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Abstract

This thesis, done in collaboration with Cenaero, contributes to the MACOBIO project. It develops a numerical tool modelling the
properties of heterogeneous materials based on random field generation and analysing the mechanical responses of the composite
objects.

After reviewing the different composite materials and mechanical laws based on homogenization methods, this thesis presents a
numerical tool to simulate Gaussian random fields on 3D surfaces.

It first defines the covariance function associated with the Gaussian random field. The random field is then discretised on finite
elements using Karhunen-Loève expansion. The Karhunen-Loève expansion is computed by solving a Fredholm integral equation of
the second kind.

The integrals involved by the Fredholm equation are evaluated using Galerking methods. The integrals depend on discrete values
of the covariance function, itself a function of the geodesic distances. The geodesic distances are evaluated using the fast marching
method or the recursive fast marching method. The recursive fast marching method is applied on 2D and 3D surfaces and the errors
of the method are characterized.

The random field generation method is applied on a composite chair. Two uncertain properties are modelled: the fibre volume
fraction and the angles of the plies. Two mechanical responses (the deflection and the Tsai-Wu criterion) are analysed by means of
the Monte Carlo method.
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Chapter 1

Introduction

The use of composite objects has soared during the 20th century. Even though composite objects were already used in classical
times to build constructions made of wood and mud, the modern sense of composite has appeared with the discoveries of plastics.
Composite materials are created by combining a matrix with reinforcement. The matrix, usually made of plastics, transfers the loads
to the reinforcement, for instance carbon fibres, and ensures the cohesion between the two materials. Among composite objects, one
can find tennis rackets, skis, cars, aircraft and even spacecraft [14]! For instance, the Boeing 787 Dreamliner contains about 50% of
advanced composite materials [19].

The composite market is in constant evolution. Ongoing researches study new composites made of bio-degradable, environment
friendly components. Those materials are made of bio-based matrices and reinforced with vegetal fibers. Some facts show their
increasing importance. For instance, the bio-based market earnings are approximately 3% of those of the polymer market ($300
billion dollar sales with an annual growth rate of 3%) and its growth rate is twice as large as the one of the plastic industry [1].

The goal of the MACOBIO project is to develop composite materials reinforced with biofibres [12]. MACOBIO is part of the
2014-2020 FEDER project "Low Carbon Footprint Materials". The partners of this project are research centres and universities. As a
member of the project, Cenaero provides expertise in numerical simulations. One of the objective of Cenaero, to which this thesis con-
tributes, is to develop a numerical tool analysing the effect of uncertain properties on the mechanical responses of composite objects.
This is of utmost importance as biocomposites suffer from large variations in their properties and characteristics. Those variations oc-
cur during manufacturing and impact the mechanical behaviour of the final object, sometimes even leading to failure and damage [38].

Heterogeneous materials, like composite materials, are usually modelled using homogenisation techniques. Those techniques,
applied to the surface of the object, do not represent the variability of properties inherent to composite objects, especially those made
of bio-based materials. The idea is to model an heterogeneous material by splitting it in several, smaller, homogeneous materials. The
material properties of the reinforcement and the matrix are considered constant. The heterogeneity is described by discrete values of
a random field. Those discrete values can, for instance, define the proportion of reinforcement in the material.

The random field is characterized by a covariance function (itself a function of distances, standard deviation and covariance char-
acteristic length) and a mean value. Random fields can be generated using Karhunen-Loève expansion and discretised by means
of finite elements. Discrete values of the covariance function are necessary to solve the Karhunen-Loève expansion. In order to
compute those values, the distance between discrete points needs to be evaluated. Because the surfaces of composite objects are
3D surfaces, the Euclidean distance, contrarily to the Fast Marching Method [28] and the Recursive Fast Marching Method [29], does
not give the correct distances between points on the surface of the object.

Once the field is generated, the properties of the whole material can be defined and mechanical loads applied on the object. The
mechanical responses of the object are finally analysed using Monte Carlo method.

Before addressing results, it is necessary to lay out the theoretical basis of several subjects. The first subject, explained in Chapter
2, is the classification of composite materials, the uncertainties that impact their properties and the manufacturing steps that create
them. The second subject, described in Chapter 3, is the mechanical behaviour of laminates (a given type of composite objects)
and the prediction of failure or damage. Then, Chapter 4 defines Gaussian random fields and explains how to numerically represent
them. Chapter 5 explains how the Fast Marching Method and the Recursive Fast Marching Method work. Chapter 6 enumerates the
different software used, explains how Cenaero’s program works and highlight my personal contribution. It ends with the mechanical
analysis of a chair whose properties are uncertain. The last chapter summarizes the thesis and outlines future possible researches.
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Chapter 2

Composite materials

The goal of this chapter is to classify composite materials depending on their components (matrix and reinforcement) [3, 15, 18, 22, 36],
describe a manufacturing process [3, 15, 22, 27, 34, 36] and the uncertainties it generates [38].

2.1 Classification

Composite materials are made of two or more distinct and separable components of different shapes, chemical compositions or
mechanical properties. The continuous phase, also called the matrix, surrounds and transfer the loads to the reinforcement. The
reinforcement reinforces the matrix as it usually possesses higher mechanical properties. Mixing the matrix and the reinforcement
allows to design a new, heterogeneous, material whose properties are superior in some sense from each of its components.

Composite materials can be classified based on their fibres’ and matrix’ types. Table 2.1 gives several examples of composite
materials with metallic, organic or mineral matrices [15].

Composite material Constituent part Applications

Metallic matrix Aluminum matrix, bore fibres
Aluminium matrix, carbon fibres

Spaceship

Organic matrix

Paper, cardboard Resin, filling, cellulose fibre Printing, Wrapping
Particle board Resin, wood chips Carpentry
Fibre board Resin, wood fibres Buildings
Seal material Bitumen, elastomers, textile insert Roofing

Mineral matrix

Carbon-Carbon composite Carbon matrix, carbon fibres Sports, bio-medical
Concrete Cement, sand, gravel Buildings

Table 2.1: Examples of composite materials (definition with large scope)

Organic matrices, and in particular polymeric matrices, are the most common. Their mechanical properties and weights are low
compared to metals and minerals. Reinforcing polymers can lead to high gains in term of mechanical properties. Furthermore,
manufacturing polymer matrix composites does not require high temperature or pressure [36]. Therefore, and in order to restrict the
scope of this thesis, only composite materials with plastic matrices will be considered. In the general case, such composite materials
can be reinforced using metallic, organic or mineral fibres. In practice, industrial applications with organic matrices are reinforced with
[15]

• metallic fibres: aluminium, boron, ...

• organic fibres: Kevlar, polyamides, natural fibres, ...

• mineral fibres: glass, carbon, ...

Composite materials can also be classified based on reinforcement topology. It can be made of fibres or particles. A fibre,
contrarily to a particle, possesses a primary direction as its length is much greater than its diameter. The aspect ratio, the ratio of length
to diameter, determines whether fibres are continuous or short. Continuous fibres, contrarily to short fibres, have high aspect ratios.
Short fibres have random or preferential orientations. Long fibres can be unidirectional or woven. When fibres are organised with a
preferential direction, the material is anisotropic, at least one of its property vary depending on the considered direction. Otherwise,
the material is isotropic. When a layer of reinforcement is impregnated with resin, it is called a ply. A ply is thus a material made of two
distinct materials: the fibre and the resin. Such materials are heterogeneous (in opposition to homogeneous materials). The stacking
sequence of several plies of different orientations and thickness’s form a laminate.

2.1.1 Matrix

Plastic are classified, based on their chemical structures, in thermosetting and thermoplastic. Those two families possess very
different mechanical and thermal properties.
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Matrix

material
Thermoplastic

Thermosetting

Figure 2.1: Classification of matrix materials.

Thermosetting resins form strong covalent bounds, also called cross-links, between polymer chains during the hardening process.
Because of cross-links, thermosetting resins can not be remelted to be reshaped. However, they possess increased stiffness and
may be used at high temperatures. The most common thermosetting resins in decreasing sequence are unsaturated polyester, epoxy,
and phenolic [36].
Thermoplastic resins, contrarily to thermosetting resins, are linear polymers and do not cross-link. Bondings between chains are
due to weak, easily broken, van der Waals forces. Thermosetting resins have low manufacturing costs but also low mechanical and
thermo-mechanical properties.

2.1.2 Reinforcement

The reinforcement can be characterized by its topology (aspect ratio and orientation) and its nature (e.g. glass, carbon, aramid or
natural fibres).

Topology

Laminates

Fibres

Particles

Long

Short

Woven

Uni directional

Oriented

Random

Figure 2.2: Classification of reinforcement based on topology.

Figure 2.3: From left to right: short
aligned fibres (A), ran-
domly oriented short fi-
bres (B), short fibres
with preferential direc-
tions (C) (based on [18]).

Figure 2.4: Uni-directional fibre
structure.

The aspect ratio of the reinforcement measures the ratio between its length
and its diameter. Particles have an aspect ratio close to one as they have
approximately the same dimensions in all directions. Fibres, either long or
short, cover a wider range of aspects ratios with smaller aspect ratios corre-
sponding to short fibres. The behaviour of continuous fibre composites is dif-
ferent form composite reinforced with short fibres or particles. However, there
does not exist a constant aspect ratio under which fibres are called short. Even
inside a composite reinforced with short fibres, the lengths of the fibres vary
[36].

The orientations of short and long fibres has major impact on the mechanical proper-
ties of the final composite object. The possible orientations of short fibres (aligned parallel
to each other, randomly oriented in the plane or oriented with a preferential direction) are
shown on figure 2.3 [22].
Long fibres can form a mat when randomly oriented, a unidirectional composite when
aligned in one direction or a fabric when woven. Mats are made of randomly oriented
long or short fibres glued together. They possess isotropic properties and, in the case of
long fibres, can deform easily which makes them perfect for moulding complex geometries.
Unidirectional composites (the fibre structure is shown on figure 2.4) have high mechanical
properties in the direction of the fibres and poor mechanical properties in the orthogonal
direction. Woven fabrics are made of parallel warp yarns in the fabric direction and a weft
going over and under the warp yarns. Fibres are woven following different patterns sum-
marised in figure 2.5.
Finally, laminates are made of different plies. Each ply may be reinforced with long uni-
directional or woven fibres or with short random or oriented fibres (see figure 2.6). When
laminates are made of unidirectional fibres, they are denoted by the angle between the fibre
direction and the reference axis x.
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(a) Woven fabric structure (b) Plain weave (c) Twill weave (d) Satin weave

Figure 2.5: Woven fabric patterns.

Material

Metallic

Glass

Carbon

Kevlar

Natural

Organic

Mineral

Figure 2.8: Classification of reinforcement based on its nature.

Figure 2.6: Laminate made of one ply with
randomly oriented short fibres
and two uni-directional plies.

Figure 2.7: Structure of carbon crystal.

Glass fibres perform well, have reduced costs and are mostly isotropic.
They are mainly made of silica (SiO2) to which aluminium, boron, cal-
cium and other oxides are added. Depending on the composition, glass
fibres are classified as type E, R and S glass. The most common
is type E glass because of its good mechanical and electrical proper-
ties. Types R and S glass fibres have higher mechanical performances
but higher costs and are used for aeronautical applications. Strands
can be chopped into fibres of a few centimetres, crushed or milled,
assembled without twist, or twisted to make yarn which may be wo-
ven.

Carbon fibres have very high mechanical properties, even at high
temperature, and low mass density but cost way more than glass fi-
bres. Carbon fibres are made of amorphous or crystalline carbon. Car-
bon crystals are made of parallel planes of carbon atoms organised in
hexagons (see figure 2.7). Carbon atoms belonging to the same plane
are bounded with strong covalent bonds. Carbon atoms belonging to dif-
ferent planes are bounded by weak van der Waals forces. Because of
the anisotropy of carbon fibres, the manufacturing processes try to ob-
tain carbon fibres with carbon planes parallel with the direction of the fi-
bres.

The most famous aramid fibres are called Kevlar and manufactured by Dupont
de Nemours. Kevlar fibres have mechanical properties similar to carbon fibres
in the direction of the fibres and low mass density. However, they possess
weak resistance in compression and bending and suffer under high tempera-
tures.

Natural fibres such as cotton, silk, wool, jute, hemp and sisal are used in every-
day life for textiles and rope. Among those, vegetable fibres are themselves com-
posite structures of lignin and hemicellulose reinforced with cellulose. They possess
a high aspect ratio (greater than 1000) and, compared to synthetic fibres, have low
manufacturing costs and cause less abrasive damage to manufacturing equipment. Furthermore, they allow a smaller CO2 impact
as plants can be regrown with low energy consumption and absorb CO2 during their growths. However, natural fibres absorb more
moisture than synthetic fibres. This leads to augmentation of the fibres’ dimensions, negative effects on the composite properties,
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greater uncertainties about the properties of the fibres and lower strengths [36, 42, 11].

Composite materials are made of a wide range of components. Those components are characterised by their material and
topology. The organisation of composite materials is summarised on figure 2.9. Depending on the characteristic of the composite
components, some manufacturing processes will be preferred.

Classification
of composite

materials

based on

Matrix

material

Reinforcement

Thermoplastic

Thermosetting

Material

Topology

Metallic

Organic

Mineral

Laminates

Fibres

Particles

Long

Short

Woven

Uni directional

Oriented

Random

Figure 2.9: Classification of composite materials.

2.2 Manufacturing of polymer matrix composites

Figure 2.10: Resin transfer moulding process.

During the manufacturing processes of polymer matrix composites, fibres are
incorporated into polymer matrices. This can be done directly or using semi-
finished products.

Semi-finished products are easy to use and store for future uses. Among
semi-finished products, compounds, contrarily to pre-pregs, contain additives
[27]. Pre-pregs are thin sheets of fibres impregnated with low viscosity resin.
They possess large fibres volume fractions and, in the case of pre-pregs im-
pregnated with thermosetting resin, have already attained partial reticulation.
Compounds are usually made of polyester resin, glass fibres and additives
(filling, catalysts, releasing agents, anti-shrinkage agents...).

Figure 2.11: Tow waviness

Figure 2.12: Shear deformation.

Incorporating fibres directly in the matrix during production can be done
by hand layup (oldest technique, reliable but slow and costly) and higher pro-
duction rate techniques such as moulding techniques (compression mould-
ing, resin transfer moulding (RTM), pultrusion,...) and filament winding
[34].

Both methods involve several steps subject to several uncertainties: vari-
ation in the fibre architecture, matrix material uncertainties and variation in
environmental and process conditions. Let’s illustrate them with the RTM pro-
cess, a process producing composite parts of complex shapes at high produc-
tion rates.

The reinforcement is placed in a closed mould and the low viscosity resin
is injected in the mould at low pressure. It flows to fill the mould, coat the
fibres and ejects the air (see figure 2.10). The resulting composite may then
be cured. Curing happens when the composite object becomes harder and
tougher.

The RTM process suffers from several uncertainties. The reinforcement is in the form of dry textiles, pre-pregs or preforms
(reinforcement fabric shaped in a three-dimensional structure). Those fabrics suffer from variability due to tow waviness (the shifting
between orthogonal fibres and bended ones) as shown on figure 2.11, size and shape variation [43]. Fibre heterogeneity comes from
production, handling and storage of pre-pregs, dry textiles and preforms.
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Some moulds have non planar surface which can not be flattened onto a plane without distortion. Draping the reinforcement on the
mould, i.e. shaping the fabric to the surface of the mould, leads to significant shape deformations also called shear deformations. Such
deformation is illustrated on figure 2.12. Shear deformation is mainly due to scissoring (the change in the inter-fibre angle) and inter-
fibre sliding [51]. Shear deformation impacts fibre volume fraction (FVF) (the volume of fibre compared to the total volume), thickness,
permeability, the development of residual stresses during the curing stage, dimensional accuracy and the mechanical properties of
the final part.
As the resin is injected in the mould, it impregnates the reinforcement. The impregnation depends on permeability and may result in
dry spots and voids (unoccupied regions inside the composite material) due to preferential direction of flows (the flows move faster
along the edges of the mould as the preform does not perfectly adhere to the mould), uneven impregnation and resin rich pockets [2].
The permeability itself depends on fibre architecture and more peculiarly on FVF, viscosity and nesting. Nesting is the intrusion of one
layer of reinforcement into the next : the hills of a reinforcement layer fill the voids formed by the valleys of the opposite reinforcement
layer [7]. Nesting has a large effect on permeability, thermal conductivity and the mechanical behaviour of the composite. It impacts
the laminate thickness, the FVF and the pore pattern (the way fibres are stacked on each other) and is responsible for the formation of
resin rich zones. Nesting is smaller when the shear deformation is great and the fibres tows are tighter to each other. This tightness
depends on the inter-tow spacing. If voids are created during the impregnation step, they will create regions of stress concentration
eventually leading to local failures, impact on mechanical properties (fatigue strength, durability, inter-laminar shear strength,...) and
make moisture absorption more likely [5]. The absorption of water may degrade mechanical performance (swelling, formation of
internal stresses, ...) [36].
The curing process is affected by the fibres and matrix properties and by the environmental conditions. Those uncertainties may
induce residual stresses, imperfect curing (under-curing and over-curing), voids and thermal degradation [41]. Resin properties vary
due to resin composition, environment storing and handling [20]. Variations in thermal, mechanical and thermal-mechanical properties,
generated by the composite components and the manufacturing process, impact on the cure process [32]:

• Thermal conductivity variations come from variation in fibres’ angle and volume fraction.

• Thermal expansion coefficients are influenced by the moduli and thermal expansion coefficient of the components, the volume
fraction and the ply misalignment. Variation in thermal expansion coefficients leads to dimensional instability.

• FVF modifies thermal conductivity, heat capacity, thermal expansion and the total heat of the reaction.

Environment conditions (temperature, moisture or pressure) and tool characteristics make the process even less predictable [32]. For
instance, convective heat depends on the characteristic of the tool and other parameters. Its variation may lead to uneven curing and
temperature distribution.

To summarise, the manufacturing of composite object is a complex process whose steps are subject to uncertainties. Those
uncertainties come from variation in fibre architecture, uncertainties in matrix material and environmental and process conditions.
They affect a wide range of physical and mechanical properties. Those properties, in term, affect the behaviour of the final object.
The mechanical behaviour of a laminate can be modelled analytically. This is the subject of the next chapter.
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Chapter 3

Mechanical behaviour of composite
materials

Fibre
Matrix

+

Micromechanics 

of a ply

Macromechanics 

of a ply

Macromechanics 

of a laminate

Figure 3.1: Level scales involved in the mechanical
analysis of laminates.

This chapter describes the theoretical models governing the mechanical re-
sponse of elastic laminates. The mechanical analysis of laminates involves
several steps (see figure 3.1):

Micromechanics of a ply Computation of the average properties of every
single ply. The average properties of a ply are computed by homogeni-
sation methods using the properties of its different constituents.

Macromechanics of a ply Computation of the stress-strain relationship of
the homogenised ply. Estimation of the failure criterion.

Macromechanics of a laminate Laminates are made by stacking several
plies. Knowing the average mechanical properties of every ply allows
to compute the mechanical properties and the failure criterion of the
whole laminate.

The first section of this chapter is a reminder about linear elasticity. It
defines stress, strain and the engineering constants (Young modulus, Poisson
ratio and shear modulus) and lays out stress-strain relationship for several
materials (Hooke’s laws). Reminders about stress and strains are based on
[47], definition of Hooke’s laws and engineering constants on [47, 27, 26, 14,
3].
The second section consider the ply to be homogeneous. It develops Hooke’s
law for a bi-dimensional, homogeneous and thin ply in (e1, e2) and a rotated
axis systems. This law defines the macromechanical behaviour of the ply.
The third section consider the ply as an anisotropic, bi-dimensional structure
with unidirectional, continuous fibres. For a composite materials made of two
distinct materials (the fibres and the matrix), it computes the homogenised
engineering constants of the ply that will be used to express Hooke’s law of
the homogenised ply. This law define the micromechanical properties of the
ply.
The fourth section predicts the mechanical response of the laminate structure on which loads and moments are applied.
The last section develops strength failure theories. It analyses a failure criterion inside a ply before analysing failure criterion of the
whole laminate. The second, the third, the fourth and the fifth sections are based on [27, 26, 14, 3].

3.1 Reminder about linear elasticity

Let’s consider a loaded object in a three-dimensional space. The mechanical loads modify its shape. Strain measures the relative
deformation of the object and is associated with stress, the intensity of the force per unit area. When deformations are not too large,
one may apply Hooke’s law to elastic materials, materials whose response only depend on their current state and not on their past.

3.1.1 Stress and strain

Figure 3.2: Left: body without deformation.
Right: body under normal stress.

Normal strain is defined as the variation of length of a segment per unit length:

ǫnn =
ds − dS

dS

where subscript n denotes the initial direction of the segment, dS the initial
length of the segment and ds the length of the segment after loading (see
figure 3.2).
Shear strain is the change of angle between two segments that were perpen-
dicular in the body before deformation:

ǫns =
π

2
− lim

P,Q→O
θ (3.1)
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where subscript n denotes initial direction of OP , subscript s initial direction of OQ and θ the angle ˆQ′OP ′ after deformation of the
body (see figure 3.3).

Figure 3.3: Left: body without deformation.
Right: body under shear stress.

x1

x2

x3

32
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31

11

12

31

t3

Figure 3.4: Constraint vector and tensor in a
Cartesian basis.

Let’s consider a system of orthogonal axis (e1, e2, e3) such that every
point x in space can be written as x = x1e1 + x2e2 + x3e2. Displacements
are denoted by u = xt − x0 with x0 the initial position and xt the position at
time t. Under small perturbations (|∇u| ≪ 1) and in the orthogonal axis, the
infinitesimal strain tensor is defined as

[ǫ] =

(

ǫ11 ǫ12 ǫ13

ǫ21 ǫ22 ǫ23

ǫ31 ǫ32 ǫ33

)

(3.2)

with ǫij = 1
2

(

∂uj

∂xi
+ ∂ui

∂xj

)

, ǫii the normal strains, ǫij with i 6= j the shear

strains and i, j = 1, 2, 3. The infinitesimal strain tensor is thus symmetric and
only contains 6 independent components.
The stress t(n̂) applied on a small surface ∆A with normal vector n̂ is given
by

t(n̂) = lim
∆A→0

∆F

∆A
= σ

T · n̂ (3.3)

where n̂ = (e1, e2, e3) and σ is the infinitesimal stress tensor, denoted by

[σ] =

(

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

)

(3.4)

For instance, the constraint t3 applied on the upper face of a cube may be
written as

t3 = σ13e1 + σ23e2 + σ33e3

This is illustrated by figure 3.4.
Because the infinitesimal strain and stress tensors only contain 6 inde-

pendent components, they can be written as:

[σ] =















σ1

σ2

σ3

σ4

σ5

σ6















=















σ11

σ22

σ33

σ23

σ31

σ12















[ǫ] =















ǫ1

ǫ2

ǫ3

ǫ4

ǫ5

ǫ6















=















ǫ11

ǫ22

ǫ33

2ǫ23

2ǫ31

2ǫ12















3.1.2 Hooke’s laws and engineering constants

In the case of small perturbations, there exist a linear relation linking the infinitesimal stress and strain tensors. This model is called
the generalised Hooke’s law.

strain ε

stress σ

elastic

region

W(ε)

Figure 3.5: Stress -strain curve and strain energy
function in the elastic region.

In the most general case, Hooke’s law can be written as

σij =

3
∑

k=1

3
∑

l=1

Cijklǫkl ǫij =

3
∑

k=1

3
∑

l=1

Sijklσkl

where the stiffness tensor C and the compliance tensor S are fourth order
tensors and contain 81 elements. Because ǫ and σ are symmetric, the num-
ber of independent elements reduce to 36. Further symmetry can be found if
we analyse the strain energy function per unit volume:

W (ǫ) =
1

2
ǫ : σ =

1

2

3
∑

i=1

3
∑

j=1

ǫijσij

In uni-dimensional case, this function is equal to W (ǫ) = 1
2
ǫσ = 1

2
ǫEǫ and

represents the area under the stress-strain curve (see figure 3.5). The in-
finitesimal stress tensor can thus be expressed as

σ =
d

dǫ

(

1

2
ǫ : C : ǫ

)

and Cijkl = ∂2

∂ǫij ∂ǫkl
= ∂2

∂ǫkl∂ǫij
= Cklij . This reduce the number of in-

dependent elements of the stiffness tensor to 21. Hooke’s law simply to
σi =

∑6

j=1
Cijǫj .
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Orthotropic materials have 3 mutually perpendicular planes of material symmetry. For orthotropic materials, Hooke’s law simplify
to:















σ1

σ2

σ3

σ4

σ5

σ6















=















C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66





























ǫ1

ǫ2

ǫ3

ǫ4

ǫ5

ǫ6















(3.5)

The corresponding relation relating strain to stress is :







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

ǫ1

ǫ2
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ǫ4
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ǫ6
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


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=
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




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S11 S12 S13 0 0 0
S12 S22 S23 0 0 0
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0 0 0 0 S55 0
0 0 0 0 0 S66





























σ1

σ2

σ3

σ4
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σ6















Hooke’s law for orthotropic material can be written in terms of engineering constants. The engineering constants (Young modulus,
Poisson ratio and shear modulus) are defined in term of stresses and strains. Young’s modulus Ei, in direction i, measures the
stiffness of of a material:

Ei =
σii

ǫii

Poisson’s coefficient νij is the signed ratio of transverse strain ǫjj on axial strain ǫii:

νij = − ǫjj

ǫii

Shear modulus Gij is the elasticity coefficient for shear or tension force:

Gij =
σij

2ǫij

Therefore, the relation between strain and stress becomes:















ǫ1

ǫ2
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ǫ4

ǫ5

ǫ6















=
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










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1
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0 0 0
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1
E2
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1
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0 0 0 1
G23
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0
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





























σ1

σ2

σ3

σ4

σ5

σ6


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


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(3.6)

3.2 Macromechanics of a unidirectional ply

Unidirectional plies are orthotropic materials. They are assumed to be homogeneous and sufficiently thin that though-thickness
stresses are zero:

σ3 = σ4 = σ5 = 0

Law (3.6) becomes:
(

ǫ1

ǫ2

ǫ6

)

=

(

S11 S12 0
S12 S22 0
0 0 S66

)(

σ1

σ2

σ6

)

=





1
E1

− ν12

E1
0

− ν12

E1

1
E2

0

0 0 1
G12





(

σ1

σ2

σ6

)

(3.7)

and law (3.5)
(

σ1

σ2

σ6

)

=

(

C11 C12 0
C12 C22 0
0 0 C66

)(

ǫ1

ǫ2

ǫ6

)

(3.8)

with

e1e1e2

ex

ey

θ

Figure 3.6: Ply in a rotated coordi-
nate systems.

C11 =
S22

−S2
12 + S11 ∗ S22

C12 = − S12

−S2
12 + S11 ∗ S22

C22 =
S11

−S2
12 + S11 ∗ S22

C66 =
1

S66

Because laminates are usually made of plies stacked with different angles, it is nec-
essary to express laws (3.7) (3.8) when the fibre direction form an angle θ with e1. The
new coordinate system is represented in figure 3.6. Stresses in the old and new coordinate
system are related by

(

σ1

σ2

σ6

)

=

(

c2 s2 2sc

s2 c2 −2sc

−sc sc c2 − s2

)(

σx

σy

σxy

)
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(

ǫ1

ǫ2

ǫ6

)

=

(

c2 s2 sc

s2 c2 −sc

−2sc 2sc c2 − s2

)(

ǫx

ǫy

ǫxy

)

with c = cos(θ) and s = sin(θ).

3.3 Micromechanics of a unidirectional ply

The previous section studied Hooke’s law for a homogenised bi-dimensional ply. The stress-strain relation only depends on 4 engi-
neering constants E1, E2, ν12 and G12. The rule of mixtures determines those constants on a representative volume element. A
representative volume element (RVE) is the smallest volume which is statistically representative of the composite material (it includes a
sampling of all micro structural heterogeneities occurring in the material) [24]. The coefficients are computed based on the properties
of the fibres, the matrix and on FVF under the following assumptions:

• the material is free of voids

• the fibres and the matrix are homogeneous, linear elastic and isotropic elements

• fibres are continuous, parallel and the space between fibres is uniform

• perfect bound between the matrix and the fibres

Let Vf =
Vfibre

Vtot
the fibre volume fraction with Vfibre the volume of fibre in the RVE and Vtot the total volume of the RVE, Ei, νi and

Gi respectively the Young modulus, the Poisson ratio and the shear modulus of material i = {f, m} with f the fibre and m the matrix.
The rule of mixture states that:

E1 = Ef Vf + Em(1 − Vf )

E2 =

(

Vf

Ef

+
(1 − Vf )

Em

)−1

ν12 = Vf νf + (1 − Vf )νm

G12 =

(

Vf

Gf

+
1 − Vf

Gm

)−1

The proof can be found in appendix A.
This section has allowed to homogenize the different constituents of the composite materials into a continuous material and has

explained how to determine the engineering constants of the homogeneous material depending on those of its components. The
homogenised plies are components of the final laminate structure.

3.4 Macromechanics of a laminate

This section focusses on the Classical Lamination Theory (CLT). Based on the mechanical properties of the plies and the angles of
the plies with respect to the main axes, the CLT predicts the mechanical properties and responses of a laminate shown with its axis
coordinate system (ex, ey, ez) on figure 3.7.

ex

ez

e�

Figure 3.7: Laminate structure and coordinate sys-
tem.

0

0

α

α

Figure 3.8: Laminate deformation in the Oxy

plane.

The plane Oxy is set on the mid-surface of the laminate. The CLT makes
the following hypothesis: displacements are continuous and small along axis
ez , the laminate is only loaded in its plane (σxz, σyz, σzz are negligible with
respect to σx, σy , σxy) and a straight perpendicular line to the mid-surface
remains straight, perpendicular and of same length after deformation (ǫxz =
ǫyz = ǫz = 0).
Denoting u0, v0 and w0 the displacements on the mid-surface in directions ex,
ey and ez and u, v and w the displacements in directions ex, ey and ez , the
goal is to determine displacements and deformations inside the laminate as a
function of displacements and deformations on the mid-surface. Fix a point C

situated outside the mid-surface of the laminate and perpendicular to a point
B located on the mid-surface. The two points are separated by a distance z.
After deformation, segment BC form an angle α with respect to the normal of
the Oxy plane. The laminate is shown before and after deformation on figure
3.8.

Denoting the strains of the mid-surface by

ǫ0 =
(

ǫ0
x ǫ0

y 2ǫ0
xy

)T
=
(

∂u0

∂x

∂v0

∂y

∂u0

∂y
+ ∂v0

∂x

)T

the mid-plane curvatures by

κ =
(

κx κy κxy

)T
=
(

− ∂2
w0

∂x2 − ∂2
w0

∂y2 −2 ∂2
w0

∂x∂y

)T

and the strains inside the laminate by

ǫ =
(

ǫx ǫy 2ǫxy

)T
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the strains can be expressed as

ǫ(x, y, z) = ǫ0(x, y) + zκ(x, y)

The strain stress relation of a ply k with stiffness matrix Ck (in local axis ex and ey) is given by

σk(x, y, z) = Ckǫ0(x, y) + zCkκ(x, y)

Given a n ply laminate of thickness h, the resultant forces per unit length N (x, y) and the resultant moments M(x, y) are given
by

(

N

M

)

=

(

P Q

Q R

)(

ǫ0

κ

)

(3.9)

with

Pij =

n
∑

k=1

(Cij)k(hk − hk−1)

Qij =
1

2

n
∑

k=1

(Cij)k(h2
k − h

2
k−1)

Rij =
1

3

n
∑

k=1

(Cij)k(h3
k − h

3
k−1)

for i, j = 1, 2, 6. Furthermore, hk = − h
2

+
∑k

u=1
tu for k = 1, ..., n and h0 = − h

2
with tk the thickness of ply k and

∑n

u=1
tu = h. The

whole development can be found in appendix B. Knowing the forces and moment applied allow to compute the curvatures and strains
of the mid-surface. Once the curvatures and strains are known, they can be plugged in to evaluate the strains and stress at any point
in the laminate.

If the stresses applied on the object become too large, the composite objects might be damaged or break. It is important to
predict when this might happen to design composite materials and use them safely afterwards.

3.5 Failure and damage mechanisms

Failure can occur in composite due to breakage of the fibres, of the matrix, of the link between the fibres or due to delamination
between the different plies. Tsai-Wu is a failure criterion which generalises the Von Mises criterion, used to predict the damage point
of isotropic material, to anisotropic materials. Tsai-Wu predicts failure when

6
∑

i=1

Fiσi +

6
∑

i=1

6
∑

j=1

Fijσiσj = 1

with Fij fourth order rank tensor and Fi second order rank tensor [9].

Let’s first consider a ply under plane stress. Tsai-Wu criterion becomes

F1σ1 + F2σ2 + F6σ6 + F11σ
2
1 + F22σ

2
2 + F66σ

2
6 + 2F12σ1σ2 = 1

where parameters Fi and Fij can be expressed using the five strength parameters of the unidirectional ply. First apply traction along
the direction of fibres until the material reaches failure. Letting (σT

1 )failure > 0 the stress at failure, the failure criterion becomes

F1(σT
1 )failure + F11(σT

1 )2
failure = 1 (3.10)

Apply compression in the direction of the fibres until the material reaches failure. Letting −(σC
1 )failure the stress at failure, the failure

criterion becomes
− F1(σC

1 )failure + F11(σC
1 )2

failure = 1 (3.11)

Solving equations (3.10) and (3.11) in terms of F1 and F11 gives

F1 =
1

(σT
1 )failure

− 1

(σC
1 )failure

F11 =
1

(σT
1 )failure(σC

1 )failure

Similarly, letting (σT
2 )failure and −(σC

2 )failure respectively the traction and compression stresses in direction ey at rupture, F2 and
F22 can be expressed as

F2 =
1

(σT
2 )failure

− 1

(σC
2 )failure

F22 =
1

(σT
2 )failure(σC

2 )failure

Apply pure shear stress until the material reaches failure. Letting (σ6)failure > 0 the shearing stress at failure, the failure criterion
becomes

F6(σ6)failure + F66(σ6)2
failure = 1 (3.12)

Then apply the opposite shear stress until the material reaches failure. Letting −(σ6)failure the shearing stress at failure, the failure
criterion becomes

− F6(σ6)failure + F66(σ6)2
failure = 1 (3.13)

11



Solving equations (3.12) and (3.13) in terms of F6 and F66 gives

F6 = 0 F66 =
1

S2
6

In order to determine F12, apply equal tensile loads along the two material axes until the material reaches failure. Letting σ1 = σ2 = S

the stresses at failure, the failure criterion becomes

(F1 + F2)S + (F11 + F22 + 2F12)S2 = 1 (3.14)

After replacing F1, F2, F11 and F22 by their expression, equation (3.14) becomes

F12 =
1

2S2
− 1

2S

(

1

(σT
1 )failure

− 1

(σc
1)failure

+
1

(σT
2 )failure

− 1

(σC
2 )failure

)

− 1

2

(

1

(σT
1 )failure(σC

1 )failure

+
1

(σT
2 )failure(σC

2 )failure

)

A laminate is made of several plies. Once the laminate is loaded, some of its plies may fail. Once a ply has failed, the stiffness
and strength properties of the ply decrease. The stress-strain diagram of the laminate can be estimated in several steps. First, the
loads are applied to the laminate and the local strains and stresses are computed inside each ply. The Tsai-Wu criterion allow to
estimate whether the ply has failed. If the ply has failed, its stiffness and strength decrease and some loads are transferred to the
other plies. Increasing the loads until all ply have failed allow to plot the stress-strain curve of the laminate.

This chapter has highlighted the effect of the FVF on the mechanical properties of a ply. It has also expressed the dependence
of the angle of the ply on the stiffness and compliance matrices. Finally, the Tsai-Wu criterion has been presented and expressed
for a ply. A way to compute failure has been presented for the whole laminate, taking into account the Tsai-Wu criterion of the plies.
Until now, all properties have been considered constant. In real life applications, this is not the case. The next chapter explains how
to model variabilities.
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Chapter 4

Modelling uncertainties

The manufacturing of composites is subject to many uncertainties impacting their properties (fibre volume fraction, voids, fibre orien-
tations...) which, in turn, affect the mechanical responses. Those properties are usually modelled using second order random fields
and used afterwards in structure analysis. For instance, FVF fields and fibre orientations are modelled using a normal distribution
respectively in [13, 58] and [38, 52, 39] while articles [38, 10] states that local permeability follow a log normal distribution.

This chapter defines second order random fields, explains how to model them using expansions and how to numerically represent
them based on Galerkin projection method.

4.1 Definition and modelling of random fields

Consider Ω ⊂ R
3 a computation field (for instance, the surface of the composite object) and a probability space (Θ, F , P). A mechani-

cal property which is spatially distributed over Ω may be modelled using a second order random process.

A second order random process u(x, θ) is a set of random variables on a probability space (Θ, F , P) such that

u(x, ·) ∈ L2(Θ × Ω) ⇔ E[u2] < ∞

and ∀x ∈ Ω, u(x, ·) : Θ → R is a random variable. Any second order random process can be decomposed as

u(x, θ) = ū(x) + u0(x, θ)

with E[u(x, θ)] = ū(x) and u0(x, θ) a zero mean random process.
u(x, θ) is completely determined by its mean value ū(x) and its covariance function C(x, y). The covariance function gives the effect
of u(x, θ) on its neighbourhood, links the deviations of the random field at x and y and describes the variation of u(x, θ) about its
mean value ū(x).
Many covariance functions decrease monotonously with respect to the geodesic distance between x and y. The geodesic path

between two points on a composite is the shortest path on a curve belonging to the surface of the object. Covariance functions
decreasing with the geodesic distance between x and y can reflect the fact that a mechanical property at a point x will probably be
more similar to the same mechanical property of a point y that is close to x than at a point y that is far from x. Covariance functions
may be isotropic or anisotropic. An isotropic function fiso(x, y) is a function which does not depend on the direction in which it is
evaluated, it is invariant under rotation. More formally, an isotropic function possess the following property:

fiso(x, y) = f(Qx, Qy)

for any orthogonal matrix Q. A function which is not isotropic is called anisotropic. Isotropic covariance functions model isotropic uncer-
tainties such as FVF when fibres are randomly oriented in the plane. Anisotropic covariance functions model anisotropic uncertainties
such as fibre orientations [52]. For instance, one can choose the following covariance function :

C(x, y) =

{

σ2
(

1 − d(x,y)
lc,Cov

)2

if d(x, y) < lc,Cov

0 else

with d(x, y) the isotropic or anisotropic geodesic distance between x and y and lc,Cov the covariance characteristic length.

Now that the field is totally defined, the goal is to discretise it on the composite surface.

4.2 Karhunen-Loève expansion

Karhunen-Loève expansion states that any second order Gaussian random process is a convergent infinite series

u(x, θ) = ū(x) +

∞
∑

i=1

√

λiξi(θ)φi(x)

13



with ξi(θ) standard normal uncorrelated variables, λi ∈ [0, ∞) and φi(x) : Ω → R the eigenvalues and eigenfunctions obtained by
solving the Fredholm integral equation of the second kind

∫

Ω

C(x, y)φi(y)dy = λiφi(x) (4.1)

with C(x, y) the covariance function associated with the random field [21, 4, 33].
Let C(x, y) : D × D → R denote a continuous, symmetric, positive definite and real-valued function. Then, by definition, for any set
of points xi and yi, C(x, y) is such that

N
∑

i,j=1

aiajC(xi, xj) ≥ 0

for N finite, xi ∈ Ω and ai ∈ R (i = 1, ..., N ). Furthermore, if C(x, y)2 is a square-integrable function :

∫

Ω

∫

Ω

C(x, y)2
dµ(x)dµ(y) < ∞

Then C can be expressed by the converging series

C(x, y) =

∞
∑

k=1

λkφk(x)φk(y) (4.2)

where
∫

Ω
φi(x)φj(x)dx = δij (δij = 1 if i = j and δij = 0 if i 6= j). The eigenvalues and eigenfunctions in equation (4.2) can be found

by solving equation (4.1) [30, 25, 37]. For some covariance functions, an analytical solution exists.

4.2.1 Analytical resolution of two classical examples

The random field described by the covariance function

C(x1, x2) = σ
2
e

− |x1−x2|
b (4.3)

defined on the domain [−a; a] with a = 1
2

and b 6= 0, can be expressed as infinite series by solving equation (4.1) analytically. The
eigenvalues and functions are given by

λi =
2σ2c

c2 + ω2
i

φi(x) =
cos(ωix)

√

a + sin(2ωia)
2ωi

c − ω tan(ωa) = 0

and

λi =
2σ2c

c2 + ω2
i

φi(x) =
sin(ωix)

√

a − sin(2ωia)
2ωi

ω + c tan(ωa) = 0

for c = 1
b

and i = 1, 2, ... [55]. The covariance function and its associated eigenvalues and functions are shown on figures 4.1 and 4.2
for b = σ = 1. Small eigenvalues correspond to eigenfunctions with high frequencies. The influence of the eigenfunction on the series
is weighted by the corresponding eigenvalue. Therefore, eigenfunctions corresponding to small eigenvalues do not influence much
the series. As shown on figure 4.3, the large eigenvalues give the general trend of the field while small eigenvalues allow to simulate
the rapid and small changes observed in experimental data.

Analytical solutions also exist in bi-dimensional cases. For example, the random field described by the covariance function

C(x1, y1, x2, y2) = σ
2
e

− |x1−x2|
bx e

− |y1−y2|
by

defined on the domain [− lx

2
; lx

2
] × [− ly

2
;

ly

2
] with bx 6= 0 and by 6= 0, can be expressed as infinite series by solving equation equation

(4.1) analytically:

λnφn(x1, y1) =

∫
lx
2

− lx
2

∫

ly
2

− ly

2

C(x1, x2, y1, y2)φn(x2, y2)dx1dy1 (4.4)

Assuming the eigenfunctions and values solution of equation (4.4) are separable,

φn(x1, y1) = φ
(x)
i (x1)φ

(y)
j (y1)

λn = λ
(x)
i λ

(y)
j

where the λ
(x)
i , λ

(y)
j , φ

(x)
i (x1) and φ

(y)
j (y1) are obtained as solutions of equation (4.1) expressed in terms of the covariance function

(4.3). Some eigenvalues and weighted eigenfunctions are shown on figure 4.4. As in the one-dimensional case, adding terms to the
expansion adds smaller variations with higher frequencies (see figure 4.5).

However, for many covariance functions, the Fredholm equation (4.1) can not frequently be solved analytically. The Galerkin
projection method allows to solve the Fredholm equation numerically.

14



Figure 4.1: Covariance function C(x1, x2) = σ2e− |x1−x2|
b with b = 1 and σ = 1
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(a) First 160 eigenvalues.
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(b) First 160 eigenfunctions.

Figure 4.2: Eigenvalues and eigenfunctions obtained by analytically solving the Fredholm equation using the covariance

function C(x1, x2) = σ2e− |x1−x2|
b with b = 1 and σ = 1.

4.3 Galerkin projection method

To solve the Fredholm equation numerically, the 3D surface is meshed with finite elements (triangles) and an approximation of the
Fredholm equation is obtained using the Galerkin projection method [21, 4, 57]. The created mesh Ωh is a set of elements Ωe, in our
case triangles, covering the surface Ω. The vertex of the elements are called nodes. The sides of the elements are called edges.

Let hj(x) ∈ L2(Ωh) a square integrable function over the mesh. For instance, hj(x) can be a constant function by element equal
to one over element j of Ωh and zero elsewhere. It might also be a linear function by element equal to one on a node j of Ωh and
zero on the other nodes. Let’s define Vh ⊂ L2(Ωh) as the set of shape functions associated with the mesh and N its dimension. The
Fredholm equation of the second kind becomes:

∫

Ωh

C(x, y)φ̂i(y)dy = λ̂iφ̂i(x)

where φi(x) ≈ φ̂i(x) =
∑N

j=1
di

jhj(x) (dj being the coordinates of φ̂(x) in Vh) and λ̂i is the eigenvalue associated with φ̂i(x). Due
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Figure 4.3: Second order random field with covariance function C(x1, x2) = σ2e−|x1−x2| with b = 1 and σ = 1. Up to down,
the largest 10, 50 and 160 eigenvalues are used to compute the field.

to the discretization, the solution of equation (4.1) will be an approximation of the exact solution. The residual r is given by:

r(x) =

N
∑

j=1

d
i
j

(∫

Ω

Cov(x, x
′)hj(x′)dx

′ − λ̂ihj(x)

)

In Gallerkin method, coefficients di
j are chosen such that the residual becomes orthogonal to the subspace of L2(Ω) spanned by the

basis functions {hj}N
j=1, meaning

∫

Ω

r(x)hj(x)dx = 0 ∀j = 1, ..., N

In matrix notation, this equation can be written as Ad = λBd with

Ai,j =

∫

Ω

hi(x)

∫

Ω

C(x, y)hj(y)dydx Bi,j =

∫

Ω

hi(x)hj(x)dx (4.5)

Function C(x, y) is symmetric and positive definite. Therefore, matrix A is symmetric and positive definite. Some possible covariance
functions are given in [46]. In order to reduce computation times, one may choose a covariance function such that the covariance
function becomes zero when the distance between its two points gets greater than the covariance characteristic length.
Using a quadrature rule, the integrals (4.5) can be expressed as :

Ai,j =

Q
∑

p=1

Q
∑

q=1

wpwqC(xp, xq)hi(xp)hj(xq) Bi,j =

Q
∑

p=1

wphi(xp)hj(xp) (4.6)

where wp and wq are some weights and xp and xq are some quadrature points. Let’s give two examples of quadrature rules. For
instance, on may take the barycentre of the triangle as quadrature point. Another possible solution is to choose quadrature points
shown on figure 4.6(a).
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(a) First weighed eigenfunction. (b) Second weighed eigenfunction.

(c) Third weighed eigenfunction. (d) Fourth weighed eigenfunction.
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(e) 160th weighed eigenfunction.
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(f) 160 first eigenvalues.

Figure 4.4: Eigenvalues and eigenfunctions obtained by solving analytically the Fredholm equation using the covariance

function C(x1, y1, x2, y2) = σ2e
− |x1−x2|

bx e
− |y1−y2|

by bx = by = 1 and σ = 1.

Further details about basis functions and the aforementioned quadrature rules can be found in Appendix C. The quadrature points
of figure 4.6(a) are chosen to refine the mesh. Distance computation methods will estimate distances on the refined mesh (see figure
4.6(b)). The quality of the new mesh is comparable to the quality of the old mesh as the new triangles are similar to the initial triangle.

Once equation Ad = λBd is solved and the eigenvalues and eigenfunctions are computed, the second order random field can
be approximated by :

û(x, θ) = ū(x) +

N
∑

i=1

√

λ̂iφ̂i(x)ξi(θ)
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(a) Random field expansion with 10
terms.

(b) Random field expansion with 50
terms.

(c) Random field expansion with 160
terms.

Figure 4.5: Second order 2D random field with covariance function C(x1, y1, x2, y2) = σ2e
− |x1−x2|

bx e
− |y1−y2|

by with bx = by = 1
and σ = 1.

ξ

η

1

1

(a) The light blue point is the quadrature point for
the one-point quadrature rule. The ten points are
used as quadrature points for the ten-points quadra-
ture rule.

(b) Procedure to refine the mesh

Figure 4.6: Refining the mesh. The new nodes are the quadrature points of the ten-point quadrature rule.

The main elements in this chapter are the definition of second order random processes and their description by means of the
Karhunen-Loève expansion. Karhunen-Loève expansion involves the solutions of the Fredholm equation. As shown in two examples,
this equation can sometimes be solved analytically. The field obtained after solving the Fredholm equation has a global trend upon
which smaller, rapid changes occur. In order to obtain similar fields when no analytical solutions of the Fredholm equation exists, the
field can be described by a discrete expansion. Such descriptions involves the values of the covariance function between discrete
points. The covariance function often depends on the distance between them. Composite surfaces are manifolds. The distances
between points on non planar surfaces can not be computed using euclidean norm. The euclidean distance will be replaced by the
shortest path on 3D surfaces. This has not previously been done in the literature.
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Chapter 5

Distance computations

The first section, mainly based on [50], links the shortest path to the isotropic and anisotropicle Eikonal equation.
The second section describes the Fast Marching Method (FMM). The FMM approximates the isotropic geodesic distance between two
points by solving the isotropic Eikonal equation. The Anisotropic Fast Marching Method (AFMM), described in section 3, solves the
anisotropic Eikonal equation and estimates anisotropic geodesic distances. The algorithms used to solve the isotropic and anisotropic
Eikonal equations are respectively based on [6, 45, 50] and on [29].

5.1 Eikonal equation

Let’s consider an object of surface Ω and a point A on its surface. The goal is to evaluate the geodesic distance between A and any
point on Ω. A way to compute all distances with respect to A is to start from A and evaluate the distance of all points which are closest.
In other word, this method consists in finding the level set or front, the set of all points x ∈ LC such that the geodesic distance takes
constant value T (x) = C.
The level set curve separates the region into points of distances smaller than C (and whose distance is known) and points of unknown
distances larger than C. By moving the front outwards, i.e. finding level sets with constant values Cn > Cn−1 > ... > C1 > C, the
method allow to progressively compute geodesic distances from A to any point in space. For example, see the left figure in figure 5.1.
The position of level set LC as a function of its distance value C can be assimilated to the wave propagation as a function of time.
This analogy allows to transform the front motion problem into a boundary value problem (see figure 5.1).

Point A

T=0

T=0

T=C

T=C

T=C2

T=C1

T=C1 T=C2

Figure 5.1: Transformation of the front position problem into a boundary value problem.

The boundary value problem takes into account that some region of the object are harder to cross than others. The minimal
distance between A and x ∈ Ω, T (x), satisfies the anisotropic Eikonal equation[23, 48]

{
√

∇T T (x)D∇T (x) = 1, x ∈ Ω \ {A}
T (A) = TA = 0, A ∈ Ω

(5.1)

with D a symmetric, positive-definite matrix. Equation (5.1) is a non-linear partial differential equation modelling interface propagation.
The goal is to solve the anisotropic Eikonal equation to find T (x) for all x ∈ Ω. These values, in turn, give the distance between A

and any point on the surface Ω.
In the isotropic case, the speed function is the same in all directions, D is the identity matrix and the minimal distance are obtained
by travelling orthogonally to level sets. Equation (5.1) reduces to the Eikonal equation

{

|∇T (x)| = 1, x ∈ Ω \ {A}
T (A) = TA = 0, A ∈ Ω

(5.2)

5.2 Fast marching method (FMM)

Starting from point A, whose distance is zero, the Fast Marching Method (FMM) finds an approximate solution to equation (5.2). The
FMM finds the solution of the Eikonal equation by propagating the information from smaller values of T to larger ones and moving
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the front outwards. The solution is build by starting at A and finding increasing values of T . The "building zone" is a narrow band
surrounding the front. This band is moved outwards by freezing the distance values of nodes belonging to the band and adding new
nodes inside the building zone. This way, the FMM computes T values at every node of the triangular mesh. As the level set moves
outwards, the algorithm computes the minimal distance associated with every node.

For instance, consider the problem of finding all distances with respect to A, coloured in pink, on a planar grid. The situation is
illustrated on figure 5.2. The distance value corresponding to A is zero. The algorithms computes possible values for the distance
between A and its neighbours. The nodes whose distances have been updated are coloured in blue. By definition, distances can only
grow when going away from the source. Therefore, the smallest value among the blue dots must be correct. Its value can be frozen.
The update scheme is thus always applied outwards and grey nodes with unknown distance values are progressively updated. The
algorithm never recomputes distances corresponding to nodes coloured in pink.

(a) Update the distances outwards. (b) Estimate distances between A and
its neighbours.

(c) Choose smallest distance value
among blue circles.

(d) This value is frozen. Update the dis-
tances outwards of the new frozen node.

(e) Choose smallest distance value
among blue circles.

(f) This value is frozen. Update the dis-
tances outwards of the new frozen node.

Figure 5.2: Example of FMM procedure.

the previous example showed that FMM uses three sets of nodes. Nodes can be tagged as Frozen, Close and Far. Frozen nodes,
in pink, are the set of nodes whose distances have already been computed and will not change during subsequent steps. Every Close

node, in blue, is one grid point away from a frozen node. This set contains nodes whose distance have been computed but might
change in subsequent steps. Far nodes, in grey, are the set of nodes whose distances have never been computed.

When the FMM starts, it tags the origin, the starting node, in the Frozen set and fix its T -value to zero. All nodes one grid point
away from the origin are labelled as Close. The remaining nodes are tagged as Far. Close and Far nodes are given infinite distance
values. The algorithm then updates the distance between every node in the Close set and the origin. The update scheme proceeds
as follows:

• Let minNode the node in the set Close with the smallest T -value,

• Add minNode to the set Frozen, remove it from the set Close,

• Tag all neighbours M of minNode that are not in the set Frozen as Close,

• Update the T -values of all neighbours using a local update scheme,

• If some distances remain unknown, start the loop again.

Algorithm 2 summarizes the whole Fast Marching Procedure.

The FVF algorithm uses a local update scheme to compute new distance values. Let’s take the same example as previously to
show how the local update procedure works. The different steps of the exemple are shown on figure 5.3. As the algorithm starts, A
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Algorithm 1 Fast Marching Method

1: procedure FMM(Nodes)
2: Initialize:
3: Frozen := starting node with value T = 0
4: Close := all points one grid point (T =∞) away from the initial condition in Frozen
5: Far := all other grid points (T =∞)
6: while Frozen! = Nodes do
7: for all node ∈ Close do
8: T [node]← LocalUpdate

9: minNode← minnode∈Close T [node]
10: Frozen← Frozen ∪ {minNode} with T [minNode] known
11: Close← Close \ {minNode}
12: M := set of neighbours to minNode belonging to the far set
13: Close← Close ∪M
14: Far← Far \M

T=0

T=∞

T=∞

T=∞

T=∞

T=∞

T=∞ T=∞ T=∞
T=∞

T=∞ T=∞ T=∞ T=∞

T=∞

T=∞

T=∞

T=∞

T=∞

T=∞T=∞

(a) Initialisation of the algorithm.
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its neighbours.

∞

∞

∞

∞

∞

∞ ∞ ∞
∞

∞ ∞ ∞ ∞

∞

∞

∞

1

1

(c) Choose smallest distance value
among blue circles.
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∞

∞

∞

∞

∞ ∞
∞

∞ ∞ ∞ ∞

∞

∞

∞

1

1
C

B

(d) This value is frozen. Update a new distance using
the T -value of the newly frozen node and the length
of the edge.

T=0

TB=6

5 1

B

C

asin((6-1)/1)

    = 90°

TC=5

2*60.5

90°

0

78°
5sin(78°+90°)

=1

T=0.5((1+5)+6)

  =6

D

(e) Update a new distance using T -values of two
nodes and the lengths of the edges.

Figure 5.3: Examples of local isotropic distance updates.

has zero T -value and all other nodes have infinite T -values. Because only TA is known, the distance between a neighbour of A and
A is the length of the edge between them.
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Then, for instance, node B is updated. Because only node C is known, the T -value at node B is given by the sum of TC and the
length of the edge between B and C.
Let’s illustrate a local update scheme when two nodes are known. In order to clarify the procedure, only the node involved are kept
on the figure. The first step is to try to evaluate the direction of the tangent at the level set going through the node D with unknown
T -value. Two parallels to the tangent are traced at nodes B and C. The angle between the parallel at node C of smallest T -value

TC = 5 and segment CB is estimated by arcsin
(

TB −TC

|CB|

)

= 90◦. Finally, the distance H between nodes C and D and the distance

h between B and D are evaluated perpendicularly to the parallels at node C and B:

H = 5 sin(78◦ + 90◦) = 1

h = 2
√

6 sin(90◦ − 90◦) = 0

The T -value associated with node D is obtained by averaging the distances when going from node C to node D and from node B to
node D:

T =
(H + Tc) + (h + TB)

2
=

(1 + 5) + 6

2
= 6

More formally, the distance is computed using a local update scheme summarized in algorithm 2. To explain the local update
scheme, let’s first consider an acute triangle ABC with A and B belonging to the Frozen set and α, β and γ the angles at nodes A, B

and C. Let’s also assume that the distance TB is larger than the distance TA. The triangle is shown on figure 5.4.

A

B

C

α
θ

θ

-θ

TA

TB

TC

h=|BC|sin( - )

(TB-TA)/f

H=|CA|sin( +θ)

Speed 1/f

Figure 5.4: Updating TC from TA and TB. Modified from [6].

By definition, the front moves outwards. Indeed, the further away a point is from the origin, the largest the distance between the point
and the origin. Therefore, the level set must first pass on A, then on B and finally on C. To ensure the last, the following conditions
must be satisfied:

• the level set can propagates from A to B with difficulty f = 1 : TB − TA ≤ |AB|;
• the level goes through B before C : θ ≤ β ;

• the vertical line from C to the level set of value TB belongs to the triangle. This allows to compute TC based on TA and TB :
θ + α ≤ π

2
.

If those 3 conditions are not satisfied, update TC based only on TA or only on TB. Algorithm 2 summarises the update scheme for
the general case TB ≥ TA or TA ≥ TB.

Algorithm 2 Local Update of the distance T

1: procedure LocalUpdate(A,B,C)
2: if TA − TB ≤ f |AB| then

3: θ = arcsin
(

TB−TA

|AB|

)

4: if max(0, β − π
2 ) ≤ θ ≤ π

2 − α or β − π
2 ≤ θ ≤ min(0, π

2 − α) then
5: h = |BC| sin(β − θ)
6: H = |AC| sin(α + θ)

7: TC = min{TC , (TA+H)+(TB+h)
2 }

8: else
9: TC = min{TC , TA + |AC|, TB + |BC|}

10: else
11: TC = min{TC , TA + |AC|, TB + |BC|}

In case of obtuse triangles, split the obtuse angle γ by adding a new point M at the middle of the opposite segment. Estimate
TM ≈ TA+TB

2
and compute TC in triangle AMC.

In the anisotropic case, the speed evolves depending on the direction of travel. The algorithm solving the isotropic Eikonal
equation takes into account that the gradient direction coincides with the characteristic direction. This is not always true in the
anisotropic case. Using algorithms 1 and 2 may therefore lead to inaccurate distance’s values [8].

22



5.3 Anisotropic fast marching method (AFMM)

In order to solve anisotropic eikonal equation (5.1), Konukoglu et. al. [29] adapted FMM. They developed a recursive fast marching
approach. Their algorithm includes a correction scheme to deal with the difference of direction between the gradient and the charac-
teristic direction. Apart from the correction scheme and the local update procedure, the AFMM is very similar to the FMM.

For instance, consider the problem of finding all anisotropic distances with respect to A on a planar grid. As previously, node A is
coloured in pink and the algorithm computes possible values for the anisotropic distances between A and its neighbours. The nodes
whose distances have been updated are coloured in blue.
The smallest value among the blue dots, node B, is coloured in pink. However, contrarily to the isotropic case, this value might be
inexact. The update scheme is again applied outwards and a new smallest value, corresponding to node C, is selected among the
blue nodes. From this moment, represented on figure 5.5(a), the AFMM might differ from the FMM algorithm.
When TB was computed, the distance of C was still unknown and the characteristic direction was perhaps not contained by node
A. In order to obtain the smallest anisotropic distance, the characteristic must be contained by the Known neighbourhood of node B.
Therefore, the distance of node B needs to be recomputed. If the distance remains the same, the algorithms proceeds as in the FMM.
Otherwise, TB is updated and surrounded in green.
The algorithm computes the anisotropic distances of other neighbours of C. The neighbours of C that were previously coloured in
grey are coloured in blue.
If some nodes are surrounded in green, the algorithm selects the node surrounded in green with the smallest anisotropic distance
and "un-surrounds" it. It then restarts the loop and updates distances of Known, Close and Far nodes.

B

A C

(a) Choose smallest distance value
among blue circles.

A

B

C

(b) Value of node B has been recom-
puted. TB has been updated.

B

A C

(c) Update distance values of all other
neighbours of C. Colour nodes in blue.

B

A C

(d) Select the smallest distance value
among nodes surrounded in green. "Un-
surround" the node.

B

A C

(e) Recompute distance values of pink
nodes. No distance need to be updated.

B

A C

(f) Update distance values of all other
neighbours of B. No node is surrounded
in green. Select smallest distance value
among blue nodes and color the node in
pink.

Figure 5.5: Example of AFMM procedure.

Like in the FMM, at initialisation, node A is set as Frozen and its distance set to 0. All nodes one grid point away from the origin
are labelled as Close. The remaining ones are Far. Close and Far nodes are given infinite T-values.
As shown in the example, the recursive correction appears in the beginning of the main loop. Before computing T-values of nodes
belonging to the Close set, the distances between Frozen nodes and the origin are recomputed. If the obtained anisotropic distance
is smaller than the old one, the node is added to the Changed set. The Changed list contains known nodes whose T-values have been
changed. Every time the main loop restarts, the algorithm checks whether the Changed list is empty. If the Changed list is empty, it
selects the smallest T-value node, minNode, in the Close set, remove the node from the Close set and add it to the Frozen set. If the
Changed list is not empty, it selects and removes the smallest T -value node, minNode, from the Changed set. The whole procedure
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is summarized in algorithm 3.

Algorithm 3 Anisotropic Fast Marching Method

1: procedure AFMM(Nodes)
2: Initialize:
3: Frozen := starting node with value T = 0
4: Close := all points one grid point (T =∞) away from the initial condition in Frozen
5: Far := all other grid points (T =∞)
6: Changed := φ
7: for all node ∈ Close do
8: T [node]← LocalUpdate

9: while Frozen! = Nodes do
10: if Changed != φ then
11: minNode← minnode∈Changed T [node]
12: Changed← Changed \ {minNode}
13: else
14: minNode← minnode∈Close T [node]
15: Frozen← Frozen ∪ {minNode} with T [minNode] known
16: Close← Close \ {minNode}

17: N (minNode) := all nodes one grid point away from minNode
18: for all node ∈ Frozen ∩ N (minNode) do
19: oldT := T [node]
20: T [node]← LocalUpdate
21: if T [node] < oldT then
22: Changed← Changed ∪ {node}

23: for all node ∈ N (minNode) \ Frozen do
24: if node ∈ Far then
25: Far ← Far \ {node}
26: Close← Close ∪ {node}

27: T [node]← LocalUpdate

X1

X�

X3

ex

f�b��

e�

Figure 5.6: Axis system used for
the local update of
anisotropic distances.

�

Y

Z

x~ a

Figure 5.7: Updating TX from TY

and TZ .

In order to find the distance between node X and the origin, algorithm 3 uses a local
update scheme on a triangle XY Z. Because the distances are anisotropic with respect
to the fibre direction, local coordinate systems are defined in every triangle. The first axis
corresponds to the fibre direction. Its origin is the first node of the triangle. The second axis
is perpendicular to the fibre direction. The axis system is shown on figure 5.6 for a triangle
X1X2X3 with X1 the first node of the triangle.
Now that the axis system has been defined, it becomes possible to compute anisotropic
distances. Let’s now first consider a triangle XY Z where TY and TZ are known. In order
to compute the anisotropic distance between X and the origin, the AFMM assumes that, if
the direction of travel at a mesh point X is a, the direction of motion does not change until
the level set has reached the opposite edge Y Z at point x̃ (see figure 5.7). Because the
direction a is unknown, the algorithm tries to find point x̃ = p(Y − Z) + Z on segment Y Z

that minimises the anisotropic distance TX . The method is based on distance interpolation
between nodes:

f2D(X, Y, Z) = min
p∈[0,1]

pTY + (1 − p)TZ + ||x̃X||M

where ||x||M =
√

xMx is the anisotropic norm of x [49]. The analytical solution of this
constraint optimisation problem is given in Appendix D.
When only TY is known, the algorithm gives the following anisotropic distance:

f1D(X, Y ) = TY + ||Y X||M

The method is similar for TZ known and TY unknown. The local update procedure is sum-
marized in algorithm 4.

The AFMM approximates distances. In order to analyse the error between the exact
and the AFMM based distances, the AFMM is applied on a circle with diameter 2 mm. The
fibres are considered parallel to direction ex and the exact anisotropic distance between
two points x and y is given by

d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2
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Algorithm 4 Local Update of Anisotropic distances T

1: procedure LocalUpdate(X,Y,Z)
2: if TY known then
3: if TZ known then
4: TX = min{TX , f2D(X, Y, Z)}
5: else
6: TX = min{TX , f1D(X, Y )}

7: else if TZ known then
8: TX = min{TX , f1D(X, Z)}

Three different meshes with increasing fineness are considered (figures 5.8(b), 5.9(b) and 5.10(b)). Those are obtained by refining
the original meshes ( figures 5.8(a), 5.9(a) and 5.10(a)). The characteristics of all meshes are written in table 5.1.
Anisotropic level sets with respect to the origin x0 = (0; 0) and relatives errors between the AFMM based distances dAF MM (x, y) and
the exact anisotropic distances dexact(x, y)

ǫani(x, y) =
|dAF MM (x, y) − dexact(x, y)|

dexact

are shown on figures 5.8(c,d), 5.9(c,d), 5.10(c,d). The algorithm gives relatively accurate results. The level sets are ellipses centred at
the origin with axis corresponding to the axis of the plane. The ratios between their semi-major and semi-minor axis are approximately√

2. The largest error occur near the source points. The errors decrease as the fineness of the mesh increases.

Original mesh Refined mesh
Number of nodes Number of elements Number of nodes Number of elements

Circle lc = 0.1 1710 1779 15026 29664
Circle lc = 0.2 434 467 3696 7200
Circle lc = 0.3 198 221 1633 3132
Chair 3100 5964 27174 53676

Table 5.1: Characterisation of the different meshes.

Now that the efficiency of the AFMM has been shown on a 2D case, the AFMM will be applied on a chair. The mesh of the chair,
given on figure 5.11(a) was refined as shown on figure 5.11(b). The dimensions of the chair, indicated in mm, are shown on both
figures. Informations about the characteristics of the original and the refined meshes can be found in table 5.1. In figure 5.12, the
fibres are considered parallel to direction ex and the exact anisotropic distance between two points x and y is given by

d(x, y) =
√

5(x1 − y1)2 + (x2 − y2)2

On figure 5.13, the fibres are still parallel to direction ex but the anisotropic distance becomes

d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2

The results obtained on the circle highlight the relation between mesh fineness and small distance computation errors. Those on
the chair show the efficiency of the distance computation method on 3D surface for different anisotropic norms.

Once distances have been computed, the Gaussian random field can be produced. The discrete field’s values will be different
from the values of the original field at the discrete points. This difference is generated by various errors, among which the distance
computation errors.
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(d) Relative error between the distances computed by AFMM
and the exact anisotropic distances.

Figure 5.8: Circle with mesh fineness lc = 0.3. Anisotropic distance norm d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2. Fibres
parallel to ex axis.
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(b) Refined mesh.
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(d) Relative error between the distances computed by AFMM
and the exact anisotropic distances.

Figure 5.9: Circle with mesh fineness lc = 0.2. Anisotropic distance norm d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2. Fibres
parallel to ex axis.
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and the exact anisotropic distances.

Figure 5.10: Circle with mesh fineness lc = 0.1. Anisotropic distance norm d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2. Fibres
parallel to ex axis.
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(b) Refined mesh.

Figure 5.11: Initial and refined finite element mesh on a chair.
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Figure 5.12: Anisotropic distance on a chair d(x, y) =
√

5(x1 − y1)2 + (x2 − y2)2
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Figure 5.13: Anisotropic distance on a chair d(x, y) =
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Chapter 6

Error analysis

A series of approximations have been made in order to estimate the FVF field. The original second order random field is continuous.
In order to be represented numerically, the eigenfunctions are approximated by a sum of basis functions defined on the mesh. Due
to this approximation, the discrete random field is defined by a truncated series. Furthermore, the integrals in the Fredholm equation
are computed numerically using a quadrature rule.

Due to these approximations, the discrete values of the field are different from those of the original FVF field at the same points.
Let ǫ(x, θ) = u(x, θ) − û(x, θ) the approximation error. The error variance (normalized variance of the approximation error) is given
by [4] :

ǫσ(x) =
V ar[u(x, θ) − û(x, θ)]

V ar[u(x, θ)]

The mean error variance is defined as the weighed integral of the error variance:

ǭσ =
1

|Ω|

∫

Ω

ǫσ(x)dx

with |Ω| =
∫

Ω
dx. The variance of the discretized field is given by V ar[û(x, θ)] =

∑M

i=1
λ̂iφ̂

2
i (x). The error variance is thus given by

[54]:

ǫσ(x) = 1 −
∑M

i=1
λiφ

2
i (x)

σ2(x)

Let a constant variance over the field, the mean error variance becomes

ǭσ = 1 − 1

|Ω|
1

σ2

M
∑

i=1

λi

Consider two approximated Gaussian random fields on circles with mesh characteristics given in table 5.1. The first, ûexact(x, θ),
is computed using an exact distance. Its associated mean error variance is denoted ǭσ,exact. The second, ûF MM (x, θ) or ûAF MM (x, θ),
is computed using the FMM or the AFMM based distance. Its associated mean error variance is denoted ǭσ,F MM or ǭσ,AF MM . Both
fields are generated using the covariance function

C(x, y) =

{

0 if dist(x, y) > lc,Cov

σ2
(

1 − dist(x,y)
lc,Cov

)

else
(6.1)

The errors will depend on the distance computation methods, the mesh fineness, the covariance characteristic length and the quadra-
ture rules.

Let’s first consider constant basis functions with one-point quadrature rule. Three random fields are shown on figure 6.1 for
lc,Cov = 0.5.
The errors are shown on figure 6.2 for lc,Cov = 0.5 and lc,Cov = 0.25. The mean error variance decreases as the number of terms
in the series increases. The smallest error occurs when the number of eigenvalues used in the expansion is equal to the number
of elements in the mesh. When the number of elements increases, the smallest error decreases. The relative difference between
errors obtained using exact distance and FMM type distance converges slowly to zero. The relative errors when using 90% of the
eigenvalues are shown on table 6.1.

lc,Cov 0.5 0.25
lc
0.1 2.17% 6.15%
0.2 5.43 % 9.96%
0.3 7.03 % 9.97%

Table 6.1: Relative errors w.r.t. the mesh fineness and the covariance characteristic length using constant basis functions, 1
point quadrature rule and 90% of the eigenvalues.
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Figure 6.1: FVF using a 1-point quadrature rule, constant basis functions and covariance characteristic length lc,Cov = 0.5.

Due to the slow decrease of the relative error, almost all eigenvalues and eigenfunctions should be used to compute the Gaussian
random field. The evolution of the graphs only slightly depends on the covariance characteristic length. When the covariance
characteristic length is greater, the error drops quicker at the beginning of the graph. Contrarily, the drop in the relative error happens
more smoothly at the end of the graph.
The covariance function can be estimated back from the eigenvalues and eigenfunctions computed. The obtained covariance func-
tion is compared with the true covariance function with characteristic length lc,Cov = 0.5 in figure 6.3 and with characteristic length
lc,Cov = 0.25 in figure 6.4. The covariance functions obtained fit very well the initial covariance functions, especially for meshes with
great fineness.

Let’s finally consider linear basis functions with ten-points quadrature rule. Three random fields are shown on figure 6.5 for
lc,Cov = 0.5.
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Figure 6.5: FVF using a 10-point quadrature rule, linear basis functions and covariance characteristic length lc,Cov = 0.5.

The errors are shown on figure 6.6 for lc,Cov = 0.5 and lc,Cov = 0.25. The errors are worse than in the previous case but the relative
errors behave as in the previous case. The relative errors when using 90% of the eigenvalues are shown on table 6.2.

lc,Cov 0.5 0.25
lc
0.1 2.94% 3.74%
0.2 3.69 % 4.08%
0.3 4.33 % 2.21%

Table 6.2: Relative errors w.r.t. the mesh fineness and the covariance characteristic length using linear basis functions and
10 points’ quadrature rule.

The covariance function is estimated back from the eigenvalues and eigenfunctions computed. The obtained covariance function
is compared with the true covariance function with characteristic length lc,Cov = 0.5 on figure 6.7 and with characteristic length
lc,Cov = 0.25 on figure 6.8. Again, the obtained covariance fits relatively well the true covariance function. However, the differences
between the true and recomputed covariance function are greater, especially for small distances. The error increases when the co-
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(c) FMM (lc,Cov = 0.5)
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ǭ σ
,e
x
a
ct

 

 
l
c
 = 0.1

l
c
 = 0.2

l
c
 = 0.3

(f)
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Figure 6.2: Comparison of the errors made when computing the exact distances, using euclidean norm, and approximating
distances using FMM, constant basis functions and 1 point quadrature rule.

variance characteristic length is smaller.

Due to this analysis and taking into account the long computation times induced by the new method, only the first method will be
used in the next chapter to create the random field on 3D surfaces.
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Figure 6.3: Reconstruction of the covariance function of characteristic length lc,Cov = 0.5 using constant basis functions and
1 quadrature point.
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Figure 6.4: Reconstruction of the covariance function of characteristic length lc,Cov = 0.25 using constant basis functions
and 1 quadrature point.
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(d) FMM (lc,Cov = 0.25)
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|ǭσ,F MM −ǭσ,exact|
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Figure 6.6: Comparison of the errors made when computing the exact distances, using euclidean norm, and approximating
distances using FMM, linear basis functions and 10 points quadrature rule.
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Figure 6.7: Reconstruction of the covariance function of characteristic length lc,Cov = 0.5 using linear basis functions and
10 quadrature points.
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Figure 6.8: Reconstruction of the covariance function of characteristic length lc,Cov = 0.25 using linear basis functions and
10 quadrature points.
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Chapter 7

Numerical solution and industrial
applications

The goal of this thesis is to analyse the mechanical responses of a loaded composite object whose properties are uncertain. The first
section describes the different programs used in the analysis and explains how they were used in the framework of this thesis. The
second section details the methods used to obtain the mechanical responses of the composite object. It also presents my personal
contribution to the program. The third and the fourth sections present results obtained with the program. The third section analyses
the mechanical responses of a chair with variable FVF. The fourth section analyses the mechanical responses of the same chair. In
this section, the FVF is constant but the angle of the plies with respect to the main direction are uncertain.

7.1 Various software used

Many programs do interact in order to produce the desired mechanical analysis. Let’s present them in a few words.
Samcef is a 3D finite element software which models and simulates mechanical and thermal responses of objects [53]. Samcef is used
to mesh the surface of the composite object, define the loading case and compute the mechanical response of the composite object.
Gmsh is a free, 3D finite element mesh generator. Its four modules allow to define a geometry, mesh it, interface with solvers and
visualise results [16]. Gmsh is used to mesh the surface of the composite object and represent the mechanical analysis on the surface
of the composite object.
Python is an open-source programming language allowing multiple functionalities among which scientific programming, text editing
and system administration [44]. Python was used to launch the jobs in Samcef.
C++ is an object-oriented language allowing polymorphism, inheritance, interfaces and abstract classes. C++ is the core of the program
realised in this thesis. It interacts with Samcef and Gmsh and executes all steps, apart from the mechanical tests, needed to obtain the
mechanical analysis of composite objects.
Matlab and Octave are scientific programming languages [35, 40]. They are used to plot numerical results outputted by C++.
Bash is a command language mostly used on Linux platforms. It allows to automatically create or delete folders and files. It was
used to automatically execute binary files produced after compiling the C++ global classes, run the Python file launching the Samcef

mechanical analysis and store the results in folders.

Those programs are used to model the composite object, analyse its mechanical response and display the analysis. Let’s see
how the modelling and analysis are realised.

7.2 Workings of Cenaero’s program and personal contribution to the pro-
gram

In order to analyse the mechanical responses of composite objects with uncertain properties, the program must first generate a
Gaussian random field. The composite surface is meshed and a Gaussian random field is defined on every element of the mesh.
This field impacts the properties of final object. Every element is associated to a laminate. The properties of the laminate depends
on the value of the Gaussian field on the triangle. When laminates have been defined for every triangle on the mesh, the program
computes the mechanical responses of the composite object and exploits the results. This procedure is summarised in figure 7.1. My
contributions are the mechanical analysis of composite objects whose properties are uncertain and the extension of the random field
generation method.

Let’s now detail every step in the procedure : the generation of the Gaussian random field, the computation of the properties of
an element and the exploitation of the mechanical analysis.
The Gaussian random field is defined by its covariance function. Cenaero’s program allows the user to choose between two covariance
functions. The first is a Gaussian function depending on the isotropic or anisotropic distance d(x, y) between node x and node y:

Cov(x, y) = σ
2 exp

(

−d(x, y)

lc,Cov

)
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Legend : Files
Actions done in the program

Personal contribution
Already defined code

Code done in collaboration

Writes results in . msh files

Computes the mean and variance

of the output responses

Output Samcef files : deflection and Tsai-Wu criterion

Design of Experiments(DoE). For each sample, computes :

Fibre volume fraction field OR Angle field

Properties ot the laminate (.MAT, .PLI, .ETA, .LAM

Lanches the mechanical analysis in Samcef

1)Output file containing the eigenvalues and eigenfunctions

2)Input file containing the average properties of the laminate

3)Input file containing the properties of the matrix and the fibres

1) Loads the mesh

2) Solves the eigenvalue problem

Mesh file (.msh or .dat)

Figure 7.1: Summarised sequential diagram for the mechanical analysis of a composite object
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{
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Figure 7.2: Summarised sequential diagram leading to the solution of the Fredholm Equation

The second covariance function approximates the Gaussian function by:

Cov(x, y) =

{

σ2
(

1 − d(x,y)
lc,Cov

)2

if d < lc,Cov

0 else
(7.1)

The distances were first computed using Euclidean norm (2D surfaces) or FMM (2D and 3D surfaces). I extended the distance
computation methods to allow anisotropic distance computations (either exact, for 2D surfaces, or approximate using AFMM, for 2D
and 3D surfaces). Once the field has been totally described, a discrete random field can be obtained by solving the discrete second
order Fredholm equation. This equation involves integrals defined in terms of basis functions and the covariance function. The basis
functions were first defined constant and the integrals computed using one-point quadrature rule. Hoping to increase the accuracy, I
defined linear basis functions and a 10-points quadrature rule. The first step is summarised in figure 7.2.
The Gaussian random field is defined on every element of the mesh. The user can either choose a variable FVF or add noise to the
angles between the plies and the main direction. When the FVF varies, every element of the mesh is characterised by a different FVF.
Every element is thus associated with a different composite material. The properties of this composite material are computed using
the rule of mixtures. Every element is also associated with a ply stacking sequence. This ply stacking sequence is almost the same
as the ply stacking sequence of the deterministic composite object. The only difference comes from the variable properties of the
composite material. When the angles of the plies are uncertain, the angles of the ply stacking sequence associated with the element
are different from the original angles. However, the material and thickness of the plies are the identical from the original ply stacking
sequence. The second step is summarised by figures 7.3 (variable FVF) and 7.4 (variable angles of plies with respect to the main
direction).
Several fields and the associated composite objects are defined. Once the mechanical analysis has been realised for all of them, a
statistical analysis is made. It allows to check whether the materials respects the specifications in the average case. It also allows to
give the fraction of objects that will not respect the specifications. The average case can be obtained by averaging the mechanical
responses of the different objects on the mesh. The deviation with respect to the average is defined by computing the deviation of
mechanical responses on the mesh. Finally, the convergence of the results is demonstrated by showing the evolution of the maximum
variance on the mesh depending on the number of objects taken into account. This last step is summarised on figure 7.5.

Now that the program has been presented, it will be used to analyse the deflection and failure criterion of a reinforced panel with
uncertain FVF.
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Figure 7.5: Summarised sequential diagram to obtain statistical analysis of the mechanical responses.
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7.3 Analysis of the mechanical response of a chair whose FVF is uncertain

Figure 7.6: Geometry of a chair.

The second mechanical analysis is made on a composite chair whose geometry is shown
on figure 7.6. It is made of 25 zones with different stacking sequences of unidirectional
plies. Zones on the left, along the edge of the chair, have the same stacking sequence as
zones on the right along the opposite edge. Strip zones have the same stacking sequence.
Unidirectional plies take four possible orientations: 0◦, 45◦, 90◦and 135◦. The zones are
made of different number of plies uniformly distributed over the four possible orientations.
The number of plies per zone is given in table 7.1. The composite material is made of flax
fibres and epoxy. Their properties, extracted from [56, 59], are given in table 7.2. After
fixing the chair at four points on the seat (see figure 7.6), uniform pressures equivalent to
200 kg and 75 kg are applied to the seat and the back.

15 16 10 16 15

14 16 9 16 14

13 16 8 16 14

12 16 9 16 12

11 16 11 16 11

Table 7.1: Number of plies associated with each
of the zones shown on figure 7.6.

Density
[Mg/m3]

Young
modulus
(GPa)

Poisson
modulus

Shear
modulus
(GPa)

Tensile
strength
(GPa)

Compressive
strength
(GPa)

Flax fibre 1.4 60 0.2 25 0.5 0.83
Epoxy 1.1 3.45 0.35 1.277 0.049 0.049

Table 7.2: Mechanical properties of flax fibres and epoxy.

The goal is to analyse the effect of uncertain FVF on mechanical responses of the chair. The mean value of FVF is fixed to 0.5.
The covariance function is given by equation (7.1). The covariance function is isotropic and the distance computed using FMM. The
integration method uses constant basis functions and 1-point quadrature rule.
Some Gaussian random fields, with different covariance characteristic lengths lc,Cov, are given on figure 7.7. The fields are close to
the original Gaussian random fields. Indeed, as shown on figure 7.8, the mean error variance is low when using a large fraction of
the eigenvalues. The zones in red represent the areas where the zero mean random process takes high values. The zones in blue
represent the areas where it takes the smallest values. As lc,Cov increases, the area of similar values become larger. This in term,
leads to larger resin rich zones and voids or resin poor zones. Increasing lc,Cov also impacts the computation time as it affects the
sparsity of matrices involved in the generalised eigenvalue problem (see table 7.3).

lc,Cov 50 75 100
Chair 98.74 % 97.42% 95.74 %

Table 7.3: Sparsity of A w.r.t. the covariance characteristic length lc,Cov = {50, 75, 150}

Once the random field has been generated and the properties of the composite object have been computed, the chair is loaded.
The mechanical analysis is then realised. The mean and variance of the deflection and Tsai-Wu criterion fields are analysed after 300
samples. The fields are shown on figure 7.9 when lc,Cov = 50 and σ2

F V F = 0.05. The maximum deflection occurs at the top of the
chair and the maximum Tsai-Wu criterion near the fixation points. The maximum deflection is relatively important and the Tsai-Wu
criterion reaches value higher than 1. There is thus a risk of failure at the back fixation points, where this criterion is the highest. Figure
7.9 also show the evolution of the variance with respect to the number of samples. As the convergence is observed, the number of
samples should be sufficient. The analysis can be made again using different covariance characteristic lengths and variances. Table
7.4 shows that the uncertainty in the response increases with the characteristic length and the variance of FVF.

σ2
F V F lc,Cov = 25 lc,Cov = 50 lc,Cov = 75 lc,Cov = 100 lc,Cov = 150

0.05 0.57% 0.57% 0.57%
Deflection

0.1 1.05% 3.5%

0.05 1.49% 1.36% 1.49%Tsai-Wu
criterion 0.1 2.81% 3.7%

Table 7.4: Standard deviation of deflection and Tsai-Wu criterion over their mean value for 300 samples (in %).
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(a) lc,Cov = 25 (b) lc,Cov = 50

(c) lc,Cov = 75 (d) lc,Cov = 100

(e) lc,Cov = 150

Figure 7.7: Random field with zero mean and standard deviation one. Up to down and left to right: the covariance
characteristic length is given by lc,Cov = 25, 50, 75, 100, 150
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Figure 7.8: Mean error variance (chair with isotropic covariance function)
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Figure 7.9: Maximum displacement and Tsai-Wu criterion for lc,Cov = 50 and σ2
F V F = 0.05 (chair application)
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7.4 Analysis of the mechanical response of a chair whose plies’s angles are
uncertain

The third mechanical analysis is made on the chair shown on figure 7.6. This time, all plies take orientation 90◦. The components
of the composite and the loads remain the same but the FVF becomes constant. The FVF is set to 25% with 81.25% of fibres in the
main direction. This time, the goal is to analyse the effect of uncertain angle of the plies on the mechanical response of the chair. The
mean value of the angle is the one of the original ply. The covariance function, given by equation (7.1), is anisotropic and the distance
computed using AFMM. The integration method uses constant basis functions and 1-point quadrature rule.

Some Gaussian random fields associated with distance d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2 and different covariance lengths lc,Cov,
are given on figure 7.11. The fields are close to the original Gaussian random fields. Indeed, as shown on figure 7.10, the mean error
variance is low when using a large fraction of the eigenvalues. As previously, zones in red (blue) represents the areas where the zero
mean random process takes high (low) values. Those zones form ellipses with major axis in the direction of the fibres and minor axis
perpendicular to the major axis. As lc,Cov grows, the ellipses grow. This, in term, leads to larger zones where fibre angles deviate in
the same direction from the original angle. As previously, lc,Cov affects the sparsity of matrices involved in the generalised eigenvalue
problem (see table 7.5). Results are similar to the FVF case.
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Figure 7.10: Mean error variance (chair with anisotropic covariance function)

lc,Cov 50 75 100 150
Chair 99.06 % 98.1% 96.87% 93.87%

Table 7.5: Sparsity of A w.r.t. the covariance characteristic length lc,Cov = {50, 75, 100, 150}

Once the angle of the plies have been computed, the chair is loaded and the mechanical analysis is realised. The mean and
variance of the deflection and Tsai-Wu criterion fields are analysed after 400 samples. The fields are shown on figure 7.12 when
lc,Cov = 50 and σ2

angle = 5. The maximum deflection occurs at the top of the chair and the maximum Tsai-Wu criterion near the
fixation points. Figure 7.12 also show the evolution of the variance with respect to the number of samples. The convergence occurs
later than in the uncertain FVF case. The analysis can be made again using different covariance characteristic lengths and variances.
The larger the angle variance, the more samples are needed before convergence of the Monte Carlo method. Table 7.6 shows that
the uncertainty grows depending on the variance of the angle. Even for relatively large angle, the uncertainty on the displacement
remains negligible. The uncertainty on the failure criterion is more pronounced.

σ2
angle = 1 σ2

angle = 5 σ2
angle = 10

Deflection 0.032% 0.162% 0.32%
Tsai-Wu
criterion

0.79% 3.617% 6.583%

Table 7.6: Standard deviation of deflection and Tsai-Wu criterion over their mean value for 400 samples and lc,Cov = 50 (in
%)
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Figure 7.11: Random field with zero mean, standard deviation, fibres in direction y and anisotropic norm d(x, y) =
√

(x1 − y1)2 + 2(x2 − y2)2. Up to down and left to right: the covariance characteristic length is given by
lc,Cov = 50, 75, 100, 150
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Figure 7.12: Maximum displacement and Tsai-Wu criterion for lc,Cov = 50 and σ2
angle = 5 (chair application)
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Chapter 8

Conclusion

The goal of this thesis is to quantify the effect of uncertainties on the mechanical responses of composite objects. Composite objects
are made of different components: the reinforcement and the matrix. The classical mechanical theories modelling heterogeneous
materials involve homogenization methods. By analysing the object at different level scales (micro and macro scale of a ply and macro
scale of the whole object) they give the mechanical laws describing the behaviour of a composite object, in this thesis a laminate,
with known and deterministic properties. The stresses and strains inside the composite object are computed based on the forces and
moments under which it is loaded. Taking into account the stresses and strains inside the laminate, the Tsai-Wu criterion allows to
quantify the reliability of the object.

In real life, the fibre volume fraction, the angle of the plies and several other properties of the composite object are impacted by
uncertainties. Those uncertainties appears during the manufacturing of the object, a complex process involving several steps. They
can be generated using the Karhunen-Loève expansion, a series expansion. The larger terms in the series describe the general trend
of the field. Smaller terms represent smaller noises with greater frequency. This was shown by determining analytically two random
fields.

The uncertainties are evaluated at discrete points on a mesh. The discrete values are obtained by solving a generalized eigen-
value problem involving the numerical evaluation of integrals. One of the integrand involves the covariance function associated with
the field. The covariance functions between two points is itself a function of the distance between those points. Because surfaces of
composite objects are 3D surfaces, the distances can not be evaluated using Euclidean or exact anisotropic norms. Two algorithm, the
Fast Marching Method and the Recursive Fast Marching Method, respectively allow to compute isotropic and anisotropic distances on
the surface of the object. The AFMM gives relatively accurate results on 2D surfaces, especially for fine meshes and large distances.
The AFMM method seems to perform well on 3D surfaces too.
Once the distances have been computed, the discrete field is evaluated by numerically computing the integrals. Two integration meth-
ods have been presented. The first method is a one-point quadrature rule involving constant basis functions. The second method is
a ten-points quadrature rule involving linear basis functions. The second method gives inconclusive results with increased time and
space complexity. Therefore, only the first method is used in subsequent analysis.

Finally, the goal of this thesis was achieved. Two statistical analysis were conducted on a chair with, one time, uncertain fibre
volume fractions and, the other time, uncertain plies’ angles. The convergence of the analysis were obtained when using a large
number of sample chairs. Both analysis have revealed that the chair is not solid enough and would break at its fixation points. The
deflection at the top of the chair is quite large too. Increasing the covariance characteristic length and the variance of the Gaussian
random field increases the maximum value of the deflection and Tsai-Wu criterion. The same observations are true when the angle
of the plies are variable. However, the effect of uncertain angles on deflection is much smaller than its effect on the Tsai-Wu criterion.
The variance of the deflection remains negligible with respect to its maximum value, even for large variances of the field.

Several points are left to consider. Two important parameters of the covariance function associated with the field are the variance
and the covariance characteristic length. The values used in this thesis were only chosen to illustrate the method. An other important
choice in the computation of the angle field is the definition of the anisotropic distance. Experiments should be conducted to fit the
covariance function and the definition of the anisotropic distance to real fields.

A discrete value of the Gaussian random field is associated with each element and thus the laminate defined on the element. All
the plies of this laminate are associated with the same discrete value of the Gaussian random field. An interesting field of research
would be to investigate what happens when each ply of an element is associated with distinct values of Gaussian random fields. For
instance, when the Gaussian random field represents the variability of the angle of plies, the field depends on the direction of the
fibres. As the laminate is usually made by stacking plies of different orientations, it would make sense to define an uncertain value for
each ply of the element.

The design of the composite object could take into account the variability of the properties. It could be made by solving a con-
straint optimization problem. For instance, the problem could be to design the lightest object such that the Tsai-Wu criterion remains
less than one.

The main contribution of this thesis is the use of the Recursive Fast Marching Method and the Fast Marching Method in the
statistical analysis of the mechanical response of composite objects with uncertain properties. A large portion of the work is the
creation of a programming interface between the different software.
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Appendix A

Proof of the rule of mixtures

The rule of mixtures determines the 4 engineering constants E1, E2, ν12 and G12 based on the properties of the fibres, the matrix and
on FVF under the following assumptions:

• the material is free of voids

• the fibres and the matrix are homogeneous, linear elastic and isotropic elements

• fibres are continuous, parallel and the space between fibres is uniform

• perfect bound between the matrix and the fibres

Let Vf =
Vfibre

Vtot
the fibre volume fraction, Ei, νi and Gi respectively the Young modulus, the Poisson ration and the shear modulus of

material i = {f, m} with f the fibre and m the matrix.

A.1 Longitudinal Young’s modulus

The RVE is subject to uniaxial stress σ1 in the direction of the fibres (see figure A.1).

0.5Δl l0

0.5Δm

0.5Δf

0.5Lm

LfL

σ1

Figure A.1: RVE under longitudinal stress.

The deformation is supposed uniform in the RVE:

ǫ1 =
∆l

l0

where l0 is the initial length of the RVE in the direction of the fibres and ∆l is the deformation in the direction of the fibres. The stresses
in the fibres σf and in the matrix σm are given by:

σf = Ef ǫ1 σm = Emǫ1

The total loads on the cross section of the fibres Ff , the matrix Fm and the composite F are given by

Ff = σf Af Fm = σmAm F = σ1A = Ff + Fm (A.1)

where Af , Am and A = Af +Am are respectively the areas of the cross section of the fibres, the matrix and the RVE. The longitudinal
Young’s modulus can be written as a function of Ef , Em and FVF using relation (A.1):

σ1 = σf Vf + σm(1 − Vf ) ⇒ E1 = Ef Vf + Em(1 − Vf )

A.2 Transverse Young’s modulus

The RVE is subject to uniaxial stress σ2 in the direction perpendicular to the fibres (see figure A.2).
The stresses applied to the fibres, the matrix and the composite are supposed to be equal σ2 = σf = σm. The transverse expansion
of the RVE, ∆, is the sum of the transverse expansion of the fibres, ∆f , and the transverse expansion of the matrix, ∆m:

∆f = ǫf Lf ∆m = ǫmLm ∆ = ǫ2L = ∆f + ∆m
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σ2Δ

Δf

Figure A.2: RVE under transverse stress.

with Lf the transverse length of the fibres, Lm the transverse length of the matrix, L the transverse length of the RVE and ǫf , ǫm such
that:

ǫf =
σ2

Ef

ǫm =
σ2

Em

ǫ2 =
σ2

E2

The transverse Young’s modulus is thus given by:

E2 =

(

Vf

Ef

+
(1 − Vf )

Em

)−1

A.3 Major Poisson’s ratio

The RVE is subject to uniaxial stress σ1 in the direction of the fibres (see figure A.1). The transverse deformation ∆ of the RVE is the
sum of the transverse deformation of the fibres ∆f and the matrix ∆m:

∆f = νf Lf ǫ1 ∆m = νmLmǫ1 ∆ = ν12Lǫ1 = ∆f + ∆m

which allows to find the major Poisson’s ratio:
ν12 = Vf νf + (1 − Vf )νm

A.4 In plane shear modulus

The RVE, the fibres and the matrix are subject to pure shear stress τ (see figure A.3). The shear strains of the fibres ǫf , the matrix

τ

Δ

Δ

Figure A.3: RVE under shear stress.

ǫm and the RVE ǫ6 are given by

ǫf =
τ

Gf

ǫm =
τ

Gm

ǫ6 =
τ

G12

Furthermore, the total longitudinal deformation ∆ is equal to the sum of the longitudinal deformations of the fibres ∆f and the matrix
∆m:

∆f = ǫf Lf ∆m = ǫmLm ∆ = ǫ6L = ∆f + ∆m

with Lf the transverse length of the fibres, Lm the transverse length of the matrix and L the transverse length of the RVE. The in
plane shear modulus is given by:

G12 =

(

Vf

Gf

+
Vm

Gm

)−1
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Appendix B

Proof of the macro mechanical model of a
laminate

ex

e�

e�

Figure B.1: Laminate structure and coordi-
nate system.

C

B

C

B

	

	

α

α

Figure B.2: Laminate deformation in the
Oxy plane.

Based on the mechanical properties of the plies and the angles of the plies with
respect to the main axes, the CLT predicts the mechanical properties and responses
of a laminate shown with its axis coordinate system (ex, ey , ez) on figure B.1. The
plane Oxy is set on the mid-surface of the laminate. The CLT makes the following
hypothesis: displacements are continuous and small along axis ez , the laminate is
only loaded in its plane (σxz, σyz, σzz are negligible with respect to σx, σy , σxy) and
a straight perpendicular line to the mid-surface remains straight, perpendicular and
of same length after deformation (ǫxz = ǫyz = ǫz = 0).
Denoting u0, v0 and w0 the displacements on the mid-surface in directions ex, ey

and ez and u, v and w the displacements in directions ex, ey and ez , the goal is
to determine displacements and deformations inside the laminate as a function of
displacements and deformations on the mid-surface. Fix a point C situated outside
the mid-surface of the laminate and perpendicular to a point B located on the mid-
surface. The two points are separated by a distance z. After deformation, segment
BC form an angle α with respect to the normal of the Oxy plane. The laminate is
shown before and after deformation at figure B.2.

Kirchoff approximation allows to find the displacement along ex:

ǫz = 0 =⇒ u = u0 − zα

ǫxz = 0 =⇒ α =
∂w0

∂x

Displacement along directions ex, ey and ez are thus given by:

u(x, y, z) = u0(x, y) − z
∂w0(x, y)

∂x

v(x, y, z) = v0(x, y) − z
∂w0(x, y)

∂y

w(x, y, z) = w0(x, y)

The corresponding strains are given by:

ǫx =
∂u

∂x
=

∂u0

∂x
− z

∂2w0

∂x2

ǫy =
∂v

∂y
=

∂v0

∂y
− z

∂2w0

∂y2

2ǫxy =
∂u

∂y
+

∂v

∂x
=

∂u0

∂y
+

∂v0

∂x
− 2z

∂2w0

∂x∂y

Denoting the strains of the mid-surface by ǫ0 =
(

ǫ0
x ǫ0

y 2ǫ0
xy

)T
=
(

∂u0

∂x

∂v0

∂y

∂u0

∂y
+ ∂v0

∂x

)T
, the mid-plane curvatures by κ =

(

κx κy κz

)T
=
(

− ∂2
w0

∂x2 − ∂2
w0

∂y2 −2 ∂2
w0

∂x∂y

)T

and the strains inside the laminate by ǫ =
(

ǫx ǫy 2ǫxy

)T
, the strains can be

expressed as
ǫ(x, y, z) = ǫ0(x, y) + zκ(x, y)

The strain stress relation of a ply k with stiffness matrix Ck (in local axis ex and ey) is given by

σk(x, y, z) = Ckǫ0(x, y) + zCkκ(x, y)

Given a n ply laminate of thickness h, the resultant forces per unit length N (x, y) and the resultant moments M(x, y) are given
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by

N (x, y) =
(

Nx Ny Nxy

)T
=

∫ h
2

− h
2

σdz =

n
∑

k=1

∫ hk

hk−1

σkdz (B.1)

M(x, y) =
(

Mx My Mxy

)T
=

∫ h
2

− h
2

zσdz =

n
∑

k=1

∫ hk

hk−1

zσkdz (B.2)

with hk = − h
2

+
∑k

u=1
tu for k = 1, ..., n and h0 = − h

2
. In this expression, tk is the thickness of ply k and

∑n

u=1
tu = h. Replacing σk

by its expression, equations (B.1) and (B.2) become:

N (x, y) =

n
∑

k=1

Ck

(

ǫ0

∫ hk

hk−1

dz + κ

∫ hk

hk−1

zdz

)

M(x, y) =

n
∑

k=1

Ck

(

ǫ0

∫ hk

hk−1

zdz + κ

∫ hk

hk−1

z
2
dz

)

Knowing that

∫ hk

hk−1

dz = hk − hk−1

∫ hk

hk−1

zdz =
1

2
(h2

k − h
2
k−1)

∫ hk

hk−1

z
2
dz =

1

3
(h3

k − h
3
k−1)

allow to conclude
(

N

M

)

=

(

P Q

Q R

)(

ǫ0

κ

)

(B.3)

with

Pij =

n
∑

k=1

(Cij)k(hk − hk−1)

Qij =
1

2

n
∑

k=1

(Cij)k(h2
k − h

2
k−1)

Rij =
1

3

n
∑

k=1

(Cij)k(h3
k − h

3
k−1)
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Appendix C

Discrete Fredholm equation :
implementation details

This section is mainly inspired from [31].

C.1 Approximation of the eigenfunctions

In order to develop a general framework, we will work on standard elements. Let’s consider a mesh made of triangular elements. Lets
take a random triangular element Ωe whose vertex are given by P1 = (Xe

1 ; Y e
1 ; Ze

1), P2 = (Xe
2 ; Y e

2 ; Ze
2) and P3 = (Xe

3 ; Y e
3 ; Ze

3). The
standard triangle is such that its projection on space (η; ξ) has coordinates Ξ1 = (0; 0), Ξ2 = (1; 0) and Ξ3 = (0; 1).
The isomorphism between the triangular element Ωe in space x = (x; y; z) and the standard triangle Ω̂ in space ξ = (ξ; η; ζ) is defined
as

x(ξ) = P (ξ, η) = (1 − ξ − η)Xe
1 + ξX

e
2 + ηX

e
3

y(ξ) = Q(ξ, η) = (1 − ξ − η)Y e
1 + ξY

e
2 + ηY

e
3

z(ξ) = R(ξ, η) = (1 − ξ − η)Ze
1 + ξZ

e
2 + ηZ

e
3

x
y

0

1

1

1

1




3




3

ζ0

Figure C.1: Isomorphism between a random finite element Ωe and the standard element Ω̂

On every element, we wish to approximate the eigenfunction φi by a set of functions φi(x) ≈ φ̂i(x) =
∑N

j=1
di

jhj(x). We

associate every basis function hj to a node Xj such that

hj(Xi) = δij =

{

1 if i = j

0 else

The basis functions are polynomials. To correctly interpolate polynomials of order 0, one only needs one basis function linked to the
center of mass of the triangle:

h1(ξ) = 1 (C.1)

To correctly interpolate polynomials of order 1, one needs 3 linear basis functions. Every basis function is linked to a vertex of the
triangle:

h1(ξ) = 1 − ξ − η h2(ξ) = ξ h3(ξ) = η (C.2)

C.2 Quadrature rules

Integrals (4.5) can be written as the sum of the integrals over the mesh elements:

Ai,j =
∑

e

∑

f

∫

Ωe

hi(x)

∫

Ωf

C(x, y)hj(y)dydx Bi,j =
∑

e

∫

Ωe

hi(x)hj(x)dx (C.3)
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In order to evaluate integrals (C.3), the triangular mesh elements Ωe and Ωf are mapped to the standard triangle Ω̂. The integrals
in the sum become

∫

Ωe

hi(x)

∫

Ωf

C(x, y)hj(y)dydx

=

∫

Ω̂

hi(x(ξ, η))

∫

Ω̂

C(x(ξ, η), y(ξ, η))hj(y(ξ, η))|J1(ξ, η)||J2(ξ, η)|dξ1dξ2

∫

Ωe

hi(x)hj(x)dx =

∫

Ω̂

hi(x(ξ, η))hj(x(ξ, η))|J1(ξ, η)|dξ1

where J1(ξ, η) and J2(ξ, η) are the Jacobian of the transformations. The first Jacobian is given by

J1(ξ, η) =

∣

∣

∣

∣

∂(x, y, z)

∂(ξ, η)

∣

∣

∣

∣

= 2Ae

where Ae is the area of element Ωe. J2(ξ, η) is defined similarly with respect to element Ωf .

Gaussian quadratures on triangles take the form
∫

Ω̂

g(ξ, η)dξ ≈ 1

2

∑

p

wpg(xp)

A quadrature of degree N is exact for all polynomials of degree N in two dimensions. In the rest of this thesis, the integration will be
computed using quadrature rules of degree 1 and 3.
A quadrature of degree 1 perfectly integrates all polynomials spanned by the basis span{1, ξ, η}. In other words











∫

Ω̂
1dξ = 1

2
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ξdξ = 1

6
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ηdξ = 1

6
= 1

2

∑

p
wpg(xp)

(C.4)

A solution is given by w1 = 1, ξ1 = η1 = 1
3
.

A quadrature of degree 3 perfectly integrates all polynomials spanned by the basis span{1, ξ, η, ξ2, η2, ξη, ξ3, η3, ξ2η, η2ξ}. In other
words



































∫

Ω̂
1dξ = 1

2
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ξdξ =

∫

Ω̂
ηdξ = 1

6
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ξ2dξ =

∫

Ω̂
η2dξ = 1

12
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ξηdξ = 1

24
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ξ3dξ =

∫

Ω̂
η3dξ = 1

20
= 1

2

∑

p
wpg(xp)

∫

Ω̂
ξ2ηdξ =

∫

Ω̂
ξη2dξ = 1

12
= 1

2

∑

p
wpg(xp)

(C.5)

The associated weight to the ten quadrature points shown on figure C.2 are given by

w1 = w4 = w10 =
1

30

w2 = w3 = w5 = w7 = w8 = w9 = 0.075

w6 = 0.45

ξ

η

0
1/3 2/3

1/3

2/3

1

1

Figure C.2: Quadrature points of the quadrature rule of degree 3.
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Appendix D

Solution of the optimisation problem
involved in AFMM

Considering a triangle XYZ in which we know TY and TZ , the AFMM tries to find point x̃ = p(Y − Z) + Z on segment Y Z that
minimises the anisotropic distance TX . The optimisation problem is given by:

f2D(X, Y, Z) = min
p∈[0,1]

pTY + (1 − p)TZ + ||x̃X||M

It can be written as

f2D(X, Y, Z) = min
p∈[0,1]

pTY + (1 − p)TZ + ((pY X + (1 − p)ZX) M (pY X + (1 − p)ZX))
1

2 (D.1)

= min
p∈[0,1]

pTY + (1 − p)TZ +
(

p
2
a + pb + c

) 1

2 (D.2)

with

a = Y X · M · Y X + ZX · M · ZX − Y X · M · ZX − ZX · M · Y X

b = Y X · M · ZX + ZX · M · Y X − 2ZX · M · ZX

c = ZX · M · ZX

This problem is an optimisation problem with two inequality constraints. It can be solved using the Lagrangian method. Let’s
recall how the Lagrangian method works [17]. Given a function f defined on the real space, the optimisation problem is written as:

min
x∈Rn

f(x)

ci(x) = 0 ∀i ∈ E
ci(x) ≥ 0 ∀i ∈ I

where E is the set containing all equalities’ indices and E is the set containing all inequalities’ indices. The Lagrangian function is
defined as

L(x, λ) ≡ f(x) −
∑

i

λici(x)

The KKT conditions express that, if x∗ is an extremum, and all gradients {∇ci(x
∗)}i∈A(x∗), with A(x) = {i ∈ E ∩ I|ci(x) = 0}, are

independent, there exist a λ∗ such that

∇xL(x∗
, λ

∗) = 0

λ
∗
i ≥ 0 i ∈ I

λ
∗
i ci(x

∗) = 0 i ∈ I

The Lagrangian function associated with optimisation problem (D.2) is given by :

L(p) = pTY + (1 − p)TZ +
(

p
2
a + pb + c

) 1

2 − λ1c1(p) − λ2c2(p)

with c1(p) = p and c2(p) = 1 − p. The gradient of the Lagrangian function with respect to p is given by

∇pL(p) = TY − TZ +
2ap + b

2
√

p2a + bp + c
− λ1 + λ2

The KKT conditions are given by:

∇pL(p∗) = 0

λ
∗
1p

∗ = 0

(1 − p
∗)λ∗

2 = 0

Furthermore, if c1(p∗) = 0, then c2(p∗) = 1 and inversely. The gradient of the constraints only contain one element. Let’s analyse
whether the KKT conditions can be satisfied. Three cases must be checked :

x



λ∗
1 = λ∗

2 = 0: The first KKT condition can be written as the second order equation

0 = αp
2 + βp + γ (D.3)

α = 4a
2 − 4a(TZ − TY )2 (D.4)

β = 4ab − 4b(TZ − TY )2 (D.5)

γ = b
2 − 4c(TZ − TY )2 (D.6)

A possible admissible solution is a solution of equation (D.3) with real value between 0 and 1. Because the problem is convex,
an admissible solution is necessarily the global optimum.

λ∗
1 = 0, λ∗

2 6= 0: The candidate solution is given by p∗ = 1. The solution is admissible if λ∗
2 = −TY + TZ − 2a+b

2
√

a+b+c
> 0.

λ∗
1 6= 0, λ∗

2 = 0: The candidate solution is given by p∗ = 0. The solution is admissible if λ∗
2 = TY − TZ + b

2
√

c
> 0.

λ∗
1 6= 0, λ∗

2 6= 0: This case admits no possible solution.
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