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Abstract

The definition of the clinical target volume can be considered as a binary mask.
However, the further a point is from the gross target volume, the less probability it
has of being tumorous. The probabilistic definition of the clinical target volume,
called the clinical target distribution, is an effective alternative to adapt the dose
distribution to the probability of tumor presence. This probabilistic definition
allows one to maintain tumor control probability while reducing the dose delivered
to the organs at risk. Modeling the cellular surviving fraction after irradiation
can also be translated into cost functions for optimizations, yet studies so far that
combine radiobiological cost functions and probabilistic definition of target volumes
have been limited to radiobiological effects in the target. The spatial dependence of
radiobiological optimization models makes them an excellent candidate for proton
pencil beam scanning.
In this Master thesis, we have developed a complete probabilistic radiobiological
optimization framework for the target and organs at risk for proton pencil beam
scanning. We have proven by the use of a head and neck clinical case that
probabilistic radiobiological optimization allows for a decrease in the probability of
normal tissue complications while maintaining tumor control probability comparable
to classical dose-constrained radiobiological optimization methods.
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Chapter 1

Introduction

In 2018, cancer represented 9.6 million deaths worldwide for 18.1 million diagnoses
[5]. In Belgium, cancer is the first cause of premature death in 2016 [5]. In 2017,
more 50% cancer patients were treated with radiation therapy, making it the main
treatment used to fight tumors [6].

Although its not so recent introduction and its now well-established clinical
benefits, proton therapy is used only in 1% of radiation therapy treatments (2022)
[7], leaving the research field of proton therapy vast. Every treatment, whether it
is conventional radiation therapy or proton therapy, undergoes a planning phase
[8]. During this phase, treatment is optimized by translating clinical objectives
into arbitrary cost functions [9].

The cellular effects of radiation can be modeled by the linear quadratic sur-
viving fraction [10]. This formula has allowed the development of models for the
probability of tumor control and the probability of normal tissue complications
[11, 12]. Those models are inherently non-convex, taking their logarithm allows
rendering them convex [13]. Despite the convexity of their logarithmic form, few
attempts have been made to use these radiobiological models only for optimization
[14].

Until recently, the anatomical volumes chosen for optimization were represented
by 3D binary masks [15]. However, in 2018 the concept of probabilistic volumes
[16] was introduced, resulting in new definitions of cost functions and probability
of tumor eradication. The volume of greatest interest in this master thesis is
the clinical target volume and its probabilistic counterpart, the clinical target
distribution.
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To the best of our knowledge, there is only one study by Bortfeld et. al. [17] in
which the combination of clinical target distribution and tumor control probability
has been investigated to develop a radiobiological cost function for optimization.
However, the optimization framework of this study still relied on a radiation dose
prescription to the target and was limited to the study of tumor control only,
excluding the organs at risk. Prospects of probabilistic definitions of the clinical
target volume combined with an optimization framework based on the tumor
control probability and normal tissue complication probability without any prior
dose prescription are yet to be explored.

The purpose of this master thesis is to study the computational feasibility of a
cost function based on tumor control and normal tissue complications for proba-
bilistic definition of the clinical target volume. Once the model has been developed,
the clinical added value of this new optimization method will be evaluated against
the non-probabilistic and conventional methods.

We will make our way through this subject by first motivating the use of radia-
tion therapy and proton therapy, then going over the course of a proton therapy
treatment, and finish by describing the probabilistic and biological model and how
to unify them. The results will be presented on the clinical case of a patient with a
head and neck tumor.

Throughout this master thesis, we have tried to remain as intelligible as possible
for the covered concepts by providing plain illustration and striving to bring
enriching illustrations.
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Chapter 2

Radiation Therapy

2.1 A short history of radiation therapy

2.1.1 Discovery of radiations
X-rays were discovered by William Roentgen in 1895 and not long afterwards, in
May 1896, the toxicity of radiation became apparent with consequences such as
hair loss through experiments performed by Leopold Freund [18]. This toxicity of
radiation led to the idea of using it to kill cancerous cells. Thus, in July 1896, Victor
Despeignes treated the first patient (stomach cancer, bifractionated treatment)
with radiation therapy [18]. Until 1920, radiations were not used systematically
for tumor treatment, but by a few doctors who believed in the effect of radiation.
Due to the low-energy X-rays produced at that time, treatments were only able to
penetrate the surface of the skin [18].

2.1.2 Higher energies
As it became clear that higher-energy X-rays were needed to treat deeper tumors
[18], Henri Coutard and Claudius Regaud from Institut Curie discovered between
the 1920s and 1930s that hypofractionation of treatment would lead to severe
tissue reaction and were the first to propose treatments over several weeks [19, 20].
The invention of the Coolidge tube allowed deeper tumors to be irradiated with
energies ranging from 180 to 200 kV [20], and between the 1920s and 1950s, the
focus was on improving the energy of the radiation delivered [20]. In 1930 Ernest
Lawrence and Milton Livingstone invented the cyclotron [20], a major milestone in
the development of proton therapy, but we will come back to it later. Between 1950
and 1985, radiotherapy facilities were capable of producing beams with megavoltage
energy orders with linear electron accelerators (linacs) with energies ranging from
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4 to 20 MeV and cobalt radiotherapy units with energies of 1.3 MV [20].

In 1982 the Swedish medical physicist, Anders Brahme introduced in his paper
"Solution of an integral equation encountered in rotation therapy" [21] intensity
modulated radiation therapy (IMRT) [19]. Brahme proposed a new type of dose
profile with a photon beam shaped by a nonlinear wedge-shaped filter [21]. His
conclusions were that such types of filters could improve dose uniformity in the
target with rotation around it (even if the target is slightly off-centered with the
rotation) [21]. This work led the way for dose shaping and in 1992 the first IMRT
machine with multileaf collimator (MLC), the NOMOS MIMIC (Figures B.1 and
B.2) system that could be attached to linacs, was introduced on the market [19].

Although IMRT was not used in clinical practice until 2000 [19], it is now the
standard when it comes to radiation therapy. The early 2000s are also the years of
the rise of the C-type Linacs and Tomotherapy [19].

2.1.3 Treatment planning systems
Regarding treatment planning, we must consider that computed tomography (CT)
scans were not implemented as today for radiation therapy [19]. Modern 3D
treatment planning emerged in 1994 after the combined efforts of different working
groups [22]. However, the first study to implement 3D treatment planning dates
back to 1973, when researchers used computed animated films to plot isodose
lines on it (Figure B.3) [23]. Today, treatment planning systems (TPS) using 3D
treatment planning are fully implemented in clinical practice [8].

2.1.4 Ion beam therapy
The first proposal to use accelerated protons as particles for radiation therapy
was written in 1946 by Robert R. Wilson [20]. Inspired by the invention of the
cyclotron by Lawrence and Linvingstone, Wilson proposed that due to the so-called
Bragg peak ( i. e. the localized deposition of the protons energy, more on this
in Section 2.4), protons could be used to irradiate tumors while sparing healthy
tissues (Figure 2.1) [24]. The first clinical use of protons occurred at Berkley in
1954 and the opening of the first proton therapy (PT) facility in 1990 at the Loma
Linda University Medical Center [20]. Since then, more and more PT facilities
have emerged around the world and have made PT a serious alternative to regular
IMRT with improved healthy tissues sparing (Figure 2.2).
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Figure 2.1: Depth-dose curve of proton and photon (each normalized at 100 for
the highest dose) [25].

Figure 2.2: IMPT on the left and IMRT on the right [26]. We can clearly see
healthy tissues are less irradiated with protons

2.2 Radiobiology
Radiobiology is the study of the effect of radiation on living cells and tissue [10],
thereby it is an essential tool to understand radiation therapy. Radiation exposure
is quantified by the absorbed dose [10], and the absorbed dose is defined as [27] :

D = dϵ

dm
, (2.1)

ϵ = Rin − Rout + ΣQ , (2.2)
with ϵ the mean imparted energy in the volume of mass m. The mean energy
imparted is equal to the equation 2.2 in which Rin is the mean total radiant energy
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of the ionizing particles entering the same volume of mass m, Rout is the mean
total radiant energy of the particles leaving the volume and ΣQ is the mean total
decrease in rest energy [27]. Since the computation of the mean imparted energy
changes for the uncharged and charged particles, the latter will be further discussed
in section 2.4.1.

Ionizing radiation passes through materials and is only stopped because of
absorption. In cells, this absorption can lead to the breakdown of molecular bonds,
which are of particular interest when it comes to DNA [10]. When radiation
damages DNA, either the generated modification has no effect on the function,
either it has effect but the cell can repair it, or, lastly, the cell cannot repair the
damage done to the DNA [10]. When radiation passes through the cell, DNA
damage can be done directly or indirectly (Figure 2.3) by ionizing water molecules
(the human body is made up of approximately 70% water) [10].

Figure 2.3: Direct and indirect effects of radiations on DNA [10]

If damage to cell DNA is too extensive and cannot be repaired, it leads to cell
apoptosis (death) [10]. Among the multiple unique features of cancer cells, one
that is convenient for radiation therapy is their genetic instability, which means
that they cannot repair DNA defects as non-tumorous cells [10]. The surviving
fraction (SF) of cells exposed to radiation can be modeled with the linear quadratic
(LQ) Poisson model defined as [13, 28, 10] :

SF (D) = e−αD−βD2/n . (2.3)

In this model, α [Gy−1] (also known as radiosensitivity) represents damages in
DNA that cannot be repaired (single-track into the chromosome) and β [Gy−2]
represents the damages that can be repaired by the cell (double track) and D is the
total dose in [Gy], n the number of treatment fractions (Figure 2.4 and 2.5). The
number of fractions is the number of times the total dose is divided to be given
daily. The ratio α/β will define whether the cell is an early responding cell or a
late responding cell (Figure 2.6) [10].
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Figure 2.4: The SF of cells depending on the type of track action. The linear part
of the curve is due to α and the non-linear to β [28].

Figure 2.5: Influence of the α
and β parameters on the surviv-
ing fraction [10].

Figure 2.6: Late and early responding
cells α/βlate < α/βearly the brackets is
when the αD kills the βD2 term [29].

2.3 The paradigm of radiation therapy
Simply basing our explanation on the SFLQ model 2.3 (and without going too
much into detail like reoxygenation of tumor cells [28]), radiation therapy is based
on a fundamental property of tumors and healthy tissue [28] :

α

β tumors

(≈ 10Gy) >
α

β normal tissue

(≈ 3Gy) . (2.4)
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It is possible to use the shoulder effect of the late responding cells (Figure 2.6)
[10] by fractionating the treatment dose received by the patient. The fractionation
of treatments allows normal tissue cells to repair damages done to DNA that they
are able to repair (known as sublethal damages, SLDs) [28]. Thus, treatment if
fractionated into smaller daily doses of the total dose (generally 2Gy/day for 30
days) [28]. It is important to note that the treatment fraction should be separated
by a minimum of 8 hours to allow cells to repair SLDs [28]. SFLQ curves can be
adapted to treatment fractionation (Figure 2.7), we can see that more fractions
allow for a higher dose for the same cell survival.

Figure 2.7: Fractionation of treatment and cells survival for late responding cells
(a) and early responding cells (b) [29].

When planning a treatment, we need to balance the tumor control probability
(TCP) and the normal tissue complication probability (NTCP) [28]. Both are
directly related to the survival probability of normal or tumor cells (models explained
in Section 3.4.1). In between the two curves lies the optimal treatment. The distance
between the two curves is known as the therapeutic index or window [28, 10] (Figure
2.8).

As mentioned before, fractionation of the treatment enlarges the therapeutic
window (Figure B.4) as well as improve the TCP. We can also define the probability
of uncomplicated treatment [28] or probability of undamaged cure [10] which is
the probability of having the optimal treatment (UTCP) depending on TCP and
NTCP. The optimal treatment probability is also increased with fractionation of
treatments (Figure 2.9).
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Figure 2.8: TCP and NTCP curves in function of radiation dose [28]. The D50 are
known as the dose at which 50% of the cells dies.

Figure 2.9: Probability of uncomplicated treatment for a single dose (a) and a
fractionated dose (b) [28].

2.4 Proton therapy

2.4.1 Physics of proton therapy
To compute the dose deposited by proton through matter, we need to introduce
the concept of stopping power. This quantity is defined as the energy lost dE by a
particle traveling through a distance ds of matter [27].
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For ease of use, we will define the mass stopping power as the stopping power
divided by the volume mass ρ :

S

ρ
= 1

ρ
(Sel + Srad) = 1

ρ

(
−dE

ds

)
. (2.5)

For protons, this stopping power is of the order of 260.8 MeV cm2/g for a 1
MeV beam thought water [30]. We notice that there is a radiative component
(Srad) and an electronic component (Sel) to the stopping power, for proton therapy
the radiative component is negligible [31]. The stopping power of protons can be
approximated with the Bethe-Bloch formula (simplified version) [27] :

1
ρ

Sel ∝ Z

A

z2

β2 [f(β) − lnI − C(β)
Z

− δ(β)] . (2.6)

With Z and A the atomic number and mass of the medium, z the atomic number of
the projectile, β the relativistic factor of the projectile and I, the mean excitation
energy. Stopping power for compounds can be computed vie the Bragg additive
rule which states that stopping powers can be weighted in terms of fractional weight
of an element in a compound and added [27].

Figure 2.10: Stopping power of water in function of the energy [30].

The fact that the stopping power increases as the energy decreases in equation
2.6 (Sel ∝ 1

β2 ) is the cause of the Bragg peak (Figure 2.1). Knowing the stopping
power and inferring the continuous slow down approximation (CSDA, which states
that protons lose energy in a continuous way), we can compute the range of protons
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through a medium with the following [27, 31] :

RCSDA =
∫ E0

0
Sel(E)−1dE . (2.7)

When going through matter, protons suffer three types of energy losses [31]:

• Inelastic Coulomb interaction with atomic electrons (Figure 2.11 (a)) that will
be the main component of the stopping power and might generate secondary
electrons (but of small range).

• Elastic Coulomb scattering with nuclei (Figure 2.11 (b)) that will deviate
protons and thereby broaden the beam and decrease the range

• Interaction with atom nucleus and formation of secondary particles (Figure
2.11 (c)) that will generate secondary particles.

Figure 2.11: Interactions of protons in matter [31]

Because in proton therapy we are interested in the dose in small volume (voxels),
we can infer restricted charged-particle equilibrium (RCPE). It states that for small
volumes, for particles with small ranges, each particle leaving the volume will be
replaced by another of the same energy in terms of expectation values [27].
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This allows us to derive (recalling equation 2.1) the dose delivered by protons
in a medium depending on their stopping power [27]:

Dmed
RCPE= ϕmed[Sel(E)

ρ
]med , (2.8)

with ϕ the proton fluence in an area da:

ϕmed = dN

da
. (2.9)

And because the energy of protons follows a gamma distribution (this is called
energy straggling) [31] we arrive at the finale equation for the dose of a poly-energetic
beam [27]:

Dmed
RCPE=

∫ Emax

0
[ϕE]med[Sel

ρ
]meddE . (2.10)

Finally, we have to consider that for the same absorbed dose, the effects of
radiations are not the same on tissues. Protons are low-LET (linear energy transfer)
particles. What this means is that the ionization of atoms along the proton tracks
is more clustered [32] (Figure 2.12). One effect of those low-LET tracks is that
there is more ionization in the chromatin fibers that compose DNA [33] (Figure
2.13). LET has been defined by ICRU as the energy deposited by a particle locally
along its trajectory, ignoring the kinetic energy of the secondary electrons produced
[27].

Having the LET of protons in mind, we can now define the Radiobiological
effectiveness (RBE) as the relative biological effectiveness between some type of
radiation and the reference of 250kV X-rays or 60Co gamma rays [34]. The RBE of
protons is due to several factors, including the LET and a value of 1.1 has been
commonly adopted [32].

2.4.2 Proton therapy simulation
Proton beams through tissues can be modeled using pencil-beam (PB) algorithms
or Monte Carlo (MC) simulations [35]. Pencil-beam algorithms being faster, they
were the preferred choice during early developments of simulations. However, due
to some inaccuracy of PB algorithms with heterogeneities and recent augmentations
in computing capabilities, MC simulations are now the standard when it comes to
proton therapy simulations [35, 36].

MC simulations are intrinsic statistical and random methods. In MC simulations,
particles are simulated individually and their path is simulated by the following
[36]:
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Figure 2.12: Ionization along a
low- and high-LET track [32].

Figure 2.13: Low- and high-LET tracks
in chromatin [33]. (Dimensions of the
track and DNA have been modified for
the figure.)

• Random selection of the distance until next "hard" interaction

• Transport of the particle to the site of interaction (including geometrical
factors)

• Random selection of the interaction that will occur

• Simulation of the interaction

• Repeat until full absorption of the particle and the secondary particles
generated.

The stopping powers needed to compute the particle path are extracted from
CT calibration [36]. Those calibrations were derived from data linking HU units
and tissue density / material [36]. It should be noted that PB algorithms use
water equivalent to compute the dose and thereby produce a Dw image, while MC
simulations directly output a dose to medium Dmed [36]. The Dmed gives more
insight into the dose distribution and the conversion from Dmed to Dw should be
avoided due to several discrepancies [37]. Finally, the dose is scaled with the RBE
(discussed above) [36].

2.4.3 The course of a proton therapy treatment
The steps of a proton therapy treatment are similar to those of an IMRT treatment.
Those steps are the following [38] :
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1. Pretreatment, TPS and machine quality assurance (QA) : the calibration of
the CT for HU density conversion data is done through shooting into a water
phantom.

2. Imaging of the patient and organ segmentation: CT (or other modalities) is
used to delineate organs and tumors. The delineation of the tumor will be
discussed in Section 2.5.

3. Planning and optimization : once the target is defined, the plan is optimized
to spare as much healthy organs as possible. The plan is then reviewed to
ensure that it meets the imposed criteria.

4. Positioning of the patient: the patient is placed on the treatment couch using
kV CT and markings.

5. Delivery of treatment.

6. Daily imaging to infer tumor changes: to assess tumor shrinkage and avoid
range errors, the patient is imaged in between treatment fractions to change
the plan if necessary.

7. Return to Step 4.

2.4.4 Proton therapy facility
Proton facilities are complex systems and thereby need to be designed carefully
due to the place that the equipment occupies. A proton therapy delivery system is
made up of three main parts [39] :

• The accelerator: raises the energy of protons to the desired or sufficient level.

• The beam transportation and energy selection: transport the beam to the
treatment room and discriminate protons with incorrect energy.

• The delivery system: composed of the gantry, the nozzle, the snout, and the
patient positioning system.

There exist several different delivery technologies and gantries, but we will
focus here on the facility of the UZ Leuven Particle Center. Particle center uses
two IBA ProteusONE systems, one for research and one for treatment [40]. The
IBA ProteusONE system is a pencil beam scanning (PBS) system coupled to a
cyclotron [41, 39]. The nozzle can rotate from an angles of 0 to 220 ° around the
patient (Figure B.5)[39], allowing more complicated tumors to be handled. PBS is
a technique that uses two sets of dipole steering magnets to steer the proton beam
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(Figure 2.14) [39]. The tumor is irradiated by a series of beamlets with different
spots in the tumor [39]. Optimization is carried out by finding the best series
of weights for the beamlets because of the dose being the superposition of each
beamlets [39].

Figure 2.14: Pencil beam scanning [39]

2.5 The concept of margins
When planning a radiation therapy treatment, the patient first undergoes imag-
ing. Multiple imaging modalities can be used for tumor identification (CT, MRI,
PET/CT) [42]. After imaging, a physician delineates the volumes of the different
organs in the 3D image of the patient [42]. Those volumes are separated between
the organs at risk (OAR) and the targets [15].

For target delineation, we must introduce the concept of margins. The margins
can be seen as the peels of an onion, each volume encompassing another (Figure
2.15). Margins were first introduced in the ICRU report 50 and are now made up
of the gross target volume (GTV), the clinical target volume (CTV), the internal
target volume (not described here) and the planned target volume (PTV) [15].

2.5.1 Gross target volume
The gross target volume is the gross demonstrable extent and location of the tumor
[15]. The GTV can be thought as what we "see" or "feel" upon examination. Since
functional imaging (PET) can give different GTV than structural imaging (CT,
MRI) it is important to specify the imaging modality used [15]. The GTV can
also be used as a marker to infer treatment regression, therefore the dose received
should also be specified [15] (Figure 2.16). If the GTV is changed because of the
treatment, the treatment plan should also be adapted to the new GTV [15].
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Figure 2.15: Margins of the target. [42]

As the definition of the GTV varies depending on the imaging modality, there
are certain uncertainties associated with the delineation. Those uncertainties are
carried out through the CTV but can be taken into account in the CTV-to-PTV
margin [15].

2.5.2 Clinical target volume
The clinical target volume is a tissue volume that contains a demonstrable GTV
and/or subclinical malignant disease with a certain probability of occurrence con-
sidered relevant for therapy [15]. So, the CTV is an extension of the GTV that
contains the region where there is probably tumor infiltration, and this probability
is judged relevant. Indeed, some tumor infiltration that we do not see when defining
the GTV might appear [43] (Figures 2.17 and 2.18). Therefore, the definition of
CTV is based on clinical judgement (whether to opt for a threshold 5% or 10%)
and knowledge of the environmental anatomy [15].

2.5.3 Planned target volume
The planned target volume is a geometric concept introduced for treatment planning
and evaluation [15]. The PTV is an extension of the CTV to ensure proper dose
coverage despite the presence of geometrical uncertainties. Those uncertainties
arise from tumor movement or setup errors (patient positioning) [15]. PTV can be
defined through the knowledge of the impact of uncertainties.
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Figure 2.16: Evaluation of the GTV and evolution throughout the treatment.
Modified from [15].

Figure 2.17: Microscopic view of GTV
in blue and infiltration in yellow and
red [43].

Figure 2.18: Probability of finding tu-
mor infiltration in function of distance
(10 cases, oral tong cancer) [43].
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2.6 Dose volume histogram
To supplement the 2D spatial information provided by a dose image, one can
make use of a dose-volume histogram (DVH). Dose-volume histogram represent the
amount of dose received by a portion of the volume of any organ/target [42]. Such
representations allow a comprehensive way to represent data, but should always
be supplemented by a dose image [42]. The most commonly used type of DVH is
cumulative DVH (cDVH), since they are the most widely used type; the "c" is far
often dropped in the literature and will also be used in this work. cDVH represents
the portion of a volume that receives at least a certain dose (Figure 2.19).

Figure 2.19: Cumulative dose volume histogram [42].

Mathematically, we can describe (c)DVH the following way [44];
Let :

κ : R+
0 → N0, D → κ(D) , (2.11)

and the bins

k ∈ K := {0, ..., K}
s.t. κ(0) = 0

κ(Dmax) = K .

(2.12)

Then the DVH for a volume of N elementary isotropic voxels, each receiving a
dose di is defined by :

hk =
N∑

i=1
δk,κ(di) , (2.13)

DVHk = 100%
N

K∑
j=k

hj . (2.14)
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2.7 Uncertainties
Uncertainties in proton therapy can be divided in three categories [45] :

• Physical uncertainties : the proton range is inaccurate

• Geometrical uncertainties : (mostly) translation of the tumor

• Anatomical uncertainties : GTV to CTV extension and shrinkage of the
tumor

2.7.1 Physical uncertainties
Physical uncertainties are uncertainties related to the calculation of the proton
pathways, leading to range uncertainties [45]. They can be of multiple origins [46] :

• CT acquisition : those can originate from noise in the acquisition, grid size
to large (partial volume effect), and incorrect tissue segmentation (to obtain
the stopping power).
solution : better CT and segmentation algorithms. This is more relevant to
the field of radiology

• Conversion to Stopping powers : imprecision in the conversion from HU
to density to scale the stopping power, conversion dose to water - dose to
medium.
solution : one solution proposed by Möhler et al. [47] is to use dual-energy
CT (DECT) to reduce errors in stopping power prediction

• Dose computation : analytical algorithms for dose computation handles badly
lateral heterogenities
solution : use MC simulations

• Radiobiology : the RBE of protons has been assumed to be a flat 1.1. However,
the LET increases with depth (which is compensated by decreasing fluence to
achieve homogeneous depth dose profile), and, since the LET and the RBE
are related, the RBE increases at the end of the Bragg peak (this does not
affect much tissues with a high α/β ratio)
solution : Grassberger et al. have proposed using LET voxel map for
biological optimized treatment [48, 49]
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Source Range uncertainty (σ)

CT noise ±0.5%

CT grid size ±0.3%

CT segmentation ±0.5%

Conversion to stopping power ±1.5%

Analytical dose computation algorithm −0.7% → ±2.5%

MC dose computation algorithm ±0.2%

Radiobiology +0.8%

total excluding RBE with analytical 2.7% → 4.6% + 1.2mm

total excluding RBE with MC 2.4% + 1.2mm

Table 2.1: Table of uncertainties adapted from [46]. The +1.2mm refers to
uncertainties independent of dose calculation.

2.7.2 Geometrical uncertainties
Geometrical uncertainties or errors are due to translation in the location of the
tumor [45]. They can be separated between systematic (preparation or setup)
errors and random (execution) errors. The setup errors have the effect of shifting
(Figure 2.20 (B)) the dose, they are stochastic over a population of patients [50].
Setup errors occur when planning the treatment. Random errors occur between
fractions and have the effect of blurring the dose [50] (Figure 2.20 (B)).

Figure 2.20: Setup and random errors effect on the dose [50]. (A) blurring of the
dose between treatment fraction. (B) Shifting of the dose between patients.
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If we suppose that all errors (setup and random) follow a Gaussian distribution
centered at 0, we can treat errors the following way [50, 45] (Figure 2.21):

Source Setup Random

Tumor motion ΣT M σT M

Baseline shift (breathing motion) ΣBL σBL

Positioning the patient ΣSET UP σSET UP

Delineation of the CTV ΣD /

Penumbra of the beam / σp

Total setup errors Σ =
√

Σ2
T M + Σ2

BL + Σ2
SET UP + Σ2

D

Total random errors σ =
√

σ2
T M + σ2

BL + σ2
SET UP + σ2

p

Table 2.2: Sources of the random and the setup errors.

Figure 2.21: Random and setup errors in a lung phantom [45].

2.7.3 Anatomical uncertainties
Anatomical uncertainties cannot be modeled with margins. Therefore, the solution
is to adapt the plan to changes in patient anatomy (Figure 2.16), it is called
adaptive radiation therapy [45]. Re-planning efficiently and accurately are the
research goals of adaptive radiation therapy [51]. As these strategies are relevant
to other fields of radiation therapy, they will not be described here.
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2.8 The Van Herk margin recipe
Now that we have defined the different target volumes and uncertainties in radiation
therapy, we can extend our discussion to the recipe for the CTV-to-PTV extension.
Although there are several different recipes for this extension [52], with over 1800+
citations, the Van Herk margin recipe is the most popular. This recipe has been
developed by Marcel Van Herk et al. in his paper "The probability of correct target
dosage : Dose-population histograms for deriving treatment margins in radiotherapy"
[50]. This recipe only accounts for geometrical uncertainties. Knowing the total of
setup errors (Σ) and random errors (σ) the margin formula is [50] :

MP T V = αΣ + β(σ − σp) . (2.15)

This recipe is valid when the hypothesis is made that the dose distribution
is stable, uniform, spherical, and large enough compared to the uncertainties [50, 45].

For the random errors to depend on the penumbra is difficult and must depend
on the beam calibration unless the following approximation is made [50] (Figure
2.22):

β(σ − σp) = β(
√

σ2
T M + σ2

BL + σ2
SET UP + σ2

p − σp)

≈ γ(
√

σ2
T M + σ2

BL + σ2
SET UP )

≈ γσ′ .

(2.16)

Now that our equation has been laid out, we can calculate for systematic errors,
the confidence interval in the population histogram (% of patient getting correct
dosage) and for the random errors the dose level (% of the volume between CTV
and PTV getting the correct dosage) (Table 2.3).

Thereby, if we want a dose coverage of 95% in 3D (Figure 2.23), the formula is :

MP T V = 2.79Σ + 0.7σ′ .

2.9 Conventional optimization methods
The optimization of a treatment plan depends greatly on the technique used. Since
we are here using a proton PBS technique, we will describe the framework associated
with this technique. Compared to other treatment delivery methods, PBS has the
advantage of having a large number of degrees of freedom [9].
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Confidence level
(% of patients)

α

1D 2D 3D

80 1.28 1.79 2.16

85 1.44 1.95 2.3

90 1.64 2.15 2.50

95 1.96 2.45 2.79

99 2.60 3.04 3.36

Dose level (%) β γ

80 0.84 0.40

85 1.03 0.50

90 1.28 0.60

95 1.64 0.70

99 2.34 0.95

Table 2.3: Coefficients for margins adapted form [50]

Figure 2.22: Linear approximation
and quadratic result for random er-
rors with σp = 3.2mm [50].

Figure 2.23: The effect of the Van
Herk margin recipe on the DVH with
95% dose coverage [45].

Planning with PBS implies that every beamlet has its own position, energy, and
number of protons. It is the number of protons per beamlet that is optimized and
is referred to as "weight" [9]. Optimization of a plan means achieving ideal target
coverage while sparing as much as possible OARs. This trade-off is quantified by a
cost function to minimize, thereby the scheme [9, 53, 54] :
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min
x

{f(D)}

s.t. D = Bx
x ≥ 0 ∀x ∈ x

with x ∈ Rm, B ∈ RN×m, D ∈ RN

D, ∈ RN ↔ D ∈ Rnx×ny×nz ,

(2.17)

x is the beamlet weight vector for m spots, A is the beamlet matrix with N
rows corresponding to the number of voxels in the patient (nx × ny × nz 3D CT)
and m columns corresponding to the beamlets, D the flattened dose matrix and its
associated D dose matrix in 3D.

Now that we have defined our variables, let us define several cost functions with
their own weight (w) such that [9] :

f(D) =
∑

i

wifi(D) . (2.18)

There are several constrain possible, each associated with a cost function quadrat-
ically related to a dose prescription/limit (D0) [9]. The most used ones are the
maximum dose (equation 2.19) and minimum dose (equation 2.20) [53]. The costs
are calculated over a region of interest (ROI, r) with Nr voxels. It is important to
note that multiple cost functions can be associated with the same ROI.

fmax,r(D) = wr

Nr

Nr∑
i=1

(di − D0)2 ∗ Θ(di − D0) , (2.19)

fmin,r(D) = wr

Nr

Nr∑
i=1

(di − D0)2 ∗ Θ(D0 − di) , (2.20)

with di, the dose in voxel i and Θ(x) the Heaviside function is defined as :

Θ(x) :=
{

1, x ≥ 0
0, x < 0 .

2.10 Robust planning
The use of the Van Herk margin recipe (Section 2.8) works well as long as the
margins are chosen adequately with the threshold percentage, the dose distribution
is homogeneous, and this distribution is invariant within the threshold percentage
of uncertainties [9]. However, due to range uncertainties and the physical nature of
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proton beams (i.e. the Bragg peak, Figure 2.1), the last assumption is not true for
protons [9]. PBS delivery method is even more affected by this issue since the spot
weights are defined through optimization (anything that reduces the cost function)
and this scheme does not include range uncertainties [9].

As we can see, PTV-based planning raises questions when used with proton
therapy [9]. A possible alternative is to plan directly on the CTV and include
geometrical uncertainties directly in the optimization scheme [55]. The solution
to the minimization problem 2.17 is degenerate; therefore, there are multiple dosi-
metrically equivalent solutions [55]. Using this degeneracy allows us to reduce the
sensitivity to uncertainties when incorporated in the optimization scheme [55]. The
latter is called robust planning. Robust planning is based on the implementation
of different dose scenarios [45].

Range errors are modelised by [56] :

ρj = ρ̄j + δjσj , (2.21)

with ρj the true range of a beamlet, ρ̄j the nominal range (i.e. the range without
uncertainties), σj the magnitude of the uncertainties (like described in Section
2.7.1) and δj a random variable that determine the strength of the uncertainties. To
avoid generating too many scenarios, only the minimum, nominal, and maximum
ranges are simulated (Figure B.6).

For setup/range uncertainties, we consider all the displacement of the tumor in
a 3D sphere of radius equal to the maximum setup uncertainty [57]. However, to
reduce the number of scenarios, we consider that shifts parallel to the beam axis
cause an increase/decrease in the air gap which alters the dose minimally. Thus, it
is sufficient to only consider displacement in a 2D circle perpendicular to the beam
axis. [57]. While this approach allows us to only consider displacement in a circle,
the displacement has to be computed in beam eye vue, and therefore the number
of beams augments the number of scenarios. The approach taken in Wuyckens et.
al. [53] is to consider motion in Dicom coordinates in the 3 perpendicular direction
positively and negatively. This leads us to a total of 7 scenarios (nominal, +z, -z,
+y, -y, +x, -x).

There are multiple optimization schemes related to robust optimization and
scenario generation [58], however, we will focus our effort on the one described in
the work of Wuyckens et. al. [53]. Minimax or worst-case robust optimization is a
scheme in which the optimization is done on the worst scenario. It can be done
voxel-wise [45], but this leads to non-physical dose distributions [55] and is only of
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interest as the lower bound for the worst quality treatment plan [55]. Scenario-wise
worst-case robust optimization changes the optimization problem 2.17 into [53] :

min
x

{max
s∈S

{f(D, s)}}

s.t. D = Bx
x ≥ 0 ∀x ∈ x

with x ∈ Rm, B ∈ RN×m, D ∈ RN

and |S| = |Ssetup| ∗ |Srandom|
with |Ssetup| = #step ∗ 6 + 1, |Srandom| = 3 .

(2.22)

The results of robust optimization are reported with DVH bands. These are
DVH plots where the area around the curves are the DVHs of the different scenarios
(Figure 2.24).

Figure 2.24: DVH bands of a robust optimization with 21 scenarios (7*3), adapted
from [53].
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Chapter 3

Probabilistic and Radiobiological
Optimizations

3.1 The limitation of margins

3.1.1 Clinical to planned target volume extension
Due to the nature of the depth dose distribution of protons versus photons (Figure
2.1), the formalism and the recipe devised for photons cannot be extended to create
proton plans [25]. Due to the sharp distal fall-off, proton plans turn out to be
even more sensitive to uncertainties [25]. Although some approaches have tried to
resolve the PTV described in Section 2.8 by reducing the margin in the direction
of the incident beam [59], this approach is only valid for a target covered by a
homogeneous dose [60]. PBS being a highly modulated field approach, it is even
more affected by range errors (as already mentioned in Section 2.10). Therefore, it
seems that a CTV-to-PTV extension is not applicable to planning treatment with
protons [25].

An alternative to the use of PTV is planning directly on the CTV with robust
planning as described in Section 2.10 [60].

3.1.2 Gross to clinical target volume extension
The current GTV-to-CTV extension like described in Section 2.5.2, follows an all-or-
nothing law: the threshold probability of having tumor cells is fixed and the inferred
distance from GTV is taken as a margin (Figure 2.17). However, as stated by ICRU:

“The delineation of the CTV is currently based on clinical experience. For
quantitative margin definition and future research, it would be advantageous to
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introduce a probabilistic definition, e.g., to choose the CTV based on a defined
probability of containing clonogenic cells that need to be treated.” [15].

Even more, the delineation of the CTV has been found not to be absolute [61].
Although not enough studies have investigated the problem, some have found that
the delineated volume could vary between observers by a factor of 1.3 to 2 [61].
The issue could be explained by the fact that the CTV delineation strongly de-
pends on the imaging modality used (as already stated for the GTV in Section 2.5.1).

Moreover, not all types of tumors have the same distribution of clonogenic cells
outside the GTV [62]. This difference in the probability of finding clonogenic cells
outside the GTV can be translated into the difference in tumor cell density [63].
The effect of this difference in tumor cell density is that the dose needed for an
optimal TCP varies with this density [64]. Thus, a lower dose to the region with
lower density could achieve the same TCP while sparing more healthy tissues.

Figure 3.1: TCP curves for different decaying density parameters (above) and
different initial density [64].

To motivate the formalism described in Section 3.2, let us introduce the study
of Taasti et. al. [63]. This study investigates the required margins depending on
the distribution of tumor cells in the GTV-to-CTV extension with different dose
shapes. The assumption is that, in the GTV, the density of cells is of 109cm−3 and
that in the GTV-to-CTV extension the density follows the following distribution
[63]:

ρ = ρ0 · e−λ·xCTV , (3.1)
with ρ0 = 106cm−3, xCTV the radial distance from the GTV, λ the density decay
parameter, and a cutoff point for CTV xmax

CTV.
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Figure 3.2: The GTV-to-CTV extension with different parameters from supple-
mentary materials of [63].

To account for the number of tumor stem cells surviving in the GTV-to-CTV
extension, let us define the clinical control probability (CCP) [63]:

CCPCTV = exp(−
NCTV∑

i

ni) , (3.2)

with ni the number of tumor stem cells surviving in voxel i. Then, the TCP is
rescaled by the CCP [63]:

TCPtot = TCPGTV · (CCPCTV · p + (1 − p)) , (3.3)

with TCPGTV the TCP in the GTV and p the probability of having tumor cells
infiltration outside the GTV.

The purpose of this study is to try to reduce the margins using a smoother
distal fall-off of the Bragg peaks. Two opposite beams were used to irradiate a
synthetic water equivalent phantom with a tumor of 5 ∗ 5 ∗ 5cm. Then, imposing a
maximum TCP drop of 3%, the margins (m) were reduced with a less steep distal
fall-off (∆x). Margins were used to maintain TCP with a range uncertainty of
±3.5% in SPR (with worst-case optimization) [63].
The results show that linear and less steep dose fall-offs are preferred (Figure 3.3)
and that a linear dose fall-off can allow reducing margins.

Thus, we can conclude that less aggressive strategies when defining CTV can
lead to lower irradiation of surrounding tissue while maintaining desired TCP [63].
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Figure 3.3: Optimization of two opposing proton beams. Margins in function of
probability of tumor (A) and the corresponding distal fall-off (B, C) for different
density distributions. Gray area corresponds to non-achievable fall-offs. [63]

3.1.3 Need for new definitions of margins
From this prelude on the limitation of margins, we can conclude :

• PTV based planning like defined for photons is inadequate for proton therapy
because of the physical nature of interaction of protons and matter (Bragg
peak). Robust optimization should be used instead.

• The delineation of CTV is not absolute and varies between observers.

• The definition of CTV is a too aggressive strategy for proton therapy. Even
when encompassing range uncertainties, margins can be reduced by using a
linear distal fall-off.

• A probabilistic definition of the GTV-to-CTV extension should be preferred
and used in optimization.

• TCP is a good indicator of adequate target coverage, but it needs to be scaled
to the probabilistic definition of the GTV-to-CTV extension.

3.2 The clinical target distribution
The clinical target distribution (CTD) is a probabilistic definition of the CTV.
The CTD formalism has been introduced by Shusharina et. al. in their paper
“The clinical target distribution: a probabilistic alternative to the clinical target vol-
ume” [16]. This paper will be the basis for future developments in this master thesis.
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As the name suggests, the CTD is an inherently probabilistic concept. It is an
alternative to the binary CTV with the probability pi that the voxel i is tumorous
[16, 44, 65]. We will divide our description into three different methods for defining
probabilities pi, two discrete methods, and one continuous.

3.2.1 Discrete probability distributions
We will start by defining the set of shells H (h1 the innermost shell being the
frontier of the GTV) [16] :

H := {h1, h2, ..., hH}
s.t. ∂GTV = {h1} .

(3.4)

We can also define the set of layer L, the regions in between two shells, each
containing Nk voxels [44]:

L := {l1, l2, ..., lH−1}
s.t. ∂lk = {hk; hk+1}

|lk| = Nk .

(3.5)

Now let us define the following probabilities :

P (tumor outside hk) = rk

s.t. r1 > r2 > ... > rH ,
(3.6)

P (i ∈ lk tumorous) = pk,i

s.t. p1,i > p2,i > ... > pH−1,i

pk,1 = pk,2 = ... = pk,Nk
.

(3.7)

The last property of equation 3.7 comes from the fact that we are construct-
ing isoprobabilistic layers of voxels. We can also define the dual of the above
probabilities:

sk = 1 − rk , (3.8)
qk,i = 1 − pk,i . (3.9)

Independent voxels

If we consider all voxel to be independent, we have [16]:

sk = 1 − rk

= qNk
k

⇐⇒ qk = (sk)
1

Nk .

(3.10)
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We now have everything we need to construct those probability shells beginning
from the outside [16] :

sH−k = q
NH−k

H−k · sH−k+1 . (3.11)
Hence:

qH−k = ( sH−k

sH−k+1
)

1
NH−k , (3.12)

which yields:

pH−k = 1 − qH−k

= 1 − ( 1 − rH−k

1 − rH−k+1
)

1
NH−k .

(3.13)

Dependent voxels

The dependent voxels approach has been introduced by Buti et. al. and is based
on the 2 hypotheses [44]:

1. If a voxel is tumorous, all other along the shortest path to the GTV are also
tumorous.

2. If a voxel is tumorous, all other voxels from the same layer are also tumorous.

Those assumptions mean that the tumor propagates outwards from the GTV as a
front, this is called the contiguous circumferential model [44].

Thus, the probability that there is a tumor outside a shell hk is equal to the
probability that there is no tumor in lk and outside hk+1 [44]:

sk = P (pk,i = 0 ∀i ∈ lk ∩ sk+1 = 0) . (3.14)

Because both events are dependent in this model:

sk = P (pk,i = 0 ∀i ∈ lk) · P (sk+1 = 0 | pk,i = 0 ∀i ∈ lk) . (3.15)

Moreover, due to hypothesis (1):

P (sk+1 = 0 | pk,i = 0 ∀i ∈ lk) = 1 , (3.16)

therefore:
sk = P (pk,i = 0 ∀i ∈ lk) . (3.17)
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Also:

P (pk,i = 0 ∀i ∈ lk) = P (pk,i = 0 ∩ pk,j = 0 ∀j ∈ lk\i)
= P (pk,i = 0) · P (pk,j = 0 ∀j ∈ lk\i | pk,i = 0) .

(3.18)

And because of the hypothesis (2):

P (pk,j = 0 ∀j ∈ lk\i | pk,i = 0) = 1 , (3.19)

therefore :
P (pk,i = 0 ∀i ∈ lk) = P (pk,i = 0) . (3.20)

And by definition 3.7:

P (pk,i = 0) = qk,i

⇐⇒ P (pk,i = 0 ∀i ∈ lk) = qk,i .
(3.21)

Putting equations 3.17 and 3.21 together gives:

sk = qk,i , (3.22)

or equivalently :
rk = pk,i . (3.23)

3.2.2 Continuous probability distribution
Even though those methods allow one to create a probabilistic expansion of the
GTV, they still need a physician to delineate the shells of probability. Another
method proposed by Buti et. al. is to use a continuous definition of the CTD [65].
Let ρ(x) be the Gaussian probability distribution of tumor infiltration (mean and
standard deviation taken from the appropriate literature), then we can construct
the probability of tumor presence for any voxel [65] :

pi(xi) = ρ(X ≥ xi)

=
∫ ∞

xi

ρ(x)dx ,
(3.24)

with xi being the shortest path to the GTV.
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3.2.3 Summary of the three methods
To define the probabilities pi that a voxel is tumorous, we therefore have the 3
following methods.

Discrete method Continuous method

Tumor islets Circumferential growth

pH−k,i = 1 − (pH−k = 1−rH−k

1−rH−k+1
)

1
NH−k pk,i = rk pi(xi) =

∫∞
xi

ρ(x)dx

Shusharina et. al. [16] Buti et. al. [44] Buti et. al. [65]

Figure 3.4 (a) Figure 3.4 (b) Figure 3.5

Table 3.1: Summary of the different methods to define the voxel probability of
being tumorous

Figure 3.4: Representation of the independent voxel model (a) and circumferential
model (b). This is a simplified case with two shells (0% and 50%) [44].

3.3 Probabilistic planning
Now that we have described the CTD formalism, we can proceed with our descrip-
tion of cost functions under the assumption that every voxel has a probability pi of
being tumorous.
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Figure 3.5: The probability density function of tumor infiltration (a) with mean
3.4mm and standard deviation 2.8mm. The Gaussian is truncated to avoid negative
values. (b) The probability of tumor infiltration according to the above equation.
[65]

Generally speaking, probabilistic planning refers to all optimization methods
scaled to probabilities. As many methods of probabilistic planning exist, we will
focus on two :

• Cost functions adapted to a probabilistic definition of the target volume like
described in Section 3.2

• Robust optimization in which each scenario is given a probability of occurring.

The combination of both methods is called fully probabilistic optimization [65].

For the cost functions to be adapted to the CTD definition, equations 2.19 and
2.20 become :

fmax−prob,r(D) = wr∑Nr
i=1 pi

Nr∑
i=1

pi(di − D0)2 ∗ Θ(di − D0) , (3.25)

fmin−prob,r(D) = wr∑Nr
i=1 pi

Nr∑
i=1

pi(di − D0)2 ∗ Θ(D0 − di) . (3.26)

As for robust optimization, Buti et. al. describes the probability of scenarios
the following way [65] :

p(s) = ps(s) · pr(s) , (3.27)
with p(s) the probability of the scenario, ps(s) the probability of setup errors

and pr(s) the probability of range errors. Those probabilities are multiplied because
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all the uncertainty sources are considered independent [65]. With a probabilistic
framework, the paradigm 2.22 becomes :

min
x

{E[f(D, s)]}

s.t. D = Bx
x ≥ 0 ∀x ∈ x
E[f(D, s)] =

∑
s∈S

p(s)f(D, s)

with x ∈ Rm, B ∈ RN×m, D ∈ RN , p(s) ∈ R .

(3.28)

This paradigm is called expected value optimization. However, to provide
control over the degree of robustness, one could change paradigm 3.28 into [65] :

min
x

{(1 − λ)E[f(D, s)] + λ
√
V[f(D, s)]}

s.t. D = Bx
x ≥ 0 ∀x ∈ x
E[f(D, s)] =

∑
s∈S

p(s)f(D, s)

V[f(D, s)] =
∑
s∈S

(p(s)f(D, s) − E[f(D, s)]2)

with x ∈ Rm, B ∈ RN×m, D ∈ RN , p(s) ∈ R, λ ∈ R .

(3.29)

This other paradigm is called expected value - standard deviation optimization.
The parameter λ is user defined and allows one to trade off between the expected
conformity of the treatment and the risk [65].

Although the methods described here allow us to scale the dose optimization to
probabilities, one still needs an efficient way to assess for plan quality. Because in
an optimal plan, the dose is scaled to the probabilities (equations 3.25 and 3.26),
therefore the DVHs (like described in Section 2.6) can no longer be used as it.
Indeed, target volumes with a lower probability will receive a lower dose, penalizing
the DVH curve. A fix proposed by Buti et. al. is to translate DVH into dose
expected volume histogram (DEVH) [44]. Then equation 2.13 becomes :

E[hk] =
N∑

i=1
piδk,κ(di) . (3.30)
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The equation 2.14 also has to be modified for the expected bins value but also
to account that the "accessible volume" is no longer N :

DEVHk = 100%∑N
i=1 pi

K∑
j=k

E[hk] . (3.31)

3.4 Radiobiological optimization
Until now, all the optimization methods described relied on dose prescriptions and
penalized for divergence of these prescriptions (equations 2.19 and 2.20). Methods
based on dose prescriptions are the clinical routine [15]. However, ultimately, tumor
regression and radiation toxicity are determined by biological mechanism [66],
which could raise questions about the legitimacy of dose constraint optimizations.

Radiobiological-based optimizations allow encompassing personalized inhomo-
gene tumor risk and toxicity due to volume dependence [67]. It also allows for
exploring the trade-offs between tumor cure and toxicity to normal tissues [67].

3.4.1 Radiobiological models
There exist many models to express the sigmoidal curves (Figure 2.8) of TCP
and NTCP [13] but we will stick with the definitions that depend on the linear
quadratic surviving fraction described in equation 2.3.

Control of the tumor can be seen as the probability of killing all clonogenic cells
within the target volume. Munro and Gilbert based their model on the assumption
that the cell killing process is stochastic and follows a Poisson distribution [11]:

TCP = e−λ , (3.32)
with λ the average number of surviving cells [67], which is precisely the equation

2.3. Hence, the TCP can be expressed as :

TCP (D) = e−N0e−αD−βD2/n

, (3.33)
with N0 the initial number of clonogenic cells. Now we can compartmentalize

this model for a volume composed of N voxels with relative volume vi, and because
the TCP is a probability, it means that we can multiply each independent TCP of
each voxel [13]:
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TCP (D) =
N∏

i=1
TCPi

= e−N0
∑N

i=1 vie
−αdi−βd2

i
/n

.

(3.34)

There also exist many NTCP models since the definition of normal tissue com-
plication is vague. As some models use binary endpoints or population statistics
[67], we will stick with a model based on equation 2.3 to stay consistent with the
above-mentioned TCP model.

NTCP is based on the ability of an organ to remain functional after irradiation.
Therefore, we have to introduce the concept of organ seriality. A serial organ (e. g.
the spinal cord) will stop functioning if one if his "chain link" is destroyed, while
a parallel organ (e. g. the liver) will remain functional. This concept of seriality
allows us to define the "relative seriality" for an organ viewed as an m by n matrix
(Figure B.8) as [68] :

s = m

mn
= 1

n
. (3.35)

The probability of radiation injury for parallel and serial organs have been
derived by Källman et. al. [12] as :

Pserial(D) = 1 −
m∏

i=1
(1 − Pi) , (3.36)

Pparallel(D) =
n∏

i=1
Pi . (3.37)

Combining equations 3.36 and 3.37 with the linear quadratic formula 2.3 and
the assumption that cell death follows a Poisson distribution gives the NTCP
voxel-wise model [12, 13] :

NTCP (D) = [1 −
N∏

i=1
(1 − [e−N0e−αdi−βd2

i
/n

]s)vi ] 1
s . (3.38)

Now, for multiple OARs with different biological parameters, the total NTCP
can be computed as [13] :

NTCP (D) = 1 −
S∏

j=1
[1 − NTCPj(D)]ξj , (3.39)

for S OARs with their relative severity of injuries ξj such that ∑S
j=1 ξj = 1.
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UTCP is the probability of having a complication-free tumor control or, in more
general terms, a complication-free treatment. For the convenience of the following
demonstration, let us switch that reflects the probabilistic nature of TCP, NTCP
and UTCP more :

P (TC) := TCP

P (NTC) := NTCP

P (UTC) := UTCP .

(3.40)

Ågren et. al. defined the probability of complication-free treatment as [69] :

P (UTC) = P (TC) − P (TC ∩ NTC) , (3.41)
which can be extended as :

P (UTC) = P (TC) − P (TC) · P (NTC | TC)
= P (TC)[1 − P (NTC | TC)]

= P (TC)[1 − P (NTC)P (TC | NTC)
P (TC) ] .

(3.42)

We now have two limiting cases; either the probability of radiation-induced
injuries to normal tissue is totally decorallated to tumor control (TC ⊥ NTC)
either, the two are totally correlated (TC ̸⊥ NTC). Those give [69] :

TC ⊥ NTC ⇐⇒ P (TC | NTC) = P (TC)
⇒ P (UTC)1 := P (TC)[1 − P (NTC)] ,

(3.43)

TC ̸⊥ NTC ⇐⇒ P (TC | NTC) = 1
⇒ P (UTC)0 := P (TC) − P (NTC) .

(3.44)

Because one cannot assume the dependence of TC and NTC, the proposition of
Ågren et. al. is to define a parameter δ that accounts for the degree of dependence
of TC and NTCP in a mixed population [69] :

P (UTC) = (1 − δ)P (UTC)0 + δP (UTC)1 , (3.45)
or going back to definitions 3.40 :

UTCP = (1 − δ)[TCP − NTCP ] + δ[TCP [1 − NTCP ]] . (3.46)
The effect of δ on UTCP will be to lower the curve if TCP and NTCP are

completely correlated (Figure B.9).
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3.4.2 Equivalence of tumor control probability and dose
prescription

As can be seen, both TCP and NTCP are strongly dependent on the α and
β parameters. Although voxel-based and not population-based, Shinkel et al.
have shown that if not used to fit α and β, equations 3.34 and 3.38 are valid
approximations of population-based models [70]. Yet, to discuss our later results,
it might be tempting to derive the dose needed for a threshold TCP depending on
the volume and the α

β
ratio. So, let:

D50 s. t. TCP (D50) = 50% , (3.47)

with the 50% threshold chosen because of its use in other TCP models [13].
Then from equation 3.34, if we assume the same dose for each voxel in the target
and that voxels are isotropic, we get :

50% = e−N0
∑N

i=1 vie
−αD50−βD2

50/n

= e−N0e−αD50−βD2
50/n

(3.48)

ln(−ln(50%)
N0

) = − αD50 − β

n
D2

50yζ50 := ln(−ln(50%)
N0

)

0 =β

n
D2

50 + αD50 + ζ50 .

(3.49)

This leads us to the two forms :

α

β
= − αD2

50
nαD50 + nζ50

, (3.50)

and :

D50 = −n

2
α

β
+ n

2β

√
α2 − 4βζ50

n
, (3.51)

taking only the positive part of the root to avoid negative doses.
As we can see, the dose needed for a TCP of 50% is lower with less fraction

(Figure 3.6). Although it may be tempting to reduce the number of fractions, we
have to bear in mind that fractionated treatments allow for a better NTCP.
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Figure 3.6: D50 depending on the ratio α
β

(for α = 0.35[Gy]−1). The volume is
100mm3 and N0 = 107cm−3 · 100mm3 = 106.

3.4.3 State of the art : biological optimization
As mentioned above, dosimetric considerations alone are not sufficient to find
the optimal plan, simple examples can easily demonstrate that dose constraint
optimization can create results that contradict TCP [66]. Let us imagine that a
plan irradiates all voxels of the tumor but one; dose-based cost function would
have a reasonable low total if the dose is close to the prescription. But because
tumors can be seen as parallel structures [67], the TCP would be null.

Let us create another simple example to prove the need for biological optimiza-
tion. Let a beam go through two voxels one being the tumor and the other an
OAR. Then if we create a simple model with TCP = 1

1+ D50
10D

(a simpler model of
the TCP, close to the ones in Bentzen et. al. [67] but sufficient for our example).
We also define the maximum dose to the OAR as 20Gy, the minimum dose to
the target 70Gy, the D50 = 50Gy and a TCPmin of 95%. The cost functions
penalize for the square of the deviation of the desired dose or TCP. We see in Fig-
ure 3.7, that the results with dose-only constraints do not allow for a sufficient TCP.

Thus, the addition of biological criteria in optimization allows one to explore
a larger solution space than dose-constrain-based optimization and find solutions
that violate the dose constraint but are biologically better [66].
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Figure 3.7: Simple toy example of dose-based and biological-based optimization.
The target is in orange, and the OAR is in blue. The Bragg peak is set so that the
target receives 100% of the dose and the OAR 55%.

The problem of biological optimization is that TCP and NTCP, as presented in
Section 3.4.1, are non-convex [13]. Although they can be made convex like proposed
by Hoffman et. al. [13] there is an alternative pathway for TCP optimization.
Since it has long been proven that a uniform dose to the target gives the highest
TCP [71], one might be tempted to use an even more thorough concept: equivalent
uniform dose (EUD). The EUD is the homogene dose that will give the same
radiobiological effect as the dose distribution D [72, 66]. The definition of the EUD
depends on the radiobiological model chosen. An EUD defined by the SF (equation
2.3) has been derived by McGary et. al. [73, 13] :

EUD(D) = −1
2

α

β
n[1 −

√
1 − 4β

α2n
ln(SF (D))] , (3.52)

with :

SF (D) =
N∑

i=1
vie

−αdi−βd2
i /n . (3.53)

We can return to equation 3.51 if ζ50 = SF (D). The interpretation is that ζf

for any prescription f is the logarithm of the desired fractions of cells to kill.
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Figure 3.8: Equivalent uniform dose based on the surviving fraction [66]. The EUD
is the dose that kills the same number of cells (dark dots) than D1 and D2.

In terms of NTCP, the problem is that a simple NTCP optimization assumes
that all complications are of the same severity, which is not the case [66], and that
the injury correlates with radiation where the patient’s history needs to be taken
into account [66].

One of the proposed solutions to the problems of TCP and NTCP optimization
described above is the use of sub-scores based on different criteria (TCP, EUD,
NTCP, DMAX, DMIN, ...) such that the final score is the multiplication of each
sub-score [66]. But the central problem of this approach is the assignment of
weighting factors [66]. Indeed, comparing different objectives that are based on
biological models and physical models leads to arbitrary decisions when choosing
weights [66].

Finally, regarding UTCP optimization, Kim et. al. have proven through the
use of a subvolume based TCP model and a voxel-based NTCP model that the
impact of the δ parameter in equation 3.46 has little impact in optimization, and
therefore setting δ = 1 is enough [14]. This is convenient because UTCP0, contrary
to UTCP1, cannot be convexified [13].

3.4.4 Probabilistic radiobiological models
To account for the probabilistic definition of our target as described in Section 3.2,
we have to slightly modify the definition of our TCP model 3.34. It would seem
logical, but to have a TCP that is rescaled to the probability that a voxel will be
tumorous, similar to the equation 3.3. We also have to account for the fact that
if a voxel is not tumorous, his TCP must equal 1 [16]. The model proposed by
Shusharina et. al. [16] is:

PTCPi = (1 − pi) + piTCPi , (3.54)
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PTCP (D) =
N∏

i=1
((1 − pi) + pie

−N0vie
−αdi−βd2

i
/n

) , (3.55)

where we have chosen to introduce the notation PTCP for later convenience.

3.4.5 State of the art : probabilistic radiobiological opti-
mization

When considering probabilistic radiobiological planning, it is important to be aware
that the methods of defining the CTD as described in Section 3.2 will not have the
same effect on the TCP. Indeed, with the independent voxels model, underdosing a
few voxels of the CTD will result in a small TCP loss due to the small probabilities
of those voxels [44]. This will allow for better OAR sparing. For the dependent
voxels model, the probabilities are high, thus underdosing few voxels will have more
effect on the TCP and thereby reduces the OAR sparing [44]. Although the latter
could be improved by using the dose fall-off to dose the outer layers of the CTD
[44], which is precisely what we seek.

Direct radiobiological optimizations oppose several problems. First of all, there
exists no probabilistic definition of the EUD defined in equation 3.52. It exists some
EUD developments that account for population inhomogeneity [72], but none of
them includes the probability that a cell is tumorous. This is because EUD refers to
the number of cells killed, regardless of whether they are tumorous or not. Second,
the PTCP described in equation 3.55 is not convex and cannot be convexified with
the same TCP reformulation [13, 17]. Finally, the PTCP mentioned above is true
for independent voxels (Section 3.2), but for dependent voxels, the dependency
must be carried out in the PTCP model. Let us compute the PTCP for one of the
outer layers lk. Recalling the hypothesis of the dependent voxels, if lk is tumorous,
all other voxels along its path to the GTV are also tumorous. Therefore, the
probability that the tumor does not extend further is pk − pk+1. Thus, the PTCP
is [17]:

PTCPk = (pk − pk+1)
k∏

j=1
TCPj , (3.56)

hence, the total PTCP :

PTCPtot =
Nk∑
i=0

[(pi − pi+1)
i∏

j=1
TCPj] , (3.57)
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with the boundaries :

l0 = GTV
p0 = 1

pNk+1 = 0 .

(3.58)

Note that TCPj is the TCP of a layer, which is the multiplication of all TCPi

of voxels of this layer (equation 3.34).

To the best of our knowledge, the only article that has studied the optimization
of PTCP is by Bortfeld et al. [17].It is important to mention that this study has
been carried out for conventional radiotherapy and not proton therapy. To try to
incorporate some dose constraint into the PTCP optimization, the authors have
used the Lagrange multiplier method. The idea is to transform :

max
D

[
N∑
i

ln(PTCP (di))]

s. t.
N∑
i

di = D0 ,

(3.59)

into :
L(D) =

N∑
i

ln(PTCP (di)) + λ(
N∑
i

di − D0) , (3.60)

∂L
∂di

= 0 ∂L
∂λ

= 0 . (3.61)

Imposing the conditions 3.61 on the derivatives allows us to find the optimal
solution [74]. One might notice that the derivation of the PTCP with respect to
the dose is tedious for the dependent voxels model. As an approximation, it is
possible to use the Taylor first-order approximation ex = 1 − x because of the high
dose. This leads to the approximation of PTCP [17] :

PTCP (D) ≈ 1 −
N∑
i

piTCPi(di) . (3.62)

With this optimization setup, the authors have tried to compare those opti-
mization results with a heuristic strategy of sacrificing subvolumes where PTCP
could not improve anymore. They used a cylindrical phantom with 4 OARs (Figure
3.9), restricted the dose to the GTV to 64 Gy and varied the limit on the total
mean dose [17]. Their results showed that at higher doses there is no significant
difference between the independent and dependent voxel models (Figure 3.9).
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Figure 3.9: Left, synthetic phantom with the GTV (gray), CTD layers (purple) and
the 3 OARs (circles). Right, the TCP in function of the mean dose for independent
and dependent voxel models for the two strategies described above.

As mentioned above, this study is the only one that has investigated direct
PTCP optimization, but the question of the feasibility of this method for proton
therapy remains open. Even more, the impact of this optimization on OAR has
not yet been studied.
Prospects of a NTCP and PTCP combination for a direct UTCP opti-
mization with protons have yet to be investigated.
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Chapter 4

Materials and Methods

4.1 Materials

4.1.1 OpenTPS
OpenTPS [53] is an open-source software platform designed for proton therapy
treatment planning. It offers a comprehensive suite of tools to simulate, optimize,
and evaluate radiation treatment plans. OpenTPS v1.1.0 was used in this the-
sis to implement and evaluate a new probabilistic optimizer and introduce new
radiobiological objectives (TCP / NTCP) for optimization.

4.1.2 Phantom and head and neck CT
For the purpose of our work, we first used a synthetic phantom to develop our
optimizer as it was faster to compute and optimize on small images. When our
results with the OAR were convincing, we switched to a real head and neck CT.

The synthetic phantom (Figure 4.1) is a square box of size 128mm × 128mm ×
128mm with a squared ’body’ of 105mm × 105mm × 105mm. In the center of this
box, we placed a spherical tumor, representing the GTV, with a radius of 8mm. In
addition, we placed a rectangular parallelepipedal OAR near the tumor.

For the CT scan (Figure 4.2), we used data from a head and neck cancer
patient, where the different ROIs had already been delineated. This CT has
been provided by the Molecular Imaging and Radiation Oncology (MIRO) labora-
tory of the Institut de recherche Experimentale et Clinic (IREC) of UCLouvain.
This scan has been anonymized and comes from the dataset used in Huet et. al. [75].
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We considered the entire body as an OAR but excluded the calculation of the
NTCP within a 10 mm margin from the edge of the GTV. This margin was set
because it is not meaningful to calculate NTCP in areas where tumor treatment is
intended. Although a probabilistic NTCP approach could be a suitable alternative,
it falls outside the scope of this thesis. The rest of the selected OARs are listed in
the table C.1.

Figure 4.1: Phantom with GTV
(blue) and OAR (red) contours

Figure 4.2: Contours in the head
and neck CT.

4.1.3 Clinical Target Distribution
The independent voxel model is generally associated with probabilities ranging
from 10−5 to 10−6 [44], these small probabilities oppose the problem of vanishing
gradient for the optimization (derivations in the next section); thus we opt for the
dependent voxel model to define the layers of the CTD. To compute the proba-
bilities associated with each layer, we used an approach similar to the continuous
probability distribution (Section 3.2).

Under the assumption of a Gaussian (pdf) distribution for tumor infiltration
around the GTV, with a mean displacement of 2 mm and a standard deviation
of 1.8 mm, the corresponding probability of tumor presence is the cumulative
density function obtained from the Gaussian distribution mentioned above (Figure
4.3). We used a 1D Gaussian truncated distribution to have a smoother decay in
probability. The mean and standard deviation were selected to have a probability
of tumor presence of 5% at 5 mm to follow clinical practice [76].
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Figure 4.3: Probability of a voxel being cancerous as a function of its distance from
the GTV edge. The standard GTV-CTV margin (5% chance of tumor presence) is
indicated at 5 mm.

Here, we performed dilation in increments of 1 mm. For each millimeter of
expansion, the new voxels added to the mask are given a probability p(x) of tumor
presence, where x is the number of millimeters of dilation from the edge of the
GTV (Figure 4.4).

Dilation is a technique used to expand the boundaries of a tumor mask. A
tumor mask is a binary image in which the tumor is marked with a value of 1, and
the surrounding tissue is marked with a value of 0. By dilating the tumor mask,
we incrementally add layers of voxels in 3D around the tumor’s edge.

OpenTPS does not allow one to create an objective on a probability map, so
we had to use a binary mask for the computation. We then define the limit as the
volume in which the probability of tumor presence >= 5% is present (to follow the
conventions of the expansion of the CTV described in Section 2.5.2) and there is
no correction for the presence of OAR in this volume.

4.1.4 Independent voxel tumor control with dependent
voxel model

As mentioned earlier, equation 3.57 is not easily derivable and its "ln form" to try
to resemble the convex TCP formulation would lead to non-practical derivatives.
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Figure 4.4: CTD expansion of the GTV for the considered CT.

The approximation proposed in equation 3.62 would also not allow simplifications
in the derivative in its "ln form." The importance of using the logarithm of the
PTCP is to a quantity comparable to NTCP and, therefore, avoid as much as
possible arbitrary weights.

One way around those problems is to use the PTCP model 3.55 derived for
independent voxels. Even though we lose the sense of the PTCP metric by violating
the non-tunneling hypothesis, optimization through the use of the PTCP model
for independent voxel is less punitive for outer layers. The optimization scheme
fosters local (layer-wise) tumor control, which resembles the heuristic approach of
sacrificing volume described by Bortfeld et. al. [17].

One could also notice that equation 3.55 is close to equation 3.3 if the density
decay parameter λ is set to 0 and the surviving fraction 2.3 is taken into account.
The authors of the study [63] have shown that layers outside the GTV could be
treated by a less steep dose fall-off. Thus, extending to several layers instead of one
for CCP using the PTCP model 3.55 would allow reducing the dose to layers with
lower probabilities, while maintaining adequate TCP but, above all, improving the
OAR sparing problem of the dependent voxel model [18].
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4.1.5 Uncomplicated Tumor Control Probability optimiza-
tion

In order to optimize UTCP while encompassing the definition of the PTCP, we
defined PUTCP as :

PUTCP := PTCP · (1 − NTCP ) , (4.1)

where one can notice that we directly started from the definition of UTCP0
because the parameter δ does not affect the optimization as stated earlier. Recalling
equation 3.55, we define a weight wt to be able to balance PTCP and NTCPs :

PTCP (D) = (
Nt∏
i=1

((1 − pi) + pie
−N0vie

−αdi−βd2
i

/n

))wt , (4.2)

with Nt the number of voxels in the target (GTV and CTD). The weight has
been set as an exponent for later convenience in the "ln-form." Now recalling
equation 3.39, NTCP is defined as :

NTCP (D) = 1 −
S∏

j=1
[1 − NTCPj(D)]ξ′

j , (4.3)

where we defined ξ′
j as :

ξ′
j := ξjwj , (4.4)

with ξj the partial volume of OAR j and wj the weight of OAR j. We used
this definition of ξj to ensure that all OARs no matter their volume are treated
equivalently. The addition of weights wj is to "direct" the optimization scheme
towards the desired solution.
Now, to use a more easy form of the NTCP, we will make two assumptions: (1)
the injuries of the cells in a voxel are parallel, (2) the injuries between the voxels
are serial (s=1). This allows us to rewrite the equation 3.39:

NTCP (D) = 1 −
S∏

j=1
[1 − NTCPj(D)]ξ′

j

= 1 −
S∏

j=1
[

Nj∏
i=1

1 − [e−N0vie
−αdi−βd2

i
/n

]]ξjwj .

(4.5)
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4.2 Optimization scheme

4.2.1 Convex reformulation
The main challenge with the PTCP/NTCP functions is their non-convex nature
[13, 17]. This non-convexity can make optimization difficult because standard
gradient descent methods might get stuck in local minimums rather than finding
the global minimum.

However, research by Hoffman et. al. [13] has shown that −ln(NTCP ) and
−ln(TCP ) are convex. Unfortunately, −ln(PTCP ) is not convex. Despite this,
optimization does not pose a significant issue because the shape of the −ln(PTCP )
function is such that it guides the optimization process toward a region close to the
global minimum. This characteristic allows gradient descent optimization to con-
verge to a solution that is near optimal, even if it is not the absolute global minimum.

Thus, the non-convexity of PTCP does not prevent effective optimization. By
carefully structuring our optimization problem and leveraging the properties of
the function, we can still achieve a highly effective solution to balance PTCP and
NTCP.

−ln(PUTCP (D)) = −ln(PTCP (D)) − ln(1 − NTCP (D)) , (4.6)

with

−ln(PTCP (D)) = −ln((
Nt∏
i=1

((1 − pi) + pie
−N0vie

−αdi−βd2
i

/n

))wt)

= −wt

Nt∑
i=1

ln((1 − pi) + pie
−N0vie

−αdi−βd2
i

/n

)) ,

(4.7)

and

−ln(1 − NTCP (D)) = −ln(1 − (1 −
S∏

j=1
[

Nj∏
i=1

1 − [e−N0vie
−αdi−βd2

i
/n

]]ξjwj ))

= −
S∑

j=1
ξjwj

Nj∑
i=1

ln(1 − [e−N0vie
−αdi−βd2

i
/n

]) .

(4.8)

Because voxels are isotropic, we can introduce the parameter η = N0 · vi the
number of cells per voxel. This leads us to the following:

−ln(PTCP (D)) = −wt

Nt∑
i=1

ln((1 − pi) + pie
−ηe−αdi−βd2

i
/n

)) , (4.9)
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−ln(1 − NTCP (D)) = −
S∑

j=1
ξjwj

Nj∑
i=1

ln(1 − e−ηe−αdi−βd2
i

/n

) . (4.10)

We can then conveniently use equation 3.34 to simplify into :

−ln(PTCP (D)) = −wt

Nt∑
i=1

ln((1 − pi) + piTCPi(di)) , (4.11)

−ln(1 − NTCP (D)) = −
S∑

j=1
ξjwj

Nj∑
i=1

ln(1 − TCPi(di)) , (4.12)

Figure 4.5: TCP and -ln(TCP) func-
tions

Figure 4.6: NTCP and -ln(NTCP)
functions

4.2.2 Gradient descent
To optimize the function 4.6, we used a gradient descent method. We relied on the
provided L-BFGS method in the scipy library based on the Broyden–Fletcher–Goldfarb–Shanno
algorithm [77].

We computed the derivatives of equations 4.11 and 4.12. To ensure positive
beamlets weight (as a negative weight would have no physical sense), we introduced
u ∈ Rm :

u s. t. ∀xi ∈ x, u2
i = xi . (4.13)
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Figure 4.7: PTCP (TCP_p in the
figure) for different probabilities (p)
of having a tumor in the voxel

Figure 4.8: −ln(PTCP ) (TCP_p in
the figure) for different probabilities
(p) of having a tumor in the voxel

Now, if we recall:

D = Bx

⇐⇒ di =
m∑
j

Bij · xi ,
(4.14)

with B ∈ Rm the beamlet (or dose-influence) matrix for m spots.

Using the chain rule, the derivatives can be expressed as :

∂

∂u
[−ln(UTCP (D))] = ∂

∂D
[−ln(UTCP (D))] · ∂D

∂x
∂x
∂u

. (4.15)

So we compute the 3 derivatives :

∂x
∂u

= 2u

∂D
∂x

= B ,

(4.16)

and

∂

∂D
[−ln(UTCP (D))] = ∂

∂D
[−ln(PTCP (D))] − ∂

∂D
[1 − ln(NTCP (D))] . (4.17)
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First, let us compute:
∂TCPi(di)

∂di

= ∂

∂di

[e−ηe−αdi−βd2
i

/n

]

= e−ηe−αdi−βd2
i

/n

· ηe−αdi−βd2
i /n · (α + 2β

n
di)

= η(α + 2β

n
di) · TCPi(di) · SFi(di) ,

(4.18)

where we used the equations 2.3 and 3.34.
Then :

∂

∂D
(−ln(PTCP (D))) = ∂

∂D
[−wt

Nt∑
i=1

ln((1 − pi) + piTCPi(di))]

= −wt

Nt∑
i=1

∂

∂di

[ln((1 − pi) + piTCPi(di))]

= −wt

Nt∑
i=1

pi

(1 − pi) + piTCPi(di)
∂

∂di

[TCPi(di)]

= −wt

Nt∑
i=1

η(α + 2β

n
di) · SFi(di)

piTCPi(di)
(1 − pi) + piTCPi(di)

,

(4.19)
and

− ∂

∂D
[1 − ln(NTCP (D))] = ∂

∂D
[−

S∑
j=1

ξjwj

Nj∑
i=1

ln(1 − TCPi(di))]

= −
S∑

j=1
ξjwj

Nj∑
i=1

∂

∂di

[ln(1 − TCPi(di))]

= −
S∑

j=1
ξjwj

Nj∑
i=1

1
1 − TCPi(di)

∂

∂di

[−TCPi(di)]

=
S∑

j=1
ξjwj

Nj∑
i=1

η(α + 2β

n
di) · SFi(di)

TCPi(di)
1 − TCPi(di)

.

(4.20)
Finally :

− ∂ln(UTCP (D))
∂D

=
S∑

j=1
ξjwj

Nj∑
i=1

η(α + 2β
n

di) · SFi(di) · TCPi(di)
1 − TCPi(di)

− wt

Nt∑
i=1

η(α + 2β
n

di) · SFi(di) · piTCPi(di)
(1 − pi) + piTCPi(di)

. (4.21)
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We can notice that the gradient for PTCP will be negative and the NTCP
gradient positive.

Combining all derivatives, we get:

− ∂ln(UTCP (D))
∂u

= 2 · B · u · (
S∑

j=1
ξjwj

Nj∑
i=1

η(α + 2β
n

di) · SFi(di) · TCPi(di)
1 − TCPi(di)

− wt

Nt∑
i=1

η(α + 2β
n

di) · SFi(di) · piTCPi(di)
(1 − pi) + piTCPi(di)

) . (4.22)

4.2.3 Optimization parameters
To compare the results of our probabilistic TCP/NTCP optimization with the cur-
rent techniques that are clinically used, we performed optimization on the same CT.
As UTCP optimization does not have a dose prescription, we used an equivalence
between the classical parameters and the radiobiological parameters as explained
in Section 3.4.2 to determine the dose constraints. The structure weights for opti-
mization were determined in each case to obtain the best results possible, thus they
are not the same between optimization. Finally, for the radiobiological parameters,
we tried to remain consistent with the values in the literature [28, 44] and we kept c.

Moreover, in determining the optimal number of beams, we observed that while
increasing the number of beams improves the NTCP, it also significantly extends
the optimization time. We ultimately chose to use four beams, as this is standard
clinical practice for this type of cancer and offers a good balance between efficiency
and optimization time. The beam angles were set at 60°, 120°, 240° and 300° the
gantry angles and the beam angles at 10°, 10°, 350° and 350° to replicate the
treatment plan used in [75].
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UTCP Classical

Structure name α α
β

η Dmax Dmin

Target (CTD/CTV) 0.4 10 2 · 104 72 68

Parotid_L 0.4 3 2 · 104 25 /

Parotid_R 0.4 3 2 · 104 25 /

spinalCord 0.4 3 2 · 104 15 /

smg_L 0.4 3 2 · 104 25 /

smg_R 0.4 3 2 · 104 25 /

pharConsMid 0.4 3 2 · 104 20 /

BODY 0.2 8 2 · 104 30 /

Table 4.1: Summary of the different ROI and parameters in both UTCP and
classical optimization. Note that BODY structure is only used for optimization
and not for evaluation.
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Chapter 5

Results

For the conventional optimization, we used the IMPT optimizer from the OpenTPS
package. The parameters used are those presented in Section 4.2.3. For proba-
bilistic optimization, we implemented the IMPT optimizer with the cost functions
for probabilistic target definition 3.25 and 3.26 for the CTD. As mentioned above,
we dosed the CTD until pi <= 5% (CTD95%). The CTD95% and the CTV are
set to be the same volumes. For radiobiological optimization and probabilistic
radiobiological optimization, we used the UTCP and PTUCP models described
above. Because PUTCP with pi = 1 is the same as UTCP, we simply reused the
same derivatives and defined the probability accordingly. For both probabilistic
optimizations, we used the DEVH definition to compute the dose distribution of
the CTD95% (in dashed lines). The results are shown in tables 5.1, 5.2, 5.3 and
5.4. The D5 and D95 in the tables correspond to the 5% and 95% bins of the
DVH/DEVH.

In our model, we assumed that all OARs are arranged in series rather than in
parallel. However, this assumption created challenges in optimizing and evaluating
NTCP. Thus, we had to define a region corresponding to the classical PTV with
a 5mm margin from the CTV where NTCP was not computed. Without this
exclusion, the proximity of some OARs to the target could result in 100% NTCP, as
these OARs would be impossible to spare during optimization. Since the primary
objective of our optimization was to demonstrate improvements in the UTCP
function, including these regions in the NTCP evaluation would consistently lead to
0% UTCP. Furthermore, calculating NTCP in areas where the goal is to eliminate
cancerous cells is not meaningful.
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5.1 Conventional optimization

Figure 5.1: Dose image and DVH for the classical IMPT optimization, the mask
displayed on the image is the GTV

Target dose (Gy) OAR dose (Gy) Radiobiological (%)

GTV D5 73.47 Spinal cord D5 4.45 TCP 99.77

GTV D95 67.11 Parotid R D5 23.92 NTCP 100

CTV D50 69.73 Parotid L D5 9.44 UTCP 0.00

CTV D5 73.86 SMG R D5 38.07 PTCP /

CTV D95 62.28 SMG L D5 22.29 PUTCP /

CTV D5 - D95 11.58 PharConsMid D5 52.42

Table 5.1: Results of the classical IMPT optimization
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5.2 Probabilistic optimization

Figure 5.2: Dose image and DVH for the probabilistic optimization, the mask
displayed on the image is the GTV

Target dose (Gy) OAR dose (Gy) Radiobiological (%)

GTV D5 73.76 Spinal cord D5 3.85 TCP 39.36

GTV D95 66.97 Parotid R D5 23.46 NTCP 100

CTD(95%) D50 69.11 Parotid L D5 8.20 UTCP 0.00

CTD(95%) D5 73.97 SMG R D5 38.87 PTCP 92.06

CTD(95%) D95 62.62 SMG L D5 19.63 PUTCP 0.00

CTD(95%) D5 - D95 11.34 PharConsMid D5 41.19

Table 5.2: Results of the probabilistic optimization
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5.3 Radiobiological optimization

Figure 5.3: Dose image and DVH for the radiobiological optimization, the mask
displayed on the image is the GTV

Target dose (Gy) OAR dose (Gy) Radiobiological (%)

GTV D5 75.40 Spinal cord D5 1.14 TCP 98.67

GTV D95 60.01 Parotid R D5 10.77 NTCP 28.71

CTV D50 61.80 Parotid L D5 6.43 UTCP 70.33

CTV D5 73.38 SMG R D5 47.76 PTCP /

CTV D95 49.78 SMG L D5 10.13 PUTCP /

CTV D5 - D95 23.60 PharConsMid D5 63.41

Table 5.3: Results of the radiobiological optimization
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5.4 Probabilistic radiobiological optimization

Figure 5.4: Dose image and DVH for the probabilistic radiobiological optimization,
the mask displayed on the image is the GTV

Target dose (Gy) OAR dose (Gy) Radiobiological (%)

GTV D5 71.53 Spinal cord D5 1.14 TCP 92.39

GTV D95 59.51 Parotid R D5 10.93 NTCP 4.16

CTD(95%) D50 59.44 Parotid L D5 5.93 UTCP 88.54

CTD(95%) D5 70.92 SMG R D5 41.71 PTCP 99.12

CTD(95%) D95 50.98 SMG L D5 10.01 PUTCP 94.99

CTD(95%) D5 - D95 19.94 PharConsMid D5 56.53

Table 5.4: Results of the probabilistic radiobiological optimization
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Chapter 6

Discussion

6.1 Optimization initialization
To achieve convergence in our optimization process and identify a reasonable solution
(Due to non-convexity we cannot ensure that our solution is the best solution),
it was crucial to provide a well-chosen initialization of the beamlets weights for
the problem. Specifically, the initial weights should give a dose distribution
slightly higher than the optimal dose anticipated after optimization. This approach
addresses the non-convexity of the PTCP function, which can result in a zero
gradient if the starting dose is too low, potentially impeding optimization. In
contrast, the derivative of the NTCP function has an exponential profile, leading to
excessively high gradients if the initial dose is too large. In our study, we initialized
the optimizer with a prescribed dose of 100 Gy, while the expected dose after
optimization was approximately 70 Gy. This initialization helped balance the
gradients and guided the optimization process towards a more accurate solution.

6.2 Results evaluation
During the evaluation process, which was consistent across all optimizations, we
chose not to calculate the NTCP within a 5mm margin surrounding the CTV/CTD
95%. This decision was made because it allowed us to better differentiate between
NTCP outcomes across different optimizations. Without this adjustment, the
NTCP values would have been nearly 100%, since the OAR is located very close
to the GTV. Consequently, even a small number of voxels with high NTCPi can
drive the overall NTCP score to 100%, leading to a poor UTCP result making
meaningful comparisons difficult.
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For the analysis of TCP or NTCP, the D95 or D5 metrics are not relevant.
Indeed, if a single voxel in the target is not dosed, the total TCP is 0 (and the
opposite for NTCP, if one voxel received too much dose, NTCP is 1) while the D95
(D5) could be considered good. Therefore, we will rely on the EUD (equation 3.52).
Due to the equivalence of the equations 3.51 and 3.52 we can also construct an εf

based on the NTCP similar to ζf (the generalization of ζ50 but for any percentage
f). We will now define :

EUDζ,f s.t. TCP (D) = TCP (EUDζ,f ) = f ,

EUDε,f s.t. NTCP (D) = NTCP (EUDε,f ) = f ,
(6.1)

with :

ζf := ln(−ln(f)
ηN

) ,

εf := ln(−ln(1 − (1 − f)1/N)
η

) ,

(6.2)

and :

EUDζ,f := −1
2

α

β
n[1 −

√
1 − 4β

α2n
ζf ] ,

EUDε,f := −1
2

α

β
n[1 −

√
1 − 4β

α2n
εf ] .

(6.3)

Reworking our Figure 6.1, we can show the difference of EUDζ,f and EUDε,f

for f = 50%. We can clearly see in Figure 6.1 that the effects of the dose become
constant for NTCP at a certain ratio α

β
due to the seriality of the model 3.38.

Those two formulas allow us to calculate the dose that will produce a 95% TCP
in the target and the dose in the OARs that will produce a 5% NTCP as :

EUDζ,95 ≈ 46.97 Gy ,

EUDε,5 ≈ 15.80 ± 0.10 Gy .
(6.4)

For OARs, we did not consider the body for EUDε,5 evaluation as it encompasses
a too-large volume. For the other OARs, the EUDε,5 remained more or less constant,
showing that the EUDε,5 formula does not depend much on the volume considered.
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Figure 6.1: EUD50 depending on the ratio α
β

(for α = 0.35[Gy]−1). The volume is
100mm3 and N0 = 107cm−3 · 100mm3 = 106.

6.3 Analysis
Let us start our analysis with some consideration to the D5 of the different OARs
and the dose given to the target for each optimization.

Radiobiological optimization results in a lower D95 within the target compared
to classical and probabilistic optimization. In the radiobiological model, the dose
delivered to the target is minimized while ensuring that each voxel receives a
sufficient dose from a radiobiological perspective. This means that not all voxels
are required to receive the same dose, allowing more flexibility in dose distribution
even within the target.

For the OARs, we observe an overall lower dose in the probabilistic cases. This
is attributed to the CTD, which allows for better OAR sparing by reducing the
high-dose regions. Furthermore, radiobiological methods tend to spare OARs that
are farther from the target, while delivering higher doses to those closer to the
target. This can be explained because the radiological optimization prioritizes
sufficient TCP.

Regarding the radiobiological criterion, we observed very good TCP/PTCP
values in both classical and probabilistic optimizations. However, their NTCP was
excessively high (100%), resulting in a UTCP of 0%. This outcome was anticipated,
as the main objective of these optimizers is to deliver the prescribed dose to the
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target for effective treatment without considering radiobiological aspects. Although
the doses to the OARs are minimized as much as possible, the close proximity be-
tween the target and some OARs is not adequately managed by these optimization
methods and even if the D5 of some OAR is lower than the ones obtained with
radiobiological optimization, the NTCP is higher due to few voxels with high NTCP.

In contrast, radiobiological optimization converges to a solution with an accept-
able TCP and a relatively low NTCP, resulting in a significantly better overall
UTCP. This improvement is even more pronounced with probabilistic optimization,
which is more effective in sparing the OARs, even when they are in close proximity
to the target.

However, it remains challenging to establish a definitive comparison between
all the methods. As mentioned above, the most effective evaluation to compare
TCP and NTCP can be performed through EUD. However, this metric is highly
dependent on the radiobiological modeling and the specific parameters chosen. The
EUD models developed in 6.3 are useful to compute the 5% and 95% limits but
in an optimal plan, with those metrics being close to 1% and 99%, the definition
6.2 tends to −∞ and +∞, therefore we are forced to rely on the definition 3.52 of
EUD based on the SF. As this definition is equivalent for TCP, it is not the case
for NTCP because of the seriality of the organs. Yet, the SF-based EUD remains
the most accessible and adapted tool to compare plans based on radiobiological
criteria.

When comparing the different optimization methods, the radiobiological-based
methods (UTCP and PUTCP) significantly reduce the dose delivered to the OARs
(Figure 6.2), especially for the OAR close to the target (Parotid_R and Sum-
bandibular_L). Although we also notice that the EUD is lower with UTCP than
with PUTCP, we must remind the reader that EUD based on SF is not a serial
model, thus the correct NTCP is still lower for PUTCP optimization (4. 16%)
than for UTCP optimization (28. 16%) (Tables 5.3 and 5.4).

To analyze target coverage, we must restrict our investigation to the GTV due
to the non-probabilistic nature of the EUD. The SF based EUD and the EUDζ,95
are equivalent definitions but the use of the SF based EUD allows us to avoid the
infinities that would appear in the computation of ζ because the TCP is 99% for the
GTV in the tree optimization methods. Radiological optimizations tend to deliver
a lower dose in the GTV because the TCP condition is met. This emphasizes that
radiobiological optimization focuses on achieving tumor eradication rather than
respecting a dose prescription.

66



Figure 6.2: The EUD SF-based of the considered OARs (recorrected to exclude the
region of 10mm arround the target). The EUD is computed with equation 3.52.
The EUD is considered for the different optimization schemes.

Figure 6.3: The EUD SF-based of the GTV equation (equation 3.52). The dotted
line is the EUDζ,95.
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Chapter 7

Conclusion

7.1 Contributions
Our work demonstrated that probabilistic radiobiological optimizations are feasible,
despite some limitations. Unlike classical optimizations, radiobiological optimiza-
tions are significantly more influenced by the geometry of the patient and the
specific biological model used. Due to their multiplicative nature (or log-addition
after convexification), radiobiological cost functions are much more punitive for
deviation of the dose needed to achieve optimal tumor control or radiotoxicity
to the OARs than conventional or probabilistic cost functions. This effect will
render the optimization gradient rough and the gradient will vary enormously from
one iteration to another; therefore, to converge, the optimization must start at
a good initialization (preferably at high doses). The weight implemented in the
cost functions 4.2, 4.5, served to guide the optimization process to acceptable
solutions (the final evaluation being performed without the weights). However, due
to the non-convex nature of the PTCP function [17], we cannot affirm that the
solutions found are optimal and that optimization is not stuck into a local minimum.

In radiobiological optimization, the spatiality of the cost function is preserved
until the last step (multiplication), and all the geometric mean-style approach
(equations 3.34, 3.38), instead of the arithmetic mean for conventional optimiza-
tion (equations 2.19, 2.20), ensures that no compromise that would leave a voxel
insufficiently/too much irradiated is possible.

Because of the stronger spatial dependence of radiobiological optimizations,
these methods are tailored to proton therapy. Indeed, the nature of proton beams
(i.e., Bragg peaks, Figure 2.1) allows one to spare OARs, thereby improving NTCP.
Therefore, using a radiobiological method that encompasses NTCP is more coherent
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for proton therapy than for conventional radiation therapy, where the beams pass
"through and through" (Figure 2.2).

We hypothesize that beam and couch angles need to be chosen carefully to
avoid OARs with small volumes and that these angles will have a significant impact
on the optimization process. This is due to the fact that optimizations based
on UTCP or PTCP do not allow one to "sacrifice" volumes, unlike the heuristic
method proposed by Bortfeld et al. [17].

Compared to non-probabilistic optimizations, probabilistic optimizations, whether
radiobiological or classical, allow for better OARs sparing [44]. This is due to the
lower dose that is delivered to the CTV (or its equivalent, the CTD). Therefore, a
better result can be achieved with respect to NTCP. Because the radiobiological
models used in this master thesis are based on the SF (equation 2.3) that treats
radiation damage as a stochastic process, it makes sense to treat tumor infiltration
also as a stochastic or probabilistic process.

7.2 Limitations
More precise knowledge of radiobiology and better models could improve the
precision and reliability of such optimization. For the purpose of our work, we
tried to remain consistent with the literature and clinical practice, but it is nearly
impossible to know if the model is realistic. For instance, better evaluation of the
radiosensitivity for each organ could lead to greater precision.

Another area of improvement is the implementation of robust scenarios. To
fully exploit the benefits of CTD and the probabilistic optimizer, it would be
advantageous to develop plans that incorporate robustness against error scenarios.
These scenarios would account for variability in probability distributions compared
to traditional planning. In doing so, we could optimize the plan to further improve
OAR sparing, taking full advantage of the probabilistic optimizer to manage uncer-
tainties and improve overall outcomes.

The use of a PTCP model derived for independent voxel to optimize a CTD
with dependent voxel is one of the weakest points of the results presented here.
However, optimizing with this PTCP model favors local tumor control over total
tumor control. This approach resembles the heuristic strategy presented in Bortfeld
et al. of sacrificing subvolumes [17]. Thus, it remains a valid approach, at least for
optimizations.
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For evaluation, the two models are more or less equivalent for high doses [17]
(Figure C.2) and when using both methods for evaluations, we did not observe any
differences of more than 7% difference for probabilistic radiobiological optimizations.

The CTD model used in our work could be further improved. Currently, the
dilation is isotropic and does not account for potential OARs or natural barriers
that can limit tumor spread. Incorporating these factors into the CTD model could
lead to more accurate results. Furthermore, the probability of tumor presence in a
voxel, based on its distance from the GTV edge, is currently calculated using a 1D
Gaussian distribution. A more precise approach would be to use a 3D Gaussian
distribution centered on the GTV edge points, which offers a more accurate repre-
sentation of tumor spread. As mentioned in [44], one solution would be to have a
dedicated algorithm to inform the definition of CTD and estimate the probability
of tumor presence.

As discussed previously, the non-convex nature of our PUTCP objective function
complicates the achievement of optimal results. Although optimization is possible
with careful initialization, the quality of the result cannot be fully guaranteed. A
major limitation of our model is its inability to differentiate between parallel and
serial organs for NTCP computation due to mathematical difficulties in calculating
objective functions and gradients. Consequently, we treat all organs as serials,
which is the more conservative approach. Developing a realistic approximation
that distinguishes parallel from serial organs would lead to more accurate and
radiobiologically relevant results, as it would eliminate some of the approximations
we had to make to enable logarithms and derivatives in the optimization process.

7.3 Perspectives
The assumption of dependent or independent voxels can drastically change the op-
timization process. As models might be adapted to prevent vanishing or exploding
gradients of the cost function, there are still clinical studies needed to investigate
which assumption prevails [17]. In this master thesis, the CTD is defined with a
Gaussian distribution. Although this approximation reflects the population-wise
propagation of tumors [43], a more complex model of tumor propagation considering
the anatomy surrounding the tumor (like described in Bortfeld et al. [78]) could
be more accurate regarding the evolution of the tumor.

In broader terms, any uncertainty about tumor volume, whether due to its
delineation or position, could be quantified on a probabilistic map [79, 80] and
could be implemented in a fully probabilistic treatment planning framework [65].
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Those uncertainties could even be rescaled by using Bayesian probabilities between
treatment fractions [81].

One of the limitations of this master thesis is the lack of existing metrics to
evaluate radiobiological treatments. DVHs that are commonly used in clinical prac-
tices only provide volumetric information and partial information about the dose
distribution [42], and even more, they are not adapted for probabilistic evaluations.
Resorting to the use of DEVH could be a solution to reflect the probabilistic nature
of probabilistic planning [44], but it is still inefficient for evaluating the dose distri-
bution with respect to radiobiological metrics. Although EUD might encompass
radiobiological effects of the dose distribution [72, 73], it is still inefficient for a
probabilistic dose distribution. The development of a probabilistic EUD (PEUD)
might answer the need to compare treatments optimized through probabilistic
radiobiological optimization.

As mentioned above, radiobiological optimization is deeply impacted by the
geometry of OARs that surround the target, but optimization with a small spacing
between spots for PBS is highly resource-intensive. Artificially downsizing the size
of the CT to find suboptimal solutions and using those solutions as starting points
for the optimization of CT resolutions approaching the true CT resolution might
ensure that the gradients do not deviate from the path to the optimal solution
while reducing the computation time. This idea of downsizing the image and then
upsizing resembles the architecture of U-Net convolutional networks [82]. Indeed
convolutional neural networks rely on spatial associativity of data [83], therefore,
we hypothesize that such networks could be trained on clinical data to predict the
dose distribution (that is accessible in the solution space) that results in the best
UTCP/PTUCP score. The method of inverse planning could then be used to find
optimal weights that mimic this dose distribution.

As mentioned in Section 2.7.1, the RBE of protons has been considered as a
constant factor 1.1. However, clinical evidence shows that this assumption is not
true [25]. Using a radiobiological model of SF (equation 2.3) to reflect the biological
effect should also reflect this not constant RBE. Indeed, an optimization cannot
be considered fully radiobiological if all the biological effects of radiation are not
taken into account.

As described in Section 4.2.3, we observed an improvement in our results, pri-
marily through a reduction in NTCP, as the number of beams increased. Emerging
technologies such as ArcPT [84], which delivers beams while rotating around the
patient, could offer a promising solution. ArcPT has already shown a reduction
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in toxicity risk compared to conventional optimizations. Therefore, we believe
that coupling radiobiological optimization with ArcPT could further enhance pa-
tient treatment by better sparing OARs (thus reducing NTCP) while maintaining
sufficient TCP.

7.4 Answer to the research question
The purpose of this master thesis was to explore the computational and clinical
added value of probabilistic planning. With respect to computational added value,
we have shown that although classical probabilistic models have already proven
their usability [16, 65, 17, 44], probabilistic radiobiological models are also feasible
and provide a new insight into the solution space (Figure 3.7). Those solutions also
resulted in an improved probability of tumor control and a decreased probability
of normal tissue complications, granting more clinically relevant treatments, thus
demonstrating the clinical added value of probabilistic radiobiological optimizations.

Even though the answers to those research questions have been obtained through
several approximations (to the PTCP and NTCP models) that could deem the
answer as partial, we hope that this first dive into probabilistic radiobiological
optimizations could foster more research in the domain.
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Appendix A

Phantom

During the development of our model and testing the feasibility of our optimiza-
tion process, we used a phantom to speed up the computation time. Despite the
simplified set up, we were able to obtain results that were easier to interpret and
analyze. This process allowed us to understand how our optimizer functions and
to identify the differences it could achieve compared to classical optimization.

To illustrate our findings, we present the results of probabilistic radiobiological
optimization in Figure A.1 and probabilistic optimization in Figure A.2. The
simpler geometry of the phantom and the greater distance between the OAR and
the GTV compared to the real case allowed us to achieve some results (Table A.1).

Furthermore, we could also analyze the dose distribution in the GTV. Contrary
to classic optimization, the dose distribution is higher in the center of the GTV
and decreases as it approaches the edge to achieve the highest dose possible in the
GTV (Figure A.3).
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Radiobiological Probabilistic

TCP (%) 100 100

PTCP (%) 100 100

NTCP (%) 0 0

UTCP (%) 100 100

PUTCP (%) 100 100

Table A.1: Tumor control probabilities for PUTCP and probabilistic optimizations
in phantom

Figure A.1: Dose image and DEVH obtained after PUTCP optimization in the
phantom
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Figure A.2: Dose image and DEVH obtained after probabilistic optimization in
the phantom

Figure A.3: Dose distribution (in Gy) on the target with the GTV contour displayed
in black
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Appendix B

Supplementary Figures

Figure B.1: The Nomos Peacock (full system) attached to a linac. (A) MIMIC
MLC. (B) Controller. [85]
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Figure B.2: Inside view of Nomos MIMIC MLC [85]

Figure B.3: Images produced by the first 3D TPS [23]

Figure B.4: Therapeutic window depending on the dose per fraction [10].

V



Figure B.5: The ProteusONE gantry. The nozzle is (8). [41]

Figure B.6: Minimum, nominal and maximum range with 3 beams and σj = 5mm,
adapted from [56] (OAR is the circle in the center and the half disk is the target).

Figure B.7: Probability of finding clonogenic cells versus distance to GTV of
different tumor types [62].
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Figure B.8: NTCP curves depending on organ seriality and dose [68]

Figure B.9: Effect of the δ parameter on equation 3.46 [67]
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Appendix C

Supplementary Materials

Organ name Structure name

Tumor Target (CTD)

Left parotid Parotid_L

Right parotid Parotid_R

Spinal cord spinalCord

Left submandibular gland smg_L

Right submandibular gland smg_R

Middle pharyngeal constrictor muscle pharConsMid

body BODY

Table C.1: Summary of the different ROI used for optimization
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Figure C.1: EUDζ,99 depending on the ratio α
β

(for α = 0.35[Gy]−1) and the
probability pi. The volume is 100mm3 and N0 = 107cm−3 · 100mm3 = 106 and the
number of fractions is 30.

Figure C.2: Comparison of the PTCP for independent and dependent voxels model.
The target is a 5×5×5 cube. l0 is 1×1×1 at the center, l1 is the 3×3×3 expansion
with p1 = 0.5, l2 is 5 × 5 × 5 with p2 = 0.2 and p3 = 0. At a certain threshold (high
dose), the two PTCP (equations 3.55 and 3.57) models are equivalent. The dose is
uniform to the whole target.
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