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1 Introduction

1.1 Financial context

The financial market consists of two primary segments: the spot markets and the derivatives
markets.

In the spot markets, assets are sold and delivered immediately. For example, stocks and bonds are
traded in this market. A stock is a type of security that represents a share of ownership in a company
and a bond is a debt instrument or security that represents a loan made by an investor to a borrower.

In the derivatives markets, financial derivatives are exchanged. The value of these instruments
depends upon the price of an other asset, called the underlying. The underlying can be of different
types (stocks, bonds, ...). For example, let us consider the European call option, which is a common
type of financial derivative. The definition comes from [1].

Definition 1 (European call). The owner of an European call option on a stock S (the underlying),
of exercise date T' and strike price K, has the right to buy, at time T, the asset S, at price K. In
practice, if Sy represents the price of the underlying at time t, the payoff of the call is maz(St—K,0).

Note that the price on which the option can be sold at time 0 depends on its expected value at
time T (i.e. its expected payoff). One important technique used to price such option is to use a
Monte-Carlo algorithm. The procedure works as follows :

e Find a stochastic model that well represents the behavior of the stock price S;. A Brownian
motion is often used.

e Simulate a large number of trajectories for the stock price S; based on the stochastic model
developed.

e Find the average payoff received for all the simulated trajectories.

e Based on the average payoff, compute the value of the option at time 0. The price corresponds
to the average payoff of the option at time T', actualized by the risk free rate.

Note that there exist financial derivatives that depend on more than one underlying. For example,
the best-of call [2] :

Definition 2 (Best-of call). The owner of a best-of call option on multiple stocks (SM, S ... §(M))
(the underlyings), of exercise date T and strike performance K, has the right to receive, at time T,
the highest positive performance achieved, i.e. the payoff of the option is :

payoff = max [O, max (Perf(S(l)), Perf(S?), ..., Perf(S("))) — K} (1)

with ‘
B S(Tl) _ Price of stock S at time T
Séi) Price of stock S® at time 0

Perf(S®™) :




Even if the problem is more complex, the option can also be priced with a Monte-Carlo algorithm.
The additional difficulty comes from the fact that n stock prices have to be modeled (one for each

stock price Sgi), i =1,...,n) and that historical data show that the behaviors of the stock prices
are often correlated. The model used to simulate the stock prices should take into account these
correlations.

More precisely, let us imagine that we have to simulate the price behaviors of n different stocks
(S(l), S@ . S(”)). All the correlations between the stocks can be gathered in a correlation matrix
A constructed as follows :

A;; = correlation between stock price 7 and stock price j 7,5 =1,...,n. (3)

Indeed, since the stock price at a future time is stochastic, it can be represented by a random vari-
able. The correlation associated to two random variables measures the linear relationship between
them and is a number contained in [—1,1]. A correlation matrix has the following properties :
positive semidefinitiveness, unit diagonal and symmetry.

Using the empirical correlations obtained from the historical data, we can construct an approx-
imate correlation matrix A. Only the positive semidefinitiveness property is not always satisfied
when the correlation matrix is empirical.

It is worth noting that some correlations are more significant to price the option accurately. It
can be for example the ones that are the most reliable with respect to the historical data obtained.
To conclude, what is really needed to price accurately the option is a partial approximate corre-
lation matrix A, i.e. an approximate correlation matrix A where some of the elements (the most
important ones) are specified.

In practice, to price the option, it is very important that the partial matrix admits a comple-
tion that is positive semidefinite, i.e. that we can fill the unspecified values in A and obtain a
symmetric and positive semidefinite matrix. The reason is clear : if the matrix does not admit a
positive semidefinite completion, the correlations specified in A are necessarily not coherent and the
price obtained from the model will not correspond to the true value of the option.

The objective of this master’s thesis, conducted in collaboration with BNP Paribas, is to find
an algorithm able to transform A into a partial matrix that admits a semidefinite completion. The
mathematical problems are carefully defined in subsection




1.2 Mathematical problems

The previous section left us with a partially specified matrix A € R™*". We define an index set 2
that contains the indices where A is specified :

Q= {(i,5) € {1,...,n}*: A;; is specified}.
The requirements for the matrix A are the following :
1. A is symmetric, i.e. A;; specified implies Aj; specified and A;; = Aj;.
2. Each specified value of A represents a correlation and hence is contained in [—1,1].
3. All the diagonal elements of A are specified and equal to one.

A first problem of interest is to compute the nearest correlation matrix of A, under the constraints
that X;; = A;; for all (i,7) € Q. The notation Xq = Aq is introduced to represent the constraints
in a more convenient manner. For this first problem, the missing entries of the matrix A can be
filled with values in [—1, 1].

Let ||Allr = \/ > ey >y A7 denote the Frobenius norm of the matrix A and let S™ denote

the set of symmetric matrices € R™*™. The nearest correlation problem with constraints can be
written mathematically as follows :

Problem 1 (Nearest correlation problem with constraints).

in ||A-— X|>3
Inin || I
s.t. Xq = Aq,

X = 0.

Several algorithms, using different approaches, have been developed to solve this problem. A first
approach is to use the alternating projection algorithm |3]. The main problem with this approach is
that the rate of convergence is at best linear. A second approach is to use a shrinking method [4] but
with certain limitations as it requires the fixation of an entire leading block in A. In other words,
there are conditions on the index set €. Finally a third approach based on strongly semismooth
functions has been developed to solve the problem [5]. The principal improvement of this method
is its quadratically convergence rate.

In practice, it happens that the constraints Xqg = Ag make the problem infeasible, meaning that
there exists no matrix X = 0 such that Xq = Aq. Asking whether or not problem [1]is feasible is
the same as asking if there exists a positive semidefinite completion of the partial matrix A.

Therefore, a second problem of interest is to find the minimal number of off-diagonal values of
A to modify in order to make the problem [I] feasible.
Let us define a function L as follows :

1if 2=y

L:R?—{0,1}: (z,y) =
{01} : (=) {O otherwise.




This second problem of interest can be written mathematically as follows :

Problem 2.
max L(Aij, Azg)
AE€S,, (.7)€Q
st. Ay=1 i=1,...n,
A= 0.

Note that the problem [2]is discrete and is always feasible. Indeed, to satisfy the constraints, it is
sufficient to consider A = I,, (the identity matrix of size n x n).

It turns out that this problem is particularly complicated. According to [6], "the problem of asking
whether a partial rational symmetric matrix with an all-ones diagonal can be completed to a full
positive semidefinite matrix of rank at most k, is NP-hard for any fixed integer £ > 2". Hence, it
is NP-hard when k& = n, the case of interest.

Let o denote the Hadamard product, i.e. (Ao B)Z-j = A;;B;j, where A and B are two matrices
of the same size. The third problem of interest is the following :

Problem 3.
min ||H o (A - A)|%
A€ES,,
s.t. Ay = 1=1,...,n,
A > 0.

The matrix H € S™ is a weight matrix that allows to emphasize the specified elements in A.
For example, the matrix H could be :

1 if (i,5) € ..
H;; = ,j=1,...,n. )
" {0 otherwise J (5)

Several algorithms were developed to solve this convex problem (|7], [§]).

It is interesting to notice the difference between problem [2] and [3] In problem 2] we are really
interested in modifying the minimal number of off-diagonal elements specified in A, while in prob-
lem [3, we can modify all of them but such that the Frobenius norm of the difference of the specified
elements is the smallest.

The objective of the master thesis is to find an algorithm that is able to solve problem [2| but
by modifying as little as possible the elements specified in A. Let 3 € RT be a parameter. Mathe-
matically, we want to solve the following problem :




Problem 4.

A (e
s.t Au = 1= 1, , T,
A=0

The algorithm should be designed to perform well with inputs (partial matrices) that are approxi-
mately of the same size as the one provided by BNP.

In subsection a brief explanation of how problem [ can be interpreted geometrically is made.

In section [2| we explore a first approach to solve problem The approach relies on semidefi-
nite optimization and on the strong duality theorem. More precisely, we formulate a semidefinite
optimization problem that gives information about the feasibility of problem [I. We use the dual
variables of this problem to obtain information about the elements in A that are the most relevant
to modify in order to obtain a feasible problem. We will observe that the primary limitation of this
approach lies in its high computational cost.

In section 3] a second approach to solve problem |4]is made. The main objective of this approach is
to be less computationally expensive than the previous one. This approach is based on the obser-
vation that a partial matrix can be represented by a graph and that the structure of the graph has
a strong impact on the positive semidefinite completion problem. The particular structure of the
graph representing the partial matrix provided by BNP will be exploited to obtain a more efficient
algorithm.




1.3 Geometric point of view of the problem

From a geometrical point of view, the problem of semidefinite completion can be seen as asking
whether or not there exists a point in the intersection between the cone of semidefinite matrices
St and the affine subspace defined by the linear constraints specified in Ag. If we include the
diagonal constraints directly in S;, the cone of semidefinite matrices becomes an elliptope. The
next definition comes from [9].

Definition 3 (Elliptope). The set of all real, square symmetric matrices whose diagonal entries
are all equal to one and whose eigenvalues are all non-negative (also called the set of correlations
matrices).

The 3-dimensional elliptope defined by the set :

1
(r,y,2) € R3: |z (6)
Y

N =8
— N
Y
(]

is represented on the left graph of figure [Il Let us imagine that the two constraints in this small
problem are x = 0.8 and y = 0.6. The affine subspace represented by the linear constraints is
therefore the line intersecting the planes of equation x = 0.8 and y = 0.6. The intersection of the
elliptope and this line gives all the solutions of the semidefinite completion problem, as represented
on the right graph of figure

Figure 1: Left : 3D elliptope. Right : 3D elliptope and affine subspace.

One approach for solving problem [2) would be to find the constraint(s) in the affine subspace that
make(s) the semidefinite completion problem infeasible, i.e. the constraint(s) that lead(s) to an
empty intersection between the elliptope and the affine subspace.

The geometrical approach was not explored here due to the difficulty to generalize the problem
in higher dimensions.




2 First approach : Semidefinite optimization and duality

2.1 Preliminaries

In this section, we remind what a semidefinite optimization problem is and where it comes from.
We first have to briefly recall basic concepts of linear and conic optimization.

Let A be a matrix € R"™ "™, b a vector € R™ and ¢ a vector € R™. The linear optimization
problems can be written in primal standard form as follows :

Problem 5.

min 'z
TER?

s.t. Ax =b,
xz > 0.

This problem admits the following dual problem :

Problem 6.

max bly
yeR™

s.t. ATy <ec.

It is well known that the two following theorems (taken from [10]) are verified for the linear opti-
mization problems.

Theorem 1 (Weak duality). The objective value of any feasible solution of the dual problem
s an upper bound on any feasible solution of the primal problem.

Theorem 2 (Strong duality). The objective value of the optimal solution of the primal prob-
lem is equal to the objective value of the optimal solution of the dual problem.

The goal of the conic optimization is to generalize the linear optimization while trying to keep
the properties of weak and strong duality. The strong duality theorem is very useful to perform a
sensitivity analysis, i.e. to analyze how changes in the parameters of the problem affect the optimal
solution.

In order to generalize the linear problems, we replace the inequality « > 0 in problem [5|by = =k 0,
which means z € K (with K a convex cone). We define a partial order :

Trga = rv—a-g0 < zv—ac K. (7)




In order for the weak duality to hold in conic optimization, the inequality in the dual problem [6]
becomes :

ATy <p+ ¢ where K* := {2z € R" such that 272 >0 V2 € K}. (8)
The cone K* is called the dual cone of K.

It is straightforward to show that the weak duality theorem holds for the conic optimization prob-
lems:

Proof. ¢’z —bTy = aTc — (Ax)Ty = 2Tc —2TATy = 2T (¢ — ATy) > 0. 0
eK K
6 *

A feasible solution to a conic optimization problem is strictly feasible if it belongs to the interior of
the cone, i.e :

Az =band x >k 0 for the primal, 9)
ATy <+ c for the dual. (10)

It is well-known that the strong duality does not always hold in conic optimization. However, the
following theorem provides a sufficient condition to have strong duality in conic optimization.

Theorem 3 (Strong duality in conic optimization). If the primal problem admits a strictly
feasible solution and if the primal is bounded (i.e. the optimal value does not tend to —occ),
then the dual is solvable and both optimal values are equal, i.e. the strong duality holds. The
theorem stays true if we exchange dual and primal.

Proof. A proof of this theorem is available in [11]. O

Semidefinite optimization problems are conic optimization problems restricted to the semidefinite
cone S, i.e. the cone of the positive semidefinite matrices. With that cone, we obtain the Lowner
order >gn :
+
A'zsn 0 if and only if A is positive semidefinite.
A st B if and only if A — B is positive semidefinite.

Note that to facilitate the notation and when the context is clear, we replace st by ».

The only thing left is to adapt the conic formulation to work with matrix variables. First, we
define the following inner product between two matrices :

n n

(S,T) :=Te(STT) => Y 8Ty :=SeT. (11)

i=1 j=1
The corresponding induced norm is the Frobenius norm :

SeS=8F=> > s (12)

i=1 j=1




We can show that with the inner product defined in equation the semidefinite cone is self dual,
meaning that (S )* = S7}.

With the notations introduced, the primal conic problem with the semidefinite cone can be written
as :

Problem 7.

min CeX
Xesn

st. Aje X =b; i=1,...,m, (13)
X = 0.

The matrices A;,C € S™ and the scalars b; € R represent the problem data.
The dual of this problem is the following :

Problem 8.

max by
yER™

m (14)
=1




2.2 Semidefinite optimization problem

Let us define the matrix E(; ;) € R™™" by a matrix full of zeros, except at the index (7, 7) and (j,14),
where it is equal to % if i £ j, or equal to 1 if i = j.

For example, if n = 3, we have :

100 0 30
Eqn=(0 0 0 Eqgy=|3 0 0 (15)
000 0 0 0
Let us define Q by: )
Q={(,j) €Qst. i <j} (16)

and let I,, denote the identity matrix of size n.
The following semidefinite optimization problem is particularly useful to gain insight into the fea-
sibility of problem [I.

7

Problem 9.
min S
XeSn, seR
s.t. X+ sl, =0,

Indeed, the constraints E(; ;) ¢ X = A;; V(i,j) € Q are simply a reformulation of the constraints
Xq = Aq. The problem [I]is feasible if the optimal value of problem [9 is smaller than zero.

Note that problem [9 is not written in the exact same form as problem In fact, it is easier
to formulate problem [0 under the dual form directly.

Let Ap be a completion of the partial matrix A with zeros and let € be the set defined by:

A~

Q={(,j)e{1,..,n}%i<j(i,7) ¢ Q}. (17)

The problem [9 can be written as :

Problem 10.

— Inax — S
$ij,SER

s.t. Z 2E(i7j):1:ij +I,s+Arp = 0.
(4,5) €

10



The dual of this problem is :

Problem 11.

—min ApeY

YesSn
st. —2E;;eY =0 Y(i,j) € Q,
—I,eY = —1,
Y = 0.
Example :
Consider the following partial matrix A :
1 -
A=|- 1 05
- 05 1
We have :
Q= {(17 l)a (272)7 (373)7 (2a3>7 (37 2)}7
Q={(1,1),(2,2),(3,3),(2,3)},
Q={(1,2),(1,3)}.
The problem [10] can be written as follows :
—  max -5
712,713,5€R
010 0 01 1 00 1
s.t. — 1 0 0 Tr12 — 0 0 O Tr13 — 01 0 Sj 0
0 0O 1 00 0 01 0
The corresponding dual is :
1 0 0 Yiu Y2 Yi3
—mi% 0 1 05| e Y21 Y22 Y23
YR \0 05 1 Yai Ya Yis
010 Yiu Y2 Yis
s.t. — 1 0 0] e Y21 Y22 }/23 =
0 00 Y31 Y3 Ys3
0 0 1 Yin Yi2 Yi3
- 0 0 0 ° Y21 Y22 Y23 ==
1 00 Y31 Y3 Yis3
100 Y Y2 Yis
- 010 o Y21 Y22 Y23 ==
0 0 1 Y31 Yso Y3
Yiu Y2 Yis
Yor Yoo Yoz | = 0.
Y31 Yso Y3

11



Note that since Y is symmetric, the first and second constraints impose respectively that Yio =
Y21 = 0 and Y3 = Y31 = 0. The third constraint imposes that Y11 + Yos + Y33 = 1. Taking that
into account, the objective function of the dual problem becomes :

—min 1+ 2Ap,,Yes where Ap,, = Az3 =0.5
YeS3

This last observation can be generalized for any problems of type [11]:

Proposition 1. The objective function of problem[I1 can be written as follows :

—min 1+ 2Aij Y;j .
Yesd =
(4,7) E€Li#]

Proof. 1t is a direct consequence of the constraints. O

If the strong duality holds for the problem this last proposition gives us useful information
about the constraints specified in A that have an impact on the objective function. Indeed, the
dual variables give the sensitivity of the objective function with respect to the values specified in A.

To make it more formal, let V*(A) and Y be respectively the optimal value and the matrix of
dual variables obtained when solving problem [11|for the partial matrix A. Suppose that Yy (k # 1)
is the largest dual variable in absolute value. Let ¢ € RT and let us define the partial matrix B as
follows :

B, = {AU I (i) # () or o) £ K)o g

Ajj + e xsign(Yy)  Otherwise

Let’s also imagine that the matrix of dual variables Y of the optimization problem does not change
for the partial matrices A and B. We have the following relation :

V*(B)= —BpeY (18)
= —(AF oY 1+ 2¢x Sign(Ykl)Ykl) (19)
= V*(A) — 2€ X ‘Ykl’ (20)

If the strong duality holds and if the matrix Y stays optimal for small changes in A, the last result
shows that the variable s in problem [J] decreases when passing from the partial matrix A to the
partial matrix B.

If the optimal solution Y changes to Y when we pass from A to B, we obtain the following inequal-
ities:

BF.?SBF.Y:AF.Y+2€’Y]€Z| (21)
= V*(B) > V*(A) — 2|V (22)
= V*(A) = V*(B) < 2€[Yi|. (23)

12



The inequality [21] is justified by the fact that if Y is a feasible solution of problem [11] for A, then
it remains feasible for B. Hence, we necessarily have inequality [21]since it is a minimization problem.

The inequality [23] gives an upper bound on the variation of the optimal value but does not give any
guarantees of decrease.

We conclude this subsection by proving that the strong duality holds for problems and [11}
We first need the following theorem :

Theorem 4. A symmetric matrix A € S" that is diagonally dominant and that has real
non-negative diagonal entries is positive semidefinite, i.e. :

A > > Ayl Vie{l,..,n}=Ax0.
J=1.5#1

If moreover the matriz is strictly diagonally dominant (i.e. we have a strict inequality), then
the matriz is positive definite.

Proof. A proof is available in [12]. O

[ Proposition 2. The strong duality theorem (theorem@ holds for pmblems@ and .

Proof. We first prove that the problem [10] admits a strictly feasible solution. Let all the variables
xi; with (4, j) € Q, be equal to 0 and let € be a small positive number. Let us define s by :

n

s = max E |Ap, | —1+¢€
i=1,..n “— J
J=1,j#i

By theorem 4] we have I,,s+ Ar > 0 since the matrix is strictly diagonally dominant. Moreover, the
value of s cannot tend to —oo since the diagonal elements of the matrix Z(i,j)efz 2E; j)xij +I,s+Ap
are (1 + s), which implies that s cannot be smaller than 1 (since the matrix must be positive
semidefinite). O

13



2.3 Heuristic

In the section we showed that the dual variables of the problem [10] give useful information
about the elements in A that have an impact on the objective function. We also showed that
slightly modifying the constraint corresponding to the largest dual variable would certainly (if the
dual variables do not change too much) result in a decrease of the objective value of problem

In this section, we exploit a smarter approach to modify the constraints in A. The approach also
makes use of the dual variables and is based on theorem [5| We first need the following definition :

Definition 4 (Principal minor). A principal minor of a symmetric matriz A is the determinant of
a principal submatriz obtained by removing some rows and the corresponding columns of A.

Note that we can also define the notion of principal minor for a partial matrix. The only requirement
is that the principal submatrix, obtained by removing some rows and the corresponding columns,
must be fully specified. All the principal minors of a partial matrix are called the specified principal
minors.

Theorem 5. The symmetric matriz A € R™ "™ s positive semidefinite if and only if all
the principal minors of A are monnegative, or equivalently, if and only if all the principal
submatrices of A are positive semi-definite.

Proof. A proof is available here [12]. O

It turns out that the dual variables often give information about the principal minors of the matrix
A that are negative. Consider the following example of partial matrix A :

1 01 — — 05
01 1 - - -

A=|- - 1 09 o038]. (24)
~ - 09 1 -05
05 — 08 —05 1

The principal minor obtained by keeping rows 3,4 and 5 and the corresponding columns, is equal

to :
1 0.9 0.8

det(Agapy) =det [0.9 1 —05]=-142 (25)
08 —05 1

The notation Ayz 45 represents the submatrix of A obtained by keeping rows 3,4 and 5 and the
corresponding columns.

The dual variables of problem [10] obtained with this matrix A as input are :

0 0 0 0 0
0 0 0 0 0
Y=10 0 0398 —0.356 —0.336 | . (26)
0 0 —-0.356 0.318 0.300
0 0 —0.336 0300 0.283

14



As we can see, the dual variables in Y that are different from zero correspond to the elements in A
that lead to a negative principal minor. The largest dual variable in absolute value that is not in
the diagonal of Y is —0.356 and is associated to the constraints As4 = 0.9. Now, instead of reducing
Asy and Ays by a predetermined value €, we decrease them such that the principal minor becomes
nonnegative. To find this value, we replace Ag4 and A43 by x and compute the value of x such that
the principal minor is nonnegative :

1 T 0.8
det(Aza5y) =det [ 2 1 —05| =-2—082z+0.11 (27)
08 —05 1
det(Ag345)) >0 < z € [-0.919,0.119]. (28)

Finally, we replace A3q = As3 = 0.9 by its closest value, i.e. by 0.119.

The procedure can be generalized as follows :

1. Find the matrix of dual variables Y associated to the partial matrix A and take the largest
dual variable in absolute value Yy € Y with k # [.

2. Create the following partial matrix :

o v if Y # 0
“ Not specified  otherwise

Note that Yy is necessarily specified.

3. Find all the principal submatrices of Y that are fully specified and that contain Vi In the
example considered, the only fully specified submatrix of Y that contains Yz = Y34 is :

R 0.398 —0.356 —0.336
Y345 = —0.356 0.318  0.300 |. (30)
—0.336  0.300  0.283

Note that Y{374} is also a fully specified submatrix that contains Y34 but as it is included in

?{374’5}, we do not take it into account. In other words, we only consider the fully specified
principal submatrices that are maximal.

A fully specified principal submatrix in Y corresponds necessarily with one fully specified
submatrix in A (because Yj; specified implies A;; specified). In other words, if Y3 45y is fully
specified, then Ay 4 5y is necessarily fully specified.

4. Find if one of the fully specified principal submatrix in A found in step 3 has a negative
determinant. This is the case in the example considered for Ay 4 5y.

5. Replace Ag; and Ay, by x in the submatrix found in step 4 and look for the closest value of
x that gives a nonnegative determinant.

Note that there is no guarantee that steps 4 and 5 are always verified. If it is not the case, we
perform a simple update of Ay and Ay, by a factor €, as explained in subsection [2.2

15



2.4 Algorithm

As a summary, the pseudocode of the algorithm is given in[I} The function SolveProblemOpti solves
the optimization problem and returns the objective value. In practice, an interior-point type
optimizer from the package MOSEK is used to solve the problem The interior point optimizer
is an implementation of the homogeneous and self-dual algorithm. A detailed explanation of the
algorithm is available here [13]. The package MOSEK is originally coded in C but an interface in
Python is available [14].

Algorithm 1:
1 Function All (A, e, Variant);

Input : A partial matrix A, a positive number € and a boolean parameter called Variant.
Output: New partial matrix A that admits a semidefinite completion.

if SolveProblemOpti(A) < 0 then
A+ A
Return A

end
while SolveProblemOpti(A) > 0 do

[=2 T, B N SR V]

7 Find Yy (k # 1), the largest dual variable in absolute value.

if Variant = True then
‘ Perform update of A and Aj as explained in section

10 end

11 else

12 Ag < Ap + € x sign(Yy)
13 A A + € x sign(Yyg)
14 end

15 end

16 A+ A

17 Return A

16



2.5 Numerical simulations

As explained in the introduction, the objective is that the algorithm performs well on data provided
by BNP Paribas. Unfortunately, the number of data provided is limited and not sufficient to test
the general behaviour of the algorithm. In this section, we explain how we constructed partially
specified matrices and we show the results obtained by applying the algorithm on them.

Let C € R™™ be a random correlation matrix generated by the module RandomCorrMat available
in python. Let a be a parameter in |0, 1[ and let E be a symmetric matrix of the same size as C
and with each entry distributed uniformly € [—1,1]. We compute the matrix D as follows :

D=(1-a)C+akE. (31)

A percentage p of the elements of D are fixed to form the partial matrix A. More precisely, we
select randomly p(n — 1)n/2 elements in the upper triangular part of D (diagonal excluded) and
their corresponding elements in the lower triangular part. All the diagonal elements of A are set to
one.

To make an informed comparison, the following criteria are considered :

e The number of iterations of the algorithm, i.e. the number of times that the function
SolveProblemOpti was called.

e The number of elements in the upper triangular part of A that were modified.
e The execution time of the algorithm.

e The value of the following function f:
F(A) = |[H o (A= A)|f}. (32)

The matrix H is a weight matrix constructed as in equation E and A is the output of the
algorithm obtained with the partial matrix A as input. This function gives information about
how much the partial matrix was modified with the algorithm.

e The value of the following function g:

Z(i,j)e@,i;éj |Aij - Aij|
Z(i,j)eQ,i;ﬁj ‘Aij|

9(A) = (33)

This function is another way to measure how much the partial matrix was modified with the
algorithm.

To compare the solutions obtained with the algorithm (called Al1), it is useful to compute the
solution of problem [3| The algorithm explained in |7] and implemented in the package NAG [15]
was used to solve the problem. As problem E is convex, the value of the function f(A) obtained
should be minimal. The algorithm is called Corrmat_h_weight.

In the rest of this subsection, the parameter « in equation is fixed to 0.8. With such value,
there is a very low probability that the partial matrix obtained from D admits a semidefinite com-
pletion without any modification (even for a small n and p).
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The table [1| contains the numerical results obtained when the percentage p of the elements fixed in
the matrix is equal to 0.12 and when the size of the matrix n increases. The third column of the
table indicates the algorithm used (A11 or Corrmat_h_weight) and the parameters of the algorithm.
The parameters for algorithm A11 are Variant (V) = True (T) or False (F) and the value of e. The
other columns correspond to the criteria used to compare the outputs. The results obtained are
also represented graphically in figure 2l The graphs compare the values obtained for the different
parameters of algorithm A11. The graphs in figure [3| represent, for each n, the value of the function
SolveProblemOpti, i.e. the optimal value of problem as a function of the number of iterations
of algorithm Al1.

In the second simulation, the size of the matrix n is fixed to 75 but the percentage p of fixed
elements increases. As before, the numerical results obtained are written in table [2] and are repre-
sented graphically in figure[dl The graphs in figure [5|represent, for each p, the value of the function
SolveProblemOpti as a function of the number of iterations of algorithm Al1.

Based on the results obtained, we can make several comments :

o As expected, every criteria considered increase with the size of the matrix or with the per-
centage of fixed elements.

e The first and second graphs of figure [2| and [4] show that the time of execution of algorithm
A11 is directly related to the number of iterations. We also observe on these graphs that the
cost of an iteration (i.e. the time used) increases significantly with the size of the matrix but
is relatively independent from the percentage of fixed elements.

e The first and third graphs of figure [2| and 4] show that the number of iterations is not strongly
related to the number of modified elements. It means that some elements are modified several
times.

e It is useful to compare the strategy (V = T, e = 0.05) and (V = F, € = 0.05) because it
shows the impact of the heuristic on the results. We observe that the use of the heuristic
generally leads to a smaller number of iterations, to a smaller number of modified elements
and to a smaller execution time. However, it leads to a larger value of f(A) and to a similar
value of g(A). This last observation is explained by the fact that the use of the heuristic
generally modifies the elements in A more importantly, which implies a bigger f(A) since the
modifications are raised to the square.

e The graphs on figure |3| and E show that the optimal value of problem [11] (i.e. the value of the
function SolveProblemOpti) seems to decrease at each iteration and for each e considered.
We show in subsection [2.6] that it is not always the case.

e As expected, algorithm corr_h_weight always gives a value of f(A) smaller than the values
obtained with algorithm Al11l. However, the values of g(A) obtained are often larger! The
reason is that algorithm corr_h_weight slightly modifies nearly all the elements in A, while
algorithm A11 significantly modifies only a few elements (resulting in a bigger value of f(A)
since the modifications are raised to the square). Note that, when n is sufficiently big, the
execution times of algorithm corr_h_weight are much lower than the ones obtained with
algorithm Al1.
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P n Algorithm and # of # of Time [s] f(A4) g(A)
parameters iterations | modified
elements
012 | 75 | A11, (V =T, e = 0.05) 2 1 1.728 0.0431 0.00171
A1l (V =F, e = 0.02) 9 1 6.704 0.0512 0.00186
Al1l, (V. =F, e = 0.05) 4 1 3.289 0.0450 0.00174
A1l (V =F,e=0.1) 3 1 2.387 0.0800 0.00233
corrmat_h_weight / 333 1.000 0.0171 0.00195
100 | Al1, (V =T, e = 0.05) 4 3 14.567 0.287 0.00394
Al1, (V =F, e = 0.02) 33 6 123.734 0.206 0.00413
Al1, (V=F, e = 0.05) 15 6 55.192 0.240 0.00452
A11, (V=F,e=0.1) 9 6 32.028 0.240 0.00516
corrmat_h_weight / 594 4.814 0.105 0.00442
125 | Al1, (V =T, e = 0.05) 27 19 437.652 1.310 0.00950
All, (V=F, e =0.02) 112 25 1825.156 0.722 0.00892
A1l (V = F, e = 0.05) 47 21 742.915 0.700 0.00924
All, (V=F,e=0.1) 26 19 389.701 0.820 0.01004
corrmat_h_weight / 930 45.029 0.307 0.0161

Table 1: Results obtained when p = 12%, a = 0.8.
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Figure 3: Decrease of the objective value of problem for each n.
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n P Algorithm and # of # of Time |s] f(A) g(4)
parameters iterations | modified
elements
75| 0.1 | A11, (V =T, e = 0.05) 3 2 2.557 0.101 0.00356
All, (V=F, e = 0.02) 15 5 12.231 0.059 0.00373
Al1l, (V=F, e =0.05) 7 3 5.804 0.090 0.00400
All, (V=F,e=0.1) 5 3 4.002 0.120 0.00533
corrmat_h_weight / 277 5.232 0.0347 0.00366
0.15 | Al1, (V =T, € = 0.05) 5 2 3.493 0.058 0.00200
Al1, (V=F, e =0.02) 12 2 8.444 0.058 0.00206
Al1l, (V=F, e = 0.05) 6 3 4.308 0.055 0.00234
All, (V=F,e=0.1) 4 2 3.079 0.100 0.00281
corrmat_h_weight / 416 6.363 0.0169 0.00251
0.2 | A11, (V =T, e = 0.05) 64 29 63.771 3.488 0.0344
All, (V=F, e =0.02) 245 34 249.486 2.646 0.0327
Al1l, (V=F, e = 0.05) 100 28 91.768 2.805 0.0332
All, (V=F,e=0.1) 51 26 46.897 2.759 0.0335
corrmat_h_weight / 955 5.266 1.019 0.0605
0.25 | Al1, (V =T, e =0.05) 314 107 248.760 10.005 0.1002
Al1l, (V=F, e = 0.02) 933 114 779.216 9.513 0.0995
Al1, (V =F, e = 0.05) 375 106 305.992 9.630 0.0998
All, (V=F,e=0.1) 190 98 151.699 9.899 0.1009
corrmat_h_weight / 693 1.377 4.238 0.146

Table 2: Results obtained when n = 75, o = 0.8.

20




# of iterations

# of modified elements

Optimal value

Optimal value

800 o
—e— (T, & =0.05) —e— (T, £=10.05)
800 —— (F, & =0.02) 7007 e (F, £ =0.02)
—»— (F, £ =0.05) 6001 —¥— (F, € = 0.05)
600 (F, e =0.1) = 500 —e— (F,e=0.1)
.G_.)‘ 400 4
400 4 =
i= 3001
200 1
200 1
100 /
04 04
0.‘10 0.‘12 D.‘ld 04'16 0,‘18 0,‘20 0,‘22 0.‘24 0.‘10 D.‘12 0.‘14 04'16 0,‘18 0,‘20 0,‘22 0.‘24
p p
—— (T,£=0.05) 107 —— (T, e=0.05)
1001 —+— (F, & = 0.02) —+— (F, £=10.02)
—¥— (F, € =0.05) 81 —— (F, £=0.05)
801 —e— (F,e=0.1) —o— (F,e=0.1)
6
60 <
=
4
404
201 2
04 0
0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24
p p
le-1
1071 —— (T, £ =10.05)
—+— (F, € =0.02)
081 —»— (F, & =0.05)
—e— (F,e=0.1)
—~ 0.6
<
o
0.4
0.2
0.0 T
0.24
Figure 4: Results obtained with algorithm Al11, n = 75, a = 0.8.
p=0.1 p=0.15
01301 — (T, £=0.05) 0081 —— (T,£=0.05)
01251 —— (F, £ =0.02) 0.06 —— (F, £ =0.02)
0.100 4 —— (F, £ = 0.05) e —v— (F, £ = 0.05)
0.075 4 (F,e=0.1) (_;) 0.04 4 (F,e=0.1)
0.050 4 ‘_é’ 0.02
0.025 1 =
8 0.00 1
0.000
—0.025 1 -0.021
2 4 6 8 10 12 14 0 2 4 6 8 10
Iterations Iterations
p=0.2 p=0.25
030 —— (T, £=0.05) 030 — (T, £=0.05)
05 —— (F, £=0.02) 025 —— (F, £=0.02)
— (F,e=005) | Y —— (F, € =10.05)
0.204 —— (F,e=0.1) § 0.20 (F,e=0.1)
0.154 ® 015
£
0.104 B 0.10
o
0.05 0.05
0.00 4 0.00
0 50 100 150 200 250 0 200 400 600 800
Iterations Iterations

Figure 5: Decrease of the objective value of problem for each p.
n="75a=0.8.

21




We analyze now the results obtained for the partial matrix provided by BNP. The table [3| contains
the numerical results obtained and the graph on figure [6] represents the evolution of the value
obtained for the function SolveProblemOpti for the different strategies. First of all, we do not
consider an € larger than 0.05 here because it causes too big changes and does not converge. The
reason is explained in subsection The size of the set Q is equal to 413 (165+248), which
corresponds to a percentage p equal to 0.0183. The number of modified elements and the values of
f(A) and g(A) are quite similar for the three different strategies, but the number of iterations is
significantly bigger when ¢ = 0.02. We observe in figure @that using the strategy (V. =T, e = 0.05)
results in a large decrease of the optimal value during the first iterations.
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Figure 6: Decrease of the objective value of problem [11| with the matrix from BNP as input.

n P Algorithm and # of # of Time [s] f(4) g(A)
parameters iterations | modified
elements
165 | 0.0183 | Al1, (V =T, e = 0.05) 22 18 1973 0.501 0.01000
A1l (V =F, e = 0.02) 63 20 5394 0.401 0.00896
A1l (V =F, e = 0.05) 31 17 2517 0.500 0.01084
corrmat_h_weight / 223 31 0.253 0.00896

Table 3: Results obtained with the matrix from BNP as input.

It is important to realize that there is no guarantee that algorithm A1l1 performs similarly when n
and p correspond to one of the cases tested above. Indeed, the behavior of the algorithm depends
strongly on which elements in A are fixed and on the values of these elements. For example, the
number of elements fixed in the partial matrix from BNP is very low compared to the different cases
tested above. It is very likely that if we construct the partial matrix from D (equation , with
a percentage p = 0.0183 and a = 0.8, that the resulting partial matrix will admit a semidefinite
completion without any modification. The principal reason for this difference comes from the fact
that the elements in the matrix provided are not fixed randomly. This particular structure is
exploited in section However, the tests made in this section allow to compare the behavior of
the algorithm for the different parameters and to compare the results obtained with the ones from
algorithm corrmat_h_weight.
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2.6 Convergence

One natural question is "Does algorithm A11 always converge ?". Unfortunately, the answer is no.
Indeed, we saw in inequation that there was no guarantee of decrease in the objective value
when we update the partial matrix A. For example, it may happen that the algorithm gets stuck
in a situation where a same element in A is updated twice in a row with different signs. To clearly
understand this, let us consider the following example of partial matrix :

1 =L L _
-1 ? 0@5 -1
Vi P,
- v own !

It is straightforward to see that the partial matrix does not admit a semidefinite completion since:

—1 1
1 7% &
det(Agp3)) =det [ =5 1 0.05] = —0.0525. (35)
1
7 005 1

Let ¢ = 0.1 and let’s assume that the largest dual variable in absolute value is associated to the
element Aoz = 0.05 and is negative. After the update, the new partial matrix is :

1 =1 1 _
1 V2 V2 1
= 1 —-0.06 —
A= s 1 U (36)
vi 0L
- oown !
Now, we have that :
1 -005 =
det(Appzq) =det | 005 1 —5 | =—0.0525 (37)
—1 -1
zoown !
Now, if the largest dual variable in absolute value corresponds to the element Az3 = —0.05 and is

positive, we are back with the same partial matrix as before. This will result in an infinite number
of iterations. Of course, the assumption that the largest dual variable corresponds to the element
Aog is false here, but for more complicated matrices, such phenomenon might happen. It happens
for example with the partial matrix A provided by BNP and with the parameters (V = F, e = 0.1).

Note that in order to solve the problem, we check at each iteration in the algorithm if the par-
tial matrix is the same as before and if it is the case, we update another element in A than the one
corresponding to the largest dual variable.
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2.7 Conclusion

In conclusion for this first approach, we developed a new algorithm that is able to solve the problem
The algorithm is strongly based on a semidefinite optimization problem (problem @ that we
have to solve several times. The dual variables of this problem (obtained by solving problem
give the optimal off-diagonal element in the partial matrix that requires modification. We
developed two different approaches to modify the optimal element. The first approach consists
of decreasing/increasing its value by a constant factor e while the second approach (heuristic) is
based on the specified principal minors of the partial matrix that are negative. We saw that all the
execution time of the algorithm comes from the resolution of the optimization problem, which can
be very slow for large partial matrices. This is the main drawback of the algorithm. In terms of
results obtained, the number of modified elements is always small compared to the total number
of fixed elements in the partial matrix. Moreover, the value of the function g(A) is in the same
order of magnitude as the one obtained with algorithm corrmat_h_weight, which indicates that
the partial matrix is not too much modified. The use of the heuristic and the value of ¢ impact
significantly the number of iterations in the algorithm. Finally, the convergence of the algorithm is
not guaranteed but there exists a simple technique to solve the problem (see subsection . With
this technique, we have never obtained a partial matrix for which algorithm A11 had failed.
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3 Second approach : Chordal graph

As we have seen in section [2], the initial approach, which involves iteratively solving the semidefinite
optimization problem, performs well but tends to be slow for large partial matrices. In this new
chapter, we delve into another approach to solve problem[4] This new approach is based on a theorem
about chordal graphs, presented in subsection In the upcoming subsection, we introduce and
define carefully the new concepts that will be used to understand and prove the theorem.

3.1 Preliminaries

This section is strongly inspired by [16] and [17]. All the definitions and propositions come from
these references. We incorporated a few additional remarks into the proof of proposition 4| to
enhance its clarity.

Definition 5 (Graph). A graph G is a pair G = (V, E), where V is a set of nodes (vertices) and E
is a set of edges. The set E is a subset of {(x,y) : x,y € V}. The graph is undirected if (x,y) € E
implies (y,x) € E and vice versa. The degree of a node is the number of edges connected to it.

Definition 6 (Loop). A loop is an edge that connects a node to itself: (x,x) € E is a loop for
zeV.

Definition 7 (Clique). A clique is a subset of nodes C C'V such that (z,y) € E, ¥ z,y € C.

Definition 8 (Cycle). A cycle in G is a sequence of pairwise distinct nodes v = (v1,v2, ..., Vs)
having the property that (vy,va), (v2, v3), ..., (Vs—1, Vs), (Vs,v1) € E. s is referred as the length of the
cycle.

Definition 9 (Chord). A chord of the cycle ~y is an edge (v;,v;) € E where 1 <1 < j <s,(i,j) #
(1,s) and |i — j| > 2. In other words, a cycle has a chord if there is a pair of vertices that are
adjacent, but not along the cycle.

For example, the edge (vs, v11) represented in ﬁgurerepresents a chord for the cycle v = (vg, vy, ..., v11).

Figure 7: A cycle with chord.

Definition 10 (Minimal cycle). The cycle v is minimal if v has no chord.

Definition 11 (Induced subgraph). An induced subgraph of G = (V, E) is a graph G' = (V' E’),
where V! CV and E' = {(x,y) € E: z,y € V'}.
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Definition 12 (Chordal graph). A graph is chordal if there are no minimal cycles of length > 4.

For example, removing the edge (v2,v4) in the graph represented in figure |8 would result in a
minimal cycle (vy,v2,v3,v4) of length 4 and hence to a non chordal graph.

1

2/

4

Figure 8: Example of chordal graph.

Definition 13 (Pattern of a matrix). The pattern of a partially specified matriz A is defined as
the set of positions corresponding to the specified entries of the matriz. If A is an n X n partially
specified matriz, its pattern can be represented by a graph G = (V, E), where :

V={1,..,n},
E = {(i,j) : Aij is specified ,i,j € V'}.

Example : The partial matrix A in equation [38]is associated with the graph in figure [9

1 05 — 07
05 1 06 08
e . (38)
07 08 — 1
QD

Figure 9: Pattern of the matrix defined in

Note that the set of nodes C' = {2, 3} is not a clique of the graph since Ass is not specified.

Definition 14 (G-partial matrix). A G-partial matriz is a partially specified matriz associated with
the pattern represented by the graph G.

26



Definition 15 (Completion). A completion of the G-partial matriz A with G = (V,E) is an X n
matric M which satisfies M;; = Aqj ¥(i,7) € E. M is a positive (semi)definite completion of A if
and only if M is a completion of A and M is positive (semi)definite.

The next two definitions are crucial and frequently referenced throughout the rest of this section.

Definition 16 (G-partial positive (semi)definite). Let A be a G-partial matriz. We say that A is a
G-partial positive (semi)definite matrix if

Aij = Aji \V/(Z,j) <
and for any clique C of G, the principal submatriz [A;; : 1,7 € C| of A is positive (semi)definite .
Definition 17 (Completable/nonnegative-completable). We say that the graph G is completable
(nonnegative-completable) if and only if any G-partial positive (semi)definite matriz has a positive

(semi)definite completion.

We conclude this section by showing that the terms "completable" and "nonnegative-completable"
coincide. This allows us to only consider one case and only use one term in our notations.

Define L to be the set of vertices of G that have loops, i.e. z € L <= (z,z) € E. We assume
without loss of generality that L = () or L = {1,...,k} for some 1 < k < n.

Proposition 3. G is completable (nonnegative-completable) if and only if the graph on L
induced by G is completable (nonnegative-completable).

Proof. ("=") Let G’ denote the graph induced on L. If G is completable, then G’ is completable
since any clique of G must be contained in L. Indeed, being G’ completable means that any G’'-
partial positive definite matrix has a positive definite completion, which is guaranteed by the fact
that any G-partial positive definite matrix has a positive definite completion.

("«<=") Now, G’ is completable and we want to prove that G is also completable. To prove that,
consider the general n x n matrix A(x) defined in equation The submatrix A;; is a k x k matrix
and is the positive definite completion of a partial matrix with pattern G’. The matrix H is an
(n—k) x (n— k) arbitrary symmetric matrix and the matrix Ao is an k x (n — k) arbitrary matrix.

_ (An Ao
A(x)—<A1T2 ex I+ H) (39)
Since H and Ajg are arbitrary, the matrix A(z) can represent any matrix with pattern G. Then it
is sufficient to remark that A(z) is positive definite for sufficiently large positive 2, which implies
that G is also completable.

The arguments of the proof stay the same when G is nonnegative-completable. O

In view of proposition 3| we will therefore assume that L = {1,...,n}, i.e. that all the diagonal
entries are specified.
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[ Proposition 4. G is completable if and only if G is nonnegative-completable. ]

Proof. ("=") Assume that G is completable and that A is a G-partial positive semidefinite matrix.
Let Ay = A+ (1/k)I, so that Ay is a G-partial positive definite matrix for each k = 1,2, .... Let Mj
be a positive definite completion of Ay (M} 3 since G is completable). Since L =V, the sequence
{Mj}} is bounded. Indeed, L = V implies that the matrix A has all its diagonal elements that are
specified and hence finite. This implies that every entries of the matrix are bounded for each k.
Indeed, imagine by contradiction that the entry Mj, is not bounded. It implies that the deter-
minant of the submatrix Mk{ ) Is necessary negatlve which is impossible by theorem [5 I since My,
is positive definite. The fact that each entry of M} is bounded for all k implies that the sequence
{M}} is bounded and has a convergent subsequence (by Bolzano Weierstrass theorem). The limit
of this subsequence will then be a positive semidefinite completion of A.

("<") Assume that G is nonnegative completable and that A is a G-partial positive definite matrix.
Choose € > 0 such that A — el is still a G-partial positive definite matrix. Let M be a positive
semidefinite completion of A —el. Then M + €l is a positive definite completion of A. Hence, G is
completable. O

In view of proposition [4, we only use the term "completable".
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3.2 Theory about chordal graphs

In subsection we defined several graph theory concepts that are used in this subsection to
prove the main theorem, which establishes a connection between chordal graphs and the notion of
completability. We proceed first with a sequence of lemmas preliminary to the proof of this theorem.
Again, the proof of each lemma comes from [16] and [17]. We incorporated a few additional remarks
into the proof of lemma [3 to enhance its clarity.

Lemma 1. G = (V, E) has no minimal cycle of length exactly 4 if and only if the following
holds :

For any pair of vertices u and v with uw # v, (u,v) ¢ E, the graph G + (u,v) has a unique
mazimal clique which contains both u and v. (That is: if C and C' are both cliques in
G + (u,v) which contain w and v, then so is C'UC").

Proof. ("=") Assume G has no minimal cycle of length 4 and that u,v,C,C" are as described
above. We will show that C' U C” is a clique in G + (u,v). Let z € C, 2" € C’; we show that (z,2’)
is an edge of G + (u,v).

e If 2 = 2/ : This is trivial.

o If (z,2') N (u,v) # 0 : if for example u = z, we have that u and 2’ are both vertices in C’ and
hence (z,2) is an edge of G + (u,v). The cases v = z,v = 2z’ and u = 2’ lead to the same
conclusion.

e The last case is when u, v, z, 2’ are distinct : It is easy to see that (z,u,2’,v) is a cycle of G,
since (z,u), (v,z) € C and (u,?'),(z',v) € C'. However, G has, by hypotheses, no minimal
cycles of length 4. Therefore, either (u,v) or (z,z’) must be an edge of G. Since (u,v) is not
an edge in G, it implies that (z,2) is an edge of G and therefore also an edge of G + (u,v).

So in all the cases, C U is a clique in G + (u,v).

("<") For the converse, assume that v = (x,u,y,v) is a minimal cycle of G, such that (x,y) and
(u,v) are not edges of G. Then C = {z,u,v} and C" = {y,u,v} are cliques of G + (u,v) which
contain u and v, whereas C'U C’ is not a clique of G + (u,v), since (z,y) is not an edge of G or
G + (u,v). Therefore, G cannot have a minimal cycle of the length exactly 4, with C' U C’, a clique
in G+ (u,v). O

It is straightforward from the definition of chordal graphs that they must satisfy Lemma [I.

Lemma 2. Let G = (V, E) be chordal. Then there exists a sequence of chordal graphs
Gi=V,E), i=0,1,.....s

such that Gy = G, Gg is the complete graph, and G; is obtained by adding an edge to G;_1
foralli=1,... s.
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Proof. The proof of Lemma [2 requires also preliminary lemmas and is available in [17]. OJ

The example in figure|10| (taken from [17]) illustrates the lemma. We start with a graph G = (V, E),
with V' =1{1,2,3,4,5} and F = {(1,2),(2,3),(3,4),(2,5),(3,5)}. At each step and until we obtain
the complete graph, an edge is added to the graph such that the resulting graph stays chordal. The
choice of the edge to add is not arbitrary. For example, choosing the edge (1,4) instead of (1,3)
would lead to a non chordal graph.

2 2 2
3 3 W
1 1 1
4 4 4
5 5 5
2 2 2
3 3 3
1 1 1
4 4 4
5 5

5

Figure 10: Example of sequence for lemma [2| ref. : [17]

Lemma 3. Let G' = (V', E’) be a subgraph of G = (V, E) induced by a subset V' C V. If G

is completable, then so is G'.

Proof. Let A’ be any G’-partial positive semidefinite matrix. Define a G-partial positive semidefinite

matrix A via :
ay = b )€ E
0 if (i,j) € E\E'

G is indeed a G-partial positive semidefinite matrix since for any clique C' of G, we must be in one
of the two following cases :

e All nodes of C are in G'. In this case, the principal submatrix [4;; : ¢,j € C] is positive
semidefinite since A’ is a G’-partial positive semidefinite matrix.

e One or several nodes of C are not in G’. In this case, let C’ be the set of nodes in C' that are
contained in G’. The principal submatrix [A;; : 4, j € C] is then composed of another principal
submatrix [A;; : 4,7 € C'] ( which is positive semidefinite) and rows/columns of zeros for the
nodes € C\C’. These rows/columns only create eigenvalues equal to zero, which implies that
[A;j 14,5 € C] is also positive semidefinite.

Now, since G is completable, there is a positive semidefinite completion M of A. The principal
submatrix M’ of M corresponding to rows and columns indexed by V' is then a positive semi-
definite completion of A’. O
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Lemma 4. There is a unique k X k positive semidefinite matriz A which satisfies :
Aij=1, forall |i—j|<1. (40)

Namely, A is the matrixz of all 1’s.

Proof. We only have to prove uniqueness since the existence is trivial. For & = 2, conditions in
characterizes entirely A and lemma [4] holds. For k = 3, we obtain :

Now, since all the principal submatrices have to be positive semidefinite, the only valid solution is
to have "-" equal to 1. Indeed :

11
det |1 1 =—224+2r-1>0 < z=1.
z 1

— =R

Assume then than k > 4 and that the k& x k& matrix A is positive definite and satisfies conditions
in Let 1 <i<j <k, |i—j| >2. The 3 x 3 principal submatrix of A corresponding to rows
and columns 7,7 + 1, j is positive semidefinite and satisfies conditions in Hence A;; = 1, since
Lemma 4] holds when k& = 3.

For example, let us consider the case k = 4, we have :

1
1

— =
— = =
— =

Now, if we consider the case i = 1,j = 3, the 3 x 3 principal submatrix Ag,, corresponding to
1,1+ 1,75 gives :

1 1 -
A =11 1 1
-1 1
which imposes "-" to be equal to 1 as before. We obtain the exact same thing if we consider

1=2,j=4andi=1,j =4. At the end, the only possible solution is to have :

b

Il
— = =
e e
— =
— =
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We are now ready to prove the main theorem :

Theorem 6. The graph G = (V, E) is completable if and only if the graph G is chordal.

Proof. ("=") Let G be a completable graph and assume by contradiction that G is not chordal,
i.e. that G has a minimal cycle v of length > 4. We may assume without loss of generality that
v =(1,2,...,k). Let G’ be the graph on {1,...,k} induced by G. Consider the k x k G'-partial
matrix defined by :

A;jzl if i—7]<1
llk: 21:—1-

It is easy to see that A’ is a G’-partial positive semidefinite matrix (we only need to check principal
minors of order 2). By Lemma 4] A’ is not completable to a positive semidefinite matrix, and so G’
is not completable. However, G’ is completable by Lemma [3| and we have a contradiction.

("«<=") Assume that G is chordal and is not the complete graph on {1,...,n}. Let
G = Gy, Gy, ..., G,

be a sequence of chordal graphs satisfying Lemma [2. Let A be any G-partial positive definite
matrix. If we can show that there exists a Gy partial positive definite matrix A; which extends A,
then the existence of a positive definite completion of A will follow by induction. To have more
intuition about the proof, consider the graphs Go and G represented respectively on the left and
right graphs of figure [I1] and let A be the following partial matrix with pattern Gy :

11 - - -
11 1 - 1
A=]1- 1 1 1 1
- -1 1 =
-1 1 - 1
2 2
1/ 1
4 4
5 S

Figure 11: Left : Gg, Right : G
Loops are not represented. Taken from [17]
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Denote by (u,v) the edge of G that is not an edge of G. By Lemma [l there is a unique maxi-
mal clique C of G1 which contains both w and v. We may assume without loss of generality that
C ={1,...,p} and that u = 1,v = p. In the example, the edge added is ey, the clique C = {1,2, 3}
and (u,v) = (1,3).

For any real number z, let A;(z) denote the Gi-partial matrix extending A which has a z in
position (1,p) and (p,1). Let M(z) be the leading principal p x p submatrix of A;(z). In the
example, we have :

S
— o

Al(Z) =

— = = =N
I—‘Hl
—_ = =
= =N

Since any clique containing (1,p) is a subset of {1,...,p}, Ai(z) is a Gi-partial positive definite
matrix if and only if M(z) is a positive definite matrix. Hence we need only to show that M (zg) is
positive definite for some zy. The graph on C' induced by G has exactly the set of edges :

Ec={(,j):li—jl<p—-21<i<j<p}.
Therefore, the graph on C' induced by G is a band graph, which is completable by theorem 1 of [16].
Hence, there exists a value zg as required. In the example, the only solution is z = 1 (by lemma [4).
O
Before concluding this section, let us see two examples to clearly understand the theorem [6]

Example 1 :

Let A be the partial matrix defined in equation We want to know if there exists a positive
semidefinite completion of matrix A.

1 03 - — - 06 - - -
03 1 05 - — 06 — — -
- 05 1 —02 04 03 - — —
- - 02 1 03 - - - -
A=| - - 04 03 1 —-01 - — - (41)
06 06 03 — —01 1 04 — 05
- - — — — 04 1 03 015
- - - - - - 03 1 04

- _ - — — 05 015 04 1

The graph associated to the pattern of A is represented in figure It is straightforward to see
that the graph has no minimal cycle of length > 4 and hence is chordal. Before applying theorem [6,
we have to check that A is a G-partial positive semidefinite matrix, i.e. that for any clique C' of G,
the principal submatrix [A;; : 4, € C] is positive semidefinite. One can see that it is the case for
the matrix A considered. Hence, by theorem [6] the matrix has a positive semidefinite completion.
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Example 2 :

Now, consider the following partial matrix A :

1 09 — 09
09 1 09 -
A=1 2 09 1 09 | (42)

-09 - 09 1

The graph of the partial matrix is represented in figure It is easy to see that for any clique C of
the graph, the principal submatrix [A;; : 4,5 € C] is positive semidefinite. Indeed, the only cliques
are {0,1},{1,2},{2,3} and {0,3}, and they all lead to positive semidefinite principal submatrices.
However, since the graph is not chordal, we cannot use theorem [6] to conclude whether or not
a semidefinite completion exists. In fact there exists no positive semidefinite completion of this
matrix.

A

0

Figure 12: Graph associated to the partial matrix A defined in
The loops are not represented.

-
<

Figure 13: Graph associated to the partial matrix A defined in
The loops are not represented.

1

The goal of the second approach is to exploit theorem [6] i.e. to exploit the fact that if the graph
of the partial matrix A is chordal and if for any clique C of the graph, the principal submatrix
[A;5 : 4,5 € C] is positive semidefinite then a semidefinite completion necessarily exists. Before
presenting the algorithm, we first need to introduce the notion of clique tree.
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3.3 Theory about clique Tree

This subsection presents the concept of clique trees, which is a new approach to represent chordal
graphs. This subsection is inspired by [18].

Definition 18 (Tree). A tree in graph theory is an undirected graph such that any two nodes are
connected by exactly one path.

Definition 19 (Clique Tree). A clique tree of a graph G = (V, E) is a tree T which has as nodes,
the cliques of G. A clique tree T has the induced subtree property if for every v € V', the cliques
that contain v form a subtree (connected subgraph) of T

Example : The graphs on figure [14] represent a chordal graph and its clique tree representation.
The example is taken from [19]. We observe that the clique tree representation has the induced
subtree property. This is in fact guaranteed by theorem

\\\ 7 \® ; y /

.

Figure 14: A chordal graph and its clique tree representation.

Source : [19]

35



Theorem 7. Every chordal graph has a clique tree representation that has the induced subtree
property.

Proof. See theorem 3.5 in [18| O

It is worth noting that an algorithm exists to generate a clique tree representation of a chordal
graph that satisfies the induced subtree property. The algorithm has a complexity quadratic in the
number of maximal cliques of the graph [20]. A maximal clique is a clique that is not a subset of a
larger clique. This last remark may appear to be insignificant but is of crucial importance.

Indeed, the number of cliques in a random graph quickly becomes very large, even for small n,
while the number of maximal cliques generally evolves with a smaller rate. Consider for example
the complete graph. It is well known that the number of cliques of a complete graph of n nodes is
equal to 2" — 1. Indeed, since a clique can be represented by the nodes selected, the total number of
cliques in the complete graph is the total number of possible subsets of the set {1,...,n}, minus 1.
We retrieve 1 because the empty set is not a clique. However, the number of maximal cliques in the
complete graph is equal to one, i.e. the graph itself. This example is extreme, but illustrates the
large difference that we can have between the total number of cliques and the number of maximal
cliques. Moreover, if the graph is chordal, we have the following proposition :

[ Proposition 5. A chordal graph with n nodes has at most n maximal cliques. ]

Proof. See |21]. O

Therefore, since the clique tree representation of a chordal graph depends on the number of maximal
cliques and not on the total number of cliques, the clique tree representation can be computed even
for large graphs.

The objective of the next section is to present the algorithm developed to solve problem The
main idea of the algorithm is to use theorem|[6l The first step is to transform the partial matrix such
that the graph representing its pattern becomes chordal. The second step is to transform the partial
matrix until each clique of the graph becomes associated with a positive semidefinite submatrix. If
the two preceding steps are verified, theorem [6]guarantees that a positive semidefinite completion of
the partial matrix exists. The clique tree representation of the chordal graph is used in the second
step of the algorithm. It provides a structural way to explore all the cliques in the graph.
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3.4 Algorithm

In this subsection, each step of the algorithm (called A12) is presented in details with an example.
The pseudocode for the algorithm is shown in [2l The input of the algorithm is a partial matrix A
and the graph G corresponding to its pattern. Let us consider, as example, the following partial
matrix A and its graph represented in figure

1 — — - —0.883 — — —
— 1 — 0.382 —0.247 — — —
— — 1 0.346 - —0.051 — —
— 0.382  0.346 1 — — — —
A= —-0.883 —0.247 - - 1 0.626 —0.314 -0.470 (43)
— — —-0.061 - 0.626 1 0.807  0.360
- - - - —=0.314 0.807 1 0.143

_ — — — —0.470 0.360  0.143 1

Figure 15: Graph associated to the partial matrix A defined in

We assume that the graph G is connected, otherwise, the partial matrix A and the graph G are sep-
arated into connected components, and the algorithm is repeated for each component independently.

The first step of the algorithm is to make G chordal. There are different approaches to com-
plete a graph in order to obtain a chordal one. A triangulation is the graph obtained when we
add edges to a given graph to make it chordal. The approach used here is based on the minimum
triangulation problem, which tries to find a triangulation of the graph with the fewest number of
edges. Unfortunately, this problem is NP-hard [22], but there exists good heuristics such as the
MCS-M algorithm. Instead of computing a minimum triangulation, the algorithm computes a min-
imal triangulation. A minimal triangulation H of a given graph G is such that no proper subgraph
of H is a triangulation of G. The MCS-M algorithm has a time complexity in O(nm), where n is
the number of nodes and m the number of edges. This is the best complexity known at this day for
computing minimal triangulation of arbitrary graphs [23].

The MCS-M algorithm is implemented in the function complete_to_chordal_graph from Net-
workx. The minimal triangulation returned by the algorithm for the example considered is repre-
sented in figure
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Figure 16: Minimal triangulation obtained with the MCS-M algorithm.

The second step of the algorithm is to obtain from the chordal graph its clique tree representa-
tion C'T. The clique tree representation of the example considered is exactly the one represented
in figure The function junction_tree from Networkx is used for this part. The complexity of
this second step is discussed in subsection [3.3]

The third step of the algorithm is to choose an initial root of the clique tree CT. Every node
of CT can be chosen as initial root, but the choice can slightly impact the output obtained. Let’s
imagine that C (see figure is the initial root chosen. We then create an empty array called
NodesVisited that will contain the nodes visited during the algorithm. We also create an empty
array called Conditions. The role of this array will be clear in the next steps.

We start now an inner recursive function called AnalyzeCliqueTree that takes the partial matrix A,
the graph C'T'; the initial root C', the array Conditions and the array NodesVisited as arguments.

In the first step of this inner function, we update the partial matrix A such that the principal
submatrix associated with the initial root C1, i.e. [A;; : i, j € C1], becomes positive semidefinite.
In our example, the submatrix associated to C7 is the following :

1 0.626 —0.314 —0.470
0.626 1 0.807  0.360

At g €= o314 0807 1 0.143 (44)
—0.470 0.360 0.143 1
The algorithm Al1 with € = 0.01 and Variant = False (see section [2) is used to transform
[A;5 : 4,5 € C1] to a positive semidefinite matrix. We obtain :
1 0.266 —0.314 —-0.470
. 0.266 1 0.657  0.360
[Aij 11,7 € 01] = (45)

—0.314 0.657 1 0.143
—0.470 0.360 0.143 1

We also make the changes in A. Once this is done, we add the root C to the array NodesVisited
and check if there are any unvisited neighbors of C'; in the clique tree graph C'T'.
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For example, let us consider the node corresponding to the clique C5 as a neighbor (see figure .
In the graph G, the clique C5 is composed by the nodes 4, 5, and 6, while the clique C is composed
by the nodes 5, 6, 7, and 8. Therefore, cliques C; and C5 have the nodes 5 and 6 in common. The
idea is to perform a recursion by invoking the function AnalyzeCliqueTree again, but this time
with the root set as Co instead of C7. The final objective is to enumerate all cliques in CT' and
ensure that the submatrix associated with each clique is positive semidefinite.

The remaining issue is that modifying the submatrix associated with clique Cy, i.e. [A;j : 4,5 € Cy),
could alter the value of Asg, which in turn could affect the positive semidefiniteness of the submatrix
associated with clique C;. To address this, we introduce the array Conditions and the function
Fix. The purpose of the function Fix is to add, in the array Conditions, the elements in A that
cannot be changed anymore, i.e. the elements of A that are common in both cliques.

For example, the only common element in C; and Co is Ass (and Ags by symmetry). There-
fore, when the function AnalyzeRoot is called on Cs, we prevent algorithm 1 from modifying the
value of Asg (and Ags). In other words, the function AnalyzeRoot updates the partial matrix A
in such a way that the submatrix associated with Cs becomes positive semidefinite, while ensuring
that Asg and Ags are fixed at the value of 0.266. Since A4 and A4s were not specified, their values
are not fixed.

1 — _
[Aij 11,] € CQ] = | — 1 0.266
— 0.266 1

Algorithm A11 with € = 0.01 and Variant = False, returns :

1 0 0
[Ai;:i,5€Col=10 1  0.266
0 0266 1

Note that since the values of Asg and Ags cannot be modified, algorithm Al1 finds the largest dual
variable in absolute value associated to the partial matrix [A;; : 7,57 € Cs], without taking into
account the dual variable associated to the element Asg (and Ags).

The algorithm continues until the submatrices corresponding to all the cliques of C'T' become pos-
itive semidefinite. Note that the purpose of algorithm Al12 is to use algorithms Al1 several times
but on much smaller matrices. Indeed, unless the partial matrix is fully specified, in which case
algorithm A12 becomes equivalent to algorithm A11, the algorithm Al1 is applied on all the maximal
cliques of GG, which are smaller than the original matrix.

The convergence of algorithm A12 is discussed in subsection [3.5]
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Algorithm 2:
1 Function Al2 (A, G);

Input : Partial matrix A and the graph G representing its pattern.
Output: New partial matrix A that admits a semi-definite completion.

G <+ MakeChordal(G)
CT <« CliqueTree(G)
Root <— ChooseRoot(CT)
NodesVisited « |]
Conditions <« ||

S Uk WwN

7 Function AnalyzeCliqueTree (A, CT, Root, Conditions, NodesVisited);

8 A «+ AnalyzeRoot(A,Root,Conditions)

9 Add Root to NodesVisited

10 for Neighbor in neighbours(CT,Root) do

11 if Neighbor not in NodesVisited then

12 Conditions + Fix(Conditions,Root,neighbor)

13 Function AnalyzeCliqueTree (A, CT, Neighbor, Conditions , NodesVisited)
14 end

15 end

16 A+ A

17 Return A

3.5 Proof of convergence

In this section, we demonstrate that under certain hypotheses, algorithm A12 always converges,
meaning that it always returns a partial matrix that admits a positive semidefinite completion.
Proposition @ comes from [18] and is used in the proposition

Proposition 6. Let C'T be a clique tree with the induced subtree property. Let C1, Co be two
nodes of CT. If C1 N Cq # 0, then Cy N Cy is present in all the cliques that lie on the path
i the clique tree between node C1 and node Cs.

Proof. For each vertex v € C1 Ny, the cliques C and Cy are in the induced subtree that contains
v. Therefore, all cliques on the path between C7 and C5 are also in the subtree. O

Proposition 7. Each time the function AnalyzeRoot is invoked for a given clique, it is always
possible to transform the submatriz associated with that clique into a positive semidefinite
submatriz that satisfies the conditions specified in the array Conditions.

Proof. 1t is trivial at the beginning of the algorithm since the array Conditions is empty. Suppose
by contradiction that there exists a node Cs in the clique tree C'T such that its associated submatrix,
ie. [Aj; :14,j € O], cannot be transformed into a positive semidefinite submatrix. Since Cy is not
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the initial root, it implies that the function AnalyzeRoot was previously called with a neighbor
of node Cs. Let us denote this node as C';. Assume that in the graph G, clique C; contains the
nodes {ry,ro,...,7r}. Without loss of generality, we can assume that clique Cy contains the nodes
{ri,ra,...,71,81,...,5p}, where 1 <1 < k and p > 0. It means that clique Cy contains [ nodes in
common with clique C7 and p new nodes. Let us assume, without loss of generality, that p = 2.
The submatrix associated with Cy can be expressed as follows :

[ ATlTl AT17"2 tt Arlrl 0 0 T
AT2T1 AT2T2 e Arzrz 00
AyigeCl=| = (46)
Arﬂ”l Arlrg e Anm 0 O
0 0 0 1 0
L0 0 ... 0 |01,

It is straightforward to see that if the submatrix associated with C] is positive semidefinite then the
matrix in equation is also positive semidefinite. Note that the matrix can be written as above
since there cannot be any conditions imposed on the values A;, s, withi =1,...,1, j = 1,...,p and on
the values Ay, 5, with 4,7 =1,...,p, i # j. Indeed, let us imagine that a condition has been imposed
on A, s; by another clique (call it Cp) before in the execution of the algorithm. By proposition |§,
the nodes r; and s; must be present in all the cliques that lie on the path between clique Cy and
clique Cs. Therefore r; and s; must be on the clique C1, which is not the case. Hence, the matrix
[A;j 4,5 € Cy) is a valid matrix and is positive semidefinite. O

Note that proposition [7 says that a positive semidefinite submatrix that satisfies the conditions
in the array Conditions always exists but not that algorithm Al1l always find one. This is a big
difference. In section [2] we observed that algorithm A1l sometimes fails to converge when all the
elements of the input partial matrix can be modified. Consequently, if certain elements in the matrix
are fixed, the probability that the algorithm fails to converge is even higher. However, assuming
that algorithm Al1 always finds a solution, the following proposition holds:

Proposition 8. Under the assumption that algorithm Al1 always finds a solution, even when
some elements in the matriz cannot be modified, algorithm A12 always converges.

Proof. Indeed, under the stated assumption, each clique that is in the array NodesVisited is asso-
ciated to a submatrix that is positive semidefinite. At the end of the algorithm, all the cliques of
the original graph are included in NodesVisited. Since the original graph is chordal, according to
theorem [6] a positive semidefinite completion of the partial matrix necessarily exists. O

Note that in practice, with the technique developed in subsection [2.6] it is very rare to be in the
situation where the function AnalyzeRoot does not find a solution.
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3.6 Pattern of the matrix provided

At the beginning of this chapter, we explained that the second approach was motivated by the fact
that the pattern of the matrix provided has a particular property. At this point in the chapter, it
should be clear that the property in question is that the graph representing the pattern is nearly
chordal, meaning that only a few edges (less than 10%) are needed to make it chordal. The graph is
represented in figure It contains 165 nodes and 413 edges (the loops are not represented). The
edges in red are the edges added to make the graph chordal. Only 20 edges are needed.
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Figure 17: Pattern of the matrix from BNP.

It should be noted that, even though algorithm A12 can work with any partial matrix A, the al-
gorithm is specifically designed to be efficient for partial matrices with chordal or nearly chordal
graphs. In the case of a chordal graph, only the specified elements of the partial matrix are consid-

ered in the algorithm.
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3.7 Results

In this subsection, the results obtained are presented. For each simulation, we compare the results
obtained with algorithm A12 and with algorithm Al11. The two algorithms are compared on several
partial matrices with different patterns. More precisely, a first comparison of the two algorithms is
made when the inputs are partial matrices generated as in subsection i.e. when the elements of
the partial matrices are fixed randomly. A second comparison is made when the inputs are partial
matrices with chordal patterns. The criteria used to compare the results are the same as in subsec-

tion (2.5l
First case : the elements are fixed randomly.

We start with the situation where the elements are fixed randomly. The parameter a in equa-
tion [31] is fixed to 0.7. The table in [4 summarizes the results obtained. The last column of the
table indicates the number of additional edges required to make the graph representing the pattern
chordal. The results are also shown graphically on figure [I8] The results obtained with algorithm
A12 are clearly worse than the ones obtained with algorithm Al1. Indeed, algorithm A12 modifies
some elements of the partial matrix even when it admits a positive semidefinite completion. More-
over, algorithm A11 consistently yields improved results compared to algorithm A12. The time taken
by algorithm Al1 is slightly longer for n = 125, but this difference is not significant considering the
superior quality of the results obtained with algorithm Al1.

The principal reason of these very poor results is that for each n considered, the graph representing
the patterns of the partial matrices are far from being chordal. Indeed, for each n considered, the
number of edges in the graphs, given by m = @p (loops excluded), are approximately 4 times

lower than the value m,. obtained.
Second case : the elements are not fixed randomly.

In the second case, the elements are fixed such that the graph representing the pattern of the
partial matrix is chordal. We generate a chordal graph of n nodes and m edges as follows :

e We first generate a connected graph with n nodes and with p(n — 1)n/2 edges (with p = 0.1).

e The second step is to make the graph chordal using the MCS-M algorithm. The problem is
that the chordal graph obtained has a random number of edges m;.

e The third step is to remove my — m edges without losing the chordal property and without
disconnecting the graph. At each step, we randomly select an edge and test whether the
remaining graph remains chordal and connected. If it satisfies these conditions, the selected
edge is removed. However, if the graph becomes non-chordal or disconnected, we randomly
choose another edge and repeat the process.

Note that this procedure is quite slow but allows to obtain chordal graphs with a given number of
nodes and edges. The edges in the chordal graph obtained give the positions of the fixed elements
in the partial matrix A. Of course, the diagonal elements of A are also fixed to 1. The values of
the elements in A are again generated with equation

The numerical results obtained are written in table[5l We tested the behavior of algorithm A11, algo-
rithm A12 and algorithm corrmat_h_weight on partial matrices with patterns that are represented
by chordal graphs of n = 100 nodes and m = {200,400, 600, 800} edges (loops excluded). Moreover,
we tested the behavior of the algorithms when the parameter « in equation [31] varies. Note that
algorithm Al1 is always used with the parameter Variant equal to False and with an € equal to 0.05.
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Algorithm A12 is used with a parameter € equal to 0.02 and algorithm corrmat_h_weight is pa-
rameterised as explained in subsection The results obtained with algorithm Al1l and algorithm
A12 are also shown graphically in figure

Based on the results obtained, we can make several comments :
e As expected, every criteria considered increase when m increases and when « increases.

e On the second graph of figure[19] we observe that the number of modified elements is generally
higher with algorithm A12 than with algorithm Al1.

e On the first and fourth graphs of figure we observe that the values of the functions f(A)
and g(A) obtained are very similar for the two algorithms.

e On the third graph of figure we observe that the execution times for algorithm Al12 are
significantly less important than the ones for algorithm 1. This is a massive improvement.

e In table[5, we observe that the algorithm corrmat_h_weight always leads to higher numbers
of modified elements and to smaller values of f(A). The values of g(A) obtained are often
slightly higher than the ones obtained with algorithm A1l and Al12.

e Increasing the value of a by 0.1 changes considerably the values obtained.
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p n Algorithm and # of # of Time [s] f(A) g(A) Me
parameters iterations | modified
elements
0.15 | 50 Al1, e =0.05 1 0 0.161 0.000 0.0000 450
A12, ¢ =0.02 / 10 0.556 0.172 0.0125 450
75 Al1, e =0.05 1 0 0.7179 0.000 0.0000 1324
A12, ¢ =0.02 / 71 3.106 0.736 0.0262 1324
100 Al1, e =0.05 5 1 18.514 0.080 0.0011 2896
A12, ¢ =0.02 / 133 22.396 5.639 0.0665 2896
125 Al1, e =0.05 18 7 269.787 0.285 0.0031 4858
A12, € =0.02 / 238 106.489 13.755 0.1045 4858
Table 4: Results obtained when p = 15%, o = 0.7, random patterns.
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Figure 18: Results obtained when p = 15%, a = 0.7, random patterns.
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n | o | m Algorithm and # # of Time [s] f(A) g(A)
parameter iterations | modified
Algo elements
100 | 0.3 | 200 Al1, e =0.05 1 0 3.754 0.0 0.0
A12, e = 0.02 / 0 0.126 0.0 0.0
corrmat_h_weight / 0 0.001 0.0 0.0
400 Al1l, e =0.05 1 0 4.570 0.0 0.0
A12, € = 0.02 / 0 0.176 0.0 0.0
corrmat_h_weight / 356 0.186 | 1.7x10710] 2.57x10°6
600 Al1l, e =0.05 10 6 35.9 0.0750 0.0075
A12, € =0.02 / 10 0.75 0.1160 0.0103
corrmat_h_weight / 582 1.34 0.0047 0.0125
800 Al1, e =0.05 80 42 319 1.03 0.0484
A12, € = 0.02 / 63 4.84 1.14 0.0507
corrmat_h_weight / 795 1.13 0.139 0.0630
0.4 | 200 Al1l, e =0.05 2 1 9.00 0.005 0.00175
A12, € = 0.02 / 2 0.136 0.0032 0.00140
corrmat_h_weight / 72 1.27 9%x107° | 0.00140
400 Al1, e =0.05 31 17 138 0.340 0.0270
A12, ¢ =0.02 / 21 1.10 0.439 0.0270
corrmat_h_weight / 396 0.87 0.054 0.0380
600 Al1, e =0.05 202 82 809 4.27 0.118
A12, e = 0.02 / 105 6.87 3.27 0.108
corrmat_h_weight / 598 0.648 0.921 0.126
800 Al1l, e =0.05 1054 251 4168 4.94 0.158
A12, € =0.02 / 229 19.5 5.26 0.152
corrmat_h_weight / 799 0.539 1.81 0.172
0.5 | 200 Al1, e =0.05 5 1 18.3 0.08 0.00598
A12, e = 0.02 / 9 0.174 0.05 0.00777
corrmat_h_weight / 181 0.887 0.008 0.0102
400 A11, € =0.05 142 72 o87 2.09 0.108
A12, e = 0.02 / 95 3.20 1.98 0.102
corrmat_h_weight / 399 0.670 0.66 0.114
600 Al1l, e =0.05 754 241 3333 4.25 0.159
A12, € =0.02 / 302 19.7 4.00 0.161
corrmat_h_weight / 599 0.817 1.83 0.173
800 Al1, e =0.05 1776 422 6944 8.25 0.213
A12 € =0.02 / 433 43.4 8.40 0.206
corrmat_h_weight / 800 0.346 3.82 0.223

Table 5: Results obtained when n = 100, chordal patterns.
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Figure 19: Results obtained when n = 100, chordal patterns
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The numerical results for the matrix from BNP are presented in Table [6l Algorithm Al12 was
run with different values of €. It is observed that smaller values of € lead to a higher number of
modified elements and to longer execution times, while yielding lower values of f(A) and g(A). By
comparing these results with those obtained from algorithm Al1 (Table , it can be noted that
algorithm A12 performs slightly worse in terms of the results obtained but is significantly better in
terms of execution times.

n p m Algorithm and # of Time [s] f(A4) g(A)

parameters € modified
elements

165 | 0.0183 | 248 A12, € = 0.005 29 0.728 0.691 0.01152

Al12, e =0.01 28 0.533 0.696 0.01178

A12, € = 0.02 27 0.454 0.727 0.01257

A12, € =0.05 25 0.398 0.790 0.01445

corrmat_h_weight 223 31 0.253 0.00896

Table 6: Numerical results obtained with the matrix from BNP as input.

In order to summarize the results obtained, we performed a last test to compare the three algo-
rithms. The elements of the partial matrix A were generated with equation with a parameter
«a = 0.5 and a size n = 100. Let G be the graph representing the pattern of the partial matrix A.
Let m, denote the number of additional edges needed to obtain a chordal graph from G and let m
be the number of edges in G (loops excluded). In the numerical experiment, the number m was
fixed to 700. The graphs in figure represent the results obtained when m./m increases. The
factor m./m is a measure of "how far the graph is from being chordal". In other words, we tested
the behaviors of the three algorithms when the graph representing the pattern of the partial matrix
A, becomes less and less chordal.

We observe several things :

e When m./m is small, the values of f(A), g(A) and the numbers of modified elements are
quite similar for algorithm A1l and A12. However, the execution times are significantly lower
for algorithm A12.

e When m./m increases, the results obtained with algorithm A12 are clearly worse than the
ones obtained with the other algorithms. This confirms the results obtained at the beginning
of this subsection, i.e. where the elements of A were fixed randomly.

e Solving the problem becomes more challenging when the graph representing the pattern of the
partial matrix is near to be chordal. Indeed, despite having the same number of fixed elements,
it is evident from the graphs that the results obtained by the three algorithms progressively
become better as the factor m./m increases. The principal reason is that, when the factor
mc/m increases, a small modification in the partial matrix A is less likely to generate errors
in other parts of the matrix.

e Algorithm Al1l always gives good results, i.e. is more robust than algorithm A12, but is
generally very slow for large partial matrices or when the pattern of the partial matrix becomes
more complex.

e The algorithm corrmat_h_norm consistently modifies nearly all elements of the partial matrix.
It achieves lower values of f(A), but often results in higher values of g(A). However, this
algorithm is always fast for the partial matrices considered.
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4 Conclusion

The objective of this master thesis was to solve the problem 4] i.e. to find an algorithm that trans-
forms the partial matrix received such that a positive semidefinite completion exists. The algorithm
should only make the necessary adjustments to the partial matrix without altering the values too
drastically. Hence, there was a trade-off between the number of elements modified and the size of
the modifications.

The first algorithm we developed (algorithm A11) is strongly based on a semidefinite optimiza-
tion problem (problem that needs to be solved multiple times. The algorithm utilizes the dual
variables associated with the semidefinite optimization problem to identify the optimal off-diagonal
element in the partial matrix that requires modification. The use of dual variables allows for an
efficient and effective selection of the specific element that should be adjusted, considering the con-
straints and the objective of the optimization problem. A first strategy is to decrease the value of
the specified element chosen by a constant factor +¢. The sign of € is given by the sign of the dual
variable corresponding to the specified element. We also developed an heuristic (see subsection
that uses a smarter approach to modify the elements in A. Instead of modifying each element by a
constant value €, we decrease, when possible, the specified element by a non constant value that is
based on the specified principal minors in the partial matrix that are negative.

In terms of results, it was observed that, in general, the use of the heuristic resulted in a smaller
number of modified elements, but resulted in a larger value of the function f(A) (equation . The
value of the function g(A) (equation was relatively independent of the use of the heuristic. We
also observed that the value of € has a significant impact on the number of iterations of the algo-
rithm, i.e. on the number of times we have to solve the semidefinite optimization problem. A larger
e often leads to a smaller number of modified elements but to larger values of the functions f(A)
and g(A). The first algorithm is robust, i.e. it works well for partial matrices that have different
patterns. The main drawback of the algorithm is its execution time, which is directly proportional
to the number of iterations needed to solve the problem. Since the cost of an iteration increases
significantly with the size of the partial matrix, the method is not suitable for partial matrices with
size larger than two-hundred.

In the second approach, we focused on the particular structure of the partial matrix provided
by BNP to obtain a more efficient algorithm. We observed that the graph representing the partial
matrix is almost chordal, i.e. we needed less than 10% of the number of edges to complete the
graph to a chordal one. The algorithm that we developed (algorithm A12) is mainly based on the-
orem [6] and on the clique tree representations of the chordal graphs. The main idea is to visit each
clique of the graph and to transform the principal submatrix associated, to a positive semidefinite
submatrix. Algorithm Al1 is used inside algorithm A12 but is generally used on much smaller matri-
ces! Note that algorithm A12 is equivalent to algorithm A11 when the partial matrix is fully specified.

Regarding the results, it is evident that algorithm A12 is not suited for partial matrices with graph
representations that are far from being chordal. However, if the partial matrix has a graph that is
near to be chordal, algorithm A12 gives generally similar or slightly worse results than algorithm
A11 but takes significantly less time. Algorithm A12 has a tendency to modify more elements than
algorithm A11 but often gives similar results in terms of the values of the functions f(A) and g(A).

For the partial matrix provided, the best results were achieved using algorithm Al1 with the param-
eters € = 0.02 and variant = False. It is worth noting that the execution time for this configuration
was 5394 seconds.
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In conclusion, we recommend using algorithm A1l when precise and robust results are required.
On the other hand, algorithm A12 is a good choice when the graph representing the pattern of the
partial matrix is close to be chordal, and when the execution time is a critical factor.
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