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Abstract

Brain-Computer Interfaces (BCls) allow humans to communicate with a device solely
via brain activity. Most BCIs rely on the classification of electroencephalography (EEG)
signals to translate brain activity into commands. Existing state-of-the-art classification
methods, based on Riemannian geometry, show their limits when the covariance matrices
used to represent the signals become ill-conditioned. In this work, we consider a new
Riemannian metric, the fixed-rank Wasserstein metric, which allows to take this low-rank
structure into account. We compare this new metric with two other metrics, the Euclidean
metric and the Affine-Invariant Riemannian metric, via two distance-based classification
methods, Minimum Distance to the Mean and k-Nearest Neighbors. We also evaluate
the impact of shrunk covariance estimators which are common estimators for alleviating
the effect of ill-conditioning. Our results show that the Wasserstein metric achieves
similar classification performance to the affine-invariant metric and uses less computation
time and memory resources if the rank is wisely chosen. We also show that the new
metric is practically independent of the matrix shrinkage and hence does not suffer from
ill-conditioning. The Wasserstein metric is therefore of great interest for high-dimensional
EEG signals and could outperform state-of-the-art Riemannian approaches in BCI.
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Chapter 1

Introduction

1.1 Motivation and context

Who has never dreamed of being able to communicate with others only by thought or of
being able to control his television without lifting a finger? Although these ideas may
seem crazy and unattainable, this might not be the case anymore in a few years... At
least that’s what we hope!

For a long time, the idea of using the brain to communicate or perform control actions
has been of great interest to scientists. This has given rise to the field of Brain-Computer
Interfaces (BCIs) [WW12|. As the name indicates, BCIs are systems that allow their users
to transmit information to a device only using the brain signals they generate. The device
will then allow the users to interact with their internal and/or external environment.
These brain signals can be recorded in several different ways. The most used method is
electroencephalography (EEG), which measures the electrical activity of the brain using
electrodes placed on the scalp [LBC15].

Initially, BCIs were developed to help people with severe disabilities. It is still mainly
in this spirit that BCIs are developed now. Through their different applications, BCIs
allow to replace, restore and improve a lost or deficient function.

Replace With the help of BCIs, users who have lost abilities such as speech or the use
of limbs can replace them. Spellers, for example, allow users to write sentences without
using muscle control to communicate with their surroundings; controlled wheelchairs help
their users with mobility issues to get around.

Restore It is also possible to restore lost abilities by stimulating the paralyzed muscle
or nerve and thus generate the desired movement or action. These paralyses can occur
following an accident where the spinal cord has been affected or following a disease such
as multiple sclerosis which can leave disorders. For example, BCI may enable urination
control in the case of bladder function problems.

Improve Following a stroke, certain movements, particularly those of the arms and
hands, may be impaired. BCIs can be used to rehabilitate the user’s brain to remodel
their connections according to the environment and the experiences they are having in
order to regain (partial) motor control. This ability of the brain is called "brain plasticity".
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More and more applications are also aimed at healthy users in order to improve or
contribute to certain tasks, whether they are of a useful or recreational nature. In these
cases we will say that the BCIs enhance and/or supplement well functioning functions.

Enhance In many scenarios, a person’s attention is crucial. Some applications propose
to monitor this attention in order to prevent inattention errors: suggest a break to the
user whose vigilance decreases during work requiring great attention (i.e. security check);
avoid a car accident by detecting the user’s braking signals and applying the car’s brakes
faster than the user.

Supplement BCIs can also be used in a playful way in video games and virtual realities,
as an original means of control. One example is the power 4 game where the user selects
the column in which he wants to put his token. Or the video game in which the BCI is
used in a complementary way with a traditional control system in order to pick up objects
by staring at them when they pass by.

Thanks to their numerous applications and their multidisciplinary nature, BCls
constitute a field that is of great interest to many researchers from different backgrounds.
Moreover, over the last thirty years, the field has experienced impressive growth due to
numerous advances: technological such as the development of more powerful and less
expensive computers, scientific with a deeper understanding of the human body and
societal with a better understanding of the needs of people with disabilities and the
recognition of the benefits that BCIs bring to their daily lives [NNL18|.

When creating a BCI system, the first issue is to process the brain signals. For this,
different mathematical concepts are used, the most central of which is the notion of
covariance matrix which allows us to differentiate and therefore also compare the signals
between them.

In a second step, we have to recognize what the user wants to do with the help of
classification methods. Recently, new methods based on Riemannian geometry have
emerged. The fact that they take into account the intrinsic nature of covariance matrices
allows to reach better classification performance. These methods are therefore very
promising and could soon be considered as the new state of the art in BCI [YBL17].

In the meantime, a new generation of EEG, called High-density electroencephalography
(HD-EEG) has been developed to overcome the major drawback of traditional EEG: the
lack of spatial resolution. For this purpose, these HD-EEGs can have up to 256 electrodes,
much more than traditional EEGs [Pis+14].

Since the covariance matrices represent the signals, if the signals are recorded with
a larger number of electrodes, the size of the covariance matrices grows proportionally.
When these covariance matrices become larger, a low-rank structure naturally appears.
However, the majority of the existing Riemannian methods rely on the fact that the
matrices are of full-rank, which is not the case anymore with a large number of electrodes.
For this reason, these Riemannian approaches no longer seem to be the right choice in
this case.



1.2 Aim of the work

A classical way to represent EEG signals in order to classify them is to use their covariance
matrices. By nature, covariance matrices are Symmetric Positive Definite (SPD) matrices.
The set of these SPD matrices defines a particular space: the SPD manifold. On this
space, an appropriate metric has been defined to take into account the intrinsic geometry
of the space. This metric, called Riemannian metric, allows us to define appropriate
distances on this space.

When these matrices become large, a low-rank structure appears. These new matrices,
called rank deficient, are no longer SPD and therefore no longer belong to the SPD
manifold.

The aim of this work is to explore a metric which seems appropriate to take the low-
rank nature of covariance matrices into account: the Wasserstein metric in its low-rank
form.

For this purpose, we will compare the state of the art in EEG signal classification
with this new metric, based on performance measurements. The state of the art includes
approaches based on Riemannian geometry, which take the structure of the space into
account by using adapted Riemannian metrics and corresponding distances.

1.3 Structure of the work

The thesis is structured as follows:

o In chapter 2, we introduce all the mathematical notions necessary for the under-
standing of this thesis. First, we will formally define what a manifold is. Then, we
will define the metrics and means that we will use.

 In chapter 3, we will focus on Brain-Computer Interfaces (BCIs). We will briefly
introduce some basic notions in neuroscience. Then, we will talk about the two
families of approaches for EEG-based BCls, the "classical" approaches and the
Riemannian approaches.

o In chapter 4, we will explain first the basic principles of the two classifiers we will use,
then the different existing performance measures and finally the model validation
techniques used to compare the classifiers.

o In chapter 5, we present the dataset that we experimented on as well as the different
classification pipelines. We lay out the conducted experiments, and finally outline
our results and discuss them.

o In chapter 6, we will conclude the thesis by proposing various improvement sugges-
tions and also ideas for future research paths.



Chapter 2

Theory of Manifolds

Our goal is to classify EEG signals. To do that, we will use distance-based classification
methods. However, we must be very careful when using this notion of distance.

Let us consider the following analogy: we are flying and
we want to know the distance between Brussels and New
York. We can first calculate the shortest distance in space.
But this distance, represented by the red line, crosses the — New York
earth, which is impossible. To have a more realistic distance
we must consider the space in which the two cities are located: Brussels
the surface of the earth. Since the earth is a sphere, we have
to take into account its curvature to measure the distance
between the two cities accurately. This can be done by using
the green curve instead of the red line. To measure a distance,
it is essential to first define the space in which it is located.

Let us go back to EEG-based BClIs. Since we are using covariance matrices to represent
EEG signals, we first need to define the space in which these covariance matrices lie in
order to be able to define the notion of distance in this space. By essence, covariance
matrices are Symmetric and Positive Definite (SPD). They therefore live in the space of
n x n SPD matrices, denoted S;'"; this is a special space called manifold.

The goal of this chapter is to introduce the mathematical concepts necessary for the
understanding of the thesis. First, we define the concept of manifold formally. Then,
we explore the manifold of symmetric and positive definite (SPD) matrices where the
covariance matrices live. We define the different Riemannian metrics that we exploit on
this manifold, as well as the methods used to compute means of SPD matrices according
to these metrics. Finally, we define the low-rank approximations of SPD matrices which
live in a special manifold; on this manifold we define the new Riemannian metric which is
the basis of this work.



2.1 Introduction to manifolds

First of all, after a brief introduction to topology notions, we define what is a (n-
dimensional) topological manifold which is the basis of our reflection. Intuitively, a
manifold is a topological space that locally looks like a Euclidean space. Moreover, in
order to be able to define tools to measure distances, this topological manifold needs to be
smooth, i.e., possess a differentiable structure. Then, we can introduce the metric tensor
that allows us to compute distances. This metric tensor and the smooth manifold form a
new manifold called the Riemannian manifold.

A more comprehensive introduction to Riemannian manifolds can be found in [AMS09;
Leel§].

2.1.1 Notions of topology

We begin by defining the very general mathematical concept of topological space.

Definition 1 (Topological space). A topological space is a set of "points" X along with a
set of subsets (or neighborhoods) N (z) for each point x € X. The neighborhoods must
verify a set of axioms; we do not detail these to keep an intuitive overview.

A concrete example of topological space is the real line R, where the neighborhoods of
point x are all the open intervals containing x. This simple definition is already sufficient
to define the notion of closeness: a point x € X is close to a set S C X, either if x belongs
to S, or every neighborhood of z intersects with S (in the latter case, we say that x is a
limit point of S).

Before moving on to manifolds, we need to define two technical concepts that will
prevent pathological cases to be defined as manifolds.

Definition 2 (Hausdorff space). A topological space is a Hausdorff space, or a separated
space, if any two distinct points 2 and y admit neighborhoods N € N (z) and M € N (y)
which are disjoint.

Hausdorffness of topological spaces is quite natural; we do not present non-examples
as it would require higher levels of abstraction. The second concept first requires to define
open setsE]: a subset U C X is said to be open if U is a neighborhood of every point in U.

Definition 3 (Basis of a topological space). A basis of a topological space X is a family
of open sets of X such that every open set of X can be written as the union of elements
of the base.

2.1.2 Topological manifolds

Previously, we said that a manifold is a space that locally "looks like" a Euclidean space.
Let us define what "looking like" formally means; first, we define homeomorphisms, which
are functions that express a kind of equivalence between two topological spaces:

IThere is an equivalence between open subsets and neighborhoods of topological spaces. The standard
definition of topological space actually involves open sets instead of neighborhoods, but we gave the
neighborhood definition as it is more intuitive.
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Figure 2.1: A mug is homeomorphic to a torus, since there exists a continuous mapping from
one to another.

Figure 2.2: Illustration of a chart f mapping a neighborhood U of P onto a Euclidean subset V.

From .

Definition 4 (Homeomorphism). A homeomorphism is a continuous function that maps
one topological space to another and has a continuous inverse function.

If two topological spaces admit a homeomorphism mapping one to another, they are
homeomorphic. Homeomorphism is the formal expression of "looking like". See
for an illustration of homeomorphic spaces.

We finally have all the tools to define topological manifolds:

Definition 5 (Topological manifold). An n-dimensional topological manifold M a Haus-
dorff space with a countable basis and which is locally homeomorphic to R™: for every
point  on M there is a neighborhood U of x and a homeomorphism f : U — V which
maps U to a subset V' C R".

The homeomorphisms f : U — V mapping neighborhoods to Euclidean subsets are
called charts (see , and a collection of charts {f, : Uy, — V,} is called an atlas if
the charts cover the manifold completely: U,U, = M. Informally, an atlas is a mapping
from the manifold to a "piecewise Euclidean" space. A maximal atlas is one that cannot
admit additional charts.

A natural question that may arise is the following: when two neighborhoods U,, Ug
overlap, what happens in the Euclidean space? This is illustrated in and leads us
to the definition of coordinate transformation.

Definition 6 (Coordinate transformation). If f, and fz are two charts, then on the
intersection of their domains U, N Up there exists another homeomorphism fup : fo(Us N
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Figure 2.3: Illustration of overlapping charts fu, fz and their coordinate transformation fuz.
From [Dav16.

Us) = f3(Uy, N Ug) where fo5 = fzo f;'. This mapping gives a relation between the
coordinates in the two charts and is called a coordinate transformation or just a change
of coordinates.

These coordinate transformations are important because they allow us to define new
classes of differentiable manifolds. By differentiable we mean that the derivatives of k-
orders exist (class C*) and are continuous on R™. From transformations that are infinitely
differentiable (class C') we can define smooth manifolds.

2.1.3 Smooth manifold

Definition 7 (C*° altas). An atlas defined on a manifold is said to be C'* if all of its
coordinate transformations are infinitely differentiable mappings.

Definition 8 (C'*° structure). A maximal C* atlas on a topological manifold is a C*
structure.

Definition 9 (Smooth manifold). A smooth manifold is a topological manifold together
with a C'* structure.

Now that we have defined the smooth manifold, we can embed it with a metric in
order to compute distances on it, and obtain a Riemannian manifold. We will proceed
in several steps. First of all we will define intuitively the concepts of tangent vector and
tangent space, which are necessary for the definition of a metric. Then, we will present
different existing metrics and their associated distances.

2.1.4 Riemannian manifold

The notion of tangent vector at a point x on a manifold M can be defined using the
notion of curve (see |[Fig. 2.4]). Let v : R — M be a parametric curve passing through x



Figure 2.4: Tangent vector v(t) and tangent space T, M representation on the manifold M at a

point © of the curve . Adapted from [Wik21).

at "time" ¢: y(t) = z. The velocity vector v(t) = d~y(t)/dt of the curve at point = is a
tangent vector. The tangent vectors corresponding to all curves passing through = make
up the tangent space at x, denoted T, M.

We have given an intuitive definition of the tangent vector. Now we want to define its
length. We can do this by defining an inner product on the tangent space, called a metric.
Formally, a metric is a bilinear, symmetric positive-definite form on the tangent space
T.M, denoted (-, -),. From this inner product we can measure the norm a tangent vector

v e T,M:
[oll, = v/{v,v)a. (2.1)

Definition 10 (Riemannian metric). A Riemannian metric is a smoothly varying inner
product. This inner product is defined on the tangent space T, M of a manifold M.

Definition 11 (Riemannian manifold). A Riemannian manifold defines a smooth manifold
endowed with a Riemannian metric. Formally, the couple (M, g), where M is a smooth
manifold and ¢ is a Riemannian metric on M, is a Riemannian manifold.

Let us reconsider and imagine that we want to calculate the length of curve
between two points a and b. We have nothing that allows us to calculate this distance on
this manifold. However, we do know how to measure lengths on the tangent space at a
point of this manifold. Knowing this, we can partition the curve between a and b into
very small sections which are almost line segments. We can therefore use the Riemannian
metric defined on the tangent space to compute their lengths. By adding them together,
we will obtain the total length of the curve between points a and b. Let t,,t, denote the
parameters of v corresponding to points a,b. We have

L) = [l @

¢
= / ' |lo(t)|| dt since v(t) = dy
ta

ot
123
= [T @vhedt by @)



Figure 2.5: Exponential and logarithmic maps, projecting the point y on the vector v tangent to
x, and vice-versa. Adapted from [Sab+19)].

Being able to measure curve lengths allows to define the distance function induced by
a Riemannian metric: the distance between points a and b is the length of the shortest
curve joining a and b:

d(a,b) = min L(7) (2.2)

y:a—b

Such a shortest curve is called a geodesic.

Exponential and logarithmic maps For many applications it is useful to be able
to "project" a tangent vector on the manifold, and conversely, to project a point of the
manifold on some tangent space. Such projections, depicted in [Fig. 2.5 are called the
exponential and logarithmic maps; respectively:

Exp, : T, M — M, Log, : M — T, M.

Given a tangent vector v € T, M, there is a unique geodesic 7, such that 7,(0) = x
and 7, (0) = v (7, starts at = in direction v). Then the exponential map is defined by
Exp,(v) = 7,(1). Conversely, given a point y € M, the logarithmic map is defined as the
tangent vector of the unique geodesic 7, starting at = and joining y: Log,(y) = 7, (0).

2.2 Manifold of symmetric positive definite matrices

Since we work with SPD matrices, we are interested in the space in which they live: the
SPD manifold. This manifold belongs to the family of Riemannian manifolds, that is to
say that it benefits from all the computational properties that we have developed above
with the difference that the elements that compose it are SPD matrices. Knowing that,
we will define this manifold as well as the metrics and distances associated with it.

Definition 12 (Symmetric positive definite (SPD) matrix). A real n X n matrix X is
symmetric positive definite if it is:

o symmetric: A = AT,

o positive definite: x" Ax > 0, for all nonzero vectors x.
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Definition 13 (SPD manifold). Symmetric positive definite matrices of size n X n form
a Riemannian manifold, denotes S;.

In what follows, we will regularly use the notation X'/2 which corresponds to the
square root of a positive definite matrix.

Definition 14 (Square root of a symmetric positive definite matrix). The square root of
a symmetric positive definite matrix X is the unique symmetric positive definite matrix
Y such that X = Y?; it is noted X/2. It is simply computed via the eigendecomposition
of X: if X = UAUT, with U orthogonal and A = diag()\;,...,\,), then the matrix
Y = UAY?2UT, with A2 = diag (\//\_1, . \//\_n) is the square root of X; indeed, Y is
positive definite and Y? = X.

We will also often note X2 which is the inverse of X2, We can also define the
matriz exponential and matriz logarithm:

Definition 15 (Matrix exponential and logarithm of SPD matrix). Let X € S;'* be a
SPD n x n matrix, and X = UAU" its eigendecomposition. The matrix exponential
expm and logarithm logm are given by

expm(X) = Udiag (e’\l, o ,e)‘")UT, logm(X) = Udiag (log A1, . ..,log\,)U".

The matrix exponential and logarithm possess properties similar to the exponential
and logarithm of real numbers. In particular, notice that expm(logm(X)) = X.

2.2.1 Metrics for the manifold of symmetric positive definite
matrices

The objective of this work being to classify covariance matrices, we need to measure
distances between these symmetric positive definite matrices. For this, we need to embed
the manifold with a metric (-, -)x inducing a distance (-, -). We describe here the Euclidean
metric as well as two Riemannian metrics well known in the literature: the affine-invariant
Riemannian metric [Moa0b| and the Bures- Wasserstein metric [BJL19]. In what follows,
X, S, S, are SDP matrices and A, B are symmetric matrices (belonging to the tangent
space of the manifold).

Euclidean metric The simplest metric treats matrices as if they live in the Euclidean
space of symmetric matrices. The Euclidean metric is then the Frobenius scalar product:

(A,B)x = tr (ATB).

Note that this metric does not depend on the anchor point X, which shows that it does
not take into account the structure of the manifold. The distance induced by this metric
is the Frobenius distance:

d(S1,82) = [[S1 — Sa[p- (2.3)

11



Affine-invariant Riemannian metric A particularly popular choice is the affine-
invariant Riemannian metric (AIRM), defined on the tangent space as

(S1,80)x = tr (X718, X'8,).

This metric induces the distance

5(S1,85) = |[logm (S7'8,)|| = ilogz A, (2.4)

where logm(-) is the matrix logarithm, and \;, 4,= 1,...,n are the eigenvalues of S;*S,.
Note that, due to the inversion, this metric is not well-suited if the matrices are ill-
conditioned, i.e., Apax/Amin is large.

This metric is called affine-invariant because is it invariant under an affine transfor-
mation of S;, Sy, i.e., for any invertible matrix W,

J(W'SIW, WTS, W) = 4(S1,S2).

Bures-Wasserstein metric This metric is particularly interesting because it has an
extension for positive semi-definite matrices of fixed rank. We do not detail the inner
product on the tangent space. The distance between two positive semi-definite matrices
is given by |[BJL19

5(S1,S,) = \/tr(Sl) +t2(Ss) — 2tr ((s}/zszs}/z)” 2). (2.5)

Note that this distance is also well-defined for positive semidefinite matrices, contrary to
the affine-invariant metric which requires the matrices to be positive definite.

2.2.2 Computing means on the manifold

th_zfoff

Figure 2.6: Illustration of the geometric mean C = G(S1,S2,S3,S4) on a Riemannian manifold.
Adapted from [Lot+18]

Distance-based classification methods often require to compute a representative (or
"center") for a set of SPD matrices Sy,...,Sy. A simple approach is to take the standard
arithmetic mean

1 N
=1
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For the same reason that it does not make sense to measure distances between SPD
matrices in the Euclidean space, the arithmetic mean is often not an appropriate center
for a set of SPD matrices. Instead, a better approach is to use the more general geometric
mean

G(Sy,...,Sy) =arg min 252 S:, X), (2.6)

XeSit i

depicted in , which allows to choose the most appropriate distance (-, -). Note that
the arithmetic mean A corresponds to the geometric mean G in the Euclidean metric .
If a manifold is embedded with a Riemannian metric, using the geometric mean in the
corresponding distance provides a better center matrix. Unfortunately, in general there is
no closed-form solution for the geometric mean for Riemannian metrics; instead, iterative
methods must be designed.

Karcher mean for the affine-invariant Riemannian metric The geometric mean
with the affine-invariant metric ([2.4))

N
arg Xrég% ; Hlogm (S;1X> H; (2.7)

is commonly called the Karcher mean. It has been proved by [Moa05| that it is the unique
SPD solution X of the Karcher equation

ilogm (SZIX) =0. (2.8)

Several iterative algorithms have been explored for computing the Karcher mean. In this
work, we use the approach of |BI13] which proposes an algorithm in the spirit of the
Richardson iteration for linear systems?

XEHD = X*) _ gx(* Z logm (8;'X™), (2.9)

where 6 > 0 is a suitable parameter. Note that the solution of the Karcher equation ({2.8)
is indeed a fixed point of the iteration.

2.3 Low-rank SPD matrices and their manifold

In the previous section, we have identified the space of (full-rank) SPD matrices as a
Riemannian manifold, and we have defined some metrics on this manifold. We now turn
our attention to fized-rank positive semidefinite matrices, we are the main interest of this
work. First we show how an SPD matrix can be approximated by a low-rank matrix,
and how these low-rank approximations can be represented comptactly. Then we present
the extension of the Bures-Wasserstein metric on the manifold of fixed-rank positive
semidefinite matrices, and explain how we compute means in the sense of this metric.

2The Richardson iteration seeks the solution of a linear system Ax = b with the iteration x*t1) =
x(F) 4 0(b — Ax(k)). It is actually a gradient descent for the least-squares cost function.
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2.3.1 Low-rank approximation of symmetric positive definite
matrices

Covariance matrices obtained from EEG signals generally have a low-rank structure. This
observation suggests to use a representation of these matrices which is adapted to their
structure: a low-rank approximation. We will see later that this representation, coupled
with an appropriate metric, offers advantages not only in terms of computation time and
memory usage, but also in classification accuracy. Let X € ST be a SPD matrix. Let
Ay > -+ > )\, be its eigenvalues, all real and strictly positive, and uq,...,u, € R" their
associated eigenvectors. This matrix admits the eigendecomposition

X=X\ (U1U1T> +- A (unuD (2.10)

The number of terms of this decomposition corresponds to the rank of the matrix: indeed,
if X has rank r then only the first r eigenvalues are non-zero. A matrix obtained from
real signals will never be exactly low-rank, but can be "almost low-rank" in the sense that
some eigenvalues are negligible compared to the others. We then say that the matrix is
ill-conditioned since its condition number, A\;/\,, is large.

In this case, it is useful to approximate the matrix X by a matrix X of low-rank r < n
fixed. A natural choice of approximation is to cancel its n — r smallest eigenvalues:

X~X = Al(uluf) +---+)\T(uru:>.

It turns out that this approximation is the best in the sense of the Frobenius norm;
formally, it is the solution of the optimization problem

—

X —X|| . suchas rank(X) <r.

min
DeRnxn

e

This result is known as the Eckart-Young theorem.

Compact representation By writing the low-rank approximation X in matrix form,
we can find a compact representation of it. In matrix form, the eigendecomposition ([2.10))
reads

X =UAU",
where U = ( n ‘ ‘ Uy, ) and A = diag(\y,...,\,). By setting A,y 1 =--- =X\, =0,
we find for the low-rank approximation
X =U,A U/,
where U, = ( Uy ‘ ‘ Uy ) and A = diag(Aq,...,\). Going further, we have

X = (UAY)(U,A2) 2 YYT,

with Y € R}*" (the set of full-rank n x r matrices). Note that this factorization of X is
not unique: if Q is an r x r orthogonal matrix, then (YQ)(YQ)' =YY = X.
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2.3.2 Metric for the manifold of fixed-rank positive semidefinite
matrices

In this work, we focus on the use of low-rank approximations of covariance matrices. In
general, we cannot exploit metrics of the SPD manifold on these low-rank matrices since
they are not positive definite (and not invertible). Instead, we work with the manifold of
n x n positive semidefinite matrices of fixed rank 7, denoted S,7 .. Recently, in [MA20],
a generalization of the Bures-Wasserstein metric was proposed for this manifold: for
Sl, SQ € S;: re

5(S1,S,) = \/tr(Sl) T tr(S) — 2t (828,821, (2.11)

which is the same expression as the full-rank metric [Eq. (2.5). The distance can also
conveniently be expressed in terms of compact representations S; = YlYlT, Sy = Y2Y;r .
We define the singular value decomposition Y{ Y, = UXV' and Q* = VU'. Then,

6(81,82) = [[Y2Q" — Y15

Note that this distance is invariant under rotations of Y; and Yy: indeed, replacing
with Y1Q; and Y,Qy yields the same distance (this can be shown with the fact that the
Frobenius norm is invariant under rotation). Consequently, the distance function d has
the orthogonal-invariance property: for W orthogonal,

J(W'SW, WTS,W) = i(S1,S2). (2.12)

Orthogonal-invariance is weaker than affine-invariance because orthogonal matrices are
invertible, but the converse is not true.

2.3.3 Computing means in the low-rank metric

As the fixed-rank metric that we have introduced is fairly new, algorithms for computing
the Riemannian mean of fixed-rank SPD matrices have not yet been explored. We propose
a straightforward method relying on the manifold optimization toolbox Manopt [Bou+14].
Knowing the expression of the manifold gradient at any point X, the method minimizes
the cost function (2.6) with a limited-memory BFGS solver. We do not formally derive
the manifold gradient; instead, we give the expression and explain the intuition. Let us
decompose the objective function f(X) = f1(X) + -+ fy(X) such that

f:(X) = ;52(&-, X). (2.13)

Then, for every ¢, the steepest descent direction —V f; is the tangent vector at X pointing
towards S;, obtained by taking the logarithmic map of S; onto the tangent plane at X:

By adding up the gradients of each f; we obtain the complete gradient expression. The
logarithmic map Log and the L-BFGS solver are provided by Manopt.
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Chapter 3

Brain-Computer Interfaces and
Classification of EEG Signals

Brain activity
measurement

[ Feedback

F=y Translation into Classification Covariance
command Pipeline matrix

Figure 3.1: Typical feedback loop for a Brain-Computer Interface.

As the name suggests, Brain-Computer Interfaces (BCI) enable their users to interact
with computers via brain activity only. A typical BCI consists of several steps and one
fundamental concept, the covariance matrix, that form a feedback loop between the user
and the computer; see [LBC15]. The main steps will be quickly introduced below
but for the rest of the chapter we will focus on the following three steps, represented in
orange in the figure: brain activity measurement, preprocessing and classification pipeline
and the concept of covariance matrix.

Brain activity measurement In order to communicate with computers, BCIs take
signals generated by the brain as input. This work focuses on EEG signals, the most
popular input choice in BCI.

Preprocessing The input signals may contain some artifacts (i.e. noise), it is therefore
necessary to ensure that only relevant information from the signals is present.

Covariance matrix One of the fundamental concepts for the pipeline classification step
is the covariance matrix. It will allow to represent the signals.
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Classification pipeline The term "classification pipeline" refers to all the steps required
to classify a new signal, i.e. assign it to a class. Each brain activity pattern defines
a class. Features are characteristics of the signals that allow to discriminate between
the different classes. First, appropriate features are extracted from the signal and,
using a classifier, a class is assigned based on the features.

Translation into command Each class is associated with a command (e.g. move the
cursor to the right if the signal is in the right hand movement class) that can be
used to control several devices or applications.

Feedback After an action has been performed, it informs the user about the perception
of the signals he has sent and helps to improve the control of the BCI.

The goal of this chapter is to give an overview of how common brain-computer interfaces
work in general: we start with a brief introduction to brain activity measurement and
shortly explain how the preprocessing of signals is done. After that we review the most
common methods for estimating covariance matrices of signals. Finally, we dive into
the classification pipeline which is the most relevant for this work. This classification
pipeline can be composed of two to three steps depending on the approach used. Two main
approaches exist, the classical approaches and the Riemannian approaches. We present
the state-of-the-art approaches to both classical and Riemannian EEG classification.

3.1 Brain activity measurement

In order to understand the signals that BCIs process, we must briefly introduce the
required neuroscience concepts. We quickly review the anatomy of the brain, then we
see that it is possible to measure brain activity in different ways, the most popular of
which is electroencephalography (EEG) which we describe in more detail. Finally, we see
3 patterns of brain activity that we can use to generate these EEG signals.

3.1.1 Anatomy of the brain

The brain is composed of 3 main parts: the cerebrum which is the largest part of the
brain and includes the cortex; the cerebellum, and the brainstem.

The cortex is divided into left and right hemispheres, each with 4 lobes: frontal,
parietal, occipital and temporal, as we can see in Figure The frontal and parietal
lobe ares separated by the central sulcus.

Each lobe is associated with some body functions located in specific areas of the lobe.
The frontal lobe is associated with personality traits but also concentration, planning,
problem solving, motor control, speech and smell. The parietal lobe is used to identify
objects, body awareness and taste. It can also perceive tactile simulations such as touch
and pressure. The memory but also hearing, reading and facial recognition are performed
by the temporal lobe. Finally, the occipital lobe focuses on vision.

The knowledge of the location of different functions in the brain will prove to be very
useful for the rest of this work. Indeed, in the majority of EEG-based BCI, only the
electrodes located near the brain regions active during an experiment will be considered.
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Figure 3.2: Left hemisphere of the cortex, the four lobes that compose it and the associated body

functions. Adapted from

3.1.2 Brain activity measures classification

Dependability Operating mode Recording technique
e Dependent e Synchronous e |[nvasive
* Independent * Asynchronous * Non-invasive

Figure 3.3: Classification of brain signals measures following three criteria.

In order to communicate with computers, BCIs take signals generated by the brain as
input. There are many systems that we can use to acquire these signals. These systems
can be classified according to different criteria such as dependability, operating mode and
recording technique, as represented [Fig. 3.3| [Ras-+20].

Dependability A BCI is said to be dependent if a muscular activity of the user is
necessary to generate the signals. An example of dependent BCI is one where a user is
required to look at a position on the screen where he wants to move a cursor. Contrarily,
if the user does not move his eyes but just needs to imagine hand movements to move the
cursor, then the BCI is independent. Independent BCIs are more challenging to design
but are ideal for severely impaired patients.

Operating mode The mode of operation of the BCI defines its temporal dependency
on the user. If the user can only interact with the BCI for a specific period of time, it is a
synchronous BCIL. On the other hand, if the user can interact with the system whenever
he wants, it is not time-dependent and it is therefore an asynchronous BCI. Synchronous
BClIs exist mostly in laboratories, for example when a brain signal is labeled with the
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user’s intended action. A user controlling a wheelchair uses an asynchronous BCI because
the system can be interacted with at any time. Asynchronous BCIs are more practical
for users, but challenging to design since the system needs to automatically discriminate
when the user is interacting.

Recording technique The signals can be recorded invasively or non-invasively. In
the first case, a surgical operation is necessary to place the sensors inside the skull
while in the other case the signals are measured directly on the scalp and therefore
no surgical manipulation is required. The most common invasive techniques in BCI
are intracortical recording and electrocorticography (ECoG). Despite the quality of the
signals generated, the complications due to the installation and maintenance of these
techniques mean that they are mostly used on patients for clinical diagnosis or animals.
There exists many non-invasive techniques among which we can mention five based
on three different concepts. First, the functional magnetic resonance imaging (fMRI)
and functional near infrared spectroscopy (fNIRS) which take into account the blood
oxygenation. Then, based on nuclear medicine, the positron emission tomography (PET).
And finally, by measuring electromagnetic fields, magnetoencephalography (MEG) and
electroencephalography (EEG).

3.1.3 Electroencephalography

Electroencephalography (EEG) is a non-invasive functional brain imaging technique that
measures the electrical activity generated by nerve cells through electrodes placed on
the scalp. The electroencephalogram is the transcription in the form of a trace of the
variations over time of the electrical activity of the brain. EEG can be used to study
brain function in healthy individuals, but also to diagnose certain diseases that alter brain
electrical activity (e.g. epilepsy, migraines, sleep disorders,...).

This brain activity can be captured using electrodes placed on the scalp by means
of a helmet/cap (Figure [3.4)) and in some cases a conductive paste used to reduce the
impedance i.e. the resistance to the flow of an electric current.

Electrode Measured potentials
for each electrode

Amplifier

Processing

Figure 3.4: FElectroencephalography procedure. From [Nag19].
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Active vs. Passive electrodes There exists 2 types of electrodes. Active electrodes
have a pre-amplification system inside the electrode itself and do not require any prepara-
tion of the skin (e.g. conductive paste), unlike passive electrodes which have no amplifica-
tion system and require no preparation of the skin.

Unipolar vs. bipolar mounting The term mounting designates a combination of
pairs of electrodes.

The distinction between the two mountings comes from the way the signals are obtained
from the electrodes: in a unipolar assembly, there is a unique reference electrode and a
signal is obtained as the potential difference between an active electrode and the reference
electrode. In a bipolar assembly, a signal is obtained as the potential difference between
pairs of electrodes, without a unique common reference. Other mounting schemes exist,
for example where the average of all the measured signals is used as reference electrode
[BS20].

Electrode placement The international 10/20 system of electrode placement is the
most commonly used system. The name of the placement comes from the fact that the
distance between two adjacent electrodes is 10% to 20% of the total distance, either
between the front and back of the head or between the left and right sides of the skull.
There exists also other systems for placing electrodes, such as the 10/10 system.

Amplification Since EEG signals have a low amplitude, in the microvolt range, they
must be amplified using an amplification device to obtain measurable signals. For this
purpose, a selective amplification device with a high gain is used. The gain is the ratio of
the output signal to the input signal (expressed in dB). The amplifiers also remove noise
in the EEG signal that affects the electrodes.

Filtering EEG signals can very easily be distorted by noise. In order to reduce this
negative impact, different filters can be used such as a high-pass filter to attenuate low
frequencies or a low-pass filter to eliminate rapid high frequency variations.

3.1.4 Brain activity patterns in EEG-based BClIs

Brain activity
patterns in EEG

Evoked potential Spontaneous

ERP SSEP ERD/ ERS

Figure 8.5: Brain activity patterns in EEG.
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The use of EEG signals as input signals for BCI is the most popular choice. In addition
to having excellent temporal resolution, EEG signals are safe and affordable because
they can be acquired using non-invasive sensors. Finally, the device is very easy to set
up, which makes it very portable and thus allows for mobile use, outside of laboratory
environments.

Three main brain activity patterns are used to design EEG-based BCIs ([Fig. 3.5)):

Event-related (de)synchronization (ERD/ERS) Desynchronization corresponds
to billions of neurons firing in a way that is desynchronized with respect to a rest condition;
on the contrary, synchronization corresponds to neurons firing synchronously. This "firing"
is measured via amplitude changes in the power of EEG signals in certain frequency bands.
ERD/ERS is typically observed when executing or imagining movements.

Event-related potentials (ERP) A brain activity response is said to be stereotypical
if it is produced without any particular training of the user (like a reflex). ERPs are
stereotypical deflections of the EEG signals (increase or decrease in amplitude) when the
user is confronted to a sensory, cognitive or motor event triggered at a precise measurable
time. Contrarily to ERD/ERS, event-related potentials are not sustained but only exist
during a short time span after the trigger.

Steady-state evoked potentials (SSEP) Another way to produce brain activity
is to let the user pay attention to a periodic stimulus, such as a flickering light or an
amplitude-modulated sound. A steady-state evoked potential corresponds to an increase
in EEG power at the frequency of the stimulus. SSEPs are modulated by attention: the
more attention the user pays to the stimulus, the higher the SSEP response. When a user
is presented multiple stimuli, this technique allows to determine to which stimulus the
user is paying the most attention; each stimulus can then be associated to a command.

The most popular SSEPs for BCI design are steady-state visual evoked potentials
(SSVEP), which are observed in the visual area of the brain, in the occipital lobe. They
require very little user training and can provide the user with large number of commands.
The main drawbacks of SSVEPs is that they require a device that produces the visual
stimuli, and they rely on the user’s visual attention.

3.2 Signal preprocessing

Raw EEG signals are obtained as a result of the brain activity measurement step. Those
raw signals may contain information that are not related to brain activity but to other
activities instead such as motor activity, eye movement, etc. Even if such information
is not harmful and can on the contrary give an additional indication such as discomfort
or distraction of the patient, BCIs focus on processing only signals generated by brain
activity.

The preprocessing step will be used to clean up the signals and keep only those parts
that contain only brain-generated information. It is therefore necessary to first, detect
that the signal is carrying information unrelated to brain activity and then process the
signal accordingly.
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These artifacts can be detected in different ways depending on their origin; if the
artifact is muscular, an amplitude threshold can be applied either on the band power or
on the time-courses of certain channels. One can also try to capture these artifacts by
placing additional electrodes near the presumed locations where they are generated. For
example, if an artifact is related to eye vision, one can place electrodes near the patient’s
eyes to try to detect if activity is generated at that location.

After detecting these artifacts, we must process them. There are two possibilities;
either we have to reject them, i.e. remove a part of the signal (or even the whole signal)
because the information it contains is too corrupted, or it is not the case and we can
therefore try to reduce the effects of these artifacts with adapted techniques or filters.
There are two cases where we have to reject a part of the signal: first, if these artifacts are
too important compared to the initial signal and we will never be able to compensate their
effects with a technique or a filter. Secondly, if these artifacts indicate that the recording
conditions for this signal are not correct, then that part of the signal is not usable either.

3.3 Covariance matrix estimation

The signal spatial covariance is at the heart of most approaches for EEG classification. The
covariance matrix is unknown and must be inferred from the EEG samples. Estimating
the covariance is not a trivial task: the choice of the appropriate estimator is crucial in
order for the covariance matrices to fulfill the required properties: they should be

 accurate (close to the true covariance),
o symmetric and positive definite; in particular, all eigenvalues must be positive,

 well-conditioned (the ratio between the maximum and minimum eigenvalue must
not be too large.

Let us begin by formally defining the covariance of EEG signals. A multichannel EEG trial
recorded on C' electrodes consists of N samples x, € RY, n =1,..., N. The assumption
is made that all NV samples x,, are realizations of a random vector x. Let X = E[x] denote
the expected vector. The covariance matrix

% =E[x-%)(x-%)]

gives the covariance between each pair of elements of the random vector. This matrix
is symmetric and positive definite (provided that x is not a constant random vector, in
which case the covariance is the zero matrix). Indeed,

Yy = El(i — &) (z; — 7)) = E[(2; — ) (2 — T:)] =y
and for any y € R\ {0},

(yT(x — )‘())2} > 0.

Several estimators have been developed for computing the covariance given a set of samples
X,. We start by defining the sample covariance matriz which is the most usual estimator.
We then present the class of shrunk covariance estimators which are shown to yield better
properties than the former, and are particularly useful in the context of BClIs.

y' By =E[y' (x-%)(x-%)"y| =E
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Figure 3.6: Data points drawn from a 2d Gaussian distribution with the covariance represented
by the orange ellipsoid, and estimated sample covariance in blue. The sample covariance is

elongated; shrinkage alleviates this effect by shrinking the covariance towards a circle. Adapted
from [Bla+11).

Sample covariance matrix estimator The most usual estimator is the empirical
sample covariance matrix (SCM) defined as

1 N

Siem = 17— 2 (60 = %) — %), (3.1)

n=1

where x € R® is the sample mean vector X = % ZnN:1 x, (note that we abuse notations

with the true expected vector E[x]). The sample covariance is computationally simple
and consistent, which means that as the number of observations N grows, the estimator
converges towards the true covariance 3. However, it is known to perform poorly when
the dimension C' of the matrix is large. When C' > N the matrix is rank-deficient: indeed,
it is the sum of N rank-one matrices (x,, —X)(x, —X) ', hence the rank of 3., is at most
N. Even when C' < N the estimator is often ill-conditioned if C' is not much smaller than
N. Therefore the sample covariance is not the best one to work with when dealing with
large-dimensional covariance matrices.

Shrunk covariance matrix estimators The shrunk covariance estimator was initially
proposed by [Steb6] as a way to overcome the ill-conditioning of the sample covariance
estimator. He noticed that the sample covariance estimator tends to overestimate the
largest eigenvalues and underestimate the smallest ones. To overcome this, he "shrinks"
the eigenvalue spectrum towards the mean eigenvalue v = tr(3g.,)/C by taking a convex
combination of the sample covariance and the diagonal matrix v1I:

Eshrink = (1 - p)zscm + PVI‘ (32)

This convex combination actually performs a convex combination of each eigenvalue with
the average eigenvalue v: with the eigendecomposition X, = UAUT,

Sonrink = (1—=p)UAU " +pvI = (1—p)UAU "+ ppUIU " = U((1 — p)A + pvI)U". (3.3)
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One still needs to determine which is the best shrinkage parameter p to use. Analytic
methods for computing optimal shrinkage parameters have recently emerged. One of the
best-known was proposed by Ledoit and Wolf [LW04] which formulate this task as an
optimization problem:

r%iVnE[sthm - 3|7 (3.4)

Note that this problem is slightly more general since v is a variable of the optimization.
Since X is unknown a priori, this optimization problem cannot be solved directly. Instead,
the authors give estimators for p and v which are asymptotically consistent, which means
that they converge towards the optimizer of when both N and C grow together.
This notion of asymptotic convergence provides an estimator that performs well even with
large-dimensional matrices. The optimal parameters are given by

# Zr]yzl H(Xn —X)(xn — i)—r — Ysem ‘2

||Escm - VIH

v =1tr(Esm)/C, p= (3.5)

Other approaches for computing p have been proposed in the literature, e.g., [SS05], but
in this work we focus on the Ledoit-Wolf estimator as it is the most popular one.

The first application of shrunk covariance estimators in brain-computer interfaces was
done by [Vid+09]. It led to the development of the shrinkage LDA (sLDA) classifier
which is a standard LDA classifier (explained in with covariance matrices
regularized by shrinkage |[Bla+11]. sLDA was found to be effective with little training
data, and superior to the standard LDA classifier, making it one of the state-of-the-art
EEG classifiers in the non-Riemannian realm [Lot+18].

Since shrunk covariance estimators help to regularize rank-deficient matrices, they are
particularly interesting for the present work as they can be integrated in a Riemannian
approach to treat high-dimensional covariance matrices. Later, in our experiments, we
evaluate how Riemannian approaches benefit from this regularization, and how this
improvement compares to directly using the fixed-rank Riemannian metric on low-rank
approximations of the covariance matrix.

3.4 Classical vs. Riemannian approaches to EEG
classification

The classification pipeline step is the part of the BCI feedback loop that interests us most
in this thesis.

Earlier in the text, we considered this step as a black box, we will now analyze it in
detail. Its purpose is to classify EEG signals. For this, two approaches exist: classical
and Riemannian approaches. Both approaches use the representation of signals as a
covariance matrix. However, as we will see, Riemannian approaches use these matrices
directly for classification, unlike classical approaches. Moreover, the classical approaches
are composed of three phases while the Riemannian approaches have only two as we can
see in figure [3.7] [YBL17].
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Figure 3.7: Detailed classification pipeline step divided in two parts depending on the approach
used: either classical or Riemannian. Grey text is used for methods, concepts examples.

3.5 Classical approaches to EEG classification

In what follows, we will first consider the classical approaches, represented in the top of
figure 3.7l These are composed of three steps: sources extraction, feature extraction and
the classification.

3.5.1 Source extraction

The final goal of our pipeline will be to classify the EEG signals in order to generate a
command. But before we can classify them, we must first find criteria that will allow
us to differentiate the different signals: features. These features, in addition to being
measurable for each signal, must also allow us to highlight the similarities within the same
class and conversely to highlight the differences between two distinct classes.

Depending on the signals on which the BClIs are based, specific combination of features
are recommended. For BCIs based on oscillatory activity, i.e., a change in band frequency
power appearing in specific areas of the brain, such as ERD/ERS or SSVEP, features
based on spectral and spatial information are preferred. On the opposite, for BCIs based
on ERP, features based on temporal and spatial information are recommended. In what
follows, we will mainly focus on BCIs based on oscillatory activity as these are the ones
we are interested in in this work.

There is a family of features, called power band, which allows to take into account the
spectral and spatial information of a signal. The simplest way to calculate a power band
feature for a particular channel, denoted by P,_,, with x the chosen channel and p the
filtering frequency, is the following and consists in three steps: filter the EEG signal from
channel x according to a chosen frequency p, perform a power estimation of the signal by
taking its square and finally, perform a temporal average.

This method of calculating the power band does not take into account the different
channels and is therefore not optimal. Its extension to several channels is possible but

25



results in a complex optimization calculation. Another way to take into account different
channels is to first select relevant features, then do the same with the channels and finally
combine channels together and extract features from this new channel, this is called spatial
filtering.

Let z;(t) denote the EEG signal of channel i. Spatial filtering consists in computing a
weighted sum of the channels

z(t) = Z wizi(t) = w'x(t).

In the BCI literature this spatial filtering is called source extraction. There are different
ways to choose the weights w; but the most used is the Common Spatial Patterns (CSP)
procedure. Let X be the C' x N matrix representing the discretized EEG signal with C'
channels and N time samples. Given two signals X;, X, (corresponding to two classes to
discriminate), CSP finds the weights w; by extremizing the variance difference between
the filtered signals:

i wrmw 56

J. :
csp (W) ||WTX2||2 w ! Xow

where the sample covariance matrix 3 = ﬁXkX; appears naturally. When multiple
signal trials are available for a class, their covariance matrices are simply averaged. For
extremizing Josp the generalized eigendecomposition (GED) of 3; and X, i.e., the
eigenvalue problem 3;w = AX¥,w, is computed. The spatial filters which maximize
(resp. minimize) Jogp are the eigenvectors corresponding to the largest (resp. smallest)
eigenvalues.

3.5.2 Feature extraction

A common way to build a feature vector f is to compute the filters w; corresponding to
the 3 largest and 3 smallest eigenvalues. Then, the feature vector of a new signal with
covariance X is computed as

fi =log (WZTEWZ-). (3.7)

However, the CSP has some limitations: it is very sensitive to external environment
(i.e. noise, instabilities and artifacts). In addition, there are risks of overfitting if the size
of the training dataset is not large enough.

3.5.3 Classification

Now that we have defined the different features to differentiate signals, they can be
classified. The purpose of the classification is the following: to assign to each new signal
its corresponding class. To do so, we will proceed in two steps: first, from a training set
composed of N data points where each point is a couple of a vector of F features f, € R
and its class ¢, € C, noted (f,, c,), we will learn a classification function F : R — C,
which allows to assign a class ¢ to a new feature vector f.

Depending on the number of classes in C', the classification is said to be binary if
|C| = 2 or multi-class if |C| > 2. The binary classification is the most straightforward of
the two because direct binary techniques can be used. Regarding multi-class classification,
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Figure 3.8: Two classes of elements are "separated” by a hyperplane. From [Lot+07).

there are two different ways to proceed: either directly use multi-class techniques such as
decision trees and get the desired class, or decompose the multi-class problem into several
binary problems easier to solve. One such strategy is "One Versus the Rest" (OVR): for
each class ¢, a binary classifier is trained to discriminate class ¢ from the other classes. If
the binary classifiers have a confidence score, we simply pick the class that is the most
confidently discriminated from the other classes.

A common binary classification method, often used for EEG classification, is to separate
the two classes by a hyperplane as depicted in[Fig. 3.8l The sign of the hyperplane equation
allows to easily compute the distance from a data point to the plane. There exists several
approaches to find the hyperplane separating the classes. A popular one is Linear
Discriminant Analysis (LDA). LDA assumes that the data are normally distributed, and
tries to project the data points on a one-dimensional space that minimizes the overlap
of the two classes after projection. This 1d space then gives the vector normal to the
separating hyperplane.

Before Riemannian approaches were employed in EEG classification, the CSP+LDA
classifier was the state-of-the-art approach [YBL17].

3.6 Riemannian approaches to EEG classification

Before Riemannian approaches were exploited for BCI applications, most successful
approaches had in common that they work with covariance matrices instead of raw input
signals. As we have seen, Common Spatial Patterns (CSP) find the spatial filter that
maximizes the covariance of one class and minimizes the covariance of the other; Linear
Discriminant Analysis is then used to discriminate a new signal. In all cases, the covariance
matrices are handled as if they were living in a Euclidean space; for example, CSP requires
to compute the Euclidean mean of the training covariance matrices. However, covariance
matrices are symmetric and positive definite (SPD) and as we have seen in [Chapter 2]
they lie on a subset of the Euclidean space with special properties: the SPD manifold. A
promising approach is to use a Riemannian metric instead of a Euclidean one. This can be
achieved by directly working with covariance matrices as features, and using metric-based
classifiers with an appropriate distance function.
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Figure 3.9: Minimum Distance to the Riemannian Mean with two classes. During the training
phase, the Riemannian means CY) and C? are computed. A new sample S is classified by
taking the closest center in the sense of the Riemannian distance. Adapted from [Lot+18].

3.6.1 Riemannian classifiers

We present two main approaches for building classifiers based on Riemannian geometry.

Minimum distance to the Riemannian mean (MDRM) The simplest approach
to design a fully Riemannian classifier was proposed by [Bar+12]. It consists of a
Minimum Distance to the Mean (MDM) classifier that uses an appropriate Riemannian
distance function. It is illustrated in [Fig. 3.9 Concretely, given a labeled training set
S, of covariance matrices corresponding to one of K classes, and Z) the set of indices
corresponding to class k, the Riemannian mean (introduced in of each class k
is computed:
ch =g (Sz € I(k)).

Once this training phase is done, an unknown sample S is classified by choosing the class
k for which the center C™® is closest to S, in terms of the Riemannian distance 0g:

k= arg mkin OR (S, C(k)).

This simple yet effective approach was shown to achieve comparable performance to the
standard CSP+LDA approach. It is remarkable that a Riemannian approach is able to
achieve this without requiring source extraction; indeed, the spatial information is already
available in covariance representations, and Riemannian geometry is able to extract this
information implicitly.

Riemannian-based kernel The main drawback of the simple MDM method is that it
does not take advantage of the more sophisticated nonlinear classification methods which
are known to achieve better performance, such as Support Vector Machines (SVM). As a
reminder, in the two-class setting, SVMs seek to separate data by finding a hyperplane
that is as far as possible from both classes. The hyperplane is defined by the equation

h(x) =b+ (w,x) =0,

where bias b and normal vector w are learned through an optimization problem. A new
sample x is classified according to the sign of h(x). If the data is not linearly separable,
an SVM can be extended to a nonlinear classifier by sending the data points to another
high-dimensional transformed space in which they are linearly separable; this is done
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through a nonlinear mapping ¢(x). A key insight is that the mapping ¢ need not be
known: the only necessary ingredient is a dot product in the transformed space, called
kernel:

k(i x5) = ((x:), ¢(x;))-
The same authors that proposed the MDRM method have presented in [Bar+13] a kernel
based on Riemannian geometry that can be readily used in support vector machines.

The approach consists in defining a reference SPD matrix S, and to project covariance
matrices onto the space tangent to the manifold at S,.f through the logarithmic map:

¢(S) = Logs, . (S).

One can then use as kernel the Riemannian metric in the tangent space; in this case the
Affine-Invariant Riemannian Metric:

kR (Si, 83 Seet) = (8(S:), 6(S;))s,. = tr (Logs,,,(S:)Srt Logs, . (S;)Sxt )

A question that remains is how to choose the reference SPD matrix S,.;. A natural choice
is to use the geometric Riemannian mean of the complete set of covariance matrices. It
was demonstrated by [TPMOS|] that the geometric mean is the point where the mapping
¢ on the tangent space leads to the better local approximation on the manifold.

The SVM classifier coupled with a Riemannian-based kernel was shown to significantly
outperform (about 6 %) the standard CSP4+LDA method.

3.6.2 Limitations of Riemannian approaches in high dimension-
ality

Even if Riemannian approaches to EEG classification offer better performances and
conceptual simplicity compared to previous approaches, they suffer from a major limitation:
their performance decreases significantly when the size of the covariance matrices, i.e.,
the number of EEG channels, increases. This was empirically shown in [YLS15]; they set
up a CSP + SVM pipeline where the average covariance matrix for CSP is computed
using different metrics, and they compared the classification accuracy on datasets of
varying dimensionality. For the highest-dimensional dataset (118 electrodes) they even
show that the arithmetic mean outperforms the Karcher mean by almost 6 % in accuracy.
As they outlined, the most plausible explanation is that redundancy increases with more
electrodes, and the covariance matrices become rank-deficient. Hence the limit of the SPD
assumption for the Riemannian metric is reached.

3.6.3 Use of fixed-rank Riemannian metric in BCI

In the recent work [MA20], a Riemannian metric on the manifold of fixed-rank positive
semidefinite matrices was proposed. This metric was used in [Sab+19] to perform regression
on MEG and EEG brain signals. In particular, the paper compares two Riemmanian
approaches:

Fixed-rank Wasserstein metric. The covariance matrices C; belong to the manifold
S, of n x n positive semidefinite matrices of rank r < n. The Riemannian mean C
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w.r.t. the fixed-rank metric is computed, and the covariances matrices are projected
onto the tangent space at C using the logarithmic map. Ridge regression is then
used to predict the target on the vectorized covariance matrices.

Affine-invariant metric. As a comparison, a more classical AIRM-based approach is
proposed. The affine-invariant metric cannot be used directly on the covariance
matrices since they are rank-deficient. Instead, they are projected onto the manifold
St of full-rank 7 x » SPD matrices using principal component analysis. Then the
full-rank matrices are projected on the tangent space at the Riemannian mean, and
the target is predicted using ridge regression.

Their experiments show that the two approaches achieve comparable performance. in
terms of mean absolute error of regression. This result already indicates that the fixed-rank
Wasserstein metric is a viable approach to build Riemannian classifiers for EEG signals.

In this work, we further extend the observations of [Sab+19| by exploring the classi-
fication task instead of the regression task. We perform a detailed analysis not only of
accuracy but also of time and memory usage. Finally, we also show how the different
metrics are impacted by the choice of covariance estimator.

30



Chapter 4

Experimental Methodology

In this chapter, we will focus on the classification part. First we will introduce two
classification methods used in this work. These classification methods are based on the
notion of distance. Their particularity is that they can be used by both approaches,
classical and Riemannian, provided that the corresponding metrics and distances are used.
In order to compare these classification methods, we need to define objective criteria. We
will therefore use performance measures based on three different aspects: classification
accuracy, computation time and memory space used. Finally we will detail different ways
to compute the classification accuracy based on cross-validation.

4.1 Classification

Now that we have expressed the signals as covariance matrices, it is time to classify them.
We decided to focus on two distance-based classification methods: the minimum distance
to the mean (MDM) and the k nearest neighbours (k-NN).

The mechanism of classification is simple: we train a model over a labeled dataset
then we use this trained model to classify new samples.

4.1.1 Minimum distance to the mean (MDM)

The basic idea underlying the first method is the following: we want to define a kind of
distance between a sample and one class of samples as the distance between this sample
and the mean of the class.

To do so, we proceed as follows:

e

number of samples in class c.

o Training: The goal of this step is to summarize each class in one point. To do so,
we compute the mean of all the training points belonging to a class. Those means
are called the centers of each class.

Compute the mean of every class: X(©) = mean{X{c), s XY
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o Classification: Given a test point, we want to predict its class. To do so, we compute
the distances between this test point and all the centers computed earlier. The
minimum distance will define the predicted class.

Predicted class of sample X:

arg min dist(X, X))

4.1.2 k-nearest neighbours (k-NN)

The second method is slightly different; it does not use the notion of mean. The classifica-
tion will be divided in several steps. As before, we want to predict the class of a sample.
To do so, we will:

o Compute the distances between this sample and all the training samples.

o Find the k nearest neighbors by sorting those distances and keep the £ minimum
ones. k is a hyperparameter that we need to fix.

o Find the predicted class by taking a majority vote between the k£ nearest neighbors.
The majority vote will count how many times each class is represented. If there is a
tie, the first class encountered will be chosen.

4.2 Performance measures

As a reminder, our goal is to correctly predict the class of a given EEG signal.Since we
have several methods and metrics to do that, it is important that we can compare them
with each other.

We decided to compare them at 3 different levels: the accuracy of their classification,
the computation time and the memory space used. In this section, we will define, for each
of the 3 performance criteria, measures/metrics that will allow us to quantify them.

4.2.1 Classification accuracy

The first and most intuitive approach to take into account the classification’s accuracy
is to compare the predicted class with the real class and count the number of times
the prediction is correct. This allows us to obtain the proportion of samples that were
correctly classified, in other words, the accuracy of the classifier.

However, this measure is not sufficient because it does not take into account the
importance of certain classes compared to others. Let us imagine that we are trying to
detect a cancer from medical images. If the classifier wrongly detects a cancer, it is not
very serious; however if it wrongly does NOT detect a cancer the consequences could be
dramatic. It is therefore important to take this aspect into account.

One way to do so is to use the confusion matrix and the resulting performance measures.

We will first introduce the confusion matrix for binary-class classification problems,
as explained in [Shm20a], and then extend the notions we have seen in this part for
multi-class classification problems, as in [Shm20b].
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Binary-class classification problems

As the name suggests, binary-class classification problems consist in classifying a sample
only between two classes often referred to as "Positive (P)" and "Negative (N)". The
confusion matrix is therefore very simple; it has two rows, representing the predicted classes
and 2 columns representing the actual classes. When the predicted class corresponds to
the actual class, the classification is "True (T)", if it is not the case, the classification is

"False (F)". So we have four possibilities: TP, TN, FP and FN as showed figure [1.1]

Actual
Positive Negative
?é Positive TP FP
[®]
2
&’ Negative FN TN

Figure 4.1: Confusion matriz for binary-class classification problems.

Now that we have defined our confusion matrix we can notice that we can express the
accuracy, introduced before, from this matrix as follow:

o Accuracy: proportion of sample, Positive and Negative, that was correctly classified.

TP + TN
TP + TN+ FP + FN

Accuracy =

We can also derive two new performance metrics:

o Precision: proportion of predicted Positives that is truly Positive.

TP

Precision = W

o Recall: proportion of actual Positives that is correctly classified.

TP
Recall = TP - FN
Depending on the application, we may want high precision or high recall. In the
example given above about cancer detection, what is important is that as many people as
possible with cancer are detected. Then the classifier needs to have a high recall. Now,
imagine that our classifier has the task of recommending movies to watch to a user where
Positive stands for relevant movies and Negative for irrelevant movies. In this case, we
want that most of the recommended videos are relevant to the user, so we want high
precision. Generally, you can not have high precision and high recall at the same time,
there exists a compromise between the two.
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The natural problem that may arise is: when we have to choose between a classifier
that has higher precision and one that has higher recall, which one should we choose?
That is exactly why Fl-score has been defined. It allows us to take into account the
precision and the recall and represent them as a single metric which synthesizes them
both: the precision and recall’s harmonic mean.

F1-score = H(Precision, Recall)
1

1 1 1

2 (Recall + Precision)
_ o Precision * Recall
N Precision + Recall

Multi-class classification problems

The concepts and performances measures seen for binary-class classification can easily be
extended to multi-class classification. The confusion matrix will become more general, as
we can see figure with C' the number of classes.

Actual

Predicted

C

Figure 4.2: Confusion matrixz for multi-class classification problems.

For each class, TP, TN, FP and FN are computed using algorithm [1| below. This
algorithm takes as input mat, a (C x C') confusion matrix, and computes the TP, TN,
FP, FN for each class ¢. As output, the algorithm returns TP, TN, FP, FN, (1 x ()
vectors containing the TP, TN, FP, FN for each class.

Algorithm 1 TP, TN, FP, FN computation for a multi-class classification problem
Require: mat
Ensure: TP, TN, FP, FN

fori=1—Cdo

P(i) + mat(i,1)

N(i) < sum(mat(i 4+ 1,i 4+ 1))
P(i) < sum(mat(i,:)) — mat(i, )
N(i) < sum(mat(:,1)) — mat(i, 1)
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Now we can easily compute the precision, the recall and the F1-score for each class:

o TP(i)
Precision(i) = TP() + FP(1)
Recall(i) = TP(i)

~ TP(i) + FN(i)
Precision(i) * Recall(i)
Precision(i) + Recall(i)

Fl-score(i) = 2 (

At the end, we want to obtain one F1-score for the whole classifier and not for each
class. So we need to find a way to express those F1-scores as one single number. There exist
different ways to combine them and we will focus on two of them called respectively: the
macro-averaged F1l-score, macro-F1 for short and the micro-averaged F1-score, micro-F1
for short.

macro-F1 The most intuitive way is to compute the arithmetic mean of all the F1-scores,
it is the macro-averaged F1-score:

macro-F1 = mean(F1-scores)

The macro-F1 considers each class equally. This is particularly useful when the classes
are not well distributed, i.e. when there are many more samples in one class than in
another and conversely.

micro-F1 The second way is to take into account all the samples at the same time
and that is why we call it "micro-average". First, we need to compute the micro-average
precision and micro-average recall and then the micro-averaged F'1-score:

sum(TP(i))
sum(TP(i)) + sum(FP(i))

sum(TP(i))
sum(TP(i)) + sum(FN(i))

micro-precision =

micro-recall =

micro-F1 = 2 (

micro-precision * micro-recall
micro-precision + micro-recall

We can notice that the FP sum corresponds to all elements of the matrix except the
diagonal elements and that the FN also corresponds to all elements of the matrix except
the diagonal elements. The micro-precision and the micro-recall are therefore equal and
we can simplify the micro-F1 expression:

micro-F1 = 2 (

micro-precision * micro-recall
micro-precision + micro-recall

5 micro-precision?
2(micro-precision)

= micro-precision = micro-recall

The micro-precision, the micro-recall and the micro-F1 are all the same and simply
correspond to the accuracy of the classifier.

35



4.2.2 Computation time

Another important aspect to take into account is the computation time. Indeed, when we
work with small datasets we often tend to neglect this aspect as it does not play a crucial
role but it takes all its sense when we have to work with much larger datasets which is
often the case in BCI applications.

It is very important to define this notion of computation time because it is possible
to measure a lot of different things. That is why it is necessary to think carefully about
what you want to put forward with this measure of time.

Our case, we have a subject and we want to create for him a wheelchair with which he
can communicate only with his brain. In order to do this, we will first have to perform
experiments on him to obtain experimental data. Then, from this data, we will have to
train our classifier. Finally, when it is parameterized, we will have to use it so that the
patient can control his wheelchair in real time.

We can therefore notice that we can consider two interesting measures of time:

1. The training time of the classifier.
2. The classification time of a new signal.

Both measures of time are relevant and the choice of one or the other or both depends
on the goal we wish to achieve. However, we can already underline the fact that the
measurement of the classification time is very interesting because it allows to measure the
reactivity time of the wheelchair which will directly impact the user.

4.2.3 Memory usage

Finally, the last performance measure we will consider is the memory space usage.
We will compare the memory usage of the different methods in a purely theoretical
way. As before, we can define the used memory space in different ways depending on:

e The channels’ number.

e The covariance matrices’ rank.
o The EEG signals’ size.

e The classification method used.

We will focus a little on the last point since it is perhaps less obvious than the others
to understand. Depending on the classification method used, we can define the "amount
of space" that the classifier takes in memory. For the MDM classifier, as we compute the
mean covariance matrix, we only need to store 1 covariance matrix per class. Whereas
for the k-NN classifier, we need to store all the covariance matrices because for each new
signal, we need to compute the distance between this new covariance matrix and all the
classifier’s covariance matrices. So we can already notice that there will be a significant
difference in memory usage between the two methods.
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4.3 Model validation

In section 4.2 we defined several measures to evaluate the performance of a classifier.
Now we will use these measures to try to predict how the classifier will behave on new
data: this is the objective of the validation.

The general principle behind the validation of a model is the following:

1. Based on a training set we will train and build our model: we will use our knowledge
of the actual classes to train our model.

2. Then based on a validation set, we will validate our model: we will predict the
classes for this set based on our model and then compare them to the actual classes
to estimate the performance of the trained classifier.

Following this general principle, in order to obtain a training set and a validation set,
we need to randomly split our dataset into two sets. This first approach is the simplest
validation method. It is legitimate to ask how big the training set and the validation set
should be. In fact, taking a small training set will give us an average classifier, on the
other hand, taking a big training set will give us a poor estimation of performance. There
exists a trade-off between the two but it is customary to choose a validation set smaller
than the training set, as represented figure [4.3]

However, there are two problems with this method:

e The estimated performance will have a large variance because it depends strongly
on the chosen training subset.

e The method will not detect if the model overfits the training set because we only
train our model on a single training set.

To overcome this, there should be several independent samples. The solution is cross-
validation which forms several different subsets with the same dataset, by crossing the
data ("cross'). Cross-validation is very useful because it allows multiple validation sets to
be drawn from the same database and thus provides a more robust estimate, with bias
and variance, of model validation performance.

We can go even further by setting the size of the subdivisions using K, a parameter
chosen a priori. It is the "K-fold validation", a cross-validation with fixed subdivisions of
size N/K with N the size of the dataset, represented figure .

Finally we can introduce the "Leave-one-out": a K-fold where K = N which simply
means that we are keeping the whole dataset except one element as the training set and
that we try to predict this only element. This approach is better than the ones introduced
previously because there is no variance. However, since the experiment must be repeated
N times, it is very time consuming and therefore cannot be applied to large datasets.

37



Validation Training set Validation set

K-Fold validation

Figure 4.3: Validation and K -fold validation schematic representation.
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Chapter 5

Experimental Results

In the previous chapter, we have introduced the tools and the methodology to evaluate
classifiers. In this chapter, we conduct several experiments on a real dataset. We start by
presenting the dataset and the experimental setup. Then, we show how we optimized the
hyperparameter k of the k-Nearest Neighbors classifier. Finally, we focus on two particular
aspects that impact the performance: the influence of the covariance matrix estimator and
the interest of decreasing the rank of the covariance matrices in the fixed-rank Wasserstein
metric.

5.1 Experimental data

We use the dataset available at [Che21] which is part of the MOABB project [JB1§|. This
dataset contains the EEG of 12 subjects recorded during a SSVEP experiment. For this
experiment, 8 electrodes where placed along the scalp of the subject, as represented figure
.1 and measured the signals with a 256 Hz sampling rate. As we can see, the electrodes
are placed at the back of the head. This placement makes sense given the explanations
provided in [Section 3.1.1} and [Section 3.1.4f SSVEP require the subject vision, we can
therefore observe them in the occipital lobe.

The experimental device is composed of an electric wheelchair to which a panel is
attached on the left. This panel, represented in figure [5.2] is totally visible to the user
without him having to move his head. It is composed of three groups of 4 leds and a point,
called the fixation point, set at equal distance of the three groups. This point represents
the resting class. Each group of leds blinks at its own frequency; respectively 13,17 and
21 Hz. We can already notice that there are 4 classes of interest; one for each frequency
and one for the resting state.

Once the subject is comfortably seated in the wheelchair, the session can begin. One
session is composed of 32 trials: 8 trials for each class. At the beginning of each trial, the
subject receives instructions on which group or point to look at. He has to stare at it for
5 seconds then he alternates with a 3 second break and so on until the end of the session.
Each subject performs between 2 and 5 sessions. In order to have the same number of
trials for each subject, we only consider two sessions per subject, which provides 64 trials
per subject.
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Figure 5.1: Placement of the 8 electrodes on the subject scalp following the 10/20 system.

Figure 5.2: Panel of the experimental device. The red dots represent the 3 groups of 4 leds and
the green cross represents the fixation point.

5.2 Experimental setup

In this section, the different parameterizations chosen to conduct the experiments on the
dataset introduced above will be briefly reviewed. First, concerning the preprocessing
then for the differents steps composing the Riemannian classification pipeline. Finally, at
the level of the performance measures used.

5.2.1 Preprocessing

There are countless ways to preprocess signals, but there is no universal procedure. The
best way to proceed is on a case-by-case basis. Regarding our dataset, we will first extend
our signals and then extract the trials, as suggested in [Kal4-16].

Signals extension In this dataset, SSVEP signals are used. For these types of signals,
the filtered signal covariance is advised [YBL17][CBA13]. The principle is to extend the
original signal to include the filtered signal around each stimulation frequency:
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Let X € RN be the multi-channel signals, we define

XfTe(h
Xext = € RFCXN?

Xfreqr

where C' is the number of channels, N the number of samples and F' the number of
stimulation frequencies.

To obtain the filtered signals (X freqs - - -, Xfreqr ), We use a 5th order bandpass But-
terworth filter around the stimulation frequency.

Signals truncation In [Kal+16|, they noticed that after cue onset 7 = 0 the signal
can still be synchronized with the previous trial frequencies. It is therefore crucial to wait
after cue onset for the signals to be synchronized with the correct trial frequency.

For their signals, whose total duration of exposure to the stimulus is 5 seconds,
they have demonstrated that taking into account only the last 3 seconds of the signal
significantly increases, by 10%, the classification accuracy. We will do the same.

5.2.2 Classification pipeline

Following the Riemannian pipeline, several experiments will be conducted to compare the
different classification methods and metrics.

Feature extraction For the Riemannian pipeline, the feature extraction step consists
in estimating the EEG-signals covariance matrices.

For this purpose two estimators, introduced in will be used: the Sample
covariance matrix estimator (SCM) and the Shrunk covariance matrix estimator with the
Ledoit and Wolf shrinkage.

Classification methods Regarding the selected classification methods, the two meth-
ods presented in [Chapter 4] will be used, i.e. the Minimum Distance to the Mean (MDM)
and the k Nearest Neighbors (k-NN).

Metrics In total three metrics, introduced in [Chapter 2| are compared: the Euclidian
metric and two Riemannian metrics, the Affine Invariant Riemannian metric (AIRM) and
the Wassertein metric.

5.2.3 Performances measures

Based on the performances measures introduced in [Chapter 4, we decided to keep the
following for the three different levels of comparison.

Classification accuracy Concerning the performances measures we will use to compare
our methods and metrics, we will measure the classification accuracy using the macro-F1
instead of the micro-F1 because it considers each class equally. We also need to choose
which validation method we will use to estimate the accuracy measures. Since the dataset
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is quite small, the leave-one-out approach can be performed in a reasonable amount of
time.

Computation time The final goal of the experiment is to drive a wheelchair, for that
reason, we decided that the most relevant time to take into account was the classification
time of a new signal which will define the reaction time of the wheelchair and so the
time the user needs to wait for his wheelchair to take the correct path. We do not take
into account the time needed for training the classifier, e.g., computing the mean of each
class for MDM, since the computation is done offline and is therefore not critical in the
workflow.

Memory usage Memory usage is analyzed from a theoretical point of view, i.e., in
terms of asymptotic complexity. We only consider the memory needed for storing the
classifier once it has been trained. Factors that impact this memory complexity are the
number of channels, the number of frequencies, the chosen rank, and the classification
method.

5.3 Hyperparameter optimization

The k-NN method, as can be seen from its name, has a hyperparameter k& that we must
set a priori. In order not to fix a value randomly, we can use the previously mentioned
cross-validation to find the optimal value of this parameter according to the dataset, the
method and the distance used.

The principle is the following: we simply compute the classification macro-F1 score
for each subject for each possible number of neighbors k& (from 1 to 24) and then make an
average of all subjects for each number of neighbors. Those results, obtained for each of
the three metrics and for two covariance estimators (sample covariance and Ledoit-Wolf)
are represented in figure [Fig. 5.3|

Taking the maximum macro-F1, with the SCM estimator we can set respectively
for the Euclidean, affine-invariant and full-rank Wasserstein metrics: k£ = 1, k = 19,
k = 1. Similarly, with the Ledoit-Wolf estimator, we can set respectively for the Euclidean,
affine-invariant and full-rank Wasserstein metrics: k=1, k=15, k = 1.

For both estimators, we can clearly see that the curves of the Euclidean and the
Wasserstein metrics are strictly decreasing. There is no doubt that the best neighbor
number is equal to 1. A possible interpretation of this result, at least for the Euclidean
metric, is that the farther away a neighbor is, the more defective the distance measure is.
For the AIRM metric, the trend of the curve is more difficult to detect. In any case, it
seems to be relatively constant. This means that even if 19 and 15 are respectively the
best number of neighbors for the AIRM metric with MDM and k-NN methods for this
dataset, other values are also good candidates.
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Figure 5.3: Evolution of the macro-F1 classification score for different numbers of neighbors k
for the k-NN method. On the left, covariance was estimated using sample covariance (SCM), on
the right with Ledoit- Wolf shrinkage (LW). Each row corresponds to a specific metric. Below
each case we write the optimal choice of k.
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5.4 Impact of covariance estimators

In we introduced estimators for covariance matrices. In this section, we study
how these estimators influence the classification performance of our two methods (MDM
and k-NN) combined with our three metrics (Euclidean, AIRM and Wasserstein). Based
on the previously introduced shrunk covariance:

Eshrink - (]— - p)zscm + PVI»

where p is a coefficient to be chosen and v = tr(X.,)/n the average eigenvalue of the
sample covariance matrix.
We compare the three following estimators:

o The sample covariance estimator (SCM), with p =0,
e The shrunk covariance estimator with a fixed shrinkage p,

o The shrunk covariance with the Ledoit-Wolf shrinkage estimator (LW) which com-
putes for each signal the optimal shrinkage prw to use.

5.4.1 Classification accuracy

For each of the three covariance estimators, we want to analyze how they influence the
F1l-macro score with each of the two classification methods and each of the three metrics.
To do that, we compute for each subject the F1-macro score for several different shrinkage
values. Then we compute the mean over the subjects.

Minimum Distance to the Mean For the MDM method, we obtained the graph
represented in figure [5.4] The performance achieved using the SCM estimator corresponds
to the leftmost points on the plot. For each metric, we used different fixed shrinkage
values to compute the shrunk covariances. We can observe that for the Euclidean and
the Wasserstein metrics, the shrinkage does not influence the macro-F1 score except for
large shrinkage values (> 0.5). Though, their classification’s accuracy are very different:
using the Wasserstein metric allow us to reach a macro-F1 score 10% higher than the one
achieved with the Euclidean metric. However, with the AIRM metric, the shrinkage has a
positive influence on the performance: maximal performance is achieved around p = 0.01
and beats the other two metrics.

The dashed lines correspond to the macro-F1 score reached when using the Ledoit-Wolf
shrinkage estimator, which is considered as optimal. For the Euclidean metric and the
Wasserstein metric, those values are the same as the ones obtained with the two previous
estimators, confirming that the classification accuracy with those metrics is not greatly
influenced by the shrinkage. Concerning the AIRM metric, the macro-F1 score obtained
with the Ledoit-Wolf shrinkage estimator is slightly higher than the maximum reached by
fixing the shrinkage value which also confirm that the Ledoit-Wolf method to compute
the shrinkage is optimal.
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Figure 5.4: Macro-F1 evolution for different values of shrinkage with the MDM classification
method. Dotted lines represent the optimal macro-F1 scores when the shrinkages are chosen by
the Ledoit- Wolf estimator for each subject.

The results shown figure raise the following question: is the Ledoit-Wolf shrinkage
calculated for each covariance matrix optimal? In other words, by multiplying this
shrinkage by a multiple x, could we obtain a better classification performance? To analyze
this, we reconduct the same experiment by setting p = prw * k and look at the influence
of k on the classification performance. The results are represented figure As before,
we observe that the Euclidean and Wasserstein metric are practically independent of
the shrinkage parameter. On the other hand, the affine-invariant metric is optimal for
0.5 < k < 2, and in this range it is practically equivalent to k = 1. We can safely conclude
from this experiment that the Ledoit-Wolf shrinkage is indeed the best possible parameter
for improving the classification performance.
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Figure 5.5: Macro-F1 evolution for different values of k with the MDM classification method.
Dotted lines represent the optimal macro-F1 scores when the shrinkages are chosen by the
Ledoit- Wolf estimator for each subject.

k-Nearest Neighbors For the k-NN method, we obtained the graph represented figure
[5.6] This graph was generated in the same way as the one for the MDM but has a very
different look. First, it is important to notice that none of the metrics reach the macro-F1
score of 75% unlike in MDM. Furthermore, here even if they do not depend on the chosen
shrinkage as observed in MDM, the Euclidean and the Wasserstein metrics have practically
the same classification accuracy. Concerning the AIRM metric, the previous observations
are also correct for the £-NN method: the classification accuracy is greatly influenced by
the shrinkage’s choice.

When using the Ledoit-Wolf shrinkage estimator the findings are similar to those
obtained previously. However, the only difference is that the AIRM does not outperform
the two other metrics anymore. They all reach the same classification accuracy.

In terms of classification accuracy, we can draw the following conclusions:

o For the AIRM metric, the use of a shrinkage is crucial; it allows the metric to
outperform the others when choosing the right shrinkage with the MDM classification
method.

o For the two other metrics, the Euclidean and the Wasserstein metrics, the use of a
shrinkage does not impact the classification performances at all.

o Using the SCM estimator, the best classification accuracy is reached with the
Wasserstein metric and the MDM method.
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Figure 5.6: Macro-F1 evolution for different values of shrinkage with the k-NN classification
method. Dotted lines represent the optimal macro-F1 scores when the shrinkages are chosen by
the Ledoit- Wolf estimator for each subject.

o Using the Ledoit-Wolf estimator that chooses the right shrinkage value for each
covariance matrix with the AIRM metric and the MDM method, we reach the
best classification accuracy. Ledoit-Wolf is the optimal covariance estimator for the
AIRM metric.

e The k-NN method does not bring any improvement compared to the MDM method.

5.4.2 Computation time

In order to have an idea of the computation time needed to process a new signal, we timed
the two main parts of the classification of a new signal: the estimation of its covariance
matrices and the classification of these. To do this, we measure the average times that
these two calculations take and we obtained the graph on Figure [5.7]

Regarding the covariance estimators, we can see that the calculation times are quite
similar between the two estimators but the best is the SCM estimator since it does not
require to compute an optimal shrinkage coefficient.

Regarding the method and the metric used, we can first notice that the times obtained
with the MDM classification method are significantly smaller than the ones obtained with
the k-NN classification method. This observation makes sense regarding the respective
methods’” way of working: k-NN requires to compute the distance to all matrices in the
dataset, whereas MDM only computes the distance to the center matrices (one per class).

We also observe that between them, the three metrics have very different computation
times. The Euclidean one is by far the quickest, followed by the AIRM metric and then
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Figure 5.7: Computation times for one sample classification with several possible covariance
estimators (Cov Est), upper part, and classification methods and metrics, lower part.

the Wasserstein metric. However, it is important to note that the computation times
obtained are very reasonable, of the order of a few milliseconds.

Taking into account both parts of the graph, we can see that the computation time
needed for the computation of the covariance matrices with the help of an estimator is
small but not negligible in the classification process.

In terms of computation time, the best covariance estimator is the SCM estimator
and the best method-metric combination the Euclidean metric with the MDM classifier.

5.4.3 Memory usage

We are interested in the memory space needed to store the classifier. Let us define F', the
number of frequencies, C', the number of channels and N, the number of time samples
per trials. The extended signals have F'C' channels, hence the covariance matrices have
dimensions FC x FC.

In the general case where we consider full rank matrices:

o The MDM classification method needs to store the mean matrices i.e. F'+ 1 matrices,

one per frequency and the resting class, of size F'C' X F'C'. The memory complexity
is thus O(F3C?).

e The k-NN classification method needs to store all the matrices i.e. N matrices, one
per sample/trial, of size FC' X FC. The complexity is thus O(N F2C?).

In terms of memory usage, since N > F', the MDM method is better because it uses less
memory. Taking into account the use of covariance matrix’ estimators, the conclusion
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remains the same. Indeed, what we are interested in here as memory usage is the long-term
storage whereas the computation of these covariance matrices using estimators will solicit
another memory, the random access memory, which we do not consider here.

5.5 Impact of low-rank metrics

In this section we investigate the performance of classifiers using the low-rank Wasserstein
metric. First, the spectrum of the matrices of the dataset is analyzed to justify the
low-rank approximation. Then we examine the impact of the chosen fixed rank R on
classification accuracy, computation time and memory usage.

5.5.1 Low-rank nature of the matrices

To analyze the spectrum of our covariance matrices, we compute the eigenvalues of each
covariance matrix for a subject picked randomly, here the first subject. The eigenvalues
are sorted in descending order. We represent the distribution of each eigenvalue with a
box plot.

We obtained the graph on Figure 5.8l We can directly notice that the matrix energy is
mainly concentrated in the first eigenvalues. It is reasonable to assume that the remaining
eigenvalues represent only noise. It is therefore probably a good idea to ignore them
during classification.

Given these observations, it makes sense to approximate these covariance matrices by
low-rank covariance matrices. We must therefore use methods that can correctly handle
this low-rank nature. For this purpose, we can re-use the two classification methods
previously used, MDM and k-NN, combined with the Wasserstein metric which will allow
us to treat low-rank matrices.

5.5.2 Classification accuracy

To analyze how the covariance matrices rank influences the classification accuracy, we
compute for each subject the macro-F1 score obtained using the low-rank approximation
covariance matrices with the SCM estimator. Then we compute the mean over the subjects.
The obtained graphs are represented on Figures and respectively with the MDM
and the k-NN classification methods.

Minimum Distance to the Mean For the MDM method, we can notice a increasing
curve that stabilizes approximately around rank 8. The maximal value for the macro-F1
score is obtained at the 13rd rank. However, the curve is almost constant after rank 8
which means that from this rank, we will not gain in precision by increasing the rank and
it is thus not necessary to consider the full rank matrix. This makes sense with Figure
previously showed. We can see that from the 8th eigenvalue, the remaining eigenvalues
are negligible.

k-Nearest Neighbors For the £-NN method, the observation is almost the same.
Except that the curve seems to be less increasing and stabilizes even faster than the one
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Figure 5.9: Macro-F1 evolution for different ranks with the MDM classification method. The red
star represents the optimal macro-F1 scores.
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Figure 5.10: Macro-F1 evolution for different ranks with the k-NN classification method. The
red star represents the optimal macro-F1 scores.

obtained for the MDM, already from rank 5 and that the macro-F1 score maximal value
is reached with rank 11.

In terms of classification accuracy, the conclusion is the same for both methods: the
performance achieved by the full rank covariance matrices can already be achieved with
the low-rank approximations of these covariance matrices. Therefore, using low-rank
approximations does not lead to a loss of classification accuracy if the rank is correctly
chosen.

5.5.3 Computation time

What interests us here is to see how the computation time evolves as a function of the
rank of the covariance matrix approximation. To do this, we compute the mean time
needed to classify a new sample.

Minimum Distance to the Mean For the MDM method, we obtained the graph
represented in figure We can observe that the rank greatly influences the computation
time. This shows that one can reduce the computation time by a factor 3 or 4 while
preserving the classification accuracy.

k-Nearest Neighbors For the k-NN method, we obtained the graph represented in
figure [5.12] The observations are similar to those observed for the MDM except that the
computation time is much higher in this case.
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Figure 5.12: Computation time evolution for each rank with the k-NN classification method
and the Wasserstein metric. The red line represents the computation time for one sample
classification with the AIRM metric.
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5.5.4 Memory usage

The fact of reducing the rank of the matrices will have an impact on the memory space
needed to store the classifier. In fact, the new low-rank covariances matrices have now
the following dimensions F'C' X R where R is the chosen rank.

If we consider those low-rank matrices:

e The MDM classification method needs to store the mean matrices i.e. F'+ 1 matrices,

one per frequency and the resting class, of size F'C' X R. The memory complexity is
thus O(F?CR).

o The k-NN classification method needs to store all the matrices i.e. [N matrices, one
per sample/trial, of size FFC' X R. The complexity is thus O(NFCR).

Since R < FC, both classification methods will use less memory space than the
full-rank. Moreover, the lower the rank, the higher the memory gain. For much larger
datasets, i.e. with many channels, this can play a decisive role.

5.6 Conclusions

From the many results obtained, we can draw the following main conclusions:

e The Minimum Distance to the Mean classifier offers better performances than k-
Nearest Neighbors, in terms of accuracy, time and memory. k-NN should therefore
never be chosen in a practical context.

o Using the Ledoit-Wolf shrunk covariance instead of the standard sample covariance,
can significantly improve the classification accuracy (at worst, it offers similar
performance), with very little overhead in terms of computation time.

o While the AIRM metric slightly outperforms the Wasserstein metric with the right
covariance estimator, the Wasserstein metric is practically independent of the choice
of the covariance estimator, and is therefore more robust.

o When using the low-rank Wasserstein metric with a properly chosen rank, one can
maintain good accuracy while significantly decreasing the time and memory costs of
the classifier.
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Chapter 6

Conclusion and Future Work

In this work, we have analyzed and compared different Riemannian metrics for classifying
EEG signals. Our contribution is the use of the recent Wasserstein metric on the manifold
of fixed-rank positive semidefinite matrices, introduced by [MA20]. Instead of computing
distances from the full covariance matrices, we leverage the low-rank nature of EEG-based
covariance matrices: we keep only a low-rank approximation, and measure distances on
the low-rank manifold. This work has shown two main results:

« For comparable experiments, i.e., experiments using the same classification method,
distance function, validation method and covariance estimator, the classification
performance achieved by the Wasserstein metric is comparable to the one obtained
by state-of-the-art, full-rank Riemannian metrics. Moreover, if the rank is wisely
chosen, the Wasserstein metric is faster and less expensive in terms of memory
storage than the state-of-the-art.

o The Wasserstein metric is practically insensitive to the value of the shrinkage for
a wide range of values and in particular for ill-conditioned matrices, i.e. when the
shrinkage is close to zero. Contrary to the standard affine-invariant metric which
does not correctly handle ill-conditioned matrices.

Based on these observations, one can expect that for large matrices, which naturally become
ill-conditioned, the Wasserstein metric outperforms the affine-invariant metric in terms
of classification performance. Indeed, we expect the performance of the affine-invariant
metric to degrade with the size of the matrices. In addition to that, the Wasserstein metric
guarantees significant time and memory savings thanks to its low-rank approximations.

These expectations deserve to be studied in more detail and open new perspectives:

o Testing the Wasserstein metric on high-dimensional datasets, such as |[Nik21], would
allow us to confirm our assumptions. This track is therefore a high priority.

e The algorithm for computing the means with the Wasserstein metric is not optimized.
In order to save computation time, it would be interesting to optimize it and to
develop faster and more stable methods such as the Karcher average for the affine-
invariant distance.
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e The classification methods used in this work, i.e., Minimum Distance to the Mean
and k£ Nearest Neighbors, remain basic. It would therefore be interesting to use
more sophisticated classification methods, such as the kernel-based Support Vector
Machine, with the Wasserstein metric in order to achieve better classification
performance and compare the obtained results with the state-of-the-art.

Of course, this list of research directions is by no means exhaustive and there are still
many challenges that will have to be overcome to allow BCIs to be used outside laboratory
conditions. However, there is no doubt that BCIs and all the disciplines on which they
rely on, thanks to their fast-moving but also human-oriented nature, continue to attract
and fascinate many researchers eager to put their knowledge at the service of such a
promising field.
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