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Abstract

Sponsored search advertising, a technique that displays one or more ads in search
engines such as Google or Facebook whenever someone searches for the products or
services of an advertiser, has a remarkable and increasing economic importance. In
sponsored search ads, auction mechanisms are usually used for selling the ad slots.
When observing the problem from the viewpoint of the search engines (also known
as publishers), setting a reserve price is the main mechanism through which they can
influence their revenues in the auctions. While there is a relevant body of literature
related to the best way to choose reserve prices in sponsored search advertising, there
are practical constraints that make the problem more complex.

This thesis proposes a model to optimize the reserve price in single-item and generalized
second-price auctions, two of the main types of auctions used in sponsored search
advertising, while taking the advertisers’ budgets into account. Assuming that publishers
are able to learn bid distributions of the advertisers participating in the auctions, the
model is formulated as a multi-stage stochastic mixed-integer linear program (MS-
SMILP), whose objective is to maximize the publisher’s revenue in a set of subsequent
auctions. It is proposed that, for the case of a single-item second-price auction, the
revenue resulting from this model is always greater or equal to the revenue when using
four other approaches to choose the reserve price. Moreover, still for the single-item case,
the performance of the model is analyzed and compared to the same four approaches
by a numerical example and simulations, in which the solution of the proposed model
led to significantly higher revenues.
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1 | Introduction

This chapter’s goal is to introduce the problems tackled in the course of this
thesis. First, the general context of sponsored search ads is introduced. It
shows the main players of this market and how economically important it is,
as well as which types of auctions are the most used in this context and the
agents involved.

Then, the state of the art is presented. Different problems studied in the
literature from the viewpoints of both the advertisers and the publishers
are shown. Focusing on the problem of optimizing the reserve price (from
the point of view of the publishers), the main recent developments are
mentioned and summarized in a timeline.

After that, the main contributions of this thesis to the state of the art are
listed. Finally, the general structure of the thesis is shown to the reader,
with the content of each of the subsequent chapters.

1.1 Context
According to the Interactive Advertising Bureau (IAB) report, internet advertisement
revenues in the United States totaled $139.8 billion in 2020. Even with the impact of the
COVID-19 pandemic, it represented a double-digit growth of 12.2% in overall internet
advertising revenues between 2019 and 2020. From this amount, search advertisements
were responsible for $59.0 billion, up from the $54.7 billion reported in fiscal year 2019.
[1] Also in 2020, a total of $378.16 billion was spent in digital advertising worldwide.
[2]

Given the notable and increasing economic importance of search advertisements, the
literature on the topic is vast. Different types of search advertisements are studied,
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in which the problem can be seen from the perspective of each player involved in the
search ad ecosystem. Among the various topics studied, there is a relevant body of
literature on sponsored search advertising, a technique that displays one or more ads in
search engines such as Google or Facebook whenever someone searches for the products
or services of an advertiser, matching the searched query (see the screenshot created on
March 1st, 2022, for searching the keyword "sunglasses" on Google in Figure 1.1). It is
also present in e-commerce platforms, such as Amazon and eBay, where the order in
which the products are displayed for the consumers is a critical decision for them. In
sponsored search ads, auction mechanisms are usually used for selling ad slots, therefore
making the topic closely related to Game Theory. Sponsored search auctions are then
the primary way through which companies like Google and Facebook monetize their
search engines.

Figure 1.1: Sponsored ads for keyword "sunglasses" on Google.

There are several types of auctions used in sponsored search advertisements. Each
auction differ from the others by how the bids are ranked and what the winners pay,
for example. Among these different types, a tendency for the use of some of them
by the big players is observed. The auction type and pricing scheme is generally not
kept as secret by the publishers and a great deal has been written about it. In Figure
1.2, the biggest players are ranked by their net digital ad revenues in 2021 and it also
shows their projections for the subsequent years. It is clear that Google and Facebook
dominate the market. However, publishers like Alibaba, Amazon, and Tencent play an
important role in this market and must be also taken into account.
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Figure 1.2: Net digital ad revenues of the biggest publishers. [3]

The main mechanism used by the biggest players seems to be the generalized second-
price (GSP) auction. There are indications that the GSP auction is used by Google
(see [4] and [5]), Alibaba (see [6]), Tencent (see [7]), Microsoft (see [5]), Baidu (see [8]),
Yahoo! (see [9]), and LinkedIn (see [10]). The GSP auction is a generalization of the
second-price auction for the case where multiple items are auctioned. The single-item
second-price auction is used by Twitter (see [11]). Moreover, there are evidences that
Amazon uses a modified version of the GSP auction (see [12]).

Another mechanism highlighted here is the Vickrey-Clarke-Groves (VCG) auction,
which seems to be used by the second main player of the market: Facebook (see [13]).
However, the GSP is still the most widely used auction mechanism in sponsored search
advertising and is then broadly studied in the literature. The focus of this thesis will
be on generalized second-price auctions and its single-item version.

The sponsored search ad market (independently of its mechanism) is a two-side market.
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Advertisers procure ad impressions on publishers’ websites, aiming to reach potential
consumers. On the other side, the publishers provide ad slots to the advertisers with
the highest valuation for these slots. Moreover, one can see a third (indirect) agent:
the users, who search combinations of words in the publishers’ platforms and for whom
the ads are shown. The relationships between these agents are illustrated in Figure
1.3.

Figure 1.3: Agents involved in sponsored search advertising and their relationships.

In this thesis, the focus is set to the viewpoint of the publishers. In order to maximize
their revenues in the auctions, publishers often set up the so-called reserve price, the
minimum price for a bid to be considered in an auction. Indeed, the reserve price
is the main mechanism through which the auction revenue can be influenced by a
publisher (see [14]) and is used by the biggest player of the digital ad market, Google.
[15] This way, this thesis’ objective is to contribute to the body of literature on reserve
price optimization in (single-item and generalized) second-price auctions, proposing
and analyzing a new approach to find optimal reserve prices while maximizing the
publishers’ revenues in the auctions.

1.2 State of the art
Given the importance of sponsored search ads nowadays, it is not surprising that several
studies related to this topic have been done. These studies involve a very diverse range
of fields, such as Information Systems, Marketing, Economics, Operations Research, and
Computer Science. When observing the literature related specifically to the auctions
behind sponsored search ads, an increasing importance has been given to combining
Machine Learning and Data Mining techniques with game-theoretic approaches.
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As we have just seen, the advertisers and the publishers are the two main players involved
in sponsored search auctions. Most studies on the subject focus on the viewpoint of
one of these players. When observing the literature on the advertisers’ viewpoint, most
part of it is related to optimizing their bidding strategies. Other studies involve, for
example, the choice of buying ad slots via guaranteed contracts versus non-guaranteed
selling channels (see [16]) and how privacy policies should be set when observing the
consumers’ behaviour in consideration with their welfare (see [17]). When analyzing
the advertisers’ optimal bidding strategy in second-price auctions, in theory, the weakly
dominant strategy for an advertiser is bidding truthfully.1 However, in real situations,
there are practical constraints that make the bid calculation more complex:

• The advertisers have budget constraints for a given campaign in repeated auctions;
[18]

• Advertisers may learn their own and/or others’ true valuations2 over time; [19]

• Advertisers may set a number of impressions to attain; [20]

• Publishers often offer the possibility of setting pacing options so that the budget
is spent smoothly. [21]

This way, as the theoretical dominant strategies usually do not cover these practical
constraints, Machine Learning techniques (involving, for example, Deep Learning and
Reinforcement Learning) have recently gained a lot of importance when trying to
maximize the advertisers’ utilities, to find out their optimal pacing strategies, and to
learn other advertisers’ bids.

When analyzing sponsored search auctions from the viewpoint of the other players
directly involved on them, the publishers, there are other problems which have been
studied in the literature:

• What information should be shared with the advertisers; [22]

• Keyword suggestion; [23]

• Query expansion and ad selection; [24]

• Prediction of the ads’ clicks; [25]

• Choosing the auction mechanism; [26]

• Choosing the optimal reserve price.

When trying to tackle these problems, studies involve a variety of fields including
Artificial Intelligence, Machine Learning, Data Mining, and Game Theory. As stated in

1See Definition 2.1.6 of weakly dominant strategy. See also Subsection 2.1.2 for a further discussion
on why bidding truthfully is a weakly dominant strategy in second-price auctions.

2See Definition 2.1.2 of a bidder’s true valuation.
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Section 1.1, the focus of this thesis will be on the last of these problems: optimizing
the reserve price.

Since Yahoo! had no longer fixed its minimum bid for all its sponsored search ads as
$0.10 in early 2008 and used variable reserve prices for some sets of keywords (see [15]),
the optimization of the reserve price became target of different studies. Edelman and
Schwarz, in [27], stated and proved that a generalized English auction3 with reserve price
is an optimal mechanism if its reserve price r∗ solves r∗ − (1 − F (r∗)

f(r∗) ), where F (·) and
f(·) refer to the probability distribution and density functions of the bidders’ willingness
to pay, respectively. This result means that an English auction is independent of the
number of bidders, number of slots being auctioned, and the rate of decline of the
click-through rate (CTR)4 from a position to another. Limitations for the use of this
simple formula and drawbacks when trying to use it in more complex contexts were
shown in [28]: it is assumed that advertisers bid exactly at their (predicted) private
values and they do not consider practical constraints for achieving the formula. These
assumptions are strong and not observed in real-life auctions. When considering more
complex situations, there is no simple formula describing the optimal reserve price in
English auctions (nor in second-price auctions).

Cesa-Bianchi, Gentile, and Mansour state that, at the best of their knowledge, they were
the first ones to derive formal and concrete convergence rates for approximating optimal
reserve prices in a second-price auction in [29]. They focus on the eBay model, where the
publisher only stores the price paid by the winning advertiser (the maximum between
the second-highest bid and the reserve price). They assume a fixed but unknown prior
distribution and that bidders’ utilities are independent and identically distributed,
proposing learning algorithms for both known and unknown numbers of bidders. Their
algorithms work in stages s = 1, ..., S, each one with Ts time steps, and aim an efficient
exploration of the outcomes of each auction. The extension of these algorithms for
GSP auctions, however, is not straightforward, being established as one of the authors’
suggestions for future works.

Other authors have also used learning algorithms to optimize the reserve price in
(single-item) second-price auctions. Mohri and Medina, in [14], achieve some meaningful
advances compared to [29], for example considering that companies do have access to
the past highest bids, and not only to the price paid (which in most cases, including the
Google case, it is indeed more realistic). Assuming that the advertisers bid their true
valuations of the ad, the proposed method aims to learn the revenue of a subsequent
auction given the outcomes of a set of previous auctions. The stated problem, however,
involves non-convex optimization problems in higher dimensions and its algorithm only
guarantees convergence to a local minimum. Moreover, the authors could not test their

3An English auction can be seen as a second-price auction with private values.
4See Definition 2.1.15 of click-through rate.
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algorithm with real-world data.

Other studies tried to extend the problem to generalized second-price auctions. Mohri
and Medina were, to the best of their knowledge, the first ones to attempt to apply
learning algorithms to the problem of reserve price optimization in GSP auctions in [30].
They presented two algorithms: one estimating the density distribution of the bids and
other learning the publisher’s loss function, and both of them depend on advertisers
playing on equilibrium to guarantee convergence to optimality.

A learning algorithm to find the optimal reserve price in GSP auctions was also proposed
in [31]. The authors assume that the advertisers know the CTR of each ad position
to propose two algorithms. The first one, which estimates a unique reserve price
(closer to reality), depends on the bidders to follow the locally envy-free equilibrium
bidding strategy. The second one estimates different reserve prices for each slot position
(further from reality), and does not depend on advertisers following the locally envy-free
equilibrium bidding strategy. These algorithms have a lot in common with the ones
proposed in [29] and [14] for second-price auctions with one item. A drawback of these
algorithms is that their convergence to optimality can be slow depending on the number
of time periods of learning.

One of the limitations of all the mentioned studies is that they do not take into account
some advertisers’ practical constraints. The most common of these constraints is the
advertisers’ budget constraint. Even when observing the problem from the publisher’s
viewpoint, these constraints play an important role. First, the budget may change the
behaviour of the advertisers. This problem is often tackled by introducing a family of
adaptive pacing strategies, in which advertisers adjust the pace at which they spend
their budget according to their expenditures (see [32] and [33]). Secondly, setting the
reserve price such that advertisers spend the most in one auction can be a nonoptimal
strategy, as they may not have budget left to spend in subsequent auctions (see [30]
and [34]).

In [18], Balseiro, Besbes, and Weintraub consider that the advertisers’ budget
constraints affect the auctions over time. Therefore, traditional equilibrium and
revenue optimization analysis for static auctions do not apply in this case. To
approximate the strategic interactions among budget-constrained bidders, they use the
concept of fluid mean-field equilibrium (FMFE). In this work, the authors prove that
there exists an FMFE equilibrium for the advertisers’ bids. This equilibrium is used to
formulate a mathematical program with equilibrium constraints (MPEC) for the
publishers’ problem of finding a reserve price that maximizes their revenue. For
homogeneous advertisers, it finds a closed-form solution for the reserve price. However,
this is not possible if the advertisers are heterogeneous.

In [20], one relevant practical constraint for the advertisers is taken into account: the
minimum impression constraint for them to bid. It indeed shows that the behaviour
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of the advertisers’ strategies are consistent with this constraint. It uses the FMFE
framework developed in [18] to recover advertisers’ valuations, and includes the minimum
impression constraint in the model. It also extends the results to the case where budget
constraints are considered in a similar way.

In [35], some mechanisms for controlling the expenditure (due to the advertisers’ budgets)
are analyzed and compared from both the points of view of the publishers and the
advertisers. From the publishers’ perspective, it was shown that the best mechanism
was to exclude advertisers from some auctions and, in addition, set reserve prices.
Doing that, however, drastically changes the rules of the auction, which then cannot be
considered a GSP auction anymore. Allowing the publisher to exclude advertisers from
some auctions even if they match all the requirements to take part in it would make its
rules and fairness questionable.

As we have just seen, a thorough investigation into the body of literature yielded
several studies on optimizing the reserve price in second-price auctions, involving
different fields such as Machine Learning, Statistical Inference, and Game Theory.
However, none of these studies provided a method for this optimization when the
advertisers are heterogeneous and their budget constraints are taken into account, while
straightforwardly extending it for GSP auctions and maintaining the main characteristics
of the mechanism. A non-exhaustive timeline of the studies on optimizing the reserve
price is illustrated in Figure 1.4.

Figure 1.4: Timeline for reserve price optimization in sponsored search auctions. To the
best of our knowledge, this thesis is the first work to propose a model for GSP auctions
while considering budget constraints and heterogeneous advertisers.

There are also other open issues when optimizing the reserve price in sponsored search
ads. For instance, solving the problem while considering competition with other
publishers (whose inventory can be seen as an imperfect substitute for the advertiser)
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and developing algorithms that implement the reserve price at scale into the auctions
(see [36]) are other problems to be considered.

1.3 Contributions
This thesis is devoted to modelling the optimization of the reserve price in (single-item
and generalized) second-price auctions from the publishers’ perspective, while taking the
budget constraints of (heterogeneous) advertisers into account. To do that, a multi-stage
stochastic mixed-integer linear programming (MS-SMILP) problem is formulated and
applied when solving it for an example and simulations.

The main contributions of this thesis are:

• Providing a model for optimizing the reserve price in single-item second-price
auctions while considering the budget constraints of heterogeneous advertisers;

• Extending this model for GSP auctions;

• To the best of our knowledge, coming up with the first multi-stage stochastic
programming model for optimizing the reserve price in sponsored search auctions;

• Proposing the first MIP (and MILP, consequently) formulation for this specific
problem, to the best of our knowledge;

• By presenting four novel propositions, the benefits of using these models are
translated into inequalities showing that they always lead to greater or equal
revenues when compared to four other approaches to choose the reserve price;

• Comparing the performance of the proposed model with other approaches to
choose the reserve price by detailing a numerical example and simulations’ results.

It is important to highlight that, albeit not used for optimizing the reserve price in
second-price auctions, MIP and multi-stage stochastic programming models are seen
in the literature on sponsored search auctions when tackling other problems. In [33],
an MIP formulation is provided for finding advertisers’ adaptive pacing strategies
for both finding a social-welfare-maximizing equilibrium and a revenue-maximizing
equilibrium. Two-stage (and multi-stage) optimization models are used, for example,
for display-ad allocation problems (see [37]), and widely applied for modelling auctions
in other markets (see [38], [39], [40], [41], [42], and [43]).
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1.4 Structure
Apart from this introduction, this thesis is divided in four other chapters. Chapter 2 is
devoted to presenting the mathematical background that is relevant for the
understanding of the subsequent chapters, including concepts and notions of Game
Theory and Stochastic Programming. In Chapter 3, the models proposed in this thesis,
as well as their main assumptions, are introduced and analyzed. Still in this chapter,
four propositions compare the model for the single-item case with other benchmarks.
In Chapter 4, a numerical example is presented in details and the main results of
simulations of the single-item model are shown. The results of the example and the
simulations are analyzed and compared to other approaches to choose the reserve price.
Finally, this work is concluded in Chapter 5.
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2 | Mathematical background

This chapter presents the main mathematical background necessary for
understanding the models proposed in this thesis. It is divided in two
sections: the first one about Game Theory and the second one regarding
Stochastic Programming.

The first section focuses on detailing the game-theoretic models of the
auctions considered in this thesis. It starts with basic concepts which
allow the reader to understand the subsequent contents. Then, it shows
how second-price and GSP auctions are formulated as repeated Bayesian
games, a common approach to model these auctions in the sponsored search
advertising context. Finally, it details how the addition of reserve prices
changes the mechanism of these auctions.

The second section of this chapter concerns concepts of Stochastic
Programming which enable the reader to comprehend the models presented
in this thesis. An overview of two-stage stochastic programs is presented,
followed by its extension to the multi-stage case. For both cases, their
formulations are detailed, as well as how their performances are evaluated.

2.1 Game Theory
The auctions analyzed in this thesis are based on game-theoretic auction models. To
fully understand the models considered in the next chapters, some concepts of Game
Theory must be presented and explained. This section is devoted to understanding the
main principles and concepts of Game Theory involved in sponsored search auctions
and showing how some of the main types of auctions in this framework are described
as repeated Bayesian games. The awarded book "Game Theory: Analysis of Conflict"
from Myerson in [44], course notes from Jungers et al. in [45], the work from Nisan et
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al. in [46], and the lectures from Roughgarden in [47] were the main references for the
definitions shown in the course of this section.

2.1.1 Basic concepts
First of all, it is important to understand the concept of auction from a game-theoretic
point of view. The following definition was given in [45].

Definition 2.1.1 Auction

An auction is a structured framework for negotiation. Each such negotiation
has certain rules which must be specified:

(i) bidding rules (how are offers made?);
(ii) clearing rules (when does the trade occur or what are these trades, i.e.

which player gets the good, and what are the prices for the players?);
(iii) information rules (who knows what about the state of negotiation?).

The auctions considered in this thesis are those in which a single seller auctions items
to different buyers (also referred to as bidders). Those are the agents or players of the
auction. The underlying assumption made when modelling auctions is that each bidder
has her own true value for each item auctioned, whose definition from [45] is shown as
follows.

Definition 2.1.2 Bidder’s true value (true valuation)

The bidder’s true value is the bidder’s intrinsic value for the item being
auctioned. She is willing to purchase the item for a price up to this value,
but not for any higher price.

Each player has a utility function that depends on her true valuation of the item and
on other factors of the auction. Regarding the utility function, the games considered
from now on are those with independent private values, defined as in [46].
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Definition 2.1.3 Game with independent private values

A game has independent private values if the utility of its players depends
fully on their private information and not on any information of others as it
is independent from their own information.

An important concept is the one of Bayesian equilibrium, as auctions will be formalized
as Bayesian games. To present these concepts, it is necessary to first define a game
with strict incomplete information, which is introduced as done in [46].

Definition 2.1.4 Game with (independent private values and) strict
incomplete information

A game with (independent private values and) strict incomplete information
for a set of n players is given by:

(i) A set of actions Xi for every player i;
(ii) A set of types Ti for every player i. A value ti ∈ Ti is the private

information that i has;
(iii) A utility function (or payoff function) ui : Ti × X1 × · · · × Xn → R,

where ui(ti, x1, . . . , xn) is the utility achieved by player i, if her type
(private information) is ti, and the profile of actions taken by all players
is x1, . . . , xn.

The main idea of this definition is that each player i must choose her action xi when
knowing ti but not the other tj’s. For all possible settings of an auction, the total
behaviour of a player is represented by her strategy, which is defined as in [46].

Definition 2.1.5 Strategy of a player

A strategy of a player is a function

si : Ti → Xi,

which specifies which action xi is taken for every possible type ti.

An important concept regarding the strategy of the players is the one of domination.
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The definition of weakly dominant strategies shown as follows originates from [46].

Definition 2.1.6 Weakly dominant strategy

A strategy si is a weakly dominant strategy if, for all ti, all x−i, and all x′
i:

ui(ti, si(ti), x−i) ≥ ui(ti, x′
i, x−i).

Similarly, strongly dominant strategies can be defined.

Definition 2.1.7 Strongly dominant strategy

A strategy si is a strongly dominant strategy if, for all ti, all x−i, and all x′
i:

ui(ti, si(ti), x−i) > ui(ti, x′
i, x−i).

Games with strict incomplete information consider that each player has no information
at all about the private information of other players (not even a prior distribution).
However, the usual working definition in economic theory uses a Bayesian approach,
assuming some commonly known prior distribution. This leads to the concept of
Bayesian games, whose definition is shown as follows and comes from [45].

Definition 2.1.8 Bayesian game

A Bayesian game is a tuple

Γb = (N, X, T, u, s, p),

where
• N is the non-empty set of players;
• X = (Xi)i∈N is the set of all actions for all players;
• T = (Ti)i∈N is the set of all player types;
• u = (ui)i∈N is the set of all utility functions (see Definition 2.1.4);
• s = (si)i∈N is the set of all strategies for all players;
• p = (pi)i∈N are belief functions, pi : Ti → ∆(T−i).
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A Bayesian game is finite if N , C, and T are finite. As mentioned earlier in this
section, sponsored search auctions are often modelled as repeated Bayesian games,
whose definition is shown as follows and is adapted from [48].

Definition 2.1.9 Repeated Bayesian game

A repeated Bayesian game is a tuple

Γr = (N, Θ, X, S, T, u, p, s, q),

where
• N , X, T , u, s, and p are defined as before (see Definition 2.1.8);
• Θ is the set of states of the world;
• S = (Si)i∈N is the set of all signals that the players can receive;
• q is the transition function between each distribution for each player.

When dealing with a Bayesian game setting, it is possible to observe the use of the
term mechanism. The mechanism of a Bayesian game is a crucial concept, and its
definition shown in [45] is presented.

Definition 2.1.10 Mechanism (for a Bayesian game setting)

For a Bayesian game setting, a mechanism is a triple

(X, χ, ρ),

where
• X = (Xi)i∈N is the set of all actions for all players;
• χ : X → ∆(A) maps each action profile to a distribution over choices;
• ρ : X → Rn maps each action profile to a payment for each agent.

An important property of a mechanism is whether it is Dominant Strategy Incentive
Compatible (DSIC) or not. The definition of a DSIC mechanism from [46] is shown as
follows.
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Definition 2.1.11 Dominant Strategy Incentive Compatible (DSIC)
mechanism

A mechanism is called Dominant Strategy Incentive Compatible (or truthful,
or strategyproof ) if truth-telling is a weakly dominant strategy.

In other words, a mechanism is DSIC if a player fares best or at least not worse by
bidding her true valuation of the item, regardless of the other players’ strategies.
Besides the domination, another concept is important when analyzing the strategies of
an auction: the equilibrium. Within this context, the Nash equilibrium plays an
important role and is indeed one of the most important concepts in Game Theory,
considering the situation where the actions of all the players are consistent with the
fact that they are rational and intelligent.

Definition 2.1.12 Nash equilibrium

Given any strategic-form game Γ = (N, X, u), a strategy profile s = (si)i∈N

is a Nash equilibrium of Γ if and only if

ui(s) ≥ ui(s−i, τi) ∀i ∈ N, ∀τi ∈ ∆(Xi),

where ui(s−i, τi) is the strategy profile where the ith action is τi and all the
other actions are as in s.

Definition 2.1.12 states that s is a Nash equilibrium if and only if no player could
increase her expected payoff by unilaterally deviating from the prediction of the
randomized-strategy profile. Another concept of equilibrium relevant for sponsored
search auctions is the one of ex-post Nash equilibrium. Before defining it, it is
important to present the concept of best response, defined as in [46].

Definition 2.1.13 Best response

Considering a strategy profile s and a player i, a change from strategy si to
s′

i is a best response if s′
i maximizes the player’s utility maxs′

i∈Si
ui(s′

i, s−i).

With the notion of best response, the concept of ex-post Nash equilibrium is then
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defined as done in [46].

Definition 2.1.14 Ex-post Nash equilibrium

Given a Bayesian game Γb = (N, X, T, u, p), a strategy profile s = (si)i∈N is
an ex-post Nash equilibrium of Γ if, for all i, all t1, . . . , tn, and all x′

i,

ui(ti, si(ti), s−i(t−i)) ≥ ui(ti, x′
i, s−i(t−i)),

i.e. si(ti) is a best response to any si(t−i) for every possible value of t−i.

Even if at first sight the concept of ex-post Nash equilibrium seems too good to be
true, it will be shown that it is important for the most relevant type of auction used in
sponsored search ads: the GSP auction.

2.1.2 Auctions as repeated Bayesian games
After formalizing some of the main concepts of Game Theory that are relevant for
auctions, it is possible to focus on the theory of the auctions used in sponsored search
advertisements. As explained in Section 1.1, these auctions have two main agents:
the advertisers, who procure ad impressions on publishers’ websites, aiming to reach
potential consumers; and the publishers, who provide ad slots to the advertisers with the
highest valuation for these slots. The users, for whom the ads are shown, are indirect
agents. The value given for an ad slot depends on the users’ occasional clicks on the
ads as potential consumers for the advertisers.

In sponsored search ads, the auctioned items are ad slots for a set of words
combinations on the publishers’ platforms. For example, an item can be an ad slot in
the Google search platform when a user searches "Electric car", "Electric vehicle",
"Electric automobile", and other similar words. Different companies in the electric car
market that are interested in showing their ads on Google will bid for it. In this
context, a single item or multiple items can be auctioned. In single-item auctions, there
is only one ad slot to be auctioned. Multi-item auctions consist in auctioning different
items at the same time. In the sponsored search ads case, it means different slots
placed differently in the publisher’s platform. The value that the advertisers give for
each of these items can vary, and the most common reason for that is that the
click-through rate varies for each item. The definition of click-through rate from [49] is
shown as follows.
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Definition 2.1.15 Click-through rate (CTR)

The click-through rate is the number of times a click is made on the
advertisement divided by the total impressions (the number of times an
advertisement was served). It measures the proportion of visitors who
initiated an advertisement that redirected them to another page where they
might purchase an item or learn more about a product or service.

An ad shown at the top of the page in the publisher’s platform tends to have a higher
CTR than an ad shown below it, for example. In this subsection, the focus is to formalize
the most relevant types of auctions in the context of sponsored search ads as repeated
Bayesian games (see Definition 2.1.9). As explained in Section 1.1, this thesis focuses
on single-item second-price auctions and GSP auctions, two of the most used types of
auctions by the biggest publishers. Three main differences between these auctions are
highlighted: whether they are single-item or multi-item auctions; if their mechanisms
are DSIC or not; and which types of equilibria exist for them in the infinitely repeated
case.

In Definition 2.1.1, it was shown that one of the aspects that define an auction is its
clearing rules. This concept can be divided in two main concepts, allocation rule and
payment rule, which are important to distinguish each auction type. Starting with the
allocation rule, the following definition originates from [46].

Definition 2.1.16 Allocation rule

Consider a set N of agents, a set X of alternatives (actions), and for each
agent i ∈ N a set of potential preference relations Ri over the actions X.
An allocation rule is a function

fa : ×Ri → A,

mapping the preferences of the agents into the set of outcomes A.

A simple (and probably the most known) example of allocation rule for single-item
auctions is that the highest bid wins. The allocation rule is not enough to define the
clearing rules of an auction: the definition of a payment rule is shown as follows.
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Definition 2.1.17 Payment rule

Again, considering a set N of agents, a set X of alternatives, and a set of
potential preference relations Ri over the actions X for each agent i ∈ N , a
payment rule is a function

fp : ×Ri → RN ,

mapping the preferences of the agents into their payments.

With these concepts presented, the two types of auctions mentioned before are formalized
and analyzed, starting with single-item second-price auctions, or simply second-price
auctions.

Second-price auctions

The first auction described is the second-price auction. The second-price auction is a
single-item auction and, as mentioned in Section 1.1, it is used by Twitter (see [11])
and can be seen as a specific case of the generalized second-price auction. The
definition from [45] of second-price auction is shown as follows.

Definition 2.1.18 Second-price auction

In a second-price (or Vickrey) auction, there are N bidders who
simultaneously submit a real-valued positive bid. The bidder with the
highest bid wins the good and pays the value b2 of the second-highest bid,
while the other bidders get and pay nothing (in case of a tie, the winner is
determined by a flip of a coin).

To formalize its definition within the concept of repeated Bayesian game, it is important
to remind that it can be described as a tuple (see Definition 2.1.9). In the case of
second-price auctions, some of the elements of this tuple can be specified, namely:

• The set Θ = {Beginning, winner(1), . . . , winner(i), . . . , winner(n), F inished}
of states of the world, where Beginning means that the game just started and
there is still no winner, winner(i) means i is the current winner, and Finished
means that the game has already finished;

• The set of actions X, which represents the set of all bids for all players;
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• The set of all signals that the players can receive S = (Si)i∈N , where
Si = {Beginning, winner, not_winner, F inished};

• The utility function for agent i: ui =
xi − maxj ̸=i xj if xi ≥ maxj ̸=i xj

0 if xi < maxj ̸=i xj

.

The other elements are straightforwardly extracted from the definition. The goal now
is to understand whether a second-price auction is DSIC or not. For that, the concepts
of implementable and monotone allocation rules are needed and are defined as done in
[47].

Definition 2.1.19 Implementable allocation rule

An allocation rule fa for a single-dimensional (single-item) environment is
implementable if there is a payment rule fp such that the sealed-bid auction
(fa, fp) is DSIC.

Definition 2.1.20 Monotone allocation rule

An allocation rule fa for a single-dimensional environment is monotone if
for every bidder i and bids b−i from other bidders, the allocation fa(z, b−i)
to i is non-decreasing in i’s bid z.

To continue the study of whether second-price auctions are DSIC or not, Myerson’s
lemma is introduced as follows as done in [47].

Lemma 2.1.1 Myerson’s lemma

Fixing a single-parameter environment:
(i) An allocation rule fa is implementable if and only if it is monotone;
(ii) If fa is monotone, then there is a unique payment rule such that the

sealed-bid mechanism (fa, fp) is DSIC;
(iii) The payment rule fp is given by an explicit formula.

Finally, using the parts (i) and (ii) from Myerson’s lemma and considering the
(quasilinear) utility function previously presented, an important corollary from [47] is
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shown as follows.

Corollary 2.1.1

A second-price auction with quasilinear utility functions and private values
for its agents has an implementable allocation rule and a payment rule such
that it is DSIC.

From the fact that bidding the true valuation of the item is a dominant strategy for all
the bidders and their utilities cannot be improved by bidding another value, one can
imagine that a bidder’s true value is a Nash equilibrium. When considering infinitely
repeated auctions, this is shown by the Folk Theorem. Before stating this theorem, two
concepts have to be presented: the ones of feasible and enforceable utility profiles,
whose definitions originate from [50].

Definition 2.1.21 Feasible payoff profile

A payoff profile ū = (ūi)i∈N is feasible if it can be achieved, i.e., ∀i ∈ N ,
∃αx ∈ Q+ such that ∑

x∈X αxui(x) = ūi and ∑
x∈X αx = 1.

Definition 2.1.22 Enforceable payoff profile

An enforceable payoff profile is a payoff that can be enforced by any
mechanism to be achieved, which is, a feasible payoff profile in which the
payoff of every player is larger than or equal to zero.

Knowing these concepts, the Folk theorem is stated as done is [45].

Theorem 2.1.1 Folk theorem

Every payoff profile that is both enforceable and feasible is a Nash equilibrium
in an infinitely repeated game.
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From the theorem, it is possible to see that there are possibly infinitely many Nash
equilibria for second-price auctions, which explains the use of optimization methods for
maximizing the utilities of the agents.

Generalized second-price auctions

The generalized second-price (GSP) auction can be considered as an extension of the
(single-item) second-price auction to multi-item auctions. As detailed in Section 1.1, it
is the most used auction type by the biggest publishers in sponsored search ads, such
as Google (see [4] and [5]) and Alibaba (see [6]). The definition of GSP auctions from
[46] is shown as follows.

Definition 2.1.23 Generalized second-price (GSP) auction

Considering N bidders, K ≤ N items sold, and the set of (decreasing) bids
B = {b1, . . . , bi, . . . , bN}, in a GSP auction, the bidder i:

• receives item i at price bi+1 if i ≤ K;
• receives and pays nothing if i > K.

To formalize the definition of GSP auctions as repeated Bayesian games, some elements
of the tuple described in Definition 2.1.9 are specified:

• The set Θ = {Beginning, winnerk(i), F inished} of states of the world, where
Beginning means that the game just started and there is still no winner,
winnerk(i) means i is the current winner of item k, and Finished means that
the game has already finished;

• The set of actions X, which represents the set of all bids for all players;

• The set of all signals that the players can receive S = (Si)i∈N , where
Si = {Beginning, winner1, . . . , winnerk, . . . , winnerK , not_winner, F inished};

• The private information of bidder i: Ti = {t
(1)
i , . . . , t

(K)
i }, which represents her

true value for each item;

• The utility function for agent i: ui = ∑K
k=1 max(0, t

(k)
i − maxj∈Uk+1 xj), where

Uk+1 is defined recursively:

– B1 = B;

– Ui = {x ∈ Bi : x ≥ b ∀b ∈ Bi}, Bi+1 = Bi\Ui.
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The other elements of the tuple are straightforwardly defined. Regarding the property
of being DSIC or not, the following corollary proven in [44] and [51] states GSP
auctions are not DSIC.

Corollary 2.1.2

Truth-telling is not a dominant strategy under GSP. Therefore, a GSP
auction is not DSIC.

As bidding the true value is not a dominant strategy under the GSP mechanism, bidders
tend to deviate from their true value. In theory, advertisers could gradually learn the
values from other advertisers using automated robots, consequently having more private
information about the auction. However, in pratice, they may not be able to, as their
bidding software must first be authorized by the publishers, which are unlikely to permit
strategies which would substantially reduce their revenues. [51]

Although truth-telling is not an equilibrium of GSP, it has an important property.
Reminding the concept of best response (Definition 2.1.13) and ex-post Nash
equilibrium (Definition 2.1.14), the following corollary was proven in [51].

Corollary 2.1.3

A GSP auction in continuous strategies has a unique ex-post Nash
equilibrium. In this equilibrium, the strategy of each advertiser is a best
response to other advertisers’ strategies regardless of their realized values.

In other words, even if a particular player learned the values of other players before
the game, she would not want to change her strategy, implying that the equilibrium
is robust. Moreover, it has been proven in [51] that, in this equilibrium, the expected
revenue of the seller is at least as high as in the dominant-strategy equilibrium of the
VCG auction. This explains why GSP auctions are the most common type of auction
in the sponsored search ad market.

2.1.3 Auctions with reserve price
After discussing the main types of auctions that will be used in this thesis, it is
important to highlight an additional variable that became common in sponsored search
auctions: the reserve price, a limit on the price of the auctioned item, which is chosen
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by the publisher. As mentioned in Section 1.1, the choice of the reserve price is the
main mechanism through which a seller can influence the auction revenue. [14] As this
thesis focuses on the point of view of the publishers, the definition of reserve price on
the supply side from [28] is shown as follows.

Definition 2.1.24 Reserve price

On the supply side, reserve (or reservation) price is the minimum bid that
the seller would accept from bidders in an auction.

A reserve price is easy to set and adjust, and has become a common tool for search
engines to manage their revenues. [52] It can be shared in advance with the advertisers,
then being an additional private information for all the bidders (see [52]), or be kept
as a secret until the end of the auction (see [53]), simply excluding any bid below the
reserve price. As shown in [53], a seller can increase her revenues by conducting an
auction in which her reserve price is kept as secret compared to conducting an auction
while announcing the reserve price.

When considering (single-item or generalized) second-price auctions, the role of the
reserve price is more than only filtering bids above a certain value. Considering the case
of a single-item second-price auction, the advertiser whose bid was the highest among
all the bids will pay the maximum between the reserve price and the second-highest
bid, if her bid was higher than the reserve price. This way, choosing the reserve price
wisely is important for increasing the publishers’ revenues. If the reserve price is set
too high, too many bids will be excluded and it will adversely affect the revenue stream
because unoccupied ad positions are wasted. On the other hand, if the reserve price
is too low, search engines may lose the opportunity of increasing their revenues when
advertisers are willing to pay more. [52]

The two types of auctions studied in this thesis (second-price and GSP auctions) will
be detailed when in the presence of reserve prices.

Second-price auction with reserve price

The reserve price not only sets which bids are admitted in second-price auctions but
also affects the payment made by the winner. So, it changes both the allocation and
the payment rules. Based on Definition 2.1.18, a second-price auction with reserve
price is defined as follows.
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Definition 2.1.25 Second-price auction with reserve price

In a second-price (or Vickrey) auction with reserve price, there are N bidders
who simultaneously submit a real-valued positive bid, while the seller sets a
reserve price r. The bidder with the highest bid wins the good if her bid
is above the reserve price and pays the maximum between r and b2, the
second-highest bid. The other bidders get and pay nothing (in case of a tie,
the winner is determined by a flip of a coin). If there is no bid above the
reserve price, the bidder with the highest bid also gets and pays nothing.

As done before, a second-price auction with reserve price can be formalized as a repeated
Bayesian game when specifying the following elements:

• The set Θ = {Beginning, winner(1, r), winner(1, b2), . . . , winner(i, r),
winner(i, b2), . . . , winner(N, r), winner(N, b2), F inished} of states of the world,
where Beginning means that the game just started and there is still no winner,
winner(i, r) means i is the current winner paying the reserve price, winner(i, b2)
means i is the current winner paying the second-highest bid, and Finished means
that the game has already finished;

• The set of actions X, which represents the set of all bids for all players;

• The set of all signals that the players can receive S = (Si)i∈N , where
Si = {Beginning, winnerr, winnerb2 , not_winner, F inished};

• The utility function for agent i:

ui =
xi − max(maxj ̸=i xj, r) if xi ≥ maxj ̸=i xj, xi ≥ r

0 otherwise
.

GSP auction with reserve price

As in a single-item second-price auction, the reserve price changes the allocation and
the payment rules of GSP auctions. There are two possible ways to add reserve prices
to a GSP auction. First, it is possible to have a specific reserve price for each item.
The second option is to have a single reserve price for all the items. Starting with the
first possibility and based on Definition 2.1.23, a GSP auction with specific reserve
prices is defined as follows.
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Definition 2.1.26 GSP auction with specific reserve prices

Considering N bidders, K ≤ N items sold, the set of (decreasing) bids B =
{b1, . . . , bi, . . . , bN}, and the set of reserve prices R = {r1, . . . , rk, . . . , rK} in
a GSP auction, the bidder i:

• receives item i at price max(ri, bi+1) if i ≤ K and bi ≥ ri;
• receives and pays nothing otherwise.

Also based on Definition 2.1.23, a GSP auction with single reserve price is defined as
follows.

Definition 2.1.27 GSP auction with single reserve price

Considering N bidders, K ≤ N items sold, the set of (decreasing) bids
B = {b1, . . . , bi, . . . , bN}, and a reserve price r in a GSP auction, the bidder
i:

• receives item i at price max(r, bi+1) if i ≤ K and bi ≥ r;
• receives and pays nothing otherwise.

As mentioned in [31], the case of GSP auctions with single reserve price is the one that
is used the most in reality. So, this thesis will focus on this case when analyzing GSP
auctions with reserve price, and it can be detailed as a repeated Bayesian game by
defining the following elements:

• The set Θ = {Beginning, winnerk(1, r), winnerk(i, bi+1), F inished} of states of
the world, where Beginning means that the game just started and there is still no
winner, winnerk(i, r) means i is the current winner of item k paying the reserve
price r, winnerk(i, bi+1) means i is the current winner of item k paying the next
highest bid bi+1, and Finished means that the game has already finished;

• The set of actions X, which represents the set of all bids for all players;

• The set of all signals that the players can receive S = (Si)i∈N , where
Si = {Beginning, winnerr

1, winner
bi+1
1 , . . . , winnerr

k, winner
bi+1
k , . . . , winnerr

K ,

winner
bi+1
K , not_winner, F inished};

• The private information of bidder i: Ti = {t
(1)
i , . . . , t

(K)
i }, which represents her

true value for each item;
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• The utility function for agent i: ui = ∑K
k=1 max{0, t

(k)
i − max(r, maxj∈Uk+1 xj)},

where Uk+1 is defined recursively:

– B1 = B;

– Ui = {x ∈ Bi : x ≥ b ∀b ∈ Bi}, Bi+1 = Bi\Ui.

Although it was possible to see the existence of different equilibria and dominant
strategies for second-price and GSP auctions from a game-theoretic point of view,
reserve prices and other practical constraints that occur in sponsored search auctions
(such as the advertisers’ budgets) are usually not covered by theoretical dominant
strategies. It confirms the importance of using optimization models when adding
complexity to these auctions.

2.2 Stochastic programming
As we have just seen, optimization models are important when adding more complex
practical elements to sponsored search ads. In this thesis, a multi-stage stochastic MILP
model is derived, and this subsection presents the most relevant concepts of Stochastic
Programming for understanding this model.

2.2.1 Two-stage stochastic programming
Before moving to multi-stage models, it is important to understand two-stage cases
before. This subsection addresses the modelling of uncertainty in linear programs as
two-stage stochastic programs. The evaluation of the performance of these programs’
solutions is also described. The main references for the definitions, propositions, and
proofs shown in the course of this subsection are the lecture notes from Papavasiliou in
[54].

Two-stage stochastic linear programs

The analysis of two-stage models in this thesis will be restricted to the linear case.
Stochastic linear programs (SLP) are linear programs with uncertain data. The main
aspect of stochastic linear programs that make their optimization challenging to solve
is the recourse: the ability to react after uncertainty has been revealed to the decision
maker. The sequence of events in two-stage stochastic linear programs is illustrated in
Figure 2.1.
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Figure 2.1: Sequence of events in two-stage stochastic linear programs. [54]

Typically, a two-stage stochastic program involves two sets of decisions:

• First-stage decisions: set of decisions that need to be fixed prior to the revelation
of uncertainty;

• Second-stage decisions: set of decisions determined based on the realization of
uncertainty once it is revealed.

Given these concepts and considering a probability space (Ω, B(Ω),P), two-stage
stochastic programs can be formulated as follows:

Model 2.2.1 Two-stage stochastic linear program

min cT x + E[min q(ω)T y(ω)]
s.t. Ax = b,

T (ω)x + W (ω)y(ω) = h(ω),
x ≥ 0, y(ω) ≥ 0, ω ∈ Ω.

In the model, x ∈ Rn1 represents the first-stage decisions, while the second-stage
decisions for a given realization ω are denoted as y(ω) ∈ Rn2 . The parameters of the
first stage are deterministic and denoted as c ∈ Rn1 , b ∈ Rm1 , and A ∈ Rm1×n1 , while
the parameters of the second stage are q(ω) ∈ Rn2 , h(ω) ∈ Rm2 , T (ω) ∈ Rm2×n1 , and
W (ω) ∈ Rm2×n2 .
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An important specific case is the one of stochastic linear programs with fixed recourse.
A stochastic linear program is said to obey fixed recourse when W (see Model 2.2.1)
does not depend on ω.

Performance of two-stage stochastic programming solutions

When dealing with stochastic programs, it is useful to know what are the real benefits
of adopting a sophisticated model of uncertainty (such as Stochastic Programming).
One can straightforwardly think about two alternatives that could be checked:

• What performance could be attained if the future were known in advance;

• What performance could be attained by a simpler policy.

One can denote all random parameters of a two-stage stochastic linear program as a
vector

ξT = (qT , T T
1 , ..., T T

n1 , W T
1 , ..., W T

n2 , hT ),
where Ti and Wi denote the i-th column of T and W , respectively. One can also define
the set

K1 = {x|Ax = b, x ≥ 0},

representing the first-stage decisions that respect first-stage constraints, which in turn
is useful to define the function z(x, ξ):

z(x, ξ) = cT x + Q(x, ξ) + δ(x|K1),
where

Q(x, ξ) = min
y

{q(ω)T y|W (ω)y = h(ω) − T (ω)x}

and δ(x|K1) is the indicator function, defined as δ(x|K1) = 0 if x ∈ K1 and δ(x|K1) =
+∞ otherwise. The function z(x, ξ) is the cost incurred if one were to optimize only for
scenario ω, where this cost is parametrized by x.

With these concepts described, it is possible to define an important concept for
evaluating the performance of two-stage stochastic programming solutions, the
wait-and-see value, whose definition originates from [54].
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Definition 2.2.1 Wait-and-see value (of a two-stage stochastic program)

The wait-and-see value of a two-stage stochastic program is the expected
value of reacting with perfect foresight x∗(ξ) to any outcome ω:

WS = E[min
x

z(x, ξ)]

= E[z(x∗(ξ), ξ)].

Moreover, the definition of the here-and-now value of a two-stage stochastic program
from [54] is shown as follows.

Definition 2.2.2 Here-and-now value (of a two-stage stochastic program)

The here-and-now value (or stochastic programming solution) is the expected
value of the two-stage stochastic program:

SP = min
x

E[z(x, ξ)].

One can notice that the only difference between WS and SP in terms of formulation
is that the minimization and expectation operators have been swapped. However, in
terms of computation, SP requires the solution of a stochastic program, often requiring
non-trivial algorithms, while WS requires the solution of |Ω| linear programs, where |Ω|
is the number of second-stage outcomes, and therefore is generally easier to compute
than SP .

After defining these two values, it is possible to present the concept of expected value of
perfect information.

Definition 2.2.3 Expected value of perfect information

The expected value of perfect information is the difference between the
wait-and-see value and the stochastic programming solution:

EV PI = SP − WS.
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In other words, the EV PI is the additional benefit that could be obtained if a perfect
forecast of the future were possible, comparatively to the here-and-now value.

After comparing the stochastic programming solution to the case where the future is
known in advance, as we have just seen, another alternative is comparing it to a
simpler policy. The simpler policy usually considered as benchmark is the expected
value problem, described as follows as done in [54].

Definition 2.2.4 Expected value problem (of a two-stage stochastic
program)

Noting ξ̄ = E[ξ], the expected (or mean) value of the random parameters,
the expected value problem of a two-stage stochastic program is written as

EV = min
x

z(x, ξ̄).

Finding the optimal solution of the expected value problem consists in solving a linear
program only with the average scenario. However, even if this problem is smaller and
easier to compute when compared to the stochastic program, it is important to observe
the performance of this optimal first-stage decision, denoted as x∗(ξ̄), when applied to
the real problem. For that, the expected value of using the EV solution is presented as
follows, using the definition from [54].

Definition 2.2.5 Expected value of using the EV solution (for a two-stage
stochastic program)

For a two-stage stochastic program, the expected value of using the EV
solution measures the performance of x∗(ξ̄) by reacting optimally in the
second stage given the first-stage decision x∗(ξ̄):

EEV = E[z(x∗(ξ̄), ξ)].

It is possible to see that EEV is less challenging to compute than WS. To compute
EEV , it is necessary to solve, for every ω ∈ Ω, a linear program only over the
second-stage variables, while the first-stage variables also need to be taken into account
when computing WS. The concept of EEV allows the definition of the value of the
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stochastic solution.

Definition 2.2.6 Value of the stochastic solution

The value of the stochastic solution is defined as the benefit of the stochastic
programming solution relative to the simpler decision rule x∗(ξ̄):

V SS = EEV − SP.

Two general and intuitive inequalities can be extracted when comparing SP , EEV ,
and WS. The first one relates SP and WS and is shown in the following proposition,
originated from [54]:

Proposition 2.2.1

Given a minimization stochastic linear program, it holds that:

WS ≤ SP.

Proof For every ω, z(x∗(ξ), ξ) ≤ z(x∗, ξ), where x∗ is the optimal first-stage stochastic
programming solution. One can take expectations on both sides to obtain WS ≤
SP .

□

The second inequality compares EEV and SP . It also originates from [54] and is
shown as follows.

Proposition 2.2.2

Given a minimization stochastic linear program, it holds that:

SP ≤ EEV.
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Proof Reminding that x∗ is the optimal solution of

min
x

E[z(x, ξ)],

one can easily see that the vector x∗(ξ̄) is a solution for the same minimization problem.
Therefore, minx E[z(x, ξ)] = SP ≤ EEV = minx E[z(x(ξ̄), ξ)].

□

These inequalities are summarized in Figure 2.2.

Figure 2.2: Relations between WS, SP , and EEV .

2.2.2 Multi-stage stochastic programming
After introducing some of the main concepts of two-stage stochastic programming, it is
possible to move to multi-stage models. The main references to the concepts presented
in this subsection are lecture notes from Papavasiliou in [54] and the work of Escudero
et al. in [55].

Scenario trees and lattices

Before presenting multi-stage stochastic programs, it is important to know how
uncertainty is modelled in these models. Considering that the system can be modelled
as a Markov decision model, one can define a set St at each stage t = 1, ..., H of the
problem and the sample space as Ω = S1 × · · · × SH . The probability space (Ω, AH ,P)
can then be defined, where AH = 2Ω is the total set of events at stage H and P is a
probability measure on these events.

Multi-stage stochastic programs can be also defined in more concise representations
than their probability spaces. One of these representations is the scenario tree. Before
defining a scenario tree, it is important to present the concepts of tree and rooted tree,
described as follows using the definitions from [54].
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Definition 2.2.7 Tree

A tree (N, E) is a connected acyclic graph, where N denotes its nodes and
E denotes its edges.

Definition 2.2.8 Rooted tree

A rooted tree is a tree in which there exists a unique node that is singled
out. This node is designated as the root.

Once rooted trees are defined, it is possible to define a scenario tree, whose definition
originates from [54].

Definition 2.2.9 Scenario tree

A scenario tree is a rooted tree which is used in multi-stage programs for
describing uncertainty in a model. The nodes of a scenario tree represent
histories of realizations of the random input ξ[t] = (ξ1, ..., ξt), with each
node characterized by a unique time index. The edges represent transition
probabilities from a history ξ[t] ∈ Ξ[t] in stage t to a history ξ[t+1] ∈ Ξ[t+1],
where Ξ[t] = Ξ1 × · · · × Ξt. The root of a scenario tree corresponds to the
first stage t = 1.

Denoting ω[t] = (ω1, ..., ωt) as an index in the set Ξ[t] = Ξ1 × · · · × Ξt, where ωt is an
index in the set Ξt, the definitions of ancestor and descendants of a node can now be
presented and are shown as follows, based on the definitions presented in [54].

Definition 2.2.10 Ancestor (of a node)

The ancestor of a node ω[t], denoted as a(ω[t]), is the unique adjacent node
which precedes ω[t], i.e.

a(ω[t]) = {ω[t−1] : (ω[t−1], ω[t]) ∈ E}.
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Definition 2.2.11 Descendants (of a node)

The descendants (or children) of a node ω[t], denoted as c(ω[t]), correspond
to the set of nodes that are adjacent to ω[t] and are indexed by a subsequent
time stage, i.e.

c(ω[t]) = {ω[t+1] : (ω[t], ω[t+1]) ∈ E}.

An alternative way to represent a Markov process is a lattice, described by the
following definition from [54].

Definition 2.2.12 Lattice

A lattice consists of
(i) a set of nodes, each of which is characterized by a time stage, and each

of which corresponds to a realization of ξt;
(ii) a set of edges connecting all nodes in stage t to all nodes in stage t + 1,

corresponding to transition probabilities.

While the nodes of a scenario tree represent a history ξ[t], the nodes of a lattice represent
the realization ξt of a process. Figure 2.3 illustrates these two representations.

(a) Scenario tree (b) Lattice

Figure 2.3: Graphical representations of a scenario tree and a lattice. [54] One can see
that a lattice is a compact version for displaying the realizations of uncertainty while a
scenario tree contains an exponential number of nodes.
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Multi-stage stochastic linear programs

After presenting how uncertainty is modelled in multi-stage stochastic programming, it
is possible to describe a multi-stage stochastic linear program (MS-SLP). Considering
a finite set of outcomes Ω and a probability space (Ω, 2Ω,P), the following extensive
formulation of an MS-SLP is presented.

Model 2.2.2 Multi-stage stochastic linear program

min cT x1 + E[min c2(ω)T x2(ω) + · · · + cH(ω)T xH(ω)]
s.t. W1x1 = h1,

T1(ω)x1 + W2(ω)x2(ω) = h2(ω), ω ∈ Ω,

...
Tt−1(ω)xt−1 + Wt(ω)xt(ω) = ht(ω), ω ∈ Ω,

...
TH−1(ω)xH−1 + WH(ω)xH(ω) = hH(ω), ω ∈ Ω,

x ≥ 0, xt(ω) ≥ 0, t = 2, ..., H, ω ∈ Ω.

In this model, ξT
t (ω) = [cT

t (ω), hT
t (ω), vec(T T

t−1(ω)), vec(W T
t (ω))] is the random input

and xt is the decision vector at stage t.

Multi-stage stochastic MILPs

Once MS-SLPs are defined, it is possible to move to multi-stage stochastic mixed-integer
linear programs (MS-SMILPs). Considering that each decision vector xt can be denoted
as

xt = [x(1)
t , ..., x

(n1)
t ],

and that the set of stages is denoted as T , it is possible to write the following extensive
formulation for MS-SMILPs.
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Model 2.2.3 Multi-stage stochastic MILP

min cT x1 + E[min c2(ω)T x2(ω) + · · · + cH(ω)T xH(ω)]
s.t. W1x1 = h1,

T1(ω)x1 + W2(ω)x2(ω) = h2(ω), ω ∈ Ω,

...
Tt−1(ω)xt−1 + Wt(ω)xt(ω) = ht(ω), ω ∈ Ω,

...
TH−1(ω)xH−1 + WH(ω)xH(ω) = hH(ω), ω ∈ Ω,

x1 ≥ 0, xt(ω) ≥ 0, t ∈ T, ω ∈ Ω,

x
(j1)
1 ∈ {0, 1}, for some j1 ∈ {1, ..., n1},

x
(jt)
t (ω) ∈ {0, 1}, for some jt ∈ {1, ..., nt}, t ∈ T.

Performance of multi-stage stochastic programming solutions

Extending the parameters V SS and EV PI to multiple periods is not straightforward.
In particular, it is not clear which variables must be fixed in the WS model and at which
stages the decision variables should be fixed in the EEV model. However, there are
studies to understand the best way to extend these concepts to the case of multi-stage
stochastic programs. The approach used in this thesis has as main reference the work
from Escudero et al. in [55].

Starting with the wait-and-see value, a trivial solution would be to fix only the first-stage
decisions. However, as shown in [55], this procedure can lead to a paradox in some cases.
WS models should, then, involve the models of all possible scenarios and consider that
they are completely independent. This way, the wait-and-see value considered in this
thesis is the solution of the perfect foresight model. Denoting S as the set of all possible
scenarios and |S| as the total number of scenarios, the perfect foresight model for an
MS-SMILP is shown as follows.
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Model 2.2.4 Perfect foresight model of an MS-SMILP

min 1
|S|

[
cT x1,s + · · · + cT

H,sxH,s

]
s.t. W1x1,s = h1, s ∈ S,

T1,sx1,s + W2,sx2,s = h2,s, s ∈ S,

...
Tt−1,sxt−1,s + Wt,sxt,s = ht,s, s ∈ S,

...
TH−1,sxH−1,s + WH,sxH,s = hH,s, s ∈ S,

xt,s ≥ 0, t ∈ T, s ∈ S,

x
(jt)
t,s (ω) ∈ {0, 1} for some jt ∈ {1, ..., nt}, t ∈ T, s ∈ S.

Considering WS as the solution of the perfect foresight model, the inequality
WS ≤ SP is still valid for the same reasoning as the one presented in Proposition
2.2.1. The EV PI for multiple periods is defined as before (see Definition 2.2.3).
Moving to EV , the following definition is similar to the one for two-stage stochastic
programs and is based on [55].

Definition 2.2.13 Expected value problem (of a multi-stage stochastic
program)

Denoting ξ̄[H] = (ξ̄1, ..., ξ̄H) as the expected (or mean) value of the random
parameters for all the stages, the expected value problem of a multi-stage
stochastic program is written as

EV = min
x

z(x1, ..., xH , ξ̄[H]).

The solution of the expected value problem is denoted as x∗ = (x∗
1, ..., x∗

H). In [55],
EEV is defined for each stage t and therefore is slightly different from the two-stage
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case. This definition is shown as follows.

Definition 2.2.14 Expected value of using the EV solution (for a multi-
stage stochastic program)

The expected value of using the EV solution at t for t = 2,...,T is the optimal
value of the stochastic model (2.2.3), where the decision variables until stage
t − 1, (x1, ..., xt−1), are fixed at the optimal values obtained as solution of
the average scenario model.

EEVt =



Model 2.2.3
s.t. x1 = x∗

1,

x2(ξ) = x∗
2, ∀ξ, ∈ Ξ,

...
xt−1(ξ) = x∗

t−1, ∀ξ ∈ Ξ.

In this thesis, the focus will be on EEVH , the expected value of using the EV solution
at H, the last stage. For this case, the inequality shown in Proposition 2.2.2 is still
valid (for the same reasoning) and the value of the stochastic solution at H, denoted as
V SSH , comes from Definition 2.2.6:

V SSH = EEVH − SP.
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3 | A new multi-stage stochastic
MILP approach

This chapter is devoted to presenting a new multi-stage stochastic MILP
approach to optimize the reserve price in (single-item and generalized)
second-price auctions.

First, the rules and details of the auctions considered in this thesis are
explained. The main assumptions are highlighted and the stages are
illustrated by scenario trees. The simplified versions of the auctions resulting
from these assumptions are formalized.

Next, the focus is set to the formulation of the models. Starting with the
single-item case, the objective function and the constraints are explained in
details. It is also shown how the model is modified to become a MILP. This
model is then extended to rank-by-bid and rank-by-revenue GSP auctions.

Finally, the single-item case is further analyzed. Considering four other
approaches to choose the reserve price in second-price auctions (including
the optimal reserve price if the budget constraints were ignored), it is shown
that the optimal value from the proposed model always leads to greater or
equal revenues for the publishers, considering the presented assumptions.

3.1 Auction rules and details
This thesis focuses on optimizing the reserve price in second-price and GSP sponsored
search auctions in order to maximize the revenue of a publisher. To do that, these
auctions are modelled as MS-SMILPs. It means that they still follow the rules seen in
their game-theoretic models (see Subsections 2.1.2 and 2.1.3), but they are not modelled
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as infinitely repeated Bayesian games. It is then assumed that these auctions can be
described as a Markov decision model with stages t = 1, ..., H. Modelling the auctions
as multi-stage stochastic programs allows the addition of new constraints that may
affect the auctions. In this thesis, the advertisers’ budget constraints are added to the
model.

The case considered here is the one in which the reserve price is kept as a secret. As
explained in Subsection 2.1.3, by not announcing the reserve price to the advertisers, a
seller can increase her revenues. The uncertainty comes from the advertisers’ bids at
stages t = 2, ..., H, in which the auctions happen. It is considered that each advertiser
has a bid distribution for each of these stages, a commonly seen assumption (see [8]).
It is also assumed that these distributions can be learned by the publisher (see [31])
and that they can be approximated by discrete distributions. Moreover, the advertisers’
budget constraints are considered to be known by the publisher, which indeed happens
in real sponsored search auctions (see [56] and [57]).

Second-price auction

Starting with the single-item second-price auction, Figure 3.1 illustrates its scenario
tree. At stage t = 1, the publisher decides the reserve price of the auction that will run
at t = 2. At t = 2, ..., H − 1, the winner of the auction (if any) is chosen according to
the rules of the auction and the reserve price of the following auction is also decided.
Finally, at t = H, the only decision is the winner of the last auction.

Figure 3.1: Scenario tree of a (single-item) second-price auction. Note that the reserve
prices are chosen at t = 1, ..., H − 1 while the winners are decided at t = 2, ..., H.
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There are some simplifications done to model the single-item second-price auction
as an MS-SMILP. An advertiser may bid more than her budget left. However, if an
advertiser has the highest bid but does not have enough budget left to pay it, there is
no winner. Moreover, it is considered that the number of advertisers during the stages
is constant.

The version of the second-price auction considered in this thesis is summarized as
follows.

Definition 3.1.1 Simplified version of the second-price auction

The second-price auction considered in this thesis can be described as a
Markov decision process happening at stages t = 1, ..., H. This auction is
detailed as follows :

(i) The auctions run at stages t = 2, .., H;
(ii) There is a single item being auctioned;
(iii) The advertisers i ∈ I participate in the auction during all the stages,

and no new advertiser join them at any of these stages;
(iv) Each advertiser i has a (fixed) maximum budget B̃i to be spent during

these stages and this information is given to the publisher;
(v) At t = 1, ..., H − 1, the publisher chooses the reserve price rt for the

auction that happens at stage t + 1;
(vi) At t = 2, ..., H, each advertiser i makes a random bid b

ω[t]
i,t drawn from

a known discrete distribution;
(vii) For advertiser i∗ to win the auction at t = 2, ..., H, her bid at t needs

to be the highest among all the bids and above the reserve price rt,
and she must have enough budget left to pay for it. If there is no
advertiser satisfying these conditions, the auction at t has no winner;

(viii) If i∗ wins an auction, she pays the maximum between the second-
highest bid and the reserve price.

GSP auction

The stages for the GSP auction are similar to the ones presented for the second-price
auction. At stage t = 1, a single reserve price is decided. The use of a single reserve price
is more common than the use of specific reserve prices for each item in GSP sponsored
search auctions (see [31]). At t = 2, ..., H − 1, the winners of items k = 1, ..., K (if any)
are chosen according to the rules of the auction and the reserve price of the following
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auction is also decided. At the last stage, t = H, only the winners of the last auction
are chosen. A scenario tree representing these stages is shown in Figure 3.2.

Figure 3.2: Scenario tree of a GSP auction. Note that the reserve prices are chosen at
t = 1, ..., H − 1 while the |K| winners are decided at t = 2, ..., H.

It is important to highlight that some publishers use different clearing rules when
auctioning their ad slots as GSP auctions. The payment and allocation rules already
described in Subsection 2.1.2 represent the so-called rank-by-bid GSP auction. However,
there is a version of the GSP auctions that is used by some publishers called rank-by-
revenue GSP auction, defined as follows as done in [58].

Definition 3.1.2 Rank-by-revenue GSP auction with reserve price

Considering that the click-through rate of an ad can be decomposed into a
position-discount term θk and an advertiser-specific term qi, i.e. CTRk,i =
θkqi, and that bidders are numbered in the descending order of fi = qibi,
where bi is the bid of advertiser i, the advertisers in a rank-by-revenue GSP:

• Are also ranked by descending order of fi = qibi;
• If i ≤ K, pay max{fi+1

qi
, r} = max{ qi+1bi+1

qi
, r}.

Focusing on the clearing rules that had already been presented before (rank-by-bid
GSP auctions), the assumptions done to second-price auctions are straightforwardly
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extended as follows.

Definition 3.1.3 Simplified version of the rank-by-bid GSP auction

The GSP auction considered in this thesis can be described as a Markov
decision process happening at stages t = 1, ..., H, where :

(i) The auctions run at stages t = 2, .., H;
(ii) Items k = 1, ..., K are being auctioned;
(iii) The advertisers i ∈ I, where I ≥ K, participate in the auction during

all the stages, and no new advertiser join them at any of these stages;
(iv) Each advertiser i has a (fixed) maximum budget B̃i to be spent during

these stages and this information is given to the publisher;
(v) At t = 1, ..., H − 1, the publisher chooses the reserve price rt for the

auction that happens at stage t + 1;
(vi) At t = 2, ..., H, each advertiser i makes a random bid b

ω[t]
i,t drawn from

a known discrete distribution;
(vii) For advertiser i∗ to win item k in the auction happening at t = 2, ..., H,

her bid at t needs to be the k-th highest among all the bids and above
the reserve price rt, and she must have enough budget left to pay for
it. If there is no advertiser satisfying these conditions, item k has no
winner at t;

(viii) If i∗ wins item k, she pays the maximum between the following highest
bid and the reserve price.

The same assumptions and simplifications done to the rank-by-bid GSP auction and
formalized in Definition 3.1.3 can be also done to the rank-by-revenue GSP auction. As
this extension is straightforward and for the sake of avoiding repetition, the simplified
version of the rank-by-revenue GSP auction will not be formalized.

3.2 Model formulation
Once the main assumptions and details of the auctions are formalized, it is possible to
proceed to the formulation of their models.

3.2.1 Second-price auction
Starting with the single-item second-price auction, the objective of the optimization
model maximizes the expected total revenue of the publisher among all the
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auctions:
max

T∑
t=2

Eω[t]

[ ∑
i∈1

v
ω[t]
2,t x

ω[t]
i,t +

∑
i∈I

r
a(ω[t])
t−1 y

ω[t]
i,t

]
,

where x
ω[t]
i,t is a binary variable which is equal to 1 if advertiser i wins auction t and

pays the second-highest bid (otherwise it is equal to zero), y
ω[t]
i,t is a binary variable

which is equal to 1 if advertiser i wins auction t and pays the reserve price (otherwise it
is equal to zero), r

a(ω[t])
t−1 is the nonnegative reserve price chosen at time t − 1 (for the

auctions that occur at t), and v
ω[t]
2,t is the uncertain second-highest bid at time t.

As the second-price auction has only one item, there can only be one winner per auction,
which is represented by the following constraint:

∑
i

x
ω[t]
i,t + y

ω[t]
i,t ≤ 1, t ≥ 2, ω[t] ∈ Ω[t].

To ensure that the auctions follow the rules described in Definition 3.1.1, the following
constraints allow only the advertiser with the highest bid to win and just let her win if
her bid is higher or equal to the reserve price:

b
ω[t]
i,t ≥ (xω[t]

i,t + y
ω[t]
i,t )vω[t]

1,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

b
ω[t]
i,t ≥ (xω[t]

i,t + y
ω[t]
i,t )ra(ω[t])

t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

where b
ω[t]
i,t is the uncertain bid of advertiser i at time t and v

ω[t]
1,t is the uncertain

highest bid at time t. To make sure that the winner will pay the maximum between
the reserve price and the second-highest bid, the following constraints are added:

x
ω[t]
i,t r

a(ω[t])
t−1 ≤ x

ω[t]
i,t v

ω[t]
2,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

y
ω[t]
i,t v

ω[t]
2,t ≤ y

ω[t]
i,t r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t].

Finally, it is important to ensure that the advertisers do not spend more than their
budget, which is done by the following sets of constraints:

B
ω[1]
i,1 = B̃i, i ∈ I, ω[1] ∈ Ω[1],

B
ω[t]
i,t = B

a(ω[t])
i,t−1 −

(
v

ω[t]
2,t x

ω[t]
i,t + r

a(ω[t])
t−1 y

ω[t]
i,t

)
, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

B
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

where B̃i is the total budget of advertiser i and B
ω[t]
i,t is the budget left for advertiser i

at the end of period t. With that being explained, the model is shown as follows.
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Model 3.2.1 Multi-stage stochastic program for second-price auction

max
x,y,r,B

T∑
t=2

Eω[t]

[ ∑
i∈I

v
ω[t]
2,t x

ω[t]
i,t +

∑
i∈I

r
a(ω[t])
t−1 y

ω[t]
i,t

]
(3.1)

s.t.
∑

i

x
ω[t]
i,t + y

ω[t]
i,t ≤ 1 , t ≥ 2, ω[t] ∈ Ω[t], (3.2)

x
ω[t]
i,t r

a(ω[t])
t−1 ≤ x

ω[t]
i,t v

ω[t]
2,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.3)

y
ω[t]
i,t v

ω[t]
2,t ≤ y

ω[t]
i,t r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.4)

B
ω[1]
i,1 = B̃i, i ∈ I, ω[1] ∈ Ω[1], (3.5)

B
ω[t]
i,t = B

a(ω[t])
i,t−1 −

(
v

ω[t]
2,t x

ω[t]
i,t + r

a(ω[t])
t−1 y

ω[t]
i,t

)
, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.6)

B
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.7)

b
ω[t]
i,t ≥ (xω[t]

i,t + y
ω[t]
i,t )vω[t]

1,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.8)

b
ω[t]
i,t ≥ (xω[t]

i,t + y
ω[t]
i,t )ra(ω[t])

t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.9)
x

ω[t]
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.10)

y
ω[t]
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.11)

r
ω[t]
t ≥ 0, i ∈ I, t ≤ T − 1, ω[t] ∈ Ω[t]. (3.12)

Model 3.2.1, however, has nonlinearities and therefore is not an SMILP. These
nonlinearities are seen:

(i) in the objective (3.1);

(ii) in constraint (3.3);

(iii) in constraint (3.4);

(iv) in constraint (3.6);

(v) and in constraint (3.9).

These nonlinearities are due to the terms r
a(ω[t])
t−1 y

ω[t]
i,t and r

a(ω[t])
t−1 x

ω[t]
i,t , products of two

variables of the model. In order to obtain an SMILP problem, which allows the use of
specific algorithms to solve it, these terms can be linearized. It can be done by
introducing new variables and constraints. Denoting these new variables as z

ω[t]
i,t and
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u
ω[t]
i,t , they are defined by:

z
ω[t]
i,t = r

a(ω[t])
t−1 y

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,t = r

a(ω[t])
t−1 x

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t].

It is also necessary to add some new constraints to obtain an SMILP that corresponds
to Model 3.2.1. For the variable z

ω[t]
i,t , the following constraints are added:

z
ω[t]
i,t ≤ My

ω[t]
i,t , t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≤ r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≥ r

a(ω[t])
t−1 − (1 − y

ω[t]
i,t )M, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

where the Big M method is used when defining M as a large positive penalty constant.
For this model, M is the highest possible bid among all scenarios. The same technique
is used for u

ω[t]
i,t , leading to the following constraints:

u
ω[t]
i,t ≤ Mx

ω[t]
i,t

u
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,t ≤ r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,t ≥ r

a(ω[t])
t−1 − (1 − x

ω[t]
i,t )M, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t].

Finally, considering that the bid distributions for each advertiser are finite, the objective
(3.1) can be rewritten as:

max
∑
t≥2

∑
ω[t]∈Ω[t]

P(ω[t])
[ ∑

i∈I

v
ω[t]
2,t x

ω[t]
i,t +

∑
i∈I

z
ω[t]
i,t

]
.

It is possible now to formulate the problem as an MS-SMILP. A list of the entire
nomenclature of this model can be found in Appendix A.
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Model 3.2.2 MS-SMILP for second-price auction

max
x,y,u,z,r,B

∑
t≥2

∑
ω[t]∈Ω[t]

P(ω[t])
[ ∑

i∈I

v
ω[t]
2,t x

ω[t]
i,t +

∑
i∈I

z
ω[t]
i,t

]
(3.13)

s.t.
∑
i∈I

x
ω[t]
i,t + y

ω[t]
i,t ≤ 1, t ≥ 2, ω[t] ∈ Ω[t], (3.14)

u
ω[t]
i,t ≤ x

ω[t]
i,t v

ω[t]
2,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.15)

y
ω[t]
i,t v

ω[t]
2,t ≤ z

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.16)

B
ω[1]
i,1 = B̃i, i ∈ I, ω[1] ∈ Ω[1], (3.17)

B
ω[t]
i,t = B

a(ω[t])
i,t−1 −

(
v

ω[t]
2,t x

ω[t]
i,t + z

ω[t]
i,t

)
, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.18)

b
ω[t]
i,t ≥ (xω[t]

i,t + y
ω[t]
i,t )vω[t]

1,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.19)
b

ω[t]
i,t ≥ u

ω[t]
i,t + z

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.20)

z
ω[t]
i,t ≤ My

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.21)

z
ω[t]
i,t ≤ r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.22)

z
ω[t]
i,t ≥ r

a(ω[t])
t−1 − (1 − y

ω[t]
i,t )M, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.23)

u
ω[t]
i,t ≤ Mx

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.24)

u
ω[t]
i,t ≤ r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.25)

u
ω[t]
i,t ≥ r

a(ω[t])
t−1 − (1 − x

ω[t]
i,t )M, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.26)

x
ω[t]
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.27)

y
ω[t]
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.28)

r
ω[t]
t ≥ 0, t ≤ T − 1, ω[t] ∈ Ω[t], (3.29)

u
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.30)

z
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t], (3.31)

B
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t]. (3.32)

Model 3.2.2 does not have fixed recourse: see, for example, that v
ω[t]
2,t multiplies x

ω[t]
i,t in

constraint (3.18). However, it can be seen as a mixed-integer linear program (MILP),
with a linear objective function, linear constraints, and some variables restricted to be
integer (in this case, binary). Therefore, specific algorithms for this type of problem
can be used.

49



3.2.2 GSP auction
The extension of Model 3.2.2 to a rank-by-bid GSP auction with |K| ≤ |I| items
(denoted as k ∈ K) is straightforward and is shown as follows.

Model 3.2.3 MS-SMILP for rank-by-bid GSP auction

max
x,y,u,z,r,B

∑
t≥2

∑
ω[t]∈Ω[t]

P(ω[t])
[ ∑

i∈I

∑
k∈K

v
ω[t]
k+1,tx

ω[t]
i,k,t +

∑
i∈I

∑
k∈K

z
ω[t]
i,k,t

]
s.t.

∑
i∈I

x
ω[t]
i,k,t + y

ω[t]
i,k,t ≤ 1, k ∈ K, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≤ x

ω[t]
i,k,tv

ω[t]
k+1,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

y
ω[t]
i,k,tv

ω[t]
k+1,t ≤ z

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],∑

k∈K

x
ω[t]
i,k,t + y

ω[t]
i,k,t ≤ 1, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

B
ω[1]
i,1 = B̃i, i ∈ I, ω[1] ∈ Ω[1],

B
ω[t]
i,t = B

a(ω[t])
i,t−1 −

( ∑
k∈K

v
ω[t]
k+1,tx

ω[t]
i,k,t +

∑
k∈K

z
ω[t]
i,k,t

)
, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

b
ω[t]
i,t ≥ (xω[t]

i,k,t + y
ω[t]
i,k,t)v

ω[t]
k,t , k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

b
ω[t]
i,t ≥ u

ω[t]
i,k,t + z

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≤ My

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≤ r

a(ω[t])
t−1 , k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≥ r

a(ω[t])
t−1 − (1 − y

ω[t]
i,k,t)M, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≤ Mx

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≤ r

a(ω[t])
t−1 , k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≥ r

a(ω[t])
t−1 − (1 − x

ω[t]
i,k,t)M, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

x
ω[t]
i,k,t ∈ {0, 1}, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

y
ω[t]
i,k,t ∈ {0, 1}, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

r
ω[t]
t ≥ 0, t ≤ T − 1, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≥ 0, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≥ 0, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

B
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t].
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The constraint ∑
k∈K x

ω[t]
i,k,t +y

ω[t]
i,k,t ≤ 1 guarantees that advertiser i wins at most one item

at t. The entire nomenclature of the model is shown in Appendix A. The model can be
also extended to a rank-by-revenue GSP auction, which is shown as follows.

Model 3.2.4 MS-SMILP for rank-by-bid GSP auction

max
x,y,u,z,r,B

∑
t≥2

∑
ω[t]∈Ω[t]

P(ω[t])
[ ∑

i∈I

∑
k∈K

f
ω[t]
k+1,t

q
ω[t]
k,t

x
ω[t]
i,k,t +

∑
i∈I

∑
k∈K

z
ω[t]
i,k,t

]
s.t.

∑
i∈I

x
ω[t]
i,k,t + y

ω[t]
i,k,t ≤ 1, k ∈ K, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≤ x

ω[t]
i,k,tf

ω[t]
k+1,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

y
ω[t]
i,k,tv

ω[t]
k+1,t ≤ z

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],∑

k∈K

x
ω[t]
i,k,t + y

ω[t]
i,k,t ≤ 1, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

B
ω[1]
i,1 = B̃i, i ∈ I, ω[1] ∈ Ω[1],

B
ω[t]
i,t = B

a(ω[t])
i,t−1 −

( ∑
k∈K

f
ω[t]
k+1,t

q
ω[t]
k,t

x
ω[t]
i,k,t +

∑
k∈K

z
ω[t]
i,k,t

)
, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

qib
ω[t]
i,t ≥ (xω[t]

i,k,t + y
ω[t]
i,k,t)f

ω[t]
k,t , k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

b
ω[t]
i,t ≥ u

ω[t]
i,k,t + z

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≤ My

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≤ r

a(ω[t])
t−1 , k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≥ r

a(ω[t])
t−1 − (1 − y

ω[t]
i,k,t)M, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≤ Mx

ω[t]
i,k,t, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≤ r

a(ω[t])
t−1 , k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≥ r

a(ω[t])
t−1 − (1 − x

ω[t]
i,k,t)M, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

x
ω[t]
i,k,t ∈ {0, 1}, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

y
ω[t]
i,k,t ∈ {0, 1}, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

r
ω[t]
t ≥ 0, t ≤ T − 1, ω[t] ∈ Ω[t],

u
ω[t]
i,k,t ≥ 0, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,k,t ≥ 0, k ∈ K, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

B
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t].
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The main changes in this model are the allocation and the payment rules (see Definition
3.1.2). The parameter f

ω[t]
k,t is the k-th highest fi = qibi for all advertisers and represents

the allocation parameter. Therefore, the winner of item k pays the maximum between
f

ω[t]
k+1,t

q
ω[t]
k,t

and the reserve price at stage t.

3.3 Analysis of the model
Once the models are presented, it is important to analyze their validity. As Models 3.2.3
and 3.2.4, respectively for rank-by-bid and rank-by-revenue GSP auctions, are extensions
of Model 3.2.2, the analysis will be restricted to the last and simplest model.

This analysis will be done by comparing the proposed model to four different ways of
choosing the reserve price:

• No reserve price;

• Reserve price equal to the last highest bid;

• Reserve price equal to the smallest possible highest bid;

• Not considering the advertisers’ bids.

Starting with the approach of not setting a reserve price, the following is proposed.

Proposition 3.3.1

Denote the optimal value of Model 3.2.2 as w̄∗ and the average revenue when
not setting a reserve price as w∗

(1). When considering the auction described
in Definition 3.1.1, the following inequality holds:

w̄∗ ≥ w∗
(1).

Proof The approach of not setting a reserve price can be seen as adding the constraint
r

ω[t]
t = 0 ∀t ≤ T − 1, ω[t] ∈ Ω[t] to Model 3.2.2. Denote F̄ as the feasible set of Model

3.2.2. Moreover, denote F (1) as the feasible set when adding the mentioned constraint,
which has π∗

(1) as optimal solution. Thus, it can be seen that

F (1) ⊆ F̄ =⇒ π∗
(1) ∈ F̄ =⇒ w̄∗ ≥ w∗

(1).

□
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The second approach used as benchmark is setting the reserve price as the highest bid
of the previous auction. It represents the situation where a publisher considers that the
highest bid at stage t + 1 could be the same as the one at stage t, and therefore fixing
the reserve price at this value would make the winner pay exactly her valuation for the
item. At stage t = 1, as there is no previous auction, it is considered that the reserve
price is set as zero. The following proposition is presented for this situation.

Proposition 3.3.2

Denote w̄∗ as the optimal value of Model 3.2.2 and w∗
(2) as the average

revenue when setting a reserve price of 0 at stage t = 1 and a reserve
price that equals the highest bid at t − 1 for stages t = 2, ..., T − 1. When
considering the auction described in Definition 3.1.1, the following inequality
holds:

w̄∗ ≥ w∗
(2).

Proof Setting a reserve price of 0 at stage t = 1 means adding the constraint
r

ω[1]
1 = 0 ∀ω[1] ∈ Ω[1]. Moreover, choosing the reserve price as the previous highest

bid can be seen as adding the constraint r
ω[t]
t = v

a(ω[t])
1 ∀t = 2, ..., T − 1, ω[t] ∈ Ω[t].

Denoting F (2) as the feasible set when adding the mentioned constraints, which has
π∗

(2) as optimal solution, one can see that

F (2) ⊆ F̄ =⇒ π∗
(2) ∈ F̄ =⇒ w̄∗ ≥ w∗

(2).

□

The third approach considered is setting the reserve prices at t = 1, ..., T − 1 as the
smallest possible highest bid among all scenarios at stage t + 1. This approach is based
on the following reasoning:

• The publisher wants to make sure that there are no potential winners lost by
setting the reserve price too high. Then, the reserve price needs to be smaller or
equal to the highest bid in all possible scenarios;

• Still, the publisher wants to minimize her losses due to setting a reserve price
that is too low. Therefore, she sets the highest possible value which avoids losing
a potential winner: the smallest possible highest bid at that stage.

For this approach, the following is proposed:
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Proposition 3.3.3

Denote w̄∗ as the optimal value of Model 3.2.2 and w∗
(3) as the average

revenue when setting a reserve price at stages t = 1, ..., T − 1 that equals
the smallest possible highest bid at t + 1. When considering the auction
described in Definition 3.1.1, the following inequality holds:

w̄∗ ≥ w∗
(3).

Proof Setting a reserve price that equals the smallest possible highest bid can be
seen as adding the constraint r

ω[t]
t = minc(ω[t])∈Ω[t+1] v

c(ω[t])
1,t+1 ∀t = 1, ..., T − 1, ω[t] ∈ Ω[t].

Denoting F (3) as the feasible set when adding the mentioned constraint, which has π∗
(3)

as optimal solution, one can see that

F (3) ⊆ F̄ =⇒ π∗
(3) ∈ F̄ =⇒ w̄∗ ≥ w∗

(3).

□

The last benchmark is the case where the budget constraints are not taken into account
by the publishers when optimizing the reserve prices. Keeping the rules described in
Definition 3.1.1, when an advertiser’s budget left is not enough to pay the item’s price,
the publisher may lose a winner. A proposition for this case is presented as follows.

Proposition 3.3.4

Denote w̄∗ as the optimal value of Model 3.2.2 and w∗
(4) as the average

revenue when optimizing the reserve price while ignoring the advertisers’
budgets. When considering the auction described in Definition 3.1.1, the
following inequality holds:

w̄∗ ≥ w∗
(4).

Proof Even if the reserve prices are set as the optimal ones when ignoring the
advertisers’ budget constraints, they still need to be respected. The other constraints
of Model 3.2.2 also need to be respected, as they represent the rules of the auction.
This way, this is a feasible solution of Model 2.2.2, but not necessarily the optimal one.
Denoting π∗

(4) as this solution, one can see that

π∗
(4) ∈ F̄ =⇒ w̄∗ ≥ w∗

(4).

□
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Once it is shown that the optimal value of Model 3.2.2 is at least as good as the revenues
using the proposed approaches, it is important to prove that it may lead to strictly
better outcomes. This will be done in the next chapter by presenting a numerical
example and results of simulations.
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4 | Numerical example and
simulations

This chapter focuses on the application of the proposed model for single-item
second-price auctions. It is divided in two sections: the first one presents a
numerical example and the second one shows the results of simulations.

The numerical example allows the reader to understand all the computations
and analyses of the model. After presenting its characteristics, all the steps
to compute its performance are shown and it is compared with the four
other benchmarks considered before. It illustrates a case where the optimal
reserve prices obtained from the proposed model lead to a better revenue
for the publisher than the other approaches.

In the second section, results from simulations are presented, also focusing
on evaluating its performance and comparing it with other approaches.
Moreover, it is shown that the number of simplex iterations to solve the
problem grows exponentially with the number of scenarios.

4.1 Numerical example
After formulating and analyzing the model, a numerical example for the single-item
second-price auction will be shown (as a reminder, the models for GSP auctions are
extensions of this model). A simple example was selected to clearly illustrate the results
and to have a reasonable computational time. Two main analyses will be done for this
example. First, the performance of the solutions of the model (V SS and EV PI) will be
analyzed. Then, a comparison of the results of the model with the approaches presented
in Section 3.3 will be made (showing a case where it indeed has a better performance
than these approaches, as a complement to Propositions 3.3.1 to 3.3.4).
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4.1.1 Characteristics
The situation considered involves two advertisers, named Advertiser A and Advertiser
B, bidding in three auctions (at stages t = 2, 3, 4). Their budgets and possible bids are
presented in Table 4.1.

Budget t = 2 t = 3 t = 4
Bids Prob Bids Prob Bids Prob

Advertiser A $11.70 $2.50 100% $3.00 50% $3.50 50%
$4.00 50% $6.00 50%

Advertiser B $11.00 $2.00 50% $3.50 100% $5.80 100%$3.00 50%

Table 4.1: Budgets and possible bids for advertisers A and B.

From Table 4.1, it is possible to obtain the parameters B̃1 = 11.7 and B̃2 = 11. The
other parameters are presented in the scenario tree shown in Figure 4.1.

Figure 4.1: Scenario tree with the chosen parameters (numerical example).

From Figure 4.1, it is possible to see that there are eight possible scenarios at t = 4
(nodes 4.1 to 4.8) happening with probability 0.125. The reserve prices are chosen at
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stages t = 1, 2, 3 and the winners of each auction are decided at t = 2, 3, 4.

4.1.2 Performance
The performance of the model will be evaluated according to two main metrics: the
expected value of perfect information, EV PI, and the value of the stochastic solution
at stage 4, V SS4. As explained in Subsection 2.2.2, it requires the computation of the
following solutions: the stochastic programming solution (SP ); the wait-and-see solution
(WS); and the expected value of using the EV solution at stage 4 (EEV4).

These solutions were obtained by solving different mixed-integer linear programming
(MILP) problems. The problems were implemented using the programming language
Julia and solved using the Gurobi solver, which generally solves MILP problems using
a linear-programming based branch-and-bound algorithm.

SP solution

The SP solution was obtained by solving Model 3.2.2. The SP solution and the number
of simplex iterations taken to solve the model are shown in Table 4.2.

Optimal value (SP ) Simplex iterations
$11.65 10622

Table 4.2: SP solution and number of simplex iterations (numerical example).

Moreover, the optimal reserve prices chosen at t = 1, 2, 3 are presented in Table 4.3,
where the labels of the nodes are the same as the ones shown in Figure 4.1.

t = 1 t = 2 t = 3
Node Reserve price Node Reserve price Node Reserve price

1.1 $2.40
2.1 $3.50 3.1 $5.80

3.2 $5.80

2.2 $3.50 3.3 $5.00
3.4 $5.80

Table 4.3: Optimal reserve prices of the SP solution (numerical example).

WS solution

As mentioned in Subsection 2.2.2, the wait-and-see value considered in this thesis is the
solution of the perfect foresight model. Calling S the set of possible scenarios of the
problem (S = {4.1, 4.2, 4.3, 4.4, 4.5, 4.6, 4.7, 4.8}), the perfect foresight model for Model
2.2.2 is shown as follows, where the superscript s represents each of the scenarios.
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Model 4.1.1 Perfect foresight model for second-price auction

max
x,y,u,z,r,B

∑
s∈S

∑
t≥2

P(s)
[ ∑

i∈I

vs
2,tx

s
i,t +

∑
i∈I

zs
i,t

]
s.t.

∑
i∈I

xs
i,t + ys

i,t ≤ 1, t ≥ 2, s ∈ S,

us
i,t ≤ xs

i,tv
s
2,t, i ∈ I, t ≥ 2, s ∈ S,

ys
i,tv

s
2,t ≤ zs

i,t, i ∈ I, t ≥ 2, s ∈ S,

Bs
i,1 = B̃i, i ∈ I, s ∈ S,

Bs
i,t = Bs

i,t−1 −
(

vs
2,tx

s
i,t + zs

i,t

)
, i ∈ I, t ≥ 2, s ∈ S,

bs
i,t ≥ (xs

i,t + ys
i,t)vs

1,t, i ∈ I, t ≥ 2, s ∈ S,

bs
i,t ≥ us

i,t + zs
i,t, i ∈ I, t ≥ 2, s ∈ S,

zs
i,t ≤ Mys

i,t, i ∈ I, t ≥ 2, s ∈ S,

zs
i,t ≤ rs

t−1, i ∈ I, t ≥ 2, s ∈ S,

zs
i,t ≥ rs

t−1 − (1 − ys
i,t)M, i ∈ I, t ≥ 2, s ∈ S,

us
i,t ≤ Mxs

i,t, i ∈ I, t ≥ 2, s ∈ S,

us
i,t ≤ rs

t−1, i ∈ I, t ≥ 2, s ∈ S,

us
i,t ≥ rs

t−1 − (1 − xs
i,t)M, i ∈ I, t ≥ 2, s ∈ S,

xs
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, s ∈ S,

ys
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, s ∈ S,

rs
t ≥ 0, t ≤ T − 1, s ∈ S,

us
i,t ≥ 0, i ∈ I, t ≥ 2, s ∈ S,

zs
i,t ≥ 0, i ∈ I, t ≥ 2, s ∈ S,

Bs
i,t ≥ 0, i ∈ I, t ≥ 2, s ∈ S.

Table 4.4 shows the WS solution and the number of iterations taken to compute it.

Optimal value (WS) Simplex iterations
$12.1375 422

Table 4.4: WS solution and number of simplex iterations (numerical example).
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It can be seen that the WS solution outperforms the SP solution, as expected (see
Proposition 2.2.1). Moreover, solving this model requires solving 8 MILPs that are
much simpler than the stochastic problem, explaining why less iterations are required
to compute WS than to compute SP .

EEV4 solution

As detailed in Subsection 2.2.2, computing EEV4 demands solving the expected value
(EV ) problem. The EV problem for the second-price auction is shown as follows.

Model 4.1.2 Expected value problem for second-price auction

max
x,y,u,z,r,B

∑
t≥2

[ ∑
i∈I

v̄2,txi,t +
∑
i∈I

zi,t

]
s.t.

∑
i∈I

xi,t + yi,t ≤ 1, t ≥ 2,

ui,t ≤ xi,tv̄2,t, i ∈ I, t ≥ 2,

yi,tv̄2,t ≤ zi,t, i ∈ I, t ≥ 2,

Bi,1 = B̃i, i ∈ I,

Bi,t = Bi,t−1 −
(

v̄2,txi,t + zi,t

)
, i ∈ I, t ≥ 2,

b̄i,t ≥ (xi,t + yi,tv̄1,t, i ∈ I, t ≥ 2,

b̄i,t ≥ ui,t + zi,t, i ∈ I, t ≥ 2,

zi,t ≤ Myi,t, i ∈ I, t ≥ 2,

zi,t ≤ rt−1, i ∈ I, t ≥ 2,

zi,t ≥ rt−1 − (1 − yi,t)M, i ∈ I, t ≥ 2,

ui,t ≤ Mxi,t, i ∈ I, t ≥ 2,

ui,t ≤ rt−1, i ∈ I, t ≥ 2,

ui,t ≥ rt−1 − (1 − xi,t)M, i ∈ I, t ≥ 2,

xi,t ∈ {0, 1}, i ∈ I, t ≥ 2,

yi,t ∈ {0, 1}, i ∈ I, t ≥ 2,

rt ≥ 0, t ≤ T − 1,

ui,t ≥ 0, i ∈ I, t ≥ 2,

zi,t ≥ 0, i ∈ I, t ≥ 2,

Bi,t ≥ 0, i ∈ I, t ≥ 2.
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In Model 4.1.2, b̄t = Eω[t] [b
ω[t]
t ], v̄1,t = Eω[t] [v

ω[t]
1,t ], and v̄2,t = Eω[t] [v

ω[t]
2,t ] for all t ≥ 2.

Denoting r∗
t as the optimal value of rt for the expected value problem, EEV4 can be

found by solving the following model.

Model 4.1.3 Model for computing EEV4 (second-price auction)

max
x,y,u,z,r,B

∑
t≥2

∑
ω[t]∈Ω[t]

P(ω[t])
[ ∑

i∈I

v
ω[t]
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i,t +

∑
i∈I

z
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i,t

]
s.t.
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i∈I

x
ω[t]
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B
ω[1]
i,1 = B̃i, i ∈ I, ω[1] ∈ Ω[1],

B
ω[t]
i,t = B

a(ω[t])
i,t−1 −

(
v

ω[t]
2,t x

ω[t]
i,t + z

ω[t]
i,t

)
, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

b
ω[t]
i,t ≥ (xω[t]

i,t + y
ω[t]
i,t )vω[t]

1,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

b
ω[t]
i,t ≥ u

ω[t]
i,t + z

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≤ My

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≤ r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≥ r

a(ω[t])
t−1 − (1 − y

ω[t]
i,t )M, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,t ≤ Mx

ω[t]
i,t , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,t ≤ r

a(ω[t])
t−1 , i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

u
ω[t]
i,t ≥ r

a(ω[t])
t−1 − (1 − x

ω[t]
i,t )M, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

x
ω[t]
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

y
ω[t]
i,t ∈ {0, 1}, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

r
ω[t]
t = r∗

t , t ≤ T − 1, ω[t] ∈ Ω[t],

u
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

z
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t],

B
ω[t]
i,t ≥ 0, i ∈ I, t ≥ 2, ω[t] ∈ Ω[t].

In Model 4.1.3, the constraint r
ω[t]
t = r∗

t ensures that the reserve prices of the EV
solution are fixed for t = 1, 2, 3 when solving the model. First, the EV solution and the
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number of simplex iterations required to compute it are shown in Table 4.5.

Optimal value (EV ) Simplex iterations
$11.80 19

Table 4.5: EV solution and number of simplex iterations (numerical example).

The small number of iterations demanded to find the EV solution can be easily explained:
while 8 MILPs were solved to find WS, only one MILP needs to be solved to find EV .
Although its optimal value is greater than the optimal value of the stochastic model, it
solves a different objective. Therefore, to truly measure its performance, it is necessary
to compute the EEV solution (in this case, the EEV4 solution), which is shown in
Table 4.6, as well as the number of iterations required to find it.

Optimal value (EEV4) Simplex iterations
$11.2625 125

Table 4.6: EEV4 solution and number of simplex iterations (numerical example).

The number of iterations to obtain the EEV4 solution is also smaller when compared to
the WS solution. In order to compute EEV4, it is necessary to solve, for every s ∈ S,
a linear program over x, y, u, z, and B, while to compute WS it is necessary to solve
|S| linear programs over these variables and also r. As expected (see Proposition 2.2.2),
the EEV4 solution is smaller than SP .

The optimal values and the number of iterations to compute each solution are shown in
Figures 4.2 and 4.3, respectively.

Figure 4.2: Optimal value of each
solution (numerical example). As
stated in Propositions 2.2.1 and 2.2.2,
EEV4 ≤ SP ≤ WS.

Figure 4.3: Number of simplex
iterations for each solution (numerical
example). Computing SP is
significantly more computationally
demanding than EEV4 and WS.
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EV PI and V SS4

Once SP , WS, and EEV4 are computed, it is possible to obtain EV PI and V SS4.
Reminding that Model 3.2.2 is a maximization problem, the expected value of perfect
information is given by

EV PI = WS − SP = 0.4875,

meaning that the average revenue could be increased in $0.4875 (or approximately 4%)
if the information about the advertisers’ bids were certain. The value of the stochastic
solution at t = 4 is given by

V SS4 = SP − EEV4 = 0.3875,

which means that the stochastic solution leads to an increase of $0.3875 in the average
revenue when compared to the expected value solution. These values are summarized
in Figure 4.4.

Figure 4.4: Performance of the numerical example.

4.1.3 Comparisons
Once the performance of the model is evaluated for the given example, it will now be
compared with the four approaches detailed in Section 3.3. First, when considering the
case where no reserve price is set, the expected revenue at t = 2 is $2.25, at t = 3 is
$3.25, and at t = 4 is $4.65, leading to an expected total revenue of $10.15.

The second approach considered is setting the reserve price as the previous winning bid.
The reserve prices chosen in this approach are shown in Table 4.7.
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t = 1 t = 2 t = 3
Node Reserve price Node Reserve price Node Reserve price

1.1 $0.00
2.1 $2.50 3.1 $3.50

3.2 $4.00

2.2 $3.00 3.3 $3.50
3.4 $4.00

Table 4.7: Reserve prices for the second approach (numerical example).

In the second approach, the expected revenue at t = 2 is $2.25, at t = 3 is $3.25, and at
t = 4 is $4.775, with an expected total revenue of $10.275.

Moving to the third approach, in which the reserve price is set as the smallest possible
highest bid, the reserve prices of the example are presented in Table 4.8.

t = 1 t = 2 t = 3
Reserve price Reserve price Reserve price

$2.50 $3.50 $5.80

Table 4.8: Reserve prices for the third approach (numerical example).

The third approach leads to an expected revenue at t = 2 of $2.50, at t = 3 of $3.50,
and at t = 4 of $4.35, with an expected total revenue of $10.35.

Finally, the fourth approach (optimizing the reserve prices while ignoring the budget
constraints) leads to the solution shown in Table 4.9.

t = 1 t = 2 t = 3
Node Reserve price Node Reserve price Node Reserve price

1.1 $2.50
2.1 $3.50 3.1 $5.80

3.2 $5.80

2.2 $3.50 3.3 $5.80
3.4 $5.80

Table 4.9: Reserve prices for the fourth approach (numerical example).

It is possible to see that, in this case, the solution is the same as the one seen for the
third approach. Therefore, it leads to the same expected revenues at all time steps and
an expected total revenue of $10.35.

After computing the results of the four approaches used as benchmarks, it is possible to
see that the solution of Model 2.2.2 leads to the highest revenue ($11.65). So, besides
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always leading to greater or equal revenues when compared to these approaches (see
Propositions 3.3.1 to 3.3.4), a case where the model actually leads to a better revenue
is shown. The results of the model and of the benchmarks are shown in Figure 4.5.
Detailed plots for each scenario are shown in Appendix B.

Figure 4.5: Average revenue for each approach (numerical example). Model 2.2.2 led to
the highest average revenue over the three auctions ($11.65).

4.2 Simulations
After presenting the numerical example in details, some simulations were done for
different numbers of auctions and sets of randomly-generated parameters (distributions
of the bids and budgets). The way these parameters were generated can be seen in
Appendix C. In this section, the goal is to analyze the average performance of the model,
to observe how the number of simplex iterations varies with the number of scenarios,
and to compare the model with other approaches to choose the reserve price.

As in the numerical example, the implementation of the models was done using the
programming language Julia and they were solved using the Gurobi solver. The
computer used for the simulations has an Intel(R) Core(TM) i7-6500U CPU with four
threads at 2.50GHz and 8GB of RAM. As explained in Subsection 2.2.1, solving the
stochastic program is usually more computationally demanding than computing the
other solutions (which is the reason why they are considered as benchmarks). The
stochastic program could be solved in a few seconds when there were up to 8 scenarios.
When 16 scenarios were considered, the computation always exceeded the maximum
time of 5 minutes chosen for the problem, usually reaching more than a million simplex
iterations. This way, 45 simulations were done, all of them with two advertisers per
auction: 15 for the case with 2 scenarios (and one auction), 15 with 4 scenarios (and
two auctions), and 15 with 8 scenarios (and three auctions). For these numbers of
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scenarios, the average number of simplex iterations required to compute the solution of
Model 2.2.2 is shown in Figure 4.6.

Figure 4.6: Average number of simplex iterations (simulations). One can see an
exponential increase with the number of scenarios.

One can observe an exponential increase of the number of simplex iterations with the
number of scenarios, explaining why it was not possible to solve it for 16 scenarios
within 5 minutes. This is due to the fact that the size of optimization problems derived
from multi-stage stochastic programs grows exponentially as the number of scenarios
increases (with more stages or more uncertainties within a stage).

4.2.1 Performance
The average solutions for 2, 4 and 8 scenarios are shown in Figure 4.7.

Figure 4.7: Average solutions (simulations). For all the numbers of scenarios, the
inequality EEV H ≤ SP ≤ WS is satisfied.
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As stated in Propositions 2.2.1 and 2.2.2, for all the numbers of scenarios, EEVH ≤
SP ≤ WS, where H denotes the final stage. Therefore, their averages also follow the
inequalities.

The absolute difference between the averages of SP and EEVH , respectively denoted
by SP and EEV H , was the greatest when the number of scenarios was 4. This
difference represents the average value of stochastic solution at stage H, V SSH . For
the simulations with 2 scenarios (one auction and two stages), V SS2 = $0.32; for 4
scenarios (two auctions and three stages), V SS3 = $0.92; and for 8 scenarios (three
auctions and four stages), V SS4 = $0.18. The greatest relative difference between SP
and EEV H was also obtained with 4 scenarios: the stochastic solution led to an average
increase of approximately 20% in revenues when compared to EEV 3.

When comparing WS (the average of WS among the 15 simulations) and SP , the
greater absolute difference between these solutions (representing the average expected
value of perfect information, EV PI) occurred with 8 scenarios. For the simulations
with 2 scenarios, EV PI = $0.13; for 4 scenarios, EV PI = $0.44; and for 8 scenarios,
EV PI = $0.49. The greatest relative difference between WS and SP , however, occurred
with 4 scenarios: having perfect information about the future would lead to an average
increase of approximately 8% in the publisher’s revenue.

For each number of scenarios, V SSH and EV PI are shown in Figure 4.8.

Figure 4.8: Average performance (simulations). EV PI is the greatest with 4 scenarios,
while V SSH is the greatest with 8 scenarios.

4.2.2 Comparisons
For each number of scenarios, the average revenue when using the optimal solution
of Model 2.2.2 was compared to the average revenue when using the four approaches
presented in Section 3.3. This comparison is represented in Figure 4.9.
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Figure 4.9: Average revenue for each approach (simulations). For all the numbers of
scenarios, the highest revenue was obtained when solving Model 2.2.2.

For all the numbers of scenarios, it was possible to see that the revenues when using
approaches 1 and 2 were similar, and approaches 3 and 4 led to the same revenue. Using
the solution of Model 2.2.2 led to the greatest average revenue for all the numbers of
scenarios. For 2 scenarios, it led to an average revenue of $2.09, which is $0.22 (or
11.7%) greater than the second-highest revenue, obtained using approaches 1 and 2.
For 4 scenarios, an average revenue of $5.51 was obtained when solving the model,
representing an increase of $0.57 (or 11.5%) from the second-highest revenue, using
approach 1. Finally, for 8 scenarios, the average revenue when solving the model was
$11.72, which is $0.76 (or 6.9%) greater than the second-highest revenue, obtained
using approaches 3 and 4. From that, it is possible to see that taking the advertisers’
budgets into account when choosing the reserve prices in second-price auctions may
indeed lead to higher revenues for the publisher.
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5 | Conclusion

This chapter concludes the work done in this thesis.

First, it summarizes what was done in the previous chapters, briefly
explaining their contents and highlighting what was added to the literature.

After that, some ideas for future works on the framework of this thesis are
presented, both to improve the models themselves and to add value going in
other directions.

5.1 Summary
This thesis presented a study of the optimization of the reserve price in sponsored search
auctions. Differently from what has been shown so far in the literature, a multi-stage
stochastic mixed-integer linear program was proposed, allowing taking the advertisers’
budgets into account when choosing the reserve price. The context and the state of the
art on the topic are presented in Chapter 1, as well as the main contributions of this
work.

In Chapter 2, the mathematical background necessary to understand the development of
this work was presented. First, concepts related to Game Theory were explained. Basic
game-theoretic concepts relevant for the comprehension of auctions were presented,
followed by the usual approach of modelling auctions as repeated Bayesian games,
focusing on two types of auctions: second-price and GSP auctions. The introduction of
reserve prices in the mechanism of these auctions was also detailed. After that, as the
model presented in this thesis is an MS-SMILP, concepts of Stochastic Programming
were also explained. Starting with the simpler case of two-stage programs and then
moving to multi-stage cases, their meanings and formulations were detailed and it was
shown how their performances can be evaluated.
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Chapter 3 was devoted to proposing and detailing the MS-SMILPs to optimize the
reserve price in second-price and GSP auctions. First, the main assumptions were
explained and the rules of the auctions considered in this thesis were formalized. Then,
the formulation of the model was presented for second-price auctions, and its extensions
to rank-by-bid and rank-by-revenue GSP auctions were also shown. In this part, all the
variables, parameters, constraints, and objective functions were explained in details, as
well as the manipulations done to obtain the models as mixed-integer linear programs.
Chapter 3 ended by proposing and proving that the solution of the proposed model for
second-price auctions always leads to revenues for the publisher that are greater or equal
to the revenues when using four other approaches to choose the reserve price.

Finally, a numerical example and results of simulations were presented in Chapter 4.
First, the example was shown in details, allowing the reader to understand all the
computations and analyses. Its characteristics were presented and schematized in a
scenario tree. Then, its performance was evaluated and the way that each metric was
computed was explained. The results of the example were then compared to the results
of the four approaches previously considered. This way, not only it was proven that the
revenues using the proposed model are always greater or equal to the revenues using
these four approaches, but also a case where it leads to a strictly greater revenue was
shown. After that, the performance of some simulations was also analyzed, and it was
possible to see gains when using the proposed the model in comparison to the other
four approaches. Moreover, the exponential increase of the number of iterations with
the number of scenarios was highlighted and explained.

It is possible to conclude, then, that the main objective of this thesis was attained.
The formulation of second-price and GSP auctions with reserve price as multi-stage
stochastic mixed-integer linear programs allowed including the advertisers’ budgets as
constraints in the model while maintaining the main characteristics and rules of these
auctions. Under the proposed hypotheses, the solution of the model for second-price
auctions was proven to always lead to revenues for the publisher that are greater or
equal to the revenues when using other approaches, including optimizing the reserve
price without considering the budget constraints. Moreover, by showing a numerical
example and analyzing results of simulations, it was possible to see an increase in the
publisher’s revenues when using the solution of the proposed MS-SMILP.

5.2 Future directions
While this thesis has some noticeable contributions to the current literature on sponsored
search auctions, there are many improvements that can be done to enhance its results.
Some of these improvements are listed here.

The first improvement is related to the assumptions made to build the model. In this
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thesis, it is considered that if an advertiser has the highest bid and her bid is greater
than her budget left, the auction has no winner. To make the model closer to reality,
one could assume that, in this case, this advertiser would not participate in the auction
or that she would bid her budget left. This however requires further work to include
these instances in a multi-stage stochastic program.

Moreover, while this thesis presented simulations of second-price auctions with up to
eight scenarios, given the exponential increase of the number of iterations with the
number of scenarios and the limitations of the machine used for these simulations, it
was not possible to go further than that. One could work on simulating a model to
optimize the reserve price considering the budget constraints for larger scales. This
would allow considering more time steps, more advertisers, more uncertainties, and
GSP auctions (with more than one item).

Even if the budget constraint is one of the most common practical constraints in
sponsored search auctions, there are other instances that could be considered. One
example concerns adaptive pacing strategies, in which advertisers adjust the pace at
which they spend their budget according to their expenditures. One could work on
adding these other practical constraints in a model to optimize the reserve price.

Finally, it is important to highlight that this thesis proposes a model to optimize
the reserve price once the publisher has access to discrete bid distributions for each
advertiser. Further studies on how to estimate these distributions would provide a great
complement to the proposed model.
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Appendices
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A | Nomenclature of the
optimization model

A.1 Second-price auction

Parameters

• B̃i: total budget of advertiser i;

• b
ω[t]
i,t : bid of advertiser i at time t for realization ω[t];

• v
ω[t]
1,t : highest bid at time t for realization ω[t];

• v
ω[t]
2,t : second-highest bid at time t for realization ω[t];

• M : highest possible bid among all scenarios.

Variables

• x
ω[t]
i,t : binary variable which is equal to 1 if advertiser i wins auction t for realization

ω[t] and pays the second-highest bid, and is equal to 0 otherwise;

• y
ω[t]
i,t : binary variable which is equal to 1 if advertiser i wins auction t for realization

ω[t] and pays the reserve price, and is equal to 0 otherwise;

• r
ω[t]
t : reserve price at time t for realization ω[t];

• B
ω[t]
i,t : budget left for advertiser i at the end of period t for realization ω[t];

• u
ω[t]
i,t and z

ω[t]
i,t : additional variables to remove nonlinearities.
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A.2 GSP auction

Parameters

• B̃i: total budget of advertiser i;

• b
ω[t]
i,t : bid of advertiser i at time t for realization ω[t];

• v
ω[t]
k,t : k-th highest bid at time t for realization ω[t];

• M : highest possible bid among all scenarios;

• f
ω[t]
k,t (only for rank-by-revenue GSP auctions): k − th highest allocation parameter

fi = qibi at time t for realization ω[t], where qi is the advertiser-specific term of
the click-through rate and bi is the bid of advertiser i;

• q
ω[t]
k,t (only for rank-by-revenue GSP auctions): k − th highest advertiser-specific

term of the click-through rate at time t for realization ω[t].

Variables

• x
ω[t]
i,k,t: binary variable which is equal to 1 if advertiser i wins item k in auction t

for realization ω[t] and pays the following highest bid, and is equal to 0 otherwise;

• y
ω[t]
i,k,t: binary variable which is equal to 1 if advertiser i wins item k in auction t

for realization ω[t] and pays the reserve price, and is equal to 0 otherwise;

• r
ω[t]
t : reserve price at time t for realization ω[t];

• B
ω[t]
i,t : budget left for advertiser i at the end of period t for realization ω[t];

• u
ω[t]
i,k,t and z

ω[t]
i,k,t: additional variables to remove nonlinearities.

78



B | Results of the numerical
example for each scenario

Figure B.1: Revenue for each approach
(scenario 4.1).

Figure B.2: Revenue for each approach
(scenario 4.2).

Figure B.3: Revenue for each approach
(scenario 4.3).

Figure B.4: Revenue for each approach
(scenario 4.4).
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Figure B.5: Revenue for each approach
(scenario 4.5).

Figure B.6: Revenue for each approach
(scenario 4.6).

Figure B.7: Revenue for each approach
(scenario 4.7).

Figure B.8: Revenue for each approach
(scenario 4.8).
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C | Generation of parameters for
simulations

Noting gl,h randomly-generated integers between −5 and 5, for l = 1, ..., 24 and
simulations h = 1, ..., 15 for each number of scenarios, the parameters were generated
as shown in Tables C.1, C.2, and C.3.

Budget t = 2
Bids Prob

Advertiser A $11.70
+ 0.1g1,h

$2.50
+ 0.1g2,h

100%

Advertiser B $11.00
+ 0.1g3,h

$2.00
+ 0.1g4,h

50%

$3.00
+ 0.1g5,h

50%

Table C.1: Parameters generation (2 scenarios).

Budget t = 2 t = 3
Bids Prob Bids Prob

Advertiser A $11.70
+ 0.1g6,h

$2.50
+ 0.1g7,h

100%
$3.00

+ 0.1g8,h
50%

$4.00
+ 0.1g9,h

50%

Advertiser B $11.00
+ 0.1g10,h

$2.00
+ 0.1g11,h

50% $3.50
+ 0.1g12,h

100%
$3.00

+ 0.1g13,h
50%

Table C.2: Parameters generation (4 scenarios).
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Budget t = 2 t = 3 t = 4
Bids Prob Bids Prob Bids Prob

Advertiser A $11.70
+ 0.1g14,h

$2.50
+ 0.1g15,h

100%
$3.00

+ 0.1g16,h
50% $3.50

+ 0.1g17,h
50%

$4.00
+ 0.1g18,h

50% $6.00
+ 0.1g19,h

50%

Advertiser B $11.00
+ 0.1g20,h

$2.00
+ 0.1g21,h

50% $3.50
+ 0.1g22,h

100% $5.80
+ 0.1g23,h

100%
$3.00

+ 0.1g24,h
50%

Table C.3: Parameters generation (8 scenarios).
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