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Abstract

This thesis deals with the extension of a modeling method in the field of time-series estimation,
namely the Hannan-Rissanen(HR) method, and its application to a real life case. The method is
used to construct models which are able to describe processes with non-seasonal, single seasonal
or double seasonal behaviour. The purpose of modeling is to predict the output of these processes,
which in this thesis represent energy consumption in one or multiple sites.

The HR method has been proposed before for the estimation of non-seasonal and single
seasonal models. In this work, a modification of the method is proposed for the estimation of
single seasonal models and the method is extended to cover the modeling case of double seasonal
processes. Both at a simulation level as well as at a real process modeling case, results show that
time-series estimates can be built in an efficient and systematic way using this method, in order
to predict the output of processes with double seasonal characteristics. Last but not least, a way
to automatize the modeling procedure is proposed in terms of this thesis.
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Chapter 1

Introduction

1.1 The need for time-series modeling for prediction

Nowadays the amount of applications where time-series modeling for prediction is required is
growing quickly. More and more data become available in the form of a time-series regarding a
large number of processes and scientific fields. Whether it is for industrial applications, prediction
of renewable energy productions or energy consumption, large-scale integration of renewable
energy sources in power systems [24], predictions in the field of tourism management [7, 8], etc,
time-series estimation methods can be used to model the dynamics of these processes and predict
their behaviour.

Focusing on energy applications, the increasing need of economic and environmentally friendly
energy management renders more and more important the need to predict the future production
as well as consumption of energy. Such processes are often governed by patterns that are
repeated in time. The time period between two consecutive patterns of the same time is called
season. Depending on the amount of types of patterns present, we are dealing with single seasonal
processes (one seasonal pattern present), double seasonal processes (two seasonal patterns present)
and so on so forth.

Applications of time-series modeling for prediction have already been studied for predictions
of energy consumption and production, such as prediction of power output of photovoltaic system
[19], global solar irradiance [18], load demand [22] or electricity load [5]. These energy predictions
allow the adaptation of the electricity production and consumption of an electrical network, the
optimization of its efficiency, as well as the prevention of some problems by implementing a
system of prediction based alert emissions.
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1.2 Aim, methodology and contribution

The aim of this thesis is to modify an existing time-series estimation method for the case of
processes with single seasonal behaviour and to extend it to cover the case of processes with double
seasonal behaviour. Once the extension of the method is proposed, the statistical properties
of the model estimation method are studied. Afterwards, the proposed method is applied to
model and predict the behaviour of a real life process. A model structure selection method is
also proposed, tested on a number of simulations and applied to the real process.

The modeling method studied in this thesis is the Hannan-Rissanen (HR) developed by
Hannan and Rissanen [14] and Hannan and Kavalieris [15]. This method belongs to the field of
time-series estimations, and has been so far applied mostly to the modeling of processes which
lack seasonal behaviour. Gómez [12] proposed an implementation to model processes with one
seasonal pattern in their behaviour.

Energy consumption is often given in the form of a time-series, and so this thesis proposes a
method to model energy consumption. The main contribution of the current work is then the
adaptation of the HR method to model time-series in order to predict their (seasonal) behaviour.
An automatic model structure selection procedure is also proposed, and extended simulations
are provided to ensure the efficiency of the methods. Finally the extended HR and the model
structure selection are used to model and predict the electricity consumption measured in an
industrial site. The objective is to predict the consumption in one or multiple rooms in this site.
Due to confidentiality issues, results based on the real data are only presented normalized.

1.3 Structure of the thesis

The current thesis is structured as follows:

• In Chapter 2, a summary of different time-series modeling methods available in the literature
is provided. A number of model structures used to estimate processes with different
characteristics are presented, and for each model, estimation methods are discussed. At
the end of this chapter, the different methods are compared and arguments are provided
with respect to the choice of the HR method as the estimation method to work with.

• In Chapter 3, an extended version of the HR method is developed and the theoretical
properties of the estimates obtained using this method are studied. This study is followed
by a verification provided based on a number of simulations. A method for brute force
automatic model structure selection is also proposed in order to scan different candidate
model structures for the same process.
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• In Chapter 4, the proposed extended HR method as well as the model structure selection
procedure are applied to a real life process. Results are provided for one and multiple energy
consumptions which show that the model structure selection and the model estimation
methods are able to deliver the desirable performance.

• Finally Chapter 5 includes the conclusion of this work, as well as a discussion of the possible
future research directions.
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Chapter 2

Literature review

This chapter presents different time-series modeling methods available in the literature. One
specific method is chosen at the end of the chapter in order to propose an extension of it in
Chapter 3. A study of the statistical properties of the extended method as well as an application
on real processes will be performed later. Definitions and assumptions used throughout this work
are provided in the following section.

2.1 Theoretical concepts

Definition 2.1 A stochastic process describes the probability structure of a sequence of suc-
cessive observations.

In this work, we shall very often omit the word "stochastic" and talk about "process".

Property 2.1 A process is called multivariate when it describes several sequences that can
depend on each other. Each sequence is presented by a variable. If the process contains only one
variable, it is called univariate.

Definition 2.2 A discrete signal is a time-ordered sequence of numbers, represented by an
array.

Given the measured output signal (i.e. the realizations) of an univariate process Y =(
y1 ... yN

)T
given in the form of a time-series, with N the number of successive measured

outputs (or observations). It is assumed that the data-generating process is described by the
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following equation
yt = f(xt) + at (2.1)

where yt ∈ R is the observation at time t, f is a (linear or non-linear) function describing the
relation between xt and yt, xt ∈ Rn is the vector of information available prior to time t from
which yt depends and at = R is the innovation at time t.

In the multivariate case, the measured output signal is Y =
(
y1 ... yN

)T
and the data-

generating process is described by the following equation

yt = f(Xt) + at (2.2)

where yt =
(
y1t . . . yKt

)T
∈ RK is the observation at time t, f is a (linear or non-linear)

function describing the relation between Xt and yt, Xt =
(
x1t . . . xKt

)T
∈ RK×n is the

matrix containing the vectors of information available prior to time t xit from which yit depends,
at =

(
a1t . . . aKt

)T
∈ RK is the vector containing the innovations ait for i = 1, ...,K which

are linked to yit and K in the number of variables included in the process.

Definition 2.3 We call innovation at the difference between the measured output at time t
(yt) coming from a process and the optimal prediction of that value based on information available
prior to time t (f(xt)).

Definition 2.4 We call a zero-mean Gaussian white noise signal at ,for t = 1, ..., N , of
variance σ2

a, a signal such that :

E[at] = 0, ∀t (2.3)

E[atat−k] =

σ
2
a if k = 0

0 if k 6= 0
(2.4)

where E is the mathematical expectation operator.

Assumption 2.1 In this thesis, the innovation is supposed to be the realization of an inde-
pendently and identically distributed (i.i.d) Gaussian white noise of zero mean and variance
σ2
a.

This assumption comes from the fact that the innovation is seen as the unpredictable part of
the measured signal. If the innovation was not i.i.d., it would imply that by knowing the previous
innovations, we could guess the actual innovation (so it would be no more unpredictable). If the
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innovation was not zero mean, we could find the mean and then subtract it from the innovation,
resulting in a new innovation of zero mean.

Definition 2.5 We call residual the difference between a predicted value of a measured output
of a process and the real measured output.

Property 2.2 A stochastic process is stationary if its statistical properties (moments of the
distribution) do not change when shifted in time.

Assumption 2.2 In this thesis, the time-series process outputs are assumed to be generated by
stationary processes.

The process stationarity is a necessary property to apply the methods described further.
Nevertheless, for particular non-stationary processes it is possible to transform the output signal
to fall back into the stationary assumption.

Definition 2.6 We call model set the set containing all the possible models having the same
structure, i.e. the set of all models having the same parameters with different values.

The modeling of a time-series y refers to the estimations of f(Xt) in eq 2.1 with a certain
model having in the general case a parameter matrix β. If the process is in the model set, it
implies that there exist a parameter matrix β0 with the same dimension as β such that the
corresponding model describes exactly the process.

Definition 2.7 Given a measured time-series y1, ..., yt, a k-step ahead predictor is an operator
which maps y1, ..., yt to a prediction of a future time-series value yt+k.

An one-step ahead predictor is a predictor for which k = 1 while a multi-step ahead
predictor is a predictor with k > 1.

2.2 General methods for modeling time-series

There exist different ways to model a time-series in order to predict its output. A first machine
learning technique is the Gaussian process regression and constitutes a type of Bayesian non-
parametric modeling method. Its principle is to assume that the function f that describes the
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time-series is in fact (in the general case) a function of a Gaussian process (and no more an
explicit parameterized function). For applications of Gaussian process regression and further
details, see [4, 10, 26].

Figure 2.1: Illustration of the application of a neural network
to forecast time-series

Another machine learning
strategy to predict time-series
uses neural networks. These
networks are composed of one
or several layers and each layer
includes one or more neurons.
The first layer is an input layer
and the last one an output layer.
There might be some hidden
layer between the input and the
output and each successive layer
are connected together to finally
form a neural network. The
model associates at each neuron
a parameter and an activation
function. It will learn from the
time-series how to calculate the best prediction by fixing the values of the parameters. Figure 2.1
shows a two-layer neural network used to compute an one-step ahead predictor. To have more
information about modeling time-series using neural-networks, see [1, 17, 23].

The methods described and studied further belong to a third class of techniques. It consists
of simple model structure in which certain characteristics of the process, such as the seasonality,
can be easily recognized and embedded to model the process. Once the model structure is chosen,
different methods exist to compute the model parameter estimates.

The preference of the current study to this class is guided by the fact that there are already
several applications of these techniques for the prediction of time-series which have shown good
results (see [5, 7, 8, 18, 19, 22, 24]). Moreover, the simplicity of the model structures used to
describe complex process dynamics offers the possibility to construct an automatic modeling
procedure which is also part of the goal of this thesis.

2.3 Regular univariate models

The regular models are most of the time used to describe processes with no seasonal pattern.
Before analyzing further, consider an univariate time-series described by yt for which the values
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for t = 1, . . . , N are known. The objective is to find the model that best predicts (following
a chosen criterion) the time-series. In this work, the model will be used to predict as well as
possible the value of yt knowing all information until time t− 1. Given a model of the process
as well as data measured from the same, this prediction is given by the value of the one-step
ahead predictor noted ŷt|t−1. To estimate a model of the process and build this predictor, the
Prediction Error (PE) criterion, formalized in a Least Squares (LS) manner, is chosen. The latter
considers the minimization of the squared distance between ŷt|t−1 and the real value yt, i.e.

min 1
N

N∑
t=1

(et)2 with et = yt − ŷt|t−1 (2.5)

The predictor depends on the model parameters, and the parameter estimates are the ones that
minimize eq 2.5.

The choice of modeling criteria is dictated by the use of the model described further [2, 3]. It
is important to note that different criterion have been proposed in the literature, [2, 11, 25].

2.3.1 Autoregressive (AR) model

The first model structure presented corresponds to processes with only AR characteristics.. In
these models, yt depends on previous y and on the innovation at time t, named at. Noting B the
lag operator, i.e. Bkyt = yt−k, the AR process of order p, AR(p) is described as follows :

yt + φ1yt−1 + · · ·+ φpyt−p = at (2.6)

⇔ (1 + φ1B + · · ·+ φpB
p)yt = at

⇔ φ(B)yt = at

In order to compute the one-step ahead predictor, eq 2.6 is written

yt = Hat with H = φ−1(B) (2.7)

Suppose that everything is known until t− 1 (signals, innovations and model parameters),
the only unknown for the calculation of ŷt|t−1 is at (which correspond to the unpredictable part

9



of the output measurement). So the best predictor will be such that

yt − ŷt|t−1 = at

yt − ŷt|t−1 = H−1yt

ŷt|t−1 = (1−H−1)yt (2.8)

The one-step ahead predictor of AR processes is then written as ŷt|t−1 = −φ̂1yt−1−· · ·−φ̂pyt−p,
with φ̂1, ...φ̂p estimations of the real parameters φ1, ..., φp.

Assumption 2.3 In this work, all the transfer functions are assumed to be monic.

Recalling that the objective is to find the parameter vector (using the PE criterion 2.5)
minimizing the error between the process output and the one-step ahead prediction, the parameter
estimates are given by

β̂ = arg min
β

1
N

N∑
t=1

(yt − ŷt|t−1)2

where β contains φ1, ..., φp in the case of AR processes.

Combining with eq 2.8, we finally have

β̂ = arg min
β

1
N

N∑
t=1

(yt − (1−H−1)yt)2

β̂ = arg min
β

1
N

N∑
t=1

(H−1yt)2 (2.9)

For the AR, eq 2.9 is written, for i = 1, ..., p,

φ̂i = arg min
φi

1
N

N∑
t=1

(yt + φ1yt−1 + · · ·+ φpyt−p)2

There exist two main ways to compute these parameter estimates :

Least squares estimation

By isolating yt in eq 2.6, we obtain yt = −
∑p
i=1 φiyt−i + at. yt is then a linear combination of p

variables yt−1, . . . , yt−p plus a white noise at. Finding the LS solution φ̂i is then equivalent to
solving a linear LS problem. Calling the estimated parameter vector β̂ =

(
φ̂1 φ̂2 . . . φ̂p

)T
∈
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Rp, this can be done by computing the Ordinary Least Squares (OLS) solution

β̂ = (XTX)−1XTY

with

X =


−yp −yp−1 . . . −y1

−yp+1 −yp . . . −y2
...

...
... . . . ...

−yN−1 −yN−2 . . . −yN−p

 ∈ RN−p−1×p and Y =


yp+1

yp+2
...
yN

 ∈ RN−p−1 (2.10)

The Yule-Walker estimates

Box, Jenkins, and Reinsel [2] describe another equivalent way to obtain the LS estimation of the
AR model parameters by using the autocorrelations of the system. Practically, an estimation
of the process autocorrelations is used in the so-called Yule-Walker equations (see [27, 28]) to
estimate the real parameters φ1, ..., φp. Both LS and Yule-Walker estimates admit the same
values for the same data set.

2.3.2 Mixed Autoregressive-Moving Average (ARMA) model

This model is more complex because yt depends not only on the innovation at time t, but also
on previous innovations at−1, at−2, etc. An ARMA process of autoregressive order p and moving
average order q, noted ARMA(p, q), is expressed as follows :

yt + φ1yt−1 + · · ·+ φpyt−p = at + θ1at−1 + · · ·+ θqat−q (2.11)

with φ1, ... , φp the parameters of the autoregressive part and θ1, ... , θq the parameters of the
moving average part.

It is possible to re-write eq 2.11 in the following form :

φ(B)yt = θ(B)at (2.12)

with

φ(B) = (1 + φ1B + φ2B
2 + · · ·+ φpB

p)

θ(B) = (1 + θ1B + θ2B
2 + · · ·+ θqB

q)

and where B is the lag operator (Bkyt = yt−k).
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Property 2.3 A stochastic process yt described by eq 2.12 is called stable if the modulus of all
the roots of the characteristic equation

Φ(λ) = 0

are greater than 1.

Property 2.4 A stochastic process yt described by eq 2.12 is called invertible if the modulus
of all the roots of the characteristic equation

Θ(λ) = 0

are greater than 1.

Assumption 2.4 In this work, the time-series process outputs are assumed to be generated by
stable and invertible processes.

The stability assumption allows to avoid processes that would diverge to infinity. The
invertibility assumption is needed for the computation of the Hannan-Rissanen method explained
further.

Using the same formulation as in eq 2.7 the model is written

yt = Hat with H = φ(B)−1θ(B) (2.13)

Taking eq 2.8, the one-step ahead predictor is ŷt|t−1 = −φ1yt−1− · · ·−φpyt−p + θ1at−1 + · · ·+
θqat−q and the parameter estimates are computed using eq 2.9 with β containing the parameters
φ1, ..., φp and θ1, ..., θq and H coming from eq 2.13.

Unlike in the case of a purely AR process, H−1 for the general case of an ARMA process is
nonlinear in the model parameters (H is a fraction of polynomials) and so the OLS estimates
cannot be computed in the same way as for the AR. It is possible to solve directly the nonlinear
optimization problem using a particular method (e.g. Newton’s method), but good initial values
of the parameter estimates are needed. There exist two main ways to compute an approximated
solution of this non-linear LS problem.
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The Hannan-Rissanen (HR) method

Also called the double-regression method, its based idea (see [14, 15]) is to use an estimation of
the real innovation to compute an approximation of

φ̂i, θ̂j = arg min
φi,θj

1
N

N∑
t=1

(H−1yt)2 (2.14)

for i = 1, ..., p and j = 1, ..., q. To this end, let’s call r = max(p, q) and ât an approximation
of the real innovation at for t = 1, ..., N .

Equation 2.11 is transformed to isolate yt and the real innovation is replaced by ât :

yt = −φ1yt−1 − · · · − φpyt−p + θ1at−1 + · · ·+ θqat−q + at

⇔ yt = −φ1yt−1 − · · · − φpyt−p + θ1ât−1 + · · ·+ θqât−q + ãt + ât

⇔ yt − ât = −φ1yt−1 − · · · − φpyt−p + θ1ât−1 + · · ·+ θqât−q + ãt (2.15)

We see that now yt depends on a realization ãt of a noise which depends on the real innovations
and the estimated innovations â. Because at is the realization of a Gaussian white noise of
zero mean and ât is an approximation of it, we do the assumption that ãt is also a Gaussian
white noise which allows to compute the OLS estimates of the eq 2.15. Indeed, this equation
corresponds to a linear regression problem, where yt − ât depends on linear combination of
yt−i and ât−j for i = 1, ..., p and j = 1, ..., q. This is solved using the OLS estimator, with the
approximation of parameter estimate vector β̂ =

(
φ̂1 . . . φ̂p θ̂1 . . . θ̂q

)T
∈ Rp+q :

β̂ = (XTX)−1XTY (2.16)

with

X =


−yr −yr−1 . . . −yr−p+1 âr . . . âr−q+1

−yr+1 −yr . . . −yr−p+2 âr+1 . . . âr−q+2
...

... . . . ...
... . . . ...

−yN−1 −yN−2 . . . −yN−p âN−1 . . . âN−q

 ∈ RN−r−1×p+q and

Y =


yr+1 − âr+1

yr+2 − âr+2
...

yN − âN

 ∈ RN−r−1 (2.17)

For the computation of ât, recall that H−1(B)yt = at and H−1(B) = θ(B)−1φ(B) is a fraction
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of polynomials in B. Instead of keeping a fraction of polynomials, H−1(B) can be expressed as
a polynomial with infinite order (corresponding to an impulse response of infinite length). In
fact, using the invertibility (Assumption 2.4) and monicity (Assumption 2.3) of the process, it is
possible to write eq 2.13 (see [2]) as

H−1yt = at

(1 +
∞∑
k=1

πkB
k)yt = at (2.18)

with ∞∑
k=1
|πk| <∞ (2.19)

Definition 2.8 We call impulse response of a dynamical system model (given by the transfer
function H) the output signal that results when an impulse is applied to the system input.

Each coefficient πk of eq 2.18 corresponds to the unit impulse response value of H−1 at lag k.
Given eq 2.19, lim

k→∞
πk = 0 and H−1(B) is stable, meaning that the impulse response of H−1(B)

tends asymptotically to 0. It is then possible to approximate H−1 with a finite impulse response
of sufficiently large length. This impulse response related to H−1

AR(B) corresponds to the impulse
response of an AR model of sufficiently large order which is a sufficiently good approximation of
H−1(B).

To summarize, the Hannan-Rissanen method works in two steps :

First step A first estimation of the real model is done using an autoregressive modelH−1
AR(B)yt =

at given in an impulse response form of sufficiently large order plarge (in the literature, it is
agreed that log(N)1.5 <= plarge <= log(N)2, see [11]). Using this autoregressive model,
an estimation of the residuals is computed

ât = yt − ŷARt|t−1

= yt − φ̂AR1 yt−1 − · · · − φ̂ARplargeyt−plarge

where φ̂ARi are the LS parameter estimates of the AR.

Second step An approximation of the LS parameter estimates φ̂1, ..., φ̂p, θ̂1, ..., θ̂q is done using
the residuals obtained at step 1 and equations 2.16 and 2.17.

A third step can also be applied, using this time the residuals coming from the model
estimated at step 2 in order to improve the estimated parameters [11]. For more details, a
different formulation and a practical application, see [9].

14



Maximum Likelihood (ML) methods

The ML methods can also be used to compute parameter estimates. Their basic principle is to
find the model parameters which maximize (an approximation of) the likelihood function of the
process output.

To provide intuition in the notion of the likelihood function, suppose that we want to associate
a N -dimensional random variable to an ARMA model. This random variable corresponds to the
possible output measurements of the time-series. It has a probability function p(Y |β, σa) which
gives the probability to have the signal Y =

(
y1 . . . yN

)
knowing the parameters of the model

β =
(
φ1 . . . φp θ1 . . . θq

)
and the standard deviation of the Gaussian white innovation σa.

By fixing Y , we have the likelihood function L(β, σa|Y ) which is related to the probability that
β and σa have generated Y .

From this definition, we understand that by maximizing L with respect to the parameters, we
maximize the probability of finding the parameters which have the most chance to have generated
the set of data Y . The parameters obtained by this maximization are called the Maximum
Likelihood (ML) estimates. It is important to note that under the normality assumption of the
error term at (as assumed in terms of this work), the ML estimates are equivalent to the LS
estimates (from eq 2.14) in the case of ARMA processes (see [16]).

There exist different ways to compute the ML estimates. In fact, it is possible to transform
the likelihood function into a simpler function that preserves the same optimum points. Typically,
the log-likelihood function is used instead of the likelihood (due to its form).

A first technique to compute an approximation of the ML estimates is proposed by Box,
Jenkins, and Reinsel [2]. They give a way to compute the unconditional sum of squares function
for which the minimum is a good approximation of the optimum point of the likelihood function.
A second technique is developed by Gómez [11]. He describes a way to compute an approximation
of the log-likelihood function using the Kalman filter. This approximation uses a state space
form of the model. For other applications concerning the use of the Kalman filter and state-space
form to compute ML estimates, see [20, 21].

The most important drawback of the ML estimates is the fact that a non-linear optimization
problem needs to be solved. It is thus necessary to use an efficient algorithm solving this type
of problem. Moreover, non-linear optimization implies issues of local minima, convergence, etc
that depend on the initial values. One possible way to compute these values would be to use the
Hannan-Rissanen method explained before. So the HR would become part of the solution to
compute the ML estimates.
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2.3.3 Mixed Autoregressive Integrated Moving Average (ARIMA) model

This kind of model is used to describe specific time-series with homogeneous non-stationary
behaviour. For these particular processes, we suppose that some difference version of the process
output can render it stationary. As such we add an integrated part (1−B)d of order d in the
model structure.

For example, a time-series that seems to globally increase/decrease in time can be expressed
by a Mixed Autoregressive Integrated Moving Average (ARIMA) with d = 1 (see an example of
such time-series at Figure 2.2).

Figure 2.2: Plot of a process described by an ARIMA model and exposing a homogeneous
non-stationary behaviour

An ARIMA(p, q, d) model can be written as follows

(1 + φ1B + · · ·+ φpB
p)(1−B)dyt = (1 + θ1B + · · ·+ θqB

q)at

⇔ φ(B)∇dyt = θ(B)at (2.20)

⇔ φ(B)zt = θ(B)at (2.21)

with ∇ = 1−B the differencing operator and zt = ∇dyt. An ARIMA model for yt is in fact an
ARMA model for zt = ∇dyt. So to estimate such processes, a pre-processing of the signal y is
done by transforming it into zt = ∇dyt. Afterwards, parameter estimates of the ARMA model
from eq 2.21 are computed.

Eq 2.20 can also be written

yt = Hat with H = ∇−dφ(B)−1θ(B) (2.22)
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in order to compute the one-step ahead predictor using eq 2.8.

2.4 Seasonal univariate models

In many cases there exist time-series occurring from real phenomena which exhibit a seasonal
pattern. For example, the consumption of energy, the outside temperature,etc are phenomena
with seasonal behaviour.

Let’s define the sampling time Ts corresponding to the time between two samples. In this
thesis Ts is assumed to be constant. If Ts is expressed in hours, a season of 1 day corresponds to
24
Ts

samples while a season of 1 week corresponds to 168
Ts

samples. Knowing that in the application
studied later the time-series have a sampling time of one hour (Ts = 1), it is said for the rest
of the work that a daily seasonality corresponds to 24 samples and a weekly seasonality to 168
samples.

For this type of time-series, it is interesting to use models taking into account the seasonal
pattern. And for each regular model described so far, a corresponding seasonal model exists and
is presented in the following subsections.

2.4.1 Seasonal Autoregressive (SAR) model

First let’s recall the equation of general non-seasonal autoregressive processes :

(1 + φ1B + · · ·+ φpB
p)yt = at

At first sight, a simple way to add the seasonality could be simply to add terms with a seasonality
lag. For example, noting s the season and P the seasonality order of the model, the model would
be

(1 + φ1B + · · ·+ φpB
p + Φ1B

s + Φ2B
2s + · · ·+ ΦPB

Ps)yt = at

This is not necessarily wrong but we can have a more complex model structure while keeping the
same number of parameters.

In the literature, the most common seasonal model follows the same idea but multiplication
of the regular and the seasonal part is considered. This is expressed in the following equation

φ(B)Φ(Bs)yt = at (2.23)
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with

φ(B) =1 + φ1B + · · ·+ φpB
p

Φ(Bs) =1 + Φ1B
s + · · ·+ ΦPB

Ps

The φi’s correspond to the regular parameters and Φj ’s to the seasonal ones. This is the
multiplicative form of a seasonal Autoregressive model of regular order p, seasonal order P and
season s noted SAR(p)(P )s. Eq 2.23 can also be written

yt = Hat with H = Φ(Bs)−1φ(B)−1θ(B) (2.24)

The difference with the first sketch of model is illustrated with the following example. Consider
a SAR(2)(2)s model. This model can be written

(1 + φ1B + φ2B
2)(1 + Φ1B

sΦ2B
2s)yt = at

⇔ (1 + φ1B + φ2B
2 + Φ1B

s + φ1Φ1B
s+1 + φ2Φ1B

s+1

+Φ2B
2s + φ1Φ2B

2s+1 + φ2Φ2B
2s+2)yt = at (2.25)

The last equation (2.25) is the non-multiplicative form of the model (having only addition
between B terms). From this form, we see that the model takes into account yt−1, yt−2, yt−s

and yt−2s, but also yt−s−1, yt−s−2, yt−2s−1 and yt−2s−2. So there are more past information
incorporated in the model (comparing to the first sketch of seasonal model) for the same number
of parameters.These four last terms can be explained intuitively : it seems logical that if yt
depends on yt−1 and yt−2, yt−s also depends on yt−s−1 and yt−s−2 (the two previous realizations).
Meaning that if yt depends on yt−s, yt−1 and yt−2, it depends also on yt−s−1 and yt−s−2. Doing
the same reasoning for yt−2s, we obtain 4 parameters which correlate yt to 8 different lags.

The general non-multiplicative form of a SAR(p)(P )s of equation 2.23 is written as follows

(1 +
p∑
i=1

φiB
i +

P∑
i=1

ΦiB
is +

P∑
i=1

p∑
j=1

φjΦiB
is+j)yt = at (2.26)

Talking about the estimation of SAR processes, it becomes more complicated than for the
regular case. Recall that we are still interested in the estimation of the best model in terms of
the prediction error :

φ̂i, Φ̂j = arg min
φi,Φj

1
N

N∑
t−1

(yt − ŷt|t−1)2

for i = 1, ..., p, j = 1, ..., P and where ŷt|t−1 is calculated using the non multiplicative model (eq
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2.26) with at = 0. Due to the terms containing the multiplication of one regular and one seasonal
parameters in eq 2.26, the LS problem becomes non-linear in the optimizing parameters.

To solve this non-linear problem, there exist two main methods proposed in the literature.

Relaxation to a linear problem

A first possibility is to relax the problem and make it linear. To this end, each lag present in the
non-multiplicative model is associated with an independent parameter. The non-linear problem
of p+ P parameters is thus transformed into a linear problem of p̃ = p+ (p+ 1)P parameters.
The OLS estimator is then used to solve this new problem :

For a SAR(p)(P )s process, with α̂ =
(
α̂1 . . . α̂p̃

)T
∈ Rp̃ the independent parameter vector

(sorting by decreasing lag) of the relaxed non-multiplicative model

(1 +
p∑
i=1

αiB
i +

P∑
i=1

p∑
j=0

α(p+1)i+jB
is+j)yt = at (2.27)

The parameter estimates are
α̂ = (XTX)−1XTY (2.28)

with

X =WM ∈ R(N−p̂−1)×p̃

W =


−yp̂ −yp̂−1 . . . −y1

−yp̂+1 −yp̂ . . . −y2
...

...
... . . . ...

−yN−1 −yN−2 . . . −yN−p̂

 ∈ RN−p̂−1×p̂ Y =


yp̂+1

yp̂+2
...
yN

 ∈ RN−p̂−1 (2.29)

where p̂ = Ps + p is the last lag in the SAR(p)(P )s model and M ∈ Rp̂×p̃ is a selection
matrix such that X contains only the column of W corresponding to the lag included in the
SAR(p)(P )s model.

The model parameters can be obtained by multiplying α̂ by another selection matrix Mα ∈
R(p+P )×p̃ such that (

φ̂1 . . . φ̂p Φ̂1 . . . Φ̂P

)T
= Mαα̂ (2.30)
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ML estimates

Box, Jenkins, and Reinsel [2] propose a method to compute an approximation of the unconditional
sum of squares function of a SAR model. We can thus look for the minimum of this function to
obtain the ML parameter estimates.

It is also possible to transform a SAR model into its state-space form. It is simply done
using the non-multiplicative form of the model (eq 2.26). It is then possible to apply techniques
using the Kalman filter to approximate the likelihood, log-likelihood or another function allowing
to compute approximations of the ML estimates (see [11]).

These techniques present the same issues as for the ARMA models, due to the non-linear
optimization problem. The estimated parameters obtained by relaxing the problem can be used
as initial values to start the numerical optimization.

2.4.2 Mixed Seasonal Autoregressive-Moving Average (SARMA) model

The principle is exactly the same as for a SAR model, but a moving average part is added. A
SARMA model, of regular AR order p, regular MA order q , seasonal order P and Q for the AR
and MA, respectively, and a season s is expressed by the following equations

φ(B)Φ(Bs)yt = θ(B)Θ(Bs)at (2.31)

with

φ(B) = (1 + φ1B + φ2B
2 + · · ·+ φpB

p)

Φ(Bs) = (1 + Φ1B
s + Φ2B

2s + · · ·+ ΦPB
Ps)

θ(B) = (1 + θ1B + θ2B
2 + · · ·+ θqB

q)

Θ(Bs) = (1 + Θ1B
s + Θ2B

2s + · · ·+ ΘQB
Qs)

This model is noted SARMA(p, q)(P,Q)s and can also be expressed by :

yt = Hat with H = Φ(Bs)−1φ(B)−1θ(B)Θ(Bs) (2.32)

As in the case of a SAR model, the non-multiplicative form of a SARMA(p, q)(P,Q)s is
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given by

(1+
p∑
i=1

φiB
i+

P∑
i=1

ΦiB
is+

P∑
i=1

p∑
j=1

φjΦiB
is+j)yt = (1+

q∑
i=1

θiB
i+

Q∑
i=1

ΘiB
is+

Q∑
i=1

q∑
j=1

θjΘiB
is+j)at

(2.33)

Remark 2.1 Generally the seasonality of the autoregressive and the moving average part are
the same. This is explained by the fact that in reality, if there is a certain seasonality for y,
the seasonality of the innovations should probably be the same. But we could imagine more
specific applications for which this principle is not true (and even with, for example, a different
seasonality for the AR and MA parts). In this work we deal with processes which in general have
the same seasonality for the AR and MA parts.

Concerning the computations of the parameter estimates, the methods used with the regular
ARMA are adapted to take into account the seasonality, as follows :

The Hannan-Rissanen method

Gómez [12] proposed a method following the same steps as with the ARMA models :

First step An estimation of an AR model of sufficiently large order plarge is done (Gómez [12]
proposed plarge = log(N)2). The resulting model is used to compute the residual ât as an
approximation of the real noise at

ât = yt − ŷARt|t−1

= yt −
plarge∑
i=1

φ̂ARi yt−i

where φ̂ARi ’s are the parameter estimates of the AR of large orders. ât is used in eq 2.33 to
obtain :

yt − ât = −(
p∑
i=1

φiB
i +

P∑
i=1

ΦiB
is +

P∑
i=1

p∑
j=1

φjΦiB
is+j)yt+

(
q∑
i=1

θiB
i +

Q∑
i=1

ΘiB
is +

Q∑
i=1

q∑
j=1

θjΘiB
is+j)ât + ãt (2.34)

where ãt is the realization of a noise which depends on the real innovations and the estimated
innovations â, and is supposed to be a zero mean Gaussian white noise.
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Second step The LS parameter estimates of eq 2.34 are computed. But this problem is not
linear in the parameters yet, due to the product of the seasonal parameters with the regular
ones. So, exactly as for the estimation of a SAR model, the non-multiplicative model (eq
2.34) is relaxed by adding independent parameters for each lag included in the model. It
becomes then a linear LS problem :

For a SARMA(p, q)(P,Q)s process, with α̂ =
(
α̂p,1 . . . α̂p,p̃ α̂q,1 . . . α̂q,q̃

)T
∈ Rp̃+q̃

the independent parameter vector of the non-multiplicative relaxed model

yt − ât = −(
p∑
i=1

αiB
i +

P∑
i=1

p∑
j=0

α(p+1)i+jB
is+j)yt+

(
q∑
i=1

αp+(p+1)P+iB
i +

Q∑
i=1

q∑
j=0

αp+(p+1)P+(q+1)i+jB
is+j)ât + ãt

with p̃ = p+ (p+ 1)P and q̃ = q + (q + 1)Q, the OLS solution is

α̂ = (X ′X)−1X ′Y (2.35)

with

X =WM ∈ R(N−r−1)×(p̃+q̃)

W =


−yr −yr−1 . . . −yr−p̂+1 âr . . . âr−q̂+1

−yr+1 −yr . . . −yr−p̂+2 âr+1 . . . âr−q̂+2
...

... . . . ...
... . . . ...

−yN−1 −yN−2 . . . −yN−p̂ âN−1 . . . âN−q̂

 ∈ R(N−r−1)×(p̂+q̂)

Y =


yr+1 − âr+1

yr+2 − âr+2
...

yN − âN

 ∈ R(N−r−1) (2.36)

where p̂ = Ps+ p, q̂ = Qs+ q, r = max(p̂, q̂) and M ∈ R(p̂+q̂)×(p̃+q̃) is a selection matrix
such that X contains only the columns of W corresponding to the lag included in the
SARMA(p, q)(P,Q)s model.

Once again, α̂ is multiplied by a selection matrix Mα ∈ R(p+P+q+Q)×(p̃+q̃) such that

(
φ̂1 . . . φ̂p Φ̂1 . . . Φ̂P θ̂1 . . . θ̂p Θ̂1 . . . Θ̂P

)T
= Mαα̂

Note that the first step of this method does not take advantage of the seasonality of the
model. In particular models for which s is large (more than 48 for example) have an impulse
response that tend to zero between each season. This means that the AR at step 1 will estimate
parameters that should be near 0. Furthermore, for even larger season, plarge = log(N)2 becomes
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not large enough to take into account the seasonal lags (for N = 15000, log(N)2 = 92.46, or
s can reach 168 or even 336). To counter that, an adaptation of the HR method for seasonal
models is proposed at Section 3.1.

Maximum Likelihood methods

It is possible to use the techniques of Box et al. [2] and Gómez [11] with SARMA processes to
approximate the ML estimates. The same issues are encountered regarding the optimization
problem, and it is again possible to use the parameter estimates of the HR method as initial
values of this problem.

2.4.3 Mixed Seasonal Autoregressive Integrated Moving Average (SARIMA)
model

A SARIMA(p, q, d), (P,Q,D)s can be written as follows

φ(B)Φ(Bs)∇d∇Ds yt = θ(B)Θ(Bs)at (2.37)

⇔ φ(B)Φ(Bs)zt = θ(B)Θ(Bs)at (2.38)

with ∇ = 1−B and ∇s = 1−Bs the differencing operators and zt = ∇d∇Ds yt. Like in the case
of the regular models, the initial signal y is transformed by applying the differencing operators
to have z and after the SARMA parameter estimates of eq 2.38 are computed.

Eq 2.37 can also be written

yt = Hat with H = ∇−Ds ∇−dΦ(Bs)−1φ(B)−1θ(B)Θ(Bs) (2.39)

which allows to compute the one-step ahead predictor using eq 2.8.

2.4.4 Double-seasonal models

The previous models describe processes with a single seasonal pattern in their behaviour. But in
practise it’s not rare to find processes with double seasonal behaviour (for example one daily
and one weekly). For each of the single seasonality models seen previously, a double seasonal
model can be constructed by multiplying the model by a third polynomial describing the second
seasonal behaviour. The most general model structure of this kind is the Mixed double Seasonal
Autoregressive Integrated Moving Average (2SARIMA). The 2SARIMA of first season s1 and
second season s2 such as s1 < s2 is described by the following equations

23



φ(B)Φs1(Bs1)Φs2(Bs2)∇d∇D1
s1 ∇

D2
s2 yt = θ(B)Θs1(Bs1)Θs2(Bs2)at (2.40)

φ(B)Φs1(Bs1)Φs2(Bs2)zt = θ(B)Θs1(Bs1)Θs2(Bs2)at (2.41)

with

φ(B) = (1 + φ1B + φ2B
2 + · · ·+ φpB

p)

Φs1(Bs1) = (1 + Φs1
1 B

s1 + Φs1
2 B

2s1 + · · ·+ Φs1
P1
BP1s1)

Φs2(Bs2) = (1 + Φs2
1 B

s2 + Φs2
2 B

2s2 + · · ·+ Φs2
P2
BP2s2)

θ(B) = (1 + θ1B + θ2B
2 + · · ·+ θqB

q)

Θs1(Bs1) = (1 + Θs1
1 B

s1 + Θs1
2 B

2s1 + · · ·+ Θs1
Q1
BQ1s1)

Θs2(Bs2) = (1 + Θs2
1 B

s2 + Θs2
2 B

2s2 + · · ·+ Θs2
Q2
BQ2s2)

∇ = 1−B

∇s1 = 1−Bs1

∇s2 = 1−Bs2

and is noted 2SARIMA(p, q, d)(P1, Q1, D1)s1(P2, Q2, D2)s2 . The Mixed double Seasonal
Autoregressive-Moving Average 2SARMA(p, q)(P1, Q1)s1(P2, Q2)s2 can be expressed as equation
2.41 by fixing d, D1 and D2 to zero and the double Seasonal Autoregressive 2SAR(p)(P1)s1(P2)s2

by fixing also q, Q1 and Q2 to zero. In order to compute the one-step ahead predictor using eq
2.8, eq 2.40 can be written

yt = Hat with H = ∇−D2
s2 ∇−D1

s1 ∇−dΦs2(Bs2)−1Φs1(Bs1)−1φ(B)−1θ(B)Θs1(Bs1)Θs2(Bs2)
(2.42)

Remark 2.2 For this work, the products P1s1 and Q1s1 are assumed to be strictly lower than
s2, and p and q strictly lower than s1. If these conditions are not respected, the first seasonal
parameters will overlap the second seasonal parameters (or regular parameters will overlap first
seasonal ones) and same lags could be present in the model in different terms.

All the techniques explained previously in this chapter to compute the simple seasonal
parameter estimates can be adapted to the double seasonal case. Nevertheless, there is no explicit
version of the HR method in the literature to estimate process with double seasonal behaviour.
At this purpose, the model is transformed in non-multiplicative form and then the same steps
follow.

For the 2SAR case, the equations 2.28 and 2.29 with p̂ = P2s2 + P1s1 + p and p̃ = p+ (p+
1)P1 +(p+(p+1)P1 +1)P2 are used to compute the OLS solution of the relaxed non-multiplicative

24



problem. The selection matrices M and Mα are adapted to finally obtain the estimates φ̂i, Φ̂s1
j

and Φ̂s2
k for i = 1, ..., p, j = 1, ..., P1 and k = 1, ..., P2.

For 2SARMA models, we can use the same first step of the HR method as for SARMA models.
Concerning the second step, equations 2.35 and 2.36 with p̂ = P2s2+P1s1+p, q̂ = Q2s2+Q1s1+q,
p̃ = p + (p + 1)P1 + (p + (p + 1)P1 + 1)P2, q̃ = q + (q + 1)Q1 + (q + (q + 1)Q1 + 1)Q2 and
r = max(p̂, q̂) are used to compute the OLS estimates of the relaxed non-multiplicative problem.
The selection matrices M and Mα are also adapted to obtain finally the estimates φ̂i, Φ̂s1

j , Φ̂s2
k , θ̂l,

Θ̂s1
m and Θ̂s2

n for i = 1, ..., p, j = 1, ..., P1, k = 1, ..., P2, l = 1, ..., q, m = 1, ..., Q1 and n = 1, ..., Q2.

The methods using the likelihood function can also be adapted to be applied n process with
a double seasonal behaviour.

For the complete 2SARIMA model, yt is transformed into zt = ∇d∇D1
s1 ∇

D2
s2 yt and the

2SARMA parameter estimates of eq 2.41 are computed.

2.5 Multivariate models

A lot of different models to describe univariate processes were presented so far, but it’s also
possible to deal with the case of modeling several different process outputs simultaneously, when
the latter are correlated with each other. In this section, adaptations of the univariate models to
the multivariate case are presented.

When there are e.g. K different processes, yt becomes a vector yt =
(
yt,1 yt,2 . . . yt,K

)T
∈

RK containing the K variables yt,i’s. With each variable yt,i, a Gaussian white noise is associated.
As such the innovation at time t is now a vector at =

(
at,1 at,2 . . . at,K

)T
∈ RK containing

the i.i.d. realizations of K zero mean Gaussian stationary processes.

Before analyzing the model structures, let’s define a new parameter estimation criterion.
Recall that the objective is to have PE as small as possible. The Euclidean distance defined as

||wt||2 =
√
w2
t,1 + w2

t,2 + · · ·+ w2
t,K

is the classical metric used to measure the distance between two points in several dimensions.
Using this metric, the LS criterion is obtained for the multivariate case

min
N∑
t=1

1
N
||et||22 with et = yt − ŷt|t−1

This choice is guided by the same reasons as for the univariate case (the estimator properties
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are the same).

Remark 2.3 Note that Gómez [11] proposed a way to transform regular multivariate models
into a state space form. This method can be adapted to transform multivariate seasonal models,
using the non-multiplicative form. So it is possible for all the models presented further in this
section to compute the ML estimators using the Kalman filter.

2.5.1 Multivariate Autoregressive models

The regular multivariate Autoregressive (VAR) model is written as follows

yt + φ1yt−1 + · · ·+ φpyt−p = at (2.43)

⇔ (1 + φ1B + · · ·+ φpB
p)yt = at (2.44)

⇔ φ(B)yt = at (2.45)

where φi ∈ RK×K for i = 1, ..., p and B is the lag operator. In the φi’s, the parameters
on the jth line influence the variable j (in red and orange in the following example) and the
parameters on the kth column multiply the variable k (in green and blue). To illustrate this, a
general AR of order 2 with 2 variables is developed :

yt + φ1yt−1 + φ2yt−2 = at

⇔

yt,1
yt,2

+

φ1(1, 1) φ1(1, 2)
φ1(2, 1) φ1(2, 2)

yt−1,1

yt−1,2

+

φ2(1, 1) φ2(1, 2)
φ2(2, 1) φ2(2, 2)

yt−2,1

yt−2,2

 =

at,1
at,2


⇔

yt,11

yt,2

+

φ1(1, 1)yt−1,1 + φ1(1, 2)yt−1,2

φ1(2, 1)yt−1,1 + φ1(2, 2)yt−1,2

+

φ2(1, 1)yt−2,1 + φ2(1, 2)yt−2,2

φ2(2, 1)yt−2,1 + φ2(2, 2)yt−2,2

 =

at,1
at,2



which results inyt,1 + φ1(1, 1)yt−1,1 + φ1(1, 2)yt−1,2 + φ2(1, 1)yt−2,1 + φ2(1, 2)yt−2,2 = at,1

yt,2 + φ1(2, 1)yt−1,1 + φ1(2, 2)yt−1,2 + φ2(2, 1)yt−2,1 + φ2(2, 2)yt−2,2 = at,2

For the regular model, the OLS estimator is applied using the following equations :
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β̂ = (XTX)−1XTY

with

X =


−yTp −yTp−1 . . . −yT1
−yTp+1 −yTp . . . −yT2

...
... . . . ...

−yTN−1 −yTN−2 . . . −yTN−p

 ∈ R(N−p−1)×pK Y =


yTp+1

yTp+2
...

yTN

 ∈ R(N−p−1)×K

where β̂ =
(
φ̂1 φ̂2 . . . φ̂p

)T
∈ RKp×K is the parameter estimate matrix.

In case of seasonal behaviour present in the time-series, the multivariate Seasonal Autoregres-
sive model (VSAR) is given by

φ(B)Φ(Bs)yt = at

with

φ(B) = 1 + φ1B + · · ·+ φpB
p

Φ(Bs) = 1 + Φ1B
s + · · ·+ ΦPB

Ps

where φi and Φj ∈ RK×K for i = 1, ..., p and j = 1, ..., P . Exactly as for the univariate
model, the LS problem can be relaxed to make it linear. The parameter estimate vector
α̂ =

(
α̂1 . . . α̂p̃

)T
∈ Rp̃K×K of the non-multiplicative model of p̃ = p+ (p+ 1)P independent

parameters is given by
α̂ = (XTX)−1XTY

with

X =WM ∈ R(N−p̂−1)×p̃K

W =


−yp̂ −yp̂−1 . . . −y1

−yp̂+1 −yp̂ . . . −y2
...

...
... . . . ...

−yN−1 −yN−2 . . . −yN−p̂

 ∈ R(N−p̂−1)×p̂K

Y =


yp̂+1

yp̂+2
...

yN

 ∈ R(N−p̂−1)×K

where p̂ = Ps+ p and M ∈ Rp̂K×p̃K is a selection matrix such that X contains only the columns
of W corresponding to the lag included in the V SAR(p)(P )s model.
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The last thing to do is to multiply α̂ by another selection matrix Mα ∈ R(p+P )×p̃K such that

(
φ̂1 . . . φ̂p Φ̂1 . . . Φ̂P

)T
= Mαα̂

.

Concerning the Multivariate double Seasonal Autoregressive (V2SAR) model, as for the
univariate case it is possible to adapt the previous equations used for the V SAR. For a
V 2SAR(p)(P1)s1(P2)s2 , p̃ = p+ (p+ 1)P1 + (p+ (p+ 1)P1 + 1)P2 and p̂ = P2s2 + P1s1 + p are
used and the selection matrices M and Mα are adapted.

2.5.2 Multivariate mixed Autoregressive-Moving Average models

The double Seasonal multivariateARMA ofK variables, noted V 2SARMA(p, q)(P1, Q1)s1(P2, Q2)s2

is written

φ(B)Φs1(Bs1)Φs2(Bs2)yt = θ(B)Θs1(Bs1)Θs2(Bs2)at

with

φ(B) = (1 + φ1B + φ2B
2 + · · ·+ φpB

p)

Φs1(Bs1) = (1 + Φs1
1 B

s1 + Φs1
2 B

2s1 + · · ·+ Φs1
P1
BP1s1)

Φs2(Bs2) = (1 + Φs2
1 B

s2 + Φs2
2 B

2s2 + · · ·+ Φs2
P2
BP2s2)

θ(B) = (1 + θ1B + θ2B
2 + · · ·+ θqB

q)

Θs1(Bs1) = (1 + Θs1
1 B

s1 + Θs1
2 B

2s1 + · · ·+ Θs1
Q1
BQ1s1)

Θs2(Bs2) = (1 + Θs2
1 B

s2 + Θs2
2 B

2s2 + · · ·+ Θs2
Q2
BQ2s2)

where φi, Φs1
j , Φs2

k , θl, Θs1
m and Θs2

n ∈ RK×K for i = 1, ..., p, j = 1, ..., P1, k = 1, ..., P2,
l = 1, ..., q, m = 1, ..., Q1 and n = 1, ..., Q2. For the multivariate mixed single Seasonal
Autoregressive-Moving Average (VSARMA) and the multivariate mixed regular Autoregressive-
Moving Average (VARMA) models, the parameters which not are part of the model are fixed to
zero.

To compute the LS parameter estimates, the HR method is adapted to the multivariate case.
The first step still involves the estimation ât of the real innovation at using a corresponding
multivariate AR model of sufficiently large (plarge has the same values as in the univariate cases).

For the second step, the OLS solution of the relaxed non-multiplicative problem (using ât
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instead of at), α̂ =
(
α̂p,1 . . . α̂p,p̃ α̂q,1 . . . α̂q,q̃

)T
∈ R(p̃+q̃)K×K , is computed as follows

α̂ = (X ′X)−1X ′Y

with

X =WM ∈ R(N−r−1)×(p̃+q̃)K

W =


−yTr −yTr−1 . . . −yTr−p̂+1 âTr . . . âTr−q̂+1

−yTr+1 −yTr . . . −yTr−p̂+2 âTr+1 . . . âTr−q̂+2
...

... . . . ...
... . . . ...

−yTN−1 −yTN−2 . . . −yTN−p̂ âTN−1 . . . âTN−q̂

 ∈ R(N−r−1)×(p̂+q̂)K

Y =


yTr+1 − âTr+1

yTr+2 − âTr+2
...

yTN − âTN

 ∈ R(N−r−1)×K

where r = max(p̂, q̂) and M ∈ R(p̂+q̂)K×(p̃+q̃)K is a selection matrix such that X contains only
the columns of W corresponding to the lag included in the model. p̂ and q̂ are the lag of the last
parameter and p̃ and q̃ are the number of relaxed problem parameters, respectively for the AR
and MA part.

For the regular model V ARMA(p, q), it holds

p̃ = p q̃ = q p̂ = p q̂ = q

and α contains the estimates of the model (W is the identity matrix).

For the single seasonal model V SARMA(p, q)(P,Q)s, it holds

p̃ = p+ (p+ 1)P q̃ = q + (q + 1)Q p̂ = Ps+ p q̂ = Qs+ q

and the model parameter estimate vector is obtained by multiplying α̂ by a selection matrix
Mα ∈ R(p+P+q+Q)K×(p̃+p̃)K .

Finally for the double seasonal model V 2SARMA(p, q)(P1, Q1)s1(P2, Q2)s2 , it holds

p̃ =p+ (p+ 1)P1 + (p+ (p+ 1)P1 + 1)P2

q̃ =q + (q + 1)Q1 + (q + (q + 1)Q1 + 1)Q2

p̂ =P2s2 + P1s1 + p

q̂ =Q2s2 +Q1s1 + q
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and the model parameter estimate vector is obtained by multiplying α̂ by a selection matrix
Mα ∈ R(p+P1+P2+q+Q1+Q2)K×(p̃+p̃)K .

2.5.3 Multivariate mixed Autoregressive Integrated Moving Average models

The principle is exactly the same as for the univariate models: first the data are transformed with
the differencing operators and then the estimates of the resulting ARMA model are computed.
The only thing that changes is the fact that the differencing operators are matrices of dimension
K ×K in order to make the output signal stationary. E.g., in case of K = 2, the matrix of the

regular differencing operator is given by

(1−B)d 0
0 (1−B)d

.

2.6 Choice of the estimation method

So far different methods to compute estimation of the models presented in this chapter have
been explored. For the rest of the work we focus on the HR method, which consists of a first
estimation of the innovations using an AR model of sufficiently large order, followed by the
computation of the LS parameter estimates using the estimated innovations. As explained before,
for processes with seasonal behaviour, the actual formulation of the HR method does not take
advantage of the seasonal behaviour at the first step. So an extension of the method is done at
Section 3.1 to improve the method for the seasonal case.

This choice can be explained as follows : the two main methods for model estimation are the
Hannan-Rissanen and the Maximum Likelihood. But for the computation of the ML estimates,
a non-linear (and often non-convex) optimization problem needs to be numerically solved. This
means that good initial values need to be found before solving the problem.

So in fact it is really interesting to focus on the Hannan-Rissanen method. Using this method,
there is no need to solve a non-linear problem, even for the seasonal models for which the
estimates are computed using the relaxed problem. Furthermore, these estimates could be used
as initial values for the likelihood methods. This means that the HR method potentially solves
the problem of finding good initial values for the computation of ML estimates (the methods
could be then combined). Nevertheless the combination of the methods will not take place in
this thesis.
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Chapter 3

Simulation-based theoretical study

As explained in the previous chapter, the model parameters to describe seasonal processes will
be estimated based on the HR method. For the latter it will been shown at Section 3.2.3 that
issues occur with models having large seasons, and we have seen that its first step does not take
advantage of the seasonal behaviour of the model. So first of all an extension of the current HR
method is proposed, followed by verification of the efficiency of the implementation. This is done
by comparing the theory with the practice with multiple simulation examples (i.e. for which
the real "unknown process" is known). The precision of the method will be verified in order to
conclude on the expectation of obtaining good results on real cases.

Two types of simulations are presented. The first one uses a Monte Carlo method to study
the values of the estimated parameters as well as their statistical properties. The second one is
a study of the model structure selection. By scanning the PE obtained using different model
orders for the same signal, a model structure is derived which predicts the process output in
an optimal way. Investigation of the values of the cost function obtained during the scanning
indicates whether the proposed model structure selection step can be expected to work properly
in a real case.

It is important to note that every method implemented in order to model a process (estimations
of each kind of model presented before, computation of the predictions, ...) have been tested
using the real innovations to verify that they give the exact real value. Indeed, if the method
knows the innovations, it can predict perfectly the model.

Before going further, let’s recall the estimation methods. For regular AR models, the LS
parameter estimates are computed using the previous lag of yt present in the model. For the single
and double seasonal models, first the LS parameter estimates of the relaxed non-multiplicative
problem (see eq 2.27) are calculated. Then the estimates corresponding to the φ and Φ model
parameters are used to give the final estimated model (using the selection matrix of eq 2.30).
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For ARMA with seasonal behaviour, an extension of the HR method is used, and is presented
in the following section.

3.1 Extension of HR method for processes with seasonal be-
haviour

As explained previously, certain issues arise when using the classical HR method (presented in
the previous chapter) with seasonal models. The first step involves the computation of an AR
model with a large impulse response. In the literature, Gómez [12] proposes to fix this order to
log(N)1.5 for regular models, log(N)2 for single seasonal orders and the double seasonal case is
not discussed.

The biggest problem occurs when the model contains a large season. In this case, the order
of the AR model of step 1 becomes not sufficiently large to approximate well the innovations.
So the seasonality behaviour is not modelled properly at step 1, and it results in poor seasonal
parameter estimates at step 2. This can be seen at Figure 3.20 in blue, where the seasonal MA
parameter estimates, obtained using the classical HR method to model a SARMA process, are
almost zero.

A first solution could be simply to increase the order of the intermediate AR model. However,
this could result in the estimation of a lot of parameters, with a certain number of them equals
to zero. The idea here is to use seasonal intermediate AR models instead of regular ones, to take
advantage of the seasonal behaviour of the process at step 1.

To this aim, the first step of the extended HR method to model processes with single seasonal
behaviour consists in the estimation of a SAR(plarge)(Plarge)s of sufficiently large orders. Once
the estimated parameters are computed using the OLS estimator on the relaxed non-multiplicative
problem (see equations 2.27, 2.28, 2.29 and 2.30), approximation of the real innovation at is
computed as follows :

ât = yt − ŷARt|t−1

= yt −
plarge∑
i=1

φ̂ARi yt−i −
Plarge∑
i=1

Φ̂AR
i yt−is −

Plarge∑
i=1

plarge∑
j=1

φ̂ARj Φ̂AR
i yt−is−j

where φ̂ARi ’s and Φ̂AR
j ’s are the regular and seasonal LS parameter estimates of the SAR(plarge)(Plarge)s

of large orders, respectively.

For the second step, the estimated residuals ât are used in the non-multiplicative form of the
SARMA model (eq 2.34) to compute the final LS parameter estimates (in the same way as in
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the classical HR method).

Concerning the estimation of 2SARMA models, the first step of the extended HR method
estimates a 2SAR(plarge)(P1large)s1(P2large)s2 model. The parameter estimates are computed in
the same way as for SAR models using the OLS estimator of the relaxed non-multiplicative
model. Then an approximation of the real innovation at is computed in the following way :

ât = yt − ŷARt|t−1

⇔ ât = yt−
plarge∑
i=1

φ̂ARi yt−i−
P1large∑
i=1

Φ̂s1,AR
i yt−is−

P2large∑
i=1

Φ̂s2,AR
i yt−is2−

P1large∑
i=1

plarge∑
j=1

φ̂ARj Φ̂s1,AR
i yt−is1−j

−
P2large∑
i=1

plarge∑
j=1

φ̂ARj Φ̂s2,AR
i yt−is2−j −

P2large∑
i=1

P1large∑
j=1

Φ̂s1,AR
j Φ̂s2,AR

i yt−is2−js1

−
P2large∑
i=1

P1large∑
j=1

plarge∑
k=1

φ̂ARk Φ̂s1,AR
j Φ̂s2,AR

i yt−is2−js1−k

where φ̂ARi ’s, Φ̂s1,AR
j ’s and Φ̂s2,AR

k ’ are the regular, first seasonal and second seasonal LS parameter
estimates of the 2SAR model of large orders, respectively.

Then for the second step, the estimated residuals are used with the non-multiplicative form
of the 2SARMA model to compute the final LS parameter estimates.

Finally, to describe completely this extended method, the orders of the seasonal AR models
of the first step need to be chosen. But the choice of plarge and Plarge for single seasonal and of
plarge, P1large and P2large for double seasonal models will depend on the model structure used to
approximate the process. This choice is done and discussed in Section 3.2.3.

3.2 Properties of the proposed estimation method

The first simulations consist of an arbitrary choice of the true "unknown" process followed by
corresponded signal generations. For each signal generation, different random white noises are
used, keeping the same variance. Then an estimate of the parameters for each generated signal
is done. The so-called Monte Carlo method considers repeatedly random sampling to obtain
numerical results. In this way the statistical properties (bias and variance) of the estimates can
be systematically studied.

Nonetheless, an analytical analysis of the parameter estimates is done to see if the statistical
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properties of the estimates can be described analytically.

3.2.1 Theoretical analysis

Let’s first express some definitions and concepts which will be useful in this chapter. For a
vector of data Y ∈ RN (Y ∈ RN×K for the multivariate case), a model structure is chosen.
This model structure is included in a model setM of all the possible models having the same
characteristics (seasonality, orders, etc). The model structure is also parametrized by a vector
β ∈ Rnβ containing the nβ = (p + P1 + P2 + q + Q1 + Q2)K2 parameters of the model (φi,
θj , etc). For univariate models, K = 1 and nβ is thus the sum of the orders of the model. For
multivariate models, K2 comes from the fact each parameter is a matrix of dimension K ×K. If
the model is not a 2SARMA, the orders not involved in the model are fixed to zero (e.g. for a
SAR(p)(P1)s1 , nβ = (p+ P1)K2).

An estimated vector β̂ ∈ Rnβ is mapped from Y via an estimator function, which is described
by the estimation method. Since Y is a realization of a stochastic process and β̂ depends on Y ,
β̂ can be seen as a realization of a random variable with specific statistical properties. These
properties are affected both by the estimation method and the distribution of the noise.

A good way to quantify the statistical properties of β̂ is the Mean Square Error (MSE)
(equivalent to the Mean squared error states in the previous chapter, see [27]).

Definition 3.1 The Mean Square Error (MSE) of the parameter estimate vector β̂ is given
by

MSE(β̂) = b(β̂)T b(β̂) + Cov(β̂) (3.1)

where MSE(β̂) ∈ Rnβ×nβ , b(β̂) = E[β̂] − β0 ∈ Rnβ is a vector called bias, Cov(β̂) = E[(β̂ −
E[β̂])(β̂ − E[β̂])T ] ∈ Rnβ×nβ is the covariance matrix of the estimated parameter vector β̂ and
β0 ∈ Rnβ is the true parameter vector (describing exactly the real process).

Property 3.1 We call unbiased estimator, an estimator for which the bias of the estimates is
zero, i.e.

b(β̂) = E[β̂]− β0 = 0

⇔ E[β̂] = β0

Now that the concepts have been defined, let’s begin the analytical analysis.
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AR models

A process of N realizations described by an univariate AR model can be written as

Y = Xβ0 + a (3.2)

where Y ∈ RN−p̂−1 and X ∈ RN−p̂−1×nβ result from eq 2.10 or 2.29 for the regular or the
seasonal model respectively, p̂ is equal to p, Ps+ p or P2s2 +P1s1 + p for AR(p), SAR(p)(P )s or
SAR(p)(P1)s1(P2)s2 models, respectively, β0 ∈ Rnβ is the true parameter vector with nβ equals
to the sum of the model orders and a ∈ RN−p̂−1 is the realization of a Gaussian white noise of
zero-mean and variance σ2

a.

The aim is to compute the LS estimates of β0, i.e. β̂ = arg min
β

1
N

∑N
t=1(H−1yt)2. As

H−1 = (1 +Bφ1 + ...+Bpφp)(1 +Bs1Φs1
1 + ...+BP1s1Φs1

P1
)(1 +Bs2Φs2

1 + ...+BP2s2Φs2
P2

) for the
more complex AR models (with double seasonal behaviour), we can say that H−1 is linear for all
AR models. The estimates are computed using the OLS estimator :

β̂ = (XTX)−1XTY

= (XTX)−1XT (Xβ0 + a)

= (XTX)−1XTXβ0 + (XTX)−1XTa

= β0 + (XTX)−1XTa

⇔ E[β̂] = β0 + E[(XTX)−1XTa]

Since the noise is independent from Y

⇔ E[β̂] = β0 + E[(XTX)−1XT ]E[a]

= β0 because E[a] = 0

The estimates are thus unbiased i.e. b(β̂) = 0. Concerning the covariance of the estimated
parameter vector β̂ :

(β̂ − E[β̂])(β̂ − E[β̂])T = (β̂ − β0)(β̂ − β0)T

= ((XTX)−1XTa)((XTX)−1XTa)T

= (XTX)−1XTaaTX(XTX)−1

⇔ E[(β̂ − E[β̂])(β̂ − E[β̂])T ] = E[(XTX)−1XTaaTX(XTX)−1]
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Once again, like the noise is i.i.d. :

⇔ E[(β̂ − E[β̂])(β̂ − E[β̂])T ] = E[(XTX)−1XTE[aaT ]X(XTX)−1]

= E[(XTX)−1XTσ2
aIX(XTX)−1]

= σ2
aE[(XTX)−1XTX(XTX)−1]

= σ2
aE[(XTX)−1]

So the MSE of the estimates is MSE(β̂) = Cov(β̂) = σ2
aE[(XXT )−1]. The term E[(XXT )−1]

is difficult to analyse analytically, due to the fact that the y inside are correlated and depend on
previous realizations of the noise a. Nevertheless E[(XXT )−1] is probably correlated to the size
of Y , N (because the size of X depends on N), and to the white noise, so to σa. This will be
verified in the simulations.

For the multivariate case, the same analysis can be conducted and the same conclusions are
obtained.

ARMA models

This kind of processes is described in general by the following equation :

Y = Xaβ0 + a (3.3)

where Y is the process output, Xa refers to the equation 2.17 using the real innovation instead
of â (Xa contains previous value of the process output Y and of the innovation), β0 is the true
vector of model parameters and a is a Gaussian white noise of zero-mean and variance σ2

a.

The first step of the (extended) HR consists in an estimation â of the innovation, using an
AR model of sufficiently large orders. This is written as follows

Y = XARβAR + â

with XAR the previous lag appearing in the AR model and βAR its parameters.

In the second step the residuals â are used to compute an estimation of the real parameters
of the ARMA model. As seen in the section 2.3.2, the process can be written

Y − â = Xâβ0 + ã (3.4)

where Xâ is the same as in equation 2.17 (Xâ contains previous Y and estimated noise â), β0 is
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the true parameter vector of the model and ã is a new noise appearing due to the estimation of
the innovation. By combining the last equation with equation 3.3, the expression of the new
noise is

ã = (Xa −Xâ)β0 + a− â

The OLS solution of equation 3.4 is then computed :

β̂ = (XT
â Xâ)−1XT

â (Y − â)

= (XT
â Xâ)−1XT

â (Xâβ0 + ã)

= (XT
â Xâ)−1XT

â Xâβ0 + (XT
â Xâ)−1XT

â ã

= β0 + (XT
â Xâ)−1XT

â ã

= β0 + (XT
â Xâ)−1XT

â ((Xa −Xâ)β0 + a− â)

= (XT
â Xâ)−1XT

â Xaβ0 + (XT
â Xâ)−1XT

â (a− â)

⇔ E[β̂] = E[(XT
â Xâ)−1XT

â Xaβ0] + E[(XT
â Xâ)−1XT

â (a− â)]

= E[(XT
â Xâ)−1XT

â Xa]β0 + E[(XT
â Xâ)−1XT

â (a− â)] (3.5)

We see that in this case, the analytical expression of E[β̂] is more complex. Xa, Xâ, a and â
are correlated, and so it is difficult to simplify eq 3.5. The parameter estimates are then probably
biased, and the expression of Cov(β̂) is not written explicitly because it is too complex to deduce
some statistical properties from it. So the bias and the covariance of the estimates are analyzed
during the Monte-Carlo simulations in the following sections.

3.2.2 Autoregressive models

In order to study the statistical properties of β̂, simulations with univariate and multivariate
AR, SAR and 2SAR models are presented in this section. For each AR process, 100 parameter
estimates coming from a different random white noise realization have been computed. Scatter
plots of the results are shown on the figures that follow. 3 different groups of points can be
observed in these plots: in red it is the real value of the parameters (β0), in blue the estimated
parameters coming from a signal of size N = 10000 and in green the estimated parameters
coming from a signal 5 times longer (N = 50000). Parameter values are depicted on both axis
for each plot.

The real parameter values have been fixed arbitrarily, and such that the assumptions estab-
lished in Chapter 2 are respected. The multivariate models have 2 variables, and the seasons are
24 for single seasonal and 24 and 168 for double seasonal models (this corresponds to the daily
and weekly seasonal behaviour of the real process that will be analyzed in the next chapter).
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The models used to generate the simulations are :

AR(8) :

(1− 0.7B + 0.4B2 − 0.5B3 + 0.2B4 + 0.1B5 + 0.5B6 − 0.25B7 − 0.2B8)yt = at (3.6)

VAR(2) : [
I2 +

−0.7 0.1
−0.4 −0.4

B +

 0.4 0.3
−0.6 0.2

B2
]yt,1

yt,2

 =

at,1
at,2

 (3.7)

SAR(4)(4)24 :

(1 + 0.7B + 0.5B2− 0.2B3− 0.3B4)(1− 0.5B24 + 0.3B48 + 0.3B72− 0.6B96)yt = at (3.8)

VSAR(2)(2)24 :

[
I2 +

−0.4 0.1
−0.6 0.1

B +

−0.4 −0.3
0.1 0.2

B2
]

[
I2 +

−0.2 −0.2
−0.4 0.3

B24 +

0.3 −0.3
0.8 −0.2

B48
]yt,1

yt,2

 =

at,1
at,2

 (3.9)

2SAR(4)(2)24(2)168 :

(1 + 0.5B + 0.6B2 − 0.3B3 − 0.3B4)(1− 0.4B24 + 0.3B48)(1 + 0.25B168 − 0.3B336)yt = at

(3.10)

V2SAR(2)(1)24(1)168 :

[
I2 +

−0.2 0.5
0.25 −0.2

B +

 0.6 0.3
−0.2 −0.3

B2
]

[
I2 +

−0.2 −0.4
−0.2 0.3

B24
][
I2 +

 0.1 −0.4
−0.25 −0.25

B48
]yt,1

yt,2

 =

at,1
at,2

 (3.11)

where at, at,1 and at,2 are independent innovations of variance 1 and I2 ∈ R2×2 is the identity
matrix.

A first thing to say before looking at Figures 3.1-3.6, is the fact that the variance σ2
a of the

noise does not influence the parameter estimate values. In fact, it has been found that for all
the simulations done in this chapter, parameter estimates computed on a signal with innovation
vector a and on a signal with innovation vector ka (where k ∈ R0) have the same values. Using
an innovation vector ka is equivalent as generating the same innovation but with a variance
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k2σ2
a. So we deduce that the value of σ2

a does not influence the statistical properties of the
parameter estimates. This can be explained by the fact that the innovation is present in the
matrix X through the values of y. So the change of variance in at is balanced in (XTX)−1XT ,
and E[(XTX)−1] contains the factor 1

σ2
a
.

Figure 3.1: Scatter plot of the parameter estimates of the AR(8) of eq 3.6 coming from 100
Monte Carlo realizations

Figure 3.2: Scatter plot of the parameter estimates of the two variables V AR(2) of eq 3.7 coming
from 100 Monte Carlo realizations
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Figure 3.3: Scatter plot of the parameter estimates of the SAR(4)(4)24 of eq 3.8 coming from
100 Monte Carlo realizations

Figure 3.4: Scatter plot of the parameter estimates of the two variables V SAR(2)(2)24 of eq 3.9
coming from 100 Monte Carlo realizations
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Figure 3.5: Scatter plot of the parameter estimates of the SAR(4)(2)24(2)168 of eq 3.10 coming
from 100 Monte Carlo realizations

Figure 3.6: Scatter plot of the parameter estimates of the two variables V SAR(2)(1)24(1)168 of
eq 3.11 coming from 100 Monte Carlo realizations

Looking at Figures 3.1-3.6, the results are quite similar. Concerning the number of data N
used to train the model, the plots show that Cov(β̂) decreases when N increases. Intuitively,
it is explained by the fact that the more data are available, the more there is potentially new
information to train the model. It also means that E[(XTX)−1] is a decreasing function of N ,
which is due to the fact that X depends on N and the product XTX is inverted in Cov(β̂). The
plots also confirm that the parameter estimates are unbiased.
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3.2.3 Mixed Autoregressive-Moving Average models

Regular models

These models are estimated based on the procedure described in the section 2.3.2 (HR method).
At the first step of the HR method, an AR model of sufficiently large order is estimated. It is
thus necessary to do some tests in simulation to choose a good order according to the parameters
of the model. At this purpose, an accurate estimation of the impulse response of H−1 (the
inverse transfer function of the model) computed at the first step could be a good indication of
the efficiency of this step. If this impulse response is shorter than the real one, it means that the
orders of the intermediate AR need to be increased and inversely. But the problem with the
impulse response of H−1 is the fact that it depends strongly on the values of the parameters.
For models of same orders, the impulse response can decrease in very different speed to 0. As an
example, Figure 3.7 shows two ARMA(4,4) models with the parameters resumed in Table 3.1.
We see clearly that the order of the "best" large AR model will be different for the two models
(Figure 3.7a has a shorter impulse response than 3.7b). However, only the value of 3 out of 8
parameters are different in the 2 models.

Parameters
Models Figure 3.7a Figure 3.7b

φ1 -0.7 -0.7
φ2 0.4 0.4
φ3 -0.5 -0.5
φ4 0.3 0.3
θ1 0.1 0.5
θ2 -0.2 -0.4
θ3 -0.1 -0.3
θ4 -0.25 -0.25

Table 3.1: Model parameters corresponding at Figure 3.7
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(a) Model with short impulse response

(b) Model with long impulse response

Figure 3.7: Plots of the impulse response of the transfer function H−1 for two ARMA(4, 4)
models with parameters coming from Table 3.1. The estimation of H−1 (in red) is done using an
AR(log(N)1.5) model with N = 15000

The same phenomena appear for seasonal and multivariate models. It is thus impossible
to link directly the number of regular internal parameters (plarge) to the number of model
parameters.

In general, to choose the value of the large orders of the intermediate AR impulse response
model of H−1, some simulations are conducted further and based on their results the choice is
done and justified. Another possible way (not applied here) to compute these internal parameters
would be to use some information criterion. These criteria are indicators of the relative quality
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of the estimated model.

For non-seasonal models, there is only one internal parameter (plarge) used for the long AR
and VAR models of step 1. A value for this parameter suggested is plarge = log(N)1.5 [11]. The
size of the data used in the real life process of next chapter is approximately N = 15000 and
Figure 3.7 gives in red the impulse response of the estimated H−1 at step 1 using this size of
data (for both ARMA(4, 4) models from Table 3.1). Parameter estimates for both models using
plarge = log(N)1.5 are shown on Figure 3.8. Estimation of a signal of length 10000 is in blue and
of length 50000 is in green. We can see that the covariance of the parameter estimates decreases
when N increases. As for the AR models, the variance of the noise does not influence the value
of the estimates.
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(a) Model with short impulse response

(b) Model with long impulse response

Figure 3.8: Scatter plot of the parameter estimates of two ARMA(4, 4) coming from 50 Monte
Carlo realizations. The model parameters are resumed in Table 3.1

Regarding the residuals (difference between the real measured output signal and the estimated
one), a comparison between the real innovation and the residuals obtained after step one and
step two is done at Figure 3.9. The estimation of the innovation seems quite accurate, for the
first step as well as for the second step (both realizations and histograms of the residuals follow
the same pattern as the ones of the innovation).
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(a) Model with short impulse response

(b) Model with long impulse response

Figure 3.9: Plot of the residuals (upper left graph) and histogram of residuals obtained after
step one and step two of the HR method compared with the real innovation of the signal coming
from the two ARMA models of Table 3.1.

For VARMA models, the same results and discussions are obtained. We have the same
problem with the length of impulse response for different models of the same order. An example
of the impulse response estimation (in red) compared to the real impulse response (in blue) of an
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ARMA(2, 2) model of equation

[
I2 +

−0.7 0.1
−0.4 −0.4

B +

 0.4 0.3
−0.6 0.2

B2
]yt,1

yt,2


=
[
I2 +

0.2 0.4
0.5 0.2

B +

−0.2 0.1
−0.2 −0.3

B2
]at,1

at,2

 (3.12)

with two variables and size N = 15000 is shown at Figure 3.10. A Monte Carlo analysis of the
same model is shown at Figure 3.11 as a plot of the residuals after the first and second step at
Figure 3.12 (plarge = log(N)1.5). The results are similar to the ones obtained for the univariate
models.

Figure 3.10: Impulse response of real transfer function H−1 and the estimated transfer function
of the V ARMA(2, 2) model of eq 3.12 at step one of the HR estimation
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Figure 3.11: Scatter plot of the parameter estimates of a two variables V ARMA(2, 2) of eq 3.12
coming from 50 Monte Carlo realizations

Figure 3.12: Plot of the residuals (upper left) and histogram of residuals obtained after step one
and step two of the HR method compared with the real innovation of the signal coming from an
V ARMA(2, 2) model of eq 3.12.

All these results indicate that the HR method gives good results for ARMA and VARMA
models even if the inverse process H−1 has a different impulse response length. The internal
parameter to estimate these models is

plarge = dlog(N)1.5e
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where dxe is x rounded to the upper integer.

Single seasonal processes

In this case, the extended HR method described in Section 3.1 is used, and so there are two
internal parameters at the first step : regular order plarge and seasonal order Plarge.

The same problem as for the regular models is encountered. The impulse response of H−1

varies a lot as a function of the model parameters. Gómez [12] proposed to use a regular AR
model of order plarge = log(N)2 but this gives not very good results in practice (especially for
models with large seasons, as shown at Figure 3.20). After looking at the impulse response of
H−1 and testing different values of plarge and Plarge for models with different orders, it seems
that plarge = log(N)1.4 and Plarge = P + Q, where P and Q are the seasonal order of the
SARMA(p, q)(P,Q)s, give good results. These choice are motivated by the simulations that
follows in this section.

So finally it is decided that :

plarge = dmin(log(N)1.4,
s

1.1)e

Plarge = P +Q
(3.13)

where s is the season of the model. The s
1.1 term comes from the fact that we do not want that the

parameters of the non-seasonal part overlap the first parameters of the seasonal part. So to avoid
this, a maximum limit is fixed arbitrarily for plarge. The value log(N)1.4 is slightly decreased
compared to the ARMA case due to the fact that there are more parameters to estimate with
the seasonal part.

At Figure 3.13 the impulse response of H−1 of the SARMA(4, 4)(2, 2)168 model of equation

(1− 0.8B + 0.5B2 − 0.3B3 + 0.2B4)(1− 0.2B168 + 0.3B336)yt =

(1 + 0.6B − 0.4B2 − 0.2B3 + 0.3B4)(1 + 0.5B168 − 0.4B336)at (3.14)

is shown and the estimation of H−1 obtained at the first step using the internal parameters
described just before is depicted. We see that the estimated impulse response follows pretty well
the real impulse response. For Figure 3.13b, the estimated impulse response becomes zero from
approximately the lag 710, but the real impulse response of H−1 has not decreased to zero yet.
It means that Plarge could be possibly increased a little more, and the choice of this value is
discussed further in this section with other simulations.

Concerning the parameter estimates, they can be observed at Figure 3.14 for the same model
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(a) From time 1 to 569

(b) From time 672 to 1241

Figure 3.13: Impulse response of real transfer function H−1 and the estimated transfer function
of a SARMA(4, 4)(2, 2)168 model of eq 3.14 at step one in the HR estimation

used for Figure 3.13. In that case the parameter estimates are clearly biased, and it seems that
the bias and covariance decrease slightly for increasing N .

To obtain a deeper intuition of the nature of the bias, we vary the values of plarge and
Plarge. At Figure 3.15 the estimates were computed using different Plarge : P+Q

2 , P + Q and
4(P + Q). For Plarge = P+Q

2 in green, the regular estimates are the least biased but have a
bigger variance and the seasonal estimates have an important bias. When Plarge = 4(P +Q)P in
magenta, seasonal estimates are least biased while the regular estimates move away from the real
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Figure 3.14: Scatter plot of the parameter estimates of SARMA(4, 4)(2, 2)168 of eq 3.14 coming
from 50 Monte Carlo realizations with different values of N

parameters. It seems then that taking Plarge = P +Q is a good compromise for estimating both
the regular and the seasonal parameters. Concerning plarge, Figure 3.16 shows that increasing or
decreasing its value does not influence fundamentally the variance of the estimates. However, if
plarge becomes too low, the bias increases, so it is necessary to keep a value of plarge high enough.

Figure 3.15: Scatter plot of the parameter estimates of SARMA(4, 4)(2, 2)168 of eq 3.14 coming
from 50 Monte Carlo realizations with plarge = log(N)1.4 and different values of Plarge

Finally, if we look at the residuals obtained using the extended HR method with the chosen
internal parameters of eq 3.13, it can be seen at Figure 3.17 (at the upper left) that the latter
estimates pretty well the real innovation. But looking at the histograms, we observe that the
distribution of the residuals after step 1 does no follow very well the distribution of the real
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Figure 3.16: Scatter plot of the parameter estimates of SARMA(4, 4)(2, 2)168 of eq 3.14 coming
from 50 Monte Carlo realizations with Plarge = 2P and different values of plarge

innovation : too many residuals are equal to 0. Even if the distribution of the residuals after
step 2 is better, there is still a peak at 0. This phenomenon shows that the final estimation is
(strongly) dependent of the estimated model of step 1 (and particularly on the distribution of
the residuals obtained at this step).

Figure 3.17: Plot of the residuals (upper left) and histogram of residuals obtained after step one
and step two of the HR method compared with the real innovation of the signal coming from a
SARMA(4, 4)(2, 2)168 model of eq 3.14

Concerning VSARMA models, the same issues are encountered with the impulse response of
H−1. The same analysis as for the univariate case is done trying different internal parameters
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with a V SARMA(2, 2)(2, 2)168 models of equation

[
I2+

−0.4 0.1
−0.4 −0.4

B+

 0.4 0.3
−0.1 0.2

B2
][
I2+

−0.2 −0.2
−0.4 0.3

B168+

0.3 −0.3
0.8 −0.2

B336
]yt,1

yt,2


=
[
I2+

0.2 0.4
0 0.2

B+

−0.2 0.1
−0.2 −0.3

B2
][
I2+

 0.1 −0.1
−0.3 0

B168+

−0.5 0.2
0.5 −0.25

B336
]at,1

at,2


(3.15)

with 2 variables. Once more, if plarge is large enough (and this is true for log(N)1.4), its
value does not influence much the estimates (this is seen at Figure 3.18). Figure 3.19 represents
parameter estimates using different values of Plarge. This time, it is more difficult to say which
Plarge is the best. The parameter estimates with Plarge = 8(P +Q) in magenta seem to not be
a good option because the parameter estimates obtained with Plarge = 2(P +Q) (in blue) and
Plarge = P +Q (in green) are better in term of bias (for the most part of the model parameters).
But it is the blue estimates that seem to have the lowest bias taking into account all the model
parameters. The covariance seems to stay pretty like the same of each Plarge

At the sight of the previous results, the chosen internal parameters (sufficiently large order of
intermediate SAR) for the estimation of a SARMA model with K variables are

plarge =dmin(log(N)1.4,
s

1.1))e

Plarge =K(P +Q)

The value of plarge comes from the eq 3.13 when the value of Plarge is derived from the best
parameter estimates observe for the SARMA and V SARMA models studied here.

To compare the extended HR method with the classical one, Gómez et al. [13] let a free
access to a set of matlab programs (called SSMMatlab) in which the classical HR method for
regular and single seasonal models is implemented. For SARMA models, this implementation
allows to compute only model with seasonal orders equal to 1, so little modifications in the code
were done to estimate the SARMA model of eq 3.14. Using these programs, Figure 3.20 shows
the parameter estimates of the SARMA model obtained using the extended HR method and
the classical HR method. We see that the extended HR method gives parameter estimates which
are really less biased (mostly for the seasonal parameters) and with smaller variance. Note that
for the MA seasonal parameter, the classical HR method gives parameter estimates located near
zero, due to the fact that the impulse response length of the AR at step 1 is not large enough.

Moreover, the computation time to estimate this model using a size data set of 15000 is, in
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(a) Autoregressive parameters

(b) Moving Average parameters

Figure 3.18: Scatter plot of the parameter estimates of V SARMA(2, 2)(2, 2)168 of eq 3.15 coming
from 25 Monte Carlo realizations with Plarge = 2(P +Q) and different values of plarge

average, more than 1500 times faster with the proposed implementation of the extended method
than with SSMMatlab (this is not directly linked to the method, but more to the implementation
of the programs itself). This is important for the model structure selection (presented in Section
3.3) which needs the estimation of a certain number of different models.
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(a) Autoregressive parameters

(b) Moving Average parameters

Figure 3.19: Scatter plot of the parameter estimates of V SARMA(2, 2)(2, 2)168 of eq 3.15 coming
from 25 Monte Carlo realizations with plarge = log(N)1.4 and different values of Plarge

Processes with double seasonality

For the double seasonal models, we study the particular ones with first seasonality of 24 and second
seasonality of 168 (because the real process studied later exhibits this seasonality behaviour).
Once again, the impulse response of H−1 for different double seasonal models is inspected. It
was seen during this inspection that the impulse response linked to the first seasonality (24)
decreases to zero only if the model orders of the first seasonality are 1, i.e. P1 = 1 and Q1 = 1.
This is shown at Figure 3.21 with the models that follow : the 2SARMA(2, 2)(2, 2)24(2, 2)168

model is described by the equation above, and 2SARMA(2, 2)(1, 1)24(2, 2)168 is the same model
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Figure 3.20: Scatter plot of the parameter estimates of SARMA(4, 4)(2, 2)168 of eq 3.14 coming
from 15 Monte Carlo realizations using the classical HR (in blue) and the extended HR (in green)

but with the last parameters linked to the first season removed.

(1− 0.2B + 0.4B2)(1− 0.2B24 + 0.3B24)(1 + 0.5B168 + 0.7B336)yt =

(1 + 0.5B + 0.5B2)(1 + 0.3B24 − 0.6B24)(1− 0.4B168 − 0.4B336)at (3.16)

(a) 2SARMA(2, 2)(1, 1)24(2, 2)168 (b) 2SARMA(2, 2)(2, 2)24(2, 2)168

Figure 3.21: Impulse response of H−1 for a 2SARMA(2, 2)(2, 2)24(2, 2)168 models (right sub-
figure) of eq 3.16 and for a 2SARMA(2, 2)(1, 1)24(2, 2)168 of same equation with last parameters
of the first season removed

So the value of the internal parameters concerning the first seasonality P1large will be fixed at
3 max(P1, Q1), with the constraint P1large ≤ b

s1
s2
−1c to avoid overlapping (in our case P1large ≤ 6).

As for the previous models, it is difficult to deduce the sufficiently large regular order (plarge)
regarding at the order of the 2SARMA model. The chosen value plarge = log(N)1.3 follows
the same idea as for the single seasonal models, where we decrease a little bit plarge due to
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the increasing number of parameters to estimate. The same constraint to avoid overlapping
is also used : plarge ≤ s1

1.1 . The double seasonal order P2large is first fixed at P2 + Q2 like for
the SARMA models. A resulting estimation of the impulse response of the estimated H−1 for
the 2SARMA(2, 2)(2, 2)24(2, 2)168 of eq 3.16 is shown at Figure 3.22. As for the single seasonal
models, we see that the impulse response of the estimated H−1 at Figure 3.22b attains zero
before the impulse response of H−1 . But increasing too much P2large results in a worse impulse
response for the estimated H−1. So Monte Carlo simulations are done to find the best values of
the orders for the internal 2SAR model.

(a) From time 1 to 569

(b) From time 672 to 1241

Figure 3.22: Impulse response of real transfer function H−1 and the estimated transfer function
of the 2SARMA(2, 2)(2, 2)24(2, 2)168 model of eq 3.16 at the first step of the extended HR
estimation
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Figures 3.23 and 3.24 show the estimates using different values of plarge and P2large . Looking
at these plots, it seems that the values previously chosen (results in blue) are the best compromise
for the estimation of regular and seasonal parameters. The previous discussion with Figure 3.21
seems sufficient to keep P1large = 3 when P1 and Q1 are lower or equal to 1 and P1large = 6
otherwise.

Figure 3.23: Scatter plot of the parameter estimates of 2SARMA(2, 2)(2, 2)24(2, 2)168 of eq 3.16
coming from 25 Monte Carlo realizations with plarge = log(N)1.3 and different values of P2large

Figure 3.24: Scatter plot of the parameter estimates of 2SARMA(2, 2)(2, 2)24(2, 2)168 of eq 3.16
coming from 25 Monte Carlo realizations with P2large = 2P and different values of plarge

Using these internal parameters (see eq 3.18) to compute parameter estimates, we obtain the
Monte Carlo plots of Figure 3.25, using once a signal of length N = 10000 in blue and then of
length N = 50000 in green. We see that the covariance of the parameter estimates decreases
slightly with N increases, but the bias seems to stay constant.
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Figure 3.25: Scatter plot of the parameter estimates of a 2SARMA(2, 2)(2, 2)24(2, 2)168 of eq
3.16 coming from 25 Monte Carlo realizations

Concerning the multivariate double seasonal models, the same results are obtain as for the
univariate case concerning the length of impulse response linked to the first seasonal orders. So
the orders of the first seasonality of V 2SARMA models are fixed to 3 max(P1, Q1) with the
constraints that P1large ≤ b

s1
s2
− 1c. The other parameters are chosen in the same way as for

the 2SARMA models i.e. plarge = log(N)1.3 with plarge ≤ s1
1.1 and P2large = P2 + Q2. For a

V 2SARMA(2, 2)(1, 1)24(1, 1)168 with 2 variables of equation

[
I2 +

−0.4 0.1
−0.4 −0.4

B +

 0.4 0.3
−0.1 0.2

B2
][
I2 +

−0.5 −0.6
−0.4 0.3

B24
]

[
I2 +

−0.2 −0.2
−0.4 0.3

B168
]yt,1

yt,2

 =
[
I2 +

0.25 0.6
0 0.2

B +

0.1 −0.4
0.2 0.5

B2
]

[
I2 +

−0.15 0.2
0.4 0.4

B24
][
I2 +

0.3 −0.1
0.3 −0.2

B168
]at,1

at,2

 (3.17)

the Monte Carlo method was used to compare the estimates of the same model using different
internal parameters. This is shown at Figures 3.26, 3.27 and 3.28. The difference with single
seasonal models is the fact that the best internal parameters are the same for the univariate and
multivariate models (blue estimates). It can be seen that the parameter estimates obtained using
P1large = 1 are sometimes better, sometimes really worse (for example with Θ24

1 ). So this value is
not chosen for the final estimation method.
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(a) Autoregressive parameters

(b) Moving Average parameters

Figure 3.26: Scatter plot of the parameter estimates of 2-variables
V 2SARMA(2, 2)(1, 1)24(1, 1)168 model of eq 3.17 coming from 25 Monte Carlo realiza-
tions with P1large = 3 and P1large = 2
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(a) Autoregressive parameters

(b) Moving Average parameters

Figure 3.27: Scatter plot of the parameter estimates of the 2-variables
V 2SARMA(2, 2)(1, 1)24(1, 1)168 model of eq 3.17 coming from 25 Monte Carlo realiza-
tions with plarge = log(N)1.3 and P2large = 2
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(a) Autoregressive parameters

(b) Moving Average parameters

Figure 3.28: Scatter plot of the parameter estimates of the 2-variables
V 2SARMA(2, 2)(1, 1)24(1, 1)168 model of eq 3.17 coming from 25 Monte Carlo realiza-
tions with plarge = log(N)1.3 and P1large = 3

62



Using the same model, the resulting impulse response of the estimated H−1 of step 1 is shown
at Figure 3.29. Parameter estimates (using the internal parameters of eq 3.18) obtained with
signals of different length are shown on Figure 3.31.

(a) From time 1 to 168

(b) From time 168 to 336

Figure 3.29: Impulse response of real transfer function H−1 and the estimated transfer function
of the V 2SARMA(2, 2)(1, 1)24(1, 1)168 model of 2 variables of eq 3.17 at the first step of the
extended HR estimation

Finally, the internal parameters for the estimation of uni- and multi-variate 2SARMA models
are

plarge = dmin(log(N)1.3,
s1
1.1)e

P1large = 3 max(P1, Q1)

P2large = P2 +Q2

(3.18)

63



Figure 3.30: Zoom of the upper left graph of Figure 3.29a
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(a) Autoregressive parameters

(b) Moving Average parameters

Figure 3.31: Scatter plot of the parameter estimates of a 2-variables
V 2SARMA(2, 2)(1, 1)24(1, 1)168 model of eq 3.17 coming from 25 Monte Carlo realiza-
tions
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3.3 Model structure selection

There exist different ways to select the model structure in case of time-series estimation. One
possibility is to scan different candidate orders, compute parameter estimates for each model
and compare the cost function obtained using these estimates.

Recall that for a measured output signal yt for t = 1, ..., N , the cost function is

1
N

N∑
t=1
||yt − ŷt|t−1||22 (3.19)

1
N

N∑
t=1
||H−1yt||22 (3.20)

where H−1 = θ(B)−1φ(B) for an ARMA or a V ARMA, H−1 = Θ(Bs)−1θ(B)−1φ(B)Φ(Bs) for
a SARMA or V SARMA and H−1 = Θs2(Bs2)−1Θs1(Bs1)−1θ(B)−1φ(B)Φs1(Bs1)Φs2(Bs2) a
2SARMA or V 2SARMA. The residuals are computed as at = yt − ŷt|t−1.

But if the cost function is studied on the same data set as the one used to compute the
parameter estimates, there is a risk of overfitting. The overfitting phenomenon appears when
the model is too complex compared to the reality and the signal is more and more modelled
instead of the underlying behaviour. In fact the model predicts "too well" the measured output,
modeling both the process and the innovation which is independent of the process output. This
results in very good performance on the data set used to estimate the model parameters, but
poor results on new data.

Driven by that, for the selection of the model structure, two different sets are used. A training
set which is used to train the data and to compute the parameter estimates, and a validation set
containing data "never seen before" by the model. These unseen data are used to compute the
cost function as estimations of what we should get with new data measured by the same process.

So it is expected that the cost function decreases on the training set when the complexity
of the model increases. While on validation set a minimum should appear for the orders that
correspond to the real system under estimations (or close to the real system assuming no model
mismatch).

Considering that we have a data set of length N , a training and a validation set need to be
selected. Classical proportions used for the training/validation sets are 80%/20% or 90%/10%.
The idea here is to ensure that we have enough data on the training set to capture the behaviour
of the real system and enough data on the validation set to verify the model performance.
Recalling that for the real applications of the next chapter, approximately 15000 consumption
energy samples are available, the simulations are based on this size of data. If 10% of the time
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series is used to validate the model, it means that it will use 1500 hours ≈ 9 weeks ≈ 2 months.
This seems enough if the weekly seasonality of the real system is not too high (below 6 or 7). This
is also interesting because the most part of the data will be used to estimate the real system, and
we have seen previously in this chapter that the accuracy of the parameter estimates increases
with the number of data used for the estimation.

For the model structure selection, the internal parameters used in the extended HR method
are fixed, such as they are independent of the orders of the model estimated. In this way it will
not influence the model selection when a system with unexpected behaviour (with an impulse
response of H−1 shorter or longer than expected) is modelled. Once the model structure is
selected, the final parameter estimates are computed using the internal parameters decided
previously in order to improve the performance of the estimation. These internal parameters are
recalled in the following equations:

For ARMA and V ARMA models :

plarge = log(N)1.5 (3.21)

For SARMA and V SARMA of K variables:

plarge =dmin(log(N)1.4,
s

1.1)e

Plarge =K(P +Q)
(3.22)

For 2SARMA and V 2SARMA:

plarge = dmin(log(N)1.3,
s1
1.1)e

P1large = 3 max(P1, Q1)

P2large = P2 +Q2

(3.23)

For the model structure selection, the internal parameters are fixed. For regular models the
value of plarge is given by equation 3.21, for single seasonal models they are given by equations
3.22 with P = Q = 2 and for double seasonal it is given by equations 3.23 with P1 = Q1 = 2 and
P2 = Q2 = 4. These values seem to represent well the behaviour of general processes (too high
internal parameters give poor estimates).

The real data will be estimated using directly mixed model, so the model structure selection
is not done with autoregressive models (too simple model for the practical case).

To sum up, the model structure selection procedure consists of the following steps :

1. The internal parameters of the step 1 of the extended HR method are fixed at the values
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given just before.

2. The model structure selection criterion is chosen. Here, the criterion is the cost function
computed on the validation set, described as follows :

Vval = 1
Nval

N∑
t=N−Nval+1

||H−1yt||22

where Nval is the size of the validation set and H depends on the model structure (see
Chapter 2).

3. A scanning through 2 (or 2 pairs of) model orders is done by varying their values while
keeping the other orders fixed. The Vval is plotted and the minimum point, or the point
where Vval stop to decrease (and is followed by a plate), is chosen as the one used for the
model structure.

4. The previous step is repeated for different (pair of) model orders until all model orders are
chosen.

Note that in the simulations that follow, the orders kept constant during the scanning are
chosen as the ones corresponding to the real process.

3.3.1 Regular models

The scanning order is applied to an ARMA(4, 4) model. The scanning goes from p = 1, ..., 10
and q = 1, ..., 10. The values of Vval are shown on Figure 3.32. The intersection of the 2 red lines
shows the result for the estimation using the true model orders (the real orders of the estimated
process). In this case, this intersection is the minimum point. During model estimation using
larger orders then the real ones, there is a flat region which appears. This can be explained by
the fact that more complex structures for this model give the same results as the exact order
model.

The same scanning order is represented for a 2 variables V ARMA(3, 3) model. This is shown
at Figure 3.33 and the same phenomena as for the univariate case are observed.
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Figure 3.32: Plot of Vval obtained with different model orders used for the estimations of an
ARMA(4, 4)

Figure 3.33: Plot of Vval obtained with different model orders used for the estimations of a
V ARMA(3, 3) with 2 variables
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3.3.2 Single seasonal models

To limit the number of plots, the scanning order with seasonal models is done with the same
AR and MA orders. So a SARMA(4, 4)(4, 4)168 is estimated using models of regular orders and
seasonal orders from 1 to 8. The results are shown on Figure 3.34 and the same behaviour as
for the regular models can be observed. Note that here Vval is not defined for the estimations
with regular orders 2. In fact the estimates of these models give unstable model, so the resulting
residuals go to infinity and it is the reason of these holes in Figure 3.34. Nevertheless, since this
does not occur for the potentially best models (with minimum Vval), it will not affect the model
structure selection.

Figure 3.34: Plot of Vval obtained with different model orders used for the estimations of a
SARMA(4, 4)(4, 4)168

For the 2 variables V SARMA(3, 3)(3, 3)168, Figure 3.35 shows the scanning order results,
which have the same properties as before.
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Figure 3.35: Plot of Vval obtained with different model orders used for the estimations of a
V SARMA(3, 3)(3, 3)168 with 2 variables

3.3.3 Double seasonal models

For the scanning order of a 2SARMA(3, 3)(3, 3)24(3, 3)168, three figures are shown: for Figure
3.36 the regular orders are fixed at 3, for Figure 3.37 the first seasonal orders are fixed at 3 and
for the figure 3.38 the second seasonal orders are fixed at 3. For the aforementioned cases, the
results correspond to what has been observed for the previous models.

Figure 3.36: Plot of Vval obtained with different seasonal model orders used for the estimations
of a 2SARMA(3, 3)(3, 3)24(3, 3)168

For the multivariate case, the scanning order is applied to a V 2SARMA(3, 3)(3, 3)24(3, 3)168
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Figure 3.37: Plot of Vval obtained with different regular and double seasonal model orders used
for the estimations of a 2SARMA(3, 3)(3, 3)24(3, 3)168

Figure 3.38: Plot of Vval obtained with different regular and simple seasonal model orders used
for the estimations of a 2SARMA(3, 3)(3, 3)24(3, 3)168

of 2 variables. As for the univariate double seasonal model, 3 figures are provided: Figure 3.39
where the regulars orders are fixed at 3, Figure 3.40 where the first seasonal orders are fixed at 3
and Figure 3.41 where the second seasonal orders are fixed at 3. Concerning the values of Vval,
same conclusions can be drawn as the ones done before.
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Figure 3.39: Plot of Vval obtained with different seasonal model orders used for the estimations
of a V 2SARMA(3, 3)(3, 3)24(3, 3)168 with 2 variables

Figure 3.40: Plot of Vval obtained with different regular and double seasonal model orders used
for the estimations of a V 2SARMA(3, 3)(3, 3)24(3, 3)168 with 2 variables
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Figure 3.41: Plot of Vval obtained with different regular and simple seasonal model orders used
for the estimations of a V 2SARMA(3, 3)(3, 3)24(3, 3)168 with 2 variables

3.4 Conclusion

In this chapter, a proposed extended HR method is described to improve the performances (in the
sense of MSE) of single seasonal models. This extended method is also used to model processes
with double seasonal behaviour. During the Monte Carlo simulations, values of the internal
parameters of the extended HR method have been discussed and then chosen to optimize the
accuracy of the obtained estimates.

Then, an analysis of the theoretical MSE in terms of bias and variance is carried out for
this method. The results obtained in simulations show that the variance of the noise does not
influence the parameter estimates and the accuracy of the parameter estimates increases (i.e.
the MSE decreases) with the number of data.

Finally, a method for the model structure selection has been thoroughly studied. The
simulation results using training and validation sets show that the model order selection method
can be potentially applied successfully to the real application studied in the following chapter.
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Chapter 4

Application of the methods to a real
life process

This chapter deals with the application of the modeling procedures presented so far (the extended
HR and the model structure selection methods) to a real life electricity consumption modeling
case. This is done for the consumption of three different rooms separately (using univariate
models), for two pairs of rooms and finally for two triplets (using multivariate models in the last
two cases). To model and predict the consumption of the first room, a detailed step-by-step
description of the methodology is provided while a brief presentation including the important
steps is presented for the other cases.

The different steps of the modeling procedure that can be used as a guideline for modeling
any time-series coming from a real life process, are the following :

• An analysis of the data is performed to check whether there is some particular behaviour
to take into account (e.g. seasonality) or to correct (e.g. missing data) before constructing
the model structure.

• The set of model structures chosen to describe the real process is defined.

• The specific parameters used in the model estimation method (here extended HR method)
are specified (plarge, ...).

• The model structure selection procedure is applied using the scanning order method
described in Section 3.3.

• Diagnostics using the results obtained with the model chosen after the model selection
procedure are provided. Following these diagnostics, some modifications are eventually
applied to the chosen model structure to improve the performance of the end result.

75



• The (possibly modified) model is applied and its performance is analysed.

• Robustness of the estimated model with respect to the length of the data is studied. This
is done by computing the parameter estimates on a small training set and analysing the
results when this training set is progressively increased. The same procedure is repeated
for the validation set.

• Following the results obtained in the previous step, a new model is estimated (if necessary)
using different training and validation sets. This is the final model used to predict the real
process.

• The multi step-ahead predictor is applied to analyze the accuracy of the estimated model
for predictions of several steps ahead.

Keep in mind that for the aim of privacy protection, the real data are not be presented as
such. To allow readers to have an idea of the shape of the real consumption (or consumption
estimates), the following transformation is applied before plotting :

y = yoriginal
c

where yoriginal are the real data, y are the normalized data (used in the plots), c is a constant
preserved unknown for the readers.

Before going further, recall that for the model structure selection procedure, a criterion needs
to be chosen. As in Chapter 3, the cost function for a specific model H is used at this purpose.
In this chapter, all the model performance indices are computed on the validation set, and the
same holds for the cost function. Then the computation of the cost function on the validation
set used as criterion is as follows :

Vval = 1
Nval

N∑
t=N−Nval+1

||H−1yt||22 (4.1)

where Nval is the size of the validation set, N is the number of output signal measurements
available and yt is the electricity consumption for t = 1, ..., N .

Note that Vval is computed on the unnormalized data (yoriginal). Concerning the other
metrics used further, they are all constructed in such a way that their values are unaltered by
the transformation (same values for y and yoriginal).

4.1 Room 1

The first univariate model is obtained to predict the electricity consumption of one room.
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4.1.1 Data analysis

Figure 4.1 shows the general shape of the consumption in this first room. A zoom on two random
weeks shows a double seasonal behaviour (see Figure 4.2) with s1 = 24 (one day) and s2 = 168
(a week). Figure 4.3 shows the autocorrelation function of the consumption of this room, which
consolidates us in the seasonal behaviour.

Figure 4.1: Plot of the normalized electricity consumption of Room 1

Figure 4.2: Plot of the normalized electricity consumption of Room 1 for 2 random weeks

If we take a closer look to Figure 4.1, two holes can be seen around the end of the years
2017 and 2018. In fact it corresponds to the Christmas holiday weeks, for which the general
behaviour is broken. There are two possibilities to manage this kind of pattern: either these
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Figure 4.3: Plot of the autocorrelation function of the electricity consumption of Room 1

weeks are removed from the time-series (like if they were not existing), or they are replaced by
some estimation (for example, the mean of the other weeks of the time-series or some estimations
using a Kalman filter). Here the first possibility is chosen, because it allows the link of the
first week of January with previous data (without including the Christmas week). If the other
possibility was used, the first model parameters of the first week of January would be used with
data created artificially. This means that these parameters would not be directly link to real
data. Furthermore there is only one Christmas holiday week per year, corresponding to 2 weeks
out of the 85 weeks of data available in our case. So simply removing them is not bound to
deteriorate the model performance.

For reasons of completeness we should mention that another possibility to deal with this issue
could be to consider the Christmas weeks as unknown (like if there were no available data) and
to use model capable to handle missing data, such as the Kalman filter.

4.1.2 The model structure

When we look at Figures 4.1 and 4.2, an homogeneous non-stationary behavior can be identified
(similar repeated behaviour during the week days and kind of a cut off during the weekend). Like
it was explained in Section 2, an integrated model can be used to capture this kind of behaviour.
So the weekly differencing operator 1−B168 is applied to the room consumption to remove this
non-stationary behaviour. The resulting signal z is shown on Figure 4.4. The autocorrelation
function of this deseasonalized signal can be seen at Figure 4.5. Compared to Figure 4.3, we see
that already an important part of the signal has been modelled. Trying to deseasonalize a second
time with respect to the day gives the autocorrelation function of Figure 4.6. Comparing this
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Figure 4.4: Plot of the deseasonalized electricity consumption z(t) = (1−B168)y(t) of Room 1

figure with Figure 4.4, it seems better to deseasonalize once with regard to the week than twice.

Figure 4.5: Plot of autocorrelation function of z until 2 week lags (336 hours) for Room 1

The initial idea to capture the process dynamics with a double seasonal model is confirmed
by the autocorrelation of the transformed signal output z shown on Figure 4.5. The lags 24, 48,
etc as well as the lags 168, etc are correlated with zt. So the model structure used for the model
estimation is a 2SARIMA(p, q, 0)(P1, Q1, 0)24(P2, Q2, 1)168.
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Figure 4.6: Plot of autocorrelation function until 2 week lags (336 hours) of Room 1 electricity
consumption deseasonalized twice (with regard to the week and day)

4.1.3 Estimation method

The method used for the estimation of the model is the extended Hannan-Rissanen method.
Arguments for this choice have been explained previously, and the internal parameters used are
as follows (s1 = 24):

• For the scanning order :

plong = dmin(log(N)1.3, 22)e

P1long = 6

P2long = 8

• For the diagnostics and the estimation of the final model :

plong = dmin(log(N)1.3, 22)e

P1long = 3 max(P1, Q1)

P2long = P2 +Q2

4.1.4 Scanning order procedure

To choose the model structure, first the size of the training and validation sets need to be selected.
Looking at the last weeks of the data, some differences between successive weeks can be seen
and so one or two weeks will probably not be enough to verify if the behaviour of the process
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has been well estimated. The proportion 90%/10% seems to be a good idea, but the junction of
these two sets happens in the middle of May 2018. The problem in that case is the presence of
several days off during this month, which are linked to unusual non-stationary behaviour an be
practically translated as noise in the model. In other words, it’s an abnormal comportment of the
process, i.e. if our model would capture this behaviour it would have become way more complex.
Since the idea is to verify the model performance using the validation set, we do not want this
kind of perturbation in it. So the final proportion chosen is 92%/8% allowing to have 7 weeks
from June in the validation set. We thus have Nval = d0.08Ne with N = 15000 approximately.

Figure 4.7: Plot of the scanning order for Room 1 with p = q = 15 and with the seasonal AR
and MA orders the same

Figure 4.8: Plot of the scanning order for Room 1 with P1 = Q1 = 6 and with the AR and MA
orders the same for the regular and second seasonal orders

Now that the training and validation sets are chosen, let’s begin the scanning order procedure
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to find the appropriate model structure. The first scanning is done for a model where the regular
orders (p and q) are fixed to 15 (chosen after different tests). Both seasonal orders vary from 1
to 7, while keeping the regular AR and MA orders constant. The resulting cost function on the
validation set is shown at Figure 4.7. It seems that the best pair of second seasonal parameters
(P2 and Q2) is 3 no matter the first seasonality orders. To see if this minimum is the same when
the regular orders vary, the scanning is done with regular and second seasonal orders, keeping
first seasonal orders equal to 6, through Figure 4.8 (MA and AR orders stay equal). Similar to
Figure 4.7, the minimum of the second seasonal orders seems to not depend on the regular ones.
Finally, the regular orders are fixed to 6 (local minimum at Figure 4.8) and the first seasonal
orders to 6 (local minimum at Figure 4.7). Then a scanning is done with different values of P2

and Q2. The result is shown on Figure 4.9 and the best pair for minimizing Vval is P2 = 3 and
Q2 = 5.

Figure 4.9: Plot of the scanning order for Room 1 with p = q = 6 and P1 = Q1 = 6

The next step is to scan the regular and first seasonal orders (still with same AR and MA).
This is done at Figure 4.10. The minimum of Vval is around the point (5,5) for the regular and
first seasonal pair of orders, respectively. There is another local minimum at (23,6), but we will
come back to it at the diagnostics part in the following subsection. Nevertheless it seems that
the value of the regular orders will probably not influence significantly the best P1 and Q1.

Finally, to minimize Vval, the regular orders are fixed at 5 and then the scanning is done with
P1 and Q1. This is shown at Figure 4.11 and we see that minimum is achieved for P1 = Q1 = 6.
The last scanning is done for p and q at Figure 4.12 when fixing the other orders at the best
values found before. The best p and q seems to be 6 and 5, respectively.
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Figure 4.10: Plot of the scanning order for Room 1 with P2 = 3 and Q2 = 5 and with the AR
and MA orders equal for the regular and first seasonal orders

Figure 4.11: Plot of the scanning order for Room 1 with p = q = 5, P2 = 3 and Q2 = 5

4.1.5 Diagnostics

The next step in order to choose the final model is to check whether this model performs as
expected and whether it can be improved. Recall that we want our model to predict as well
as possible the consumption of electricity in the room. If the model was perfect, the estimated
residuals would be i.i.d., given no model mismatch (the only thing not seen by the model is the
white noise). So the diagnostics are done using the autocorrelation of the estimated residuals.
This autocorrelation is computed on the training set, because the model tries to find the real
pattern on this set. So for the perfect model, the autocorrelation of the residuals on the training
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Figure 4.12: Plot of the scanning order for Room 1 with P1 = Q1 = 6, P2 = 3 and Q2 = 5

set would be 0 everywhere apart from the 0th lag, corresponding to the variance of the noise
realization.

Figure 4.13: Plot of autocorrelation function of the residuals obtained using the model
2SARMA(6, 5, 0)(6, 6, 0)24(3, 5, 1)168 of Room 1

Recall that the chosen model after the scanning order is a 2SARMA(6, 5, 0)(6, 6, 0)24(3, 5, 1)168.
The residual autocorrelation function obtained with this model is plotted on Figure 4.13. The
blue lines correspond to the 95% confidence bounds : if the autocorrelation is between these two
lines then we can accept the statistical hypothesis that the value of the residuals is 0 with a
probability of 0.95.

The first thing that can be noted is the fact that some lags from 7 to 23 are out of the
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confidence bound, pointing to possibly unmodeled dynamics. To try to deal with that, the values
of p and q can be increased to model dependencies between yt and yt−7, yt−8, ... , yt−23. In fact,
if we remember the local minimum on Figure 4.10 with regular orders of 23 and first seasonal
orders of 6, we can repeat the scanning order for higher values of p and q (shown on Figure
4.14). We see that a better local minimum is found for p = q = 23. Using these values for the
model, all the lags until 22 are now inside the confidence bound (Figure 4.15). Nevertheless
the autocorrelation at the lag 23 stays outside the bound. It seems that the model structures
proposed in this thesis cannot describe the dynamic linked to the apparition of this peak in the
autocorrelation at lag 23. So even if these values occur due to a model model mismatch, we can
accept here that the autocorrelation of the residuals resembles the one of a white noise signal.

Figure 4.14: Plot of the scanning order for Room 1 with P1 = Q1 = 6, P2 = 3 and Q2 = 5

Concerning the daily lag and its multiples (24, 48, ..., 144) , it seems that some of these
are a little bit higher than the confidence bound. This phenomenon is already attenuated with
the increase of the regular orders. Looking at the values of the daily parameter estimates, we
see that Φ24

6 = 0.0018, which is really low comparing to the other daily parameter estimates
which have an absolute value mean of 0.0517. So this parameter can be omitted and P1 = 5. It
results with only the lag 72 which is a little bit higher than the confidence bound. Once again
we suppose that this phenomenon appears due to model mismatch.

For the weekly lags (168, 336), the autocorrelations are in the bound and increasing the
double seasonal orders does not improve the autocorrelation function or the cost function on the
validation set (Vval).

85



4.1.6 Results given by the model

At the seen of the diagnostics, a 2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 model is chosen to
describe this process linked to Room 1. Using this model, a cost function of 0.3358 on the
validation set is obtained as well as the training set residual autocorrelation function on Figure
4.15.

Figure 4.15: Plot of autocorrelation function of the residuals obtained using the model
2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 of Room 1

To have a better idea of the performance of the model, an other metric is used. In this work,
we call accuracy metric, the metric that compares the derived predictions with naive ones to
check whether a very simple predictor could be used to provide acceptable forecasts instead of
our derived model. This accuracy metric is given by

var(yt − ŷt|t−1)
var(yt − yt−s2) (4.2)

It compares the variance of the residuals obtained with the one-step ahead predictor of
the estimated model with the variance of the residuals obtained using the consumption of the
previous week (or season in general) as prediction. If the result is lower than one, it means that
the model gives better results than the naive predictor which only looks at the consumption of
the previous week. It is thus a good indication that the model is build in a good direction. The
estimated model here gives an accuracy metric on the validation set of 0.4834. Note that the
accuracy metric has the same value for y and yoriginal.

Talking about the issue concerning the days off, Figure 4.16 represents the consumption
during May 2018 with regard to the estimated consumption when May is included in the training
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set (ratio 92%/8%) in green and when it is included in the validation set (ratio 87%/13%) in red.
From that figure we can conclude that the estimations are not very different on the training and
validation set for the days off. So including May in the validation set is not bound to affect the
results.

(a) Zoom

Figure 4.16: Plot of the real Room 1 normalized consumption for May 2018 and the estimation
using the model 2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 when May 2018 is included in the training
set or in the validation set
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4.1.7 Robustness with respect to the number of data

Until now, all the available data were used to train or to validate the model. But it could be
interesting to see how the model behaves if there were more or less data available, indicating if
the model could be improved with more training data, or if the estimation of performance, could
be better with a bigger validation set.

The first thing that can be studied is the cost function evaluated on the validation set (Vval)
for the same model structure, trained on training sets of different size. At this purpose, the
validation set is kept the same, and the minimum size of the training set is fixed to 15 weeks
(approximately 4 months). The junction between the training and validation sets is also kept the
same, so the training always ends when the validation begins (the two sets are consecutive). The
size of the training set is increased by adding weeks at the beginning of it and the cost function
on the validation set is calculated and plotted on Figure 4.17.

Figure 4.17: Plot of the cost function computed on the validation set (8% of the data) using a
2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 on Room 1, for different size of training set

It can be observed that the cost function decreases sharply until 26 weeks and increases slowly
after that. Alternatively, we would expect that the cost function decreases when the size of the
training set increases (because the simulation-based study shows that parameters estimates are
better computed when there is more data), or at least that it does not increase. There are two
possible ways to explain that : either the 3 months preceding the validation set already contain
all the information of the real process and more data does not bring new information, or there is
something wrong with the validation set (for example, it is not large enough). We will see later
that by choosing a larger (and then a more representative) validation set, this phenomenon is
not observed any more.
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Fixing now the training set, the size of the validation set is modified. The same junction
between the validation and training set is still kept, and more and more data are included in the
validation until it contains 8% of them. The resulting cost function computed on the different
validation sets are plotted on Figure 4.18. We see that the cost function is not really "stable", in
the sense that it decreases when the size increases and it seems that it could continue to decrease
if there were more data available. This is not good news because we would like our validation set
to represent as good as possible the behaviour of the real system, and so that adding new data
to it does not change a lot the information inside it. So Vval should not vary a lot when there is
enough data contained inside the validation set.

Figure 4.18: For a fixed training set (92% of the data), plot of the cost function computed on
validation sets of different size using a 2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 on Room 1

These observations question the previous choice of the training/validation set proportion.
And like the cost function does not decrease if we decrease the number of data (using the same
validation set, see Figure 4.17), and May seems to not be a problem for the validation set (see
Figure 4.16), the training/validation ratio is changed to 80%/20%. The results for the model
robustness using this ratio, shown on Figures 4.19 and 4.20, seems to be more promising. Indeed
the cost function decreases until 36 weeks and then stays constant with increasing training size.
Moreover it varies less when the size of validation set is enough large.

4.1.8 Final model

From the robustness analysis point of view, the choice of the final structure model and the
computation of its performance is done using the training/validation ratio of 80%/20%. The
model structure selection and the diagnostics are repeated using this ratio. But like the
methodology was already exposed in details, the final model structure obtained is directly
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Figure 4.19: Plot of the cost function computed on the validation set (20% of the data) using a
2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 on Room 1, for different size of training set

Figure 4.20: For a fixed training set (80% of the data), plot of the cost function computed on
validation sets of different size using a 2SARMA(23, 23, 0)(5, 6, 0)24(3, 5, 1)168 on Room 1

given : a 2SARMA(23, 23, 0)(5, 6, 0)24(4, 5, 1)168. The resulting autocorrelations are plotted at
Figure 4.21 and Vval = 0, 3882. We see that the model structure is really similar to the one
chosen previously, but the cost function is higher. It means that the new chosen training and
validation sets do not change a lot the model structure but probably give a better estimation of
the performance given by the model on a totally new data set. The accuracy metric of eq 4.2
obtained for this model on the validation set is 0.4672.

A part of the obtained normalized predictions are shown on Figure 4.22 for the training set
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Figure 4.21: Plot of autocorrelation function (computed on the 80% training set) of the residuals
obtained using the model 2SARMA(22, 15, 0)(4, 6, 0)24(3, 3, 1)168 of Room 1

(in magenta) and for the validation set (in red). Clearly these predictions are closed to the true
behaviour of the real electrical consumption.

Given that, it can be the case that an integer number is needed to be returned as prediction
of the electricity consumption (usually the case for large values of consumptions), so it is also
interesting to round the predictions to obtain integer values for the consumption. At this end,
once the predictions are computed, they are rounded to the upper integer if their decimals ≥ 5
and to the lower integer otherwise. The predictions of Figure 4.22 are rounded on Figure 4.23.

Using the rounded values, new metrics can also be explored to give an idea of the performance
of the model in that case. For this model of Room 1, the percentage of incorrect rounded
predictions on the validation set is 45.5%. It means that less than half of the predictions are
incorrect, and so that it is difficult to predict exactly the rounded consumption. For these
incorrect predictions, the average error committed is 105% of the lowest possible error that can
occur (errors of 1 unit). In fact 95.5% of the errors are minimum (1 unit away from the true
value). Keep in mind that all the metrics here are not altered by the normalization of the data,
i.e. they stay the same on y a,d yoriginal.
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(a) Zoom

Figure 4.22: Plot of the real and estimated normalized consumption of Room 1 for the training
(80%) set and validation (20%) set using the model 2SARMA(23, 23, 0)(5, 6, 0)24(4, 5, 1)168
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(a) Zoom

Figure 4.23: Plot of the real and rounded estimated normalized consumption of
Room 1 for the training (80%) set and validation (20%) set using the model
2SARMA(23, 23, 0)(5, 6, 0)24(4, 5, 1)168
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4.1.9 Multi-step ahead predictions

Now that the final model is chosen and estimated, another interesting thing to check is the ability
of the model to provide multi-step ahead predictions. To compute the k-step ahead predictor
ŷt|t−k, first an estimation of the innovations is done as for the computation of the one-step ahead
predictor : âi = yi − ŷi|i−1 for i until t − k. ât−k+1, ât−k+2, ... , ât cannot be estimated and
are thus fixed to zero. After that, an estimation of yt−k+1 is computed as the one-step ahead
predictor ŷt−k+1|t−k. Using this estimation, the 2-step ahead predictor ŷt−k+2|t−k is calculated by
following the same principle as for the one-step ahead predictor. Then the 3-step ahead predictor
ŷt−k+3|t−k is computed using the estimations ŷt−k+2|t−k and ŷt−k+1|t−k of respectively yt−k+2

and yt−k+1. The same methodology is recursively applied until ŷt|t−k is obtained [2, 6].

(a) For non-rounded predictions

(b) For rounded predictions

Figure 4.24: Plot of the of the metrics on the validation set for k-step ahead predictors (k =
1, ..., 23) using the model 2SARMA(23, 23, 0)(5, 6, 0)24(4, 5, 1)168 of Room 1

On Figure 4.24 the predictors from one hour to one day are exposed. The 2-step ahead
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predictor presents similar performance as the one-step ahead, for the 4 metrics. It means that
the estimated model can predict well both the 2 next hours following the end of the available
electricity consumption. Concerning the other predictors, the metrics becomes worse with
increasing k, with a larger increase before k = 10 and then it seems to tend to a constant or to
increase only slightly.

(a) For non-rounded predictions

(b) For rounded predictions

Figure 4.25: Plot of the of the metrics on the validation set for daily k-step ahead predictors
(k = 1, 24, 48, ..., 192) using the model 2SARMA(23, 23, 0)(5, 6, 0)24(4, 5, 1)168 of Room 1

About the prediction of the electricity consumption for several days, the same metrics are
plotted on Figure 4.25. They all increase sharply from 1 hour to 1 day, but continue their ascent
slower with the number of days increasing, with a little peak for k = 192 (except for the accuracy
metric).

An important thing to note is the fact that the accuracy metric stays below 1 for all predictors,
meaning that even for predictor with high k, our predictions are better than the naive ones. Note
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also that from k = 192 and on, the naive predictor of the accuracy metric is the consumption 2
weeks ago (like the predictor is more than 1 week away from the last known consumption). This
explains the fact that the accuracy metric does not increase for k = 192.

4.2 Room 2

The modeling procedure is repeated for another room (Room 2). The detailed selection of the
model structure and analysis are not given since it is the same as for Room 1.

For Room 2, the final model chosen is a 2SARMA(23, 20, 0)(5, 5, 0)24(2, 7, 1)168. The auto-
correlation function on the training set residuals and the real and estimated consumption are
shown on Figure 4.26 and 4.27, respectively. Similar to the first room, the residuals are not
completely i.i.d., but increasing the orders of the model does not improve the autocorrelation
function or it does at the detriment of Vval. The estimated consumption seems to follow the real
consumption, both for the validation and the training sets.

Figure 4.26: Plot of autocorrelation function (computed on the 80% training set) of the residuals
obtained using the model 2SARMA(23, 20, 0)(5, 5, 0)24(2, 7, 1)168 of Room 2

The value of Vval obtained with this model is 0.8057, the accuracy metric is 0.2465, the
percentage of incorrect rounded predictions is 45, the mean of the absolute error of the rounded
incorrect predictions is 126% of the minimum error and the percentage of minimum error among
all the errors is 81.
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(a) Zoom

Figure 4.27: Plot of the real and estimated normalized consumption of Room 2 for the training
(80%) set and validation (20%) set using the model 2SARMA(23, 20, 0)(5, 5, 0)24(2, 7, 1)168

4.3 Room 3

For the third choice of single room (Room 3), a 2SARMA(21, 23, 0)(6, 6, 0)24(7, 7, 1)168 is chosen
as final model. The autocorrelation function on the training set residuals and the real and
estimated consumption are shown on Figure 4.28 and 4.29, respectively.

The value of Vval obtained with this model is 0.8060, the accuracy metric is 0.2627, the
percentage of incorrect rounded predictions is 50, the mean of the absolute error of the rounded
incorrect predictions is 121% of the minimum error and the percentage of minimum error among
all the errors is 83.5.
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Figure 4.28: Plot of autocorrelation function (computed on the 80% training set) of the residuals
obtained using the model 2SARMA(21, 23, 0)(6, 6, 0)24(7, 7, 1)168 of Room 3

(a) Zoom

Figure 4.29: Plot of the real and estimated normalized consumption of Room 3 for the training
(80%) set and validation (20%) set using the model 2SARMA(21, 23, 0)(6, 6, 0)24(7, 7, 1)168
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4.4 Multivariate: Room 1 + another room

The first multivariate model contains Room 1 and another room located at the same floor. The
final model chosen is a V 2SARMA(22, 20, 0)(6, 6, 0)24(4, 7, 1)168. The autocorrelation function
of the training set residuals and the real and estimated normalized consumptions are shown on
Figure 4.30 and 4.31, respectively, for Room 1.

Figure 4.30: Plot of Room 1 autocorrelation function (computed on the 80% training set) of the
residuals obtained using the model V 2SARMA(22, 20, 0)(6, 6, 0)24(4, 7, 1)168 with 2 variables

The model with the 2 variables gives Vval = 0.3424, a percentage of incorrect rounded
predictions of 46, a mean of the absolute error of the rounded incorrect predictions is 110% of the
minimum error and the percentage of minimum error among all the errors of 92. The accuracy
metric is computed on the predictions of the Room 1, and its value is 0.4294.
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(a) Zoom

Figure 4.31: Plot of the real and estimated normalized consumption of Room 1 for the training
(80%) set and validation (20%) set using the model V 2SARMA(22, 20, 0)(6, 6, 0)24(4, 7, 1)168
with 2 variables

4.5 Multivariate: Room 2 + Room 3

The second multivariate model contains Room 2 and Room 3, which are on the same floor. The
final model chosen is a V 2SARMA(23, 23, 0)(6, 6, 0)24(3, 5, 1)168. The autocorrelation function
of the training set residuals and the real and estimated normalized consumption are shown on
Figure 4.32 and 4.33, respectively, for Room 2.

This model with the 2 variables gives Vval = 0.5528, a percentage of incorrect rounded
predictions of 45, a mean of the absolute error of the rounded incorrect predictions is 122% of the
minimum error and the percentage of minimum error among all the errors of 83. The accuracy
metric is computed on the predictions of the Room 2 and Room 3 independently, and are 0.2383
and 0.2385, respectively.
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Figure 4.32: Plot of Room 2 autocorrelation function (computed on the 80% training set) of the
residuals obtained using the model V 2SARMA(23, 23, 0)(6, 6, 0)24(3, 5, 1)168 with 2 variables

(a) Zoom

Figure 4.33: Plot of the real and estimated normalized consumption of Room 2 for the training
(80%) set and validation (20%) set using the model V 2SARMA(23, 23, 0)(6, 6, 0)24(3, 5, 1)168
with 2 variables
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4.6 Multivariate: Room 1 + two other rooms

To test multivariate models with 3 variables, a model is fitted for Room 1 and two other rooms
with one at the same floor as Room 1. The final model chosen to describe this multivariate process
is a V 2SARMA(23, 23, 0)(6, 6, 0)24(3, 5, 1)168. The autocorrelation function of the training set
residuals and the real and estimated normalized consumptions are shown on Figure 4.34 and
4.35, respectively, for Room 1.

Figure 4.34: Plot of Room 1 autocorrelation function (computed on the 80% training set) of the
residuals obtained using the model V 2SARMA(23, 23, 0)(6, 6, 0)24(3, 5, 1)168 with 3 variables

The model with the 3 variables gives Vval = 0.3320, a percentage of incorrect rounded
predictions of 48, a mean of the absolute error of the rounded incorrect predictions is 113% of the
minimum error and the percentage of minimum error among all the errors of 89.5. The accuracy
metric is computed on the predictions of the Room 1, and its value is 0.4331.
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(a) Zoom

Figure 4.35: Plot of the real and estimated normalized consumption of Room 1 for the training
(80%) set and validation (20%) set using the model V 2SARMA(23, 23, 0)(6, 6, 0)24(3, 5, 1)168
with 3 variables

4.7 Multivariate: Room 2 + Room 3 + another room

The last application is also a 3-variable model, using Room 2 and Room 3 (which are at the
same floor) plus another room located at a different floor (this room was also include in the
previous 3-variate model). The final model chosen to describe this multivariate process is
a V 2SARMA(23, 22, 0)(6, 4, 0)24(3, 3, 1)168. The autocorrelation function of the training set
residuals and the real and estimated normalized consumptions are shown on Figure 4.36 and
4.37, respectively, for Room 2.

This model with the 3 variables gives Vval = 0.4569, a percentage of incorrect rounded
predictions of 49.5, a mean of the absolute error of the rounded incorrect predictions is 119%
of the minimum error and the percentage of minimum error among all the errors of 85. The
accuracy metric is computed on the predictions of the Room 2 and Room 3 independently, and
are 0.2330 and 0.2409, respectively.
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Figure 4.36: Plot of Room 2 autocorrelation function (computed on the 80% training set) of the
residuals obtained using the model V 2SARMA(23, 22, 0)(6, 4, 0)24(3, 3, 1)168 with 3 variables

(a) Zoom

Figure 4.37: Plot of the real and estimated normalized consumption of Room 2 for the training
(80%) set and validation (20%) set using the model V 2SARMA(23, 22, 0)(6, 4, 0)24(3, 3, 1)168
with 3 variables
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4.8 Comparison of the results

Before ending this chapter, it is interesting to compare the different estimated models presented
so far. This comparison is done using the independent performance of a particular room in the
models. It means that the multivariate models, the metrics computed on the same room in the
different models are compared. It is important to clarify that all the metrics presented here show
a better model for prediction when they are lower.

Table 4.1 summarizes, for the three single rooms studied, cost function (Vval) (eq 4.1) and
accuracy metric (eq 4.2) obtained using the different estimated models of each process studied in
this chapter. The accuracy is considered "good" when it is below 1, which is the case for each
room and model here. For the cost function, it is more difficult to give a bound. Keep in mind
that the cost function in this table is the cost function of the room independently of the other
rooms included in the same model.

Model used for estimation
Univariate 2 variables 3 variables

Room 1 Vval 0.3882 0.3567 0.3594
Accuracy metric 0.4672 0.4294 0.4332

Room 2 Vval 0.8057 0.7788 0.7628
Accuracy metric 0.2477 0.2383 0.2330

Room 3 Vval 0.8060 0.7318 0.7375
Accuracy metric 0.2627 0.2385 0.2409

Table 4.1: Values of the cost function and accuracy metric obtained for the 3 rooms studied,
with the different estimated models of Chapter 4

Comparing the performance of the univariate models with the models having 2 variables, we
see that it is better in the 2 variable case. It can be explained by the fact that in the 2 variable
models, the rooms are located on the same floor. So it seems logical that their consumption
are linked in a certain way, and that knowing the consumption of one helps to predict the
consumption of the other. However, for the 3 variable models, the metrics are pretty like the
same as for the 2 variable ones. This phenomenon can be explained by the fact that the third
room is not located on the same floor. Then, taking into account in the model a room located at
a different floor does not improve the performance of the model.

Table 4.2 summarizes metrics computed with rounded predictions for each room. These
metrics constitute more specific information,providing more about the behaviour of the estimated
models. First the accuracy metric (eq 4.2) informs us whether the use of the rounded predictions
is interesting, comparing to naive predictions (taking the consumption of the previous week at
the same moment). Then the percentage of incorrect predictions gives an idea of the proportion
of correct predictions. Since during the nights and the weekends (an important part of the data)
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the consumption seems to vary randomly between 2 values, a proportion of incorrect predictions
of 50 % or less is considered acceptable. Finally the mean of the errors committed when the
predictions are not exact allows to have an idea of the amplitude of the error committed. This
metric is expressed in percentage of the minimum error possible. If this value is 100 %, it means
that all the errors are minimum (of 1 unit). The more this value increases, the bigger are the
errors committed. The exact same observations as in the table 4.1 can be done.

Model used for estimation
Univariate 2 variables 3 variables

Room 1
Accuracy metric 0.6245 0.5627 0.5541
Proportion of incorrect predictions (in %) 45.5 41.5 40.5
Mean of error for incorrect predictions 105 104 105

Room 2
Accuracy metric 0.2722 0.2513 0.2513
Proportion of incorrect predictions (in %) 45 43 44.5
Mean of error for incorrect predictions 126 125 122

Room 3
Accuracy metric 0.2846 0.2600 0.2619
Proportion of incorrect predictions (in %) 50 46.5 47.5
Mean of error for incorrect predictions 121 120 119

Table 4.2: Values of metrics with rounded predictions for the 3 rooms studied, with the different
estimated models of Chapter 4

4.9 Conclusion

In this chapter, successful application of the model structure selection as well as the extended
HR model estimation method presented in Chapter 3 have been presented for a real life process.
For one of them, a complete description of the method for choosing the model structure (data
analysis, diagnostics, robustness with regard to the length of data,...) was described, allowing to
have a clear idea of how the model orders are chosen.

The final results for univariate and multivariate models indicate that the behaviour of the
underlying electricity consumption processes can be efficiently predicted, while different validation
indices are provided to measure the accuracy of the predictions. The autocorrelation function of
the residuals resembles in all cases the one of a white noise realization, while further improvement
might be possible with a change in the model structure to make it more complex.

The comparison between models shows that rooms on the same floor can be used in the same
model to improve the independent performance of each room. Nevertheless, if the rooms are
located on different floors, it is possible that the performance of each room using the multivariate
model decreases.
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Chapter 5

Conclusions and future work

Nowadays, time-series prediction is a large field with increasing number of applications. In
order to predict a time-series, there exists a large number of possible models to describe real life
processes. For these models, there exists a large number of methods to compute estimations of
them.

The contributions of this thesis are the following :

• The Hannan-Rissanen method was extended for estimation of single and double seasonal
ARMA models with one or multiple variables. This extension uses in the first step the
seasonality behaviour of the model to compute better innovation estimates than with the
classical HR method.

• An identification procedure of the internal parameter orders (sufficiently large orders of
intermediate AR model of step 1) of the extended HR method was also proposed. This
procedure modify the internal parameter orders in function of the orders of the estimated
model and the size of data.

• A statistical analysis of the method was done, from which we conclude that the HR method
is more accurate (in the sense it is less biased and the variance decreases) with the increase
of the number of available data to train the model. It was also found that the variance
linked to the innovation does not influence the statistical properties of the parameter
estimates.

• A model structure selection method was described and its performance was verified on
simulation-based studies. Its principle is to scan different values of model parameter orders
to evaluate the cost function on a validation set (Vval). The orders such that Vval is
minimized are chosen for the model structure of the model.
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• Applications of the extended HR method and the model structure selection were applied
on real time-series coming from the measurement of the electricity consumption in one or
multiple sites. The final consumption estimations gave sufficiently good results looking at
the accuracy metric and the rounded prediction metrics.

One objective of this thesis is to open the way for time-series prediction using the (extended)
HR method. At this purpose, a suggestion of possible future works can be made :

• Incorporating exogenous inputs in the models described in Chapter 2 and adapting the
extended HR method to incorporate these inputs in the model estimation. For example,
the weather condition could influence the electricity consumption and then a model taking
this external inputs could give better results for the predictions.

• Adapting the extended HR method to work with missing data could improve the performance
of the method.

• A description of other method for the identification of the internal parameters of the first
step of the extended HR method (plarge,Plarge,...). For example, using an information
criterion (as Aikake, Bayesian, Deviance,...) for the selection of a model structure for
the AR model of step 1 could result on a better estimation of the innovation at this step
and then better parameter estimates (in term of MSE) after the second step. Another
improvement could be to adapt the third step of the HR method [11] for prediction of
seasonal models.

• Using the parameter estimates obtained with extended HR as initial values for computation
of ML parameter estimates. As explained before, methods using the likelihood function
need to solve a non-linear optimization problem, so initial values are needed. The ML
methods could then be used complementary to the HR method to improve the accuracy of
the parameter estimates and of the predictions.
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