APPENDIX

1. BASIC MODEL RESULTS

Complete network

QUANTITIES
B 4(a —c)y
1 =42 = 3—3+16y
EFFORTS
—a+c
T2 =BT T3 ey
PROFITS
(a—c)’y(-1+16y)
Ty =T 3 (3 _ 16y)2
ps = 3(a —c)?y(-1+ 16y)
B (=3 + 16y)2
CONSUMER SURPLUS
72(a — ¢)?y?
cs = 2@= o7y
(=3 + 16y)2
SOCIAL WELFARE

_ 3(a—c)?y(=1+40y)

Sw
(3 —16y)2




QUANTITIES

EFFORTS

PROFITS

CONSUMER SURPLUS

SOCIAL WELFARE

Star network

_Ala—c)y(1+2y)
Qhub = 5, 1 32)2

8(a—c)y?
Uspokes = —1—2y + 3272

_ (a=c)(1+2y)
Chub =+ 32y

4(a—o)y
€spokes = —1— 2y + 322

(a —c)?y(1+2y)?(—-1+ 16y)

Thub = (1+ 2y — 32y2)2

PS =

SW =

16(a — c)?y3(—1+4y)
Topokes = "1 1 2y — 32y2)2

(a—o)?y(—1+ 12y + 28y2 + 192y3)
(—1 -2y +32y2%)?

s = 8@- c)?y*(1 + 6y)*
~ (—1-2y +32y2)2

(a —c)?y(—1+ 20y + 124y? + 480y3)
(14 2y —32y2?)?




QUANTITIES

EFFORTS

PROFITS

CONSUMER SURPLUS

SOCIAL WELFARE

Partially connected network

_Ala—-o)(=1+p)y
Qisolated = 3-17y + 16]/2

o _(a-9r(=3+4y)
Qlinked 3—17y + 16)/2

3la—c)(-1+vy)
_ (a—c)(—3+4y)
Clinked = 5317y + 16y2)

(a—c)*(=1+y)*y(-9 + 16y)

Tisolated = 3—17y + 16)/2)2

PS

SwW

_(@=)’B-4n)?y(=1+4y)
Mlinked = ™23 17y + 162)2

_ (a—c)?y(=27 + 128y — 194y? + 967?)
B 2(3 — 17y + 16y2)2

s = 2@- )?y*(=5+ 6y)*
(3= 17y + 16y2)2

_ (a—c)?y(=27 + 228y — 434y* + 240y?)
B 2(3 — 17y + 16y2)2




2. EX-ANTE DIFFERENT FIRMS RESULTS

Empty network
QUANTITIES
_ 4 9x — 5
a1 =3(a—c—9x=5)
_ 2 ( + 4x — 5y)
QZ—13 a—=c x y
_ 2 ( + 4x + 8y)
Q3—13 a—=c x y
EFFORTS
=2 (a—c—9%—5y)
e1—13 a—c x y
_3 ( + 4x — 5y)
62—13 a—c X y
_3 +4x+8
PROFITS

7
— _ 2
n1—169( a+c+9x+ 5y)

7
=—(a-— 4x — 2
Ty 169(a ¢+ 4x — 5y)

7
=—(a-— 4 2
T3 169(a c+4x + 8y)

7
PS = 169 (3a? — 6ac + 3c? — 2ax + 2cx + 113x? — 4ay + 4cy + 114xy + 114y?)

CONSUMER SURPLUS

8
=— —3c—x—2vy)>?
CcS 169 (Ba—3c—x—-2y)

SOCIAL WELFARE

1
SW = 169 (93a? + 93c¢? + 799x% + 830xy + 830y2 + 62c(x + 2y) — 62a(3¢c + x + 2y))
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Complete network

QUANTITIES
= 1 4 4 10 7
01 = 7 (40— 4 — 102~ 7y)
= 1 4 4c+3 7
42 = 75 (4a— 4c +3x — 7y)
1
q3 =E(4a—4c+3x+6y)
EFFORTS
=L (4a—4c—10x— 7y)
ey = g (4a—4c x—7y
— L a—tct3x—7y)
e = g5 (4a—4c+3x =7y
1
e3 = ——(4a — 4c + 3x + 6y)
52
PROFITS
_ 15(—4a + 4c + 10x + 7y)?
= 2704
_ 15(4a — 4c + 3x — 7y)?
"2 = 2704
_ 15(4a — 4c + 3x + 6y)*
"= 2704
pS = 15(24a? — 48ac + 24c? — 16ax + 16¢x + 59x% — 32ay + 32cy + 67xy + 67y?)
B 1352
CONSUMER SURPLUS
CS = 8 3 3 2y)?
= 169( a c—x—2y)
SOCIAL WELFARE

1
SW = Toa (72a% + 72¢? + 73x% + 97xy + 97y? + 48c(x + 2y) — 48a(3c + x + 2y))



Star network (firm 1 hub)

QUANTITIES
_ 2 3 3 5 4
41 = 55 (3a—3c = 5x — 4y)
2
q; = §(4a—4c +3(x — 5y))
2
q3=§(4a—4c+3x+14y)
EFFORTS
_21 3a—3c—5x—4
ey =55 (3a—3c = 5x — 4y)
_ 2 4 4 3 15
ez—ﬁ( a—4c+ 3x —15y)
1
e3 = —(4a — 4c + 3x + 14y)
29
PROFITS

—15( 3a + 3c + 5x + 4y)?
n1—841 a c x vy

3
Ty = @(ém —4c + 3(x — 5y))?

3
T3 = m(‘ta —4c + 3x + 14y)?

PS = @(77a2 —154ac + 77¢? — 102ax + 102cx + 143x2 — 128ay + 128cy + 194xy + 501y?)

CONSUMER SURPLUS
CS = 2 14 14 4 9y)?
_841( a c X y)
SOCIAL WELFARE
1
SW = —

= a1 (623a? + 623c? + 530cx + 461x? + 888cy + 726xy + 1665y% — 2a(623¢ + 265x + 444y))



Star network (firm 2 hub)

QUANTITIES
2
Q= ﬁ(éla — 4c —3(6x + 5))
4
q =E(3a—3c+x—4y)
2
qz = E(4a —4c + 11x + 14y)
EFFORTS
1
e; = E(lla —4c —18x — 15y)
1
e, =E(3a—3c+x—4y)
1
ez = E(éla —4c +11x + 14y)
PROFITS
= 3(4 + 4c + 18x + 15y)?
T =g a+4c X y
15 5
2 =@(3a—3c+x—4y)

3
=—(4a—4 11 14y)2
= 841(a c+ 11x + 14y)

3
PS = ——(77a% — 154ac + 77¢? — 26ax + 26¢x + 450x% — 128ay + 128¢y + 808xy + 501y?)

841
CONSUMER SURPLUS
CS = 2 14 14 5 9vy)2
_841( a c X y)
SOCIAL WELFARE

1
SW = E(623a2 + 623c? + 358cx + 1400x? + 888cy + 2604xy + 1665y — 2a(623c + 179x + 444y))



Star network (firm 3 hub)

QUANTITIES
_ 2 4 4c—18 7
41 = 55 (4a — 4c — 18 = 7y)
_Z 4 4c+ 11 7
42 = 55 (40— 4c + 11 = 7y)
_2 3 3c+x+2
43 = 55 (30— 3¢+ x+2)
EFFORTS
_ 2 (4a — 4c — 18x — 7y)
e1 = 5g(4a—4c x—7y
_2 4 4c+ 11 7
ez—ﬁ( a—4c+11x —7y)
_2 3 3 2
e3—§( a—3c+x+2y)
PROFITS

3
=—(—4a+4c+1 7y)?
v 841( a+4c+18x + 7y)

3
__ _ _ 2
Ty 841(4a 4c+ 11x —7y)
15

T3 =@(3a—3c+x+2y)2

3
PS = ——(77a* — 154ac + 77¢* — 26ax + 26¢x + 450x% — 52ay + 52cy + 118xy + 118y?2)

841
CONSUMER SURPLUS
€S = >~ (14a - 14c — 5x — 10y)?
= ggp (14~ e =50 —107)
SOCIAL WELFARE

1
SW = m(623a2 + 623c% + 1400x2 + 554xy + 554y2 + 358¢(x + 2y) — 2a(623c + 179(x + 2y)))



Partially connected network (firm 1 isolated): NEVER EXISTS

QUANTITIES
g =—22x+y)
1
q> =Z(2a—20+8x+y)
1
qs :Z(Za—20+8x+ 5y)
Partially connected network (firm 2 isolated)
QUANTITIES
1
q1=Z(2a—Zc—7x+y)
g, =2(x-y)
1
qs =Z(2a—20— 3x + 5y)
EFFORTS
1
e1 =§(2a—26—7x+y)
o — 3(x —y)
2 2
1
es3 =§(2a—26— 3x + 5y)
PROFITS

3
n1=a(2a—26—7x+y)2
_7( )2
my =g (c—y

3
T3 =a(2a—20—3x+5y)2

1
PS = 5(12612 — 24ac + 12¢? — 60ax + 60cx + 143x? + 36ay — 36¢y — 178xy + 95y?)
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CONSUMER SURPLUS

1
CS=§(2a—2c—x—y)2

SOCIAL WELFARE

1
SW = i(28a2 + 28c¢? + 76cx + 147x% — 4a(14c + 19x — 5y) — 20cy — 170xy + 99y?)

Partially connected network (firm 3 isolated)

QUANTITIES
1
= Z(Za —2c—7x—10y)
1
q, = Z(Za —2c—3x—10y)
q3 = 2(x + 2y)
EFFORTS
1
e, = §(Za —2c—7x—10y)
1
e, = §(2a —2c¢ —3x —10y)
3
e; = > (x + 2y)
PROFITS

3
T = a(—Za + 2c + 7x + 10y)?

3
Ty = 6—4(—2a + 2¢ + 3x + 10y)2

7 2
3 =Z(x+2y)

1
PS = 3—2(12612 — 24ac + 12c¢? — 60ax + 60cx + 143x? — 120ay + 120cy + 524xy + 524y?)
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CONSUMER SURPLUS

1
C.’5=§(20L—Zc—x—2y)2

SOCIAL WELFARE

1
Sw = e (28a? — 56ac + 28¢? + 147x2 + 540xy + 540y% — 76a(x + 2y) + 76¢(x + 2y))

2.1 Only firms 2 and 3 remaining

Complete network

QUANTITIES
1
g, = ;(3a— 3c —5y)
1
qs = 7(3a— 3c+2y)
EFFORTS
_ 1! 3 3c —5y)
e, = 51 a c—5y
= ! 3 3c+2
PROFITS

8
= —(— 2
m 441( 3a+ 3c +5y)

8
Ty = E(Sa — 3¢ + 2y)?

8
PS = m(lSa2 — 36ac + 18¢% — 18ay + 18cy + 29y?)
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CONSUMER SURPLUS

CS = —(2a -2 2
—%(a c=y)

SOCIAL WELFARE
1
SW = @(mzaz +612¢? + 612cy + 545y% — 612a(2¢ + ¥))
Empty network
QUANTITIES
3
q2 =7(a—c—4y)
3
q3:7(a—c+3y)
EFFORTS
=Zla—c-1y)
e, = Z a—c—4y
2
es =7(a—c+3y)
PROFITS
_ 2 (—a+c+4y)?
T, = 49 a Cc vy
_2 + 3y)?
M3 =g@—c+3y)
5
pS = E(2a2 — 4ac + 2¢? — 2ay + 2cy + 25y?)
CONSUMER SURPLUS

PS—9 2a—2 2
_98(a c—Yy)
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SOCIAL WELFARE

1
SW =7 (8a® + 8¢ + 8y + 37y* — 8a(2c +))

2.2 Only firms 1 and 3 remaining

Complete network

QUANTITIES
1
q, = 7(3a —3c—5(x+y))
1
qs = 7(3a —3c+ 2(x+y))
EFFORTS
=2 (3a—3c—5x —5y)
e; =57 (Ba—3c—5x—5y
1
e3 = —(3a—3c+ 2x + 2y)
21
PROFITS

8

= m(—3a +3c+5(x+y))

T

8
=— - 2 2
T3 441(361 3c+2(x+y))

8
PS = Vel (18a% — 36ac + 18¢c? — 18ax + 18cx + 29x2 — 18ay + 18cy + 58xy + 29y?)

CONSUMER SURPLUS

CS—92 2 2
—98(a c—x—Yy)
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SOCIAL WELFARE

1
SW = 382 (612a% + 612c? + 612c(x + y) + 545(x + ¥)? — 612a(2c + x + ¥))

Empty network

QUANTITIES
3
Q1 =7(a—c—4(x+y))
3
qs =7(a—c+3(x+y))
EFFORTS
2
e =7(a—c—4x—4y)
2
e3=7(a—c+3x+3y)
PROFITS
T =75 —a+c+4(x+y))2
5 2
3 =4—9(a—c+3(x+y))

5
PS = E(Za2 —4ac + 2¢? — 2ax + 2cx + 25x% — 2ay + 2cy + 50xy + 25y?)

CONSUMER SURPLUS

PS—92 2 2
—98(a c—x—Yy)

SOCIAL WELFARE

1
SW = ﬁ(SaZ +8c2+8c(x+y)+37(x +vy)?> —8a(2c + x +y))
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3. EXAMPLES OF PROFITS’ COMPARISON TO FIND THE STABLE NETWORK

Caseof y =0

Plot[{me[X], mae[X], Mic[X]s Mac[X]s mis1[X], masa[X]s m1s2[X], 722 [X]},

{x, 8, 1}, PlotLegends - "Expressions"]

4 — TTje(X)
—— The(X)

3 — Ty ¢(X)
— Th(X)

2} — T TMsi(x)
— Ths1(X)

! — TMys2(X)
Ths2(X)

02 o4 06 08 1.0

1 = profits of firm 1 in the empty network, 1o, = profits of firm 2 in the empty network, ;. = profits of firm 1 in the complete
network, , T, = profits of firm 2 in the complete network, 1,51 = profits of firm 1 in the star network with firm 1 hub, 1,4, = profits
of firm 2 in the star network with firm 1 hub, w5, = profits of firm 1 in the star network with firm 2 hub, 1, = profits of firm 2 in
the star network with firm 2 hub

Caseofx =0

Plot [{m3c23[¥]s macaal¥]s M3elV]s maclyl}s {V, €, 1}, PIOtLEge“ds‘ = "Expr‘essions"]

— TT3c23(Y)
—— TMc23(Y)
—— Tze(Y)
— Te(Y)

Tl3¢c23 = profits of firm 3 in the complete network with only firms 2 and 3 remaining, 1,3 = profits of firm 2 in the complete network
with only firms 2 and 3 remaining, 13, = profits of firm 3 in the empty network, 1, = profits of firm 1 in the complete network
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