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Abstract

This master’s thesis studies the field of dimensionality reduction in the context of datasets with
missing entries, extending prior work [3] to higher dimensions. Gaussian Mixture Models can be
employed to manage missing data by modeling the data distribution, generating pseudo-complete
datasets through multiple imputations. In addition, extensions to handle and attend for missing
data are introduced. Gaussian Mixture Models are known to scale poorly in high dimension. To
address this issue, parametrizations designed to make the model more parsimonious are also
implemented. From the imputed datasets, high-dimensional similarities are derived to compute
low-dimensional embeddings. At the end of this work, the performance on dimensionality
reduction tasks performed with the imputed datasets is assessed on increasing dimensions, then
evaluated against alternative imputation techniques. While effective within 50 dimensions,
challenges arise in higher dimensional spaces due to the curse of dimensionality and numerical
approximations. Other parametrizations from the High Dimensional Data Clustering family
[6] show similar performances, suggesting to rely on alternative imputation paradigms when
dealing with very high dimensions.

Keywords: Dimensionality Reduction, Missing Data, High-Dimensional Data, Gaussian Mix-
ture Models, Curse of Dimensionality, Data Analysis
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List of contributions :
• Reviews the state of the art in both the Dimensionality Reduction and Missing Data fields

• Studies the combined methodology for very high dimensions

• Proposes suggestions for further studies
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Chapter 1

Introduction

Dimensionality reduction aims to represent high-dimensional data into a lower-dimensional space
while preserving its inherent properties. This is valuable in machine learning, as algorithms can
struggle with a large number of features, thereby addressing the curse of dimensionality. These
techniques are commonly employed to pre-process data too large for some model, or to visualize
high-dimensional clusters in a two- or three-dimensional space.

Furthermore, working with data that contains missing entries is a more realistic scenario when
applying these methods to real-life data. With the growth of data science fields, the amount
of data generated grows exponentially and incomplete databases become more common. To
handle these missing values, various techniques exist to retain as much information as possible
rather than discarding whole bits of information due to partial gaps.

The work of Cyril de Bodt, Dounia Mulders, Michel Verleysen and John A. Lee [3] studies
dimensionality reduction with missing data. To compute the low-dimensional embeddings, it
is argued that one would be more interested in obtaining the closest cost function on average
rather than the one obtained with the expected dataset. Gaussian Mixture Models are used to
model the data distribution in order to extract random samples of the conditional distribution
of the missing features. Multiple imputed datasets are created for which the HD similarities
are computed using Multi-scale SNE, a non-linear dimensionality reduction technique. The
authors tackle the challenge of fitting GMMs in high-dimensional spaces by reducing the relevant
dimension of the mixture components with a high-dimensional extension [6] of the classic GMM
framework. The motivation behind this approach is the observation that high-dimensional data
often resides in different low-dimensional subspaces within the original space.

This paper follows the work of [3] and [6]. It extends on [3] by challenging the feasibility of the
method in much higher dimensions. The scope is expanded to nine other HDDC models from
[6]. Although these models are labeled as "high-dimensional", in both papers no more than 100
dimensions are tested. By adopting stricter parametrizations, it is questioned whether higher
dimensions can be reached, or simply what could be the possible advantages of using those rather
than the most general model. This paper is structured as follows: Chapters 2 and 3 review
the state of the art in respectively the dimensionality reduction and missing data management
fields. Chapter 4 reviews the methodology used. Chapter 5 is dedicated to experimental results
on different datasets. Lastly, conclusions are drawn in Chapter 6.
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1.1 Notations
Throughout this thesis, please refer to this reference table for abbreviations.

DR dimensionality reduction
HD high-dimensional
LD low-dimensional

HDS HD Space
LDS LD Space
PCA Principal Component Analysis

NLDR Non-Linear Dimensionality Reduction
SNE Stochastic Neighbor Embedding

t-SNE t-distributed SNE
MsSNE Multi-scale SNE
KNN K-Nearest Neighbors
GMM Gaussian Mixture Model(s)
ML Maximum Likelihood
CF Closed Form
FG Full Gaussian
IP Iterative Procedure

Table 1.1: Abbreviations

Ansotte Justin 6 Master thesis



Chapter 2

Dimensionality reduction

This chapter proposes an overview of the Dimensionality reduction field. An introduction to the
concept of HD data is given in Section 2.1, a brief overview of Feature Selection is proposed in
Section 2.2 to introduce relevant concepts and Feature Extraction is explained in Section 2.3, in
which we present the appropriate techniques for this work.

2.1 High-dimensional data
Handling low-dimensional (LD) data is typically more straightforward compared to high-
dimensional (HD) data. LD data describes scenarios that are more understandable and inter-
pretable. It often allows for a clearer intuition of the data context and how the tools utilizing
the data will perform. In the case of HD data, these scenarios lose their concrete representations,
making it challenging to form mental images. Intuitions become considerably harder to develop,
and comprehending the entire context simultaneously becomes nearly impractical. However,
the most significant shift occurs in the ratio between the number of observations and the
dimensionality. Working with HD data necessitates exponentially more data points.

The goal of Dimensionality Reduction (DR) is to summarize a large set of features into a smaller
one. This transformation should be without redundancy and represent the original information
contained in the set as well as it can. High-dimensional (HD) data is encountered in many
fields [23] : image processing, multivariate data analysis, data mining, ... One could want to
understand and classify existing data, performing unsupervised machine learning tasks. Or
infer and generalize new data, supervised machine learning in this case. However, when the
dimensionality grows, the properties of the easily visualizable 2D and 3D Euclidean spaces start
behaving weirdly and curious events arise. This is referred to as the curse of dimensionality, or
the empty space phenomenon.

Curse of dimensionality Coined by Richard E. Bellman [18], the curse of dimensionality
refers to various phenomena when working with high-dimensional spaces (HDS). It was observed
that without making simplifying assumptions, the amount of data samples needed to accurately
estimate a function involving multiple variables on a specific domain increases exponentially as
the number of dimensions increases. Think of n points on a 1-dimensional grid, for example.
With increasing dimensions d, the number of points evolve with nd.

7
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Figure 2.1: d-dimensional grid

Example : hyper-volume of cubes and spheres This example is taken from the course
[LELEC2870 - Machine learning : regression, deep networks and dimensionality reduction] given
by John Lee and Michel Verleysen, which is extracted from their work on DR [23].
In a d-dimensional space, a sphere and the corresponding circumscribed cube (all edges equal
the sphere diameter) lead to the following volume formulas :

Vsphere (r) = 2πd/2rd

dΓ(d/2) ,

Vcube (r) = (2r)d,

(2.1)

where r is the radius of the sphere and Γ is the gamma function s.t. Γ(n) = (n− 1)! with n > 0.
Surprisingly, the ratio Vsphere/Vcube tends to zero when d increases :

lim
d→∞

Vsphere (r)
Vcube (r) = πd/2

d2d−1Γ(d/2) = 0 (2.2)

In intuitive terms, as the dimensionality increases, the hypercube has more and more corners.
Consequently, the hypersphere becomes smaller and smaller, resulting in a reduction of volume.
Eventually, the shape starts resembling a heap of spikes. To illustrate this concept, let us assign
the value of 1/2 to r, Vcube tends to 1, whereas Vsphere approaches 0. As the dimensionality
increases, the volume of the sphere vanishes (see Figure 2.2).

Blessing of dimensionality The reminder of this chapter presents techniques developed
to tackle the curse of dimensionality, "fighting against" the problems it causes. However, as
opposed to the curse of dimensionality, and this is mentioned only in the interest of providing a
global view of what working with HD data means, another term has been introduced in the
late 90s : the blessing of dimensionality. The regularity of having many "identical" dimensions
over which one can "average" is a fundamental tool [11]. HD data, like a two-sided coin, has its
own advantages and challenges. As a rapidly growing field of research, it deserves significant
attention and exploration for the future. In the work of [11], various directions for progress in
this field were already suggested, providing valuable insights and potential avenues for further
advancements.
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Figure 2.2: As the dimension grows, the volume of the sphere vanishes

2.2 Feature selection
Feature selection techniques reduce the dimensionality by selecting a subset of relevant features.
The optimal feature subset is a subset of all relevant features. Relevancy can be defined as [21] :

Definition 1 A feature xi ∈ X is relevant to a target concept C if there exists a pair of examples
A and B in the instance space such that A and B differ only in their assignment to xi and
C(A) ̸= C(B).

In the context of classification or prediction tasks, the relevancy of a feature xi is a measure of
how useful it is to predict the target feature y. Several metrics and statistical tests can be used
to select the subset of relevant features.

Figure 2.3: General process of feature selection

Definition 2 The correlation between random variable x and random variable y is defined as

ρxy = E[(x−E[x]) · (y−E[y])]√
E[(x−E[x])2]· E[(y−E[y])2]

This correlation measures linear dependencies and is always in the range [−1; +1] with 0
indicating no linear relation. The logic behind using correlation for feature selection is that

Ansotte Justin 9 Master thesis
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good variables correlate highly (positively or negatively) with the target feature and variables
should be uncorrelated among themselves as to avoid redundancy. Visualizing correlations in a
heat map is a well-known method in feature selection. Be aware of two things :

• Correlation does not measure nonlinear relations→ low correlation does not mean absence
of relationship.

• High correlation does not mean causality.

Users are typically expected to provide their expertise and domain knowledge when dealing with
correlation in their dataset. Moreover, correlation is challenging to define when there are more
than two variables, and the number of correlations increases exponentially with the number of
features. Consequently, correlation-based selection methods often suffer from scalability issues
in high-dimensional (HD) datasets.

Entropy and mutual information

Definition 3 The entropy of a random variable is a measure on its uncertainty s.t.

H(y) = −E[log(P [y])]
= −

∑
y∈Ω

log(P [y])P [y] when Y is discrete

= −
∫

log(P [y])dy when Y is continuous

Conditional entropy H(y|x) measures the uncertainty on y when x is known s.t. H(y|x) =
H(y, x)−H(x). Finally, mutual information is defined as :

Definition 4 Mutual information is the difference in entropy between y and x when x is known
s.t.

I(y; x) = H(y)−H(y|x) = H(x)−H(x|y)

The advantage mutual information has over correlation is that it can identify non-linear
relationships between variables. If X is a subset of features, its relevance may still be evaluated.
But estimating I(y; x) is difficult in HD because of the curse of dimensionality. In general, all
estimators suffer from it.
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2.3 Feature extraction

Figure 2.4: General process of feature extraction

Feature extraction methods build new features from the original dataset. It constructs new
variables carrying a large part of the global information while reducing the dimensionality of the
data. Many techniques have been developed since the early 20th century which can be classified,
amongst other things, as being either linear or non-linear. A very complete overview of the field
and existing techniques is given in [23].

2.3.1 Linear Dimensionality Reduction
Principal Component Analysis (PCA)

Possibly the most well-known and easy-to-apply feature extraction technique, (PCA)[29] aims
to transform the original features into a new set of uncorrelated variables called principal
components. These principal components are ranked by variance, where the first component
accounts for the highest variance, the second component for the second highest, and so on. The
idea is to project the HD vectors by maximizing the variance or dot product preservation. It
can be shown that the principal components are eigenvectors of the data’s covariance matrix,
hence they are often computed using SVD.

Algorithm 1 Principal Component Analysis (PCA)
Require: Data matrix X with n samples and p features
Ensure: Principal components V and projected data Z

1: Center the data : X← X− 1
n
X1T

n

2: Compute the covariance matrix : Σ← 1
n−1XT X

3: Compute the eigenvalues λi and eigenvectors vi of Σ
4: Sort the eigenvectors based on the descending order of eigenvalues
5: Select the first k eigenvectors corresponding to the k largest eigenvalues
6: Form the matrix V = [v1, v2, . . . , vk]
7: Project the data onto the new space : Z← XV

There is, however, no assurance that a small number of principal components with the highest
variance will necessarily contain the essential information needed for the task it was used for.
In some cases, the crucial information might be embedded in linear combinations of variables
with low variance rather than high. PCA is built upon assumptions that are overly limiting,
particularly regarding the separation of latent variables. Even if the goal is solely dimensionality
reduction, a remaining and somewhat troublesome assumption is that the relationships between
observed variables are either linear or close to linear [23].

Ansotte Justin 11 Master thesis
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2.3.2 Non-Linear Dimensionality Reduction (NLDR)
The motivation behind using non-linear techniques for dimensionality reduction is rooted in the
nature of complex and high-dimensional data. Large datasets often contain hidden information
that requires transformation to be effectively understood by humans. Remember that one of
the uses of DR is visualizing HD data in a LD space. Non-linear techniques allows to unfold
the manifold instead of merely projecting it in a linear fashion. This preservation of distances
along the manifold helps in capturing the intricate relationships between data points and
enables a more faithful representation of the underlying data structure. Many techniques exist
such as distance-based, spectral methods (ISOMAP [35],[36]; CCA [10]; CDA [25],[24], LLE
[31],[33]), Self-Organizing Maps [42], or Auto-encoders [43] to name a few. There is one family
in particular which is of high interest in this work as it is the chosen NLDR methodology in [3] :
similarity-based embedding.

Similarity-based embedding

SNE : Rather than trying to preserve distances from HD to LD, this family of methods tries
to preserve the HD neighborhoods in LD. In other words, if points are ’close’ to each other
in HD, they should appear close to each other in LD. Stochastic Neighbor Embedding (SNE)
[19] starts by converting the HD Euclidean distances between data points into conditional
probabilities, represented by similarities. The similarity of the example ξj to ξi is the conditional
probability σij that ξi would pick ξj as its neighbor if neighbors were picked in proportion to
their probability density under a Gaussian centered at ξi. This probability is given by :

σij =
exp

(
−δ2

ij/
(
2λ2

i

))
∑

k,k ̸=i exp
(
−δ2

ik/
(
2λ2

i

)) (2.3)

where λi is the variance of the Gaussian that is centered on data point ξi and δij =
∥∥∥ξi − ξj

∥∥∥
2

is
the HD Euclidean distance. Once an expression for the similarity in HD is derived, an expression
for the conditional probability between two points in LD must also be defined. This is done by
means of soft neighborhood in the LD space, which is given by :

sij =
exp

(
−d2

ij/2
)

∑
k,k ̸=i exp

(
−d2

ik/2
) (2.4)

where dij =
∥∥∥xi − xj

∥∥∥
2

is the LD Euclidean distance. The motivation behind using similarities
is that the conditional probabilities in HD and LD should be equal if the map points xi and
xj correctly model the similarity between ξi and ξj. The Kullback-Leibler divergence is used
to measure the faithfulness with which sij models σij. A gradient descent method is used to
minimize the sum of KL divergences expressed as :

DKL
(
σi∥si

)
=

N∑
j=1

σij log
(
σij/sij

)
(2.5)

A very good mental representation of this minimization is given in [41] : "Physically, the gradient
may be interpreted as the resultant force created by a set of springs between the map point
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xi and all other map points xj. All springs exert a force along the direction (xi − xj). The
spring between xi and xj repels or attracts the map points depending on whether the distance
between the two in the map is too small or too large to represent the similarities between the two
high-dimensional data points."

Algorithm 2 Stochastic Neighbor Embedding (SNE)
1: Choose size K of neighborhoods in HDS
2: Convert hard neighborhoods into soft ones ← σij

3: Adjust all bandwidths : log(K) = −∑N
j=1 σij log σij

4: Define soft neighborhoods in LDS ← sij

5: Minimize KL divergences ← DKL
(
σi∥si

)

t-SNE : The cost function of SNE is notably difficult to optimize. It also faces a problem
referred to as the "crowding problem". Indeed, it arises due to the limited space available on
the two-dimensional map to accommodate moderately distant data points, in stark contrast
to the relatively larger area available to accommodate nearby data points. Continuing on the
spring analogy : "The spring connecting data point i to each of these too-distant map points will
thus exert a very small attractive force. Although these attractive forces are very small, the very
large number of such forces crushes together the points in the center of the map, which prevents
gaps from forming between the natural clusters." An other technique, t-SNE [41], changes the
similarities in LD, using a Student t-distribution with one degree of freedom as the heavy-tailed
distribution rather than a Gaussian. The joint probabilities sij are defined as

sij =

(
1 + d2

ij

)−1

∑
k,l,k ̸=l

(
1 + d2

kl

)−1 (2.6)

This has several benefits :
• The map’s representation of joint probabilities are (almost) invariant to changes in the

scale of the map for map points that are far apart.

• Large clusters of points that are far apart interact in the same way as individual points.

• Evaluating a point under a t-Student distribution is computationally faster than under a
Gaussian.

• The optimization of the t-SNE cost function is much easier than the optimization of the
cost function of SNE.

• Focusing on the local structure of the data will tend to extract clustered local groups of
samples, making it particularly beneficial for visualizing data in very entangled datasets.

However, t-SNE still suffers from a quadratic computational and memory complexity with the
number of data points, limiting its applicability to datasets with a large number of data points.
This limitation presents a challenge for this research thesis, which aims to explore techniques in
very high-dimensional spaces where an exponential number of data points is needed. Another
weakness of t-SNE lies in its relatively local nature, making it susceptible to the curse of the
intrinsic dimensionality of the data.
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Definition 5 The intrinsic dimensionality of a random vector y is the minimal number of
parameters or latent variables needed to describe y [23].

In datasets with high intrinsic dimensionality and a manifold that exhibits significant variation,
the local linearity assumption implicit in t-SNE may be transgressed. Consequently, t-SNE might
be less effective on datasets with very high intrinsic dimensionality. To address this limitation,
[41] suggests using an Auto-encoder as the model generation technique. Auto-encoders can
better identify highly varying manifolds compared to a local method such as t-SNE, potentially
requiring fewer data points to learn an appropriate solution. A study of the performance of
Auto-encoders is proposed in [43].

Multi-scale SNE This is the method selected in [3] for the NLDR which this work extends.
SNE, as mentioned earlier, relies on local transformations of high-dimensional distances, which
limits the consideration of average- and large-scale interactions when defining the global structure
of the embedding. To overcome this, an additional scale index h is introduced, which redefines
the similarities to account for various data scales simultaneously. This parameter-free multi-scale
approach preserves the neighborhoods in a broader range of sizes and retains local as well as
global structures in the data [22].
The precision πi, determined through binary search, is introduced to achieve a user-defined
perplexity K∗

1 for the distribution σi = σij, j ∈ I\i. By combining multiple SNE similarities
with increasing perplexities, both local and global relationships can be captured effectively. The
new multi-scale similarities are defined as follows :

σhij =
exp

(
−πhiδ

2
ij/2

)
∑

k∈I\{i} exp
(
−πhiδ2

ik/2
) , σhii = 0,

shij =
exp

(
−phid

2
ij/2

)
∑

k∈I\{i} exp
(
−phid2

ik/2
) , shii = 0.

(2.7)

Multi-scale similarities are then expressed as :

σij,ms = 1
L

L∑
h=1

σhij, sij,ms = 1
L

L∑
h=1

shij (2.8)

with L the number of scales. The cost function of MsSNE is given by :

CMsSNE = −
∑

i∈I,j∈I\{i}
σij,ms log sij,ms (2.9)

The use of multi-scale optimization is recommended to tackle the challenge of optimizing cost
functions in SNE-like methods.

1K∗ controls the balance between preserving local and global structures in the data’s low-dimensional
representation. Perplexity is a smooth measure of the effective number of neighbors. A lower perplexity value
encourages the algorithm to focus on preserving local structures, while a higher value encourages more emphasis
on global structures.
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2.3.3 Quality assessment
A Receiver Operating Characteristic (ROC) Curve is a function used to assess the performance
of a classification model. It plots as coordinates of the True Positive Rate (TPR) and False
Positive Rate (FPR), respectively defined as TPR = T P

T P +F N
and FPR = F P

F P +T N
, both ranging

from [0; 1]. The Area Under the Curve (AUC) is defined as the integral of the ROC Curve,
which provides an aggregate of performance across all possible classification thresholds. It also
ranges from [0; 1] and is to be interpreted as the percentage of correctness of the assessed model.

Figure 2.5: AUC (Area under the ROC Curve)

Criteria measuring the HD neighborhood preservation in the LDS have been studied to assess
the DR quality. From [3], it is possible to define an AUC for MsSNE. The HD and LD ranks of
ξj and xj with respect to ξi and xi are defined as :

ρij =|
{

k ∈ I | δik < δij or
(
δik = δij and k < j

)}
|

rij =|
{

k ∈ I | dik < dij or
(
dik = dij and k < j

)}
| .

(2.10)

The K neighborhoods of ξi and xi can be denoted as νK
i =

{
j ∈ I | 1 ≤ ρij ≤ K

}
and nK

i ={
j ∈ I | 1 ≤ rij ≤ K

}
for the HDS and LDS respectively. The average normalized agreement

between these neighborhoods is computed as :

QNX(K) =
∑
i∈I

∣∣∣νK
i ∩ nK

i

∣∣∣
KN

∈ [0, 1] (2.11)

This is a measure that quantifies how many of the K-Nearest Neighbors (KNN) in HD are also
among the KNN in LD, and vice versa. In other words, it provides an assessment of how well
the neighborhoods are preserved during the DR process. QNX(K) can be rescaled to enable the
comparison of different neighborhood sizes as E

[
QNX(K)

]
equals K/(N − 1) for random LD

points, which allows the definition of the curves :

RNX(K) = (N − 1)QNX(K)−K

N − 1−K
(2.12)
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These are usually presented using a logarithmic scale for K since local neighborhoods are often
more prominent. The resulting AUC increases with the DR quality :

AUC =
N−2∑

K=1
K−1

−1

·
N−2∑
K=1

RNX(K)/K ∈ [−1, 1] (2.13)
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Chapter 3

Missing data management

This chapter covers the notion of missing data in the Machine Learning field. A brief explanation
to the nature of the missingness is given in Section 3.1, relevant notations are introduced in
Section 3.2, the concept of multiple imputations is put in comparison to single imputation in
Section 3.3 and the family of Gaussian Mixture Models (GMMs) is introduced in Section 3.4
for which we derive an extension to handle missing values [12]. Finally, a high-dimensional
extension of GMMs, the HDDC models [6], are presented in Section 3.5.

3.1 Missing data mechanisms
Missing data can arise for various reasons, and in some cases the reasons for the missingness
are unknown. It may come from malfunctioning hardware, data entry errors which had to be
removed or corrupted data in general. When handling missing data, it is important to first
consider the mechanism behind the missingness of the information, as to make valid statistical
hypotheses later. Three types of missing data mechanisms can be defined [32] :

• Missing completely at random (MCAR)

• Missing at random (MAR)

• Missing not at random (MNAR)

MNAR is quite self-explanatory, knowing the mechanism behind the non-randomness of the
missing values is a powerful information to integrate in the analysis. MCAR describes randomly
distributed data across the variable which are unrelated to the other variables. The probability
of a data to go missing is independent of any observation in the data set. MAR implies that
the missing data are not randomly distributed but they are accounted for by other observed
variables. Given the set of observed features ΞO, the probability of a data entry to be missing is
independent from the sample ξMi for all i ∈ I.

The missing-data mechanism can be shown to be ignorable [16], meaning that maximum
likelihood estimators remain consistent when evaluated on the incomplete database. Still, this
work makes the assumption of MAR data.
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3.2 Notations
Taking the notation of [3], let Ξ = {ξi, Oi}N

i=1 be the incomplete data set with N independent
samples ξi ∈ RH , Oi ⊂ {1, . . . , H} indexing the observed features of ξi. The complement of
Oi is noted Mi, and ξOi

i (resp. ξMi
i ) denotes the values of the observed (respectively missing)

features of ξi. The set ΞO gathers ξOi
i for all i ∈ I.

3.3 Multiple Imputation
Multiple Imputation (MI) [26] refers to the procedure of replacing each missing value by a
vector containing at least 2 imputed values. Replacing ξMi

i by the first component in its vector
of imputations creates the first complete data set, the second creates the second complete data
set and so on.

Single Imputation Multiple Imputation
Advantages

Allows complete-data analysis Same
Advantages for cases where collection
and analysis are performed separately
(i.e. confidentiality constraints)

Same but also reflects the uncertainty
as to which values to impute.

Missing data problem handled once Same
Disadvantages

Treats the missing value as known once
imputed Solved, can reflect sampling variability

Uncertainty often underestimated Solved
Takes more effort

Table 3.1: Single Imputation (SI) and Multiple Imputation (MI)

3.4 Gaussian Mixture Models
A Gaussian Mixture Model (GMM) is a statistical model that assumes that a set of data points
is generated from a combination of a limited number of Gaussian distributions with unknown
parameters. In the GMM framework, each class is represented by a Gaussian probability density
function defined as follows :

f(x, θ) =
G∑

k=1
wkϕ(x, θk) (3.1)

Here ϕ represents a p-variate normal density with parameter θk = {µk,
∑

k}, the mean and
covariance respectively. The mixing proportions, wk, indicate the contribution of each component
of the mixture. A G-component Gaussian mixture model of a complete dataset Ξc := {ξi}

N
i=1

consists of N independent examples ξi ∈ RH . This model is composed of G multivariate Gaussian,
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each with mean vectors µ1, . . . , µG ∈ RH , covariance matrices Σ1, . . . , ΣG ∈ RH×H , and positive,
unit-sum weight coefficients w1, . . . , wG ∈ R which maximize the model log-likelihood

log p
(
Ξc | θ

)
=
∑
i∈I

log
∑

k∈G
wkN

(
ξi | µk, Σk

) (3.2)

where I := {1, . . . , N}, G := {1, . . . , G}, θ := {wk, µk, Σk; k ∈ G} and where N
(
ξi | µk, Σk

)
represents the probability density function evaluation of the kth Gaussian over ξi. As a reminder,
the likelihood is defined as [26] :

Definition 6 The likelihood function LY (Ξc | θ) is any function of the parameter θ proportional
to the the density function fY (Ξc | θ).

To maximize equation (3.2), a traditional Expectation-Maximization (EM) algorithm is employed.
The algorithm involves the following steps :

1. Initialization : Start by initializing the mean vectors µk, covariance matrices Σk, and
weight coefficients wk.

2. E-step : Calculate the probabilities tik for each example to originate from each Gaussian,
given the current value of θ. This is done for each i ∈ I and k ∈ G.

tik = wkN
(
ξi | µk, Σk

)
∑

j∈G wjN
(
ξi | µj, Σj

) , Nk =
∑
i∈I

tik (3.3)

3. M-step : Update θ given the following probabilities :

µk = 1
Nk

∑
i∈I

tikξi, wk = Nk

N
,

Σk = 1
Nk

∑
i∈I

tik (ξi − µk) (ξi − µk)T .
(3.4)

4. Repeat step 2 & 3 until convergence of (3.2).

3.4.1 GMM to handle missing data
The standard EM algorithm for fitting Gaussian mixture models has been extended to handle
data with missing values [12]. A Gaussian mixture model for Ξ then maximizes the observed
log-likelihood

log p
(
ΞO | θ

)
=
∑
i∈I

log
∑

k∈G
wkN

(
ξOi

i | µk, Σk

) (3.5)

over its parameters θ, where N
(
ξOi

i | µk, Σk

)
refers to the marginal of N

(
ξi | µk, Σk

)
over the

observed features of ξi. To handle for the observed and missing data, it is possible to adapt the
EM-algorithm to maximize the new log-likelihood (3.5) :
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1. Initialization :

• µk are initialized by randomly selecting values from the observed data, samples
without missing values if available. Otherwise, Gaussian means using incomplete
samples are initialized to impute the missing values with the sample mean.

• Σk are initialized either with the sample covariance of the data (ignoring samples
with missing values) or as diagonal matrices, using only the sample variance of each
variable.

• wk are initialized using uniform values.

2. E-Step1 : The conditional expectations µ̃k,Mi|Oi
∈ R|Mi| and covariances Σ̃k,Mi|Oi

∈
R|Mi|×|Mi| of the missing features of each sample ξi given ξOi

i under each Gaussian compo-
nent k ∈ G are computed as :

tik =
wkN

(
ξOi

i | µk, Σk

)
∑

j∈G wjN
(
ξOi

i | µj, Σj

) , Nk =
∑
i∈I

tik

µ̃k,Mi|Oi
= µMi

k + ΣMOi
k

(
ΣOOi

k

)−1 (
ξOi

i − µOi
k

)
Σ̃k,Mi|Oi

= ΣMMi
k −ΣMOi

k

(
ΣOOi

k

)−1
ΣOMi

k

(3.6)

where µMi
k and µOi

k denote the components of µk indexed by Mi and Oi
2.

3. M-step : Similar as (3.4), except that the component means are estimated using the
imputed data vectors and the covariance matrix estimate includes an extra term to account
for covariances related to the imputed values. With the feature ξ̃ik ∈ RH with components
indexed by Oi and Mi equal to ξOi

i and µ̃k,Mi|Oi
, we compute for k ∈ G :

µk = 1
Nk

∑
i∈I

tikξ̃ik, wk = Nk

N

Σk = 1
Nk

∑
i∈I

tik

(
ξ̃ik − µk

) (
ξ̃ik − µk

)T
+ Σ̃ik

(3.7)

where Σ̃ik ∈ RH×H is defined as Σ̃MMi

ik = tikΣ̃k,Mi|Oi
and zero elsewhere, Σ̃MMi

ik denoting
the sub-matrix of Σ̃ik with rows and columns indexed by Mi.

4. Repeat step 2&3 until convergence of (3.5)

One drawback of this model is that it requires estimating full covariance matrices, resulting in
an increase in the number of parameters with the square of the data dimension. This makes it
often not even possible to apply a conventional Gaussian Mixture Model. However, considering
the empty space phenomenon (2.1), it can be assumed that HD data tends to reside around
subspaces with lower dimension compared to the one of the original space. Following that
intuition, low-dimensional class-specific subspaces are introduced, which reduce the number of
parameters that need to be estimated. This is the High-Dimensional extension of GMMs as
proposed in [6] and inspired from the attempt at making GMM more parsimonious in [8].

1It is worth noting that, as in [3], [12] the sweep inversion operator can be used to accelerate matrix inversions
in the E-step. For further informations, refer to [3], [12].

2ΣABi

k refers to the sub-matrix of Σk with rows indexed by Ai and columns by Bi.
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3.5 High-Dimensional extension of GMM : HDDC
This section presents a high-dimensional extension for GMMs. In an attempt at making the
models more parsimonious, [6] declines several parametrizations. The intuition as well as the
general model is presented in Section 3.5.1, then some parametrizations are presented in Section
3.5.2. The properties of these models’ parameters are given in Section 3.5.3.

3.5.1 The Gaussian model [akjbkQkdk]
As in the classical GMM framework, class conditional densities are assumed to be Gaussian.
Let Qk be the orthogonal matrix with the eigenvectors of ∑k as columns. The class conditional
covariance matrix ∆k is therefore defined in the eigenspace of ∑k, in other words, its eigenvalue
decomposition, by :

∆k = Qt
kΣkQk (3.8)

From this decomposition, modifications on the eigenvalues can be applied in order to reduce the
intrinsic dimension of the feature space and more. These are fully detailed in the next section.
The covariance matrix is a diagonal matrix which contains the eigenvalues of ∑k. It is further
assumed that ∆k is divided into two blocks :

∆k =



ak1 0 . . .

0 . . . 0
... akdk

bk
...

0 . . . 0
. . . 0 bk



 dk

 (H − dk)

(3.9)

with akj > bk, j = 1, . . . , dk, and where dk ∈ {1, . . . , H} is unknown.

The class-specific subspace Ek is defined as the affine space spanned by the dk eigenvectors
associated with the eigenvalues akj, s.t. µk ∈ Ek and Ek ⊕ E⊥

k = Rp. Within the subspace E⊥
k ,

the variance is modeled by a single parameter bk. The projections of x on Ek and E⊥
k are

Pk(x) = Q̃kQ̃t
k (x− µk) + µk

P ⊥
k (x) = Q̄kQ̄t

k (x− µk) + µk

(3.10)

where Q̃k consists of the dk first columns of Qk supplemented by (H − dk) zero columns, and
Q̄k =

(
Qk − Q̃k

)
. The dimension dk of the subspace Ek, referred to as the specific subspace

of the k-th group, can be considered as its intrinsic dimension. It represents the number of
dimensions required to describe the main features of this group. From [8], a notation for the
reference model is derived as [akjbkQkdk]. This is the model used in [3],[12]. HDDC stands for
"High Dimensional Data Clustering".
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Figure 3.1: The subspaces Ek and E⊥
k of the k-th mixture component.

From [6] where they use i instead of k to enumerate the Gaussian components.

3.5.2 The different parametrizations
By fixing some parameters to be common within or between classes, particular models which
correspond to different regularizations are derived. The demonstrations showing how to obtain
the estimators for each model are directly taken from [6]. Let us take a step back, to the classical
GMM framework, for which it is possible [15] to write the log-likelihood (3.2) as :

−2 log(L) =
G∑

k=1
Nk

H∑
j=1

(
log

(
δkj

)
+ 1

δkj

qt
kjΣkqkj

)
+ cst (3.11)

where δkj is the j-th diagonal coefficient of ∆k and qkj is the j-th column of Qk. This does not
account for missing and observed data yet. The GMM extension for missing data is built above
what is presented here, this new notation only serves the mathematical justifications for the
estimators that follow. Refer to section 3.4.1 for the GMM extension used later in this work.

In [6], 32 models corresponding to different parametrizations are introduced. They are distinctly
separated in classes : with free orientations, common dimensions, common orientations and
common covariance matrices. Given the redundancy associated with studying all 32 models, 10
models were appropriately chosen for this work as to study all unique parametrizations.

Ansotte Justin 22 Master thesis



Ecole Polytechnique de Louvain

# Notation
free orientations

0 [akjbkQkdk]
1 [akjbQkdk]
2 [akbkQkdk]
3 [abkQkdk]

common dimensions
4 [akjbkQkd]
5 [ajbkQkd]
6 [akbkQkd]
7 [abQkd]

common orientations
8 [akbkQd]
common covariance matrices
9 [abQd]

Table 3.2: Selected HDDC models

Models with free orientations

The ML estimators of model parameters are closed form (CF)3 for this category of models.
Subspace Ek : The dk first columns of Qk are estimated by the eigenvectors associated with
the dk largest eigenvalues λkj of Σk. From [6], it can be proven that the log-likelihood can be
rewritten as :

−2 log(L) =
G∑

k=1
Nk

 dk∑
j=1

log
(
akj

)
+ (H − dk) log (bk) + Tr (Σk)

bk

+
dk∑

j=1

(
1

akj

− 1
bk

)
λkj

+ cst

(3.12)
Hence, the objective of minimizing −2 log(L) with respect to λkj can be equivalently achieved
by minimizing the quantity ∑G

k=1 Nk
∑dk

j=1

(
1

akj
− 1

bk

)
λkj. Since

(
1

akj
− 1

bk

)
< 0,∀j = 1, . . . , dk,

it is necessary for λkj to be as large as possible. Consequently, the column vector qkj, for all
j = 1, . . . , dk, is estimated using the eigenvector associated with the j-th largest eigenvalue of
Σk.

/0\ akjbkQkdk This corresponds to the most general model, which is used in [3],[12]. It will
serve as the reference and the frame of comparison for the nine others. The partial derivatives
of −2 log(L) with respect to akj and bk are :

−2∂ log(L)
∂akj

= Nk

 1
akj

− λkj

a2
kj

 and − 2∂ log(L)
∂bk

= Nk (H − dk)
bk

− Nk

b2
k

Tr (Σk)−
dk∑

j=1
λkj


(3.13)

3that is formed with constants, variables and a finite number of standard operations and functions.
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The condition ∂ log(L)
∂akj

= 0 and ∂ log(L)
∂bk

= 0 lead to the following estimators :

âkj = λkj

b̂k = 1
(H − dk)

Tr(Σk)−
dk∑

j=1
λkj

 (3.14)

In the remainder of this section, only the partial derivatives and their implications are presented.
The conditions follow the same logic, unless explicitly given.

/1\ akjbQkdk This first parametrization can be seen as modeling the noise in E⊥
k by a single

parameter b. In other terms, bk is common across all Gaussian components. âkj is given by
(3.14) and the partial derivative of −2 log(L) with respect to b is :

−2∂ log(L)
∂b

= n(H − ξ)
b

− 1
b2

G∑
k=1

Nk

Tr (Σk)−
dk∑

j=1
λkj

 (3.15)

where n =
∑G

k=1 Nkλkj

λj
. The estimator for b is given by :

b̂ = 1
(H − ξ)

Tr(W )−
G∑

k=1
wk

dk∑
j=1

λkj

 (3.16)

where ξ = ∑G
k=1 wkdk and W = ∑G

k=1 wkΣk is the within-covariance matrix.

/2\ akbkQkdk This can be seen such that each conditional covariance matrix ∆k contains only
two different eigenvalues, which according to [6] is an efficient way to regularize the estimation
of Σk. Fixing akj to ak replaces the dk first eigenvalues by their mean. This is a similar
transformation as to bk in the general model /0\. It has also been shown that the ML estimator
of the intrinsic dimensions dk is asymptotically consistent for this model [5].
The partial derivative of −2 log(L) with respect to ak is :

−2∂ log(L)
∂ak

= Nkdk

ak

− Nk

a2
k

dk∑
j=1

λkj (3.17)

The estimator of ak is given by :

âk = 1
dk

dk∑
j=1

λkj (3.18)

and b̂k is given by (3.14).

/3\ abkQkdk Here, akj is fixed to a single eigenvalue a shared across all Gaussian components.
The partial derivative of −2 log(L) with respect to a is :

−2∂ log(L)
∂a

= nξ

a
− 1

a2

G∑
k=1

Nk

dk∑
j=1

λkj (3.19)
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The estimator of a is given by :

â = 1
ξ

G∑
k=1

wk

dk∑
j=1

λkj (3.20)

and b̂k is given by (3.14).

Models with common dimensions

Here, dk is common within the classes. This implies choosing a single d, which leads to a constant
number of unchanged eigenvalues across all components of the GMM. As such, the intrinsic
dimensions of the subspace Ek is the same for all groups. This dimension dk was determined
using the scree test for the general model. However no information is given in [6] on how to
choose a value for d when considering common dimensions.

In this thesis, we fix d = mink(−→d ),

with −→d the vector containing the intrinsic dimensions dk. This is motivated by the idea that dk

was chosen iteratively for each of the G components to mitigate the "risk" of exploding. Indeed,
replacing the eigenvalues with their mean when they become too familiar to each other ensures
that our approximation of Σk remains close to its original value. Moreover, a lower d leads to
fewer parameters which is, as shown in Chapter 4, a criterion for a lower BIC, a metric used in
our model selection process.

/4\ akjbkQkd The estimators of akj and bk are given by (3.14).

/5\ ajbkQkd The partial derivative of −2 log(L) with respect to aj is :

−2∂ log(L)
∂aj

= n

aj

− 1
a2

j

G∑
k=1

Nkλkj (3.21)

The condition ∂ log(L)
∂aj

= 0 and the relation ∑G
k=1 Nkλkj = nλj gives the estimator for aj :

âj = λj (3.22)

where λj is the j-th largest eigenvalue of W . The estimator of bk is given by (3.14).

/6\ akbkQkd The estimator of ak is given by (3.18) and bk by (3.14).

/7\ abQkd For this model, the expressions for â and b̂ in the free dimensions context can be
simplified to :

â = 1
d

d∑
j=1

λj

b̂ = 1
(H − d)

Tr(W )−
d∑

j=1
λj

 (3.23)
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Models with common orientations

This family of model is divided in two : with free dimensions or common dimensions. In [6],
only the models with common dimensions are described. Indeed, they use a simple iterative
procedure (IP) to obtain the estimators, whereas with free dimensions the Maximum Likeli-
hood (ML) estimation always requires a complex iterative estimation based on the FG algorithm.

Subspace Ek : Given ak and bk, the d first columns of Q are estimated by the eigenvectors
associated to the d largest eigenvalues of the matrix M defined by :

M (a1, . . . , aG, b1, . . . , bG) =
G∑

k=1
Nk

(
1
bk

− 1
ak

)
Σk (3.24)

The log-likelihood (3.11) can be rewritten as :

−2 log(L) =
G∑

k=1
Nk

(
d log (ak) + (H − d) log (bk)

)
−

d∑
j=1

qt
j(B − A)qj + Tr(B) + cst (3.25)

where A = ∑G
k=1

Nk

ak
Σk and B = ∑G

k=1
Nk

bk
Σk.

/8\ akbkQd The partial derivatives of −2 log(L) with respect to ak and bk are :

−2∂ log(L)
∂ak

= Nkd

ak

−Nk

a2
k

d∑
j=1

qt
jΣkqj and −2∂ log(L)

∂bk

= Nk(H − d)
bk

−Nk

b2
k

Tr (Σk)−
d∑

j=1
qt

jΣkqj


(3.26)

Given Q, estimators of ak and bk are :

âk(Q) = 1
d

d∑
j=1

qt
jΣkqj

b̂k(Q) = 1
(H − d)

Tr (Σk)−
d∑

j=1
qt

jΣkqj

 (3.27)

Models with common covariance matrices

The ML estimators of model parameters are CF for this category of models. The log-likelihood
(3.11) can be rewritten as :

−2 log(L) = n

 d∑
j=1

log
(
aj

)
+ (H − d) log(b) + Tr(W )

b
+

d∑
j=1

(
1
aj

− 1
b

)
qt

jWqj

+ cst (3.28)

/9\ abQd The partial derivative of −2 log(L) with respect to a is :

−2∂ log(L)
∂a

= nd

a
− n

a2

d∑
j=1

qt
jWqj (3.29)

This is the most restrictive model, leading to it having the fewest number of parameters.
Estimators for a and b are given by (3.23).
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3.5.3 Properties of the HDDC models
In [6], the properties of the parameters of all models are explored through a comparative study,
of which an extract is presented in Table 3.3 to illustrate the differences between the 10 selected
models. Let us define ρ the number of parameters required for the estimation of means and
proportions as well as τ̄ and τ the number of parameters required for the estimation of Q̃k and
Q̃ respectively :

ρ = GH + G− 1

τ̄ =
G∑

k=1
dk

[
H − (dk + 1) /2

]
τ = d

[
H − (d + 1)/2

]
(3.30)

Finally, D = ∑G
k=1 dk. For asymptotic orders, [6] assumes G≪ d≪ H.

Model Number of
parameters

Asymptotic
order

Example with G = 4,
d = 10, H = 100

ML
estimation

[akjbkQkdk] ρ + τ̄ + 2G + D GHd 4231 CF
[akjbQkdk] ρ + τ̄ + G + D + 1 GHd 4228 CF
[akbkQkdk] ρ + τ̄ + 3G GHd 4195 CF
[abkQkdk] ρ + τ̄ + 2G + 1 GHd 4192 CF
[akjbkQkd] ρ + G(τ + d + 1) + 1 GHd 4228 CF
[ajbkQkd] ρ + G(τ + 1) + d + 1 GHd 4198 CF
[akbkQkd] ρ + G(τ + 2) + 1 GHd 4192 CF
[abQkd] ρ + Gτ + 3 GHd 4186 CF
[akbkQd] ρ + τ + 2G + 1 Hd 1357 IP
[abQd] ρ + τ + 3 Hd 1351 CF

Table 3.3: From [6], study of the different parametrizations
(CF = Closed Form; IP = Iterative Procedure)
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Chapter 4

Methodology

This chapter encompasses the methodology examined in this study, consolidating the theoretical
groundwork laid in previous chapters. Section 4.1 outlines the intuition for dimensionality
reduction with missing data, Section 4.2 presents the methodology applied by [3] while Section
4.3 elaborates on the extension proposed by this research.

4.1 A new objective
Due to DR techniques’ limitations when dealing with incomplete datasets, evaluating cost
functions optimized by nonlinear DR methods becomes complex. This complexity arises from
relying on the coordinates of incomplete high-dimensional (HD) samples. A workaround involves
using a complete HD dataset through imputation to align with data distribution in the feature
space. Since features in most datasets aren’t independent, considering conditional distribution
of missing features given observed ones is crucial. This consideration allows for deriving
meaningful insights on the relationships within the data. Traditional approaches for addressing
this include replacing missing data with their conditional mean based on the observed features
(assuming the data distribution can be modeled), or utilizing nearest neighbor-based imputation
methods. However, these approaches would, at best, yield a low-dimensional (LD) embedding
that minimizes the cost function when evaluated using the expected HD dataset. Consequently,
this leads to the following LD embedding :

arg min
X

C(X,E[Ξ]) (4.1)

with Ξ a set of incomplete HD data points and X the set of their LD representations. However,
one would be more interested in obtaining the LD embedding minimizing the cost function
expectation, yielding the closest cost function value on average to the one that would be obtained
in the complete data case :

arg min
X

E[C(X, Ξ)]. (4.2)

Intuitively, the expectation is just moved one step later in the process but this has big conse-
quences for nonlinear cost functions. To address the optimization of (4.2), the cost function
expectation must be approximated on the incomplete database and this is where the multiple
imputation paradigm proves useful as it provides a consistent approximation if the conditional
distribution of the missing features given the observed ones can be modeled [13].
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4.2 Procedure step-by-step
As stated in Chapter 1, the missing-data management is addressed immediately in the first step
of the process. The previous section shows that in order to obtain the closest cost function to
the one yielded by the complete dataset, multiple imputed complete datasets must be derived,
which are obtained from fitting a GMM model on Ξ. From [3], it is possible to summarize the
procedure of applying a NLDR to Ξ, a data set with missing values, as :

i. Fitting the Gaussian Mixture Model on Ξ

This first step refers to the methodology presented in Section 3.4.1. The goal is to maximize the
observed log-likelihood (3.5) over the model parameters θ using the EM-algorithm. Since the
EM algorithm is sensitive to parameter initialization, multiple runs with different initializations
are conducted to explore various local maxima. Additionally, LD representations (Section
3.5) of each Gaussian function are adopted to address the scaling issue of the GMM, which
is typically O

(
GH2

)
. Several models from the HDDC family will be tested for this purpose,

further discussed in Section 4.3.

For HDDC models with free dimension dk, the intrinsic dimension is determined using the scree
test. Specifically, dk is set to the smallest integer between 1 and H for which the subsequent
successive differences in eigenvalues are smaller than a threshold ηk. The threshold ηk and the
number G of components are determined using the Bayesian Information Criterion (BIC). If
the number of parameters Pθ (Table 3.3) of the model characterized by θ is smaller than N , the
number of independent examples, the BIC can be expressed as :

−2 logL(θ) + Pθ log N (4.3)

where L(θ) is the model likelihood. The BIC is also used to choose the number of components G.
It is chosen by fitting two models, with G = 1 and G = 2. If the BIC is lower with an additional
component, G = 3 is tested and so on. For each value of G, ηk is defined as a decreasing fraction
of the covariance trace such that ηk = ζ · tr (Σk), starting with ζ = 0.5 and dividing its value
by two as long as the BIC decreases. The selected model is the one with the lowest BIC. The
number of parameters grows quickly with the dimensionality of the problem, so considering
parsimonious models is essential (see Section 4.4).

ii. Using the GMM model to perform multiple imputation by extracting Ψ random
samples in order to create Ψ complete datasets Ξ1

c , ..., ΞΨ
c

To obtain a random sample from the conditional distribution, follow these steps :

1. Draw a component index k from G with a probability tik

2. Sample a vector yik from an |Mi|-dimensional Gaussian distribution with zero mean and
identity covariance

3. Compute µ̃k,Mi|Oi
+ Cikyik, where Cik is the Cholesky factor of Σ̃k,Mi|Oi

The Cholesky factorization is defined as the decomposition of a Hermitian, positive-definite
matrix into the product of a lower triangular matrix and its conjugate transpose.
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iii. Averaging the nonlinear DR cost function evaluations on each Ξl
c to approximate

its expectation on the incomplete database

It is important to state that any DR scheme optimizing some criterion can be used instead of
MsSNE. The reasons to why it is the chosen method in this work are described in Section 2.3.2.
[3] proposes comparisons of different DR methods.

Applying the MsSNE methodology presented in Section 2.3.2, the expectation over the missing
values is minimized s.t. :

E [CMsSNE] = −
∑

i∈I,j∈I\{i}
E
[
σij, ms

]
log sij, ms. (4.4)

From the Ψ imputed complete datasets, their multi-scale HD similarities are computed, allowing
to approximate the expectation of the multi-scale HD similarities of Ξ :

E
[
σij, ms

]
≈ 1

Ψ

Ψ∑
l=1

σl
ij, ms (4.5)

Finally, the approximation quality of the HD similarities is defined by the sum of the KL
divergences between the "true" and approximated similarities for each data point :

QKL =
∑

i∈I,j∈I\{i}
σij, ms log

(
σij, ms/σ̂ij, ms

)
(4.6)

with σ̂ij, ms estimated by (4.5). This metric will be used alongside the AUC (2.13) to assess the
quality of the methodology.

4.3 Trying other parametrizations
The referenced works, [3] and [6], focused at most on relatively "low high dimensions", 64 and
100 respectively. However, real-world data can come in much higher dimensions, ranging from
hundreds to even thousands. Now, armed with the theoretical foundations from previous works
and already some exclusive insights presented in the previous chapters, the methodology is put
to the test in higher dimensions.

In [3], the implementation of the [akjbkQkdk] model from the HDDC extension successfully
addressed the challenging task of fitting a GMM model for up to 64 dimensions. Reducing the
dimensionality of the specific subspace of each group led to a more parsimonious model, adhering
to the general idea that "simpler is better". However, there is uncertainty about whether this
general model is restrictive enough to fit GMMs on very high dimensions. To explore this further,
stricter parametrizations, as presented in Table 3.2, are considered to observe performance
differences and potential breakthroughs these could allow.

Out of the 32 presented models, the selection of the 10 models for analysis is based on two
criteria :

• Targeting specific parametrizations rather than combining multiple ones, to avoid redun-
dancy and better understand the impact of each restriction.
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• Excluding models that use the FG (Full Gaussian) procedure for the Maximum Likelihood
(ML) estimation, as it is a very complex procedure.

The questions raised in this section are, to the best of our knowledge, exclusive to this work.

4.4 A side note on parsimonious models
Definition 7 A parsimonious model is a model that accomplishes the desired level of explanation
or prediction with as few predictor variables as possible.

When considering the BIC (4.3) for model selection, a lower BIC implies either fewer explana-
tory variables, better fit or both. Hence, it is a good estimate of parsimony. The Gaussian
Mixture framework is highly parameterized, which naturally yields inference problems in HDS[4].
Constraining, and by extension simplifying, the general [akjbkQkdk] model could allow us to
regularize it in high-dimension.
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Chapter 5

Experimental results

In this chapter, simulations are performed using the HDDC models which were specifically
implemented in Python for this thesis. For reproduction purposes, a description of the virtual
environment used is given in Section 5.1. A study of the number of parameters for each model
on increasing dimensions is presented in Section 5.2. Then, the limits of the reference model
are challenged and established in Section 5.3. The nine new models are compared to the tests
performed on the reference model in Section 5.4. Finally, the relevancy of the method in very
high dimensions is questioned in Section 5.5 by comparing it to other imputation methods.

5.1 Implementation
To perform the numerical implementation and generate the results presented in this chapter,
the open demo provided by [3] served as the starting point. It can be accessed on the GitHub
of Cyril de Bodt. Following the authors’ recommendation, the virtual environment used for the
implementation is as follows:

Python: 3.7.5
Numpy: 1.17.4
Numba: 0.46.0
Scipy: 1.3.2
Matplotlib: 3.1.1
Scikit-learn: 0.22
Pandas: 0.25.3

5.2 P (θ) with growing dimensionality
To further extend the study presented in Table 3.3, variations on the parameter H, the dimension
of the input data, are studied. This additional analysis will provide valuable insights into the
performance of the HDDC models across input data dimensions ranging from 5 to 100. By
utilizing (3.30) and considering the asymptotic order G≪ d≪ H, it is deduced that the original
dimensionality H and the "retained" dimensionality dk of the dataset play significant roles in
determining the number of parameters in the HDDC models.
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The results of the parameters study are presented in Figure 5.1. Analysis is performed for
dk = [0, 1, 5, 10], G = 4, and dk constant across all components.

Figure 5.1: Parameters study

If we were to let the model select dk = 0 by letting the scree test unbounded and if the difference
between ak1 and ak2, sorted in decreasing order, was already too small, then the covariance
matrix would only hold eigenvalues simplified to bk. As a result, τ and τ̄ would simplify to 0
in (3.30). Forcing the models to retain at least some of the largest eigenvalues avoid including
them with the b or bk last eigenvalues, allowing to better differentiate the models and study the
impact of dimensionality on the other parameters of the model.

Models 8 and 9, which implement common orientations and common covariance matrices, show
slower growth with increasing dimensionality. This aligns with the expected results from Table
3.3, as these models represent the strictest regularizations. Besides these two, considering P (θ)
only, all models seem quite similar and are nearly indistinguishable from each other. The
different restrictions are an attempt at reducing the number of parameters of the model. In the
case where P (θ) is approximately the same for all models, it can be expected that they produce
similar results. Following that intuition, if all models select G = 1, the different parametrizations
become less different from one another and similar performance is to be expected.

5.3 Limits of the general model
In [3], experiments are conducted for dimensions up to 64, corresponding to the Optical
Recognition of Handwritten Digits (Digits) dataset. Before exploring other models, it is
important to understand what the limits of our reference model [akjbkQkdk] are. It has already
been established that the methodology is limited in terms of input data as both the GMM
framework and the SNE techniques come with exhaustive computation time. This section tries
to quantify the limit in terms of dimensions. Using artificial isotropic Gaussian blobs datasets,
or simply BLOBs, is a flexible method to vary the dimensionality of the dataset. It creates
multi-class datasets by allocating each class one or more normally distributed clusters of points.
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5.3.1 Simulations
From complete datasets, 5% of missing values is artificially introduced, while making sure that
no entire example or feature goes missing.

Experiment 1 : increasing dimensions with free number G of Gaussian components

The following table summarizes the experimental setting :

Models Dimensions Data Points Clusters Gaussian Components
[0] [3 −→ 400] 500 3 Free, chosen with BIC

This experiment examines the methodology’s performance across increasing dimensionality.
Figure 5.2 demonstrates its remarkable success for dimensions up to 50. However, beyond this
threshold, the quality of the LD embeddings degrades rapidly. The most concerning observation
is the complete failure of the methodology at 300+ dimensions.
This observation highlights the limitations of the current approach when dealing with very
high-dimensional data. While it exhibits promising results for moderately high dimensions, it
struggles to handle extremely high-dimensional datasets effectively.

Figure 5.2: [akjbkQkdk]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
A few hypotheses can be established on why it fails at 300+ dimensions :

1. A sufficient (and exponential) amount of data is required for a given dimension. Otherwise
the empty space phenomenon leads to numerical instability at some point during the
process.

2. The chosen test dataset (BLOBs) is inappropriate for some reason.

3. The problem is intrinsically numerical : GMMs scale poorly in HD as they need to compute
a determinant of a matrix with dimension (H ×H). This is numerically unstable.
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Experiment 2 : fixed HD on different dataset size

In this next experiment, the first hypothesis is challenged by studying the impact of the ratio
between the quantity of data and the number of dimensions. An arbitrarily very high dimension
of 200 is fixed and the performance for BLOBs dataset varying across a wide range of sizes is
studied.

Models Dimensions Data Points Clusters Gaussian Components
[0] [200] [10 −→ 320] 3 Free, chosen with BIC

Figure 5.3: Performance across growing input data size

Figure 5.3 demonstrates that the methodology doesn’t fail even with a very small ratio (here
1
20). In HDS, an exponential number of data points are required to effectively describe the space.
While more than 320 points should be used to fill the 200-dimensional space, this would be too
computationally intensive. The performance remains constant in the range [10 −→ 320] due to
this limitation, and the spike at p = 10 is merely noise. Furthermore, having fewer data points
than parameters renders the BIC (4.3) inappropriate, as the problem is underdetermined, much
like having more weights than data points in a linear regression scenario.

Experiment 3 : reference model on UCI datasets

In [3], the methodology is tested on many UCI Machine Learning repository datasets. In
this experiment, a real dataset of very high dimensionality is studied to challenge the second
hypothesis. The dataset is ISOLET [9].

Models Dimensions Data Points Dataset Gaussian Components
[0] [617] [500] ISOLET Free, chosen with BIC

The exact same error arises, dismissing the second hypothesis. The problem appears to be
purely numerical, meaning that without changes, the general model will never work for very
high dimensions.
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Experiment 4 : Initialization of det(Σk) with increasing dimensions

As to study whether the problem does indeed arise from numerical approximations, the average
value of the first estimation of det(Σk), which happens during the initialization of the EM
algorithm, is tracked through increasing dimensions.

Figure 5.4: maxk(det(Σk)) for increasing dimensions

The determinant becomes excessively large and numerically approximated to ’inf’. This issue is
inherent to GMM as an initial estimate of det(Σk) is necessary for the EM algorithm.

During experimentation, another problem arising from the high-dimensional (HD) nature of
the data was identified. In the EM algorithm, even if det(Σk) after initialization is large, as
long as an initial value can be obtained it will quickly converge to significantly smaller values
within two or three iterations. However, after a few more iterations, extremely small values are
sometimes computed, often approaching zero and being treated as such numerically. To address
this, an additional constraint was introduced in the GMM fitting process :

1. Fit mixture models with more components until the BIC increases or until there are more
parameters than samples

2. For a given number G of components, fit n times to retain the best one in terms of BIC

3. Fit mixture models with a decreasing threshold (ζk) following the scree test (as long as
the BIC decreases)

4. For a given threshold ζk, fit n times and retain the best one in terms of BIC

5. Monitor determinant computations, proceed to the next ζk if :

• Any | det(Σk)| for k ∈ G falls below 10−50 after the E-step1.
• Any det during computation of a pdf for tik is zero (see 5.3.2).

1In Python, the maximum integer e such that 10e is in the range of representable finite floats is 308. It follows
normal double precision, typical of 64-bit floating point numbers. The exact range is ±2.22507385850720×10−308

to ±2.22507385850720× 10308 with a precision of about 15 significant decimal digits.
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While this only partially solves the problem of handling higher dimensionality, it makes the
methodology more stable for dimensions where at least an initial value of det(Σk) is obtained
after the initialization. It stops the process when values are getting dangerously close to being
numerically approximated to zero, which would lead to a zero division.

5.3.2 First observations
With very high dimensions, two problems related to numerical computation arise. It happens
during the initialization of the EM algorithm and during the E-Step 2 for which the marginal
pdf of the multivariate Gaussian over the observed features to compute tik is needed and
computed as :

fO = exp(a/2) ∗ (2π)NO/2√
det(SO)

(5.1)

with a corresponding to twice the argument of the exponential in the pdf of the marginal
multivariate Gaussian over the observed values of the current example [12], NO the number of
observed features of the current example and det(SO) the determinant of the sub-matrix over the
observed feature of the current example of the covariance matrix of the multivariate Gaussian.
If det(SO) is approximated to zero, a zero division error occurs. An additional stopping criterion
is implemented to circumvent this problem.

More dramatically, the initialization of det(Σk) grows exponentially with the dimensionality of
the problem, as shown in Figure 5.4. The challenge for the new parametrizations is whether
they can succeed in lowering the values of det(Σk) and stabilizing the eigenvalues λkj of that
same covariance matrix.
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5.4 Comparing HDDC models

5.4.1 Quality assessment for dimensions lower than 100
Before assessing the problem of very high dimensionality, the performance of the other models
on datasets tested in [3] is studied. Namely, the Yacht Hydrodynamics, Wine [1], Indian Liver
Patient (ILP) [30], Energy efficiency (EE) [39] and Iris [14] datasets. Random subsets are taken
when the number of input data exceeds 400 to accelerate the computation.

Experiment 5 : new parametrizations with free G

Ref 1 2 3 4 5 6 7 8 9 Complete
Iris(150×4) .718 .725 .729 .712 .715 .73 .716 .718 .723 .718 .786

Hydro(308×6) .652 .65 .653 .666 .645 .661 .659 .631 .64 .631 .688
EE(400×8) .592 .592 .58 .58 .592 .592 .58 .58 .58 .58 .67

ILP(400×10) .582 .599 .579 .59 .572 .599 .592 .6 .56 .599 .624
Wine(178×13) .579 .596 .584 .587 .58 .58 .578 .589 .579 .589 .643

Table 5.1: AUC with different parametrizations of HDDC (see Table 3.2)

For EE, the performance is basically identical across all models. This can be attributed to the
fact that only one Gaussian component was fitted for each model. As a result, there is limited
freedom for each model to showcase the uniqueness of its restrictions. The parametrizations
essentially simplify to similar transformations when G is set to 1.

Across each dataset, the best performing model varies, although the differences compared to the
reference model are small. The non-convex nature of the problem implies that each model could
potentially perform best through fortuitous initialization. Still, one could make a suggestion to
explore a few restrictions in the process of fitting an HDDC model, similarly to the selection of
G and ζk. While this process extends the computation time in the GMM fitting step by the
number of tested models, it potentially represents a small but valuable avenue for improving
the methodology presented in [3] at a scale of 1-5% in the AUCΞ/AUCcomplete ratio.

5.4.2 Higher dimensions
Experiment 6 : all models on increasing dimensions with free G

Similarly to the first experiment 5.3.1, BLOBs are used to test the performance of the models
on increasing dimensions. As shown in previous experiments, the dimensionality of the problem
leads to large or small determinants approximated to ’inf’ or 0. We implement the more
restrictive parametrizations and their estimators for the eigenvalues presented in Section 3.5.2
as an attempt to solve this problem. Individual plots for each model are given in Annex A.
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Figure 5.5: AUC for all models on increasing dimensions

Figure 5.6: QKL for all models on increasing dimensions

All models encounter failure when dealing with dimensions beyond 300. As it was the case for
the reference model, a failure occurs during the initialization of the EM algorithm, where the de-
terminant of Σk is excessively large and computationally approximated to infinity. This problem
arises immediately even with G = 1 and the largest threshold. None of the parametrizations
prove robust enough to handle this issue, meaning that none of them have the opportunity to
attempt any computations.
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Conducting an analysis akin to Experiment 4 reveals that in HDS the value of det(Σk) after
initialization is almost identical for all models. This similarity shows that the restrictions are not
powerful enough to mitigate the numerical instability, causing all parametrizations to behave
similarly.

Since the determinant is equal to the product of all akj and bk eigenvalues, one could argue that
manipulating the logarithm of the determinant, the sum of the logarithms of each eigenvalue,
could be an effective way of stabilizing its computation. However this does not effectively
address the problem, given that the EM algorithm’s computations are also exacerbated by the
high dimensionality of the dataset. This prompts a question about the viability of remaining
within the GMM framework in extremely high dimensions, given its evident limitations.

5.5 Relevancy of the method for very high dimensions
After investigating the maximum feasible dimensionality, our focus naturally shifts to a com-
parison between the methodology and other imputation techniques. This comparison aims to
offer insights into identifying the most suitable imputation technique in the context of NLDR as
dimensionality expands.

Experiment 7 : Comparison with other imputation methods

Given the minimal performance variations observed across different parametrizations in previous
experiments, this analysis exclusively studies the general model for comparisons. The comparison
is conducted against three other imputation techniques using BLOBs datasets through increasing
dimensionality. We monitor the performance in terms of the AUC and the QKL.

1. Single Imputation with feature mean : Missing values are replaced by the mean along
each feature.

2. Single Imputation with KNN [38] : Missing values are replaced using the mean value from
K = 5 nearest neighbors and using uniform weights.

3. Single Imputation with Iterative imputation [40], [7] : Missing values are replaced by
modeling each feature with missing values as a function of other features in a round-robin
fashion. The estimator used is a Bayesian ridge model [27], [37].

4. Multiple Imputation using GMMs : The proposed methodology, refer to Section 4.2.

The three methods implemented for comparison lead to the LD embedding given in (4.1), while
the proposed methodology yields (4.2).

Dimensions Data Points Dataset
[5 −→ 400] [400] BLOBs
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From Figure 5.7-5.9, the methodology demonstrates competitiveness with other techniques
up until around 50 dimensions. Beyond this point, it succumbs more severely to the curse of
dimensionality than others, and its performance deteriorates rapidly. The elbow of the AUC is
still higher than that of simple imputation with the feature mean, however the performance
becomes similar around the point where numerical instability causes it to fail completely.

The superiority of the proposed methodology has been proven with real datasets in [3]. However,
it appears that the method becomes impractical for datasets with a dimensionality exceeding
50. At such high dimensions, more conventional methods prove more advantageous, not only in
terms of the resulting LD embeddings but also, more crucially, in terms of computation time.
The time complexity of alternative imputation techniques is substantially lower than that of the
proposed method.

For dimensions surpassing 300, fitting a Gaussian Mixture Model, even with its HDDC extension,
to perform multiple imputation appears to be simply not possible. In contrast, other methods
still manage to produce results.

Figure 5.7: AUC comparison for other imputation methods
on increasing dimensions to perform MsSNE
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Figure 5.8: AUC/AUCcomplete ratio,
accuracy of imputation in the context of NLDR

Figure 5.9: QKL comparison for other imputation methods
on increasing dimensions to perform MsSNE
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Chapter 6

Conclusions

This master thesis featured an exploration of the Dimensionality reduction and Missing data
fields. An overview of each was presented, depicting the state of the art. The two were then
combined, extending on the work of [3] and [6]. The methodology proposed in [3] has been
challenged by tackling higher dimensions. Anticipating its limits, the parametrizations depicted
in [6] were presented as a potential solution. In Chapter 5, an analysis of these constrained
methods’ parameters was presented, before diving in several experiments. First, the limits of
the methodology on the reference model were explicitly established. Consequently, the proposed
parametrizations were then examined on both artificial and real UCI datasets in an attempt to
go beyond these limitations.

The results demonstrated a notable similarity among these parametrizations, and very little
variation to the most general model. Still, it is suggested that the parametrizations may be
of use to compensate the inherent non-convexity of the problem. In the process of fitting a
GMM model, just as G mixture components and different values of the threshold ζk are tested,
different parametrizations could be considered.

Given that the parametrizations offer no help in overcoming the dimensionality cap dictated by
numerical limitations, other imputation techniques were studied for comparison. It is argued that
the proposed methodology is relevant for up to 50 dimensions. It then suffers considerably from
the curse of dimensionality and the resource-intensive computations required for fitting Gaussian
Mixture Models within higher-dimensional spaces. Yet, provided with sufficient computational
resources and a dataset of reasonable dimensionality, the methodology thrives. This validates
the intuition of trying to obtain the closest cost function to the one we would have with the
complete dataset (4.2), rather than performing the dimensionality reduction on the expected
dataset (4.1).

Further works

Exploring non-parametric methods could prove to be a promising avenue for improvement.
Iterative imputation techniques, treating missing values as target variables for regression models,
are actively researched [2] and continually expanded [20], [28]. Framing missing data imputation
as a predictive task allows for the application of various supervised algorithms, including Deep
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Learning techniques [17], [34]. These methods can directly benefit from the advancements in
the field of machine learning. Furthermore, undertaking an exhaustive assessment of imputation
techniques in high-dimensional spaces would be highly valuable. This task would involve an
extensive exploration of appropriate techniques for increasing dimensionality, in the continuation
of what is studied in this work.
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Appendix A

Individual BLOBs plot for each model

Figure A.1: [akjbQkdk]

Figure A.2: [akbkQkdk]
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Figure A.3: [abkQkdk]

Figure A.4: [akjbkQkd]

Figure A.5: [ajbkQkd]
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Figure A.6: [akbkQkd]

Figure A.7: [abQkd]

Figure A.8: [akbkQd]
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Figure A.9: [abQd]
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