The heuristic needs to monitor the
error after each epoch. We have two possibilities.
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(a) The error decreases, then we can be confident that the direction is good, and the
algorithm can move further more aggressively. The step-size is increased: αk+1 = ραk,
with ρ = 1.1, unless stated otherwise.

(b) The error increases, then we want the algorithm to move more cautiously. The
step-size is decreased: αk+1 = σαk, with σ = 0.5, unless stated otherwise.

The name of this heuristic comes from the analogy with the learning process of a young and
inexperienced car driver. Of course, different values of ρ and σ are possible but performance
does not depend critically on this choice.

5. One last common schedule is the exponential decay protocol. It has the mathematical form

αk = α0 · exp {−ck}

where α0 and c are hyperparameters and k is the iteration number.

Finally, one last method is called Adagrad. It is not included in the list, because it is an
expensive method. It comes from [DHS11] and it adapts the learning rate to the parameters.
Intuitively, the learning rate is small for parameters associated with frequently occurring features,
and it is large for parameters associated with infrequent features. For this reason, it is well-suited
for dealing with sparse data. This has been used in a very recent field, namely image recognition.
Indeed, the authors of [DC12] have found that Adagrad greatly improved the robustness of SGD.
Therefore, it was used for training large-scale neural networks at Google. Among other things,
the goal of this particular neural network was to recognize cats in YouTube videos.
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Chapter 4

Improving Stochastic Gradient
Descent methods

This chapter looks for ways to improve the SGD method: it sums up our contribution in this
thesis. When working with an incomplete data set, the first thing that one has to do is guessing
the best value for the rank. Indeed, up to now we have often considered synthetic data, hence
the true rank was known. In real applications, however, the true rank is not known, or it does
not even exist, hence Section 4.1 gives some intuition on how to find the best rank.

Section 4.2 answers the main question of this thesis, namely: is it useful to apply the shuffling
of [MHA18] to the LRMC problem? The concept of importance sampling and weighted data
points are discussed in Section 4.3. The first two sections only consider epochs, which are not
always possible to consider in large problems, hence Section 4.4 looks at different SGD methods
with smaller samples. Finally, Section 4.5 summarizes the methods that we suggest.

4.1 Determining the rank

At this point, it is clear that the rank r is a hyperparameter, i.e., a parameter that the user is able
to choose. Hence, the question arises: how do we choose this hyperparameter? Often, a value
is chosen by convention, like r = 5 for small problems, and r = 10 for large problems. In this
section, we look for a more custom way of finding the best value of r. This is called the model
selection problem. In particular, two methods are discussed. The first one is called the elbow
method and is often used to determine the number of clusters in a data set, i.e., the problem
of K-means clustering. This is a similar problem to identifying the number of latent features
in a data set. The second one is cross-validation, which is very famous in the machine learning
community.

4.1.1 The elbow method

Here is a summary inspired from [JU18]: the data is split into one training set Straining and one
testing set Stesting. Let us assume that the sizes are equal. In that case, it means that the first
half of the observed values of M is taken to train the algorithm, and the other half to test it.
These two sets can be thought of as having been generated independently and sampled according
to an underlying but unknown distribution. On the one hand, the training set is used to construct

27



a prediction function; that is, the learning algorithm runs with the training set. On the other
hand, the testing set is used to compute the validation error, also called the testing error, that is,
the error that a particular prediction function makes on unseen data.

We have in addition a set of values for the parameter of the model, i.e., the rank r, that the
user can choose. Let us denote these values by rd, for d = 1, . . . , D. To keep things simple we
assume that D is some finite value.

The learning algorithm is run D times on the same training set Straining to compute the D
prediction functions frd

for d = 1, . . . , D. For each such prediction function, the validation error
is computed with the testing set. We then choose that value of the parameter r which gives the
smallest validation error.

Models can be too limited, or they can be too rich. In the first case, we cannot find a function
that is a good fit for the data in our model. We underfit. In the second case, we have such a rich
model family that the prediction function fits not only the underlying function but also the noise
in the data. We then talk about an overfit. Both of these phenomena are undesirable.

The elbow method works as follows. The training error always decreases as the rank r
increases. Hence, we have to find a way to determine the “optimal rank”, in a way that the
model is rich enough to represent the underlying interactions, but not too rich in order to avoid
fitting the noise. This being said, one should know that there is no perfect rank, because the true
data matrix M is almost never sampled with a specific rank in mind. However, to fix the ideas,
let us use r? to denote the optimal rank. We are trying to find the perfect value for r to avoid
both underfitting and overfitting. Therefore, we try to identify a kink in the curve representing
the training error as a function of the rank. A kink can be understood as a break, or a fracture
in the curve. To fix the ideas, we would identify a line with negative slope −a for r ∈ [0, r?], and
a line with negative slope −b for r ∈ [r?,∞[, for a, b > 0. Ideally, the first line is very steep, and
the second one is flatter, i.e., a > b, such that r? can easily be identified.

In other words, let us look at the curve representing the training error as a function of the
rank: if this line looks like an arm, then the “elbow” on the arm is the best value of r. The
elbow method states that the kink happens at the rank r?.

On the one hand, for all the values of r < r?, the training error decreases rapidly, since
increasing the rank makes the model richer and more able to represent the underlying interactions.
In other words, underfitting happens as long as r < r?, since the model is not complex enough
to represent all the interactions in the true matrix, hence both the training error and the testing
error are high.

On the other hand, for all the values of r > r?, the training error decreases more slowly, since
increasing the rank only allows the model to fit the underlying noise, which does not decrease
the error drastically. In other words, overfitting happens when r > r?, because the model is too
complex, hence it can represent both the interactions in the true matrix, but also the underlying
noise. This means that the training error continues to decrease, while the testing error increases,
since the model moves too far from the mean of the true data, and it will fail to predict well on
unseen data.

Putting everything together, the elbow method is a graphical way of determining the value of
r?. Let us look at Figure 4.1. We are working with the first part of the Jester data set, available
at [GRGP01]. It consists of ratings, ranging between −10 and 10, of 100 jokes by 24983 users.
Hence, the matrix M is very thin, with d1 = 24983 and d2 = 100. In order to reduce the size of
the problem, 2000 users are randomly selected, and all the other users are neglected. Two ratings
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per user are randomly extracted as test data. Using the notations defined above, we have D = 10
values for the rank, from 1 to 10. For each rank, the train and the test error are computed using
the scaled SGD method described in (3.13), with “Random shuffling”, a method described in
the upcoming Subsection 4.2.1. The train and test error, or mean squared error (MSE), are
computed as the sum of the squared differences between the true values and the predicted values,
over the total number of values. The MSE is formally defined in the upcoming equation (4.6).
For the initialization of the algorithm, full rank matrices L0 and R0 are randomly generated.
Regarding the step-size, the bold driver protocol described in Section 3.5 is chosen, with an
initial value of 0.01. The number of iterations was limited to 100, and the gradient tolerance for
the MSE was set to 10−8. In practice, most of the runs did not reach the gradient tolerance level,
because they were interrupted after 100 iterations. This entire process is repeated five times,
and we average the results. According to the elbow method, the optimal rank is r? = 2.
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Figure 4.1: Average train and test MSE for different values of the rank r, which is fixed a priori,
for the Jester data set described in [GRGP01]. In particular, the sampled matrix is rectangular
of size 2000× 100, and two ratings per user are randomly extracted as test data. The MSE is
defined as ‖PΩ (M)− PΩ (X)‖2F / |Ω|. The scaled SGD method described by the equations (3.13)
is used. We see that the elbow method is not always easy to apply, because the notion of “true
rank” is not always applicable.

The training error is under the testing error, which makes a lot of sense since the training error
is always too optimistic. The interpretation is that the training error is not a good representation
of the accuracy of the algorithm, since it uses the same data to construct the prediction function
and to evaluate the accuracy.

In other applications, we might have a case where the “best” rank is r = 1. In such cases, this
graphical method does not work well. Indeed, we cannot notice a kink in that case. Therefore,
another method, described in [TWH00] is used. However, since it is unlikely that the best rank
is r = 1 in our situations, it will not be used.
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4.1.2 Cross-validation

Splitting the data once into two parts (one for training and one for testing) is not the most
efficient way to use the available information. To solve this problem, cross-validation, often
abbreviated by CV, is a popular way of making better use of the data. Since there are many
versions to date, let us just mention one. For a full review of cross-validation, we refer the reader
to [Bis11, Section 1.3]. A popular scheme is called K-fold CV. The data is randomly partitioned
into K groups, then we train K times. Each time, exactly one of the K groups is left out for
testing and the remaining K − 1 groups are used for training. Then, the K results are averaged.
Note that in this way all the data has been utilized for training and for testing, and each data
point has been used the same number of times. One major drawback of K-fold CV is that the
number of training runs that must be performed is increased by a factor K, and this can prove
problematic for models in which the training is itself computationally expensive.

By trying K-fold CV with K = 5 in order to determine the best rank for the same data set,
i.e., the Jester data set, we find r? = 5. This corresponds to the value suggested in [KMO09].
The value for r? was set to 2 with the elbow method described above. Hence, we see that finding
the best rank can be difficult since such a concept is tedious to define. For a remark on the
implementation, we refer the reader to Appendix C.1.

4.2 Shuffling methods

This part is inspired from [MHA18]. The authors have a problem where the objective function is
a large sum, as (3.2), and they show that with a particular shuffling, the convergence can be
sped up. In particular, the goal is to efficiently average a set of N symmetric positive definite
matrices or SPD matrices. The least squares mean of the N -tuple A = (A1, . . . ,AN ) ∈ MN ,
with corresponding positive weights ω = (ω1, . . . , ωN ), is defined as

Λ (ω,A) = argmin
X∈M

N∑
n=1

ωnd
2 (X,An) ,

where d (G,H) is the affine-invariant distance defined as

d (G,H) =
∥∥∥log

(
G−

1
2 HG−

1
2
)∥∥∥

F
,

for G,H ∈ Pn, the cone of n× n SPD matrices. The matrix exponential and the logarithm of a
matrix are defined in Appendix A.5.

Inductive sequences are used to estimate the least squares mean of a set of data points
belonging to an arbitrary NPC space (M, d). As a reminder, a NPC space is a complete metric
space with non-positive curvature. These sequences are built by starting from one data point
and making successive steps towards other data points. A formal definition for the case of the
least squares mean can be found at [MHA18, Definition 2.1].

The authors define a sequence p = (p1, . . . , pN ), and two operations that act on that sequence:
the reverse operation and the Faro shuffle. It is easier to think about these two definitions as
operations on a deck of cards.

Definition 4.1 (Reverse). Given a sequence p = (p1, . . . , pN ), the reverse operation is defined as

reverse (p) = (pN , . . . , p1) . (4.1)
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Intuitively, we simply swap the order of the deck: we put it upside-down. The last card
becomes the first one, the first card becomes the last one, and so on. This operation does not
influence the order of one card with respect to its neighbors, which is why the second definition
is introduced.

Definition 4.2 (Faro shuffle). Given a sequence p = (p1, . . . , pN ) with N = 2M , it can be
rewritten as p = (p1, . . . , pM , pM+1, . . . , p2M ). Then, the Faro shuffle, which is also called the
riffle shuffle, has two variants: the in-shuffle and the out-shuffle, defined as

in-shuffle (p) = (pM+1, p1, pM+2, p2, . . . , p2M , pM ) , (4.2)
out-shuffle (p) = (p1, pM+1, p2, pM+2, . . . , pM , p2M ) . (4.3)

Let us give a way to interpret this operation. The original sequence can be thought of as a
deck of N = 2M cards, which is divided into two halves. The top half of the deck is placed in the
left hand, while the bottom half of the deck is placed in the right hand. Then, there are two ways
to interleave the cards: for an in-shuffle, cards are alternatively interleaved from the left and
right hands; for an out-shuffle, cards are alternatively interleaved from the right and left hands.
Thus, a deck originally arranged as (1 2 3 4 5 6 7 8) would become (5 1 6 2 7 3 8 4) using an
in-shuffle, and it would become (1 5 2 6 3 7 4 8) using an out-shuffle. It is easy to understand
riffle shuffles with their applications in card tricks but it turns out that they are also used in the
theory of parallel processing, as it is explained in [Sto71].

At this point, the careful reader will have noticed that we only consider the case when N
is even. When N is odd, one could alternate between an in-shuffle and an out-shuffle, but in
practice this will not be necessary. Indeed, for us, the number of data points N corresponds to
N = |Ω|, which is usually a really large number. Hence, we have N ≈ N − 1, and one data point
can simply be ignored. Therefore, we are back to the case when N is even.

4.2.1 Different ways to browse the data points

How can we apply this “shuffling” idea to our matrix completion algorithm? At each iteration,
we want to go through all the data points. Hence, such an iteration is called an epoch. The order
in which the data points are scanned through might seem unimportant, but the idea presented
in [MHA18, Algorithm 1] gives us a good guess about which order the method should follow.
For the reader’s convenience, this algorithm is repeated in the following lines, which is called
Algorithm 2 in the present document.

Algorithm 2 Smart shuffling algorithm
1: Data: N , the number of data points.
2: p(1) = (p1, . . . , pN )
3: for k = 1, 2, . . . do
4: p(2k) = reverse

(
p(2k−1)

)
5: p(2k+1) = in-shuffle

(
p(2k−1)

)
6: end for

All the methods that are described in this section work in the same way, except for one detail.
For every method, epoch k starts by defining a sequence p(k). Then, the data points are browsed
in the order specified by p(k). By browsing, we mean that we perform a scaled SGD step with a
batch containing one element: p(k)

1 , then p(k)
2 , and so on, until p(k)

N . We always have
∣∣∣p(k)

∣∣∣ = N .
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For example, if N = 3, we can have p(k) = (3, 1, 2). In that case, a scaled SGD step is performed
with sample n = 3, then with sample n = 1 and finally with sample n = 2.

Of course, the small detail that differentiates the four methods described next is in the way
the sequence p(k) is defined.

1. “No shuffling”. The sequence p(k) is defined as p(k) = (1, . . . , N) for every k. This is also
called the “Cyclic order” or the “Circular order”. This method is deterministic.

2. “Random shuffling without replacement”. The sequence p(k) is defined as a random
permutation without repetition of the N data points. All the data points are visited. We
can use “repl.” to shorten “replacement”. We also assume that “Random shuffling” denotes
a shuffling without replacement in the sequel. This method is stochastic.

3. “Random shuffling with replacement”. The sequence p(k) is defined as a random permutation
with repetition of the N data points. This means that at epoch k, some data points are
visited more than once, while others might not be visited. This method is stochastic.

4. “Smart shuffling”. The sequence p(k) is defined by Algorithm 2. This method is deterministic.

4.2.2 Numerical experiments

In the upcoming experiments, synthetic data are created in the following way: two full-rank
matrices A ∈ Rd1×r

∗ and B ∈ Rd2×r
∗ are generated according to a standard Gaussian distribution.

Of course, all the elements of these two matrices are independently and identically distributed.
The product M = AB> is a matrix of size d1×d2 and of rank r. Indeed, we have r � min {d1, d2},
and we use Proposition A.1 stated in Appendix A.1. Then, a fraction of the entries of M are
randomly removed with uniform probability. The number of known entries is determined by the
OS ratio, since we have |Ω| = N = OS× r × (d1 + d2 − r).

Since the experiments are random, representative simulations were implemented. The same
experiment is run five times, and then the results are averaged. The evolution of the train RMSE
or test RMSE is analyzed as a function of the number of epochs. As a reminder, the two most
famous metrics used to measure accuracy are the Mean Absolute Error (MAE) and the Root
Mean Squared Error (RMSE). We only give the definitions for the training set, since it suffices to
replace “Train” by “Test” in the following definitions in order to have them for the testing set.

1. The MAE is defined as

MAETrain =
∑

(i,j)∈TrainingSet |Mij −Xij |
|TrainingSet| , (4.4)

and the normalized version of the MAE, called the Normalized Mean Absolute Error or
NMAE is often considered as well. It is defined as

NMAETrain = MAETrain
range , (4.5)

where the range is the distance between the largest and the smallest value in the data set.

2. For the RMSE, we start by defining the Mean Squared Error or MSE as

MSETrain =
∑

(i,j)∈TrainingSet (Mij −Xij)2

|TrainingSet| . (4.6)
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Then, the RMSE is simply defined as

RMSETrain =
√
MSETrain. (4.7)

Here, since the computation times for the different methods are similar, the number of
iterations, or epochs, can be used to truthfully represent the complexity of the algorithm. In
Figure 4.2, we see that the four methods behave similarly, “Smart shuffling” behaving slightly
worse, for a particular set of parameters. Varying the seed in MATLAB does not change the
results, i.e., the experiment is rather stable. Specifically, a small square matrix of size 1000×1000
and of rank 10 is chosen. The OS ratio is set to 4. The MSE tolerance is set to 10−8, and we
are considering a maximum of 100 epochs. In practice, the algorithm always converges in less
than 100 epochs. Some noise is introduced according to a parameter noiseFac = 10−6 to a
well-conditioned matrix. Starting the algorithm with randomly initialized matrices L0 and R0
does not yield good results. Hence, the initial matrices L0 and R0 are defined by computing
the r dominant SVD, that is, the r largest singular values of the sparse matrix containing the
known entries. In other words, we first compute the matrices U, Σ and V from the sparse matrix
containing the known entries. Then the initial matrices L0 = UΣ

1
2 and R0 = VΣ

1
2 are defined.

Finally, regarding the step-size, the bold driver protocol described at item 4 on page 25 was
chosen, with an initial value of 0.05. Since the test RMSE is very similar to the train RMSE, we
only display the latter.
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Figure 4.2: Evolution of the train RMSE for scaled SGD, using the four different shuffling
methods described in Subsection 4.2.1. A synthetic matrix of size 1000× 1000 is constructed,
for which the rank is known to be r = 10. The OS ratio is set to 4. Initial matrices L0 and R0
are computed using r dominant SVD. The bold driver protocol described at item 4 on page 25
is used, with an initial value of 0.05. The algorithm is stopped when either the MSE (defined
in (4.6)) is less than 10−8 or the number of epochs exceeds 100. The same experiment is run five
times, and the results are averaged.

At this point, one should note that even if the “No shuffling” method described above (item 1
on page 32) is deterministic, it will not produce the same results for two identical experiments.
Indeed, the true data matrix M is stochastic, hence the initial matrices L0 and R0 are stochastic
as well; therefore the sequences of step-sizes defined by the bold driver protocol are different,
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and so on. Of course, the same can be said about the “Smart shuffling” method described above
(item 4 on page 32), since it also deterministic. This being said, the careful reader will have
noticed that for a given experiment, after the first epoch, these two methods move in the same
direction and at the same speed, hence they increase or decrease the cost in the same way. This
stems from the fact that the sequence p(1) is the same for the two methods at the first epoch.
Since the initial step-size is also the same for the two methods at the first epoch, the observation
makes sense.

All simulations are performed on version R2015b of MATLAB, on a 2.0 GHz Intel Core
i7 machine with 8 GB of RAM. For a remark on the implementation, we refer the reader to
Appendix C.2.

Surprisingly, in Figure 4.2, we observe that the “No shuffling” method performs slightly better
than the “Random shuffling without replacement”. Indeed, it is shown in [MHA18] that visiting
the data points in a cyclic order usually results in a slow convergence. It can be that we need
larger tests to observe this phenomenon. Equivalently, the fact that synthetic data is used can
also be a problem. We observe that “Smart shuffling” is the worst of the four methods.

Hence, it seems that looking at the data points in a “smart” way does not really influence
the speed of convergence compared to a cyclic order, nor a random order. Let us vary some
parameters to see if this is always the case.

Step-size All the step-size methods described in Section 3.5 have been tested. We have tried
the constant step-size αk = α for different values of α, it did not yield good results. The same
can be said about the geometric step-size, and the exponential decay protocol. The counter
method gave similar results than the ones obtained with the bold driver.

Over-sampling ratio In Figure 4.3, page 35, we can see the difference between a small and
a large OS ratio on the convergence. Specifically, Figure 4.3a corresponds to OS = 2 and
Figure 4.3b corresponds to OS = 8. All the other parameters are unchanged, ceteris paribus,
which means that we are still working with a small matrix of size 1000× 1000, of rank 10, and
so on. The only exception to this is that the initial step-size was set to 0.01, otherwise the
results were too noisy. As we had predicted, we observe that a large OS ratio enables a faster
convergence, i.e., fewer epochs, since we have more data points. In fact, taking a small value
for OS can even cause the algorithm to reach the limit of 100 epochs, before having attained
convergence. However, the faster convergence guaranteed by a larger OS ratio comes at a cost:
every epoch is more expensive when the OS ratio is larger, since more data points have to be
browsed. Again, since the train RMSE behaves similarly to the test RMSE, we only display the
former. On the one hand, when only a few entries are sampled, the “Smart shuffling” method
performs worse than “Random shuffling without repl.” or “No shuffling”. Surprisingly, again,
the cyclic order performs the best. Changing the seed in order to control the random number
generation did not give very different results. On the other hand, when many entries are sampled,
the “Random shuffling with replacement” method is the worst, as we had expected, and the
three others behave similarly.

In or out? One might wonder if it matters to consider an in-shuffle or an out-shuffle. If N
is large, then simulations show that there is no difference. However, if N is small, we can see
that the in-shuffle performs better: this is due to the fact that with an out-shuffle, the extreme
elements do not change. Indeed, the first element of the sequence p(1) either stays the first
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(a) OS = 2
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(b) OS = 8

Figure 4.3: Influence of the OS ratio on the evolution of the train RMSE for scaled SGD, using
the four shuffling methods described in Subsection 4.2.1. A synthetic matrix of size 1000× 1000
is used, for which the rank is known to be r = 10. Initial matrices L0 and R0 are computed using
r dominant SVD. The bold driver protocol described at item 4 on page 25 is used, with an initial
value of 0.01. The algorithm is stopped when either the MSE is less than 10−8 or the number of
epochs exceeds 100. The same experiment is run five times, and the results are averaged.

element of p(k) or becomes the last element of p(k), for all following values of k. Similarly, for the
last element of p(1). This is easy to see by looking at Definitions 4.1 and 4.2. Therefore, unless
stated otherwise, we always consider an in-shuffle in the sequel.

Rectangular matrices We consider rectangular matrices of size 1000× 100, and rank known
to be 10. The OS ratio is set to 4, ceteris paribus. The results depicted in Figure 4.4, page 36,
show that “Smart shuffling” performs worse than “Random shuffling” with or without replacement.
However, the results are very noisy, i.e., changing the seed in MATLAB can yield very different
curves for the train RMSE. Therefore, no conclusion can be taken, since more tests need to be
done.

Other parameters Changing other parameters like the noise ratio, or considering ill-conditioned
matrices did not yield interesting results: the four curves overlap most of the time. In short, it
seems that the “Smart shuffling” does not give better results, neither for the training error nor
for the testing error.

Real data set Here, we are again working with the first part of the Jester data set, taken
from [GRGP01], as in Section 4.1. The four methods are tested for 2000 users. The results are
depicted in Figure 4.5, page 36. As usual, the training error (4.5a) is lower than the testing error
(4.5b), because the training error is overly optimistic. It is observed that “No shuffling” performs
worse than the “Random shuffling”. Furthermore, “Random shuffling” performs better without
replacement than with replacement. Finally, “Smart shuffling” gives the lowest test RMSE. We
can see that the initial step-size is obviously too large in these tests, since the cost starts to
increase for most of the shuffling methods.
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Figure 4.4: Evolution of the train RMSE for scaled SGD, using the four different shuffling
methods described in Subsection 4.2.1. A synthetic rectangular matrix of size 1000 × 100 is
used, for which the rank is known to be r = 10. The OS ratio is set to 5. Initial matrices L0
and R0 are randomly generated according to a standard Gaussian distribution. The bold driver
protocol described at item 4 on page 25 is used, with an initial value of 0.1. The algorithm is
stopped when either the MSE is less than 10−8 or the number of epochs exceeds 100. The same
experiment is run five times, and the results are averaged.
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Figure 4.5: Evolution of the train and test RMSE for scaled SGD, using the four different shuffling
methods described in Subsection 4.2.1. The real-world Jester data set is used from [GRGP01],
i.e., a matrix of size 2000× 100. The rank is fixed to r = 5 according to Subsection 4.1.2. Initial
matrices L0 and R0 are randomly generated according to a standard Gaussian distribution. The
bold driver protocol described at item 4 on page 25 is used, with an initial value of 0.1. The
algorithm is stopped when either the MSE (defined in (4.6)) is less than 10−8 or the number of
epochs exceeds 40. Note that the first five epochs are not shown, otherwise the graph would
have been less convenient to scale for the vertical axis.
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Up to now, we have always considered that all the data points had to be visited at every
epoch. This does not have to be the case. Therefore, another shuffling idea, called importance
sampling, is described in the next section.

4.3 Importance sampling

This section is inspired from [NSW16, Section 3]. The idea is the following: up to now, we were
looking at N data points at every epoch. This will not be changed. Instead, we can ask: do we
have to browse all the data points? In the previous section, three of the four shuffling methods
are considering all the data points at every epoch. The only analysis is about the order: is there
a specific order to browse all the data points such that the convergence is better? However,
“Random shuffling with replacement” does not specifically take all the data points into account:
one data point can be taken more than once, while another might not be taken at all. The
methods that are discussed in this section have a similar behavior, hence they can be called
“Weighted shuffling” methods.

We want to show that some data points are more important than others, and that these data
points should be visited more often. Hence, N data points are still considered at every epoch,
but they are not necessarily N different data points. This can be seen as a shuffling where some
data points are left behind, while others are duplicated to make sure that N data points are
visited in total at every epoch. E.g., if N = 3, we could define the sequence p(k) as (2, 1, 2).

We start by redefining the objective function of the original LRMC formulation as a least
squares function. For the reader’s convenience, the objective function (3.3) of page 20 is repeated
here

f (X) = 1
2 ‖PΩ (X)− PΩ (M)‖2F = 1

2
∑

(i,j)∈Ω
[Mij −Xij ]2 .

Therefore, we have the following proposition.

Proposition 4.1. The objective function (3.3) of page 20 can be written as

f (x) = 1
2 ‖Ax− b‖22 , (4.8)

for some vectors x,b and a matrix A.

Proof. See Appendix B.2.

The authors of [NSW16] consider SGD methods, where gradient estimates are sampled from
a weighted distribution. As previously, the random variable N is one of the N training examples,
i.e., N ∈ [N ]. We use n to denote a realization of N . For a weight function w which assigns a
non-negative weight w (n) ≥ 0 to each index n, the weighted distribution D(w) is defined as the
distribution such that

PD(w) [I] ∝ EN∼D [1I (N )w (N )] ,

where I is an event (subset of indices) and 1I (·) its indicator function. We have a discrete
distribution D since the sample N is chosen from [N ]. Hence, the probabilities of the original
probability mass function p (n) are weighted in order to obtain a new probability mass function,
written as

p(w) (n) ∝ w (n) p (n) .
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At this point it may be useful to mention that w can be seen as a weight function, but also as
a weight vector of size N × 1. Indeed, entry wn = w (n) simply denotes the weight assigned to
data point n. Therefore, we use w to denote this vector, and we interchangeably write w (n) and
wn to denote the weight of data point n.

The authors use rejection sampling to construct D(w). The procedure is as follows: first,
define a constant W ≥ supnw (n). We choose W = 1. Then, sample N ∼ D, say we select data
point n, and accept that sample with probability w (n) /W . Otherwise, reject and continue to
resample until a suggestion n is accepted. The accepted samples are then distributed according
to D(w).

How can we define the weight function w ? We propose two heuristics.

4.3.1 A really expensive method

This method could work with small data sets. We start by computing the cost f0 corresponding
to the initial matrices L0 and R0. If on the one hand, after the first epoch it seems that sample
n does not decrease the cost function, then this sample is given a low weight w (n). If on the
other hand, it seems that sample n greatly decreases the cost function, then this sample is given
a high weight w (n). Concretely, for each sample n ∈ [N ], corresponding to item (i, j) ∈ Ω, the
rows Li: and Rj: are updated, and the new cost fn is computed. We use δn = fn − f0 to denote
the difference, and we hope that δn < 0. If indeed δn < 0, then it means that data point n
allowed us to decrease the cost, and this data point is given a high weight, proportional to |δn|.
If however δn > 0, then it means that data point n did not allow us to decrease the cost, and
this data point is given a zero weight. Hence, a weight vector w is obtained. Of course, when
the cost corresponding to the next sample n+ 1 is computed, one should first undo the updates
of the rows Li: and Rj:, otherwise the update of sample n+ 1 will benefit from the updates of
all the preceding samples. We can already mention that this algorithm is not feasible in practice,
since evaluating the cost function for every data point is impossible in real-life applications.
Furthermore, we would have to compute δn for every n ∈ [N ], which can be very expensive.

One could think that this should be done only at the first iteration, and then keep the weights
as they are for all the following epochs. However, if the weights are optimal for the first epoch, it
does not necessarily mean that they are optimal for the next ones. Furthermore, it is even hard
to argue that the weights are optimal for the first epoch at all. Indeed, it may be that data point
n is “good” when we start with the initial random matrices L0 and R0. However, we first visit
some other data points before looking at n, and it might be the case that n is not good anymore
at that time.

Since we suggest recomputing the weights after every iteration, it is clear that this method
cannot work for the Netflix problem, for instance. For this reason, this expensive method is tried
on a small synthetic data set: a small matrix of size 200× 200 is randomly generated, with a
known rank r = 4. Then, some entries are removed with uniform probability. As usual, the total
number of known entries is specified by the OS ratio, set to 4. In this experiment, the weights
are updated after every epoch: this means that convergence is really slow, as it can be seen in
Figure 4.6. The algorithm is initialized with matrices L0 and R0 that are populated with random
entries drawn from the standard Gaussian distribution. The initial step-size is set to 0.01 and the
bold driver protocol described at item 4 on page 25 is used. As always, the regularization and
scaling parameters are set to λ = 0 and µ = 0.5 respectively. One experiment corresponds to the
number of epochs needed to reach the tolerance level for the train MSE, namely 10−8. Five such
experiments are run, which gives five different outputs, and the results are averaged. Indeed,
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the given outputs are different because each experiment depends on the random initializations,
the random permutations, hence the sequences of step-sizes are not the same, and so on. For
comparison, we take the “Random shuffling” method described in item 2 on page 32 above where
all the data points are browsed in a random order. As expected, the weighted shuffling version is
a lot slower, because each epoch starts by computing the weights, which is a very costly process.
However, we can observe that fewer epochs are needed, which reinforces our intuition. Indeed,
“Random shuffling” needs 17 epochs on average to converge, whereas “Weighted shuffling” only
needs 14 epochs on average.
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Figure 4.6: Evolution of the train and test RMSE for the “Random shuffling” and “Weighted
shuffling” methods, described in Subsections 4.2.1 and 4.3.1 respectively. The synthetic data
consists of a small matrix of size 200× 200, which is known to be of rank r = 4. The OS ratio is
set to 4. The bold driver protocol described at item 4 on page 25 is used, with an initial value of
0.01. The weights are updated after every epoch. The algorithm is stopped when either the MSE
is less than 10−8 or the number of epochs exceeds 100. The experiment is repeated five times,
and the results are averaged. The weighted method is a lot slower than the random method, but
it needs fewer epochs: the epochs are more expensive but also more accurate.

Since this method is very expensive, we will not consider it, and we focus on the cheaper
alternative described next.

4.3.2 A cheaper method

This method can work for larger data sets. As always, let us consider one data point, i.e., one
pair (i, j) ∈ Ω, and let us use n ∈ [N ] to denote this data point. At epoch k, we use Xk = LkR>k
to denote the current iterate, and Xk

ij to denote the prediction for entry (i, j). We define a new
variable δkij =

∣∣∣Mij −Xk
ij

∣∣∣ to measure the distance between the true value and the predicted
value of data point n after epoch k. If δkij is small, then we guess that data point n has “done
its job”, and it will not enable us to decrease the cost function anymore. If however δkij is large,
then the heuristic tells us that data point n “still has some job to do”, and it will surely enable
us to decrease the cost function. Hence, the N -dimensional vector δk is computed to see which
data points are most likely to decrease the cost function.

Let us fix one iteration k. If one was trying to define the optimal weights, the following
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problem would need to be solved

w? (X) = argmax
w∈RN

1
2
∑

(i,j)∈Ω
wij

(
δkij

)2

subject to
∑

(i,j)∈Ω
wij = 1,

wij ≥ 0 ∀ (i, j) ∈ Ω.

First, notice that the search space RN can be simplified to [0, 1]N . It is well-known that
the solution to this problem is very sparse. Indeed, let us define the pair (i′, j′) ∈ Ω such that
δki′j′ ≥ δkij ∀ (i, j) ∈ Ω. In other words, the pair (i′, j′) denotes the data point such that the
predicted value Xi′j′ and the true value Mi′j′ are the furthest apart. Then, the solution has the
form

w?ij (X) =
{

1, if (i, j) = (i′, j′) ,
0, otherwise.

If we effectively use this weight vector, we end up choosing only one data point, which is
rather extreme. Hence, the vector δ is sorted in decreasing order, and the β first data points
are selected in this list. These data points correspond to the ones that have the largest distance
between the predicted value and the true value. Therefore, they correspond to the data points
that “still have some job to do” according to the heuristic that we propose. A non-zero weight wij
is given to these points. This weight can be attributed in several ways, let us simply choose two:
either we set wij = 1, or we give a weight proportional to δij , i.e., wij ∼ δij . In the sequel, unless
stated otherwise, we consider wij = (δij)1/2. Of course, after the computation of the weights,
vector w is rescaled such that ∑N

n=1wn = 1. With this vector, epoch k starts by constructing a
vector of size N with random data points, but knowing that data point n has a probability wn
of being chosen. Of course, the weights need not be updated after every epoch.

In Figure 4.7, the Jester data set is considered. We decide to update the weights after five
iterations, and we use β = 3N

4 . This means that only 75% of the vector w has a non-zero value.
As stated above, we suggest two ways of defining the weights: Figures 4.7a and 4.7b show the
results when wij = 1 and wij = (δij)1/2, respectively. The results are similar: for the two ways of
defining wij , the weighted shuffling method and the random shuffling method perform equally
well on the test set and on the train set. If we take 200 users instead of 2000, then it appears
that the weighted shuffling performs better than the random shuffling for the test set, and the
inverse is true for the train set. However, we can say that with the Jester data set, the cheap
weighted method does not improve the convergence rate: the curve of the weighted shuffling,
i.e., the red curve, decreases more slowly at the beginning, but joins the curve of the random
shuffling, i.e., the blue curve, after some epochs.

The next thing that we want to analyze is the size of β. In theory, the optimal choice would
be β = 1, i.e., all the weights are equal to zero, except wi′j′ , where the pair (i′, j′) has been
defined above. However, simulations have shown that this does not work in practice. Hence, we
want to know the best value for β, i.e., the best number of data points that have to be given a
non-zero weight. A large value of β means that the selection is rather lax, i.e., a lot of data points
are assigned a non-zero weight, whereas a small value of β indicates a more selective process.

We know from Figure 4.7 that it is hard to achieve a RMSE lower than 3.5 for the training
error on the Jester data set. Therefore, the tolerance for the MSE is set to 15 > 12.25 = 3.52.
The time needed for several methods to attain this tolerance level is recorded. The procedure is
repeated five times, the results are averaged and depicted in Table 4.1. Of course, in order to
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Figure 4.7: Evolution of the train and test RMSE for the “Random shuffling” and “Weighted
shuffling” methods, described in Subsections 4.2.1 and 4.3.2 respectively. The Jester data set
comes from [GRGP01], and 2000 users are randomly selected. The rank is fixed to r = 5
according to Subsection 4.1.2. The bold driver protocol described at item 4 on page 25 is used,
with an initial value of 0.01. The weights are updated after every five epochs, with β = 3N

4 . The
algorithm is stopped when either the MSE is less than 10−8 or the number of epochs exceeds 50.
The experiment is repeated five times, and the results are averaged. Marginally, the weighted
shuffling attains a lower test RMSE than the random shuffling, but the inverse is true for the
train RMSE. Therefore, it is fair to say that with larger matrices, the two curves coincide, both
for wij = 1 and for wij = (δij)1/2.

compare with previously defined methods, the timing is also given for the “Random shuffling”
method: 94.7267 seconds, with the specifications given in the caption of Table 4.1. These results
are not surprising: indeed, we have seen in Figure 4.7 that “Random shuffling” is usually better
than “Weighted shuffling” on the training set, but the latter is better on the testing set.

β wij = 1 wij ∼ δij
N/4 ∞ ∞
N/2 183.2642 352.8762
3N/4 97.7030 123.1840
N 102.1952 104.3330

Table 4.1: Timing in seconds to reach 15 for the train MSE, defined in (4.6), for scaled SGD
with “Weighted shuffling” method described in Subsection 4.3.1. The Jester data set comes
from [GRGP01], and 2000 users are randomly selected. The rank is fixed to r = 5 according to
Subsection 4.1.2. The initial matrices L0 and R0 are populated with random entries drawn from
the standard Gaussian distribution. The bold driver protocol described at item 4 on page 25 is
used, with an initial value of 0.01. The weights are updated after every five epochs. We define
wij ∼ δij as wij = (δij)1/2. The algorithm is stopped when either the MSE is less than 15 or
the number of epochs exceeds 5000. The experiment is repeated five times, and the results are
averaged. It appears that the fastest method corresponds to wij = 1 with β = 3N

4 . The “Random
shuffling” described in Subsection 4.2.1 converges in 94.7267 seconds, which is slightly better
than “Weighted shuffling”. We see that when β = N/4, the algorithm never converges, i.e., the
selection is too selective, hence we do not consider enough data points.

As a side note, the curious reader might see the equivalence of this weighted method with
the Iteratively Reweighted Least Squares (IRLS) method. Indeed, a weight has been assigned to
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each observation (i, j) ∈ Ω. This weight depends on the matrix X. We use wij (X) to denote the
weight of data point (i, j). Thus, the problem becomes

min
X∈Mr

1
2
∑

(i,j)∈Ω
wij (X) (Mij −Xij)2 ,

and the algorithm creates a sequence of iterates
{
X(k)

}K
k=1

by solving

X(k+1) = argmin
X∈Mr

1
2
∑

(i,j)∈Ω
wij

(
X(k)

)
(Mij −Xij)2 .

Up to now, both in Section 4.2 and in this section, we have always considered iterations of
N data points. This does not have to be the case. Therefore, a last shuffling idea, called batch
SGD, is described in the next section.

4.4 Batch Stochastic Gradient Descent

Up to now, the batch B contained a single data point. In Section 4.2, four sequences of N data
points are discussed, but only epochs were considered, i.e., passes through all the data points.
At every epoch, one data point is visited at a time, in some specific order. Section 4.3 introduces
two new methods where N data points are chosen with repetition among N data points, hence
some data points are chosen more than once, while others are not chosen at all. We cannot really
talk about an epoch in that case since all the data points are not visited, but the algorithm still
browses N data points.

In this section, we do not consider epochs anymore. Instead, we consider iterations such that
at iteration k, bk data points are visited, with bk = |Bk| ≤ N . It has been shown previously that,
as the batch-size increases, the error in the sampled gradient decreases, and so the batch-size
can be used to implicitly control the error in the gradient. Formally, using the notation of the
introduction of Chapter 3, the direction gk is defined as

gk = ∇f (xk) + ek,

where ek is the error, and the search direction is defined as pk = −gk. It is clear that if Bk = [N ],
then ek = 0. At this point, it is important to mention that the number of iterations cannot be
used unequivocally anymore to show the evolution of the error, because one iteration for method
A can be very different from one iteration for method B. Indeed, if method A takes bk = N and
method B takes bk = 1, then iteration k is cheaper for method B, but it is less precise.

If only bk data points are considered at every iteration, the easiest idea is to fix the batch-size
bk = b for every iteration k. Then, one might ask how to determine the best value for b. In order
to determine this, a small experiment is run, from which the results are displayed on Figure 4.8.
We work with a square matrix of size 1000× 1000, and rank known to be r = 10. The OS ratio
is set to 6. The “Constant batch-size” method is compared with “Random shuffling” described
on item 2 in Section 4.2. In subfigure 4.8a it can be seen that when the value of b is increased,
convergence is achieved faster. Hence, it would make sense to take the largest possible value for
b, i.e., b = N , where N is the number of data points. However, subfigure 4.8b shows that when b
increases too much, the convergence is slower. Hence, taking b = N

10 seems to be a sweet spot.

Of course, other methods can also be thought of, since bk = b for every k is not a very
rich model. Another choice is to let bk take a random integer value between 1 and N at every
iteration. This gives rise to a method called “Random batch-size”.
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Figure 4.8: Evolution of the training error as a function of computation time. The “Constant
batch-size” defined in Section 4.4 is compared to “Random shuffling” described on item 2 in
Section 4.2, for the scaled SGD method. We consider a matrix of size 1000× 1000, rank known to
be 10 and OS ratio set to 6. Initial matrices L0 and R0 are randomly generated according to a
standard Gaussian distribution. The bold driver protocol described at item 4 on page 25 is used,
with an initial value of 0.1. It appears that a trade-off in the size of the batch has to be found.

Finally, a choice inspired from [FS12] is based on an increasing batch-size strategy. The name
“Increasing batch-size” is used to denote this method. The idea is to bridge the gap between two
ends of a spectrum, where bk = 1 is at the end of “cheap iterations with slow convergence”, and
bk = N is “expensive iterations with fast convergence”.

Let us summarize: we have defined three new methods that do not consider epochs anymore.
At iteration k, an integer bk between 1 and N is defined. Then, bk data points are chosen, and
only the rows of L and R corresponding to these data points are updated. In Figure 4.9, page 44,
these three methods are compared to “Random shuffling” described on item 2 in Section 4.2. We
see that the hybrid batch methods are faster, and the “Increasing batch-size” has the fastest
convergence.

4.5 Conclusion

Two families of sequences for the data points have been defined. The first family (Section 4.2)
is based on the way one would shuffle a deck of cards: either in a cyclic fashion, a random
order or in some deterministic order based on interleaving the data points. The second family
(Section 4.3) considers that some data points are more important than others, hence they should
be visited more often.

The goal of these sequences is to improve the slow convergence obtained when the data
points are visited in a cyclic order. We see that in most cases, the “Random shuffling (without
replacement)” performs better than the “Cyclic shuffling”. The “Smart shuffling” is comparable
to the “Random shuffling” for synthetic data. For the “Weighted shuffling”, we have defined an
expensive method that works well in theory but not in practice. Another method, based on a
cheap heuristic, performs slightly better than “Random shuffling”.

Finally, we show that when it is not required to visit N data points at every epoch, hybrid
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Figure 4.9: Evolution of the training error as a function of computation time. The scaled SGD
method is applied with four different methods for the batch-size. The “Random shuffling” is
described on item 2 in Section 4.2. The “Constant batch-size” takes bk = b = N

10 for every k. The
“Random batch-size” takes bk at random between 1 and N for every k. The “Increasing batch-size”
starts with b1 = 1, then linearly adds some factor ∆, which defines an arithmetic sequence:
bk = bk−1 + ∆. The factor ∆ is called the common difference, and is set to ∆ = M

N where M is
the maximal number of iterations, set to 100. Initial matrices L0 and R0 are randomly generated
according to a standard Gaussian distribution. We consider a matrix of size 1000× 1000, rank
known to be 10 and OS ratio set to 6. The bold driver protocol described at item 4 on page 25
is used, with an initial value of 0.1. The algorithm is stopped when either the MSE is less than
10−8 or the number of epochs exceeds 100.

methods can be defined that perform very well (Section 4.4).

This chapter puts together all of our contributions. Numerical comparisons can show that
the proposed methods compete favorably with the state-of-the-art, like the standard alternating
least squares (ALS) algorithm described in Appendix D.
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Chapter 5

Applications

This last chapter tests the methods that we have discussed so far, both the already existing
methods as the ones we have suggested, on three real-world data sets. The structure of this
chapter will follow the one of Section 1.3. Namely, we will start with a data set coming from
the medical world in Section 5.1. In Section 5.2 we solve a problem that often occurs in traffic
management. Finally, Section 5.3 deals with the most famous application of the LRMC problem,
namely the recommender systems.

5.1 Alzheimer’s Disease

The authors of [TWYS13] have identified patients suffering from Alzheimer’s Disease (AD) from
normal controls. Therefore, they have used the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) data set, which is available at [Wei13]. In this section, we run the scaled SGD method
on this data set with three different shuffling techniques: the “Random shuffling” and the “Smart
shuffling”, presented in items 2 and 4 respectively, in Subsection 4.2.1, and the “Weighted
shuffling” presented in Subsection 4.3.2. The ADNI data set contains d1 = 10762 patients and
d2 = 20 descriptive measurements. By using ten-fold CV with, the rank was set to r = 5. We
compute that 34.21% of the entries are missing.

Among other things, the measurements are derived from neuroimaging data, e.g., magnetic
resonance imaging (MRI), and from biological data like the cerebruspinal fluid. The data set is
represented by a small matrix, and one can readily see that it is a perfect example of LRMC,
although the entries do not represent continuous variables. We attempt to recover a large amount
of missing values in a matrix, i.e., to impute the missing data. However, the famous LRMC
formulation of [CR09] relies on the assumption that the missing data is distributed randomly and
uniformly. Unfortunately, this assumption does not hold in our case, since the data is missing in
blocks, i.e., the entire data from a single modality might be missing.

In order to identify patients suffering from Alzheimer’s Disease from normal controls, we
build a classifier that assigns a label to a patient. The problem is that we need to make as few
errors as possible in the imputation process, otherwise the errors introduced during this process
will affect the performance of the classifier. Since the goal of this thesis is not to study classifiers,
we focus on recovering the missing values.

Initially, the results were decent, although the assumption mentioned above was not satisfied.
By shuffling the measurements and the patients such that the empty blocks are dispersed over
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the data set, we have been able to improve the results significantly. In other words, the missing
entries are uniformly distributed again. The results are illustrated in Appendix E.1, and the
details of the algorithm are mentioned in the caption of Figure E.1 on page 63. The famous
80/20 rule is chosen: 80% of the data is used for training and 20% for testing. The evolution
of the train RMSE defined in (4.7) is displayed as a function of the number of iterations. The
regularization parameter λ is set to 10−3, since this is a real-world data set, hence we know
that adding a regularization term allows to improve the test RMSE. It appears that with these
parameters, the weighted shuffling method attains the lowest train RMSE, while browsing the
data points in a “smart” way, rather than in a “random” fashion, does not significantly improve
the accuracy.

For the test RMSE, instead of showing the full result, we focus on one measurement. One of
the tests is designed to determine how well-oriented the patient is with regard to time and place.
In this test, there are a series of questions, among which the month of the year. If the patient
answers the question correctly, the entry is filled with a 1, otherwise with a 0. However, some
practicians go over the questions quickly, hence this question is sometimes overlooked. Therefore,
for this particular column, the LRMC becomes a classification problem: given a patient for which
we do not know whether he is well-oriented with regard to time and place, we want to predict if
the entry is filled with a 1 or a 0. The Area Under the Curve or AUC is a scalar between 0 and
1, often used to measure the quality a classifier, see [Faw06]. We recall that the maximum AUC
is 1, which corresponds to a perfect classifier. In our case, we find the AUC to be 0.7419 for this
measurement, by using the “Weighted shuffling” method. All the other implementation details
are specified in Appendix E.1.

5.2 Traffic

The database available at [DKT17, Cut11] collects 15 months of data from the California
Department of Transportation PEMS website, where PEMS stands for Performance Measurement
System. The data describes the occupancy rate, between 0 and 1, of different car lanes of
San Francisco freeways. The measurements cover roughly 450 days and are sampled every
sixty minutes. Public holidays, as well as two days with anomalies, were removed from the
data set, hence we only consider 440 days. We have a large matrix of size d1 × d2, with
d1 = 963, the number of sensors which functioned consistently throughout the studied period,
and d2 = 10560 = 24× 440, the number of samples, i.e., one sample every hour during 440 days.

With this data set, one could construct a classifier to predict the day of the week as a function
of the activity on the highway. Therefore, it makes sense to take r = 7, since there are seven
days in a week. With the elbow method, it is checked that this is indeed a good choice.

By applying scaled SGD with the “Random without replacement” shuffling method presented
in item 2 on page 32 to this data set, we have tried five different ways to define the step-size. The
details of this experiment are available at Appendix E.2. It results that we choose the counter
method described at item 3 on page 25, that is αk = c1

c2+k with c1 = c2 = 1.

The given matrix has no missing entry. Therefore, a fraction of the entries are randomly
removed with uniform probability. We refer the reader to Subsection 4.2.2 for a detailed
explanation. The OS ratio is set to 4, hence the number of known entries is 82768. The results
are depicted in Figure 5.1.
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Figure 5.1: Evolution of the train and test RMSE for scaled SGD, using the three different
shuffling methods: the “Random shuffling” and the “Smart shuffling”, presented in items 2 and 4
respectively, in Subsection 4.2.1, and the “Weighted shuffling”, presented in Subsection 4.3.2.
For the experiments, the matrix is of size 963 × 1000. The rank and the OS ratio are set to
r = 7 and OS = 4 respectively. Initial matrices L0 and R0 are computed using r dominant SVD.
For the step-size, the counter method described at item 3 on page 25 is used, with c1 = c2 = 1,
and with an initial value of 0.1. The algorithm is stopped when either the MSE defined as (4.6)
is less than 10−8, or the number of iterations exceeds 100. The same experiment is run five
times, and the results are averaged. Note that the first five epochs are not shown, otherwise the
graph would have been less convenient to scale for the vertical axis. Since it is clear that the
weighted method overfits, different values of λ have been tried. Indeed, for real-world data sets,
taking a non-zero value for the regularization parameter can improve the test RMSE. With the
regularization, the three shuffling methods give similar results.

5.3 Recommender systems

As the last application, we look at a recommender system. The MovieLens data set, taken
from [HK15], contains 20 million ratings applied to 27000 movies by 138000 users. This means
that only 0.5368% of the entries or known, i.e., less than 1%. Out of the 20M possible ratings,
we sample 1M of them, randomly.

With the scaled SGD method, we apply three shuffling methods: the “Random shuffling”
and the “Smart shuffling”, presented in items 2 and 4 respectively, in Subsection 4.2.1, and the
“Weighted shuffling” presented in Subsection 4.3.2. The rank r = 5 was found using the elbow
method, see Appendix E.3. The evolution of the train RMSE as a function of the number of
iterations is displayed in Figure 5.2, and the details are mentioned in the caption of the Figure.
It seems that the “Weighted shuffling” has the fastest convergence.

The weighted shuffling consistently outperforms random shuffling, as shown in Figure 5.2.

Table 5.1 shows the final NMAE defined in (4.5) obtained by different algorithms on the test
data set averaged over five runs, for three different values of the rank. As a reminder, to define
the NMAE we need the spread of the entries. In our case, the entries are the ratings, ranging
from 0.5 to 5.0, hence the range is 4.5. The standard deviation of the scores in Table 5.1 is
8 · 10−3.
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Figure 5.2: Evolution of the train RMSE as a function of the number of iterations for scaled SGD
with the three shuffling methods: the “Random shuffling” and the “Smart shuffling”, presented
in items 2 and 4 respectively, in Subsection 4.2.1, and the “Weighted shuffling” presented in
Subsection 4.3.2. The bold driver protocol described at item 4 on page 25 is chosen, with an
initial value of 0.01. The MovieLens data set is used from [HK15], i.e., a matrix of size d1 × d2,
where d1 ≤ 27000 and d2 ≤ 138000 are determined by the randomly sampled entries. Initial
matrices L0 and R0 are created with a r dominant SVD procedure. The algorithm is stopped
either when the MSE defined in (4.6) is less than 10−8, or when the maximal number of epochs
is reached, namely 90.

Random shuffling Smart shuffling Weighted shuffling
r = 3 0.245 0.248 0.242
r = 5 0.234 0.237 0.235
r = 7 0.226 0.228 0.225

Table 5.1: Normalized Mean Absolute Errors (NMAE, defined in (4.5)) obtained on the test set
of the MovieLens 20M data set, taken from [HK15]. The “Random shuffling” and the “Smart
shuffling” methods are presented in items 2 and 4 respectively, in Subsection 4.2.1, and the
“Weighted shuffling” is presented in Subsection 4.3.2. The bold driver protocol described at
item 4 on page 25 is chosen, with an initial value of 0.01. Initial matrices L0 and R0 are created
with a r dominant SVD procedure. The algorithm is stopped either when the MSE defined
in (4.6) is less than 10−8, or when the maximal number of epochs is reached, namely 90. The
same experiment is run five times, and the results are averaged.

48



Conclusion

In this master’s thesis, we were concerned with the low-rank matrix completion problem. In other
words, we studied the problem of recovering a low-rank matrix of which only a few entries are
observed, possibly with noise. This appears in recommender systems, i.e., systems attempting to
guess which items (movies, music, restaurants, and so on) different users might appreciate, based
on partial knowledge of their preferences. Other applications include image processing, computer
vision, the sensor network localization problem, and three more described in Section 1.3.

As often in machine learning, the objective function can be written as a large sum of individual
functions, and the number of variables is very large. Therefore, the essential tool is stochastic
gradient descent. If one decides to take into account all the data points at every epoch, then the
question about the order arises: is there a particular order to browse the data points that would
be better than the others?

After having stated the problem and defined the most important aspects of Riemannian
optimization, we looked at different aspects of the SGD method, and attempted to tune it. The
scaled SGD idea is taken from [MS16], but some intuition and a rigorous development are given
to explain how it was obtained. Then we applied two methods to find the optimal rank, before
the algorithm starts. For the sequences of the scaled SGD method, two families are defined. On
the one hand, when all the data points must be visited at every epoch, we see that there is no
particular order that works better than the others. In other words, the “Smart shuffling” method
that was inspired from [MHA18] does not achieve better results than randomly browsing all the
data points. On the other hand, it is argued that all the data points must not be visited at every
epoch. Hence, the “Weighted shuffling” methods that we have defined have proven themselves to
be more efficient than random walks through the data points, although the weighting process
can be slow for large data sets.

As it is stated in [OAD18], the basic concept of rank can be generalized from matrices to
tensors. Hence, the next steps after low-rank matrix completion is low-rank tensor completion.
Recent papers like [KM16, NJM18, SGCH18] are already handling this subject. Two interesting
ideas that we have applied to the LRMC problem can be generalized to tensors, namely the
concepts of weighted sampling, and scaled SGD with a preconditioner.

Furthermore, the idea of shuffling the data points like a magician would shuffle a deck of cards
is a promising concept. It can be applied to other problems where the objective function is a
large sum of individual cost functions. In the very recent paper [TFBJ18], the authors construct
a sequence of iterates produced from the first-order optimization of the cost function that are
converging to a strict local minimum. Then, they consider and analyze the convergence of a
streaming average of iterates defined in [TFBJ18, Eq. (2)]. This idea could be tested to see if
the “Smart shuffling” method can be made even smarter.

Finally, we know that tuning the LRMC algorithm is crucial: effective recommender systems
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require many application-specific insight in order to improve their accuracy. For example, in the
Netflix case, temporal effects can improve the RMSE, because the popularity of some movies
evolves with time, as well as users’ preferences as they get older. In other words, some heuristics
are necessary to design the best recommender systems; matrix completion is just one way to
design such a system.

In conclusion, the low-rank matrix completion problem is far from being an easy task.
Nowadays, many companies are massively collecting data, and are also wondering how to predict
what they cannot measure. Therefore, finding ways to solve it efficiently is becoming more
and more important. One could argue that predicting a preference, or the future, requires
some intuition. If you are looking for a good song, a music connoisseur among your friends,
who knows you and your tastes, might suggest you a better piece than the one Spotify will
recommend. Or again, an experienced family physician might be more accurate in predicting a
severe disease in your family than a computer. This being said, it is impossible not to refer to the
enormous progress that algorithms have achieved in the last ten years. Suitable methods have
been developed and could be used for crazy ideas as this one: adding face-recognition sensors
to your Kindle e-reader, enabling Amazon to record what makes you laugh, and what makes
you cry. Based on these measurements, it will recommend you other books, but even general
products as well. Your books will be reading you, as you are reading them. How long before
machines can predict all of our preferences better than ourselves?
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Appendix A

Elements of Linear Algebra and
Calculus

A.1 Rank of a matrix

Let us use A to denote a real matrix of size d1 × d2. If A is decomposed as columns, we write

A =
(
A:1 . . . A:d2

)
, (A.1)

with A:j ∈ Rd1×1 for j = 1, . . . , d2. Similarly, if A is decomposed as rows, we write

A =


A>1:
...

A>d1:

 ,
with Ai: ∈ Rd2×1 for i = 1, . . . , d1.

The column space of A is defined by

C (A) = span {A:1, . . . ,A:d2} ,

where the span of a collection of vectors is the set of all possible linear combinations of these
vectors. Similarly, the row space of A is defined by

R (A) = span {A1:, . . . ,Ad1:} .

The range of A, also called the image, is defined by

ran (A) =
{
y ∈ Rd1×1 : ∃x ∈ Rd2×1, y = Ax

}
= C (A) .

The null space of A, also called the kernel, is defined by

null (A) =
{
x ∈ Rd2×1 : Ax = 0

}
.

The column rank is defined as the dimension of the column space, and the row rank as the
dimension of the row space. A fundamental result in linear algebra is that these two ranks are
always equal. Therefore, this number is simply called the rank of the matrix A.
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The matrix A is said to be full rank if rank (A) = min {d1, d2}, and A is said to be rank
deficient if rank (A) < min {d1, d2}.

The famous rank-nullity theorem states that

nullity (A) + rank (A) = d2, (A.2)

where the nullity of A is simply defined as nullity (A) = dim (null (A)).

We end this section with an important proposition.

Proposition A.1. Let M ∈ Rd1×d2 for some positive integers d1 and d2. Let r ∈ R such that
r ≤ min {d1, d2}. The following statements are equivalent:

(1) rank (M) = r;

(2) ∃A ∈ Rd1×r
∗ ,B ∈ Rd2×r

∗ such that rank (A) = rank (B) = r and M = AB>.

Proof. We have to prove that the two statements are equivalent.

(1)⇒ (2)
Let A ∈ Rd1×r

∗ be a basis of M. In that case, the columns of A form a basis of C (M). Thus
rank (A) = r, and there exists B ∈ Rd2×r such that

M = AB> ⇔
(
M:1 . . . M:d2

)
=
(
A:1 . . . A:r

)B11 . . . Bd21
...

...
B1r . . . Bd2r

 ,
⇔M:j =

r∑
k=1

BjkA:k, j = 1, . . . , d2.

It remains to prove that rank (B) = r. We already know that rank (B) ≤ r, because B ∈ Rd2×r

and r ≤ d2. We also know that

r = rank (M) ≤ min
{

rank (A) , rank
(
B>

)}
= min {r, rank (B)} ,

or again
r ≤ min {r, rank (B)} .

From this, it is clear that rank (B) = r.

(2)⇒ (1)
As rank (M) ≤ min {rank (A) , rank (B)} = r, we have to prove that rank (M) = r. By us-
ing (A.2), this is equivalent to proving that nullity (M) = d2 − r. We have

Mx = 0
⇔ AB>x = 0
⇔ B>x ∈ ker (A)
⇔ B>x = 0

⇔ x ∈ ker
(
B>

)
,
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where the third implication stems from ker (A) = {0}, since A has full rank. We know that
nullity

(
B>

)
= dim

(
ker

(
B>

))
= d2− r. Therefore, nullity (M) = d2− r. Hence, rank (M) = r.

The proof is complete.

A.2 Matrix norms

The theory about matrix norms is vast. As a reminder, a function ‖·‖ : Rd1×d2 7→ R is called a
matrix norm on Rd1×d2 if for all A,B ∈ Rd1×d2 and all α ∈ R we have

1. Positivity: ‖A‖ ≥ 0, with equality if and only if A = 0.

2. Homogeneity: ‖αA‖ = |α| ‖A‖.

3. Subadditivity: ‖A + B‖ ≤ ‖A‖+ ‖B‖.

Three types of norms can be defined, with some special cases.

1. Matrix norms induced by vector norms, or operator norms:

‖A‖(a,b) = sup
x 6=0

‖Ax‖a
‖x‖b

,

where x is a vector of size d2× 1, hence ‖·‖a denotes a vector norm for vectors of size d1× 1
and ‖·‖b denotes a vector norm for vectors of size d2 × 1. Often one takes a = b = p, hence
p can denote a norm for an object of size d1 × d2, of size d1 × 1 and of size d2 × 1.

2. Entry-wise matrix norms:

‖A‖`p =

 d1,d2∑
i=1,j=1

|Aij |p
1/p

.

The famous Frobenius norm is a special case of the entry-wise matrix norm with p = 2.
We have

‖A‖`2 = ‖A‖F = ‖A‖2 =

 d1,d2∑
i=1,j=1

|Aij |2
1/2

.

3. Schatten norms:

‖A‖Sp
=

dmin∑
i=1

σpi

1/p

,

where σ1, . . . , σdmin are the singular values of A and dmin is the minimum between d1 and
d2. The nuclear norm is a special case of the Schatten norm with p = 1. We have

‖A‖S1
= ‖A‖∗ =

dmin∑
i=1

σi.
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A.3 Derivatives

This corresponds to [AMS08, Appendix A.5]. The concept of a derivative for functions between
two finite-dimensional normed vector spaces is presented.

Let E and F be two finite-dimensional vector spaces over R. A particular case is E = Rm
and F = Rn. A function f : E 7→ F is Fréchet-differentiable at a point x ∈ E if there exists a
linear operator

Df (x) : E → F : h 7→ Df (x) [h] ,

called the Fréchet differential or the Fréchet derivative of f at x, such that

f (x+ h) = f (x) + Df (x) [h] + o (‖h‖) ;

in other words,

lim
y→x
‖f (y)− f (x)−Df (x) [y − x]‖

‖y − x‖
= 0.

The element Df (x) [h] ∈ F is called the directional derivative of f at x along h. We use the
same notation Df (x) for the differential of a function f between two manifoldsM1 andM2;
then Df (x) is a linear operator from the vector space TxM1 to the vector space Tf(x)M2.

A.4 Kronecker product and matrix vectorization

Let us take two matrices A ∈ Rm×n and B ∈ Rp×q. The Kronecker product of A and B is defined
as

A⊗B =

A11B · · · A1nB
... . . . ...

Am1B · · · AmnB

 ∈ Rmp×nq.

More compactly, we have

(A⊗B)p(i−1)+k,q(j−1)+l = AijBkl,

for every (i, j) ∈ {1, . . . ,m} × {1, . . . , n} and (k, l) ∈ {1, . . . , p} × {1, . . . , q}.

Let us go back to the case where A denotes a real matrix of size d1 × d2. If we decompose A
as columns just like in (A.1), then the vec (·) operator creates a column vector from matrix A
by stacking the columns below one another. We have

vec (A) =

A:1
...

A:n

 ∈ Rd1d2×1.

With this definition, the most important result linking the Kronecker product and the vec (·)
operator can be stated. Given three matrices of compatible sizes A ∈ Rd1×d2 , X ∈ Rd2×d3 and
B ∈ Rd3×d4 , we have

vec (AXB) =
(
B> ⊗A

)
vec (X) .
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The most important property of the vec (·) operator is

Trace
{
A>BCD>

}
= vec (A)> (D⊗B) vec (C) .

If we take B = I and relabel C and D, we obtain

Trace
{
A>BC>

}
= vec (A)> (C⊗ I) vec (B) . (A.3)

For compatible matrices X and Y, we have

Trace {XY} = Trace {YX} = Trace
{

(XY)>
}
,

and the full version with three compatible matrices X, Y and Z is

Trace {XYZ} = Trace {YZX} = Trace {ZXY} .

More generally, the trace is invariant under cyclic permutations. This can be used to rewrite (A.3)
as

Trace {ABC} = vec
(
B>

)> (
A> ⊗ I

)
vec (C) . (A.4)

A.5 Matrix exponential and logarithm of a matrix

Let us use Pn to denote the cone of n× n symmetric positive definite matrices. We recall that a
matrix G ∈ Pn has the following eigen-decomposition

G = UΛU>,

where U is an orthogonal matrix containing the eigenvectors, and Λ is a diagonal matrix
containing the eigenvalues.

Then the matrix Ga is defined for each a ∈ R as

Ga = UΛaU>,

where Λa is a diagonal matrix with the diagonal elements of Λ raised to the power a. In particular
if a = −1

2 , we have
G−

1
2 = UΛ−

1
2 U>,

where Λ−
1
2 is computed as the inverse of the square root of the diagonal elements of Λ.

The definition of the logarithm of a scalar can also be extended to a matrix. Let us define the
diagonal matrix log (Λ), constructed as the element-wise natural logarithm of Λ. Then we have

log (G) = U log (Λ) U>.
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Appendix B

Proofs

B.1 Proof of Proposition 2.1

Proof. Three properties need to be verified.

1. Reflexive: (L,R) ∼ (L,R) for all (L,R) ∈ Rd1×r
∗ × Rd2×r

∗ .
It suffices to take T = Ir×r.

2. Symmetric: (L,R) ∼ (G,H) ⇔ (G,H) ∼ (L,R) for all (L,R) ∈ Rd1×r
∗ × Rd2×r

∗ and
(G,H) ∈ Rd1×r

∗ × Rd2×r
∗ .

This has to be proved in two ways: (⇒) and (⇐). We will only prove the first part (⇒),
since the second part follows by symmetry: a simple relabeling suffices.
If (L,R) ∼ (G,H), then there exists a matrix T ∈ GL (r) such that G = LT−1 and
H = RT>. Let us define the matrix U as U = T−1. It is clear that U ∈ GL (r). We have
L = GU−1 and R = HU>. This gives (G,H) ∼ (L,R).

3. Transitive: if (L,R) ∼ (G,H) and (G,H) ∼ (A,B) then (L,R) ∼ (A,B) for all L,G,A ∈
Rd1×r
∗ and R,H,B ∈ Rd2×r

∗ .
There exist matrices T and U, both in GL (r), such that G = LT−1,H = RT> and
A = GU−1,B = HU>. Let us define the matrix V as V = UT. We see that V ∈ GL (r).
Furthermore, we have V> = T>U> and V−1 = T−1U−1. Hence, we have A = LT−1U−1 =
LV−1 and B = RT>U> = RV>. Therefore, we can write (L,R) ∼ (A,B).

Since the three properties of an equivalence relation are verified, the proof is complete.

B.2 Proof of Proposition 4.1

Proof. The objective variable is a matrix X of size d1× d2 and of rank r. Hence, this matrix can,
in theory only, be represented by a vector x of size d1d2 × 1. Let us use N = |Ω| to denote the
number of known entries, as usual. We define a vector b that contains all the sampled elements
of M, column-wise. Thus, b is a vector of size N × 1. We also define a matrix A of size N ×d1d2.
The entries of A are only binary, i.e., they are either equal to 0 or 1. In order to find out which
entries are equal to 1, let us pick an element (i, j) ∈ Ω, and let us assume that the corresponding
entry Mij is represented at index n of vector b, i.e., Mij = bn. It must be that, using MATLAB
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notation, An:x = Xij . In other words, on row n, the matrix A is zero everywhere, except at the
column corresponding to the entry Xij .

• On every row of A, there is exactly one entry that is equal to 1, while all the other entries
are equal to 0.

• On every column of A, there is at most one entry that is equal to 1, while all the other
entries are equal to 0:

– If, on the one hand, the column corresponds to an entry Xij such that (i, j) ∈ Ω, then
this column has exactly one entry that is equal to 1.

– If, on the other hand, the column corresponds to an entry Xij such that (i, j) 6∈ Ω,
then this column has only zero entries.

With these definitions of A and b, the objective function (3.3) can be written as

f (x) = 1
2

N∑
n=1

(An:x− bn)2 = 1
2 ‖Ax− b‖22 .

Since the quantity Ax − b is a vector, the Frobenius norm is not needed anymore, but of
course it is just the vector version of the `2 norm. This concludes the proof.
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Appendix C

Implementation details

C.1 MATLAB or Python?

In the machine learning community, Python dominates MATLAB, and scikit-learn is the
most famous software machine learning library for Python. At this time, it may be useful to
mention Surprise, a Python SciPy toolkit for building and analyzing recommender systems, and
PyManopt, a Python toolbox for optimization on manifolds that builds upon Manopt [BMAS14].
In the long term, it looks clear that even if Python is a general-purpose programming language
that requires add-on libraries, it will become more and more popular in the scientific community.
In particular, implementing K-fold CV only requires a couple of lines of code with scikit-learn,
while the MATLAB implementation is more intricate.

C.2 MATLAB or C++?

At some point, the idea of writing some code in C++ arose. We decided not to follow that path,
because the observations would have been clear: it all depends on the Basic Linear Algebra
Subprograms, also called BLAS. It is well-known that MATLAB cannot efficiently handle for
loops. Hence, on the one hand, for small matrices, MATLAB and C++ will give similar results.
On the other hand, for large matrices, C++ will be a lot faster than MATLAB. In short, since
MATLAB is a script language but C++ is a compiled language, the former will lose time due to
internal overhead.
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Appendix D

Alternating Least Squares

For simplicity, let us first assume that all the entries of M are sampled, i.e., Ω = [d1]× [d2]. Then
the objective function (3.4) becomes

f (L,R) = 1
2

d1∑
i=1

d2∑
j=1

(Mij − Li:Rj:)2 = 1
2
∥∥∥M− LR>

∥∥∥2

F
.

The idea of the alternating least squares (ALS) method is to use coordinate descent to
minimize the cost. The approach is thus to minimize with respect to L, while R is fixed; then to
minimize with respect to R, while L is fixed: this is the alternating part. This two-step dance is
repeated until convergence is attained. In order to find the update rules, the following system is
solved {

∇Lf (L∗,R) = 0,
∇Rf (L,R∗) = 0.

(D.1)

We find L∗ = MR
(
R>R

)−1
,

R∗ = M>L
(
L>L

)−1
.

(D.2)

Of course, we usually do not have Ω = [d1]× [d2]. Thus, the objective function is (3.4) and
the system (D.1) needs to be solved again. The solution will not be as elegant as (D.2) since all
the entries are not sampled in real situations. Therefore, some notations are introduced.

First, let us fix an index i. We say that ∑(·,j)∈ΩMij is the sum of all the entries Mij such
that (i, j) ∈ Ω. Hence, the dot in (·, j) means that the first index is fixed, and that the sum is
taken over the second index. Similarly, when an index j is fixed, the notation ∑(i,·)∈ΩMij has
the same interpretation: the second index is fixed, and the sum is taken over the first index.
Solving (D.1) gives L∗i: = ∑

(·,j)∈ΩMijRj:
[∑

(·,j)∈Ω R>j:Rj:
]−1

,

R∗j: = ∑
(i,·)∈ΩMijLi:

[∑
(i,·)∈Ω L>i: Li:

]−1
.

The advantage of ALS is that there are several ways to distribute its computation, as it is
stated in [ZWSP08].
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Appendix E

Details for Chapter 5

E.1 Alzheimer’s Disease
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Figure E.1: Evolution of the train RMSE on the “Alzheimer’s Disease Neuroimaging Initiative”
data set [Wei13] for scaled SGD defined by (3.20) with three different methods: the “Random
shuffling” and the “Smart shuffling” presented in items 2 and 4 respectively, in Subsection 4.2.1,
and the “Weighted shuffling” presented in Subsection 4.3.2. For the “Weighted shuffling” we
take wij = 1 and β = 3N

4 . The original matrix M has size 10762× 20, from which 34.21% of the
entries are missing, and the rank is fixed to r = 5 with ten-fold CV. The algorithm is initialized
based on the r dominant SVD of PΩ (M). The maximal number of epochs is set to 300, while
the tolerance level for the MSE defined in (4.6) is 10−8. The bold driver protocol described at
item 4 on page 25 is chosen, with an initial value of 0.01. The regularization parameter λ is set
to 10−3. The same experiment is run five times, and we average the results.

E.2 Traffic

The scaled SGD method with the “Random shuffling” method presented in item 2 on page 32 is
applied to the data set described in the first paragraph of Section 5.2. Regarding the step-size,
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the five methods presented in Section 3.5 are tested.

A subset of 2000 samples is selected randomly, in order to reduce the size of the problem.
The maximal number of epochs is set to 50 and the tolerance level for the train MSE is 10−8. In
practice, we will never reach the tolerance, and the algorithm will stop after 50 epochs. The initial
matrices (L0,R0) are defined with a r dominant SVD procedure. The results are illustrated
in Figure E.2. We see that the bold driver and the counter methods are performing similarly.
Therefore, for once, let us use the counter method instead of the bold driver.
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Figure E.2: Evolution of the train RMSE for scaled SGD method with the random shuffling
method presented in item 2 applied to the traffic data set [DKT17, Cut11]. Five different step-size
methods described in Section 3.5 are tested. The initial step-size is set to 0.1. For the geometric
case, the parameter ρ is set to 0.95. For the counter idea, the constants are set to c1 = 1 and
c2 = 2. For the exponential case, the parameters are α0 = 1 and c = 0.1.

E.3 Recommender systems

The rank r is a hyperparameter, i.e., a parameter that the user will be able to choose. Often, a
value is chosen by default, however we have discussed two ways to choose a good value of r is
Section 4.1. Let us give a quick summary: for the elbow method, the test and train RMSE are
displayed as a function of the rank. We try to identify a kink in the train RMSE, i.e., a value of
r such that the slopes change. Another graphical method looks at the test RMSE, and finds
where it is minimized, such that both underfitting and overfitting are avoided.

The scaled SGD method with the “Random shuffling” method presented in item 2 on page 32
is applied to the MovieLens data set described in the first paragraph of Section 5.3. The bold
driver protocol described at item 4 on page 25 is chosen, with an initial value of 0.01. For the
rank, a total of 15 ranks are considered, and the best rank seems to be 5. In Figure E.3, the
kink is not very clear, hence we rely on the second method: the lowest point for the test RMSE
appears to be at r = 5.
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Figure E.3: Evolution of the train and test RMSE defined in (4.7) as a function of the rank
for the MovieLens 20M data set, taken from [HK15]. The scaled SGD method (3.20) is used
with the “Random shuffling” technique presented in items 2 of Subsection 4.2.1. The bold driver
protocol described at item 4 on page 25 is chosen, with an initial value of 0.01. Initial matrices
L0 and R0 are created with a r dominant SVD procedure. The algorithm is stopped either when
the MSE defined in (4.6) is less than 10−8, or when the maximal number of epochs is reached,
namely 100. The same experiment is run five times, and the results are averaged.
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