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Introduction 

In theory, the financial world and all its participants (including firms, financial institutions 

and many others) are risk-averse players which always make strategic decisions regarding the 

potential gain and the risk faced for every situation. A manager will only choose a risky move 

if his risk-taking is rewarded at a greater extent. This is all about risk and return, and financial 

institutions are key players on the market for managing them correctly.  

In practice, many factors may induce a financial institution to choose a risky path in their 

decision-making. Market pressure can be listed as a risk-friendly factor, pressuring companies 

and institutions to provide always increasing returns.  

Predicting the future is a very complicated task as movements in the market can occur without 

any prior notice, making the past a useless indicator. The latest financial crisis of 2008 

reminded us that the world we live in is quite a risky environment when looking at the 

outcome. We are still recovering from it 10 years later. Nobody predicted this disastrous turn 

of event, and it still happened, showing that we can never be sure what the future will be 

made of. Stephen C. Nelson and Peter J. Katzenstein published in 2014 their paper called 

« Uncertainty, risk and the financial crisis » and stated very accurately that the assumption 

that financial players always follow consistent, rational behaviours became irrelevant when 

“parameters are too unstable to quantify the prospects for events that may or may not happen 

in the future” (Nelson & Katzenstein, 2014, p.362). 

“Financial institutions face a multitude of risks, which are not easy to quantify and are even 

more difficult to control” (Best, 1999). How can we make sure that those risks are controlled 

and measured appropriately for each body? To ensure that risk and uncertainty on the market 

is in control, regulators and regulatory frameworks were put in place. Regulators provide 

thresholds, risk measures and monitoring. Regulatory frameworks explicit the rules in place 

for correct risk management. Those frameworks, known in the EU as Basel III for banks and 

Solvency II for insurance companies, are always improving since they try to capture the risk 

as precisely as possible through risk measures.  

Post-crisis reforms are currently in implementation for banks with Basel III with full 

implementation of the new standards scheduled for 2027 as can be seen in Appendix B. We 
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can cite as key enhancements of those reforms five elements: (1) a revised internal models- 

approach, (2) a revised standardised approach, (3) the incorporation of the risk of market 

illiquidity, (4) a revised boundary between the trading and banking book and finally (5) a shift 

from Value-at-Risk to the Expected Shortfall measure to approximate risk under market stress 

(BCBS, 2016).  

This paper will be focused on the fifth enhancement proposed by the BCBS regarding the 

market risk framework. Value-at-Risk has been criticized by many experts over the years 

since the 1996 Market Risk Framework implemented by the BCBS. The main source of 

criticism lay in the fact that, according to Artzner, Delbaen, Eber and Heath (1999) Value-at-

Risk is not a coherent measure of risk due to its lack of subadditivity. This missing property, 

as will be explained further throughout this thesis, causes VaR to account wrongly or even 

ignore the positive aspects of diversifying a portfolio in order to reduce risk. For this reason 

but not only, Expected Shortfall seems like a good successor to a Value-at-Risk which is 

outdated according to many authors and financial analysts. 

However, Expected Shortfall is not without any default itself and cannot be considered the 

perfect approximation of market risk. In fact, ES itself is lacking some essential properties 

attributable to risk measures such as robustness (Cont et al., 2010) and elicitability (Gneiting, 

2011). Furthermore, the practical use of ES can create issues for investors in terms of 

estimation volatility. 

Throughout this thesis, our objective will be the following: analyse the market risk measures 

from a theoretical point of view through a review of the existing literature on the subject, and 

through quantitative studies to compare in practice Value-at-Risk and Expected Shortfall. 

Although there are other measures of market risk, Value-at-Risk (or “VaR”) and Expected 

Shortfall (or “ES”) will stay the key components of this paper. 

By trying to answer the question “Is the Expected Shortfall really an improvement after the 

Value-at-Risk measure?”, a comparison of the two measures, their regulatory frameworks as 

well as their shortcomings will be drawn out in many details. Through this paper, we want to 

provide a fresh perspective on this subject through a review of the criticisms made in the past 

the assumptions made on the future of market risk measures by specialists.  
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From a regulatory perspective, this subject can bring clarity to the reason behind this change 

in recommended risk measure for banks imposed by the BCBS. This change impact banks all 

around Europe and can therefore influence over 6,500 banks in their risk management 

globally. Comparing both risk measures can therefore guide practitioners through the most 

appropriate measurement and have a huge impact on financial institutions. We can ask 

ourselves: could ES analyse better extreme market movements arising during market stress 

than VaR? This thesis aims at answering that question through a comprehensive analysis of 

both risk measures. 

In order to structure our analysis, we will lead off with a review of the existing literature on 

the subject into four theoretical chapters. The last two chapters will focused on practical cases 

comparing Value-at-Risk and Expected Shortfall, commencing with a presentation of existing 

demonstrations and finishing with a personal comparison.  

The first chapter entitled “Risk management and risk measures” covers the basic concepts of 

uncertainty, risk and exposure to risk through precise definitions, defines risk management 

and its different sub-sections including market risk, credit risk, operational risk and reputation 

risk. Additionally, this section comprises a depiction of risk measures’ characteristics and its 

applications in a general context. 

Chapter two, “Regulators and regulatory frameworks of the financial institutions”, as its title 

states, provides a bigger picture on the key decision-makers in the banking and insurance 

sector. A division between the two is made as their frameworks are implemented by different 

bodies. This chapter gives a solid theoretical basis concerning the regulatory frameworks, its 

regulators and the evolution of the capital-based rules in the banking and insurance industries. 

An emphasis will be given to the Basel Accords as regulatory frameworks for banks and 

Solvency accords for insurance companies.  

Chapter three discusses the Value-at-Risk measure and its properties, its application to 

calculate the market risk of institutions and the implementation necessary in order to make 

this measure effective. The chapter will be articulated as follows. The first sections analysed 

VaR definition, its properties as a risk measure and its parameters, being the confidence level 

and the holding period. Moreover, a detailed description of each VaR method is outlined, 

namely the variance-covariance method, the historical simulation and the Monte Carlo 
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simulation. Complementary to the VaR risk measure, stress testing and backtesting are 

explained. 

Chapter four tackles Expected Shortfall, VaR substitute as the standard risk measure since the 

financial crisis. As the description of parameters and the overall statistical computation are 

similar to VaR, these parts of the chapter will be described in fewer details than VaR. 

Afterwards, an in-depth examination of the procedures of stess testing along with backtesting 

applicable to expected shortfall in order to assess market risk is done.  

Chapter 5 analyses our research question from a practical point of view by conducting an 

analysis of the current empirical case studies comparing VaR to ES. The criteria, risk factors 

and market environment used by several practitioners while making their case are assessed 

and compared, with the goal of comparing the processes used by each of them. Furthermore, 

an analysis of the characteristics of the distribution of two commonly traded indices, S&P 500 

index and NASDAQ index, is computed, comparing period of market stress (subprime crisis of 

2008) and period of market stability in terms of risk measures, distribution and skewness. 

Several computations of their respective VaR and ES is drawn, proving that the assumption of 

normal distribution of returns is obsolete. 

Chapter six consists of a global comparison of both measures in terms of advantages and 

shortcomings. This comparison is done through an examination of the literature, the existing 

criticisms and applications, as well as through our practical cases presented in Chapter five. 

Each advantage or potential drawback is explained theoretically and practically thanks to a 

literature review on the subject. Expected Shortfall qualities are analysed and confronted to 

the shortcomings of Value-at-Risk in order to conclude of the actual improvement that 

Expected Shortfall bring as a new standard risk measure. Furthermore, potential limits, 

improvements and alternative measure in risk management of financial institutions are 

discussed. 

Finally, this thesis is concluded by a summary of our approach and our findings. Some notes 

of caution when using each risk measure are described. A final assessment of both risk 

measures is illustrated while pointing out that Expected Shortfall can be considered a logical 

and coherent alternative to Value-at-Risk. Some leads on further researches on risk measures 

close this paper. 



5 
 

Chapter 1: Risk management and risk measures 

As all of the concepts that we will detail and illustrate are risk-related, this first chapter 

presents the definitions of risk in general terms, financial risks in banking and insurance 

companies and outlines the evolution of the risk management of financial institutions. The 

key points of the processes are presented to set a strong prologue before addressing the 

regulatory frameworks and the Value-at-risk based measures in the next chapters.  

In this chapter, an analysis of the history of risk management will be drawn. In order to have a 

complete picture of the risk management and its developments, going through the risk 

measures used by financial analysts is an essential step. An explanation of their characteristics 

and their implications on the regulation is described. 

The first section describes the context of risk, uncertainty and exposure to risk. Afterwards, a 

description of risk management is provided. Finally, a definition of what a risk measure is and 

what properties it usually satisfies is analysed. Defining those properties is crucial for the 

understanding of the analysis of VaR and ES conducted throughout this thesis. 

1.1 Uncertainty and risk 

Risk has been defined in many ways over time. When looking at those definitions (i.e. Bessis, 

2010; Best, 1999; Gallati, 2003; McNeil, Frey & Embrechts, 2005; Tapiero, 2004), the 

elements that always stand out are the uncertainty of the outcomes and the probability of an 

event (Bessis, 2010, p.1). We can define risk as “the potential negative outcome that an event 

could have given the uncertainty of the future”. In other words, risk represents the worst case 

scenario of every situation. 

Given that definition, we can deduct the one of the financial risk, which is the following: 

financial risk is the possibility that, in the future, the return on investments can have a 

negative outcome rather than a positive one. This uncertainty in the future outcome is 

omnipresent in every scenario; you cannot obtain significant return without taking risk: they 

come as a package.  

As a result of this definition, the conclusion is that higher risk taking will provide higher 

return to the person taking this extra risk. Higher risk arises when potential loss meets 

uncertainty. In order to avoid financial risk, the financial industry put measure into place to 
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control financial risk for firms and financial institutions as much as possible. To attain this 

goal, since the risk cannot be taken out of the equation, exposure to risk has to be monitored 

closely through regulators and regulatory frameworks. 

Financial risks come in many forms for financial institutions such as Banks and Insurance 

companies. The regulation of those institutions is of prior importance because, as has been 

observed during the financial crisis of 2008, their fall caused all the system into complete 

collapse. 

1.2 Risk management 

Risk management has a central function for firms, banks, funds and insurance companies. As 

a matter of fact, it has two objectives: improve financial performance and make sure that 

financial bodies do not face unbearable losses, causing ultimately bankruptcy. Thus, risk 

management is about understanding, measuring, controlling and communicating the risks that 

financial institutions and firms encounter.  

1.3 Main classes of financial risk 

Differentiating different kinds of risk has been a difficult task as many authors have different 

approaches to do so. Overall, financial risk can be defined through their sources of 

uncertainty. We can divide financial risk into credit risk, operational risk and market risk; 

each of them can be further sub-divided into classes of risks according to the events that 

trigger the losses (Bessis, 2010). We will focus on market risk as Value-at-Risk and Expected 

Shortfall are both primarily used as measures of this risk category. 

1.3.1 Credit risk 

Credit risk can be defined as “the risk of losses due to the borrower’s default or deterioration 

of credit standing” (Bessis, 2010, p.3). In other words, a financial institution face credit risk if 

there is a possibility that repayments on investments such as loans and bonds will not be 

received because the borrower is unable to pay the underlying amount (McNeil et al, 2005). 

This can trigger partial or total loss depending on the risk exposure of the financial institution. 
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1.3.2 Operational Risk 

Regulators define operational risk as “the risk of loss resulting from inadequate or failed 

internal processes, people and systems or from external risk” (BCBS, 2006, p.144). 

1.3.3 Market Risk 

The Basel Committee defines market risk as “the risk of losses in on- and off-balance sheet 

positions arising from movements in market prices” (BCBS, 1996, p.1). More concretely, 

market risk occurs when the value of a financial position (e.g. stock or bond prices) fluctuates 

due to random changes in the market components, such as foreign exchange rate or interest 

rate for instance.  

It is the most known type of risk in the banking industry. Those randomly changing market 

components are called risk factors. In market risk, risk factors comprise essentially all equity 

indexes, interest rates and foreign exchange rates. Therefore, for banks, market risk relates to 

the trading book items. A trading book refers to “positions in financial instruments and 

commodities held either with trading intent or in order to hedge other elements in the trading 

book” (BCBS, 2006, p.158). 

1.4 Risk measures: definition and basic properties 

For decades, risk management used variance and standard deviation as indicators of volatility 

and risk. Recently, other risk measures emerged on the financial market with the aim to better 

assess the complexity of actual market risk. Amongst others, Value-at-Risk and expected 

shortfall as one of the spectral risk measures became a prominent use for risk managers.  

According to Tasche (2002), risk measure can be defined as follows.  

Definition (Risk measure). Let (𝛺,𝐹,𝑃) be a probability space ans V be a non-empty set of 

F-measurable real-valued random variables. Then any mapping 𝜌 ∶ 𝑉 → ℝ ∪ {∞} is called a 

risk measure. 

1.4.1 Coherence 

As Giorgio Szegö states in his paper “Measures of risk”, “to measure risk is equivalent to 

establishing a correspondence 𝜌 between the space of random variables (for instance the 

returns of a given set of investments) and a non-negative real number, i.e. 𝜌:𝑋 → 𝑅” (Szegö, 
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2002, p.1259). In other words, a scalar risk measure compares risk values of random 

variables. This definition does not only define a precise risk measure but all plausible ones. 

For some time now, a consensus exists on the rationale properties that a good risk measure 

should meet. In fact, those properties have been proposed by Artzner, Delbaen, Ebner and 

Heath (Artzner et al., 1997; 1999), determining the axioms a coherent risk measure should 

satisfy. They were afterwards reformulated and explained by Frittelli and Rosazza Gianin 

(2002). Artzner et al. describe the four properties of a coherent risk measure as follows.  

Definition (Coherent risk measure) Assuming that X and Y are two financial assets, a risk 

measure noted p(.) is coherent if it gather the four axioms (Danielsson et al., 2005): 

Axiom 1 (Subadditivity). A risk measure is subadditive if  𝜌(𝑋 + 𝑌) ≤ 𝜌(𝑋) +  𝜌(𝑌) for all 

random variable X and Y. This axiom illustrates the basic financial principle that risk is 

reduced by diversification (Frey & McNeil, 2002). Indeed, a diversified portfolio is less risky 

than two assets separately accounted. 

Axiom 2 (Positive homogeneity). For any real number 𝛼 > 0, a positive homogeneity risk 

measure satisfies 𝜌(𝛼𝑋) = 𝛼𝜌(𝑋) for all random variables X.  

If a risk measure is subadditive and has a positive homogeneity, it implies that the risk 

measure function 𝜌(. ) is convex. 

Axiom 3 (Monotonicity). 𝑋 ≤ 𝑌 implies that 𝜌(𝑋) ≤ 𝜌(𝑌) for all random variable X and Y. 

Axiom 4 (Transitional invariance).  𝜌(𝑋 + 𝑘𝑟0) = 𝜌(𝑋) − 𝑘 for all random variables X and 

Y and real number k, and all riskless rates 𝑟0. 

According to Szegö (2002) and Danielsson et al. (2005), the word “coherent” is redundant as 

any risk measure should satisfy those conditions. Each axiom has a significance economically 

speaking. Firstly, subadditivity implies that, in order to reduce exposure to risk, risk should be 

split up between different distinct departments. That way, this would allow the company to 

have a lower regulatory capital charge as diversification is present to mitigate risk (Szegö, 

2002).  
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Additionally, the subadditivity axiom implies that 𝜌(𝛼𝑌) ≤ 𝛼𝜌(𝑋) which in consequence 

denotes a positive homogeneity of 𝜌(𝛼𝑌) ≥ 𝛼𝜌(𝑋). Combining the two previously states 

inequalities results in the second axiom as an equality. The inequality can be explained by 

liquidity concern (Artzner et al., 1997; 1999). Positive homogeneity “assumes that the risk 

grows proportionally to the volume of the portfolio X” (Lüthi and Doege, 2004, 

p.3).Translation invariance means that if you add a riskless return of  𝑘𝑟0 to a return X, then 

the risk of the return X would be reduced by k (Szegö, 2002). 

1.4.2 Robustness 

Another important factor when estimating risk measures is robustness. Indeed, a risk measure 

that is not robust will not present meaningful results, as “small measurement errors in the loss 

distribution can have a huge impact on the estimate of the risk measure” (Emmer, Kratz & 

Tasche, 2015, p.6).  

Thus, when small changes occur in the portfolio loss distribution, a risk measure is said to be 

robust if those changes create only small changes in the distribution of the risk measure (Cont, 

Deguest & Scandolo, 2010).  

This factor is considered by practitioners and risk managers as quite important since 

robustness determines if a risk measure provides stable risk estimations over time. In fact, as a 

risk measure is used to determine the minimum capital requirement of the underlying 

institution, managers optimally want to reduce that number to be as competitive as possible on 

the market. A robust risk measure therefore guarantee quite constant requirements while a 

non-robust measure can vary rapidly if extreme market movements arise and consequently 

provoke changing minimum capital (Kellner & Rösch, 2015). 
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Chapter 2: Risk regulatory frameworks 

Value-at-Risk and Expected Shortfall measures are used to approximate as accurately as 

possible mainly market risk, but are also used approximate operational risk and credit risk 

through an internal models approach. Basel III and Solvency II refer to global regulatory 

schemes for adequate risk management separately applicable to banks and insurance 

companies. This chapter will set up a theoretical basis concerning the different regulatory 

frameworks that were put in place before and after the financial crisis of 2008 for banks as 

well as insurance companies.  

In section 4.1, the emphasis is given to the banking regulatory framework by discussing the 

regulatory objectives, the recent history of risk management regulation in the banking 

industry, the computation of the minimum capital requirement and finally the lessons 

emerging after the financial crisis, resulting in the post-crisis reforms entitled Basel III 

regulatory framework. At the end of the section, a brief argumentation is built based on 

existing literature to conclude on the actual improvement that Basel III brings to the risk 

management table. Section 4.2 focuses on the Solvency framework and its management of 

market risk on the insurance market. 

4.1. Banking regulations overview 

4.1.1 Regulatory objectives 

Risk regulation has always been of priority importance for financial regulators and even more 

so since the recent crisis. Banks are subject to systemic risks and contagion effects at a much 

greater extent than insurance companies. Indeed, that phenomenon was observed during the 

financial crisis during which the fall of Lehmann Brothers provoked a domino effect all 

around the globe, causing many banks to require additional funds in order to survive this 

crisis. The domino effect refers to the cascading fall of financial institutions followed by 

others which provokes the same effect, leaving the financial sector in complete distress. 

Therefore, the main objective of regulators is to avoid another collapse at all costs. 

Unfortunately, regulators cannot control easily those risks as they happen unexpectedly over 

an uncertain time horizon. Additionally, shareholders are extremely cautious and lack trust in 

the system since 2008. This creates tension and discordance on how to proceed with the risk 

management of the financial sector. As Joël Bessis (2010) says in his book: 
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Providing more freedom to financial firms has been a long-standing argument for 

avoiding too many regulations. But relying on codes of conduct, rather than rules, 

would imply relying on self-discipline, or “self-regulation”, which would not inspire 

trust in the system. (Bessis, 2010, p.13) 

Banking risk regulations have always pursued three objectives: (a) the stability of the 

financial system, (b) the security of the financial institutions and (c) harmonisation (Best, 

1999). The objectives (a) and (b) are evidently related to one another, whereas (c) aims at 

transforming the financial market into a level playing field, giving the same treatment to every 

institution and providing more centralized regulation. Indeed, in the past, regulation stayed at 

the national level, creating many discrepancies between countries and continents of the world, 

sometimes with no apparent reason. 

The role of regulatory framework is therefore to avoid insolvency in the uncertain future. 

Capital adequacy is thus essential to grant that protection. As a matter of fact, the higher the 

capital is to absorb potential losses, the safer the banks are: an excess of capital called capital 

buffers was implemented for this purpose. In order to have a clear view of the timeline behind 

the implementation of capital-based regulations, we will retrace the path towards the current 

regulatory framework, Basel III. 

4.1.2 Brief history of capital-based regulations and capital adequacy in banking 

Capital-based regulations’ goal is to quantify the risks of potential losses that a random bank 

can endure. From 1988 to nowadays, specialists of the Basel Committee of Banking 

Supervision (or “BCBS”) gave a more and more complex and precise definition of what a 

good measure of risk is1.  

Table 1 : Evolution of Basel Accords 

  Accords Creation date Implementation date 

Pre-crisis 
Basel I 1988 1992 
Amendment to Basel I 1996 1998 
Basel II 1999 2007 

Post crisis Basel II.5 2009 2011 
Basel III 2009-2010 2022 

1 Note that a summary table was made concerning the evolution of Basel Standards and their objectives; you can 
see the table in Appendix A. 
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The first step into creating harmonization at the international level was set in 1988. Indeed, 

the Bank for International Settlements implemented its first regulatory framework, entitled 

‘Basel I’, from one of the committee of the BIS called the Basel Committee on Banking 

Supervision. Basel I was aiming at creating a level playing field for all banks. The 1988 

Accord established a minimum capital requirement applicable to each bank, but only accounts 

for credit risk. This omission of market risk led to the writing of an amendment in 1996 

(BCBS, 1996). This amendment provides for the first time a framework for market risk using 

Value-at-Risk and its incorporation in the capital charge calculation. 

As a potential improvement of Basel I, the Basel II framework was created in 1999 and 

adopter in 2007 through EU directives. This new model brings to life a key change in the 

regulatory framework: the three-pillar concept (BCBS, 2006; McNeil et al, 2005). This way, 

the BCBS creates a deep focus on the interaction between various risks and their 

interconnection and clearly defines the difference with quantifiable and non-quantifiable risks. 

Under this new regulatory framework, Pillar 1 provides calculation of the minimum capital 

requirements attributable to credit risk, market risk and, for the first time, operational risk. 

Pillar I consists of quantitative capital requirements for credit, market and operational risk and 

proposes risk measurements (such as Value-at-Risk). Pillar II and III concerns respectively 

the supervisory review process (which emphasizes the need for assessments of bank’s overall 

risk) and the market discipline implemented through better disclosure of information relevant 

for risk management. The treatment of market risk remains the same relative to the 1996 

Amendment of the Basel I Capital Accord, however substantial changes can be observed 

concerning the regulation of credit and operational risk, giving banks the choice between 

three approaches (McNeil et al., 2005).  

As a response to this new framework, some criticisms arise in the banking industry. 

Danielsson et al. (2001) argue that Value-at-Risk give a biased view of the financial market, 

implying that risk is endogenous. They further state that “Value-at-Risk can destabilise an 

economy and induce crashes when they would not otherwise occur” (Danielsson et al., 2001). 

However, others outline the advantage offered to banks to develop complex internal risk 

models and determine their capital needs (Bengtsson, 2013). 
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Post-crisis reforms for banks: Basel II.5 and Basel III 

The subprime crisis affected highly the banking sector and caused many banks into mortgage 

defaults and eventually drove banks to cash bankruptcy. Consequently, a rapid disaggregation 

of the capital base followed (BCBS, 2011). A drastic downfall of confidence in the market 

occurred along with the fall of the banking industry. Two consequent frameworks were 

implemented in reaction to the turn of recent events. 

In 2010, the Basel Committee published a working paper entitled “Revisions to the Basel II 

market risk framework”. This paper contained Basel II.5 quantitative standards, mainly 

explaining Value-at-Risk methods and the newly added Stressed Value-at-Risk measure. The 

stressed VaR aims to “replicate a value-at-risk calculation that would be generated on the 

bank’s current portfolio if the relevant market factors were experiencing a period of stress” 

(BCBS, 2010, p.21). Additionally, an incremental risk capital charge is added in this new 

trading book framework. 

With the ambition of gaining back the trust of the market and setting a sound and resilient 

banking management system, the Basel Committee implemented post-crisis reforms, entitled 

under the Basel III framework. This framework aims at addressing the shortcomings of the 

pre-crisis framework, Basel II, avoiding systemic vulnerabilities (BCBS, 2017a; 2017b) and 

improving the transparency and market discipline (Gatzert & Wesker, 2011). The principal 

enhancements brought by Basel III are the increase in capital adequacy requirement, the 

inclusion of two regulatory liquidity standards (namely the Liquidity Coverage Ratio and the 

Net Stable Funding Ratio) and finally the replacement of VaR by ES as the recommended risk 

measure. In addition, it treats one of the biggest weaknesses of Basel II, the pro-cyclical 

nature of capital requirements, through additional countercyclical and capital conservation 

buffers added to the minimum capital requirement, a provisioning for expected loss in the 

future and the requirement to use internal ratings approach for credit risk (Bengtsson, 2013). 

Basel III was transposed by EU as a capital requirement regulation (European Commission, 

2013a) and a capital requirement directive (European Commission, 2013b), forming together 

the CRD IV package (European Commission, 2018; Fratianni & Pattison, 2015).  

Basel III implementation is expected to be finalised by 2027 (BCBS, 2017b; 2017c). 

Regularly, risk assessment reports are executed semi-annually by the European Banking 

Authority (EBA, 2017; 2018) at the European level and by the BCBS at the global level 
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(BCBS, 2018) to make sure that Basel standards have a positive impact on the banking sector 

solvency. In Figure 1, a summary of the calculation of the risk-based capital ratio is 

illustrated, showing the impact of risk-weighted assets (RWA) and the proportion of market 

risk in the total computation. We can observe that credit and operational risks represents a 

larger portion of the RWA, leaving market risk with a small portion of RWA. In this context, 

Value-at-Risk and Expected Shortfall are used as part of the internal models approach2 for 

market risk essentially, while also being used as part of credit and operational risk assessment. 

 

Figure 1 : Risk based capital ratio in the Basel III Accord (BCBS, 2017b) 

4.2. A global framework for insurer solvency assessment 

The regulation of insurance companies appeared in the 1970’s with the EU life and non-life 

directives on solvency management (McNeil et al., 2005).  Indeed, the first steps towards 

insurance supervision in Europe were made in 1973 with the first non-live directive (Directive 

73/239/EEC) and in 1979 with the first life directive (Directive 92/49/EEC). The second and 

third Directives initiated the creation of the Solvency I regime. This regime was completed in 

2002 by the life-insurance directive (Directive 2002/83/EC) and the Directive regarding the 

solvency margin requirements for non-life insurance undertakings (Directive 2002/13/EC). 

Solvency I was a very simple framework stating that insurance companies were required to 

hold a minimum capital amount of €3 million, as well as a solvency margin of 16-18% on 

non-life premiums and a solvency margin of 4% on life premiums (McNeil et al, 2005). The 

objective was twofold: (1) to easily control all insurance companies by setting the same 

2 Each risk category (namely credit, operational and market risks) is analysed through two potential methods in 
Pillar 1 of Basel III: a standardized approach and an internal models approach. 
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thresholds for all of them and (2) to drastically minimize the monitoring costs. Nevertheless, 

the downside to an over-simplified model like Solvency I is that it fails to capture the 

complexity of risk management as it is mostly based on volumes. 

After the multiple postponements of the implementation date of the new regulatory 

framework, Solvency was implemented in January 1, 2016. Solvency II addresses Solvency I 

shortcomings by adopting a more risk-oriented assessment of solvency (European 

Commission, 2001a). Following the Basel II framework, Solvency II happens to be a risk 

framework based on the three-pillar approach previously described. McNeil et al (2005) 

resumes rapidly the main components of the Solvency II framework: 

Without entering into the specifics of the framework, the following points related to 

Pillar One should be mentioned. In principle, all risks are to be analysed including 

underwriting, credit, market, operational (corresponding to the internal operational risk 

in Basel II), liquidity and event risk (corresponding to the external operational risk in 

Basel II). Strong emphasis is put on the modelling of interdependencies and a detailed 

analysis of stress tests. The system should be as much as possible principle based 

rather than rules based and should lead to prudent regulation which focuses on the 

total balance sheet, handling assets and liabilities in a single common framework. 

(McNeil et al., 2005, p.15) 

Solvency is then based on two tiers: the target capital and the minimum capital level as 

described in Solvency I. The target capital assesses the risk valuation on the market of the 

underlying insurance company. For the sake of our subject, it is important to note that despite  

the recommended VaR measure proposed by Solvency II, expected shortfall was already 

widely appreciated by insurers earlier, whereas bank regulators are only recommending 

expected shortfall after the subprime crisis of 2008. This reflects insurers’ habit of facing 

portfolio’s distribution with heavy tails or skewed curves. 

Despite those similarities between both regulatory frameworks structure, some major 

differences can be seen in the specific contents of the three pillars. It seems only natural since 

banking and insurance activities are quite different. As a matter of fact, Solvency II accounts 

for all quantifiable risks at a 99.5% probability over one year using VaR, while Basel III only 

limits individually market, credit and operational risk through ES while neglecting the holistic 

aspect of risk (Gatzert & Wesker, 2011; European Commission, 2001b). 
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In summary, a model harmonization between the two frameworks for banks and insurance 

companies appears, both encouraging risk managers to adopt internal model approach to 

assess their exposure to risks. 

4.3. Market risk: the Internal Models Approach 

Basel III and Solvency II frameworks let institutions choose which approach to take 

concerning risks. More particularly, a bank or insurance company can choose whether to 

assess its market risk with the standardised approach or the internal-based models approach. 

We will describe further the second approach since VaR and ES are internal market risk 

measures. 

The internal model approach for assessing market risk allows banks to use their own risk 

management systems instead of standardized measures put in place by regulators. That way, 

regulators admit that personalized risk management can be more effective and far more 

complex than the standardized rules. 
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Chapter 3: Value-at-Risk, a traditional measurement of market risk 

This chapter analyses the most commonly used market risk measure in the financial industry 

since the Basel Accord and the Solvency Accord for insurance companies: Value-at-Risk 

(most commonly known as its abbreviation, VaR). After the Basel I 1988 Accord completely 

focused on the impact of the credit risk on financial institutions, the 1998 Market Risk 

Amendment corrected that mistake by introducing the world to the risk of potential losses that 

every financial body face simply by being part of the market. More details on this 

Amendment (BCBS, 1996) and all regulatory frameworks for Banks and insurance can be 

found in Chapter 2. 

The goal of this chapter is to determine what the Value-at-risk measure is, how to calculate 

the Value-at-Risk with a description of the three main methods (the Covariance method, the 

Historical simulation and the Monte Carlo Simulation), what is stress-testing and how it does 

contribute to making Value-at-Risk effective, how backtesting works and what is its 

usefulness. Overall, this section outlines Value-at-Risk as a tool for effective risk 

management and performance management in financial institutions, while pointing out its 

potential downsides that consequently provoked its way out of the market risk measure 

spotlight with the post-crisis reforms. 

3.1. Definition 

Value-at-Risk is the most widely used risk measure in quantitative finance; it became the 

main measure to approximate market risk. According to Gallati (2003), Value-at risk is 

defined as the “predicted worst-case loss at a specific confidence level (e.g. 95 percent) over a 

certain period of time (e.g. 10 days)”.  It represents the maximum loss that a portfolio of 

assets (or a single asset) can endure in the future with a given certainty. In other words, 

Value-at-risk measures statistically the impact of the loss endured during an adverse market 

shock on a position over a given horizon. It became a common financial risk measure thanks 

to its “conceptual simplicity, computational facility and ready applicability” (BCBS, 2011).  

Best (1999, p.10) states a formal definition of Value-at-Risk : 
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Definition (Value-at-Risk). “Value at risk is the maximum amount of money that may be lost 

on a portfolio over a given period of time, with a given level of confidence” (Best, 1999.) 

Typically, Value-at-risk is usually calculated on a basis of one day, known as the holding 

period, and with 95 or 99% confidence level. For instance, if I choose a holding period of 

one day and a 95% confidence, this means that there is on average 95% chance that the loss 

on the portfolio will be lower than the Value-at-Risk calculated.  

Mathematically, Value-at-Risk is defined as a quantile of the distribution of value’s 

variations. A quantile is a “threshold value of the random variable such that the probability of 

observing lower values is given” (Bessis, 2010, p.124). A quantile is expressed as a 

percentage and is often noted as alpha (α) in mathematical equations and statistical systems. 

The future asset value at the end of the chosen period is an unknown factor; therefore the 

difference between the future value and present value representing the gain or loss is 

uncertain. We can represent this difference by the following formula: Vt-V0 (1), where Vt 

refers to the value at horizon t and V0 is the known value of the portfolio as of today. 

 

Figure 2 : Value-at-Risk representation on normal distribution (Yamai & Yoshiba, 2002, p.59) 
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A representation of the probability distribution and the quantile can be found in Figure 2. As 

depicted in the figure, Value-at-Risk at the 100(1 − 𝛼) percent confidence level refers 

statistically to the 100𝛼 profit and loss distribution (Yamai & Yoshiba, 2002). 

Artzner et al. (1999) define Value-at-Risk at the Value-at-Risk at the 100(1 − 𝛼) percent 

confidence level (𝑉𝑎𝑅𝛼(𝑋)) as follows:  

𝑉𝑎𝑅𝛼(𝑋) =  −𝑖𝑛𝑓{𝑥|𝑃[𝑋 ≤ 𝑥] > 𝛼} 

Where X represents the profit or loss (random variation between future and present value, Vt-

V0) of a portfolio over a given horizon. 𝑖𝑛𝑓{𝑥|𝐴} is the lower limit of x given an event called 

A. This notation therefore indicates the lower 100α percentile. As an example, if a daily VaR 

is stated at €50,000 with 99% confidence level, this result means that there is only a 1% 

chance that the loss the next day will exceed €50,000. 

Dirk Tasche makes an appropriate statement concerning Value-at-Risk interpretation: 

“𝑉𝑎𝑅𝛼(𝑋) can be interpreted as the minimal amount of capital to be put back by the investor 

in order to preserve her solvency with a probability of at least 𝛼” (Tasche, 2002, p.1520). For 

parametric distributions, VaR is simply a multiple of the standard deviation of the 

distribution. 

Example (Value-at-Risk calculation for normal loss distribution). We can compute Value-

at-Risk 𝑉𝑎𝑅𝛼(𝐿) for a loss L following a normal distribution 𝐿~𝑁(𝜇,𝜎2) as: 

𝑉𝑎𝑅𝛼(𝐿) = 𝜇 + 𝜎Φ−1(𝛼) 

Where Φ is the standard normal distribution function. 

Value-at-Risk is a widely used measure for financial risk as it provides a simple way of 

quantifying risk and gives a methodology to set the minimum capital requirement for financial 

institutions. It was created in 1993 by J.P. Morgan in response to recent financial distresses 

and financial institutions started to use Value-at-Risk around 1994-1995 as an internal 

management tool for market risk management (Bohdalova, 2007). As previously discussed, 

the key purpose of Value-at-Risk is to approximate market risk resulting from exposure to 

unexpected losses on the market. 
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In summary, Value-at-Risk is a statistical approximation of the maximum loss on a portfolio 

when markets behave in normal condition. Unfortunately, market stress periods do not 

represent a normal behaviour of the market as they refer to abnormal extreme prices changes. 

As a matter of fact, Value-at-Risk provides no indication of what the loss would be if the 

present happens to witness a situation in the 1% or 5% not accounted in the statistical test. 

Additionally, Value-at-Risk only assesses quantifiable risks, therefore excluding risks such as 

liquidity risk, political risk or regulatory risk (Bohdalova, 2007). This average loss in those 

extreme market shocks are precisely what expected shortfall aims to approximate, making it a 

better candidate at first sight for market risk management. We will discuss through this thesis 

why that might be true, and why not. 

In order to correct this flaw of the Value-at-Risk measure, stress testing is needed to witness 

the impact of extreme price changes that Value-at-Risk does not account for. A sufficient 

timeline and amount of data needs to be analyzed for the stress testing to give interesting 

result. The usual time frame chosen is of one year. Stress testing will be described and 

explicated in Section 3.6. 

This tool is very useful for managers who want to assess the “worst of the worst possible 

loss”, however identifying the occurrence of such extreme market shocks is a difficult task as 

assuming that the market will behave the same way over extended period of time is highly 

unlikely. As a result, “risk managers and traders must use a combination of historic 

probability and their own subjective judgement as the likelihood of such an event in today’s 

market” (Best, 1999). 

The VaR process in risk management follows the timeline illustrated in Figure 3: 

• First, an analysis of VaR potential market risk factors is conducted, their relative 

importance for the VaR of the portfolio is described and their relative volatility is 

observed. 

• Secondly, VaR parameters are chosen. Usually, financial institutions follow the 

instructions left by the regulators on the holding period and the confidence level to 

adopt. 
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• Thirdly, VaR is computed using one of the possible methods or simulations. We will 

describe the most commonly used: the covariance method, the historical simulation 

and the Monte Carlo simulation. 

• Finally, in order to verify the accuracy and the appropriateness of the risk measure 

adopted by the financial institution, stress-testing (using Stressed VaR) and 

backtesting of VaR measure are done on a regular basis to ensure the soundness of the 

overall risk management process. 

 

Figure 3 : Summary of Value-at-Risk process 

3.2 Properties 

Risk analysts attribute five properties considered as useful for a risk measure to VaR. The five 

properties are described as the monotonicity, positive homogeneity, translation invariance, 

law invariance and comonotonic additivity. Mathematically, those properties can be written as 

follows (Tasche, 2002): 

(1) Monotonicity: 𝑋,𝑌 ∈ 𝑉,𝑋 ≤ 𝑌 ⇒ 𝜌(𝑋) ≥ 𝜌(𝑌). 

(2) Positive Homogeneity: 𝑋 ∈ 𝑉,ℎ > 0,ℎ𝑋 ∈ 𝑉 ⇒ 𝜌(ℎ𝑋) = ℎ𝜌(𝑋). 

(3) Translation invariance: 𝑋 ∈ 𝑉,𝑎 ∈ ℝ,𝑋 + 𝑎 ∈ 𝑉 ⇒ 𝜌(𝑋 + 𝑎) = 𝜌(𝑋) − 𝑎. 

(4) Law invariance: 𝑋,𝑌 ∈ 𝑉,𝑃[𝑋 ≤ 𝑡] = 𝑃[𝑌 ≤ 𝑡] 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ ℝ ⇒ 𝜌(𝑋) = 𝜌(𝑌). 

Step 1 - Implement VaR 
•Identifying risk factors 
•Determine their relative importance 

Step 2 - Fix VaR parameters 
•Holding period 
•Confidence level 

Step 3 - Calculate VaR 
•Covariance method 
•Simulations: historical or Monte Carlo 

Step 4 - Stress testing & Backtesting 
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(5) Comonotonic additivity: f, g non-decreasing, Z real random variable on (𝛺,𝐹,𝑃) such 

that 𝑓 ∘ 𝑍,𝑔 ∘ 𝑍 ∈ 𝑉 ⇒ 𝜌(𝑓 ∘ 𝑍 + 𝑔 ∘ 𝑍) =  𝜌(𝑓 ∘ 𝑍, ) + 𝜌(𝑔 ∘ 𝑍). 

Properties (1), (2) and (3) were further explained previously as they are part of the coherence 

axioms along with subadditivity (Artzner et al., 1997; 1999). 

It should be noted that the law invariance property is very strongly true for Value-at-Risk. 

Indeed, two distributions of variables X and Y do not need to be identical and their VaR can 

still remain identical, mathematically 𝑉𝑎𝑅𝛼(𝑋) = 𝑉𝑎𝑅𝛼(𝑌). This can be problematic as two 

variables with and without fat tails visible in their distribution can possess the same Value-at-

Risk. This issue, along with the missing coherence axiom (subadditivity) will be further 

discussed in Chapter 6 of this paper concerning VaR issues. 

Property (5), called comonotonic additivity, simply outlines that if two positions depend on 

the same risk factor (namely Z, the real random variable), the two underlying positions do not 

benefit for any diversification effect (Roccioletti, 2016). 

3.3. Regulatory Value-at-Risk parameters 

Before calculating Value-at-Risk through one of the three most common methodologies, some 

parameters need to be chosen. 

3.2.1 Confidence level 

The first step of the VaR analysis is to fix a confidence level or a probability of loss 

associated with VaR measurement. Confidence level usually amount from 90 to 99 percent. 

Usually, regulators (such as BCBS) fix the confidence level to 99% whereas insurance 

regulators chose 99.5% confidence level on a one-year period (EIOPA, 2014; Boonen, 2017).  

A higher confidence level can signify that we adopt a more conservative approach (risk 

adverse approach) or that we expect to face downsides in the financial market in the near 

future. 

3.2.2 Time horizon 

In order to compute VaR, a precise time horizon needs to be chosen. Since the Market Risk 

Amendment, bank regulators set this horizon to ten days, which can be calculated using the 

square root of time scaling of daily VaR. In opposition, insurance regulators prefer a larger 
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opinion of one year to assess the impact of risk more appropriately to the lifetime of financial 

instruments. 

The square root of time is a common approach that extrapolates the daily VaR to longer time 

horizons. Thus, it makes the assumption that daily returns are independent from each other 

and that “there is no mean reversion, trending or auto-correlation in the markets” (Gallati, 

2003). This assumption seems unrealistic; therefore we can interrogate ourselves on the 

accuracy of this scaling measure. Authors analysed this question, pointing out potential 

overestimation (Diebold et al., 1998) or underestimation (Danielsson & Zigrand, 2006) 

depending on the VaR method and the underlying position; however there is no alternative to 

square-root of time scaling. 

Furthermore, we can ask ourselves the following: 10 days seems like a short period of time to 

estimate market risk, thus is this time horizon applied to banks appropriate? Academics and 

practitioners seem to agree on the fact that fixing a time horizon for all financial institutions 

does not reflect correctly the reality on the market. Instead, the horizon should depend on the 

individual characteristics of the position, portfolio or asset being evaluated (see Christoffersen 

& Diebold, 2000; Christoffersen, Diebold & Schuermann, 1998). Danielsson (2002) even 

adds this time horizon and probability do not match the objective of VaR which is to capture 

adverse market shocks and potential losses. Indeed, knowing that it is highly unlikely that a 

liquidity crisis appears more than once every ten years, Danielsson (2002) estimates that using 

a 99% confidence level and a time horizon of 10 days refers to having more than 25 liquidity 

crisis during a decade, which is unrealistic. Additionally, the time horizon might not be 

constant all the time for a position as it is influenced by factors such as the volatility, the risk 

aversion which can easily change over the business cycle for various reasons (Huberman & 

Stanzl, 2005).  

3.2.3 Risk factors 

Knowing what type of risk an institution and its exposure on the institution is an essential step 

into implementing the Value-at-Risk method. We will focus on the market risk exposure as 

that is the main use of VaR. A risk factor can be defined as “a parameter whose value changes 

in the financial markets and whose change in value will cause a change in the portfolio value” 

(Best, 1999, p.105). In other words, risk factor assesses the sensitivity of different assets to 

the portfolio.  
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VaR implementation is done through a representation of assets as risk factors. Identifying 

coherent risk factors to the underlying portfolio is crucial to make a good estimation of the 

Value-at-Risk. Market risk factors are typically interest rates, foreign-exchange rates, equity 

prices, commodities, options3 and also specific risks in the form of residual risks (e.g. price 

volatility of equity and interest rate instruments that cannot be explained by market 

movements) (Gallati, 2003). After identifying those risk factors, their underlying individual 

sensitivity to market changes is evaluated. 

3.4. Covariance method 

This section introduces the Covariance method, the first way to calculate Value-at-Risk. The 

Covariance method, also known as the delta-normal method, was introduced by RiskMetrics 

in 1994 and is a parametric technique. The assumption made is that the daily market returns 

are multivariate normally distributed. In other terms, the Covariance method to calculating 

Value-at-Risk assumes that financial returns approximately follow a normal distribution with 

a mean return of zero. Therefore, this assumption allows the Covariance method to describe 

the volatility of returns in terms of standard deviation (noted as σ).  

In this model, three factors define the Value-at-Risk: the holding period, the price change 

volatility and the correlations between assets. Historical data is used to measure those 

parameters. When calculating the Value-at-Risk of a portfolio of assets, we must combine the 

returns’ distributions of each asset into a single distribution of return for the whole portfolio. 

Mathematically, assuming that A and B are two assets composing the same portfolio, Value-

at-Risk can be computed as the volatility of the portfolio, noted 𝜎𝑃: 

𝜎𝑃 =  �𝑤𝐴2.𝜎𝐴2 + 𝑤𝐵2.𝜎𝐵2 + 2.𝑤𝐴2.𝑤𝐵2.𝜌𝐴𝐵.𝜎𝐴.𝜎𝐵 

In this equation, 𝜎𝑃 is the volatility of the portfolio, 𝑤𝐴 and 𝑤𝐵 are respectively the proportion 

of asset A and B in the portfolio, 𝜎𝐴 and 𝜎𝐵 are the volatilities of asset A and B and finally 

𝜌𝐴𝐵 refers to the correlation existing between asset A and B. The correlation is a coefficient in 

3 Options induce two risks: gamma risk as the risk arising from non-linear relations between option and 
instrument price change, and vega risk arising from the sensitivity of option prices to the volatility of the 
instrument. 
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the range from -1 to +1. If we can to calculate the Value-at-Risk for a single asset under the 

Covariance method, the equation will simplify itself by: 𝑉𝑎𝑙𝑢𝑒 − 𝑎𝑡 − 𝑅𝑖𝑠𝑘 =  𝑤𝐴.𝜎𝐴. 

In practice, as the portfolio return is a linear combination of normally distributed assets, VaR 

is calculated using a matrix formula: 

𝑉𝑎𝑅𝑃 = �𝑉.𝐶.𝑉𝑇 

Where: 𝑉𝑎𝑅𝑃 is the VaR portfolio, V is the row vector of VaR for each position, C is the 

matrix of correlations and 𝑉𝑇is the transpose of matrix V. 

3.3.1 Limits of the covariance method 

Delta-normal Value-at-risk makes strong assumption about how the financial instruments 

behave. This methodology suffers from two unrealistic assumptions: the constant delta 

assumption and the normal distribution assumption. The constant sensitivity assumption does 

not hold for non-linear instruments4 or portfolio containing solely a small proportion of 

options, even though it is a reasonable hypothesis for linear instruments. Concerning the non-

linear instruments, as they cannot be considered as a linear function of positions, other pricing 

formulas and techniques implemented through simulations are considered as replacement. 

The second issue, namely the normal distribution assumption, assumes that Value-at-Risk 

detains the normal distribution properties. However, it has been observed and argued by 

specialists that financial returns actually can easily be skewed and have fat tails. The 

skewness of a distribution refers to a non-symmetrical distribution. As an example, a skewed 

distribution can be observed when the probabilities of obtaining negative returns is higher 

than the probabilities of having positive returns on a portfolio over a certain horizon of trading 

days. On the other hand, fat tails arise when the deviations of portfolio returns are higher than 

assumed by the normal distribution.  

4 Non-linear risk exposure arises when Value-at-Risk is calculated for a portfolio of derivatives. Those 
instruments depend on number of factors such as implied volatility, time to maturity, asset price and current 
interest rate. Non-linear instruments have, as its name states, a non-linear relation with those risk factors, thus 
assuming that sensitivities are constant under different market conditions is completely false (Best, 1999, p.141). 
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3.5. Calculating Value-at-Risk using simulation 

The simulation methodology gives another approach to calculating Value-at-Risk. Those 

simulations develop diverse hypothetical scenarios of the risk factors values using statistical 

distributions. Simulations do not assume that returns follow a normal distribution, thus a 

variety of distribution can be used, ranked from normal to non-normal distributions. The 

following two sections, respectively section 3.4.1 and 3.4.2 explain briefly two simulation 

methods, namely the historical simulation and Monte Carlo simulation of the Value-at-Risk. 

3.4.1 Historical simulation 

As its name states, historical simulation assumes that « the set of possible future scenarios is 

fully represented by what happened over a specific historical window » (Bohdalova, 2007). 

This method is widely used to assess Value-at-Risk as it does not impose restrictive 

assumptions and distribution constraints on the portfolio returns (i.e. price changes). As Best 

(1999) states, “historical simulation assumes that the future is adequately represented by 

recent history”. Additionally, it is quite easy to compute and gives a clear understanding of 

the potential losses to managers. For all those reasons, historical simulation is an adequate 

alternative for portfolio containing non-linear assets. 

3.4.2 Monte Carlo simulation 

Monte Carlo simulation techniques differ from Historical simulation techniques because of its 

flexibility and involvement. In fact, these techniques simulate future risk factor values for all 

linear or non-linear instruments with respect to their dependency. They take account of 

potential changes in the market factors by revaluing the portfolio for each simulation. 

The main difference between those two simulation techniques is that historical simulations 

use the historical market price changes as predictors of the future whereas Monte Carlo 

simulations randomly generate numbers to construct thousands hypothetical market changes. 

If portfolio distributions are normally distributed, the simulations of risk factor returns 

distributions can be computed using the variance-covariance matrix and relying on the 

Cholesky decomposition. When a non-normal distribution of returns is evaluated, the copula 

technique is more appropriate in order to better capture the fat tails. 
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Without any surprise, we can deduct that Monte Carlo simulations represent a higher 

computational burden compared to the variance-covariance method and the historical 

simulation technique. Indeed, the quantity of scenarios to be tested is enormous. However, 

Monte Carlo possesses serious advantages compared to other methods. Indeed, it can be 

extended to longer periods of time and therefore can be a good indicator of credit risk. 

3.6 What is the best technique to compute Value-at-Risk? 

Responding to that question is complicated as each methodology has its positive aspects and 

limits. Globally, we could say that all three VaR methods makes the assumption that future 

financial risk can be derived from past historical returns distribution. This means that all 

approaches are sensitive to sudden market movements; therefore stress testing is needed to 

complement the Value-at-Risk measure. Still, historical simulation remains the most widely 

used Value-at-Risk methodology due to its simplicity and its rapidity compared to the Monte 

Carlo simulation.  

You can find an overall overview of the pros and cons of VaR methodologies proposed by 

Gallati (2003) in his book in Table 2 below. 

Table 2 : Advantages and disadvantages of Value-at-Risk methods (Gallati, 2003, p.367) 

Methodology Advantages Disadvantages 

Parametric/v
ariance-
covariance 
approach 

• Fast and simple calculation 
• No need for extensive historical data 

(only volatility and correlation 
matrix are required). 

• Estimates VaR with an equation that 
specifies parameters such as 
volatility, correlation, delta and 
gamma. 

• Less accurate for non-linear 
portfolios, or for skewed 
distributions 

• Accurate for traditional assets and 
linear derivatives; less accurate for 
derivatives 

• Historical correlation and volatilities 
can be misleading under specific 
market conditions 

• Cash flow mapping required 

Historical 
simulation 

• Accurate for all instruments 
• Provides a full distribution of 

potential portfolio values (not just a 
specific percentile). 

• No need to make distributional 
assumptions (although parameter 
fitting may be performed on the 
resulting distribution). 

• Faster than Monte Carlo simulation 
because fewer scenarios are used. 

• Requires a significant amount of 
daily rate history (note, however, 
that sampling far back may be a 
problem when data is irrelevant to 
current conditions, e.g. currencies 
that have already devalued). 

• Difficult to scale far into the future 
(long horizons) 

• Coarse at high confidence level (e.g. 
99% and beyond) 

• Somewhat computationally intensive 
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• Estimates VaR by regenerating 
history; requires actual historical 
rates and revalues positions for each 
change in the market. 

and time-consuming (involves re-
valuing the portfolio under each 
scenario, although far fewer 
scenarios are required than for 
Monte Carlo) 

• Incorporates tail risk only if 
historical data includes tail events 

• Pricing models required, increasing 
complexity. 

Monte Carlo 
simulation 

• Accurate for all instruments 
• Provides a full distribution of 

potential portfolio values (not just a 
specific percentile) 

• Permits use of various distributional 
assumptions (normal, t-distribution, 
normal mixture, etc) and therefore 
has potential to address the issue of 
fat tails (formally know at 
leptokurtosis) 

• No need for extensive historical data 
• No assumption on linearity, 

distribution, correlation, and 
volatilities required. 

• Computationally intensive and time 
consuming (involves revaluing the 
portfolio under each scenario) 

• Quantifies fat-tailed risk only if 
market scenarios are generated from 
the appropriate distributions 

• Appropriate for all types of 
instruments, linear and non-linear. 

3.7. Stress testing  

Financial institutions that calculate their market risk capital requirements with the internal 

models approach are obliged to possess a strong stress testing process. The Stressed Value-at-

Risk approach was first proposed by Kupiec (1998) to adapt Value-at-Risk to the tail risk 

through stressed scenarios. The stressed VaR (SVaR) was added to the Basel framework in 

2010 after revision of the market risk framework. This measure is intended to replicate VaR if 

the market risk factors were computed during a period of stress. BCBS’s version of stressed 

VaR is based on a 10-day period, 99th percentile, one-tailed confidence interval VaR and a 12-

month period of financial stress (BCBS, 2010). The sVaR is used to calculate bank’s capital 

requirement (noted c) that can be resumed by the following formula: 

𝑐 = max�𝑉𝑎𝑅𝑡−1;  𝑚𝑐.𝑉𝑎𝑅𝑎𝑣𝑔� + max�𝑠𝑉𝑎𝑅𝑡−1;  𝑚𝑠. 𝑠𝑉𝑎𝑅𝑎𝑣𝑔� 

Where 𝑉𝑎𝑅𝑎𝑣𝑔 and 𝑠𝑉𝑎𝑅𝑎𝑣𝑔 are both the average VaR and stressed VaR over the last 60 

days, 𝑠𝑉𝑎𝑅𝑡−1 is the latest available stressed VaR and 𝑚𝑐 and 𝑚𝑠 are the multiplication 

factors. The multiplication factors are subject to a minimum of 3 and are calculated based on 

backtesting (Section 3.8 details the backtesting procedure).  
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There is only little academic literature on the efficiency of the stressed VaR of Kupiec (1998) 

and even less for BCBS’s stressed VaR. 

3.8. Backtesting: a tool for effective risk measurement 

The essence of all backtesting efforts is the comparison of actual trading results with 

model-generated risk measures. If this comparison is close enough, the backtest raises 

no issues regarding the quality of the risk measurement model. (…) The Basel 

Committee believes that backtesting offers the best opportunity for incorporating 

suitable incentives into the internal models approach in a manner that is consistent and 

that will cover a variety of circumstances. (BCBS, 1996b, p.1) 

Integrating an internally based approach to risk management and therefore risk regulation can 

create bias at the institution level. Indeed, “the reliance on the financial institution’s self-

reported VaR to determine capital requirements creates an adverse selection problem, since 

the institution has an incentive to underreport its true VaR in order to reduce capital 

requirements” (Cuoco & Liu, 2005, p.363). To address this issue, the procedure of backtesting 

was implemented.  

Backtesting aims at checking and providing feedback on the risk management implemented in 

an institution (Gallati, 2003). According to Jorion (2007), backtesting is a set of statistical 

procedures put in place to check the accuracy of Value-at-Risk forecasts. In order to assess its 

reliability, the real losses incurred of the portfolio or asset will be compared to the losses 

forecasted using the Value-at-Risk model. This definition of backtesting can be extended to 

any other risk measure, such as expected shortfall which will be discussed to a greater extent 

in Chapter 4 of this paper.  

Backtesting is therefore a procedure in place to make sure that model risk is in control 

(Henrard, 2018), by ensuring that Value-at-Risk model5 is appropriately used given the risk 

profile and appetite of a given institution. It is thus essential for supervisory authorities that 

this test is done on a regular basis to ensure that the models-based approach used is 

“conceptually sound and implemented with integrity” (BCBS, 2011).  

5 Note that backtesting results are only based on Value-at-Risk and not stressed Value-at-Risk (BCBS, 2010, 
p.21). 
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At the supervisory level, the backtesting approach is necessary to compute the capital charge 

allocated to each institution. At the institution level, it is advised that each institution employs 

backtesting internally to improve risk management. For instance, an institution could use the 

backtesting procedures to analyze its current risk factors. Backtesting is not only useful for 

market risks, but also for specific risks contained by some portfolios, which refers to the 

“issuer-specific risk” (Gallati, 2003, p.34). 

To determine the multiplication factor applicable to an institution, backtesting must follow 

specific standards. In fact, the procedure must be based on the daily-VaR and the trading 

results, and the 250 observations (corresponding to 250 trading days) must be included in the 

test. Observations during which the trading loss exceeds the daily VaR are considered as 

exceptions. There is a direct correlation between the exceptions and the multiplication factor k 

in application: if the number of exceptions increases, the multiplication factor increases as 

well. This assessment must be done on a quarterly basis. 

Emmer, Kratz and Tasche (2015) defines in their paper the procedure of backtesting Value-at-

Risk as follows. The procedure analyses the violation to the VaR model observed. Assuming 

a continuous loss distribution and knowing the definition of Value-at-Risk, we know that 

𝜌�𝐿 > 𝑉𝑎𝑅𝛼(𝐿)� = 1 − 𝛼, where L refers to the potential loss and the probability of 

violation of VaR is 1 − 𝛼. The violation process is defined as: 

𝐼𝑡(𝛼) = 1{𝐿(𝑡)>𝑉𝑎𝑅𝛼(𝐿(𝑡))} 

In this equation, 1 denotes the indicator function of the event {𝐿(𝑡) > 𝑉𝑎𝑅𝛼(𝐿(𝑡))}. Ideally, 

highly unlikely that the VaR model follows exactly the data, regulators put in place a “traffic 

light approach” (BCBS, 1996b; Henrard, 2018). In fact, this framework consists of : 

• Green zone where the number of exceptions do not suggest an issue, and where the 

cumulative probability of having that many exceptions is lower than 95%.  

• Yellow zone where the number of exceptions may cause an accuracy problem and 

where the cumulative probability is between 95% and just below  99.99%. 

•  Red zone where the number of exceptions definitely reflects issues with VaR 

accuracy and where the cumulative probability stands at 99.99% or higher. 
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Table 3 gives the color zones with the breach values (also called the exceptions) under the 

VaR parameters α = 1% and N= 250 observations, the binomial null distribution was used to 

compute the cumulative probabilities. 

Table 3 : Traffic light zone boundaries assuming α = 1% and N = 250 observations (BCBS, 1996b) 

Basel Traffic Light Approach to VaR 

Zone 
Breach 
Value 

Cumulative 
Probability 

Green 

0 8,11% 
1 28,58% 
2 54,32% 
3 75,81% 
4 89,22% 

Yellow 

5 95,88% 
6 98,63% 
7 99,60% 
8 99,89% 
9 99,97% 

Red 10 and more 99,99% 

 

According to regulators recommendations in their distinctive framework, the backtests to be 

applied to financial institutions are performed on either hypothetical or actual trading 

outcomes either with a 99% (in the context of Basel III) or a 99.5% confidence level (in the 

contest of Solvency II). In other words, the VaR backtesting procedure will analyze if the 99th 

percentile risk measure truly covers 99% of the outcomes of the institution (BCBS, 1996b). 
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Chapter 4: Expected Shortfall, an alternative to Value-at-Risk 

Since the publication of Thinking Coherently by Artzner et al. (1997) and Coherent measures 

of risk (Artzner et al., 1999), for the first time practitioners define clearly what properties a 

statistic measure of a portfolio should have to be characterized as “a sensitive risk measure” 

(Acerbi & Tasche, 2001). To the general surprise, the widely recognised as best risk measure, 

Value-at-Risk, failed to be recognized as coherent because it does not fulfill the axiom of 

subadditivity previously explained. In the first years, managers and practitioners did not care 

much for that violation of coherence, still thinking that having a coherent risk measure was 

“too good to be true”. 

Acerbi and Tasche, two researchers, wanted to open the eyes of the practitioners and 

regulators and propose an alternative to the Value-at-Risk. As a matter of fact, they 

considered that if a risk measure is not coherent, it should not be considered a risk measure at 

all (Acerbi & Tasche, 2001). They highly criticised the VaR measure for its lack of 

subadditivity, since it is a necessity for capital adequacy requirements and a vital property for 

portfolio optimization as this axiom determines the convexity of the portfolio curve (Acerbi  

& Tasche, 2001). 

In this Chapter, we address the implementation process using Expected Shortfall for risk 

management. As can be seen in Figure 4, the process is similar to VaR, namely the 

identification of risk factors, parameters, computation methods as well as backtesting and 

stress testing.  

 

Figure 4 : Implementation of Expected Shortfall in risk management 

• Identify risk factors 
• Determine their relative importance Implement ES 

• Confidence level 
• Time horizon Fix ES parameters 

• Covariance method 
• Simulations Calculate ES 

• Backtesting based on VaR 
• Stress tests Tests 
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4.1. Definition 

In 2001, Acerbi and Tasche proposed a new measure of risk in their paper “Expected 

Shortfall: a coherent alternative to Value at Risk”. Instead of determining the minimum loss 

incurred in the worst case like Value-at-Risk, Expected Shortfall aimed at answering the more 

logical question: “what is the expected loss incurred in the A% worst cases of our portfolio?”. 

Expected shortfall is an alternative risk measure used in Extreme Value Theory (EVT)6. 

Artzner et al (1997) proposed a measure to answer this question, called the “tail conditional 

expectation”, representing the conditional value below the quantile α, X being a random 

variable describing the future value of the P&L of a portfolio on a given horizon T: 

𝑇𝐶𝐸(𝛼)(𝑋) =  −𝐸�𝑋�𝑋 ≤ 𝑥(𝛼)� 

However, this measure does hold only for continuous distribution function, and appears to 

violate subadditivity on general distributions (Acerbi & Tasche, 2001). 

Acerbi and Tasche (2001), after development of their demonstration that Expected Shortfall is 

a subadditive measure of risk (you can find the proof of subadditivity in Appendix C), 

provides a definition of the Expected Shortfall measure as follows. 

Definition (Expected Shortfall). Let X be the profit-loss of a portfolio on a specified horizon 

T and let 𝛼 = 𝐴% ∈ (0,1) some specified probability level, The Expected A% Shortfall of 

the portfolio is then defined as (Acerbi & Tasche, 2001, p.6): 

𝐸𝑆(𝛼)(𝑋) = −
1
𝛼

(𝐸 �𝑋 1�𝑋≤𝑥(𝛼)�� − 𝑥(𝛼)�𝑃�𝑋 ≤ 𝑥(𝛼)� − 𝛼�) 

This measure respects the coherence axioms as proven in the paper “On the coherence of 

expected shortfall” written by Acerbi and Tasche (2001). From this complicated equation at 

first sight, we can deduct the following equation which has been formulated Rockafellar & 

Uryasev (2002) by dividing by �𝑋 ≤ 𝑥(𝛼)� : 

𝐸𝑆(𝛼)(𝑋) = 𝑇𝐶𝐸(𝛼) + (𝜆 − 1)(𝑇𝐶𝐸(𝛼) − 𝑉𝑎𝑅(𝛼)) 

6 Extreme Value Theory seeks to address the problem of the tail risk by assessing the probability to obtain 
extreme values (described by their low frequency but high severity). In other words, EVT concentrates on the tail 
of the distribution and consider it has its own distribution. 
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With 𝜆 = 𝑃�𝑋 ≤ 𝑥(𝛼)�/𝛼 ≥ 1. With this new relationship formula, Acerbi and Tasche 

deducted that 𝐸𝑆(𝛼) ≥ 𝑇𝐶𝐸(𝛼)(Acerbi & Tasche, 2001, p.7). 

In other words, Expected Shortfall seeks to assess the conditional expectation of loss beyond 

the VaR measure (Yamai & Yoshiba, 2002) as can be observed in Figure 5. Yamai and 

Yoshiba proposed in their paper a more simple equation defining the Expected Shortfall: 

𝐸𝑆(𝛼)(𝑋) = 𝐸[−𝑋| − 𝑋 ≥ 𝑉𝑎𝑅𝛼(𝑋)] 

For instance, if we consider a probability of 5% and a time horizon of 10 days, expected 

shortfall is the expected value of the loss of the portfolio in the 5% worst cases in 10 days, 

whereas Value-at-Risk is the minimum potential loss that a portfolio can suffer in the 5% 

worst cases in 10 days. Expected Shortfall can also be formulated as follows (BCBS, 2011): 

𝐸𝑆𝛼 ≡
1

1 − 𝛼
� 𝑉𝑎𝑅𝑢(𝐿)𝑑𝑢
1

𝛼
 

ES can therefore be understood as the average of all VaRs from level α to 1, it is continuous 

in α. Calculating the Expected Shortfall is much more challenging than Value-at-Risk. Indeed, 

for high confidence level, simulations must be done because of the lack of quantiles at those 

levels. 

Example (Expected Shortfall calculation for normal distribution). We can calculate ES 

using the following formula if the loss distribution L is normally distributed such that 

𝐿~𝑁(𝜇,𝜎2). If this is the case, ES is computed as: 

𝐸𝑆𝛼(𝐿) = 𝜇 + 𝜎
𝜙(Φ−1(𝛼)

1 − 𝛼
 

Where 𝜙 is the density function of the normal distribution and Φ is the corresponding 

cumulative distribution of the normal distribution. 
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Figure 5 : Profit and loss distribution, VaR and ES (Yamai & Yoshiba, 2002a, p.6) 

In summary, the implementation of expected shortfall (as illustrated in Figure 5) aims at 

replacing Value-at-Risk along with stressed Value-at-Risk. The main difference between the 

two measures is that Expected Shortfall takes into account the tail of the distribution, 

decreasing the tail risk drastically. 

4.2. Properties 

The properties of ES are discussed in Acerbi and Tasche (2002) and Rockafellar and Uryasev 

(2002). Expected Shortfall is considered as a coherent risk measure as it satisfies the four 

axioms proposed by Artzner et al. (1997; 1999), namely the subadditivity, positive 

homogeneity, monotonicity and transitional invariance. Therefore, Expected Shortfall, as a 

subadditive risk measure, takes into account the diversification effect and provides less 

incentive than Value-at-Risk for risk concentration (Yamai & Yoshiba, 2002a). This 

correction of VaR shortcomings is discussed empirically in Chapter 5 and 6 of this paper.  

Additionally, as Expected Shortfall satisfies subadditivity, positive homogeneity and law 

invariance properties, Expected Shortfall has a convex risk measure function. This property 

was first briefly mentioned by Artzner et al. (1997) in their axiomatic assessment of a 

coherent risk measure and afterwards the notion of convex risk measure was addressed and 

defined in depth by Föllmer and Schied (2002), showing that convexity plays an essential role 
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for risk measure (Lüthi & Doege, 2005). Based on the axiomatic properties of coherent risk 

measure, Föllmer & Schied (2002) provide a definition of convex risk measures. 

Definition (Convex Risk measure). A mapping 𝜌:𝑋 → ℝ is called a convex risk measure, if 

and only if it is: 

• Convex: 𝜌(𝜆𝑋 + (1 − 𝜆)𝑌) ≤ 𝜆𝜌(𝑋) + (1 − 𝜆)𝜌(𝑌)𝑓𝑜𝑟 𝜆 ∈ [0,1]. 

• Monotone: 𝑋 ≤ 𝑌 implies that 𝜌(𝑋) ≤ 𝜌(𝑌) for all random variable X and Y. 

• Translation invariant:  𝜌(𝑋 + 𝑘𝑟0) = 𝜌(𝑋) − 𝑘 for all random variables X and Y and 

real number k, and all riskless rates 𝑟0. 

We can conclude from this definition that convexity of risk measure has a strong relation with 

the diversification effect. In fact, we can interpret the convex formula above as follows: the 

diversified portfolio 𝜆𝑋 + (1 − 𝜆)𝑌 is less or equal to the weighted average of the individual 

risks of variables X and Y (Roccioletti, 2016). This shows that Expected Shortfall is clearly a 

convex risk measure, while Value-at-Risk is not since it does not account for the 

diversification effect. 

As for the comonotonic additivity property (a definition can be found in Section 3.2), 

Expected Shortfall satisfies this property in the same way that VaR does. Actually, in risk 

management, practitioners should always use risk measures that satisfy this property. Indeed, 

this property matters because of its logic and its relation to the diversification. If two assets 

depend totally on a risk factor, they should not gain any diversification effects from forming a 

portfolio together. 

We also know that Expected Shortfall cannot be considered a robust risk measure in most 

cases according to Cont et al. (2010), as it is much more sensible to misspecifications in the 

portfolio loss distribution. Considering that expected shortfall is an average measure, it is 

“sensitive to the sizes of potential losses beyond the given threshold” (Roccioletti, 2016, p.2). 

This lack of robustness and sensitivity to misspecification of ES will be discussed in Chapter 

5 with the practical case proposed by Kellner & Rösch (2015) and in Chapter 6 of this thesis.  

In summary, Expected Shortfall satisfies the following properties: coherence, comonotonic 

additivity, convexity. Additionally, ES satisfies the newly found property of elicitability 

presented by Gneiting (2011); this will be further analysed in Chapter 6. However, Expected 



37 
 

Shortfall lacks robustness due to its sensibility to the changes in the underlying loss 

distribution. 

4.3. Parameters 

Expected Shortfall consists the same parameters as Value-at-Risk, namely the confidence 

level and the time horizon.  

4.3.1 Confidence level 

VaR and ES are not computed using the same confidence level: the BCBS apply a calibration 

to obtain equivalent capital charge when changing from VaR to ES. Indeed, the Basel III 

accord proposes to calculate the expected shortfall over a 97.5% confidence level over 10 

trading days. A 99% confidence level under VaR is not the same as a 99% confidence level 

under ES (or TailVaR). As an illustration of this assumption, Table 4 shows the calibrations to 

have equivalent levels of capital under both risk measures. In this table, we assume a normal 

distribution but the parameters used to measure VaR and ES changes with the choice of 

distribution: the differences between VaR and ES are more important when distributions are 

more skewed. We can observe in this table that if we want to establish the same capital 

amount and change from VaR at a 99% confidence level to an equivalent ES, the optimal 

choice of confidence level is 97.2%. This explains the calibration made by the BCBS from a 

99% confidence level VaR to a 97.5% confidence level ES. 

Table 4 : Required calibration to obtain equivalent capital in the case of a change from VaR to Tail VaR 
or vice versa (CEA, 2006) 

 

Following the logic from the table above, Solvency II also applies this calibration if an insurer 

wants to adopt the Expected Shortfall measure. Indeed, insurers using Value-at-Risk as a risk 
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measure are subject to a confidence level of 99.5% over a one-year period (EIOPA, 2014, 

p.122), therefore they should calibrate to a 98.7% confidence level over a one-year period to 

use Expected Shortfall without modifying their capital amounts (see Table 4). 

4.3.2 Holding period 

Similarly to Value-at-Risk, Expected Shortfall shall be calculated daily by risk managers and 

the regulatory holding period for banks is ten days. Using the square root of time scaling, 

daily ES will be used to compute the ES over the holding horizon as follows (BCBS, 2016, 

p.57): 

𝐸𝑆 = �(𝐸𝑆𝑇(𝑃))2 + ��𝐸𝑆𝑇(𝑃, 𝑗)�
𝐿𝐻𝑗 − 𝐿𝐻𝑗−1

𝑇
�

2

𝑗≥2

 

Where: 

• ES is the regulatory liquidity-adjusted expected shortfall 
• T is the holding period (or base horizon), 10 days 
• 𝐸𝑆𝑇(𝑃) is the expected shortfall at horizon T of the portfolio of positions P 

considering shocks on all risk factors of P 
• 𝐸𝑆𝑇(𝑃, 𝑗) is the expected shortfall at horizon T of a portfolio of position P considering 

shocks for a specific subset of risk factors (all other risk factors are held constant) 
• 𝐿𝐻 is the liquidity horizon 

For insurance companies, the risk measure, whether it is VaR or ES, is computed on a daily 

basis and is used to extrapolate the risk measure over one year, the holding period. 

4.4. Stress testing 

In addition to calibrate ES confidence level, Expected Shortfall shall also be calibrated to a 

period of stress. This calibration shall be based on a set of risk factors. This smaller set of risk 

factors must explain a minimum of 75% of the variation of the full ES. Stress testing expected 

shortfall consists of replicating an ES charge on a portfolio if the risk factors were 

experiencing a period of crisis (BCBS, 2016). To do so, the expected shortfall is calculated by 

calibrating the most severe 12 months of market stress. In the context of Basel III (BCBS, 

2016), the expected shortfall for capital purposes (ES) is then computed by multiplying the ES 

based on the set of risk factors during market stress (𝐸𝑆𝑅,𝑆) to the ratio of the ES based on the 
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full set of risk factors observed in the most recent 12 months (𝐸𝑆𝐹,𝐶) and the ES based on the 

reduced set over the current period (𝐸𝑆𝑅,𝐶): 

𝐸𝑆 = 𝐸𝑆𝑅,𝑆.
𝐸𝑆𝐹,𝐶

𝐸𝑆𝑅,𝐶
 

4.5 Backtesting Expected Shortfall 

Backtesting is required when using ES in the same way that it is for VaR: to ensure that the 

internal models used are appropriate when compared to actual historical data. Value-at-Risk 

has the advantage of being easily backtestable, since VaR backtesting procedure simply 

consists by observing the number of exceedances through a comparison of daily data to daily 

VaR. They just have to calculate the number of exceptions. This principle is not directly 

transposable to Expected Shortfall as ES and VaR are like apples and oranges: they both 

belong to the family of risk measures but are not based on the same assumptions. This 

backtesting issue related to ES is further developed in Chapter 6 when approaching the 

shortcomings of ES. In Chapter 6, recent approaches in backtesting ES proposed by 

practitioners (e.g. Acerbi & Szekely, 2014) will be explained. 

Consequently, Basel III decided to keep using VaR for backtesting with a concern of ease of 

use: 

Backtesting requirements are based on comparing each desk’s 1-day static value-at-

risk measure (calibrated to the most recent 12 months’ data, equally weighted) at both 

the 97.5th percentile and the 99th percentile, using at least one year of current 

observations of the desk’s one day P&L. If any given desk experiences either more 

than 12 exceptions at the 99th percentile or 30 exceptions at the 97.5th percentile in the 

most recent 12-month period, all of its positions must be capitalised using the 

standardised approach. (BCBS, 2016, p.57) 

 

 

  



40 
 

Chapter 5: Some practical cases 

Now that we have established the theoretical basis of Value-at-Risk and Expected Shortfall, 

this chapter provides a more practical comparison of those two theoretical measures. In order 

to examine our subject from a practical point of view, this chapter analyses empirical case 

studies drawn out by practitioners and risk specialists, their underlying methodologies is 

explained and their results is drawn out and compared, adding a personal point of view on 

those results. Additionally, a quantitative study was conducted through VaR and Expected 

Shortfall calculations in order to illustrate those technical concepts. 

In section 5.1, a personal study of two popular indices, namely the S&P 500 index and the 

NASDAQ index, is carried out regarding their respective general distribution shapes, their 

distribution characteristics as well as some VaR and ES computations. Section 5.2 details 

three practical comparative studies of ES and VaR taken from recent literature. Finally, a 

summary of our findings and the underlying implications concludes the chapter. 

5.1 Quantitative study of two indices: NASDAQ and S&P 500 

In this section, a personal case study on VaR and Expected Shortfall assuming normal is done. 

To address this question from a practical point of view, we analyse historical returns of two 

indices commonly traded on the market, S&P 500 and NASDAQ. In the first sub-section, we 

will explain our methodology and our database. The second subsection consists of a 

description of the distribution of each index and their distinctive characteristics. A comparison 

of their similarities and differences is conducted. Sub-section 5.1.3 will formally calculate the 

Value-at-Risk and Expected Shortfall assuming normal distributions as an example and then 

compare it to actual VaR and ES given the distributions. 

5.1.1 Methodology 

In order to analyse concretely the financial movements of instruments, daily historical data 

retrieved from Yahoo Finance relating to S&P 500 and NASDAQ is analysed. The historical 

prices comprise the period from the 1st January 2007 to the 30th December 2016, representing 

in total a 10-year period. This time frame was chosen firstly to get a view of the impact of the 

financial crisis on the profit and loss distribution of S&P 500 and NASDAQ and secondly to 

have a significant sample size. After retrieving this data, we calculate the daily returns in 

percentage using Excel software since it allows an easier treatment of our large database. 
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Excel was further used to compute tables and distribution diagrams, as well as significant 

characteristics of both distributions. 

5.1.2 Moments of distribution and distribution charts 

Table 5 : Moments of distribution 

  S&P 500 NASDAQ 
Count 2517 2517 
Mean 0,018% 0,000317122 
Standard deviation 0,013199725 0,014011959 
Variance 0,000174233 0,000196335 
Kurtosis 9,938724993 6,961864763 
Skewness -0,326740724 -0,263001654 

After calculating the returns of both indices, an analysis of the moments of the distribution 

was conducted using Excel formula. We can observe that both databases consist of the same 

number of observations, 2517 observations. The means and standard deviations are close one 

to another, the mean tending towards zero and the standard deviation towards approximately 

14%. The main difference between the two distributions is that the S&P 500 index possesses a 

kurtosis of approximately 10 whereas the NASDAQ index has a kurtosis amounting to 7. The 

kurtosis is a measure of the extreme values in the distribution. A high kurtosis is a sign of 

occasional extreme returns (positive or negative) in the distribution. Distributions with high 

kurtosis have therefore extreme data that might not be correctly captured by the normal 

distribution, as they include fatter tails than the normal distribution. In our study case, both 

indices can be considered of having a high kurtosis. To have a reference point, a normal 

distribution typically has a kurtosis of 3. We can therefore conclude that the S&P 500 index as 

well as the NASDAQ index can both be represented as leptokurtic distributions. In addition, 

both indices have a negative skewness. As the skewness considers each tail of the distribution 

(right, the side of the positive returns, or left, the side of the negative returns), a negative 

skewness denotes a fatter left tail for both distributions. Our results considering the third and 

fourth moments of the distribution indicate that our indices might face tail risk in the chosen 

period (2007-2016). 

In Figure 6 illustrated in the next page, we can observe the development of returns over time. 

Both returns fluctuations are comparable when looking at the general shape of the curve 

(which confirms the previously observed similar standard deviations), without any surprise 

with high peaks in positive as well as negative returns during the subprime crisis. 
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Figure 6 : Historical returns of S&P 500 and NASDAQ indices 

Subsequently, we sorted out our historical returns and illustrate their underlying distribution 

with a chart, as can be seen in Figure 7. The shapes of distributions are almost identical, both 

presenting a typical leptokurtic shape. Extreme returns can be observed in both sides of the 

distributions. For instance, the worst observed returns for the S&P 500 index equals to -9.47% 

whereas for the NASDAQ index, it equals to -9.59%. Those extreme observations create tail 

risk which refers to the risk that extreme data occur and are not accounted in the risk 

management. This is an issue that arises when computing risk measures such as Value-at-Risk 

and Expected Shortfall. It is obvious by looking at both data charts that normal distribution 

will not be a correct approximation. In order to verify that mathematically, VaR and ES are 
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calculated first assuming normal distribution. Afterwards, actual VaR and ES estimations are 

specified, showing the underestimation of extreme values using normal distribution. 

 

 

Figure 7 : Distribution of returns of NASDAQ and S&P 500 indices 
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5.1.3 Value-at-Risk and Expected Shortfall calculations 

Now that we have established, analysed and compared the distributions of historical returns of 

both indices, some basic computations of risk measures will be performed. Firstly, we will 

compute both risk measures assuming normal distributions. Afterwards, the same 

computations are performed without making any assumption of normality on the database. 

Through those computations, we want to prove practically that assuming normal distribution 

of returns on the market does not result in appropriate VaR and ES estimations. 

Value-at-risk and Expected Shortfall using normal distributions 

Calculating Value-at-Risk using normal distribution is a very straightforward procedure. As a 

matter of fact, it is computed as follows: 𝑉𝑎𝑅𝛼 = 𝜇 + 𝑧𝛼𝜎, where 𝜇 is the mean, 𝜎 is the 

standard deviation and 𝑧𝛼 is the statistical Z-score of the normal distribution at confidence 

level 1 − 𝛼. Expected Shortfall, on the other hand, is calculated as: 𝐸𝑆𝛼 = 𝜇 + 𝜎𝑘𝛼 where 

𝑘𝛼 = ϕ(zα)
1−α

. As a matter of fact, Table 6 provides the 𝑧𝛼 values applicable for VaR and ES: 

Table 6 :  𝒛𝜶 values applicable to VaR and ES for one-tailed confidence levels 

Confidence level Value-at-Risk Expected Shortfall 
99% 2,33 2,67 

99,50% 2,58 2,89 

Considering the mean and standard deviation computed for both distributions from our 

database and choosing the standard confidence levels of 99% and 99.5%, the VaR and ES 

results for S&P500 data set and NASDAQ dataset are as follows (Table 7): 

Table 7 : VaR and ES estimations assuming normal distribution of returns 

 
Confidence level S&P 500 NASDAQ 

VaR 99% -3,09372% -3,29650% 
99,50% -3,42371% -3,64680% 

ES 99% -3,5362% -3,76620% 
99,50% -3,83548% -4,08390% 

These results show a threshold of VaR very similar across both indices, varying from 

approximately 3.1% to 3.6%. As can be observed in Figure 6 and 7, several extreme returns 

surpass this threshold at a quite high extent, showing that normal distribution is not the best 

estimate of financial returns, especially during stress periods. Additionally, as expected, ES 

values are located beyond the VaR level using the same threshold. The result of the S&P 500 
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index for ES at 99% can be interpreted as follows: in the worst 1% of the returns, the daily 

average loss of the S&P 500 index would be a decrease of 3.5% of its daily return. 

Actual Value-at-Risk and Expected Shortfall estimations based on daily returns 

In order to see if the normal distribution was a good approximation of both distributions, a 

computation of the actual VaR and ES is performed. In Table 8, the resulting VaR and ES are 

presented, showing that the actual VaR and ES are significantly larger than the estimations 

under normal estimations. When looking at the VaR at the 99% confidence level, the actual 

values is -4.1125% whereas under normal assumption, VaR decreased to -3.093% showing a 

significant difference. 

Table 8 : Actual VaR and ES estimations 

 
Confidence level S&P 500 NASDAQ 

VaR 
99% -4,1125% -4,19218% 

99,50% -5,3289% -5,20858% 

ES 99% -5,7548% -5,56227% 
99,50% -6,71369% -6,42402% 

Conclusion 

Thanks to this quantitative study of S&P 500 and NASDAQ indices, we can conclude that 

assuming normal distribution when calculating risk measures is not appropriate and does not 

give a true image of the returns fluctuations appearing on the market. It has been proven that 

asymmetric, fat-tailed and leptokurtic distributions such as the ones observed during our study 

are commonly a good representation of financial instrument returns.  

5.2 Empirical studies  

In this section, we provide an overview of studies comparing Value-at-Risk and Expected 

Shortfall to observe practical implications on risk management in the financial industry. Some 

empirical studies made over the years comparing Value-at-Risk and Expected Shortfall will 

be presented and explained, linking their implications to our theoretical analysis. To do so, we 

have chosen three relevant studies. The first empirical study, “On the validity of Value-at-

Risk: Comparative analyses with Expected Shortfall” was conducted by Yamai and Yoshiba 

in 2002, this article focused on the two main shortcomings of VaR: its tail risk and its lack of 

subadditivity. They wanted to analyse empirically and practically the impact of those two 



46 
 

drawbacks and compared them to expected shortfall through several examples. The second 

practical case was proposed by Kellner and Rösch (2015), their objective was to illustrate the 

model risk encountered using each risk measure and its impact on the measure’s accuracy. 

Finally, we will analyse another case study conducted by Yamai and Yoshiba (2002b). In this 

paper, they provide a comparison of VaR and ES based on their estimation error, 

decomposition and optimization. 

5.2.1 Diversification and subadditivity 

In the first years of the implementation of VaR, many specialists pointed out the measure’s 

lack of subadditivity, making Value-at-Risk a non-coherent measure according to Acerbi et al 

(1997) and creating perverse incentives when optimizing their returns. However, risk 

managers chose to ignore this weakness of the measure, stating that it was not that important 

and that it has no impact on their decision-making. In other words, according to most 

managers, it was an insignificant failure that they had to deal with to enjoy the other positive 

features of VaR. Yamai and Yoshiba wanted to analyse concretely the effect of those 

shortcomings and compare it to an alternative risk measure, called Expected Shortfall. They 

reached that objective by proposing three practical cases: a portfolio with put options, a credit 

portfolio and a dynamically traded portfolio (Yamai & Yoshiba, 2002a). They further state 

remarks and encourage managers to be cautious when using VaR for risk management. 

More concretely, they present three cases under non-normal profit and loss distribution 

because using normal distribution is firstly unrealistic when computing financial returns and 

secondly is irrelevant to analyse the tail risk as VaR does not face that risk and is subadditive 

in normal portfolios distributions. We will detail only one of the cases (the credit portfolio 

case) as it would be repetitive to explain all three since they all provide the same conclusion, 

which is the enhancement of credit concentration with VaR. 

Credit portfolio – Case study 

With an example of credit portfolio, Yamai and Yoshiba demonstrate that using VaR can 

increase credit concentration in an underlying credit portfolio, precisely because Value-at-

Risk ignores the tail loss emanating from this concentration (Yamai & Yoshiba, 2002a). 

Their case is presented as follows: an investor invests ¥100 million into the following four 

mutual funds: 
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Table 9 : Profiles of portfolios (Yamai & Yoshiba, 2002a, p.70) 

After computing the expected utility of the investor considering all the portfolios, they 

analysed the impact of using VaR or ES as risk measure through five optimization problems: 

(1) Expected utility under no constraint. 

(2) Expected utility with VaR at 95% confidence level as a constraint 

(3) Expected utility with ES at 95% confidence level as a constraint 

(4) Expected utility with VaR at 99% confidence level as a constraint 

(5) Expected utility with ES at 95% confidence level as a constraint 

The results of these optimization problems on the investor’s optimal choice are depicted in 

Table 10 and 11.  

Table 10 : Optimal portfolios for each type of risk management (95%) (Yamai & Yoshiba, 2002a) 

 

In Table 10, we can observe that credit concentration is enhanced significantly when using 

VaR as a risk constraint as investor under that constraint allocates ¥20.1 million (1/5 of its 

total investment). Why is that? The investor under VaR constraint wants to reduce its 

 Number of bonds included Coupon (%) Default rate (%) Recovery rate (%) 

Concentrated portfolio A 1 4.75 4.00 10 

Concentrated portfolio B 1 0.75 0.50 10 

Diversified portfolio 100 5.50 5.00 10 

Risk-free asset 1 0.25 0.00 (1)  
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potential losses inside the confidence interval. Therefore, the investment in the diversified 

portfolio will be decreased while allocating more resources into portfolio A. This 

phenomenon is observed because the default probability of portfolio A is located outside the 

confidence level of VaR, thus the investor choose it to maximize his returns. By ignoring the 

loss above the interval, this example shows that VaR creates perverse incentives because 

credit concentration is chosen over diversification and losses beyond the confidence interval 

expand. On the other hand, when the investor is using expected shortfall as a constraint, the 

investor invests in a vast majority in the diversified portfolio. 

In Table 11, the same analysis was made under the 99% confidence level, to see if the 

previous results still hold under a higher confidence level. We can observe that an investor 

using VaR as a constraint still chooses to invest in a concentrated portfolio, this time portfolio 

B as its default rate (0.5%) lays outside the confidence interval. Using expected shortfall in 

risk management increases credit concentration by still investing primarily in the diversified 

portfolio and the risk-free asset in order to reduce the losses beyond VaR level. 

We can also take from this example that Value-at-Risk does not give a complete view of the 

potential risk and does not fully assess risk exposure of portfolios. In fact, it seems like VaR, 

despite its universal nature and easy computation, does not give a realistic view of the market 

where portfolio profit and loss distribution are most commonly asymmetric and therefore 

present a larger tail risk. The assumption made by VaR that financial instruments are only 

subject to normal market conditions is therefore obsolete. 

Table 11 : Optimal portfolios for each type of risk management (99%) (Yamai & Yoshiba, 2002a) 
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Conclusion 

Yamai and Yoshiba (2002a) conclude from their applications of Value-at-Risk and Expected 

Shortfall in risk management that expected shortfall presents attractive advantages. Indeed, in 

opposition to VaR measure, expected shortfall is less likely to give anti-diversification 

incentives to investors since it satisfies the property of subadditivity. However, they warn 

managers about the importance of comparing carefully both measures before choosing one 

because VaR as well as ES present weaknesses. Indeed, they argue that “from a practical 

point of view, the effectiveness of expected shortfall depends on the stability of estimation 

and the choice of efficient backtesting methods” (Yamai & Yoshiba, 2002a, p.80). As a 

matter of fact, the stability issue with expected shortfall will be discussed in the next practical 

case developed by Kellner and Rösch whereas backtesting problems and solutions applicable 

to ES will be analysed in the next chapter. 

5.2.2 Model risk and volatility 

In 2015, Kellner and Rösch wrote a paper comparing Value-at-Risk and Expected Shortfall in 

order to state which one was the best for quantifying market risk. To determine the winner, 

they aim at empirically compare Value-at-Risk and Expected Shortfall at their regulatory 

levels (for VaR, 𝛼 = 0.99 whereas for ES, 𝛼 = 0.975) with respect to model risk. To achieve 

significant results, they used three metrics to measure model risk7: (1) legal robustness, (2) 

derivative risk and (3) volatility risk.  

In order to test those metrics, data and descriptive statistics were used. Their database consists 

of daily negative log-returns for three indices (S&P 500, Dax and Nikkei 225) and two 

exchange rates (EUR/USD and EUR/JPY). They computed for each index and each rate the 

four moments of the distribution, namely the mean, variance, the skewness and the kurtosis 

using the last 1000 observations. The illustration of those moments over time can be found in 

the next page in Figure 8. When analysing Figure 8, we can observe the behaviour of financial 

instruments. Indeed, the mean and the standard deviation fluctuate regularly over time and the 

historical data observed seem to possess a right skewed and leptokurtic distribution according 

to Kellner and Rösch (2015). Indeed, when skewness is different from 0 (the line that can be 

seen in the graph), the distribution is asymmetrical and present fatter tails than a normal 

7 Model risk refers to the risk that, when we are given a choice between several models, we chose one model that 
is not appropriate to the situation and the model therefore creates issues such as estimation error, giving perverse 
incentives to managers. 
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distribution. On the other hand, the kurtosis refers to the tails of the distribution. When the 

kurtosis is different than 3 (the line in the graph), we observe a leptokurtic distribution, which 

possesses one or both tails of the distribution fatter than the normal distribution (Bessis, 

2010). We can also observe that at the time of the financial crisis (2008-2009), the third and 

fourth moment of the distribution increase significantly. 

 

Figure 8 : Four moments development for S&P 500, DAX, Nikkei, EUR/USD and EUR/JPY (Kellner & 
Rösch, 2015) 

Firstly, they analysed through backtests which distribution models was the more appropriate 

and did not use the models that did not pass backtests. The remaining models and VaR and ES 

calculations for each indices and rates can be observed in Table 12. We can observe in this 

table that, as previously explained, the normal distribution did not pass the backtests for any 

indices or rates, showing that assuming normal distribution of financial instruments is 
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unrealistic. This also confirms the results concerning the skewness and kurtosis of the 

analysed financial distributions. Those results for the third and fourth moments of the 

distribution converge to the results obtained with our quantitative study. 

Table 12 : Backtesting results (Kellner & Rösch, 2015, p.52) 

 

After computing the backtesting procedure, Kellner and Rösch (2015) examines ES and VaR 

reactions through three metrics: legal robustness (LR), derivative risk (DR) and volatility risk 

(VR). We will concentrate ourselves on the first metric (LR) because it gives the most 

straightforward comparison of Value-at-Risk and Expected Shortfall, all potential models put 

aside. 

Model misspecification and legal robustness (LR) 

Choosing the wrong model to assess risk in the industry is a common mistake. For instance, 

assuming normal distribution when the portfolio is obviously subject to extreme events and 

losses would be a bad decision. However, this risk is minor as regulators check the coherence 

of using particular models.  

There still remains the fact that, when several models pass this first test with regulators, the 

possibility of regulatory arbitrage arises. Kellner and Rösch (2015) aim at analysing 

empirically the statement made by Kou, Peng and Heyde (2013): 

Two institutions that have exactly the same portfolio can use different internal 

models, both of which can obtain the approval of the regulator; however, the two 

institutions should be required to hold the same or at least almost the same amount of 

regulatory capital because they have the same portfolio (Kou et al., 2013, p.401).  

Regulatory arbitrage can therefore be defined as the degree of capital requirement reduction 

that can be achieved through the subdivision of a risk position (Wang, 2016). The lower the 
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capital requirements are, the happier the banks and insurers are because it gives them a 

competitive advantage over others.  

For this reason, one might prefer having a risk measure with stable estimations and without a 

large deviation to make sure that capital requirements remain at a low level over time. Kellner 

& Rösch (2015) want to approximate this potential variation for each risk measure using legal 

robustness (LR): 

𝐿𝑅𝑡+1𝑉𝑎𝑅𝑡+1 =
1
𝑛∑ �𝑉𝑎𝑅𝑖,𝛼𝑡+1 − 𝑉𝑎𝑅𝛼𝑡+1�����������𝑛
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Figure 9 : Legal robustness metric applied to indices and rates (Kellner & Rösch, 2015) 

They used the LR formula to compute the estimates for the Expected Shortfall (α = 0.975) and 

for the Value-at-Risk (α = 0.99). For each index and exchange rate, the analysis is done. 

Figure 9 illustrates the results of this analysis. It can be clearly observed in Figure 9 that ES 

estimates are varying the same way as VaR estimates but at a larger extent. For instance, ES 

and VaR estimates in January 2005 are close to each other, and while arriving to the financial 
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crisis, they keep being further apart; this is particularly true for the EUR/JPY echange rate and 

the S&P 500 index. This phenomenon illustrates the lack of robustness of ES because it 

accounts for extreme events which are ignored by VaR, namely the extreme losses resulting 

from the subprime crisis. However, we can also see that the degree of robustness of ES varies 

from one index/exchange rate to another. It seems that the higher the risk, the more ES 

estimates fluctuate. 

It seems like a logical difference between the two measures estimates because ES accounts for 

extreme data while VaR ignores them, making therefore VaR less sensitive to extreme risks. 

Sensitivity towards parameter changes and derivative risk (DR) and volatility risk (VR) 

With this metric, Kellner and Rösch tackle the parameter estimation risk. This risk is 

quantified by measuring the sensitivity towards parameter changes of risk measures through 

the following ratio: 

𝐷𝑅𝑡+1,𝜃𝑗 =
𝜕𝐸𝑆0.975

𝑡+1 /𝜕𝜃𝑗,𝑡+1.𝑉𝑎𝑅0.99
𝑡+1

𝜕𝑉𝑎𝑅0.99
𝑡+1/𝜕𝜃𝑗,𝑡+1.𝐸𝑆0.975

𝑡+1  

Where 𝜃𝑗,𝑡+1 is a model parameter. If this ratio is higher than one, ES is more sensitive to 

parameter changes than VaR, and if the ratio is below 1, the opposite statement is true. 

Furthermore, thanks to the VR metric, Kellner and Rösch estimate the volatility of risk 

measures, they focus on the mean squared error: “the lower the volatility is, the better the 

quality of the estimator as it is less exposed to the randomness in data samples” (Kellner & 

Rösch, 2015, p.50).  
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Where 𝐸𝑆0.975,(𝑘)
𝑡+1  and 𝑉𝑎𝑅0.99,(𝑘)

𝑡+1 . With the same principle than the DR ratio, if VR is above 

one, ES is said to be more volatile than VaR therefore have a lower quality and if VR is below 

one, the opposite is true. 
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Those two metrics show less incriminating results towards ES and in my personal opinion do 

not reflect particular preference towards one or another. Indeed, we witness for both ratios 

values above and below one, rejecting one time VaR and another time ES. The legal 

robustness gives a clearer difference between the two. For the volatility risk ratio, it can be 

observed that empirical estimations are below one, making ES estimates less sensitive to the 

procedure. 

Conclusion 

Overall, looking at the aggregation of all metrics, Kellner and Rösch (2015) conclude that 

Expected Shortfall estimates (at the regulatory level of 0.975) are more affected by model risk 

than VaR estimates. Using the LR ratio, Kellner and Rösch deducted that regulatory arbitrage 

is predominant with ES as the estimates vary more than VaR estimates. Using the VR ratio, 

they estimate that the volatility is higher with ES (except for the empirical model). We agree 

with their conclusion as they admit that those results arise mainly due to the tail thickness of 

the distribution. Indeed, it is during periods of extreme losses (e.g. in 2008-2010) that the two 

measures differ the most (see Figure 9). 

5.2.3 Estimation error and robustness 

In this second paper written by Yamai and Yoshiba (2002b), the objective was to compare 

value-at-risk and expected shortfall in terms of estimation errors, optimization and 

decomposition into risk factors. They provide practical cases for illustrating those three 

subjects. We will focus on the practical cases concerning estimations errors as we have 

already addressed the optimization problem in subsection 5.2.1. Estimation error arises due to 

the variability of the sample size. Indeed, when computing Value-at-Risk and Expected 

Shortfall, we only take a sample of their historical data, so logically we can conclude that the 

higher the sample size, the lower the probability of having estimation errors is.  

To illustrate estimation error and compare them for ES and VaR, Yamai and Yoshiba 

simulated random variable with stable distributions. More concretely, a random variable X 

follows a stable distribution if: 

𝑆𝑛 = 𝑛1 𝛼� 𝑋 + 𝛾𝑛, 
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Where 𝑆𝑛 is the sum of independently and identically distributed n copies of the random 

variable X and α refers to the index of stability. The smaller the α is, the larger the tail of the 

probability distribution is. For instance, if 𝛼 = 2, the underlying stable distribution is a 

normal distribution. In other words, stable distributions are generalizations of normal 

distributions (Yamai & Yoshiba, 2002b).  

To illustrate estimation error, Yamai and Yoshiba firstly ran 10.000 sets of Monte Carlo 

simulations with a sample size of 1.000, changing the α parameter (from 2, a normal 

distribution, to 1.1). They concluded that “VaR estimates are less affected by large and 

infrequent loss than the expected shortfall estimates, since the VaR method disregards loss 

beyond the VaR level” (Yamai & Yoshiba, 2002b, p.95). We can also associate that result to 

the lack of robustness of expected shortfall. As a reminder of the first chapter, a risk measure 

can be characterised as robust when small changes in the portfolio loss distribution only 

create small changes in the risk measure distribution. 

The second interrogation that Yamai and Yoshiba had on the subject is the following: does 

increasing the sample size reduces the estimation errors of risk measures? To answer this 

question, they ran 10.000 sets of Monte Carlo simulations with three sample sizes (1.000, 

10.000 and 100.000) with three tested stability level α (2, 1.5 and 1.1). Table 13 and 14 

illustrate their results, using a 95% confidence level and 99% confidence level. 

Table 13 : Expected shortfall estimates under stable distributions at 95% confidence level (Yamai & 
Yoshiba, 2002b) 
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Table 14 : Expected shortfall estimates under stable distributions at 99% confidence level (Yamai & 
Yoshiba, 2002b) 

 

As can be seen in the two tables, relative standard deviations of ES estimates (which refers to 

the standard deviation divided by the mean) decrease when the sample size increases. We can 

also witness that the relative standard deviation of ES estimates decrease more rapidly when 

we assume a normal distribution (α = 2). When focusing on the sample size of 1.000.000, the 

relative standard deviation is the highest when the distribution (α = 1.1) tends towards a 

Cauchy distribution (therefore possessing a fatter tails than other distributions). 

5.3 Summary 

To resume our findings, we could say that both VaR and ES are criticised on different 

grounds. On one hand, VaR is considered to give negative incentives to investors as they feel 

a false sense of security with VaR. Indeed, VaR provides a maximum loss in money, letting 

investors think that it is only possible to pass this threshold in only very rare extreme events. 

In other words, VaR assumes that the normality beats largely the clustered extreme values. 

Applying it to financial portfolios would be wrong since it has been proven by many 

practitioners (such as Fama and Mandelbrot) that profit and loss distributions of financial 

instruments are skewed and asymmetrical in nature. In addition, as demonstrated by Yamai 

and Yoshiba (2002a), using Value-at-Risk as a constraint during the optimization process 

encourages investors to choose credit concentration instead of diversification, which 

ultimately increases the tail risk of the distribution. On the other hand, Expected Shortfall 

virtues have been debated because of its high volatility. Indeed, in nature, the Expected 

Shortfall is a conditional value of extreme events, it is therefore more unstable in its 

estimations over time than the VaR. This can be problematic as Kellner & Rösch state that 

financial players are looking for a constant and robust risk measure in order to have the lowest 

and steadiest capital requirements (Kellner & Rösch, 2015). In the next chapter, those issues 

with both risk measures are discussed.  
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Chapter 6: Comparison of the two risk measures 

In this chapter, comparison of the strengths and shortcomings of Value-at-Risk and Expected 

Shortfall is analysed. The first section briefly introduces by providing a general framework of 

comparison between both risk measures, giving an overview of what will be discussed in the 

following sections. Section 6.2 addresses VaR strengths and drawbacks. The following 

section examines the alternative risk measure, Expected Shortfall, and how it might address 

the shortcomings of Value-at-Risk. Finally, the last section provides an overview and a 

discussion over the merits of each measure. 

6.1 Introduction 

Value-at-Risk has been criticised for years on some basic theoretical backgrounds such as the 

tail risk associated and its lack of subadditivity resulting in a false assessment of 

diversification, a lack of coherence in the sense of Artzner et al. (1997) as well as a creation 

of perverse incentives for investors using risk measure as a tool for decision-making. On the 

other hand, Expected Shortfall has been accepted for many years by insurers and is gaining 

notoriety in the banking industry thanks to its attractive properties such as its subadditive 

nature and its consideration of tail risk. However, it still does not represent a perfect risk 

measure as it detains drawbacks such as its lack of robustness and its computational burden. 

In the next sections, we will discuss each side through all those aspects. 

Table 15 : Strengths and weaknesses of Value-at-Risk and Expected Shortfall 

  Value-at-Risk Expected Shortfall 

Strengths 

Applicable to all traded products Subadditive and coherent risk measure 

Easy computation and understanding  Reduce tail risk by considering the loss 
beyond the VaR level 

Easy to backtest Mitigation of the perverse incentives 

Standard risk measure therefore equipped with software 
and system 

Easily applied to portfolio optimization 

Weaknesses 

Lack of subadditivity Computational burden 

Pro-cyclical measure Lack of robustness  

Unable to consider de the loss beyond the VaR level (tail 
risk) 

Backtesting issues 

Endegenous uncertainty New standard risk measure so 
insufficient software and system 

Moral hazard Require more data than VaR 
Difficult to apply to portfolio optimization   
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6.2 Advantages and shortcomings of Value-at-Risk 

Since its creation in 1994 by J.P. Morgan and its adoption by the BCBS as part of the market 

risk frameworks, Value-at-Risk has been highly criticised by practitioners and risk analysts. 

An in-depth examination of its main drawbacks is presented in sections 6.2.4 to 6.2.7. The 

main criticisms concern its lack of subadditivity, one of the coherence axioms defined by 

Artzner et al. (1997), its pro-cyclical nature, the issue of capturing the tail risk, the 

endogenous uncertainty on the financial market and moral hazard. 

Nevertheless, despite this wave of criticisms towards Value-at-Risk, several merits can be 

attributable to this measure of risk. It is not without reason that it became the most commonly 

applied risk measure in the financial industry. In fact, Value-at-Risk is mostly appreciated for 

its universal aspect, as it can be applied to any instrument and can compare all kinds of 

portfolio on the same ground: the amount of money. Additionally, understanding and 

implementing VaR is a straightforward process that does not require much reasoning at first 

sight. Finally, Value-at-Risk is a robust risk measure in the sense of Cont et al. (2010), which 

makes it less inclined to highly fluctuate when small changes in the distribution occur. 

Sections 6.2.1, 6.2.2 and 6.2.3 detail the strengths of VaR as an estimator of risk. 

6.2.1 Applicable to all traded products  

Value-at-Risk applies to every financial instrument and is expressed under the same unit of 

measure for each of them, which is the amount of money lost (Acerbi, Nordio & Sirtori, 

2001), thus allowing easy comparison between different trading area and different kinds of 

portfolio. 

6.2.2 Easy to understand and easy to backtest 

The concept of VaR has the great advantage of being ‘straight-to-the-point’. Indeed, 

understanding the principle is quite straightforward and there is no difficulty explaining it to 

members of institutions and to the shareholders. The result of Value-at-Risk is an amount of 

money, making it easier to picture the actual loss that a financial institution might encounter. 

This may create a better disclosure of information indirectly as shareholders will better 

understand the market risk that they face on the market at a certain time. 

Moreover, backtesting Value-at-Risk is easy to implement and to apply in every financial 

institution. As a matter of fact, the backtesting procedure put in place by regulators consists of 
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comparing the VaR estimations with the actual loss endured; this was explained in-depth in 

Chapter 3. The BCBS even kept the VaR backtesting in place while using Expected Shortfall 

as their new risk measure, proving that backtesting ES is not clearly defined at the moment. 

However, alternative backtesting procedures with ES have been proposed by several 

practitioners, this will be discussed in section 6.3.7. 

6.2.3 Robust risk measure 

As a reminder of the properties of risk measure defined in the first chapter, robustness is a 

desirable property for a risk measure; it refers to the low variation of the measure when small 

changes occur in the portfolio loss distribution. In the previous chapter, we explained and 

commented the study case made by Kellner & Rösch (2015). In this practical case based on 

historical negative returns of exchange rates and indices, Kellner & Rösch argue, using the 

legal robustness metric, that Expected Shortfall is more sensible and varies at a higher extent 

when disturbances in the market occur, making its estimations quite volatile over time while 

Value-at-Risk varies too, but at a lower degree. Cont et al. (2010) emphasize the importance 

of this property, giving it the same weight as the coherence axion of Artzner et al. (1999). 

6.2.3 Lack of Subadditivity and issue with portfolio optimization 

It is well-known since the nineties that Value-at-Risk is not in general a subadditive risk 

measure. In 1998, Artzner, Delbaen, Eber and Heath wrote a paper entitled ‘Coherent 

measures of risk’ studying market and non-market risks. In this publication, Artzner et al. 

analyse the different measures of financial risks and present the four fundamental properties 

of a coherent risk measure. They demonstrate through axioms and propositions that quantile-

based measures of risk are not coherent risk measures, therefore criticizing directly Value-at-

Risk supposedly incoherent. As a reminder, a coherent risk measure satisfies four properties 

according to Artzner and al. (you can find the complete definition of coherent risk measure 

and its axioms in Chapter one point 1.4 “Risk measures: definitions and basic properties”). 

As demonstrated by many practitioners (i.e. Danielsson et al., 2005; Artzner et al., 1999; 

Szegö, 2002) Value-at-Risk satisfies all axioms except for the first one, called subadditivity. 

In fact, this particular axiom, as can be seen by looking at the formula, ensures that the 

diversification principle of portfolio holds in terms of risk measures. Indeed, diversification 

effect implies that a diversified portfolio (being in the formula p(X+Y)) is always less risky 

than a non-diversified portfolio (namely p(X) or p(Y)). Danielsson et al. (2005) even adds that 
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“in terms of internal risk management, subadditivity also implies that the overall risk of a 

financial firm is equal to or less than the sum of the risks of individual departments of the 

firm”. 

For a sub-additive measure, portfolio diversification always leads to risk reduction, 

while for measures which violate this axiom; diversification may produce an increase 

in their value even when partial risks are triggered by mutually exclusive events. 

(Acerbi & Tasche, 2001, p.3) 

Thus, the key question that many authors and specialists asked themselves was therefore the 

following: “Is Value-at-Risk still an appropriate approximation of financial risk despite its 

lack of subadditivity?”. The response is not clear when looking at the scientific papers on this 

subject. 

Frey and McNeil (2002) also define the concept of coherent risk measure but deviate from 

Artzner et al. (1999) by interpreting those axioms and making them applicable to a random 

variable loss rather than future values of assets A and B. They completely disagree with most 

managers and practitioners who assume that the lack of subadditivity is not relevant in 

application, only in theory. Indeed, they warn us about the dangers that imply a portfolio 

optimization based in the Value-at-Risk measure in section 2.4 of their paper (Frey & McNeil, 

2002, p.1322). Frey and McNeil (2002) states that “the use of non-subadditive risk measures 

in a Markowitz-type portfolio optimization problem may lead to optimal portfolios which are 

very concentrated and would be deemed risky by normal economic standards”(Frey & 

McNeil, 2002, p.1320). This statement confirms the conclusion made by Yamai and Yoshiba 

after their study on optimization (Yamai & Yoshiba, 2002a). 

According to Danielsson et al. (2005), a risk measure non-subadditive can create issues for 

financial institutions. As a matter of fact, if an institution put in place as basis of risk 

management the Value-at-Risk without knowing this flaw, it might give incentive to financial 

institution to hold less capital than ideally required (Danielsson et al., 2005). However, if 

returns are normally distributed, Value-at-Risk is a subadditive measure. Nevertheless, this 

has proven to be rarely the case: Mandelbrot (1963) and Fama (1965) established that asset 

returns subject to speculative movements tend to have larger tails than assumed by the normal 

distribution through empirical studies already in the sixties. 
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Over the years, objections to the subadditivity axiom expanded, creating tensions within the 

financial industry. Cont et al. (2010) investigated the risk measurement procedures and 

concluded that obtaining a robust estimation while meeting the subadditivity axioms is not 

feasible. In other words, robustness and subadditivity are two properties that cannot be met 

for a single risk measure. This leaves a question open as to whether the subadditivity axiom is 

as coherent as Artzner et al. (1997; 1999): is meeting the coherence axioms relevant if it 

forces practitioners to choose subadditivity over robustness? Several studies (Dhaene et al., 

2008; Danielsson et al. (2005); Frey & McNeil, 2002; Ibragimov & Walden, 2007; Heyde, 

Kou & Peng, 2007) provided different reasons not to find the lack of this axiom relevant. 

As a matter of fact, it is often argues that this theoretical lack of subadditivity is likely to have 

a limited practical impact (Frey & McNeil, 2002). Dhaene et al. (2008) argue that imposing 

those axioms of so-called coherence to risk measures creates inconsistencies, and even 

violates the best practice. Following this opinion, regulators restrict financial institutions 

choice of risk measures uselessly by imposing the condition of subadditivity. Heyde et al. 

(2007) also criticise the subadditivity as an axiom and consider that a replacement for a 

weaker property called “co-monotonic subadditivity” should be considered. Indeed, they 

propose a new set of axioms which only requires subadditivity for comonotonic variables. 

Furthermore, Heyde et al. affirm that “there is no conflict between the use of VaR and 

diversification” (Heyde et al., 2007, p.14) when the loss distribution do not possess extremely 

heavy tails. In other words, their logic is resumed by this table: 

Table 16 : Diversification and subadditivity regarding small and fat tails (Heyde et al., 2007) 

 

Danielsson et al. (2005) chose to address potential violations of VaR subadditivity by 

focusing on returns with fat tails, i.e. an asset with changing returns at a large extent. After 

further applications, the paper concludes that in most practical cases, VaR is subadditive. In 

fact, for large sample sizes, as long as the tail index8 is lower or equal to one, Value-at-Risk 

does not present any violation of subadditivity (Danielsson et al., 2005). 

8 The lower the tail index, the fatter the tail of the distribution. 
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Ibragimov and Walden (2007) discuss the limits of diversification for heavy tailed risks and 

show that diversification do not in general decrease tail risk, in fact it might actually increase 

this risk, making subadditivity a non-logical option. 

A proposition to reduce the frequency of subadditivity failures was made by Danielsson et al. 

(2013). In fact, they propose the use of semi-parametric extreme value techniques9 and show 

empirically that it reduces significantly the number of subadditivity violations when using the 

Value-at-Risk. 

In summary, the relevance of the subadditivity axiom is left in question, however recent 

literature tend to be more critical towards its importance as a risk measure property. Its 

implications on the risk management depend on many factors, such as the tail of the 

distribution, the general shape of returns and the type of financial instruments we estimate. 

The question also remains about the link between robustness and subadditivity: which 

property is more crucial to having accurate estimates of risk?  

6.2.4 Pro-cyclical measure 

Numerous studies are critical of Value-at-Risk because of its pro-cyclical nature. Indeed, as 

volatility of prices change over the business cycle, VaR capital requirements tend to be lower 

(higher) when the economy is feeling well (feeling down). Thus, this nature may encourage 

banks to lend following this cycle and worsening therefore the effect of the cycle. In other 

words, Value-at-Risk exacerbates the already present movements on the market prices. 

Stressed VaR as described in Section 3.7 help reduce the pro-cyclicality of capital 

requirements (Henrard, 2018). 

6.2.5 Problem of the tail risk 

The tail risk is highly relevant for risk management as the tail of the distribution is precisely 

where insolvency happens during adverse market conditions (Yamai & Yoshiba, 2002). 

Disregarding the loss behind Value-at-Risk which is the minimum loss during crisis periods 

would be ignoring the primary concern of managers and regulators: assessing the average loss 

9 In this study, they used the extreme value theory semi-parametric estimation first proposed by Danielsson and 
de Vries (2000). 
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in the worst possible case scenario. Value-at-Risk is tail insensitive, ignoring the loss beyond 

a given quantile. 

Basak and Shapiro (2001) demonstrate that the problem of the tail risk with Value-at-Risk can 

create other issues. Indeed, Basak and Shapiro focused on modelling the optimal wealth and 

consumption decisions and the effect that VaR risk management has on those models. After 

studying that issue, they concluded that an investor acting rationally and using VaR as a risk 

measure is likely to face a larger loss in a crisis state (beyond the VaR level) than non-risk 

managers since VaR encourages to  take an unreasonable position on the market (Basak & 

Shapiro, 2001). 

6.2.6 Endogenous uncertainty 

Value-at-Risk model makes the fundamental assumption that statistical properties of returns 

on the financial market are the same in normal market conditions as well as in the crisis 

periods. This theoretical statement is far from the reality, as it is obvious that financial players 

behave differently in normal times, they act as individual looking to maximize their wealth. 

On the other hand, Daníelsson (2002) in his paper “The emperor has no clothes” affirms 

during periods of market stress, people tend to make a general shift by selling their risky 

assets and instead start acquiring safer assets and portfolios to avoid bankruptcy during the 

crisis.  

This phenomenon proves that Value-at-risk statistical properties are endogenous. In another 

paper, Daníelsson and Shin (2003) defines endogenous risk as follows: “endogenous risk 

appears whenever there is the conjunction of (i) individuals reacting to their environment and 

(ii) where the individual actions affect their environment.” (Danielsson & Shin, 2002, p.5) 

As a consequence, market risk measures like Value-at-Risk only account for the risk of one 

institution at a time, while neglecting the overall systemic risk. If every institution uses the 

same Value-at-Risk method and therefore anticipates the same approximation on market risk, 

if an actual crisis happens, the use of VaR could only worsened this scenario by causing 

important price swings and a lack of liquidity for institutions.  

More concretely, Daníelsson and Shin (2002) discuss the analogy made between market risk 

modelling and weather forecasting, pointing out that weather conditions and financial markets 

forecasting are not logical. As a matter of fact, the actual weather that we will witness one day 
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from today will not be affected in any way by the predictions of the forecasters. If a forecaster 

predicts a beautiful sunny day and is wrong, big clouds would still make their entrance in the 

sky tomorrow. Financial markets work differently as price changes on the market are 

influenced by the financial players’ decisions. As a result, assuming that weather conditions is 

an exogenous factor appears to be truly realistic, while risk should not be considered as an 

exogenous stochastic variable in the Value-at-Risk models since the risk distribution is 

influenced by risk models. Daníelsson and Shin (2002) therefore concludes that a feedback 

effect occurs when financial players change their beliefs and assumptions concerning 

financial markets, this feedback directly impacts the final result obtained. 

How to cover better that endogenous uncertainty? At first sight, stress testing combined to 

Value-at-Risk seems like the best alternative to this issue. However, Daníelsson and Shin 

(2002) emphasizes the importance of the margin of error in the stress test. For instance, if a 

bank has been affected in the past by market shock at an important level, the margin of error 

assumption that markets conditions are similar as in the past is unrealistic and does not give a 

proper view of the market. Thus, managers and financial experts need to take that into account 

when computing their stress test. 

6.2.7 Moral Hazard 

Moral hazard refers to the situation where one of the parties gives misleading information to 

another party in order to maximize his benefit. Cuoco and Liu (2005) argue that VaR-based 

capital requirements motivate institutions to deliver incorrect VaR measures to regulators in 

order to reduce their capital charge. Indeed, at the end of each backtesting period, the number 

of exceptions is delivered to regulators, allowing them to fix the multiplication factor k 

applicable. This factor k is then multiplied to the VaR and the sum is used afterwards to 

calculate the market risk charge for the underlying period. 

Considering this mechanism, Cuoco and Liu (2005) estimate that generally, “financial 

institutions may optimally underreport or overreport their true VaRs, depending on their risk 

aversion, the current reserve multiple, the time remaining to the end of the current backtesting 

period and the level of the non-financial costs associates with an exception” (Cuoco and Liu, 

2005, p.366). After analysis and creation of a model, they stated that reputation costs (or non-

financial costs) and the capital reserve for the next period give the institution the incentive to 
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overreport their VaR while capital requirements provoke the opposite inclination (Cuoco & 

Liu, 2005). 

Contributing to this debate, Pérignon, Deng and Wang (2007) analyse the incentive for banks 

to overstate their Value-at-Risk. They analysed a sample of Canadian commercial banks and 

the number of exceptions at the end of each backtesting period. They found evidence that 

banks are overstating their VaR, contrary to the common belief that banks tend to understate 

their VaR (Pérignon et al., 2007). They explain that result with two reasons: (1) banks are 

extremely cautious in their VaR estimation; (2) banks underestimate the effects of 

diversification. 

6.3 Advantages and drawbacks of Expected Shortfall 

In light of this analysis of Value-at-Risk and its use in risk management, an alternative 

measure has been recently favoured: Expected Shortfall. ES corrects the shortcomings of VaR 

on four aspects: (1) it is a subadditive and consequently a coherent risk measure, (2) it is a 

universal and more logical measure of risk, (3) it accounts for the tail risk by comprising the 

severity of losses beyond the VaR level and finally (4) it mitigates the perverse incentives to 

investors given by the Value-at-Risk as a tool for portfolio optimization. These points will be 

discussed in the first four sub-sections. 

Despite these strengths, drawbacks were pointed out over time by practitioners. Indeed, 

expected shortfall is not as straightforward as VaR at first sight, and is therefore harder to 

explain to managers who are not familiar with quantitative risk management. Furthermore, 

Cont et al. (2010) argue that there is a contradiction between being subadditive and being a 

robust risk measure as a spectral risk measure, this way concluding that expected shortfall is 

not a robust risk measure. Finally, Gneiting (2011) suggests that, due to its lack of 

elicitability, backtesting expected shortfall is a complicated (even impossible) task. However, 

this opinion is not unanimously approved by practitioners. Those three main drawbacks will 

be further discussed in this section. 

6.3.1 Subadditive and coherent measure 

Unlike Value-at-Risk, expected shortfall is considered to be a coherent risk measure since, as 

a spectral risk measure, it does meet the axiom of subadditivity. Expected shortfall therefore 

takes correctly into account the positive impact of diversification on the risk exposure of an 
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underlying portfolio. You can find in Appendix C the proof of expected shortfall subadditivity 

provided by Acerbi et al. (2002). 

Brandtner (2018) disagrees with that because spectral risk measures are not risk vulnerable.  

6.3.2 Universal and complete risk measure 

According to Acerbi and Tasche (2001), Expected Shortfall, additionally to answering a more 

legitimate and logical question than VaR, provides a risk measure that can be used on any 

type of financial instrument. Besides, it is complete in the sense that it analyses all sources of 

risk that a given portfolio faces. 

6.3.3 Account for the severity of losses above confidence threshold 

Value-at-Risk and Expected Shortfall do not measure and approximate the same data. Value-

at-Risk aims at estimating the smallest loss occurring in the worst case scenario while 

Expected Shortfall measures conditional expectation of loss beyond the VaR level. Just by 

looking at its objective, we can deduct that ES is more appropriate for periods of market stress 

while VaR works under normal market conditions. We can conclude that it will provide to ES 

the advantage to be more realistic on the potential losses and, in the context of capital 

requirements, ES will give an extra safety cushion to financial institutions during stressful 

times.  

However, this phenomenon can be discussed as either positive of negative: it also implies that 

ES is more sensitive to changes in the market, and is therefore less robust than VaR in terms 

of consistency in the resulting estimations. This has been proven to be true in the empirical 

studies provided by Kellner & Rösch (2015). For more details on this study case, an 

examination and criticism of Kellner & Rösch (2015) results is provided in the Chapter 5. 

6.3.4 Mitigation of the incentive effect and portfolio optimization 

As previously explained, Value-at-Risk can give investors perverse incentives (Danielsson & 

Shin (2003), and encourages credit concentration rather than diversification (Yamai & 

Yoshiba, 2002a). Indeed, this can be explained by the lack of subadditivity of the Value-at-

Risk. Expected Shortfall, on the other hand, is subadditive and thus better accounts for the 

diversification effect. This was analysed in Chapter 5 with the Yamai and Yoshiba (2002a) 

study case on portfolio optimization. In truth, Yamai and Yoshiba (2002a) apply VaR and ES 
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as constraint of the portfolio optimization problem that every investor faces. As a result, it 

was observed that, under the VaR constraint, a random investor in a credit portfolio finds 

optimal the choice of a concentrated portfolio to reduce the default risk while under the ES 

constraint, the diversified portfolio is chose by the investor. In fact, it is logical in the sense of 

the investor because he wants to reduce his risk inside the confidence interval of the VaR risk 

measure; he therefore does not account for default risk lying outside this interval. To witness 

this phenomenon through computations and tables, an analysis of the case was conducted in 

Chapter 5 (Section 5.2.1). 

6.3.5 Computational burden and data requirement 

Expected Shortfall calculation is more challenging than VaR calculation. Indeed, for high 

confidence levels, the quantiles of the distribution are often missing, thus forcing ES to be 

based on simulations. However, since the introduction of ES as the new market risk measure 

in the Basel III Accord, advanced sampling techniques appears, making ES a durable risk 

management option for institutions (see e.g. Kalkbrener, Kennedy & Popp, 2007; Kalkbrener, 

Lotter & Overbeck, 2004). 

Furthermore, as demonstrated by Yamai & Yoshiba (2002b), Expected Shortfall requires 

more simulations for having the same level of accuracy as VaR. Indeed, they showed that the 

relative standard deviation (i.e. the ration of the mean over the standard deviation) is 

significantly higher than VaR relative standard deviation when doing 1.000 Monte Carlo 

simulations. We can therefore considered that Expected Shortfall needs for extra computation 

and extra data in order to be an accurate risk measure. 

6.3.6 Lack of robustness 

As presented in the first chapter, robustness is a crucial characteristic of an appropriate risk 

measure. As a reminder, a risk measure is said to be robust if measurement errors do not 

affect excessively its estimations (Cont et al., 2010; Roccioletti, 2016). If a risk measure is 

highly sensitive to error in the portfolio loss distribution, it could create considerable issues.  

Cont et al. (2010) analysed the robustness of both Value-at-Risk and Expected Shortfall by 

adding new changes to a portfolio and observing how both measures react to this change. As 

can be seen in Figure 10 below, we can clearly conclude that Expected Shortfall is much more 

risk sensitive than Value-at-Risk to a random change in the data distribution. However, Cont 
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et al. also observed that risk measure sensitivity fluctuates depending on how the loss 

distribution is estimated (from historical data or from approximations). Additionally, Cont et 

al. (2010) argue that the property of robustness and subadditivity are conflicting with each 

other. Therefore, the question remains to know which property is more important to have an 

efficient risk measure: subadditivity or robustness? This can be debated and was analysed by 

many risk analysts and practitioners over time. 

 

Figure 10 : Sensitivity (in percentage) of the historical VaR and historical ES (Cont et al., 2010) 

6.3.7 Backtesting issues 

Expected shortfall was the logical choice to replace Value-at-risk as it satisfies all the basic 

properties that a risk measure shall have, therefore it is only natural that the BCBS chose it 

instead of VaR as the reference risk measure of Basel III. However, backtesting is not yet 

implemented for expected shortfall, the same way it was for Value-at-Risk previously. Indeed, 

Basel III suggests to backtest the expected shortfall at the 97.5 quantile with the 

corresponding VaR at the 97.5 and 99 quantile.  

The main reason for still using VaR to backtest is that since 2011, expected shortfall has faced 

many criticisms due to its lack of elicitability proven by Gneiting (2011). As a consequence, 

the revelation that expected shortfall is not an elicitable risk measure10 led many risk analysts 

10 A risk measure 𝜌(𝑌) of a random variable Y is elicitable if it minimizes the expected value of a scoring 

function S (Gneiting, 2011; Acerbi & Szekely, 2014): 𝜌(𝑌) = arg min𝑥 𝐸[𝑆(𝑥,𝑌)]. Elicitability is a recent 

concept for risk analysts and practitioners as it made its first appearance in 2011. In his paper, Gneiting (2011) 
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to the conclusion that expected shortfall could not be backtested, like Value-at-Risk is. In fact, 

the BCBS did not recommend it sooner because of this backtesting drawback. The opinion on 

this matter is not unanimous, even though the majority of practitioners agree to say that this 

put some questions about the choice of the Basel Committee to put this measure as the 

preferable one. Indeed, starting October 2013, the BCBS replaced their recommendation 

concerning risk measure and adopted expected shortfall instead of the traditional VaR, while 

still using Value-at-Risk for backtesting. 

Nevertheless, some practitioners do not share this opinion on the impossibility to backtest 

expected shortfall. In fact, recently some backtesting methods have been proposed, including 

Acerbi & Sezkely, 2014; Costanzino & Curran (2015); Costanzino & Curran (2018); Kerkhof 

& Melenberg, 2014; Kratz, Lok & McNeil, 2018. 

Kerkhof and Melenberg (2004) suggested the use of a backtesting framework for ES and VaR 

using the functional delta approach and concluded that “the results indicate (…) that, contrary 

to common belief, expected shortfall is not harder to backtest than value-at-risk” (Kerkhof & 

Melenberg, 2014, p.28).  

In 2014, Acerbi and Szekely, with the goal of putting thoughts in order concerning this issue 

of backtesting, wrote a paper on the subject called “Backtesting Expected Shortfall”. They 

argue that stating that for its lack of elicitability, expected shortfall cannot be backtested is 

wrong. They therefore strongly disagree with the conclusions firstly made by Gneiting (2011) 

and other authors afterwards. In fact, they provide insights on the subject through three ES 

backtest methods, proving that, in fact, backtesting ES was absolutely feasible and thus 

refuting the link made between elicitable and backtestable. Additionally, they explained the 

concept of elicitability very clearly, as follows. 

Elicitability allows comparing in a natural way (yet not the only way) different models 

that forecast a statistics in the exact same sequence of events, while recording only 

point predictions. For instance, if a bank A has multiple VaR models in place for its 

P&L, the mean score can be used to select the best in class. But this is model selection, 

argues that Expected Shortfall is an elicitable risk measure while Value-at-Risk satisfies this condition. This was 

a shock for practitioners as it was the first time that ES surpasses VaR on a theoretical property of risk measures. 
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not model testing. It is relative ranking not an absolute validation. (Acerbi & Szekely, 

2014) 

In other words, validating a model using elicitability is not relevant; it is only useful for model 

selection, which is the comparison of two risk forecasting models (Acerbi & Szekely, 2014). 

We can agree with their conclusion just by examining VaR backtesting and the number of 

exceptions it comprises, underlining that it is not always an accurate backtesting model. We 

can also argue that, at the time of Gneiting (2011) paper on elicitability, the concept was 

brandly new to many practitioners and only a few works were done. 

Costanzino & Curran (2015) presented a practical approach to backtest spectral risk measures, 

with special attention given to the expected shortfall. They created a single coverage test 

applicable for expected shortfall, and more generally to all spectral risk measures. Three years 

later, Costanzino & Curran (2018) relied on their single coverage test to propose in January a 

traffic light approach to backtesting Expected Shortfall, therefore still being consistent with 

the backtesting approach previously implemented for VaR. As a reminder, this approach 

relies on three zones: the green, yellow and red zone. Assuming α = 2.5% (ES at 97.5% 

confidence level) and N = 250 observations, Costanzino & Curran (2018) provided in Table 

17 the resulting zone boundaries and the cumulative probability: 

Table 17 : Expected Shortfall traffic light zone boundaries assuming α = 2.5% and N = 250 observations 
(Costanzino & Curran, 2018) 

Basel Traffic Light Approach to ES 

Zone Breach Value Cumulative Probability 

Green 

0 0,18% 
1,3929 10% 
2,1131 25% 
3,0276 50% 
4,052 75% 
5,0622 90% 
5,7049 95% 

Yellow 

5,7049 95% 
6,9844 99% 
8,5285 99,9% 
9,8833 99,99% 

Red more than 9,8833 99,99% 
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Kratz, Lok & McNeil (2018) also developed a multinomial approach using Monte Carlo 

simulations to assess backtesting procedure at different VaR levels, in order to create an 

implicit ES backtest. They affirmed that this multinomial test can easily replace the current 

binomial tests as a regular backtesting approach. Additionally, increasing the backtesting 

periods to more than 250 observations would be in the interest of financial institutions as well 

as regulators as the tests will provide “more powerful discrimination between good and bad 

backtesting results” (Kratz et al., 2018, p.406). 

6.4 Discussion and summary 

Both risk measures have their respective defaults. None of them can be described as perfect 

estimation of financial risk. While Value-at-Risk can be criticized on its assumption on 

normal distribution and its impossibility to assess correctly distributions with fat tails (which 

are rather common in the financial industry), Expected Shortfall has also been disapproved for 

not being elicitable and a robust risk measure, leading to volatile ES estimates and backtesting 

difficulties. 

We will summarize our analysis on both risk measures first by comparing their underlying 

respective properties, then by resuming their relevant impact on capital requirements. Finally, 

we will give leads on further potential researches that should be done on the subject and we 

will ask ourselves if there is a viable alternative to Value-at-Risk and Expected Shortfall. 

6.4.1 Properties 

To recap all the properties that we have discussed across this thesis, Table 18 reviews the 

properties that were evaluate as desirable by practitioners for risk measurement. By a simple 

look at the Table, we could say that Value-at-Risk and Expected Shortfall are both on the 

same level as they both satisfy three properties. However, the relative importance of each 

property is not fixed by a consensus and creates therefore a large debate amongst financial 

specialists. 
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Table 18 : Properties of standard risk measures 

 
Value-at-risk Expected shortfall 

Coherence ✖  ✓ 
Comonotic additivity ✓ ✓ 
Robustness ✓ ✖ 
Elicitability ✓ ✖  
Analysis of tail risk ✖  ✓ 

 

The coherence axioms proposed by Artzner et al. (1997) regroups the axioms of subadditivity, 

positive homogeneity, monotonicity and law invariance. Value-at-Risk does not enter in the 

close circle of coherent risk measure due to its lack of subadditivity in general, resulting in an 

omission of the diversification positive effects on a portfolio risk exposure. Nevertheless, 

while Artzner et al. (1997) estimate that this property is indispensable for having a good and 

solid financial risk measure, some authors (e.g. Danielsson et al., 2005; Dhaene et al., 2008; 

Frey & McNeil, 2002; Ibragimov and Walden, 2007) argue that this axiom is based on 

unfounded generalized assumptions that limit without any reason the choice of risk measures 

and others (Heyde et al., 2007) propose to change the axiom of subadditivity to the more 

flexible axiom of comonotonic subadditivity. 

The property of robustness has also been analysed both theoretically and empirically through 

the study cases conducted by Kellner & Rösch (2015) and Yamai & Yoshiba (2002b). We 

conclude from all those researches that expected shortfall is significantly less robust than 

value-at-risk primarily due to its conditional nature. ES can be appreciated for being more 

attentive towards tail events, but also can be criticised on the same argument because its 

sensibility to extreme events causes high variability in ES estimates. On the opposite side, 

VaR has quite constant estimates, which can be appreciated by investors who want to control 

their capital requirements, but can also show its inaptitude to record important fluctuations 

due to market stress. Additionally, robustness appears to be in close relationship with 

subadditivity: you cannot have a robust and subadditive measure according to Cont et al. 

(2010). 

The third property, elicitability, is a quite controversial property of risk measure since its first 

appearance in the financial literature with Gneiting (2010). It has been argued that a non-

elicitable risk measure causes the underlying risk measure to be backtested with difficulty. 
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Some even argue that it is not possible in some cases. In spite of this, many researchers (e.g. 

Acerbi & Sezkely, 2014; Costanzino & Curran, 2015; Costanzino & Curran, 2018; Kerkhof & 

Melenberg, 2014; Kratz, Lok & McNeil, 2018) proved otherwise by inventing backtesting 

procedures completely adaptable to the expected shortfall and easily applicable. However, 

those procedures are not yet put in place by the regulatory authorities for financial institutions. 

Lastly, the analysis of the tail risk is of prior importance when considering market risk 

measures as it is precisely the kind of extreme events that those measures should assess. 

Value-at-Risk ignores this part of the distribution by only looking at the confidence interval 

and simply fixing a maximal loss during normal market conditions. This has been proven to 

be unrealistic as returns distributions often follow a non-normal distribution with fatter tails 

than the normal distribution assumes. Consequently, VaR used as a risk measure and a tool 

for optimization provokes wrong incentives to investors, thinking that VaR is the highest loss 

that they could incur and in reality it is not the case. Expected shortfall, on the other hand, 

precisely focuses on the part of the distribution ignored by VaR and thus tackles the issue of 

tail risk directly. 

From our perspective, robustness seems like one of the most important property as it is the 

prior concern of investors which ultimately choose which measure to apply in their internal 

models risk approach. Moreover, the choice of model estimator is also a crucial step towards 

obtaining a good risk measure. As analysed by Kellner & Rösch (2015), choosing the wrong 

model (model risk) creates higher instability and thus lack of robustness for the underlying 

risk measure. Furthermore, from a regulator point of view, tail risk assessment might be more 

important considering the recent crisis and the adoption of extreme caution when it comes to 

risk management of financial institutions. 

6.4.2 Impact on capital allocations 

In a quite evident way, since expected shortfall estimates the loss beyond the VaR level, it 

will result in higher capital requirement for financial institutions with ES-based risk 

management. This can be viewed as good or bad, depending on several factors. If an investor 

objective in only to be as competitive as possible by putting the minimum capital aside, he 

should choose the VaR measure. On the other hand, if an investor is risk averse and expects 

high variations in the future in his portfolio due to expected market stress, he will be better 

served using the ES measure. Finally, from the perspective of regulators wanting to make the 
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financial world a safer environment since the recent global crisis, keeping enough even too 

much capital aside is essential. 

In summary, there exists “a tradeoff between expected shortfall’s subadditivity, coherence and 

sensitivity (on one hand) and VaR’s elicitability and robustness (on the other hand)” (Chen, 

2018). Each risk measure can be considered as appropriate in some situations and with some 

kinds of portfolio. For instance, an investor in an option portfolio will be more likely to 

choose ES as a risk measure to capture the usual tail returns that options and derivatives 

present. 

6.4.3 Is there a better risk measure than VaR or ES? 

In summary, neither value-at-risk nor the expected shortfall reflects a perfect risk measure. 

Both lack some important properties or are missing interesting characteristics that the other 

one has. For instance, VaR gives the incentive to concentrate risk while ES promotes 

diversification; however VaR competes with ES on the fact that it is more robust in its 

estimations over large periods of time.  

Another risk measure, called Expectiles11, was first proposed by Newey and Powell (1987) 

and was recently demonstrated as elicitable (Bellini et al., 2015; Gneiting, 2011; Ziegel, 

2016). Expectiles are considered as “the only elicitable coherent risk measures” (Ziegel, 

2016). As De Rossi and Harvey states, “expectiles are similar to quantiles but are determined 

by tail expectations rather than tail probabilities” (De Rossi & Harvey, 2009, p.180). 

It is not an ideal risk measure either, since it satisfies the confidence axiom and the 

elicitability, however it cannot be described as a robust risk measure just like the expected 

shortfall (Cont et al., 2010). In other words, expectiles surpass ES only on the ground of 

elicitability (Chen, 2018). As has been explained previously, this property is not unanimously 

accepted by practitioners and risk analysts, thus providing no real argument to change the 

standard risk measure of financial institutions to expectiles. 

  

11 Expectiles come from the word expectation and quantile (Bellini & Bernardino, 2017). Gneiting (2011) 
defines expectile 𝜏 (0 < 𝜏 < 1) of a probability measure F with finite mean as the unique solution 𝑥 = 𝜇𝜏 to this 
equation: 𝜏 ∫ (𝑦 − 𝑥)𝑑𝐹(𝑦) = (1 − 𝜏)∫ (𝑦 − 𝑥)𝑑𝐹(𝑦)𝑥

−∞
∞
𝑥 . 
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Conclusion 

The choice of an adaptable and realistic risk measure represents an important stake in our 

financial industry. If the risk measure and computation methods do not reflect the reality of 

typical asymmetric distributions, risk and exposure to risk are not estimated correctly, thus 

making companies and institutions less inclined to see potential negative turns of events on 

the market. 

Throughout this thesis, we tried to give a complete and comprehensive analysis of regulatory 

risk measures and what stake it plays in the financial world. By focusing on VaR and ES, the 

emphasis was on a comparison of the effectiveness of one compared to another. 

We learned through the literature review as well as a quantitative study accompanied by 

practical cases that no risk measure can provide a perfect reflection of risk since uncertainty 

and risk cannot come as an individual package. The only thing we can try is to estimate as 

accurately as possible based on appropriate modelling and observations of data as well as the 

market. Creating scenarios of extreme losses can be an alternative to the simple look over 

historical returns. We learned the hard way during the financial crisis that returns do not 

follow a normal pattern and present returns are not necessarily following cycles the way that 

VaR risk measure assumes it is. ES, supposedly proposed as a coherent alternative to VaR, 

present some attractive advantages, however presents downsides when applying this measure 

practically. 

More concretely, we saw that when applying ES, estimations vary over time to a greater 

extent than VaR estimations, showing a lack of robustness. Another flaw of this measure is 

that elicitability cannot be listed in its characteristics, thus giving an argument to regulators 

not to backtest with ES. Additionally, ES requires additional calculations and extra data for 

the same level of accuracy as VaR (Yamai & Yoshiba, 2002b). Nevertheless, using ES as a 

constraint during the optimization decision encourages investors to opt for diversification 

instead of concentration, therefore promoting a reduction of risk concentration while VaR 

promotes the exact opposite through perverse incentives (Yamai & Yoshiba, 2002a). 

Moreover, ES can be considered as a coherence and comonotonic additive measure and 

includes tail risk more accurately than VaR.  
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Overall, we could say that, indeed ES presents interesting theoretical enhancements to VaR 

but lacks stability in its computation in reality, giving banks and insurance companies an 

incentive towards VaR measure. However, VaR only works accurately when markets are 

behaving normally (which is not always the case) and thus when returns distributions are 

naturally tending towards a normal distribution. This has been proved not to hold in reality, 

making the VaR a more stable and robust measure however not fit to reflect correctly the tail 

risk and potential fat tails. 

In summary, we can conclude that ES is a good alternative to VaR despite its lack of 

robustness since it is ironically due to its better assessment of tail risk. Additionally, the issue 

of elicitability has been highly debated and has been proven not to prevent the use of 

backtesting. In a context of avoiding the next financial crisis and assessing a more and more 

sensitive market place since 2008, choosing a more cautious risk measure such as ES is a 

correct option, especially from the point of view of regulators. 

In other words, further research on this subject is needed in order to keep a global view on the 

always changing market environment. We can argue that further research should be conducted 

on other risk measures or complementary mechanisms to support ES or VaR. Since ES 

effectiveness depends on the stability of portfolio’s returns and the underlying backtesting 

technique, regulatory authorities as well as practitioners should further search for viable 

backtesting alternatives. In terms of alternative risk measures, expectiles are interesting 

spectral risk measures possessing important properties such as elicitability as well as 

coherence. Furthermore, assessing the sensibility of portfolios to extreme market movements 

is a crucial step to understand which measure will be more appropriate on an individual basis. 

As a final conclusion, the internal models approach of risk management is as its name states 

quite variable from one institution to another. Indeed, financial institutions with higher 

probability of witnessing extreme data in their distributions should use ES. For instance, one 

large bank subject to high variability in its returns and presenting a high sensibility to 

systemic risk should adopt expected shortfall whereas a small insurance company with stable 

returns and low exposure to systemic risk might enjoy a better deal using VaR risk measure 

considering the objective to minimize their minimum capital requirement. The key step of this 

process is therefore to assess correctly potential risk factors and avoid to solely base our 

choice of risk measure on past historical observation of data.  
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Appendices 

Appendix A – Evolution of the Basel standards, from Basel I to Basel III 

 Basel I Basel II Basel 2.5 Basel III 

Date 1988  2004 (EU directive 

2006) 

2011 • Proposed in 2010 
• Implementation 

until 2022 (see 
appendix 2) 

Objecti

ve 

Create a global 

framework  

Provide a more risk 

sensitive model 

Adjust market risk 

capital 

requirements 

Post crisis reform 

Value-

added 

of the 

framew

ork 

• Focus on 
credit risk 

• classificatio
n of assets 
according to 
risk weights 

• Division of the 
model into three 
pillars: minimum 
capital requirements 
given credit, market 
and operational risk; 
supervisory review 
and market 
discipline 

• More approaches to 
calculate all types of 
risk (standardised 
and internal models 
with Value-at-Risk) 

• Stressed VaR 
• New Trading 

book 
framework 
with 
incremental 
risk capital 
charge 

• Comprehensive 
risk measure 
(CRM) 

• Revised internal 
model approach 

• Revised 
standardised 
approach 

• Inclusion of risk 
of market 
illiquidity with 2 
new liquidity 
ratios : LCR and 
NSFR 

• Switch from 
Value-at-Risk to 
Expected 
Shortfall as a risk 
measure 

• Limits between 
banking and 
trading book 
revised. 

CAR 8% of the RWA CAR not lower than 8% N/A • CET 1: 2-4% 
• Capital buffer: 

2,5-7% 
• Counter-cyclical 

buffer: 0-2,5% 
• Leverage ratio: 

3% 

Referen

ce 

BCBS, 1988 BCBS, 2006 BCBS, 2011 BCBS, 2011 
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Appendix B – Transitional arrangements Basel III  
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Appendix C – Subadditivity of expected shortfall 

In this appendix, we present the proof of subadditivity of the expected shortfall risk measure 

which was originally in Appendix A of Acerbi et al. (2002) 

For the proof it is convenient to adopt the following writing for the equation of expected 

shortfall: 

𝐸𝑆(𝛼)(𝑋) = − 1
𝛼

(𝐸 �𝑋 1�𝑋≤𝑥(𝛼)��)        (3.1) 

Where 1{𝑋≤𝑥}
(𝛼) = �

1{𝑋≤𝑥}, 𝑖𝑓 𝑃[𝑋 = 𝑥] = 0

1{𝑋≤𝑥} + 𝛼−𝑃[𝑋<𝑥]
𝑃[𝑋=𝑥] 1{𝑋=𝑥}, 𝑖𝑓 𝑃[𝑋 = 𝑥] > 0

�    (3.2) 

Proposition 3.1 (Subadditivity of ES). Given two random variables X and Y with 𝐸[𝑋−] < ∞ 

and 𝐸[𝑌−] < ∞ the following inequality holds: 

𝐸𝑆𝛼(𝑋 + 𝑌) ≤ 𝐸𝑆𝛼(𝑋) +  𝐸𝑆𝛼(𝑌)                                                                                       (3.3) 

For any 𝛼 ∈ [0,1]. 

Proof. Defining 𝑍 = 𝑋 + 𝑌, we obtain by virtue of 𝐸 �1�𝑋≤𝑥(𝛼)�
(𝛼) � = 𝛼 (see Acerbi & Tasche, 

2001, p.1493): 

𝛼�𝐸𝑆𝛼(𝑋) + 𝐸𝑆𝛼(𝑌) − 𝐸𝑆𝛼(𝑍)� = 𝐸 �𝑍1�𝑍≤𝑧(𝛼)�
(𝛼) − 𝑋1�𝑋≤𝑥(𝛼)�

(𝛼) − 𝑌1�𝑌≤𝑦(𝛼)�
(𝛼)  � 

          = 𝐸 �𝑋 �1�𝑍≤𝑧(𝛼)�
(𝛼) − 1�𝑋≤𝑥(𝛼)�

(𝛼) � + 𝑌 �1�𝑍≤𝑧(𝛼)�
(𝛼) − 1�𝑌≤𝑦(𝛼)�

(𝛼) �� 

                                                 ≥ 𝑥(𝛼)𝐸 �1�𝑍≤𝑧(𝛼)�
(𝛼) − 1�𝑋≤𝑥(𝛼)�

(𝛼) � + 𝑦(𝛼)𝐸 �1�𝑍≤𝑧(𝛼)�
(𝛼) − 1�𝑌≤𝑦(𝛼)�

(𝛼) � 

                                                      = 𝑥(𝛼)(𝛼 − 𝛼) + 𝑦(𝛼)(𝛼 − 𝛼) = 0           (3.4) 

Which proves (3.3). In the inequality above we used the fact that 
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�
1�𝑍≤𝑧(𝛼)�

(𝛼) − 1�𝑋≤𝑥(𝛼)�
(𝛼) ≥ 0 𝑖𝑓 𝑋 > 𝑥(𝛼)

1�𝑍≤𝑧(𝛼)�
(𝛼) − 1�𝑋≤𝑥(𝛼)�

(𝛼) ≤ 0 𝑖𝑓 𝑋 ≤ 𝑥(𝛼)

�                                                                                 (3.4) 

Which in turn is a consequence of (3.2) and 1�𝑋≤𝑥(𝛼)�
(𝛼) ∈ [0,1] 
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