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Introduction

Stochastic Block Models (SBM) are models for analyzing data concerning networks. They
have been broadly used in the last decade in various fields to analyze, for example, social net-
works (Bickel & Chen, 2009; Choi et al., 2012; Karrer & Newman, 2011; Nowicki & Snijders,
1997, 2001), financial networks (Bickel & Chen, 2009), political blogs networks (Karrer &
Newman, 2011; Latouche et al., 2011), biological host-parasite networks (Mariadassou et al.,
2010), genes networks (Latouche et al., 2011), telephone communication networks (Bickel &
Chen, 2009), scientific articles citations networks (Barbillon et al., 2017) and books citations
networks (Decelle et al., 2011).

Networks have become extremely important in the scientific literature, and their properties
were widely studied and applied in different fields: for example, assortativity (Bickel & Chen,
2009) describes networks in which the density of connections between elements of the same
group is higher than the density of connections across groups. As opposed to assortativity,
disassortativity describes networks in which the density of connections between elements (or
nodes) of the same group is lower than the density of connections across groups. Stochastic
block models allow modelling networks displaying both assortativity and disassortativity, and
complex patterns of connections between groups of nodes, ie. communities.

One of the first well-known probabilistic models for networks was the Erdos-Rényi graph model
(Bondy & Murty, 2008; Choi et al., 2012; Daudin et al., 2008). This model has the downside of
supposing that all nodes are statistically equivalent in terms of their edges (ie., their connec-
tions) distribution. The stochastic block model is in fact a generalisation of the Erdés-Rényi
model, in which nodes can belong to different classes, with classes possibly yielding different
statistical properties in terms of edge distribution. Therefore, the network structure, ie. the
edges, can provide information on the classes to which nodes belong.

The main aim of stochastic block modelling is to classify nodes of a network as to their sta-
tistical properties in terms of connections. The "connection" can be any quantity measuring
some kind of interaction between two nodes, for example the number/duration of the phone
calls between two people, or the weblinks between two websites. The problem of classifying
nodes of a network is also known as community detection or clustering.

For example, in order to analyze a network of political blogs, and split blogs according to
their right-wing or left-wing leaning, it may not be necessary to have access to the content of
the blog itself, but only to the list of weblinks between these blogs. Even without knowing
the content of the blogs, we may still use the weblinks network to split the blogs in classes
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corresponding roughly to political leaning. In the easiest, "totally-polarized" scenario, blogs
with left-wing leaning only have weblinks to other blogs with left-wing leaning, and blogs
with right-wing leaning only to other blogs with right-wing leaning. This scenario in which
nodes are only connected to nodes of the same class is the easiest possible scenario. However,
even in less polarized scenarios, information on the political leaning of the blogs can be found
by exploiting the statistical (or stochastic/non-deterministic) properties of the classes of the
network, and that is indeed the aim of stochastic block modelling.

The idea that nodes of a network can be classified according to their different connection
properties is not new, and many other approaches for detecting communities exist. For ex-
ample, nodes can be classified by the number of connections they display, ie. by their degree;
however, only the degree may not be sufficient to classify correctly the nodes. Stochastic block
modelling can classify nodes according to more sophisticated criteria. Figure 0.1 shows the
result of a simulation from a stochastic block model, in which all classes have on average the
same degree, however a clear structure of 4 classes appears, each class displaying different
type of connections. Class 1 is slightly connected with class 2 and 4, but not at all with class
3; class 2 is slightly connected to class 1 and 3, but not to class 4, etc. Figure 0.2 shows a
different way of representing nodes of a network, making evident very clear "blocks".

Figure 0.1: Result of a simulation of a network with 60 nodes and 4 classes (1-purple, 2-sky
blue, 3-yellow, 4-red), using a binary undirected stochastic block model. For the simulation,
the class weights, noted 7 for classes kK = 1, 2,3 and 4, were set to m, = i, meaning uniform
probability that a generated node belongs to any of the 4 classes. The probabilities of gener-
ating an edge between a node of class k and a node of class [, noted 7y, were set to ngr = 0.7
for k =1,2,3,4, and 112 = 123 = 134 = 41 = 0.05. Other edge-probabilities were set to 0.

Indeed, in most of the situations in which stochastic block modelling is used, classes are not
directly observed, and can only be estimated from observing the network (Allman et al., 2009,
2011; Latouche et al., 2011; Nowicki & Snijders, 1997, 2001). This kind of scenarios in which
the sample is incomplete has been broadly studied in the statistics literature for a long time,
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Figure 0.2: Graphical representation of the adjacency matrix of the same simulated network
as in Figure 0.1, with black dots indicating the presence of an edge between two nodes. The
block structure is evident.

because in such scenarios, classical methods of estimation such as the maximum-likelihood
method are not directly applicable. However, the Expectation-Maximization algorithm
(Barbillon et al., 2017; Bickel & Chen, 2009; Celisse et al., 2012; Dempster et al., 1977; La-
touche et al., 2011; Mariadassou et al., 2010; Wu, 1983) introduced in the work of Dempster et
al. (1977), yields a general iterative procedure converging to the maximum-likelihood estima-
tor in many incomplete-data models. For the stochastic block models, the explicit formulas
for performing this algorithm were found only for the very specific 2-class binary stochastic
block model by Nowicki & Snijders (1997), but do not exist for more general stochastic block
models. Still, variational methods are often used instead (Barbillon et al., 2017; Bickel &
Chen, 2009; Celisse et al., 2012; Latouche et al., 2011; Mariadassou et al., 2010), as they
yield an algorithm approximating well the Expectation-Maximization algorithm for general
stochastic block models. Other methods for estimating communities that will be studied in
this thesis include profile likelihood methods (Bickel et al., 2013; Choi et al., 2012; Karrer
& Newman, 2011; Zhao et al., 2012), Bayesian methods (Nowicki & Snijders, 1997, 2001;
Latouche et al., 2009), and spectral methods (Abbe, 2018; Amini et al., 2013; Lei & Rinaldo,
2015; Rohe et al., 2011). Other estimation methods based on stochastic block modelling were
also developed in the literature, but will not be specifically studied in this thesis. These in-
clude belief-propagation methods (Decelle et al., 2011), moments-based methods (Bickel et al.,
2013), pseudo-likelihood methods (Amini et al., 2013) and semi-definite programming meth-
ods (Amini & Levina, 2018).

Also, several extensions of the standard stochastic block model were developed in the litera-
ture. In this thesis, the degree-corrected SBM (Zhao et al., 2012; Karrer & Newman, 2011;
Amini et al., 2013) will be studied. This model is much more realistic than the standard block
model because it allows the presence of "hubs", ie. nodes having a much higher number of
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connections with respect to the other nodes of the network. Other extensions exist, like the
overlapping SBM (Latouche et al., 2011) allowing classes to overlap each other; the multiplex
SBM (Barbillon et al., 2017) allowing to consider any finite number of binary networks; and
the discrete relational data model (Nowicki & Snijders, 2001). These extensions will not be
specifically studied in this thesis.

This thesis aims to evaluate if stochastic block models are suitable to detect communities in
networks. In Chapter 1, stochastic block models will be formally defined from the theoretical
point of view and some of their properties will be studied. In Chapter 2, focus will be given
on identifiability properties of the stochastic block models. In Chapter 3, several methods for
estimating communities will be explained: these are the expectation-maximization method,
the variational expectation-maximisation method, the spectral methods, one Bayesian method
based on Gibbs sampling, the profile-likelihood method and the modularity method. In Chap-
ter 4, results of simulation studies will be presented in order to evaluate the performance of
the variational method and of the spectral methods. In Chapter 5, three real networks will
be analyzed by means of the variational method and of the spectral methods.
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Chapter 1: The stochastic block mod-
els: definitions and properties

This chapter will start with the definition of the famous Erdés-Rényi model (Bondy & Murty,
2008; Choi et al., 2012; Daudin et al., 2008). Then, the binary stochastic block model (Allman
et al., 2009, 2011; Choi et al., 2012; Daudin et al., 2008; Latouche et al., 2011; Nowicki &
Snijders, 1997, 2001) will be defined and some of its properties will be examined in Section
1.2. This model can be thought of as the simplest stochastic block model. Indeed, in the
literature, this same model is often called, simply, the stochastic block model, without further
specification. However, in this thesis, a more general class of models, as introduced in the
work of Mariadassou et al. (2010), will be defined. This class will be defined in Section 1.4.
This more general definition will then allow us to define the Poisson block model (Karrer &
Newman, 2011; Mariadassou et al., 2010; Zhao et al., 2012) (presented in Section 1.5) and the
Gaussian block model (Mariadassou et al., 2010) (presented in Section 1.6). Two particular
sub-models, the affiliation model (Abbe, 2018; Allman et al., 2011; Celisse et al., 2012; Decelle
et al., 2011; Zanghi et al., 2008) and the symmetric model (Abbe, 2018) will be defined in
Section 1.7. Some asymptotic properties of the block models will be discussed in Section
1.8. An extension of the stochastic block model, the degree-corrected stochastic block model
(Amini et al., 2013; Karrer & Newman, 2011; Lei & Rinaldo, 2015; Zhang et al., 2014), will
be defined in Section 1.9. Note that Section 1.3 is dedicated to a standard result concerning
the connected components decomposition of graphs; readers familiar with graph theory may
jump this section.

1.1 A preliminary model: the Erdos-Rényi model

Let n € N denote the number of nodes in the graph. Nodes will be indexed by {1,2,...,n}.
We will also use the notation [n] to indicate more shortly the index set {1,2,...,n}; and the
notation [n]? to denote the cartesian product {1,2,...,n} x {1,2,...,n} representing the set
of all (ordered) pairs of nodes.

A (random) graph adjacency matriz matrix of dimension n x n, denoted by Y = {Yj;}i j=1..n
is a binary matrix such that Y;; = 1 means that there is an edge going from node 7 to node
J, while Y;; = 0 means that there is no such edge. Let ) denote the set of all possible binary
matrices of dimension n X n:



2 A preliminary model: the Erdés-Rényi model

Y :i=M;xn({0,1}) = {n X n matrices with entries in {0,1}}.

Two slightly different definitions of the Erdés-Rényi model exist, one for the directed model
and one for the undirected model. The first definition will next be given, followed by the
explanation of the minor differences between the two.

A directed Erdos-Rényi model (Bondy & Murty, 2008; Choi et al., 2012; Daudin et al., 2008)
with n nodes and edge-probability parameter 7 € [0, 1], denoted by ER(n,n), is a generative
model for the random matrix Y, such that the following three hypotheses hereunder are valid.
Remark that an instance of Y will be denoted by y, with y = {yi;}i j=1..n.

The first hypothesis of the model is that the edge variables {Yj;}; j—1..» are mutually inde-
pendent:
{Yij}ij=1..n are mutually independent. (1.1)

The second hypothesis of the model is that each edge variable Y;;,i # j follows a Bernoulli
distribution of parameter 1, whose probability mass function (p.m.f.) is denoted by B(-|n):

Yij ~ B(:|n) Vi, j=1,...n i#j, (1.2)

therefore the event {Y;; = 1}, indicating that an edge from node i to node j exists, happens
with probability 7.
Finally, the third and last hypothesis of the Erdés-Rényi model is that there are no self-edges:

Yii =0 Vi=1,..,n. (1.3)

However, this last hypothesis is often relaxed; if such is the case, the self-edge variables Yj;
are supposed to follow the same rules in (1.2) as other edge variables do.

The previous definition is useful in a scenario where for each couple of nodes i # j, two inde-
pendent edge variables Y;; and Yj; are observed; therefore, this model is called the directed
Erdos-Rényi model.

The undirected Erdos-Rényi model is used in scenarios where the relationship between each
couple of nodes is symmetric. To define the undirected model, equations (1.1), (1.2) and (1.3)
remain valid, and one simply adds the condition that Y is symmetric and relaxes the mutual
independence condition (1.1) to i < j.

Equations (1.1), (1.2) and (1.3) imply that the directed Erdos-Rényi model is characterized
by its probability mass function f(-) : Y — R, defined by:

fw) = [ Bl

(i.5)€[n]?
i#]

= I wva-n' vyey. (1.4)
(i,4)€[n]?

7]
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For the undirected Erdés-Rényi model, f(-) is given by:

f) = I B
(i.3)€[n]?
1<)
= I wa-n'v wyew.
(i,4)€[n]?
1<]
Note that the only difference between the two formulas is that the relation "¢ # j" for the
directed model is replaced with "i < j" for the undirected model.

1.2 The binary stochastic block model

The binary stochastic block model (Allman et al., 2009, 2011; Choi et al., 2012; Daudin et
al., 2008; Latouche et al., 2011; Nowicki & Snijders, 1997, 2001) generalises the Erdos-Rényi
model, by allowing the presence of different classes of nodes.

Let K € N denote the number of classes to which nodes belong. Classes will be labelled by
{1,2,..., K}. The set of the labels, {1,2,..., K}, will also be denoted by [K] . The notation
[K]? will denote the cartesian product {1,2,..., K} x {1,2, ..., K}. We remind the reader that
Y is the (random) graph adjacency matriz, ie. a binary matrix such that Y;; = 1 means that
there is an edge going from node ¢ to node j, while Y;; = 0 means that there is no such edge
and ) denotes the set of all such matrices.

A (random) class-membership vector of length n, denoted by Z = {Z;}i=1,..», is a vector such
that Z; = k means that node i belongs to class k. Let Z := [K]™ denote the set of all possible
class-membership vectors of length n, ie. the cartesian product {1,2,..., K} x ... x {1,2,..., K}.

n times

Let also IIx denote the K-coordinates probability simplex, ie. the set of all vectors of length
K whose coordinates are non-negative and sum exactly to 1:

K
g :={r eR¥m, >0 Vk=1.K, Zwk =1}
k=1

This represents the parameter space of a discrete probability distribution having K differ-
ent outputs; or, in our case, K different classes of nodes. The parameter 7 will be used to
model the "weight" we give to the K classes. For example, in a model with 2 classes having
equal weight, we may have w = (0.5, 0.5)T, while if the first class has more weight than the
second, we may have, for example, 7 = (0.8,0.2)7. Exponent (-)7 denotes the transpose op-
eration. In general, we will use in this thesis the convention that all vectors are column vectors.

Finally, let [0, 1]5*% denote the set of all K x K square matrices ) such that all scalar elements
of m, denoted by ny; k,1 € {1,2,..., K}, are in the interval [0, 1]:

[0, 1)K = {n e RE*K| € [0,1] V1€ {1,2,..,K}},
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where RE*K denotes the set of all squared K x K real matrices. [0, 1]K *K represents then the
parameter space of the edge probabilities between classes k and [, where k,l € {1,2,..., K},
ranging in the interval [0, 1].

As for the Erdés-Rényi model, two slightly different definitions of the binary stochastic block
model exist, one for the directed model and one for the undirected model. The first def-
inition will next be given, followed by the explanation of the minor differences between the
two.

1.2.1 Definition of the binary model

A directed binary stochastic block model (Latouche et al., 2011; Nowicki & Snijders, 2001)
with n nodes, K classes and parameters (1, ) € [0, 1]5*X xIIf, denoted by SBM (n, K, n, 7),
where 7 is the vector containing the class-weights, or class-probabilities parameters 7, and
1 is the matrix containing the edge-probabilities parameters ng; € [0, 1], is a generative model
for the couple of random arrays (Y, Z), such that the four hypotheses hereunder are valid.
Remark that an instance of (Y, Z) will be denoted by (y,z), with y = {y;;}ij=1..n and
z = {%}i=1..n. Furthermore, the couple (m,n) will be also referred to as the parametric
couple of the model. This parametric couple shall be considered as a single multidimensional
parameter of dimension K? + K.

The first hypothesis of the directed binary stochastic block model is that the class-membership
variables { Z; };=1. », are mutually independent and identically distributed one-trial multinomial
variables with parameter 7r, whose probability mass function is denoted by Mult(-|n):

{ZYict.n % Mult(|m).
This is equivalent to supposing that the probability that Z = z is defined by:
IED(Z = Z) = P(Zl = Z1, 7ZTL = Zn)

= H P(Zi = ZZ')

i€[n]

= H Mult(z;|m)
i€[n]

=11 II =" vzez, (1.5)
i€[n] ke[K]

where 1,1 denotes the indicator function defined by:

1 L 1 if Z; = k
E=R T 00 ey £k,

taking value 1 if node ¢ belongs to class & and 0 otherwise. The probability that a node
belongs to class k is then given by 7.

The second hypothesis of the model is that, conditionally on Z, the edge variables {Yj;}i j=1..n
are mutually independent:

{Yi;}i j=1..n are mutually independent conditionally on Z. (1.6)
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The third hypothesis of the model is that, conditionally on the classes Z, each edge variable
Yij,i # j follows a Bernoulli distribution of parameter 7 depending on the classes to which
nodes ¢ and j belong, ie.:

therefore the event {Y;; = 1}, indicating that an edge from node ¢ to node j exists, happens
with probability n;, conditional that node ¢ belongs to class k and node j belongs to class [.
Finally, the fourth hypothesis of the model is that:

Yi; =0 Vi=1,..,n, (1.8)

ie. there are no self-edges. However, this last hypothesis may in the following text be relaxed
for theoretical derivations; then the self-edge variables Y;; are supposed to follow the same rules
in (1.7) as other edge-variables do. If such is the case, it will be explicitly mentioned in the text.

To be precise from a theoretical point of view, Y and Z are measurable functions on a proba-
bility space (2, A, {Prn}(rm)erixfo]xxk ), with: ¥ 1 (Q,4) = (¥, 2(Y)) and Z : (Q, A) —
(Z2,2(2)), where 2 ()) denotes the powerset of Y and % (Z) the powerset of Z.

The directed binary model depends on K2 + K — 1 independent scalar parameters: K? inde-
pendent edge-probability parameters {n} (1, x} in 7 and K —1 independent class-weight

parameters in 7r, due to the constraint 25:1 e = 1.

To define the undirected binary model (Allman et al., 2009, 2011; Choi et al., 2012; Daudin
et al., 2008; Nowicki & Snijders, 1997), hypotheses (1.5), (1.6), (1.7) and (1.8) remain the
same, except for the fact that we relax the mutual independence condition (1.6) to i < j,
and we also add the conditions that Y and n are symmetric. The undirected binary model
depends on w + K — 1 independent scalar parameters: K(I§+1) independent parameters
{Ukl}k,le{l,...,K},k:gl in 1, due to its symmetry constraint, and K — 1 independent parameters

in 7r, due to the constraint Zle 7, = 1. An undirected stochastic block model will also be
denoted by SBM (n, K,m,n); the context will make clear if the directed or the undirected
model is considered.

We also let z;; denote the indicator function 1y, _p;:

1 ifzi=k
2 = Lysy = {0 ffz i Vi=1,..,n: Yk=1,..,K,
I z;

indicating 1 if node i belongs to class k£ and 0 otherwise. This shorter notation will enhance
the readability of the formulas throughout this thesis.

Hypotheses (1.5), (1.6), (1.7) and (1.8) imply that the binary stochastic block model is char-
acterized by its probability mass function fy z(-): Y x Z = R :

fY,Z(yaz) = fZ(Z)fY\Z(y’Z) \V/(y,Z) € y X Za
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where fz(:) is the marginal probability mass function of Z and fyz(:|-) the probability mass
function of Y conditional on Z, both functions will next be defined.

For both the directed and the undirected binary model, fz(-) is defined by:

fz(z) = H Mult(z|m) = H H k. (1.9)

1€[n] i€[n] k€[K]

For the directed binary model, fyz(:|-) is defined by:

fY\Z (ylz) : H B( yzg‘nzlz]

(i.5)€[n]?
i#]

H H B(yijlnw) ™"
(i.5)€n)? (kDE[K]?
i#j

= IT (= mea)t o)™, (1.10)
(i,4)€[n]? (kD) €[K]?
i#]

For the undirected binary model, fy|z(:|-) is defined by:

frizwlz) = ] IT O (0 =)t o)™, (1.11)
()2 (R DEK?
1<

Therefore, fy z(-) is given, for the directed model, by:

fraw2) =11 11 = I 11 oira—m™)
i€[n] ke(K] (i,j);[nP (kD) e[K]?
1]

Similary, fy z(-) is given, for the undirected model, by:

fY Z y, H H 7T H H (77127(1 _ nkl)lfyij)zikzjl'
i€[n] ke[K] (ig)eln)? (k1)E[K]?
1<)

Note that, again, the only difference between the two formulas is that the relation "¢ £ j" for
the directed model is replaced with "i < j" for the undirected model.

For simplifying notations, the notation f(-) will sometimes be used instead of fy z(-) to de-
note the joint probability mass function of the couple (Y, Z).

Remark that the binary stochastic block model is a generalisation of the Erdos-Rényi model.
Indeed, if we consider the binary stochastic block model with only K = 1 class, the class-
weight parameter 7 is trivially the scalar 1, and the edge-probability parameter is the scalar
n = 7. We obtain then a model equivalent to the Erdds-Rényi model with parameter 7.
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Many authors (Allman et al., 2009, 2011; Latouche et al., 2011; Nowicki & Snijders, 1997,
2001) remark that very often, in practice, only Y, ie. the graph of the network, can be
observed. While Z is unobserved, ie. there is no information on the communities to which
nodes belong. A scenario in which Z is unobserved is called a-posteriori block modelling
(Karrer & Newman, 2011; Nowicki & Snijders, 2001). Scenarios in which one part of the
sample is unobserved are also called incomplete data scenarios (Dempster et al., 1977). The
a-posteriori block modelling scenario is opposed to the a-priori block modelling scenario, in
which the vector Z is observed. A-priori block modelling scenarios are much less frequent
than a-posteriori block modelling scenarios.

Indeed, the main aim of a-posteriori stochastic block modelling is estimating Z (Allman et
al., 2009, 2011; Latouche et al., 2011; Nowicki & Snijders, 1997, 2001). In this thesis, we will
assume in general that Z is unobserved, and focus will be given on methods that estimate Z,
ie. that estimate the communities of the network.

1.2.2 Sufficient statistics for the binary model

Simpler formulas for the probability mass function of the binary model were given by Nowicki
& Snijders (1997). Let us define the following quantities:

ny = Z Zik

1€[n]

ne(ng — 1 ifk=1
iepl? nEny if k#1

]

Ok =Y ZikZigs (1.12)
i-j€[n]?
i#]

where n; denotes the number of nodes belonging to class k, ng; denotes the number of ordered
couples (i, 7), ¢ # j with node ¢ belonging to class k and node j belonging to class [, and o
denotes the number of ordered couples (i, 7) i # j with node i belonging to class k and node
j belonging to class [ such that an edge goes from node i to node j.

Then, the marginal probability mass function of Z can be written as:

12 =111 = =TT I1 == I =™ = T =
]

i€[n] k€[K] ke[K]i€n ke[K] ke[K]

and the p.m.f. of Y conditional on Z can be written, for the directed model, as:
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friz(ylz) = H H (g (1 — mppg) 0 ) 71

(i,4)€[n)? (k,DE[K]?
i#]

H H szzalyu _ nkl)zikzjl(l_yij)

(z,];e[n]2 (kDE[K]?

i#J
= H Mo 2= i) FiR238i3 (1 — )2 Gig) i (1=vig)
(k,1)e[K]?
= H Mt (1= mr) "%
(k) €[K]?

For the undirected model, this conditional probability mass function can be written as:

— i \Rik R
frizwlz)= ][] T O (= m) o)™

© ,j)e[n} (k,H)e[K]?

1<)
= H nklz(i<j) ZikZjlYij (1 _ nkl)z(iq) zik 21 (1—yij)
(k,l)e[K)2
= H nklOkl/2(1 _ nkl)(nkl_Okl)/Q-
(k,De[K]?

The previous formulas have their equivalent on logarithmic scale:

log fy z(y,z) = log fz(z) + log fy|z(yl|2)

with
log fz(z) = Z ny log 7y, (1.13)
ke[K]
and, for the directed model:
log fy1z(Wlz) = Y omlognu — oplog(l — ) + nirlog(1 — nk)- (1.14)
(k1eE[K]?

For the undirected model, we simply divide the right hand side term of the last equality by a
factor 2.

Because the probability mass function only depends on the statistics {n }re(x] and {0k} (r,1)e[x725
these contain all the information on the parameters of the model.

As such, by the Fisher-Neyman factorization theorem, we can affirm that the joint probability
distribution of (Y, Z) conditionally on these statistics does not depend on the parameters of
the model.

1.2.3 Expected degree for the binary model

The degree of node i, denoted by d;, is the number of edges starting from such a node (Bondy
& Murty, 2008; Daudin et al., 2008; Karrer & Newman, 2011):
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’L:_ZYL]

J€[n]

Formulas for the expected value of d;, that will be denoted by d, will next be given. Note
that the distribution of d;, and by consequence its expected value, do not depend on i. We
can then write:

E
:]E(d)
E(Y Vi)

J€ln]
> E(Wy))
JEN]
— TL]E(HQ),

where the fourth equality yields from linearity of the expectation, and the fifth equality holds

because variables {Y3;} ;¢ have, by definition, the same distribution. We have assumed here

that self-edges are allowed; otherwise, the multiplicative factor would be n — 1 instead of n.

Note that, for the binary model, E(Y;;) = P(Y;; = 1). Furthermore, we can write (Daudin et
al., 2008; Bickel et al., 2013):

E(Yi;)= Y E(YilZi=kand Z; =)P(Z =k and Z; =)
kl€[K]

Z kI TET

k ZG[K

=n nw,

so that the expected degree of a node is given by the simple formula:

d=nnlnm. (1.15)

1.2.4 The binary model is an exponential family model

The exponential family is a wide class of parametric models with good statistical properties
(Dempster et al., 1977; Wu, 1983). After reminding the general definition of exponential
families and some of their basic properties, it will be shown that the binary stochastic block
models are exponential family models.

A parametric model {Pg}pco, where @ denotes a d-dimensional convex set, is said to be
a member of the regular exponential family (Dempster et al., 1977) if the probability mass
function (or the probability density function, in the continuous scenario) has the following
form:

B(:v)e‘ﬁTt(z)
A(o)

where  belongs to an Euclidean space, e denotes Euler’s number, A(¢) € R "+, with IR{S)r de-
noting the set of the strictly positive real numbers, B(x) € R4, with R4 denotlng the set of

f(z|o) = Vo € @, (1.16)
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non-negative real numbers, and t(x) € R? is a vector of sufficient statistics.

Also, a more general class of models, the curved exponential family models (Wu, 1983) can
be defined. Its definition is actually the same as (1.16), but it is supposed now that ® is a
curved manifold of a d-dimensional convex set ®'; this means that parameters in ¢ € ® are
subject to a constraint of the type h(¢) = 0 where h is a smooth function.

Many well-known families of distributions are regular exponential family models: exponential
distributions, normal distributions, Bernoulli distributions, binomial distributions, Poisson
distributions, etc. However, in order to see this, a different parametrisation than the "usual"
one must be chosen. The parameter ¢ is called the natural parameter of the exponential
family (Dempster et al., 1977). One important property of the regular exponential families is
that their log-likelihood function is concave. If the log-likelihood function is strictly concave,
the maximum likelihood estimator has a unique solution, which is a very attractive property.
Also, the Fisher information matrix for regular exponential families takes a simple form. This
matrix can be defined as:

I(¢po) := —Eg, (D3 log f (x|$)4) Yoo € @,

where D?¢> log f(x|¢) is the Hessian of the function ¢ — log f(x|¢), and Eg,(-) denotes the
expectation assuming that the parameter of the distribution is ¢q.

By abuse of notation, we will also use the notation I(¢g) = —IE¢O(D3)O log f(x|¢o)) in this
section.

By denoting a(-) = log(A(+)) and b(-) = log(B(-)), we can express the logarithm of the
probability mass function (or, in the continuous case, the logarithm of the probability density
function), that we will call the log-mass function, in the following way:

log f(z|¢) = ¢ t(z) — a(¢) + b(z).

If we differentiate the log-mass function with respect to ¢ we get:

Dy log f(x|$) = Dy(¢" t(x) — a(e) + b(x))
= t(z) — Dypa(9),

and differentiating again:

Dglog f(x|¢) = Dg(t(x) — Dga(¢))
= —Dga(),

so that the Fisher information matrix is obtained in terms of the Hessian of a(-) as :
I(¢) = —Eg(Dg log f(x|¢)) = —Eg(-Dga(e)) = Dga(¢).

Another interesting property of the regular exponential families (proved in Appendix 7.2) is
that the gradient of a(-) is equivalent to the expectation of ¢(X):

Dya(¢) = Ept(X),
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which also implies that the maximum-likelihood estimator ¢ = ¢(a), if it lies in the interior
of the parameters space, satisfies the following relation:

A last property of this family (proved in Appendix 7.3) is that the Hessian of a(-) is equivalent
to the variance-covariance matrix of ¢(X):

Dga() = 1(¢) = Vargt(X),

and therefore:

D log f(x|¢) = ~1(¢) = —Vargt().

Since the matrix DZ) log f(x|®) is equal to the negative of the variance-covariance matrix
of t(X) (which is always positive semi-definite by well-known properties of the variance-
covariance matrices), it is always negative semi-definite, and so the log-likelihood function is
concave. If furthermore this matrix is negative definite, this implies that the log-likelihood is
strictly convex and therefore the maximum likelihood estimator has a unique solution.

We will now show that the binary stochastic block model is a curved exponential family model.
To see this, the parametrization introduced in the work of Bickel et al. (2013) can be used.
Bickel et al. (2013) define the parameters w € RX~1 and v € RE*K as:

W ::log% zlog& VEk e [K —1]
Vgl i = 10g i v(kul) € [K]27
1 — ki

where we remind the reader that 7 and 7 are the usual parameters of the binary stochastic
block model as introduced previously.

We will now show that the log-mass function of the binary stochastic block model:

log fy z(y,z) = log fz(z) + log fy|z(y|z)

can be written as displaying the form of an exponential family log-mass function.

Indeed, in the next paragraph it will be proven that the marginal log-mass function of Z (for
both the directed and undirected model) can be written as:

K-1 K—-1
log fz(z) = () npwi) —nlog(l+ Y e%), (1.17)
k=1 k=1

(statistics ng, ng and og; were defined in equation 1.12).

Furthermore, for the directed block model, it will be proven that the log-mass function of Y
conditional on Z can be written as:
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M=
M=

log fy|z(ylz) = OV — nigr log(1 4 e”*1).

B
Il

1

N
Il
—

(1.18)

Similarly, for the undirected model, the log-mass function of Y conditional on Z can be

written as:

K K
Okl
log fy|z (ylz) = E E 7’/ 1~ 710g(1 + €e”).
k=11=1

(1.19)

Therefore, both the directed and the undirected binary stochastic block models are curved

exponential family models, with natural parameters
¢ = {wrtretr—1) {Whi}p e iy 11081+ )} e }-
For the directed model, t(y, z) is given by:
t(y, z) = Hnwtrere—1)s {0ty epreg2s Akt eprg2 }-

For the undirected model, t(y, z) is given by:

o n
t(y, z) = {{nk}re(r—1){ kl}kle[K]27{ kl}k,le[K]2}’

and a(¢) = nlog(1l + ZkK ! e¥r) for both the directed and the undirected model.

The proof of the formulas (1.17) and (1.18) is given below; the proof of formula (1.19) follows

the same structure as the proof of formula (1.18).

Proof. For formula (1.17):

K—1 K—1 K-1 K-1 -
anwk—nlog(l—l—Zewk): nrwi — nlog( 1_,_27’“)
k=1 k=1 k=1 Zl 1 T
K-1
= nrwi — nlog(l + Zk 1 7% )
k=1 Zl 1 7"'l
K-1 1
= 3 (nlog(— )~ nlog(-— )
k=1 Zl 1 T Zk 1 T
K-1 K-1 K-1
= (ng log m, — ny log(1 — m)) + nlog(1 Z 1)
k=1 k=1 k=1

T

(nglog T — nilog ) + nlog g

M= 1]

ny log ..

>
Il
—_

This last term is indeed the log-mass function of Z (see equation 1.13). To obtain the last

equality, the relation Zle ng = n was used.
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For formula (1.18):

K K K
Tkl
DD ouv — nalog(1+e) =Y > " op(log m — log(1 — 1)) — ng log(1 + T ,)
k=1 I=1 1=1 L
Tkl
oy log N — oxy log(1 — my) — nr log(1 + ———)

1 —

N
Il
—

1
M= I T
M= L1

ok 1og My — oprlog(1 — npr) + ng log(1 — nwy).

B
Il
—
—
Il
—

This last term is indeed the conditional log-mass of Y given Z (see equation 1.14).

1.3 Connected components of a graph

Until now, a graph on n nodes has been represented as an n x n binary matrix Y. However,
the following equivalent, but formally different definition of a graph will be useful in this
section. A graph is defined as the couple (V| E), where V' denotes the vertex/node set, which
was previously denoted by [n]. V2 denotes the set of all the ordered couples of the network.
The subset E C V? denotes then the edge set of the graph, which can be written in terms of
Y as:

E:={(i,j) € V?|Yi; = 1}.

Such a definition is used for example in the work of Bondy & Murty (2008). It is clear that
Y and F provide exactly the same information.

An important result concerning the structure of graphs will be stated in Theorem 1. Before
stating such a result, a few other standard graph theory concepts must be defined.

For any vertex set V, the graph (V,V?) is called the complete graph on V. In a complete
graph, all nodes of the network are connected by an edge.

If two graphs (V, E1) and (V, E2) verify Ey C Es, we say that (V, E) is a subgraph of (V, E»).
Therefore, every graph is a subgraph of the complete graph.

Given m graphs (Vi, E1), (Va, E2), ... , (Vim, En), the union of these graphs is defined as the
graph (V, E') whose vertex set is the union of the individual vertex sets : V =V; UVa...UV,,,
and the edge set is the union of the individual edge sets: £ = Fy U FEs ... U E,. Two graphs
(V1, Eq) and (Va, Es) are said to be disjoint if V1 N Vy = () and Ey N By = 0.

A path is defined as a finite sequence of edges in E, (i1,71), (i2,j2), -, (¢m, jm) such that
j1 =12, jo = 13,..., Jm—1 = im. A graph is said to be connected if for every pair of nodes 1, j
there exists a path going from ¢ to j, ie. a path such that iy = ¢ and j,, = j.

Theorem 1 is a standard result in graph theory and shows that every graph is the union of
pairwise disjoint connected graphs:
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Theorem 1. (Bondy & Murty, 2008). Every undirected graph can be decomposed as the union
of pairwise disjoint connected graphs: such a decomposition is unique and yields the so-called
connected components decomposition of the graph.

This theorem will be useful in Section 1.8, in which some results on the asymptotic behaviour
of networks shall be discussed.

1.4 The stochastic block model - general definition

In the binary stochastic block model, edges are represented as binary variables, therefore
Bernoulli distributions are used to model them. However, when edges are not binary, but
represent, for example, counts of some events (for example, the number of phone calls), or
even continuous variables (for example, variables representing the duration of the phone call
between two people), edges are weighted and must be modelled by other families of distribu-
tions. This brings us to the definition of a more general family of stochastic block models, as
given in the work of Mariadassou et al. (2010), which includes the binary model as a particu-
lar case; this more general family also includes the Poisson block model (Section 1.5) and the
Gaussian block model (Section 1.6).

For any one-dimensional parameter space © C R, let @5 %X denote the matrix space consisting
of the K x K matrices 6 = (6x1)c(x] With entries 0 such that 0 € ©.

O = {0 = {0} rieik) | O €O k1€ [K]}.

This means that the matrix @ is one instance of the space ©K*K C REXK  In a general

directed stochastic block model of parameters (6, 7) € ©%*K x I, three of the four hy-
potheses of the binary directed model, ie. hypotheses (1.5), (1.6) and (1.8) remain the same
as for the binary model, while hypothesis (1.7) becomes:

where g(+|f) is a probability mass function (or, in the continuous case, a probability density
function) depending on the one-dimensional parameter § € ©. More generally, § may be d-
dimensional, but such a generalisation will only be necessary for defining the Gaussian block
model. In the binary model, the Poisson model, and other models used in practice, 8 in indeed
one-dimensional and represents the mean of the distribution g(-).
For example, in the binary block model of Section (1.2), we had that g(-) was the probability
mass function of a Bernoulli distribution:

(Wi k) = B(ysjlmw) = (mgy? (1 — i)' 49) ™",
While in a Poisson block model, g(-) will be the probability mass function of a Poisson distri-
bution, denoted by P(-):

A )\yij
g(yij|>\kl) = P(y¢j|)\kl) —e klil'.
(yis!)

The probability mass function fy z(y, z) of a general stochastic block model can be written,
as for the binary model, by the product of the functions fz(z) and fy|z(y|2):
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fr.z(y,z) = fz(2) fy1z(y|2).

The function fz(z) is defined as for the binary model (see equation 1.9):

HHW

[n] ke[K]

The function fy|z(y|z) is defined for a general directed model as:

fyiz(ylz) = H 9(Yij10,2;)

(i.5)€[n]?
i#£]

= II TI 9il0r) . (1.21)

(i.)€[n]? (kD)E[K]?
i#]

Note that if g(-) is the probability mass function of the Bernoulli distribution, (1.21) corre-
sponds indeed to (1.10).

For a general undirected model, again, the function fyz(y|z) is defined by simply replacing
the relation 77 # j” in the previous formula with i < 5

rizwlz) = [ 9Wilb:.z):
(i,4)€[n]?
1<

Therefore, fy z(-) is given, for the general directed model, by:

frz(y,z —H H Tk H 9(Wij10z2;)-

i€[n] ke[K) (i,5)€[n)?
i#j
= H I =i II I 9wislow)™=, (1.22)
el KElK] (el kiE (KT
i#]

which on the logarithmic scale yields:

log fy z(y,2) =Y > zwlogme+ > D zikzjulogg(yil6). (1.23)

i€[n] ke[K] (i.3)€[n)? (kD E[K]?
i#]

For the general undirected model, fy z(-) is given by:

fy z(y, =z H H ! H 9(Yij1022;)-

i€[n] ke[K] (i.3)€[n]?

1<)
=11 I =+ 11 I otwslow,
i€[n] ke[K] (i-5)€[n] k,lE[K]?

1<J

which on the logarithmic scale yields:
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log fY Z y; Z Z zik log my, + Z Z Zik%jl log g yzy‘ekl) (1'24)

i€[n] ke[K] (i.4)€ln)? (kDE[K]?
1<)

The notation gg;(y;;) instead of g(y;;|0k) will be sometimes used to denote more shortly the
probability mass function (or, in the continuous case, the density function) of Y;; indexed by
parameter 0;; if such is the case, it will be explicitly mentioned in the text.

1.5 The Poisson stochastic block model

In a Poisson SBM (Mariadassou et al., 2010), ©® = R, , and g(-) is a Poisson distribution
of parameter § = A € Ry ; therefore edges have integer weights. For a Poisson model, the
probability mass function of Y conditional on Z is:

fY|Z(y|Z H 7) yzj|>‘zlzj) (1'25)
(i,4)€[n]?
7]
N,
= I e_Azizjﬁ V(y,z) €Y x Z, (1.26)
(i) <ln]? Yij!
i#£]
where ) := M,,x,(Ny) denotes now the set of all matrices whose elements are in the set

{0,1,2...}, while the definition of Z is the as for the binary model.
Formula (1.25) is valid for the directed Poisson model; for the undirected Poisson model,
again, we simply replace the relation 74 # 57 with 7 < j7:

fY\Z(y’z H P yzgp‘zlz]) V(y,z) €Y xZ. (1-27)
(.)€[n]?
1<)
The same developments that were done for computing the mean degree of the binary stochastic

block model, (see equation 1.15), can also be done for the Poisson stochastic block model, to
show that the mean degree in a Poisson stochastic block model is given by the formula:

=E()_ Yy) =nw’Am, (1.28)

J€[n]

which is equivalent to formula (1.15), only with A replacing . The Poisson model is very
widely used. Indeed, many real-world networks are sparse, ie. have (very) few edges and many
nodes, and can therefore be modelled by binary stochastic block models with small values of
parameters 7g;. In such cases, it may be approximately equivalent to use a Poisson model of
parameters Ay, = 1. For example, Zhao et al. (2012) show that, for sparse networks, the
Poisson profile likelihood estimator yields approximately the same results as the binary profile
likelihood estimator (both of these estimators will be defined in Section 3.6).
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1.6 The Gaussian stochastic block model

In a Gaussian SBM (Mariadassou et al., 2010), © = RxRY |, and g(-) is a Gaussian distribution
of parameter 6 = (u,02) € R x Ry, so that:

1 Yij — Hzz,
fY|Z ’y|Z H exp(—i( ]) ) V(y,z) SRZBS Za
,/ 2\ o
)t 727
i#]

where Y = M,,x,(R) denotes now the set of all real matrices, and exp(-) denotes the usual
exponential function. (Note that in the Gaussian model, contrarily to the binary and the
Poisson model, fy|z(-) is not a probability mass function, but a density function with respect
to the product measure of the Lebesgue measure and the discrete counting measure). This
last formula is valid for the directed Gaussian model, for the undirected Gaussian model we
simply replace the relation 74 # j7 with ¢ < j7.

Such a model is not as widely used as the binary model and the Poisson model are, and will
not be focused upon in rest of this thesis, but it is mentioned mainly as an additional example
to show that the family of the stochastic block models is indeed very flexible.

1.7 The affiliation model and the symmetric model

The binary affiliation block model is a particular type of binary stochastic block model, dis-
cussed in several works (Allman et al., 2011; Celisse et al., 2012; Decelle et al., 2011; Zanghi
et al., 2008). Such a model is also called the planted partition model (Decelle et al., 2011).
It is a simpler version of the binary block model, depending only on the K — 1 parameters m
and 2 other parameters, p;, and pe,:. The parameter p;, is the intra-class edge probability,
ie. the probability of an edge between two nodes of the same class, while p,,; is the inter-class
edge probability, ie. the probability of an edge between two nodes of different classes. The
binary affiliation model of parameters (7, pin, Pout) is then a binary stochastic block model
with entries of the edge-probability matrix 17 being p;, on the diagonal and p,,; off-diagonal:

= Pout 1fk7él

Similarly, a Poisson affiliation block model is a Poisson block model with matrix A verifying:

Akl = _
Pout if k& 7& L.

In the Poisson affiliation model, p;, represents the mean weight of an edge between two nodes
of the same class, while p,,: represents the mean weight of an edge between two nodes of
different classes.

By varying the values of the parameters of the affiliation model, different scenarios can be
considered: if p;, is large and pyy¢ is small, two nodes belonging to the same class are more
likely to being connected than two nodes from different classes. The opposite is true if p;,
is small and pyy: is large. We will call an affiliation model assortative when p;, > poyt and
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disassortative when p;, < Doyt-

A symmetric (Poisson or binary) block model (Abbe, 2018), denoted by SSBM (n, K, pin, Pout),

is defined as an affiliation model in which all classes have equal weights, ie. m, = 1/K:

in k=1
9kz={p

Pour ifk#£1,
L w1k (1.29)
T = % =1,.,K. .

Equations (1.15) and (1.28) (for respectively the binary model and the Poisson model) and
simple algebraic manipulations imply that the mean degree in a symmetric model is given by:

npin + (K - 1)pout

d= T (1.30)

1.8 Asymptotic behaviour of the block models

One important question that arises when studying block models is their asymptotic behaviour,
ie. their behaviour when the number of nodes in the network tends to infinity.

We will focus on the binary model in this section. In order to study its asymptotic behaviour,
different scenarios must be considered, depending on how the expected degree of the network
behaves as n increases. We remind the reader that the expected degree for the binary model
is given by (see equation 1.15):

d=nnlnn.

In a first scenario, called the dense regime (Abbe, 2018), the expected degree of the nodes
increases linearly with the size of the network:

Dense regime: d = cn, (1.31)

where c is a constant; note that this is what happens when the parameters n and 7 are fixed,
ie. they do not change with n. The dense regime implies that as the size of the network
grows, the amount of information in the network (ie., the number of edges) increases. A very
different regime, called the sparse regime (Abbe, 2018), is one in which the degree is fixed:

Sparse regime: d = ¢, (1.32)

where c¢ is a constant. In such a regime, the network size has no effect on the amount of
information in the network.

In a dense regime, increasing the sample size has a positive effect on the quality of the es-
timation; while in a sparse regime, increasing the sample does not improve the estimation.
Both of these regimes are quite extreme. Statisticians are interested in intermediate regimes,
that serve as good benchmarks (Abbe, 2018). In such regimes the degree increases when the
network size increases, but not as fast as in the dense regime. An interesting intermediate
scenario, from a theoretical point of view, is one in which the mean degree increases at a
logarithmic rate with respect to the sample size:
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Intermediate regime: d = slogn, (1.33)

where s is a constant that will be called the sparsity/density parameter. The higher s is, the
denser is the network. Note that s is given in terms of the original parametric couple (7, n)
as s = % = lognﬂ'TT)ﬂ'.

Very precise results on the asymptotic behaviour of networks were given in the work of Erdos &
Rényi (1960) (as cited by Bondy & Murty (2008)), under the Erdés-Rényi model assumptions.
The following result concerns networks in an intermediate regime and it states the conditions,
in terms of s, for the network to be connected (in the sense given in Section 1.3) as n tends

to infinity.

Theorem 2. (Erdos & Rényi, 1960), as cited by (Bondy € Murty, 2008). Let s be a positive
constant. Consider the sequence of undirected Erdios-Rényi models ER(n, 5105”), with expected
degree d = slogn. Then the network is connected, ie. it has a unique connected component,

with high probability if and only if s > 1.

By saying that the network is connected with high probability, we mean that the probability
that the network is connected tends to 1 as n tends to infinity. The proof of this theorem
is based on branching processes and will not be given in this thesis. The condition that the
network is connected is useful because if there are isolated nodes in the network, we can not
hope to recover their class. Abbe (2018) states the possibility of generalizing Theorem 2 to
the symmetric block model (defined in equation 1.29):

Conjecture (Abbe, 2018) : Let sin and seu be two strictly positive constants, and K a positive
integer constant representing the number of classes. Consider the sequence of undirected sym-

metric binary block models SSBM (n, K, smlo%,sout loi”), with expected degree d = slogn,
sin“l’(K*l)sout
S oot

where s is defined by s := Then the network is connected, ie. it has a unique
connected component, with high probability if and only if s > 1.

However, no proof of such a conjecture has been found.

1.9 The degree-corrected stochastic block model

One of the drawbacks of the block models as defined until now, is that it does not permit
degree variation inside communities; however, in many real-world networks, there may be
hubs, ie. nodes displaying a (much) higher number of edges than other members of the same
class. In such scenarios, the fitting of a classical block model tends to simply divide nodes
between high-degree nodes and low-degree nodes. However, this may lead to wrong and un-
interpretable results. Therefore, the degree-corrected stochastic block model (DCSBM) has
been introduced in the literature (Amini et al., 2013; Karrer & Newman, 2011; Lei & Rinaldo,
2015; Zhang et al., 2014) to model this kind of phenomenon.

We remind the reader that the binary stochastic block model supposes that edges, conditionally
on the class membership, follow a Bernoulli distribution of parameter depending exclusively
on the class of the nodes:

Y;‘j’Zi:k,Zj:lNB(nkl) Vi,j:L...,n l#]
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In the binary degree-corrected stochastic block model, one allows the parameter of the distri-
bution to also depend on some individual-specific parameters 3; (Amini et al., 2013; Karrer
& Newman, 2011; Lei & Rinaldo, 2015; Zhang et al., 2014):

Yij|Zi =k, Z; = 1 ~ B(BiBjnm1) Vi,j=1,...,n i#j].

The parameters vector 3 = (B4, ..., 3,)T represents then the general tendency of nodes to be
connected to the network. If §; is large, node ¢ will be more likely to create connections then
if B; was small. More specifically, the probability that an edge exists between node ¢ and any
other node is proportional to §;.

In order to identify 3, some constraints must be added (Amini et al., 2013; Karrer & Newman,
2011; Lei & Rinaldo, 2015; Zhang et al., 2014); the most common one being that in each class,
the average value of j; is 1:

Y Bz =Y Bizw=1 Vk=12 . K (1.34)
=1 i=1

Note that this definition obviously generalizes the standard binary block model. Indeed a stan-
dard binary block model corresponds to a degree-corrected block model of constant parameters
vector 3 = 1,,, where 1,, denotes the vector (1,...,1)%.

N——

n times
Similarly, the degree-corrected Poisson model is defined by allowing the edge-weight distribu-
tion to depend on parameters ;:

It has been shown that, in several real-world situations, the degree-corrected block model out-
performs the non-degree-corrected block model. For example, the well-known Zachary karate
club network (Zachary, 1977) is a quite famous real-world example discussed in the literature.
It is a network of a karate club of a university in the United States with 34 members that,
after an internal dispute, was split in 2 clubs. For this club, the friendship network was firstly
analyzed by Zachary (1977), who showed that the so-called Ford-Fulkerson algorithm splits
perfectly the network in the 2 clubs, except for one member.

For this karate club network, Karrer & Newman (2011) showed that the degree-corrected SBM
profile likelihood estimator (see Chapter 3) also splits perfectly the network, except for the
same member that was misclassified by the algorithm used by Zachary, while the non degre-
corrected SBM profile likelihood estimator performs very poorly, by just splitting members
between those with many friendship ties and those with few friendship ties. These results are
displayed in Figure (1.1). This network will be studied in Chapter 5.

Karrer & Newman (2011) also analyzed a network of 1222 blogs about the 2005 United States
presidential election, and the web links between them, as measured on the same day in 2005.
All these blogs were labelled by their known political leanings, and again, the degree-corrected
block model performed well, producing a block structure yielding a mutual information (a for-
mal definition of such a quantity can be found in Section 4.1) of 0.72 with respect to the
true labels. Values of such an index range from 0 to 1, a value closer to 1 indicating a better
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(a) Estimation with SBM profile likelihood (b) Estimation with DCSBM profile likelihood

Figure 1.1: Estimation of the karate club network communities found using the standard (non
degree-corrected) Poisson model profile likelihood method (a) and the degree-corrected model
profile likelihood method (b). The size of each node is proportional to its degree; the colour
and the shape of each node display its estimated group membership. The dashed line indicates
the split observed in real life. Source: Karrer & Newman (2011).

performance. The classical block model performed very poorly, yielding a mutual information
of 0.0001. This network will also be studied in Chapter 5.
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Chapter 2: Identifiability

This chapter investigates the identifiability properties of the stochastic block models. In Sec-
tion 2.1, two different kinds of identifiability will be defined, strict identifiability and up-to-
label-swapping identifiability. Identifiability properties of the binary models will be discussed
in Section 2.2. In Section 2.3, these properties will be extended to the Poisson models. Finally,
a result on the identifiability of the affiliation model will be given in Section 2.4.

2.1 Definitions : strict identifiability and up-to-label-swapping
identifiability

The standard definition of identifiability for a discrete parametric model is given next. This
property will be also referred to as strict identifiability. More details on this definition can
be found in the works of Rothenberg (1971) and Lehmann & Casella (1998).

Definition (Rothenberg, 1971; Lehmann € Casella, 1998): Let (X, A, {P¢}ecz) be a discrete
probability space, where Z C R is a parameter space. Let f(x|&) denote the probability mass
function induced by the probability measure Pe. The parameter & € Z is said to be (strictly)
identifiable if the following condition is satisfied:

f(@]§) = f(x]€) VeeX — =& V{€E. (2.1)

If such a condition is not satisfied, &y is said to be (strictly) unidentifiable.
Therefore, a parameter &g is identifiable if no other parameter yields the same distribution.

Unfortunately, for the stochastic block model, since only Y is observed in practice, uniden-
tifiability occurs. Indeed, let us remind that the model supposes that K classes exist, and
therefore the label set is [K] = {1,2,...K}, and the class-membership space of the whole net-
work is Z = [K]". However, the mapping from the classes to the labels is ambiguous if we
only observe Y. Indeed, we will show next that any parametric couple obtained by simply
permuting the labels (in a sense that will be next explained) yields the same distribution of Y.
This property is intuitively trivial, but it will allow us to define later a more precise criterion
than strict identifiability, that will be called up-to-label-swapping identifiability.

Let Sym(K) denote the set of the permutations of the labels {1,..., K}, ie. the set of the
bijections, or one-to-one mappings, going from {1, ..., K} to {1,..., K'}:

23
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Sym(K) :={o: {1,..,K} = {1,..., K}|o bijective}. (2.2)

Intuitively, permuting the labels corresponds to swapping the labels. For example, if we have
2 classes labelled by 2 colours, the first class being labelled in red and the second class in
blue, we may decide to swap the labels and labelling then the first class in blue and the
second class in red. Since labels do not have a meaning in themselves, such label swapping is
totally legitimate. Note that such label swapping corresponds to the permutation o defined
by (1) = 2, 0(2) = 1. In general, the number of all possible permutations of the label set
{1,2,..K} is K.

Let also Idg € Sym(K) denote the trivial permutation defined by Idgx(k) = k Vk €
{1,..,K}, and 0 # Idg € Sym(K) denote any other non-trivial permutation of the la-
bels. For any parametric couple (0, 7) € OK*K x T, we define (85, 7,) € OF*E x Tk as
the parametric couple obtained by permuting, or swapping, the labels:

(7o )k = () ()
(05)k1 = (0)o(k)o(1)-

Most often, we have that the parametric couple obtained by swapping the labels is different
from the original parametric couple: (6,,7,) # (0, 7). However, there exists a few parametric
couples (0, 7) such that (0,,7,) = (0, 7) for a non-trivial permutation o, implying that there
exist some classes having both the same connectivity properties and the same weight.

Let T € OFKXK « T denote the subset of such parametric couples:

T:={(0,7) c 8K x1I) |Fo # Idg € Sym(K) | (05,7,) = (0,7)}.  (2.3)

T is a negligible subset of the whole parameters space @%*X x Il indeed, 7 has a null
Lebesgue measure (Celisse et al., 2012).

Theorem 3. Let us consider the probability space for the observed (directed or undirected)
stochastic block model (¥, (), {P(0,x) } (9,m)cox <K x11,)- Then, any parametric couple (0, 7) €
(OFXE T ) \ T is strictly unidentifiable.

Proof. The following proof concerns the general directed model. For the general undirected
model, the structure of the proof is exactly the same. Let us consider a parametric couple
(0,7) € (F*K xTIk)\ T, and a (non-trivial) permutation of the labels o # Idyx € Sym(K),
so that (0,,7,) # (60,m). We will show that the marginal probability mass function of Y’
under (6, ) is exactly equal to this same probability mass function under (0,, 7, ):

fy (yl0s,75) = fy(yl@, ™) Vye, (2.4)

which contradicts the definition of strict identifiability (see equation 2.1). Indeed, let oz
denote the Z — Z bijection defined by:

(UZ(Z))ik = Zig(k) Vze Z,1 € [n],k S [K] (2.5)

This bijection simply swaps the class of each node in the network according to . Note that
the partition of the network is unchanged. By using the general formula of the probability
mass function of (Y, Z) given in equation (1.22), it is easily seen that the two joint probability
mass functions fy z(-,:|0y,7,) and fy z(-,:|0,7), are equal up to the application of oz:



Chapter 2: Identifiability 25

frz(y,02(2)00,m0) = [[ 1] =37 11 H 90 )o(n) @ %7

i€[n] ke[K] (1,])€[n]2 (k,1)E[K]
H H 7T H H yzg‘gkl Zlkzﬂ
i€[n] ke[K] (i,5)€[n)? (k,1)E[K]?
i#£]
:fY,Z(yaz‘eaﬂ-) Vyey,zez

Therefore, the marginal probability mass functions of Y under (8, 7) and under (6,,m,) are
equivalent:

fY(y|0077rU) = Z fY,Z(yvz‘aavﬂ-J)
zEZ

=Ny z(y.02(2)0,.7,)

zEZ

= Z fY,Z(yaz‘eaﬂ-)

zEZ
:fY(y|0a7r) V’yey,

which contradicts the definition of strict identifiability, see (2.1).
O

For the undirected case, the proof is the same, provided that the relation ”i # j” is replaced
with 7 < j7.

Since parametric couples that are equivalent up-to-label-swapping yield the same distribution
of Y, another property, less strict than identifiability, must be sought. This property, called
up-to-label-swapping identifiability, will be now rigorously defined and discussed.

Up-to-label-swapping identifiability

Up-to-label-swapping identifiability of the stochastic block models was thoroughly discussed
in the works from Allman et al. (2009), Latouche et al. (2011) and Celisse et al. (2012). This
concept is also used in Hidden Markov Model theory; for example in the work from Cappé et
al. (2005). (In the works from Celisse et al. (2012) and Cappé et al. (2005), the expression
label switching rather than label swapping is used).

For any two parametric couples of a stochastic block model (8, ) € ©K*K x Tl and (8', ') €
OF XK » TIg, let (0, 7') *~7 (0, 7) denote the equivalence relation defined by:

@, 7") "X (0, 7) = (0/,7') = (8,,7,) for some permutation o € Sym(K).

, swap
~Y

When two parametric couples (', 7’) and (6, 7) satisfy the equivalence relation (€', 7")

(0, ), we say that (', 7’) and (0, 7) are equivalent up-to-label-swapping.

In Appendix 7.4, it is proven that the relation TP is reflexive, symmetric and transitive. It is
then called an equivalence relation. We can then denote by [(6, 7)|swap the equivalence class,

determined by "~ of the parametric couple (0,7):
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(8, 70)]swap == {(6',7") € XK 1Ly | (8,7) =" (¢, 7)},

which is the set of all parametric couples being equivalent, up to s%p’ to the parametric couple
(0,m). (Note that the equivalence classes as they were just defined are not to be confused
with the classes of the nodes). By general properties of the equivalence classes, it can also be
proven (see Appendix 7.4) that the set of all distinct equivalence classes determined by oP

is a partition of OK*K x TIg.

A rigorous definition of up-to-label-swapping identifiability can now be given. In Theorem
3 it has been proven that two couples of parameters (0, 7), (6’,7') belonging to the same
equivalence class, ie. such that (6, ) P (0', "), yield the same distribution of Y (see
equation 2.4). Therefore, we will say that a parametric couple (6,), is identifiable up-to-
label-swapping if no parametric couple outside of its equivalence class [(0, 7)]swap yields the

same distribution of Y:

Definition (Latouche et al., 2011): Let us consider the probability space for the observed
(directed or undirected) stochastic block model (¥, (), {P(0,x)}(6,x)coxxx 11, ) The para-

metric couple (0, 7) € OFXE « T is identifiable up-to-label-swapping if:
fr(ylo',7') = fy(yl0,7) YyeclV = [(0",7)]swap = [(0, 7)|swap V(O',7") € OF KTk

In the following paragraphs, three theorems concerning the identifiability of the binary models
will be given. Each of these theorems shows that, under conditions on the number of nodes n
and the number of classes K, and the condition that all classes have strictly positive weights
m, > 0, the parameters of the binary model are identifiable except on a negligible subset of the
parameter space. Let Sx C [0,1]5*% x IIx denote the parameter space in which all classes
have strictly positive weights:

Sk :={(n,w) €[0,1]5*E x Mg | mp > 0 Vk € [K]}.

Restricting the parameter space to Sk actually does not imply any real restriction, since if
. = 0 for some class £ we can simply consider the block model with a smaller value of K.
The following theorems affirm that, under conditions on n and K, every parametric couple
(n, ™) € Sk is identifiable, except for a negligible subset of Si. When a property holds in a
parameter space, except on a negligible subset of it, ie. a subset having null Lebesgue measure,
we will say that the property holds generically (Celisse et al., 2012).

2.2 Identifiability for the binary model

Theorem 4 below concerns the undirected binary block model in the case where the number
of classes is K = 2. It was the first result stating conditions on the identifiability of stochastic
block models to appear in the literature. Theorem 5 also concerns the undirected model but it
is much more general than the first, and it also considers the scenario in which the parameter
7 is known. Theorem 6 concerns both the directed and the undirected binary model.
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Theorem 4. (Allman et al., 2009) : Let us consider the undirected binary stochastic block
model withn > 16 nodes, K = 2 classes, and parameter space Wi = {(n, ™) € Sk | m1, mz2, n22
are distinct }. Then, the parametric couple (n,7) € Wy is identifiable, up to label swapping.

Therefore, for a number of nodes bigger or equal to 16, the parameters of the binary model
with 2 blocks are identifiable, except on the negligible subset {111 = 712 = 722} (by negligible,
we mean that it has null Lebesgue measure). It is natural to exclude parameters such that
{m1 = m2 = 22}, because such parameters actually mean that the two classes are equivalent.
If such is the case, then any values of the weights parameters in 7 yield the same model, which
implies unidentifiability.

Sketch of the proof of Theorem 4: A short sketch of the proof of Theorem 4, as given by
Allman et al. (2009), is now given. More details on this proof can be found in the Appendix
7.5. The proof is divided in two steps. The first step of the proof consists in considering
a network of 4 nodes, and defining the matrix B as the 16 x 64 matrix in which each row
corresponds to one of the 2* = 16 possible class assigments, and each column to one of the

2(:) = 64 possible subgraphs on 4 nodes, (each is a subgraph of the complete graph on 4
nodes, as defined in Section 1.3, which has (3) edges), with each entry of B giving the prob-
ability of observing a subgraph conditional on a class assignment. The matrix B is shown
to be full-rank. The author infers from this, in the second step, that for a network of 16
nodes, it is possible to find 3 edge-disjoint subgraphs of the complete graph on 16 nodes,
denoted by G1, G2 and G3, each G; having 4(3) = 32 edges, so that for each subgraph Gj,
the matrix B;, ie. the matrix with 2!6 rows, each row corresponding to a class assignment,
and 24(3) — 932 columns corresponding to the subgraphs of G;, and entries corresponding to
probabilities of observing a subgraph conditional on a class assignments, is full-rank too. For
constructing G, Go and G3, we assume the 16 nodes were arranged in a 4 x 4 square grid. G
is found considering the 4 rows of such grid, each row yielding a fraction of 4 nodes. For each
row, the complete graph on such fraction is considered. G is then defined as the union of
such 4 complete graphs. Similarly, G5 is defined by considering the columns of the grid, and
(i3 by considering the diagonals. The fact that matrices By, Bo and Bs are full-rank allows
the author to conclude that the parameters of the model are identifiable up-to-label-swapping.

Theorem 5 below is much more general than Theorem 4. It states that if we restrict the param-
eter space to Sk, stochastic block models are generically identifiable up-to-label-swapping, ie.
identifiable up-to label-swapping everywhere except on a subspace of null Lebesgue measure.

Theorem 5. (Allman et al., 2011) : Let us consider the undirected binary stochastic block
2 2
model with K classes, n nodes, with n > (K -1+ %) if K is even (orn> (K — 1+ W)

if K is uneven), and parameters space Vi := Sk . Then, (i) the parametric couple (n, ™) € Sk
is generically identifiable up-to-label-swapping. Furthermore, (ii) the result remains valid if
is fized, ie. if we restrict the parameters space to Vi, := Vg N {w = m}.

The structure of the proof of Theorem 5 is similar to that of Theorem 4, however it requires
some additional technical steps that will not be discussed in this thesis.

Theorem 5 is made of two statements; the first (i) ensuring generic up-to-label-swapping iden-
tifiability on the parametric space Vg, the second (7i) ensuring generic up-to-label-swapping
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Unidentifiable region: p =g

¢

Figure 2.1: 2-dimensional representation of a parameter space, with parameters ¢ and p, in
which the unidentifiable region is the horiziontal line pu = wo. When p = po, ¢ is totally
unidentifiable. The whole parameter space is however generally identifiable because the region
w = po has null Lebesgue measure in dimension 2 (intuitively, this means that the horizontal
line has null area). Theorem 5 guarantees that this kind of scenario is impossible in the
parameter space of the undirected binary SBM.

identifiability when we restrict the parametric space to Vg N {m = mp}. The last one is an
interesting property too because previous knowledge on parameter 7w may be available in prac-
tice (however, often it is not). Remark that the second statement is not a trivial result of the
first, since ‘fizing values of the m results in considering a subvariety of the full parameter space,
which a-priori might be included in the subvariety of nonidentifiable parameters’ (Allman et
al., 2011). A graphical representation of a parameter space which satisfies statement (i), but
not statement (i7), is given in Figure 2.1. Then, a graphical representation of the parameter
space of the undirected binary SBM is given in Figure 2.2.
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n

Figure 2.2: 2-dimensional representation of the parameter space of the undirected binary SBM,
with the horizontal axis representing values of i), and the vertical axis representing values of 7
(these are arrays, and so they are not one-dimensional, but they are represented as if they were
both one-dimensional). The unidentifiability region is represented as a curve. The parameter
space is generally identifiable, and the subspace w = g is generally identifiable for any choice
of . Note that the unidentifiability region may also consists of several curves.
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Theorems 4 and 5 only concern undirected models. Theorem 6 concerns both directed and
undirected models, and provides conditions on strict identifiability:

Theorem 6. (Celisse et al., 2012) : Let us consider the (directed or undirected) binary
stochastic block model with K classes, and n nodes, with n > 2K, and parameters space
Uy = {(n,T) € Skl|p1 < pa... < px, with p € RE defined by p := nmw}. Then, the parametric
couple (n, ™) € Uk is strictly identifiable.

Vector p = i has a very simple interpretation. The component pj represents the expected
value of the edge variable Y;; i # j conditionally on node i belonging to class k, ie. the
probability that a node of class k is connected to any other edge. Indeed:

B(Y;; =1,Z = k)

B(Yy = 11Zi = k) =

P(Z; = k)
Ve B =L Zi =k, Z; =)
P(Z; = k)
e Py =1Zi =k, Z; = )P(Z; = k, Z; =)
P(Z; = k)
_ e By = 1Zi =k, Z; = DB(Z; = k)B(Z; =)
P(Z; =k)
= > Py =1Zi =k, Z; = )B(Z; =)
le[K]
= Z NkIT
le[K]
= Pk-

The ordering condition p; < p2... < px can be easily interpreted. Firstly, this condition
implies that no rows of 1 are exactly equal, as in Theorem 4. Furthermore, it implies that if
different classes have the same connectivity properties, then their weights must be different.
Indeed, let us suppose that there exist some classes having the same connectivity properties,
or in other words, that for the parameters matrix 7 there exists a non-trivial label swapping,
denoted ¢", that does not change n:

Jo" # Idg € Sym(K) | non =, (2.6)

(we can also suppose that o™ is the label swapping such that n,n = 1, having a maximum
support, ie. such that a maximum number of labels is actually switched). Then, we have that:

Pon = (M) n
= MNonTan
= NTgn.
And so, we must have w,m # 7, otherwise we would have p,n = nmw,m» = nm = p, which
contradicts the ordering condition p; < pa... < px of the theorem.

The proof of Theorem 6 is based on some quite complex and clever linear algebra reasoning,
using Vandermonde matrices.
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As another proof of the relationships between strict and up-to-label-swapping identifiability,
Theorem 6 implies Corollary 1, stating that if we relax the strict ordering constraint p; <
p2... < pr (but we still assume elements of p to be pairwise distinct), the model is still
identifiable up-to-label-swapping.

Corollary 1. Let us consider the (directed or undirected) binary stochastic block model with K
classes, and n nodes, with n > 2K, and parameters space Uy := {(n, ™) € Sk | the elements
of the vector p == nm € RX are pairwise distinct }. Then, the parametric couple (n,m) € Ux
1s identifiable up-to-label-swapping.

Proof. Let us consider two parametric couples (n, 7) € Uk and (7, @) € Ug, such that
fy(yln,m) = fy(ylg, =) Vyel, (2.7)

with p := nm and p := 77 . By definition of Uy, there exist permutations o € Sym(K) and
o € Sym(K) such that:

Po(1) < Po(2) < -+ < Po(K)>
Pe(1) < Pz2) < - < Pa(K)-

Furthermore, it is trivial to verify that n,m, = p, and 777 = ps. As such, (n,,7,) € Uk
and (75, T5) € Ug. Furthermore, we have that :

fy(yln,m) = fy(yn., ;) Yyel (2.8)
fy(yln,7) = fy(ylns, 7) Yyel (2.9)
since (9, w) “~ 7y) and (7, %) "~ (fs, Ts).

P (ng,
By equations (2.7), (2.8) and (2.9) one infers that :

fy YIne, m) = fy (ylils, ®5) Vy € V. (2.10)

As such, by Theorem 6, we conclude that (n,,7,) = (fz,75). This finally implies that
(M, 7)]swap = [(77, )] swap because equivalence classes partition the parameters space. O]

Therefore, only parametric couples (n, 7) yielding non-distinct elements of vector p are uniden-
tifiable; this is a negligible subset of the parameters space.

2.3 Identifiability for the Poisson model

Theorems 4, 5, and 6 , and Corollary 1, all concerning the identifiability of the binary models,
are easily extensible to the Poisson models. Indeed, for every (Y, Z) following a Poisson block
model of parameters (7, A), we can simply define the random matrix Y’ as the matrix whose
(i,7)-th entry is:

YZ/J = Ly,>0p = 1= gy =0}
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Then, (Y, Z) follows a binary block model of parameters (,n), with ng = 1 — e !, as:

P(Y,;=1Zi=k Z;=1)=1-P(Y;; =0|Z; =k, Zj =)
=1-PB(Y;; =0Z; =k, Z; =1)

_ —-A
=1—e M,

and therefore one can identify (7, A) by the distribution of (Y, Z).

For example, Theorem 6 can be extended to the Poisson model by the following statement:

Corollary 2. Let us consider the (directed or undirected) Poisson stochastic block model with
K classes and n nodes, with n > 2K, and parameters space {(A, ) € Ry E*E x T | p1 <
p2 < ... < pr, with p:=Axw}. Then, the parametric couple (X, ) is strictly identifiable.

Remark that the parameter p; represents, for the Poisson model, the average weight of an
edge between a node of class k and any other node.

Similarly, extensions of Theorems 4 and 5 and Corollary 1 to the Poisson model can be
deduced.

2.4 Identifiability for the affiliation model

We remind the reader that the binary affiliation model and the Poisson affiliation model
(Section 1.7) are particular block models, both depending on parameters (7, pin, Dout), such

that:
ij = ooy
Pout if 4 7& J-
Theorem 6 implies the following result on the identifiability of the parameters of the binary

affiliation model:

Corollary 3. Let us consider the (directed or undirected) binary affiliation model with K
classes and n nodes, with n > 2K, and parameters space {(Din,Dout, ™) € [0,1] x [0,1] X
g | m <me < ...<7g}. Then, the parametric triplet (Din, Pout, ™) is strictly identifiable.

Proof. By Theorem 6, it is sufficient to prove that coordinates of p = n7 are strictly ordered,
ie. p1 < p2 < ... < pk, to prove strict identifiability. Indeed:

Pk = TkPin + (1 — T ) Pout
:po’ut_'_ﬂ-k‘(pzn_pout) \V/k’: 1...K.

But since 7 are strictly ordered and p;, # pout, pr are strictly ordered too.

Similarly, Corollary 2 implies the equivalent result for the Poisson affiliation model:

Corollary 4. Let us consider the (directed or undirected) Poisson affiliation model with K
classes and n nodes, with n > 2K, and parameters space {(Pin, Dout, ™) € Ry xRy x g | m <
mo < ... < 7mg}. Then, the parametric triplet (Din, Pout, ™) is strictly identifiable.

The proof of Corollary 4 is almost identical to that of Corollary 3.
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In this chapter, the maximum-likelihood estimator is discussed in Section 3.1, after which
several methods for community detection are presented. The Expectation-Maximization al-
gorithm (Barbillon et al., 2017; Bickel & Chen, 2009; Dempster et al., 1977; Latouche et al.,
2011; Mariadassou et al., 2010; Nowicki & Snijders, 1997; Wu, 1983) (presented in Section
3.2) is an algorithm that has very good properties in terms of convergence to the maximum-
likelihood estimator. It is extremely general, being theoretically applicable to any incomplete
data model, however explicit formulas for its application have to be found for each particu-
lar model. Variational methods (Barbillon et al., 2017; Bickel & Chen, 2009; Celisse et al.,
2012; Latouche et al., 2011; Mariadassou et al., 2010) (presented in Section 3.3) allow find-
ing explicit formulas for an algorithm which approximates well the Expectation-Mazimization
algorithm for stochastic block models. A Bayesian approach based on the Gibbs sampling
method (Nowicki & Snijders, 1997; Latouche et al., 2009) will be presented in Section 3.4.
Bayesian approaches have the advantage of yielding a criterion for selecting the number of
classes of the block model. Spectral methods (Abbe, 2018; Amini et al., 2013; Lei & Rinaldo,
2015; Rohe et al., 2011) will then be illustrated in Section 3.5. These have the advantage of
being faster than other methods, and some authors suggest using them as starting points for
other iterative algorithms such as the Expectation-maximization algorithm; several variants of
such methods will be introduced. Finally, the profile likelihood method (Bickel & Chen, 2009;
Choi et al., 2012; Karrer & Newman, 2011; Zhao et al., 2012) and the modularity method
(Bickel & Chen, 2009; Karrer & Newman, 2011; Zhao et al., 2012) will be illustrated; these
two methods are different, but share similar properties; so, following the approach by Bickel &
Chen (2009) and Zhao et al. (2012), they will both be presented at the same time in Section 3.6.

3.1 Maximum likelihood

Several methods have been studied in the literature for the estimation of the parameters of
the SBM. This task is very hard because in practice Z is not observed. One of the standard
methods for estimation is the maximum-likelihood technique. Only Y = y being observed in
practice, the likelihood function £ is defined as:

$<07W‘y) = fy(y\9,7r) = Z fY7Z(’y7Z‘077T)~

zEZ

It is also convenient to define the log-likelihood function £:

00, ly) :=log£(6,|y).

33
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The maximum likelihood estimator is then given by:

é,fr = ar max £(0,|y) = ar max 20, y).
(0, 7))L g(@,ﬂ)e@wanK( ly) 8 om e 11 (0, m|y)

This approach is not directly applicable in practice for the SBM because an explicit formula
for finding (é, 7)pr does not exist; numeric approaches are not effective because even com-
puting ¢ for a single value of (0, 7) requires to compute |Z|= K" different terms, which is a
huge number even for relatively small values of n and K. However, many more sophisticated
methods are inspired from this standard method, starting from the expectation-maximization
algorithm.

3.2 Expectation-Maximization

The expectation-maximization (EM) algorithm was proposed by Dempster et al. (1977) for
the general framework of incomplete data models. In this general framework, the algorithm
can be defined in two equivalent ways. Both will be given, the first because it corresponds to
the first formulation given by Dempster et al. (1977) and because it will be used to show some
interesting properties of the EM-algorithm for exponential families. The second definition,
given in the works from Daudin et al. (2008) and Latouche et al. (2011), is offered because
it will be used later in the section on variational methods. This algorithm is valid not only
for the stochastic block model, but also for any incomplete-data model (Y,Z) € Y x Z of
parameter ¢ € ®, where Y is observed and Z is unobserved.

Before giving the two equivalent definitions, let w(-|y, ¢) denote the probability mass function
of Z conditional on Y, assuming parameter ¢, ie.:

_ fr.z(y,z|9)
vzl @)= T )

Furthermore, let Dz denote the space of the probability distributions on Z. Given two any
such probability distributions ¢(-) € Dz and ¢'(-) € Dz, let finally K L(q||¢’) denote their
Kullback-Leibler divergence (Barbillon et al., 2017; Bickel & Chen, 2009; Celisse et al., 2012;
Daudin et al., 2008; Latouche et al., 2011; Mariadassou et al., 2010):

Vze ZVye).

q(2)
q'(2)

KL(ql|ld) := Z q(z)log Vq(-),q'(-) € Dz. (3.1)

z2€EZ

q(z)>0
This quantity is well defined by using the conventions that any strictly positive real number
divided by 0 equals +o0, and that log(4+00) = +o00. The Kullback-Leibler divergence can
be interpreted as a distance between two distributions; however, it is not symmetric in the
sense that K L(q||¢") # KL(q'||q) in general. The following properties of the Kullback-Leibler
divergence (proved in Appendix 7.6) will be useful:

KL(q|l¢) >0 Vq(-),q'(") € Dz

KL(qlld) =0 < q(-) =4'("). (3.2)
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Expectation-Maximization algorithm - First definition

For any couple of parameters ¢, @’ € @, let R be defined as:

R(¢|9) = Ezjpylog f(y, Z|¢)) = > log f(y, z|¢ )w(zly, ) Ve, € ®.

zeZ

The Expectation-Maximization algorithm (Dempster et al., 1977; Wu, 1983) is defined then
as the algorithm starting from an initial value ¢ ) and then, given ¢,,), computes iteratively
@(m+1) by the following steps:

Expectation-step: Compute R(¢|d(,,))
Maximization-step: Compute ¢(,,11) = arg réla(%((R(d)\d)(m))).
€
Expectation-Maximization Algorithm - Second definition

For any distribution ¢(-) € Dz and any parameter ¢ € ®, let J(-) be defined as:

J(q,¢) == Uly) — KL(q||w(|ly,#)) Vq(-) € Dz,V¢ € .

Properties of Kullback-Leibler divergence (see equation 3.2) imply that:

KL(q||w(-ly,¢)) >0 Vq(-) € Dz
KL({gllw(-ly,¢) =0 <= q() = w(-|ly, @),

and therefore:

arg max. J(q, ¢) = arg q(?eigz KL(q||lw(-ly, @) = w(-|ly, ).

In the works of Daudin et al. (2008); Latouche et al. (2011), the EM-algorithm is defined as
the algorithm starting from an initial value @) and then, given ¢(,,), computes iteratively
@(m+1) by the following steps:

Expectation-step: compute g, 1) := arg (n)la%( T (@ Pm)) = w(-|y, dm))
q(-)€Pz

Maximization-step: compute @, 1) := arg Iggg T (Qm+1), P)- (3.3)
Equivalence of the two defnitions of the EM algorithm
Results from Dempster et al. (1977) imply that:
arg{ggnglqb(m)) = argl;}ggj(w(-\y,rb(m)),fb) V() € .

And therefore, the two versions of the EM algorithm as given above are equivalent, yielding
the same sequence {¢(m)}m=0,1,2,... for any starting ¢ (q) -

EM algorithm characterization for the exponential families
In the case of exponential families models, whose complete log-mass function is:
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log f(y, z|¢) = ¢ t(y, 2) — a($) + by, 2),
R(-]) is given by:

R(¢'|¢) := Egig.y log f(y, Z|¢)
=Eglpy(¢ t(y. Z) — a(¢') + by, Z))
= ¢ Egjpyt(y. Z) — a(¢)) + Egip,b(y, Z).

Dempster et al. (1977) showed that the algorithm is equivalent to the following: start from
an initial value ¢y and then perform iteratively the steps:

Expectation-step: Compute t(,,) 1= [EZW(m)’yt(y, Z)
Maximization-step: Compute @, 1) = arg max¢(¢Tt(m) —a(®)).

Therefore, ¢(,,41) is the maximum-likelihood estimator for the complete data under the as-
sumption that t(y, Z) = t(m)- Properties of the exponential families discussed in Chapter 1
imply then that the Maximization-step is also equivalenty given by the following formula, pro-
vided that the maximum-likelihood estimator does not lie on the boundary of the parameters
space:

Maximization-step: Compute ¢, 1) as the solution of Egt(Y', Z) = t(,,).

In the general scenario of incomplete-data models, it has been proven that the likelihood in-
creases or, at worst, is unchanged at each iteration of the algorithm. (Dempster et al., 1977,
Theorem 1). Wu (1983) proved that for any exponential family model with compact natural
parameters space, any accumulation point ¢* of the sequence of estimates {d)(m)}m:l’zm, (ie.
any point ¢* such that a subsequence of {¢(,,) }m=0,1,2,.. converges to it) is a local maximum
of the function ¢ — ¢(¢p|y), regardless of the initial starting value. Furthermore, if the gra-
dient Dy R(¢'|¢) is continuous (which is true for an SBM), and the function ¢ — {(¢l|y) is
unimodal, the sequence {¢(m)}m:1,27,._ converges to the unique global arg-maximum.

So, for the SBM, the expectation-maximization algorithm is guaranteed to find points that
maximize locally the likelihood function; such points are the accumulation points of the se-
quence that the algorithm produces: however, no guarantee exists theoretically that such
points are optimal globally. To have this guarantee, one should prove that the function
¢ — {(¢|y) is unimodal. Note that obviously this function can not be unimodal on the whole
parameters space because of the up-to-label-swapping unidentifiability of the parameters, but
it may be unimodal when restricting the parameters space to up-to-label swapping equivalence
classes (see Chapter 2). Unfortunately, no general results have been found about the unimod-
ularity of this function, even when restricting the parameters space. However, the likelihood
function for the complete data model, ie. the model in which both Y and Z) are observed, is
indeed unimodular in the binary case (see proof in Appendix 7.10).

For the undirected binary stochastic block model, Nowicki & Snijders (1997) gave explicit
formulas for both the Expectation step and the Maximization step in the case K = 2. Ex-
plicit formulas do not exist in general, but the variational algorithm, presented in the next
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section, is approximately equivalent to the expectation-maximization algorithm: the varia-
tional algorithm follows the same steps as the expectation-maximization algorithm, if not for
a slight difference in the Expectation step as was given in equation (3.3), in which rather than
computing ¢(,,+1), an approximation of d(m+1) 18 computed.

3.3 Variational expectation-maximization algorithm

In the previous section, we argued that explicit formulas for performing the EM-algorithm do
not always exist; however a similar algorithm, the variational algorithm (Barbillon et al., 2017;
Bickel & Chen, 2009; Celisse et al., 2012; Latouche et al., 2011; Mariadassou et al., 2010), will
next be introduced. Such an algorithm is almost equivalent to the EM-algorithm, if not for
the difference that in the variational algorithm, the conditional distribution of Z given y,
w(-ly, @), is approximated by a completely factorized distribution. Being more specific, by the
completely factorized distribution which is closest to w(-|y, ¢) in terms of KL-divergence.

A distribution ¢(-) € Z is said to be completely factorized if it can be written as the product
of its marginals {¢;() }i=1,2...n (Mariadassou et al., 2010):

Q(Z) = Q(zla ) zn) = HQi(zi)>
=1

with
qi(zi) == Z q(Z).

2/ €Z|zl=2

Let us denote by Dgwt C Dz the space of the completely factorized distributions on Z.
The variational algorithm is very similar to the EM-algorithm, with only a slightly different
definition of the Expectation-step given in (3.3):

Expectation-step (variational): compute gy, 1) := arg max (@, Pmy) = w(-|y, d(m))
Q(')EDZM

Maximization-step: compute ¢(m+1) = arg Iga(%( j(Q(m+1)7 o).
€
Given any completely factorized distribution ¢(-) € Dé‘wt, each of its marginal distributions
¢i(-) is by definition a one-trial multinomial distribution of parameters {7} }r=1. x, with:
T = 6i(k) = Py(Zi = k) = Eq(Zir.), (3.4)

where P, and E, represent respectively the probability measure and the expectation, assuming
that the distribution of Z is ¢, and we remind that Z, := 1;7 ;). By definition, these
parameters satisfy the constraints:

K
Y orh=1 Vieln]. (3.5)
k=1

These constraints will be useful later. Therefore, ¢(-) € ng is completely determined, and
will be identified by 77 := {Tz%}(ijj)e[ k)2 - For notation purposes, from now on we will write 7
instead of 79.
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For stochastic block models, the following explicit expressions for J(-) are valid for any com-
pletely factorized distribution ¢(-) € Dé‘wt C Dz (Mariadassou et al., 2010; Latouche et al.,
2011).

For the directed stochastic block model, the explicit formula for J(-) is the following (the
developments leading to such formula can be found in Appendix 7.9):

J(q,0,7) =H(g)+ > q(z)log f(y,2|¢)

zeEZ
q(2)>0
==> ) mloge+ Y > Talogme+ Y Y Tarilogg(yislb)
i€ln] kelK] i€[n] ke[K] (i.d)€ln]? (kD E[K]?

1#]
for all (¢q,0, ) € Défm x OFXE x TIx, where H(q) denotes the Shannon entropy of q :
MH(g):=— ) q(z)logg(2). (3.6)
zEZ

q(z)>0

For the undirected model, the formula for [7(q, 8, ) is the same as above, provided that the
relation 77 # j” is replaced with 74 < j”. We remind the reader that the parameter = depends
onq(-) € Déad (see equation (3.4)).

The Expectation step in equation (3.3) yields a maximization of J(-) under the constraints

given in (3.5), therefore the Lagrangian function, denoted by Jr44r (), is for the directed model
(Mariadassou et al., 2010; Latouche et al., 2011):

jLagT(q7077T7{Ci}i€[n]) Q70 7‘- + ZCZ ZTzk - 1
1=1

==Y mrlogme+ > > Talogme+ Y Y Tarilog g(yilfm)

i€[n] k€[K] i€[n] ke[K] (i,5)€[n)? (k,1)€[K]?

i#£]
+Z§z ZTzkz_l
=1 =

where (;, i € [n] represents the Lagrangian multiplier corresponding to the i-th constraint.
This function shall be maximized. For the directed block model, the derivative of the La-
grangian function with respect to 7 is (Mariadassou et al., 2010):

0T Lagr
785 = —logTik — 1+ logm + > > 7i(log g(yis|0k) +1og g(ysilbin)) + Gi-
k selnlteli]
j#i

Therefore, by setting this quantity to 0, we find that the optimal parameter 7m+D) must
satisfy (Mariadassou et al., 2010):

1 _ (m+1)

f,:” == (m H H k"™ (i) 9™ (i)

j€[n] l€[K]
J#
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T(m+l)
oc " H T (o0 i) g™ (i), (3.7)
j€[n] le[K]
J#

where gi ™ (yi;) == g(ywwkl ) and the multiplicative factor e%~!does not depend on k.

For the undirected model, similarly, the derivative of the Lagrangian function with respect to
Tik 18:

oJL
ﬁ = ~logmi, — 1 +logm + Z > Tiilog 9(yijlow) + G-
J€[n] l€[K]
J#
As such, the optimial parameter 7(™*1) must satisfy:
1) L(mt1)
Tl]:”‘*‘ x 7'rk m) H H gkl (yi ), (3.8)
J€[n] l€[K]
J#i

where the multiplicative factor does not depend on k. For notation purposes, let v(-) denote
the function in the right hand side term above:

U(T(m+1 H H gkl yw

j€n] le[K]
JF#i

(m+1>

Equation (3.8) can be written as 7"+ oc v(7™+1). This equation has no closed form solu-
tion but can be solved numerically by standard fixed point iteration; ie. computing iteratively
v!(7) (we drop the superscript (m + 1) in 7 for now) for all ¢ = 1,2, 3... and normalizing it
so that Zszl(’Ut(T))ij = 1, until v*(7) converges to a fixed point (Mariadassou et al., 2010).
The notation v indicates here the functions defined by v' := v and the recurrence relation
vt :=vouv!™! where o denotes the composition of two functions. The same reasoning is valid
for the equation (3.7) concerning the directed model.

For the Maximization step, the optimal parameter arrays 811 and 7 ("+1) satisfy, for both
the directed and undirected model (Mariadassou et al., 2010):

01(€7ln+ ) = arg Ineaé))( Ti(lzn-i_l) (m+ )logg(yz]|0)
(i,9)€[n]?
]
m+1 1 m—+1
rmHD = 13 D)
1€[n]

For the binary model, both directed and undirected, the explicit formula for n(mH)

m+1 m+1) (m+1 m—+1) (m+1)\—
771(61 = ( E : Tz'(k " )T;l " )yij)( E : Tz‘(k " )T](l ! )) !
(i.5)€n]? (i.5)€n]?
i#] 7]

(m+1)

For the Poisson model, both directed and undirected, the formula for A;; is the same:
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)‘IE:Tanrl):( Z Ti(]:nJrl)Tj(lerl)yij)( Z Ti(]:nJrl)T](lerl))_l.
(i.5)€[n)? (i.5)€[n]?

i#] i#]
Mariadassou et al. (2010) also gives a general formula for computing 8"*+1 for g(-) belonging
to any exponential family distribution.

3.3.1 One implementation of the variational expectation-maximization al-
gorithm

One implementation of the variation algorithm has been developed in the R package blockmodels,
which provides a relatively fast algorithm. In this implementation, the network is iteratively
split in an increasing number of communities, starting from the trivial single-community
model, to a K,q-community model. The maximum number of communities to detect, K4z,
can be chosen by the user. At each iteration, the variational algorithm is launched, by using
several starting points. The starting points needed for launching the variational-algorithm
are obtained either by the results obtained at the previous iterations, either by the Laplacian
matrix spectral decomposition of the network (see Section 3.5). Such implementation will be
used in Chapters 4 and 5.

3.4 Bayesian method: Gibbs sampler for the binary model

A Bayesian approach for stochastic block modelling was studied in the context of discrete
relational data models in the work of Nowicki & Snijders (2001). In such models, any finite
number of binary relations between nodes can be considered; therefore the binary model, as
defined in Section 1.2, corresponds to the simplest model considered.

Their approach aims at obtaining the posterior distribution f(z,n,m|y), supposing that, a-
priori,  and 7 are independent, with 7 following a Dirichlet(T1, ..., Tk) distribution:

7 ~ Dirichlet(Th, ..., Tk),

where parameters T}, represent the prior information one may have about class proportions.
If class membership was observed in a previous experiment, then T} could be the previously
observed size of class k Nowicki & Snijders (2001). If no previous information is available, the
uniform Dirichlet(1,1,...,1) may be used. Alternatively, Latouche et al. (2009) mentions the
non-informative Jeffrey’s prior:

7 ~ Dirichlet(1/2,1/2,...1/2).

Parameters {n}x,)e[k)2 follow, a-priori, independent Beta(EY!, EX) distributions, where
E¥ and E4' represent the prior information one may have about the presence/absence of
edges between nodes of class k and I. E{“l is then the number of edges previously observed
between nodes of class k and of class [ in a previous experiment, and E5' the number of
previously observed non-edges. If no previous information is available, the uniform Beta(1,1)
is sometimes used.

Nowicki & Snijders (2001) obtained thus explicit formulas for performing the Gibbs sampling
algorithm, which is guaranteed to converge to the posterior distribution f(z,n,w|y).

Let d;; denote the number of edges connecting node i to nodes of class k:
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n
dij, = E YijZjks
=1

N denote the maximum potential number of edges going from nodes of class k& to nodes of
class [

fg = ng Ykl € [K)? k#1

Nk = % Vk € [K],

and 0y; denote the number of edges going from nodes of class k to nodes of class I:

1

Okl i= — Oy
1+ ]l{kzl}

The Gibbs sampling algorithm, as defined by Nowicki & Snijders (2001), is based on the
following procedure: start from an initial 7(?, n(©) 20 and repeat the following steps for a
certain number of iterations, starting from ¢ = 1:

Step 1: draw 7#® n® from f(mw,n|y, z"Y), ie. the posterior distribution of (,n)
given y and z(t—1).

Y from f(zi|y,7r(t),n(t),z§t), ...,zgt_)l,zi(i_ll), ...,z,(f_l)), ie.

(
i
the posterior distribution of z; given 7, n®, z,(f) for h =1,...,i—1 and z,(f_l) for
h=i+1,..,n.

Step 2: For ¢ = 1...n, draw z

For step 1, since p and 7 are independent in their prior distribution, they are also indepen-
dent in their posterior distribution (Nowicki & Snijders, 2001). To see this, let us remind
that independence implies that the distribution f(7,n) can be factorized in two terms each
depending only on one of the two parameters; let us then write:

_ fm,m)f(y, 2z|m,n)
f(7"777|y7 Z) - f(z,y)

_ fmn)f(ylz, 7 n)f (2w, n)
f(z,y)
_ fmn)f(ylz,n)f(z]m)
f(z,y) ’

where the second equality is an application of the conditional probability rule, and the third
equality is due to the fact that f(z|m,n) = f(z|x), since the class-membership does not
depend on the edge probability matrix 7, as can be seen by equation (1.9). Furthermore,
flylz, ™, n) = f(y|z,m), since the network matrix does not depend on the class-probability
vector 7, as can be seen by equations (1.10) and (1.11). Therefore, if f(7,n) can be factor-
ized in two terms each depending only on one of the two parameters, the same is true for
f(m,m|y, z). This implies that i and 7 are a-posteriori independent.

Therefore n and 7 can be drawn separately from their individual posterior distributions:
for 7, Nowicki & Snijders (2001) show that this posterior distribution is a Dirichlet distri-
bution of parameters (ny + Tx)x=1..k, and for ng it is a Beta distribution of parameters
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(E¥ + 1y, ESY + gy — 631) VE < L.

For step 2, Nowicki & Snijders (2001) show that the posterior distribution of z; is given,
for the undirected binary model, by the distribution defined by:

K
P(zi = kly,m,m, {2} j20) = e, [ | milit (1 — i)™~
h=1

where ¢ is a normalizing constant that does not depend on k. At each step t, it is clear that
values of d;i, N and 0x; must be computed using 2= For the directed binary model, such
posteriori distribution has a very similar form as for the directed model (Nowicki & Snijders,
2001).

Estimators generated by this algorithm are guaranteed to converge to the posterior distribu-
tion f(z,m,m|y). For testing if convergence has taken place, the algorithm can be run using
several starting values, and data drawn after a burn-in period, for example data drawn after
t > 10000, are compared. If the distribution of the data does not change too much depending
on the starting value, it is likely that convergence to the limit distribution has taken place.
(Nowicki & Snijders, 2001).

The Gibbs sampler also allows to integrate prior knowledge about classes to which specific
nodes belong, by making minor changes to the steps of the algorithm (Nowicki & Snijders,
2001). However, it has the downside of being slow when compared to the other estimation
methods; indeed, its applications are in practice limited to networks of the order of 100 nodes.

Concerning the choice of the parameters of the prior distribution of r, if all classes have a-
priori a similar weight, choosing T}, = T is a good choice. Choosing small values for T is risky
because there are more chances that the algorithm gets stuck in regions where sizes of some
classes are close to 0 and corresponding elements of n are close to uniform distribution. It
might then be better to choose larger values of T'. Nowicki & Snijders (2001) suggest using
T =100K.

For the choice of parameters for the prior distribution of 7y, larger values of EX (and/or lower
values of Eé;l) favor models with high probabilities of edges between class k and [ (Nowicki &
Snijders, 2001).

For selecting the number of the classes of the SBM, the ICL criterion is often used (Daudin
et al., 2008; Barbillon et al., 2017; Biernacki et al., 2000; Mariadassou et al., 2010). This

criterion is based on the Maximization, in the K-class model mp, of the integrated complete-
data likelihood :

/ f(y’z|057ramK)f(0,7T|mK)d0d7T
@KXKXHK

where f(y, 2|0, 7, mx) is the complete data likelihood under the K-class model and parameter
(0,7), and f(0,7|my) the prior distribution of parameters @ and 7 under the K-class model.
Mariadassou et al. (2010) show that, if @ and 7 are independent in their prior distribution,
and a non-informative Jeffrey prior is chosen for 7r, then maximizing the following quantity
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is approximately equivalent to maximizing the integrated complete likelihood for the directed
SBM:

1
ma lo 210, 7, mg) — ={K?logn(n —1) + (K — 1) logn
om0z f(y. 20,7 mp) — 5 {K* ogn(n — 1) + (K ~ 1)logn)
where 2 is an estimator of z.
Whereas for the undirected SBM, the approximated ICL criterion is given by (Daudin et al.,
2008; Barbillon et al., 2017; Biernacki et al., 2000; Mariadassou et al., 2010):
1 K(K+1
max logf(y72‘077r7m[()_§{ ( - )

O,ﬂEGKXKXHK

log n(n—1)

5 5 T (K —1)logn}. (3.9)

These criteria have the advantage of penalising models with too many classes.

3.5 Spectral methods

A class of algorithms, all of which are based on the spectral decomposition, will be presented
in this section. Such a spectral decomposition is applied generally to the adjacency matrix Y,
or to other related matrices that will be defined later, such as the Laplacian matrix.

To show how this method works, an introductory example, as given by (Abbe, 2018), will be
illustrated before giving some general results. Let us suppose that we are in the symmetric
model scenario (section 1.29), with K = 2 classes, and that the number of nodes, n, is even.
Without loss of generality, we can suppose that nodes from 1 to § are in class 1 and nodes from
5 + 1 ton are in class 2: 21 = 1, ey 2R = 1,2%“ = 2,...,z, = 2. In this case, the expected
value of the adjacency matrix Y is a n x n block matrix of the following form (supposing that
self-edges are allowed):

Din -« Pin Pout ---- DPout

IE(Y|Z) —_ Din -« Din Pout ---- Pout
Pout -+ Pout Pin ---- DPin

\pout -« Pout Pin .-+ DPin

The matrix E(Y|z) has three eigenvalues: the first eigenvalue is n(pi, + pout ) /2 with multiplic-
ity 1 and associated eigenvector 1,; the second eigenvalue is n(pi, — Pout)/2 with multiplicity

1 and associated eigenvector ((1,, /2)T, —(1, /Q)T)T; and finally the last eigenvalue is 0 with
multiplicity n — 2 (Abbe, 2018). So, the second eigenvector of E(Y'|z), ((1,/2)7, —(1n/2)T)T,
provides all the information for clustering nodes (if nodes are permuted, eigenvalues are not
affected, and corresponding eigenvectors are simply permuted as the nodes are).

The theorem in the following paragraph insures that in general, the eigen-decomposition of
the matrix E(Y |z) allows us to recover the classes of the nodes as we displayed in the previous
example. Before stating the theorem, it is useful to give the general closed formula for E(Y |z)
in terms of parameters € and class-memberships z. Indeed, by reminding ourselves of the
definition of the SBM (section 1.2), we have that (Lei & Rinaldo, 2015; Rohe et al., 2011):
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IE(Y;J|Z) = IE(Y;j’ZZk = 1,Zjl = 1) = Z Zik/Zjllek/l/ = (ZQZT)Z‘j, (310)
k' lI'e[K]

where z now denotes the n x K binary matrix with entries {zik }icfn) ke[x]- S0 that the i-th
row of z contains one single 1 at the k-th column if and only if the i-th node belongs to the
k-th class. While all other elements of the row are 0 (the symbol z denoted a slightly different
object previously; still, the information it provides has not changed). As such, we can write:

E(Y|z) = 202", (3.11)

Theorem 7 will now be stated. Note that, for a matrix X, and index subsets ¥; and Y, we
will write X, , and X,y, to denote the submatrix corresponding to the respective rows and
columns corresponding to such indices.

Theorem 7. (Lei & Rinaldo, 2015): Let the pair (z,0) parametrize a SBM with K commu-
nities, where 0 is of full rank. Let UDU? be the eigen-decomposition of E(Y |z) = 20zT.
Then U = zX, where X € REXEK (5). Furthermore, X is of full rank and || Xy — Xi||=

Vgt gt ().
Proof. Let C denote the diagonal matrix whose diagonal is (y/n1, ..., /7% )" . Then:

E(Y|z) = 2027 = zC~*CcoCC 2T = zCc~'coc(zC™ )", (3.12)

it is straightforward to verify that zC~! is orthonormal. Let FDFT = COC be the eigen-
decomposition of COC; so that:

E(Y|z) = 2C'FDFT(2:C~")" = 20 'FD(20"'F)". (3.13)

So, we can write E(Y'|z) = UDU” where U = zC~' F; by writing X = C~'F, we obtain the
first statement of the theorem. To obtain the second part, we can see that the rows of C~'F are
perpendicular to each other, and the k-th row has length /1/ng, by writing C~1F(C *1F)T =
C'FFTC~! = (C71)2, the exponent operation ? denoting the matrix multiplication of a
matrix by itself. Note that the equalities C_IF(C_IF)T =C'FFTC™ = (C™1)? are due
to the fact that (C~1)T = C~' and FF7” is the identity matrix.

O

Therefore, the rows of U are obtained by rotating the rows of z by the invertible matrix X;
so, if (and only if) node 7 and node j are in the same class, so that the the ith line of z and
the jth line of z are equal, then the ¢th line of U and the jth line of U are equal too.
Therefore, if E(Y|z) was known, the eigenvectors correspoding to the K largest (in absolute
value) eigenvalues could be used in order to split nodes according to their corresponding
eigenvector. Since E(Y|z) is unknown, this same algorithm is applied to the observed y,
yielding an estimation of U, denoted U.

A k-means algorithm is finally applied to the rows of U to cluster the nodes (Lei & Rinaldo,
2015; Rohe et al., 2011).

Another very popular approach consists in using, in place of the adjacency matrix, the so-
called standardized Laplacian matrix (Rohe et al., 2011; Amini et al., 2013). This matrix is
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defined in the following way: let A denote the degree matrix, ie. a diagonal matrix whose
diagonal elements are the degrees of the nodes:

n
Aii = Zyij Vi = 1, ey
j=1

and A;j := 0 for i # j. Then, the standardized Laplacian matrix can be defined as:

L:= A" 2yA~1/2 (3.14)

1/2

where A=1/2 denotes the square root of the matrix A_l, meaning that A™/¢ is the n x n

diagonal matrix, containing in its diagonal the scalars \/T’ i =1,...,n. In the following, we
will refer to this last matrix as the Laplacian matrix. Equivalently, the difference between the
identity marix and the Laplacian, I — L can be used; indeed matrices L and I — L have the

same eigenvectors (Rohe et al., 2011).

The following theorem is almost equivalent to Theorem 7, with the Laplacian matrix substi-
tuting the adjacency matrix:

Theorem 8. (Rohe et al., 2011): Let the pair (z,0) parametrize a SBM with K communities,
where © is of full rank. Let UDUT? be the eigen-decomposition ofIE(L]z) where L denotes the
(random) standardized Laplacian matriz as defined in 3.14. ThenU = zX, where X € RE*K
(i). Furthermore, X is of full rank (ii).

This theorem states that the rows of U (as the rows of U in Theorem 7) are obtained by
rotating the rows of z by an invertible matrix; so, if (and only if) node ¢ and node j are in
the same class, so that the ith line of z and the jth line of z are equal, then the ith line of U
and the jth line of U are equal too. The proof of Theorem 8 is not given here, but it is based
on very similar arguments as those of Theorem 7.

In the context of degree-corrected block models, Lei & Rinaldo (2015) introduced a "spherical"
spectral approach, in which the rows of U are normalized so as to make their norm equal to
1; in such a way, one considers the directions that rows of U take; this allows to isolate the
effect of the degree-correction parameters {5;};=1.n (Lei & Rinaldo, 2015).

Furthermore, Amini et al. (2013) introduced a regularized spectral method, which in practice
was found to give slightly better results than the standard spectral method in some particular
cases in which the network is very sparse (Amini et al., 2013). Such a regularized approach
consists in adding a perturbation to the adjacency matrix y, ie. artificially adding edges
having very small weights in order to make the network more connected; therefore, the matrix
Yreg 1s defined as:

od
Yreg =Y+ —luly,

Zz] Yij

where d :=

indicates the mean degree of the nodes and ¢ is a small constant.

All such spectral decomposition approaches have the advantage of being very fast, even when
the size of the matrix is relatively large (let say, up to thousands of nodes); however, for very
big matrices, such approaches can become slow too and require a large amount of memory.
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3.6 Profile-likelihood estimator and modularity estimator

Other approaches for community detection are the profile likelihood method and the modu-
larity method. The modularity method in not directly based on the stochastic block models,
but is widely studied in the literature (Bickel & Chen, 2009; Karrer & Newman, 2011; Zhao et
al., 2012). These two approaches share some common properties (Bickel & Chen, 2009). This
section is mainly based on the works from Karrer & Newman (2011) and Zhao et al. (2012),
which are both based on undirected model scenarios.

Note that in this section, it will be assumed that self-loops are allowed, ie. assumption (1.8)
is relaxed. In this case, it is convenient to define Y;; as twice the number of self-edges of node
i.

Formulas will first be developed based on the standard, Poisson non degree-corrected model;
and then on the degree-corrected SBM.

3.6.1 Profile-likelihood estimator and modularity estimator - Standard SBM

If we consider the class-membership vector z as fixed (as it was a parameter), by reminding
ourselves of equation (1.27), the likelihood of the standard (Poisson) model can be written as
(Karrer & Newman, 2011):

M2 % 2z 1
LN z)= H ] exp(—Az,z H /2 eXp(_i)‘Zizj)
et Y i W
1<j
1

= /\Okl/Q exp —*nankl)
ITic; vis T1; 29/ (yii/2)! k Z)I;I

where we remind that ny and og; were defined in (1.12); for the Poisson model, o represents
the sum of the weights of the edges going from nodes of class k to nodes of class [. The
log-likelihood is, neglecting constants and terms independent of A and z, equal to (Karrer &
Newman, 2011):

€(>\, Z) = Z (Okl log()\kl) - nkm)\kl). (3.15)
(kDe[K]?

The log-likelihood function #(-) can be maximized in two stages, first with respect to A and
then to z. By differentiation of ¢(-) with respect to A, we find that the maximum-likelihood
estimator A is given by:

: Okl
Akl =

nEny ’

and the maximum value of /() reached by X is then given, by substituting A in equation
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(3.15), by:
3 Okl Okl
L = —) =
(A, 2) > (om log(nknl) nEny nknl)
(kDE[K]?
0
= > (om log(—") — o)
ngny
(k,DE[K]?
Okl
= > (om 10%(@)) - > om
(kD[R] (k.1 E[K]?
)
= > (omlog(—=)) — 2,
nEny
(kDE[K]?
where o0 := %Z(kl)e[K]g oy is the sum of the weights of all edges in the network, which is

independent of the parameters and the class-membership too, and so can be dropped.
We can then define the unnormalized log-likelihood as (Karrer & Newman, 2011):

lan(2) = > (onlog(-21)). (3.16)

(hDElK]? Tk

The maximization of this quantity (called "profile likelihood modularity" by Bickel & Chen
(2009)) with respect to the class-membership z yields an estimation of the class-membership,
Z.

An interpretation in terms of Kullback-Leibler divergence can be given to this quantity (Karrer
& Newman, 2011). Indeed, by adding and dividing by constant factors, we can also write the

alternative form:

bn(2) = 3 (Prog(- 2120 (3.17)

(hD)elK]? g/

For a given class-membership assignment, let X; be the group membership at a (randomly
selected) end of one edge of the network, and X» the group assignment at the other end of the
edge. The probability distribution of variables X; and X5 is then given by px (X1 = k, Xo =
1) = pr(k,l) = og; /20, which appears twice in (3.17). The remaining term in the denominator
of the logarithm, nyn;/n?, is equal to the expected value of the same probability in a network
with the same class-membership assignment, but edges placed completely randomly (Karrer
& Newman, 2011). If we call p; this second distribution, equation (3.17) can be rewritten as:

pK(/{?, l)
pl(k7 l)

Eunn(z) = Z (pK(k’l) IOg( ))a

(k1e[K]?

which corresponds indeed to the Kullback-Leibler divergence between distributions pg(-) and
p1(-). As such, the class-membership yielding the distribution of edges most "distant" from a
random distribution is the optimal one, according to the profile likelihood criterion (Karrer &
Newman, 2011).
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Another popular general criterion is given by the modularity, which in its general form is
written as (Zhao et al., 2012; Karrer & Newman, 2011):

M(z)= > (yij = Pij)ljz=z,)- (3.18)

(i,3)€n]?

Note that in the formula in the work from Karrer & Newman (2011), a multiplicative constant
is added, however such constant has no influence on the maximization process. Pj; represents
here the estimated probability of having an edge between node 7 and node j under some null
model. If we choose the null model as being the trivial Erdos-Rényi model, for which F;; is
a constant which can be estimated by P;; = 20/n?, we obtain, by plugging Py = 20/n?
equation (3.18), what is called the Erdés-Rényi modularity (Zhao et al., 2012), denoted by
MER :

2
MEr(z) = Z (ork — %20)-

ke[K]

The estimator 2 of the class-membership Z for, respectively, the profile-likelihood and the
Erdés-Rényi modularity, is then given by:

Profile-likelihood:  argmax £y, (2)
z€EZ
ER modularity: argmax Mggr(z).
zeEZ
Such an optimisation is an NP-hard problem (Zhao et al., 2012; Karrer & Newman, 2011);
therefore, heuristic iterative algorithms are used to approximate the exact maximum. Two

examples of such algorithms will be given at the end of the next section on the degree-corrected
SBM.

3.6.2 Profile-likelihood estimator and modularity estimator - Degree-corrected
SBM

For the degree-corrected (Poisson) SBM, similar developments as for the standard model can
be done, and the likelihood function can be written as (Karrer & Newman, 2011):

Biﬁ’/\zizj v 1622)\21'2’]' vi/2 1
enB= [ B2 gy [T L),
2 Yiz: | (sz/Q). 2
(4,3 )<€ [n] i€[n]
<]

which can also be rewritten, by using the normalization constraints Y . ; Bz = 1 for k € [K]
as:

1 ok1/2
L\, B,z) = ferd) Ao exp —*/\kz))
[ic yig T1: 20/ (9 /2)! H (k, l)l;[[K

and so the log-likelihood is, up to constants:

(N B,2) =2 (dilogBi)+ Y (oklog(Au) — ).

i€[n] (k,DE[K]?
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For a fixed 2, if we differentiate ¢ (+) with respect to A and 3, we find that maximum-likelihood
estimators A and B are given by:
) . d
k=0 B 5

Zi

where §; denotes the sum of the degrees of nodes in class k, ie. J := Zie[n] d;zik, and the

maximal value of £(-) reached by plugging in A and 3 is then given by:
d;
z) =2 Z(di log 5:) + Y (olog(ok) — o)
C (kDE[K]?

=2 Z (dilog (;ii) + ) (owlog(ox)) — 20.

T (kDE[K]?

where, again, the last term —20 can be dropped since it is not depending on the parameters
or the class-membership. The first term can be rewritten as:

2Zdlog— =2 dilogd; =2 dilogd.,.

i€[n] i€[n] i€[n]

Furthermore, it can be proven (see Appendix 7.11) that:

2 Z di log 5Zi = Z Okl log 5145[ (3.19)
i€n] (k,)e[K]?

Therefore, the likelihood function £(-) can be rewritten as:

2)=2) (dilogd;) = > omlogddi+ > (oplog(om)) — 20

i€[n] (k,l)e[K]? (k,1)e[K)?
= ¥ (o,dlog(W +2) (dilogd;) —
(k,1)e[K]? i€[n]

so that, dropping terms independent of z, the unnormalized log-likelihood function is defined
as (Karrer & Newman, 2011):

Zunn(z) = Z (Okl 10g(5 ké ))

(kDE[K]?

Note that the only difference with respect to the formula for the standard model (see equation
3.16) is that 0, and J; appear instead of nj and n;.

This quantity too can be interpreted in term of a Kullback-Leibler divergence; indeed, by
adding and dividing by constants, we can write an alternative formula for £y, () :

B Okl _ ow/20
lunn(2) = W;}q (0 85, /20)61/20)

This quantity corresponds to the Kullback-Leibler divergence between pg as defined previ-
ously, and the expectation of the same probability in a model with the same class-membership
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assignment, in which edges are placed randomly, but the degree of each node ¢ is fixed to d;
this time (Karrer & Newman, 2011).

If we use the modularity formula in equation (3.18), with the null model being the trivial
degree-corrected SBM with K = 1 class, for which P;; can be estimated by (d;d;/20), we
obtain the so-called Girvan-Newman modularity (Zhao et al., 2012):

52
Man(2) = ) (g — 52).

20
ke[K]

The estimator 2 of the class-membership Z for, respectively, the profile-likelihood and the
Girvan-Newman modularity, is then given by:

Profile-likelihood:  arg max £y, (2)
zEZ

GN modularity: arg max Man(z).
zE

For both the standard model and the degree-corrected model, the optimization of ¢(-) and
M(-) over Z is a NP-hard problem; therefore in practice heuristic algorithms must be used
to optimise lynn, Mgy and Mpgpg iteratively ; for example Karrer & Newman (2011) uses
an heuristic algorithm inspired from the so-called Kernighan-Lin algorithm, which has the
advantage of allowing to calculate rapidly the change in £,,, when one node moves from one
class to the other. While in the work from Zhao et al. (2012), an algorithm called tabu-search
is used.

Consistency of the profile likelihood estimator

In the work of Bickel & Chen (2009), the consistency of the profile-likelihood estimator, and
of the broader class of the modularity estimators, was studied.

For the standard, non-degree corrected model, they showed that if no rows of 1 are equal
and all classes have strictly positive weight, it can be proved that when the expected degree d
grows fast enough with the respect to the size of the network, n, the profile-likelihood estimator
is a strongly consistent estimator. Being more specific, we have that if lim,, . lcfl—”n = 00,
then the probability that z and Z are up-to-label-swapping equal, tends to 1. Similarly,
weak consistency is guaranteed (ie. the probability that the fraction of misclassified nodes is
bounded by € tends to 1, for any arbitrary € > 0) under the weaker condition lim,, . d,, = 0.
Zhao et al. (2012) proved that this result can be extended to the degree-corrected SBM,
and that both the Newman-Girvan modularity estimator and the Erdés-Rényi modularity
estimators require stronger restrictions for consistency.
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In this chapter, results of the simulation studies developed for this thesis will be presented
and analyzed. Data are simulated using three different stochastic block models: the standard
binary undirected symmetric model, the degree-corrected binary undirected symmetric model,
and the Poisson undirected symmetric model (as defined in Sections 1.7 and 1.9). Spectral
methods and the variational expectation-maximization method (as defined in Chapter 3) are
tested, and their quality in detecting the communities of a network is discussed. In Section 4.1,
the settings of two independent simulation studies will be explained, and the results of these
simulations will be illustrated in Sections 4.2 and 4.3 respectively. Conclusions concerning the
simulation studies will be given in Section 4.4.

4.1 Simulation setting

Data were simulated from both the binary undirected symmetric model and the Poisson undi-
rected symmetric model (see Section 1.7 equation 1.29), ie. models in which all K classes have
on average the same weight, %:

Vk=1..K, (4.1)

1
Wk:E

and the expected value of the edge weight between two nodes ¢ and j verifies:

E(Yii|Zi = b, Z; = 1) = Oy =
(¥l 5 =1 =0k tmiw#b

Furthermore, data were also generated from the degree-corrected version of the binary sym-
metric model (see Section 1.9), which has been shown to be more realistic than its standard,
uncorrected version. We remind the reader that in the degree-corrected model, the edge-weight
between node ¢ and node j is on average proportional to the node-specific parameters 3; and

B

BiBjpin itk =1

E(Y;i|Zi =k, Z; =1) = BifiOr = .
’ ’ ’ BiBjPout it k#1.

For each simulation, parameters 5;, i = 1,...,n were independently sampled from the same
power law of parameter 5; ie. the continuous probability law whose density is given by:

f@) = 427150y (4.2)

o1
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Power laws are used to model the nodes degree distribution in a network, because they display
a "tail" representing hubs of the network. A histogram of a simulation from the power law
described in equation (4.2) can be seen in Figure 4.1.

Histogram of 3, for a simulated network of 500 nodes
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Frequency
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|

o
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1.0 15 2.0 25 3.0 35 4.0

Figure 4.1: A histogram of the values of parameters B;, i = 1,...500 for a network simulated
from a degree-corrected stochastic block model with n = 500 nodes.

The mean degree of the network, d, was supposed to grow as in an intermediate regime,
ie. logarithmically with respect to the network size, and controlled by the sparsity/density
parameter s (see Section 1.8). Furthermore, the "out-in" ratio parameter is defined by v :=
%, representing the ratio of the edge probability between nodes of the same class over the
edge probability between nodes of different classes. This parameter will also be referred to
as the assortativity/disassortativity parameter: the higher it is, the more the network is
disassortative. The parameters n, K, v and s allow then to specify exactly the models:

specifically, by reminding ourselves of equations (1.30) and (1.33), we have that:

s — CZ _ N Pin + (K - 1)pout’ (43)
logn logn K
and, by definition :
v = Pout ) (44)
Din

Therefore, p;;, and pyy: are given by solving the system of equations:

g = D1 Pin+(K—1)pout
~ logn K

— DPout
/7 Pin

whose solutions are

o Kslogn
{pm ~ n((E-DFD)
_ Kslog
Pout = Vay(K—1)1)
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Because in a binary model we must have p;, < 1, parameters n, K, v, s are subject to the
following constraint:

Kslogn
<1,
ny(K—-1)+1) —
or, equivalently:
Ks 9t _
— <. 4.5
K-1 -7 (4.5)
Ks gl
The lower bound for 7 for the binary models is denoted by 77 := — R

vy=35,s8=4

Figure 4.2: Ezamples of networks simulated from a standard binary stochastic block model of
parameters n = 50 nodes, K = 2 classes, in assortative scenarios (v = 0.3, top row), boundary
scenarios (y = 0.1, middle row), disassortative scenarios 3.5 (v = 3.5, bottom row). At each
row, three different density scenarios are displayed: sparse scenarios (s =1, left), moderately
dense scenarios (s = 2, center), and dense scenarios (s = 4, right).

In the first round of simulations (Section 4.2), the network size was set respectively to n = 50
and n = 500. The number of classes was set respectively to K = 2 and K = 10. The
parameter s was set respectively to s = 1, s = 2 and s = 4. Finally, the last parameter,
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the out-in ratio parameter, was set respectively to v = 0.1,y = 0.3, v = 1, v = 3.5 and
v = 5, representing respectively a strongly assortative scenario, a mildly assortative scenario,
a boundary scenario in which pj, = poyr (implying that one single community exists), a mildly
disassortative scenario, and a strongly disassortative scenario. The boundary scenario should
make the detection of the classes of the nodes very hard. Also, s > 1 is the condition for
making the Erdos-Rényi network connected, meaning that there are no isolated components,
with high probability as n tends to infinity (see Theorem 2). As such, s = 1 should be a hard
scenario to detect communities, while s = 4 is an easier scenario, implying mean degrees of
41og(50) ~ 15.5 and 410g(500) ~ 25 for the case n = 50 and n = 500 respectively.

The performances of 5 different estimators were tested: the variational expectation-maximization
algorithm (see Section 3.3), and four spectral methods. Two standard spectral methods based
respectively on the Laplacian matrix and on the adjacency matrix, the regularized spectral
method based on the Laplacian matrix (with regularization parameter set to a = 1), and the
spherical spectral method based on the adjacency matrix (see Section 3.5). For each configu-
ration of parameters, 500 simulations were launched. For this first round of simulations, the
number of classes/communities, ie. K, was supposed known.

Because for the first round of simulations, the number of communities was supposed known, a
second smaller round of simulations was also launched (Section 4.3). In this second round of
simulations, after performing estimation of several models corresponding to various values of
K, the number of communities was estimated by using the Integrated Complete Likelihood,
or ICL criterion (see equation 3.9). The configuration of the parameters for this second round
of simulations was very similar as to the first round, but this time data were simulated only
from the degree-corrected binary models, and K was set respectively to K = 2 and K = 8.
Note that for this second round of simulations, data were not simulated from models with
K = 10 communities, because this would have required too large a computation time in the
estimation process. The setting of the other parameters was exactly the same as for the
first round of simulations. For this second round of simulations, the variational expectation-
maximization algorithm and three spectral methods were tested - the spectral method based
on the Laplacian matrix, the regularized spectral method based on the Laplacian matrix,
and the spherical spectral method based on the adjacency matrix. For this second round of
simulation, only three spectral methods were tested because the first round of simulations
proved only very minor differences among all spectral methods. Therefore, for each estima-
tion method, K was set to several values, each value yielding a different estimate. Specifically,
K was set to K = 1,2, 3,4 when simulating data from a model with K = 2, while it was
set to K = 1,2,...,10 when simulating data from a model with K = 8. Such choice in the
setting of K was also dictated by computation time constraints, however it is not unrealistic
if some previous information allows to exclude models with too many communities. The best
estimate in term of the Integrated Complete Likelihood was selected. For this second round
of simulations, 250 repetitions were launched for each configuration of parameters.

Note that for the binary model, for the configuration in which n = 50, K = 8, s = 4, the
constraint given in equation (4.5) yields a lower bound for  of approximately 0.21:

Ks log(n) 1 8. 4. log(50) 1

v = (Kn_ n = 7 _501) ~ 0.21. (4.6)
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As such, for binary models, the configuration in which n = 50, K =8, s =4, v = 0.1 can not
be tested, simply because there is no binary model with such a configuration of parameters.
For the same kind of reason, the configuration in which n = 50, K = 10, s =4, v = 0.1 can
not be tested neither.

All computations were performed using the R software. The functions sampleSimpleSBM from
package SBM and BlockModel.gen from package randnet were used for generating data re-
spectively from standard models and degree-corrected models. Furthermore, the functions
BM_bernoulli and BM_poisson from the package blockmodel were used to perform the vari-
ational Expectation-Maximization algorithm for binary and Poisson data respectively; while
the package randnet provided the functions reg.SP and reg.SSP for spectral methods.

Criteria for measuring the performance of an estimator: Agree-
ment, Normalized Mutual Information and Rand Index

In this section, criteria will be defined for assessing the accuracy of a class-membership esti-
mation, denoted by 2 = (%1, ..., 2,)7. For assessing the accuracy, different ways of measuring
a "distance" between the estimated communities, as given by 2, and the true communities,
as given by z, will de defined.

Ideally, a simple criterion would be to compute the mean number of nodes that are allocated
to their true class; yielding the following criterion studied by Decelle et al. (2011), that we
will call overlap:

overlap(z, 2) Z 1iz—2). (4.7)

However, because of the unidentifiability of the classes, this quantity is not a suitable measure
of the accuracy of the estimation. To see why such measure is not suitable, consider for
example a network with n = 8 nodes, the first 4 nodes being in class 1 and the last 4 nodes
in class 2; while 2 allocates the first 4 nodes to class 2 and the last 4 nodes to class 1:

0=1(1,1,1,1,2,2,2,2) and 2°=(2,2,2,2,1,1,1,1).

The estimate 2 recovers perfectly the group structure, except that labels are permuted. We
can not hope from an estimation to do better than 2 does, due to the unidentifiability of the
labels; however, the overlap is O:

overlap(2°, 2° Z]l{zo_z()} =0.

As such, different criteria must be found. One idea is computing the following quantity, that
will be called agreement (Decelle et al., 2011):

agreement(z, 2) := Ueggl/zglx Z {zi=o(2)} (4.8)
that considers all possible permutations of the labels of the estimated classes 2, and then the
better performance in terms of overlap is selected. This criterion is much better than the
previous one; indeed, going back to the previous example, we have that
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agreement(2°,2°) = 1.

The agreement has however an important downside in practice: the number of label permu-
tations, K!, grows very rapidly with K. So, for high values of K, it was not computed in this
simulation. Remark that a normalized version of such agreement has also been defined in the
literature (Decelle et al., 2011).

Another measure of the distance of 2 from z, used for example by Karrer & Newman (2011)
and Amini et al. (2013), is given by the mutual information criterion. Indeed z and 2 yield
each a probability distribution over the set of the class labels [K] = {1, ..., K'}. The set of all
probability distributions over the set of the class labels is denoted by Dikj. The true member-
ship vector z yields the probability distribution p, € D|g) defined by p.(k) := 7= Vk € [K],
where ny, is the number of nodes in class k; and 2 yields the probability distribution p; € Dy
defined by psz(k) := %’“ Vk € [K], where 7y, is the estimated number of nodes in class k.
Two probability distributions over the space [K]| x [K]| can be defined. Firstly, the joint
probability distribution of z and z, that will be denoted by p(; z), defined by:
n .
P(z,2) (kv l) = Mv

n

which considers the number of nodes that are allocated to class k by z and to class [ by 2;
secondly, the product of the probability distributions z and 2, that will be denoted by p, ®ps,

defined by:

nrny
(pz ®pz)(k,1) = 2

The (unnormalized) mutual information is defined by the Kullback-Leibler divergence (see
equation 3.1) between the joint probability distribution D(z,2) and the product probability

distribution p, ® ps:
MI(z,2) = KL(p(z,2)|lp= ® pz) (4.9)

which measures a ’distance’ between the joint distribution and the product distribution. It is
possible to normalize the previous quantity so that it always goes from 0 to 1, by dividing it
by the sum of the Shannon entropies (see equation 3.6) of the two distributions; this yields
the Normalized Mutual Information defined by:

NMI(z.5) = 2 B0 Pz @ p2)
T H(Pzz) + H(p2 ®@pz)

Another popular criterion is the Rand Index (Hubert & Arabie, 1985). To define this index,
let yy denote the the number of (unordered) pairs of nodes (i, 7) such that the true class of i
and the true class of j are equal, and the estimated class of ¢ and the estimated class of j are
equal too:

(4.10)

Gr = 1{(i: ), < jlzi = 25 and 2 = 2}]. (411)

Let also Gy denote the number of false negatives, ie. the number of (unordered) pairs of nodes
(i,7) such that the true class of i and the true class of j are different, and the estimated class
of ¢ and the estimated class of j are different too:

Go = [{(i,1),i < jlzi # 2 and 2 # 2} |- (4.12)
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Then, the Rand Index (Hubert & Arabie, 1985) is defined by:

G140
=

(3)
Therefore, the Rand Index is the number of pairs of nodes that either are both considered
as being separated by z as well as by 2; either are both considered as being put in the same
cluster by z as well as by 2; divided by the number of all possible pairs of nodes.

Hubert & Arabie (1985) also suggest using a normalized version of the Rand Index, the
adjusted Rand Index:

RI(z,2): (4.13)

R RI(z,2) — Rlnean
ARI(z,2) = Rl Rl

where Rl,eqn and RI,,.. represent respectively the expected value and the maximal value
of the Rand Index under the assumption that the sizes of the clusters of both z and 2,
respectively {n}re[x] and {7ig}re[k), are fixed, and the nodes are randomly permuted.

A reference estimator

The performances of estimators, as measured in terms of Mutual Information and the other
criteria, are very sensible to the size of the network n and the number of classes K, and are
therefore not directly comparable when varying n and K. Therefore, a reference estimator
will be defined; the performance of such reference estimator will yield a term of comparison
to assess the quality of the estimators when n and K change.

Such a reference estimator, that will be called the uniform estimator, allocates each of the
n nodes to one of the K classes randomly and independently, with each class having the same
probability weight. As such, the probability of assigning a node to its true class is w = %, ie.
w = 0.5 for K =2 and w = 0.1 for K = 10.

4.2 Results of the first round of simulations

Figures 4.3 to 4.8 display the results of the simulations from standard stochastic block models.
These figures display the average quality of several estimators, as measured by the average
Normalized Mutual Information, the average Rand Index, and for K = 2, also by the average
Agreement, between their estimation of the class membership, and the true class membership.
500 simulations were launched, for all the combinations of parameters described above.
Figures 4.3 (displaying the Agreement), 4.4 (displaying the Rand Index) and 4.5 (displaying
the Normalized Mutual Information), show that as the network becomes denser, the quality
of the estimation increases for all estimators. Indeed, in dense scenarios the average mutual
information is close to 1, meaning that we are very close to estimating perfectly the commu-
nities. In sparse scenarios, the mutual information is much lower. This can be explained by
the fact that as the network gets sparser, it contains less information.

Furthermore, for v = 1, ie. when p;, = pout, we see that the estimators do not perform
significantly better than the uniform estimator. This can be explained by the fact that when
v = 1, the network contains on average no information on the class structure, because all
classes have exactly the same properties in terms of edge distributions.
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Figure 4.3: Average estimation quality, as measured by the Agreement, of several estimators
over 500 simulations, from a binary SBM with n = 50, K = 2, in a sparse (s = 1), moderately
dense (s = 2) and dense (s = 4) scenario, for five values of the out-in edge probability ratio ~:
0.1, 0.8, 1, 8.5 and 5. Orange continuous line: variational E-M estimator; red dashed lines:
spectral estimators based on the Laplacian matriz, reqularized and non-reqularized (a square
indicates the regqularized version); green dotted line: spectral estimator based on the adjacency
matrix; blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matrix;
black long-dashed line: the uniform estimator.
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Figure 4.4: Average estimation quality, as measured by the Rand Index, of several estimators
over 500 simulations from a binary SBM with n = 50, K = 2, in a sparse (s = 1), moderately
dense (s = 2) and dense (s = 4) scenario, for five values of the out-in edge probability ratio ~y:
0.1, 0.3, 1, 3.5 and 5. Orange continuous line: Variational E-M estimator; red dashed lines:
spectral estimators based on the Laplacian matriz, reqularized and non-regularized (a square
indicates the regqularized version); green dotted line: spectral estimator based on the adjacency
matriz; blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matriz;
black long-dashed line: the uniform estimator.
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Figure 4.5: Average estimation quality, as measured by the Normalized Mutual Information, of
several estimators over 500 simulations from a binary SBM with n = 50, K = 2, in a sparse
(s=1), moderately dense (s=2) and dense (s=4) scenario, for five values of the out-in edge
probability ratio v: 0.1, 0.3, 1, 8.5 and 5. Orange continuous line: Variational E-M estimator;
red dashed lines: spectral estimators based on the Laplacian matriz, reqularized and non-
reqularized (a square indicates the regularized version); green dotted line: spectral estimator
based on the adjacency matrix; blue dashed-and-dotted line: spherical spectral estimator based
on the adjacency matriz; black long-dashed line: the uniform estimator, allocating each node
to its true class with probability w = 0.5 and w = 0.75 respectively.
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Figure 4.6: Awerage estimation quality, as measured by the Normalized Mutual Information,
of several estimators over 500 simulations from a binary SBM with n = 50, K = 10, in a
sparse (s = 1), moderately dense (s = 2) and dense (s = 4) scenario, for five values of the
out-in edge probability ratio y: 0.1, 0.3, 1, 3.5 and 5 (except for the parameters configuration
giwen by n = 50, K = 10, s = 4, for which the minimal tested value of v was v = 0.3, see
equation (4.6)). Orange continuous line: Variational E-M estimator; red dashed lines: spectral
estimators based on the Laplacian matriz, reqularized and non-regularized (a square indicates
the regularized version); green dotted line: spectral estimator based on the adjacency matriz;
blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matrix; black
long-dashed line: the uniform estimator.

Comparing Figures 4.5 and 4.6 shows that the quality of the estimation decreases when the
number of classes increases, the mutual information being lower in Figure 4.6 than in Figure
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4.5; this is intuitive since as the number of classes increases, the size of the classes decreases
(as the size of the network, n, is being kept constant), and so less information on the classes
is available.

Furthermore, in the hardest scenario, ie. the scenario in which n is small, K is large and the
network is sparse, the uniform estimator performs approximately as well as the other methods.
This is explained by the fact that when K increases and n is constant, the average size of the
clusters, n/K, tends to 0. Therefore, many communities will tend to be either empty or with
very few edges, implying that an uniform random split will be close to the true split. In this
scenario, the variational E-M method displays even a slightly lower mutual information than
the uniform estimator. This is explained by the fact that when the network provides a low
amount of information, the expectation-maximization algorithm tends to split the network in
few large clusters and many small clusters, while spectral methods tend instead to produce
balanced clusters.

Comparing Figures 4.5 and 4.7 shows that as the network increases in size, the quality of
the estimation improves. This is normal, since it was assumed that the degree increases as
the network size, n, grows. Such an improvement is however not spectacular, because it was
assumed that the degree increases at a logarithmic rate with respect to the network size.
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Figure 4.7: Average estimation quality, as measured by the Normalized Mutual Information, of
several estimators over 500 simulations from a binary SBM with n = 500, K = 2, in a sparse
(s = 1), moderately dense (s = 2) and dense (s = 4) scenario, for five values of the out-in edge
probability ratio v: 0.1, 0.3, 1, 8.5 and 5. Orange continuous line: Variational E-M estimator;
red dashed lines: spectral estimators based on the Laplacian matriz, reqularized and non-
reqularized (a square indicates the regularized version); green dotted line: spectral estimator
based on the adjacency matrix; blue dashed-and-dotted line: spherical spectral estimator based
on the adjacency matriz; black long-dashed line: the uniform estimator.
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Figure 4.8: Average estimation quality, as measured by the Normalized Mutual Information, of
several estimators over 500 simulations from a binary SBM with n = 500, K = 10, in o sparse
(s = 1), moderately dense (s = 2) and dense (s = 4) scenario, for five values of the out-in edge
probability ratio v: 0.1, 0.3, 1, 8.5 and 5. Orange continuous line: Variational E-M estimator;
red dashed lines: spectral estimators based on the Laplacian matriz, reqularized and non-
reqularized (a square indicates the regularized version); green dotted line: spectral estimator
based on the adjacency matrix; blue dashed-and-dotted line: spherical spectral estimator based
on the adjacency matriz; black long-dashed line: the uniform estimator.

By comparing Figures 4.6 and 4.8, the performances of the spectral estimators and the vari-
ational expectation-maximization estimator seem even, at first sight, to deteriorate when the
network increases in size. However, the reference estimator displays a clear deterioration too.

By looking at Figures 4.3 to 4.8, it appears that, in terms of normalized mutual information,
the expectation-maximization algorithm performs at least as well the spectral methods when
the network is moderately dense and moderately assortative, and K is not too large with
respect to n. If the network gets disassortative, or very sparse, or K gets large with respect
to n, both variational and spectral methods perform significantly worse, with the variational
algorithm performing slightly worse than spectral methods. When classes are strongly dis-
tinguishable, all methods perform very well and no significative difference between methods
appear. Among spectral methods, the regularized Laplacian spectral method performs at least
as well, or slightly better than the other spectral methods.

Figures 4.9 and 4.10 show the results of the simulations from moderately dense degree-
corrected binary block models. The performances of the estimators seem in general to be
slightly worse if compared to those concerning simulations from the standard binary block
model. For example, for the standard block model, Figure 4.6 displays, for the configuration
n =50, K =10, s = 2, v = 0.1, an average Normalized Mutual Information approaching 0.8
for all methods, while for the degree-corrected block model, for the same parameters config-
uration, Figure 4.10 displays a Normalized Mutual Information close to 0.7 for all methods.
This phenomenon can be explained by the larger presence of hubs in networks simulated from
the degree-corrected block models.
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Figure 4.9: Average estimation quality as measured by the Normalized Mutual Information, of
several estimators over 500 simulations from a moderately dense, s = 2, binary degree-corrected
SBM with K = 2 communities, for a small sample size (n = 50 nodes) and a large simple
size (n = 500 nodes) scenario, for five values of the out-in edge probability ratio v: 0.1, 0.3,
1, 8.5 and 5. Orange continuous line: Variational E-M estimator; red dashed lines: spectral
estimators based on the Laplacian matriz, reqularized and non-regularized (a square indicates
the regqularized version); green dotted line: spectral estimator based on the adjacency matriz;
blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matrix; black
long-dashed line: the uniform estimator.
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Figure 4.10: Average estimation quality as measured by the Normalized Mutual Information,
of several estimators over 500 simulations from a moderately dense, s = 2, binary degree-
corrected SBM with K = 10 communities, for a small sample size (n = 50 nodes) and a large
simple size (n = 500 nodes) scenario, for five values of the out-in edge probability ratio ~:
0.1, 0.8, 1, 8.5 and 5. Orange continuous line: Variational E-M estimator; red dashed lines:
spectral estimators based on the Laplacian matriz, reqularized and non-reqularized (a square
indicates the regqularized version); green dotted line: spectral estimator based on the adjacency
matriz; blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matrix;
black long-dashed line: the uniform estimator.
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Finally, results of the simulations from moderately dense Poisson block models are displayed
in Figures 4.11 and 4.12. As for simulations from the degree-corrected models, it appears that
the performances of the estimators slightly deteriorate with respect to simulations from the
standard binary block model.
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Figure 4.11: Average estimation quality as measured by the Normalized Mutual Information,
of several estimators over 500 simulations from a moderately dense, s = 2, Poisson SBM
with K = 2 communities, for a small sample size (n = 50 nodes) and a large simple size
(n = 500 nodes) scenario, for five values of the out-in edge probability ratio v: 0.1, 0.3, 1,
3.5 and 5. Orange continuous line: Variational E-M estimator; red dashed lines: spectral
estimators based on the Laplacian matriz, reqularized and non-regularized (a square indicates
the regularized version); green dotted line: spectral estimator based on the adjacency matriz;
blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matrix; black
long-dashed line: the uniform estimator.
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Figure 4.12: Average estimation quality as measured by the Normalized Mutual Information,
of several estimators over 500 simulations from a moderately dense, s = 2, Poisson SBM
with K = 10 communities, for a small sample size (n = 50 nodes) and a large simple size
(n = 500 nodes) scenario, for five values of the out-in edge probability ratio v: 0.1, 0.3, 1,
3.5 and 5. Orange continuous line: Variational E-M estimator; red dashed lines: spectral
estimators based on the Laplacian matriz, reqularized and non-regularized (a square indicates
the regularized version); green dotted line: spectral estimator based on the adjacency matriz;
blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matrix; black
long-dashed line: the uniform estimator.
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4.3 Results of the second round of simulations

Some results of the second round of simulations are displayed in Figures 4.13 and 4.14. Gen-
erally, the results are very similar to the results of the first round of simulation, in terms
of the effect of the parameters n, K, v and s on the quality of the estimated models. The
variational-expectation maximization algorithm seems now to perform slightly worse than the
spectral methods, in the K = 2 dense scenario. In general, the results of the second round
of simulations are comparable to the results of the first round of simulations. Therefore, the
ICL criterion criterion seems to estimate soundly the number of communities.
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Figure 4.13: Average estimation quality as measured by the Normalized Mutual Information, of
several estimators over 500 simulations from a binary degree-corrected SBM with n = 50, K =
2, in a sparse (s = 1), moderately dense (s = 2) and dense (s = 4) scenario, for five values of
the out-in edge probability ratio v: 0.1, 0.3, 1, 8.5 and 5. Orange continuous line: Variational
E-M estimator; red dashed line: regularized spectral estimator based on the Laplacian matriz;
green dotted line: spectral estimator based on the adjacency matriz; blue dashed-and-dotted
line: spherical spectral estimator based on the adjacency matriz. The number of communities
to estimate was selected by the ICL criterion.

4.4 Conclusions of the simulation study

In general, all methods tested in this simulation study have been shown to be able to estimate
communities sufficiently well. As expected, the quality of the estimation is generally higher
for smaller values of K and higher values of s and n. If the network is disassortative, the
quality of the esimation is generally worse than when the network is assortative.

No large differences in the performance of the methods tested for this simulation study have
appeared. In particular, only very minor differences between spectral methods have appeared.
Also, the performance of the variational algorithm implementation used for this simulation has
been proved to be comparable to spectral methods, even if in some scenarios, its performance
deteriorates with respect to the spectral methods. The fact that no major difference between
spectral methods and the variational algorithm have appeared may be explainable by the
fact that the particular implementation of the variational algorithm which was used for this
simulation study is based on spectral decomposition initialization. Among the tested spectral
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Figure 4.14: Average estimation quality as measured by the Normalized Mutual Information, of
several estimators over 500 simulations from a binary degree-corrected DSBM with n = 500,
K = 2, in a sparse (s = 1), moderately dense (s = 2) and dense (s = 4) scenario, for
five values of the out-in edge probability ratio v: 0.1, 0.3, 1, 3.5 and 5. Orange continu-
ous line: Variational E-M estimator; red dashed line: reqularized spectral estimator based on
the Laplacian matriz; green dotted line: spectral estimator based on the adjacency matriz;
blue dashed-and-dotted line: spherical spectral estimator based on the adjacency matriz. The
number of communities to estimate was selected by the ICL criterion.

methods, the regularized spectral method based on the Laplacian matrix seems to perform
slightly better than the other methods.
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In this chapter, three real datasets will be analyzed, and community detection will be per-
formed by using the variational expectation-maximization method and the spectral methods
(as defined in Chapter 3). The first dataset (Section 5.1) is a social network which was often
studied in the literature (Bickel & Chen, 2009; Karrer & Newman, 2011; Zachary, 1977), the
so-called Zachary karate club network. The second dataset (Section 5.2) is a network of polit-
ical blogs concerning the 2004 United States presidential election, that was also analyzed in
the works of Amini et al. (2013), Karrer & Newman (2011) and Zhao et al. (2012). The third
dataset (Section 5.3) is unpublished and concerns a social network of students of the same
school and of the same age.

5.1 Zachary karate club

The Zachary karate club dataset (Zachary, 1977) consists of an undirected friendship network
of 34 members of a karate club of an university in the United States; the author took part
to an observational study in which for three years he observed the interactions between club
members in contexts such as attendance to the same tournaments, association in academic
activities, interactions at the bar close to the karate room, etc., for a total of 8 different
contexts. In the three years in which the author took part to the observational study, conflicts
between club members led to the division of the club in two factions (one led by the instructor,
called Mr. Hi by the author, the other led by an officer of the club) which eventually became
two separate clubs. At the end of the observational study, the author counted the number of
activities during which students interacted; therefore the strength of the relationship between
two club members was measured by an integer number ranging from 0 to 8. Table 5.1 displays
a part of the network. The complete 34 x 34 table can be found in the Appendix 7.12.
Note here that the network table, as reported originally by Zachary (1977), displays a few
inconsistencies. Indeed, the table is not exactly symmetrical. For example, the strength of the
relationship between members 1 and 13 is uncertain, because the entry at row 1 and column
13 is 2, while the entry at row 13 and column 1 is 3. In total, however, only 7 entries out
of (324): 578 display similar inconsistencies. Furthermore, because only the binary version
of the network (see Table 5.2) will be considered for the next analysis, these inconsistencies
have no influence, except for the couple of members 23 and 34, for which it is uncertain if a
relationship exists.
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1 2 3 4 8 9 10 11 12 13 14 15 16 17 18 19 20
1 4 5 3 2 2 2 3 2 3 2 2
2 4 6 3 4 5 1 2
3 5 6 3 4 5 1 3
4 3 3 3 3 3 3
5 3 3
6 3 3 3
7 3 3
8 2 4 4 3
9 2 5
10 1
1 2
12 3
13 1 3
14 3 5 3 3
15
16
17
18 2 1
19
20 2 2

Table 5.1: The Karate club network weighted adjacency matriz - only the first 20 members out
of 34 are displayed. The strength of the relationships is measured by an ordinal scale ranging
from 0 to 8. Source: Zachary (1977). The complete 34 x 34 table can be found in the Appendix

7.12.
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1 4 8§ 9 10 11 12 13 14 15 16 17 18 19 20
1 1 1.1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1
3 1 1 1 1 1 1
4 1 1 1 1 1 1
5 1 1 1
6 1 1 1
7 1 1 1 1
§ 1 1 1 1
9 1 1

10

11 1 1 1
12 1

13 1

14 1 1 1 1

15

16

17 1 1
18 1

19

20 1 1

Table 5.2: The Karate club network adjacency matriz, binary version - only the first 20 mem-
bers out of 34 are displayed.

The variational expectation-maximization algorithm and three different spectral methods -
the regularized Laplacian matrix spectral method, the standard Adjacency matrix spectral
method and the spherical Adjacency matrix method, were used to estimate the network struc-
ture. For all models, the number of communities to estimate was supposed to be K = 2.

All three spectral methods yield the same estimate, which corresponds exactly with the true
factions, except only for member 9. The variational expectation-maximization algorithm per-
forms poorly, by roughly splitting the club members according to their degree. Table 5.3
display these results. Note that the variational expectation-maximization method splits the
members between those with a degree higher than 6 and a degree smaller or equal to 6. The
performance of the spectral methods correspond exactly with the results obtainted by using
the degree-corrected SBM profile likelihood estimator in the work of Karrer & Newman (2011),
while the performance of the variational expectation-maximization method corresponds ex-
actly with the results obtainted by using the standard SBM profile likelihood estimator (Karrer
& Newman, 2011).
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Member Degree Faction Spectral methods estimate Var-EM estimate

1 16 Mr. Hi A A
2 8 Mr. Hi A A
3 9 Mr. Hi A A
4 6 Mr. Hi A B
5 3 Mr. Hi A B
6 4 Mr. Hi A B
7 4 Mr. Hi A B
8 4 Mr. Hi A B
9 5 Mr. Hi B B
10 1 Officer B B
11 3 Mr. Hi A B
12 1 Mr. Hi A B
13 2 Mr. Hi A B
14 5 Mr. Hi A B
15 2 Officer B B
16 2 Officer B B
17 2 Mr. Hi A B
18 1 Mr. Hi A B
19 1 Officer B B
20 2 Mr. Hi A B
21 1 Officer B B
22 2 Mr. Hi A B
23 1 Officer B B
24 5 Officer B B
25 3 Officer B B
26 3 Officer B B
27 2 Officer B B
28 4 Officer B B
29 3 Officer B B
30 4 Officer B B
31 4 Officer B B
32 6 Officer B B
33 11 Officer B A
34 14 Officer B A

Table 5.3: The Karate club network degree distribution, true factions and estimated factions.
Estimation was performed using three spectral methods, (the reqularized Laplacian matriz spec-
tral method, the standard adjacency matriz spectral method, and the spherical adjacency matriz
method), and the variational expectation-maximization method.
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5.2 Political blogs network

In this section, a political blogs network will be studied. This dataset was already analyzed
in the works from Amini et al. (2013), Karrer & Newman (2011) and Zhao et al. (2012), in
which profile likelihood, modularity and pseudo-likelihood methods were tested. The network
comprises a total of 1222 blogs about the 2004 United States presidential election, and the
web links between them, as measured on the same day in 2004. Note that these 1222 blogs
are part of a bigger network of 1490 blogs; however, the remaining 268 blogs being isolated
from the main component of the network, they are disregarded. The network dataset was
originally compiled, and blogs were labeled as left-leaning or right-leaning, in the work from
Adamic & Glance (2005) (as cited by Amini et al. (2013), Karrer & Newman (2011) and Zhao
et al. (2012)). The complete dataset was downloaded from the R library networkdata. The
network is balanced, with 758 blogs labelled as left-wing and 732 as right-wing. The undi-
rected network was considered, so that an edge between two blogs means that at least one of
the two blogs has a link to the other.

Figure 5.1 shows that the degree distribution is highly skewed; indeed, most of the blogs
display less than 20 links; however, there are also blogs with over 200 and even 300 links.
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Figure 5.1: Degree distribution for the 1222 blogs of the network.
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Table 5.4 shows that the edge density between left-wing blogs is approximately 0.04, while it
is slightly lower for right-wing blogs. The edge density between blogs of opposite leanings is
approximately 0.004.

Left-wing Right-wing
Left-wing .0426 .0042
Right-wing .0042 .0388

Table 5.4: True edge probability matriz for the political blogs network.

Table 5.5 shows that the estimation quality of the spherical spectral method is very good. The
other methods perform much worse. In particular, the variational expectation-maximization
estimator performs very poorly. The poor quality of most estimators may be explained by the
large variability in the degree distribution.

NMI Rand Index Agreement

VAR-EM .00 .50 .52

Laplacian matrix, regularized .24 Y .69
Adjacency matrix 18 .54 .64

Adjacency matrix, spherical 71 .90 .95

Table 5.5: FEstimation quality of the political blogs classes, as measured by the normal-
ized mutual information, the Rand Index and the Agreement, of the variational expectation-
mazimization algorithm and three different spectral estimation methods. The number of com-
munities to detect was supposed to be K = 2.

The estimated edge-probability matrix, displayed in Table 5.6 is also close to the true edge-
probability matrix.

Left-wing Right-wing
Left-wing .0475 .0033
Right-wing .0033 .0369

Table 5.6: Estimated edge-probability matrix for the political blogs network, via spherical ad-
jacency matriz spectral decomposition.
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5.3 Students friendship network

In this section, a friendship network dataset of students will be studied. The dataset concerns
196 senior year students of the same secondary school in the same academic year. This school
welcomes students coming from several countries.

This school is organised in "linguistic sections". Each student is enrolled in one linguistic
section, generally corresponding to his/her mother tongue. Students are given some courses
inside their linguistic section, ie. in their mother tongue, while other courses are taught in a
different language. For example, students of the Italian section follow subjects such as Italian -
First language, Mathematics, Biology, etc., in Italian. However, courses of other subjects such
as History, Geography, Second language, Third language, Economics, Arts, Music, etc. are
organised in groups of students coming from different linguistic sections (the number of such
subjects increases as the pupil goes through the years). In these courses, instructors teach in
one language between English, French, and German, which eventually serve as "lingua franca"
facilitating friendship contacts among students of different sections. Indeed, learning at least
one of these three languages is mandatory since the first year of primary school.

The friendship network data were gathered from a book, printed by the students at the end of
their last academic year. Such book contains messages of students to each other. Each page
of the book is devoted to one of the students, and includes all messages written to him/her
by fellow students. All messages are signed with a signature such as name + first letter of the
surname, or only the first name, or, seldomly, with a nickname, so that some messages could
not be attributed to the true author.

In total, the book considered in this study contains data of 196 senior-year students and a
total of 2764 messages. Of these 2764 messages, 249 messages were discarded: 51 of these
were written by "external" students not in their senior-year. Therefore such messages were
considered as irrelevant because outside of the network under study. For the other 198 mes-
sages, which were signed with nicknames, it was not possible to identify the author, who could
be either an unidentified senior year student or an "external" student. The 2515 messages
were summarized in a 196 x 196 binary table. Therefore, the accuracy of the network can be
estimated to be over % = 92%.

The undirected network of the senior year students as reported in the above described table
was considered in this study. For each couple of students, an undirected edge was recorded
when at least one of the two students sent a message to the other. The total number of
recorded undirected edges is 1820.

The number of students in each linguistic section - German, English, Finnish, French, Italian,
Dutch, Portuguese, Swedish, per gender, is reported in Table 5.7. Note that, because the
French section includes many students, it is divided in three sections: French-A, French-B and
French-C sections. Note also that there is no exact correspondance between linguistic sections
and nationalities: for example, the FEnglish sections include many Irish students, the French
and the Dutch sections include many Belgian students, the German section includes many
Austrian students. Furthermore, there are few students who are in sections not corresponding
with their mother tongue: for example, the French section "historically" includes several
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Greek students (no specific Greek section is present in the school under study). However, for
simplicity, we will often refer to the students of the French sections as the French students, to
the students of the English sections as the English students, etc.

DE ENA ENB FI FRA FRB FRC IT NL PT SW Total

F 6 11 7T 2 13 ) 8§ 5 11 9 7 84

M 13 9 T 7 11 5 13 9 19 12 112
Total 19 20 14 9 20 16 13 18 20 28 19 196

Table 5.7: Number of students in each linguistic section, per gender (M=male, F=female).

Table 5.7 shows that the Finnish, Italian, Portuguese and German sections include a strong
majority of boys, while the French-A section includes a strong majority of girls. The other
sections display approximately a balance of boys and girls.

The average degree of the network, ie. the average number of friendship relationships, as mea-
sured by the bac-book messages, per student, is 2'11530 = 18.5 (see Figure 5.2). As expected,
the distribution of such degree is slightly right-skewed. No student has less than 2 friendship
ties. 4 students have 2 or 3 friendship ties, and 3 students have 40 or more friendship ties.
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Figure 5.2: Degree distribution of the students network.

Table 5.8, displaying the edge probabilities between sections, shows that friendship relation-
ships are generally much more frequent inside linguistic sections. In particular, the Italian
(0.80), Portguese (0.65) and Swedish (0.68) sections display very high values of intra-section
edge probability; while other sections as the Dutch section (0.47) and the French sections
(between 0.12 and 0.51) display lower values. Furthermore, the links across the sections shar-
ing the same language (French-A, French-B and French-C; English-A and English-B), are
generally stronger than across other sections. Other across-sections edge probabilities are of-
ten below 0.05. Note that the northern countries display slightly higher values: indeed, the
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DE ENA ENB FI FRA FRB FRC IT NL PT SW

DE .58 .04 .05 .04 .01 .02 03 .05 .05 .03 .06
ENA .04 48 27 .04 .04 .02 02 .01 .07 .02 .04
ENB .05 27 45 .06 .07 .05 06 .05 .06 .05 .07
FI. .04 .04 .06 .42 .03 .01 03 .01 .10 .02 .16
FRA .01 .04 .07 .03 .40 A2 21 .03 .03 .05 .03
FRB .02 .02 .05 .01 12 23 14 .00 .03 .02 .04
FRC .03 .02 .06 .03 21 14 bl .04 06 .03 .08
IT .05 .01 .05 .01 .03 .00 .04 80 .04 .02 .03
NL .05 .07 .06 .10 .03 .03 06 .04 47 .05 .09
PT .03 .02 .05 .02 .05 .02 03 .02 .05 .65 .02
SW .06 .04 .07 .16 .03 .04 08 .03 .09 .02 .68

Table 5.8: Edge-probability matriz between linguistic sections.

Finnish-Swedish edge-probability is 0.16, the Finnish-Dutch edge-probability is 0.10, and the
Swedish-Dutch edge-probability is 0.09. This may be explained by the fact that students of
the northern countries sections usually have excellent English skills. These skills are also due
to the fact that most of them study English as their second language. The barrier between
students of northern countries seems then to be lower than between students of other coun-
tries. Furthermore, the Finnish section is very small, including only 9 students; this may bring
Finnish students to create more friendship ties with students from other sections.

The variational expectation-maximization method and three different spectral methods were
used to estimate the community structure of the students network. For each method, several
models for K ranging from 1 to 20 were tested, and the optimal value of K was selected using
the ICL criterion. Such an optimal value is displayed in Table 5.9

Number of communities

VAR-EM 11

Lap. matrix, reg. 6
Adj. matrix 8

Adj. matrix, sph. 7

Table 5.9: Estimated number of communities by the variational expectation-maximization al-
gorithm and three spectral methods.

Each of the four models overlaps greatly with the 8 linguistics sections structure. Indeed,
Table 5.10 shows high values of the criteria measuring the similarity between the estimated
community structure and the linguistic sections structure.
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NMI Rand Index Agreement

VAR-EM  0.75 0.92 0.73

Lap. matrix, reg.  0.87 0.95 0.84
Adj. matrix  0.86 0.96 0.91

Adj. matrix, sph.  0.88 0.97 0.91

Table 5.10: Normalized Mututal Information, Rand Index and agreement between the 8 linguis-
tic sections and the community structure estimated by the variational expectation-mazimization
algorithm and three spectral methods.

Tables 5.11 to 5.14 display the estimated students communities, in terms of the linguistic
sections membership. The communities overlap sensibly with the linguistic sections. Indeed,
Table 5.12 displays a 7-communities model corresponding almost perfectly to the 7 major
linguistic sections. However, as already observed, the students from the Dutch, Swedish
and Finnish sections seem to mix more than other students : in particular, the Dutch and
the Swedish sections are considered part of a single community in the 6-communities model
(Table 5.11), and there is no exclusively Finnish community in any model. This may be due
to the fact that Finnish students make a very small group of only 9 students. Interestingly,
the 8-communities model (Table 5.13) finds a single-student community, ie. community 3 :
the student in this community is a girl of the Dutch section which is involved in many extra-
academic school activities and is known by most of the students, displaying indeed more than
40 friendship ties, and is therefore a hub.

DE EN FI FR IT NL PT SW

Community 1 19 0 O 0 0 0 0 0
Community 2 0 34 2 1 0 0 0 0
Community 3 0 0o 7 2 0 19 0 19
Community 4 0 0 0 46 0 1 0 0
Community 5 0 0 0 0 18 0 0 0
Community 6 0 0 O 0 0 0 28 0

Table 5.11: Communities of the students network, as estimated by the Laplacian matriz regu-
larized spectral decomposition method, in terms of their linguistic section.

DE EN FI FR IT NL PT SW

Community 1 19 0 O 0 0 2 0 0
Community 2 0 34 3 1 0 0 0 0
Community 3 0 0 6 1 0 3 0 19
Community 4 0 0 0 46 O 0 0 0
Community 5 0 0 O 0 18 0 0 0
Community 6 0 0 o0 0 O 0 28 0
Community 7 0 0 O 1 0 15 0 0

Table 5.12: Communities of the students network, as estimated by the adjacency matrix spher-
ical spectral decomposition method, in terms of their linguistic section.
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DE EN FI FR IT NL PT SW

Community 1 18 0 0 0 O 0 0 0
Community 2 0 32 2 1 0 0 0 0
Community 3 0 0 O 0 0 1 0 0
Community 4 0 1 3 47 O 0 1 0
Community 5 0 0 0 0 18 0 0 0
Community 6 1 1 3 0 0 18 0 0
Community 7 0 0 O 0 0 27 0
Community 8 0 0 1 1 0 1 0 19

Table 5.13: Communities of the students network, as estimated by the adjacency matriz spectral
decomposition method, in terms of their linguistic section.

DE EN FI FR IT NL PT SW

Community 1 14 0 O 0 0 0 0 0
Community 2 0 25 1 1 0 0 0 0
Community 3 4 0 1 0 0 5 0 0
Community 4 0 0 0 33 0 0 0 0
Community 5 0 0 O 0 18 0 0 0
Community 6 0 1 4 0o 0 12 0 1
Community 7 0 0 0 0 O 0 28 0
Community 8 0 0 3 0 0 2 0 13
Community 9 0 2 0 8 0 0 0 0
Community 10 0 0 O 7T 0 0 0 2
Community 11 1 6 0 0 O 1 0 3

Table 5.14: Communities of the students network, as estimated by the variational expectation-
mazximization method, in terms of their linguistic section.

The model in Table 5.14 displays 11 communities, 7 of which correspond roughly to the 7
major linguistic sections; these are communities 1,2,4,5,6,7,8. Furthermore, communities 3, 9,
10 and 11 are "cliques" of students coming from different linguistic sections. Community 3 is
made up chiefly of German and Dutch students. Community 9 is made chiefly of French and
English students. Community 10 is made of French students and 2 Swedish students. Most
of the students in community 9 wrote messages to each other concerning memories of parties
organized in different clubs. Community 11 is a mix of students from northern Europe. Most
of students in community 11 wrote messages to each other concerning memories of ski holidays
spent together.

The four models themselves overlap significantly with each-other, in particular the three spec-
tral methods, as can also be seen in Table 5.15.

It has been shown that sections play a very important role in the creation of social links
between students; however, students coming from the sections of northern countries seem to
mix more than students from other sections. This is particularly true for Finnish students, but
also Dutch, English and Swedish students are likely to establish relationships outside of their
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section. On the opposite, Italian and Portuguese students tend to create strong relationships
inside their section, but much less outside of it.

VAR-EM Lap. matrix, reg.

Adj. matrix Adj. matrix, sph.

VAR-EM 1.00

Lap. matrix, reg. 0.76
Adj. matrix 0.75

Adj. matrix, sph. 0.75

0.76
1.00
0.85
0.92

0.75
0.85
1.00
0.85

0.75
0.92
0.85
1.00

Table 5.15:  Similarity between estimated friendship communities, using the wvariational
expectation-mazimization algorithm, and three different spectral decomposition estimation

methods, as measured by the Normalized Mutual Information.



Conclusions and discussion

In the framework of this thesis, several properties of the stochastic block models were sum-
marized and discussed. Simulations from these models were performed showing that the
variational expectation-maximization method and the spectral methods are able to detect
communities in a reliable way. Furthermore, these methods were used to detect communities
in three different real-life networks of increasing complexity in terms of the size of the network
and of the number of communities. The results of these studies have shown that, in general,
these models are able to detect the communities in a sound way, confirming that stochastic
block models are powerful tools for modelling networks. However, as emerged in the study
of the two first real datasets, the variational expectation-maximization method may tend to
produce inaccurate results due to the presence of hubs in the network, while its performance
is comparable to spectral methods for networks in which few hubs are present. Indeed, both
spectral methods and the variational expectation-maximization method were able to correctly
detect communities of a relatively complex social network never studied before, made of sev-
eral communities of students of different origin and linguistic background. It has also been
shown that stochastic block modelling requires specific methods, which are often faced with
computational challenges in terms of time and complexity. These computational challenges
are also due to unidentifiability issues, and hinder the analysis of networks of larger size.

However, at the current state-of-the art, newer and more elaborated methods are being studied
in order to detect communities of larger networks, such as methods based on semi-definite
programming relaxations of the maximum-likelihood estimator (Amini & Levina, 2018) and
pseudo-likelihood methods (Amini et al., 2013). These newer approaches would have the
advantage of sensibly shortening the computational time, allowing to detect communities also
on larger networks.
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Appendix

7.1 Basic distributions

Multinomial distribution

This probability distribution generalizes the binomial distribution.

Let n € N, k € N be two positive integers, with n being the number of trials and k£ the number
of classes, and 7w € Ri a k-dimesional vector of strictly positive numbers with Zle m o=
1. A Multinomial distribution of parameters (n,7) is a discrete probability distribution, of
probability-mass :

n!

f(z1,...,xg|n, ™) = Wfl...ﬂ'gk]lzixi:n

acl! xg! - -xk!

for {z;}i=1. .k non-negative integers.

In the case where n = 1, this distribution describes a scenario in which X; ’s are binary
variables of value 0 or 1, and events {X; = 1}; are mutually exclusive, ie. P(X; =1NX; =
1) = 0 Vi # j, with each of them having a probability m;: P(X; =1) = m;.

Multinomial distributions of parameter (n,7) will also be referred to as n-Multinomials. In
practice, only 1-Multinomials distributions are of interest in this text.

Beta distribution

Let « € Ry and 8 € R be two strictly positive real numbers. The Beta distribution of
parameters (a, () is defined by the density function :

P(Oé + 5) xa—l X
I'(a)L(B)

where I' is the standard Gamma function defined by I'(z) := f0+oo t*~le~tdt

f(zle, B) = (1= )" yepoy

Dirichlet distribution

Let (o, 9, ...,ax)" € Rﬁ be a vector of strictly positive real numbers. The Dirichlet distri-
bution of parameters (aq, ag, ..., ax) is defined by the density function :

F(Zf:l 057;) ZL‘OHZL‘OQ
(o) (ag)..T (o)t 72

f(z1, 29, ..y xp|ag, .y ag) = Ty

81
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for all (x1, 2, ...,x) such that Zle x;=1,2;, >0 Vie{l,2,..,k}, and where I" indicates
the standard Gamma function.

Bernoulli distribution

Let « € [0,1]. A Bernoulli distribution of parameter « is a discrete probability distribution,
of probability mass function:

f(z]a) =a® (1~ a)lfx]lxe{o,l}

implying
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7.2 Proof of the formula for the expectation of the sufficient
statistics for an exponential family

In this section, it will be proved that, for an exponential family model, Egt;(X) 8Zia(¢)
forany ¢ =1,2,...,d.

First, let remind that 57 log f(z|o) = ti(x) — %a(cﬁ).
Therefore, we have that

0

Egti(X) — 90,

o9) = [ @ (@lo)dz — 5-a) [ f(alg)e

:/ (@) f(2|$) dw—/a@ ) f(x|¢)da

~ [t(@)s(@lo)in - 5 -alo)f(al)de

0
= [ (@) - 5-ales(els)de
/(a?ﬁz log f(x|9)) f(x|p)dx
_ / 50y, P05 f(z]9)) o

0
- [ s t(alo)e

0
- 55 [ Hel)de
0
o0
=0,

where the permutation of the integral operator with the partial derivative operator is allowed
by Leibniz regularity conditions.

7.3 Proof of the formula for the variance of the sufficient statis-
tics for an exponential family

In Appendix 7.2, it has been shown that Egt;(X)
that :

= a%ia(¢) for any ¢ = 1,2, ...,d, implying

g 0 0
%8@@(@—%

Egti(X). (7.1)

Therefore, it is sufficient to prove that (%_]quti(X) = Cov(t;(X),t;(X)). To see this :
J
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0 0
5o EotiX) = 5o / F(@|)ti(x)da

0
- / %wqu)ti(m))dw

- [tia >8¢J (| )i
=/t( )&p] exp(log f(z[¢))d

1) expllo f(x|6) 8(;

ti(z) exp(log f(x|p))(t;(x) —

log f(x|¢)dz
R
0¢;

(et ) explog (al))da — [ 4(z)explos f(al6) 50

(@)t (@) f (] d)de — a‘;aw)) [ tit@) expliog f(alo))ia

= Eg (t:(X)t;(X)) — (Egtj (X)) (Egti(X))
= Cov(t;(X),t;(X)),

a(¢))dx

a(¢))dz

— e — —

where the permutation of the integral operator with the partial derivative operator is allowed
by Leibniz regularity conditions.

7.4 Proof of the properties of the up-to-label-swapping equiva-
lence

Up-to-label-swapping equivalence, defined by:
@, 7") "XV (0, 7) = (0/,7') = (8,,7,) for some permutation o € Sym(K)

is a reflexive, symmetric and transitive relation, and so it is indeed an equivalence relation.

Proof. First, to prove reflexivity:

Reflexivity : (8, 7) "~ (6, 7)
just consider the identity permutation, denoted Id € Sym(K), defined by Id(k) = k Vk €
[K], so that (8, 7) = (014, 71q). Therefore (0, 7) "~ (814, 71q) = (0, 7)

Now, to prove simmetry:

Simmetry : (8, 7) "~ (8',7') <= (0',7') "<F (6, 7)
let prove the left-to-right implication (8, 7) "~ (¢, 7') = (8',7') "~" (0, ) (the proof
of the right-to-left implication is basically the same). Suppose that (8, 7) *~" (@', 7'). Then,
by definition (8,7) = (6’5, 7’,) for some permutation o € Sym(K), and so (0,-1,m,-1) =
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(@', 7'), where o~! is the permutation inverse of o . By definition of ¥CP this means that

@, 7)) "<P (0, ).

Finally, to prove transitivity:

swap swap

Transitivity : (8", 7') “< (8, 7) and (8”7, 7") < (0', %) = (0", x") *XP (0, )
let suppose that (6', ') °~" (6, 7) and (0", ") (0',7’). Then (0',%’) = (0,,,7,,) for some o1 €
Sym(K) and (8", 7") = (07,,7},) for some o2 € Sym(K); then, by defining o = 03 0 01, we

have that (8”,7") = (8,,7,). By definition of *~”, this means that (8”,7") “<* (0, 7).

swap
~Y

O
It can also be very easily proved that the set of the distinct equivalence classes yield a partition

Proof. Let us consider two distinct equivalence classes [(0,7)|swap # [(0”,7")]swap; it is
then sufficient to show that if there exists a couple (8, 7) such that (0, 7) € [(6', 7')]syap and
(0,7) € [(0”,7")]swap, then we necessarily have [(60', 7)]swap = [(0”, 7)) swap-

Let us then suppose that

(0,7) € [(6',7)]swap (7.2)
and

(0,7) € (8", 7")]swap- (7.3)
Let us consider any parametric couple (8, 7) € [(6', )] swap- We have that (8,7) *~" (0, 7)

swap

and (0, 7) <P (07, 7"), and so by transitivity : (0,7) "= (8”,x"); therefore (0,%) €
[(0”,7"))swap- This means that [(6',7)]swap C [(0”,7")]swap - Similarly, it can be shown
that [(Ollaﬂll)]swap - [(eluﬂ'/)]swap- So [(al’ﬁ/)]swap = [(ellaﬁll)]swap-

O

7.5 Identifiability for 3-way contingency tables

Let us consider an r-class mixture model for 3 discrete variables, ie. a model in which 3
discrete variables X (taking values in the set {1,2.., kK1}), X2 (taking values in the set {1,2..,
ko}) and X3 (taking values in the set {1,2.., k3}) are mutually independent conditional on a
variable Z, taking values in 1,2...,7. So that :

P(Xl = ’U,,XQ = ’U,X3 = w\Z = 7,) = [E"(Xl = U‘Z = Z)P(XQ = ’U‘Z = Z)P(Xg = w\Z = 7,)
Vu e {1,2..,k1},v € {1,2..,ke},w € {1,2..,k3},i € {1,2...,r}.

Z is supposed to be distributed according to the vector of parameters w = (7, ..., 7). If we
denote P;(-) = P(-|Z = i) we can write

P()= Y mPi()
i=1,..,7

which is a common form of describing a mixture model. The probability distribution of Xj
conditional on Z = 1 is specified by a vector p;; € [0, 1]"7. Entries of such a vector are denoted
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by pi;(l), with p;;(l) = P(X; = 1|Z = i). The parameters of the model are then 7, which is a
r-dimentional vector, and Py, Py ,..., P,., which are 3-dimensional k1 X kg X k3 arrays :

P; = pi1 ® pi2 ® pi3
whose (ll, lQ, lg)— entry is Pi1 (ll)pig(lg)pig(lg).

For any matrix M, let us define the Kruskal rank (denoted rankg) of a matrix as the maxi-
mum number n such that every subet of n rows of such matrix are linearly independent. Note
that in general rank(M) > ranky (M). However, in the particular case where a matrix M of
size p x q has rank p, it also has Kruskal rank p. For every j = 1,2, 3, let M;, be the r X k;
matrix whose ith row is p;; = P(X; = -|Z =i). Then the following result holds:

Theorem (Allman et al., 2011): Consider the model described above, parameterized by m, Py,
Py ..., P,.. Suppose all entries of 7 are positive. For each j =1,2,3, let M; denote the r x K;
matriz whose rows are p;;,i = 1,...r, and let I; denote its Kruskal rank. Then if:

Il—|—12+1322r—|—2

the parameters of the model are identifiable, up to label swapping.

The theorem is a direct application of an algebraic result from Kruskal (1976) (see Allman et
al. (2011) or Kruskal (1976) for the exact statement of such an algebraic result).

The following corollary yields directly from the last theorem. Indeed, the condition on the
sum of Kruskal ranks "can be expressed through polynomial inequalities in the parameters, and
thus holds generically”. (Allman et al., 2011)

Corollary: (Allman et al., 2011) The parameters of the model described above are generically
identifiable, up to label swapping, provided

min(r, K1) + min(r, k2) + min(r, k3) > 2r + 2.

The assertion remains valid if, in addition, the class proportions {m;}1=1._» are held fized and
positive in the model.
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7.6 Proof of the basic properties of the Kullback-Leibler diver-
gence

Let ¢ and ¢ be 2 discrete probability distributions on a finite set Q, >~ q(z) =3, o ¢ (x) =
1. The Kullback-Leibler divergence between ¢ and ¢’ is defined as:

KLOIZ() = 3 ) log 12
xeN Q(x)
q(z)>0

where the sum is well defined by using the conventions that any strictly positive real number
divided by 0 equals 400, and that log(+0c0) = +00 . Then, the following properties hold:

KL(q()lld' () = 0
KL(q()lld() =0 < ¢ =¢

Proof. It x € Q exists such that ¢(x) > 0 and ¢/(z) = 0, then:

KLGOId() = 3 a@)log L2 = 4o
xEN q ((l))
q(z)>0

If no x € Q exists such that ¢(x) > 0 and ¢/(z) = 0, (so every term in the sum is finite) but
some z € € exists such that ¢’(x) > 0 and ¢(z) = 0, then there exists a probability distribution

)
q" on Q such that ¢"(z) > ¢/(x) for all z € Q verifying ¢(x) > 0; and > cq ¢"(z) = 1; so
q(x)>0
we have that:

FISY)
q(z)>0

=—log Y ¢'(z)

zEQ
q(z)>0

=—log > ¢"(x)

€
q"(x)>0

=—logl
=0
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where (%) holds from Jensen’s inequality.

In the third case, ¢/(z) > 0 if and only if g(x) > 0, so every term in the sum is finite,

and:
KLaOIZ() = 3 () log 1)
= q ()
q(z)>0

=-log Y d()

e
q(z),q'(z)>0

=—log Y d()

e
q'(z)>0

= —logl
=0

where (x) holds from Jensen’s inequality. So, the Kullback-Leibler divergence is always non-
negative. Furthermore, (x) is an equality if and only if %l = ¢ in the sum, for some constant ¢,
due to strict concavity of the logarithm. This implies that ¢’ = ¢ since ¢’ and ¢ are probability
distributions; so the Kullback-Leibler divergence is null if and only if ¢’ = q. O



Appendix 89

7.7 Proof of the formula for 7 in term of the Shannon entropy

JI(¢,¢) = U() — KL(q|lw(y, #))

=lo - z)lo 7q(z)
= log fy (y|¢) z; la(=)log 1 5]
q(z)>0
=log fy (ylo) + Y _ la(2)logw(zly, @) — D [g(2)logq(2)]
q(zzg)io Q(zze)iﬂ
1 Nlog | Y Z1)
= log fy (y|o) + ; la(=)log = T 1+ H (@)
q(z)>0
=log fy (yl®) — Y _ la(z)log fy (y|d)] + D _ la(z)log f(y, z|p)] + H(q)
q(zzg)io (Ze)i0
= log fy (yl#) —log fy (yl®)[ > q(2)]+ Y la(2)log f(y, z|9)] + H(q)
q(zze)i0 Q(zze)io
= log fy (yl®) —log fy (ylp) + Y _ l9(2)log f(y, z[#)] + H(q)
q(zze)io
=H(g)+ Y a(z)log f(y,=|¢).
z€EZ
q(z)>0

7.8 Proof of the decomposition of the Shannon entropy, for
completely factorisable distributions

In this section, it will be proved that the entropy of a totally factorized distribution ¢ is
decomposable in the sum of the entropies of its marginals g;(-), ie:

Hig) =Y H(a)
i€[n]

where the entropies of ¢(-) and ¢;(-) are defined by:

H(q) :== Z q(z1, ey 2n) log q(z1..., 2n)

(2120 ) E[K]™

H(g) = aiz)loggi(z)

ZZ‘E[K]

We remind the reader that a totally factorized distribution satisfies:

q(21, ey 2n) = H qi(zi).
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We also remind the reader that marginals ¢;(-) are defined by:

ql(Zl) = Z Q(Zla o) Zn)
(Zl,...Zi_l,Zi+1...,zn)€[K]n71
Proof.
Hig) = > q(z1za)logg(z1, .., 2n)

(2102 ) E[K]T

= Z Q1(Z1)~-.Qn(2’n) logQ(zla”'ﬂzn)

(21...,2n ) E[K]™

= Y {a(z)ednlza) Y logai(z)}

(21..,2n)E[K]™ i€[n]

- Y Y e osatz)

(21,20 ) E[K]™ i€[n]
=3 Y a1(21)-an(zn) log gi(2:)

i€[n] (21...,2n)E[K]™

=> > qlzr, . 20) log i)

i€[n] (21...,2n)E[K]"

=5 ¥ > q(z1, ..., 2n) log qi(2)

7,6[71} Zle[K] (21,...Zi_l,Zi+1...,Zn)€[K}"71

= Z Z log q;(zi) Z q(21, .y 20)

i€[n] z;€[K] (2150 Zio1,Zit 1020 ) E[K]? 1
= > > logai(z)a(=)

1€[n] z;€[K]
= Hq).

i€[n]

7.9 Proof of the formula by Mariadassou

It can be proven (see Appendix 7.7) that the function J (¢, @) can be rewritten, for any
distribution ¢(-) € Dz in terms of its Shannon entropy H(q), as:

J(q,8) =H(g)+>_ q(z)log f(y, z|¢) (7.4)

zeZ

where the Shannon entropy H(q) is defined as:

Hig):==— > q(z)logq(2). (7.5)
zZEZ
q(z)>0

For a completely factorized distribution ¢(-) € ng, the entropy of ¢(-) is given by the sum
of the entropies of the marginals {q;(-)}i=1..n (see Appendix 7.8), so that:
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Z H(g) = Z Z mxlog T Vg € DL

i€[n] i€[n] ke[K]

The log-mass function of a directed stochastic block model is given, under parameter ¢ =
(7,0), by (see equation 1.23):

log f(y, 20) = > > znlogme+ Y. > zinzilogg(yiilO)-

i€ln] ke[K] (i.5)€n)? (kD)E[K]?
i#]
Therefore,
> a@)log f(zyld) =D D Eg(Zip)logme+ >, > E Zji) log g(yij|Or)
z€Z i€[n] ke[K] (w)e[n]? (k,)E[K]?
= Z Z Tik log 7, + Z Z TikTj1108 9(Yij|Oki)
i€[n] ke[K] (i,j);[n}z (k,1)E[K]?
i#)

where Ey(Z;xZj1) = Eq(Zir)Eq(Z;1) = TixTj due to independence of the nodes classes.
As such, we obtain that

J(q,0,7) =H(g)+ > q(z)log f(y,z|¢).

z€Z
a(z)>0

7.10 Proof that the log-likelihood function is unimodular for
the complete binary model

We define H(¢p) € R% as the random matrix whose elements Hy, (&) are defined by :

H(d0) 1= (s~ log f(X[0))]gy  ¥(k,1) € [d Voo € 9.

8¢ c’kb

In order to distinguish elements of H corresponding to different types of parameters, Hy;(¢g)
will also be noted as Hg, ,(¢0)-

For the binary stochastic block model, if we use the parameters (w,rv) € T, the log-mass
function for the directed model is given by adding the right hand side terms of equation (1.17)
and of equation (1.18):

K-1
log f(y, z|w,v) Z wrng) —nlog(l + Z e“r) + ZZVMOM — ng log(1 + eF).
k=1 k=1 1=1

Therefore, the first derivatives of f(-) with respect to the parameters are given by:

0 Wk

—f:nk— e——nk—mrk Vk € [K — 1]

Ay, 14+ Y e
of em Mt /(1 — mit) 2
—— =0 —"Nn =op—n =0p—Nn V(k,l) € [K]*.
8Vkl kl kl 1+ e kl kl 1+ nkl/(l — nkl) kl kIl ( ) [ ]
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The elements of the matrix H are then given by the second derivatives:

a of
8Vk;l aljkl

o )
=—(o—n
Okl kl KUkl

0
= Ngl7— v 77kl
a eVkl
Ovgy 1+ evrl
ekl (1 4 ekt — (erz)Q eVkl 1
(1 + erz)Q = Tkl 14 evrt 1 + eVwl
eVkl eVkl 9
) = =g (L —nw)  V(k, 1) € [K]%,

- 1 4 e¥w (1= 14 evw

H =

VEIVEl

Nkl

= — Nkl

while

9 9f
&uk 8wk

_ i( _ )
= on ng — Nk

0
= o0
. 0 ek
8wk1+ZK*1 w;
(1437 e J)—(eu”“)2
(1 ‘1‘23 1 e)?
o (rEf e e
1—|—ZJ L e 1+ZJ L e
= —nmi(1 — 7) Vk € [K — 1],

Hwkwk =

and

0 of
awl awk

0

= %(nk - mTk)
0

= —N-_—T
Owy k
0 ek
T ] LK1 o,
w1+ Zj:1 e

=— = nmm V(k, 1) € [K —1]* k#1
(1 + Z] 1 e )

all other elements being null:

szwk =
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Of 2
Hywm = E A 0 V(k,1)€[K]" me[K—1] (7.6)
— an _ 2 /gl 2 ’ gl
Hy vy = Dm0y 0 V(k,0)e[K]", (K1) € [K]" (k1) #(K,D). (7.7)

To resume, for every (w',v') € T, the matrix H is given, for the directed binary model, by:

VkIVkl (w/7V/) = _77;@1(1 - n;cl)nkl V(k,1) € [K]2
wpop (W V) = —nm, (1 — ) Vke[K —1]
o (W V) =nmn] Yk ) € [K -1 k#1

s

where (7', 1) denotes the parameters corresponding to (w’, v’) in the familiar parametrization
setting. All other elements of H are null.

For the undirected binary model, the formulas are the same except that we divide by 2 every
element of H.

By the previous formulas, H is a 2x2 diagonal blocks matrix with the first block on the
diagonal, noted H; € R¥ ? corresponding to indexes 1, and the second block on the diagonal,
noted Hy € RE~! corresponding to indexes wy, and null blocks outside of the diagonal.

H; (o', V) 0
0 Hy(w', V)

It will now be proved that —H; and —Hs are both positive definite. These results will imply
that —H is positive definite too (this is due to the fact that the characteristic polynomial of a
2-blocks diagonal matrix is the product of the 2 characteristic polynomials); implying finally
that H is negative definite. The matrix —H;(w’, V') is a diagonal matrix with strictly non-
negative determinant, indeed, for the undirected model, the absolute value of the determinant
is:

det —H, (o', v') = H (1 = M) 101t

kl€[K]?
k#l
= (1)K = H Mt (1 = M)k
klc[K]?
k£l
= H M (1 = 1)1kt
kl€[K]?
k#l
>0

The last inequality holds provided that ng > 0 and n; € (0,1) Vk,l € [K]?. So -H;
is positive definite in the interior of the parameter space, provided that ny; > 0. For the
directed model, the development is the same, except that the product runs on £ < [.

The second block is, for the directed model, of the form:
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mri(1—7))  —nmin —nmmy ... —nmme ;]
! ! / / ! ! ! !
—nmymy  nmy(l—mh)  —nmhmy L. NIy T4
—nmym) —nmgmy,  nms(l—mh) ... —nmET 4
—Hy(w', V') =
/ / / / / / / /
[T m g g my —nme s g g (=T )]

This is a well known type of matrix: it is the variance-covariance matrix of the K — 1 first
components of a Multinomial distribution with K classes and n trials. Theory insures that
this matrix is positive definite provided that 7 € (0,1). See for example Vandebril (2004).
For the undirected model, again, we simply have to divide all elements of this matrix by the
factor 2.

As such, H is negative definite in the interior of the parameters space, provided that all ng
are strictly positive.
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7.11 Proof of the formula by Karrer and Newman

Firstly, we remind the reader that z;; = 1 if and only if node 7 belongs to class k, ie. z; = k,
and z;; = 0 otherwise. Therefore ZIE[K] zu=1 Vi=1,..,n.

The term log ¢, can then be rewritten as :

logé,, = Z zik log 0.
ke[K]

Then, d; can be written as :

d; = Z Yij

J€[n]

= Zl'yij

J€n]

= Z Z Zil1Yij

j€[n] l€[K]

= Z Z YijZji-

le[K] j€[n]

So, the following equalitiy holds:

Z Okl = Z Z YijZikZjl
]

le[K le[K] (i,5)€[n)?

= Z Zik Z Z Yijzjl

i€[n] l€[K] j€n]

=z Y dy
le[K]

i€[n]

= Z dzzlk

i€[n]

Similarly, it can be proven that Zke[K} Okl = Zie[n] d;z;.

Therefore, we can write :
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2 dilogd, =2 di Y zylogdy

i€[n] i€[n]  k€[K]

_22 Z d;zip, log O,

i€[n] ke[K]

=2 Z Z dizik log 5k

ke[K]i€[n]

= Z Z d;zt, log 0y, + Z Z d;zi1log o

ke[K]i€n] le[K]i€n]

= Z log o, Z d;izik + Z log ¢, Z d;zil

ke[K] i€[n] le[K] i€[n]

Z log o, Z o1 + Z log d; Z Okl

ke[K] l€[K] l€[K] ke[K]

= Z Z log drop; + Z Z log 61011

ke[K] l€[K] le[K] ke[K]

= Z Z log d.0k1 + log 60k

ke[K] l€[K]

= Z ok log 01.0;.
(kDE[K]?
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7.12 Zachary karate club complete network

The complete Karate club network is displayed in the two following tables.

1

6 7 8 9 10 11 12 13 14 15 16 17
3 3

2 3
4 5 2 2 3 2
6

W = =N
(@)
—_

W W ot Ww

O© 00 O O W N+
DN W W Www ot
[\
w

W W W W NN NN NNNDNDDNDDNDNRFE PR 22 ===
WO OO DT WNEFEOOWOWIO U ixWwNn—=O
[\ \] [N} [N} W = W N
[\] [\ () [
) ORI\ — o
w
w
w

3 3 3
4 2 3 2 4

w
g

Table 7.1: The Karate club network - part 1
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Zachary karate club complete network

18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34

1 2 2 2 2

2 1 2 2 2

3 2 2 3

4

)

6

7

8

9 3 4 3

1 2
11
12
13
14 3
15 3 2
16 3 4
17
18
19 1 2
20 1
21 3 1
22
23 2
24 ) 4 2 5 4
25 2 3 2
26 5 2 7
27 4 2
28 4 3 4
29 2 2
30 3 4 3 2
31 3 3
32 2 7 2 4 4
33 1 3 2 5 4 3 4 )
34 2 1 1 3 4 2 4 2 2 3 4 5

Table 7.2: The Karate club network - part 2
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