Appendix A

Perturbation theory

This section aims to recall the most notable results of the perturbation theory.

This section is mainly based on "MAPR 2/51: Atomistic and nanoscopic simulations”
taught by Pr. G.-M. Rignanese [55] and on the presentation about ”Lattice responses to
atomic displacements and static electric fields” of Prof. G.-M. Rignanese in Zurich [59].

A.1 Expansion of the Schrodinger equation

Let us assume that the ground state solutions are known for a system described by its
time-independent Schrodinger equation:

HO W) = 0w (A1)
with the normalization condition:

(w0 ) =1 (A.2)

and where ‘ \I/EO)> are the eigenfunctions of the Schrédinger equation which form an orthog-

onal basis set.
A known perturbation is introduced in the external potential and is characterized by a
small parameter A, such that the external potential is now given by:

Vo) = VA 1Al 422y @ 4 (A.3)

ext xt ext

We now want to obtain the solutions of the perturbed Schrodinger equation:
H(A)[Wi(A)) = ei(A) | Ti(A)) (A.4)
with the normalization condition:
(Ti(A) [T (N)) =1 (A.5)

The basic idea is to write all the quantities that appear in the Schrodinger equation as a
perturbation series with respect to this parameter A:

, 1 d"H

HA) = HO 4 xHD £ X2H® 4 | with H®) = e (A0
1 dke;

gi(A) = 4 Al 22 4 with e{¥) = o d; (A7)
0 1 2 . k 1d*|¥;)

w,0)) = [o )+ x ol X2 (o) witn o) = S (A.8)
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Inserting equations A.6, A.7, and A.8 into the perturbed Schrédinger equation A.4 gives:
(HO +Am® 4225 + ) (Jol) +x jol) 402 o) 4 )

= (7 4 2V 4 2P 1) (’\IJEO) )+ A ‘\Ifﬁl) )+ X2 ‘\PEZ)> T (A.9)
This can be rewritten as:
HO ’m§°)> +A (H<0> )mgl>> + HD (\1150) >)
e (H<°> ’\1,§2>> + g ‘\I,§1>> + H® ‘\yl@ >> n

OO 4 (L0 00) 4 0| 0))

02 (062 4 ) 4 2 [0 . (A.10)

7

Finally, equating terms in the same power of A gives rise to the following set of equations:

HY \I’§0)> = 550) “I’EO)> 0" order
(A.11)

HO \I,gl)> g MO)> =0 Ml)> 4 eW ‘\I,§0)> 1% order
(A.12)

HO o)+ HO o)+ HO |00 ) = 0|0 ) 4 o0 u) 4+ P |0) 2 order
(A.13)

Inserting equations A.6, A.7, and A.8 into the normalization condition A.5 gives:

)
2 (w0 e + (o o)+ (o o))+ =1 (A.14)

Equating terms in the same power of A gives rise to the following set of equations:

(o o) =1 0" order (A.15)
<‘I/EO ’\IIEI > < 2(1 ’\IJZ(O)> = 1°* order (A.16)
(e o)+ (o o) + (v |8l =0 274 order (A.17)

In order to characterize the perturbed system, the value of the derivatives of the energy
spectrum and of the eigenfunctions have to be derived. Once they are determined, the
perturbed system is known.

A.2 First-order derivative of the energy 551)

Feynman theorem

and the Hellmann-

(1)

Starting from the first-order equation derived from the Schrodinger equation A.12, ¢, can

be derived by multiplying it by <\Il§0)’ :
)+ (v

(8] ) (o 0] %) - o

This equation can be simplified:

§°)> (A.18)
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(k)

e ¢,/ can always exit a multiplication between two eigenfunctions:

(80 -0 9) = 0 (50 [0} and (9|0 00) =0 (000

A.19)
e The eigenfunctions form an orthonormal basis:
<‘I/§)’\I/§-)>:11fz:j (A.20)
=0ifi# (A.21)
e Thanks to relation A.11, we have:
(o0 7O = (W]l (A.22)

Applying these simplifications gives rise to the following equation for the first-order derivative
of the energy:

et = (" ’H(l)‘ vl¥) (A.23)

In order to obtain the first-order correction to the energy, the only required quantities are
the ground state wavefunctions. Equation A.23 is nothing else than the Hellmann-Feynman
theorem which states that the first derivative of the eigenvalue of a Hamiltonian that depends
on a parameter A is given by the expectation value of the derivative of the Hamiltonian [116].

The equation A.12 which links the unknown quantity ’ \111(1)> with the known data could

be used to obtain the Sternheimer equation, by gathering all the terms with the same eigen-
functions:
(HO = 0) o) = (oY — HO) [0?) (A.24)

This equation can be rewritten as a matricial problem with z the unknown ‘\Ilz(l)>, A the

matrix (H(O) — 550)> and y the data fully characterized (agl) — H(1)> ‘ \IJEO)>:
Ax=yscz=A""1y (A.25)

As the matrix A is not reversible because there is a value x = ‘\IIEO)> for which A -z =0,

we have to find another way to solve the Sternheimer equation. One solution is to rewrite
the wave functions at the first-order as a linear combination of the orthonormal basis of the

unperturbed eigenfunctions:
M\ _ (1)
“I’z’ > =D i
J

v > (A.26)

Taking back the Sternheimer equation A.24, and multiplying it by <\Il§-0) , it gives:
(- o) = a0y anan
& (W |0 = ) [u) = (v | (e - mW)| 9 ) (A.28)
PN <€§o) _ 550)) <\I,§0) ‘\I,Z(l)> _ 51(1) <\I/§.O) )‘I’z@> _ <q,§o) ‘H(l)‘ ‘1’50)> (A.29)
<5§-0) - 51(-0)> cﬁ) = 551)5ﬂ - <\Il§0) ‘H(l)’ \IJEO)> (A.30)
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For j =1

(2

(550) - 5(-0)> cgil) = 651) — <‘~I/§0) ’H(l)‘ \I/§0)> (A.31)

s0-dV=0 (A.32)

cz(z1 ) is undetermined. Tn order to continue the derivation of ’\111(1) >, cle ) is set to zero. It is

called a gauge choice: one good solution is chosen among all the possible solutions.
C (0) (0),
Forj#iande;” #¢; "

" <\I;§O) ‘H(l)‘ \IJEO)>

e\ = A.33
Ji E(-O) _ €(~0) ( )
i J
Combining equations A.26 and A.33, with cgzl ) =0 gives rise to:
0) | z7(1) (0)>
v | HD| v,
M\ _ O | gO\ _ < J ’ (0)
‘\Pz’ > = E:Cﬁ v; > = 2: OERO) "I’j > (A.34)
i I B

The knowledge of the ground state energies and wave functions gives a direct access to the
first-order wave functions. The first-order wave function of the state ¢ depends on the sum
of the unperturbed data of all other states j. Equation A.34 shows that the perturbation
is influential on the state 7 if the energy spectrum of the state 7 is closer to another energy
spectrum of a state j.

A.3 Second-order derivative of the energy 5§2)

(2)

Starting from the second-order equation derived from the Schrodinger equation A.13, g,

can be derived by multiplying it by <\11§0)‘ :

7

=" (00 o) 4 e (w0l 4 P (w0l (A.35)

(8 ) (4 ) (4 ] )

~

e = (30 [H®| 9 + (w0 |HO - 0| w V) (A.36)
Since the energies are real, we can write that:
552) — < 0) H(2
Combining both equalities gives:

2 <qu(0) ‘H(z)‘ \pgo>> N % (<‘1’§0) ‘H(l) _gzgn‘ \1,51)> N <‘l,§1) ‘H(l) _El(l)‘ \Ijz(o)>) (A38)
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Using the expansion of the normalization condition at first-order A.17, we can finally write
that:

= o) (0 o) o) ca

In order ot obtain the second-order corrections to the energies, the only required quantities
are the zeroth- and first-order wave functions.
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(3)

7

A.4 Third-order derivative of the energy ¢

Starting from the third-order equation derived from the Schrodinger equation:

HO o)+ 7O |0 4 7@ o) 4 5@ o)
= [9®) e |0y 1P w4 | wl?) (A.40)

553) can be derived by multiplying it by <\II§O)). After some simplifications, it gives the

following expression:

e = (3@ || 0@ + (v |HO - | w )

7 K3

+ (v ‘H@)) o)+ (wf! ’H@)‘ ) (A.41)

)

A.5 2n + 1 theorem

The 2n+1 theorem states that the knowledge of the n''-order wave functions allows the
calculation of the (2n)'™ and (2n+1)" order energy [116].

It has indeed been shown in the previous sections that both the second- and third-order
corrections to the energies can be obtained from the first-order wave functions.
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