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Chapter 1

Introduction

An important question in social or medical sciences is that of evaluating the causal
effect of a binary treatment or policy on a well defined outcome. Researchers want to
answer questions such as

e What is the effect of a job training program on subsequent earnings?

e What is the effect of giving a cash bonus to unemployed on unemployment du-
ration?

e What is the effect of a given treatment against a disease?

In order to answer these questions, researchers typically collect data on a sample from
the population and use it to compare treated and untreated units. They then leverage
statistical methods to infer the effect of the treatment in the population of interest
from that sample.

The gold standard to collect such a sample is to conduct a randomized controlled trial
(RCT) in which subjects are randomly assigned to a treatment status (receiving the
treatment/policy or not). Randomization is used to ensure that units in treated and
untreated samples are comparable. The outcome of treated and untreated units can
then reasonably be compared. However, conducting an RCT is not always feasible due
to among others, ethical concerns or financial constraints. For example, it would not
be ethical to use an RCT to evaluate the effect of smoking on physical condition given
the evidence on the risks of smoking. When RCTs can not be conducted, researchers
will typically rely on observational data.

In an observational setting, nothing guarantees that treated and untreated units are
comparable. For example, if participation to a job training program is voluntary, par-
ticipants may be more motivated than non participants. At the same time, motivation
may be associated with higher wages. Hence, motivated participants would have earned
higher wages even without the program. In this context, observing higher wages for
the treated individuals from the observational data does not allow us to conclude on
the effect of the program.

Therefore, drawing conclusions about the effect of a treatment based on observational
data necessitates making additional assumptions about how the data were generated.
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These assumptions, in turn, compel researchers to employ more sophisticated statis-
tical analysis methods. Popular methods in this context rely on procedures where a
model is assumed for the process whereby the data were generated. In social or medi-
cal sciences building an accurate model describing how the data have been generated
may be challenging. At the same time, relying on imperfect models may have bad
consequences on the conclusions drawn by the analyst.

This has encouraged researchers to develop methods that relax these modeling as-
sumptions. Some of these methods involve Machine Learning (ML) algorithms. How-
ever, ML algorithms are designed for prediction tasks which makes it difficult to under-
stand the asymptotic properties of estimators involving these algorithms. Hopefully,
some progress has recently been made in understanding the asymptotic properties of
such estimators that rely on ML algorithms. This thesis discusses these recent develop-
ments in comparison with the more traditional approaches to the statistical estimation
of treatment effects.

The thesis is structured as follows. In chapter 2, we provide a formal definition of
causal effects. This will be done based on the potential outcomes framework. We will
use this framework to formalize the identification problem that arises when relying on
observational data to infer causal effects. We will then see how additional assumptions
can be introduced to circumvent this identification problem. Subsequently, we explore
how treatment effects can be estimated from a sample when the assumptions discussed
in chapter 2 hold. We focus on the large sample properties of these estimators. We
start by reviewing standard parametric approaches to the estimation of treatment
effects in chapter 3. Then, in chapter 4, we discuss estimators that rely on traditional
non-parametric approaches and in chapter 5, we discuss how flexible Machine learning
methods can be accommodated in the estimation of treatment effects. In chapter 6,
we build a Monte Carlo simulation experiment to evaluate the final sample properties
of the presented estimators. Finally, in chapter 7, we illustrate the methods on a real
application.
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Introduction to causal inference



Chapter 2

Preliminaries and basis of causal
inference

Before delving into the estimation of causal effects from a sample, it is essential to
clearly define what causal effects are. We will start this chapter by introducing the
Potential Outcomes (PO) framework first developed by Splawa-Neyman (1923) in the
context of randomized experiments and extended to observational studies by Rubin
(1974). This framework will enable us to formalize the definition of causal effects as
well as to clarify the identification problem that arises when using observational data
to determine causal effects. It will also be useful to discuss assumptions that can be
leveraged to circumvent this identification problem.

2.1 The potential outcomes framework

Let W be a random variable describing the treatment assignment. In the PO frame-
work, the causal effect of a binary treatment for a unit of a population of interest is
defined as a contrast between two states of the world. A state of the world in which the
unit receives the treatment (W' = 1) and a state of the world in which the unit does not
receive the treatment (W = 0). Each of these two states of the world is characterized
by a potential outcome. Let Y (w) be the random variable describing the potential
outcome under treatment value w for w € {0,1}. It is the outcome that would be
observed under treatment value w for a unit in the population. In the example of a job
training program, Y (0) describes the outcome that would be observed in the absence
of training and Y'(1) describes the outcome that would be observed under participation
in the program.

The causal effect for a unit, 7,4, is defined as a contrast between the two poten-
tial outcomes for that unit. For example, the difference between the two individual

potential outcomes,
Tina = Y (1) = Y (0).

In practice, however, only one of the 2 potential outcomes can ever be ob-

served for a given individual. This has been described as the fundamental problem of
causal inference by Holland (1986). If a unit has treatment assignment W = 1, only
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2.1.  The potential outcomes framework

Y (1) can be observed for that unit and if the unit has treatment assignment W = 0,
only Y'(0) can be observed and measured. The unobservable potential outcome is called
the counterfactual. This can be formalized using a switching equation

V(1) W =1

Y(0) if W =0 (2.1)

Y—WWD+G—WW®—{

where Y is a random variable describing the outcome that can be observed.t

Example 1

We present a simple example of the evaluation of a job training program (the
treatment) on earnings (the outcome) to elucidate the ongoing discussion and
illustrate the concepts that will be presented in the next paragraphs.

Let the treatment assignment W be characterized by W ~ Bern(m) where we fix
m = 0.5. Let Y(0) be the random variable that measures the potential outcome
in the absence of treatment and Y (1) be the random variable that measures the
potential outcome under treatment.

We define

Y (0)|[W =0 earnings under no treatment given that a unit is untreated

Y (0)|[WW =1 potential earnings under no treatment given that a unit is treated
Y (1)]W =0 potential earnings under treatment given that a unit is untreated
Y(1)]W =1 earnings under treatment given that a unit is treated

Note that only Y (0)|W = 0 and Y(1)|[W = 1 can ever be observed. At this
stage, nothing guarantees that the marginal distributions of Y (0) and Y'(1) are
the same for treated and untreated units. Indeed, units participating in a training
program may have different potential outcomes in the absence of treatment than
people who do not participate. In particular, let

(0)[W =0~ N(ug, 0?)
Y(0)[W =1~ N(up,0?)
Y)W =0~ N(uf,0?)

(1) (41, 0%)

where we fix p) = 1, pb = 2, 4 = 1.5 and p} = 3. For simplicity, we assume
that the variance parameter is the same for all 4 distributions.

\. J

The impossibility to observe the counterfactual makes it impossible to contrast in-
dividual potential outcomes. To overcome this limitation and enable the comparison
of potential outcomes, researchers must turn to analyses involving multiple units. To
facilitate this comparison across various units, the PO framework introduces a simpli-
fying assumption, the Stable Unit Treatment Value Assumption (SUTVA)

Assumption 2.1. SUTVA (Imbens and Rubin, 2015)
The potential outcomes for any unit do not vary with the treatments assigned to other

In this thesis, we refer to the random variable Y as the outcome that can be observed or the
observable potential outcome to avoid any confusion with the outcome that is observed from a sample
to which we refer as a realization.

11



Chapter 2. Preliminaries and basis of causal inference

units, and, for each unit, there are no different forms or versions of each treatment
level, which lead to different potential outcomes.

SUTVA has 2 components.

First, there should be no interference between units. The fact that a unit receives

the treatment should not influence the outcome for other units. The problem with
interference is best illustrated in the following example from Imbens and Rubin (2015).
Two individuals suffering from headache are in the same room. Individual 2’s headache
is caused by individual 1’s constant complaining about his headache. If individual 1
takes aspirin and this reduces his headache, individual 2’s condition will improve. In
this case, 4 potential outcomes exist for individual 2: the potential outcome under
treatment if individual 1 is treated, the potential outcome under treatment if individ-
ual 1 is not treated, the potential outcome under no treatment if individual 1 is treated
and the potential outcome under no treatment if individual 1 is not treated. This leads
to 6 possible contrasts between potential outcomes for individual 2 and hence, 6 defi-
nitions of causal effects.
The no interference assumption restricts the number of potential outcomes for an indi-
vidual to 2 (the potential outcome under treatment and the potential outcome in the
absence of treatment) and the number of contrasts to 1. Interference would increase
the number of potential outcomes per unit making it harder to define causal effects.

Second, the no hidden variations of treatments component requires that each
level of the potential outcomes corresponds to a unique version of the treatment. In
the aspirin example presented above, this assumption would be violated if the aspirin
tablets available for the 2 individuals were different. One of the tablets could for
example be outdated and hence less effective than the other one.

2.2 Causal effects

The potential outcomes framework can now be used to formally define causal esti-
mands in the context of comparing multiple units. These estimands are defined at the
population level.

A popular causal estimand is the Average Treatment Effect (ATE) which is
defined as the expectation of the individual treatment effects in the population

r=E[Y(1) — Y(0)].

In the illustration presented above, using the law of total expectation, the expected
potential outcomes can be computed as

{ E[Y(0)] = E[Y(0)|W = 0] x Pr(W =0)+E[Y(0)|W =1] x Pr(W =1)=1.5
E[Y(1)] = E[Y(1))|W =0] x Pr(W =0) + E[Y/(1)|W = 1] x Pr(W =1) = 2.25

yielding an ATE of 0.75.

Studying the average treatment effect over the entire population may not always
be relevant. For example, participation to some job training programs happen on a
voluntary basis. If participation is intended to remain voluntary, it makes little sense

12



2.3. Identification

to study the effect of the program on non participating individuals. This motivates
the definition of another popular causal estimand, the average treatment effect for
the treated (ATT) which is defined as

n=E[Y(1) - Y(0)|W = 1].

It describes the average of the individual causal effects for individuals who are treated.
In example 1 above, the ATT is 3 —2 = 1.

Similarly, one can define the average treatment effect for the untreated (ATU)
as
7. = E[Y(1) = Y(0)|W = 0]

which in our example is 1.5 — 1 = 0.5.

Alternatively, researchers can also be interested in the average effect of the treatment
for sub-populations sharing some common characteristics. Let X be the p x 1 random
vector of pre-treatment observed covariates X! = (Xl, cee Xp). The conditional
average treatment effect (CATE) is defined as

7(X) =E[Y(1) = Y(0)|X = x].

CATE is a very fine definition of treatment effects in the sense that it considers a
different treatment effect for all possible values in the support of X. In practice,
researchers are often interested in aggregation levels between an average effect and this
extremely fine definition of treatment effect. This motivates the definition of group
level average treatment effects (GATE) (Knaus et al., 2021a)

GATE =E[Y(1) = Y(0)|G = g]
where G is a subset of X.

In the remainder of this thesis we will focus on the ATE. In the next section, we
discuss identification of these causal effects.

2.3 Identification

The ATE can not be identified without further assumptions

An estimand is said to be identifiable if it can be uniquely determined from the distri-
bution of the observed data (Hernédn and Robins, 2020). In practice, the distribution of
the 2 potential outcomes Y'(0) and Y'(1) cannot be observed and only the distribution
of the observable outcome Y can be observed. Hence, without additional assumptions,
the ATE is not identifiable.

This can be illustrated by thinking about how we would determine the ATE based
on data that can be observed. Relying on data that can be observed, a natural way
to determine the ATE would be to compute the difference between observed potential
outcomes, i.e, the difference between the outcome for treated and untreated units

E[Y (1)[W = 1] — E[Y (0)|W = 0] = E[Y|W = 1] — E[Y|W = 0]

13



Chapter 2. Preliminaries and basis of causal inference

which holds by equation (2.1).
Using the law of total expectation, this contrast can be rewritten as

E[Y (1)|W = 1] = E[Y (0)|W = 0] = E[Y (1) — Y(0)] +B

TV
ATE

where
B = 1E[Y(O)|W = 1] - E[Y(0)|W = Ol+ Pr(W =0)(r, — Tu)/

TV Vv
Selection bias Heterogeneity

Details on how this decomposition is obtained can be found in Appendix A.1.

The expected difference in observed outcomes is equal to the ATE plus an additional
term which is not equal to 0 without additional assumptions. This additional term is
composed of the selection bias and a term reflecting heterogeneity in the effect of
the treatment.

Selection bias refers to the fact that treated and untreated units have different po-
tential outcomes in the absence of treatment. For example, this would be the case
in a job training program if participants have higher wages than non participants in
the absence of the program. If participants have higher wages in the absence of the
program, the expected difference in observable outcomes will overrate the ATE.

The heterogeneity bias arises due to differences in how the treated and untreated
units benefit from the treatment. For job training programs for example, a usual con-
cern relates to cream skimming. The fact that program examinators select participants
based on how much they think participants will benefit from the program. If examina-
tors favor participants for whom they anticipate a positive effect of the treatment, the
effect of the treatment might well be greater for participants than for non participants.
The difference in expected observable outcomes would then overstate the ATE.

In the example presented above, the selection bias is 2 —1 = 1 and the heterogeneity
bias is 0.5 x (1 — 0.5) = 0.25. Hence, the difference in expectations for the observable
outcome is 3 — 1 = 2 which is an overstatement of the ATE by 1.25.

This discussion highlights the unidentifiability of the ATE. Indeed, as such, the dif-
ference in expected observable outcomes is compatible with different values for the
ATE depending on the selection and heterogeneity bias. For example, it is compatible
with a value for the ATE greater than the difference in expected observable outcomes
if there is a negative selection bias and no heterogeneity bias. At the same time it is
compatible with a value for the ATE smaller than the difference in expected observable
outcomes if the selection bias is negative and there is no heterogeneity bias.

Introducing identifying assumptions

To identify the ATE, we need to introduce identifying assumptions, i.e, assumptions
that allow identification of the ATE. These assumptions will constrain the way in which
units are assigned to the treatment. Imbens and Rubin (2015) consider 3 classes of
assignment mechanisms. Classical randomized experiments, regular assignment mech-
anisms and non regular assignment mechanisms.

14



2.3. Identification

Classical randomized experiments are characterized by the randomization of
individuals to the treatment. Randomization ensures that

W L Y(0),Y(1).

Under this assumption, the ATE can directly be identified from the difference in ex-
pected observed outcomes in treated and untreated units. Indeed,

E[Y(1)] - E[Y(0)] = E[Y (1)|W = 1] - E[Y(0)[W = 0]
=E[Y|W = 1] — E[Y|W = 0]

where the first equality holds due to independence and the second due to the switching
equation. The final expression depends only on data that can be observed. This
explains why randomized controlled trials (RCTs) are considered as the gold standard
in the program evaluation literature. However, RCTs are not always feasible. When
researchers need to rely on observational data, other identifying assumptions have to
be made.

The regular assignment mechanism is characterized by two identifying assump-
tions. Under these two assumptions, identifiability of the ATE can be established.
The first assumption, states that treatment assignment W is independent of poten-
tial outcomes conditional on a p x 1 random vector of pre-treatment covariates X 2.
This assumption is often termed the unconfoundedness or conditional independence
assumption,

Assumption 2.2. W L Y (1),Y(0)|X.

The second assumption states that the probability (at the population level) to be
assigned to the treatment, also called the propensity score, is positive for each level of
the covariates. This assumption is termed overlap.

Assumption 2.3. 0 < Pr(W = 1|X) < 1.

While assumption 2.3 may seem restrictive, in practice, it can be relaxed by excluding
units that have no chance of being treated from the population of interest.

The most challenging assumption is clearly assumption 2.2. It requires that all co-

variates that are associated to both the treatment and potential outcomes are measured
and conditioned upon. For example, in a job training program, one could argue that
conditional on motivation, the treatment and the potential outcomes are independent.
But in practice, it is challenging to have perfect knowledge of all variables related to
treatment and potential outcomes on which one should condition.
In economics this assumption is also controversial within the framework of economic
theory. Economic theory, which assumes that agents are rational and optimize their be-
haviour to make choices that benefit them the most. A fact that is sometimes viewed as
incompatible with the idea that it would be possible to explain individual’s treatment
decisions based on a set of observed covariates (Imbens and Rubin, 2015).

2As in most of the literature (see for example Knaus et al., 2021a), we refer to X as the union of
the pre-treatment covariates that are used to define 7(X) and the pre-treatment covariates that are
used to ensure unconfoundedness. In practice, however, they do not have to overlap.
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Chapter 2. Preliminaries and basis of causal inference

The third class of assignment mechanisms, non regular assignment mechanisms,
contains all situations in which randomization or unconfoundedness are not realistic.
In these cases, other identifying assumptions have to be introduced. One example,
of such an identifying assumption is assuming the availability of an instrument (a
variable correlated to treatment assignment but unrelated to the outcome). Note that
such an assumption allows identification of a refined version of the ATE, namely the
local average treatment effects (LATE).

In this thesis, we will focus mainly on the ATE under the regular assignment
mechanism. In the next section, we elaborate on how assumptions (2.2) and (2.3)
allow identification of the ATE.

Establishing tdentification under the reqular assignment mechanism

Identification of the ATE under assumptions 2.2 and 2.3 can be demonstrated in 3
ways. The resulting representations of the ATE have important implications for the
construction of estimators for the ATE.

Firstly, identification of the ATE can be determined by considering the conditional
(on covariates) expectations of the outcome for treated and untreated individu-
als. Note that

E[Y (1) = Y(0)[X] = E[Y'(1)[X] = E[Y'(0)[X]
— E[Y(1)|W =1,X] - E[Y(0)[W = 0,X]
—E[Y|W = 1,X] - E[Y|W =0,X]

where the last expression can be uniquely determined from observed data. The first
equality follows from linearity of expectations, the second equality follows from uncon-
foundedness and the third equality holds by overlap. To understand the importance of
overlap, note that the conditional probability density function of the outcome can be

3

written as f(ylw =1,X) = % which would not exist for a 0 propensity score®.

The ATE can then be obtained from the above expression as
= E[}E[Y(l) - Y(0)|X]} — E[E[YWV —1,X] - E[Y|W =0,X]

where the outer expectation is taken over the covariates. This suggests the possibility of
introducing estimation methods that rely on estimation of the conditional expectations
functions E[Y|W = 1,X] and E[Y|W = 0,X]. An important complement to this
representation of the ATE is the following result by Rosenbaum and Rubin (1983)

W LY(0),Y(1)|X = W LY(0),Y(1)|r(X) (2.2)

where 7(X) = E[W|X] is the propensity score. A proof of this result can be found
in Appendix A.2. This result states that under unconfoundedness, it is sufficient to
condition on the propensity score to achieve independence between the treatment as-
signment and potential outcomes. By following the same argument that we used when
conditioning on X, the ATE can be identified by conditioning on the propensity score
7(X) only.

3More details on the necessity of overlap for identifying the ATE and how it can be relaxed when
considering the ATT are provided in Appendix A.3
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2.3. Identification

Secondly, identification of the ATE under the regular assignment mechanism can be
shown by considering the Inverse Probability Weighting (IPW) representation
of the ATE. The ATE can be rewritten as a weighted average of the observed outcome.
Consider the following representation of the potential outcome under treatment E[Y (1)]
for which we have

g :E[WY(l) ‘X” (2.3)

where the first equality follows from the law of iterated expectations (LIE). The second
equality is obtained by multiplying and dividing by the propensity score. The third
equality holds by unconfoundedness. The fourth equality holds because the propensity
score is a function of X. The fifth equality is obtained by LIE and the last equality
follows from equation (2.1) and the binary structure of W.

The same argument applies to E[Y(0)] which can be expressed as E[(ll__g))(ﬂ This

justifies the following representation of the ATE

]~ Bl =

which can be uniquely determined from data that can be observed.

Thirdly, identification of the ATE under the regular assignment mechanism can be
justified by considering its Augmented Inverse Probability Weighted (AIPW)
representation. Note that the potential outcome under treatment can be represented
as

WY —E[Y|W = 1,X])
7(X)

E[Y(1)] = E|E[Y|W = 1,X] + (2.4)

Under unconfoundedness, the first term recovers the expectation of the potential out-
come under treatment by the LIE while the second term can be shown to be null under

17



Chapter 2. Preliminaries and basis of causal inference

unconfoundedness. Indeed,

E

e

—E[Y(1)]-E E{WE[Y:&): 1L X] ‘X ]

(E(WXE[Y|W = 1,X]]
m(X)

where the first equality follows from the IPW representation of the ATE. The second
equality holds by LIE. The third equality holds because n(X) and E[Y|W = 1,X]
are functions of X and the last equality holds because the propensity score is the
conditional expectation of the treatment. An analog representation can be derived
for the potential outcome in the absence of treatment. This motivates the following
representation of the ATE

r=E|E[Y|W = 1,X] - E[Y|W = 0,X]

WY —E[Y[W =1,X]) (1-W)(Y —E[Y|W =0,X]) (2.5)

7(X) 1 —n(X)

which can be uniquely determined from observed data. This representation seems
unhelpful at first because the last term is equal to 0. However, we will see in chap-
ters 3 and 5 that estimators motivated by this representation of the ATE share very
interesting properties.

These different representations of the ATE motivate different estimation strategies.
In particular, they highlight the central role that estimation of the outcome regression
and propensity score functions will play in the construction of estimators for the ATE.

Identification of the other causal estimands described in section 2.2 follows directly
using the same arguments that we developed in this section. For the remainder of the
thesis, we introduce the following notations. Let E[Y (w)] = p, E[Y (w)|X = x| =
po(x) and E[Y|X = x, W = w| = g,(x) with w € {0,1}. We also define E[X] = pux.
Note also that under unconfoundedness and overlap, p,,(x) and g, (x) are equivalent.

2.4 Representation of causal effects in terms of a
parameter in semi-parametric models

It is sometimes useful to represent causal quantities as parameters in semi-parametric
models under the unconfoundedness and overlap assumptions (see for example Cher-
nozhukov et al., 2018 or Hines et al., 2022). An example of such a semi-parametric
model that can be used to represent the ATE is the partially linear model.

If we assume that there is no heterogeneity in the effect of the treatment (the effect
of the treatment does not change with X) and that unconfoundedness holds, the ATE

18
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models

can be represented by the parameter 6 in the model
E[Y|X, W = w] = 0w + go(X). (2.6)

To see this, it is useful to decompose the potential outcomes as

0
0.

Y(0) =puo+so where E[s]
Y(1) =m +s1 where Elsq]

Then, note that

(2.8)

X]+ W (E[Y(1)[X] - E[Y(0)|X])
X]+ W (1 + E[s1|X] — po — E[s0]X])

where the first line holds by equation (2.1). The second and third lines hold by the
linearity of expectations. The fourth and fifth equalities hold by unconfoundedness
and the last equality holds by decomposition (2.7). If we assume that there is no
heterogeneity in the effect of the treatment, then

E[s,[X] = E[so|X]

and by unconfoundedness, we recover the partially linear model described in equation
(2.6). Note that if we add a functional form assumption for go(X), it is straightforward
to see that 7 can be consistently estimated by OLS. We come back to this point in the
next chapter.

Note also that in the presence of heterogeneity it is clear from equation (2.8), that
the AT'E can not be separated in an additive way. Then 6 in the partially linear model
does not capture the ATE anymore. Chernozhukov et al. (2018) refer to this case as
the interactive regression model.
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Estimation of causal effects
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Chapter 3

Parametric estimation

The objective of this chapter is to review traditional parametric estimators 7 for the
ATE under the regular assignment mechanism. The previous chapter highlighted
the importance of the outcome regression functions g;(X), go(X) and of the propensity
score m(X) for identification of the ATE. We saw that the ATE can be determined
as the expectation of the difference between g¢;(X) and go(X) or as an expectation
of the outcomes weighted by the propensity score. Estimation strategies will there-
fore generally take the form of sample averages where the regression functions or the
propensity score functions have to be estimated in a first step. For example, one could
build estimators go(X) and g;(X) for go(X) and ¢;(X) using a sample of size N with
t=1,..., N and estimate the ATE as

T = i i(gl(xl) — §o(X4)). (3.1)
N 4

The outcome regression and propensity score functions will not be of primary interest
but have to be estimated in a first step. We will sometimes refer to these functions as
nuisance functions.

One possibility for constructing estimators for the nuisance functions is to assume a
parametric model for these functions and rely on conventional parametric estimation
strategies. However, the properties of the resulting estimators rely crucially on the
validity of the assumed parametric model. Assuming a model that is not accurate will
have implications for the resulting estimator’s properties. We will illustrate this in the
next section in the context of Ordinary Least Squares (OLS) estimation of the outcome
regression functions.

For the remainder of this chapter as well as for chapters 4 and 5, assumptions (2.1),
(2.2) and (2.3) are assumed to hold. In addition, we assume that there is a sample of
size N available where observations O; = (Y;, W, XZ)Z]\L1 are independent draws from
a joint distribution F

(Y,W,X) ~F

where

Y =WY(1) + (1 - W)Y (0).
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Chapter 3. Parametric estimation

While discussing the different estimators, emphasis will be placed on their large
sample properties. In particular, we will discuss consistency and the asymptotic
distribution of the presented estimators.

An estimator 7 for 7, is said to be consistent if it converges in probability to 7. We
shall also discuss the rate of convergence at which the estimator approaches the true
value of the estimand. The convergence rate of an estimator can be characterized by
the greatest possible constant by which it can be multiplied while remaining bounded
in probability. For example, if v N7 = O,(1), then 7 = O,(N~/?) and 7 is said to be
N~1/2 consistent. This is referred to as the parametric convergence rate (Hines et al.,
2022) and is often the best convergence rate that can be achieved for an estimator.

Estimators will also be discussed on the grounds of their asymptotic distribution.
Knowledge of the asymptotic distribution of an estimator is valuable for making in-
ference about the estimand of interest. In particular, it provides the researcher with
information that can be used to build asymptotically valid confidence intervals and
hypothesis tests.

In this section, we discuss estimators for the ATE that rely on models for the estima-
tion of the nuisance functions. In practice, researchers still rely a lot on model based
approaches to estimate the nuisance functions. For example Ordinary Least Squares
(OLS) remains a popular choice to estimate go(X) and ¢;(X) (Imbens and Rubin, 2015;
Hines et al., 2022). In the next subsection, we discuss the OLS estimator for the ATE
and its sensitivity to modeling assumptions. Then, we briefly discuss model-based IPW
and AIPW estimators.

3.1 An OLS estimator for the ATE

The estimator and its properties

In order for OLS based estimators to consistently estimate the ATE under the regular
assignment mechanism, underlying linear models have to be assumed by the researcher

for go(X) and g,(X),
9o(X) = ap + X'Bo
@(X) =a; + X',

where 3, is a p x 1 vector of parameters and «,, is a scalar parameter. The expected
potential outcomes can now be defined as j,, = ay, + px'B, with w € {0,1}.

Assumption 3.1. {

Let &y, 6’0 and &y, ,él be the corresponding OLS estimators obtained from regressions
of Y; on (1 Xf) on untreated and treated samples respectively. Then, if the researcher
has access to the vector of expected values of the covariates, an estimator for the
expected potential outcomes could be

fiw = Ex [y + X! By = o + 11x'Bu w € {0,1}

where the subscript X on the expectation indicates that the expectation is taken over
the distribution of X keeping &,, and j,, fixed. This yields the following estimator for
the ATE

7-reg = ,al - ﬂo.
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3.1. An OLS estimator for the ATE

In practice, ux is rarely known by the researcher. The potential outcomes can then be
estimated by considering the vector of empirical averages X instead of ux. Indeed,

N
1 ~ —_— A~
o =3 2 (Gw+XiB0) =G+ X8, we {01}
This yields the following estimator for the ATE
7A_reg - ,al - ,&O-

Remark 1. Under assumptions (2.2), (2.3) and (3.1), go(X) and g, (X) can be rewritten
as

Gu(X) = ftw + X8y w € {0,1} (3.2)

where X = (X — ux). And by the properties of OLS, fip and fi; can be obtained
directly as the OLS estimators from regressions of Y; on (1 Xf) on untreated and
treated samples respectively. Equivalently, fio and fi; can be obtained as the OLS
estimators of the intercept in the regressions of Y; on (1 Xﬁ) on untreated and treated

samples respectively where X; = (X; — X).

More details on remark 1 can be found in Appendix B.1. The fact that the estimator
reduces to an intercept in a regression model facilitates the discussion of the asymptotic
properties of the resulting estimator for the ATE.

Theorem 1. (Imbens and Wooldridge, 2009). Under the usual OLS assumptions, the
following asymptotic distributions hold

VN (Freg — 7) =2 N'(0,v0 + v1) (3.3)

VN (Freg — 7) 5 N'(0,v0 + vy + ) (3.4)

where vy, = NE[(jiy — p1w)?], is the usual scaled variance of OLS intercepts with w €
{0,1}, vy = (B1 — Bo)"UX)(B1 — Bo) and Q(X) is the variance covariance matriz of
the random wvector X.

A proof of theorem 1 can be found in Appendix B.2.

Note that using X instead of ux has implications for the asymptotic variance of
the obtained estimator. The variance is larger because one needs to account for the
uncertainty in the estimation of X. In practice, this assumption is often ignored by
researchers (Imbens and Wooldridge, 2009).

Sensitivity of the OLS estimator to the modeling assumption

Consistency of 7,, relies crucially on assumption (3.1), i.e, the ability of the researcher
to postulate a correct model for ¢;(X) and go(X). In this subsection, we discuss the
impact on consistency of using the OLS estimator when assumption (3.1) fails.
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Chapter 3. Parametric estimation

Since 7,ey = fi1 — flo, we only discuss consistency of fi;, the estimator for E[Y (1)] but
the same argument holds for fig. Consider the following decomposition of iy

N
. 1 . -
#1:N;041+X§,31
L N
- LS X 330w X
i=1 i=1
(3.5)
Ny No . No 1
= A LN WXB, G, + 20 ST e
NO‘JFNNlZ 3, + O‘1+NNOZ e
Ny
:W<1+X'Bl> (1+Xoﬁ1)
—— %/—/
=E[Y (1)[W=1] =E[y (1)|W=0]

where N, is the number of observations in the sample with treatment assignment
W = w, B is the OLS estimator obtained from the regression described in the pre-
vious section and X,, is the empirical mean of the covariates for the sample with
treatment value W = w with w € {0, 1}./TE second equality holds by the switching

equation. Note that we introduced E[Y (1)|W = 1] and E[Y (1)|W = 0] as estimators
for the potential outcome under treatment for treated and untreated units respectively.

Now, by the law of total expectations,
E[Y ()] = Pr(W =1) x E[Y/(1)|W = 1] + Pr(W =0) x E[Y/(1)|W = 0] (3.6)

and by the law of large numbers, J2 and 41 are consistent for Pr(W = 0) and Pr(W =

1). Hence, consistency of fi; depends only on the consistency of ]E[Y(W = 0] and
E[Y ()W =1].

Let us first study the probability limit of E[Y (1)|W = 1], the estimated potential out-
come under treatment for untreated units

plim <]E[Y (1/)|W = ) = phm( )

Vi - W&+W&>

()

— E[Y(1)|W = 1]

lim

= plim

/\/‘\

where Y; is the empirical mean of Y for treated units. The second equality holds by
realizing that é; = Y; — X!8, by the properties of OLS!. Equation (3.7) implies that
the first term on the right hand side of (3.5) is consistent for the first term on the right
hand side of equation (3.6) even if the model is misspecified. This makes sense since
the potential outcome under treatment is observed for treated units.

We refer the reader to Appendix B.1 for more details about this property.
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3.1. An OLS estimator for the ATE

Let us consider the probability limit of ]E[Y(W = 0], which we can rewrite as

—

plim(E[Y(1)|W - o]) - plim<d1 + Xgél)
= plim(ffl + (Xo — Xl)t61>
= plim (V3)+ plim ((Xo — X,)'31)
= B[y ()[W = 1] + [BX|W = 0] - E[X|W = 1]] plim(3).
(3.8)

The second equality is obtained by the same argument as that in (3.7) and the last
equality holds by the law of large numbers.

Using the law of iterated expectations, one can rewrite the last equality of equation
(3.8) as

—

plim (E[Y (1)[W = 0]) = E[Y (1)|W = 0] — []E [E[Y (1)|X, W = 1] — E[E[Y (1)|X, W = O]H

+ [E[XIW =0] - E[X|W = 1]]tplim(61)

where the first line is obtained by adding and subtracting E[Y (1)|I/W = 0]. Then, we
have that
plim(E[Y (D[ = 0)) ~ EY ()W = 0] = ~ [E[EY (DX, W = 1]] - E[EY ()X, W = 0]]]
t ~
+ [EX|W = 0] - E[X|W = 1]] plim(B,).
(3.9)

— —

The estimator E[Y (1)|W = 0] would be consistent for E[Y (1)|W = 0] if plim(E[Y (1)|W = 0])—
E[Y (1)|[W = 0] = 0. From equation (3.9) it appears that this will not be the case except
in two scenarios.

First, if assumption (3.1) is correct, then, plim(Bl) = (3; and the two terms on
the right hand side of equation (3.9) are equivalent. Hence, their difference is 0 and

E[Y(1/)|W = 0] is consistent.

Second, if the distribution of the covariates is the same for treated and untreated
units, the two terms on the right hand side of equation (3.9) are equal to 0.

This implies that, if either model (3.1) is correctly specified or if the distribution of the

—

covariates is identical between treated and untreated units, E[Y (1)|W = 0] is consistent
(implying that fi; is consistent for E[Y(1)]). However, if the model is misspecified
and the treated and untreated units have different distributions for the covariates,
the estimator of the potential outcome under treatment for non treated units is not
consistent (implying non consistency of ji; for E[Y(1)]). We illustrate this in example
2 below.
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Chapter 3. Parametric estimation

Example 2: Impact of using a misspecified model

Let the treatment assignment W be characterized by W ~ Bern(m) where we
fix m = 0.5. Let X be a random variable characterizing a unique confounder and
suppose that
X ~ { N(pk,0%) it W=l
N (1% 0%) it W=0

where we fix 0% =1, p = 1.5 and u% =0 .

Finally, suppose that Y (1) = u1(X) 4 € where p;(X) is the conditional expec-
tation of the potential outcome under treatment and e ~ AN(0,0.5) .

We assume that a researcher is interested in the expected potential outcome
under treatment p; but does not have access to the true data generating process.
He would like to estimate p; using an i.i.d sample of size N = 10000. To do
s0, he assumes that p;(X) = o+ X3 where o and 3 are scalar parameters. He
estimates 1 as ji; = &+ ﬂX where & and B are the OLS estimators of o and 3
obtained from the sample.

We consider the obtained estimator ji; under two different specifications for
p1(X), details of which are given in the table (3.1).

In case 1, the model specified by the researcher is correct and the estimator
is very close to the true value of the expected potential outcome. Case 1 is
illustrated in figure (3.1b) where treated units are represented by a dot, untreated
units are represented by a cross and the line represents the estimated regression
line.

In case 2 however, the model assumed by the researcher is misspecified and the
estimator is far from the target. Case 2 is illustrated in figure 3.1a. We immedi-
ately see that the potential outcome under treatment for untreated units will be
underestimated because the regression coefficients are estimated on treated units
and the estimates are not accurate in the region where untreated units lie. In
that region, the estimated model is a very bad approximation to the true model.
Hence, unless the assumed model is a good approximation to the true model
globally, the OLS estimator of the expected potential outcome under treatment
can be severly biased.

Table 3.1: Sensitivity of the OLS estimator to misspecification
1 (X) H1 1
Case 1 0.2X 0.15 0.1527
Case 2 0.2X +0.5X? 121 0.64

The same reasoning holds for the expected potential outcome in the absence of treat-
ment where the estimation of the potential outcome in the absence of treatment for
treated units will in general be unsatisfactory unless the postulated model is correct.
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3.2. Model-based IPW estimation

Figure 3.1: Sensitivity of the OLS estimator to model misspecification

e =
(1

(a) Misspecified model (b) Correct model

3.2 Model-based IPW estimation

In the previous chapter, we introduced the Inverse Probability Weighting representation
of the ATE described in equation (2.3). This representation motivates the construction
of an IPW estimator where 7(X) in equation (2.3) is replaced by an estimator 7(X)

(Xi)

>

N
R 1 W;Y;
TIPW1 = N g

i=1

A common alternative is to use a normalized version where the weights add up to 1,
namely,

N N N

Tipwe = <Z ﬁgi))_l V(VXY) a 2(%)42 % (3.10)

i=1 ¢

>

One possibility to estimate the propensity score, is to assume an underlying parametric
model. An example of such a model is the logit model of the form

(X) = exp(X'®)
1+ exp(Xt®)’

where ® is a p x 1 vector of parameters. The parameters of the assumed model can
then be estimated using maximum likelihood (MLE).

When the assumed model is correctly specified, the estimator can be shown to be
consistent and asymptotically normal. We refer to Lunceford and Davidian (2004) for
a detailed treatment of the asymptotic properties of such IPW estimators. Just as the
OLS estimator described in the previous section, consistency of these estimators relys
on the correct specification of the model. For a discussion on the impact of model
misspecification on the large sample properties of IPW based estimators, we refer the
interested reader to Waernbaum and Pazzagli (2023).
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Chapter 3. Parametric estimation

3.3 Model-based AIPW estimation

The AIPW representation of the ATE motivates the use of estimators where both the
outcome regression and propensity score functions have to be estimated. An AIPW
based estimator can then be obtained as the sample equivalent to the AIPW represen-
tation of the ATE presented in the previous chapter, namely

N

. 1 N .

TAIPW = 7 Z [gl(Xz‘) — 90(X4)
i=1

n Wi(Y: — (X)) (1= W)(Yi — go(X4))
This estimator is doubly robust in the sense that it is consistent if either the outcome
regression or the propensity score model is correctly specified.

(3.11)

Proposition 1. (Tsiatis, 2006). Under assumptions (2.1), (2.2) and (2.3), Tarpw is
a consistent estimator for T if either the model for the propensity score w(X) or the
model for the outcome regression E|Y |W, X] is correctly specified.

A proof of Proposition 1 can be found in Appendix B.3. This is an interesting
property as it gives researchers two chances for specifying a correct model. However,
when both models are misspecified, nothing guarantees consistency of the estimator.
We come back to the asymptotic properties of AIPW estimators at a more general level
in the next chapter. The next example illustrates the ongoing discussion.

Example 3: AIPW as a protection against misspecification

Let X be the random vector satisfying

= () (s )

Let the treatment assignment W be characterized by
W ~ Bern(n(X))

where
W(X)* eXp(02><X1+01><X1 XX2+01XX22)

T+ exp(0.2x X7 +0.1x X; x Xo+0.1x X3)

Finally, suppose that there is no heterogeneity in the effect of the treatment such
that the ATE can be represented by 7 in the following model (by equation 2.6)

YV =7 x W+ g(X)+e, e~ N(0,1)

where we fix 7 =1 and go(X) = 0.2 x X; + 0.5 x X; x X5+ 0.5 x X2.

Assume that a researcher is interested in estimating 7 from an i.i.d sample of
size N = 10000. He considers 7,.y, 7rpw and Tarpw as possible estimators. For
the IPW and ATPW estimators, 7(X) is estimated using a logistic regression
estimator and go(X) is estimated using OLS.
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3.3. Model-based AIPW estimation

The obtained estimates are displayed under 3 different scenarios in table 3.2.

In scenario 1, the researcher uses a correct specification for go(X) but includes
only main effects (no interactions or higher order effects) in the logistic regres-
sion. In scenario 2, the propensity score function is correctly specified but the
researcher includes only main terms for estimating ¢go(X). In scenario 3, both
functions are misspecified by the researcher.

Noting that the target is 1, the OLS and IPW estimators are close to 7 in
scenarios 1 and 2 respectively. In these two cases, the AIPW estimator works
well. However, in the last case, all estimators are biased.

Table 3.2: Comparison of OLS, IPW and AIPW under 3 misspecification sce-
narios
/f_reg 7A—IPW 7A—AIPW
Scenario 1 1.002 1.26 1.003
Scenario 2 1.26 1.002 1.002
Scenario 3 1.24 1.25 1.25
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Chapter 4

Traditional non-parametric
estimation

In the previous chapter, we presented estimators for the ATE that relied on models for
estimation of the nuisance functions. We saw that relying on modeling assumptions can
have bad consequences on the properties of the resulting estimators for the ATE when
the model is misspecified. This is of particular concern in the social or medical sciences
where specifying a correct model can be challenging (Hines et al., 2022). Therefore,
researchers have developed methods that relax these assumptions. In this section, we
discuss how traditional non-parametric techniques such as Nearest Neighbor (NN) or
Kernel regression have been leveraged to estimate the ATE.

4.1 Nearest neighbor estimation of the outcome re-
gression functions

In this section, we describe an estimator discussed in Abadie and Imbens (2006) that
is based on nearest neighbors estimation of the outcome regression functions.

The estimation procedure

Abadie and Imbens (2006) consider the following small adjustment! to equation (3.1)
to construct an estimator for the ATE

P LY () - V0) (1)

with

- Y; itW, =0
Y,(O) - { g1<XZ) lfVVz =1

!Note that for some estimators, equations (3.1) and (4.1) are equivalent. For example for OLS,
N% Zivzl Wi(ay + XiB1) = a1 + X431 = V) where the last equality comes from the fact that the
empirical mean of the estimated residuals is 0 by construction in OLS estimation.
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4.1. Nearest neighbor estimation of the outcome regression functions

and

ooy ) go(Xs) i Wi=0
}/Z<1)_{Y; ifVVizl

where §o(X;) and §¢;(X;) are obtained from Nearest Neighbor (NN) regressions with
fixed number of neighbors on untreated and treated samples respectively. The NN
regression estimator for g, (X;) is defined as

gw(Xi):% PR for w e {0,1} (4.2)
)

JEITMm (i

where J(7) is the set of M closest units to unit ¢ in the sample of observations with
treatment value different from W; (since we only impute the counterfactual).

To define the set [Jy/(i), we first need to define a distance metric. As we consider
a multidimensional covariate space, the distance can be determined by a vector norm
l|z||y = V&Vt where V is a positive definite symmetric matrix. For example, if V is
the inverse of the sample covariance matrix of X that we define as

N

1 _

5 DX - X (X - X
1=1

then, the distance metric is the standard Mahalanobis distance. Now, let j,,(7) be the
m'™ closest unit to unit ¢, where j,,(¢) satisfies Wj, 4 =1 — W; and

m= Y 1(IX =Xl < [X;,0 - Xill)

LW, =1-W;

with 1 the indicator function. The set of M closest units to unit ¢ in the sample
with treatment assignment different from that of unit ¢ can now be formally defined as

In () = {51(@), -, jm () }-

The estimation procedure is illustrated in table 4.1 for an hypothetical example with
N =10, M = 2 and a single continuous covariate where Kj,(i) refers to the number
of times that unit 7 is used as a neighbor.

Table 4.1: Example of the simple Nearest Neighbors estimation approach

i Y, Xi Wi Ju(i) Ku(i) Yi(0) Yi(1)
1 6 55 0 {37} 3 6 2
2 0 6 0 {78 3 0 2
3 4 7 0 {910} 2 4 45
4 2 85 0 {109} 1 2 45
5 5 4 0 {68 1 5 4.25
6 3 3 1 {51} 1 55 3
71 6 1 {21} 2 3 1
8 3 55 1 {12 3 3 3
9 5 7 1 {32 2 2 5
10 4 75 1 {34} 2 3 4
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Chapter 4. Traditional non-parametric estimation

Consistency and asymptotic distribution of the estimator

To better understand the asymptotic properties of the estimator in (4.1), Abadie and
Imbens (2006) decompose it as

Fma — 7 = (1(X) = 7) + Ex + Bu (4.3)

where

T(X) = % Z(m (Xi) = no(Xs))

En = %Z(QWZ — 1)(1 + KM(i)) (Yi — /‘LWi(X'i))

By =

M
1
N 2W - 1 mzl Hi— W — Hi1— W(ij(z)))

—1

The asymptotic properties of the NN estimator can be discussed by considering each
term separately.

The first term, m, is a sample average of the difference between the true condi-
tional expectation of Y'(1) and the true conditional expectation of Y (0). Since 7(X)
is a sample average of a deterministic function, 7(X) - E[r(X)] by the law of large
numbers and the continuous mapping theorem. Note that E[7(X)] = 7 by the law of
iterated expectations. Hence,

X)) -1 -0

By the central limit theorem, we also have that
VNEX) — 1) -5 N (0, V7)) (4.4)

where V&) = B[(T(X) — 7).

The second term, E);, is a weighted average of the residuals (deviations of the out-
come from its conditional mean). Abadie and Imbens (2006) show that under regularity
conditions

VNEy -5 N(0,VF) (4.5)

where VF = LN (1 n Kyﬁ) 2(X,, W) with 02(X;, W;) = V(Y [X,, W)

The asymptotic behaviour of the last term, B),, is harder to understand. It depends
on the sum of 119(X;) — p10(X,.(5)) for treated units and the sum of 1 (X;) — (X, ()
for untreated units. These terms capture differences in expected outcomes between
units and their neighbors. When neighbors are imperfect matches, this term will be
different from 0. The asymptotic behaviour of Bj; is summarized in the following
proposition.

Proposition 2. (Abadie and Imbens, 2006). Under unconfoundedness, overlap and
1
additional regularity conditions, By = O,(N 7).
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4.1. Nearest neighbor estimation of the outcome regression functions

Figure 4.1: Sensitivity of the NN estimator to the number of covariates
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Note: The average estimates for every p are computed based on 50
repetitions of the DGP of example 3 with N = 5000. In example 3, only
2 covariates were considered. Additional covariates are included as noise
covariates in the sense that they do not enter the nuisance functions.

The proof of Proposition 2 and more details about the regularity conditions can be
found in Abadie and Imbens (2006). Proposition 2 is important because it implies
that the convergence rate of B); deteriorates with the number of covariates p and that
it is in general not equal to v/N. The intuition behind this important result is that
when the number of covariates increases, it becomes harder to find neighbors that are
close to unit 7. Then, units that are further away from unit ¢ are considered and the
differences in conditional expectations between unit ¢ and its neighbors increase.

Let us now consider the implications of (4.4), (4.5) and proposition 2 for the asymp-
totic properties of 7,,,. First, note that 7,,, is consistent for 7.

Proposition 3. (Abadie and Imbens, 2006). Under unconfoundedness, overlap and
reqularity conditions,
Tma LN

Proposition 3 follows directly from (4.4), (4.5) and proposition 2. Note that while
the Nearest Neighbor estimator is consistent, it will only be v/N consistent as long
as p < 2 because for p > 2, the Bj; term dominates the asymptotic behaviour of the
matching estimator.

This is illustrated on example 3 in figure (4.1). The ATE was estimated using the
Nearest Neighbors estimator for different number of covariates on 50 repetitions of the
data generating process of example 3 where the true ATE was 1. When p = 2, the
empirical bias of the estimator is close to 0. However, increasing the number of noise
variables induces a strong bias in the studied estimator.

A general asymptotic distribution for the NN estimator can not be obtained as there
is no central limit theorem available for B,;. However, it useful to consider the distri-
bution of the estimator when B, can be ignored.

Theorem 2. (Abadie and Imbens, 2006). Under unconfoundedness, overlap and some
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Chapter 4. Traditional non-parametric estimation

additional reqularity conditions,

VN (fna — By — 1) = N(0,VZ + V7). (4.6)

This follows directly from the results presented above and the fact that 7(X) and
Ey; are asymptotically independent. Note that when p = 1, Bj; can be ignored when
studying the asymptotic properties of 7,,,. In that case, the asymptotic distribution
described above is that of VN (fa — 7).

Abadie and Imbens (2006) propose the following consistent estimator for V£ 4 17X)
that can be used for inferential purposes

(4.7)

6_2<Xi7 VV%)

55 KM 2+ oM — 1\? [ Ky(i)
N — M M

where 62(X;, W;) is an estimator of the conditional variance of Y which is based on a
new NN procedure to estimate the conditional expectation of Y. It is computed as

2

J
ZELJ 1)

where L£;(7) is the set of J closest units to unit i among the individuals in the sample
with same treatment value as unit ¢ that are used in the new NN procedure.

Bias correction

As such, theorem 2 is of limited practical importance because researchers are often
interested in cases with p > 1. In order to improve the convergence order of By,
such that it can be ignored asymptotically, Abadie and Imbens (2011) propose a bias
corrected version of the NN regression estimator presented above. In particular, they
propose to correct the outcomes of the neighbors to take into account the difference
between unit ¢ and its neighbors. They perform this by adjusting the outcome of
the considered neighbors with the difference in predicted values from an estimated
regression. Concretely, let

V-(0) = { Y; if W, =0
7 gean i+ 90(Xi) = §o(Xj,.@) W =1
and ) ) ) |
Yi(1)={ M djeau Vit 01X — 1(Xj,.0) EWi=0
l Y; W =1
where §G,(X) is an estimator for ¢,(X). Then, the bias corrected Nearest Neighbor

estimator is
N
Tma = E

"<z
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4.2. Other aspects of traditional non-parametric estimation of the nuisance functions

One can decompose the bias adjusted Nearest Neighbor estimator as

1L 1 ¢
%ma:%ma_'_ﬁ E WlM E {gO(Xi)—N o E 1_
i=1

iIH

1=
—~—
Sz

N M
. 1 } : ;
= Tima + N E (2Wz - 1 gi- W gl*Wi<X)jm(i)} :
i—1 m=1
Bas

This decomposition clarifies how BM serves as an estimator for the bias. If BM is a
consistent estimator for B); it can be ignored asymptotically.

Abadie and Imbens (2011) show that under regularity conditions, when a non-
parametric series estimator is used to estimate the bias, 7,,, has the asymptotic dis-
tribution derived in Theorem 2. They also show that using an OLS estimator for the
bias works well in simulations. However, this will likely depend on the accuracy of the
assumptions necessary for OLS to work well for the data at hand.

4.2 Other aspects of traditional non-parametric es-
timation of the nuisance functions

A drawback of using a Nearest Neighbors approach is that the same weights are given to
all neighbors. In practice, neighbors close to unit ¢ are likely to be more representative
for that unit. It would be desirable to take this fact into account in the estimation
procedure. This can be done by using Kernel regression estimators instead.

In the multivariate case, the kernel regression estimator of the outcome regression
function g, (x) is

N
K(H (X, - 2))
= Yi\ where \; =
i:;:o Zi:Wi:wi k(H-Y(X; —x))

where H ! is a matrix of bandwidths and % is a multivariate kernel. The large sample
properties of such estimators have been studied by Heckman et al. (1998). As in the
case of the NN estimator described above, a general problem with such estimators is
that their rate of convergence is very sensitive to the number of covariates (Heckman
et al., 1998).

In order to address this curse of dimensionality, the conventional approach has been
to make use of the result described in equation (2.2). Instead of matching on the
entire covariate space, one could match on a one dimensional function of it, namely
the propensity score 7(X). However, in practice the propensity score is unknown and
has to be estimated as well. If the propensity score is estimated using parametric
methods, the problem of model misspecification appears again and if the propensity
score is estimated using non-parametric methods, the curse of dimensionality appears
as well (Heckman et al., 1998).

Finally, it is also possible to build IPW-type non-parametric estimators where the
propensity score is estimated non-parametrically. Hirano et al. (2003) study the prop-
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Chapter 4. Traditional non-parametric estimation

erties of such an estimator when the propensity score is estimated using a logistic sieve
estimator.
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Chapter 5

Debiased Machine Learning

In this chapter, we consider an estimator for the ATE that accomodates generic
Machine-Learning (ML) algorithms to estimate the nuisance functions. For exam-
ple, one could consider an estimator of the form described in equation 3.1 where go(z)
and §;(x) are obtained using ML algorithms. We will refer to such estimators as so
called plug-in estimators. We refer to ML techniques in a broad sense to describe stan-
dard ML methods such as random forests or Neural Networks as well as parametric
estimation procedures with variable selection such as the LASSO. Importantly, ML
methods are designed for prediction rather than precise point estimation. This induces
a regularization bias in the estimation of the nuisance functions and makes it hard to
understand the asymptotic properties of the resulting plug-in estimator.

We will present a generic procedure called Debiased Machine Learning (DML) dis-
cussed in Chernozhukov et al. (2018) that can be used in this context. At a general
level, DML is useful to obtain estimators with desirable asymptotic properties for es-
timands that rely on the estimation of nuisance functions in a first step when ML
methods are used to estimate these nuisance functions. In the next two sections, we
take a step back to introduce the theoretical background underlying the method at a
general level building on Hines et al. (2022) and Kennedy (2022). In the third section
of this chapter, we discuss how the general method can be used in a causal inference
context to construct an estimator for the special case of the ATE.

5.1 Preliminaries

In this section, we present some important results from Von Mises calculus that will
be useful to make progress in understanding the asymptotic behaviour of plug-in esti-
mators when ML techniques are used for estimation of the nuisance functions.

Framework and Notations

We will assume that there is a sample of observations Z} that are identically and
independently drawn from a distribution P assumed to lie in a set of distributions
P. No restriction is placed on the set P in the sense that it contains all probability
distributions contained in the sample space as in Kennedy (2022) or Hines et al. (2022).
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Chapter 5. Debiased Machine Learning

The objective is to use this sample to estimate a one dimensional estimand which
can be expressed as a functional of the true distribution P. Let ¥ : P +— R be a
functional taking as argument a distribution function contained in P. The estimand,
is then defined as W(P).

Let us also introduce some notation from Kennedy (2022) that will be used in the
remainder of this section. In particular, P, [ f (Z)} will be used to refer to empirical
averages of functions of Z. Similarly, we let P[f(Z)]= [ f(z)p(z) dz where p(z) refers
to the density of Z.

Von Mises calculus

In order to discuss the asymptotic behaviour of plug-in estimators we will rely on
some important concepts from Von Mises calculus. We start by defining a parametric
submodel.

Definition 1 (Kennedy, 2022). A parametric submodel is a smooth parametric model
P, = {P, : t € R} that satisfies (i) P, C P, and (ii) Py = P.

Let P be an arbitrary distribution contained in P. Then, a possible parametric sub-
model P; is

P, = (1 —t)P + (P, te[o,1].

Note that if t = 0, P, = P and if ¢t = 1, then P, = P. Parametric submodels are useful
to characterize the sensitivity of W(IP) to changes in the distribution in the direction
of P. In particular, it can be used to formalize the notion of a functional derivative of
the form

lim (‘I’(Pt) - ‘I’(]P’)) _ Na(ft)

t=0

If such a derivative exists, it is refered to as a Von Mises or Gateaux derivative and
the estimand is said to be pathwise differentiable. The Von Mises derivative can be
computed using the influence function (IF) of the estimand where an influence
function is defined below.

Definition 2 (Fisher and Kennedy, 2021). For a given functional ¥, the influence
function for W is the function ¢ satisfying

V(G +t(Q — @)
ot

. /¢(Z7G){Q(Z) —9(z)}dz

where [ ¢(z, G)g(z)dz = 0 for any two distributions G and @ with densities g and g.

When the Von Mises derivative exists, the estimand admits a distributional equivalent
to the Taylor expansion called the Von Mises expansion. The Von Mises expansion
about the point t = 1 in the parametric submodel is

+ R(P,P) (5.1)



5.2.  The construction of debiased estimators

where R(P,P) is a remainder term. Note that,

oU(®)|  9U(P+ P —P))

T t=1 B ot t=1
_ / (2. P){j(z) — p(2)} dz (5.2)
- / 6(2, P)p(z) dz
= —P[¢(Z,P)]

where the second equality holds by definition 2 ! and the third equality holds by the
zero mean property of influence functions. Hence, the Von Mises expansion can be
rewritten as

U(P) = U(P) + P[¢(Z,P)] + R(P,P). (5.3)

In the next section, we use these results to discuss the asymptotic properties of plug-
in estimators when ML algorithms are used to estimate the nuisance functions. We
will see that these estimators are subject to a so called plug-in bias and we will discuss
methods that can be used to correct these estimators for this plug-in bias.

5.2 The construction of debiased estimators

~

A possible approach to estimate W(IP) could be to plug-in an estimator P, of the true
distribution P. Such estimators are refered to as plug-in estimators. In the context of
estimating the ATE where Z would be replaced by the random vector O = (Y, X, W)’,
P,, could be any distribution for (Y, X, W) such that the marginal distribution of X
is estimated by its empirical distribution and the conditional expectations g¢,,(X) are
estimated using a ML estimation procedure.

Instead of considering an arbitrary distribution P in P as in the previous section,
we now consider the estimated distribution P,,. The results described in the previous

section can now be used to investigate the difference between W(P,) and ¥(P). In
particular, expansion (5.3) can be rewritten as

\Ifaibn) - qj(]P)) = _P[(b(zvﬁbn)] - R(]P)? I@)n)
— (P — P)H(Z,P)] - Pald(Z, )] + (Pu — P)[G(Z,B) — 6(Z, P)] - R(P, P,)

1 & 1 & . . .
=—> ¢(Z;,P)— = > &Z;,P,)+ (P, —P)[$(Z,P,) — ¢(Z,P)] — R(P,P,,)
S B
(5.4)

where the second equality is obtained by adding and subtracting (P, — P)[¢(Z, P)]
and P,[¢(Z,P,)] and the last equality holds by the zero mean property of influence

ITo see this, it is useful to note that one can redefine @ = 1 — ¢ such that W

t=1
w where the application of definition 2 follows naturally.
a=0
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Chapter 5. Debiased Machine Learning

functions. We can use equation (5.4) to investigate the asymptotic properties of plug-in
estimators.

If terms B, T} and T3 can be shown to converge to 0 and be of order at least v/ IV,
one can write

VR(V(E,) ~ V(E))= —= 3 0(Z.P) + oy(1).

Such estimators are called asymptotically linear estimators (Newey, 1994) and their
asymptotic distribution is equivalent to that of S which is a sample average of a de-
terministic function of the data whose asymptotic distribution can be understood by

the CLT. We have that ,
S -4 N (0, w> (5.5)

where the 0 expectation follows from the 0 expectation property of the influence func-
tion.

A very attractive property of such estimators relates to their variance. In parametric

statistics, efficient estimators are estimators whose variance reaches the Cramer-Rao
lower bound. This bound can be computed as the variance of the score function.
In non-parametric statistics, the influence function can be viewed as an equivalent to
the score function and the lower bound for the variance of a non parametric estimator
is the variance of the influence function of the estimand (Newey, 1994, Kennedy, 2022).
Importantly, this implies that asymptotically linear estimators are asymptotically effi-
cient.

Given the attractive properties of such estimators, it would be desirable to be able
to control the asymptotic behaviour of B, T7 and 75 such that one obtains an asymp-
totically linear estimator when ML methods are involved in the estimation of P.

Plug-in bias and the debiased estimator

When Machine learning algorithms are involved in the estimation of PP, understanding
the asymptotic behavior of term B is complicated. This is because the asymptotic
behavior of P, is hard to understand when it involves ML algorithms. In particular, ML
estimators often suffer from regularization bias and the convergence of this term is too
slow. This has motivated the elaboration of strategies to adjust the plug-in estimators
such that term B can be ignored in the expansion. The most straightforward way to
do so is to directly adjust the plug-in estimator by rewriting the above expansion as

L al 1
]P — = X7 Zi7 P
N g (P) N ;d)( ) (5.6)
+ (Pn - P)[¢(Z, ]fpn) - gb(za P)] - R(]P)v I@)n)a
where W(P,) + v LS ¥ ¢(Z;,P,) can be obtained from the sample and is refered to as
the one step estimator of W(IP). This implies that the asymptotic properties of the one

step estimator can be investigated by considering only terms S, 77 and T5.
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5.2.  The construction of debiased estimators

Other strategies to remove term B include the construction of estimating equations?
or Targeted Maximum Likelihood.

The empirical process term T}

Term T} is the so called empirical process term. We would like to show that this term
is at least of order v/ NV such that it can be ignored in the above expansion.

In the process of building the one-step estimator, the sample is used twice for two
related estimation procedures. Once for building the estimator P,, and once to compute

P, [qb(Z,I[a’n)] This induces a risk of overfitting (Kennedy, 2022) which is likely to
reduce the convergence rate of the empirical process term. One way to avoid overfitting
is to use sample splitting where P, and P, |:¢(Z,IEDN)] are computed on independent

subsamples. In the next paragraphs, we discuss why and how sample splitting can be
used to control the asymptotic behaviour of the empirical process term.

A prerequisite for controlling the asymptotic behavior of the empirical process term
through sample splitting is that ¢(Z,P,) converges to ¢(Z,P) in Ly norm.

Assumption 5.1 (Kennedy, 2022).

162, B,) — $(a, )| = / (0(z.B,) — 6(z.P)}? dz = 0,(1).

The idea of sample splitting is to split the sample ZY into K disjoint folds where
K is fixed in advance. Let P_; be an eestimator for P obtained from all observations
except those from fold k. We define W, the sample splitting version of the one step

estimator described above as
. LN -
b= (—)\11
2 ()

where Ny, is the number of observations in fold £k =1,--- , K and
Uy, = ‘1’(@—1@)‘1'?2 [¢(Z,]@—k)]

is the one step estimator in fold k based on estimated of P_, on all observations except
those in fold k. Note that P* denotes the empirical measure over fold k. For each k,
one can now write

~ ~

Uy — U =PEo(Zi, P) + (P — P)[¢(Z:, P_i) — 6(Zi, P)] — R(P, P_).

The difference between W and ¥ can be written as

. K N
\IJ—\I/:S+Z<W]€)(T11¢+T2I<)
k=1

2This approach is for example advocated in Chernozhukov et al. (2018) and gives the same results
as the one step approach when the influence function is linear in the estimand of interest. This is the
case for the ATE as will become clear in the next section.
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Chapter 5. Debiased Machine Learning

The order of Zszl (%) (le + Tgk) will be the same as that of maxy (T} + To;) where
the asymptotic behaviour of T3, and Ty, can be analyzed separately.

The following lemma from Kennedy (2022) can be used to show that when sample

splitting is used, Ty; (and hence T1) is o, (ﬁ)

Lemma 1. (Kennedy, 2022). Let f(z) be a function estimated from a sample ZP =
(Zyni1, -+ ,Zp)'. Let P, denote the empirical measure over (Zy,- -+ ,Zy)" independent

of ZP. Then, (B, —P)(f — f) = op(”fﬁf“).

A proof of this lemma can be found in Kennedy (2022). By a direct application of
this lemma

(Pt —P)(¢(Z,P_y) — ¢(Z,P))
VN
Since ||¢(Z, I@’) — ¢(Z,P)|| = 0,(1) by assumption, it follows that (P¥ —P)(¢(Z, ]f”_k) —
02, P)) = 0,(F).

= 0,(||6(Z,P_x) — $(Z,P)]]).

Remainder term

The asymptotic behaviour of the remainder term 75 depends on the considered esti-
mand as well as on the estimation methods involved in the estimation of P. Hence, we
postpone the discussion of the asymptotic behaviour of the remainder term to the next
section where we introduce the one step estimator for the specific case of estimating
the ATE.

5.3 The DML estimator of the ATE

In the previous section, we explained how debiased estimators can be built for pathwise
differentiable estimands. A very attractive feature of this approach is that it applies
to a broad range of estimands (among which many causal estimands). In this section,
we derive the debiased estimator for the ATE. As it appears clear from the previous
section, deriving the debiased estimator for the ATE relies crucially on showing that
the ATE is pathwise differentiable and finding its influence function.

Deriving the influence function of the ATE

We derive the influence function for the ATE following the point mass contamination
approach developed in Ichimura and Newey (2015) and applied to the case of the ATE
by Hines et al. (2022).

From definition 2, it appears that the influence function can be isolated by considering
a specific point z in the support of IP rather than the entire distribution P. Indeed, one
can then rewrite the Gateaux derivative as

sa.p) — QYO+ t(aé;(z) _P)

(5.7)

t=0
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5.3. The DML estimator of the ATE

where 0; denotes the Dirac delta function which integrates to 1 and is equal to 0
everywhere except at z. Since Gateaux derivatives have the same properties as usual
derivatives (Hines et al., 2022), one can compute the efficient influence function using
the usual properties of derivatives.

In the next paragraphs, we derive the influence function for the ATE. Under uncon-
foundedness and overlap, the ATE can be written as

W(F) = E[E[Y ()X, W = 1] - E[Y(0) X, W = 0]

//yfylxw—l dydx_//yfy|xw_0) (@) dydx (5.8)

where f(y|x,w = 1) denotes the conditional probability density function of Y and f(x)
denotes the probability density function of X.
Then,

wm»=//Qﬁ@xw:nﬁumwX—//ﬁﬁ@xwzmﬁummm

A | [ e

where F; is the parametric submodel and f;(.) are the respective density functions of
the submodel.

(5.9)

We would like to evaluate the following Gateaux derivative

O\II(IF + t(5,~(7gﬂ;,(x, Y, U}) — F))

¢(07F) = ot

t=0

with o as the realization of O. Since the ATE has the form of a difference between two
expectations, we start by evaluating the derivative for the expected potential outcome
under treatment (first term on the right hand side of equation 5.9) that we denote

v, (F)
//‘{ >—M%w:Lm

8\11 IFt

t=0

f(y,wzl,x)d f(y,w—lx)d
T | i =10 t:o}dydx
_ flyw=1x)f(x) (dgzalyw=1x) dza(w=1x) () <
-/ Flw = 1.x) (f@szx) fw=1.x ' I 1>@d'
(5.10)

The first equality is obtained by the chain rule. The second equality is obtained by
taking the derivatives of the respective densities with respect to ¢ and simplifying.
When evaluating the integral in the last expression, one obtains

)i = 01(0)] + 91(%) — W (F), (5.11)
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which is the influence function for the expected potential outcome under treatment.
The same reasoning can be used to derive the influence function for the expected
potential outcome in the absence of treatment

sn(o.F) = S =D (5] + go(s0) — W (E). (5.12)
(%)
Combining these two expressions yields the influence function for the ATE as
w 1-W
¢(O,F) = (X Y —q:1(X)] - 1——7T(X)[Y = 9o(X)] + (91(X) — g0(X)) — ¥(F).

The debiased estimator for the ATE

Using the influence function for the ATE derived above, the one step estimator defined
in the previous section is obtained as

Tos = W (IF,) Zgb 0,.F,)

N

W(Xz) 1-— W(Xz)

=\If<fﬁn>+iz{ i 1~ 1 00] — T = 0] + () = an(X,) — () |

—%Z{ ~ 0 (X0] = e Y~ 90X0] X0 - (X0 .

(5.13)

Note that we recover the empirical analog of the Augmented Probability Weighted
(AIPW) representation of the ATE discussed in chapters 2 and 3.

The asymptotic properties of the estimator

From the discussion in the previous section, asymptotic normality and efficiency will
follow if one can show v/ N convergence of the empirical process and remainder terms.

The asymptotic behaviour of the empirical process term, can be controlled by apply-
ing the sample splitting procedure described in the previous section. Concretely, the
sample can be split into K subsamples. For each subsample k, ¢,,(X) and 7(X) are
estimated using all observations except those in subsample k and 7,4 is then computed

in sample k as
K
. N\ .
o =32
k=1
where N, is the number of observations in fold k£ and

%fszﬁk;{%[lf o (Xz-)}—l_l;(—;vj)_k[n—ga’f(Xz-)]+§/;’“<Xi>—§a’f<xi>}

where #(X)~* and §,*(X) are obtained via Machine Learning algorithms using all

observations except those in subsample k. The obtained estimator is equivalent to the
Debiased Machine Learning (DML) estimator described in Chernozhukov et al. (2018).

44



5.3. The DML estimator of the ATE

We still need to discuss consistency of the remainder term. We first describe the
asymptotic behaviour of the remainder term for the average potential outcome under
treatment. From equation (5.3), the remainder for the average potential outcome under
treatment can be computed as

— 0 - w5 - Y KB () - (6 |
- ey e oo s - )

. _E{E[W\i])f’l[;gl)m] - il(;g:) (X B - \I,lap)}

_ —IE{ [:gg) - 1} (X ) - gl<X,fm>} }

(5.14)

where the last equality follows from the law of iterated expectations and unconfound-
edness. Note that 7(X,F) refers to the true propensity score while 7(X, IAFn) refers to
its estimated version using a data-adaptive methods. The last equality in equation
(5.14) can be bounded to the following expression by a direct application of Cauchy
Schwartz inequality

The convergence rate of this term is determined by the convergence rate of g; (X, IAFn)
and (X, Fn) More precisely, it is determined by the product of the convergence rates
of the two. This property is termed rate double robustness (Hines et al., 2022) because
the convergence rate of the resulting estimator is greater than that of the estimators
for the nuisance functions. For example, if both ¢y(X,F,) and (X, F,) are of order
N i, the remainder is of order Nz and so is the final estimator for the ATE.

Hence, if one can show that a given data-adaptive estimator achieves such conver-
gence rates, the DML estimator is asymptotically efficient with asymptotic variance
equal to the variance of the efficient influence function. A discussion on such conver-
gence results exist for most ML algorithms (see for example Chernozhukov et al. (2017)
for some references).
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Chapter 5. Debiased Machine Learning

Figure 5.1: Bias adjustment due to DML

Estimates

10 ——EEeeee——————————————

DL Plug-in
Method

Note: The boxplots represent the distribution of the DML (yellow) and
plug-in (red) estimators on 500 replications of the DGP used in exam-
ple 3. Each sample was generated with p = 10 and n = 5000 and
the nuisance functions for both estimators were computed using random
forests with the same hyperparameters. (A detailed description of Ran-
dom Forests can be found in the next section)

The bias reduction associated to the use of the DML procedure is illustrated in
figure 5.1 on the DGP of example 3. The estimated bias is clearly smaller for the DML
estimator than for the Plug-in estimator.

Finally, motivated by equation (5.5) a consistent estimator for the variance of the
estimator can be obtained as

1 K Ng )
o =5 2> 7] (5.15)
k=1

i=1
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Finite sample results
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Chapter 6

Monte Carlo simulations

In this chapter we perform a Monte Carlo simulation study to evaluate the finite
sample performance of the debiased ML estimator for the ATE described in the previous
chapter. We consider different scenarios for the data generating process and investigate
the performance of the DML estimator across these different scenarios. The considered
scenarios will involve challenging nuisance functions where simple parametric methods
are not expected to work well. The performance of DML estimators will be compared to
that of the traditional estimation methods presented in chapters 3 and 4. In addition,
we will also benchmark the performance of the DML estimator to Bayesian Additive
Regression Trees (BART), a Bayesian approach to the estimation of causal effects
involving random forests that has demonstrated very good performance in the recent
past (see for example Dorie et al., 2019).

This chapter is organized as follows. The next section discusses the practical imple-
mentation of the considered estimators. Then, we present the simulation design as well
as the considered scenarios. Finally, the results of the simulation study are discussed.

6.1 Estimators under consideration

In this section, we clarify some practical aspects of the considered estimators. All
estimators discussed below are implemented using R (R Core Team, 2021).

6.1.1 Traditional estimation approaches

Since the DGP will be designed to evaluate the performance of the estimators when the
nuisance functions are complex and non-linear, we do not consider parametric model
based estimation strategies except OLS that we use as a benchmark. While it is not
expected to work well on the considered DGPs it allows to assess the importance and
potential advantages of the more flexible methods in such a context. If not explicitly
stated otherwise, we consider a relatively naive implementation of the OLS estimator
and only include main effects (no interactions or higher order terms) in the specification.

We also consider the nearest neighbor regression estimator as well as its bias
corrected version discussed in chapter 4. The nearest neighbor regression estimator is
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6.1. Estimators under consideration

implemented using the Matching package of Sekhon (2008). This package is also used
to compute the bias corrected version of the estimator where the bias correction is
performed using a simple linear regression. The asymptotic variance is estimated based
on equation (4.7).

6.1.2 Debiased Machine Learning

DML estimators are implemented using the DoubleML package of Bach et al. (2021).
DML estimators rely on ML estimation of the nuisance functions. In our applications
we will consider Gradient Boosting and Random forests to estimate the nuisance func-
tions. The algorithms are tuned and fitted using the m1r3 package of Lang et al. (2019).
We briefly present Random forests and Gradient Boosting in the next paragraphs.

All DML estimators are constructed using the sample splitting procedure described in
the previous chapter. While there are no clear recommendations regarding the number
of splits to consider, choosing a number of folds around 4 has been shown to work well
in practice (Chernozhukov et al., 2018, McConnell and Lindner, 2019). An estimator
for the variance of the estimator is obtained from equation (5.15).

Random forest

The objective of random forests is to use covariates to accurately predict the value of an
outcome for a new sample. Random forest is an aggregation of classification trees (for
discrete outcomes) or regression trees (for continuous outcomes). A single regression
tree is a decision rule partitioning the covariate space into different subspaces. Starting
from the entire sample, a split of the sample involving a single splitting covariate and
a splitting point on that covariate is considered. The split (splitting covariate and
splitting point) is chosen to minimize the sample mean squared error defined (for an
outcome Y) as

>V -v) (6.1)

where Y is the empirical mean. From the newly created subsamples, new splits are
then considered using the same optimization rule.

Considering the final partition of the sample, predictions for a new observation are
obtained as the average outcome in the subsample to which the observation to be
predicted belongs. A single regression tree in an ensemble of H regression trees is
defined as

an(X)=rJd(X e A,) for 1<e<C

where A, denotes subsample ¢ with C the total number of subsamples and r, is the
empirical mean in subsample c.

Note that adding additional splits will always reduce the mean squared error in
sample. However, very deep trees are subject to overfitting and will not perform well
to predict new data. Overfitting can be adressed by introducing some regularization,
i.e, choosing hyper parameters that constrain the complexity of the trained trees. For
example, one can constrain the maximum number of subspaces that a tree can contain.
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Chapter 6. Monte Carlo simulations

Single regression trees tend to produce very discontinuous prediction rules. This
motivates the use of random forests which consists in an aggregation of single regression
trees. The aggregation procedure is characterized by two important features. First,
each tree is trained using a bootstrapped (sampling with replacement from the original
sample) sub sample. This procedure is called Bagging. Second, for each potential tree,
only a subset of m covariates is chosen from the total number of available covariates p.
The procedure is summarized in the following algorithm from Efron and Hastie (2021).

Algorithm 1 Random forest (Efron and Hastie, 2021)

Fix m < p and the number of trees to H.
for h in 1:H do

(a) Create a bootstrap version of the training data by randomly sampling the N
rows with replacement N times.

(b) Grow a tree g,¢(X) using the bootstrap sample, sampling m of the p covariates
at random prior to making each split.
end for
Compute the random forest fit at any prediction point X, as the average

1

grf(XO) i

g, (X
H gh( 0)

7=

Recall from the previous chapter that the desirable asymptotic properties of DML
estimators are conditional on the convergence behaviour of the considered Machine
Learning methods. Biau (2012) shows that the convergence rate of a simplified version
of the random forest algorithm depends on the number of strong covariates, i.e, covari-
ates that are related to the outcome rather than on the number of total features. The
idea behind this result is that irrelevant covariates are likely to be ignored in the pro-
cess of building the regression tree. This result suggests some robustness of the random
forest estimator to the presence of a large number of noise variables in the data. This
is an important difference with the Nearest Neighbor or Kernel regression approaches
discussed in chapter 3. We refer to Wager and Walther (2015) and Biau (2012) for an
in depth discussion of the asymptotic properties of random forest estimators.

Gradient Boosting

The Gradient Boosting algorithm is also a combination of regression trees. However it
differs in the way in which the trees are constructed and aggregated. Instead of fitting
regression trees on the outcome as for random forests, individual trees are fitted on the
residuals of the predictor obtained in the previous step (except for the first tree which
is fitted on the outcome) with the aim of minimizing the residual sum of squares. At
each step, the predictor is updated considering a fraction of the newly built tree. The
idea of fitting trees on the residuals rather than the true outcome is to give more weight
to observations that were not accurately predicted by the predictors in the previous
step. The procedure is described in the following algorithm from Efron and Hastie
(2021).
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6.1. Estimators under consideration

Algorithm 2 Gradient Boosting (Efron and Hastie, 2021)

Fix the number of steps to H, a shrinkage factor €, a maximum tree depth (maximum
number of splits) d. Set the initial fit Gy = 0 and the initial vector of residuals to
R=Y.
forh in 1:Hdo

(a) Fit a regression tree g, to the data (X, Ry,—1) with maximum depth d where
R,,_1 are the residuals from the previous step. The splits are chosen to minimize the
residual sum of squares

. 2
(Rh—l,i - Gh(Xi)> -
i=1
(b) Update the fitted model with a shrunken version of g, as Gp = Gu_1 + €gp.
(c) Update the residuals R; = Rj_1; —€gp fori=1,...,N
end for
Return the final predictor Gy (X;).

While there are no clear results on the convergence rate for boosted trees algorithms,
an informal discussion on these convergence rates can be found in Yang et al. (2020).

In our simulation study, the hyper parameters (d and €) are tuned to minimize
the mean squared error (or classification error for the propensity score) using cross
validation.

6.1.3 An additional competitor: Bayesian Additive Regres-
sion Trees (BART)

BART was developped by Chipman et al. (2010) and is discussed in the context of
causal inference by Hill (2011) and Hahn et al. (2020). BART assumes a model of the
form

Y =g(X, W) +e¢ e ~ N(0,07)

where g(X, W) = E[Y|X, W] is assumed to be an aggregation of H trees
g()(7 W) :gl(X,VV,Tl,Ml)—F+9H(X,I/V,TH,MH) (62)

In each individual tree h, T}, refers to the set of decision rules defining the tree and
M, = (rhl, coy They e, rhc)t refers to the vector of final means (predictions) in
each subspace ¢ determined by the tree where C refers to the number of subspaces
specified by the tree.

The parameters of the model are (T}, M;) and o. The idea of BART is to use a
traditional Bayesian approach to the estimation of this model. First, a prior joint
distribution is defined for the parameters of the model. The prior is then updated
using Monte Carlo Markov Chains to build a joint posterior distribution. Bayesian
inference can then be performed by sampling from the obtained posterior distribution.
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Chapter 6. Monte Carlo simulations

The joint distribution for the parameters can be expressed as

PT((T17M1)7 (T27M2))' ) (Th7MH)7U):
PT’(Tl,TQ,"' ,TH)PT(MI,MQ,...,MH‘TI,TQ,...,TH)PT(O').
(6.3)

In order to simplify this prior joint distribution, the following simplifications are made
by introducing some independence assumptions

PT(T17T27 s 7TH) - H;TL{ZIPT(T]‘L)
Pr(My, My, ..., My|T\,Ty,. .., Ty) = I, Pr(M,|T}) (6.4)
PT(Mh’Th) = HlepT(ThC|Th).

A prior distribution has to be specified for the set of decisions within a tree (7},), the
within subspace means (r4.) and the variance of the error (o?).

The prior for the trees is specified as a uniform distribution for the choice of the split
on a particular feature. The probability that the tree stops at a certain split is

a(l+d)~? (6.5)

where a and [ are pre specified parameters and d is the number of subspaces already
defined at the stage where a given split is evaluated. Note that this prior strongly
favors small trees over large trees as the probability of ending the process of growing
the tree becomes very small after a small number of splits. Similar to the discussion
regarding random forests and boosted trees, the idea behind this reqularization prior
is to avoid overfitting.

Regarding the within subspace averages, for a given subspace, the average is chosen
from a normal distribution

The ™~ N(Oa O-Z) (66)

where 0, = #‘% with k£ chosen arbitrary. The 0 mean arises because the outcome is

first scaled to have mean 0 and lie between -0.5 and 0.5. Finally, the prior for o2 is
selected from a y? distribution.

Monte Carlo Markov Chains (MCMC) algorithms can be used to obtain the joint
posterior distribution for the parameters of the model. This happens by exploring
new possibilities for the parameters governing the prior distribution and accepting the
changes with a probability that depends on a Maximum likelihood based criterion.

One can then obtain draws of ¢g(X, W) from this joint posterior. For each individual
draw [, one can use g(X, W) and the empirical distribution of X to compute

1

=

Z(g(xz-, W =1) - g(X;, W = 0)).

This in turn gives us draws from the joint posterior for the ATE. An estimator for
the ATE can then be obtained as the average over the draws and bayesian credible
intervals can be computed using the quantiles of interest from the draws.
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In our empirical applications, we use a modified version of this basic BART that
was proposed by Hahn et al. (2020). They consider two modifications of the basic
version presented above. First, the model is slightly changed to model the effect of the
treatment explicitly as

Y =9(X)+7(X) x W +e e ~ N(0,0%).

This modification allows to separate the specification of a prior for the conditional mean
and for the effect of the treatment. In practice, the prior for the treatment effect is
usually chosen to favor even smaller trees than that for the conditional mean. Second,
they suggest to include an estimate of the propensity score among the considered

covariates. We implement this approach using the bartCause package of Dorie and
Hill (2020).

6.2 Simulation design

Different data generating processes will be considered for evaluating the performances
of the DML estimator. These DGP will differ in various dimensions. We start this
section by presenting some general features of the process whereby we will generate
the joint distribution F for (W, Y, X)! under the regular assignment mechanism. All the
considered DGPs will respect the assumptions of the regular assignment mechanism. In
other words, the DGP will be such that the effect of the treatment is confounded (in the
sense that a difference in expectations would not identify the effect of the treatment)
but assumptions (2.2) and (2.3) hold.

In all the considered joint distributions, the p x 1 random vector of covariates X will
be assumed to follow a multivariate normal distribution

X NN(M)QZ)

where pk = (O, ,O) and X is a p X p variance covariance matrix with elements
Eij = 05‘J71|

The treatment indicator W is assumed to follow a Bernoulli distribution
W ~ Bern(m(X))
where 7(X) is the propensity score function with 0 < 7(X) < 1.
The outcome variable Y is generated as follows
Y =g(W,X) +¢
where € ~ A(0,1). Recall that by equation (2.8), g(W,X) can be decomposed as
g(W, X) = go(X) + Wr(X)
where by the law of iterated expectations, the ATE is the expectation of 7(X).

The exact specification of the nuisance functions go(W,X) and 7(X) is key to the
determination of the DGP. Two different designs will be considered with respect to the
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Chapter 6. Monte Carlo simulations

nuisance functions. For each design, the propensity score is obtained from a logistic

function as
- _exp (m(X))
(X) = 1+ exp (m(X))

where m(X) has to be specified.

For each of these two designs, we will let the following features vary and study how
they affect the performance of the considered estimators.

e The number of covariates, p. The higher the number of covariates, the harder
it should be for the estimators to recover the ATE.

e Level of confounding ~. The greater the level of confounding, the harder it
should be to estimate the effect of the treatment.

e The number of observations, N. With more observations, we expect the bias
to decrease and the estimators to become more precise.

e Heterogeneity in the effect of the treatment, 7(X). Adding heterogeneity
should make it harder to estimate the effect of the treatment.

Design 1

The first design follows an approach similar to that of Dorie et al. (2019) where go(X)
and m(X) are constructed as generative additive functions in which each covariate is
first passed into a transformation function. The final nuisance function is then obtained
by adding up these transformed covariates. We consider a similar set of potential
transformation functions as in Dorie et al. (2019). This approach allows to test the
robustness of the method to different types of functional forms for the propensity score
and outcome regression functions. The exact specifications for go(X) and m(X) are

(X4 + X5)?
5
90(X) =7 (0.2X7 + 0.5X5 + 0.5X, X5 + 2 x (1(X3 > 0) + 1(X3 > 1)) +0.1exp(Xy + X5)))

m(X) = —0.4 4 0.1X; + 0.1X2 + 0.1X, X5 + 0.1(1(X3 > 0) + 1(X;3 > 1))+0.1
2

where X, j = 1,...,5 is the j' covariate in X. The parameter v captures the degree
of confounding. The following scenarios will be considered for design 1

N € {500, 1000, 5000} p € {5,50}
v € {0.5,1} 7(X) € {1,1.25 + 2 x m(X)}.

With these specifications for the propensity score and outcome regression functions,
the average of the outcome and the probability to be treated increases in the 5 first
covariates. Hence, there is a positive selection bias. The selection bias, heterogeneity
bias and the resulting bias from the difference in expectations can be found in table
6.1. Due to the non-linearities included in the nuisance functions, the simple OLS
estimator described in the previous section is not expected to perform well. However,
it should still capture part of the relationship between the outcome and the covariates
and hence perform better than a simple difference in means estimator. Note that only
the 5 first covariates are confounders. When considering scenarios with p > 5, the
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6.3. Performance evaluation

Table 6.1: Summary of true the causal effects (ATE), selection (S.B), heterogeneity
bias (H.B) and Simple Difference in Expectations (SDE) for all scenarios

Design 1 Design 2
p=>5 p =50 p=>5 p=>50

v=05 v=1 =05 =1 v=05 v=1 =05 =1

ATE 1 1 1 1 1 1 1 1
SDE 1.23 1.44 1.23 1.44 1.2 1.41 1.21 1.43
S.B 0.23 0.44 0.23 0.44 0.2 0.41 0.21 0.43

H.B 0 0 0 0 0 0 0 0

ATE 1 1 1 1 1.03 1.03 1 1
- SDE 1.31 1.53 1.31 1.53 1.33 1.54 1.33 1.54
T SB 0.23 0.45 0.23 0.45 0.2 0.41 0.22 0.43

H.B 0.08 0.08 0.08 0.08 0.09 0.09 0.1 0.1

additional covariates will be noise features. They will be unrelated to the treatment
and the outcome.

Design 2

The second design will rely on nuisance functions that are very far from being linear.
The design is summarized below.

m(X) = —0.2 + cos(X'9)
90(X) = x (cos(X'B))

where 3 = (1, %, cee ]lj) and the constant in m(X) is chosen to balance the treat-

ment assignment. Trigonometric functions are often used to assess the capacity of
estimators to fit complex functions in the context of predictions (Friedman, 1991) or
in a context of causal inference (McConnell and Lindner, 2019; Knaus et al., 2021b).

The following scenarios will be considered for design 2
N € {500, 1000, 5000} p € {5,50}
v €40.5,1} 7(X) € {1, (2 x n(X))}

Note that the heterogeneity depends directly on the propensity score. Units with
greater probability of treatment benefit more from the treatment.

In table 6.1, we summarize the causal effects (ATE), difference in expectation (SDE)
between treated and untreated units, selection (S.B) and heterogeneity biases (H.B)
for the different scenarios’.

6.3 Performance evaluation

We will draw B samples of size NV for each considered DGP. For each sample in these
B repetitions, we estimate 7 using the methods presented above. The finite sample

"When there is heterogeneity in the effect of the treatment, the true ATE was obtained from a
simulation over a very large sample (size N = 1000000).
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Chapter 6. Monte Carlo simulations

properties of a given estimator 7 for 7 will be evaluated based on the following criteria.

1. Bias. The empirical bias measures the average difference between the estimator
obtained in one of the B samples and the true value of the estimator

Mm

Bzas
b:

2. Variance. The empirical variance measures the precision in the estimation of 7

as
1 Z
Var Z
b:l
where 73 is the average of the estimator over the B repetitions.
3. Mean Squared Error. The empirical mean squared error combines the empir-

ical bias and variance. It is obtained as the sum of the square of the empirical
bias and the empirical variance

1 B
MSE Z Tb—T
b:l

4. Coverage and length. Confidence intervals for the estimators can be con-
structed based on the normal asymptotic approximations presented in the previ-
ous chapter. Confidence intervals are constructed as

IC(a) = [%—&xq%:%—i—&qu,%].

where 62 is an estimator for the variance of the estimator that we discussed in the

previous chapters, while qs is the  quantile of the standard normal distribution.
We fix o = 0.05. Coverage is then defined as the proportion of times that 7 is
contained in the computed confidence interval.

B

_ 1
cov = & Z 1(1 € ICy).

b=1

We will also compute the average length of the confidence intervals as

1 B
Ez«ﬁ’ — 0p X (]%) - (%b + 0p X C]1_%)).
b=1

6.4 Results

We evaluated the performance of the estimators on B = 200 samples for each of the
48 scenarios described above. For each scenario, we computed the empirical bias, the
empirical MSE, the empirical variance, the average length of confidence intervals and
their coverage. The results are presented in tables 6.2 (design 1 without heterogene-
ity), 6.3 (design 1 with heterogeneity), 6.4 (design 2 without heterogeneity) and 6.5
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6.4. Results

Figure 6.1: Performances of the estimators in function of p
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Note: For each level of p, MSE is computed using 200 repetitions of design 1 without
heterogeneity, holding v = 1 and N = 5000 fixed.

(design 2 with heterogeneity). From these tables, we can make the following interesting
observations.

First, as expected, the OLS estimator is heavily biased in every scenario. This results
in very high MSE and low coverage compared to the non-parametric approaches. In
design 1, the OLS estimator seems to reduce part of the selection bias (the empirical
bias is smaller than the selection bias even in the no heterogeneity case) but remains
heavily biased. In the second design where the nuisance functions are highly non-linear,
the OLS estimator does not even reduce the selection bias.

In terms of empirical MSE, BART tends to perform best in most of the scenarios.
This is consistent with some previous results on comparable simulation approaches
(Dorie et al., 2019). Note however that BART might benefit from assumptions that
are satisfied in these specific simulation designs such as the normal specification for the
errors (see Hill, 2011). At the same time, the DML estimation approaches (DMLRF,
DMLXG) largely outperform the traditional non-parametric Nearest Neighbor (match-
ing) approaches in all scenarios.

The performance gains of Machine Learning approaches over the more traditional
non-parametric approaches are particularly large when the number of potential con-
founders increases. When the number of confounders increases, the MSE of ML
approaches is systematically smaller than that of the traditional non-parametric ap-
proaches. The DML estimator based on boosting seems more robust to the presence of
many potential confounders than the DML estimator based on Random Forest. This
is consistent with the theoretical results underlying each of these ML algorithms (Yang
et al., 2020). This fact is illustrated in a more detailed way in figure 6.1 where the
MSE is estimated for all estimators by letting the number of covariates vary in a more
systematic way.

Moreover, the ML based approaches tend to be less sensitive to the intensity of
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Chapter 6. Monte Carlo simulations

Figure 6.2: Performances of the estimators as a function of v
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Note: For each level of v, the MSE is computed using 200 repetitions of
design 1 without heterogeneity, holding p = 5 and N = 1000 fixed.

confounding in settings with a small number of potential confounders. Indeed, the
MSE is less affected by v for ML-based approaches than for tradtional non-parametric
approaches in this context as can be seen in figure 6.2.

While the OLS estimator is largely affected by the inclusion of heterogeneity in the
effect of the treatement, this is not the case for the non-parametric approaches except
in design 2 when there are a lot of potential confounders.

In terms of inference, when the bias is sufficiently small, all methods tend to have
coverage close to the 95% target with comparable average length (at least for large
sample sizes). Note however that BART intervals tend to have coverage above the 95%
target. Note also that with smaller sample sizes, the boosting-based DML approach
tends to produce less precise estimates.

To summarize, ML-based approaches appear to offer an attractive alternative to
more traditional estimation approaches to estimate causal effects. These improvements
associated to the ML-based approaches are dependent on the generating process. It
is also interesting to note that there is some heterogeneity in the performance of the
DML-based approaches.
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Chapter 7

Real data applications

A challenge when considering real data to illustrate causal inference methods under
unconfoundedness is that unconfoundedness is an untestable assumption. In practice,
justifying this assumption is an important part of empirical research and has to be
motivated by expert domain knowledge. The objective of this section is not to offer a
thorough justification of unconfoundedness for a new empirical application. Instead,
we will illustrate the methods presented in this thesis on example datasets that are
well established in the causal inference litterature on estimation of causal effects under
unconfoundedness.

7.1 The effect of a retirement program on savings

As a first application, we reconsider an analysis of a retirement program initially con-
ducted by Poterba et al. (1995) and reevaluated among others by Abadie (2003) and
Chernozhukov et al. (2018). The objective of Poterba et al. (1995) is to study the
effect of the 401(k) retirement plan introduced in 1978 in the US on subsequent saving
behavior.

The 401(k) retirement plan is a fiscally favorable pension plan offered at the em-
ployer level. The objective of this program is to encourage people to save for their
retirement. An important question is whether the 401(k) plan effectively increases re-
tirement savings or whether it simply reallocates savings that would otherwise occur
through other mechanisms. The outcome Y of interest in this case is total net savings
and the treatment W is the 401(k) retirement plan. Each individual has a potential
outcome Y'(0) if it does not participate in the retirement plan and a potential outcome
Y (1) under participation.

In this context, the ideal situation for a researcher would be one in which individuals
are randomly assigned to participate in the 401(k) program. The researcher could then
compare average savings after implementation of the program between participants
and non-participants. In particular, following the arguments given in the first chapter,
the difference in average savings in the two groups would yield an unbiased estimator
of the ATE of the program.

Unfortunately, this is not how the 401(k) retirement savings program was imple-
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Chapter 7. Real data applications

Table 7.1: Description of a subset of the variables contained in the data

Variable name Description

nettfa Net financial assets (in $)
a401 savings in 401(k) program (in §)
e401 employer offers 401(k) program
age age of the unit

income household income (in $)
marr marital status
fsize family size
educ years of education

p401 participation into 401(k)

mented. Hence, the only available option for researchers is to rely on observational
data. In this context, Poterba et al. (1995) used data from the Survey on Income and
Program Participation (SIPP). The SIPP data contains detailed data on income, em-
ployment, saving patterns and government program participation collected on a yearly
basis for a representative sample of American households. While the initial study con-
sidered the waves of 1984, 1987 and 1991, we will restrict ourselves to the 1991 wave
studied in Abadie (2003) and Chernozhukov et al. (2018). The considered sample con-
sists of 9915 households reference persons and spouses aged between 25 and 64. A
subset of the available variables are described in table 7.1. The main outcome vari-
able Y will be net financial assets and the treatment W is participation in the 401(k)
program. Descriptive statistics for a subset of the variables can be found in table 7.2.

A naive idea would be to estimate the average treatment effect of the program as the
difference in net total financial assets between those who participate in the program and
those who do not. This would yield an estimate of 27372 (see table 7.2). However, since
participation to the treatment is voluntary, participants self select into the treatment
and nothing guarantees that both groups are comparable. For example, from table 7.2
it appears that participants have higher incomes and a higher probability to be married
than non-participants. This raises the concern that participants may have a different
saving behavior than non-participants in the absence of treatment. In particular, it is
reasonable to believe that participants may have stronger preferences for saving and
would have saved more than non-participants even without the program. If that is the
case, the potential outcome in the absence of treatment is larger for treated individuals
than for untreated individuals. Then, as we saw in chapter 2, the ATE can not be
identified by the difference in expectations between the treated and untreated units.
This implies that the naive estimation approach is subject to a selection bias.

A possible approach to recover identification of the ATE in such a situation is to
introduce identifying assumptions such as unconfoundedness. One could argue that
conditional on a vector of observable covariates, treatment is independent from poten-
tial outcomes. Then, one can use the estimation approaches discussed in this thesis
to obtain an unbiased estimate of the ATE of 401(k) participation. Estimates and
associated standard errors obtained from the estimators discussed in chapters 3, 4 and
5 are given in panel A of table 7.3. The specification considered for the OLS estimator
follows Abadie (2003) and includes income, age, marital status and family size. The
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7.1. The effect of a retirement program on savings

Table 7.2: Descriptive statistics for the 401(k) data

Sample Participation status Eligibility to 401(k)
Treated Non Treated Eligible Non eligible
Treatment 1
401(k) participation 0.26 0.7 0
(0.44) (0.46) (0)
Treatment 2
401(k) eligibility 0.37 1 0.15
(0.48) (0) (0.36)
Outcome
Total net financial assets 18052 38262 10890 30347 10788
(63522) (79088) (55257) (74800) (54518)
Selected covariates
Household income 37200 49366 32890 46862 31494
(24774) (27208) (22315) (25958) (22151)
Age 41 42 41 41 41
(10) (10) (11) (10) (11)
Marital Status 0.6 0.7 0.57 0.67 0.56
(0.49) (0.46) (0.49) (0.47) (0.5)
Education 13.2 13.9 13 13.8 12.9
(2.8) (2.6) (2.8) (2.6) (2.9)

Notes: The statistics are different than those from Abadie (2003) because they remove
very low and very high earners from the sample.

estimators for which data adaptive methods are used for estimation of the nuisance
functions include a larger set of covariates chosen based on Chernozhukov et al. (2018).
The hyperparameters of the boosting algorithm are chosen via cross validation. The
sample splitting procedure for the DML estimators is repeated 20 times to stabilize
the estimates as suggested by Chernozhukov et al. (2018). The number of considered
matches for matching estimators is set to 2.

First, note that these estimates are smaller than the naive estimate based on the

simple difference in means between groups. This suggests that the naive estimator is
indeed subject to a selection bias in the present case.
Second, the estimate based on OLS is close to the estimates obtained from the more
flexible estimation methods presented in this thesis. This suggests that for these data,
there is little gain from using more flexible methods. Note also that matching estimators
tend to have larger standard errors than the DML estimators.

Unfortunately, the unconfoundedness assumption is untestable. Hence, while selec-
tion bias is certainly attenuated in the estimates presented in panel A of table 7.3 it
remains unclear whether this bias has been totally eliminated.

To increase the credibility of unconfoundedness in this setting, Poterba et al. (1995)
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Table 7.3: Estimates and standard errors

OLS Matching BC matching DML RF DML Boost BART

A. Participation

12430 12093 10662 11275 11660 12707

(1366)  (1603) (1597) (1226) (1180) (1322)
B. Eligibility

5236 8483 6973 8039 8254 8718

(1253)  (1394) (1392) (1199) (1149) (1282)

suggested to redefine the treatment as beeing eligible to the 401(k) program (treatment
2) rather than effective participation. Since, only employees from firms offering the
401(k) program are eligible to the plan, eligibility is determined by the employer. If
employee decisions to join a firm can be considered to be independent of individual
saving behavior, the comparison of eligible and non-eligible groups could be used to
infer the effect of eligibility. There are reasons to believe that this may not be true. For
example, it is likely that income determines an employee’s choice of employer as well
as its saving behavior. At the same time, employers offering higher wages may be more
inclined to offer saving plans. However, Poterba et al. (1995) argue that conditional
on a few covariates (mainly income), the decision to join a firm is independent of
savings behaviour. They provide evidence for this by showing that conditional on
income, saving behaviour of eligible and non-eligible employees were equivalent at the
beginning of the program. Note that if participation has a positive effect on savings,
the ATE of eligibility is expected to be smaller than the effect of participation because
part of the eligible subjects do not participate (about 15%) as can be seen from table
7.1.

The estimate obtained from the naive estimator is now reduced to 19559. Estimates
and standard errors obtained from the estimation procedures described in this thesis
are given in panel B of table 7.3. The different estimations are performed using the
same specifications as for the evaluation of the effect of participation.

The estimates are broadly similar but much smaller than the naive estimates. This
suggests that considering eligibility rather than participation is insufficient on its own
to eliminate selection bias. The simple OLS estimator yields smaller results than the
more flexible estimators. While we cannot compare the obtained results with those of
the initial paper because they compute treatment effects within income brackets, the
obtained results are in the same range as those obtained by Poterba et al. (1995).

7.2 Effect of a job training program

A drawback of the previous analysis was that it was not possible to assess the perfor-
mance of the different methods because the true ATE was unknown. This is a general
limitation of causal inference with observational data stemming from the fact that
identifying assumptions (in this case unconfoundedness) are essentially untestable. In
this context, LaLonde (1986) suggested to compare results from observational studies
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with those obtained from Randomized experiments where estimates are known to be
unbiased.

The National Supported Work demonstration (NSW) program offered unemployed
a paid (subsidized) job with the objective of helping them moving to employment.
Only disadvantaged unemployed (ex-drug addicts, ex-criminal offenders, high school
dropouts, ...) were considered for participation into the program. An important fea-
ture of the program is that eligible applicants were randomly assigned to receive the
program. In this context, an unbiased estimate of the Average Treatment Effect of
the program on job related outcomes can be obtained by contrasting outcomes from
treated and untreated applicants. The outcome considered by LaLonde (1986) is earn-
ings at the end of the program (in 1978). The data that we will use in this thesis are
a subsample of male applicants to the NSW program that was made publicly available
by Dehejia and Wahba (1999). Descriptive statistics and main variables contained in
the dataset are described in table 7.4. Note that the treated and untreated groups are
very similar in terms of observed characteristics which was expected because they were
randomized to receive the program. The ATE estimated as the difference in earnings
at the end of the program between treated and untreated units is 886$.

To evaluate the performances of program evaluation methods under unconfounded-
ness, Lal.onde (1986) proposed to recreate the conditions of an observational study.
This observational data can then be used to benchmark the results obtained in an ob-
servational context with those from the randomized experiment. To do so, he gathered
a random sample of the population from the Panel Study on Income Dynamics (PSID).
This is a sample of untreated units whose earnings in 1978 could be compared to those
of the treated units in the NSW experiment. Descriptive statistics on the PSID control
group can be found in table 7.4. In this setting, a naive estimate of the treatment effect
obtained as the difference in average earnings between the treated and PSID group is
-155778.

The PSID control group is very different than the treated group of the NSW experi-
ment. For example, the individuals in the PSID sample are much younger, less likely
to be married and more likely to be high school drop outs. This raises concern on
the comparability of the treated and control groups. Indeed, treated individuals were
specifically selected into treatment because they were disadvantaged workers. Hence,
we would expect their potential outcome in the absence of treatment to be smaller
than that of treated units. This suggests that the simple difference in means estimate
is subject to a selection bias.

To recover identification of the ATE, researchers can introduce identifying assump-
tions such as unconfoundedness. We could argue that conditional on a vector of covari-
ates, treatment is independent of potential outcomes. Then, we can use the methods
discussed in this thesis to obtain unbiased estimates of the ATE. Estimates and associ-
ated standard errors obtained by the methods discussed above are presented in panel A
of table 7.5. The results are rather disappointing. Indeed, while the obtained estimates
are slightly closer to the true effect of the program compared to the naive estimate,
they are still very far from the target obtained from the randomized experiment. Note
that the bias corrected matching and BART estimators are closer (but still very far)
from the target. The estimated standard errors of the DML estimators are smaller
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Table 7.4: Descriptive statistics for Lalonde data

NSW experiment PSID controls
Treated Non Treated Full sample Unemployed
Outcome
Earnings in 1978 5976 5090 21554 9995
(6924) (5718) (15555) (11184)
Selected covariates
Age 24.6 24.4 34.9 36
(6.7) (6.6) (10) (12)
Education 10.3 10.2 12.1 10.7
(1.81) (1.61) (3.08) (3.17)
Marital Status 0.17 0.16 0.87 0.73
(0.37) (0.36) (0.34) (0.44)
Black 0.8 0.8 0.25 0.39
(0.4) (0.4) (0.43) (0.48)
Hispanic 0.09 0.11 0.03 0.068
(0.29) (0.32) (0.17) (0.25)
Earnings 75’ 3066 3026 19063 7569
(4874) (5201) (13596) (9041)
High school dropout 0.73 0.81 0.3 0.49
(0.44) (0.39) (0.46) (0.5)
N 297 425 2490 253

than those of the other estimators.

An important concern with the above results relates to the overlap assumption. In-
deed, the two samples are very different and most observations from the PSID control
group would not meet the admission criteria such that their propensity score should
be 0. A detailed comparison of (estimated) propensity scores between treated and un-
treated units can for example be found in Dehejia and Wahba (1999). To adress this
issue, Lal.onde (1986) proposed to restrict the control sample to a subsample more
representative of units meeting the inclusion criteria. One such subsample considers
only the unemployed from the PSID control group. Descriptive statistics for this re-
stricted sample can be found in the last column of table 7.4. Estimates and associated
standard errors obtained by the methods discussed above are presented in panel A of
table 7.5. The obtained estimates are much closer to the target but still relatively far.

In a later reassessment, Dehejia and Wahba (1999) proposed a few modifications to
the initial study. First, they proposed to refine the experimental sample to those units
for which information on the earnings in 1974 was available. This was aimed at in-
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Table 7.5: Estimates and standard errors

OLS Matching BC matching DML RF DML Boost BART

A. Full sample

-11960  -12394 -6797 -10597 -10931 -6923
(2426) (2987) (2530) (798) (1030) (2394)
B. Unemployed
-1496 -1469 -686 -946 =797 -859
(988) (1135) (1103) (969) (1615) (1107)
B. ATT
161 525 1218 1188 1483 320
(869) (1173) (1189) (893) (1179) (1946)

Notes: The OLS estimate differ from the original results from LaLonde (1986). This is
because we allow for heterogeneity in the effect of the treatment while Lalonde assumed a
partially linear model. We made this choice for two reasons. First, because assuming no
heterogeneity in the effect of the treatment seems to be a strong assumption in this context.
Second, to ensure comparability with other estimators who account for heterogeneity. The
parameters for the data-adaptive methods are chosen in a similar way as in the previous
case study.

creasing the credibility of the unconfoundedness assumption. On this new experimental
sample, the estimated ATE that serves as the new target is 17948$.

Second, they considered the average treatment effect on the treated (ATT) rather
than the ATE. While in the experimental data, the ATT and the ATE should be equiv-
alent, this should not necessary be the case for the observational data. In the context
of a job training program targeted to a specific group, it makes little sense to study the
impact of the program for the entire population. Furthermore, considering the ATT
solves part of the overlap problem because the treatment effect is evaluated in the sup-
port of treated units only. Hence, we need a weaker version of the overlap assumption
requiring only that the propensity score is bounded away from 1. Details on why this
result holds can be found in Appendix A.3. Modifying the estimators presented in
chapters 3, 4 and 5 to estimate the ATT is straightforward. For example, for near-
est neighbors estimators, one would only consider nearest neighbors for treated units
(among the untreated units). For the DML estimators, one would consider the efficient
influence function for the ATT and construct the estimator accordingly. Estimates and
associated standard errors obtained with the methods presented above tailored to the
estimation of the ATT are presented in table 7.5. The newly obtained estimators are
much closer to the target in this situation confirming the results obtained by Dehejia
and Wahba (1999). Note that the bias corrected matching estimator and the Debiased
ML estimators seem to perform best in this case.
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Chapter 8

Conclusion

In chapter 2 of this thesis, the potential outcomes framework was presented. This
framework allowed us to provide a clear definition of causal estimands and to clarify
the assumptions that are needed to identify these estimands. We presented 3 ways
in which popular estimands could be identified under unconfoundedness and overlap
and saw that these identification results rely on the determination of so-called nuisance
functions. This suggested empirical estimators where the nuisance functions have to
be estimated in a first step.

In practice, researchers typically rely on parametric models to estimate these nui-
sance functions. In chapter 3, we saw that relying on such models can have negative
consequences on the properties of estimators for causal estimands when the postulated
models are incorrect. To mitigate the problem, researchers have considered traditional
non-parametric approaches such as Nearest Neighbor or kernel regressions to estimate
the nuisance functions. Under certain conditions, the resulting estimators for the causal
estimands can be shown to have desirable asymptotic properties. In chapter 4, we dis-
cussed in detail an estimator based on Nearest Neighbor regression of the nuisance
function. While this estimator relaxes the modeling assumptions, it requires strong
assumptions in terms of the complexity of the nuisance function.

In this context, researchers have considered the use of Machine Learning algorithms
to estimate the nuisance functions. However, understanding the asymptotic properties
of estimators for causal estimands when ML is used in a first step is hard. Indeed, these
ML algorithms have been designed for prediction rather than for precise point estima-
tion. In chapter 5, we presented a general theory that facilitates the understanding of
the asymptotic properties of these ML based estimators. We saw that the tradtional
approach of building an estimator by plugging in the estimated nuisance functions does
not lead to an estimator with desirable asymptotic properties. But we saw how such
estimators can be corrected to build so-called Debiased Machine Learning (DML) es-
timators with desirable asymptotic properties when ML methods are used to estimate
the nuisance functions. We then applied this theory to the construction of an estimator
for the ATE.

In chapter 6, we studied the final sample properties of the estimators by performing a
Monte Carlo simulation study. The data generating processes were designed to create a
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challenging environment for model-based approaches. We studied various adaptations
to the baseline designs by varying the number of covariates, the intensity of confound-
ing, the sample size and the intensity of heterogeneity in the effect of the treatment.
Unsurprisingly, the modeling approaches were heavily biased. While all non-parametric
estimators performed better than their simple parametric counterparts, the DML esti-
mator was better than the traditional non-parametric approaches, especially when the
number of considered covariates increases.

Finally, in chapter 7, we applied the methods discussed in chapters 3, 4 and 5 to real
data. First, we considered the evaluation of the effect of a retirement saving program
on net savings. The different estimators produced comparable estimates suggesting
that for that dataset, simple modeling approaches were sufficient to obtain the ATE.
Second, we reconsidered the Lalonde experiment where the results obtained from an
RCT could be used as a benchmark for the true causal effect. For estimation of the
ATE, all methods performed poorly and there was no gain from using the more flexible
approaches reinforcing the concern with the identifying assumptions. Following the
litterature, we redefined the causal estimand and the studied sample of interest to
soften the identifying assumptions. In this setting, the estimates produced by the
DML estimators are closer to the target than their model-based counterparts.

In most of the thesis we considered the ATE under the regular assignment mechanism.
However, most of the aspects covered in the thesis are valid for causal estimands at
a more general level. In particular, using the theory developed in chapter 5, DML
estimators can be constructed for most of the causal estimands discussed in the first
chapter. Extensions to estimation of the ATT and ATU are relatively straightforward
based on chapter 5. Derivation of the efficient influence function and resulting DML
estimator for the instrumental variable based Local Average Treatment Effect can be
found in Kennedy (2022) or Chernozhukov et al. (2018).

In chapter 6, we observed that estimates can vary according to the method used and
the data generating process. An important question in this context relates to which
estimator should be used on which dataset. In this context, an interesting approach to
validate causal inference methods is proposed in Parikh et al. (2022) and Athey et al.
(2021). They propose to use deep generative algorithms to generate synthetic data that
mimic the empirical distribution of the available sample. The analyst can then specify
the form of causal effects and use a simulation experiment to assess the performance
of different estimators on data that closely resembles the true data generating process.
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Appendix A

Additional computations in the
Introduction

A.1 Bias in the simple difference in expectations

E[Y (1)|W = 1] - E[Y (0)|W = 0] = E[Y(1) - Y (0)] +B.

Equivalently,
B=E[Y(1)|W =1] = E[Y(0)|]W =0] — ATE.

Using the law of total expectation, we can rewrite the ATE as

ATE = Pr(W =0)E

Y (1
—PT(W:

)W = 0] + Pr(W = DE[Y (1)|W = 1]
OE[Y (O = 0] — Pr(W = DE[Y(0)|W = 1].

Hence, B can be rewritten as

B =E[Y(1)|W = 1] — E[Y(0)|W = 0]
— Pr(W = 0)E[Y(1)|W = 0] — Pr(W =
+ Pr(W = 0)E[Y (0)|W = 0] + Pr(W =

We then add and subtract E[Y (0)|WW = 1] and E[Y(0)|W = 0] to obtain

B=EY M)W =1]-E[Y(0)[W = 0]
— Pr(W = 0)E[Y(1)|W = 0] — Pr(W = DE[Y(1)|W = 1]
+ Pr(W = 0)E[Y (0)|W = 0] + Pr(W = DE[Y(0)|W = 1]
+EY (0)|W = 1] = E[Y (0)|W = 1] + E[Y (0)|W = 0] = E[Y (0)|W = 0]
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which can be rearranged as
B =E[Y(0)|W = 1] = E[Y(0)|W = 0]
+(1—=Pr(W=1)EYD)|W =1] - (1 — Pr(W =1))E[Y(0)|W = 1]
— (1= Pr(W=0)—1DE[Y(0)|W =0] — Pr(W =0)E[Y(1)|[W = 0]

=E[Y(0)|W = 1] = E[Y(0)|W
+ Pr(W = 0){E[Y(1)|W = 1] — E[Y(0)|W = 1]}
+ Pr(W = 0){E[Y(0)|W = 0] — E[Y (1)|W = 0]}.
The terms in brackets in the last two lines correspond to the ATT and ATU respectively.
Hence, we recover the desired expression
B =E[Y(0)|W = 1] = E[Y(0)|W = 0]
+ Pr(W = 0){(£E[Y(1)|W = 1] =E[Y(0)|W = 1l)—(£E[Y(O)\W = 0] — E[Y/(1)|W = Ol)}

ATT ATU

0]

A.2 Unconfoundedness under the propensity score
- result 2.2

We would like to show that
W LY(0),Y(1)|X = W LY(0),Y(1)|r(X).

Proving this result is equivalent to proving that if unconfoundedness holds (left hand
side term above), we have that

Pr(W = 1Y (1), Y(0), 7(X)) = Pr(W = 1|x(X)).

This follows from the fact that equality of the conditional and marginal distributions
implies independence. Since W is a binary variable, its distribution is entirely de-
termined by its expectation. Hence, equality of the conditional and unconditional
expectation of W implies independence.

We will show that the equality holds by considering both sides separately.
Consider first the right hand side which can be rewritten as
Pr(W = 1|n(X)) = E[E[Wp(, W(X)](W(X)] - E[E[Wm]‘w(xﬂ = Pr(r(X)|7(X)) = 7(X)

where the second equality is a direct application of the law of iterated expectations
and the third equality holds because the propensity score is a function of X.
Now, consider the left hand side
Pr(W =1Jy(0),Y(1), 7(X)) = E[W[Y(1),Y(0), 7(X)]
= E[[E[W]Y (1), Y (0), X, (X)][Y (0), Y (1), m(X)]]

- IE:IE[W|X,7T(X)]‘Y(O),Y(1) W(X)]

—F :E[W|X] ‘Y(O), Y(1), W(X)}
= E[r(X)|7(X), Y (0), Y (1)] = n(X).
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The second equality is a direct application of the general LIE. The third equality uses
the assumption of the theorem (unconfoundedness). The fourth equality holds because
the propensity score is a function of X.

A.3 The importance of overlap for identification

In this section, we provide some precisions on the importance of overlap for the iden-
tification of the ATE. Remember that overlap states that

0<n(X)<1

As we argued in chapter 1, under unconfoundedness and overlap, the ATE can be
written as

U(F) = [ VX, W =1] - E[Y|X, WV = 0

//yfylxw—l dydx—//yfylxw—O) x)dydx (A1)

/ fly,x,w= dydx_/ fly,x,w= )f(X)dde

Xw—l f(x,w=0)

Note that,

fx,w=1)
f(x)

Hence, the first term on the right of equation (A.1) is not defined for a null propensity

score.
Similarly,

m(X) = Pr(W = 1|X) = =0 = fx,w=1)=0

f(x,w=0)

f(x)
Hence, the second term on the right of equation (A.1) is not defined for a propensity
score of 1.

7(X)=1 = Pr(W=0X)=0 = —0 = f(x,w=0)=0

Interestingly, the overlap assumption can be relaxed to the following assumption
when considering identification of the ATT

m(X) < 1.

This can be immediately seen by noting that one can write (under unconfoundedness
and the weaker overlap assumption) the ATT as

U(F) = Ex o1 [E VX, W = 1] — E[Y|X, W = 0]}

— [ [uttuixw =560 =1)ayax— [ [urbew =0/s6xw = 1) dyax

//yfy,xw—l dydx—// 1y, w;i)f_()(;’)wzl)dydx

where the index X, W = 1 on the expectation refers to the fact that the expectation
is taken over the support of X for treated units.
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Appendix B

Properties of the OLS estimator for
the ATE

B.1 Remark 1

1. Tt is useful to realize that under assumptions (2.2), (2.3) and (3.1), we can rewrite
g0(X) and ¢1(X) in terms of linear models containing the expected potential
outcomes as intercepts

9uw(X) = ay +E[X]' By + (X — E[X])! By = 10 + X' B w € {0,1} (B.1)
where X = (X — ux).
The first equality is obtained by adding and subtracting E[X]'3,,. The second
equality is obtained by realizing that

o = E[Y (w)] = E[EY (w)|X]| = Elgu(X)] = ay, + E[X]'B, w e {0,1}

where the first equality holds by iterated expectations.

2. Let fiq, ,él and [ig, Bo be the intercepts and coefficients in a regression of Y; on
(1 Xf) for treated and untreated samples respectively. We want to show that

ﬂl = dl + /I,Xt,Bl and that ,EL() = (360 + /,thﬂg.
First, note that Bl = Bl because demeaning the covariates does not change the
estimated slope coefficients. For ease of exposition, this can be seen from the well

known OLS expressions for the slope coefficient in the simple linear regression
context. Indeed,

5y = WA = X0) S, Wi = 1)
Zi\; Wi(X; — X1)?

and
s L WX —EX] = X +EX)) YL Wi — V)

e ST WX, — EIX] - X1 + X)?
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These two expressions are equivalent.

Now, note that the intercepts, can be rewritten as
o = }71 - Xiﬁl (B-Q)

where X; = N% Zfil W,;X; and Y; = N% vazl W;Y; with Ny = Zfil W;. Equiva-
lently,

fin = Y1 - X{p (B.3)
where X; = N% SV WX — px) = N% SNWIX, — pux = X — pix
Solving equation B.2 for Y7 and plugging it into equation B.3 gives
fin = dy + XiBl - Xf@l
= + X3 — (Xi — px)' B (B.4)
= dy + MXtB1
where we replaced 61 by Bl in the last line because the two are equivalent.

A similar reasoning can be used to show that i, = &, + )_(tﬁAw.

B.2 Proof of theorem 1

Proof. Asymptotic distribution of 7,.,.
We consider the following models for E[Y|X, W = 0] and E[Y'|X, W = 1]

{ E[Y|X, W = 0] = uo + X8y = R

. . B.
E[Y‘X, W = 1] =y + Xt,@l = Rt51 ( 5)

where Rf = (1 X!) and 8! = (e Bu). Let 85 = (fip BY) and 8 = (i, B.) be the
OLS estimators obtained from a regression of Y; on (1, Xf) on treated and untreated
samples respectively. The proposed estimator for the ATE is

7-7°eg - ﬁl - ﬂO
which is the first element of the random vector &; — 8;. We start by considering the

asymptotic distribution of 8, and &, separately before investigating the asymptotic
distribution of their difference.

We rewrite the model for treated units as
Y =R, + (1) for W=1 (B.6)

where E[We(1)] = 0 and E[We(1)|R] = 0. We also make the classical OLS assumption
that rank EWR'R] = p + 1.
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The OLS estimator for d; can be written as

1L .

= > WiRY,

Ni:l >

1 N

= WR,; (R, + &(1) >
N; ( Lre )

N N
1 . . 1 .
1=1 i=1

-1

1 N
B o
o) = N;WiRiRi

1 N
v

(B.7)

1 N
=\~ > WiRR]

1_11 N o -1 ) N .
=8, + (N Zl WiRiR§> <N Zl WiRiei(1)> .
This implies that
VNG, 6)) = <i iwm) <_1 fjwr‘{.e.(n)
N — 1E \/N o e A .

By the Law of Large Numbers (LLN) and the Continuous Mapping Theorem (CMT),

1

(% i WRR) ) 25 (B[wRR]) = A
=1

By the CLT,

because

E [WiRiqu)] —E [E [WiRiq(l)\RiH

E {RZ-IE [Wiei(l)ﬂf{iﬂ (B.8)

=0
=0

where the first line is an application of the law of iterated expectations.

And

Var [WiRie(1)] = E [WR RG] - E [WiRie()] B [WiRiei(l)r (B.9)

J/
-~ -~

=0 =0

Hence,

VN(8, — 81) = Zy + 0,(1)
where Z; = \/LN SV AT R,6(1). And
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where V; = AT'E[W;R;Rle;(1)2AT.

The same argument can be used to show that
VN (8o — 80) = Zo + 0,(1) (B.11)
where Z, = \/LN Zf\; Ay 'WiR,€;(0), and
Zo ~ N (0, V) (B.12)
where Vo = AJ'E[(1 — W;)R:Rle;(0)2] AL
Finally, we are interested in the first element of
VN ((51 — &) — (6, — 50)) — VN(8, = 8)) — VN(8y — &) = Z1 — Zo +0,(1) (B.13)

Z, and Z, are normally distributed random variables. Null covariance between the 2
would imply that their difference follows a normal distribution with variance being the
sum of the variances. The covariance between the two is

Cov [Zl, Zo] = Cov |:A_1(]_)VVZRZ€Z(1), A51<1 - m)R261<0):|

—E |7 iR (1A (1 - Wi)Rie(0))

/

~; (B.14)
_E [A;lmmeéu)} E [Agl(l _ WZ-)RZ-ei(())]

=0
where the first equality holds because we have i.i.d data and the second because W;(1—
W;) = 0. Hence,
VN ((51 —8) — (6 — 50)) 5 N(0, Vo + V1) (B.15)

And the asymptotic variance of v/ N (7 — 7) is the first element of the V+ V; variance
covariance matrix. [

Proof. Asymptotic distribution of 7,.,.

We start by discussing the asymptotic distribution of ji;. By least squares mechanics,
{11 can be expressed in terms of fi;. Indeed, using a similar argument to that in remark
1

fn = fn + (X~ E[X])'B (B.16)

Then,
VN(jin = ) = VN(jis — 1) + VN(X - E[X])'B (B.17)

Following the same reasoning,
VN (jig = o) = VN (fio — o) + VN(X — E[X])" B (B.18)
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which implies that
VN (7 = 10) = VN(jir = 1) = VN (fio — o) + VN(X = E[X])"(B1 — Bo)  (B.19)
Note that
(81— Bo)VN(X — E[X]) = VN(X — E[X])"(81 — Bo) + 0,(1) (B.20)
because (81 — By) — (81 — By). Then, by the CLT,

VN(X - E[X] \/_ZX ~E[X]) -5 M (0,2(X)) (B.21)

where Q(X) = Var[X — E[X]], the variance covariance matrix of X and the 0 expec-
tation follows because E[X — E[X]] = 0. Hence,

VN (7 —10) = VN (i — 1) — VN (fio — 1) + VN (X = E[X])" (81 — Bo) +0,(1) (B.22)

This implies that, VN (7o — 7o) can be expressed as the sum of 3 normally distributed
random variables and a term that can be ignored asymptotically. If the 3 normally
distributed random variables are pairwise independent, the asymptotic distribution of
the sum will be a normal with a variance that is the sum of the 3. Pairwise independence
between the first two terms was shown for the case of 7,,.

Let’s investigate the independence between v/N (X — E[X]) and (fi; — y1) which is a
component of v/N(8; — ;). Hence, we will show independence between /N (X —E[X])
and VN (51 — 681). Since these are both normally distributed, it suffices to show that
the cross covariance between the two is 0.

COU(\/_ZAWVRE@ \/%ZX ~E[X])) = Cov( A7 WiRiei(1), (X, — E[X]))

- B( A7 WiRe(1)(X, ~ E[X]))
= E(AIlWGRiEi(l)X§>
= E(B(A; ' WiRie(DX![R,))

— AVE(RXE(Wie(1)R) )
E(Wiei()IR:)

=0

=0
(B.23)
The same argument can be used for independence between v/ N(X—E[X]) and v/ N (jio—
ho)-
Hence,

VN (7 —10) = T + 0,(1) (B.24)
with T~ N(0, vy + v1 + v;) where vg is the first element of Vj, v; is the first element
of Vi and v; = (B1 — Bo)"X) (81 — Bo)-
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Note that for vy and vy, we can use the usual estimators for the OLS variance. A
consistent estimator for the additional term v is provided in Imbens and Wooldridge
(2009) as

N
U = 61 %Z X; — X)t(Bl - BO)

B.3 Double Robustness property of the AIPW es-
timator

Proof. (Adapted from Tsiatis (2006)) We would like to investigate consistency of the
ATIPW estimator described in chapter 2 when estimation of the nuisance functions is
based on parametric models. The propensity score and outcome regression functions
are assumed to depend on unknown parameter vectors ¢ and £ respectively. In this
context, let (X, ) be the propensity score and g¢,(X, &) be the outcome regression
function. Let (X, ) be an estimator of m(X, ) obtained using a parametric estima-
tion technique such as a logistic regression estimated by maximum likelihood where
¢ -5 %, Similarly, let guw(X, é) be an estimator of g,,(X, &) obtained using a paramet-
ric estimation technique such as a linear regression estimated by OLS where é Ly e
If ¢* = 1) the propensity score model is correctly specified and if £* = £ the outcome re-
gression model is correctly specified. We will show that the AIPW estimator described
above is consistent for the ATE if only one of the two models is correctly specified.

The ATPW estimator described in equation (3.11) can be rewritten as'

N

A

1 . [Wz - W(Xi»l/;)]gl(xué) 1 (1-W)Y; _ Wi — W(Xz‘ﬂm%(
NZ{ ) (X, 1) } Z{l—ﬂXi,@E) 1 — (X, 1))

J/ (.

X8}

If {11 and fiy are consistent for E[Y (1)] and E[Y (0)] respectively, the AIPW estima-
tor is consistent. Let us first consider the probability limit of ji; such that one can
investigate the conditions under which /i, is consistent for E[Y(1)]. We can rewrite

WY WX (X))
o — { ( ! }+ (1)

(X, ) (X,
S )
- et~ e vy - RO
_ E{YU)[ZV&;%L ) I L < )] 1< £ } + o)
—E[Y(1)] +E{ V(1) - g1 (X, (gxﬂi — (X ¢ }} a5

by multiplying and dividing the first two terms in (3.11) by 7(X, 1/)
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The first equality holds by the law of large numbers because ji; is a sample average
and the second holds by the switching equation. We can now investigate consistency
of fi; in two different scenarios.

First, consider the case in which the propensity score model is correctly specified, i.e,
¥* = 1. Then, one can rewrite ji; as

b — BV (1)] + B {W[m) ~ (X)) X)) - (X)) }H) O

W(X,¢) W(Xa w)

=E[Y(1)]+E E{ W[Y(l)(}—(g:b (X&) ’X} IE{ V(1) — 1(X, &) }+0p(1)
sy g EVX [E[x;<(1)>(|>g)—gl<x,f*>] . { Y1) — g (X.6] }ww
= E[Y (1)) + E|E[Y (1)|X] - 0:(X. &) —E{ Y (1) = (X, €) }+op<1>

= E[Y(1)] + 0,(1).

The second equality holds by the law of iterated expectations, the third equality holds
by the properties of conditional expectations and the fourth equality holds by definition
of the propensity score. Hence, even if the outcome regression model is misspecified,
fi1 is consistent for E[Y(1)] as long as the propensity score model is correctly specified.

Second, consider the case when the outcome regression model is correctly specified,
i.e, & = ¢. Under that assumption, equation (B.25) can be rewritten as

b~ BV (1)) 4 B {W[Y(l) ~ (X 9] wX ) [Y(1) - (X, 8] }+0 O

T(X,¢7) (X, ¢7)
—E[Y(1)] +E JE{W[Y“()}; f; ‘W X} +o,(1)
—E[y(1)] +E WIEN ”g{fj;gl X.0) ‘W X} +o,(1)

— E[Y/(1)] + 0,(1).

The second equality holds by the law of iterated expectations and because by un-
confoundedness E[g; (X, £)] = E[Y(1)]. The third equality holds by the properties of
conditional expectations. The last equality holds because under unconfoundedness,
E[Y(1)|W,X] = EY|W = 1,X] = g1(X,§). Hence, fi; is consistent if only the out-
come regression is consistent.

Similar arguments can be used to show that fi is consistent for E[Y(0)]. Hence, the
ATPW estimator is consistent for the ATE if either the propensity score or the outcome
regression model is correctly specified. O]
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