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Chapter 1

Introduction

Classical survival analysis considers that all individuals in the study are likely to experience
the event of interest if the follow-up is long enough. However, there are many situations
in which some of these individuals will never experience the event of interest, and are
statistically cured. For example, thanks to medical advances in the field of oncology,
it’s reasonable to believe that, if we're interested in cancer relapse, it’s possible that a
proportion of individuals will never experience this event. Similarly, if we are interested in
cancer-related death, we can hope that for certain cancers a fraction of patients will be long
term survivors who can be considered statistically cured. In another context, if we look at
the age at which women become pregnant for the first time, it’s possible that some of them
will never have children. This part of the cured population can be taken into account in
the survival analysis using cure models. One of the most popular families of models is the
mixture cure model, originally discussed by Farewell [12], Boag [3] and Berkson & Gage
[15]. These models see the population as a mixture of cured and uncured individuals.

It is essential to have a sufficiently long follow-up time to see that part of the population
will indeed not observe the event of interest after a first wave of events, and that there is a
cured part of the population. However, it is also possible that, in the very long term, a
second wave of events will affect one part of the population. It’s also possible that, after
this second wave, one part of the population will finally be considered cured. This scenario
occurs, for example, when breast cancer relapses. In fact, some patients will experience
a relapse soon after their treatment, while others will experience a relapse much later,
and some will simply not experience a relapse at all. Another example is when we study
the risk of customers’ first default on their credit. Some customers will default relatively
quickly, others will default after a few years, and some will not. The data in these examples
therefore undergo two waves of events and have a bimodal distribution.

Unfortunately, conventional mixture cure models are unable to model these bimodal
data correctly. Two different models have been proposed in the literature to solve this
particular issue. The first, proposed by Ramires and al. [30], is the exponentiated log-sinh
Cauchy cure rate (ELSCcr) model, which is a mixture cure model in which the distribution
for the uncured part of the population has an exponentiated log-sinh Cauchy distribution.
This distribution is very flexible and can be used to model bimodal data. The second model



is proposed by Hunsberger and al [22] and Alves and Dias [5], the 3-component mixture
cure model. This model considers a heterogeneous population. It is then a mixture of
sub-populations, each with its own specific distribution.

The objective of this work is to analyze whether the two models can correctly model
bimodal data, and then to compare them. To meet this objective, the structure of the work
is as follows:

Chapter 2 provides an overview of the main features of survival analysis. Section 2.1
presents the different particularities of classical survival analysis. Section 2.2 focuses on the
cure model, in particular the mixture cure model.

Chapter 3 delves into the 3-component mixture cure model. The first section provides
an explanation of the classical finite mixture component model proposed by McLachlan and
Peel [13]. In this section, we introduce the model and its key characteristics. Additionally,
we present the EM algorithm employed for parameter estimation. The second section
focuses on the finite mixture cure model in the context of survival analysis. We discuss the
essential aspects of this model. Finally, the third and final section presents the 3-component
mixture cure model. We explain the method used to estimate the value of the parameters
of the 3-component mixture cure distribution by maximum likelihood.

Chapter 4 introduces the ELSCcr model and its various features. The first section
provides a presentation of the ELSC distribution and its associated functions. Developing
from this foundation, the second section, explores the integration of this distribution
within the framework of the mixture cure model. To conclude this chapter, we present the
methodology employed for estimating the value of the parameters of ELSCecr distribution,
we also propose a way of accounting for covariates in this model.

Chapter 5 presents the simulation study conducted to evaluate the performance of the
two models. The first section focuses on the simulation study for the 3-component mixture
cure, considering only administrative censoring. We will present the methodology employed
for the data simulation and the function developed for this purpose. Additionally, we will
then explain the function created to estimate the value of the parameters of this model using
the EM algorithm, along with the method of parameter initialization used in the model.
Finally, we present the outcomes of the Monte Carlo experiment conducted both with and
without covariates. The second part of this chapter will present the simulation study for the
ELSCcr model, considering only administrative censoring. We will outline the methodology
employed to simulate the data and the estimation method used to determine the value of
model parameters. Following this, we will present the results obtained from Monte Carlo
experiments, again with and without the presence of covariates. In the penultimate section
of the chapter, we will perform a simulation study for each model, this time incorporating
random censoring. To conclude the chapter, a brief discussion of the results and a summary
of the models will be provided.

Chapter 6, the ELSCcr model and the 3-component mixture cure model, will be applied
to real data. Firstly, to see if both models fit the data correctly, and secondly to compare
the models and see if one fits better than the other.

We will conclude this work with a conclusion, providing a summary of the work and a
discussion of future research directions.



Chapter 2

Reminder of Survival Analysis and
Cure Models

In the first section of this chapter we will quickly recall what survival analysis is, its
characteristics and the different functions related to it. Then we will talk about the
likelihood function in the context of fully parametric classical survival analysis and its
maximization in order to determine the value of the different parameters. Finally, we will
quickly discuss a way to incorporate the effect of covariates into the different models.

The second section of this chapter gives a quick introduction to the mixture cure models.
We will define this model and explain its various particularities. This family of survival
models is the one on which the 3-component mixture cure model and the Exponentiated
Log-Sinh Cauchy cure model are based.

This chapter is based on the work of Catherine Legrand [21].

2.1 Survival analysis

Survival data are concerned with the time to the occurrence of a so-called event of interest
from the start of follow-up. Despite the name survival analysis, the event of interest is not
necessarily death and can be a positive or negative event depending on the context. The
objective of survival analysis is to analyze the time required to go from an "initial" state
to a "final" state. The main feature of interest is therefore a positive random variable T'
which represents the actual time until the event of interest occurs. For example, the time it
takes for a young graduate to find his or her first job, the time until a cancer recurs or the
time until the death of a person with a serious illness. Survival analysis has been covered
in many books such as [6, 7, 16, 17].

As usual, we will denote F'(t) = P(T < t) and f(t) = 4 F(t) respectively the distribution
and density functions of the random variable T'. However, in survival analysis, the following
three functions are more commonly used:

Survival function S(¢): defined as the probability that an individual will survive beyond
time ¢, it is a decreasing function that takes values in the interval [0, 1]. We have the
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following relation with the functions defined previously,

S(t)=1—F(t) (2.1.1)
=P(T > 1)
f(t) = —;ZtS(t) (2.1.2)

and the survival function is said to be proper when lim,; ., S(t) = 0.

Hazard function h(t): is defined as the instantaneous risk to observe an event just after
time ¢ given that the event has not yet been observed at time ¢ ,

Pt <T <t+ AT >1t)

h<t> - Al}tr—{lo At )
_f(t) _ —dlogS(t) (2.1.3)
S(t) dt

h(t) is a positive function.

Cumulative hazard function H(¢): one can understand this function as being the
expected number of events to be observed by time ¢. It is an increasing function,
taking values in [0, +00] and is defined as

H(t) = /O  h(w)du (2.1.4)

and we have
S(t) = exp(— /O h(u)du) = exp(—H (1)) (2.1.5)

We can see that knowing only one of the functions that characterize T allows us to determine
the others.

One difficulty with survival analysis is that one has to take into account the fact that
part of the data may be censored and/or truncated. In this work, we will limit ourselves to
taking censoring into account. Having censored data means that for some individuals, the
time to the event of interest is not known exactly. We are particularly interested in right
censoring, which means that only a lower bound of the actual survival time is available.
This can happen when, at the last follow-up time, the individual has still not experienced
the event of interest. This type of phenomenon is referred to as an administrative censoring.
It is also possible that an individual stops the study before the end of this one. It is
called the loss to follow-up. It is also a type of censoring on the right. In the case of
administrative censoring, there will be fixed censoring, while for loss to follow-up, there
will be random censoring. For the latter, the censoring is then a positive random variable
C' that follows the distribution function G(.). It is assumed that 7" and C are independent
and that C is uninformative. This means that, the distribution of C' does not depend on
the parameters of the distribution of T'. Figure 2.1.1 represents the different possibilities
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that can be obtained when right-censoring is observed. Start represents the beginning of
the study. Ti,ax represents the end of the study. Individual A is right-censored because loss
to follow-up in the course of the study, we do not know whether he/she will suffer the event
of interest (lost to follow-up). Individual B has experienced the event of interest, so he/she
is not censored. Finally, individual C is also right-censored because at the time T},,x he/she
has not yet experienced the event of interest. So in reality, the observed data in the sample

L 4

l
Start Tonax

Figure 2.1.1: Representation of the time-to-event in a hypothetical study. Dark diamonds
indicate censoring of the patient. The white diamond represents the observation of the
event of interest .

when the right censoring is taken into account are:

o Observed times : W = min(7, C'),where W represents the time either to the event or
to the censoring, but not both.

o The censoring indicator 4 which indicates whether an individual 7 is censored or not:

§=I1(T<C)

The censoring indicator therefore tells us whether (takes the value 0) or not (takes the value
1) the individual is censored. From the observed data W and ¢, we would like to determine
the main characteristics of the distribution of the actual survival time 7. In a parametric
context, the idea is to assume a distribution for 7" and use the available data to estimate
the value of the different parameters of the distribution. We can determine the value of the
parameters of the distribution by the maximum likelihood method. However, it is necessary
to take into account the contribution of censored data in addition to uncensored data in the
likelihood. So let us suppose a sample of n individuals with for each of them the observed
data w; = min(t;, ¢;) , ¢ = 1,...,n, where wj; is the observed event time, ¢; is the censoring
time-to-event, ¢; the real time-to-event and 6; = I(¢; < ¢;) the censoring indicator of the
1th individual. Considering that the different observations are independent, and that the
censoring is independent and not informative, the likelihood function is,

n

L oc TT(F (i) (S(uwy)) = (2.1.6)

i=1



This work focuses on parametric distributions for the variable T". In the literature, we can
find various proposals for the distribution of the random variable T". The distributions used
in this can be for example the Exponential, Gompertz, Weibull and the Exponentiated
log-sinh Cauchy (ELSC). The latter will be explained in Chapter 4. To estimate the different
parameters, we utilize the appropriate density and survival functions within the likelihood
function and maximize the latter with respect to the parameters of interest. Moreover, the
variance of these estimators can be obtained from the Fisher matrix for the observed data.
It is then possible to use the asymptotic normality property of the MLEs to obtain different
hypothesis tests and confidence intervals. Additionally, the covariate effects can also be
taken into account using regression models.

Although we focus on a parametric distribution of T, we also quickly address non-
parametric estimation. When there is no censoring, one can use the empirical estimator of
the distribution. This is given by

Gemn(g) — Number of observations with time-to-event > ¢

Number of observations in the data set
=1— F(t)

However, as already mentioned, in the context of survival analysis, censoring must be taken
into account. Two estimators are proposed for this, the Nelson-Aalen estimator [1, 24] and
the Kaplan-Meier estimator [9]. The latter is the most popular, and will be employed it in
this work. Assume n observations with the observed times wq, ..., w, and their associated
censoring indicators 41, ...0,, . Then there are r distinct event times with » < n . The
ordered sample of event times is w(y), ..., w() and the number of events that occur at these
different times are noted d(yy,...,d) . We also have the size of the risk set R(w(;)) at
event time w(;. The latter can be defined as the number of observations that have not yet
experienced right censoring or event of interest before w(;. The probability of surviving
beyond time ¢ (within the interval [wy;), w(;4+1)]) is the product of the probabilities of having
survived beyond all previous time intervals:

S(t) = P(T > w(l)]T > w(0)> X P(T > w(2)|T > w(l)) X ... X P(T > w(j)|T > w(j+1))
The probability of surviving this interval can be written as

- 4o _ Rlwg) —dy
R(w)) R(w))

The Kaplan-Meier estimator of the survival function is given by

S’KM(t): H M (2-1'7)

j:w<j)§t R(w(]))

with SEM (t) =1 for t < w(y). This estimator is a decreasing step function, with jumps
at each event realization. If the last observation is censored, then it is impossible for



the estimator to reach zero. It is not possible to estimate S(t) consistently beyond this
last observation. The variance of the Kaplan-Meier estimator can be estimated by the
Greenwood formula, given by

5 5 dgj)

Vas mptotic SKM t)) = g t 2 2.1.8
meioss( 5 (8)) = (516) jz%gt R(wg))(R(wg) — dgg) (213)
SKEM (1) is asymptotically normal:
QKM o
51 = 5) 4 N(0,1) (2.1.9)

V(SKM(t))

From the asymptotic normality we can obtain the (100 — «)% confidence interval of GKM,
This is given by
SEM () 4 2,0\ V (SEM(t)) (2.1.10)

The log-log transformation is often preferred in order to have only points in [0, 1]

GKM ()expltza/2V/V(log(~1og S (1)) | (2.1.11)

Let us now discuss the regression model for the survival data. It is indeed important to
be able to take covariates into account in the survival model. Two families are mainly used:
the accelerated failure time (AFT) and the proportional hazards model. First, let’s talk
about the latter. This model considers that the risk function for a given individual and an
associated set of covariates can be written as the product of a risk function common to all
individuals hg(t) and a function dependent on the covariates. Let X be a set of covariates
and n individuals who have as associated covariates x; = (z;1, ..., x;) with i = 1,...,n and

p the number of covariates, then the proportional hazard model is given by
hi(t) = h(t|x;) = ho(t) exp(B'x;) (2.1.12)

where B is a p x 1 vector of unobserved parameters associated to the covariates. Taking
the logarithm of (2.1.12), we get

log hi(t) = log ho(t) + BTx; (2.1.13)

We can then interpret the effect of covariates on the log-hazard as for a classical linear model.
The proportional hazards (PH) model takes its name directly from the hypothesis that the
hazards are proportional, i.e. if we have two individuals with respective the covariates x;
and x; the ratio of their hazards is constant over time and we have

h(t|x;)  exp(BTx;)

htx) — exp(BTxy) (21.14)
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This relationship is independent of time. The time dependence is captured in the baseline
hazard function which is common to all individuals. The PH model can also be written as
a survival function by the relation (2.1.5) ,

Si(t) = S(t]x;) = So(t)=<PB >0 (2.1.15)

where Sy(t) = exp(— [¢ ho(u)du) the baseline survival function. The baseline hazard and
survival function can be chosen such that T follows a parametric distribution, the model is
then a fully parametric PH model. The estimation of the parameters is done by plugging the
survival function (2.1.5) and the corresponding density function in the likelihood function
(2.1.6) and maximizing. However, the baseline hazard function can be left unspecified,
which corresponds to the so-called "semi-parametric Cox PH model". In this last case we
will maximize the partial likelihood (2.1.16) function to obtain the estimation of 3. Let
x() and R(w(;) , respectively the covariates vector and the risk set for the subject with ¢
event time,

r eXp(ﬂTX(i))
L ar ial(ﬂ) -
rt z:l_Il YieR(uw ) eXP(Bx1)

Let’s talk briefly about the second model taking into account covariates: the AFT model.
Under its survival representation, this one is defined as

(2.1.16)

Si(t) = So(exp(B'x;)t) (2.1.17)

where 8 = (B, ..., 3,)" is the vector of regression coefficients, Sy is a baseline survival
function belonging to a parametric distribution. exp(8'x;) > 0 is an acceleration factor.
We observe that the covariates have a multiplicative effect on the time which implies an
acceleration (or deceleration) the time scale. We can also write this model in its log-linear
form

log T=p+a'X+oe (2.1.18)

where p is the location parameter and o is the scale parameter, o = (a, ..., o) is the vector
of covariates parameters and e is the error term. In this work, we will use the parametric
Weibull distribution with

ft) = Z(;)W‘le‘“/m (2.1.19)
S(t) = e~ WA (2.1.20)

with ¢ > 0, v > 0 the shape parameter and A > 0 the scale parameter. This distribution is
a special case; indeed its an AFT model when € follows a Gumbel distribution, is equivalent
to the Weibull PH model, but they use a different parameterization :

t

SiWeibull PH model = €XP(— exp(ﬂTxi)(XW) (2.1.21)

logt — pu — o' x;

Si.arr = exp(— exp( )) (2.1.22)

o
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and we have

A = exp(u) (2.1.23)
vy=1/c
B=—-ajo

We will use all these results later when estimating the parameters of the 3-component
mixture cure model.

2.2 Cure Models

In this section, we will present the main aspects of cure models. This model is explained in
detail in the book written by Maller and Zhou [27]. We will first define what a cure model
is, when to use it and explain its particularities. In a second step, we will present one of
the possible families of cure models: the mixture cure models. The latter was originally
discussed by Farewell [12], Boag [3] and Berkson & Gage [15]. This model family is currently
the most popular model for the analysis of data with a cured fraction. It will be the basis
for the future development of the models we will introduce in the following chapters.

2.2.1 Introduction to cure models

In classical survival analysis, it is assumed that each individual will experience the event of
interest at some point. However, in reality, this assumption is not necessarily true. Indeed,
a fraction of the population may never experience the event of interest. For example, we
may be interested in the time until cancer recurrence in patients who have already had
cancer. A part of the population will experience recurrence, but fortunately a second part
of the population will not experience cancer anymore and will be considered cured. The
proportion of people who are cured is in itself interesting, in addition to the survival time
of those who are not. In this case, we consider that this part of the population is cured
or not susceptible, and for this fraction of individuals we have T' = oco. These are called
long-term surviving individuals.

There exists different possible situations, which we have represented on Figure 2.2.1.
We can see that individual A is censored during the study, but will actually not experience
the event of interest after the censoring. Individual B is censored at the end of the study,
but will in fact experience the event of interest shortly afterwards. Individual C experiences
the event of interest during the study. Finally, individual D is censored at the end of the
study and will in fact not experience the event of interest.

The fact of having a part of the population that will never experience the event of
interest will have an impact on the survival function. This means that when ¢ goes to
infinity, the survival function will no longer be zero but will stabilize at a level which

12



Stla!rt Tmax
Figure 2.2.1: Representation of the time-to-event in a hypothetical study. Dark diamonds
indicate censoring of the patient. The white diamond represents the observation of the
event of interest. The white circle represents the observation of the event of interest after
the end of the study.

corresponds to the cure rate, denoted 1 — w. We therefore have

lim S(t)=1—-7>0

t—o0
The survival function is therefore said to be improper and the value towards which the
survival function tends is 1 — 7w corresponds to the proportion of cured persons.

At the end of the study, the cured individuals are all censored (administrative censoring).
However, in the previous section we considered that the censored individuals maintained
the same behavior as the uncensored individuals. It can be understood that this assumption
is no longer correct in the context of the cure model. Indeed, some censored individuals can
indeed observe the event of interest after censoring (like individual B on Figure 2.2.1). But
others will have a time T" = co and will never experience the event, thus are cured (like
individual A and D on Figure 2.2.1).

An example of a survival curve for a population with a cure fraction is shown on Figure
222 for T ~ Exp(\) where A = 0.4 and m = 0.6. It can be seen that the survival function
does not reach 0, but reaches what we will call a plateau. This visualization of the plateau,
when we look at an estimated survival curve and when the follow-up time is long enough,
will allow us to say that we are in the presence of a cure fraction. For a given data set, we
can therefore observe if there is a part of the population that can be considered as cured
by computing the Kaplan-Meier estimator and observing this long plateau with a large
amount of right censored data. However, we will see later that if the follow-up time is not
long enough, we might miss the observation that some individuals might experience, after
this plateau, the event of interest. We will call this a second wave of events. It is in this
situation that bimodality in the survivor density function will be observed.

13
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Figure 2.2.2: Survival function for 7' ~ Exp(0.4) and 7 = 0.6.

2.2.2 Mixture cure models

The proportion of cured people is very important in the cure model and is a parameter of
interest in the mixture cure model. In the presence of a cure fraction, it can be considered
that the population can be divided into a cured (non-susceptible to experience the event
of interest) and an uncured (susceptible to experience the event of interest) part. The
population is then said to be heterogeneous. In fact, we have two groups with different risks.
To manage the heterogeneity of the population, the mixture cure model was introduced by
[12], [3], and [15].

The mixture cure model uses two sub-models. A first model for the incidence which
aims to determine the group (cured or not) in which the individual is located. The second
model is the latency model which models the survival function of uncured individuals. We
consider a variable B which represents the cure status, with B = 1 if the individual is not
cured, and B = 0 if the individual is cured. B is only partially observed due to the censored
observations. The probability of being susceptible can be defined as 7 = P(B = 1) and we
have the survival function of susceptible population S,(t) = P(T > t|B = 1) and for the
cured population we have S.(t) = P(T > t|B = 0) = 1, Vt. The survival function of T for
the whole population is given by

Spop(t) = P(t > t) = (1 — 1) + wSu(t) (2.2.1)

It can be seen that despite the fact that the survival function for the population is improper,
the survival function for uncured individuals is proper.

2.2.3 Model regression

The mixture cure model can be adapted to consider the impact of the covariates on the
latency model and on the incidence model . For example, in the medical context, the use of

14



a treatment, or not, may have an impact on the survival of the patient. But, this treatment
may also impact on the likelihood of being susceptible. Covariates may be common to both
incidence and latency models, some may be specific to one of the sub-models. The survival
function in the presence of covariate is noted:

Soop(t1X, Z) = (1 — (X)) + 7(X) S, (|Z) (2.2.2)

where X and Z are the covariate vectors of the incidence model and the latency model
respectively. There are various model choices in the literature for the two sub-models. For
example, for the incidence model, we can use the logistic regression model. For the latency
model, we can take fully, semi, or non-parametric models. A common choice is to use the
parametric PH model. It should be noted, however, that the assumption of proportional
hazards does not apply at the population level, but at the level of the susceptible part of
the population.

2.2.4 Model estimation

The estimation of the mixture cure model in a fully parametric context is performed
following the same idea as the classical survival model. The likelihood function defined in
equation (2.1.6) is maximized while taking into account the two subpopulations (cured and
uncured). We have the likelihood function

n n

L = T[r (&) fulwilz:)]* > TTIT = w(6) + m(x) S (ws|2:)]' " (2.2.3)

i=1 =1

for ¢ = 1,...,n individuals and we have i.i.d observed data y; = (wj, 0;,X;, z;) where x;
and z; are respectively the set of covariates that will influence the latency model and the
model for individual i. As we consider a fully parametric model, we can simply maximize
the likelihood function. For this we can use numerical optimization using for example
Newton-Raphson algorithm.

2.2.5 Discussion.

As we have seen in this section, the cure models are to be applied when we observe a long
plateau on the graph of the estimated survival curve. However, this long plateau can be
misleading. Indeed, it could be that a part of the population is cured, but it could also
be that after a certain time the individuals will finally experience the event of interest.
We could call this a second wave of events. We can visualize this kind of situation on
Figures 2.2.3 and 2.2.4, for the same data set. Indeed, when considering a follow-up time of
t follow—up = 60 (Figure 2.2.3), one could believe that the population contains a proportion
of cured people. However, if one chooses a follow-up time of ¢ to10—up = 150 (Figure 2.2.4),
one can see that there is, in fact, a second wave of realization of the event of interest.
This kind of situation underlines the importance of the choice of the follow-up time. For
example, when looking at the time until recurrence of breast cancer, it is well known that
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some women may experience a recurrence on a relatively short time scale, while others may
experience the event years later. By selecting a follow-up time of 5 years, we risk missing
events of women who could experience a recurrence 10 or 15 years later.

1.004 1.004
0.751 0754
5050 o5 0.50
0.25 0.25
0.00 1 0.001
DI 20 4ID EID 0 50 100 15ID
t t
Figure 2.2.3: Survival function with Figure 2.2.4: Survival function with
tfollowup = 60. tfollowup = 150.

0.044

0.004

t

Figure 2.2.5: Density function of data with two event waves.

The density and also the hazard function of this type of data will have a bimodal form,
as shown on Figure 2.2.5. In such situation, it is necessary to have an adapted model that
will take into account this bimodality, which the classical cure models do not consider. It
would therefore be necessary to determine a model that takes into account:

 Individuals who would experience an event relatively early during the follow-up period
(first wave).

o Individuals who would experience an event relatively late during the follow-up period
(second wave).
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+ Individuals who would not experience an event (cured) over the follow-up period

In the following chapters of this work, we will propose two distinct models able of taking
these different elements into account. We will define them, explain how to estimate these
two models and then compare them first on simulated data sets and then on real data.
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Chapter 3

3-component mixture cure model

In this chapter we will introduce a first model allowing to take into account a heterogeneous
population experiencing the event of interest at different time scales and taking into account
a part of cured individuals. It is proposed to use the framework of finite mixture models
[13, 5, 14] which considers a heterogeneous population. The mixture cure model, presented
in Section 2.2.2, is a special case of the mixture survival model. Indeed, in this model, we
had a heterogeneous population composed of 2 groups: cured and uncured. In order to
capture the bimodality of the data and the fraction of non-susceptible people, we extend
this model to a population composed of 3 groups: cured or not susceptible, likely to observe
the event in the short term and likely to observe the event in the long term. The risk of
experiencing the event of interest is specific to each population group.

In the first part of this chapter we will recall the classical finite mixture models, for
more details on these models we refer to McLachlan and Peel [13]. The second section of
this chapter is dedicated to the use of mixture models in survival analysis. This section is
based on the work of McLachlan, McGiffin [14] and Alves, Dias [5]. The last section of this
chapter focuses on the cure model context with bimodality of data. To do this we will use
a 3-component mixture cure model. The specificity of this model is the consideration that
one of the components of the population is considered as non susceptible which previous
models did not do.

3.1 Classical Finite Mixture model

Mixture models were introduced by McLachlan and Peel [13]. We rely on their work, for
all explanations and calculations in this section. The mixture models take into account a
mixture of different distributions, which makes these models very flexible. Mixture models
can be used when one has a heterogeneous population whose distribution cannot a priori
be easily modelled in a parametric way. For example, when a population is composed of
different age groups or when a population is taking different treatments and these different
groups will not have the same distribution function for the event. We can then see the
distribution of the population as composed of these different distributions specific to each
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of the groups. This type of model can be useful when one needs to model data that have a
skewed or/and asymmetric distribution.

Let Y =(Y{,..,Y])" be the n ii.d. random sample where Y; for i = 1,...,n is a
p-dimensional random vector and y; is the observed value of Y;. The probability function
associated with Y; is f(yi) on RP. The latter function can be written as a weighted sum of
the contribution of different densities. We have

G
fyi) = Z:Wafg(yi) (3.1.1)

where f,(y;) are called the component densities of the mixture and 7, ..., 7 are the mixing
proportions or weights such as

0<m, <1 (g=1,..,G)
and
G
Z Ty =1
g=1
f(yi) is the mixture density and G is the number of component. We have

Yy, . Y, &P
where F(y;) is the distribution corresponding to the mixture density f(y;).

Associated with random vector Yj, there exists a random vector B; of size GG such that
the gth element (g = 1,...,G) of B; is denoted B,; = (B;), and is equal to one if Y;, comes
from the g-component distribution and zero if not. It’s assume for independent data that
B; are distributed unconditionally as

B; ~ Mults(1,7) (3.1.2)

a multinomial distribution with G categories and the probabilities associated 7 = (71, ..., 7¢)
such as
P(B; =b;) = mihinh?

This random vector B can be observed. For example in the case where the distributions
are different according to the age of the individuals. If the age of the individual is available,
it is then possible to know in which group the individual is. In this first case, we consider
that the data are complete
Ve = (yT7 bT)T

where y is the observed-data and b = (b],...,b) is the group indicator. But in many
cases, the information of the membership of an individual to a group is not observed. The
data is then said to be incomplete and we only have y. The vector of probabilities 7 which
is also the parameter vector of the multinomial is then not known. McLachlan and Peel
[13] consider the vector of probabilities 7 as a prior probabilities vector belonging to the
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different groups. The posterior probability of belonging to the gth group/component given
the observation y; is given by

7,(yi) = P(observation € gth component| y;) (3.1.3)
_mfo) 1 Gandi=1,..m
f(yi)

The use of the prior and posterior will be understood later when estimating the parameters
of the model. In the parametric framework, the mixture density function is written

flys ® ngfg ¥i; 0g) (3.1.4)

where the vector ¥ = (7, ...,mg_1,€")" contains the unknown parameters 7y, ..., 7g_1,
and &€ = (67 ,...,0L)" where 0, is the vector of parameters of the parametric distribution.
The posterior probability of belonging to the gth component of the mixture becomes

Tg.fo(¥i; Og)
S5 T fa(yi; On)

Ty(yi; ¥) = (3.1.5)

Let’s look at the fitting of the mixture distribution.The maximum likelihood method will
be used to determine the different parameters of the mixture distribution. Due to incomplete
data, the estimation of the mixture distribution is done on the available information, i.e.
the marginal distribution of Y; and not on the joint distribution of Y; and B;. This will
be done using the EM algorithm presented by Dempster and al [2]. As a reminder, we
have the complete data vector y. = (y',b") with label vectors by, bs, ..., b, . Recall that
b; (i =1,...,n) is a zero-one vector that determines whether y; comes from the gth group
(9 =1,...,G) . We will therefore make the difference between the likelihood of the observed
(incomplete) data y noted L(W¥),

L) = T3 7/, (y5:0,) (3.16)

i=1g=1

and the likelihood of the complete data y. noted L.(¥),

n G
H H 7o fe(yi; 0 bﬁ” (3.1.7)
i=1g=1
The log-likelihoods are given by
log L Zlog Z Tg fg(Yi§09>) (3'1-8)
g=1
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G n
log Lo(®) = > _ > bei(logmy + log fy(yi; 6,)) (3.1.9)

g=1i=1
with b, = (b;), = 0 or 1 and 7, is the mixing proportion. By the assumption made on
the distribution of B; (3.1.2), the distribution of the complete-data vector Y. implies the
appropriate distribution for the incomplete-data vector Y [13].

In order to determine the maximum likelihood estimator in the context where by; are
unobserved, we will use the EM algorithm. This consists in iteratively performing an E-step
for the expectation and a M-step for the maximization [13], [21]. These two steps are
explained in more detail below:

E-step : this step uses the conditional expectation of the complete log-likelihood given
the observed data y to handle the unobserved data (b,;). For the (k + 1)th iteration
this can be written as

Q(T; ™) = Eyu (log L.(T)|y) (3.1.10)

where W) is the current value of ¥ at the kth EM iteration. For the first iteration
we need to choose an initial value (®. The previous equation by linearity can be
written as

G n
Q(T; \Il(k) ZZTQ yl,\I'( ) J(log m, +log f,(yi;6,)) (3.1.11)
g=11:=1
with Ega (Byily) = 7,(yi; ¥®)) and we have
k)f (y1;0)
Zh 17T fh(}’i;O}(,,k))

the posterior probability already mentioned earlier for g =1,...,G and i =1,...,n

7, (yi; W) =

(3.1.12)

M-step : this step aims to determine at the (k + 1)th iteration the global maximum of
Q(¥; ¥*) with respect to ¥ = (71, ...,7g_1,€") " . This step thus makes it possible
to update the estimate of W**1 which one will use in the next E-step. Given
the form of Q(¥; ¥*)) it is possible to determine the updated estimations Wék'H)

independently of the &*+1).

The maximum likelihood estimator of 7, if the b, were observable would be given by
Fp=Y 2 (g=1,...G) (3.1.13)
—~ n

Since we replace by; by 7,(yi; W) in the E-step, we will follow the same approach in
(3.1.13), we obtain

(k)
o(yis ) (G=1,..C) (3.1.14)

s _ $ 2 ®®)
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The vector of parameters £ is updated by maximizing the part of Q(¥; ¥*)) depending
on this last vector of parameters. To obtain £&**1) one seeks the solution of

G n 1 .-
53 s w) 8 LoV 0) (3..15)
g=1i=1 23

The E-step and M-step are iterated until convergence, i.e. the difference

LwtD) — L(w®) <¢
reaches a pre-specified threshold e. The diagram on Figure 3.1.1 shows how the algorithm
works.

A few remarks about the estimation of the parameters. Firstly, the estimation of
parameters W from observations only makes sense if this vector of parameters is identifiable.
The identifiability for finite mixture models is not defined in the same way as for classical
models. Indeed, in the context of mixture models, as defined by [13] we consider that for
W € (2, where (Q is the space of the parameters, the class of finite mixtures is identifiable if
there are two members of parametric family mixture densities with G' components densities
belonging to the same parametric family

fyn Zﬂ—gfg y17 )

and

f YIa\I’* ZTF fg YI70*>

then
[y ®) = flys ¥7)

if and only if g = ¢g* and the component labels are interchangeable: f,(yi; 0y) = f,(yi; 6;)
and 7, = 7, for g = 1,...,G. This is label switching.Label switching means that the labels
of two components can be swapped. However, even if the class of finite mixtures are
identifiable, ¥ is not. To remedy this problem, it is possible to impose constraints on ¥
[13]. The lack of identifiability doesn’t seem to be a concern in general when estimating
MLESs using the EM algorithm, since it has no impact on the qualitative interpretation of
the results [20]. It may, however, have an impact during simulation, and we’ll need to pay
close attention to this. When covariates are added, the references [11] and [14] indicate
that we may still observe estimation problems linked to identifiability for certain data, and
that we need to remain cautious.

The second comment we would like to make is about the starting values ¥(© of the
EM algorithm. It is important to know that a bad choice of initial values can impact on
the speed of convergence of the EM algorithm. And a choice of initial parameters too close
to the boundary can lead to divergent results.
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E-step: Given U1 obtain

- Q(P;, wk-1)  —
Y6 Y 7y BED)(log w, + log f,(yi;6,))

Y

M-step: calculate

k) g (yi; @D
7T() — Z?:l g - )

g
and get £ by finding the roots of
i —1))91 i;
Y Sy WD) e S = g

A,

k= {C + 1« No k % 2
Yes
'
No LP&HD)) - [(w®) < e

N
Yes

Figure 3.1.1: Diagram of the EM algorithm for the finite mixture model.
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Finally, we would like to point out that it is also possible to use a direct approach by
directly maximizing the likelihood of incomplete data. However, in the context of finite
mixture models, the EM algorithm is favored in the literature.

To conclude this section, let’s discuss the method used to obtain the asymptotic
covariance matrix of maximum likelihood estimators. Under regularity conditions and with
a large sample size, the parameter estimators asymptotically follow a multivariate normal
distribution, with the inverse of the Fisher information matrix as the variance-covariance
matrix. In practice, we use the observed information matrix [13] given by

(1 (&) (3.1.16)
where 0% log L(T)
_ 0og

We can directly estimate (3.1.16), but for the finite mixture model this may be analytically
difficult to evaluate. If the data are i.i.d., it is possible to use an approximation of the
observed information matrix of the complete data [13] :

= ZS yl, yl,\I’) (3.1.18)
=1

Ie(\fl; y) is the empirical observed information matrix and where

s(yi; ¥) = Fg {algél\ll)’y} (3.1.19)

the complete-data log-likelihood is given by (3.1.9), we then obtain

(3.1.20)

— EG: 8{log7rg+logfg(yl,0 )}

ow

We can therefore easily calculate the variance-covariance matrix of estimators and the
resulting confidence intervals.

3.2 Swurvival finite mixture model

The mixture models can also be used in the context of survival analysis. This has been
studied by McLachlan and Peel [13], McLachlan and McGiffin [14] and Alves and Dias [5].
Indeed, mixture models are used to model heterogeneous data, which can correspond to
different situations in survival analysis. For example, when analyzing events that may occur
at different stages of the follow-up.

As already explained, survival analysis is concerned with the random variable T" which
represents the time until the event of interest occurs. This random variable is characterized
by the equations (2.1.1), (2.1.3), (2.1.4). One of the difficulties of the survival analysis
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as explained in Chapter 2.1 is to take into account censoring of the data. As already
explained, censoring can be fixed (administrative) or can be random variable C' with a
specific distribution. In this work, we will focus on right censoring. In the context of survival
analysis, the observed data for the failure time y = (yq , ...,y ) where y; = (w;, %, d;)" for
i =1,...,n. Here w; is the observed time for the ith individuals with W = min(T, C). The
vector x; corresponds to the covariates of the ith individuals, and §; = I(T < C) is the
censoring indicator for this 7th individual. The value n represents the number of individuals
in the study. We consider that the population we are studying in this mixture context is
heterogeneous and comes from G possible groups. The survival time density function can
be written as a mixture model and is written as in equation (3.1.1). Consequently, the

resulting survival function is as follows,

S(t) = iwgsg(t) (3.2.1)

where

() = [T fawde  (g=1,..G)

and fi(t),..., fa(t) are the g component densities and 7, ..., 7¢ with 0 < 7, < 1 and
Zngl 7y = 1 are the mixing proportions or weights. The finite mixture survival models use
the usual parametric survival model for the component distributions. For example, in the
following, we will use the Weibull distribution. We can also take covariates into account.
We thus have S, (t;x, 64) where x is the covariate vector and 8, contains the vectors of the
model parameters and the coefficients of the covariates. One way of doing this is to use
the PH model presented in Section 2.1. The mixing proportions may also depend on the
covariates x. 7, can be specified using, for example, a logistic function of x,

Ty = Tg(X; o) (3.2.2)

exp(fog + BJX)
- , —1,..G-1
1+ S50 exp(Bon + BLx) (g )

and
G—1
Tg=1-— Z Ty
g=1
where ag = (Bog, 8, )" and where o = (af , ..., &_;) contains the logistic regression
coefficients. McLachlan and McGiffin [14], and Farewell [11] warn that there may be
concerns about identifiability when covariates are taken into account.
Let us now discuss the fitting by maximum likelihood adapted to the context of survival
analysis. As in Section 3.1, it is necessary to estimate the unknown parameter vector W.
When mixing proportions do not depend on covariates we have

U= (m,...,7q_1,€")" where € = (67 ,...0%)7
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When the mixing proportions depend on the covariates then W is given by
v = (O‘Ta éT)

In the following development, we’ll use the 7, notation for mixing proportions, even though
these depend on covariates.

As mentioned above, censoring must be taken into account in the survival analysis and
thus also in the context of model fitting. Given the observed data y; = (w;,x;',d;)" for
1 =1,...,n with n individuals , the log-likelihood is obtained by taking the logarithm of the
expression ( 2.1.6),

n

log(L(¥)) = i&- log f(wi;x;, ®)+> (1 —06;)log S(w;;xi, ¥) (3.2.3)

=1

where f(w;;x, W) and S(w;;x, ¥) are respectively the mixture density function and the
mixture survival function. The first part of the log-likelihood function is the contribution
of the uncensored individuals, and the second part is the contribution of the censored
individuals. As in the previous section, the log-likelihood must be maximized. Maximizing
the equation (3.2.3) can be complicated. Indeed, as in the classical finite mixture model
part, the components from which the data come are not known and moreover one must
take into account the censoring. McLachlan and McGiffin [14] propose as in Section 3.1
to consider the EM framework. To do so, we consider that the observed data vector y is
incomplete and that there exists a non observed label vector b = (by, ..., bI)T such that
the complete data are y. = (y ', bT)T. Recall that b; (i = 1,...,n) is a zero-one vector that
determines whether y; comes from the gth group (¢ =1,...,G) with b, = (b;), =0or 1.
As for the classical mixture models, the determination of the maximisation of the likelihood
is done with the EM algorithm where the E-step and M-step are adapted to the survival
framework.

E-step : The equation (3.1.11) is adapted to take into account the censoring and the
covariates, we obtain

G n
Q(¥; ‘I'(k)> = Z ZTg(wi; Xi, ‘I'(k)> {log g + 5ig(wi5 Xi, 99) + (1 - 5i)g(wi3 Xi, 99))}

g=1i=1
(3.2.4)
and 7, (w;; x;, TH)
i3 X1, 8§%))% Sy (wi; x3, O )1 =%
7 (wi; i, WH) = Tyfolwii . 6,7)" Sy (wii xi. 65 ) (3.2.5)

(Ele thh(wi; Xi, Hf(zk)))éi (Z‘Z:l WhSh(wi; Xi, 9;(:6)))1751'

the posterior probability already mentioned earlier for g =1,....Gand ¢t =1,...,n .
The mixing proportions and component distributions can either depend on covariates
or not.
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M-step : this step aims to determine at (k + 1)th iteration the global maximum of
Q(¥; W) according to ¥ = (74, ..., mg_1,&T)T if m, do not depend on covariates or
U = (a, &7 if m, depend on covariates. The aim is to update the estimate of P (k+1),
Given the form of Q(¥; W) it is possible to determine ﬂék“) or a**t1) independently
of the £*¥+1) As for the regression model for the different components survival function,
we can use the parametric PH model as in Section 2.1 [14]. We therefore want to
determine the parameters of the baseline hazard and the parameters of the coefficients
related to the covariates. It should be noted that the proportional hazard assumption
holds only within the group, not in the population [14]. Maximization can be done
by the Newton Raphson algorithm [26].

The algorithm is carried out from initial values iteratively until the convergence threshold
is reached, as in the classical mixture model approach. The computation of the Fisher
information matrix is done as in the classical finite mixture context by adapting the log-
likelihood of the complete data (3.1.9) to take censoring into account. Figure 3.2.1 shows
the diagram of the EM algorithm adapted to the survival framework and with the mixture
proportion depending on the covariates.

Here we have focused on the survival function derived from a mixture model (3.2.1). A
remark can be made about the corresponding hazard function given by

h(t) = 3;8 (3.2.6)
2521 Tghy(t)S,(t)
= S (3.2.7)

hy(t) is the gth component hazard function and where

he(1)S,(t)

M0 =50 (3.2.9)
_ hy(t) exp[— [y hy(u)du] B

- Y% myexpl— J¢ hy(u)du] (9=1,...G) (3.2.10)

(3.2.11)

Let x be a set of covariates and assuming that h,(t) has the proportional hazards form
such that
hy(t; ) = hog(t) exp (0] x)

where ho,(t) is the baseline hazard function. Although h,(t) has the proportional hazard
form, h(t) does not necessarily have it. Therefore, proportional hazard is not observed at
the population level.
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QE; W) = & S 7o (wiyxi, ¥E)[log my+
Silog (w1, ) + (1 = &) log. S,(wisx1,0,)

M-step: maximize Q(¥; ¥*)) ac-
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v
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L(PEFD) — L(TF)) < ¢

{
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'

Figure 3.2.1: Diagram of the EM algorithm for the survival mixture model.
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While above it was proposed to specify the mixture model by the survival function,
Blackstone and al [10] propose to specify the mixture model by the hazard function

G
H(t) = Z :ug(x’ ﬂg)G9<t7 09)

where H () is the mixture cumulative hazard function , p4(x; Bg) is the mixing proportion,
called the scaling function and G,(t,8,) is the component cumulative hazard function,
called the shaping function which does not depend on x .

3.3 3-component mixture cure model

Now that we have discussed the mixture model in the classical case and in the survival
framework, we can adapt the latter model to the context that interests us in this work.
That is to say, we can define a survival model which takes into account a phase of realization
of the event of interest on the short term, a phase of realization on the long term and a part
of the population which will never experiment the event of interest. It would therefore be a
3-component mixture cure model. This model becomes a more complex version than the
classical mixture cure model presented in Section 2.2.2 (which was a 2-component mixture
cure model) and thus allows us to capture the bimodality of data. This model was also
proposed by Hunsberger and al [22] but our methodology is different.
The model will therefore be composed of a mixture of three component distributions:

o Fy(t;01), the distribution of time until the event of interest that would occur in the
short-term phase. Si(¢;61) and fi(¢; 01) respectively are the survival and density
function associated with Fi(¢;01). m corresponds to the probability of belonging to
this first phase.

o Fy(t;03) , the distribution of time until the event of interest that would occur in
the long-term phase. Sy(t;02) and fo(t; 02) respectively are the survival and density
function associated with Fy(t;62). 7o is the mixing proportion corresponding to this
second phase.

o The last component corresponds to the fraction of the population that in the very
long term is still not affected by the event of interest. This population is considered to
be cured. The survival function is given by S3(¢) = 1 . The corresponding distribution
function is null. The proportion of people cured is noted as 73 = 1 — 7 — 7.

As for the two-component cure model, the choice of models for the component distribution is
quite free and is made among the different classical parametric families of survival analysis.
It could be considered to take two different parametric families for the two distributions
Fi(t;01) and Fy(t;02) but in this work we decided to focus on a model with 2 Weibull
distributions as in the article [22]. The different mixing proportions are either fixed or
dependent on the covariates.
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In the first case, the 3-component survival function is given by
S(t, \II) = mSl(t; 01) + 7T25’2(t, 92) + 3 (331)

where 22:1 mg=1land 0 <7, < 1. It can also be written 73 = 1 —m — m,. The parameter
vector is given by

v = (71—177T27€T)T where 5 = (0;—70;—)T

or 7, depends on covariates by the relation (3.2.2), and the parameter vector is then given
by
v = (aTv ET)

Assuming the i.i.d. data y; = (w;,x{ ,67)" for i = 1,...,n , the parameters are estimable
using the (log)likelihood function. Using the equation (3.2.3) from the previous section and
adapting it to the 3-component mixture cure model, we obtain

n

log(L(¥)) = ;51' log[my (xi; @) f1(wi; X5 01) + m2(x;; @) fo(wy; X5; 02)] (3.3.2)

+ > (1= 6;) log[m (xi; 00) St (wi; xi; 01) + ma(xi5 @) Sa (wi; X33 02)
=1

+ (1 — m (x5 ) — ma(x5; )]

The part of the equation that corresponds to the contribution of the uncensored
individuals, corresponds to the individuals who experience the event of interest and therefore
will not be cured. These individuals may experience the event in the short or long term. The
second part of the equation corresponds to the contribution of the censored observations.
When the data are censored it is not known whether individuals are cured or will experience
the event in the short term or in the long term. As proposed in Sections 3.1 and 3.2, to
maximize the log likelihood function, we use the EM algorithm. Below is explained how
the E-step and M-step work for the 3-component mixture cure model.
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E-step : This step was completed using equation (3.2.4) for G = 3.

QT; U™ =37 (wy; x3, ™) {log w1 + &, log f1(wi; x1,01) + (1 — 6;) log Sy (wy; x5, 01)) }
=1

+ ZTz(wi; Xi, ‘I’(k)) {log 3 + d;log fa(wi; 1, 02) + (1 — &;) log Sz (wi; x;, 02)) }
i=1

+ ZTg(wi; xi, ) {log 73 + (1 — ;) log Ss(w;; x5, 02))}
i=1

=" mi(wi; x;, ¥®) {log 71 + 6;log f1(wi; xi, 01) + (1 — &) log Sy (w3 x3, 1)) }

=1

+ 3 mo(wiyxi, UF) {log my + ; log fo(wi; i, 02) + (1 — &) log Sa(wy; X1, 62)) }

i=1
+ > a(wis xi, ) {log(1 — 1y — my)}
=1
and 7;(wg; x;, )
7T1f1(wi;Xivez(k))&sl(wﬁXiﬁz(k))l_&i

71 (wi; x;, UW) = (3.3.3)
(52 mufuwi; xi, O5))% (553 S (wis x5, 7)) 18
k X k
7o (ws; x5, U = oo i, 1) Sy %1, )1 (3.3.4)
(52, mufuwi; xi, 08 (553 70 S (wi; x4, 8))1-0
1 . o 1-6;
73 (wi; x3, W) = 1-m - m) (3.3.5)

(2 mfi(wss i, O580))% (03 7S (wi; x5, 657))1-8

the posterior probabilities for the 3 possible components. It should be noted that the
survival function for group 3, representing cured individuals, is equal to 1. Moreover,
only censored individuals can be classified as belonging to group 3. The mixing
proportions above can either depend on covariates or not. We have considered that
the distributions depend on covariates, but they may not necessarily.

M-step : the realization of the M-step is done as in the previous section. The implemen-
tation of the algorithm is done as in the previous sections.

The 3-component mixture cure model can be seen as consisting of two models: a latency
model for the short-term and long-term phases which is the time to observe the event and
an incidence model which corresponds to the probability of being in one of the phase types
or to be cured. The parameters of the model components are interpreted conditionally on
being in a certain phase. The incidence part is interpreted as usual.

Figures 3.3.1, 3.3.2 show the survival and density functions, respectively, for different
Weibull 3-component mixture cure models. As expected, the survival curve is composed of
two plateaus and the density is bimodal.

31



—  3-comp Weibull (900,5,10,0.5,0.3,0.5)
Sus0 3-camp Weibull (900,400,25,10,0.2,0.5)
—  3-comp Weibull (600,100,5,10,0.3,0.55)

3-comp Weibull (600,400,25,10,0.3,0.6)

Figure 3.3.1: T ~ 3-comp Weibull(Ay, A, 71, Y2, 71, m2) survival function

— 3-comp WWeibull (3005,10,0.5,03,0.5)

= 3-comp Weibull (900,400,25,10,0.2,0.5)

—  3-comp Weibull (600,100,5,10,0.3,0.55)
3-camp Weibull (600,400,25,10,0.3,0.6)

o 500 1000 1500

Figure 3.3.2: T ~ 3-comp Weibull(Aq, Ay, 71,72, 71, m2) density function
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Chapter 4

Exponentiated Log-Sinh Cauchy cure
model

The second model proposed in this work to take into account the bimodal structure of the
distribution is the Exponentiated Log Sinh Cauchy (ELSC) model proposed by Ramires and
al.[31]. Asin Section 2.2.2, the mixture cure models will be used, the novelty here will be the
use of the ELSC distribution function as distribution of the uncured individuals [30]. Indeed,
the ELSC distribution, contrary to distributions most often used in the literature, has not
only a location and a scale parameter but also two shape parameters which characterize
the bimodality, the skewness ! and the kurtosis ? . These two additional parameters make
this distribution more flexible than the usual distributions such as Weibull, log normal,
etc. This model thus offers an alternative to the 3-component mixture cure distribution
proposed in the Chapter 3. In Section 4.1, we will present the ELSC distribution and its
different characteristics. The Section 4.2 will present the mixture cure model associated
with this distribution. The last Section of this chapter will discuss the estimation of the
model.

4.1 Exponentiated log-sinh Cauchy function

The Exponentiated Sinh Cauchy (ESC) density function was introduced by Cooray [19] in
order to have a distribution characterised by scale, location parameters and in addition
two shape parameters. This distribution makes it possible to take into account certain
data behaviors that more traditional distributions could not capture. This can include
skewed, bimodal, bathtub data. The Exponentiated Sinh Cauchy function distribution can
be written as follows:

1 1 — T
F(u;p,o,v,7) = {2 + Earctan[usinh (u ,u)]} (4.1.1)

g

I'Measures the asymmetry of the distribution. This is the third standardized moment.
2Measures the tailedness/sharpness of a distribution. This is the fourth standardized moment.
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where u € R, i € R is the location parameter, o > 0 is the scale parameter, v > 0 is a
shape parameter known as symmetry parameter of the distribution, which characterizes the
bimodality of the distribution and 7 > 0 is also a shape parameter known as asymmetry
parameter of the distribution. The last two parameters characterise the skewness, kurtosis
and bimodality of the distribution.

Unfortunately, the distribution (4.1.1) has as support the domain of the reals. This
is not desirable in the context of survival analysis, as the random variable T is positive.
This is why [31] proposes to use the Exponentiated Log-Sinh Cauchy model by applying
the exponential function to the random variable U wich follows the distribution function
(4.1.1). We have T = eV. We then obtain the following distribution function:

11 log(t) — ’
Fersc(t;p,o,v,7) = {2 + arctan[v sinh (mg()u)]} (4.1.2)

()

Let p = [log(t) —p]/ocand t >0, p€ R, 0 >0,v >0, 7 >0. The density function is
obtained by deriving the function (4.1.2) according to ¢, we have

TV cosh(p) { 1

1 T—1
— 4+ —arct inh 4.1.
fom 2 simb2(p) £ 1] + —arc an|v sin (p)}} (4.1.3)

feLsc(t;p, o0, 7) = 5

As in classical survival analysis, the survival function is Sgrsc(t) = 1 — Fgrsc(t) and
the hazard function is hgrse(t) = frrsc(t)/Sersc(t). Figures 4.1.1 are the plots of the
survival and the density functions, where the parameters v and 7 vary. These plots show
that it is possible to observe a first and a second wave of events and to have a bimodal
structure for the distribution of the random variable T

The quantile function is the inverse of the distribution function F'(t) = p where p € [0, 1].
This quantile function is also a random variable. This function will later be used to generate
the data during the simulation. The quantile function is given by

t =Q(p) = exp (u + o arcsinh {1 tan[r(pt/™ — 0.5]}) (4.1.4)

14

4.2 Mixture cure ELSC model

In this section we will use the ELSC distribution as the latency distribution of the mixture
cure model [30] defined in Section 2.2.2. Recall that B is an indicator of recovery status
and S,(t) = P(T > t|B = 1) is the conditional survival function of uncured (susceptible)
individuals and 7 is the probability of being susceptible. Be careful not to confuse the
notation 7 and 7t which correspond respectively to the probability of being susceptible and
to the value of the constant 7t. We thus obtain the survival function for the population by
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Figure 4.1.1: Plots of the ELSC survival function on the right and the ELSC density
function on the left for fixed values : (a) & (b) 0 = 0.1, u=3,7=1and (¢) & (d) o = 0.1,
pw=3,v=0.01
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inserting S, (t) = Sgrsc(t) in equation (2.2.2):
Spop = (1 =) + 7SELsc(t)
1 1 ) T
=(1—7)+nx[l- {2 + - arctan[v smh(p)} ] (4.2.1)

1 1 T
=1—m<s=+ —arct inh }
7T{2 + —arc an[v sinh(p)

where p = [log(t) — u|/o, t >0, pe R, 0>0,v>0,7>0, 7€ [0,1] is the uncure
probability. The density of the population is given by

TV cosh(p) { 1

1 ) 7—1
Jpop(ti 0,0, 7) = fo (2 sinb?(p) 1 1] \2 + - arctan[v smh(p)]} (4.2.2)

2
If the random variable T follows (4.2.2) one uses the notation T' ~ ELSCer(u,o, v, T,m)
where cr refers to the cure proportion. Figures 4.2.1, 4.2.2 show respectively the survival
function and the hazard function for different values of 7 and v

1.00 1

= — v=001:7=1.00
"5 0501 — v=0.051=150
w — wv=050;1=010

v=3.00:t= 400

0.004

t

Figure 4.2.1: T ~ ELSCecr(u, o, v, 7,1I) survival function : p =4, 0 = 0.1, 7 = 0.8, v and
T varies
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Figure 4.2.2: T ~ ELSCer(u, o, v, 7,1I) hazard function : p =4, 0 =0.1, 7 = 0.8, v and 7

varies

It can be seen that, as intended, it is possible to represent a bimodal hazard function.
There is a first plateau on Figure 4.2.1 between the realization of events of interest in the
short term and the realization of events of interest in the long term. A second plateau
is observed at S(t) =1 — 7 = 0.2, representing the proportion of individuals who can be
considered cured.

4.2.1 Regression model

As mentioned in Section 2.2.2, the incidence model can depend on the covariates, as can
the latency model. In order to take the covariates into account, it is proposed to use link
functions to connect the parameters of the conditional distribution of 7' to the covariates
. Let t; the observed response variables , for i = 1, ...,n, n independent positive random
variables, with density function f(¢;|6;) conditional on 6; = (u;, 0;, v4, 74, m;) the vector
of parameters of the distribution (4.2.2) for the ith individual, and each parameter is a
function of explanatory variables. For each parameter of the ELSCecr distribution, we can
employ gx(.), for k= 1,...,5 a monotonic injective and twice differentiable link function.
This function relates the parameters to the covariates:

9k (0r) = Xy By
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i.e.

91(N) = X481,
g2(0) = X282,
g3(v) = X33,
94(7') = X4fB4,
gs(m) = X505,

where p, o, v, T,  are the different parameter vector of length n, B = (Bok, Biks s Bmyk)
is a parameter vector of length my + 1 and my is the number of explanatory variables
associated with the kth parameter. Xy = (xqk, ...,xn’k)T is a known design matrix of
explanatory variables of dimension n x (my, + 1) . There are m =5+ >5_, m,, parameters
to estimate and we have to ensure that m < n. The 8y are functionally independant. Since
1; € R, we can choose the identity function as the link function g;(). For the parameters
0;, V;, T; we choose the logarithmic link function since they must be strictly positive. For
the proportion of uncured observations m; we choose the logit link function. We have

Wy = Xi,1T517
log(o:) = Xi,2T/827
log(v;) = Xi,3TB3>
log(7i) = Xi4' Ba,
_ exp(xi75TB5)
1+ exp(xis ' fs)

(4.2.3)

i

where xi7kT = (1, i1k, -, Tim,, k) 1s the vector of explanatory variables for the ith individuals
and the kth parameter. To determine the vector of parameters By, since the model is fully
parametric, we can rely on the maximization of the likelihood function. The regression
parameters can be interpreted in the usual way.

4.2.2 Likelihood maximization

As before, we consider a sample of n individuals, with ¢, ..., ¢, the real time-to-event of
interest and cy, ..., ¢, the censoring time-to-event of each individual. The observed response
variables for the ith individual is w; = min(t;, ¢;), the censoring indicator is given by
0; = I(t; < ¢;). We assume that the censoring time C' and the real time-to-event 7" are
independent and that the censoring time is uninformative. The likelihood function is
obtained using the likelihood of the mixture cure model (2.2.3) and using f,(t) = fersc(t)
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and S,(t) = Sgrsc(t). Applying the logarithm we get

1(0) = Zn:éi X (log(m;) + log(7;) 4 log(v;) + log(cosh(p;)) — log(mw;) — log(o;)
— log(v?sinh?(p;) + 1) + (1; — 1) log{; + i{arctan[v sinh(p;)]})

+> (1 —46;) x log(1 — m{; + ;arctan[yi sinh(p;)}™) (4.2.4)

i=1

where p; = [log(w;) — p;]/0;. Given that the parameter vector 8 is assumed to follow the
relations (4.2.3) , we try to determine the parameter vector 8 = (8], 84,83 , 81,84 ).
The maximisation of the likelihood when taking the covariates into account is done by
maximising the equation 4.2.4 with respect to 8’ = (87,85 , B3 584 ,Bg ). It is assumed
that the parameters are identifiable [30]. The first derivatives according to the different
parameters of the vector 8" are given by [30] ,

one) v oue) v ole))
06, 194181, 063 o 84282, 83 394383,
01(9)) 0l(9))
984 = XIQ4S4, 98s = X§Q5S5,
where
Ql = ]na
92 - (017 70n) X [na
Q3:(V17 7Vn) X[na
Q4 = (7_17 7Tn) X ]na
95 = (H1(1 — H1)7 . Hn(l — Hn>> X .[n,
1 0 0
I, = 0
) 0
0 0 1
and sk = (S1, .-, Sng) With k=1,...,5 , and
tanh(p;)  vZsinh(2p;) v; cosh(p;) _ B
s B g; * UiKi B (TZ B 1) 7'[0'1(],.[(Z if 51 =1
i1 = o JTi—Ll )
mimi ] v cosh(py) i£5, =0

39



pitanh(p;) 1 n vip;sinh(2p;) (7, — 1)p;v; cosh(p;) g5
g; g; Kio-i 7TJ1KZO'Z
Si2 = _
2 7'('2‘7'1'(];—2 1l/2‘pi COSh(pZ’> it 0
1 i =
1 2u;sinh?(p;) sinh(p;)
_——_—— —1 if 9,=1
60— V; Kl + (TZ ) T[JZKZ ! 61
v —miJi " sinh(p;) if §; =0
1 P =

1

— + log(J;) if §;,=1

Ti

Si4 = T
’ —, 8 ,Zl .
—mii" log( ;) i£5 =0

(1 —mJ)
1
— if 0,=1
T

Si5 = T
3 J‘l
i if 6, = 0
7TZ=]ZTZ -1 !

where J; = 1/2 + ! arctan[v; sinh(p;)] and K; = v? sinh®(p;) + 1.
By solving the equations below it is possible to obtain the maximum likelihood estimate
of ¢’

ouen| o) e

8/61 (9/:97) a/62 (g/:(é/) a/63 (glzgf)/
ey, aey
8/84 (9/:97) ’ 865 (9/:97) ’

and Bk = Bok,élk,...,émkk)T is the MLE of ,Bk = (Bok,ﬁlk,...,ﬁmkk>—r with k = 1,...,5.
There is no closed-form for these expressions, we then maximise the likelihood numerically
using the Newton-Raphson algorithm [26]. When the sample of individuals is large enough
and since the estimator 6" is consistent, then o’ approximately follows a multivariate normal
distribution with an asymptotic mean 6} and an asymptotic variance I, !(65) which is the
inverse of the Fisher information matrix. By the large sample properties of MLE, we can
write

0’ ~, N5(60),1;1(6)) (4.2.5)

07’ n

When the expression I,(6)}) is not available it can be replaced by the matrix I,(0.). Here it
is the case because we have no closed-form due to the censored observation. Thanks to this
asymptotic property, confidence intervals can be calculated and hypothesis tests performed.
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Chapter 5

Simulation

In this chapter, we perform a simulation study to evaluate the models presented in the
previous chapters and measure if they produce accurate results. Data simulation is an
approach that involves generating synthetic data set using controlled parameters. This
allows us to evaluate whether the models are able to correctly estimate these known
parameters. The various methods were implemented using R software.

The objective of this chapter is to first present the data simulation methods for the two
models. For the 3-component mixture cure model we used the methodology proposed by
[28] and we adapted the simsurv function of the simsurv package. For the second model,
we used the methodology of [30] and implemented the code provided by the authors.

For each model, a Monte Carlo simulation experiment has been performed, for different
sample sizes. We first performed the simulations without considering covariates and then
repeated them by taking into account a binary covariate. For each of the simulated samples,
we applied the maximum likelihood parameter estimation methods discussed in the previous
two chapters. To estimate the parameters of the 3-component-mixture model, we have
modified the weibullRMM__SEM function of the mixtools package. The method behind
this function has been proposed by Bordes and Chauveau [20]. For the ELSCer model, we
have reused the codes provided in the article [30]. For every Monte Carlo experience, we
calculated the mean of the estimates, variance, bias and mean square errors. A graphical
visual analysis was carried out to examine the results.

5.1 3-component mixture cure model simulation

5.1.1 Simulation methodology

For the simulation of the data we have modified the simurv function from the package
simsurv [28] in order to produce data corresponding to the 3-component mixture cure
model. The simsurv function originally simulated survival data from standard parametric
distributions (Weibull, exponential and Gompertz) and the two-component mixture model.
It can also take into account the effects of covariates. The methodology used to simulate
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the data is described below.

In probability theory, according to the probability integral transform, let X be a random
variable with continuous F' the cumulative distribution function, then F(F~!(u)) = u for
all u € [0,1] , and as consequence, the distribution of U = F'(X) is uniform on [0, 1] [18].
By the relationship S(¢) = 1 — F(¢) and if the event time 7} occurs in continuous time, the
survival function is a uniform random [0,1] . For the ith individual, we have

It is then proposed to find the solutions of the equation

by considering T; as unknown. In order to determine the root of this equation, we then use
Brent’s univariate root finder [4]. This can be done using uniroot from the stats package
[25]. The proposed alternative, that we will use only in case of problems when solving the
equation, is to use the function dfsane from the BB package [32]. It is possible to improve
the numerical stability by applying a transformation, we have chosen in this work to keep
the one proposed in the simsurv package which is the log transformation and we then have

log(S(T,)) — log(U;) = 0 (5.1.3)
—H(T) — log(U;) = 0 5.1.4

By modifying the simsurv function to incorporate the Weibull 3-component mixture
cure model, we have the following equation to solve

T; t
log(m; exp(—(/\—)71) + 7y exp(—()\—)”) + (1 —m —m)) —log(U;) =0 (5.1.5)
1 2
in which 7, o are the mixing proportions, Ay, Ay are the scale parameters and 7y, v, are
the shape parameters. Only 7T; is not fixed in (5.1.5). It is also possible to take covariates
into account. We have decided to use the PH model presented in Chapter 2.1. We need to
solve

tog(ms exp(~ ()P0 - exp(—( 7)) 4+ (1 =, — ) ~ Tog(U7) = 0 (5.1.6)
1 2
The implementation also allows the effect of covariates on the incidence model to be taken
into account. Indeed, the proportions of the different components can be given directly or
a computation of the latter according to the covariates can be performed using a multilogit
function as presented in the equation (3.2.2). m; and 75 then become respectively m(x;; 81)
and 7o (x;; B2).
So we created the Mixsimsurv function which is a modified and simplified version of
the simsurv function.
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Mixsimsurv ( scale, shape, x, z, betasl, betas2, bl, b2,
pmix, maxt = NULL, interval = c(1E-8, 500),

rootsolver = c("uniroot", "dfsane"),

seed = sample.int (.Machine$integer . max, 1), ...)

The arguments, scale and shape, are respectively the vectors of size 2 of the scale
(Ag) and shape (7,) parameters of the Weibull latent distributions. z and z are both data
frames. The first one is required and is composed of at least one variable including a vector
containing the id of individuals for whom a time must be simulated. For example z =
data.frame( id = seq(1:n)) for n individuals. The other variables of the data frame are the
covariates that have an influence on the latency part. The second data frame z contains
the covariates having an influence on the incidence part. It is only asked if you want to
use the multilogit function to obtain the proportions. When this is the case, an intercept
variable must also be created. betasi, betas2 are data frames where each column contains a
vector of repeated true coefficient values for the two different latency models. The name
and length of these variables match those of the data frame z. This corresponds to the 8,
coefficients for g = 1,2 in the equation (3.3.1). b1, b2 are data frames where each column
contains a vector of repeated true coefficient values of the incidence model. The name and
the length of these variables match those of the data frame z. This corresponds to the
oy = (Bog, By )" coefficients for g = 1,2 in the equation (3.2.2). pmiz is a vector of size two
containing the two uncured proportions only in the absence of covariates in the incidence
sub-model. maxt is the maximum follow up time, individuals with a simulated event time
larger than this argument will be right censored. intervals, the data are simulated to be in
the given interval. rootsolver is the function chosen to find the roots of the equation (5.1.6).
rootfun is the function applied for numerical stability (5.1.3). The function returns a data
frame containing the id , event time and status. However, we would like to point out that
sometimes the function returns errors due to the rootsolver part when using certain scale
and shape parameters that we believe do not allow the root search technique to work.

5.1.2 Estimation methodology

As explained in Section 3.3, to estimate the parameters we need to perform an EM algorithm.
We have based our implementation on several papers that also proposed the use of a multi-
component mixture survival model [22, 29], [20]. The first one does not use the EM
algorithm to determine the parameters, it uses instead directly the maximum likelihood
of the incomplete data equation. We also tried to implement this method, however the
test was not conclusive and did not return consistent results for our data simulations. We
would like to recall that the EM algorithm is specially designed to process incomplete data,
moreover, according to the literature, it allows efficient and stable estimation. However the
disadvantages are that it is sensitive to the initial value (local maximum) and can be very
slow. We will explain later how to determine these initial values. The second paper uses the
EM algorithm to estimate the parameters of a multi-component mixture model. However,
they do not take into account the covariates nor a possible part of the population that
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could be cured. Our work is mainly based on the work of Bordes and Chauveau [20]. We
extend the weibullRMM_ SEM function of the mixtools package to take into account
covariates and the cured part of the population. We decided to remove the stochastic part
and focus on the basic EM algorithm. The stochastic part is a step added between E-step
and M-step, whose purpose is to generate the B component label in (3.1.9). The data
belonging to the same component are then grouped together and the parameters estimated
on the basis of these sub-samples.

Based on the explanation of Section 3.3 illustrated in Figure 3.2.1, we implemented the
EM algorithm. In the E-step , we calculate the posterior probabilities given by equations
(3.3.3), (3.3.4), (3.3.5). The M-step maximizes the incidence submodel using the optim
function from the stats package. This function allows to determine the parameters that
maximize the multilogit log-likelihood function taking into account the weight associated
to the posterior probability. For the estimation of the parameters of the latency part, we
use the survreg function of the survival package for the appropriate model. In order
to appropriately weight each data according to its posterior probability we use the option
weight of survreg.

The function created is

EM (t, d,X = NULL,Z = NULL , pmix = NULL, shape = NULL,
scale = NULL, maxit = 200, maxit.survreg = 200, epsilon = 1e—03,
averaged = TRUE)

The argument ¢ is the vector of lifetime time such that t = min(tyue eventtime, ¢) if ¢ is the
censoring time. d is the vector of censoring indicator. X and Z are covariate matrices. Z
must be provided with at least one column equivalent to rep(1,n) for the intercept where n
is the number of observation. pmiz, shape , scale are respectively the vectors of initial values
for the mixture probabilities, the scale and shape parameters of the Weibull distribution.
maxit is the maximum number of iterations performed between the E-step and the M-step.
mazitsurvreg is the maximum number of iterations allowed for the survreg function. epsilon
is the threshold to reach. averaged = true means that the parameters are updated by taking
the average of the parameter estimates obtained in the previous iterations along with the
new value obtained at the M-step.
The function returns a list with:

e t: event time
e d : status

o coefl: coefficient vector for the PH model of the first component. If there is no
covariate, the value will be 0.

o coef?2 : coefficient vector for the PH model of the second component. When there is
no covariate, the value will be 0.

o coef _incidencel : coefficients of the incidence model associated with the first compo-
nent a;. When there are no covariates, returns [y;.
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o coef _incidence2 : coefficients of the incidence model associated with the first compo-
nent az. When there are no covariates, returns [gs.

o scale : vector of length 2 with the scale parameters of the two Weibull components.
o shape : vector of length 2 with the shape parameters of the two Weibull components.
o loglik: likelihood of the model for the last iteration.

o posterior : matrix of posterior probabilities for the last iteration.

o all.loglik : matrix listing the likelihoods of each iteration.

e all.scale : matrix listing the scale vector of each iteration.

o all.shape : matrix listing the shape vector of each iteration.

To obtain the mixing proportions, apply the covariate-free multilogit function 3.2.2 using
coef incidencel and coef incidence2. We also wanted to point out that the survreg and
rweibull functions, both used in the EM function implementation, don’t have the same
parameterization. To deal with this situation, we use the relations (2.1.23).

5.1.3 Initialization methodology

As already mentioned, the EM algorithm is sensitive to initial values. On one hand, this
may have an impact on the speed of the process, and on the other, it may converge towards
a local maximum, rather than a global maximum. We have therefore set up a procedure to
determine these values: the uniform binning approach [20]. Given the context, the data
are separable in three groups: first wave of event, second and the cured part. In order to
achieve this, we use geom__histogram from the ggplot2 package [33]. This function
allows to divide the timescale into three intervals and to retrieve information about interval
sizes. To calculate the mixture proportions, we count the number of data belonging to
each interval and divided by the total number of data. To estimate the parameters of each
component Weibull survival, we use the survreg function on the data contained in each
bin. This method has been automated and implemented in our simulations.

5.1.4 Monte Carlo Experiments

We conduct Monte Carlo simulation experiments with 1000 iterations to validate our
methodology. We realized it for different sample sizes: 50, 200, 500. In this section, we
will only take into account the administrative censoring due to the cured proportion in
the samples. In Section 5.3, we’ll take random censoring into account. At the end of each
experiment, we calculated the mean, the empirical variance, the bias and the mean squared
error of all result estimated parameters. In a first simulation study, we did not take into
account the covariates, in a second one we included a binary covariate.
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5.1.4.1 Simulation study 1

For this first experiment, we simulated 1000 samples from a 3-component mixture cure
Weibull. The first component follows a Weibull distribution with parameters scale A\; = 5
and shape v, = 0.5 while the second one follows a Weibull distribution with parameters
scale Ay = 900 and shape 7, = 10. The mixing proportions are respectively for each of
the components m = 0.5, my = 0.3 and for the cured part m3 = 1 — 11 — my = 0.2. This
means that 20% of data is administratively censored. For one simulation, when n = 500,
we obtained 1054 as largest event time and 1500 as largest censored time.

For n = 50 and n = 200, the estimation of the scale parameter of component 1 failed
respectively 7 and 1 times and returned NA. We decided to exclude these results from the
analysis. There were no failures for n = 500. It can be understood that the sample size has
an impact on the estimation performance of the EM algorithm. Looking more closely at
the simulated samples providing these failures of the EM algorithm, we see that the failure
is due to a problem in the posterior probability computation. A possible alternative that
we have tested is to use the stochastic EM (SEM) algorithm [20]. This method consists in
adding a stochastic step called S-step between the M-step and the E-step. This step aims at
creating the missing variable B (3.1.2) which is the group indicator. The M-step does not
maximize the likelihood of incomplete data anymore but the likelihood of complete data.
We can then obtain the estimation of the parameters of the incidence sub-model by using
the multinom() function of the nnet package. The parameters of the latent sub-model are
obtained by using the function survreg() for each group. This method gives rather good
estimates. Table .1.1 in Appendix shows the results obtained for the problematic samples.

Let’s continue the analysis without considering the samples where the EM algorithm
failed. Table 5.1.1 shows the means, biases, variances and MSEs of the estimates for each
Monte Carlo experiment. It can be seen that the averages’ estimates for each sample size
appears to be relatively close to the true parameters. Consistent with asymptotic theory,
the biases decrease with increasing sample size. The same observation can be drawn for
the MSEs and the variances. The variance of the parameter A\ is quite high, especially for
sample size n = 50.

For each sample size, we randomly selected 150 results. For each of them we have plotted
the survival curve associated with the estimated parameters on Figures 5.1.1, 5.1.2, 5.1.3.
When n = 50, the survival function for the estimated parameters seems to be very different
from the survival function for the true parameters, and they are also very different from each
other. This reflects the variability of estimates when n = 50. We notice that the larger the
sample size, the more the light green estimated survival curves tend towards the darker line
that represents the true survival curve for the true parameters. We can therefore conclude
that the estimation improves with the sample size. We can notice that the estimated curves
for n = 200 and n = 500 follow well the behavior of the true parameters curve. The figures
also show the estimated Kaplan-Meier survival curves. We can see that the Kaplan-Meier
curve tends to underestimate the cure rate. We observe that the levels of the plateaus for
the estimated survival function when n = 500 (where the survival probability is constant)
correspond to the mixing proportions.
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In Appendix .1.1, we find different graphs that represent the boxplot and histogram
of each estimates of parameter for each sample size. We notice that among the thousand
iterations there are some outliers. Outliers are visually more numerous and far from the
true value when the sample size is 50. The estimates become more precise when the sample
size increases as expected by the theory. Then, the different graphs seem to show that
the estimates of the parameters seem asymptotically normally distributed. Figure .1.13 in
Appendix, shows the estimated Kaplan-Meier survival curve and the true survival curve
associated with a sample that provides outliers. It can be seen that it is the sample that
does not correspond to the true parameter curve. In fact, for this sample, the events of
the second wave arrive earlier. The samples providing outliers appear pathological. There
doesn’t seem to be label switching (explained in Section 3.1).
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Figure 5.1.1: Sample survival curve estimated using the EM algorithm for n = 50 for a
Weibull 3-component mixture cure model. In dark green, the survival curve for the true
parameters: m = 0.5, m = 0.3,7m3 = 0.2, \; = 5, Ay = 900,v; = 0.5, = 10. In black the
estimated Kaplan-Meier survival curve for a random sample.
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Figure 5.1.2: Sample survival curve estimated using the EM algorithm for n = 200 for

a Weibull 3-component mixture cure model. In dark, the survival curve for the true

parameters: m; = 0.5, m = 0.3, 713 = 0.2, \; = 5, Ay = 900,~v; = 0.5, = 10. In black the
estimated Kaplan-Meier survival curve for a random sample.
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Figure 5.1.3: Sample survival curve estimated using the EM algorithm for n = 500 for a
Weibull 3-component mixture cure model. In dark green, the survival curve for the true

parameters: m; = 0.5, 1 = 0.3,7m3 = 0.2, \; = 5, Ay = 900,~; = 0.5, = 10. In black the
estimated Kaplan-Meier survival curve for a random sample.
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n = 50
Mean Bias Variance MSE
A1 5.33 0.33 5.36 5.47
Ao 898.05 -1.95 620.75 624.57
Y 0.53 0.03 0.01 0.01
Yo 11.06 1.06 7.36 8.50
m 0.47 -0.03 0.00 0.00
o 0.34 0.04 0.00 0.00
n = 200
Mean Bias Variance MSE
A1 5.06 0.06 1.13 1.13
A2 899.37 -0.63 157.31 157.71
o0 0.51 0.01 0.00 0.00
Yo 10.24 0.24 1.15 1.21
m 0.48 -0.02 0.00 0.00
Ty 0.34 0.04 0.00 0.00
n = 500
Mean Bias Variance MSE
A 5.04 0.04 0.43 0.43
A2 899.38 -0.62 58.59 58.98
0] 0.50 0.00 0.00 0.00
Yo 10.10 0.10 0.44 0.45
T 0.48 -0.02 0.00 0.00
o 0.34 0.04 0.00 0.00

Table 5.1.1: The means, biases, variances and MSE for the 3-component mixture cure
Weilbull model. The true parameters are : Ay =5, Ao =900, vy =0.5, % =10, 7 =0.5,
Ty = 0.3

5.1.4.2 Simulation study 2

In this second Monte Carlo experiment, we will take into account a covariate. Indeed, we
will consider that the simulated event times come from two distinct groups. To do this we
will create a covariate coming from a binomial distribution such as X ~ Bin(1,0.5). This
kind of situation occurs for example when a sample is separated into two equal groups, one
following a treatment and the other having a placebo. We simulated 1000 samples from a
3-component mixture cure Weibull distribution where the latency model and the incidence
model take into account the covariate X. The first component follows a Weibull distribution
with parameters scale \; = 200 and shape 7, = 10 , while the second one follows a Weibull
distribution with parameters scale Ay = 900 and shape vy, = 25. The mixture proportions
are obtained by the multilogit function. For the first mixture proportion we have the
coefficient Sy, = 1, 81 = 0.5 and for the second we have Sy, = 0.2, S5 = 0.5. When X=1
this corresponds to m = 0.598 for the first mixing proportion 1 to my = 0.269 for the second
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mixing proportion and w3 = 0.133 for the cured proportion. When X=0 this corresponds to
m = 0.55 for the first mixing proportion 1 to my = 0.247 for the second mixing proportion
and w3 = 0.203 for the cured proportion. For X = 1, there is 13.3% administrative censoring
and for X = 0 , there is 20.3% administrative censoring. For the coefficients of the Weibull
PH model we have #; = 0.5 for the first component and 6, = 1.5 for the second. For one
simulation, when n = 500, we obtained 965.27 as largest event time and 1500 as largest
censored time.

In the Monte Carlo experiment, for n = 50 the EM algorithm failed 95 times, for n = 200
5 times and for n = 500 it never failed. The sample size seems to have an influence on the
ability of the EM algorithm to estimate parameters. The sample size n = 50 is very small
when covariates are taken into account, as the EM has to estimate parameters for groups
of size n = 25, which would explain the estimation failures. In the following analysis, those
samples for which the EM algorithm failed will not be included.

Table 5.1.2 shows the mean, bias, variance and MSE of the estimates for each sample
size. We observe that the means of the estimates for sample size n = 50 are slightly less
close to the true value of the model parameters than for larger sample sizes. This implies
a greater bias. The bias tends to be zero as the sample size increases. When we look at
the variance, it’s quite high for sample n = 50, especially for the shape parameter ~,. This
result was expected because, as we said earlier, this sample size seems very small to be able
to estimate the parameters correctly. The variance decreases with increasing sample size.
The same observation can be made for MSE. The results are consistent with asymptotic
theory.

For each sample size, 150 parameter estimates were randomly selected. The corre-
sponding survival functions have been plotted on Figures 5.1.4, 5.1.5, 5.1.6. The survival
function for the true parameters is also shown in darker color. The estimated Kaplan-Meier
survival curve for a randomly selected sample have also been plotted on these same figures.
For greater clarity, the graphs of the survival curves for the estimates and the estimated
Kaplan-Meier survival curve are available separately on the Figures .1.14, .1.15, .1.16,.1.17 ,
.1.18 ,.1.19, in Appendix .1.2 For the sample size n = 50, we observe considerable variability
between the different survival functions associated with estimation. For this sample size,
the estimates fail to fit the true parameter survival function correctly. When n = 200, the
fit of these different estimated curves to the true curve improves. When the sample size is
n = 500, the estimated survival functions are really close to the true survival function. The
different plateaus for n = 500 correspond to the different mixing proportions for the two
covariates.

Appendix .1.2 displays the different boxplots and histograms for each parameter and
sample size. The boxplots show the desired results: as the sample size increases, the range
decreases and the median is closer to the true value of the parameters. There are some
outliers. There are the most for parameters when n = 50. This result was to be expected,
given that we consider this sample size to be too small for a correct estimate. On the
boxplot of the shape parameter 5, we observe more data far from the median for sample
n = 50, which would also explain the greater variability in the estimates of this parameter.
For the estimates of A{, 6; #> and ; for samples of size n = 200 and n = 500 , we have
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a value very far from the median which surprises us. For each parameter, this estimate
comes from the same samples. It’s these samples that seem pathological. By examining the
estimated Kaplan-Meier survival curve for the samples concerned on Figures .1.40 and .1.41,
we realize that this does not correspond to what the model is capable of modeling. As for
the histograms, we can say that the estimated parameters follow a normal distribution
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Figure 5.1.4: Sample survival curve estimated using the EM algorithm for n = 50 for a
Weibull 3-component mixture cure model. In darker colors, the survival curve for the true
parameters: Ay = 200, Ao =900, 17 =10, % =25, 81 =1 1 = 0.5, Bpa = 0.2, B2 = 0.5,
0, = 0.5, #; = 1.5. In black the estimated Kaplan-Meier survival curve for a sample where
the EM algorithm estimate correctly.

51



1.00

— Kaplan MeierX=0
Kaplan Meier X =1
Estimate X =0
Estimate X =1

— TueX=0

— TreXx=1

Survival
o
3

Cl Kaplan Meier
Kaplan MeierX=0
Kaplan MeierX =1

0 500 1000 1500
Time

Figure 5.1.5: Sample survival curve estimated using the EM algorithm for n = 200 for a
Weibull 3-component mixture cure model. In darker colors, the survival curve for the true
parameters: A\; = 200, Ay =900, 71 =10, %2 =25, 81 =1 51 =05, Bo2 = 0.2,5, = 0.5,
0, = 0.5, #; = 1.5. In black the estimated Kaplan-Meier survival curve for a sample where
the EM algorithm estimate correctly.
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Figure 5.1.6: Sample survival curve estimated using the EM algorithm for n = 500 for a
Weibull 3-component mixture cure model. In darker colors, the survival curve for the true
parameters: A\; = 200, Ay =900, 71 =10, %2 =25, 81 =1 51 =05, Bo2 = 0.2,5, = 0.5,
0, = 0.5, #; = 1.5. In black the estimated Kaplan-Meier survival curve for a sample where
the EM algorithm estimate correctly.
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n = 50
Mean Bias Variance MSE
A1 200.370 0.370 26.830 26.967
Ao 898.397 -1.603 241.792 244.361
" 10.822 0.822 3.566 4.241
Y2 30.687 5.687 212.558 244.900
0, 0.623 0.123 0.156 0.171
0, 1.814 0.314 2.603 2.701
Bor 1.062 0.062 0.361 0.365
51 0.923 0.423 4.069 4.248
5o 0.252 0.052 0.484 0.486
[ 0.906 0.406 4.040 4.205
n = 200
Mean Bias Variance MSE
A 199.889 -0.111 8.693 8.706
A2 899.794 -0.206 56.131 56.173
T 10.222 0.222 0.700 0.750
Yo 26.035 1.035 9.381 10.452
0, 0.513 0.013 0.044 0.044
0, 1.595 0.095 1.226 1.235
Bo1 1.004 0.004 0.059 0.059
01 0.549 0.049 0.308 0.311
Bo2 0.211 0.011 0.082 0.082
(o 0.531 0.031 0.219 0.220
n = 500
Mean Bias Variance MSE
A1 200.076 0.076 4.473 4.479
Ao 899.805 -0.195 25.153 25.191
" 10.127 0.127 0.432 0.448
Yo 25.445 0.445 3.660 3.858
0, 0.516 0.016 0.020 0.020
0 1.560 0.060 1.377 1.381
Bo1 0.995 -0.004 0.031 0.031
51 0.536 0.036 0.235 0.236
Bo2 0.204 0.004 0.037 0.037
[ 0.515 0.015 0.086 0.086

Table 5.1.2: The means,

biases, variances and MSE for the 3-component mixture cure
Weilbull model. The true parameters are : A\; = 200, A\ =900, v =10, 75 =25, fo1 = 1

B =05, Bor =028 = 0.5, 0, = 0.5, 6 = 1.5.
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5.2 Mixture cure ELSC model simulation

5.2.1 Simulation methodology

For the simulation of the mixture cure ELSC model data, we have used the method described
in the article [30], we will also use the codes provided in that article. Their method is
explained below.

Let F' be the cumulative distribution ELSCer(u,o,v,7) and U a random variable
uniformly distributed on [0, 1], then 7' = F~*(U) has as cdf F. The function F~! is the
quantile function. Therefore from the quantile function (4.1.4) and by setting the parameters
W, o, v, T, it is then possible to generate the data of the part of the population not cured
and not censored. The parameters of the ELSCecr distribution can be given directly or
are obtained by taking into account the covariates using the relations (4.2.3). The cured
(and censored) part of the population can be generated by the quantile function of another
distribution. In the following we will use data generated from a uniform distribution
Towre ~ U(200, 250).

The number of data generated for the uncensored part is n x 7 and for the censored part
n x (1 —m) , where n is the sample size desired. The parameter 7 is fixed, or is obtained
using the relation (4.2.3). The associated censoring indicator is such that only the data
generated for the cure part is censored.

5.2.2 Estimation methodology

The estimates of the model parameters are obtained by maximizing the log-likelihood
function 4.2.4. The authors of the article have performed the maximization using the optim
function of the package stats.

5.2.3 Initialization methodology

The optim function allows the user to specify initial values. The authors of the article [30]
have decided to use the parameters that were used to generate the data. This choice implies
that the estimates are likely be close to the true parameters thanks to this initialization.

5.2.4 Monte Carlo Experiments

As proposed in the article [30] and as done for the 3-component mixture cure model |, we
performed a 1000 Monte Carlo experiments for different sample size: 50, 200, 500. In this
section, we will consider only administrative censoring. For each experiment we calculated
the mean, the bias, the variance and the mean squared error of the parameter estimates.
This was done a first time without taking into account covariates and a second time taking
into account a binary covariate.
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5.2.4.1 Simulation study 1

We generated 1000 samples of size n = 50, 200, 500 from the ELSC mixture cure distribution
with parameters u =4, 0 = 0.2, v =0.1, 7 = 1, 7 = 0.8. There is 20% administrative
censoring linked to the cure part of the model. For one simulation, when n = 500, we
obtained 188.87 as largest event time and 249.72 as largest censored time.

The table 5.2.1 shows the mean, the bias, the variance and the MSE of the estimates
obtained for the different sample sizes. We see that the results even for the smallest sample
size are good and close to the true value of the estimated parameters. The bias decreases
globally with the sample size, as well as the variance and thus the MSE. This meets the
expectations of the asymptotic theory.

For each sample size, we selected 150 estimates randomly and plotted the corresponding
survival function. The result can be found on Figures 5.2.1, 5.2.2 and 5.1.3. In dark green,
we find the survival function for the true parameters. These figures also show the estimated
Kaplan-Meier survival curve . For n = 50, it is observed that when the true survival curve
shows a change of behavior, the estimated curves do not reproduce it very well. When
the sample size increases, the estimated survival functions are closer to those of the true
parameters and adopt the same behavior.

Finally, in Appendix .1.3, we present the boxplot and histogram of the estimates for each
simulation, illustrating how they vary with the sample size. On the boxplot, we observe
that there are some outliers. In particular, there are more outliers when the sample size
is n = 50. However, we can notice that when the sample size increases the dispersion of
the estimates decreases and the median gets closer to the true value of the parameters. By
observing the different histograms, we can see that the estimates seem to follow a normal
distribution.
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n = 50
Mean Bias Variance MSE
1 3.996 -0.004 0.004 0.004
o 0.183 -0.017 0.001 0.001
v 0.084 -0.016 0.002 0.002
T 1.056 0.056 0.057 0.060
T 0.821 0.021 0.000 0.000
n = 200
Mean Bias Variance MSE
1 3.995 -0.005 0.001 0.001
v 0.190 -0.010 0.000 0.000
o 0.087 -0.013 0.001 0.001
T 1.046 0.046 0.012 0.014
T 0.808 0.008 0.000 0.000
n = 500
Mean Bias Variance MSE
I 3.995 -0.005 0.001 0.001
v 0.191 -0.009 0 .000 0.000
o 0.089 -0.011 0.000 0.000
T 1.045 0.045 0.006 0.008
T 0.806 0.006 0.008 0.000

Table 5.2.1: The means, biases, variances and MSE for the mixture cure ELSC model. The
true parameters are : =4, 0 =02, v=0.1, 7=1, 7=0.8
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Figure 5.2.1: Sample survival curve estimated for n = 50 for Mixture cure ELSC model. In
dark green, the survival curve for the true parameters: y=4,vr =0.2,7=0.1,0 = 1,7 = 0.8

In black the estimated Kaplan-Meier survival curve for a random sample.
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Figure 5.2.2: Sample survival curve estimated for n = 200 for Mixture cure ELSC model. In
dark green, the survival curve for the true parameters: y =4,v =0.2,7=0.1,0 = 1,7 = 0.8.

In black the estimated Kaplan-Meier survival curve for a random sample.

o8



1.004

= Kaplan-Meier
= True
Estimate

Time

Figure 5.2.3: Sample survival curve estimated for n = 500 for Mixture cure ELSC model. In
dark green, the survival curve for the true parameters: =4, =0.2,7=0.1,0 = 1,7 = 0.8.
In black the estimated Kaplan-Meier survival curve for a random sample.

5.2.4.2 Simulation study 2

For this second Monte Carlo experiment, we introduced a binary covariate into the data
simulation. When z = 0, the data follow the Ty ~ ELSCecr(3,0.08,0.01,0.60,0.88)
distribution and when x = 1 the data follow the T} ~ ELSCcr(3.5,0.22,0.22,4.48,0.73)
distribution. For X = 1 and X = 0 there are respectively 27% and 12% administrative
censoring. We can obtain this result when Sy, =3, 811 = 0.5, B2 = =25, B2 =1,
Boz=—45,013=3, Poa=—05, fra=2, Pos =2, 15 =—1 and the relations 4.2.3
become :

Wi = 3+ 0.5x;,

o; = exp(—2.5+ 1z),

v; = exp(—4.5 + 3z;),

7; = exp(—0.5 + 2x;),
exp(2 — lx;)

Ty exp(2 — lx;)

(5.2.1)

For one simulation, when n = 500, we obtained 138.39 as largest event time and 208.23 as
largest censored time.

The results are in Table 5.2.2. As for the first experiment, we observe results close to
the true parameters, a rather small bias which decreases with the sample size. In the same
way, the variance and the MSE are relatively small and decrease with the size of the sample.
So, as in the previous section, we have results in agreement with the asymptotic theory.
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To analyze these results visually, we have randomly selected 150 estimates for each
sample size and we have plotted the corresponding survival functions. These results can
be seen on the figures 5.2.4, 5.2.5, 5.2.6. In darker color, we find the survival function for
the true parameters. The estimated Kaplan-Meier survival curve is also found on these
figures. When n = 50, we can see that when the true curve changes behavior, as for the
experiment without covariates, the survival curves for the estimates do not quite match.
But this difficulty to fit correctly disappears when the sample size increases. We can see
that for n = 500, the curves for the estimates are close to the true survival curve.

In Appendix .1.4 are displayed the boxplot and histograms of the estimates, we observe
again that when n = 50 the range of the estimates is greater, we also observe some outliers.
The range decreases with increasing sample size. By analyzing the histograms, we see that
the estimates of the parameters are normally distributed.
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Figure 5.2.4: Sample survival curve estimated for n = 50 for Mixture cure ELSC model.
In darker colors, the survival curve for the true parameters: 5y; = 3,811 = 0.5, Bp2 =

—2.5,012=1,003=—4.5,813 = 3,804 = —0.5,514=2,805 = 2,515 = —1
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Figure 5.2.5: Sample survival curve estimated for n = 200 for Mixture cure ELSC model.
In darker colors, the survival curve for the true parameters: 5y; = 3,811 = 0.5, 82 =

—2.5,012=1,003=—45,813=3,804=—0.5,614=2,805 =2,515 = —1
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Figure 5.2.6: Sample survival curve estimated for n = 500 for Mixture cure ELSC model.
In darker colors, the survival curve for the true parameters: 5y; = 3,811 = 0.5, Bp2 =
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n = 50
Mean Bias Variance MSE
Bo1 2.995 -0.005 0.001 0.001
Bia 0.494 -0.006 0.167 0.167
Do, -2.603 -0.103 0.030 0.040
Bi2 0.991 -0.009 0.096 0.096
Bo,3 -5.066 -0.566 1.012 1.332
Bis 3.599 0.599 1.237 1.595
Boa -0.486 0.014 0.084 0.084
B4 2.278 0.278 1.003 1.080
Bo,s 1.945 - 0.055 0.025 0.028
Bis -0.948 0.052 0.045 0.048

n = 200
Mean Bias Variance MSE
Bo1 2.997 -0.003 0.000 0.000
Bia 0.572 0.072 0.022 0.027
Bo,2 -2.541 -0.041 0.006 0.008
B2 0.976 -0.024 0.022 0.023
Bo3 -4.681 -0.181 0.177 0.210
B 3.355 0.355 0.263 0.389
Bo,a -0.475 0.025 0.015 0.016
P14 1.994 -0.006 0.114 0.114
Bos 1.970 - 0.030 0.004 0.005
B -0.967 0.033 0.008 0.009

n = 500
Mean Bias Variance MSE
Bo1 2.997 -0.003 0.000 0.000
Pia 0.574 0.074 0.005 0.010
Do, -2.532 -0.032 0.002 0.003
Bi2 0.981 -0.019 0.007 0.008
Bo,3 -4.626 -0.126 0.066 0.082
b3 3.313 0.313 0.103 0.201
o, -0.475 0.025 0.007 0.007
Bia 1.975 -0.025 0.032 0.033
Bos 2.009 0.009 0.003 0.003
Bis -1.001 -0.001 0.004 0.004

Table 5.2.2: The means, biases, variances and MSE for the mixture cure ELSC model. The
true parameters are : Bo; =3, 811 =0.5, fo2 = —25,fi2a=1, foz=—45, fi3=3,
Boa=—05, bra=2, Pos =2, p15=—1
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5.3 Simulation with random censoring

In this section, we examine the impact of adding random censoring to simulated samples of
size n = 500. For each model, censored data were simulated according to an exponential
distribution adapted to achieve around 10% additional censoring compared with the
administrative censoring linked to the cure proportion.

5.3.1 3-component mixture cure model without covariates

For the 3-component mixture cure model without covariates, we simulated 1000 data sets
where the censoring followed the exponential distribution C' ~ Exp(1/2000) to reach an
average of 30 percent censored data versus 20 percent for samples without random censoring.
Both mixture components follow a Weibull distribution, with scale parameters A\; = 5 and
A2 = 900 respectively, and shape parameters 73 = 0.5 , 79 = 10. The mixing proportions
are my = 0.5, my = 0.3 and 3 = 1 — 7w — m,. For one simulation, when n = 500, we obtained
1054.99 as largest event time and 1500 as largest censored time.

When estimating the parameters for the simulated data sets, the EM algorithm failed
293 times, returning missing values. This represents 29.3% of simulated set. In each
of these cases, the problem seems to lie in the fact that the survreg function suddenly
returns missing values, leading to error propagation. Similarly, for 72 simulated samples,
the algorithm’s estimation of the second component’s scale parameter returned extremely
large results. When estimating the other parameters of the distribution for 65 of these
72 samples, we obtained aberrant results for the parameter estimates. This result can
be seen graphically on the boxplot (30%) on Figures .2.1, .2.2, .2.3, .2.4,.2.5 and .2.6 in
Appendix .2.1. The figures also show the results for estimates with 20% administrative
censoring. There’s a big difference between the two boxplots due to outliers, especially for
the parameters of the Weibull distribution of the second component. As with the missing
values, it would seem that suddenly during the iterations, the function survreg() returns an
extremely large value for the second component’s scale parameter. NA’s and outlier results
account for 36.5% of the Monte Carlo results. The number of times the EM algorithm failed
was quite high. The model parameter estimation method seems sensitive to censoring and
may return outliers. However, when we focus on the median, we observe that the results for
each parameter are close to the true values. These results are listed in Table 5.3.1. We can
see that these results are similar to the case where there is only administrative censoring.
The interquartile range is relatively small. Since the median of the estimates is close to the
true value of the parameters, this suggests that the majority of estimates are close to the
true value. We have opted for these statistics, as they are not affected by outliers.

We randomly selected 150 estimates and plotted the corresponding survival curves.
We created 3 graphs: one displaying the selected samples superimposed on the estimated
Kaplan-Meier survival curve for a simulated sample for which the EM algorithm failed
Figure 5.3.1, another for which the EM algorithm returned aberrant values Figure 5.3.2,
and finally for which the EM algorithm returned values close to the true values Figure 5.3.3.
We have carried out this process for various samples. It seems that when the estimated
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30%
1 T2 A A2 71 V2
1st quartile | 0.486 | 0.281 | 4.76 | 894.904 | 0.475 | 9.57
Median 0.504 | 0.300 | 5.255 | 901.321 | 0.495 | 10.007
3rd quartile | 0.521 | 0.317 | 5.847 | 908.149 | 0.514 | 10.734
20%
T T2 A1 Ao At V2
1st quartile | 0.482 | 0.289 | 4.589 | 894.426 | 0.485 | 9.565
Median 0.498 | 0.301 | 5.030 | 899.312 | 0.502 | 9.984
3rd quartile | 0.513 | 0.316 | 5.439 | 904.381 | 0.521 | 10.451

Table 5.3.1: Median and interquartile for the 3-components mixture cure Weibull model
with 20% and 30% censoring rate. The true parameters are : A\; =5, Ay = 900, 71 = 0.5 ,
Yo =10, m =0.5,m =03

Kaplan-Meier survival curve correctly follows the survival function of the true parameters,
or overestimates the mixing proportion of the first 2 components, the EM algorithm returns
good results. However, when the estimated Kaplan-Meier survival curve underestimates the
first two mixing proportions, the EM algorithm fails. We can’t explain why we observe this.
By analyzing the estimated survival function, we can observe that they follow the
behavior of the survival curve of the true parameters. However, it can be seen that
the estimated parameters for samples that returned extremely large second component
parameter estimations, led to a survival curve tending to fit only the cured part.
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Figure 5.3.1: Sample survival curve estimated using the EM algorithm for n = 500 for a
Weibull 3-component mixture cure model with 30% censoring. In dark green, the survival
curve for the true parameters: m; = 0.3, 71 = 0.5, 713 = 0.2, Ay =900, Ay = 5,7, = 10,7, =

0.5. In black the estimated Kaplan-Meier survival curve for a sample where the EM
algorithm fails.
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Figure 5.3.2: Sample survival curve estimated using the EM algorithm for n = 500 for a
Weibull 3-component mixture cure model with 30% censoring. In dark green, the survival
curve for the true parameters: m; = 0.3, 1 = 0.5, 13 = 0.2, A\; = 900, \y = 5,7, = 10,7 =
0.5. In black the estimated Kaplan-Meier survival curve for a sample where the EM
algorithm doesn’t estimate correctly.
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Figure 5.3.3: Sample survival curve estimated using the EM algorithm for n = 500 for a
Weibull 3-component mixture cure model with 30% censoring. In dark green, the survival
curve for the true parameters: m; = 0.3, 71 = 0.5, 713 = 0.2, Ay =900, Ay = 5,7, = 10,7, =
0.5. In black the estimated Kaplan-Meier survival curve for a sample where the EM
algorithm estimated correctly.

We also carried out simulation study for samples of size n = 3000, in order to assess
whether sample size had an impact on estimation in the presence of random censoring
and improved the algorithm’s performance or not. Despite our expectations, the results
obtained were not conclusive, even showing a deterioration in performance. Because of
these disappointing results, we decided not to present them here.

The estimation method of the 3-component mixture cure model is not robust to random
censoring. This may be due to a lack of identifiability, as information is missing to distinguish
the different sub-models correctly. The first difficulty seems to be distinguishing between
the component linked to the second wave and the part of the model linked to recovery. We
have not yet been able to solve this problem, nor have we found any further explanations
in the literature.

Given the results of this section, and despite our unsuccessful attempts to incorporate
random censoring into the estimation of model parameters taking covariates into account,
we have decided not to address this point in the work. However, it would be interesting to
investigate the reasons why the estimation methodology doesn’t seem to work in a future
research

5.3.2 ELSCcr model without covariates

For the covariate-free ELSCcr model with parameters p = 4, ¢ = 0.2, v = 0.1, 7 =
1, m = 0.8, we simulated data with random censoring from the exponential distribution
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C ~ Exzp(1/300). We simulated 1000 data sets. We achieved an average censoring rate of
29.86%.

For each dataset, we applied the parameter estimation method explained in section
5.2.1. On 60 occasions, the optimization failed to produce any values. Execution time is
much faster than for the EM algorithm. ELSCcr parameter estimation without covariates
looks robust to random censoring unlike the 3-component mixture cure model. Indeed, the
median is close to the true value of the estimator. The same applies to the mean. Given
the similarity between the median and the mean, there appears to be no outlier. Bias,
variance and MSE are relatively low. These results are shown in Table 5.3.2. The results
are similar to those obtained when only administrative censoring was taken into account.
The same conclusions can be drawn from looking at the boxplot of parameter estimates for
the model with only administrative censoring (20%) and that with random censoring (30%)
on Figures .2.7, .2.8,.2.9,.2.10 and .2.11.

20%
Mean Median Bias Variance MSE
1 3.994 3.994 -0.006 0.000 0.001
v 0.192 0.191 -0.008 0 .000 0.000
o 0.089 0.088 -0.011 0.000 0.000
T 1.051 1.044 0.051 0.005 0.008
T 0.804 0.804 0.004 0.008 0 .000
30%
Mean Median Bias Variance MSE
1 3.995 3.995 -0.005 0.001 0.001
v 0.191 0.191 -0.009 0 .000 0.000
o 0.089 0.088 -0.011 0.000 0.000
T 1.045 1.043 0.045 0.006 0.008
T 0.806 0.196 0.006 0.008 0 .000

Table 5.3.2: The means,medians, biases, variances and MSE for the mixture cure ELSC
model with 20% and 30% censoring rate. The true parameters are : p =4, 0 =0.2, v =
01, 7=1, T=0.8

Once again, we randomly selected 150 of the parameter estimates and drew the corre-
sponding survival function. This result can be seen in Figure 5.3.4. This figure also shows
the estimated Kaplan-Meier survival curve for a randomly selected simulated sample. We
can see that all the survival curves for the estimated parameters are close to the survival
curve of the true parameters. This also corresponds to the estimated Kaplan-Meier survival
curve .

All these observations lead to the conclusion that the method of estimation of the
ELSCcr model seems robust to data containing random censoring. In the next section, we’ll
see whether this is still the case when covariates are taken into account.
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Figure 5.3.4: Sample survival curve estimated for n = 500 for Mixture cure ELSC model
with 30% censoring. In dark green, the survival curve for the true parameters: 7 = 0.3, 1y =
0.5,m3 = 0.2, \; = 900, \s = 5,7, = 10,72 = 0.5. In black the estimated Kaplan-Meier
survival curve for a random sample.

5.3.3 ELSCcr model with covariates

Let’s look at the addition of random censoring when the ELSCcr model takes into account
the influence of covariates. The parameters chosen for the model are 8y1 =3, 511 = 0.5,
Bop = =25, Bia =1, Pog = =45, B3 =3, foa = =05, fra = 2, fos = 2,
f15 = —1, and the simulated covariates follows X ~ Bin(1,0.5). Consider random
censoring C' ~ Exp(1/300). Samples have an average censoring rate of 29.38%. For one
simulation, when n = 500, we obtained 138 as largest event time and 248 as largest censored
time.

We have estimated the parameters for each simulated dataset. As with the model
without covariates, execution time is again much faster than for the EM algorithm. First,
let’s take a look at the table of statistics 5.3.3 . The mean of the samples is close to the true
coefficients, as is their median. Since the median and mean are close to each other, there
appear to be no outliers. Looking at the bias, the variance and MSE are relatively low.
However, for the two coefficients that relate the covariates to the cure rate parameter, we see
that the estimate moves away from the true coefficients. Moreover, the bias, variance and
MSE are higher than for estimates of the same coefficient when there is only administrative
censoring.

We can observe the boxplot estimates of the various coefficients in Appendix .2.3.
We note that overall the estimates are similar to those found in the context where only
administrative censoring is taken into account (20%). The same observation as above can
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be made, however, for the two coefficients linking the covariates to the cure rate parameter:
the estimate for the data with random censoring moves away from the estimate for the
data without random censoring and the true value.

30%

Mean Median Bias Variance MSE
Bo1 2.999 2.998 -0.001 0.000 0.000
Bi1 0.582 0.585 0.082 0.005 0.012
Boa | -2.529 -2.524 -0.029 0.003 0.003
B2 0.974 0.973 -0.026 0.009 0.009
Bos || -4.627 -4.586 -0.127 0.071 0.087
Bz || 3.306 3.267 0.306 0.108 0.202
Boa |[-0.471 -0.474 0.029 0.007 0.008
B4 1.945 1.943 -0.055 0.032 0.033
Bo.s 1.832 1.832 -0.168 0.004 0.033
Bis | -1.240 -1.238 - 0.240 0.010 0.067

20%

Mean Median Bias Variance MSE
Bo,1 2.997 2.997 -0.003 0.000 0.000
Bi1 0.576 0.574 0.076 0.005 0.011
Boa | -2.532 -2.528 -0.032 0.002 0.003
B2 0.980 0.979 -0.020 0.007 0.007
Bos || -4.628 -4.582 -0.128 0.070 0.0826
Bis | 3.317 3.262 0.317 0.100 0.201
Boa ||-0.474 -0.473 0.026 0.007 0.007
Pra || 1.971 1.972 -0.029 0.032 0.032
Bos || 2.008 1.990 0.008 0.002 0.002
P15  ||-0.985 0.994 0.015 0.004 0.004

Table 5.3.3: The means, biases, variances and MSE for the mixture cure ELSC model with
20% and 30% censoring rate. The true parameters are : o1 =3, f11 = 0.5, foa = —2.5,

Pia=1,Posg=—-45,013=3,00a=-05 0ia=2,005=2, 15=—1.

Figure 5.3.5 displays the survival curves for the parameters estimated from 150 simulated
samples. It also shows the estimated Kaplan-Meier survival curve for a randomly selected
simulated sample, and the survival curve for the true parameters. It can be seen that
the estimated curves fit relatively well when the covariate is 0. When the covariate takes
the value 1, the estimated model overestimates the cure rate. This reflects what we had
previously observed when analyzing the boxplot and the mean. It therefore seems that
model estimation method in the presence of covariates is less robust to random censoring
than without covariates.
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Figure 5.3.5: Sample survival curve estimated for n = 500 for mixture cure ELSC model with
30% censoring. In dark green, the survival curve for the true parameters: Sy = 3,811 =
0.5, fo2 = =2.5, 012 =1, Bo3 = —4.5, 013 = 3, foa = —0.5, 014 = 2, fo5s = 2,515 = —1. In
dark and light gray respectively the estimated Kaplan-Meier survival curves for a sample
when X =0 and X = 1.

5.4 Discussion

To conclude this chapter, let us quickly discuss the results obtained. For two models, the
estimation methodology allows us to estimate the parameter fairly accurately when there
is only administrative censoring. When the sample size increases, each of them shows
the expected asymptotic behavior. The survival curves for the estimated parameters are
close to those of the true parameters for large sample size. However, the methodology
employed to estimate the parameters of the ELSCcr model seems to perform better than
the EM algorithm for the 3-component mixture cure model, perhaps due to the choice of
the value of the initialization. The estimation seems to be closer to reality and presents
less variability for this model. It should also be highlighted that estimating the parameters
of the distribution ELSCecr is faster than the EM-algorithm for 3-component mixture cure
distribution. Indeed, the EM algorithm is rather slow, especially when covariates are taken
into account. This may be due to the less optimal choice of value initialization when
covariates are taken into account, which implies a longer convergence time.

When random censoring was taken into account in parameter estimation, the method-
ology for the ELSCcr model performed well overall, except for the estimation of the
cured proportion when covariates were taken into account. Parameter estimation of the
3-component mixture cure model by the EM algorithm is not robust in the presence of
random censoring. This limitation may be due to a lack of identifiability of the model due
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to the lack of information in the data. This aspect of identifiability of the 3-component
mixture cure model in the presence of random censoring needs to be investigated.
In the next chapter, we will compare the two models using real data.
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Chapter 6

Application to real data

In this final chapter, the ELSCcr model and the 3-component mixture cure model will
be fitted to real data. Firstly, to see if both models fit the data correctly, and secondly
to compare the models and see if one fits better than the other. To achieve this second
objective, we will use the Bayesian Information Criterion (BIC). This criterion allows us
to compare different models and determine which is the most appropriate. This criterion
takes into account both the accuracy of the model and its complexity, and therefore favors
simpler models. We use this criterion not because we consider it to be the most suitable,
but simply because it is the most common in the literature. In this chapter we will use
data without random censoring and without covariates.

6.1 Calving data

We're going to study the calving data provided in the article [30]. This data concerns the
age at which Nelore heifers make their first calving. They come from the zootechnical
records of a Brazilian beef cattle breeding company, located in the states of Bahia and Sao
Paulo. Age at first calving is an important characteristic in the beef industry, as it has an
economic impact. Indeed, when a cow has a calf earlier, it increases the profitability of
cow-calf operations, and the early reproduction of Nelore heifers also increases calf weight.
In literature the average age of Nelore heifers at first calving is 38 months (1157 days) [23].
However, in the industry, the age of first calving can be much earlier, depending on the
genetic and nutritional strategy chosen. The event of interest is age at first calving. There
will therefore be a series of heifers that will have their first calving at early puberty and a
series of heifers that will have their first calving at normal puberty. The event of interest
will therefore show two waves.
The sample size is n = 1326. The data are as follows:

e t: age in days of Nelore heifers until first calving.

 cens: censoring indicator (0 = no calving and therefore censored, 1 = not censored).
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The study was carried out over a period of 1455 days. 32.35 % of the data are censored,
of which 1.66 % is censored at time ¢ = 1455 days and 30.70 % is censored at time t = 1453.
Censoring is purely administrative. Table 6.1.1 shows the different results of the descriptive
analysis of variable ¢ and for ¢ without the censored data. For the non censored data, the

t (days) | tno cens(days)
N 1326 897
Minimum 722 722
1st quartile || 1024 872
Median 1086.5 1053
Mean 1149.514 | 1004.32
3rd quartile || 1453 1089
Maximum 1455 1453
sd 231.24 117.64

Table 6.1.1: Descriptive analysis of variable ¢ with and without censored data.

mean age at first calving is 1004.319 days (33 months). The median age is 1053 days (35.1
months). The standard deviation is 117.64 days. These statistics should be treated with
caution, however, given the nature of the data.

The minimum age at which a heifer has had her first calving is 722 days. The highest
age at which a heifer has had her first calf is 1453 days. The largest censored time is 1455
days.

Using the Kaplan-Meier estimate, the median age at which a heifer has its first calving
is 1086 days with 95% confidence interval [1082, 1094]. The figure 6.1.1 shows the survival
curve using the Kaplan-Meier estimator. We explained in Section 2.1 how to calculate the
latter. Firstly, we can see that there are no events until 722 days. This is because heifers
have to reach puberty before they can reproduce. There are two plateaus, the first between
around 900 days and 1000 days, and the second after 1200 days. Visually, you’d think there
is a cured fraction, but looking at the data, there are 5 heifers that had a calf at a later
age. These ages are 1424, 1450, 1451, 1452 and 1453 days. We are therefore not in the
cure model. We will nevertheless continue our analysis. Later, we will repeat the analysis
without these 5 cows in order to have data that corresponds to a cure model.

To fit ELSCer model to data, we reused the codes from the work by Thiago G. Ramires &
al [30] . The initial estimation of the model parameters was carried out using the gamlss()
function from the package of the same name [8]. This function provides parameter estimates
for the Generalized Additive Models for Location Scale and Shape. Parameter estimation for
the 3-component mixture cure model was carried out using the EM() function described in
section 5.1.2. Initial parameter estimation was carried out in the same way as in this section
5.1.3. Table 6.1.2 shows the estimates of the different model parameters, the associated
95% confidence interval and the BIC value. For the 3-component mixture cure model, the
table presents the parameters for the incident part, estimated using a logit model without
covariates. By applying the logit function 3.2.2, we obtain the first mixing proportion
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Figure 6.1.1: The estimated Kaplan-Meier survival curve for calving data

m; = 0.15 and the second mixing proportion is mo = 0.52 and hence m3 = 0.33. It can
be seen that the ELSCcr model minimizes the BIC and therefore seems to be the model
that best fits the data. Figure 6.1.2 shows the estimated survival function fitted to the
data. We note that the 3-component mixture cure model seems to have difficulty in fitting
correctly to the first plateau of the data. When we look at the Kaplan-Meier estimate, we
see that the cure rate estimate seems correct and corresponds to the percentage of censored
data. The ELSCcr model, on the other hand, fits the curve relatively well and the cure
rate estimate seems correct.

However, as mentioned above, some heifers had their first calf very late. This implies
that we are not in a cure model. This would explain why the 3-componement mixture cure
model doesn’t seem to fit the data correctly.

Now let’s redo the same analysis without the 5 heifers that had their calf at a later
age. In this situation, the sample size is n = 1321 , 32.48% data are censored due to
administrative censoring with 1.66% at time ¢ = 1455 and 30.81% at time ¢ = 1453 . Table
6.1.3 shows the results of the descriptive analysis.

For the non censored data, the average age at first calving is 1001 days, the median age
is 1052 days. The minimum age at first calving is 772 days and the maximum is 1187 days.
The largest censored time is 1455 days. Using the Kaplan-Meier estimate, the median age
at which a heifer has its first calving is 1086 days with 95% confidence interval [1081, 1094].
To obtain the parameter estimates for the different models, we follow the same methodology
as explained above for the complete dataset. The results of the parameter estimates and
their 95% confidence intervals are shown in table 6.1.4 . By applying the logit function 3.2.2,
the first mixing proportion m; = 0.20 and the second mixing proportion is my = 0.48, we
can also find w3 = 0.32. When we look at the Kaplan-Meier estimate, we see that the cure
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3 component mixture cure model
estimate lower upper
A 846.168 841.550 850.785
A2 1089.024 1073.187 1104.861
G| 35.116 34.583 35.649
Y2 11.583 10.979 12.186
Bor  |-0.761 -1.022 -0.499
Bo2 0.486 0.279 0.692
BIC : 12582.75
ELSCcr
estimate lower upper
Ju 6.844 6.841 6.847
o 0.029 0.027 0.030
v 0.022 0.016 0.003
T 1.646 1.510 1.782
7 0.680 0.655 0.705
BIC : 11981.87

Table 6.1.2: MLE , confidence intervals and BIC statistics : calving data
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Figure 6.1.2: The estimated Kaplan-Meier survival curve , ELSCcr model, 3-component
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rate estimate seems correct and corresponds to the percentage of censored data. Similarly,
the other mixing proportions also correspond to what can be observed visually. The BIC
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t (days) | tno cens(days)
N 1321 892
Minimum 722 722
1st quartile || 1023 872
Median 1086 1052.5
Mean 1148.391 | 1001.843
3rd quartile || 1453 1089
Maximum 1455 1187
sd 230.952 | 113.203

Table 6.1.3: Descriptive analysis of variable ¢ with and without censored data for the
reduced calving data set.

for each model is also shown. This time, the 3-component mixture cure model minimizes
the BIC and seems to be the best model despite having more parameters. We can confirm
this idea by observing figure 6.1.3, where it is indeed the curve of the 3-component mixture
cure model that best fits the data.

3 component mixture cure model
estimate lower upper
A1 850.568 846.592 854.544
A2 1088.352 1085.078 1091.626
" 29.329 26.256 32.402
Y2 29.316 27.743 30.888
Bor  |-0.487 -0.718 -0.257
Bo2 0.410 0.201 0.619
BIC : 11806.58
ELSCcr
estimate lower upper
1 6.844 6.841 6.848
o 0.027 0.026 0.029
v 0.018 0.013 0.023
T 1.617 1.482 1.751
T 0.680 0.655 0.705
BIC : 11826.36

Table 6.1.4: MLE , confidence intervals and BIC statistics : calving data

We can conclude this section by saying that the 3-component mixture cure model
is sensitive to late events. This seems a logical conclusion, given that it was designed
specifically to model data with a fraction of the population cured. In the case of the
population with a cured fraction without covariates, it seems to outperform the ELSCecr
model. But the ELSCcr model seems more flexible and fits both datasets well.
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Figure 6.1.3: The estimated Kaplan-Meier survival curve, ELSCcr model, 3-component
mixture cure model for reduced calving data
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Chapter 7

Conclusion

In conclusion, this study on long-term survivors with a bimodal structure in the data
highlights the scarcity of models that effectively incorporate this characteristic. Within
the scope of our research, we thoroughly examined and compared two existing models
found in the literature: the Exponentiated Log-Sinh Cauchy (ELSC) cure model and the
3-component mixture cure model.

We introduced these two models in Chapters 3 and 4. The intuition underlying these
models is not quite the same. The Exponentiated Log-Sinh Cauchy cure model uses a
flexible distribution capable of capturing the bimodality of the data, which is then used
as the distribution for the uncured part of the mixture cure model. One of its particular
features is that the integration of covariates into the model is achieved through link functions,
establishing a relationship between the model parameters and the covariates. The second
model takes a different approach by considering that the population is not simply divided
into cured and uncured population, it assumes the presence of three distinct subgroups: the
first for individuals experiencing a short-term event, the second for individuals experiencing
a long-term event, and the last for cured individuals. The difficulty with this last model
was that group membership was not an observed variable, so we proposed a solution using
the EM framework.

One of the main results of this work was obtained in simulation experiments in the
presence of administrative censoring. The methodologies used for maximum likelihood
estimation proved effective for estimating the parameters of both models. However, for
smaller sample sizes, the estimation seemed to perform better for the mixture cure ELSC
model.

The second result found in the simulation experiments concerns the robustness to
random censoring for parameter estimation of the ELSC mixture cure model. Unfortunately,
we were unable to draw the same conclusions for the 3-component mixture cure model,
which seems to be sensitive to the introduction of random censoring. We hypothesize this
is due to the difficulty of the EM algorithm to correctly assign the censored data to the
right sub-population when there is a cure part. This could be due to a lack of identifiability.
It would be interesting in future research to look at these last results and try to find
explanations or improve the algorithm we have implemented in order to better handle
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random censoring scenarios.

The final results of this work were obtained when we wanted to fit the models to real
data. When we had a cure model with only administrative censoring, the 3-component
mixture cure model proved to fit the data best. This model successfully captured the
underlying patterns and characteristics of the observed data. However, the ELSCcr model
also fitted the data relatively well, and appeared to be less sensitive to the events that
occured over an extended period.

In conclusion, it would appear that the ELSC model is a very flexible solution and
outperforms the 3-component mixture cure model when modeling bimodal data with a cure
proportion. However, in the case of purely administrative censoring, we still recommend
adjusting the 3-component mixture cure model, as it may perform better.

For future research, it would be interesting to study the identifiability of the 3-component
mixture cure model. It could also be interesting to allow the different component distri-
butions to come from different families, or to integrate sub-models that would be semi-
parametric.
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.1 Appendix

.1.1 3-component mixture cure model simulation :
study 1
n =50
A Ao il V2 ! T2
simulation 90 2.88 929.67| 0.604 | 13.376| 0.512 | 0.294
simulation 231 8.89 | 887.7 | 0.482 | 12.558]| 0.355 | 0.405
simulation 511 3.29 896.25| 0.37 | 12.77 | 0.458 | 0.317
simulation 624 7.61 960.69| 0.534 | 14.839| 0.483 | 0.274
simulation 812 5.1 936.5 | 0.675 | 14.028| 0.391 | 0.284
simulation 884 4.11 874.68| 0.479 | 12.418| 0.445 | 0.330
simulation 924 4.05 859.57] 0.492 | 11.579| 0.469 | 0.258
n = 200
A Ao gt V2 ! T2
simulation 585 4.53 | 907.88| 0.491 | 0.202 | 0.424 | 0.317

Table .1.1: Results of parameter estimation of simulated data with the SEM algorithm.
The true parameters are : Ay =5, Ay =900, 74, =0.5, %9 =10, 7 = 0.5, m0.3.
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Figure .1.1: Boxplots of estimates of m;
for 1000 replications of the EM algorithm
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Figure .1.2: Histogram of estimates of m;
for 1000 replications of the EM algorithm
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Figure .1.4: Histogram of estimates of 7o
for 1000 replications of the EM algorithm
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Figure .1.3: Boxplots of estimates of 9
for 1000 replications of the EM algorithm
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Figure .1.6: Histogram of estimates of \;
for 1000 replications of the EM algorithm
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Figure .1.5: Boxplots of estimates of A\;
for 1000 replications of the EM algorithm
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Figure .1.8: Histogram of estimates of Ao

Figure .1.7: Boxplots of estimates of \q
for 1000 replications of the EM algorithm

for 1000 replications of the EM algorithm
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Figure .1.9: Boxplots of estimates of v,
for 1000 replications of the EM algorithm
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Figure .1.11: Boxplots of estimates of v,
for 1000 replications of the EM algorithm
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Figure .1.10: Histogram of estimates of v,
for 1000 replications of the EM algorithm
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Figure .1.12: Histogram of estimates of v,
for 1000 replications of the EM algorithm
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.1.2 3-component mixture cure model simulation :

study 2

Kaplan Meier

@ Cl Kaplan Meier
Kaplan MeierX =0
Kaplan Meier X = 1

Time

Figure .1.14: The estimated Kaplan-
Meier survival curve for a sample when

n = 50

N\

Figure .1.16: The estimated Kaplan-
Meier survival curve for a sample when

n = 200
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simulation

Figure .1.15: Sample survival curve esti-
mated using the EM algorithm for n = 50
for a Weibull 3-component mixture cure
model. In darker, the survival curve for
the true parameters: Ay = 200, Ay = 900,
1 =10,7% =25, Bn =15 =05,
Boz = 0.2, B = 0.5, 6, = 0.5, 6, = 1.5.

Figure .1.17: Sample survival curve esti-
mated using the EM algorithm for n =
200 for a Weibull 3-component mixture
cure model. In darker, the survival curve
for the true parameters: A\ = 200, Ay =
900, v1 =10 ,7% =25, o1 =11 =0.5
, Boo = 0.2, B = 0.5, 0, = 0.5, 8, = 1.5.



Figure .1.18: The estimated Kaplan-
Meier survival curve for a sample when
n = 500

Figure .1.20: Boxplots of estimates of A,
for 1000 replications of the EM algorithm
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Figure .1.19: Sample survival curve esti-
mated using the EM algorithm for n =
500 for a Weibull 3-component mixture
cure model. In darker, the survival curve
for the true parameters: A\ = 200, Ay =
900, v1 =10 ,v% =25, 81 =1 1 =0.5
, Bo2 = 0.2, B = 0.5, 0, = 0.5, 6, = 1.5.
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Figure .1.21: Histogram of estimates of \;
for 1000 replications of the EM algorithm
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Figure .1.23: Histogram of estimates of Ao

Figure .1.22: Boxplots of estimates of Ay
for 1000 replications of the EM algorithm

for 1000 replications of the EM algorithm
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Figure .1.25: Histogram of estimates of v,

Figure .1.24: Boxplots of estimates of v,
for 1000 replications of the EM algorithm

for 1000 replications of the EM algorithm
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Figure .1.27: Histogram of estimates of v,

Figure .1.26: Boxplots of estimates of v,
for 1000 replications of the EM algorithm

for 1000 replications of the EM algorithm
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Figure .1.29: Histogram of estimates of
Bo1 for 1000 replications of the EM algo-
rithm

Figure .1.28: Boxplots of estimates of 5y,
for 1000 replications of the EM algorithm
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Figure .1.30: Boxplots of estimates of [3;
for 1000 replications of the EM algorithm
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Figure .1.32: Boxplots of estimates of (o
for 1000 replications of the EM algorithm
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Figure .1.31: Histogram of estimates of (3,
for 1000 replications of the EM algorithm
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Figure .1.33: Histogram of estimates of
Boz for 1000 replications of the EM algo-

rithm
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Figure .1.34: Boxplots of estimates of [y
for 1000 replications of the EM algorithm
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Figure .1.36: Boxplots of estimates of 6,
for 1000 replications of the EM algorithm

Figure .1.38: Boxplots of estimates of 6
for 1000 replications of the EM algorithm
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Figure .1.35: Histogram of estimates of 3,
for 1000 replications of the EM algorithm
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Figure .1.37: Histogram of estimates of 6,
for 1000 replications of the EM algorithm
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Figure .1.39: Histogram of estimates of 6
for 1000 replications of the EM algorithm
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Kaplan Meier

Cl Kaplan Meier

Time.

Figure .1.40: The estimated Kaplan-
Meier survival curve for the pathological
sample when n = 200

.1.3 Mixture cure ELSC model simulation :

Figure .1.42: Boxplots of estimates of
for 1000 replications of the Mixture cure
ELSC model.
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Figure .1.41: The estimated Kaplan-
Meier survival curve for pathological sam-
ple when n = 500

simulation study 1

Figure .1.43: Histogram of estimates of
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.44: Boxplots of estimates of o
for 1000 replications of the Mixture cure

ELSC model.

Figure .1.46: Boxplots of estimates of v
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.45: Histogram of estimates of o
for 1000 replications of the Mixture cure

ELSC model.

Figure .1.47: Histogram of estimates of v
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.48: Boxplots of estimates of 7 Figure .1.49: Histogram of estimates of 7
for 1000 replications of the Mixture cure for 1000 replications of the Mixture cure
ELSC model. ELSC model.
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Figure .1.50: Boxplots of estimates of 7 Figure .1.51: Histogram of estimates of 7
for 1000 replications of the Mixture cure for 1000 replications of the Mixture cure

ELSC model. ELSC model.
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.1.4 Mixture cure ELSC model simulation :

80,1

Figure .1.52: Boxplots of estimates of 31
for 1000 replications of the Mixture cure
ELSC model.
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Figure .1.54: Boxplots of estimates of 3; 1
for 1000 replications of the Mixture cure
ELSC model.
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simulation study 2

300
0,1

Figure .1.53: Histogram of estimates of
Bo, for 1000 replications of the Mixture
cure ELSC model.

Figure .1.55: Histogram of estimates of
B1,1 for 1000 replications of the Mixture
cure ELSC model.
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Figure .1.56: Boxplots of estimates of 3y 2
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.58: Boxplots of estimates of 3 2
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.57: Histogram of estimates of
Bo,2 for 1000 replications of the Mixture
cure ELSC model.
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Figure .1.59: Histogram of estimates of
B1,2 for 1000 replications of the Mixture
cure ELSC model.
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Figure .1.60: Boxplots of estimates of 3y 3
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.62: Boxplots of estimates of 3 3
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.61: Histogram of estimates of
Bo,s for 1000 replications of the Mixture
cure ELSC model.

Figure .1.63: Histogram of estimates of
B1,3 for 1000 replications of the Mixture

cure ELSC model.
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Figure .1.64: Boxplots of estimates of 3 4
for 1000 replications of the Mixture cure
ELSC model.
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Figure .1.66: Boxplots of estimates of 31 4
for 1000 replications of the Mixture cure
ELSC model.
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Figure .1.65: Histogram of estimates of
Bo.4 for 1000 replications of the Mixture
cure ELSC model.
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Figure .1.67: Histogram of estimates of
B1,4 for 1000 replications of the Mixture
cure ELSC model.
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Figure .1.68: Boxplots of estimates of 3y 5
for 1000 replications of the Mixture cure

ELSC model.

p15

- —+

Figure .1.70: Boxplots of estimates of 3 5
for 1000 replications of the Mixture cure

ELSC model.
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Figure .1.69: Histogram of estimates of
Bo,s for 1000 replications of the Mixture

cure ELSC model.
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Figure .1.71: Histogram of estimates of
B1,5 for 1000 replications of the Mixture
cure ELSC model.



.2 Simulation with random censoring

.2.1 3-component mixture cure model : without covariates

Figure .2.1: Boxplots of estimates of m;
for 1000 replications of the EM algorithm
for samples with 20% and 30% censoring
rate.

Figure .2.3: Boxplots of estimates of A\;
for 1000 replications of the EM algorithm
for samples with 20% and 30% censoring
rate.
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Figure .2.2: Boxplots of estimates of o
for 1000 replications of the EM algorithm
for samples with 20% and 30% censoring
rate.

zzzzzz

111111

wwwwww

555555

uuuuuu

Figure .2.4: Boxplots of estimates of A,
for 1000 replications of the EM algorithm
for samples with 20% and 30% censoring
rate.
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Figure .2.5: Boxplots of estimates of v, Figure .2.6: Boxplots of estimates of vy

for 1000 replications of the EM algorithm for 1000 replications of the EM algorithm
for samples with 20% and 30% censoring for samples with 20% and 30% censoring
rate. rate.

.2.2 ELSCcr model: without covariates

S
— —

Figure .2.7: Boxplots of estimates of p Figure .2.8: Boxplots of estimates of o
for 1000 replications of the Mixture cure for 1000 replications of the Mixture cure
ELSC modelfor samples with 20% and ELSC modelfor samples with 20% and
30% censoring rate. 30% censoring rate.
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Figure .2.9: Boxplots of estimates of v Figure .2.10: Boxplots of estimates of 7
for 1000 replications of the Mixture cure for 1000 replications of the Mixture cure
ELSC model for samples with 20% and ELSC model for samples with 20% and
30% censoring rate. 30% censoring rate.
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Figure .2.11: Boxplots of estimates of 7 for 1000 replications of the Mixture cure ELSC
model for samples with 20% and 30% censoring rate.
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.2.3 ELSCcr model: with covariates

B0t
Bt

Figure .2.12: Boxplots of estimates of 3y ; Figure .2.13: boxplotcenss of estimates of
for 1000 replications of the Mixture cure /3, ; for 1000 replications of the Mixture
ELSC model for samples with 20% and cure ELSC model for samples with 20%
30% censoring rate.. and 30% censoring rate..
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Figure .2.14: Boxplots of estimates of 3y 2 Figure .2.15: Boxplots of estimates of 3 2
for 1000 replications of the Mixture cure for 1000 replications of the Mixture cure
ELSC model for samples with 20% and ELSC model for samples with 20% and
30% censoring rate.. 30% censoring rate..
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Figure .2.16: Boxplots of estimates of 3y 3
for 1000 replications of the Mixture cure
ELSC model for samples with 20% and
30% censoring rate..
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Figure .2.18: Boxplots of estimates of 3 4
for 1000 replications of the Mixture cure
ELSC model for samples with 20% and
30% censoring rate..
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Figure .2.17: Boxplots of estimates of 3 3
for 1000 replications of the Mixture cure
ELSC model for samples with 20% and
30% censoring rate..
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Figure .2.19: Boxplots of estimates of 31 4
for 1000 replications of the Mixture cure
ELSC model for samples with 20% and
30% censoring rate.
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Figure .2.20: Boxplots of estimates of 3y 5 Figure .2.21: Boxplots of estimates of 3 5
for 1000 replications of the Mixture cure for 1000 replications of the Mixture cure
ELSC model for samples with 20% and ELSC model for samples with 20% and
30% censoring rate. 30% censoring rate.
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