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Introduction

The construction of the Standard Model of particle physics (SM) is undoubtedly one of the
greatest successes of physics during the past century. Together with the theory of General Rel-
ativity, it is able to account for most particle physics data and cosmology observations covering
an incredible range of phenomena, from the interactions of subatomic particles to the expansion
of our observable universe. It is however now known that the SM is not flawless and cannot
explain several phenomena such as

» The origin of the neutrino masses.
» The exact amount of asymmetry between matter and antimatter (baryogenesis).

» The origin of Dark Matter.

The Standard Model thus needs to be extended to account for these. Heavy neutrinos
are a potential elegant solution to all these three problems. They can explain the non-zero
neutrino masses through the type-I seesaw mechanism [1], can generate an asymmetry between
matter and antimatter through their decay [2] or oscillations [3] and can also be a Dark Matter
candidate [4]. They can even solve those three problems simultaneously within the Neutrino
Minimal Standard Model (vMSM) [5].

However, these heavy neutrinos have not been detected at present and are still actively
searched at various experiments including NA62 [6], Atlas [7], CMS [8-10], T2K [11]. In the
near future, many new experiments such as SHiP [12], DUNE [13] or MATHUSLA [14] will be
able to strengthen these searches. There is therefore a need for theoretical predictions to pro-
vide experiments with guidelines on “where” to look for these heavy neutrinos: What are their
masses and couplings to the Standard Model particles, ... In this master thesis, we solely focus
on heavy neutrinos that can simultaneously solve the neutrino masses problem and generate a
sufficient amount of matter-antimatter asymmetry. Leptogenesis is a category of models within
which the baryon asymmetry is first created as a lepton asymmetry before being transferred into
the baryon sector through the so-called sphaleron process [15]. Early leptogenesis models [16],
relying on a hierarchical heavy neutrinos mass spectrum and lepton asymmetries produced dur-
ing heavy neutrino decays, required large heavy neutrino masses, above 10? GeV, to work. While
these models are particularly attractive from a theoretical viewpoint as the heavy neutrinos can
be naturally embedded in Grand Unified Theories (GUT), such as SO(10) [17] or left-right sym-
metric models [18], such heavy neutrinos cannot be produced on-shell in current or near-future
experiments which makes the testability of the heavy neutrino hypothesis difficult. During the
last 20 years, several scenarios where the mass of these heavy neutrino can be lowered have been
developed [3}/19].

Resonant leptogenesis and leptogenesis from neutrino oscillations are two of these low-scale
models. In resonant leptogenesis, the asymmetries are still produced during the decays of heavy
neutrinos but are typically enhanced by degeneracies in the heavy neutrino mass spectrum. On
the other hand, leptogenesis from neutrino oscillations relies on a production of asymmetries
during the approach of these heavy neutrinos to equilibrium by their oscillations. These two
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regimes would allow for heavy neutrino masses at or below the TeV scale, accessible to present-
day experiments. The last decade have seen an increasing interest in the precision computation
of the baryon asymmetry within these two scenarios, ultimately leading to the development of a
set of quantum kinetic equations (QKEs), see e.g. [20], governing the time evolution of number
densities and correlations between heavy neutrinos.

The main challenge is to study in a comprehensive manner the parameter space of these new
models using these QKEs. Adding right-handed neutrinos typically comes along with 7n —3 new
parameters, n being the number of added heavy neutrino flavours, from which only five are con-
strained by experiments. Not all choices of these parameters give rise to successful baryogenesis
and one needs to study the region compatible with the neutrino masses and baryogenesis. Such
comprehensive study of the parameter space across the entire range of experimentally accessible
heavy neutrino masses has already been performed for the minimal scenario n = 2 [21] but was
still lacking when n = 3, a gap filled by the present work [22]. Guided by the experimental testa-
bility of the model, this master thesis aims at studying the range of overall coupling strength
of the heavy neutrinos to their SM counterparts for which n = 3 leptogenesis is feasible. We
performed this study across the entire mass range that will be accessible at high-energy experi-
ments in the near-future. In this work, we restricted ourselves to the case where heavy neutrinos
are approximately mass degenerate, where we expect the heavy neutrino coupling strength to
be the largest.

This thesis is split into three main parts. In chapter 1, we introduce the main concepts
necessary for our problem. After a quick historical introduction to neutrinos and neutrino
oscillations, we describe the type-I seesaw mechanism. We then discuss how an asymmetry
between matter and antimatter can be created starting from a symmetric universe, a process
called baryogenesis. We finish by a rapid review of standard thermal leptogenesis, a specific
baryogenesis model, and the reasons to go beyond it. In chapter 2, we start by describing
resonant leptogenesis and leptogenesis from neutrino oscillations. We then discuss the set of
quantum kinetic equations governing the time evolution of the heavy neutrinos for these two
regimes. We finish by a short review of early studies of the viability of these scenarios. Chapter
3 is devoted to the resolution of our research question. We first detail how the numerical scan
was performed and analyse its outcomes. We finish by a quick review of further improvements
that could be realised during future works. Lastly, two appendices deriving the form of the
susceptibility matrix and the set of quantum kinetic equations used for this work, but limited
to the relativistic regime, are available at the end of this thesis.

Throughout this thesis, we will assume that the reader has prior knowledge of quantum field
theory, of the Standard Model and its construction and knows some basics of cosmology. It is
also worth noting we will always work in the system of natural units where h = ¢ = 1 and we
will express temperature 1" directly in eV instead of degrees Kelvin and therefore never write
explicitly the factor kg. We will also use the convention that time flows from left to the right
in all the Feynman diagrams presented. Finally, we will also work with the convention that
repeated indices are summed over, i.e. A;- B; = Y. A; - B;, and that yip; = P, where 7is a

(2

y-matrix, as is usual.
This master thesis is based on the following publication:

e M. Drewes, Y. Georis, and J. Klari¢, “Mapping the viable parameter space for testable
leptogenesis,” 6 2021, ARX1V:2106.16226


https://arxiv.org/abs/2106.16226

Chapter 1

General background

In this chapter, we review the necessary background to understand the core of the project.
We first begin by a quick historical overview of the neutrino discovery. We then review how
the introduction of new heavy particles can give neutrinos a non-zero mass. The second part of
this chapter is dedicated to the origin of the matter-antimatter asymmetry. We first detail the
necessary conditions to get an asymmetry and mention some of the main mechanisms that can
be responsible for this asymmetry. We end this chapter with a description of standard thermal
leptogenesis, where heavy neutrinos play a central role, and the main motivations to refine this
model.

1.1 Historical overview of the neutrino and neutrino oscillations
discoveries

Neutrinos lie among the most intriguing particles ever discovered. The first hint of their
existence is to be found in the study of the energy spectrum of the electrons emitted during

the so-called 8 decay. Discovered at the end of the 19th century, 8 decay consists in the
transmutation of a nucleus into another one associated with the simultaneous emission of an
electron and an antineutrino. At first, only the electrons were detected which led physicists to
think of 5 decay as a 2-body decay. If this was the case, the energy of the emitted electron
would have been completely determined by the 4-momentum conservation rules. However, this
was not the case as shown in the following Figure [I.1
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Figure 1.1: Energy spectrum of the emitted electron in a carbon to nitrogen transmutation. The
blue line corresponds to what has been measured while the red line corresponds to the expected
spectrum in the case of a 2-body decay. Taken from [23].

Several explanations had been proposed for this unexpected feature. N. Bohr, for instance,
proposed that the energy conservation law could be valid only in a statistical sense. However,
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W. Pauli showed in 1930 that the given spectrum is also consistent with a 3-body decay if we
assume the additional particle to be very light [24]. This new particle had also to interact very
feebly with matter, since it had not been detected at that time, and be neutral to respect the
conservation of charge. Neutrinos were subsequently discovered in 1956 by F. Reines and C.
Cowan [25] using the huge neutrinos fluxes produced in nuclear power plant to compensate for
their extremely low cross-section. Soon after, it was realised that, exactly as for the charged
leptons, there in fact exist three different types of neutrinos corresponding to each of the lepton
flavours. In addition to the already discovered electron neutrino v, the muon and tau neutrino,
written v, and v,, were discovered in 1962 and 2000 respectively [26},27], this time using particle
accelerators.

However, not all the neutrinos are artificially produced, either in nuclear power plant facilities
or in particle accelerators. Main sources for the Earth neutrino flux also include cosmic rays and
the sun. In parallel to these study of neutrino properties using artificial sources, R. Davis and
J. Bahcall developed in the late 1960s the Homestake experiment devoted to the measurement
of the neutrino flux emitted by the sun. Indeed, stars mainly produce energy via some nuclear
fusion reactions such as

p+p—=D+e +r..

This means that neutrinos are almost exclusively produced as electron neutrinos. The results
published in 1978 28] showed that the measured flux was approximately % of what was theoreti-
cally expected. The key point to understand this discrepancy is the observation that the detector
used was only sensitive to electron neutrinos. The solution to this problem, later confirmed by
the SNO experiment [29], was not to question the existing solar models but to assume that
oscillations between different flavours of neutrinos occurred during their journey to the earth.
However, as we shall see in section [I.2.2] this peculiar behaviour is only possible if neutrinos have
different masses. This experiment therefore proved that at least one neutrino has a non-zero
mass. Further studies have since shown that at least two of the three neutrino species have a
non-zero mass and the mass splittings are given by[| [30]

Am3y =m3 —m3 ~7.4-107°eV?, Amiy =m3 —m3 ~2.5-1073eV? (N.O.). (1.1)

See Table in next section for the exact estimates of these mass splittings at a confidence
level of 1o. For historical reasons, Am?, and Am3, are also called the solar and atmospheric
mass splittings. The discovery of neutrino oscillations is still for now the only well-established
laboratory evidence of physics beyond the Standard Mode]ﬂ However, there is experimentally
still a lot to unravel. In particular, the question of whether or not the lightest of the three
neutrinos have a non-zero mass is still unsolved and an active research topic. For now, only an
upper limit

Miightest < 0.037 6V (N.O.) or myjghtest < 0.042 eV (L.O.) (95% CL) (1.2)

on the mass of the lightest neutrino and upper and lower bounds on the sum of the three
neutrinos masses

0.058 ¢V < Y “my, < 0.139 ¢V (N.O.) or

(1.3)
0.098 eV < Y “my, < 0.174 eV (1.O.) (95% CL)

IN.O. and 1.O. refer to normal and inverted ordering of the neutrino masses as will be explained right after.
2This could change in the next few years if for instance the deviation of the muon anomalous magnetic moment
from the SM prediction [31] or the B meson anomalies [32] are confirmed.
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can be derived from cosmological observations [33]. A second important question mark regards
the hierarchy of the neutrino masses. Experiments have not yet been able to determine the sign
of m% — m3. Two scenarios are therefore allowed, respectively called normal (m; < ma < ms3)
and inverted (ms < my < mg) ordering. Currently, normal ordering seems to be experimentally
favoured [30] but not yet at the required level of confidence.

1.2 The type-I seesaw mechanism

The non-zero neutrino masses raise a lot of questions also on theoretical ground. While we
have detailed some of the experimental evidences pointing towards a non-zero neutrino mass,
theoretical explanations for the origin of the neutrino masses and how it can induce oscillations
between neutrino flavours are still to be given. This is the goal of the present section.

Chirality is an intrinsic properties of particles depending on how they transform under
Lorentz transformation. There are two possible chiralities: left-handed and right-handed.
Whether a particle is left- or right-handed has strong physical implications since only left-handed
particles feel the weak interaction within the Standard Model. As can be seen from Figure all
the Standard Model particles have been found as both right- and left-handed. The only known
exceptions are the neutrinos which have solely been discovered in their left-handed version.

Spin-1
Spin-1/2 fermions bosons

u c |t g
d s | b Y e

boson

Quarks

Leptons

e | u T W

Figure 1.2: Particle content of the Standard Model. Taken from [34].

This is problematic as all the fermions within the Standard Model get their mass through a
Yukawa interaction of the form

Y (1, - $)¢ g + hermitian conjugate (h.c.) (1.4)

After the electroweak symmetry breaking, the Higgs field ¢ takes the expectation value (2),

v =~ 174 GeV being the expectation value at zero temperature of the Higgs field, and takes
the form of a mass term. For the SM, the symmetry breaking has been estimated to happen
approximately at Tey ~ 160 GeV [35], referred as the electroweak scale. This is the celebrated
Brout-Englert-Higgs mechanism [36},37].

The simplest way to give a mass to neutrinos is then to extend the Standard Model with
right-handed neutrinos and couple them to the Higgs boson and left-handed neutrinos as in
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, a solution called the type-I seesaw mechanism. This is far from being the only way to
make the neutrinos massive. Other solutions include the type-II [38] and type-III [39] seesaw
mechanisms where the right-handed neutrinos are replaced by SU(2) scalar and fermionic triplets
respectively. One can also choose to introduce more than one new field [40] to generate neutrino
masses or to induce these at the loop level [41]. A common feature to all these models is the
introduction of yet undiscovered new heavy particles coupled to the left-handed neutrinos.

In the rest of this thesis, we only consider the type-I seesaw model. As already said, it
consists of adding an arbitrary numberﬁ n of right-handed neutrinos generations coupled to the
left-handed neutrinos. Their masses and interactions are described by the Lagrangian

— - 1
Lint = Fai(ga(ﬁ)I/Ri + iﬁf%i(MM)ijl/Rj + h.c. (1.5)
. T 0 1\ . . .
before the electroweak symmetry breaking. ¢ = igop* = 10 ¢*. F is generically a 3 x n

matrix of complex Yukawa couplings, ¢ is the usual lepton doublet and a,i,j are the flavour
indices. After the symmetry breaking, this part of the Lagrangian becomes

%(ﬁLa(MD>aiVRi) + D]c%i(MM)ijl/Rj + h.c. (16)
The mass term therefore consists of a Dirac mass Mp = v - F coming from the standard
Higgs mechanism. However, if the neutrino masses solely originates from the Brout-Englert-
Higgs mechanism, the smallness of the neutrino masses would imply incredibly small Yukawa
couplings |F| ~ ™= = O(10~'?). Such a small number is usually seen as “unnatural” by theorists.
For comparison, the Yukawa coupling of the lightest known charged fermion, the electron, is
O(107%). There is therefore no reason not to add a second term, a Majorana mass My;. This
peculiar term is forbidden for every other particles since the fields 1/;% and g have the same
quantum numbers which implies that this term is not gauge invariant except for gauge singlets

like the right-handed neutrinos.

We can rewrite the mass term (|1.6]) in a block-matrix form

L, . 0 Mp) (v§
5 (v, %) <MtD MM> (VR> +h.c. (1.7)

making use of the relationsﬁ E%MtDVE = vrMpury,. Flavour indices are implicit in this formula-
tion as spinors of different flavours were concatenated into a unique one. is expressed in
terms of the interaction eigenstates vp,vgr. The physical masses of the particles are given by
the eigenvalues of this matrix. Before performing the diagonalisation in the most general case,
let us first study the one-flavour scenario. In this case, the mass matrix can be written

0 m
m M
where m, M > 0 are real numbers. The eigenvalues of this matrix can be easily found

1 o~ _m?
e = (M £ VM2 4 4m2) — {A—— M

meM | Ay~ M

3Since right-handed neutrinos are gauge singlets, there is no constraint on their number of generations from
anomaly cancellations.
4We remind the reader that )¢ = —iy2¢)* by definition of the charge conjugation operator.
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The limit where the Majorana mass is way larger than the Dirac mass M > m is usually
referred as the seesaw limit. One can now understand the denomination “seesaw” for the model:
The light neutrino mass decreases as the mass of the heavy one increases. This may therefore
explain why the SM neutrinos are so light compared to the rest of the particles. A typical Dirac
mass around the electroweak scale Mp ~ O(100 GeV), induced by “natural” Yukawa couplings
F ~ O(1), combined with a Majorana mass at the GUT scale My, ~ O(10* GeV) would be
enough to account for the 6 orders of magnitude of difference between the upper limit and
the electron mass without requiring artificially small couplings.

Let us now go back to the general case. As the mass matrix is a square, complex and
symmetric matrix, it admits a Takagi factorisation, meaning there exists U unitary such that

1 * _ my 0
utmMu ( 0 mN) (1.8)

where m, and my are the diagonalised mass matrices of respectively the light and heavy neu-
trinos. U can be parameterised as

([ cos(8)  sin(6) Uu, 0
U= (— sin(67) cos(6h) )\ 0 ©U% ) (1.9)
0 is a mixing matrix and the functions sin and cos are as usual generalised to matrices using the
Taylor series

+oo +oo
90t kg HGT
sin(6 ,;0 2k 1)l and cos( kEO

0 My
similarly to the one-flavour scenario. Physically, # encode how strong the mixing between
left- and right-handed neutrinos is. In the seesaw limit, it is given by 6 ~ Mp - MA}l. But
since M, M are matrices and not numbers, additional matrices U,,Uy are also necessary
to diagonalise these and obtain (L.8]). U, is usually known as the PMNS matriz and is most
commonly parameterised as [42]

M,
0 will transform the mass matrix of equation (|1.7)) into a semi-diagonalised version < v 0 )

c12€13 512€13 s13e”" L0 0
6 i6 2L
—512C23 — C12523513€ C12C23 — $12523513€ s93c13 | - [0 e'2 0
i 5 o2
512823 — C12C23513¢€" —C12C23 — 512€23513€" C23C13 0 0 ez

where s;; = sin(0;;) and ¢;; = cos(0;;), ©;; being the PMNS mixings angles. The phase ¢ is
usually called the Dirac phase. This parameterisation is similar to the one used for the CKM
matrix, the only difference being the presence of two additional complex phases, called the
Majorana phases, a1 and ao. These arise due to the impossibility to redefine the right-handed
neutrino phases. The Majorana mass term is indeed not invariant under the transformation
v — €%p
Vi (Man)ijvry — €V (Mar)ijvr;.

As we will see in section complex phases can induce a matter-antimatter asymmetry, hence
the importance of Majorana and Dirac phases. However, these three complex phases have not
yet been measured and one cannot for now exclude that all three are zero, even though latest
measurements point towards a non-zero Dirac phase. Best fit values as of June 2020 [30] at the
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Parameter Normal ordering Inverted ordering
12 (°) 33.447078 33.457073
O23 (°) 49.077; 493715
13 (°) 8.5770.15 8.617015
5 (°) 195751 286127
Am2, (-107%6V?) 742702 7427075
Am2, (-1073eV?) | 2.514700%8 (k = 2) | 249715058 (k= 1)

Table 1.1: Latest estimates at the 1o confidence limit for the PMNS angles, Dirac phase and
mass splittings published by the v-fit collaboration [30].

1o confidence limit for the Dirac phase and PMNS angles for both normal and inverted ordering
are summarised in Table [T}

Back to our problem, one can then deduce the (non-diagonalised) mass matrices for light
and heavy neutrinos, in the seesaw limit where |6;;| < 1 for each ¢ € {1,2,3}, j € {1,...,n},
by performing a Taylor expansion in 6

M, ~ —0My;6" (1.10a)
1
My =~ My + 5 - (0TOMy; + ML,60'6%). (1.10b)
We limited ourselves to the second order in #, meaning that cos(¢) =1 — % and sin(f) = 0 in

this approximation. The seesaw relation allows us to constrain the minimal number of
right-handed neutrinos needed to explain neutrino oscillations experiments. Indeed, we know
from that at least two ordinary neutrinos are massive. Moreover, 6 is a 3 X n matrix and
M, ~ —OMj;0" will thus have at most n non-zero eigenvalues. This forces the presence of at
least two right-handed neutrinos.

Finally, we can also deduce the low-energy mass eigenstates, at tree level, in terms of the
interaction eigenstates. The light neutrinos of mass m, are defined by

Vg = {VJVL + Vs —Ulovg — U,fH*VR] (1.11)
a
while the heavy neutrinos of mass M}, are defined by
|yt t c _ptrrt ¢ pfrrt
NZ = VNVR + VNVR 0 UNVL 0 UNVL - (112)
7
We have defined V,, = (1 — %GGT)UZ, and Vy = (1 — %Qte*)UN. These new heavy particles IN;
are sometimes also called heavy neutral leptons (HNLs). As they do only interact through their
mixing with left-handed neutrinos in minimal scenarios, these HNLs are sometimes referred as
sterile neutrinos in opposition to the active (SM) neutrinos. This definition of heavy neutrinos

can be extended to the symmetric phase where we instead consider eigenstates of the Majorana
mass My as heavy neutrinos.
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For M), = 0, relations and are not valid and neutrinos are usual Dirac particles.
However, if Mp; # 0, then the light and heavy mass eigenstates v,, N; are Majorana spinors
since they verify the relation y¢ = 1 as can be seen from and . Note that this
relation holds at every order in the f-expansion. The exact nature of the neutrino is still an
open question for the moment and several experiments (see e.g. GERDA [43], EXO-200 [44],
KamLAND-Zen [45]) are currently trying to unravel this problem. One way to decide would be to
observe a neutrinoless double beta decay. If the neutrinos are Majorana particles, then they are
their own antiparticles and can annihilate each other. One could hope to detect such annihilation
in nuclei decay. If the simple beta decay is kinematically disfavoured, nuclei will mostly decay
while emitting two electrons and neutrinos. The emitted neutrinos could then annihilate each
other and we would observe an absence of missing energy in the electrons spectra. The exact
Feynman diagram of the process is shown in Figure|1.3

dy, ur,

VRY

AVR

W
dj ———»—— 2 —  p» Uy

Figure 1.3: Standard example of neutrinoless double beta decay.

Even though it provides an explanation for the origin of light neutrino masses, the seesaw
mechanism however does not precise the order of magnitude of My, itself since light neutrino
masses are only sensitive to a combination of the Yukawa coupling F' and the Majorana mass.
For a review of the different possible scales and their motivations, we refer the reader to [46).
One can still deduce an upper bound on the scale of the Majorana mass

My < 10%° GeV,

imposing unitarity on v + v — W + W-type processes as has been done in [47]. Using this
freedom, one usually divides seesaw models in two main categories. Models where the Majorana
mass M), is way above the electroweak scale are called high-scale seesaw models. These are
appealing from a theoretical point of view as they can be naturally embedded in some Grand
Unification theories [48] and can directly explain the smallness of the neutrino masses by the
smallness of the ratio vM ]\_/[1. On the contrary, low-scale seesaw models assume that My, lies at
or below the TeV scale. These are particularly interesting from an experimental point of view
as the smallness of the HNL mass makes the detection of the HNLs in high-energy experiments
conceivable. However, the ratio vM ]\_41 is not small anymore in low-scale seesaw models and
cannot explain the smallness of light neutrino masses by its own. If we want the Yukawa
couplings F' not to be small and have a chance to detect these HNLs, cancellations in the matrix
product FMJ\}lFt are needed. This can be achieved via a new symmetry, detailed in section

As mentioned in the introduction, heavy neutrinos are well motivated particles that can solve
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several shortcomings of the Standard Model, not only the neutrino mass problem. They can also
produce a sufficient amount of baryon asymmetry through leptogenesis, which we will talk about
in section[I.4] and are also potential Dark Matter candidates [4]. They can even solve those three
problems simultaneously within the Neutrino Minimal Standard Model [5]. Heavy neutrinos are
also quite well motivated from a theoretical point of view as they quite naturally appear in
several gauge extensions of the Standard Model such as the left-right symmetric models [18}/49],
SO(10) [17] or SU(5) [50].

1.2.1 The Casas-Ibarra parametrisation

Adding right-handed neutrinos to the Standard Model Lagrangian means that we have to
keep track of more parameters. In fact, one can deduce from Lagrangian that Tn — 3
new parameters are needed when adding n generations of right-handed neutrinos. Indeed, it is
always possible to place ourselves in a basis where M}, is diagonal which means that one have
to keep track of n real Majorana masses. Moreover, in this basis, Mp is a priori a complex 3 xn
matrix which implies that 6n new parameters will be needed. However, we can always redefine
the phase of the left-handed neutrinos vy, — vy, to get rid of three additional phases. The
total number of free parameters is therefore

n+6n—-—-3="m-—3

as expected. Five of these new parameters are constrained by experiments (the two light neutri-
nos mass splittings Am?, and Am%3 and the three PMNS angles ©;;, see Table . In general,
Lagrangian can be expressed in various different basis. A choice which will reveal to be
particularly useful is the so-called Casas-Ibarra parametrisation |51]. Let us work in the basis
where

% The Yukawa matrix hq,, coupling charged leptons e to left-handed neutrinos vy, , via the
Yukawa interaction hay(7r, 4 - ¢)ep, is diagonal and real.

* The Majorana mass matrix is diagonal and real.

Using the same notations as in the previous section, let us denote U, the PMNS matrix diago-
nalising M,,. Then, the Casas-Ibarra parametrisation consists of expressing the Yukawa coupling
matrix F' in terms of a complex orthogonal matrix R

) 1 1
F=_UmzRMZ. (1.13)
v

This parametrisation of the Yukawa coupling matrix F' is particularly useful as it ensures con-
sistency with neutrino oscillations data: M, ~ —OM;60" is automatically verified. In this
parametrisation, the 7n — 3 parameters respectively are the three eigenvalues of h - hf, the n of
My and the three of M, in addition to the 6n — 12 independent?] from R. In the n = 2 and
normal ordering case for instance, R can be parametrised by a single complex parameter w

0 0
R=| cosw  sinw (1.14)
—&sinw  £cosw

5This number of free parameters is only valid for n > 3. R is a 3 x n which has a priori 6n free parameters to
which we have to subtract 12 already fixed by the relation RR? = 1. In the n = 2 case, R is made of only two
real parameters.
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1.2. The type-I seesaw mechanism

and the overall coupling strength of the HNLs can be expressed as [52]

Mo — My

* M; + M.
U2 = Z |(9UN)CLi|2 = W(mg—mg,) COS(2R€w)—|— L 2

m(mQ +m3) COSh(QImw) (115)
where M7y, M is the mass of both HNLs and mo, ms the mass of the light neutrinos vo, v3. £ is

a constant equal to £1 taking into account the sign of the determinant of the orthogonal matrix
R. One can however observe from ([1.15)) that the transformation

& — =& My— My — My — Ms, Im(w) — —Im(w) and Re(w) — m — Re(w) (1.16)
is equivalent to swapping the heavy neutrinos N1 <— Ny

0 0
R — | —cosw sinw
Esinw  Ecosw

and has therefore no physical consequencesﬁ Therefore, we can set £ = 1. Relation
also highlights the fact that, since cos(2Re(w)) is bounded by 1, the largest value of the overall
coupling strength U? are reached when Im(w) is large. In the case where n = 3 which will be of
primal interest for the rest of this thesis, R can be expressed using three complex Euler angles
Wj; as

R = RI2)R((23)R(13)

where

(i) _ (i)

(i9)
ij J L.

R(ZZ) = R%j) = cos(wyj), R = sin(wg;) and Ry 4 5 =

(i)

1.2.2 Neutrino oscillations

The last important point of this introduction to the type-I seesaw mechanism is how the
fact that SM neutrinos are massive can induce the oscillations between the different neutrino
flavours that have been observed by the Homestake experiment. Neutrinos are usually produced
through the weak interaction. As discussed in section they are for instance produced in
the sun through the fusion of two protons into deuterium. Therefore, neutrinos are mainly
produced as weak interaction eigenstates vr,. However, the light neutrinos mass matrix (|1.10a))
is not necessarily diagonal in the interaction basis and will induce transitions between different
flavours of neutrinos thanks to the term vy, (M,)avrpy in the Lagrangian. For the purpose of
this rapid explanation, we neglect all the O(6) corrections within the definition of the neutrinos
mass eigenstates.

One can also understand this feature in a more physically meaningful way using simple
quantum mechanics. We will simplify the problem and suppose that only two generations of
neutrinos exist. Let us further assume that flavour eigenstates v,, v, and mass eigenstates v1, 1o
are related by the a unitary transformation

Ve\ [ cosf sinf V1
Uy —sinf@ cos6 v’
5This observation can be derived more rigorously applying the transformation (I.16]) to the definition of the
R-matrix (1.14)).
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Chapter 1. General background

This relation is very similar to (|1.12) in the seesaw limit. Initially, neutrinos are produced in
flavour eigenstates. However, the time evolution operator et where H denotes the Hamiltonian
and ¢ the time, is diagonal in the mass basis, and the states evolves as

vi(t) = P11 (0) and vo(t) = eF2ly(0).

E, = \/p?* + m2 is the energy of the produced neutrinos and m, the mass of the mass eigenstate
Vq. When my # mao, the two different components of the flavour eigenstates will evolve differently
and this will allow for transitions v, — v,,. Indeed, an initial electron neutrino will evolve as

v(t) = (v1 cos O + vy P2~ E)lgin ) . etFrt

= Ve - (cos® 0P 1 sin? 9eF2t) 4 v, sinf cos @ - (e"F1F — o2ty

It clearly shows that the initial electron neutrino wavefunction becomes a mixture of electron and
muon neutrino as it evolves. Moreover, this also shows that the transition probability depends
on the energy via the difference Fo — Fq only. In absence of mass splittings, no oscillations
can therefore take place. The story is actually more complicated if we try to explain the solar
neutrino anomaly since we have to take into account the propagation of these neutrinos in matter
and not in vacuum anymore. A more detailed introduction to this problem can be found in [53]
for the interested reader.

1.3 Baryogenesis in a nutshell

One of the great mystery of modern physics is the reason behind the overabundance of matter
with respect to antimatter. It has now been known for almost a century, since the discovery
of the positron by Carl D. Anderson in 1932, that a second category of particles must exist in
addition to the “ordinary” — at that time, only the proton, neutron and the electron were known
— particles. These are known as antiparticles and possess the peculiar property to have the
same mass as their standard “partners” but opposite quantum numbers. Paul Dirac had in fact
already predicted them four years earlier studying the solutions of its own equation, the Dirac
equation, but this idea was not yet widely accepted before Anderson’s discovery. Following this
discovery, the observation that most of the matter that surrounds us is only made of particles
raised the question:

How do we explain the seeming absence of antiparticles in the observable universe ?

More precisely, the difference between the comoving number density of baryonsﬂ np and an-

tibaryons ny; normalised by the entropy density s of the universe has been measured [54] to be
ny — Ny

Yp=-—2—"b ~ 86107 (1.17)

S

The matter-antimatter asymmetry is experimentally much less constrained in the leptorﬁ sec-
tor. It is expected from a generic universe that it would produce an equal amount of matter
and antimatter as initial condition. There must therefore exist a mechanism generating this
imbalance between baryons and antibaryons. This physical process, whatever its precise form,
is called baryogenesis.

"Baryons are strictly speaking particles made of three quarks. In cosmology however, the term is used to refer
to any particle made of quarks.
8We remind the reader that a lepton is a spin % particle which do not interact strongly.
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1.3. Baryogenesis in a nutshell

This question is deeply linked to another one, just as fundamental, the symmetry of all
microphysical processes under time reversal. The equations governing the dynamics of these
fundamental processes is expected to be symmetric under time reversal ¢t — —t. Quantum
electrodynamics (QED) was actually even shown to be exactly symmetric under three discrete
symmetries: charge conjugation (C), parity (P) and time reversal (T). Moreover, the so-called
CPT theorem [55,56] ensured that every physically realistic theory should at least preserve the
products of the three. Physicists therefore initially thought that these three symmetries were
always preserved by nature.

However, a series of experiments in the 1950s and 1960s proved that each of them could be
broken while the product of the three was still preserved. The experiment of Fitch and Cronin
in 1964 [57] was particularly decisive in that it showed for the first time that the CP symmetry
and, thanks to the CPT theorem, also the T symmetry were both broken at a microscopic level.
Since a positron can essentially be seen as an electron going backwards in time, this asymmetry
has the particular consequence that it makes possible to overproduce particles compared to
antiparticles and therefore confirmed that producing a sizeable matter-antimatter asymmetry
starting from a symmetric universe was at least conceivable. However, this was not the sole
condition necessary to the production of a baryon asymmetry (BAU) as has been found out by
A. Sakharov [58] in 1966 with its celebrated three conditions.

1. There must exist C- and CP-violating processes as already detailed. CP-violation is needed
in order to have processes that produce in average more baryons than antibaryons whereas
C-symmetry breaking is necessary to prevent processes producing more baryons than an-
tibaryons of being compensated by “symmetric” processes producing more antibaryons
than baryons.

2. There must also exist processes violating the baryon number. Baryon number is defined as
B = §(nq—ng) where ng (resp. ng) is the number of quarks (resp. antiquarks) constituting
the concerned particle. Since, as already stated, B = 0 initially, there must clearly exist

some processes that must violate B-conservation in order to get an asymmetry.

3. Thermal equilibrium has to be broken at some stage of the universe history. Indeed, at
chemical equilibrium, a process producing an excess of baryons takes place at the same
rate than the reverse process which produces an excess of antibaryons.

It turns out that these three conditions are all satisfied within the Standard Model. The
fact that weak interaction treats differently left-handed and right-handed particles implies that
C is violated and CP-violation arises due to the complex phase within the quark mixing matrix,
the CKM matrix V. An example of C-violating process is the decay #* — ptv, [59] while
the decay of neutral kaon is an example of CP-violating process [57]. In the rest of this master
thesis, we will see that such processes can also possibly arise in the neutrino sector, if extended
with respect to the SM, and prove to be crucial for the generation of the baryon asymmetry.
The amount of CP-violation coming from the quark sector is usually parametrised using the
Jarkslog invariant

J =Tm (Vi1 Voo Vi5V5,) ~3-107°.

The baryon number is also violated within the Standard Model by the sphaleron process.
Let us define the baryon number as above. By analogy, the lepton number L as being +1
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Chapter 1. General background

for all leptons, 0 for the baryons and —1 for the antileptons. Moreover, the global symmetry
transformation

bses5b | =1, acR,

where b is a baryonic field and [ a leptonic one, can be associated to the baryon number. One
can define an equivalent transformation for the lepton number. However, these symmetries are
anomalous as can be seen from

3g°

@%:@ﬁzﬁﬁwwgﬁw (1.18)

where g is the weak interaction coupling constant, .J' g, J Z are the associated baryonic and leptonic
currents and G, is the SU(2) field strength tensor. Relation has two strong consequences.
First of all, it implies that B — L is conserved since 8,(J% — J4) = 0. Second, it implies the
existence of a non-perturbative process which violates the baryon number conservation. Indeed,
the SU(2) gauge symmetry implies the existence of several gauge equivalent but topologically
different vacua as can be seen from Figure [1.4] The sphaleron process consists in a transition
from one of these vacua to another. The exact variation of the total baryon number coming
from this process can be computed by integrating which has been done by 't Hooft [60]
in 1976

ty .
AB:/ a/&x@g:&z
t;

where n € Z corresponds to a winding number, usually called the Chern-Simons number. The
factor 3 is linked to the presence of the three generations of quarks and leptons. This pro-
cess is extremely rare at zero temperature as the rate is suppressed by the Boltzmann factor
exp(—ggij) ~ 107180 since the only possibility to get such a process is by quantum tunneling.
Indeed, as can be seen from Figure the sphaleron process will bring the system from one

minimum of the potential to another.

EA]

T
-2 -1 1 2 3

NglAl

Figure 1.4: Energy dependence of a gauge configuration as a function of the winding number
N¢s. Taken from [61].

However, as pointed out by Kuzmin, Rubakov and Shaposhnikov [15], thermal fluctuations
reduce the potential barrier to overcome and increase the transition rate. The transition rate
per unit volume then increases with the temperature as T¢. The process is therefore expected
to be particularly abundant in the primordial universe. In fact, [35] computed that above
approximately 131.7 GeV, those thermal fluctuations allow the sphaleron processes to be in
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1.3. Baryogenesis in a nutshell

equilibriumﬂ We will later refer to this temperature as the sphaleron freeze-out temperature
Tispn. This transition from sphaleron processes being in thermal equilibrium to being completely
suppressed is in good approximation instantaneous. An example of a sphaleron process is the
12-fermions interaction (An = +3) [61]

U+d+c—d+2s+2b+t+ve+uv,+ v

u,d, c, s,b,t are respectively the up, down, charm, strange, bottom and top quarks while the v,
denotes the three flavours of neutrinos. Notice that, since the sphaleron is transitioning between
different SU(2)-vacua, only the left-handed particles are concerned.

Finally, it is now known that the cooling of the universe also causes deviation from thermal
equilibrium, allowing these C-, CP- and B-violating processes to actually generate baryon asym-
metries. The particular temperature 7, at which a reaction ceases to be in thermal equilibrium
can be estimated as the one wherd™|

F(Tc) = H(Tc)‘

['(T,) is the rate at which the reaction happens and H is the Hubble constant, both of which
depends on the temperature. At T < T, the expansion of the universe is so rapid that the
particles cannot be kept in thermal equilibrium and one reaction becomes favoured compare to
its inverse.

Despite being able to provide a mechanism explaining qualitatively the origin of the baryon
asymmetry, more thorough studies have shown that the Standard Model was quantitatively not
sufficient. [61,/62] for instance show that the baryon asymmetry produced should be of the order
of Yp ~ 10~2% which is way below the experimental value . New mechanisms have to be
found to generate additional CP-violation. Some among the most studied one are listed below.

» GUT baryogenesis. Developed for the first time in 1978 by Yoshimura [63], the asymmetry
is generated in this type of model through the out-of-equilibrium decay of new heavy
bosons. These new bosons find their origin in some Standard Model extensions: the Grand
Unified Theories (GUT). These extensions increase the number of independent complex
parameters and, therefore, the amount of CP-violation. Another convenient feature of
these theories is the natural baryon number violation since baryons and leptons are unified
into the same representation of the underlying gauge group.

» The Affleck-Dine mechanism [64]. It takes place in the context of a supersymmetric theory
(SUSY). The asymmetry then arises from the decay of scalar superpartners into fermions
due to interactions with the scalar inflaton field.

» Electroweak baryogenesis in which the departure from the thermal equilibrium arises dur-
ing the electroweak phase transition. The Standard Model baryogenesis detailed earlier
falls into this category. However, this one is not feasible as the Higgs is too heavy mg = 70
GeV meaning that the phase transition is of second order while it should be strongly first
order for the electroweak baryogenesis to be successful. Moreover, CP-violation from the
quark sector is also not sufficient. To overcome those two problems, some of the new
approaches rely on extending the scalar sector [65].

9An upper bound T =~ 10'2 GeV on the temperature for the sphaleron process to be in equilibrium has also
been derived [19)

10Ty general, there exists more than one solution to this equation. The process is first brought to equilibrium
at some high temperature T, before freezing-out at 7Tt.
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Chapter 1. General background

» Leptogenesis, in which the baryon asymmetry initially originated in a lepton asymmetry.

In the rest of this master thesis, we will solely focus on the latter, which we will detail in the
next section.

1.4 An introduction to leptogenesis

In this section, we explain how the excess of matter may have been produced under the
form of an initial lepton asymmetry which would have then been partially transformed into a
baryon asymmetry by the sphaleron process. We mainly focus on the initial model of thermal
leptogenesis developed in the 1980s by Yanagida and Fukugita [2].

Some of the most popular explanations for the baryon asymmetry such as GUT baryogenesis
rely on the presence of new heavy particles which decay out of thermal equilibrium to produce an
excess of baryons. However, as was first noted in 1986 by Yanagida and Fukugita [2], extending
the gauge group of the Standard Model is not necessary to find new suitable heavy particles.
Indeed, as mentioned earlier, the sphaleron process, which violates the baryon number, in fact
conserves B-L. This opens us the possibility to get a baryon asymmetry from a lepton asymmetry
as an initial lepton asymmetry will be redistributed by the sphaleron process into non-zero
lepton and baryon asymmetries. Assuming the sphaleron and Standard Model processes are at
equilibrium, it can in fact be shown that, within the type-I seesaw model and the symmetric

phase of the Standard Model,

28
B=_(B-L) (1.19)

A derivation of this relation is given in appendix This type of model is called baryogenesis
from leptogenesis or more simply leptogenesis. The main asset of leptogenesis is that new heavy
particles are already present in minimal extensions of the Standard Model as solutions to another
fundamental problem: the origin of neutrino masses. Indeed, the three different types of seesaw
mechanisms all make use of some heavy internal states to generate light neutrino masses. The
same heavy particles can be used to generate the lepton asymmetry when they decay out of
thermal equilibrium. In the rest of the present master thesis, we focus on the type-I seesaw-
based leptogenesis which is by far the most studied of these three possible models.

The 1986-paper from Yanagida and Fukugita assumed minimal Lagrangian and that
heavy neutrinos reach thermal equilibrium way before the sphaleron freeze-out which effectively
wash-out any prior asymmetry. This can be achieved if the mixing angle # is sufficiently large
that it can bring them to equilibrium very early in the universe history. Thereafter, when the
temperature drops below their mass, their production rate can not keep up with the expansion
of the universe anymore and they begin to decay out of equilibrium. Yanagida and Fukugita
assumed the heavy neutrino masses lie way above the electroweak scale so that the Standard
Model still was in its symmetric phase at that stage. As can be seen from Lagrangian and
the definition of mass eigenstates (1.12)), the HNLs can decay following

Ni—>€j+¢ and Ni—>Zj—|—¢*.

The CP-violation coming from this decay first generates the lepton asymmetry and, as a con-
sequence, a subsequent baryon asymmetry. One can notice that the amplitude M for the first
decay is proportional at tree level to F;; while the amplitude for the second decay is proportional
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1.4. An introduction to leptogenesis

to F;; Therefore, if the Yukawa coupling F' is complex, this process is CP-violating. However,
since the decay rate is proportional to |M|?, this decay still remains CP-conserving at tree level.
To actually generate CP-violation, one loop corrections have to be considered as the interference
between the tree level and one loop diagrams is needed to generate the CP-asymmetry. The
decay at one loop order contains the contribution of the following three diagrams.

L
—b—/ gé)
N N 1.20
\\ + N \\ ( )
\\ f N
¢
tree level wave function vertex

The flavour indices were omitted as one can draw these diagrams for every combination of
them. As shown above, the middle diagram in is usually referred as the wave function dia-
gram whereas the rightmost one is called the vertex diagram. One can also quantify the amount
of asymmetry coming from this process and, therefore, get a rough approximation of the B — L
asymmetry generated. For instance, assuming hierarchical Majorana masses (M; < My < Ms)
and high temperature 7' > 10'2 GeV so that the Standard Model flavours are indistinguishable
(“vanilla leptogenesis”) and defining an asymmetry parameter ¢;, usually known as the decay
asymmetry, for the right-handed neutrino flavour ¢ as

UNistre = Dnysiegr

€ = , 1.21
" Dot + Tnniige (20
one obtains [2]
3 1 M?
o S [ jaal 21 ] 1.22
O T 16r (FTF)a S Sl f(M}) (1.22)

2
where j is the flavour index and f (%) is a loop factor
J

f(@) =z [1+ (1 +z)In(

)]

The contribution neglects the contribution of the wave function diagram due to the large
mass splittings between HNLs. To get a precise estimate for the baryon asymmetry and to be
able to track the temperature dependence of these asymmetries, one can model the generation
of asymmetries using the following system of Boltzmann equationﬁ

1+=x

d TI'p+Ts

a DT IS . eq

e e (n1 —ni?) (1.23a)
d I'p e T'w
4Br = e (m ) = s (1.23b)

HThese equations were shown [21] to be a limiting case of the more general set of equations (2.14)). Those allow
for a comprehensive treatment when all neutrino flavours play a significant role.
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n1 (n{?) and np_r, being respectively the number density of HNLs N; (at equilibrium) and of
B — L asymmetries. z = %, M being the mass of this heavy neutrino Ny. This particular set
of equations relies on the “strong washout” assumption that the preexisting asymmetries and
those created by N» 3 are completely washed out, 7.e. depleted, by N;. Therefore, we can limit
ourselves to only keep track of the asymmetries caused by Ni. When n > 1 heavy neutrinos
do participate to leptogenesis, equation just have to be replaced by a set of n decoupled
equations. Main processes contributing to the rates I'p,I'g and I'yy include

» 1 <> 2 processes: HNLs decays and inverse decays (1.20) N <« ¢ + ¢. CP-violation from
inverse decays have a contribution opposite to (|1.22]).

» 2 & 2 scatterings:

* AL = 1 Higgs-mediated scatterings between quarks doublets @, HNLs, lepton dou-
blets and the right-handed top quarks (Q + ¢+ tr+ N, Q+tr < L+ N, L+t +
Q+ N).

The top quarks is the sole right-handed quarks to be considered as his Yukawa cou-
pling is the only one to be of order one.

* AL = 1 scatterings including gauge bosons. It includes scatterings between the Higgs
fields, gauge boson G, HNLs and the leptons doublets (G+¢ — ¢!+ N, ¢p+¢ — G+N,

G+¢—L+N).
G of
{—— G G ——
Y/ \ J/
¢ - —>— N ¢ —>—N

14

* AL = 2 scatterings between lepton doublets and Higgs fields such as the HNL-
mediated scattering £ + ¢ <> £ + ¢

¢ ot

AN /// g - ¢T
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1.4. An introduction to leptogenesis

We limit ourselves to 2 <+ 2 processes for the scattering part as processes with three or more
initial particles are much more rare{ﬂ I'p includes the contribution of decays and inverse decays,
I's only contains the contribution of AL = 1 scatterings while I'yyy contains the contribution of
inverse decays and AL = 1,2 scatterings. then just encodes the fact that only decays,
inverse decays and AL = 1 scatterings do modify the number of HNLs. Since I'p,I'g > 0,
implies that the interaction of the HNLs with the thermal bath, i.e. the rest of the SM
particles which are in thermal equilibrium, drives the HNL to equilibrium as is expected. The
condition I' > H to be in equilibrium can easily be observed from this equation as H > I'p+1I'g
makes %nl small and effectively prevent the system to reach equilibrium.

presents two distinct contributions. The first one, proportional to € the CP-asymmetry
already computed in equation , enhances the asymmetry already present thanks to the
CP-violating N — ¢ + ¢ decay mentioned earlier. The second term wash out any asymmetry
present thanks to inverse decays and scattering processes. An example of numerical solutions

to the set of equations (1.23) is given in Figure .

logp(N) —4

Figure 1.5: Evolution with the temperature of the N7 number density (blue) and the asymmetry
abundance (red). The dashed line represents the evolution of the N; abundance if HNLs reach
thermal equilibrium very early in the universe history while the black line stands for the evolution
of HNLs starting with vanishing number density. M; has been taken to be 10'® GeV. Taken
from [68].

One can clearly observe the behaviour predicted by Yanagida and Fukugita. The heavy
neutrino abundances, initially vanishing, reach thermal equilibrium after some time. At thermal
equilibrium, the second equation of ([1.23)) rewrites

d Tw
d*nB—L = ——7 _NB-L-
z

Hz
The asymmetries are therefore washed out with no contribution of the CP-violating production
of HNLs. The red curve goes back to zero. Finally, the HNLs fall out of equilibrium as the
temperature continues to drop below M. The out-of-equilibrium Ni-decay will generate again

2For high energies and densities, multiple soft scatterings can happen and the interference between adjacent
scattering sites will have a sizeable impact. This is known as the Landau-Pomeranchuk-Migdal effect [66,/67].
Realistic simulations for leptogenesis now takes this effect into account.
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Chapter 1. General background

some asymmetries and the red curve grows up to some constant again. The asymmetry is
therefore usually parameterised as
np—-L K€l

YB_LE 3 ~ P .

k is the so-called washout parameter encoding the proportion of asymmetries that are not de-
pleted by inverse decays and scatterings. ¢, = 106.75 is the number of degrees of freedom
within the Standard Model at temperatures higher than the electroweak scale. It is important
to mention that the hierarchical structure of the HNL masses used as hypothesis for this model
is not totally unconstrained. In absence of any cancellation in the seesaw formula , one
can put an upper bound on the decay asymmetry

3 M 5
le1] S r 02 mas-
The current experimental bounds on Am32; combined with estimates for the washout parameter
K yield a lower bound on the mass of the lightest HNL Ny

M; > 2-10° GeV, (1.24)

which is known as the Davidson-Ibarra bound. Taking flavour effects into account, it can be
lowered by at least one order of magnitude . Such large masses would prevent any direct
detection of HNLs in the near future as these HNLs would never be produced on-shell. The
experimentally accessible mass range only extends up to O(3) TeV masses as can be seen from
Figure However, there are several loopholes in the derivation of this lower bound and it was
soon realised that other mechanisms would allow for lower HNLs masses. These are discussed
in the next chapter.
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Figure 1.6: Expected sensitivity to the HNLs for several current or planned experiments: DUNE
[13], NA62 [71], SHiP [72], FASER2 73], CODEX-b [74], MATHUSLA [14], LHC main detectors
[75H77] and future lepton and proton colliders [78]. Only HNLs couplings to the muon flavour
U EL are represented here.
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Chapter 2

Testable leptogenesis

In this chapter, we review low-scale leptogenesis. We start by a description of the two
scenarios that we will consider in this thesis: resonant and ARS leptogenesis. We also quickly
discuss how thermal effects can affect these regimes. We then make a brief aside to discuss an
approximate symmetry that can be imposed on Lagrangian to ensure large mixing angles
while keeping the neutrino masses small. Next, we derive a set of density matrix equations
governing the time evolution of the ARS and resonant regimes. We finish by a short review of
previous studies of the parameter space of such models.

2.1 Low-scale models

As explained in the previous chapter, thermal leptogenesis implies a lower bound on the
HNLs masses which would prevent any detection of these in the near future. However, the
Davidson-Ibarra bound ([1.24]) relies on several assumptions that can be relaxed, including

1. A hierarchical HNL mass spectrum (M; < My < Ms3). Small mass splittings lead to
resonant leptogenesis. This scenario is described in section [2.1.1]

2. CP-asymmetries produced by the decay of the heavy neutrinos. If the CP-asymmetries
are produced during the approach of HNLs to equilibrium by their oscillations, we speak
of ARS leptogenesis. This scenario is described in section [2.1.2]

In the rest of this master thesis, we will solely focus on these two leptogenesis scenario.

2.1.1 Resonant leptogenesis

In 1997, A. Pilaftsis showed [19] that a degeneracy in the HNL mass spectrum could enhance
the asymmetry produced and therefore relax the conditior[] . In the case where the
Majorana masses are not hierarchical but if on the contrary at least two of the heavy neutrinos
Ni, Nj are sufficiently degenerate, the contribution from the wave function diagrams, see (|1.20)),
dominates over the vertex contribution. The contribution can be neglected and the decay
asymmetry ¢; related to the HNL N; then takes the form [79)

Im(FTF)% (MR, — Mg,) - MyTn
(FTF)u(FF) 5 (MF, — M3, )% + MR TR

€ =~

!Note that, from a historical perspective, the Davidson-Ibarra bound has only been derived after the develop-
ment of resonant leptogenesis.
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Chapter 2. Testable leptogenesis

Iy is the finite width of the decay N; — ¢; 4+ ¢ and practically acts as a regulator for the
asymmetry so that it does not diverge in the limit of small mass splittings. One clearly sees
that ¢; is greatly enhanced in the limit where the mass splittings nearly vanish: Asymmetries
are maximised for My, — M N, = %F N-

1 Im(F'F)}
~ 2(FTF)u(F1F)j;

€

in this limit. ¢; is therefore not suppressed neither by the smallness of the mass splittings nor
by the smallness of neutrino masses as it does not parametrically depend on F' (only on % ~1)
contrary to . Note that the asymmetry is still generated by the out-of-equilibrium decay of
the heavy right-handed neutrinos as for standard thermal leptogenesis. This category of models
are therefore called freeze-out leptogenesis models. Since HNLs decays would only happen when
the temperature drops below its mass 7' S M, the sphaleron temperature Ty, is a natural lower
bound on the HNLs masses. We will however show in chapter |3 that masses as low as O(2) GeV
are actually sufficient for freeze-out leptogenesis with three heavy neutrinos.

2.1.2 Leptogenesis from neutrino oscillations

One could also think about the possibility of freeze-in leptogenesis models in which the asym-
metry would be generated during the approach of right-handed neutrinos to equilibrium instead
of during their decays. The ARS mechanism, also referred as leptogenesis from neutrino oscilla-
tions, originally proposed in 1998 by Akhmedov, Rubakov and Smirnov [3| precisely implements
this idea. In this model, the asymmetry is mostly generated by the oscillations between the
HNLs during their approach to equilibrium. Those are usually assumed to have masses at or
below the GeV-scale. As can be seen from the seesaw relation , M, is proportional to
the ratio between Yukawa coupling matrix F' and the Majorana mass Mj;. A smaller Majorana
mass must therefore be compensated by smaller Yukawa couplings to satisfy the light neutrino
masses constraints. This makes the approach to equilibrium slower and allow for some of the
HNLSs to remain out of thermal equilibrium before the sphaleron freeze-out.

In their paper [3], Akhmedov, Rubakov and Smirnov neglected any total lepton number
violating processes, e.g. Higgs decays as their rate are suppressed by a factor (%)2 Even though
these processes can dominate over the lepton number conserving processes for sufficiently heavy
HNLSs, we will make the same assumptions in order to keep the model simple at first. For more
details on the effect of lepton number violating processes, see section 4 of [80]. We here present
a schematic version of the ARS scenario where we distinguish four main steps. In realistic
simulations, these steps are not as well separated. In this section, we work in the interaction
basis, where the Yukawa coupling matrix F' is diagonal but My, a priori not.

1. Assuming Lagrangian , one can safely assume that, at temperature way above the
sphaleron freeze-out, HNLs have vanishing number densities while the light neutrinos
already are at thermal equilibrium [81]. HNLs are then produced as interaction eigenstates
thanks to their Yukawa interactions with the SM neutrinos. This tree level process is
CP-conserving and does not violate the lepton number, L = 0, since the temperature is
sufficiently high. L is here defined as the sum between the SM lepton number and the
one associated to the heavy neutrinos L + Ly. More details on this matter along with an
exact definition of Ly are provided in section
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2.1. Low-scale models

2. In general, the Majorana mass Mj; and the Yukawa coupling matrix F' are not simulta-
neously diagonal. Therefore, HNLs begin to oscillate. If the off-diagonal matrix elements
of My are complex, these oscillations are CP-violating and flavoured asymmetries in the
sterile sector can be generated, i.e. Ly, # 0. However, total lepton number is still con-
served L = YuLla+;Ln, =0 and, at that point, the active sector, i.e. the Standard
Model, is still matter-antimatter symmetric L, = 0.

3. Next, these asymmetries are partially communicated to ordinary neutrinos and charged
leptons by scatterings and subsequently to the baryons by the electroweak sphalerons
(relation (1.19)). One can show [82] that the total SM lepton number L is still conserved
at that stage but not the flavoured asymmetries L, # 0. The crucial step of this process
lies in the rates at which these asymmetries in the active sector get washed out by inverse
decays and scatterings. Since it happens at different rate for each flavour, the washing out
can effectively produces some non-zero total SM lepton number if it is not completed by
the time the sphaleron freezes out.

4. The sphaleron transfer the asymmetry produce in the lepton section to the baryon sector.
Since the sphaleron is only sensitive to asymmetries produced within the left-handed sector,
this is sufficient to generate a non-zero baryon asymmetry. At T' < Ty, the sphaleron
process is no longer effective and the baryon number is afterwards conserved and non-zero.

Note that, initially, Akhmedov, Rubakov and Smirnov did not have this asymmetric washout
of the SM asymmetries. Their mechanism needed two of the heavy neutrinos to reach equilibrium
before the sphaleron freeze-out and the last one to equilibrate only after. However, as can be
seen from Figure [2.1] sizeable baryon asymmetries can in reality be generated even when none
of the HNLs reach equilibrium.
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Figure 2.1: Time evolution for the deviation from equilibrium ép; (left panel) and the baryon
asymmetry (right panel) for a benchmark point with M = 20 GeV.

As already mentioned, generic leptogenesis models crucially rely on the redistribution of the
asymmetries between baryons and leptons by the sphaleron process and the ARS mechanism is
no exception. Many more processes, called spectator processes, do not directly violate B — L
but do modify the density of left-handed leptons ¢ or Higgs doublets ¢, thereby affecting the
generation of asymmetries as the washout rates depend on their densities. They somehow “hide”
part of the asymmetry from the washout. Examples of such processes include quarks Yukawa
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Chapter 2. Testable leptogenesis

interactions and the strong sphaleron process. The effect of such processes on the generation of
the asymmetries is detailed in section and even more in appendix [A]

It was initially expected [83] that the ARS scenario would only be possible for HNLs masses
under the W boson one as otherwise the decay channel N — £+ W would open which will bring
all the HNLs to equilibrium and effectively wash out all the produced lepton asymmetries. It has
since been shown [21] that this mechanism is actually valid even beyond the TeV-scale. There
is therefore significant overlap between ARS and resonant leptogenesis as will be illustrated in
section The smallness of the HNLs masses for which these low-scale models are feasible is
particularly interesting from an experimental point of view as they should possibly be testable by
current (NA62 [6], Atlas [7], CMS [8-10], T2K [11]) or near-future (SHiP [12], DUNE [13]
or MATHUSLA [14]) experiments.

While resonant and ARS leptogenesis seem to be very different mechanisms, they really
are two regimes of a unique mechanism [21] and a unique set of equations, developed in
section [2.4.1] describes the time evolution of the HNLs in those two cases. What really
distinguishes them is whether the main part of the asymmetries are produced during the
approach to equilibrium (ARS) or during the HNLs freeze-out (resonant).

2.2 The importance of effective HNLs masses

Before continuing our study of the ARS and resonant scenario, one must mention an
important side effect of the interactions of heavy neutrinos with the primordial plasma.
We have shown earlier that neutrino oscillations and leptogenesis are strongly dependant
on the mass splitting between the various neutrinos. Those mass splittings were considered
as fixed in the previous sections. However, due to their interaction with the SM particles,
heavy neutrinosE] get a thermal contribution in addition to their vacuum mass at the one-
loop order. In the case of heavy neutrinos, the diagram at the origin of their thermal
mass is

l
¢ (2.1)
It will contribute with a factor
T2
gFTF (2.2)

to the Hamiltonian. The factor FTF can easily be understood looking at Lagrangian
. The factor %2 is a little more tedious to derive and find its origin in the momentum
integration of the Fermi-Dirac distribution fz(E,T) = (e®/T +1)~!. An interested reader
will find a pedagogical and comprehensive review of all these thermal effects and the
formalism used to treat these problems in Le Bellac’s book “Thermal field theory” [84].

2All particles interacting with the plasma in fact pick up a thermal mass.
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2.3. Approximate B — L symmetry.

The presence of a thermal mass opens up the possibility of having a dynamically
generated resonant enhancement of the asymmetries or of the neutrino oscillations. Even
though the mass splitting AWM is of order one in the vacuum, we can expect it to be
way smaller at some critical temperature where the production of asymmetries will be
enhanced. This particular feature, called avoided level crossing, is illustrated in Figure
along with the resonant production of baryon asymmetries. The contribution
also highlights the fact that, at high temperature, the thermal mass always dominates
the vacuum mass. Therefore, heavy neutrino oscillations are expected to be suppressed
since they arise from the mismatch between the flavour basis, where F' is diagonal, and
the mass basis where M3, + %QF [ is diagonal. At very high temperature, these two basis
are aligned and no oscillations can take place which also limits the asymmetry production
in this regime.
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Figure 2.2: Example of resonant enhancement for leptogenesis with three heavy neutrinos.
The colored lines on the left panel represent the three different eigenvalues of the operator
AM@ + %QF TF and represent the physical HNLs mass splittings. The vacuum mass splittings
were taken to be M, — My = 10715 and M; — M3 ~ 10159 while the average HNL mass M =2
TeV. The right panel clearly indicates the simultaneous enhancement of the baryon asymmetry
with the avoided level crossing between the two smallest mass splittings.

2.3 Approximate B — L symmetry.

Within the framework of these low-scale models, two questions naturally arise.

1. Even though smaller heavy neutrino masses, compared to high-scale seesaw models,
kinematically allow for an easier detection of HNLs, the light neutrino masses are
proportional to the product of Yukawa couplings with the inverse Majorana mass
matrix v2F M,,;' F*, one naively also expects smaller Yukawa couplings and therefore
cross-sections.

2. Even though we have already defined the lepton number in section [1.3] a careful
reader may have noticed that it was done previous to the extension of the Standard
Model with right-handed neutrinos. One also has to define a lepton number for the
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Chapter 2. Testable leptogenesis

latter if we want to track the evolution of the lepton asymmetry generated by their
decay and/or production.

Our answer to these two questions will make use of a new approximate symmetry that
we will impose on Lagrangian ([1.5)). Let us first begin with the first problem.

As we know, right-handed neutrinos are in the simplest models only coupled to the
left-handed one (in the broken phase). The strength of the coupling between vy, and vg;,
as already mentioned in equation (|1.15)), can be parametrised in the seesaw limit through

Uz; = 1(0UR )asl”

using relations and . If we forget about the matrix structure of all these rela-
tions, one can deduce from the constraint to reproduce light neutrino masses a
gross upper bound on the coupling strength of these HNLs. Let us make for instance the
simplifying hypothesis to be in the mass degenerate case M; = M for every HNLs and
that the Yukawa couplings are equal for every SM flavours and HNLs F,; = F. In this

case, equation ([1.10a}) implies that

M
|Pj|2 ~ F ng,a’

a

We neglected O(1) numerical factors in this expression. By definition of U?, we get the
upper bound
2 Za mg,a GeV

Ui2 = Za:Ugi ~ WlFP ~ T < 10 107. (23)
This would be too tiny to be detected by experiments in the near future for HNLs masses
around the electroweak scale. For instance, the expected sensitivity of the Future Circular
Collider (FCC) is estimated to be at most U? ~ 107° for HNLs massesﬂ above 100
GeV [78]. However, condition can be relaxed if some cancellations in the matrix
product occur, and relatively high U? can be made consistent with the small
values of SM neutrino masses. An elegant way, i.e. without requiring fine-tuning, to
realise this is to impose an approximate lepton symmetry on the theory. This condition
is actually necessary and sufficient under relatively weak assumptions as shown in [85].
Since the light neutrino masses are zero when the lepton number is exactly conserved,
these are proportional to the symmetry breaking parameters and can therefore be made
arbitrary small while keeping some of the F; relatively high, compared to the case where
no symmetry is present. In this scenario, neutrino masses are said to be technically
natural. This type of symmetry can also be motivated from theoretical considerations as
such a symmetry can be realised in a various number of heavy neutrinos models like the
linear [86] and inverse seesaw models [87] or the vMSM [8§].

In general, there are several ways to impose this new symmetry. One could for instance
ask the HNLs to have a vanishing Majorana masses. In this case, the HNL would be

3For lower masses, searches for displaced vertices at LHC still could theoretically probe the parameter space
up to U% ~ 10711,
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2.3. Approximate B — L symmetry.

Dirac particles and no lepton violating processes would occur in this regime. But this
solution have the problem mentioned in section that the Yukawa couplings must be
incredibly small to account for the light neutrino masses. Another solution, that allows
for large Yukawa couplings this time, would be to arrange HNLs in pairs of different
flavour to form a pseudo-Dirac spinor. It keeps the advantage of the previous solution
while allowing for large Yukawas. When this approximate symmetry is realised, a possible
form for the Majorana mass and the Yukawa coupling matrices, in the presence of three
heavy neutrinos, is

1_,M 0 0 fe(1+€e) Zfe(l _66) feele
My = M - 0 1+ 14 0 and F = % fu(l + e,u) z’fu(l — EM) fM€L . (24)
0 0 ILL/ fT(1+€T) fo(l _67) fTE,

The symmetry breaking parameters are pu,€;, e, — 0. In this case, ¢/ can significantly
deviate from zero as the third heavy neutrino decouples anyway in the limit €, — 0
and would therefore not contribute to the light neutrino masses. In the configuration of
equation , vr1 and vgy arrange themselves in a Dirac spinor, defined hereunder in
(2.7]), while the third heavy neutrino decouples.

As mentioned above, the pu,€;, e, — 0 limit is equivalent to an exact conservation of
the lepton number. To understand this statement, we need to define a lepton number
for the HNLs, which is not as trivial as it may seem. Indeed, since, in our framework,
neutrinos are Majorana particles, we cannot assign a +1 and —1 lepton number to the
neutrino mass eigenstates and their antiparticles respectively as it is done for the rest of
the SM particles. A first guess would be to assign a L = +1 lepton number to the spinor

1 .
VRps = E(VRI + “/RQ) (25)
while assigning a L = —1 lepton number to the spinor
1 :
VRy = ﬁ(le — iVRo) (2.6)

and a zero lepton number to vg3. These two spinors can be combined together to form
the pseudo-Dirac spinor mentioned earlier

wN = VRs + Vf%w'
Lagrangian ([1.5)) would then read in the interaction basis
1- . — 1. T % Te TP\ ok px
§¢N(Za — M)n + §VR3<Za)VR3 — (On ") (fila) = (V50N (€ frla) @)
2.7
~ 1 - 1, -
— (R3¢t (€5 fla) — HMYNYN — §M/M’7fz3VR3 + h.c.

Notice that the lepton number violating terms 3 uM$ ¥y, (V5! (eX f70,) and (Zrsd!) (e f4,)
are suppressed by the smallness of the symmetry breaking parameters. This quantum
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Chapter 2. Testable leptogenesis

number is therefore particularly suitable for strongly interacting HNLs (large U?). An-
other possibility for the HNLs lepton number would be to use the concept of helicity. The
helicity operator can be defined as the projection of the spin onto the momentum

S.p
s|pl

Particles can have positive (+1) and negative (-1) helicities. The projector P, h = +1,
on each of these states is given by

(2.8)

1 D
P, = <1 + h707375p—>
2 P

where p is the 3-momentum of the particle. One can then define a lepton number as
L=1L+ Ly. (2.9)

Ly is defined as being +1 for the positive helicity HNLs eigenstates and as being —1 for
the negative helicity HNLs eigenstates N. In the high-energy limit, helicity and chirality
are equivalent. This means that, in this limit, positive and negative helicity states can
play the role of particles and antiparticles for all practical purposes. The main advantage
of defining the lepton number in this way is that helicity flip processes are suppressed by
a factor of ]\T4—22 The lepton number (2.9)) is thus suitable for describing the relativistic
regime where the HNLs masses are way smaller than the universe’s temperature and, as
a result, for a description of leptogenesis from neutrino oscillations.

2.4 Quantum kinetic equations

Up to here, our study of the resonant and ARS scenario was strictly qualitative. We
still need to see how one can perform a quantitative study of those models. In order to
get a reliable estimate of the lepton asymmetry generated by the previously mentioned
low-scale models, we need to go beyond the classical Boltzmann equations and
take into account quantum effects. The Boltzmann equations indeed only consider one
equation for each HNL flavour, all decoupled from each other, as explained in section
[1.4] They neglect all correlations and oscillations between HNLs. While for large masses
and a hierachical mass spectrum, oscillations are so fast they can be averaged out to
get back these Boltzmann equations [89], this is not a valid approximation anymore for
low-scale models. One can solve this problem by using an approach based on matrices of
densities to account for all fields correlations. In this section, we begin, inspired by the
approach of Sigl and Raffelt [90], by deriving evolution equations for these matrices of
densities in absence of interactions and explaining what we would have to add to account
for interactions using “standard” quantum field theory. We then explain why one should
go beyond this approach and state the exact set of equations used in our work. We finish
by mentioning two specific regimes for the solutions of these quantum kinetic equations.

Let us recall the definition of a matrix of density in quantum field theory. Let us write
1 the right-handed neutrino field of mass M. As usual in quantum field theory, we can

28



2.4. Quantum kinetic equations

expand 1) into Fourier modes

d3k 1 —ik-x
U(z) = /Wﬂ—fk (a(k, t)uy, + bT (=K, t)v_y) e *

where u and v are respectively positive- and negative-helicity spinors and, therefore,
a(k),b(k),a(k)t,b(k)" are annihilation and creation operators for L = +1 and L = —1
HNLs with momentum k, verifying the standard anticommutation relations. In presence
of n right-handed neutrinos generations, a(k), b(k) (a(k)!, b(k)") ard]] vectors containing n
annihilation (creation) operators for each HNL. The energy Ej = v/k? + M? in absence
of interactions. The n x n matrix of density p(k,t) is then defined by the relation

(! (K)as(k)) = (2m)* 5%k — K)pyy (k. ). (2.10)

A similar definition can be done for the matrix of density p of negative helicity HNLs,
replacing a’s by 0’s. In the mass basis, the diagonal elements of the density matrix corre-
spond to the number density of each of the HNLs as one can deduce from the interpretation
of a,b,al, bl as creating and annihilation operators. In absence of interactions, the free
Dirac equation

(i — M)y =0
implies that a, b evolves over time as

a(k,t) = a(0)e "Bt and b(k,t) = b(0)e Frt,
Applying these relations to the definition of the matrix of densities (2.10]), one gets

d
zd—/;(k,t) = [Ep, p(k, 1)]. (2.11)
A similar relation can be obtained for p, replacing p — p and Ey — —Ej. Equation ([2.11))
is similar to the evolution equation for density matrices in quantum mechanics. Given
that [1, p] = 0, one can even replace FEj

M? AM?

AM? represents the HNLs mass splittings in the mass basis (= diag(0, M3 — M?, Mz —
M}) for n = 3). Notice that M; in general are the thermal masses, therefore including
contributions like (2.2)), and not the vacuum ones.

Equation (2.11)) does not allow for production and destruction of particles as can be
seen from d
&Tr[p] = Tr([Ek, p]) =0
and the observation that Tr[p] equals the sum of the number densities of all particles in
the system. This is obviously expected from a non-interacting system. FEj is only respon-
sible for oscillations between the various flavour eigenstates. Sigl and Raffelt generalised
equation ([2.11)) for in presence of interactions to

dp

l l
1L = [Bip] = 5 {Tan o} + {01 = p} (213)

4The time dependence of these operators is here implicit.
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where I',,, and I'.. are the annihilation and creation rates respectively. The fact that the
creation rate is proportional to 1 — p can be seen as a manifestation of the Pauli principle.
Notice that ( - is in principle true for each momenta k, on which depends p, H Can
and ['.. as was already noticeable from equation ([2.12) - Whlle the Sigl-Raffelt equation
is already relatively similar to what can be derived from more rigourous approach,
see the next section, the computation of the correct rates I'y, and I'.. can in practice
be delicate. Therefore, we use in this work equation , derived from first principles,
with the rates computed in [89).

2.4.1 QKEs for resonant and ARS leptogenesis

As mentioned, our work was based on equation (2.14)) which is a variant of (2.13) where
we included feedback effects and spectator processes. The set of quantum kinetic equations
governing the time evolution of HNLs density matrices and SM chemical potentials is given
below.

f Quantum kinetic equations )
dp ddp = dpeq B 7 ) ~ Uq
dt ( dt + dt ) - [Ek,5p] 2{F75p} t Z FanF(l fF) (2.14&)
ac{e,u, 7}
(d5p+dpeq)=—[E 5-]—3{P 6p} +i Z T, ““f (1— fr) (2.14b)
a d ks 0P gLt P F F .
ac{e,u, 7}
d i, [ Bk [ Bk -
— =— — Tr[l 1-— ——Tr[T,(0p — 14
e ==t [ G = f) i [ =t (2140)

at first order in the chemical potentials p,. The way it has been obtained is however
slightly different. The derivation of is based on standard quantum field theory and
perturbation theory. However, one cannot use standard techniques from quantum field
theory in the early universe due to high densities and temperature. In this formalism,
the calculation of the rates I'y,, .. are plagued with several problems including 1) The
problem of the double counting of Feynman diagrams [91] entering in the decay and scat-
terings rates I'p g (see (1.23))) . Indeed, the 2 — 2 scattering ¢ + ¢ — £ + ¢ is for
instance equivalent, when the internal propagator is on-shell, to the decay ¢ + ¢ — N
following by the inverse decay N — ¢ + ¢. This can however be taken into account “by
hand” following the “real intermediate state subtraction” (RIS) procedure. 2) The com-
putation of the rates themselves cannot be done using the standard S-matrix approach as
it relies on asymptotically free states (in-out states) while, in a high density plasma, par-
ticles are constantly interacting. The Closed Time Path formalism (CTP formalism) for
non-equilibrium quantum field theories, developed in more details in appendix [B] allows
to solve these problems by only considering the time evolution of correlation functions,
thereby avoiding references to asymptotic states and the splittings of the rates in different
contributions for scatterings, decays,... A detailed derivation of in the relativistic
regime using this approach is presented in appendix [B], closely following the approach
of [92].
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2.4. Quantum kinetic equations

p, p are density matrices for positive and negative helicity heavy neutrinos respectively.
These can be decomposed into an equilibrium component pe,, peq (=~ fr(k) - 1 at high
temperatures, fr being the Fermi-Dirac distribution) and a deviation from equilibrium dp.
na, is defined as the number density of asymmetries for the Standard Model flavour a. It
can be related to the chemical potential u at sufficiently low temperatures (T° < 10° GeV)
by a susceptibility matrix y.

257 20 20
2
p=xcna=—z7 [ 20 257 20 [ -na (2.15)
20 20 257

x encodes the effect of the spectator processes mentioned in section 2.1.2] Since all SM
particles are in thermal equilibrium and since HNLs are only coupled to the left-handed
lepton doublet and the Higgs field, the knowledge of this chemical potential is sufficient
and equation closes the system. This assertion is discussed in more details along
with a derivation of relation (2.15)) in appendix . The corresponding evolution equation
for p has been obtained from (2.14a)) by making the replacement F° — F* and
it — —p as can be seen from Lagrangian (|1.5)) and from the conservation law for chemical
potentialsﬂ

One can now simply explain the different contributions to the quantum kinetic equa-
tions. As explained in section E}, is the thermal Hamiltonian

AMY TP

E, = —F'F
S VAT

adding the thermal contribution (2.2)) to the the vacuum mass splittings (2.12]). It governs
the oscillations between HNLs. The cooling of the universe induces a source term % Peq for

the deviation from equilibrium. I and T are collision terms. The exact processes playing a
role in the production and washout of the asymmetries have already been listed in section
1.4 T'is a damping operator finding its origin in the interaction between the HNLs and
the rest of the SM particles. It brings the HNLs to equilibrium. I' is a communication
term between HNLs and SM particles, encoding how asymmetries in the active sector
influence back the time evolution of the HNLs. The left-hand side of can be split
into a washout term proportional to Tr[T',] and a source term proportional to T, which
is non-zero even when the asymmetries within the active sector are zero y, = 0. While
the rates I', I are well-known in the relativistic regime M), < T', see appendix |B| a full
computation of these in the intermediate regime My, ~ T'is more difficult. In this work,
we use the rates computed in [89] which are based on an extrapolation of I, T" between
the relativistic regime and the non-relativistic one. More precisely, one extrapolates the
rates from the relativistic regime, computed in [93], to the non-relativistic one and adds
the contribution from heavy neutrino decays (into Higgs and W,Z bosons if in the broken
phase of the SM). The full procedure followed for the rates extrapolations is to be found
in section V of [89).

5The reaction A + A — 2 implies that pa + pz = 2, = 0 since the number of photons is not conserved.
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Similarly to , equations are in principle valid for each momentum sepa-
rately. It is therefore needed to solve these equations for all momenta to get a completely
reliable estimate. Moreover, couplings between different momenta k # k' can appear
through the backreaction term I'. While precision calculations solving these equations
for each momenta have already been performed [94] for benchmark points, the code is
too slow to allow for an effective scan of the whole parameter space as is the goal of this
work. Therefore, we integrate these equations with respect to the momentum — this has
already been done for (2.14d). This procedure leads to some unphysical oscillations of the
total lepton asymmetries but errors are still expected to be O(1) [95]. More details on
this matter are given in appendix [B-6]

2.4.2 Oscillatory and overdamped regimes

Equations have no known general analytical solutions. How to implement and
solve these equations numerically are discussed in the next chapter. One of the main
problem when trying to solve these equations is the presence of multiple time scales.
In presence of n HNLs generations, there exists n different time scales encoding how fast
HNLs do equilibrate and @ different time scales encoding when HNLs oscillations start
when n HNLs do participate to leptogenesis. However, in the limit where those scales are
well separated, one can still identify two main regimes, the oscillatory and overdamped
regimes, where analytical approximates have been found [92]. The oscillatory regime
takes place when HNLs oscillations start way earlier than their equilibration. The HNLs
oscillations involving N; and N; start in general as soon as the temperature drops below

Toe ~ (ap - |MZ = M2)), (2.16)

where M;; are the masses of N;;. ag is a numerical factor, defined in appendix [B],
approximately equal to 7.1 - 10" GeV in the radiation era. On the other hand, the first
HNLs equilibrate, in the relativistic limit, as soon as the temperature drops below

Tog = Yavar||FTF), (2.17)

where the norm ||FTF|| is defined as the largest eigenvalue of FTF. 7,, is a momentum-
average rate (~ 0.012 in the relativistic limit, see [96]). The oscillatory regime therefore
happens when the slowest oscillation timescale is still faster than the fastest equilibration
timescale. In this oscillatory scenario, HNLs have the time to complete many oscillations
before they do equilibrate and the lepton asymmetry is generated during the first few
oscillations. On the other hand, the overdamped regime happens when at least one HNLs
species reaches thermal equilibrium before it has completed one oscillation. This scenario
requires either mass degeneracies between the HNLs to reduce Ty or large Yukawa cou-
plings F' to increase T,q. In this regime, the washout is stronger which effectively limits
the total HNLs coupling strength U? when only two heavy neutrinos participate to the
generation of the baryon asymmetry. This observation is illustrated in the next section.
We will show in section that this constraint becomes weaker when three heavy neutri-
nos do participate. To distinguish the oscillatory from the overdamped regime, one could
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use the simple criterion

Tose ’yavaéHFTFH < 1 : overdamped regime

Teq AM3 > 1 : oscillatory regime.

A comparison between the time evolution of various quantities between these two
regimes is shown in Figure 2.3

2.5 Scanning the low-scale leptogenesis parameter space: A short
review of previous results.

From a phenomenological viewpoint, the most important quantities are the masses
of the heavy neutrinos and their couplings to the Standard Model particles since they
condition whether or not the HNLs of the model could be detected by said experiments.
Many studies therefore focus on the range of mass and total mixing angle U? in which
leptogenesis is feasible. From the 7n — 3 new parameters appearing in the type-I seesaw
Lagrangian , only five are fixed by neutrino oscillations data. Leptogenesis is not
viable for all choices of the experimentally unconstrained parameters and we are interested
in the constraints on these parameters coming from leptogenesis itself. Comprehensive
scans of this parameter space have already been performed in the minimal (n = 2) scenario
where only two heavy neutrinos participate to leptogenesis in several studies [21}/97,(98]
for various mass ranges. An example of how one can perform such a scan is developed in
the next chapter. The viable parameter space from [21], covering the regime where the
resonant and ARS scenario are possible, is presented in Figure [2.4]

The white region delimits the allowed values for the mean HNLs mass M and the
overall coupling strength U?. One can make several observations from this figure. First,
Figure confirms what we mentioned in section that freeze-in leptogenesis is even
possible for masses above the TeV-scale. Second, resonant leptogenesis is viable for masses
as low as 7 GeV. The total lepton asymmetry produced by decaying HNLs is proportional
to 1) the decay asymmetry 2) the deviation of the HNL from thermal equilibrium
dp. While the latter is suppressed by a factor (%)2 for GeV-scale HNLs, the resonance
can overcome this suppression factor for HNLs masses down to 7 GeV. This implies that
both the resonant and ARS regime do overlap.

The lower blue line mostly corresponds to the seesaw line. We do however observe
some deviations from this straight line for small masses. This can be explained as the
HNLs are far from reaching equilibrium for such small U2. Indeed, from , we know
that the equilibration temperature can be approximated by

Toq ~ ’chaR’F’Z-

Using the naive seesaw estimate (2.3 that defines the seesaw line, we get an order of
magnitude estimate for the equilibration temperature

1-10%GeV _ _
Toq ~ %M [y m2, ~ 115 M[GeV].
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Figure 2.3: Time evolution for various quantities for both oscillatory (left panel) and overdamped
regime (right panel). Upper panel represents the evolution of the off-diagonal correlation between
HNLSs ni2. The middle panel shows the time evolution of all the chemical potentials while the
lower panel represents the time evolution of the BAU. The stopping of oscillations for nis is
not physical and is a consequence of the replacement . These benchmark points have been
simulated for a mass M = 100 GeV. The ratios %ZC ~ {23.9,5.7} = 1 for the oscillatory regime

and %ZC ~{1.9-1071°,9.9- 1071} « 1 for the overdamped one.
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2.5. Scanning the low-scale leptogenesis parameter space: A short review of previous results.
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Figure 2.4: Allowed parameter space for n = 2 leptogenesis with normal ordering. Leptogenesis
is possible within the white region. The green dotted (red dashed) curve delimits the allowed
parameter space when only freeze-in (freeze-out) asymmetries are taken into account. Taken
from [89].

For a mass M = 100 MeV, this rough approximation leads to an equilibration tem-
perature way below the sphaleron freeze-out. The asymmetric washout therefore cannot
play a significant enough role to create a sufficient amount of baryon asymmetry.

Lastly, one can also notice that the allowed parameter space is relatively limited.
Especially for masses above the W boson mass, the smallness of the permitted active-
sterile mixings U? would not allow for detection of these HNLs in the near future, as
can be noticed by comparing to the experimental sensitivities previously shown in Figure
1.6l This can be explained by the observation that, in the strong washout regime U? >

\/ Za ml%,a

57— HNLs need a strong flavour hierarchy to hide part of the asymmetry from the
washout in a specific flavour. This has been confirmed by explicit simulations in the n = 2
scenario [52] as illustrated in Figure . Edges and corners of the triangle, corresponding
to more flavour asymmetric Yukawa couplings, are typically associated with larger mixing
angles. This asymmetry can be parametrised by

min| Fy;| ;|sz‘|2
a

— max| Fg| 32| Fus*
a C7j

In presence of a strong flavour hierarchy, f < 1. However, when only two HNLs do
participate to leptogenesis, the constraint that these should also account for the light
neutrino masses imposes [71] f > 51072 and therefore limits the maximal coupling U2

Scanning the n = 3 parameter space is however more difficult due to the higher
dimensionality of the parameter space and the multiple time scales that appears. Still,
some scans have already been performed in the low mass range. Results from [80] are
depicted hereunder in Figure [2.6
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Figure 2.5: Triangle plot for the ratio %‘?‘5 in the n = 2 scenario for inverted ordering and an
average HNL mass M = 30 GeV. Taken from .

M;[GeV) fi.

Figure 2.6: Allowed couplings Ui2 in the low mass range in the n = 3 scenario for normal (left
panel) and inverted ordering (right panel). Colours represent the level of fine-tuning as defined
in (3.3]). Taken from .

As one can see, much larger U? are permitted. Diverse reasons for this enlargement
of the leptogenesis parameter space are given in section Contrary to what we did in
our work, this scan did impose constraints from direct searches, Big Bang nucleosynthesis
(BBN), ... which explains the lack of points in the upper-left corner. It also used rela-
tivistic approximates for the rates in (2.14]) which is sensible as the mass range lies way
below the sphaleron freeze-out.
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Chapter 3

Leptogenesis in presence of three heavy
neutrinos

This last chapter is devoted to a description of our study of the n = 3 leptogenesis
parameter space. We map the allowed range for the HNLs overall coupling strength U? in
which type-I seesaw-based leptogenesis with three heavy neutrinos is possible for masses
ranging from 50 MeV to 70 TeV, thereby covering the whole experimentally accessible
mass range. We begin the chapter by a short description of how our numerical scan was
performed. Afterwards, we describe the main outcomes of our analysis. We finish this
section by mentioning limitations of the present work and possible improvements that
could strengthen our analysis.

3.1 Numerical implementation of the scan

In this section, we briefly describe how we have implemented a code in Python to solve
the differential equation ([2.14]) and what type of constraints we have imposed on the scan.
The exact code used to solve these equations is an adaptation for three HNLs of the code
used in [89].

The first step is to reduce the number of degrees of freedom introduced. Instead of
the 39 variables introduced by equation (2.14]) (18 for both density matrices dp, dp since
we work with three heavy neutrinos and three for the chemical potential p,), one can use
the property that density matrices are all hermitians to reduce the number of degrees of
freedom to 21. Practically, we transform in a vector equation by decomposing the
density matrices into a basis of Gell-Mann-like 3 x 3 matrices dp = ¢'7% and using their
known (anti-)commutation relation to get a linear differential equation of the form

d

¢; is a 21-dimensional vector. Equations of the form of can be solved using prede-
fined numerical solver in Python. However, the solution can sometimes present a highly
oscillatory behaviour, as described in section [2.4.2] This makes the problem numerically
unstable unless the step size is chosen to be very small, a property called stiffness, and
slows down the Python solver as the iteration number increases with the frequency. One
way to overcome this problem would be to set an upper limit on the oscillation frequency
and, equivalently, on the positive eigenvalues of A. To do this, one can introduce a
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Chapter 3. Leptogenesis in presence of three heavy neutrinos

regulator A. We then make the replacement
A
A—>A-(K+1)—1 (3.2)

inside (3.1]). The rapid oscillations corresponds to eigenmodes of eigenvalues Ag.s > A.
In this limit, A is replaced by A -1 and the oscillations are effectively suppressed. An
illustration of the effect of such a replacement can be seen in Figure [2.3a]

The scan is then performed as follows. As explained in section [I.2.1] the type-I seesaw
model introduces 7n — 3 beyond the Standard Model parameter. Five of them (two mass
splittings and three PMNS angles) are now experimentally known. For leptogenesis with
three heavy neutrinos, this means that our scan has to cover a 13-dimensional parameter
space in order to fully explore the viability of leptogenesis. However, there are several
constraints to impose on these parameters.

e First, we decided to limit ourselves to the case of approximately mass degenerate
HNLs. The Majorana mass matrix can be parameterised through

1 0 0 10 0
_ AM AM.
My=M-1+=—"".10 -1 o] + 32 01 0

0 0 0 00 —2

We decided to limit &M % € [10719,107 Y. For n = 2 leptogenesis, mass split-
tings smaller than 10’% were ruled out as radiative corrections to the HNLs masses
from Higgs interactions are of this order of magnitude [99]. Motivations for this
choice include the observation that large U? typically come with degeneracies in the
heavy neutrino mass spectrum as seen in . Moreover, small mass splittings at
zero temperature favour the possibility of having dynamically generated resonant en-
hancement, a phenomenon detailed in section [2.2] Mass degeneracies can also arise
from additional symmetries [100]. Note however that the mass degenerate scenario
is a priori not protected against loop corrections.

e As mentioned in the introduction, the aim of this work is to solve both the neu-
trino mass and baryogenesis problems. This means that the HNLs introduced have
to generate the right neutrino masses and PMNS angles. Using the Casas-Ibarra
parametrisation (1.13) of the Yukawa couplings F' is sufficient for this purpose.
Low-energy experiments impose a lower bound on the total HNLs coupling strength
U? usually called the seesaw line. One can show [101] that the estimate is ac-

VamPa

tually a lower bound on U? by setting R = 1. Only HNLs verifying U? > Y=

are permitted.
We also have imposed three theoretical constraints.
e We imposed perturbative unitarity. If the particle has a decay width I' and a mass

M, this condition amounts to I' < % It is equivalent to asking the particle to be
well-defined. If the decay is too quick, then one cannot consider the HNLs as “true”
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3.1. Numerical implementation of the scan

particles. In the case of the minimal seesaw model considered and in the broken

phase, the condition can be explicitly written at tree level by U? < ”—2(]\-;2—)2

e The Casas-Ibarra parametrisation (|1.13)) can only be applied when the seesaw ex-
pansion 6 < 1 is validlﬂ. For this reason, we limit U? < 0.1. Such high couplings
are anyway already ruled out in the GeV-TeV range by collider experiments [103].
The combination of this constraint with perturbative unitarity automatically implies
that Yukawa couplings stay in the perturbative regime F' < O(1).

e We want to avoid significant modifications of the light neutrino masses by loop
corrections. Parameter points that are unstable under these loop corrections are
called fine-tuned. To avoid fine-tuning, we ask that the 1-loop corrections 01y, are
smaller than the tree level mass mye. or, equivalently,

Miree + 5m100 2 1
(1 — e ) < (3.3)
tree
We have defined [|4 = maxgﬁ. These 1-loop corrections are given by the relation
2Y) Y

[104,[105]
1
&mwpzéﬁ&MﬁfUWMﬂwMﬁ

at second order in the seesaw expansion. f is the loop coefficient

1 3In[(z/mz)? = 3In[(z/mg)?]
(47)? [ (x/mz)? =1 i (x/mg)? — 1]

where mz and m, are the mass of the Z and Higgs boson respectively.

fz) =

A visual representation of all these constraints is shown in Figure 3.1, The constraint
on the loop corrections is not represented as it cannot be written as a universal constraint
on U? only.

As we want to be the scan to be “agnostic”, we do not impose any additional con-
straint from experimental direct or indirect HNLs searches (see e.g. |7,/10,/45,/106]). A
summary of these constraints can be found in [103]. A table summarising the range and
priors used for all the parameters not fixed by experiments is given in Table [3.1. To keep
the computational time at a reasonable scale, only normal ordering and the two limiting
cases Miightest € 10,0.1} eV were consideredﬂ In addition to these, the five known param-
eters Am?j, ©,; were set at the best fit values, summarised in Table from the v-fit
collaboration [30]. The mass M varies discretely from 50 MeV up to 70 TeV covering the
whole experimentally accessible mass range. As mentioned in section rates for each
mass were computed in [89).

The scans can then be decomposed into three main steps.

1. First, we generate random parameter points verifying the five previous constraints.

'One can however adapt the Casas-Tbarra formula for the case where 6 is not small anymore [102].
2While it is true that Miightest = 0.1 €V slightly contradicts the upper bound (1.2)), it was here only chosen as
an “extreme” benchmark point.
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Figure 3.1: Representation of the main constraints imposed on our scan in the M — U? plane.
Only the region within these three curves is permitted for the scan.

Parameter Physical interpretation Range Prior
AJ\J;\I/[" HNLSs relative mass splittings [10719)107Y | Logy,
Im(w;) Imaginary part of R angles [-10,10] Uniform
Re(w;) Real part of R angles [0,27] Uniform
o Dirac phase [0,27] Uniform
oy Majorana phases [0,47] Uniform
Milightest Mass of the lightest SM neutrino {0,0.1} eV | Uniform
Ordering | Hierarchy of the light neutrino masses Normal Fixed

Table 3.1: Range, priors and physical interpretations of all used parameters.

2. We then compute the baryon asymmetry Yp for each of these points by numerically
solving the vector-form of equation . We typically start the simulations at
T = 10® GeV. Two sets of initial conditions were considered. Either the HNLs started
with vanishing initial density (minimal scenario) or they start at thermal equilibrium
(presence of additional interactions at high energy). Starting from thermal initial
conditions, only resonant contributions to the lepton asymmetry are considered since
the asymmetries created during the approach to thermal equilibrium are considered
as already washed out. On the contrary, assuming vanishing initial conditions means
that both contribution from HNLs oscillations and HNLs decay are considered. Since
we consider the scenario where there is no prior lepton asymmetry, we can assume
the chemical potentials u, to be initially zero, see ([2.15]).

3. Lastly, we only keep parameter points whose baryon asymmetry is larger than the
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3.2. Analysis of the numerical solutions

observed one
Y 2> 8.6-10711

3.2 Analysis of the numerical solutions

The results from our scan are presented in Figure [3.2] We first compare the maximal
and minimal HNLs active-sterile mixings U? for vanishing and thermal initial conditions
in the n = 2 case obtained in [21] with our results for the n = 3 case when the lightest
active neutrino is massless Myjghtest = 0 €V.

10!

1073

1072
107
1079

10"

-- Thermal initial conditions, N=2
1013} — Vanishing initial conditions, N=2
=== Thermal initial conditions, N=3
— Vanishing initial conditions, N=3

10-15 - -
107! 10° 10! 102 103

M [GeV)

Figure 3.2: Comparison between the allowed parameter spaces for viable leptogenesis when
two (red lines) and three (blue lines) HNLs do participate. The lightest neutrino is massless
Mlightest = 0 eV.

We observe that the range of allowed mixing angle for the n = 3 scenario completely
contains the one for the n = 2 scenario as is expected. We confirm the results from [80]
that the range of permitted couplings is way larger than in the n = 2 scenario and extend
this statement to the resonant regime. We even show that, for vanishing initial conditions,
the upper bound imposed by leptogenesis is weaker than the theoretical upper bound
U? = 0.1. Several effects can explain this observation. First, f is far less constrained in
the n = 3 scenario [103] and stronger flavour hierarchies are thus allowed. As first hinted
in [80], a second reason for these much larger couplings is the possibility of dynamically
generated resonant enhancement. In the n = 2 scenario, the interaction basis must be
maximally misaligned with the mass basis to explain the light neutrino masses which
implies that the smallest mass splittings generated will typically be too large to trigger
a resonant enhancement. The presence of a third HNL can solve this problem if it has
a larger mass but smaller Yukawa couplings than the pseudo-Dirac pair so that, at high
temperature, the thermal mass of the pseudo-Dirac pair becomes larger. This can be
realised if 1/ > 1 and €, < 1 in (2.4).

Throughout this master thesis, we have been guided by the potential testability of the
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Chapter 3. Leptogenesis in presence of three heavy neutrinos

HNL hypothesis at high-energy experiments in the near future. Figure compare the
allowed range for the total mixing angle U? with the experimentally excluded regions and
sensitivities of diverse current and planned experiments for both scenarios mightest = 0
eV and Mmygntest = 0.1 V. Experimental sensitivities are usually expressed in terms of
Uz, U for Figure instead of the overall coupling strength U?. It is however a good
approximation to assume that the upper limit on U 3 is the same as the one on U? as is
shown in Figure 3.4] Figure [3.4]is also consistent with the well-known fact [71] that, in

the n = 2 case, the ratio g is constralned to be smaller than ~ 0.12 (but the constraints
are weaker for n = 3).
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Figure 3.3: Allowed parameter space for leptogenesis with three heavy neutrinos. Vanishing
(continuous black line) and thermal (dashed black line) initial conditions are represented. The
grey area represents the already excluded region from the global GAMBIT scan [103] and the
combined BBN bounds [107,108]. The continuous coloured lines stands for the expected sensi-
tivity for current and planned experiments, detailed in Figure

Given its increased size, planned experiments will cut deep into the viable parameter
space. If the overall couplings of the HNLs lie at the current experimental limits, one
could expect to detect thousands of displaced vertices at HL-LHC for instance [22]. This
will allow us to perform consistency checks on the HNL hypothesis, e.g. constrain the

ratio g—‘z to a percent level or assess the proportion of lepton number violating processes,
see e.g. [52].

One can also notice from Figure that the parameter space is larger when the
lightest neutrino is massless. This can be explaining by looking at the structure of the
Yukawa coupling matrix . We notice that the third heavy neutrino decouples in the
B — L symmetric limit. This is also crucial for the generation of the asymmetries. In
the ARS regime, the fact that the third HNL decouples allows to hide part of the baryon
asymmetry from the washout. In the resonant regime, the deviation from a neutrino to
equilibrium during decays is proportional the lifetime of the HNL

where I is the decay rate of the HNL. One can obtain this relation from (2.14a)) neglecting
the backreaction term and assuming that dp changes slowly. Having long lived HNLs leads
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Figure 3.4: Hierarchy between the maximal couplings U2 of each flavour for leptogenesis with
three heavy neutrino, vanishing initial conditions and mjgntest = 0 eV. These upper limits
converge less rapidly which is responsible for the noisy behaviour of the curves. Note however
that the upper limit for all U2 are always strictly smaller than the upper limit for U? as, for
Miightest = 0, the corner of the triangle plot are never reached, see e.g. Figure

to large deviation from equilibrium. It can be noticed from Figure|3.5/that lower couplings
U2 to the third heavy neutrino can be achieved when the lightest neutrino is massless.
This comes from the Casas-Ibarra parametrisation where the Yukawa couplings are
proportional to the square root of the light neutrino mass matrix. For mygntest = 0 €V, one
of the eigenvalues of I’ must therefore be small and the lifetime of this heavy neutrino can
be considerable. Similarly, the approach to equilibrium of this heavy neutrino is slower.
This explains the dip at 7" ~ 200 GeV visible in Figure |3.3b| as strongly coupled HNLs
will reach thermal equilibrium too soon in this mass range and washout be too strong.

Lastly, we wanted to compare the form of the parameter space when HNLs start with
thermal initial conditions with the form of the parameter space when HNLs start with
vanishing initial conditions. As one can see, leptogenesis with thermal initial conditions
is possible for HNLs masses as low as 1.7 GeV, slightly lower than in the minimal n =
2 scenario. This has the interesting consequence that thermal initial conditions could
be tested by a few present-day experiments such as NA62. One can also observe that
the upper limit for thermal initial conditions is nearly equal but still slightly superior
to the one for vanishing initial conditions for large masses. For large masses, strongly
coupled heavy neutrinos indeed reach thermal equilibrium quite early and the main part
of the asymmetries will be produced during their decay. However, the sign of the CP-
asymmetries created during freeze-in is opposite to the one of the CP-asymmetries created
during HNLs decays. This behaviour is illustrated in the following Figure (3.6 The
lepton asymmetries are first negative during the approach to equilibrium before being
compensated by positive baryon asymmetries coming from HNLs decays. This explains
why the baryon asymmetry is usually smaller for vanishing initial conditions in this mass
range.
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Figure 3.6: Time evolution for the baryon asymmetry (left panel) and approach to equilibrium
of the most weakly coupled HNL (right panel) for thermal (red curve) and vanishing (blue curve)
initial conditions. The average heavy neutrino mass M is taken to be 70 TeV.

3.3 Limitations of our model and future improvements

This work is not the final word regarding the numerical evaluations of the baryon
asymmetry in low-scale leptogenesis models and some aspects that have been neglected

in this work need to be taken into account.

1. The sphaleron freeze-out does not happen instantaneously. If we consider the sphaleron

freeze-out as a slow process, one has to extend ([2.14]) with an additional equation
describing the time evolution of the baryon asymmetry, see |109]. One has also

to account for the temperature dependence of the susceptibility matrix, defined in
@-15).
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3.3. Limitations of our model and future improvements

2. Plasma effects such as multiple soft scatterings, e.g. the Landau-Pomeranchuk-
Migdal (LPM) effect (1 + n <> 2 + n processes) [66,67], can have a sizeable impact
and have to be taken into account. As already mentioned, the rates I, I used for
this thesis are extrapolations [89] from the relativistic regime to the non-relativistic
regime and do account for the LPM effect. The impact of this change however is
expected to be relatively limited as illustrated in Fig. 5 of [89]. The helicity-averaged
rates without taking into account this LPM effect only slightly deviates from the
full calculation.

3. The momentum dependence of the quantum kinetic equations has to be taken
into account. This last replacement is expected to be the more challenging but also
the more relevant. Tracking all momenta would not be numerically realistic but one
could potentially still use moments of the distribution function, solve the QKEs only
for the most important momenta modes or search for conserved charges that could
simplify the problem.
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Conclusion

In this work, we for the first time mapped the range of active-sterile mixings U? in
which type-I seesaw-based leptogenesis with three heavy neutrinos is possible, in the limit
of approximately degenerate heavy neutrino mass spectrum and for HNLs masses ranging
from 50 MeV to 70 TeV, thereby covering the whole experimentally accessible range.
For this purpose, we used the quantum kinetic equations which were averaged on
the momentum. The knowledge of momentum-averaged damping and backreaction rates
from [89] then enabled us to compute the baryon asymmetry for the considered mass
range.

We extended the observation from [80] that the parameter space is much larger in the
n = 3 scenario compared to the n = 2 scenario to masses above the electroweak scale. It is
actually so much bigger that the upper limit from leptogenesis itself for masses belowﬂ 100
GeV is weaker than the combined theoretical constraints. This is very promising from
an experimental point of view as many experiments will be able to explore large part
of the parameter space consistent with both leptogenesis and neutrino masses. Under
ideal assumption, e.g. large coupling U? and low masses, one could not only detect those
heavy neutrinos, but also produce a sufficient number of these to constrain the relative
coupling to SM flavours g—% to a percent level or estimate the proportion of B — L violating
processes.

We also lowered the lower bound on the HNL mass in which leptogenesis with thermal
initial conditions, very well-motivated in presence of additional gauge interactions, is
feasible from O(7) GeV, in the n = 2 scenario, to O(1.7) GeV in the n = 3 scenario. This
last observation is quite interesting from an experimental viewpoint as the leptogenesis
parameter space could already be probed at current experiments, some (e.g. NA62, CMS)
in which UCLouvain is involved.

This work has to be pursued as several effects, detailed in section [3.3] have not been
taken into account. In particular, it is crucial to have a better control on the momentum
averaging procedure as it leads e.g. to unphysical oscillations and soft modes (k < 7T') have
a more important contribution to the final baryon asymmetry compared to the kinetic
equilibrium scenario |95]. However, the focus should be placed on a balance between
precision and numerical efficiency for successful scans of the whole parameter space. For
this, ideas could be to sample the momentum space in a clever way, search for conserved
charges or perform en series expansion of the QKEs using moments of the distributions
functions. Outside of its direct continuity, one could extend our work to related models.
One could e.g. generalise the QKEs in presence of additional gauge interactions (Left-
Right Symmetric Model, U(1)g_1, extensions) and perform a similar scan.

!'The exact statement depends on the value of Mmiightest. FOr Miightest = 0.1 €V, this is only valid up to ~ 10
GeV.
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Appendices

A Chemical potential and asymmetry

In this section, we aim to give a proof of relation ([2.15)) and study its range of validity.
Our proof is mostly based on the one given in [92]. The main idea behind the proof is
to use the property that, at chemical equilibrium, the sum of the chemical potentials is

conserved, i.e.
E HA; = § HKB;
i i

for a reaction of the form
A1+A2—|—(—)Bl+B2+

It is therefore important to search which processes are at equilibrium at the temperature
of interest for leptogenesis to impose a maximum number of conditions on the chem-
ical potentials. Fortunately, the exact temperature at which Standard Model Yukawa
interactions and sphaleron processes equilibrate have already been computed in previ-
ous work |110]. Equilibration temperatures for most SM Yukawa interactions and both
sphalerons processes are listed in the next figure.

T | 2.4 x 10¥ GeV | strong sphaleron
Tus | 1.8 x 10" GeV | weak sphaleron
Ty | 4.2 x 102 GeV | bottom-quark Yukawa

T. | 3.8 x 10" GeV | charm-quark Yukawa
charm down P .
T. | 2.5 x 10° GeV | strange-quark Yukawa
Weak Sph muon T, | 1.9 x 10°GeV | up-quark Yukawa
bottom strange Ty | 8.8 x 10°GeV | down-quark Yukawa
T, | 3.7 x 10" GeV | m-lepton Yukawa
strong Sph tau up P 9~ ot T
T, | 1.3 x 10 GeV | p-lepton Yukawa
T.

10 102 1010 10° 10° | 3.1 x 10* GeV | electron Yukawa

T [GeV]

Figure 7: Equilibration temperatures of the SM Yukawa interactions and spahleron processes.
Taken from [110].

The strong sphaleron process is the analogue of the weak sphaleron process for the
strong interaction as QCD also has various topologically different vacua. From Figure
[7, one can conclude that under T ~ 100 TeV, all the SM Yukawa interactions are at
equilibrium. Moreover, we also know from section that the sphaleron process is at
equilibrium for 7" 2 131.7 GeV. Inside this temperature range, in which most of the
asymmetries are produced for resonant and ARS leptogenesis, we can consider all the
spectator processes to be at equilibrium. Outside this range however, relation (2.15)) is
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slightly modified, see e.g. |111]. Moreover, as mentioned in section the fact that
the sphaleron freeze-out does not happen instantaneously also implies a temperature
dependence for the susceptibility matrix. We do not consider these corrections in the
present section. The following relations

HQi = Hu; — Hes (A4a)
HQ; = Hd; + He, (A4b)
He; = Hi; + [ (A4C)

hold due to the equilibrium of the Yukawa interactions
Qi = u; + ¢, Qi — di+¢and l; — 1; + ¢.

Q; and /; are quark and lepton doublets, ¢ is the Higgs field whereas [;, u; and d; are
right-handed charged leptons, up-type and down-type quarks respectively. The index
i € {1,2,3} labels the flavour of the concerned particle. In addition, the equilibrium of
both sphaleron processes imply that

3 Z pQ; + Z/J'fz‘ =0, <A5a>

The factors 3 and 2 respectively accounts for the three different colours of each quark
and the two different isospin eigenstates in each weak doublet. Note that equation ({A.5h)
does not bring new constraints as it is trivially verified from relations and (A.4D)).
Let us now denote the number density of a particle A as ns. The last relation that will
be useful for this proof is the condition that the density of weak hypercharges Y must
vanish. We can rewrite this as

2Yyng + Z [6YQz‘nQi + 2Yyne, + 3Yy,ny, + 3Yg,na, + }/zznlz] =0

(A.6)
= 2ne + Z [QnQi — 2ny, +4n,, — 2ng, — 27%—] =0

using the exact value of the weak hypercharge of each of these particles. Again, the factors
2, 3 and 6 comes from the multiplicity (flavour and weak isospin) of each state. We can
reexpress this last expression in function of the chemical potential using the observation
that, for small chemical potentials (% < 1),

T3
Ng — Ny X~ gfb?:u(f? (A7)
for the Higgs field and
T3
np NS g (A.8)

for a fermion.g is the field’s intrinsic number of degrees of freedom. Combining now
equations (A.4)), (A.5) and (A.6]), we get after some algebra

—221 16 16
1
ne = 11 16 =221 16 “na and ng = —— <1 1 1) “NA- (A.9)
16 16 =221
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B. Quantum kinetic equations from first principles

As mentioned in section 2.4.1) na = (na,,na,,na,) denotes the number density for the
asymmetries within each SM flavour a € {e, u, 7}. Relation (A.9)) implies that

257 20 20
2
2ny + Ng = —m 20 257 20 A
20 20 257

which is equivalent to relation (2.15)). Note that equation (A.9)) also implies that

—627 84 84
n¢ 1
2 L _ A
ng +n; = 3ny 9 11 84 627 84
84 84  —627

which in turn implies that

51 28
L= Z(Qng—i—nl)j = —%ZAJ- = B=_(B-1L)
J J

as mentioned in section [L.4]

B Quantum kinetic equations from first principles

In this appendix, we aim to provide a brief derivation of relation from the
first principles of non-equilibrium quantum field theory. Our proof closely follows the one
given in |92 and [112]. As will be noticed, we first restrict ourselves to the case where the
space-time is equipped with a Minkowski metric before slightly modifying our equations
in section to take into account the observation that the universe is in fact expanding.
The proof given here is limited to the relativistic regime, suitable for the ARS scenario,
but equations (2.14)) are also consistent with what have been derived in the literature for
larger masses [113]. The rates T', T are however different in this scenario as discussed in

section 2.4.1]

As in the Sigl-Raffelt formalism, the derivation of relation through first prin-
ciples will involve the computation of correlation functions. In standard quantum field
theory, the computations of S-matrix elements are strongly facilitated by the so-called
Gell-Mann and Low theorem [114] which allow to reexpress correlation functions evalu-
ated at the vacuum of the interacting theory into correlation functions evaluated at the
vacuum of the free theory. However, this theorem assumes in particular that the particles
are free “far” from the interaction point. This is the in-out formalism. In a primordial
plasma, such as the one in which the heavy neutrinos evolve, this cannot be true as the
particle density is so high that particles are constantly interacting. In- and out-states are
ill defined in such an environment. A new formalism is therefore needed. The CTP for-
malism, independently developed by Schwinger and Keldysh [115,116], precisely allows us
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to overcome this difficulty. In this approach, we study the time evolution of these correla-
tion functions without any reference to the asymptotic states in themselves. One can then
extract observables like the HNLs number densities from these correlations functions as is
shown in section Besides, as discussed in section the CTP approach naturally
avoids the double counting problem faced by the early computations of rates entering the
Boltzmann equations and can account for thermodynamical and statistical effects
such as the LPM effect, see section [3.3] or Bose enhancement and Pauli blocking. In this
appendix, we only introduce the tools necessary for the derivation of . However,
an interested reader will find a good introduction to the CTP formalism presented here
in [117] or in chapter 1 of [118]. [119] also provides a exhaustive review of non-equilibrium
quantum field theory on which the CTP formalism is based.

We can split our derivation of into three main steps which are shown in the
following figure. We first state the Kadanoff-Baym equations, a set of integro-differential
equations governing the time evolution of the two-point correlation functions, and approx-
imate these in the limit where macroscopic and microscopic time scales are well separated.
We then apply these to the specific case of heavy neutrinos interacting with SM fields
in thermal equilibrium. This will make naturally appear HNLs distribution functions.
Finally, we will integrate these equation with respect to the momentum to get rate equa-
tions, i.e. independent of the momentum E, constraining the particle number densities
on. This procedure allows us to get a better control on the approximations we are making
to get these quantum kinetic equations.

[Kadanoff—Baym equations for two-point correlations functions.]

l

[Boltzmann—like kinetic equations for the distribution functions.j

l

[Momentum—averaged equations for the particle number densities.j

B-1 Correlation functions in the CTP formalism

The CTP approach initially originated from the real time formalism in thermal field
theory. In the presence of a non-negligible thermal background of inverse temperature 3,
we are usually interested in the thermal Green functions

Ge(xy, ..., xp) = (Tc(qb(xl) . gb(xn))>6

where ¢ is the field of interest and C' a contour in the complex plane. Giving the parametric
expression of the path C = ¢(\), A € [0, 1], the contour must verify the boundary condition

Re(q(0)) = Re(qg(1)) and Im(q(0)) — § = Im(q(1))

using the property that the Hamiltonian is the generator of time translations. A practi-
cally very useful example of such a contour is given in Figure 8| T¢ is the time ordering
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Imt
T
. ¢ -t
i = 0 I
7 > Ret
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C -L-
C4 !
rj-iﬁ

Figure 8: Time path in the complex plane. Taken from [84].

operator along the path C. A more comprehensive overview on this matter is given in
chapter 2 and 3 of [84].

In the context of leptogenesis from neutrino oscillations, it is useful to consider a
peculiar form of the latter contour. The closed time path or Schwinger-Keldysh contour
used in non-equilibrium field theory is given by the contour of Figure [§in the limit where
t; —» —oo and ¢ — 0. As will be seen in the next section, this will prove to be very
practical when performing a Wigner transformation on the variables z,y. Even though
sending t; — —oo seems to modify the initial conditions of our fields, the latter can still
be imposed by adding an external singular source term. Another advantage of this limit
is that the contour C3 will not contribute when integrating along the contour and C4 will
only contribute with an overall normalisation factor [84] so that we can only consider C
and Cy. An illustration of this new contour is shown in Figure [9]

Cs c

t; =+ —0o0 ‘:)f_}x

C
Figure 9: Closed time path in the limit ¢; — —oo. Taken from [118].

One can then define on this contour the following two-point correlation functions for
a fermionic field ¥

iSH (x,y) = (T [Ya(2)ds(y)])
iS.5 (2,y) = (T [va(x)¥s(y)]) |
iS4s (2,y) = iS55(x,y) = — (Us(y)va(@)) ,

iSeq (7.y) = i575(7,y) = (Ya(@)1s(y))

where the indices + refers to which branch Ci of the contour the point is located at.
T is the standard time ordering operator and 7' is the anti-time ordering as time flows
backwards on the C_ contour. The last two correlation functions S~ and S< are usually
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known as the Wightman functions. Bear in mind that the expectation values are computed
as

(..)=Tr[p...]

as usual for quantum statistical systems. p is the density matrix at the initial time. For
the ARS scenario, p is given by

p = Psn @ PN°
since the SM fields are expected to be in equilibrium in the range of temperature of
interest. pii¢ is the vacuum density matrix of the heavy neutrinos. This is suitable within
the ARS mechanism as we expect the SM fields to equilibrate much sooner than the
production of HNLs. From these functions, we can define the spectral and statistical

functions

§4(r) = (57 (e.) — (),
§*(a,y) = 5 (5 (w.9) + S(z.9)

respectively. These have a more physical interpretation. The spectral function indeed
encodes the spectrum of the (quasi)particle while the statistical function contains the
information about the particles number densities. These two functions can be obtained
by solving the so-called Kadanoff-Baym equations

(id, — M)SA(x,y) = 22’/d3w /yo dwy }’JA(x,w)SA(w,y),

(id, — M)S™*(z,y) = Zi(/dgw /_i dwo ¥ (z, w) S (w,y) — /d3w /_g: dwy X]A(x,w)5+(w,y)>.
(B.10)

This particular form of the more well-known Schwinger-Dyson equation can be derived
using the framework of the two particles irreducible actions [120]. The self-energy ¥ of the
particle is the correction to the free propagator coming from the interacting Lagrangian
and is therefore defined through the relation

(S) Y (ky, ko) = (So) (K, ko) + X(ky, ko)

in the momentum space. We did not precise a specific index for S as we can define a self-
energy for each choice of S (S, ST, ...). Strictly speaking, equations are only valid
for Gaussian initial conditions which makes it not suitable to describe the time evolution
of the SM fields since they initially start in thermal equilibriuml] [120] gives an example
of how one can treat non-Gaussian initial conditions. Fortunately, we are only interested
in this work in the time evolution of the heavy neutrinos. In absence of additional gauge
interactions, the latter can be assumed to have vanishing initial density and Gaussian
quantum fluctuations. Equations are therefore applicable. To simplify ,

"Working in the canonical ensemble, the density matrix of fields in thermal equilibrium is indeed given by
—BH
plxe .
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B. Quantum kinetic equations from first principles

one can get rid of the xg,yy in the integral bounds by using the retarded, advanced and
Hermitian propagators

iSE(z,y) = 20(x0 — y0) S (2, y),
1Sz, y) = —20(yo — x0)SA(z, y),

§(e,) = 5 (5 (e,9) + 5%(2,9)).

The Kadanoff-Baym equations can then be rewritten
(i, ~ M)54(w,0) = [ du (2" (0 w0)54w,0) + 20, 0)8" (w,0),
(id, — M)S*(z,) :/d4w (2% ()5 (w,9) + B (2, 0)S" () (B.11)

+ % /d4w<2>(x,w)5<(w7y) - Z<(x,w)5>(w,y))'

The Heaviside functions 6 allowed us to integrate on the whole real axis for the time
component.

B-2 Approximation scheme: The gradient expansion

We now want to simplify the latter equations when applying these to our case of
interest. We can first transform these relations to the Wigner space by making the change

of variables

T4y

T z 3

— —
Y r r—=y
and Fourier transforming every function (G in our following example) with respect to the
variable r

G(z, k) = /d4r e+ G (2 + g,z — g)
Combining the properties
0, = 0, + 20,
and
/d47’eikr/d4w Gi(z, w)Ga(w,y) = e =(G1(2, k), Ga(z, k), (B.12)

where = is an operatorﬂ generalising the Poisson brackets and defined by
=(Gh(2, k), Galz, b)) = %(azc:l  0uG — OG- 0.G), (B.13)
we can simplify the Kadanoff-Baym equations as
(F + %az — M)SA(z k) = e E (}ﬁHSA + Z““SH),
(K 2.~ M)S* (2, k) = e = (275 4 X757 4 Ze = (X757~ 1757).

2Z is a particular example of a Moyal product. For a proof of relation (B.12) and a more rigorous definition
the operator Z, see e.g. [121].

(B.14)
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Up to now, we have remained fairly general in our derivation. We need to particu-
larise these equations to our system in order to simplify them. First, we are working in
an isotropic and homogeneous universe. We can therefore neglect all spatial derivatives
0, — 0,0 = 0;. Second, we can use an approximation scheme known as the gradient
expansion on the operator e = using the clear separation of time scales between micro-
scopic and macroscopic processes. Microscopical processes, e.g. scatterings, have a typical
timescale of the order of % while macroscopical processes take place at a much slower rate.

90 J*

of temperature of interest, Mp being here defined as the Planck mass. We can therefore
assume that the temperature changes slowly with respect to the microscopic processes. In
addition, the rates associated to 1) HNLs oscillations (~ ATW, see (2.12))) 2) equilibration
processes and modifications of the chemical potentials (~ |F|?T) are all way smaller than
the energy scale T" within the ARS scenario. One can therefore assume that the scale
of microscopic variation 0, is way smaller than the energy scale (9;)~', implying that
0,G - 9,Gy < 1. Given the definition (B.13]) of =, we can expand to first order e~*=

e_iE(Gl, Gg) = Gl . Gg + O(@ZGl . ang)
Equation (B.14]) then becomes

During the radiation era, the Hubble constant H = % ~ /8y T—i < T in the range

(F+ %at — M)SA(z, k) = ¥ 54+ ysH (B.15a)
(K + %at — M)S*H(z,k) = £S5t + ¥ 4 %<Z>S< - 2>S<>. (B.15b)
One then gets the system of four equations
{#,8") = {g,8"}, (B.16a)
0,8t + [, 84 = [G,8"], (B.16b)
15y = . 8" + 4 (167,57 - [6%.87]), (B.16¢)
0.5+ M8 = V.8 + ({67,567 {6°.57)) (B.16d)

if one adds and subtracts equations (B.15a)),(B.15b])) with their respective hermitian
conjugate. We have used the notation shortcuts

S(G7=g%), N =X
Equation highlights the physical meaning of these terms. We mentioned in the
previous section that S encodes the information about particle number densities. More-
over, equation (B.16d) is relatively similar to the quantum kinetic equations derived in
the Sigl-Raffelt formalism ([2.13]). The commutator [’H, S+] therefore induces oscillations
between the HNLs and H represents the Hermitian part of an effective Hamiltonian.
Similarly, we recognise G as damping terms.

ST =inst M W= (k-3 - M), g2 =i, G

One can then split these equations (B.16)) into an equilibrium and a non-equilibrium
part. Let us write H and G for H and G computed at thermal equilibrium and for vanishing
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B. Quantum kinetic equations from first principles

chemical potentials. By definition, these do not depend on time. One can now define the
equilibrium two-point correlation functions St and S* as solutions of the system

o o 1, . o o o
[H,8%] = [N, 8] + 5({g>,$<} - {g<,3>}>, (#,84 = {G, 8"}  (B.I7)
setting 9,St = 0. One can then expand around these static solutions
H=H+dHand G =G+ 4G.
In addition, as already mentioned, the HNLs mostly interact with SM fields that are in
thermal equilibrium. We can therefore assume that
55 =8 408 — §4= (87 -5 =84 §"=8"and §* =5 +45.

Putting together all these expansions inside equations (B.16d)) and keeping only first order
terms, we get

0,68 = —0, ST +i[H,68] +i[0H, 8] — i[SN, 8] — {G, 8} — %({5g>, S<1—{6G<,871).
(B.18)

Contrary to equation (B.17), we keep the term 9,S* as it cannot be neglected at first
order in the non-equilibrium expansion due to the expansion of the universe.

B-3 Heavy neutrinos self-energy

We now continue the simplification of equation by studying the form taken by
the HNLs self-energy. One can indeed split the self-energy into a component evaluated
at thermal equilibrium and null chemical potential and a deviation originating from the
non-zero chemical potential of the SM fields

Y =Y + 0¥ (B.19)

From now on, the quantities without any lower indices are attached to HNLs, i.e. ¥ = Y.
The absence of an index +, >, ... associated to ¥ just means that this equation is valid
for all types of self-energy. One can also observe from Lagrangian that HNLs only
interact with SM fields through their mixing with the light neutrinos. Two terms indeed
contribute to their self-energy

Fi;(€:9) (vr); and F};(7g);(0'4;).

¥ may then be computed using Feynman diagram ({2.1)). Recalling that the antiparticle of
a left-handed particle is right-handed, the self-energy of the HNLs can therefore be split,
see e.g. appendix E of [112], into two contributions of different chiralities

Y, = gu¥(F'FPr+ F'F Py, (B.20)

gw = 2 is the gauge factor coming from the fact that each field running in the loop ({2.1)) is
a SU(2) doublet. Pg/y is defined as the projector operator on the right/left-handed part
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of the spinor. In the case where chemical potential are non-zero, this relation needs to be
modified to

(Zﬂ)z] = gw Z <ZRG‘F;1;1FajPR _'_ Z:LaFiiLF;jPL) ° <B21>
ac{e,u,7}

As already mentioned, the HNLs only interact with fields which are in thermal equilibrium.
This implies that ¥ must verify the well-known Kubo-Martin-Schwinger (KMS) relation
84]

o (kotprathe)/TY <

Z:R/La = —€ ZR/La' (B.22)
Combining equations (B.19)),(B.20]), (B.21)) and (B.22)) together and limiting ourselves to
first order, we get the relations

"rs ko/T <
¥, =—- 8, (B.23a)
v o < a + <
6 pyra = —€/T [mR L F : Ho  $<p, /La]_ (B.23b)

This last relation comes from the observation that we have two expansion parameters

6Y and £. This means that the term 52; L’ % can safely be neglected. These
equations have as direct consequence that we can neglect 0N as it is at least quadratic
in the chemical potentials due to the sign difference between the right- and left-handed
self-energies in (B.22)). The second approximation we will make is to neglect the term
proportional to 0H. It is by itself a first order term. However, we know that, in the
ARS scenario, the abundance of the heavy neutrinos is initially vanishing which implies
that 6S = —S*. Since §S only slightly deviates from being an identity matrix at high
temperaturd’ and for small Yukawa couplings, [¢H,S*] o [0%,1] = 0 can be neglected.
Combining all our previous results, we can write a new equation

201 fr

_ _ZFvl o+ . I o
048 = 158" +i[H,05] — 9,05}

Y M tlorge Sy (B.2)

1- 2fF ac{e,u,7} T

where G is the term representing the backreaction of the SM lepton asymmetries on the
heavy neutrinos

G* = —gufr(1 — fr) X" (FiEFajPR + FZZFLPL)VO-

The Fermi-Dirac factors fr(k) = (e*7 + 1)7! originate from the KMS relation (B.22).
The derivation of (B.24]) relies on the observation that S* and the static self-energy S*
are related through

St = —iek/T—_lSA = —i(1—2fF)-S* (B.25)
T 11 d '
which implies
_ _ S+
0,8t = —iS40,(1 — 2fr) = (—20,fr) :
1—2fp

This is also the reason why G is proportional to ZA and not Z+.

35S ~ —fr(k) - 1 at high temperatures as the energy does not depend on the mass of the HNLs in this limit
and all HNLs have therefore the same equilibrium distribution fr(k).
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B. Quantum kinetic equations from first principles

B-4 Lorentz decomposition of the HNL propagator

It will reveal useful to decompose the deviation from equilibrium S into different
helicity and Lorentz components as such

1

08 = =5 > Pulgon + 9 = igany™7* — gsn7”) (B.26)
h=+1

where P, is the usual helicity projector for a 4-momentum k&

Py(k) = = (14 m°(7 - k)7°).

[\Dlr—l

k is the normalised spatial component of k. The various g, are all functions depending
on the momentum k. In the regime where the Majorana mass and the Yukawa couplings
are small M < T, |F| < 1, which sounds reasonable for the ARS scenario, these functions
are related between each other through the following set of equations

g = 5 ({Re(M), g} + [n(11), ] ).

B 1160 ([RQ(M), g3n] + {tIm (M), gOh}>7 (B.27)

g3n = hSlgn(kO)QOh-

9on =

These equations are derived by taking the trace over the product of equation
with P, or one of the matrices {1,v'v° v, 7%} respectively and by limiting ourselves to
first order in % and Yukawa couplings. More details on this decomposition and how to
get the previous equations can be found in [113]. Analogously to what has been done in
the previous section [B-3} one can develop g¢;, into an equilibrium and out-of-equilibrium
component

9ih = Gin + 59¢h-
g is formally defined through a similar relation where we replace 6S by S*. Re-

placing (B.26]) and ( into , one ﬁnally gets

20, 1 ot .
Odgon = 1 _tét;Fgo;l—ﬁ[H, 5gOh]—§{F,5goh}—1 — 2f G{Z: }ML ’ud){F , Gon } fr(1=fr)
ac{e,u,T
(B.28)
where
k- 2H k- 3H
_ f 0 f
H—29w<Re[F Fl=—— — ihsign(k")m[F" F]—5 )
N Re[ M1, My + ihsign(k°)Im[M], My,]
k0 ’
k- SA k- DA (B.29)
_ f _ 0 f
T = 2g, <Re[F Fl=—5— — ihsign(k)lm[F"F] =5 )
and
. , kA k- 2A
Iy = 29wh<51gn(k:0)Re[E];Faj]T - thm[F;Faj]T)
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One can clearly observe the splitting of the effective Hamiltonian H into a vacuum part
proportional to the Majorana matrix M), and a thermal part proportional to the Yukawa
coupling matrix F.

B-5 Kinetic equations in an expanding universe

We now have an equation for two-point correlation functions which already has a form
similar to (2.14al). However, what we really want is an equation for the particle number
densities. For that purpose, we will have to factorise the quasiparticle distributions f
from gop,. It is long known [84] that an harmonic oscillator of frequency w has the spectral
function

SAGY) = ;QWSIgn(kO)(S((kO)Q — ). (B.30)

The narrow-width approrimation consists in assuming that the spectral function of feebly
coupled particles is the same as the one of a free particle but with the slight replacement
w — €2, where € is the quasiparticle pole. €2 corresponds to a mass term as in the free
case but includes thermal corrections from the interaction with the plasma in addition to
the vacuum mass. In general, a feebly interacting particle has a well defined mass and the
spectral function will present a pole at this value. Practically, all phase-space integrals are
dominated by the value of the integrand at this pole. In this limit, one can approximate

Jon as
—2fr

Gon(k)ij ~ —————2m6 ((k°)* — Q7) 2k"sign(k°)d;; (B.31)

combining (B.25), (B.26) (adapted for S*) and the equivalent of (B.30) for free fermions,
(B.25)

hence the additional k£° in the numerator of ( - Deriving ) also leads to a
condition on the deviation §fr = §f from the Fermi-Dirac distribution 6S = —2S46 f.
This in turn implies

2glh
C1-2fr
The Fermi-Dirac distribution represents in general the distribution for the energies of a
fermion at temperature 7. One can therefore define f(k, %) = fo(4) + 0f(k, Q) an
1 — fr(—=%) + 6f(k,—€) as the momentum distribution of particles and antiparticles
respectively. However, we will only have to track the evolution of the particle number

densities and can therefore restrict to the case where sign(k’) = 1. Indeed, HNLs are
Majorana particles which implies that the relation

S% = O(S3)Ct

Jin = —7— 0 fin- (B.32)

is fulfilled. C' is the usual charge conjugation operator. The latter equation directly
implies that

0 fon(—K%) = 5f5‘h(k‘0)
With all this in mind and combining relations and (| - to get

dk°

ggm d fin,

4The definition of the antiparticle number density can be obtained from the constraint that the trace of the
density matrix must be exactly one at thermal equilibrium.
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one obtains a kinetic equation for ¢ f instead of dg by integrating (B.28|) with respect to
k,O

8t5f0h = —atfp - %[H, 5f0h] - %{F, 5f0h} - Z fa : IuLaTWfF“. - fF) (B33)

ac{e,u, 7}

The last anti-commutator disappeared as fr is just a number and not a matrix. In
the above equation, H,I','* were all evaluated in the ultra-relativistic limit &° = ]/2]
Indeed, while it is important to include these in the definition of H to reproduce the
HNLs oscillations, thermal corrections can be neglected for all other practical purposes
6 ((k°)? — Q2) ~ §((k°)?) within the ARS scenario. This equation is exactly (apart

that it has not yet been momentum averaged) and gives us an explicit formula for the

different rates ([B.29)).

As mentioned in the introduction of this appendix, we begun our reasoning in a flat
Minkowski universe. It is nonetheless fairly easy to generalise equation (B.33]) to a ra-
diation dominated and flat Friedman-Lemaitre-Robertson-Walker (FLRW) universe as is
the primordial universe. The metric g is indeed only rescaled g,, = a*(t)n,, compared
to the Minkowski metric 7,,. The factor a® can be reabsorbed in Lagrangian by
using the conformal time 7, defined though the relation d¢ = adn, and rescale the fields
so that the kinetic terms are correctly normalised. We also have to make the replace-
men My — % in the Lagrangian to preserve the mass and interaction terms. In
summary, (B.33]) remains valid if we replace ¢ by n and use the comoving momenta, tem-
perature, distribution function and mass (Acomoving = @ - Aphysical for all these variables)
in the rates. During the radiation era, we have that

_a _1
n_CLR_T

where ag = %2 ~ 7.1-10'7 GeV. (B.33)) then becomes

/ 1 1 ~a MLa + He
(0fon)" = =5 [H, 6 fon] = AT 6 fon} — {Z }r = (B.34)
ace,u,T

A’ denotes a derivative with respect to the conformal time. Note that, while fr depends
on the time through the temperature, it does not depends on the conformal time

1

fr(k) = Rlfar 4 1

In conformal time, the momentum indeed compensates for the conformal time depen-
dence of the temperature. In the non-relativistic regime, this conclusion does not hold
as Vk? + M? will depend on the conformal time through the mass M. The derivative of
the equilibrium distribution fz then acts as a source for the asymmetries. This effect was
included in our code.

5The Yukawa interaction is automatically well rescaled if the kinetic terms are.
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Appendices

B-6 Momentum-averaged equations for particle number densities

In this section, we integrate equation with respect to k to get momentum
independent equations for the particle number densities. As already explained in section
one has to solve equation for each momentum E, which is not numerically
realistic for large parameter scan. Moreover, couplings between different modes could
in principle arise through the backreaction term I'. This particularly complicates the
problem and the search for efficient codes or analytical solutions. It seems therefore wise
to average the equations over the momentum in a first approximation.

In this context, we can introduce the equilibrium density number

A3k - ai
nr = [ e = 150

and the averaged deviations to equilibrium

(om),; = | s Gl ()

¢(s) denotes the usual Riemann zeta function. The interaction terms H,T,T'* have also
to be averaged. From ([B.29)), we can see that these terms depends on k£ through a term

ﬁ in the relativistic approximation. The term = is usually replaced

PN e
k-> and a term W= B

by its averaged value

(L= /(d—kéfF(E) W—g (B.35)

5"~ ne

Regarding the numerator, we will follow what has been done in [122] and replace the
spectral self-energy through

k-3A Ta
> L, tw IR _ IR
k| T 290 29w

Yav-

The coefficient 7,, has already been computed [96], in the ultrarelativistic limit where
the top loop dominates, and can be estimated to v,, =~ 0.012. One can make a similar
replacement for the Hermitian part of the self-energy

]Ai' . XA)H . ar
= o Vth
k| 29w

where 7y, ~ 0.23. This computation [123] has been done using the Hard Thermal
Loop (HTL) approximation, ¢.e. assuming the momenta running in the loop are ~ T,

which allows us to replace
A~ A T2
E-2H - 5 (B.36)
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B. Quantum kinetic equations from first principles

The factor g, arise from the fact that SU(2) doublets are running in the loops. Finally,
it is practically useful to replace the chemical potentials with the associated number
densities ny,ng as has been done in appendix , see and . With all this in
mind, we can replace equation with

d i th 2 ryvac 1 Ha 1
&(Mh = —§[H +2°H ,(5nh} — §{F,(5nh} + Z r (nLa + §n¢) (B.37)
ac{e,u,7}
z = &L, Tt is an arbitrary reference temperature, is a new variable allowing us to get

rid of the temperature coming from relations of the form (B.36) since 9, = 0,. As
explained in section [B-4] we decomposed the Hermitian Hamiltonian into a vacuum and

thermal part. Definitions (B.29) become after momentum averaging

Hh = 2R (Re[F* F| — ihIm[F? F])

Tref
Hrac — ™ an (Re[MT My + ihIm[M], M ])
T IR T, i
I = ;R Yav (Re[FTF] - ihlm[FTFD (B:3%)
ref
and
. ha .
Fz‘j = Eflzf%w (RG[EZFGJ'] - Zhlm[Fi];Faj])'

One can see from (B.35)) that we average ﬁ by integrating its product with the Fermi-

Dirac distribution, in the relativistic limit. This would only lead to small errors if we
assume kinetic equilibrium, i.e. if §f had the form of a Fermi-Dirac distribution. Un-
fortunately, we cannot assume in general that interactions do not modify the momentum
distribution. Large deviations from the equilibrium distribution are expected, see [94].
However, this assumption is valid for very high momenta |l§ | > ag so that errors generated
by this procedure are still only of order one. As a final word, we remind the reader that
results are only valid in the ultra-relativistic regime. To find a more comprehensive
computation of these rates, see [89]. These were the rates used in this work for numerical
simulations.
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