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Chapter 1

Introduction and objectives

Monitoring chemical reactions is crucial in the pharmaceutical and chemical industry.
For this purpose, several types of strategies exist: off-line or on-line techniques.

The off-line technique typically consists in sampling in the reactor and analyze the
sample in a laboratory further away from the reactor, yielding a time delay making it
impossible to monitor a reaction in real time or to control a large amount of samples.
The Ultra Pressure Liquid Chromatography (UPLC) is an example of off-line technique.

The on-line technique, on the other hand, uses a sensor to sample and analyze in
close proximity to the reactor. Thus, monitoring the reaction in real-time is possible
and there is no time delay. An example of on-line technique is spectroscopy, which can
focus on different parts of the spectrum, for instance the Infrared (Near, Mid or Far
depending on the spectral window) or Ultraviolet.

Nevertheless, the off-line technique will directly and precisely estimate the quality
attributes in the reactor at the sampling time whereas the on-line technique will only
generate a large amount of data which needs to be processed to eventually estimate the
chemical concentrations.

Fortunately, methods exist to process high-dimensional and correlated variables
(such as PLS), as well as to visualize and reduce the dimensionality in a meaning-
ful way (such as PCA or NMF).

In this master thesis, the spectra resulting from an on-line technique such as Near-
infrared spectroscopy (or NIR) are used to monitor the quality attributes of chemical
reactions.

In this context, a new supervised penalty term is incorporated into an NMF objec-
tive function and the update rules are derived. Then, this new algorithm is applied on
real and artificial datasets, along with existing unsupervised and supervised methods
(PCA, NMF, PLS) which already proved their efficiency for this class of data. The
new method, as an NMF, will produce scores and loadings (or basis vectors, coefficients
vectors depending on the author).

The new proposed algorithm will be evaluated on the basis of two objectives:

1. The method should provide easily interpretable scores and loadings. That is
to say, the scores should reflect the evolution of the chemical concentrations of
each component and the loadings should reflect their true profiles. Regarding
the scores, they can be compared to the true quantities by superimposing the
true quantities measured off-line or known in advance in the case of an artificial
dataset) and the scores on the same graph (possibly multiplied by a factor). For
the loadings, they can be compared to the true profiles (known by chemists or by
design in the case of an artificial dataset).

2. The prediction of the target chemical component(s) based on the scores and load-
ings produced should be accurate. To assess this property, the RMSE will be
computed in a precise cross-validated scheme detailed in the next sections and
several methods will also be compared. An extra step will also be required to
produced regression coefficients based on the scores and loadings resulting from a
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dimensionality reduction technique such as NMF or Supervised NMF. This will
also be extensively discussed in the next sections.

The second chapter presents the general problem and the three datasets which will
be used in this master’s thesis.

Then, the chapter 3 introduces the unsupervised methods which will be applied
to these datasets: the PCA and NMF. In addition, it also presents the methodology
for comparing the reconstruction error implied by the scores and loadings (with the
individual, global and leave-one-batch-out approaches).

Next, the chapter 4 describes the supervised methods: PLS and supervised NMF
(SNMF) in the literature, and exposes the steps to construct a new SNMF algorithm
with an objective function in line with the two objectives above. This chapter also
explains how the different methods can be compared and used to predict the chemical
concentrations (the “target” or “response” variable) in a one step or two steps approach.

Finally, the chapter 5 presents the whole methodology applied to the three datasets
and shows the detailed results for each of them.

The conclusion contains the main findings and lessons learned from this thesis.



Chapter 2

General problem and case studies

Three different datasets will be used in this work to illustrate the methodology. To-
gether, they are representative of the more general problem presented in the preceding
section. Two datasets result from real experiments in the chemical industry, while the
third was artificially generated. With those 3 examples, the aim is to provide an ap-
plication framework as comprehensive as possible. The following sections detail them.
The notation used is also introduced below.

Xe Matrix of spectra (n X p)

Yo Matrix of target concentrations (n x k)

X Matrix of spectra for batch/fold i (n; x p)

Y; Matrix of target concentrations for batch/fold i (n; x k)

Xayi Matrix of spectra for all but batch/fold ¢ ((n — n;) X p)

Yy Matrix of target concentrations for all but batch/fold i ((n — n;) x k)

Special case: the target values y are not available for every spectra x
Y& Matrix of target concentrations (s X k) with s < n
X& Matrix of spectra corresponding to the target concentrations (s X p)

2.1 Artificial dataset

The artificial dataset has been generated to reproduce a batch design where reactants
are introduced once at the beginning of the reaction and then react during a certain
amount of time to produce output chemical components.

In the following subsections, the construction of the dataset is thoroughly detailed.
The result is a X matrix of dimensions 300 x 200 with X; (50 x 200) stacked vertically.
The target Y is of size 300 x 3. Noise is added to the observed spectra but none is
added to Yg.

2.1.1 True quantities

A— B with  A;.1 = A; — 0.024; at each timestep

. B . (2.1)
B—C with  By,.1 = B, + 0.024; — O'QI at each time step
t

The first step is to define the fictional chemical equations which will generate the
observed spectra. In this reaction, 3 components will be present: a reactant, an inter-
mediate reactant and a product (A, B, C respectively). The reactions will be performed
in batches, over a determined number of timesteps. Thus, this gives the artificial equa-
tions 2.1 More formally, it yields the iterative update rules for the theoretical true
quantities of each component over time, see equation



AA; =0.024; the consumed part of A at each timestep

B
AB; = O.2Xt the consumed part of B at each timestep
t (2.2)
At+1 = At - AAt
Hence BtJrl = Bt — ABt + AAt

Ci1=Ci+AB,

Using the above equations, one can generate the true quantities as shown in figure
2.1l At timestep 1, 100 units of component A are present, 0 units for components B
and C, and the max timestep is set to 300. A speed factor is also added under the form

of an additional multiplicative constant such that AA, = 0.024, x 300speed_Jactor 1,
mazx _timestep

AB, = 0.28 x 300speed_factor  (yonsequently, it allows to vary the maximum number
+ mazx _timestep

of timestep and keeping the evolution of each component as shown in figure For

instance, in order to ease the computation time, a maximum timestep of 50 might be

used instead of 300. In addition, the speed factor will tune the speed of reaction as in

a real setup where the components do not react at the same pace for every batch.

Evolution of A, B, C over time

(o]
C:l —
o
(18]
o |
E o A- Reactant
@ —— B: Intermediate Reactant
3 o C: Product
=
o
(o]
C:l —
T T T | | | |
0 50 100 150 200 250 300
Time

Figure 2.1: Example of evolution of the true quantities over time

2.1.2 True profile

Turning now to the spectra, the true ones need to be defined. They will be used to
generate the observed spectra (after adding noise and variance). It simply reduces to
randomly generating three sequences of scalars: one will be the location of each peak,
the second will be the variability around those peaks, the last will be a factor multiplying
the density obtained with the two firsts parameters. The process is repeated for each
of the 3 chemical components. A normal density is generated based on the location of
each peak and its associated variability. The i-th peak of a component is generated as:

_intens; e[ (x — pi)?
peaki = e p< 200 ) (23)

This gives the true spectra as can be seen in figure Note that the true profile
of each component is normalized such that the area under the curve is 1.
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Figure 2.2: True spectra

2.1.3 Observed spectra

To generate the observed spectra, two steps are required.

1. First, for each component, an approximate profile is generated based on its true
parameters (location, variability, intensity of the peaks) and the parameters of
noise. Thus, the i-th peak of a component is generated as:

intens; (x — i +e,)?
k= ————— - 2.4
pea Ot e )or exp< Nos + o) (2.4)

There are 3 types of noise that can be tuned:

e noise on the location of the peak:
e, ~ N (noise_peak _mean, noise_peak _sd*)

e noise on the variability of the peaks:
ey ~ max(0, N (noise_var_mean, noise_var _sd?))

e noise everywhere on the spectrum, after generating all the peaks and sum-
ming them, a lognormal noise is added to the whole profile.

This noise ~ InN (noise_lognorm__mean, noise_lognorm__ sd?)

Following this rationale, the approximate spectrum for every component in the
chemical reaction is generated.

2. Second, the spectra for each of the 3 components at timestep ¢ can be combined
to give the observed spectra. One simply multiplies the approximate spectrum of
each component by its respective true quantity at timestep ¢. Then, the spectrum
is normalized such that its area under the curve is 1.

The observed spectra for batch 1 for the case study can be seen in figure 2.3] One
can observe the smooth evolution of spectra in time (from timestep 1 to 50). The
lognormal noise added can also be noticed in the leftmost part of the spectral window.
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Observed spectra over time for batch 1 (sampling rate: 1/2)

0.021 .

time
50
40
30
20

10

Intensity

ot
=1
jurs

0,0 Jebar

20 40 60 80 100 120 140 160 130 200
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Figure 2.3: Observed spectra for batch 1, where 1 spectra is shown each 2 timesteps

2.1.4 Batch generation

Having designed functions to automate the creation of the spectra based on the param-
eters described above, let us now turn to the generation of the batches which will be
used in this case study.

The default parameters are the following: there are 50 timesteps (so 50 spectra),
100 units of A and none for B and C at timestep 1, 8 peaks per chemical component,
the speed factor is 0.9, the noise on the location of the peaks e, ~ N(0,0.4%), the noise
on the variability of the peaks e, ~ N(0.3,0.2?) (the mean is not 0 because the aim
is to add variability most of the time), and the background noise is the lognormale
~ InN(0,1). Those parameters were chosen because they resulted in reasonable ob-
served spectra.

True quantities by batch

100- —- ——

a7 batchldx

= 1

50-

True quantity

[= P IN S | B N P T o

25-

Figure 2.4: True quantities for all batches
Now, 6 batches are generated. The first batch has a speed factor of 0.9, the

second 0.8, the third 0.7. For the subsequent batches, the parameters are modified,
e, ~ N(0,0.6%) and e, ~ N(0.2,0.2?), so there are more variability on the position of
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the peaks, but the variability around those peaks is less noisy since the mean of e, is
slightly lower. The fourth, fifth and sixth batches are based on these new parameters
and their respective speed factor is 0.95, 0.85, 0.75.

For the batch 1, the spectra are represented in the figure 2.3, The true quantities
for each batch are also shown in figure 2.4 The first objective of visualization and
interpretation can be checked for this dataset as both the true quantities and pure
spectra for the chemical components in the batches are known. The second objective
of accuracy of the prediction will also be checked and compared.

2.2 Janssen dataset

For confidentiality reasons, this section is only available under request. Please contact
Bernadette Govaerts: bernadette.govaerts@uclouvain.be for more information.

2.3 Chemium dataset

The last dataset comes from Chemium, in the context of the development of a process
and a reaction producing a continuous flow of chemical product. Two reactants (A and
B) are continuously introduced and they produce a product (C) and side products (D
and E). The stoichiometric equations are shown below.

1A+1B = 1C

(2.5)
2A+1B —- 1D + 1F

At the reactor exit, the effluent continuously goes through a flow cell and a NIR
(Near-Infrared) sensor generates a spectra every minute. Then, this effluent fills a con-
tainer and after the generation of the 6 spectra, a sample of what is in the container
is analyzed off-line by Gas Chromatography (GC) to quantify the mass concentration
of A, C, D (a reactant, the target product and a side product, respectively). It is
important to note that when the effluent exits the reactor, there is no more reaction
possible and the concentration of each component remains the same. Thus, each off-line
measurement is associated to each set of 6 spectra.

Chemium provided a series of excel sheets, each one containing one spectrum (the
wavenumber from 4003 to 9997 cm™! and its associated intensities), the title of the
document containing the date of sampling, the concentrations as measured off-line as
well as the density (g/kg). The samples are collected over 3 days.

Thus, after some data management, a spectral matrix X containing the 174 (29 x6)
spectra with 778 wavelengths is obtained. “Batches” will denote the set of 6 spectra
coming from the same sample. Hence, there are 29 batches of spectra stacked vertically
in Xg, and X; has dimensions 6 x 778.

Regarding the Y matrix, 3 compounds are measured by GC and a true value is
associated to each spectra. Then, Y; has dimensions 174 x 3 with individual Y; of size
6 x 3 stacked vertically. Indeed, the 6 spectra for each batch all refer to the same off-line
measurement, the sample is isolated from the reaction (as it goes to the flow cell) and 6
NIR spectra are generated from it (waiting a small amount of time between each NIR
sample).

For this dataset, the true spectrum of each chemical component is not known and
the quantity of the chemical components in each batch is constant. Thus, the first
objective of visualization and interpretation is not easily verifiable. On the other hand
for the second objective, the accuracy of the prediction may still be checked using the
true quantities as the target variables.

13



Chapter 3

Unsupervised methods

In this section, two unsupervised methods which can be applied to spectral datasets
are presented: the Principal Component Analysis (PCA) and the Non-negative Matrix
Factorization (NMF). The second one is presented in more details as it will serve as a
basis to construct a new NMF algorithm with an extra penalty term.

Then, the section presents different ways of fitting and evaluating both dimen-
sionality reduction techniques. One can fit a model and evaluate the reconstruction
error on a single batch of the dataset (the individual approach), or fit a single model on
all batches (the global approach), or finally fit a model on all but one batch and eval-
uate the reconstruction error on the left-out batch (the leave-one-batch-out approach).
This methodology is the one presented and used in [Thiel et al.| (2021)).

14



3.1 Principal Component Analysis (PCA)

3.1.1 Description

The Principal Component Analysis is one of the most commonly used and well known
linear unsupervised dimension reduction technique. In particular, this method is very
convenient for chemometrics applications, where the data matrix comprises quantitative
correlated variables with potentially more variables than observations (high dimensional
dataset). The PCA finds a new coordinate system where the axes (called the latent
variables or the principal axes) are orthogonal to each other (i.e. they are no longer
correlated) and maximize the variance of the projected data in the subspace constructed
by the latent variables.

The PCA, by drastically reducing the amount of variables, allows to visualize the
projected observations and variables, identify existing groups or patterns, or reduce the
amount of data needed to represent the information. It is also possible to use the low
dimension result of a PCA as input for other methods.

3.1.2 Methodology

Let us first introduce the notation used (the usual chemometrics one).

X | nxp | Data matrix (mean centered on the columns, possibly scaled)

T | nx R | Score matrix of X

t. | nx1 | Score vector r of X (r: 1,...,R)

P | p x R | Loading matrix of X

pr | px 1 | Loading vector r of X (r: 1,...,R)

n X p | Error matrix

scalar | r** eigenvalue of the matrix X7X

R x R | diagonal matrix with R highest eigenvalues of X7 X in decreasing order
scalar | Number of principal components

vlc gt i

Before applying PCA, the dataset should be column centered. As PCA is sensitive
to the scale of variables, the dataset might also be scaled. The PCA decomposes the
X centered matrix into scores and loadings, such that:

X=TP'+FE (3.1)

where the score matrix is computed as:

T=XP (3.2)

The first principal component is in the direction which maximize the variance of
the projected observations. Projecting the observation using the principal components
yields the scores. Thus, t; = Xp; such that the variance of the scores tr{tl is maxi-
mized. Then, the second principal component should be orthogonal to the first one and
maximize the variance of the scores tt,. The principal components are uncorrelated.

Note that the loadings are orthogonal to each others AND normalized, while the
scores are only orthogonal. Hence, PTP = Iy and TTT is diagonal.

Finally, the eigenvalues have a particular interpretation. Indeed, )\, is the 7" eigen-
value of X7 X and is equal to the norm of ¢,: ||t,|| = tLt,. The variance of the projected
observations on the 7* principal axes is also equal to )\,. The trace of the matrix X7 X
is equal to the sum of the eigen values and is called the ’total inertia’ : \{+...+Agp = I.
Then, the percentage of total variance explained by the r'* axis is: \,/I x 100% (Segers,
2019).
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3.1.3 Algorithms

Turning now to the algorithms to perform PCA, several exist: the covariance method,
the singular value decomposition, NIPALS. In this section, the Singular Value Decom-
position and the NIPALS iterative algorithm are briefly detailed.

Singular Value Decomposition (SVD)

The Singular Value Decomposition is the preferred method for numerical accuracy. It
can be efficiently computed. It is also the method used by the function prcomp in the
stats package in R, consequently it is the first presented. The SVD for any matrix X
of size n X p is:

X =T,S5P" (3.3)

where Ty (n x n) and P (p X p) contains the singular vectors and S (n X p) is
diagonal and contains the singular values. Regarding the interpretation, 7Tj contains
the orthogonal and normalized scores such that T¢ Ty = I,. Then, the diagonal
matrix S contains the singular values. Thereafter, the orthogonal and normalized
loadings are in the matrix P such that PTP = I,. The not-normalized scores are
obtained as: T = T;S.

Non-linear iterative partial least-squares algorithm (NIPALS)

Let us now turn to the NIPALS algorithm. This algorithm is very similar to others
presented afterwards. In this scheme, the X matrix is iteratively deflated /peeled and the
principal components are computed on the residual matrix. In the Partial Least Squares
section, the same concept will be applied. The NIPALS is shown below (Govaerts and
Martin, 2018).

0) X Start with the initial mean-centered data matrix X

(1) u=uzy Initialize the candidate score vector using any column of X
(2a) b= XTu Compute the approximate loading vector

(2b) b ="b/]b]| Normalize the approximate loading vector

(2¢) u*=Xb Calculate an improved score vector

(2d) Au=u*—u check the convergence of u

(2e) wu=u" If Au > threshold, go to step (2a) and repeat

(3a) t,=u" Define the r** score vector

(3b) p =0 Define the r*" loading vector

(4a) X, = X —ub? | Deflate the X matrix

(4b) X = X5 Replace X by X,.s and go to step (1) to derive the next component

16



3.2 Non-negative Matrix Factorization (NMF)

3.2.1 Aims

Non-negative Matrix Factorization (sometimes also called non-negative matrix approx-
imation) is a linear dimensionality reduction technique allowing to extract meaningful
features from a list of p-dimensionnal non-negative data vectors. It was first introduced
by [Paatero and Tapper|in 1994 (under the name of “positive matrix factorization”) and
became increasingly popular after the publication of the article of |Lee and Seung| in
1999. Alhough they were the first to introduce the NMF, Paatero and Tapper are rarely
cited compared to the work of Lee and Seung. According to Berry et al.| in 2007 this
is partly due to the name (“positive matrix factorization”) Paatero and Tapper used
whereas their algorithm produces a NMF'.

The NMF proceeds by factorizing a non-negative matrix X into two non-negative
matrix (usually denoted W and H or U and V') which matrix product approximates
the initial matrix X. X is hence said to be approximated by a low-rank matrix UV'.

X=UV+E (3.4)

With the initial matrix X € R’"” with n observations and p variables, it results
in U € R (the scores), V € R (the loadings) and the error matrix £ € R™*?.
From the equation [3.4] it means for a particular data-point that X; ~ U;V where
X; is a particular data point and U; is the corresponding row in U. That is to say,
each data point is approximated by a linear combination of the rows of V' weighted
by the components of U; (Lee and Seung, 2001)). Note that the in the literature, the
data points are often stacked vertically (as columns) in X while in this study they are
stacked horizontally (as rows) in X. Consequently, the interpretation of the factoriza-
tion is modified: if X was p x n, then U would be p x r: the loadings and not the scores.

The parameter r (r < min(n, p)) is the number of basis elements and vectors. The
matrix V thus contains r basis vectors and the coordinates of each observations in the
basis V' are given by the rows of U (Gillis, |2014).

Data (High-Dimensional) Scores
Loadings
n JJ\/\___NM—J-M = n TI
< > D i
p r

Figure 3.1: NMF schema for high dimensional data (e.g. MIR spectrum)

A good approximation is only found if the basis vectors reflect a structure, a po-
tential relationship between the observations and the variables in the high-dimensional
data. These basis vectors will be further denoted as “the loadings” while the basis ele-
ments will be called the “the scores”. The learning is by definition unsupervised. Lots
of applications exist for the NMF, the next section presents some of the popular ones.

3.2.2 Applications

The applications of NMF are numerous and the interpretability of the results obtained
makes it a very persuasive method.
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Image processing

One of the most popular example of the NMF in practice is the image decomposition.
For the data input, a set of images is given. Each image is nothing but a vector with
pixel intensities, where every pixel intensity should be non-negative. The NMF will
extract a number of features from the data input images (for instance: having glasses,
a beard, big eyes, etc) which will be stored in the loadings V' and for each input image,
a list of scores (the rows of U) will determine the importance of each feature for the
particular input image. The approximation of the input image is the linear combination
of the features in the loadings (also known as the basis images) and the scores of the
image, as shown in figure [3.2 The square of 7 x 7 pixels represents the scores for the
particular observation ¢ with U & Ri“g”g. The square representing the features is
actually another view of the loadings V' € Rigxwg where each small square representing
a specific feature is a row from V.

X; = Us; Vv = UV
I e
=] |- I
s =
.‘-"_-‘j T
BEGERE

Figure 3.2: Decomposition of faces, MIT Center For Biological and Computation Learn-
ing (2429 gray-level 19-by-19 pixels images) with r = 49 (Lee and Seung, 1999)

According to [Gillis in 2014, NMF seems promising in the context of face recog-
nizition. For instance, it has been shown more robust than PCA with occluded faces
(e.g. wearing sunglasses).

Text Mining

A typical task in text mining can be the identification of the topic of documents. One
can uses the term-frequency (TF) matrix, the matrix where each row is a document,
each column is a word, and each entry is the number of occurrences of a word in a
document. Of course, using the raw counts of words is often not optimal and other
weighting techniques exist (for instance, term frequency—inverse document frequency
(TF-IDF) gives more weight to the words occurring less frequently).

The NMF on the TF matrix will discover the different r topics among the docu-
ments. A document X; will be approximated by its r scores and the r basis topics.
Each basis topic is of size p, the number of words in the TF matrix. Thus, X; ~ U;V
and the r rows of V' represents the r topics identified. Each basis topic can be inter-
preted as a “base document”. For instance when approximating a dataset of books,
one base topic could represent a crime, a science-fiction or a romance novel by having
a large value for the words “guns”, “wizard” or “love”, respectively. By combining the
different base topics with a positive score, one can reconstruct a document. Looking

at those scores for a particular document allows to classify it among the different topics.

As a conclusion, states that “given a set of documents, NMF identifies topics
and simultaneously classifies the documents among these different topics” (2014, p.4).

Recommendation Systems

NMEF can also be used to recommend items based on which other users have bought /-
liked. Such a case can be illustrated with a movie dataset in which rows are users and
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columns are movies, a cell is 0 if the user did not watch the movie and 1 otherwise
(alternatively, the user can give a rating to seen movies from 1 to 5 and an unseen
movie is marked with a 0). The NMF decomposition (using a tuned r parameter) will
allow to suggest movies to users/predict the score of unseen movies based on the re-
construction. The same can be applied to a dataset of items bought by customers in
a supermarket. Again, not only allowing suggestion of items to the customers but also
dividing the customers into several profiles (r profiles contained in V).

Spectroscopic data

Finally, in the context chemical reactions monitoring, NMF provides an effective way
of decomposing spectral data. As shown by Thiel et al.| (2021, the non-negativity
constraint enhances the interpretability of the results compared to another classical de-
composition: PCA. Indeed, the spectral data typically consists of intensities measured
at a set of wavelengths, the intensities being non-negative. Then, the scores and load-
ings produced will also be non-negative. The loadings will reflect the r basis elements
found in the spectra dataset. If the r is well chosen, the basis elements can be inter-
preted as the chemical components in the reaction. The loadings are then expected to
be close to the true spectral profiles of the components while the scores are expected
to give an idea of the proportion of each basis elements in the reaction.

Thiel et al.| show among others, that the scores from NMF can indeed be used to
visualize the evolution of the chemical components over time during the reaction. They
also show that a PLS model can be fitted to accurately predict the concentrations in
the reaction (measured by ultra-pressure liquid chromatography, UPLC). A regression
model can also be fitted based on the scores of a NMF decomposition. Thus, they
built and compared calibration models to predict the concentrations of the components
in the reaction over time without having to use “off-line" techniques such as UPLC,
where each sample needs to be processed and takes time, not allowing for a continuous
monitoring of the reaction (Thiel et al., 2021).

3.2.3 Similarity measures

Regarding the formulation of the NMF problem, the difference between the reconstruc-
tion UV and the original matrix X has to be measured using a similarity measure. This
similarity measure is also used as a cost function (or objective function) for the opti-
mization problem. The most widely chosen are the Frobenius norm (Squared Euclidean
Distance or SED)(3.5]) and the Generalized Kullback-Leibler divergence (GKLD) (3.6
according to Wang and Zhang| (2013). |Gillis (2014)) however states that the Frobenius
norm is the most widely chosen in the literature.

DR(XIIUV) = 31X = UV = 537 (X, — [V (35)
Dir(X[|UV) =" (Xij In [UXTU]U - Xij + [UV]m) (3.6)

)

For both similarity measures, the lower bound is 0 and the similarity vanishes if and
only if X = UV. On the other hand, the GKLD is not a distance but rather a diver-
gence since it is not symetric: Dp(X||UV) # Dp(UV||X). The GKLD also exhibits
some drawbacks. In particular, the gradients used to obtain the scores and the loadings
depend on the scales of the matrices. Hence, the convergence speed will be very low as
many iterations are required (Wang and Zhang, 2013)). Scaling the data is thus needed.

To conclude this section, two possible problems can be considered for the NMEF"

e Problem 1. Minimize || X — UV||% with respect to U and V, with constraints
UyVv >0.
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e Problem 2. Minimize Dy (X||UV') with respect to U and V, with constraints
U v >0.

3.2.4 Algorithms

Several existing algorithms to perform NMF are presented below. It is worth noting
that no algorithm is expected to find a global minimum since the objective function
is convex in either U or V but not in both together (Lee and Seung, [2001)), but the
local minimums are in general satisfactory. In this section, we will mainly focus on the
Frobenius norm objective.

Gradient descent

The gradient descent is an easy to implement algorithm. A gradient can be seen as the
derivative for multi-dimensional function. It gives the direction of the largest increase
or the steepest slope. Computing the gradient of a function allows to reach local ex-
trema by iteratively moving towards a local maximum or minimum using the gradient
multiplied by a small step.

In the Algorithm [1], vy and 7y are the learning rates, the step sizes for the gradient
descent. The gradient of the function F' with respect to U is noted V Fy; where F' is the
objective function to minimize (thus the subtraction at each iteration). In this algo-
rithm, the iterations go until the maximum number of iterations (to be determined) is
reached or the convergence is reached (the criterion needs also to be determined). Note
that nothing prevents us from obtaining negative elements during a classic gradient
descent, thus an additional step is required to project the negative elements back into
the non-negative space.

Algorithm 1: Gradient Descent Algorithm
Input: X, r
Output: U,V
Initialization: U,V as non-negative matrix of size n x r and r X p
while stopping criterion not satisfied do
U < mazx (0,U — vV Ey);
V <« max (0,V —yVFy);
end

For the Frobenius norm similarity (note the 1 to cancel out the factor 2 in the
gradient), the gradients of || X — UV||% are

1
V=X -UV|%Z =-XVT +UuvvT

2 (3.7)
VV§||X —UV|%=-U"X+U"UVv

For the Generalized Kullback-Leibler divergence, the gradients of Dy (X||UV) are:

VuDgr(X||UV) = — (% — 1nxp) VT
(3.8)

Vy D (X||UV) = -U" (% — 1W)

The choice for the learning rates at each iteration is fundamental. If the steps are
too small, the convergence may never occur while the extremum may be missed if the
steps are too large. There exists two cases: having a static or a dynamic step size.
In a dynamic fashion, the step size will decrease when the algorithm iterates and thus
is expected to reach the extremum more rapidly. Berry et al| in [2007 explain for
instance that some algorithms start with a learning rate of 1 and divide it by 2 at each
iteration. The convergence towards a local minimum is not guaranteed, in particular
the projection step in the non-negative space makes it even less likely. In practice, these

algorithms produce poor results.
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Multiplicative update rules

The multiplicative update rules were introduced by |Lee and Seung| in [2001. Its ease
of implementation contributed to make the NMF more popular. These update rules
also have the advantage to ensure that the non-negativity constraints are respected if
the U,V initial matrix are also non-negative. In fact, these rules are nothing but a
gradient descent with an adaptive learning rate. The multiplicative update rules are
presented below for the Frobenius norm (3.9)). It has been proved that the Frobenius
norm || X — UV||r is non-increasing using these rules.

(XVT] UTX]
B VeVor— 20
VvV o uTov)
The gradient descent expression being

U+ Uo (3.9)

U«U-Lyo(-XVT 4+UvV7T), VeV —Lyo(-U'X+UUV) (3.10)
V]

Replacing in the expression |3.10| above Ly = % and Ly = [U[T—UV} yields the

multiplicative update as shown m 3.9 The details are provided in the Appendix.

Algorithm 2: Multiplicative Update Algorithm
Input: X, r
Output: U,V
Initialization: U,V as non-negative matrix of size n x r and r X p
while stopping criterion not satisfied do

xv7T] .
U< Uo gy

wrxj .
V+Vo TV

end

The algorithm offers no guarantee to reach a local minimum although |Lee and Seung
initially stated the opposite, but it is usually the case. Indeed, nothing prevents reaching
a saddle point (Berry et al., 2007)). Although this algorithm is often used as a baseline
against new algorithms, it converges slowly and the complexity for each iteration is in
O(npr) (Berry et al. |2007). One also realizes that once elements are set to 0, they will
never be able to be updated anymore. The algorithm in the next section deals with
this drawback.

Alternating Least Squares

In the family of Alternating Least Squares (ALS), least squares steps will be iteratively
performed to solve the problem for U and then for V', the theoretical justification being
that the NMF problem is convex in U and V' but not in both together. The algorithm
was first used by [Paatero and Tapper| (1994) and since then several modifications have
been proposed. The basic ALS algorithm is presented below .

Algorithm 3: Alternating Least Squares Algorithm

Input: X, r

Output: U,V

Initialization: U as non-negative dense matrix of size n x r

while stopping criterion not satisfied do
Solve for V' in equation UTUV = UT X which is V = (UTU)"'UT X;
Projection step: set all negative elements in V' to 0 ;
Solve for U in equation VVTUT = VXT which is UT = (VVT)"lV X7,
Projection step: set all negative elements in U to O ;

end

This algorithm has the advantage that a value in U or V set to 0 can escape this
situation and explore other solutions while it was not the case for the Multiplicative
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Update algorithm (Albright et al.| described it as the “locking phenomenon®). In ad-
dition, ALS is faster than the previous algorithms. In contrast, the solution produced
lacks sparsity and the projection steps into the non-negative space again is incompat-
ible with a proof for convergence. Algorithms based on ALS have thus been created
incorporating a sparsity or a nonnegativity constraint.

Regarding the nonnegativity constraint, the Alternating Nonnegative Least Squares
(ANLS) (see algorithm [4) is the ALS solving each time a nonnegative least squares
(NNLS) problem. NNLS problems are very common in optimization and can be ef-
ficiently solved (an algorithm is given by |Lawson and Hanson| (1995))). The ANLS
provably converges towards a local minimim. However, solving the NNLS problems
is expensive and very slow (Albright et al. (2014)), |Gillig (2014))), to the point that in
practice, the simpler ALS with its unconstrained least squares problems will often be
preferred. There is a compromise to make between the convergence theory and the
speed.

Algorithm 4: Alternating Nonnegative Least Squares Algorithm
Input: X, r
Output: U,V
Initialization: U as non-negative dense matrix of size n x r
while stopping criterion not satisfied do
U < argming~ || X — UV||r;
V « argming~g | X — UV||F;
end

A more complex algorithm was proposed to circumvent the issue of the slowness
of the NNLS problems: the Hierarchical Alternating Least Squares (HALS) (Cichocki
and Phan) 2009). This algorithm, unlike the ALS, ensures that a stationary point will
be reached. It is also one of the most efficient in practice. The drawback is that it is
sensitive to scaling, unlike the MU rules or the ANLS (Gillis and Glineur, 2011)).

Turning now to the sparsity, Albright et al. in [2014 introduced an additional
constraint in their Alternating Constrained Least Squares (ACLS) algorithm. The
objective becomes

H}lliIl lz; — w V% + vl % st. Ay >0,u; >0 (3.11)
i

where z; and u; are rows of X and U. Now, keeping the nonnegative projection
steps, the least squares steps are given by

e Solve for V in equation (UTU + A1)V = UTX
e Solve for U in equation (VVT + \y)UT =V XT

Thus the ACLS alternatively performs a Ridge regression to enhance sparsity. We
note that using a L1 norm penalty term is more adequate to achieve sparsity in the
sense of obtaining features exactly equal to 0. Nevertheless, a L2 penalty will also
shrink the estimates toward 0 when A increases, but it is less likely that they will be
exactly 0. Ridge is also known to be able to estimate coefficients for high dimensional
datasets (more features than observations) or when the variables are correlated, while
OLS (Ordinary Least Squares) cannot. The user has to decide by trial and error which
value of the regularization parameters Ay and Ay to use. Albright et al. show that the
speed of their algorithm is very high, but there is still no guarantee to reach a local
minimum.

3.2.5 Variety of NMF algorithms

A wide class of NMF algorithms exists in the literature, as demonstrated in the work
of Wang and Zhang| (2013)). They distinguish 4 families:
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1. The Basic NMF, where the only constraint is the non-negativity one.

2. The Constrained NMF, where regularization terms are added. It comprises the
Sparse NMF, the Orthogonal NMF, the Discriminant NMF (adding a classifica-
tion term) and the NMF on manifold (adding a penalty term to preserve some
properties on the distance between neighbors in high dimension and in low di-
mension).

3. The Structured NMF, where the standard factorization formulation is modified.
For instance, weighting some elements from the data input (Weighted NMF),
taking the time into account (Convolutive NMF), or producing a factorization of
3 factors instead of 2 (Nonnegative Matrix Trifactorization).

4. The Generalized NMF, where the data type or the factorization is unconven-
tional. For instance, the data input is in higher dimension (a tensor), or the
non-negativity constraint is relaxed on one of the factor of the NMF, or even
derive a non-linear version of the NMF using Kernel.

In the literature, the usual and convenient way to derive a Supervised NMF is to
add a penalty term in the objective function. Possibly, several other penalty terms are
added as well. The Constrained NMF class is thus further detailed. The Constrained
NMF can be expressed as:

De(X||UV) = D(X||UV) + aJi(U) + BJs(V) (3.12)

where the modified objective is the objective of the Basic NMF, D(X||UV) (the
Kullback Leibler or the Frobenius divergence) to which penalty terms are added bal-
anced by small factors a and f.

The Sparse NMF will typically add a L1 penalty term on U or V, the choice
depending on the application. Note that L2 norm penalty term are also used to enhance
sparsity in some cases, but this might lead to low instead of sparse values Wang and
Zhang| (2013)).

Then, an Orthogonal penalty on either U or V is a way to minimize the redun-
dancy. Since there is a non-negativity constraint, the orthogonality will also lead to
sparseness Wang and Zhang (2013). The orthogonality constraint can be put on the
scores: UTU = I, enhancing the clustering accuracy, or on the loadings: VV7T = I,
leading to the most distinct basis being found. It is particularly useful for clustering
tasks.

The Discriminant NMF turns the Basic unsupervised NMF problem into a su-
pervised one. It has been successfully used for classification tasks. There exists several
ways to do it (but it is still a quite recent field): adding a Fisher discriminant constraint
(the difference between the within and the between class scatter) or a maximum margin
classifier (especially a Support Vector Machine). Using the Projected Gradient Descent
algorithm (Lin, 2007) ensures the convergence to a stationary point, otherwise, the
Discriminant NMF algorithm offers no guarantee to converge toward a local optimum.

Finally, Weighted NMF emphasizes the importance of some data points by means
of a weight matrix: WoX = W (UV)+ E. It is typically used when the dataset com-
prises missing or unobserved values. It has a successfully application in collaborative
filtering. It can also be used in combination with other penalties.

3.2.6 Complexity

Most algorithms for NMF run in O(npr) (Gillis, [2014)) as the Multiplicative Updates
of [Lee and Seungl The same applies for the ACLS and the HALS methods, but it has
been shown that they are faster than the MU rules in practice. Note that the order of
operations in the MU matters to speed up the process, see equation . VVT and
UTU will both result in small r x r matrices, hence they must be calculated first in the
denominators.
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3.2.7 Initialization

In every algorithm, U and V or at least one of them (for the ALS class) has to be
initialized. A random initialization from a uniform distribution is always possible, but
other techniques exist and are expected to converge faster and/or towards a better
factorization. Nevertheless, |Gillis| in 2014] reminds that there usually exists no proof
that it will indeed be the case. He presents 3 families of possible strategies below.

e Singular Value Decomposition. Every matrix X € R™*P of rank k < min(n,p) can
be expressed as Zle sjtjpjT with s; > ... > s; > 0 being the singular values and ¢;
and p; the singular vectors. In matrix form, this is equivalent to X = T'SP? with
T (nxk), S (diagonal matrix kx k), P (px k). The optimal rank-r approximation
of X is given by the r first triplets: X ) = Z;Zl sjtjp]T.

o Clustering techniques. Use the centroids produced by a clustering e.g. use k-
means to initialize the rows of V', each of the r rows being p-dimensional.

o Column subset selection. Initialize the rows of V' using some set of observations
from X.

In particular, Boutsidis and Gallopoulos|in 2008 proposed the Nonnegative Double
Singular Value Decomposition (NNSVD). It starts from a Singular Value Decompo-
sition (SVD) and extracts the r leading triplets of X, allowing to form the matrices
{ujvjr};»:l of singular vectors. From the latter, negative elements could be present,
hence it extracts the positive section ([z]; = max(z,0)) and computes their singular
triplet information to be used as initialisation for U and V.

3.2.8 Stopping criterion

Once the choice of algorithm and initialisation is made, the stopping criterion remains
to be defined. One can monitor the evolution of the objective function and set a lower
bound on the difference between consecutive iterations. The norm of the projected
gradient can also be measured (Lin) 2007). In addition, a time or a maximum number
of iterations can be used.

3.2.9 Choice of r

There exists no clear rule for the choice of the number of components. Trial an error
can be used, or looking at singular values of the SVD on the input data (if using the
Frobenius norm for the objective function) and choose the component when the decay is
slower |Gillis| (2014) but deciding on a clear threshold might be difficult. Alternatively,
this number might be chosen according to the number of latent variables expected in
the input data. For instance, if 3 chemical components are present in a reaction for
which a set of spectra are available, one could try » = 3. Doing so, V will contain 3
basis vectors. Finally, this number might also be chosen relying on the results of other
methods like PCA or ICA.

3.2.10 R packages
NMF package

The NMF package seems to be on of the most used in R (Gaujoux and Seoighel 2010).
It comes with a technical documentation (Gaujoux and Seoighel 2020a) and vignettes
(Gaujoux and Seoighel |2020b). This package implements several algorithms, 4 seed-
ing methods, is optimized and memory efficient (C++ implementations), and performs
parallel computations. Last but not least, it provides a unified framework to create and
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test new NMF algorithms (Gaujoux and Seoighe, 2020b).
The seeding methods available are

e ica : the result of an Independent Component Analysis (only keeps the positive
elements)

e nnsvd : Nonnegative Double Singular Value Decomposition (see section [3.2.7]
above)

e none : allows the user to fix the seed manually

e random : initialize with a random uniform distribution [0, maz(X)| (used by
default)

The available algorithms are

e lee : based on Frobenius norm, the Multiplicative Update (MU) rules as intro-
duced by |Lee and Seung| (2001))

e offset : based on Frobenius norm, modified version of 1ee where an intercept is

fitted

e brunet : based on Kullback-Leibler divergence, modified version of the MU rules
(Lee and Seung), 2001)) to avoid numerical overflow (used by default)

e nsNMF : Non-smooth NMF, based on Kullback-Leibler divergence, modified version
of the MU rules (Lee and Seung;, [2001) increasing sparsity

e pe-NMF : Pattern-Expression NMF, based on Frobenius norm, adds regularization
“for effective expression of patterns with basis vectors” (Gaujoux and Seoighe,
2020b)

e snmf/r, snmf/1 : an Alternating Least Squares algorithm, meant to be much
faster than the previous techniques

NNLM package

This package was removed from the CRAN on 2020-02-05 as “check issues were not
corrected in time” (Lin, 2020b)). However, the source code is still accessible on other
repositories as well as the vignettes.

In the manual, the author argues that the NMF package is in practice very slow when
the number of rows increases to tens of thousands, probably because of its R imple-
mentation (Lin} [2020a). |Lin thus implements in this package an adapted version of the
ALS problem using the Alternating Non-Negative Least Square (NNLS) algorithm as
proposed by [Franc et al. (2005) and Recpp (a R package which enables the integration
of C++ code in R).

The package provides 2 main functions, nnlm and nnmf. The nnlm function solves
a non-negative least square (NNLS) problem as below

in||Y — XB 14
min | I (3.14)

While the nnmf function performs a NMF but allows the addition of other penal-
ization terms in the objective on U and V' (with A being either U or V):

e a Ridge penalty: %ZZ ; A?j to control magnitudes and smoothness (Lin}, 2020al)
e a LASSO penalty: . |A;;| to control sparsity and magnitude
(X)TX

e a penalty to minimize the correlations between columns of U or V: 3. i
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Then the author adapts the Lee and Seung MU rules and a sequential coordinate
descent (SCD) from the objective function. So the user might essentially define its own
penalization, choose between SCD or MU, and choose a Frobenius norm objective or
a Kullback-Leibler one. Clearly, this package offers more flexibility with respect to the
penalty terms than the NMF package. The speed of each package should be compared
but its removal from the CRAN does not encourage its use.

spectralAnalysis package

The package spectralAnalysis is available on the CRAN;, seems very well maintained
and appears highly qualitative (Oirbeek et al., 2020). It implements NMF with the pur-
pose of performing it on spectral dataset. The package includes several preprocessing
functions for the spectra (baseline correction, normalization, time alignment, interpo-
lation, etc) and enables the creation of pipelines for preprocessing multiple datasets.
Focusing on the NMF, the package actually imports other packages to perform NMF":
the packages NMF, hNMF and nnls.

The spectralNMF function makes it possible to specify the pure spectra for the ini-
tialisation of the algorithm. Many methods for the NMF are available, in fact they call
the methods from the NMF and hNMF packages. The default method is the PGNMF: an
alternating non-negative least squares method using projected gradients |Lin| (2007)).

As a conclusion, spectralAnalysis allows to perform multiple NMF and conve-
niently provides a single function to use the methods from other existing packages.

hNMF package

The author of the hNMF package, Nicolas Sauwen! is also one of the author of the pack-
age spectralAnalysis. It imports the package NMF, but in contrast with the package
spectralAnalysis, well known NMF algorithms from the scientific literature are ac-
tually implemented in it.

The methods available comprise

e the accelerated hierarchical alternating least squares (HALSAcc) from the PhD
thesis of Nicolas Gillis in 2011

e the hierarchical non-negative matrix factorization (HALS) (Cichocki and Phan|
2009)

e the alternating non-negative least squares using projected gradients of [Lin/in 2007

e a semi-NMF method based on the MU (the X matrix is no longer constrained to
be nonnegative) (Ding et al. 2010)

Alongside these algorithms, there also exists a function to initialize the NMF models
with spectral data as well as one to ensure the conditions for NMF on the input matrix
are respected. This package is clearly the most up-to-date with respect to the scientific
literature.

nnls package

Finally, the package nnls (M. Mullen and van Stokkum, [2020)) is available on the
CRAN. It is a small package, which only implements a solver for non-negative least
squares (NNLS) problems (this is a subproblem of the Alternating Least Squares (ALS)
algorithm). The function is based on the algorithm of Lawson and Hanson| (1995) for
solving NNLS problems. It solves

argbminHy—XbHF (3.15)
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where b is non-negative, y is the univariate response and X is a matrix n X p. In
other words, this package is not properly implementing a NMF algorithm but an ALS
enforcing the nonnegativity constraints is only a sequence of NNLS problems.
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3.3 Methods comparison on batch data

This section presents the different approaches possible when fitting models and assess-
ing them on batch data. As stated above, 3 approaches are considered: the individual,
the global and the leave-one-batch-out, as in [Thiel et al.| (2021). For each, the recon-
struction error is shown.

In the case studies, the reconstruction error will be compared as well as the inter-
pretability of the scores and loadings produced by each models.

3.3.1 Individual approach

The individual model consists in fitting the dimensionality reduction technique on a
particular batch i: X; (n; x p). Then, the decomposition is X; = U;V; + E; where U,
is is the scores matrix, V; is the loadings matrix and E; the error matrix. Finally, the

| E:l%
x 100.
1X:11%

percentage of error for this batch is given by: %error; =

3.3.2 Global approach

The global model to the contrary, will fit the dimensionality reduction technique on the
whole dataset of spectra X (n x p). Thus, the decomposition is X = UgVe + FEg,
and the error for the batch 7 is extracted from the matrix Fg: Eg;. The percentage of

. Egil?
error for the batch i is: %error; = % % 100.
il

3.3.3 Leave-one-batch-out approach

Finally, the leave-one-batch-out strategy will fit the dimensionality reduction technique
on all but one batch: X¢g/; ((n —n;) x p) and for this particular batch: X; (n; x p),
the error is measured. The decomposition is: Xq/; = Ug/iVa/i + Egyi- To compute the
error, we need the scores for the batch 7, it thus requires an additional projection step.

By projecting X; on the space of X /; components, the estimated scores for the left-
out batch U; are obtained, using least squares yields: U, = XiVGT/Z.(Vg/iVGT/i)*l (Thiel

_TT. 112
et al., [2021). The percentage of error for the batch i is: %error; = % % 100.
illp

This last approach is particularly suitable to assess the expected generalization error
when applying a given model to new unseen batches.

3.3.4 Case of centered data

For some techniques as PCA, the dataset should first be centered. Consequently, one
needs to add the column means of the data input (X¢, X;, X¢/; for the global, individual
and leave-one-batch-out model, respectively) when reconstructing the spectra of the
batch considered X;.

e For the individual approach, X; is column centered using its own column means:
XY = X; — 1,,,5am? with m; (p x 1) being the means of the column of X;. The
decomposition is: X = UFV,Y + EY where the C index indicates the column

2
centering. The error measured is: %error; = % x 100.
illp

e For the global approach, the X matrix is column centered using m the column
means of Xg: Xg = X¢g — lnxlmg. Then, the dimensionality reduction: Xg =

C |12
USVS + ES. The error measured for each batch is: %errorg; = % x 100.
il

e For the leave-one-batch-out approach, the X¢/; matrix is column centered

using mgy; such that Xg /= Xayi — l(n_m)xlmg Jiv Then, the dimensionality
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reduction technique is applied: X g /i = Ug /ng/i—i—Eg /i Next, the extra projection
step is required using X, the left-out batch centered using mg /i

7

Uz‘c = Xf(‘/g/i)T(Vc?/z(VGC/i)T)_l

X =X;— 1,,amb;
ol (3.16)

Note that with orthogonal and normalized loadings (such as with PCA), the
equation of the projection becomes:

Uf = xEWE)" (3.17)
. : : X7 U Vgl
Finally, the error can be computed using the projected scores: %error; = =i X
il

100. To compare the various models on the basis of their errors, this error per-
centage is computed using X; and not X

Since the centering step is advantageous, the methods using non-centered data with
rank n will be compared to methods using centered data with rank n — 1.
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Chapter 4

Supervised methods and Prediction

In this section, supervised methods which can be used in a chemometrics context are
presented.

First, the Partial Least Squares (PLS) is detailed, which produces coefficients which
maximize the covariance between X (the data) and Y (one or several targets). To do
so, the PLS will decompose the data and the target(s) into interpretable scores and
loadings. Thus, the PLS is of interest since it produces scores and loadings (as the
previous unsupervised methods) and at the same time strives to predict a target.

Then, supervised extensions of the classical NMF problem are presented. The mod-
ification essentially consists in the addition of penalization terms in the objective func-
tion. The methodology and the results of such studies are also presented and discussed.

In a third subsection, a supervised penalty term is added in the objective function
of the NMF problem. The gradient descent additive update rules and the multiplica-
tive update rules are provided following the rationale of [Lee and Seung| (2001)) in their
famous paper introducing the multiplicative update rules for the basic NMF problem.

Finally, the last subsection presents the methodology to compare and assess the
performance of this new algorithm. It is easy to predict new data using a fitted PLS
model since one obtains regression coefficients, but the NMF and the new Supervised
NMF only produce scores and loadings. Thus, extra steps are required to compare the
performance of the models in a cross-validated scheme.
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4.1 Partial Least Squares (PLS)

4.1.1 Description

The Partial Least Squares (PLS) model was introduced around 1975 by the statistician
Herman Wold (Varmuza and Filzmoser, |2009). The application of PLS in chemometrics
was then introduced by his son Svante Wold and others. It is a linear method which
finds regression coefficients to predict a target matrix or vector Y using a data matrix
X. Tt will proceed by decomposing X (and possibly Y) into linear latent variables.
Then, the objective is to maximize the covariance between the scores of X and Y (or
the scores of Y'). Thus, it is equivalent to maximizing the variance of the X-scores
and the correlation between the X-scores and Y (or the Y-scores).

The method is widely used in chemometrics, as it accurately deals with multi-
collinear and high-dimensional datasets (more variables than observations). There ex-
ists no analytical solution for the PLS problem but iterative algorithms are used (the
best known being SIMPLS or NIPALS). The components of the PLS model are con-
structed sequentially. This is known as “peeling" or “deflating": at each iteration of the
algorithm, after estimating the current component, the matrices X and Y are deflated
from the variation associated to this current component. Then, the remaining part of
X and Y are used to estimate the next component (Varmuza and Filzmoser, [2009)).

The number of latent variables is the only parameter which needs be determined
and tuned before fitting the model. It is usually estimated using cross-validation to
avoid over-fitting when using the model to predict the target values of new unseen
observations.

4.1.2 Methodology

Let us consider a matrix X with n observations and p variables (dimension: n x p)
and a response variable y for each observations. This is the PLS1 problem. If we have
several response variable, Y of dimension n x k, this constitutes the PLS2 problem.
Note that both matrices X and Y should be mean centered on their columns.

The objective is to find the regression coefficients of X to predict Y by decomposing
those variables into scores and loadings. That is to say, the data matrix and the target
matrix will be projected to a new space. The scores of X should be such that the
reconstruction of X is accurate and at the same time an accurate prediction on Y can
be made. The notations below will be used.

Notations
X n X p | Data matrix (mean centered on the columns)
Y n X k | Target matrix (mean centered on the columns)
BFLS | px k | Regression coefficients of the model (if k = 1, a vector: bF'L%)

T n x R | Score matrix of X

ty n x 1 | Score vector r of X (r: 1,...,R)

P p X R | Loading matrix of X

U n X R | Score matrix of YV

Uy px 1 | Score vector r of Y (r: 1,...,R)

Q p X R | Loading matrix of Y

C R x k | Coeflicients for the “inner relationship” between U and 7' (PLS2)
c R x 1 | Coefficients for the “inner relationship” between y and 7' (PLS1)

Objective
The PLS2 problem aims at finding
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Y =XB'"S 4+ E (4.1)

where BT is the regression coefficient matrix, and E is the error matrix. The
PLS1 problem is equivalent: y = Xb + e where b is the vector of coefficients and e is
the vector of errors. The figure [4.1] presents the typical workflow when fitting a PLS to
a dataset. In order to find B, the X and Y matrices will be decomposed into the score
and loading matrices, such that:

X=TP'+Ey

Y =UQ" + Ey (4.2)

where T" and U are the score matrices, P and () the loading matrices, and Ex
and Ey the error matrices, for X and Y respectively. The score and loading matrices
each have R columns, which is the number of component for the PLS model, with
R < min(n, p,q) (usually chosen by cross-validation). Note also that the scores are or-
thogonal to each other but in general not the loadings. Hence, the R latent variables
that will be obtained (contained in matrix T') are uncorrelated.

The objective of PLS2, is to maximize the covariance between X and Y scores,
that is to say:

max cov(t,, u,)? = max corr(t,, u, )*var(t, )var(u,) (4.3)

While the PLS1 objective is to maximize the covariance between the scores of X
and y:

max cov(t,,y)? = max corr(t,, y)?var(t,)var(y) (4.4)
-
PLS with ]
’ a components J v b
e =~ 7 R —
1 W 1 m
1 1
Xear YcAL Xeav Year = Xcar b
n " L]
Calibration set ] . .
X1esT Vrest = Xrpst- b
At L
Test set

Figure 4.1: Predicting the variable y using a PLS model, taken from Varmuza and
Filzmoser| (2009), note that n is the number of observations and m is the number of
variables

Inner Relationship

In addition, there is an inner linear relationship (Varmuza and Filzmoser, |2009) between
U and T such that (for PLS2):

U=TC+E (4.5)
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where C' is a diagonal matrix containing the coefficients of the regression and E is
the residual matrix. In the particular case where only one component is used for the
PLS, this inner relationship becomes u, = ¢,t, + e,. For PLS1, as T" should be a good

predictor for y, the inner relationship is:

y=Tc+e (4.6)
x-space y-space
Inner
relation
ﬂ N
Mapping Calibration
Projection of x-space Projection of y-space
by 00 o tq OO i 0©
PLS- ° L5 PLS- 60 O Max.| ©0°©
x-score plot © y-score plot o O Cov. o g
O tl Ie) U £1
P 3 Yy ©
O
PLS- % 3 PLS- 7 o
x-loading plot X y-loading plot | 71 OOO
2 2 g © Y
Prediction

Figure 4.2: PLS2 on X and Y, both have 3 dimensions, the scores are t,u and the
loadings p, ¢ for X and Y respectively, taken from [Varmuza and Filzmoser| (2009)

Obtaining the PLS1 coefficients

Let us now show how the PLS1 regression coefficients can be obtained (see
2018 and [Segers|, [2019).

Remind that X = TPT + Ex, with the X-scores being linear combinations of X,
such that:

T=XW (4.7)
Starting from the inner relationship:
y=Tc+e (4.8)
The equation [£.7] is plugged into equation [4.8 and yields:
y=XWc+e (4.9)
As the objective is to obtain the coefficients such that:
y=Xb'LS e (4.10)
With the 2 equations above, the coefficients are defined as:
b = We (4.11)

Finally, from the inner relationship (equation [4.8), ¢ = (T7T)"'T"y. Hence, the
PLS1 coefficients are:
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VLS = W(TTT) 1Ty (4.12)

Note that with orthogonal and normalized X-scores, T?T = I and the coefficients
reduce to b71% = WTTy.

In the following subsection, one of the most popular algorithm for fitting a PLS
model is presented: the SIMPLS. However, other algorithms exist: for instance the
NIPALS or the Kernel algorithm.

4.1.3 Algorithms

In this section, the SIMPLS for fitting a PLS is presented. As stated above, the X
matrix should first be column centered. But first, a small comparison of the existing
algorithms is shown.

Indeed, one should be cautious as no analytical solution exists for this problem and
the existing algorithms do not always give the same results (but the final regression
coefficients BY™¥ or b are the same for the NIPALS, SIMPLS and Kernel algo-
rithms). The X-scores are orthogonal for both algorithms. For SIMPLS, they are in
addition normalized such that: TTT = I . The X-loadings are not orthogonal for both
algorithms. Their norm is on the other hand different. The equivalence is given by:
Ps = PyTETy (with the S index for the SIMPLS algorithm and N for the NIPALS)
(Govaerts, [2018]).

SIMPLS

The SIMPLS algorithm stands for “straight forward implementation of a statistically
inspired modification of the PLS method according to a simple concept" and was in-
troduced by de Jong in 1993.

It solves the objective of maximum covariance as stated above with the constraint of
the orthogonality of and normalized T, the X-scores for the different components. The
deflation step is different than the one in NIPALS. Indeed, it is done on the covariance
matrix S = X7y (X and y being column centered). The result of this algorithm
may then be slightly different than NIPALS for the components except the first one
(Varmuza and Filzmoser} 2009).

0) s =XTy The covariance matrix to be deflated

iterate for rin 1,..., R

(1) w, =s./|s| The weight vector is the normalized s; vector
(2) t.=Xuw, Score vector t, is a linear combination of X
(3) t.=t/|t:| Normalize the X-score vector
(4) p.=XTt, r** loading vector obtained by regressing X, on t,
(5)  Sr11 =8 — pr(Ip.) " 'pys, | Deflation step, go to step 1
Build the matrices
T = (t1,...,tR) The X-scores matrix (n x R)
P = (p1,...,0R) The X-loadings matrix (p X R)
W = (wy,...,wg) The matrix of weights (p x R)

Note that the step 4 is actually p, = X t,.(t1't,)~! but it simplifies since the scores
are orthonormal, such that: p, = X't,. Finally, the coefficients are given by

BPES = wrTy (4.13)

The SIMPLS algorithm exhibits several advantages compared to the NIPALS al-
gorithm. It is first quite simple to implement. In addition, it is also very fast as it
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does not require matrix inversion and it does not need a breakdown of the X matrix
Varmuza and Filzmoser| (2009).

4.1.4 Interpretation of the results

The results of the PLS comprise scores (T' for X, U for Y in the case of PLS2) and
loadings (P for X, @ for Y in the case of PLS2). Thus, as for a PCA or NMF, one
can plot the scores and the loadings. For instance with spectra dataset, the loadings of
X will give R curves which represent R latent variables in the dataset. The X-scores
will represent the projection of each data-point on the latent variables. Hence, the
observations can be compared based on their scores, dissimilar scores indicating that
the observations are far from each other in the latent space.

The coefficients BPES (or 6719 for PLS1) will allow to predict the responses for new
data-point. Note that the X and Y matrices were centered on their columns before
applying the algorithm, so one needs to add the column means of Y to the prediction,
such that (for PLS1): § = § + XbPL with § = %Z?:l yi. The coefficients BY* can
also give a detailed view of the influence of each component of the model on the target
variable (plotting the coefficients for several different components number). The Root
Mean Squared Error of Prediction (RMSEP) can be estimated using a cross-validation
technique, for instance the Leave-One-Out (LOO) strategy. Then, n models will be
repeatedly fitted on all but one observations and the accuracy (MSE) will be measured
on that particular observations. The RMSEP in cross-validation can also be analysed
for different number of component in the model. In addition to the cross-validated
RMSEP, the percentage of explained variance of both X and Y can be analysed for
each component of the model.

To constrast with the NMF, a dataset of spectra could be used to fit a PLS model,
using as much components as the number of chemical product in the reaction. Then,
the loadings P will comprise R latent variables, but these can hardly be interpreted as
the true spectra of each of the chemical product. Indeed, there is no non-negativity
constraint in the model and the loadings, coefficients and scores can be negative. Still,
one can look for known spectral peaks or profile (Mevik and Wehrens, [2007)).
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4.2 Supervised NMF in the literature

In the preceding section the variety of NMF algorithms (including supervised
versions) in the literature was first presented. In this section, recent articles using a
Supervised NMF algorithm (possibly with additional penalty terms such as sparsity
or orthogonality) are presented along with their methodology, algorithm, and field of
application.

4.2.1 Supervised NMF for ICU mortality classification

The first paper from |Chao et al. in 2018 is focusing on ICU mortality risk prediction.
Their objective is an accurate prediction as well as an easy interpretation of the complex
temporal data they have at disposal. They propose to add a logistic regression loss into
the NMF objective function and derive the gradient update rules.

Using the same notation as in the section presenting the classical unsupervised NMF
(see section [3.2)), their objective function is shown below.

min  L;+ L, + L, st. U>0,V>0
U,V,b,bo

1
Ly =5IX = UV

Llr = Zn: ln(l + GXp(_yi( zr: bjuij + bg))> (414)

i=1 7j=1
L, = 15 ib2+b2 +1’)/HUH2
r 2 J 0 9 F

The Ly term is the classical NMF problem, L, is the logistic regression term (using
the scores to predict the target labels y, w and b are the weights and bias, respec-
tively). Then, L, prevents overfitting by adding regularization on the weights, bias and
the scores. In this paper, y is a vector of 0 or 1. The parameters o, S and v weight
the penalty terms. The authors finally derive the gradients of the objective function
with respect to each parameter: U, V, w, b. As a gradient descent can introduce
negative elements in U or V', the authors simply take the positive part for these 2 at
each iteration. The initialization for U and V is the result of a NNSVD (Boutsidis and
Gallopoulos|, 2008)) which is a common choice for NMF algorithms.

Finally, the algorithm is applied to simulated data and to ICU data. Each time,
they split the dataset into training and test set, fitting a (S)NMF on the train set, and
then using the V.., to project the test data and obtain estimated scores for the test
set (as in section . Then, they fit a logistic regression on top of these scores. For
the simulated data, they generate scores and loadings and then add noise to create the
data. They use the Area Under Curve (AUC) as metric and vary the amount of noise.
They find that their algorithm performs better than than the Fisher discriminant NMF
and than the standard NMF'. They try several values for the parameters «, 5 and ~, but
no information is given about the learning rates used. For ICU dataset, they compare
their algorithm to the classical NMF and measure the AUC on a test data, the new
algorithm performs better. In their conclusion, the authors state that there is a benefit
using the new algorithm, yet the difference is not so big compared to the classical NMF.

4.2.2 Semi Supervised NMF for EEG classification task

In this study, |Lee et al.| in[2010 also derive a Supervised NMF by incorporating a penalty
term based on the target label but they also take into account that the target label is
missing for some observations. Thus, they call their algorithm a "Semi Supervised NMF”
but it is in fact a Weighted Supervised NMF'. The difference is also that they compute
multiplicative update rules instead of a simple gradient descent. They first detail the
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weighted part of their algorithm and then the Supervised part. Their obtained objective
function is as below.

min Ly;+ L st. U>0,V >0
UV.B

Ly=|Wo (X —-UV)|4 (4.15)
Ly=M|Lo (Y -UB)|%

Here, W € R™P (the same dimensions as X), Y € R™** (the target values, multi
class classification with k possible classes, and the class is One-Hot-Encoded: if x;
belongs to class ¢, then Y;, = 1 and the other elements of that row in Y are 0), L also
has the same dimensions as Y, and B € R™* (the coefficients to predict the targets
based on the scores). They do not use a logistic penalty term and the gradients are
easier to derive, but they minimize a sum of squared errors although their aim is to
solve a classification task. The A\ parameter balances the two terms in the loss. A
variation introduced is the weights matrices W and L on X and Y respectively. Both
are only constituted of 0 and 1. If X;; is not observed, then W;; = 0, otherwise W;; = 1.

W = { 1, if X;; is observed

0, otherwise

Regarding L, the row ¢ of L is filled with 0 if the class of x; is not known, otherwise
it is filled with ones (1 is a vector of size k with ones).

L. =

g

1, if the class of z; is known
0, otherwise

Based on this objective function, they derive multiplicative update rules after com-
puting the gradients with respect to U, V and B, mimicking the approach of Lee and
Seung (2001). It has the advantage to eliminate the learning rates from the algorithm,
hence there are fewer parameters to choose.

Turning now to their numerical experiments, they compare the Fisher NMF with
their algorithm. They partition the dataset to obtain X4, and X;.s, they apply the
NMF algorithms to the train set and obtain Uy, and Vigin, then they obtain the
scores for the left aside test set using a projection step, as Thiel et al.| (2021) in section
. Finally, they fit a classifier (SVM) on the obtained Uy.q;, and test it using Usest
the scores obtained after the projection. The metric used is the classification accuracy.
The conclusion is that the Semi Supervised NMF algorithm performs better than the
Fisher Discriminant NMF.

4.2.3 Supervised NMF for spectrometry data classification

The last paper was published in 2018 by |[Leuschner et al| and aims at decomposing a
MALDI imaging dataset after adding supervised classification and various unsupervised
penalty terms. Their paper is particularly well documented and they compared a high
number of algorithms derived from the NMF problem. On the other hand, they did
not try other classical methods to compare against their proposed algorithms. Their
target problem is a binary classification (tumor detection) on MALDI MSI data.

Their study is divided between unsupervised and supervised extensions of the NMF
problem. The objective functions all have the form:

1
1(1}1‘;1 §||X — UV |5 + penalty terms (4.16)

Unsupervised extensions

First, the unsupervised extensions define new objective functions integrating ¢1 and
(2 penalty terms. Namely, the first objective comprises a ¢2-penalty on U and V' and a
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(1-penalty on V, increasing the sparsity of the basis elements found: 3||V||; + 4| U||% +
2I[V||%. Then, they define another expression by adding a constraint on the orthog-
onality of the loadings V', to obtain less correlated patterns by means of 2 penalties
(instead of the single penalty: || — VVT||}): 2T — VW3 + Z|W — V||%. The
latter orthogonality penalties add a new parameter W to the minimization problem.

Then, they show how to obtain MU rules (following the approach of majorize-
minimization algorithms which is not detailed here). In addition they precisely describe
how to use the result of their regularized NMF problems as the input of a classifier.
Their method comprises two steps, first the decomposition is applied on a training set
and results in Xyqin = Uprain Virain, then the feature vector (F) is defined as:

XtrainVT

train Ftrain
And the feature vector Fy,,, is used with the target labels Y,.q:, to fit a classifier (a
linear discriminant analysis or a logistic regression). New data X,y are then classified

by first extracting the feature vector:

Xtest VT

train

= Ftest

And feeding Fj.. as the input of the previously trained classifier. Nevertheless with
this approach, the loadings matrix only contain the most dominant patterns in the
data, which are not necessarily the most discriminative. Thus, this motivates the next

part of their paper in which they integrate supervised penalty terms in the objective
function of the NMF.

Supervised extensions

Turning now to the supervised extensions, they add to the classical NMF problem
the penalty of a linear discriminant analysis or the logistic regression. But the input of
those 2 classification penalties are the feature vectors: XV7 and not the scores U as in
the previous articles ! For instance, the linear discriminant analysis penalty is:

Iy = XVTBJ;

with B the coefficients of the regression. Then, they also incorporate various penal-
ties to compare models with Orthogonality constraints, sparsity constraints, etc. The
MU rules are also derived.

Finally, they also need to design a pipeline to train and test their supervised dimen-
sionality reduction technique. Here, they slighlty change their approach with respect
to the unsupervised part. Indeed, one can either keep the B coefficients at the last
iteration of the algorithm or optimize a new one. When keeping the coefficients, then
the classifier can be directly used to predict the labels of the training data, the input
being the feature data: X uin Vil = Firain- The prediction for the test data is simply

rain
given using the coefficients and the input: X V,l,;,. For instance with the linear dis-
B and obtains real values, for each value,

criminant analysis, one computes X V% ...
if it is below a certain threshold, Y;.s is 0, otherwise it is 1.

On the other side, when ignoring the B coefficients, a supervised NMF is fitted on
Xirain, producing Uyyqin and Vipgein. The feature data Xtmthfam = F}rpin and the train-
ing labels Y}, are used as inputs to fit a linear discriminant or a logistic regression
classifier, giving the coefficients B. Lastly, the prediction for a new set of observations
Xiest is given by feeding X;e Vil ;. to the trained classifier.

For the case study, they use 8-folds cross-validation on the dataset and measure the
balanced classification accuracy (this metric has the advantage to be independent on
the class priors). Overall, the supervised extensions perform better than the unsuper-
vised ones. The authors are also able to identify some mass spectrometric markers by

visualizing the patterns: V7 B.
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4.2.4 Discussion and comparison

From the three presented articles, the aim of the authors was always to predict a class
label (binary or multi-class). Nevertheless, the supervised penalty terms used were
sometimes a classification one (for instance, a logistic regression), or sometimes a sum
of squared errors (which is more common in regression problems). A very important
difference is the input for the classification models: the scores (U) can be used but the
last paper proved that X V7 can also be used.

The three studies also showed us that the extra step required to use the result of
the (S)NMF is not always well documented although it is crucial to allow the repro-
ducibility and intelligibility of the results. Moreover, the literature does not seem to
be unanimous on this subject. Thus, the pipeline for fitting and testing the extended
NMEF problem needs to be carefully designed. It is also a function of the input taken by
the classification model: the MALDI imaging article using feature data as input shows
a simple way to extend the classification model to new data while the other articles
using the scores as input requires a projection as seen in Thiel et al.| (2021]).

However, the projection step of Thiel et al| can be seen as a generalization of
the “feature data” by [Leuschner et all Indeed, if the loadings are orthogonal and
normalized, then both approaches are equivalent (see section [3.3.4)):

Fio = XteStVtT (input for classifier in Leuschner et al.|2018)

rain

Upest = XiestVitir Virain Vil . )71 (input for regressor in [Thiel et al|2021)

rain

(4.17)

with orthonormal loadings: Viy4inV,%,;,, = I, both inputs are equivalent, but this is

not the case in the study of |Leuschner et al.

In addition, the methods used to compare the new methods presented in the 3 pa-
pers above do not comprise a one-step approach such as a PLS-DA. The authors only
compare their new methods to other NMF related methods. One can thus reasonably
ask the question: would these methods perform better than PLS 7

In the next section, the NMF problem will be extended to a regression problem,
using a sum of squared error penalty term (or ¢y-penalty). The input for the regression
will be the scores U (as|Chao et al.|2018| Lee et al. 2010) and not the feature data (as
Leuschner et al.|2018). The Gradient update rules and MU rules will be derived.
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4.3 New algorithm for Supervised NMF

4.3.1 Objective function

The usual NMF notation is used in this section. A X matrix containing the n obser-
vations and p variables, X € R}, We will obtain the decomposition X ~ UV with
U € R™" (the scores) and V' € R? (the loadings) such that we minimize | X — UV ||7..
At the same time, we want to minimize the linear regression error between the target
variables Y € R™* (Y includes k variables with n observations each) and the scores U.
That is to say, we add ||Y — UB||% to the objective function. The objective function
to minimize is thus

. ]- 2 /\ 2
min Z[1X = UV} + 51V - UBI; (4.18)

For clarity purpose, the following parts are defined: © = %HX —-U V||§ and ) =
A 2
Y = UB|[p.

4.3.2 Deriving the gradients
First, the gradient of © is derived. Using || X||% = Tr(XTX), leads:

1 1
SIX = UV = STr((X - UV)'(X = UV))
= %TT(XTX - XTuv - viuTx +viutuv) (4.19)

= %(TT(XTX) —Tr(XTUV)=Tr(VIU"X) + Tr(VTUTUV))

Using VxTr(AX) = AT and VxTr(XTA) = A, the gradients of | X — UV|% with
respect to V and U are:

VO = %(ZUTUV —2U7X) (4.20)
VO = %(ZUVVT —2XVT (4.21)

Second, the gradient of €2 is derived. As above, it yields:

A A
EHY —~UB|3 = TT(E(Y —~UB)Y(Y —UB))

\ (4.22)
= §TT(YTY ~Y'UB - B'"U'Y + B'UTUB)
The gradients of A|Y — U B||3. with respect to B and U are:
A T T
Vi =S (UTUB - 207Y) (4.23)
Vi = %(QUBBT —2v BT (4.24)

4.3.3 Gradient descent rules
Rules
From the gradients in the above subsection, the (additive) update rules for a Gradient

Descent are defined as:

U+ U—~(UVVT — XV £ N\UBBT — Y BY))
VeV —nwU'UV-U"X) (4.25)
B¢+ B —ypA\UTUB - U"Y)
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Fitting an intercept to B

One may want to fit an intercept to the coefficients B such that B € R™™**_ It is a bit
more challenging than it seems. We propose the following method to fit an intercept.
A column of 1 is added to the scores U and one coefficient is added to B, but then
problems arise with the dimensions as B € R™*'** and U € R™"+1. The rules change
for U and B but not for V. The tilde marks a modification from the original matrices
caused by adding the intercept.

_ For the update rule of U, the last term is UBBT — YBT, where Y : n x k and
B :r+1x k. The first column of this term is excluded (noted [, —1] in the equation).
Hence, the scores U € R™*".

Finally, the weights B are obtained by adding to the scores U a first column full of
1 such that U € R™"*! thus B € R™* becomes B € R"+1xF,

U U—w@VVT = XVT 4 NOBB" ~YB") )
Be B0 0B-0"Y)

Nonnegativity constraint

A Gradient Descent algorithm will not be able to take the nonnegativity constraints on
U and V into account. A projection step will therefore be needed after the update so

that every element of U and V' remain nonnegative (if an element < 0 then replace it
by 0.0001).

4.3.4 Multiplicative Update rules
Methodology

In a previous section, the Multiplicative Update rules of Lee and Seung| (2001) were
presented. The idea behind these being that they are equivalent to a rescaled gradient
descent. There is another way of understanding the MU which is used to elaborate our
own MU rules.

As explained by |Lee et al| in [2010], the Multiplicative Update rules can be obtained
using another rationale. If the gradient of a function f has a decomposition of the form

Vaf = [Vafl" = [Vaf]” (4.27)
with [V, f]* > 0 and [V,f]” > 0. Then MU for parameters « has the form
[Vaf]”
Q4o ([Vaf]+> (4.28)

Applying leads indeed to the MU. This is also put in other words by Gillis
T
(2014). He shows (taking for the example the MU for U: U < U o %) that

XV,
% >1 <  (Vefa<0 (4.29)
where Vi f = —XVT + UVVT (see . This means that for each element of U,
the MU rules either “(i) increase it if its partial derivative is negative, (ii) decrease it
if its partial derivative is positive, or (iii) leave it unchanged if its partial derivative is
equal to zero” (Gillis, 2014, p. 8). Consequently, the cost function will decrease when
using the MU rules.
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Rules

From the section [4.3.2] above, the 'parts’ of the gradients are:

Vi O = [V 0] — [VyO]

4.30
=UTUv —UTXx (4.30)
V,0 = [V, 0" — [V,0]"
U [U]T [(;] (4.31)
—uvvT — XV
Vi = [VEQI* — [VeQl-
=1 i] [ iJ (4.32)
— \UTUB - \UTY
V0= [VeQlt — [VQ-
v§t = [Vull]” = [V (4.33)

= \UBBT — \YB”

Using these gradients and the methodology in [4.3.4] the following MU rules are
defined as:

XVT 4 \Y BT
°UVVT ¥+ \UBBT
UTX
°UTUv
UTy

U+U

VeV (4.34)

Fitting an intercept to B

As in the previous section, B will become B € R™™** and U becomes U € R™*"+1,

_ For the update rule of U, the second term of the numerator is )\YB’T, Y :nxkand
B :r+1xk, from this term the first column is excluded (noted [, —1] in the equation).
Same is done for the denominator, after adding a column of 1 to U for the second term

()\UBBT, U:nxr+1and B:r+1xk). The scores U after the update are thus
UeR"™.

_ Finally, the weights B are obtained using U and B such that the update rules return
B.

XVT + ()\YBT)L_H
UVVT + (W\TBB")_y

T
Vevo X (4.35)

U+Uo

Stopping criterion

Both for the Gradient Descent or the Multiplicative Update rules, the stopping criterion
should be defined. A common choice is to measure the objective/loss function at each
iteration and stop the algorithm when the difference between consecutive iterations
is too low. This is the retained approach for the SNMF algorithm. The parameter
measuring this difference is € with the condition: if |lossy — lossg_1| < € then stop the
algorithm (k is the index of the iteration number).
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Nonnegativity constraint

The Multiplicative Update rules enforce the nonnegativity constraints on U and V' but
it also does on B. Nevertheless, having only positive coefficients in B is not necessarily
desired.

Exploring solutions to this problem is necessary. However, using the MU rules for
U and V and another one relaxing the nonnegativity constraint for B will lead to the
loss of the nonnegativity guarantee on U and V. Indeed, if elements in B are negative,
negative elements are introduced in the update rule of U, and if U may contain negative
elements, so may V. The projection step will then be necessary if only the MU rules
for U and V are used. Regarding the update rule of B, a linear regression ¥ ~ UB
could be fitted at each iteration (with or without intercept). But then, the update
rules are no longer guaranteed to reduce the loss function at each iteration, this is only
valid using the MU rules for all parameters. A gradient descent with a carefully chosen
learning rate could also be used.

As a conclusion, there is a choice to make. On the one hand, one can have the
guarantee of reducing the objective function at each iteration with the MU for all
parameters. On the other hand, the B coefficients can then only be non-negative. Note
that when predicting several targets with opposite effects such as the concentration of a
product and a reactant, we can flip one of the target (do: 100—product _concentration,
for instance) so that nonnegative coefficients of the scores are easier to find. Indeed,
both targets are now varying into the same direction.
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4.4 Prediction and methods comparison on new dataset

In this section, the methodology used to compare the supervised algorithms is detailed.
The first is a one step PLS. The second and the third are a two steps dimensionality
reduction + regression based on the scores and loadings produced by the NMF or the
proposed Supervised NMF.

4.4.1 One step PLS

The one step approach is straightforward, it simply consists in fitting a PLS model using
the SIMPLS algorithm on the dataset of spectra and measuring the error of prediction
on each batch. Thus, a PLS is trained on X¢/; (the spectra of all but one batch) and

Ye/i (the corresponding target values). It results in the PLS model: ?G/i = X¢ /iégﬁs .

For the particular case when y is not available for every spectra x, the subset from
matrix Xq/; is extracted where the spectra corresponding to the off-line target are
gathered in the matrix X7, /i Hence, X, /i and Y/ /i have the same number of rows. The

PLS model is: YG*/Z = Xg/iBg/LiS. The coefficients Bg/LiS can be used to predict Y for a
new set of spectra.

4.4.2 Predicting a new observation after the (S)NMF

Regarding the comparison of the prediction accuracy between a supervised method
such as PLS with a decomposition such as NMF or SNMF, one issue remains. Indeed,
the PLS, after internally decomposing the dataset, returns coefficients which can be
directly applied on new unseen data. On the other hand, a NMF or a SNMF only
produces scores and loadings for the dataset on which the method was fitted. In other
words, training a dimensionality reduction technique on Xy,.4;, yields Uipqin and Vigin.
An extra step is required to obtain coefficients to apply to a new validation set X, q4-

The needed procedure is called the two steps regression approach. The figure [4.3]
summarizes it, using the train and valid indices (note that it is equivalent to the G/i
and 7 indices). It can be seen that ffwlzd can only be obtained using the coefficients
Btmm from the projection step. On the other hand, Y}mm can be obtained in two
different ways: by using the coefficients Btmm or the regression coefficients Ctmm one
step ahead of the projection.

_N(\-,\—_ﬂhu__‘l& {S]NMF ?}:OFES Loadings I'Jiraiﬂ
train
thiﬂ. _,M(\f\_._,_d“—"———fdrb\'

Training set Xirain

Training set
Youi OLS: Yo ~ Uy
vatid -thalz'd train train
i - Coefficients
=35 - - -
— T =1 c
Btram - I/rgmm (ﬁf'ain I";mm} Ctmin < — | train

I \V
(-: II

\/ R |
\ e ) e

o s o - ]
¥ ombid = Xm!:dBtmm |tha'n = ey Gh'ain

A dg
thm — Xtr " Btmm

Figure 4.3: Two steps regression
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The two steps regression is further detailed in the next subsection, using the batch
notation previously defined.

4.4.3 Two steps (NMF/SNMF) + regression

The two steps approach consists in applying first a dimensionality reduction technique
on the dataset of spectra before a regression step.

1. The first step is the dimensionality reduction performed using an NMF or a
SNMF. It yields:
Xayi = UqyiVayi + Eqyi (4.36)

with Ug/; being the scores, Vg/; the loadings and Eg/; the error matrix.

If the dataset has as many target values as spectra, the particular case is not met and
the step 2 is the following:

2. A. The second step is the regression one. It uses the scores obtained Ug/; to fit the
linear regression model:

Ya/i=Uq)iCqyi + E

CAWG/i = (Ug/iUG/i)ilUcT;/iYG/z‘ (4.37)
Defining Ui = XaiVe(VaiVe,) ™ (see(3.3.3) it yields:
Yo = UgjiCayi + B = XayiVii(VayiVé) 'Capi+ E (4.38)
Finally, the regression coefficients Eéﬁl are obtained as:
Béﬁz = Vg/i(VG/ng/i)_lég/i and the two-steps model is:
Yo = XG/iBés/i (4.39)

If the dataset has the particular property that there is less target values than spectra,
the step 2 is slightly different. After the first step, U, /i is obtained as the subset of
Ug); where the corresponding spectra have an offline measurement (a target value).
The step 2 is the following:

2. B. The second step if the particular case is met uses the scores obtained U} /i to fit
the linear regression model:

Yo =UquCayi + E

éG/i = (Ué%Ué/z‘)_lUé%Yé/z‘ <4.4O>
Defining Ug,; = X& Ve (VayiVa,) ™ (see[3.3.3) it yields:
Y =UsiCopi+ E = X5V (VayiVa ) *Copi+ E (4.41)
Finally, the regression coefficients E’és/z are obtained as:
3251 = VGT/Z.(VG/Z-VGT/Z.)ACA'(;/i and the two-steps model is:
YG*/Z’ = Xé’/iBéS/i (4-42)
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4.4.4 Model quality assessment

As the aim is to predict a the concentration of chemical components, the metric used
for this regression problem is the RMSECV (Root Mean Squared Error in Cross Vali-
dation).

~

v (Vi — Vg )?
RMSEC‘/ik:\/Z]_l( kj kj)

n;

with Y; the matrix of true target for the batch ¢ and Y; the predicted target. n;
is the number of observations in this batch. Then, the index k stands for the column
number of Y}, since several target concentrations may be predicted. Finally, the index
j:1,...,n; iterates over the row number of Y.

Note that for a given target k£ the mean RMSECV of the RMSECVs over several
batches/folds defined as follows:

RSMECV?
L

with 7 the index of the RMSECYV and [ the total number of different RMSECVs for
batches or folds.

1
RMSECV; = =1
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Chapter 5

Methods application on case studies

5.1 Methodology

Before analyzing the three datasets, let us present the detailed methodology in this
section. The structure, objective of the new SNMF and R implementation is shown

below.

5.1.1 Structure

The structure of the application of the methods to each case study is presented in
the figure 5.1} Instead of dividing it between the unsupervised and the supervised
techniques, the preferred organization is the following:

Artificial dataset

Chemium dataset

Janssen dataset

Data Visualization /
Decomposition

A J

L J

F

~

L 4

L J

Y

Prediction ‘

PCA

PLS

NMF

SNMF

One siep PLS

Two steps NMF +
regression

Two steps SNMF
+regression

—

Individual model

L

h 4

Global model

LoBo model (need

projection)

_y| Reconsiruction
Ermor
» Scores
L Loadings

h 4

~ PLS
Coefiicients B,

L 4

irain

Regression Coefiicients
Yf'a'am ~ Dr]’a'am — Ct:'a?'n

RIMSE frain / validation

Y

Projected Coefiicients Bf

s

h

RMSE train
(no projection)

riain

Figure 5.1: Work Plan for the case studies

RIMSE frain / validation
{(using projection)

1. Data Visualisation/Decomposition: the scores and loadings produced for
the data matrix are compared for the PCA, NMF, PLS and SNMF. Then, the
reconstruction error is also studied. Obviously, the unsupervised methods are
expected to perform better at the reconstruction error because it is their only
objective. On the other hand, it is interesting to analyse the interpretability of
our new algorithm and its reconstruction error compared to a classical NMF and
the other methods. This is the reason why the first part of the analysis is not

limited to the unsupervised methods only.

2. Prediction: the supervised methods are fitted and evaluated in cross-validation.
The metric used is the RMSE as explained in section [£.4.4 The one step PLS,
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and the two steps (S)NMF are compared. Note that PLS produces regression
coefficients directly so the RMSE train and validation can easily be obtained.

On the other hand, as seen in the figure[4.3] the first step of the two steps methods
is to produce the OLS regression coefficients Cy,.4;, which result from:

Y;rain = UtrainCtrain

thus the training RMSE can be measured on each batch/fold (and not the vali-
dation RMSE, since one needs the scores which are only available for the training
set !).

To obtain regression coefficients applicable to new observations (and not to scores),
the extra projection step is required and produces B2, (see figure . Then

train

the RMSE train using the projected coefficients results from:

{/;Srain = Xtrainét%:sain
and the RMSE on the validation set (RMSECV) using the projected coefficients
results from:

A

525
Yoatia = XvatidBipgin

5.1.2 Objective

The objective for the new SNMF algorithm is to have an equivalent reconstruction
error as the classical NMF problem (yet, it is expected to slightly be larger since the
reconstruction is no longer the only objective of the loss function), have a good inter-
pretability in terms of scores and loadings.

At the same time, the new algorithm + regression should perform better at predict-
ing Y compared to a simple NMF + regression model. If it is the case in cross-validation,
it means that the new algorithm is able to capture more relevant patterns to predict
the target than the unsupervised NMF.

5.1.3 R packages implementation

The whole implementation was performed using R (the PCA, NMF, PLS and the pro-
posed Supervised NMF).

e For the PCA, the function prcomp was used (from the package stats which comes
directly with R). The algorithm used by prcomp is a SVD.

e For the PLS, the function plsr from the pls package was used. The algorithm
chosen was SIMPLS.

e For the NMF, the Brunet algorithm from the nmf function from the NMF package
is used (remind that it is based on the Kullback-Leibler divergence, not on the
Frobenius norm, but it is an enhanced version of the MU of |Lee and Seung).
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5.2 Artificial dataset

In this section, the artificial dataset described in the second chapter is analyzed. The
details of its construction can be found in the section But first, let us define some
general parameters for this case study.

e The target concentration to predict by the supervised model is the component C
(the product).

e For the NMF and the SNMF, 3 components will be used (indeed, it is known by
design that there are 3 latent components in the data)

e For the PLS and the PCA, as the data must be first centered, only 2 components
will be used.

5.2.1 SNMF parameters

Regarding the SNMF, many parameters are at stake. We chose to study only 3 different
configurations of the SNMF for this case study. The table shows the main differ-
ences between these models. The regression coefficients B in the supervised penalty
term 3||Y — UB||% can be initialized and updated according to various rules. Having
a full Multiplicative Update algorithm for U, V' and B has the advantage that the loss
should decrease at each iteration while at the same time enforcing the non-negativity
constraint and having an automatic learning rate. On the other hand, as discussed in
the section [4.3.4] having non-negative B is not necessarily desirable.

Consequently, in addition to the classic MU algorithm 'SNMF1’ with positive B,
the second SNMF model 'SNMF2’ enables the coefficients to be negative. Indeed,
At initialization, U,,;; and Vj,;; are the result of an NMF of X, and B;,; is set as
the OLS regression coefficients of Y ~ U;,;, hence possibly negatives. Then, B is
updated by the classic MU rules. Note that there is no longer a guarantee that U and
V' are non-negative since the update rules of U depends on B, so at each iteration the
negative elements of U are replaced by 0.0001. Then, the 'SNMF3’ model experiments
a new way of updating the coefficients B by setting them to the OLS coefficients from
Y ~ Uy at each iteration k of the algorithm (By, = (U U;)'Ul'Y). Again, the negative
elements of U are replaced by 0.0001 at each iteration. The table summarizes the
main differences of the 3 models.

SNMF Model Name init B update B
MU with random B init (SNMF 1) random uniform [0, 1] multiplicative
MU with smart B init (SNMF _2)  OLS multiplicative
Mixed MU with OLS (SNMF _3) OLS OLS

Table 5.1: 3 different models of SNMF

The other SNMF parameters are fixed for all three models. The update of U,V is
done by the MU rules, the maximum number of iterations/epochs is 100, the initializa-
tion of U,V is the result of an NMF on X with the Brunet algorithm. Regarding the
value of A, the weight for the supervised penalty, a grid search is performed and the
mean validation RMSE (the mean RMSECV) are compared in a leave-one-batch-out
cross-validation.

The figure [5.2) shows the evolution of the mean validation RMSE depending on the
value of lambda for SNMF1. It can be seen that the lowest mean validation RMSE
are obtained with very low values for lambda (thus very low weights on the supervised
penalty term). The chosen A is the one giving the best mean RMSECV. The A is le —5,
le — 4, be — 6 for the SNMF1, SNMF2 and SNMF3, respectively. The parameter for
the stopping criterion € is fixed to 0.001 (when the difference of consecutive objective
function is lower than 0.001, the algorithm stops).
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SNMF: Mean RMSECYV depending on the value of lambda

Mean RMSECV

1e-06
5e-06 |
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5e-05 |
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0.01 -

0.1

Lambda
Figure 5.2: Evolution of the mean RMSECV for SNMF'1

5.2.2 Analyze of the SNMF algorithms

Before describing the output of the SNMF models, let us focus on the values of the
objective function when varying the balancing factor A. From the objective function of
the SNMF, two terms can be distinguished:

e The penalty 1 ('pl’) is the NMF loss function: || X — UV|%,
e The penalty 2 ('p2’) is the supervised penalty: 1||Y — UB|%,

The figure is obtained by fitting global models with different values for A and
measuring the values of 'pl’ and 'p2’ at the termination of the SNMF1 algorithm. This
figure clearly shows the trade off between the supervised penalty term and the NMF
cost function. When A is small, the NMF loss function 'p1’ is small. On the other hand,
increasing A gives more weight to the supervised penalty term (’p2’) thus the value of
'p2’ is lower but the value of 'pl’ increases. Note that the supervised penalty term can
take very large values because the coefficients for the linear regression Y = UB + E
may not have converged yet depending on the value of A\. For instance, if A\ is very
small, the regression coefficients B at the end of the algorithm may still be close to the
random initial ones, therefore making no sense.

SNMF: evolution of the objective function with various lambdas

— NMF loss (p1)
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Figure 5.3: Evolution of 'pl’ and 'p2’ (after the last iteration) for SNMF1 depending
on A (global model)
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Let us now focus on the number of iterations and the value of the two terms in
the objective function during the algorithm. The analyse is performed for the global
model, on all batches. The figure shows the evolution of the objective function for
the SNMF1 algorithm using the optimal value for A (le — 5).

The NMF loss function starts from a very low value, as it is the result of the Brunet
NMF algorithm and then increases, while the supervised penalty and the objective func-
tion regularly decrease. The minimum for the penalty 1, 2 and the objective function
is also shown on the figure through the dots of the same color.

SNMF: Evolution of the objective function

1e+06

— NMF loss (p1’)
— Supenised penalty (p2)
—— Objective function

1e+02  1e+D4

Yalue

1e+00

| | |
5 10 15

1e-02

[teration number

Figure 5.4: Evolution of the objective function for SNMF1 with the optimal A (global
model)

The table[5.2shows the statistics (value at the first iteration and at the last iteration)
for both penalties, the loss function and the number of iterations for the first batch of
data. As the SNMF1 starts with a random initialization for B, it is expected that
the first value of the penalty 2 is very high. Then, B is adapted with the MU rules
such that the penalty 2 is reduced. Yet, the value of the supervised penalty remains
high compared to the SNMF2 and SNMF3. Using the "clever" initialization for B for
SNMF2 and SNMF3, results in a very low number of iterations. The SNMF2 arrives
at a very low value of the supervised penalty using the MU for B, on the other hand
SNMF3 reaches a higher value for the same penalty using an OLS update at each
iteration.

Thus, the MU rules for B seem to perform better than using an OLS update at each
iteration. In addition, it can be seen that 'smartly’ initializing the regression coefficients
B reduces the number of iterations needed and can yield lower values for 'p2” at the
end of the algorithm.

The final value of the loss function is equivalent for SNMF2 and SNMF3 but higher
for SNMF1 (both because of a higher NMF cost function and a higher supervised
penalty).

A iter pl.start pl.end p2.start p2.end loss.start loss.end

SNMF 1 1le-5 16 0.017 0.031 638538 392.2  6.403 0.035
SNMF 2 1le4 3 0.017 0.017 1649 3.467  0.034 0.018
SNMF 3 b5e-6 2 0.017 0.017  164.9 29.45 0.018 0.018

Table 5.2: Statistics over the SNMF algorithms for the global model

Remind also that the initialization for U and V is the result of a NMF, so a low
number of iterations is expected. For the SNMF2 and SNMF3, the results are thus
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expected to be very close to the NMF ones. Increasing the number of iterations by
using a different A value had the effect that the RMSECV for the validation sets were
higher. It is already a clue that the number of iterations should remain low in order
to optimize the RMSECYV, in other words, the algorithm struggles to find an optimal
decomposition which differs from the original NMF one.

5.2.3 Data visualization and decomposition
Reconstruction error

The table shows the reconstruction error (%) for the 3 classical methods: PCA,
NMF and PLS. Yet, the PCA and the NMF are unsupervised methods while the PLS
objective also focuses on a target Y, thus the PLS is obviously expected to do worse
than the 2 latter methods.

The PCA with 2 components captures 71.7% (first component) and 21.3% (second
component) of the variability in the data. Adding a component would only increases this
amount by 1.3%. Thus, 2 components seems a reasonable choice for PCA (although,
this choice was already made before the analysis, as explained above).

For PCA and PLS, the individual approach has the smallest error, then the global
approach, then the leave-one-batch-out (LoBo) has the biggest. It is what is expected
since the individual approach fits a model for each batch and then adjust to the speci-
ficity of each. The global approach fits only one model for all batches so the specificity
of each batch may be lost. The LoBo approach fits a model on all but one batch and
then uses the loadings and the data of this batch to obtain projected scores. Thus the
reconstruction error is expected to be higher.

However, for NMF, the LoBo error is lower than the individual and the global one.
This could be explained by the very high similarity between the batches. Overall, the
PCA, NMF and PLS performs roughly equivalently well. The NMF can be highlighted
as it exhibits the smallest LoBo error. The PLS also performs almost as well as PCA
although its objective also depends on the prediction of the target concentration C'.

PCA NMF PLS
Batch Individual Global LoBo ‘ Individual Global LoBo ‘ Individual Global LoBo
1 0.748 0.749 0.757 | 0.766 0.773 0.756 | 0.748 0.755 0.757
2 0.718 0.714 0.727 | 0.735 0.743 0.727 | 0.718 0.725 0.727
3 0.675 0.669 0.689 | 0.691 0.703 0.688 | 0.675 0.685 0.688
4 1.396 1.428 1.411 | 1.428 1.435 1.404 | 1.402 1.408 1.411
5 1.352 1.37 1.361 | 1.384 1.389 1.356 | 1.355 1.36 1.362
6 1.288 1.295 1.298 | 1.319 1.325 1.294 | 1.289 1.296 1.298
mean 1.029 1.037 1.041 | 1.054 1.061 1.037 ‘ 1.031 1.038 1.041

Table 5.3: Error percentage per batch and methodology (%)

The table [5.4] shows the reconstruction error for the 3 SNMF models. SNMF1
shows the worse reconstruction error for the individual and global approach, but its
LoBo error is on the other hand roughly equivalent to the other methods. The SNMF2
and SNMF3 are very close in terms of error and it is also expected since they both
have a low number of iterations starting with the results of a NMF and taking into
account the additional supervised penalty term. However, the SNMF2 and SNMF3
errors compared to the NMF errors are almost equal, meaning that the quality of the
reconstruction is not significantly affected by this new supervised term. In contrast, for
SNMF'1, which has more iterations, this effect is noticeable but only for the individual
and the global approach.
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SNMF1 SNMEF2 SNMEF3

Batch Individual Global LoBo ‘ Individual Global LoBo ‘ Individual Global LoBo
1 1.027 1.55 0.78 10.77 0.778  0.753 | 0.765 0.773  0.754
2 1.016 1.566  0.75 | 0.739 0.746  0.723 | 0.734 0.741  0.724
3 0.994 1.592  0.711 | 0.693 0.703  0.684 | 0.689 0.698  0.685
4 1.686 2.206  1.435 | 1.428 1.439  1.404 | 1.423 1.432  1.404
5 1.648 2.193  1.387 | 1.386 1.391  1.355 | 1.379 1.384  1.355
6 1.603 2.182  1.327 | 1.316 1.327  1.292 | 1.313 1.319  1.292
mean  1.329 1.881  1.065 | 1.056 1.064 1.035 | 1.05 1.058 1.036
Table 5.4: Error percentage per batch and methodology (%)
Finally, the errors of each batch are in direct relation with the construction of the
observed spectra. Remind that the batch 4, 5, 6 have more variability on the position
of their peaks. The reconstruction error for each batch are then probably just reflecting
the artificially added error which is independent of the pattern in the data.
Scores and Loadings
Let us now turn to the scores and loadings produced by the methods. The figure |5.5
shows the true quantities of each component (A, B, C) used to generate the data and
the scores for the individual model for the first batch, for the PCA and the PLS with 2
components. The similarity between the two models is striking, as the first component
is roughly the same and mimicks the evolution of the product (C), while the second
captures the evolution of the intermediate reactant B and probably the reactant A.
The second component for PLS is just the symetric as the PCA one. In both models,
the scores are not smooth and then captures a part of the artificial noise added to the
observed data.
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Figure 5.5: Scores for batch 1: individual model

Then, the figure shows the true quantities of each component and the scores for
the individual model of the batch 1 for the NMF and the SNMF1 (the one which differs
the most from the initial NMF) with 3 components. Here, the NMF almost perfectly
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captures each chemical component through each of its dimensions. The SNMF1 also
does, but in addition it also gets closer to the true scale of each chemical component, see
the difference between the third component for NMF and SNMF1. As for the previous
models, noise is also captured by NMF and SNMF1 in the scores.
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Figure 5.6: Scores for batch 1: individual model

The figure shows the loadings for the individual model for the batch 1. Again,
the similarity between the PCA and the PLS is very noticeable: the first component
seems the same and the second for PLS is the symetric of the second for PCA (but the
intensities diverge).
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Figure 5.7: Loadings for batch 1: individual model
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The figure [5.8) shows the loadings for the individual model for the batch 1 for
NMF and SNMF1. In both cases, the loadings of each component clearly corresponds
to peaks of the true spectra. A bit of noise is captured in the loadings for instance
in the dimension 1 and 2 of NMF and SNMF1. The scale between the 2 models’
loadings differs: the dimension 1 in SNMF1 is closer to the true spectra regarding the
intensity of each peak, the dimension 2 intensity in SNMF1 is in contrast too wide,
and the dimension 3 in SNMF1 is very close to the true scale of the true spectra of the
component C. Thus, as for the scores, there seems to be a scaling effect for the loadings
of the SNMF compared to the NMF. However the peaks are the same for both models.
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Figure 5.8: Loadings for batch 1: individual model

NMF VS SNMF

The figure shows the difference between the NMF and the SNMF1 results for the
individual model for the batch 1. The difference in the loadings is mainly on the inten-
sity of each peak but the peaks identified are the same. The intensity for the dimension
1 and 2 is increased but reduced for the dimension 3 (the dimension representing the
response variable). Regarding the scores, an extra black curve represents the evolution
of the true quantities (divided by a factor 1200) represented by the matching dimen-
sions. It can be seen that for the dimension 3 (representing the product, the target
used for fitting the SNMF algorithm), the SNMF scores is shifted such that it better
matches the true quantity of the product. The scores for the dimension 1 and 2 are
also (but more slightly) shifted towards the true quantities.
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Figure 5.9: SNMF1 versus NMF for batch 1: individual model

5.2.4 Prediction

In this subsection, the prediction accuracy for the product C is investigated. The models
used are the one step PLS, the two steps NMF + regression and the two steps SNMF
+ regression. The RMSECV are compared as well as the final regression coefficients
over the variables (the wavelengths).

RMSE

Remind that two different predictions can be produced for the training set for the two
steps models: see figure and Hence, two different RMSE train can be obtained
for the two steps methods: using Cg/; or using Bés/l Note that, in the tables below,
each line corresponds to one fitted model. For instance, to predict the batch 1, a model
is fitted on the batches 2 to 6 and the RMSE validation is the error of prediction on
the batch 1 (written in the tables on the line 'Pred. Batch 1’). On the other hand,
the RMSE train is the error of this model when predicting the batches 2 to 6, but the
result is also written on the same line as the batch 1! So, the line X should be read as
“the training and validation RMSE when predicting the batch X”.

The table first shows the RMSECYV for the one step PLS and the two steps
NMF. For the PLS with 2 components, the validation RMSE is 1.907 and the training
RMSE is slightly lower, but not much overfitting is observed. The batches 4 to 6
seem harder to predict: the validation RMSE is higher and the training RMSE is
lower, meaning that predicting one of those batches (and hence disregarding it for the
training set) yields better training errors. For the NMF + regression, the validation
RMSE is higher (2.01) as well as the training RMSE using B?f/i (1.993), again not much
overfitting is observed.

The training RMSE using CG /i is however very low, much lower than the training
RMSE using the coefficients of PLS, but this comes at a price: the coefficients étrain
are optimal (OLS) for the specific training set only, but they are easily interpretable, as
one coefficient corresponds to one component. For instance, when predicting the first
batch, an NMF is fitted on the batches 2 to 6 and produces scores and loadings. The
coefficients ég/i (with 57@/,- = Ug/iég/i, see figure are 2.448, -5.180, 1451.676 for
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the 3 vectors of scores respectively. The target being the product concentration, this
indicates that its concentration mainly depends on the third dimension of the scores
and is in addition proportional to it.

‘ PLS NMF + regression

)

3 R
CU Ay \y
Q) @ @ <
; S Re S S R
¥ & §F & £ 5
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<,
52

3

£y,

1.929 1.715 | 1.066 2.026 1.835
1.932 1.675 | 1.089 2.035 1.779
1.932 1.669 | 1.071 2.043 1.735
1.856 2.073 | 1.054 1.954 2.188
1.851 2.091 | 1.05 1.951 2.204
1.838 2.147 | 1.055 1.943 2.246

mean | 1.89  1.907 | 1.064 1.993 2.01

DU W N =

Table 5.5: One step PLS & Two steps NMF + regression: RMSECV

The table shows the RMSE for the SNMFs models. Among the batches, lower
training errors are mostly observed when predicting the batches 4 to 6 (as the preceding
table). Training errors using Ce si widely differ but are always lower than for the two
steps NMF (and this is expected since it is in the objective function). Using the
coefficients Bés/i, the training and validation errors are a bit higher than for the PLS.
However, the two steps SNMF2 and SNMF3 shows better training and validation errors
than the two steps NMF.

One also notices the difference between the training errors using C’Gh for SNMF2
and SNMF3. Indeed, the lowest is achieved for SNMF2, which used MU rules for the
coefficients instead of OLS at each iteration like SNMF3. In this sense, the MU rules for
the coefficients seem to be more useful for finding optimal training regression coefficients
(remind that the MU rule for the scores depends on the regression coefficients, thus the
scores might have been adapted in SNMF2 in a different way than in SNMF3 and yield
better regression coefficients).

As a conclusion, the two steps NMF is slightly outperformed by the two steps
SNMF2 and SNMF3 (with low number of iterations) but not by SNMF1 (full MU with
random init for B). None of the models beats the PLS for the training and validation

RMSE (using the regression coefficients Bgﬁs Versus Eés/i).

| SNMF1 SNMEF?2 SNMF3
S B S I S
5 =0 0 0 Y R0 0 Y RO P©
T
g & & U ¥ ¥ U & 3
> § fF F 5 F 5 5 5 3

0.966 2.367 2.233 | 0.079 2.023 1.813 | 0.361 2.02 1.829
0973 2329 2.169 | 0.095 2.032 1.761 | 0.364 2.03 1.771
0969 232 2183]0.096 2.04 1.723 | 0.363 2.037 1.731
0.963 2303 2383 |0.081 195 219 0.357 1.948 2.176
0.963 2.288 2.429 | 0.08 1.948 2.209 | 0.357 1.946 2.195
0.949 2338 2.59 | 0.07 1.937 2.242 | 0.348 1936 2.244

mean \ 0.964 2.324 2.336 \ 0.084 1.989 2.002 \ 0.358 1.987 2.003

Ol W N~

Table 5.6: Two steps SNMF + regression: RMSECV
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Regression coefficients

FdeJMW%m%mnwdﬁmmﬁéaﬂxBgfamcmmmmdmﬂwﬁgﬂeSJOm%W.
They result from fitting a model on the batches 2 to 6 in order to predict the lett aside
batch 1. The same peaks appear for the one step PLS and the two steps models, but
the intensities of each peak differ. In fact, the PLS coefficients always are equal or
below the two steps coefficients. This might be caused by the additional constraint of
nonnegativity of the scores and loadings they were derived from in the case of the NMF
and SNMF. Among the SNMFs models, the SNMF1 differs a bit from the two others
but the SNMF1, SNMF2 and NMF coefficients are very much alike (and it is expected

since the low number of iterations of SNMF1 and SNMF2).

Coefficient

Regression coefficients by methods

method

One step PLS
MMF + regression
SMMF1 + regression
SMMFZ + regression

SMMF3 + regression
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Figure 5.10: Regression coefficients on the variables for the different methods



5.3 Janssen dataset

For confidentiality reasons, this section is only available under request. Please contact
Bernadette Govaerts: bernadette.govaerts@uclouvain.be for more information.

29



Intensity

5.4 Chemium dataset

As explained in the second chapter, the Chemium dataset has the particularity to result
from a flow reaction. From the specific design of the data collection, 29 sets of 6 spectra
are gathered and each spectrum of the same set has the same target values (A, C, D).
For the purpose of our case study, only C (the product) will be predicted.

The dataset has 174 observations (6 x 29) and 778 variables, ranging from 4003 to
9997 cm~!. In a previous extensive research lead by Alexis Rousseaux as part of his
master thesis in chemical engineering (Rousseaux and Nagy, 2021)), the spectral window
was filtered to exclude the part where the spectra saturate (see figures and .
This is the only pretreatment which is applied in this case study. Thus, the dataset has
now 616 variables (this is almost triple the previous case).

Batch 1 -Spectra1to 6 Batch 1 -Spectra1to 6
(]
— Index 1 o — Index 1
w — Index 2 — Index 2
— Index 3 — Index 3
— Index 4 — Index 4
© - Index 5 | Index 5
— Index 6 = - — Index 6
w
o
~ 3z
—
- o
o -
o pr
T T T T T T T T T T T T
4000 5000 6000 7000 8000 9000 10000 5000 6000 7000 8000 9000
Wavelength Wavelength
Figure 5.11: Unfiltered spectra for batch 1 Figure 5.12: filtered spectra for batch 1

The number of components is chosen as 3, as 3 chemical components are present in
the samples (yet the second and third in much lower proportions than the product). In
addition, one notes that a PLS with 3 components is optimal in a leave-one-batch-out
cross-validation strategy (but remind that » — 1 = 2 components will be used for PLS
and PCA in order to compare with NMF and SNMF).

5.4.1 SNMF parameters

As usual, 3 SNMF algorithms will be tested (SNMF1, SNMF2 and SNMF3: see table
. A grid search is used to find the optimal A parameters balancing the two terms in
the objective function. For each \ value, the mean RMSECYV is measured in a leave-one-
batch-out cross-validation using the two steps SNMF + regression. The optimal values
are 0.01,0.6 and 0.5 for SNMF1, SNMF2 and SNMF3, respectively. The e (threshold
for the termination) is maintained at 0.001, the maximum number of iterations is 100,
and the initialization for the scores and loadings is the result of a NMF with the Brunet
algorithm. The multiplicative update rules are used for U and V.

5.4.2 Analyze of the SNMF algorithms

Using the above parameters for each SNMF algorithm, a SNMF is fitted on the whole
dataset of spectra and using the product as the target. The table is obtained. One
immediately sees that none of the algorithms match the termination threshold and thus
iterates 100 times. The question of convergence thus arises.

Although the X parameter is quite high compared to the previous case studies (hence,
high importance on the supervised penalty), the value for the NMF loss function ('p1’)
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decreases for the three SNMF algorithms. As previous, the values for the second penalty
at the end of the algorithms are larger for SNMF1 as SNMF2 and SNMF3 used a smart
initialization for their regression coefficients (OLS for Y ~ Uj,;;). In addition, SNMF3
performed an OLS regression to update the regression coefficients B at each iteration,
therefore it is not suprising that the penalty 2 is minimal for SNMF3. Finally, the last
value of the objective function is the highest for SNMF1 although the A is the smallest
(0.01).

A iter pl.start pl.end p2.start p2.end loss.start loss.end

SNMF1 0.01 100 1.8 1.7 27611 323 278 3
SNMF2 0.6 100 1.8 1.5 329 0.00022 199 1.5
SNMF3 0.5 100 1.8 1.4 329 2e-06 166 1.4

Table 5.7: Statistics over the SNMF algorithms for the global model

The figures and show the evolution of the parts of objective
function for each algorithm. For SNMF1, there is a smooth (slow) decay for the first

penalty (not seen in this graph because of the log scale). The decay for the second
penalty is huge at the beginning of the algorithm because a bit a time is needed to
find reasonable regression coefficient B, then the decay slows down. For SNMF2, both
penalties widely increase during the first iterations ! Then, they both decrease to reach
lower values than at the first iteration. Turning now to SNMF3, jumps of values are
observed and finally yield lower values for both terms in the objective function. The
jumps are not surprising since the regression coefficients B are obtained by doing an
OLS at each iteration, thus there might be drastic changes between iterations (see the
next paragraph for further analysis). An encouraging fact is that the minimal values
for the parts of objective function are given at the last iteration (the dots in the plots)
for the three algorithms.
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Figure 5.13: Evolution of the objective function for SNMF1 (global model)
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SNMF: Evolution of the objective function
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Figure 5.14: Evolution of the objective function for SNMF2 (global model)

SNMF: Evolution of the objective function
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Figure 5.15: Evolution of the objective function for SNMF3 (global model)

After observing the successive plots of scores, loadings and regression coefficients
at each iteration around the iteration 15 to 30 for SNMF3, a number of observations
can be made. First, there is a jump in the values of the regression coefficients at the
iteration 21. Until the iteration 20 and after the iteration 22 (included), the weights
follow a smooth path. The loadings remain steady during the algorithm, only the scores
vary. Each dimension of the scores seem to form one smooth line (when ordering the
scores by the respective index of their spectra), but at the iteration 21, a very short
number of values jump out of it. As the weights are updated after the scores, an OLS
regression needs to shift its coefficients such that the MSE in minimized. During the
subsequent iterations, the extreme values for the scores are progressively brought back
such that each dimension form a smooth line, and the regression coefficients are also
slowly adapted.

5.4.3 Data visualization and decomposition
Reconstruction error

The table presents the reconstruction error for the three benchmark methods:
PCA and PLS (2 components both) and NMF (3 components). The full table with
the 29 batches can be found in the appendix (table [7.1)). Note also that the individual
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approach for PLS is missing because it is not allowed by the package plsr to fit on
less than 7 observations (here: 6 observations). The first finding is that PCA and PLS
perform equally well for the global and LoBo approaches, and the individual approach
for PCA results in a very low mean reconstruction error (3e — 7). On the other hand,
the global and LoBo approaches for NMF produce low reconstruction errors (0.0035
and 0.0017) but it is still roughly 100 times more than for PCA and PLS ! The same
applies for the individual approach of NMF (7.7e — 5) compared to PCA (3e — 7).

‘ PCA - 2 comps NMF - 3 comps PLS - 2 comps

| Indiv.~ Global ~ LoBo | Indiv  Global LoBo | Global LoBo
1 6e-07  7.87e-05  0.0002157 | 0.00093 0.015  0.016 8e-05  0.00022
2 3.6e-06 8.04e-05  0.0001069 | 0.00039 0.012  0.0081 | 8.4e-05 0.00011
3 5e-07  3.94e-05  5.87e-05 | 4.4e-05 0.0049 0.0047 | 4e-05  5.9e-05

27 le-07  3.4e-06 3.9e-06 5e-07 0.0026  5.2e-05 | 3.4e-06 3.9e-06
28 2e-07  7.8e-06 9.3e-06 5e-07 0.0031  0.00058 | 7.8e-06 9.3e-06
29 1le-07  7.6e-06 9.1e-06 5e-07 0.0034 0.0035 | 7.6e-06 9.1e-06

mean | 3e-07  1.91e-05 2.83e-05 | 7.7e-05 0.0035 0.0017 | 2e-05  2.8e-05

Table 5.8: Error percentage per batch and methodology (%)

Regarding the SNMF algorithms, the table shows their respective reconstruc-
tion errors. The full table with the 29 batches can again be found in the appendix
(table [7.2). It can be seen that there is an extreme value for the individual model for
SNMF2, causing the mean individual error to be much higher. Apart from that, the
mean errors for SNMFs are of the same order of magnitude, and slighlty larger than
the NMF results for the global and LoBo approaches. On the other hand, the error for
the individual approach is deteriorated when going from NMF to SNMF. The SNMF2
performs the closest to NMF for the LoBo approach.

‘ SNMF1 SNMF2 SNMF3
‘ Indiv Global LoBo ‘ Indiv Global LoBo ‘ Indiv Global LoBo
1 0.00069 0.017 0.017 | 0.0018 0.014 0.00034 | 0.00089 0.009 0.017
0.00051 0.013 0.013 | &4 0.011 0.00035 | 0.00058 0.0076 0.013
3 5.2e-05 0.0057 0.0059 | 0.00047 0.0036 0.00018 | 0.00013 0.0024 0.0058

27 2.4e-05  0.0024 0.002 | 1.6e-06 0.0023  0.002 0.00027 0.0025 0.0022
28 2.4e-05  0.0036 0.0025 | 2.5e-06 0.0029  2e-05 2.5e-06  0.0032 0.0027
29 2.4e-05  0.0031 0.0026 | 1.4e-06 0.0031 8.1e-06 | 1.7e-06 0.0033 0.003

mean | 0.00011 0.0036 0.0033 | 2.9 0.0031 0.0019‘0.00027 0.0043  0.0036

Table 5.9: Error percentage per batch and methodology (%)

Scores and Loadings

As the data comes from a flow reaction, there is no evolution of the chemical concen-
trations for a given batch. Hence, looking at the scores from the individual models is
not meaningful (and even not possible for PLS). This section thus looks at the scores
and loadings for the global model, and investigates whether it is possible to distinguish
the batches of data and obtain smooth, pure spectra like, loadings. First the scores for
PCA, PLS, NMF and SNMF2 are shown. Then, their loadings are compared.

The PCA scores and PLS scores are shown in the figures [5.16]| and [5.17] A zoom
of both of these figures can be found in the appendix (figures and . Both scores
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show very similar arrangements, but different (for instance, the batch 7 and 11). In
addition, the range of values taken by the scores for PCA and PLS also differ. The
batches of data are clearly grouped together for both methods (see the zoom for the
upper part of both figures in the appendix). This is encouraging since it is possible to
well separate the groups of spectra even using an unsupervised dimensionality reduction
technique such as PCA. The evolution in time of the scores of each batch can also be
seen: the first batches are well distinguished but then the batches all grouped together.
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Figure 5.16: PCA scores for the global model
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Figure 5.17: PLS scores for the global model

The NMF and the SNMF2 scores are then shown in the figures [5.18], and
[5.20], [5.21] The SNMF2 is chosen because it is the algorithm which has the smallest
mean validation RMSE (see below). Remind that 3 dimensions are now used, the figures
plotting the dimension 2 against the first one and the dimension 3 against the second
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Dim. 2

Dim. 2

one are then represented. The scores for the NMF do not show a well separation as
for PLS or PCA, only some sets of spectra break away from the “crowd". Comparing
to SNMF2, one observes that the scores have been adapted such that the separation is
now a bit clearer for both figures (dim1 versus dim2, and dim2 versus dim3). From the
sole point of view of the scores for the global model with the purpose of clustering the
batches, the SNMF2 seems to add value to the dimensionality reduction.
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Figure 5.18: NMF scores for the global model
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Figure 5.20: SNMF2 scores for the global model
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Figure 5.19: NMF scores for the global model

SNMF2: Scores per batch
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Figure 5.21: SNMF2 scores for the global model

To refine the analysis, the figures [5.22] and [5.23| show the evolution of the scores

sorted by index, which also represents the time. The dimension of the scores for the
NMF all have the same order of magnitude and exhibits some peaks for some spectra.
On the other hand for the SNMF2, the first dimension takes very high values around
the spectra number 50. The dimension 2 has steady values slightly above 0 while the
dimension 3 is just below 5. The variations of these two dimensions are much lower

than for the first one.
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NMF: Scores per index
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Figure 5.22: NMF scores per index for the global model
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Figure 5.23: SNMF2 scores per index for the global model

Let us now turn to the loadings for the above methods (still for the global approach).
The figures [5.24] and [5.25| compares them. The PCA and PLS loadings are closely
related for the dimension 2, only the dimension 1 differs in the intensity of its peaks,
but the same peaks are found. On the other hand, the loadings for NMF are noisy
and highly not smooth, only the dimension 3 is relatively smooth. An NMF with 2
components was also tested but gave the same noisy dimensions as the one in the figure
In addition for NMF, the peaks identified in the loadings of PCA and PLS are
not retrieved.

Regarding the SNMF' loadings, the SNMF1 and SNMF3 are similar to the NMF
loadings, but the SNMF2 shows smooth loadings curves for the dimension 1 and 3.
The dimension 3 seems to mimick the shape of spectra in the data, but some tiny
peaks exist in the first dimension. The intensity for the noise in the dimension 2 is
also reduced. One should keep in mind that the loadings for PLS and PCA cannot be
obtained for NMF because they contain several positive and negative peaks. Starting
from the scores and loadings of an NMF, it is encouraging to observe that SNMF2 is
able to smooth V', at least for some of the dimensions.
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Figure 5.24: Loadings for the global model
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Figure 5.25: Loadings for the global model

5.4.4 Prediction

Now, the focus is placed on the assessment of the prediction’s accuracy for the product.
First, a comparison between the KFold and the LoBo cross-validation is presented,
highlighting the amount of difference in the optimal parameter resulting from the two.
Then, the RMSE in LoBo cross-validation are obtained for each usual method. The
are also compared. Finally, the leave-one-batch-out
predictions and the actual values are visually shown for all spectra in the dataset.

regression coefficients Bé:*’/i or B, /i

PLS
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KFold vs LoBo

The use of the particular leave-one-batch-out cross-validation can be highlighted with
the striking example below. Let us fit a PLS on the filtered spectra to predict the
mass concentration of the product C. One then wishes to find the optimal number of
components to fit the model, such that a new unseen set of spectra will yield a good
prediction using the previously fitted model.

First, a simple KFold cross-validation is used (with 10 folds), measuring the mean
RMSE on the validation and training sets for each number of component. The figure
is obtained. The optimal number of component is the one which minimizes the
mean RMSE on the validation sets (the RMSECV). In this case, this optimal number
would be 21.

PLS: Mean RMSE per number of component (KFold)
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Figure 5.26: PLS - mean RMSE in KFold (10) cross-validation

Then, the leave-one-batch-out cross-validation is used, and the mean RMSE on the

training and validation sets are also measured for each number of component (see the
figure [5.27)). Now, the optimal is widely different and is only 3.

PLS: Mean RMSE per number of component (LoBo)
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Figure 5.27: PLS - mean RMSE in leave-one-batch-out cross-validation
This example demonstrates the dependence between the spectra in the same set of
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6. Indeed, if the spectra (the observations) were independent, the KFold and the LoBo
cross-validation would produce roughly the same results. Here, one observes that using
KFold (and thus predicting the product for a spectra using a model which was fitted
on some of the spectra from the same set) leads to overfitting, which would be similarly
observed if a model were evaluated on the same set it was fitted on.

RMSE

The tables [5.10] and [5.11] show the RMSE for the product concentration. The full
tables can be found in the appendix (tables and . As already stated, for the
two steps models (S)NMF + regression, the training RMSE can be obtained using C/;
regression coefficients applied to the scores Ug/;. The training RMSE can also be ob-

tained using Bés/i on Xq/;. The validation RMSE can only be obtained by using Bés/i
on Xz

In this case study, the difference between the performance of the PLS (2 components)
and the two steps (S)NMF (3 components) is huge. For the two steps NMF, one notes
that the mean training RMSE using Cg/; is larger than using the regression coefficients

Bés/i. This was never the case in the previous case studies and is quite surprising.

| PLS NMF

T N
3> Y 0 M)
T

S N

; S X 5 S X

£ & 5 & & 3
] & XA & & A

0.297 0411 | 0.311 0.814 0.733
0.296 0.351 | 1.805 1.756 5.288
0.3 0.139 | 1.497 0.411 0.116

W DN =

27 0.301 0.052 | 2.003 0.558 0.045
28 0.298 0.257 | 1.57 0.611 0.686
29 0.298 0.231 | 1.675 0.476 0.698

mean | 0.296 0.321 | 1.689 0.939 1.115

Table 5.10: One step PLS & Two steps NMF + regression: RMSE

| SNMF1 SNMEF?2 SNMF3
g ¢ ¥ ¥ ¢ R ¥ ¢ R

1 0.101 1.047 485 | 1.113 0.717 2.125 | 1.09 1.443 6.563
2 0.1 1.211  3.327 | 1.14 0.61 2.129 | 0.602 1.682 4.917
3 0.102 1.287 2859 | 0.1 0.635 0.195 | 0.005 1.784 3.568
27 0.103 1.374 0.547 | 0.004 1.039 0.056 | 0.007 1.717 1.161
28 0.102 1.366 0.741 | 0.638 0.436 0.077 | 0.003 1.693 1.613
29 0.103 1.366 0.678 | 1.414 0.558 0.706 | 0.103 1.758 1.397

mean | 0.105 1.326 1.384‘0.546 1.525 1.117‘0.26 1.668 1.949

Table 5.11: Two steps SNMF + regression: RMSE
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None of the two steps SNMF algorithms beat the two steps NMF in terms of mean
RMSE on the validation set (RMSECV, 1.115). Nevertheless, SNMF2 obtains a similar
mean RMSECV (1.117). Using the SNMF algorithms clearly leads to a reduction of
the training RMSE using Co /i compared to a NMF (which mean training RMSE was
1.689). On the other hand, the training performance using the regression coefficients
Bgf/ is not improved. Finally, another surprising fact is the mean training RMSE for

SNMF2 (using BG it 1.525) being larger than the mean validation RMSE. Clearly, some
results in both tables are not expected. Below are compared the regression coefficients,
which will help to understand these figures.

Coefficients

Now, the figures |5.28| and |5.29| show the regression coefficients Bés/i obtained when
fitting on all but the first batch to predict this first batch. These coefficients for NMF,
SNMF1 and SNMF3 are plotted together as they all are very noisy with large values for
the coefficients of each wavelength. This is particularly true for NMF, less for SNMF1
and even less for SNMF3. These coefficients leave room for little to no interpretation
and are expected to hazardously generalize. On the other hand, the SNMF algorithms
contributed to reduce the intensities of the regression coefficients compared to the initial
NMF ones, but it is still not enough.

Regression coefficients by methods

ra
L&)
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-+ SNMF1
SNMF2

Coefficient
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[}
i

5000 G000 7000 2000 9000
Wavelength

Figure 5.28: Regression coefficients for the different methods

The second figure shows the one step PLS and the two steps SNMF2 + regression
coefficients. Now, the similarity between both is very important, and the peaks are
roughly identical, with variations mainly on the intensity on each wavelength. On the
other hand, there is still a wide gap between the two models when predicting a new
unseen set of spectra, and even the two steps NMF performs slightly better than the two
steps SNMF2. Thus, having smooth regression coefficients does not imply a significantly
better RMSECYV, but it would probably be unwise to use the two steps NMF coefficients
simply because the RMSECYV is slightly higher. It is also really encouraging to observe
that the SNMF2 produces smooth and similar regression coefficients as PLS even though
the coefficients derived from a simple NMF were very noisy.
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Regression coefficients by methods

04 method

One step PLS
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Figure 5.29: Regression coefficients for the different methods

Prediction plot

Finally, the prediction power of each model is visually compared below. For the 29
batches of spectra, the leave-one-batch-out prediction is computed and plotted (for the
batch 1, the prediction results from the model fitted on all but the first batch, and so

forth). The figures and are obtained.

In the figure the superiority of the one step PLS is clearly seen compared
to the two steps NMF. In particular, the first batches which have very low values for
the target are correctly predicted, while the two steps NMF completely fails when
predicting the batch 2. In addition, the predictions for a given batch is not always
consistent when using the two steps NMF (for instance, the predictions for the first
batch are very different from one to the other).

One step PLS & Two steps NMF + regression

Leave-one-batch-out predictions
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Figure 5.30: Prediction for all batches - one step PLS & two steps NMF

In the figure the problem of consistency inside the predictions for a given
batch is still present for SNMF2. SNMF1 and SNMF3 are unable to predict the concen-
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trations for the first, unusual values, and their predictions remain steady. The SNMF2
predicts differently the first batches but still with very large errors.

Two steps SNMFs + regression
Leave-one-batch-out predictions
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Figure 5.31: Prediction for all batches - two steps SNMFs
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Chapter 6

Further work and conclusion

6.1 Further work: Two steps (S)NMF + regression

In the (S)NMF + regression methods, the projection step required to obtain the regres-
sion coefficients seemed to somehow lead to loss of information. Indeed, in the simula-
tions, the RMSE on the training set using the projected coefficients (B2 ) were always
larger than the training RMSE using the regression coefficients from Yi4in ~ Uprain
(the unprojected coefficients: étrain) (see the illustration . Thus, an attempt was
to mimick the approach of the PLS to obtain regression coefficients. This attempt was
unsuccessful but still deserves to be shown such that it could serve as a basis or be

corrected and improved in further researchs.

From the section [£.1.2] let us assume there is an inner relationship between the
targets and the scores, such that:

Y =UC+E (6.1)

Also, assume that the scores are linear combinations of X (with W being the
weights):

U=XW+E (6.2)
Then, the equation is plugged into equation [6.1], hence:

Y =XWC+E (6.3)

Now, W and C' can be estimated using least squares:

C=Utu)y" vty

. 6.4
W= (XTxX)"'X"U (64)
Finally, the regression coefficients:
Y = XB*
(6.5)

B* =wC = (XTxX)'xTuwru)tuty

Remind that the first part of the second step in [Thiel et al| (2021) (see the figure
also performed a regression Y ~ U, therefore C' is the same as in the ’classic’ two
steps regression. Only the second part is different (the computation of W). To sum-

marize, the classic regression coefficients are B> = VT(VVT)*ch’ and the alternative
ones are B* = (XTX)"1XTUC.

The new method has the big advantage that the RMSE train with or without projec-
tion (using Yg/ = X¢ /iBgf/i or Yg; = UgiCqyi) are roughly the same ! Unfortunately,
the coefficients Béf/i are no longer smooth and the interpretability is lost, in addition
they vary a lot accross folds. On the other hand, the RMSECV (the RMSE on the
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validation sets) are very close to the RMSE train (for the artificial dataset) so although
the coefficients are not interpretable and messy, they still generalize well (at least for
the case of the artificial dataset).

The simulation was performed on the artificial dataset when predicting the com-
ponent C. The results for the two steps NMF (3 components) + regression using the
Thiel’s method ('Classic two steps’) or the above method (’Alternative two steps’) are
shown below with a leave-one-batch-out cross validation.

Regarding the classic two steps, the table Ashows the gap between the RMSE on
the training sets using the training coefficients Cg/; or Bgf/i. On the other hand, the

validation RMSE is very close to the training RMSE using the f)’és/i coefficients. These
coefficients fitted on the last 5 batches to predict the first one are shown in the figure
and are convenient for interpretation.

‘ Alternative two steps  Classic two steps

5 NG P AU NG M AU
Cb’ \y \y
S L A SR
> Sk IS4 5 g S S
g F L F L LI
R, & IS & IS

1.066 1.066 1.025 | 1.066 2.026 1.835
1.089 1.088 1.012 | 1.089 2.035 1.779
1.071  1.07 1.044 | 1.071 2.043 1.735
1.054 1.0564 1.061 | 1.054 1.954 2.188
1.05 1.05 1.087 | 1.05 1.951 2.204
1.055 1.055 1.143 | 1.055 1.943 2.246

mean | 1.064 1.064 1.063 | 1.064 1.993 2.01

S T k= W N~

Table 6.1: RMSE: Alternative & Classic two steps NMF + regression (3 components)

Regarding the alternative two steps regression, the RMSE in cross validation using
the regression coefficients Bgf/i are very similar for the train and the validation sets. In
addition, there is no gap between the training RMSE using C; /i OT E?f/i. On the other
hand, the coefficients Bgf/i are no longer interpretable nor smooth. They also vary a

lot when considering different folds, see the figures below (coefficients for predicting
the first batch).

Classic Two steps: Regression Coefficients Alternative Two steps: Regression Coefficients
§ 4
o
g g
3 ER
© [
> o g o
z 2 4 z
s = 5 8
5 5 g
o o
O o o & |
(=]
[w]
g | 2
T T T T T T T T T T
0 50 100 150 200 0 50 100 150 200
Variable Variable

Figure 6.1: Classic Two steps NMF + regression Figure 6.2: Alternative Two steps NMF + regression
with 3 components with 3 components

As a conclusion, although the mean RMSECYV for the alternative two steps method is
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very low, there are many doubts about the capacity of the coefficients Béf/i to generalize
well to new data. This method was thus not retained.

6.2 Conclusion

In this master’s thesis, the starting point was to monitor chemical reactions over time
using on-line methods such as infrared spectra. In this context, the usefulness of NMF
was shown for the convenience of the interpretation of the scores and loadings it pro-
duced, due to its non-negativity constraint.

Thus, after a review of the existing NMF and SNMF algorithms, a new SNMF ob-
jective function with an extra supervised penalty term was proposed as well as gradient
descent and multiplicative update rules. The theory and algorithms for PCA and PLS
(which are used in the case studies) are also presented.

The extra step required to obtain regression coefficients from the scores and loadings
of a dimensionality reduction technique such as NMF or SNMF was explained. Hence,
it allows to compare multiple algorithms (one-step PLS and two steps (S)NMF) and
the accuracy of their prediction for the target variable in a cross-validated scheme.

Then, three datasets were analyzed in the Chapter 5, following a precise method-
ology. For each case study, the three SNMF algorithms were fitted and tuned, then
the loadings, scores and the reconstruction errors of PCA, (S)NMF and PLS were com-
pared. The prediction accuracy and the regression coefficients of the one step PLS and
the two steps (S)NMF were also shown.

The main conclusions from these case studies are as follows. First, the reconstruc-
tion errors obtained are generally the lowest for PCA or PLS, but those of the NMF and
SNMF remain small. Second, the scores and loadings for PLS and PCA show important
similarities, and widely differ from the interpretable scores and loadings from (S)NMF.
Then, the prediction accuracy in leave-one-batch-out cross-validation was always the
best using PLS, on its side, the two steps NMF performs less well but the errors stay
reasonable (but remind that the data is centered prior to the PLS). The two steps
SNMF is usually able to reduce the training prediction error but it does not translate
in a reduction of the validation errors (except for the artificial data), thus reflecting
the lack of new relevant patterns identified. On the other hand, the comparison of the
regression coefficients was surprising as the one step PLS and the two steps (S)NMF all
produced similar ones (the same peaks were always identified, only the intensity of those
peaks varied). Yet, the last case study showed an exception where the NMF regression
coefficients were unsatisfactory while the SNMF ones were smoothed and enhanced.
Overall, NMF is shown to work really well for spectra datasets and seems difficult to
improve. It is also probably impossible to reach the same regression coefficients as the
PLS, as the scores and loadings of (S)NMF are constrained.

Finally, the trade-off between the accuracy of the prediction and the interpretation
of the scores and loadings remains, although the two steps NMF of [Thiel et al.| (2021)
can be used to obtain reasonable prediction errors. Further work could include the
search for a new two steps method to construct the regression coefficients. A search for
new initializations for the scores and loadings and new objective functions could also
be undertaken. It may also be useful to analyze the effect of adding noise to the spectra
when decomposing them. Nevertheless, the results are expected to be only marginally
better (there is a trade-off as explained above and no free lunch exists).
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Chapter 7

Appendix

7.1 Non-negative Matrix Factorization (NMF)

Going from the gradient descent rules to the multiplicative updates using adaptive
learning rates (Lee and Seung, 2001)

Uia — Uia + nia[<XVT)ia - (UVVT)m]
U;
io + e (X V)i — Dia
— Usg + (UVVT)M[( Ve = (UVVT)id]
. Ty, ) Ty,
v UV i U UVVT ),
UVVT),  (UVVT), (7.1)
(XVT),
ovvt),,
(XVT),
(Vv

<— Uia(l + — 1)

Uia — Uia

Vap < Vap + nau[(UTX)a# - (UTUV>¢W]

V:z,u T T
e X))
(UTUV)(W[(U )au (U UV)GM]
Vor(U" X))oy Vau(UTUV ),

& Vant (UTTV ) (UTTV ) (7.2)
(U"X)ap
(UTUV)ay
(U"X)ap
UTUV)a,

— Vo +

— Vou (1 + - 1)

Vap < Vap

7.2 Methods application on case studies

7.2.1 Janssen dataset

For confidentiality reasons, this subsection is only available under request. Please con-
tact Bernadette Govaerts: bernadette.govaerts@Quclouvain.be for more information.
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7.2.2 Chemium dataset

‘PCA—Qcomps NMF - 3 comps PLS - 2 comps

‘Indiv Global LoBo ‘Indiv Global LoBo ‘Global LoBo
1 6e-07  7.87e¢-05 0.0002157 | 0.00093 0.015  0.016 8e-05  0.00022
2 3.6e-06 8.04e-05 0.0001069 | 0.00039 0.012  0.0081 | 8.4e-05 0.00011
3 5e-07  3.94e-05 5.87e-05 | 4.4e-05 0.0049  0.0047 | 4e-05  5.9e-05
4 2e-07  5.43e-05 6.74e-05 | 0.00014 0.004  0.004 5.3e-05  6.7¢-05
5 3e-07  3.32e-05 4.5e-05 0.00033 0.0044  3e-05 3.7e-05  4.5e-05
6 1le-07  2.98¢-05 3.42¢-05 | 1le-05  0.00031 3.1e-05 | 3.2e-05 3.4e-05
7 2e-07  2.26e-05 3.24e-05 | 1.9¢-06 0.0083  0.0071 | 2.6e-05 3.2¢-05
8 2e-07  1.43e-05 1.99¢-05 | 0.00017 0.01 0.00056 | 1.7¢-05 2e-05
9 1le-07  6.4e-06  1.36e-05 | 1.5e-05 0.015  0.001 7.6e-06 1.4e-05
10 1le-07  2e-05 2.31e-05 | 4.1e-05 0.00046 4.4e-05 | 2.1e-05 2.3e-05
11 1le-07  1.21e-05 1.86e-05 | 1.1e-05 0.0061  0.0018 | 1.4e-05 1.9¢-05
12 1le-07  5.9e-06  6.8¢-06 3e-07  0.00063 1.3¢-05 | 6.3¢-06 6.8¢-06
13 1e-07  4e-06 4.6e-06 4e-07  0.00057 0.00046 | 4.2e-06 4.6e-06
14 1le-07  1.13e-05 1.29¢-05 | 6e-07  0.00054 1.9¢-05 | 1.2e-05 1.3e-05
15 1le-07  1.19e-05 1.36e-05 | 7e-07  0.00066 1.3e-05 | 1.2e-05 1.4e-05
16 1le-07  1.12e-05 1.26e-05 | 4e-07  0.00046 3e-04 1.2e-05 1.3e-05
17 1le-07  1.86e-05 2.1e-05 1.7¢-06  0.00043 1.8e-05 | 1.9¢-05 2.1e-05
18 2e-07  1e-05 1.08¢-05 | 6.9¢-05 0.0012  6e-04 le-05  1.1e-05
19 1le-07  6.1e-06  6.9¢-06 5¢-07  0.00039 1.2¢-05 | 6.4e-06 6.9¢-06
20 1le-07  1.78e-05 2e-05 5.1e-05 0.00082 1.6e-05 | 1.8e-05 2e-05
21 1le-07  1.3e-05 1.47e-05 | 9e-07  0.00058 1.1e-05 | 1.3e-05 1.5e-05
22 1e-07  1.55e-05 1.74e-05 | 1.7e-05 0.00076 1.8¢-05 | 1.6e-05 1.7e-05
23 1le-07  2e-06 2.2¢-06 3e-07  0.00081 7.1e-05 | 2e-06  2.2¢-06
24 1le-07  7.3e-06  8.4e-06 4e-07  0.0014  0.0012 | 7.5e-06 8.4e-06
25 1le-07  4.1e-06  4.7e-06 4e-07  0.0016  0.00021 | 4.2e-06 4.7e-06
26 1le-07  6.5e-06  7.3e-06 1.3e-06 0.0011  5.5e-06 | 6.7e-06 7.2e-06
27 1le-07  3.4e-06  3.9¢-06 5¢-07  0.0026  5.2¢-05 | 3.4e-06 3.9¢-06
28 2e-07  7.8¢-06  9.3e-06 5¢-07  0.0031  0.00058 | 7.8e-06 9.3¢-06
29 1le-07  7.6e-06  9.1e-06 5¢-07  0.0034  0.0035 | 7.6e-06 9.1e-06
mean | 3¢-07  1.91e-05 2.83¢-05 | 7.7¢-05 0.0035  0.0017 | 2e-05  2.8e-05

Table 7.1: Error percentage per batch and methodology (%)
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‘ SNMF1 SNMEF?2 SNMF'3

‘ Indiv Global LoBo ‘ Indiv Global LoBo ‘ Indiv Global LoBo
1 0.00069 0.017 0.017 0.0018  0.014 0.00034 | 0.00089 0.009 0.017
2 0.00051 0.013 0.013 84 0.011 0.00035 | 0.00058 0.0076  0.013
3 5.2e-05 0.0057  0.0059 | 0.00047 0.0036  0.00018 | 0.00013 0.0024  0.0058
4 0.00011 0.0038 0.0038 | 0.00039 0.0017 0.0039 | 0.00019 0.0021  0.0036
5 2e-04 0.0043  0.0037 | 0.00045 0.005 0.0034 | 0.00027 0.005 0.0045
6 3.5e-05  0.00028 0.00024 | 0.00041 0.00044 0.00022 | 1.8e-05 0.00028 0.00023
7 6e-04 0.0078  0.007 0.0037  0.0052  0.0076 | 0.004 0.0077  0.0083
8 0.00038 0.0098  0.0091 | 0.0021  0.0059 0.011 0.00097 0.014 0.011
9 4.1e-05 0.015 0.014 7.8¢-05 0.0082 0.015 7.8¢-05 0.048 0.016
10 4.3e-05 0.00054 0.00049 | 6.2e-05 0.00022 0.00043 | 6.2¢-05 0.001 0.00047
11 3.1e-05 0.0056  0.0048 | 5e-07 0.015 0.0053 | 5e-07 0.006 0.0048
12 2.7e-05 0.00048 0.00046 | 3e-07 3e-04 4.6e-06 | 3e-07 0.00034 0.00044
13 2.7e-05 0.00052 0.00048 | 1e-06 0.00052 9.1e-06 | 1e-06 0.00096  0.00048
14 2.5e-05 0.00047 0.00045 | 1.7e-05 0.00047 2.7e-05 | 1.2¢-05 0.00033 0.00045
15 2.5e-05 0.00066 6e-04 2.8¢-05 0.00067 4e-04 2.8¢-05 6e-04 0.00064
16 2.2e-05  0.00036 0.00032 | 4e-07 0.00041 3.1e-05 | 4e-07 0.00042 0.00036
17 2.4e-05 0.00043 0.00038 | 1.2e-06 0.00045 0.00028 | 4e-07 0.00044 0.00043
18 5.1e-05 0.0011  0.00092 | 0.00026 0.001 4.8¢-05 | 4.4e-05 0.0012 0.0011
19 2.1e-05 0.00025 0.00023 | 4e-07 0.00054 2.2e-05 | 3e-07 0.00042 0.00024
20 4.5e-05 0.0012  0.00068 | 6.4e-05 0.00075 4e-05 le-04 0.002 0.00073
21 2.5e-05  0.00051 0.00045 | 3.2¢-06 0.00053 0.00032 | 3.3¢-06 0.00054 0.00048
22 3.7e-05 0.00069 0.00061 | 6.6e-05 0.00069 2.2e-05 | 6.7e-05 0.00073 0.00066
23 2.3e-05 0.00077 0.00067 | 1e-06 0.00073  3e-06 1.4e-06  0.00094 0.00075
24 2.4e-05 0.0038  0.0011 1.2e-06 0.0012  9e-04 1.3e-06  0.002 0.0012
25 2.4e-05 0.0015 0.0013 | 2.3e-06 0.0015 0.0011 | 3.3e-06 0.0015  0.0014
26 2.6e-05 0.00096 0.00082 | 2.8¢-06 0.00094 0.00066 | 2.9¢-06  0.00092 0.00091
27 2.4e-05 0.0024  0.002 1.6e-06  0.0023  0.002 0.00027 0.0025  0.0022
28 2.4e-05 0.0036  0.0025 | 2.5e-06 0.0029  2e-05 2.5e-06 0.0032  0.0027
29 2.4e-05 0.0031  0.0026 | 1.4e-06 0.0031 8.1e-06 | 1.7e-06 0.0033  0.003
mean | 0.00011 0.0036 0.0033 | 2.9 0.0031  0.0019 ‘ 0.00027 0.0043  0.0036

Table 7.2: Error percentage per batch and methodology (%)

78



Dim.2:2815%

Dim.2:423 %

000 002 004 006 008 010

000 002 004 006 008 010

PCA: Scores per batch - zoom

0.6 04 0.2 0.0 0.2 04 0.6

Dim.1:97.149 %
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Figure 7.2: PLS scores for the global model - zoom
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5 R
& ¢ g°
N S 5 S S >

& & £ & & £
1 0.297 0.411 | 0.311 0.814 0.733
2 0.296 0.351 | 1.805 1.756 5.288
3 0.3 0.139 | 1.497 0.411 0.116
4 0.297 0.284 | 1.911 0.329 0.289
) 0.299 0.225 | 1.426 0.55 0.41
6 0.301 0.092 | 1.963 1.716 0.486
7 0.301 0.068 | 0.839 0.362 0.148
8 0.3 0.124 | 1.412 0.34 0.369
9 10301 0071|1977 0.357 1.16
10 0.301 0.023 | 1.786 2.19  0.596
11 0.295 0.344 | 1.946 0.634 0.375
12 0.298 0.237 | 1.41 1.533 0.818
13 0.289 0.466 | 1.912 0.765 0.14
14 0.3 0.149 | 0.477 0.637 0.412
15 0.301 0.046 | 2.014 0.37 0.024
16 0.29 0.451 | 1.873 0.971 0.2
17 0.301 0.097 | 1.761 0.489 0.1
18 0.298 0.244 | 1.7 1.851 0.851
19 0.207 1.183 | 2.009 0.287 1.167
20 0.29 0.446 | 1.694 0.384 0.34
21 0.3 0.151 | 2.021 0.77  0.055
22 0.301 0.032 | 1.542 0.321 0.023
23 0.298 0.23 | 2.009 0.762 0.163
24 0.301 0.093 | 1.279 1.196 0.946
25 | 0.301 0116|1527 0.729 0.198
26 0.301 0.103 | 1.994 0.319 0.196
27 0.301 0.052 | 2.003 0.558 0.045
28 0.298 0.257 | 1.57 0.611 0.686
29 0.298 0.231 | 1.675 0.476 0.698

mean | 0.296 0.321 | 1.689 0.939 1.115

Table 7.3: One step PLS & Two steps NMF + regression: RMSE
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| SNMF1 SNMF2 SNMF3
vy ¢ ¥ ¥ ¢ ¢ ¥ v e
> g 5§ 2 5§ 5 T 5§ 5 2
A A A
1 0.101 1.047 4.85 |1.113 0.717 2.125|1.09 1443 6.563
2 01 1211 3327|114 061 2129|0.602 1.682 4.917
3 0.102 1.287 2.859 |01  0.635 0.195|0.005 1.784 3.568
4 0.105 1.319 1.647 | 0.001 1.965 3.016 | 0.132 1.745 2.124
5 011 1295 0.19 |0.005 0.598 0.847 | 0.008 1.489 0.391
6 0.108 1.34 0.209 | 0.019 1.059 0.245 | 0.008 1.778 0.258
7 0.117 1.264 0.518 | 0.098 0.575 0.98 | 0.001 1.561 1.03
8 0.119 1.25 0.559 | 0.002 0.797 1.757 | 0.109 0.729 1.394
9 0123 1217 0.58 |0.016 0.696 1.931 | 0.554 0.796 2.205
10 0106 1.35 0.714|0.001 1.427 0.737 | 0.005 1.818 0.807
11 0109 1.283 1.277|0.029 0.675 1.632 | 0.088 1.7  0.579
120104 1.358 0.947 | 0.207 1.689 0.184 | 0.153 1.768 1.101
13 |01 1353 1.203 | 0.305 0.566 0.471|0.099 1.744 1.41
14 0103 1.369 051 |0.26 1.182 0.32 |0.006 1.736 0.708
15 0104 1.364 0.531|0.002 1.199 0.078 | 0.004 1.726 0.85
16 |01 1367 0.148|0.489 6.232 1.82 | 0.006 1.795 0.035
17 ] 0.104 1.365 0.463 | 0.002 1.334 0.136 | 0.032 1.786 0.589
18 | 0.105 1.353 0.521 | 0.324 0.784 0.762 | 0.007 1.714 0.558
19 0078 1372 0.69 | 0577 1.258 1.114|0.006 1.804 0.561
20 | 0.103 1.361 0.031 | 0.173 0.735 0.119 | 0.112 1.734 0.457
21 | 0.103 1.366 0.626 | 0.688 0.921 0.155 | 0 1.68  0.944
22 10104 1.366 0.445|0.968 0.437 0.123 | 0.039 1.728 0.863
23 10103 1.364 0.211 | 1.165 0.335 0.257 | 0.048 1.768 0.501
24 10105 1.359 0.585 | 0.001 1.625 0.161 | 0.016 1.668 1.09
25 0106 1.352 0.615 | 0.007 0.574 0.209 | 0 1.645 1.113
26 | 0.104 1.361 0.639 | 0.002 1.334 0.176 | 0.005 1.804 0.87
27 1 0.103 1.374 0.547 | 0.004 1.039 0.056 | 0.007 1.717 1.161
28 | 0.102 1.366 0.741 | 0.638 0.436 0.077 | 0.003 1.693 1.613
29 | 0.103 1.366 0.678 | 1.414 0.558 0.706 | 0.103 1.758 1.397
mean | 0.105 1.326 1.384 | 0.546 1.525 1.117 | 0.26 1.668 1.949
Table 7.4: Two steps SNMF + regression: RMSE
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7.3 Code documentation

7.3.1 The functions files

This section presents the most important functions which were written for this master’s
thesis. The functions are divided into 3 files:

e functions.R : contains the SNMF algorithm

e CV_functions.R : contains the various functions allowing to perform cross-validation
(k-fold or leave-one-batch-out) for PLS, and (S)NMF, using an intermediate func-
tion to do the two steps regression (Thiel et al., 2021])

e utils.R : contains the functions to generate the tables presenting the recon-
struction errors for PLS, NMF, SNMF, and PCA. In addition, it contains helper
functions to plot the scores, loadings and coefficients of the individual models (as
presented in chapter 5).

Finally, another file (contained in the artificial dataset folder) comprises the func-
tions used to generate the data for this case study: create_data.R.

7.3.2 Organizations of the case studies files

The implementation of the case studies follows the same logic each time. For each
dataset, there are at least two Rmd files containing the simulations and they use the
functions comprised in the files above.

The first Rmd (for instance: ’artificial data partl’) contains the code to write the
section 'Data visualization and decomposition’ (reconstruction errors tables, graphs for
the individual model). The second Rmd contains the code to write the sections 'SNMF
parameters’, ’Analyze of the SNMF algorithms’ and "Prediction” which requires cross-
validation and more intensive computations.

There are also other Rmd files for every data set which where used to test other
parameters, preprocess the data (for instance with the Chemium dataset), test a new
two steps regression procedure (see the Artificial dataset), create the artificial dataset
(‘create data.R’ and ’creating data.Rmd’), etc.
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7.3.3 functions.R

SNMF_multiple_strategies

Description

This function allows to call the SNMF algorithm with many parameters directly using
the datasets in matrix form.

Usage

PARAMS = list ("X" = X, "Y" =y, "r" = 3, "lambd" = le 5,

"max epochs" = 100, "min epsilon" = le—3,

"fit intercept" = FALSE, "init" = "NMF default",
"plot" = "artificial", "verbose" = FALSE,

"seed" = 42, "U strat" = "multiplicative",

"V strat" = "multiplicative",

"w strat" = "multiplicative",

"random_ weights" = TRUE)
res = do.call (SNMF multiple strategies , PARAMS)

res$U
res$V
res$initial U
res$initial V
res$stats algo

Arguments

X
Y
r

lambd

max_epochs

min_epsilon

random_weights

U_strat

V_strat

w_strat

Matrix of observations n x p
Matrix or vector of target values n x k
Numeric, the number of component /latent variables to use

Numeric, the weight to give to the supervised penalty in the
objective function of the SNMF

Numeric, the maximum number of iterations

Numeric, the value for the stopping criterion: if the difference
between the objective function in the current iteration and in
the preceding is lower than min_epsilon, then the algorithm
stops

Logical, to indicate whether the regression coefficients (B in the
objective function) should be randomly initialized or set using

OLS (Y ~ UB)

Character, type of update rule to use for U (the scores): "multi-
plicative" or "gradient descent"

Character, type of update rule to use for V' (the loadings): "mul-
tiplicative" or "gradient descent"

Character, type of update rule to use for B (the regression co-
efficients/weights): "multiplicative", "gradient descent", "lin-
ear regression"
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learning_rate_UV

learning_rate_w

fit_intercept

plot

verbose

init

seed

Returns
A list comprising:

U

w
initial_U
initial_V

stats_algo

Numeric, only used if U_strat and V_strat are set as "gradi-
ent descent". Learning rate to use for the gradient descent of U
and V

Numeric, only used if w_strat is set as "gradient descent".
Learning rate to use for the gradient descent of the weights/re-
gression coefficients B

Logical, to indicate whether to fit an intercept for the weigth-
s/regression coefficients B

Character, to indicate the dataset being analysed, produces spe-
cific graphs depending on the dataset. Can currently take the
values "janssen", "artificial" or "none"

Logical, to control the level of verbosity

Character, indicating whether to use the result of an NMF Brunet
("NMF _default") or an NMF HALSacc ("NMF HALSacc")

Numeric, set the seed at the beginning of the algorithm

Matrix of scores

Matrix of loadings

Matrix of regression coefficients/weights B
Matrix of the initial scores

Matrix of the initial loadings

Matrix with insights about the algorithm: iter, pl.start, pl.end,
p2.start, p2.end, loss.start, loss.end (as in the table 5.2))
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7.3.4 CV_functions.R

PLS_cross_validation

Description

The function performs a cross-validation and repeatedly fits PLS models (simpls algo-
rithm) using the plsr function from the PLS package.

Usage

pls.cv = PLS cross_ validation(X = X, Y = y, ncomp = 2,

batch index = batchldx,
CV_ type = "leave one batch out")

pander ( pls . cv8RMSE)

Arguments

X

Y
ncomp
CV_type

batch_index

nb_fold
seed
scale

center

Returns
A list comprising;:

RMSE

nb_fold_CV

prediction_valid

coefficients

pls.models

Matrix of observations n x p
Matrix or vector of target values n x k

Numeric, the number of component /latent variables to use

Character, type of CV to perform: "kfold" or "leave one batch out"

Vector of numeric, if leave-one-batch-out CV, index of the batches
for the observations. For instance: ¢(1,1,2,2,2) : the first two ob-
servations are taken from batch 1 and the others are taken from
batch 2

Numeric, if k-fold CV, number of folds to use
Numeric, set the seed
Logical, whether to scale or not in the plsr function

Logical, whether to center or not in the plsr function

A table showing the training and validation RMSE for each batch
and the mean

The number of folds/batches which were used

A table with the prediction for each batch/fold using the models
fitted without this batch /fold

A table with the plsr coefficients of each fitted model

A list with all the plsr model fitted, as returned by the plsr
function
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TWO_STEP_regression

Description

This is an intermediate function used by the (S)NMF cross validation functions. It
performs the two steps regression as introduced by Thiel et al. (2021) and summarized
in the figure [4.3] Note that the function uses the ’train’, 'test’ distinction because it is
more general than the ’train’, 'validation’ which only refers to a cross-validated scheme,
but the computations are the same.

Usage

res = TWO STEP regression (U scores = U, V loadings = V,
X train = X train, Y train = Y train,
X test = X valid, Y test =Y valid)
res$rmse. test
res$rmse. train
res$coefficients
res$prediction

Arguments

U_scores Matrix of scores

V_loadings Matrix of loadings

X_train Matrix, training set of the matrix of observations

Y_train Matrix, training set of the matrix of response/targets

X_test Matrix, test set of the matrix of observations (only used to com-
pute the RMSE on the test set)

Y_test Matrix, test set of the matrix of response/targets (only used to
compute the RMSE on the test set)

verbose Logical, to control the level of verbosity

Returns

A list comprising:

rmse.train Numeric, RSME for the training set

rmse.test Numeric, RMSE fot the test set

coefficients Matrix, regression coefficients (B2, )

prediction Matrix, prediction for the targets of the test set ()A/}est)
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NMF_cross_validation

Description

The function performs a cross-validation and repeatedly fits NMF models using the
Brunet or the HALSacc algorithms from the NMF and hNMF packages. Note that a
variation of this function exists (NMF_cross_validation_JANSSEN) where only some
of the observations have a response variable. The initial NMF is fitted on the whole
training dataset, then the scores corresponding to the observations which have target
values are extracted and the two steps regression is applied.

Usage

nmf.cv = NMF cross validation (X = X, Y =y, ncomp = 3,
batch index = batchldx, CV type = "leave one batch out",
NMF type = "default", two steps type = "classic")

pander (nmf. cv$RMSE)

Arguments

X Matrix of observations n X p

Y Matrix or vector of target values n X k

ncomp Numeric, the number of component /latent variables to use

CV_type Character, type of CV to perform: "kfold" or "leave one batch out"

batch_index Vector of numeric, if leave-one-batch-out CV, index of the batches
for the observations. For instance: ¢(1,1,2,2,2) : the first two ob-
servations are taken from batch 1 and the others are taken from
batch 2

nb_fold Numeric, if k-fold CV, number of folds to use

NMF_type Character, type of NMF to perform: "default" (Brunet) or "HAL-
Sacc"

seed Numeric, set the seed

two_steps_type Character, type of two steps to perform: "classic" (as seen in
figure [£.3] [Thiel et al) or "alternative" (as in the conclusion,
but it has been shown that this does not work properly)

Returns

A list comprising:

RMSE Matrix, RSME for the training (using Ciyqs, or B2, ) and vali-
dation sets

coefficients Matrix, regression coefficients (B2,;,) for each batch/fold

predictions Matrix, prediction for the targets of the test set for each batch/-
fold (Viest)

C_hat Matrix, regression coefficients CA’tmm for each batch /fold

nb_fold Numeric, number of folds/batches used
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SNMF_cross_validation

Description

The function performs a cross-validation and repeatedly fits SNMF models. It works
similarly as NMF_cross_validation but requires more parameters.

Usage

# the parameters for the SNMF
PARAMS = list ("X" = X, "Y" =y, "r" = 3, "lambd" = le—5,

"max epochs" = 100, "min epsilon" = le—3,

"fit _intercept" = FALSE, "init" = "NMF default",
"plot" = "artificial", "verbose" = FALSE,

"seed" = 42, "U strat" = "multiplicative",

"V strat" = "multiplicative",

"w strat" = "multiplicative",

"random_ weights" = TRUE)

# adding the parameters for the CV
PARAMS$verbose = FALSE

PARAMS$plot — "none"

PARAMS$batch index = batchldx
PARAMSSCV type = "leave one batch out"

PARAMS$seed = 1

snmf.cv = do.call (SNMF cross_validation , PARAMS)

pander (snmf 1.cv$RMSE)

Arguments

CV_type

batch_index

nb_fold
seed

two_steps_type

Returns

A list comprising:

RMSE

coefficients

nb_fold_CV

Character, type of CV to perform: "kfold" or "leave one batch out"

Vector of numeric, if leave-one-batch-out CV, index of the batches
for the observations. For instance: ¢(1,1,2,2,2) : the first two ob-

servations are taken from batch 1 and the others are taken from
batch 2

Numeric, if k-fold CV, number of folds to use
Numeric, set the seed

Character, type of two steps to perform: "classic" (as seen in
figure [4.3] [Thiel et al)) or "alternative" (as in the conclusion,
but it has been shown that this does not work properly)

Arguments to be passed to the SNMF function (see SNMF_multiple_strategies)

Matrix, RSME for the training (using Cipqin or B2, ) and vali-
dation sets

Matrix, regression coefficients (B2 . ) for each batch/fold

train

Numeric, number of folds/batches used
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stats_algo Matrix, table of statistics about the SNMF algorithms fitted for
each batch/fold, as in the table

args_snmf List, arguments used for the SNMF algorithm (excluding the
arguments for the cross validation)
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7.3.5 utils.R

rmse_report_PCA

Description

The function computes the reconstruction errors for the individual, global and leave-
one-batch-out approaches (see section for each batch/fold using a PCA and the
prcomp function. The data needs not be centered when it is passed to the function as
it is centered before any call to prcomp. We recognize that the name of the function is
not well chosen because it is not really computing a RMSE but rather a reconstruction
erTor.

Usage

rmse.pca = rmse_report PCA(df spectrum, batchldx = df metadata$Batch,

ncomp = 2)

pander (rmse. pca)

Arguments

X Matrix of observations n X p

batchIdx Vector of numeric, index of the batches for the observations. For
instance: ¢(1,1,2,2,2) : the first two observations are taken from
batch 1 and the others are taken from batch 2

ncomp Numeric, the number of component /latent variables to use

seed Numeric, set the seed

Returns

A matrix with the individual, global and leave-one-batch-out reconstruction errors
where one line corresponds to one batch/fold. In addition, the last line is the mean for
each approach.
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rmse_report_NMF

Description

The function computes the reconstruction errors for the individual, global and leave-
one-batch-out approaches (see section for each batch/fold using an NMF Brunet
or HALSac (either the NMF or the hNMF package). We recognize that the name of the
function is not well chosen because it is not really computing a RMSE but rather a
reconstruction error.

Usage

rmse .nmf = rmse report NMF(df spectrum, batchldx = df metadata$Batch,
ncomp = 3, nmf = "NMF default")
pander (rmse . nmf)

Arguments

X Matrix of observations n x p

batchIdx Vector of numeric, index of the batches for the observations. For
instance: ¢(1,1,2,2,2) : the first two observations are taken from
batch 1 and the others are taken from batch 2

ncomp Numeric, the number of component /latent variables to use

nmf Character, the NMF algorithm to use: "NMF default" (for the
Brunet algorithm) or "NMF _HALSacc"

seed Numeric, set the seed

Returns

A matrix with the individual, global and leave-one-batch-out reconstruction errors
where one line corresponds to one batch/fold. In addition, the last line is the mean for
each approach.
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rmse_report_PLS

Description

The function computes the reconstruction errors for the individual, global and leave-
one-batch-out approaches (see section for each batch/fold using a PLS with the
’simpls’ algorithm (the function plsr from the package PLS is used). We recognize that
the name of the function is not well chosen because it is not really computing a RMSE
but rather a reconstruction error.

Usage

error.pls = rmse report PLS(X = df spectrum, y = df metadata$C,
batchldx = df metadata$Batch, ncomp = 2)
pander(error.pls)

Arguments

X Matrix of observations n x p

y Matrix or vector of target values n x k

batchIdx Vector of numeric, index of the batches for the observations. For
instance: ¢(1,1,2,2,2) : the first two observations are taken from
batch 1 and the others are taken from batch 2

ncomp Numeric, the number of component /latent variables to use

seed Numeric, set the seed

Returns

A matrix with the individual, global and leave-one-batch-out reconstruction errors
where one line corresponds to one batch/fold. In addition, the last line is the mean for
each approach.
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rmse_report_SNMF

Description

The function computes the reconstruction errors for the individual, global and leave-
one-batch-out approaches (see section for each batch/fold using an SNMF (see the
function SNMF_multiple_strategies). We recognize that the name of the function is
not well chosen because it is not really computing a RMSE but rather a reconstruction
error.

Usage

# the parameters for the SNMF
PARAMS = list ("X" = X, "Y" =y, "r" = 3, "lambd" = le—5,

"max epochs" = 100, "min epsilon" = le—3,

"fit intercept" = FALSE, "init" = "NMF default",
"plot" = "artificial", "verbose" = FALSE,

"seed" = 42, "U strat" = "multiplicative",

"V strat" = "multiplicative",

"w strat" = "multiplicative",

"random weights" = TRUE)

# adding the parameters for the reconstruction error function
PARAMS$batchldx = batchldx

error .snmf = do.call(rmse report SNMF, PARAMS)
pander (error.snmf)

Arguments
batchIdx Vector of numeric, index of the batches for the observations. For

instance: ¢(1,1,2,2,2) : the first two observations are taken from

batch 1 and the others are taken from batch 2

Arguments to be passed to the SNMF function (see SNMF_multiple_strategies)
Returns

A matrix with the individual, global and leave-one-batch-out reconstruction errors
where one line corresponds to one batch/fold. In addition, the last line is the mean for
each approach.
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7.3.6 create data.R

create_data

Description

The function creates the artificial data. First, it generates the true quantities for
each component (using evolution_components). Then, it generates the true peaks,
the intensity and variability of each peak (using generate_true_profile). Then, it
calls N (number of timesteps) times the function generating the approximate profile
(generate_approximate_profile). The latter generates the approximate profile for
each component (with noise), then these profiles are normalized such that the area under
the curve is 1 for each component. Finally, the spectrum at timestep i is obtained by
a linear combination of the approximate profiles of each components, weighted by the
the quantity of each.

Usage

PARAMS SIMU = list (max timestep = 50, nbr peaks = 8,
noise peak sd = 0.4, noise variability mean = 0.3,
noise lognorm mean = 0, noise lognorm sd = 1)

data = do.call(create data, c(PARAMS SIMU,
speed factor = 0.9,
verbose = T))

df spectra = data$df spectra

df true profile = data$df true profiles

df quantity = data$true quantities

Arguments

initial_A Numeric, quantity of A at the first timestep

initial_B Numeric, quantity of B at the first timestep

initial_C Numeric, quantity of C at the first timestep

max_timestep Numeric, maximum number of timesteps

speed_factor Numeric, the speed of reaction of the chemical components

delay_B Numeric, the number of timesteps until the component B starts
to increase

delay_C Numeric, the number of timesteps until the component C starts
to increase

nbr_peaks Numeric, the number of peaks for the true profile of the chemical
components

verbose Logical, to control the level of verbosity

For noise_peak_mean, noise_peak_sd, noise_variability_mean, noise_variability_sd,
noise_lognorm_mean, noise_lognorm_sd: Numeric, parameter to control the noise
added to the observed spectra, see the section [2.1.3]
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Returns
A list comprising;:
df _spectra DataFrame, the artificial observed spectra over time

df _true_profiles DataFrame, the true profiles for the chemical components

true_quantities DataFrame, the true quantities for each chemical components
over time
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