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1 Introduction

Since the last century, economists and investors have tried to determine the optimal portfolio of
assets. Over the years, they have proposed and used various methods and models, from the famous
modern portfolio theory of Markowitz (1952), which introduced the concept of portfolio diversi-
fication, to contemporary studies using advanced technologies and programming (Scaillet et al.,
2023). There are several factors stemming from this topic that can be studied and discussed in
detail such as weights, expected return, risk, and many more. But in the context of this master’s
thesis, we place the focus of this research on one important parameter: the number of assets within

a portfolio of investment.

Many researchers have attempted to determine the optimal number of N assets in a portfolio.
Zaimovic & al (2021) made a literature review on the topic and found various methods, outcomes,
databases, and results aimed at identifying the optimal number of assets, starting with Evans &
Archer (1968). Indeed, they examined the rate at which the variation of returns for randomly se-
lected portfolios was reduced as a function of the number of assets included in the portfolio. They
demonstrated that a relatively stable and predictable relationship exists between these variables,
and throws considerable light on the decision as to the optimal number of securities to be included
in a portfolio. Their results also raise doubts concerning the economic justification of increasing
portfolio sizes beyond 10 or so securities. However, if we continue to explore the literature through
time, the optimal number of assets fluctuates significantly to even reach more than 300 assets if
we believe Haensly (2020), whose recent paper contributed to the literature on naive diversifica-
tion and risk decomposition. This difference of the optimal N number of assets in the literature

illustrates the challenge of finding the optimal number of assets in a portfolio.

This challenge is the reason why I chose this topic. Consequently, this master’s thesis aims to
answer the question: “How many assets should one select to optimize out-of-sample performance?”.
Specifically, this master’s thesis shows, in a particular setting, what the optimal number of assets is
to achieve optimal portfolio diversification. We use theoretical knowledge from the literature while
at the same time implementing an empirical analysis to test out-of-sample performance of different
datasets using specific portfolio strategies. We will see whether it is efficient or not to invest in
a large number of assets depending on the strategy you choose, knowing that controlling for the
important issue of estimation risk still allows investors to profit from a non-negligible portfolio
size. The underlying intuition is that increasing the number of assets provides more investment
opportunities but also requires estimating additional weights, which introduces more estimation

error. The optimal number of assets results from optimizing the trade-off between these two factors.

To address this, the thesis is divided into two main parts: a literature review/theoretical part
and an empirical part.

In the first part, we start by doing a literature review using Zaimovic & al (2021). We introduce the
review with Evans & Archer (1968) mentioned earlier and discuss the trend of the optimal number
of assets (N) being between 10 and 20. We then develop the work of Statman (1987), who contested
this trend by stating that an optimal portfolio should include at least 30 assets. We develop then
the work of Lee & al. (2020) who discussed the viability of small account diversification for indi-

vidual investors with a relatively smaller level of wealth. We conclude the review by discussing two



recent studies, Haensly (2020) and Arvanitis et al. (2023). Using different methods, these papers
find that the optimal number of assets is 300 for the first and around 30 for the second. We then
discuss our findings.

After the literature review, we transition to the theoretical part by presenting a review of the
basic theoretical concept and methods regarding portfolio optimization using the pioneering pa-
per of Markowitz (1952) from which we elaborate 3 critical assumptions regarding the investor’s
behaviour and their impact on the choice of N assets. We also elaborate the difference between
in-sample and out-of-sample performance.

Then, we introduce the first case without parameter uncertainty and the concept of portfolio’s
utility. We show how it can be solved analytically and how utility evolves with the number of
assets, V. In this case we see that the utility and the number of assets IV have a positive linear
relation meaning that the more assets we have, the better.

After that we present the case with parameter uncertainty, the latter being a more realistic repre-
sentation of a real-life case. This is the reason why we need to explain how to estimate the mean
and the covariance matrix of asset returns as it has a direct impact on the determination of the
optimal N. We then show how N impacts our utility in this case. We observe that compared to
the case without parameter uncertainty, the optimal N is small because it is directly linked with
estimation errors and therefore worsens the performance of our portfolio when we add other assets
in it.

To try to solve this problem, we present different robust methods that are used to improve per-
formance when there is parameter uncertainty. We also explain what parameters are important to
consider when talking about estimation errors. We present first two classic methods: the minimum-
variance portfolio and the naive equally weighted portfolio and show how they perform compared
to the sample mean-variance (SMV) portfolio. Before explaining what a shrinkage-based method
is, we present the no-short-selling constraint which improves the performance of the SMV portfolio.
After that we review a few shrinkage methods that we have seen in the literature such as Stein
(1975) and dive deeper into the Ledoit & wolf shrinkage method for large-dimensional covariance
matrices (2004).

Last, we show theoretically the optimal number of N assets for the two-fund rule of Kan & Zhou
(2007), and demonstrate that N finds itself in the range [0,7°/2] which is bigger than when we do

not control parameter uncertainty and naively invest in the SMV portfolio.

In our empirical part, we start in section 3.1 by presenting our 3 different datasets and their
properties as they are used in the core of our analysis. We then dive into the details of our method-
ology.

Our research is divided into two main methods : The "Random” N method, where we use 100
random simulations of our datasets to build for each simulation 100 portfolios of size 1 to 100, and
the ” Smart” N method, where we use 3 different criteria to build for each criterion a set of 100
portfolios of size 1 to 100.

The criteria dictate how an investor would choose to add an asset to his portfolio. The criteria are
: first, a choice based on the best in sample average return of an asset. Second, a choice based on
the lowest variance and third a choice based on the momentum of an asset. The more an asset fit
the criterion the sooner he is chosen to build our growing portfolio with the worst asset being the
100th to be chosen.

Regarding the choice of the optimal weights, we test these two methods on four portfolios: the



sample mean-variance, the minimum variance, the equally weighted, and the Kan and Zhou’s two-
fund rule portfolios.

To test out-of-sample performance, we evaluate the average out-of-sample utility using a rolling
window technique, with the window size being equal to 120 months. This window is used to calcu-
late optimal weights based on a defined portfolio strategy. Then, these same weights are multiplied
by the returns of the 121st month to compute the out-sample-performance. This operation is re-
peated as the window moves in time to give us in total 507 different out-of-sample returns which

we use to calculate the out-of-sample utility of the defined dataset and portfolio strategy.

Then, we compare the performances of the different portfolio strategies for both the random and
smart methods and see whether we observe patterns of an optimal number (N) of assets in these
portfolios. In section 3.3, we detail our results, where we observe that in every test, the sample
mean-variance portfolio is always the worst performing portfolio. We also see that the best per-
forming portfolio for the random method is the minimum variance which on counterpart has an
irregular and unpredictable optimal number N of assets. For the strategies remaining, we have
both equally weighted and Kan and Zhou portfolios that perform less than the minV, but have
patterns regarding the optimal value of N being 10 to 15 and 75 to 95 respectively.

When comparing our smart criteria to our random results. We observe that the criteria improve
the performance of every portfolio strategy except for the minimum variance. Furthermore, we see
that the Kan and Zhou portfolio becomes the best performing portfolio for every dataset. We also
have a decrease in the number of optimal N assets becoming 2 for the equally weighted and 15 to
35 for Kan and Zhou with the curve of the KZ strategy being close to the one seen in the theory

developed in section 2.6.

To conclude this thesis, we wrap up every element that have been discussed before hypothesising

about the limitation of this thesis and how it could be expanded or improved.



2 Literature Review & Theoretical Approach

In the following section we deep dive into the literature review and the theoretical approach of
this thesis. First we start by doing a literature review on the problem of the optimal number of
assets N. In 2.2, we develop the fundamental paper of Markowitz (1952) along with other basic
concepts required to understand the rest of the thesis. Then, we define in 2.3 the mean-variance
portfolio and develop its structure and also discuss the impact of N. In 2.4, we repeat the same
structure but this time for the sample mean-variance portfolio (SMV) as it is exposed to parameter
uncertainty. We explore different methods to alleviate this parameter uncertainty in 2.5 such as
the equally weighted portfolio but also shrinkage-based methods such as the one of Ledoit & Wolf
(2004). After that, we present in 2.6 the two-fund rule of Kan & Zhou (2007) and observe what
the impact of IV is if we use this method. Finally, we discuss in 2.7 some general perspective of our

theoretical part.

2.1 Literature Review on the problem of optimal N assets

The research of the optimal number of assets IV being our main focus for this literature review,
we use different papers such as the one of Zaimovic & al. (2021) who analyze previous empirical
studies to identify certain patterns in determining the optimal number of assets N in well-diversified
portfolios in different markets and compare how the optimal number of assets IV has changed over
different periods. They say : "Fvaluating the number of N assets which lead to optimal diversification
is mot an easy task as it is impacted by a huge number of different factors: the way systematic risk
is measured, the investment universe (size, asset classes and features of the asset classes), the
investor’s characteristics, the change over time of the asset features, the model adopted to measure
diversification (i.e., equally weighted versus optimal allocation), the frequency of the data that is
being used, together with the time horizon, conditions in the market that the study refers to, etc.”.
The fact that this problem encompasses so many factors makes it such that our literature review
has a large spectrum in terms of methods and findings. Still, we choose the following articles below
because it offers a comprehensive representation of the literature in terms of diversity in approaches

and methodologies, as well as the historical evolution of the problem.

2.1.1 Evans & Archer (1968)

One of the first paper we can find in the literature is the paper of Evans & Archer (1968). Indeed,
one of the earliest and perhaps the most often quoted study of risk and portfolio size was performed
by the two researchers, who developed a methodology that was to be used by almost all follow-
ing studies. In their paper, They examine the rate at which the volatility for randomly selected
portfolios on the US stock market is reduced as a function of the number of securities included
in the portfolio. In doing so, they demonstrate that a relatively stable and predictable relation
exists between these variables, and subsequently that the nature of this relation, if coupled with
marginal cost considerations, throws considerable light on the decision as to the optimal number
of securities to be included in a portfolio. Their results also raise doubts concerning the economic
justification of increasing portfolio sizes beyond 10 or so assets, and indicate the need for analysts
and private investors alike to include some form of marginal analysis in their portfolio selection

models.



2.1.2 Statman (1987)

A trend that rises after the publication of the paper of Evans & Archer (1968) is that the diversifi-
cation benefits measured by the volatility of portfolio returns are limited when we invest beyond 10
to 20 assets. Statman (1987) argues and wants to show that no fewer than 30 stocks are required for
a well-diversified portfolio. He uses and expands the work of Elton & Gruber (1977) to show that
a well-diversified portfolio must include at the very least 30 assets for a borrowing investor, and 40
assets for a lending investor. He also compares his result with the levels of diversification observed
in studies of individual investors’ portfolios and observes that people do not hold portfolios that
are well diversified. Statman says this about the observation: "Why do people forego the benefits of
diversification? Maybe investors are simply ignorant about the benefits of diversification. If igno-
rance is the problem, education may be the solution. However, eristing evidence does not warrant
a claim that investors should indeed be educated to increase diversification” This statement leads
to numerous papers regarding the study of the behavioral portfolio theory. In his paper on the
diversification puzzle, Statman (2004) observed that today’s optimal level of diversification, mea-
sured by the rules of mean—variance portfolio theory, exceeds 300 assets, but the average investor
holds only 3 or 4 assets. Indeed, to find this number Statman reminds that in the mean-variance
portfolio theory, the optimal level of diversification is determined by marginal analysis meaning
that diversification should be increased as long as its marginal benefits exceed its marginal costs.

”

Using the original work of Markowitz (1952) and developing it to answer the question : 7 what is
the cost of the increased diversification to obtain that benefit?, Statman (2004) computes that the

risk reduction benefit of increasing diversification is optimal above 300 N assets.

2.1.3 Lee & al (2020)

It is in the context of the findings of Statman (2004) that Lee & al. (2020) discuss the viability of
small account diversification for individual investors with a relatively smaller level of wealth than
investors often classified as high-net-worth individuals. In order to reflect on the more practical
situation for small investors, Lee & al. (2020) focus on the amount of investment for examining
diversification benefits instead of the popular choice of using the number of securities in a port-
folio. Furthermore, they analyze optimal mean-variance portfolios, rather than evaluating random
portfolios to compute the average portfolio risk, where the optimal allocation is computed in terms
of the number of assets N to incorporate the price of assets. Their results show that it is possible
for individuals with low financial sustainability to invest in well-diversified portfolios, if not fully
risk-diversified ones. They find out in the stock markets of six countries that an investment amount
around 10,000 up to 100,000 US dollars is enough for constructing fully risk-diversified portfolios,
which suggests that a substantial investment is not necessary for gaining complete diversification
benefits. They also find that it is possible to form well-diversified portfolios with less than 10,000
US dollars, which is much less than the average amount invested in stocks in the U.S. Their findings
show that forming a well-diversified portfolio within the mean-variance framework is achievable for
average individuals. Finally, since the proposed quantity-based portfolio formulation with a budget
constraint can be applied to any set of candidate assets, it can be used to form and analyze port-
folios in certain sectors or industries. This may provide further details on how average individual

investors can achieve risk diversification.



2.1.4 Haensly (2020)

In his recent paper, Haensly (2020) says that achieving adequate diversification is important in
portfolio construction. He goes further by saying that : ” Efficient markets should not reward an
investor for taking on risk that can be diversified away. Hence, when minimizing risk exposure,
investors need to measure what part of total portfolio risk is systematic and what part can be di-
versified away. Therefore, he examines several methods for decomposing total portfolio risk into
systematic and diversifiable components and then carries out simulations to compare cross-sectional
distributions of estimated and true risk as the number of stocks increases in portfolios constructed
using naive diversification. He observes that ordinary least squares estimators of diversifiable risk
are relatively robust, and their cross-sectional distributions closely track the cross-sectional distri-
butions of the corresponding true diversifiable risk. His results are relatively robust to the choice
of method for generating market returns and to the underlying asset pricing model but not to
random security betas. His simulation analysis also shows that risk and magnitude of shocks due

to diversifiable risk are not negligible, even for portfolios with more than 300 assets.

2.1.5 Arvanitis & al (2023) and discussion

In their paper studying sparse spanning portfolios and under-diversification with second-order
stochastic dominance, Arvanitis & al. (2023) develop and implement methods for determining
whether relaxing sparsity constraints on portfolios improve the investment opportunity set for
risk-averse investors. Using large equity datasets, they estimate the expected utility loss due to
possible under-diversification, and find that there were no benefit from expanding a sparse op-
portunity set beyond 30 assets. The optimal sparse portfolio invests in 10 industry sectors with
a larger weighting on small size, high book-to-market, and momentum stocks from the S&P 500
index and cuts tail risk when compared to a sparse mean-variance portfolio. On a rolling-window

basis, the number of assets shrink to 10 assets in crisis periods.

To conclude this literature review, we could see that the optimal number N of assets varies for
each paper that we present above. This shows that the statement of Zaimovic & al. (2021) exposed
in 2.1 regarding the optimal number N of assets is in fact true. Let us keep that in mind for the

next sections on the theoretical approach as it is discussed in section 2.7.

2.2 Problem of portfolio selection and foundational concepts
For the sake of this thesis, let’s do a reminder of a few important parameters to pursue our research:
e 1 : The vector of the excess returns of the N assets
e 1 : The mean of the returns
e X : The covariance matrix of the returns which is always assumed positive-definite
e w: The vector of the weights of the portfolio

T

We can denote the portfolio return as rp = w ' r with expected return p and variance w ' Sw.

Throughout this thesis, we have to consider two assumptions given by Markowitz (1952). The

first assumption supposes that investors always tend to maximise their expected return, reflecting



a fundamental principle in financial decision-making. Investors are presumed to be rational actors
who, when faced with various investment choices, consistently try to optimize their portfolio’s per-
formance by seeking the highest possible expected return. The second assumption extends the first
one by stating that investors consider expected return as a desirable thing and variance of return
or volatility as an undesirable thing. This perspective gives us the intuition that investors weigh
both potential gains and losses when making decisions, seeking a balance between maximizing
returns and minimizing the perceived risk associated with fluctuations in investment performance.
This phenomenon is what we refer as the mean-variance trade-off which investors try to maximise
always taking into account that the higher the risk, the higher the potential return. This can be
graphically represented in Figure 1 (Hull, 2018), where you can see the linear relation between risk

and return.

Expected
return

Standard deviation of return

Figure 1: Linear relation between risk and return (Hull, 2018)

As the focus of this thesis is on the number N of assets, we can discuss its potential impact on
the two previous assumptions, as we want to find the optimal IV rather than it being fixed. Indeed
as IV increases, investors may have more opportunities to diversify their portfolios. Diversification
involves investing in a variety of assets to spread risk. With a larger number of assets N, investors
could potentially construct portfolios that offer a more balanced risk-return profile. A large num-
ber of assets allows investors to also consider not only the returns of individual assets but also
the correlations among them. The impact of N on the mean variance trade-off is tied to the di-
versification effect. With a well-diversified portfolio (larger N), investors may be able to achieve a
certain level of expected return with lower volatility or variance. This emphasizes the importance
of diversification in managing risk.

A third critical assumption is that theoretical frameworks often assume that investors making
optimal financial decisions know the true parameters of the model indicating that there is no
parameter uncertainty. This implies that investors are presumed to have precise information about
key parameters such as the mean p or the covariance matrix Y. Based on all that information,
we present in the next section the mathematical solution of the mean-variance portfolio and show

how the number N of assets influence its performance.



2.3 Mean-Variance portfolio

In Markowitz’s mean-variance portfolio theory (1952), we consider here the case where the universe
includes a risk-free asset, meaning that the portfolio is composed of IV risky assets and one risk-free
asset. This is represented by an efficient frontier that can be graphically represented in Figure 2

(Hull, 2018) where all the portfolios on this frontier are called efficient mean-variance portfolios

Expected
return

New efficient
E(R)) - frontier

Previous efficient

/ frontier

E(Ryp

E(Ryp)

Ry

Standard deviation of return
I

B/ow Ou BsOu

Figure 2: Efficient frontier of Markowitz (Hull, 2018)

In this section, we assume that the third assumption of the section 2.2 holds true, meaning that
there is no parameter uncertainty. Markowitz also introduced the concept of utility as a measure
of an investor’s satisfaction or well-being from a particular portfolio. He argued that investors
make decision not only based on expected return and risk but also take into account their personal
preferences and attitudes towards risk. This notion allows for a more realistic representation of in-
vestor decision making by incorporating individual preferences and risk tolerance into the portfolio
selection process.

A mean-variance investor allocates wealth according to the portfolio w that solves the following
problem :

w* = argmax U(w), (1)
weRN

where U(w) is the utility of the portfolio w,

Uw)=w"p— %w—rffuu (2)

and v > 0 is the investor’s risk aversion coefficient. The solution to (1) is

|
w'=-Y Hs (3)
Y
and the weight on the risk-free asset is 1 — 11—'\—,10*, where 1y is a N x 1 vector of ones. The maximum
utility delivered by w* is
92
Uw®) = o~ (4)
2y
where
0 =p' Xy (5)
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is the maximum squared Sharpe ratio (Sharpe, 1966), a risk-adjusted performance measure for a
portfolio. In the context of finding an optimal NV for a portfolio, we can ask ourselves : which N
maximises U(w*) ? At first thought, we can have the intuition that the larger N the better, as
it yields more investment opportunities. To formalize this, let us assume that all correlations are
equal, i.e.,

X =DCD, (6)

where D = diag(oy,...,0n) is a diagonal matrix containing the volatilities, and the correlation
matrix C is of the form
C = (1-p)In+plyly, (7)

where p is the correlation across all pairs of assets. The inverse of X in (6) is
yt=p-lc D71, (8)
Where D1 = diag(oil, ceny #) and C~! exists if fﬁ < p < 1 and is equal to

I _ P
R A (S NGV

If we combine the equations (8) and (9) together we obtain

Inlg. (9)

1
D% P D N1} DY, (10)

-1
S T (s p g

and under the specific form of X! in equation (10), the maximum utility from (4) becomes

Ty—1
. w X 1 _
Uw") = = (W' D72 —
2y 2v(1—p)

.
1+ (N -1)p

(LD '1n ). (11)

Let us denote §; = £, the Sharpe ratio of asset i. Then, the quantities 4" D™y and " D™ 1y in
(11) depend on the ;s as

N
p'Du=""07, (12)
=1
N
p' DMy =0, (13)
=1

Denoting 6; = + vazl 6; and 0, = + Zivzl 6?, we finally have that U(w*) in (11) becomes

* 92 . 2 N n pN n2

Note that we can show that fy > 67. This formula shows that U(w*) is an increasing function of
N and actually grows to infinity as N — oo. This suggests investing in as many stocks as possible.
There is also a dependency on N in 61 and 65, but it fades out as N becomes large. In Figure 3
below, we assume a monthly return frequency and we set v = 1, §; = 0.15, 5 = 7 + 0.01, and
we depict how U(w*) depends on N for p = 0.2, 0.5 and 0.8.
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U(w*) as a function of N

3 Rho
= 0.2
=
o — 05

— 08

2

1

0

0 25 50 75 100
N

Figure 3: U(w*) as a function of N and p

2.4 Sample mean-variance portfolio

In the previous section, we saw that if investors knew the true parameters of the model, then the
utility function would be an increasing function of N. But the problem with this assumption is
that the true parameters are rarely, if ever, known to decision makers (Kan & Zhou, 2007). The
previous analysis is then not feasible in practice because the portfolio w* depends on the true p
and Y, which are actually unknown. Instead, parameters of the model such as p and X have to be
estimated. In practice, we collect T > N vectors of historical stocks returns, (rq,.....rr), and the

sample estimators of p and X are

=
M|

T
1
= Zrt, (15)
t=1

S i) (16)

T
t=1

As a reminder, the requirement 7' > N is driven by the need for a sufficient number of data points
to reliably estimate the parameters of the model as it reduces overfitting and ensure that the
covariance matrix remains invertible. Given a portfolio w constructed at time T from f and 3, its

out-of-sample utility at time T 4 1 is

U) =0 p— ngE o, (17)

S h (18)
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However, w* performs notoriously poorly out-of-sample. Indeed , the main difficulty in estimating
the mean-variance portfolio resides in the estimation of the mean returns p for two principal

reasons:

e 1.The variance of the sample i is generally much higher than the variance of the sample

variances and co-variances.

Black (1993), says that estimating the expected return poses a significant challenge, with daily
data providing limited assistance. Accurate estimates of the average expected return require an
extensive dataset spanning decades and it’s crucial to acknowledge the portfolio’s high sensitivity

to this estimation.
¢ 2. The mean variance portfolio is very sensitive to the sample mean [

Best and Grauer (1991) also show that the SMV portfolio displays significant instability, mainly
attributed to the heightened sensitivity of the optimal solution to minor adjustments in input
assumptions. Even slight changes in these assumptions can induce substantial divergence, leading
to totally different optimal outcomes. Therefore, the SMV portfolio E[t*] = #—%—w* is very

sensitive to estimation error in the inputs which has two severe impact:
o It deteriorates its out-of-sample performance

o It is very unstable over time , which requires intensive re-balancing and high transaction

costs which is something we don’t want in the context of this work

What about our number of N assets ? To understand its impact on the out-of-sample performance
of the SMV portfolio, let’s come back to equation (17) where we want to find @* maximising
the expected out-of-sample utility, E[U(@)]. By doing some computations and assuming that r; ~
N(u,X) and that all T observations are ii.d, provided T > N + 4 we find out the following
expression (Kan and Zhou, 2007) :

1 T6? 1 (T —2)(T6* + N)
YT—-N-2 29y(T—-N—-1)(T—-N=2)(T—-N—4)

E[U(w)] = (19)
If we compare this expression to the one without parameter uncertainty, where U(w*) = % is the
maximum without estimation risk, we can see that our equation it is strictly smaller U (w*) because
of parameter uncertainty. But unlike w*, @* is actually feasible. Which N maximise E[U ()] then
? Let’s incorporate 62 in our previous equation. Doing so we find :
_ N = _ N -
T(:5[0: — ko, 01) (T = 2T 102 — o, 01) + N)

E[U(w)] = ~(T—N—2) C29(T-N—-1)(T-N=2)(T—N—4) (20)

Unfortunately there is no easy expression to explicitly represent the impact of N on the equation.
But, we can still use this equation to graphically represent its impact. In Figure 4, we assume a
monthly return frequency and we set v = 1, T' = 120, ; = 0.15, §;, = 2+ 0.01, and we depict
how E[U(w(c*))] depends on N for p = (0.2,0.5,0.8). We directly observe that the function is a
decreasing function of N and p. Confirming our intuition that in the case of the SMV portfolio, the

optimal N is very small as increasing its value leads to a too large increase in estimations error.
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E[U(w")] as a function of N
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Figure 4: E[U ()] as a function of N and p

If we zoom in Figure 4, we can observe that the optimal N is between 1 and 2 as we can see on

Figure 5 below.
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Figure 5: A zoom on E[U(w)] as a function of N and p

What should we do then to improve the estimation of the mean-variance portfolio and by extension

allows for a larger number N of assets? We explore different methods and solutions in the next

sections.
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2.5 Alleviating parameter uncertainty

We have seen that the optimal number of assets N for the SMV portfolio is generally small because
of the lack of robustness to parameter uncertainty leading to an increasing estimation risk when
we add assets in the portfolio. Indeed, Michaud (1989) argues that optimal SMV portfolios are

often prone to “error maximization”.

We also know that there are many different factors that determine how robust your estimated

portfolio should be.

e Stability of the asset return distribution: the less it is stable , the more robust estimation
should be

e Sample size T": the lower the sample size, the more robust your estimation should be

e Number of assets N: the higher the number of assets, the more robust your estimation should
be

With the purpose of reducing the effect of estimation errors in the estimates of mean values and
variances, more stable MV portfolio selection models are formulated by applying robust techniques.
We present in this section a non-exhaustive list of robust methods well settled in the scientific
landscape to alleviate the bad performance of the SMV portfolio. Methods can focus on different
parameters, the estimation of (i that we mentioned in the previous section, but also on shrinkage
methods of ¥ and the weights w.

2.5.1 Minimum-variance portfolio

Regarding [i, one possibility is to improve the estimation of the latter would be to simply assume
that the sample mean is the same for all assets, i.e., 4 = cly, in which case the SMV portfolio

corresponds to the minimum-variance portfolio whose weights are given by the following :

~—1

2 1IN

e (21)
105 1y

But although, the minimum-variance portfolio is considered to be more robust than the mean-
variance portfolio and has better performance out-of-sample (DeMiguel & Nogales, 2007), this
method remains sensitive to estimation error in the covariance matrix i‘, especially when N is

increasing towards 7.

2.5.2 Equally weighted portfolio

But what if the best way to reduce estimation error was actually not to estimate anything at all?
This naive diversification strategy is what we call the equally weighted portfolio in which investors
invest the same weights in all assets. The solution to this basic strategy is then given by :

1y

Though this strategy seems very naive, DeMiguel & al. (2009) observed that, in real-world settings

where estimation error is often present, this approach offers a good performance compared to the
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SMYV portfolio but also more complex portfolio optimizations. Indeed, DeMiguel & al. (2009) re-
ported "we find that of the various optimizing models in the literature, there is no single model
that consistently delivers a Sharpe ratio that is higher than that of the 1/N portfolio, which also
has a very low turnover”. However, this strategy can also have some drawbacks, especially when
assets have significantly different individual risks and/or significantly different correlations. In the
end, the 1/N naive diversification rule should serve at least as an obvious benchmark for portfolio

performance.

2.5.3 No-short-selling constraint

To reduce estimation error, we can try to apply a short-sale constraint on our SMV portfolio. We
can obtain it by imposing an additional non-negativity constraint on the portfolio weights in the
optimization problem. DeMiguel & al. (2009) developed the interpretation of the effect of short-sale
constraints to state that imposing a short sale constraint on the SMV portfolio is equivalent to
"shrinking” the expected return towards the average. Jagannathan & Ma (2003) also showed that
imposing a short-sale constraint on the minimum-variance portfolio presented in subsection 2.5.1 is
equivalent to ”shrinking” the elements of the covariance matrix. They say ”the sample covariance
matriz performs almost as well as those constructed using factor models, shrinkage estimators or
daily returns.” Even though this constraint improves the result of the out-of-sample performance
of the SMV portfolio, it still were worse than the equally weighted portfolio as shown by DeMiguel
& al. (2009).

2.5.4 Shrinkage-based methods

As we explained in the beginning of this section, the covariance matrix of the asset returns is
key component to explain estimation errors. In real datasets, when the number N of assets is
large relative to the available number T of historical return observations, we observe an important
number of estimation errors in the sample covariance matrix leading to large errors on the optimal
weights of our portfolio. To avoid those estimation errors in the covariance matrix, Stein (1956)
introduced the statistical concept of shrinkage. The objective of shrinking the sample covariance
matrix is to pull the most extreme values towards a more central ones so that it reduces the
impact of estimation errors when needed. The problem is to know what the optimal shrinkage of
the sample covariance matrix is. Many papers in the literature work on this challenge. From the
Stein’s shrinkage estimator of eigenvalues (1975) whose method is based on the observation that
unless T' >> N, the eigenvalues of the sample covariance matrix Y are severely distorted compared
to those of the true covariance matrix X, to shrinkage methods based on the combination of different
portfolios such as Tu & Zhou (2011) who introduced a combination of the Markowitz method with
the naive 1/N portfolio according to a combination coefficient §. There are still many areas to
cover but for the sake of this thesis, we only elaborate the one of Ledoit & Wolf (2004) as the last

part of this subsection.

2.5.5 Ledoit & Wolf

The shrinkage of the covariance matrix with the estimator of Ledoit & Wolf (2004b) aims as every
shrinkage method at reducing its volatility and improving its stability especially when T is limited

compared to N. This method is considered to be more stable and robust and is given by the
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following equation:
Siw =1 —-68)X+ 06T, (23)

where Yy is a linear combination of the unbiased-high-variance sample estimate 5 and a biased-
low-variance target estimate T. For the target estimate, one choice is to assume that the assets
returns are uncorrelated and have the same variance : T' = 01, (Ledoit & Wolf, 2004) and where
0 €[0,1] is the shrinkage intensity computed as an estimate of the minimizer of the Frobenius norm
of Ypw — X

§ = argmin|| Zrw — X[k, (24)
6€(0,1]

where

N N
> a2 (25)

i=1 j=1

AllF =

In essence, Ledoit & Wolf (2004) propose a method that involves reducing the size of the sam-
ple covariance matrix, guided by a specified target matrix T'. This target matrix is designed to
encapsulate crucial characteristics of the estimated quantity while incorporating only a limited
number of parameters, resulting in a highly structured representation. The adjusted matrix, de-
rived through this process, can then be effectively employed, for example, in the calculation of

weights for constructing a minimum variance portfolio :

a1
R Xrwl
WrrspLw = —2— (26)

2.6 Kan & Zhou two-fund rule

In the continuation of the last section regarding alleviating the parameter uncertainty, we study in
this section another shrinkage method, introduced by Kan & Zhou (2007), that reduces the impact
of estimation risk by optimally combining the SMV portfolio with the risk-free asset so that we
can maximise the out-of-sample performance. This methodology is not unique , we can find in the
literature other papers where the authors worked on the shrinkage of weights by combining different
portfolios strategies. We already mentioned Tu & Zhou (2011) in section 2.5 who used combinations
of the 1/ N naive portfolio, but there is also Lassance & al. (2024) who showed that neither the SMV
portfolio nor the sample minimum-variance portfolio exhibited maximal robustness individually,
and that investors needed to combine both to optimize portfolio robustness. Kan & al (2022) also
discussed the combining strategy of the SMV without the risk-free asset providing not only a fast
and accurate way of evaluating the performance, but also analytical insights into the portfolio
construction.
The reason why we chose to study the paper of Kan & Zhou (2007) is that this particular approach
makes it theoretically possible to find the corresponding optimal N number of assets which is what
we are aiming at. Kan & Zhou (2007) propose a two-fund rule that combines w* and the risk-free
asset:

w(c) = ™ = ;Z fi, (27)

where ¢ € R is a combination coefficient to determine. Given that U(w(c)) is a random variable,
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Kan & Zhou (2007) propose to find the value of ¢ maximizing the expected out-of-sample utility :

¢* = argmax E[U(w(c))] = argmax E[i(c) pu — %w(c)TZ‘w(c)} (28)
ceR ceR

Assuming r; ~ N(u,X) and that all T observations are i.i.d, Kan & Zhou (2007) show that,
provided T > N + 4,

. ¢ T6? c? (T —2)(TH* + N)
U = N " TN DT -N - —N—1)’ (29)
which yields
o _(T-N-D@-N-4) ¢ (30)

-2 e+ %

Pay attention that 0 < ¢* < 1, i.e., it is optimal to tone down the exposure to the SMV portfolio
w*, but not completely. Plugging ¢* into (29), the expected out-of-sample utility of the optimal

two-fund rule w(c*) is

T-N-1)(T'-N-4) ¢
(T-2)(T-N-2) 62+X°

BIU ((e"))] = U (31)
which is strictly smaller than U(w*) in (4) because of parameter uncertainty. Unlike w* that is
unfeasible, w(c*) is feasible, with the only caveat that ¢* is unknown in practice because it depends
on the true §2.

Again we can ask ourselves the question: which N maximizes E[U(w(c*))] ? On one hand, we saw
in the setting without parameter uncertainty that 62 increases with N. On the other hand, the
quantity W# decreases with N, and N in the denominator of (30) also goes against

increasing N. To formalise this trade-off, let us replace 62 by its simplified formula in (14). This

gives )
EU (i) = ~ L =N DI =N —4) (25102 — ok 02D )
2v (T—-2)(T—-N-2) %[§2_m9%]+¥
which we can transform into
N (T-N-1)(T-N-4) (@ 792)
( )( ) 2 1+ DpYL (33)

2’7<1_p) (T_2)(T_N_2> 02_ 1+ 1)p92 T
This is now an explicit function of N. Unfortunately, there is no easy expression for the optimal
value of N. In Figure 6, we assume a monthly return frequency and we set v = 1, T" = 120,
6, = 0.15, 02 = 62 + 0.01, and we depict how E[U(i0(c*))] depends on N for p = (0.2,0.5,0.8).
Figure 6 shows that the optimal value of N is slightly smaller than T'/2 = 60. To explain why this
is the case, note that W ~ 1— £, and thus we can approximate E[U(d(c*))] as a

product of two terms :

_ [V
N(1-X) y (02 — &, 01)°
29(1=p) Oy — B0+ 122

E[U (w(c"))] =~ (34)

The first term is maximised by N = T'/2 while the second one decreases as N increases, which
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explains why the optimal N is be between zero and T'/2.

E[U(w"(c*))] as a function of N
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Figure 6: E[U(w(c*))] as a function of N and p

2.7 General perspective

As we said at the end of our literature review in section 2.1 when we discussed about the statement
of Zaimovic & al. (2021) regarding the evaluation of the optimal N numbers of assets, we can
have the intuition that the optimal value of IV is intimately tied to the portfolio strategy we
consider. Each different portfolio strategy we discussed or analyzed yielded a different optimal V.
In particular, the more the strategy is affected by parameter uncertainty, the lower the optimal V.
If we compare the SMV versus the two-fund rule of Kan & Zhou, we see that the optimal N in the
SMYV is lower than in the other as it is more exposed to estimation risks.

If we take the example of the last strategy analyzed (Kan & Zhou), the theoretical analysis relies
on a number of assumptions, in particular, asset returns are i.i.d. normal and we know the optimal
¢*. These assumptions can be discussed, if we take the paper of Kan & Lassance (2024), the authors
showed that the assumption of normality for asset returns was not innocuous because fat tails in
returns increase the out-of-sample mean and variance of sample portfolios relative to normality
showing that assumptions can influence the result of one strategy. Moreover, more sophisticated
strategies may not be possible to analyze theoretically. Thus, this theoretical analysis must be
complemented with empirical evidence in which we assess how the out-of-sample performance
delivered by different portfolio strategies depends on N in different datasets. This is what we do

in the next section of this thesis.



19

3 Empirical approach

This part of the thesis is dedicated to our empirical research. First, we start in 3.1 by presenting
the different datasets that we use throughout our research with explanations and assumptions
regarding their use. In the next section 3.2, we present the methodology of tests and research we
made in the Software R. We introduce our two main different methods being "Random” N and
”Smart” N and afterwards we present the different portfolios strategies we choose to conduct our
experiment. We discuss the rolling window technique we use and also on certain key parameters

and the choices we make regarding them. Section 3.3 regroups our results and analysis.

3.1 Datasets

To conduct our analysis on the optimal number of N assets on the different evaluated portfolio
strategies, we use throughout all this part 3 different datasets which were downloaded from the
Kenneth French Data Library :

1. The first dataset is from the 100 Portfolios Formed on Size and Book-to-Market (10 z 10)
which is constructed in a way such that portfolios are formed at the end of each June and
result from the intersection of 10 portfolios based on size (market equity, ME) and 10 portfo-
lios based on the ratio of book equity to market equity (BE/ME). The size (ME) is the size
breakpoints for year t are the NYSE market equity deciles at the end of June of year while
the BE/ME ratio for June of year t is calculated by taking the book equity for the last fiscal
year ending in t-1 and dividing it by ME for December of t-1. The BE/ME breakpoints are
NYSE deciles. The stocks included in the portfolios for July of year t to June of year t+1
include all NYSE, AMEX, and NASDAQ stocks for which there is market equity data for
December of t-1 and June of t, as well as book equity data for t-1. The dataset will be called
"SBM” for the rest of the thesis for the sake of clarification.

2. The second dataset is from the 100 Portfolios Formed on Size and Operating Profitability.
The difference with the first one is that here we use Operating Profitability (OP) meaning
that portfolios are formed based on operating profitability, calculated as annual revenues
minus cost of goods sold, interest expense, and selling, general, and administrative expenses,
divided by book equity for the last fiscal year end in t-1. The dataset will be called "SOP”
for the rest of the thesis.

3. The Last dataset is from the 100 Portfolios Formed on Size and Investment. Here we use
investment implying that portfolios are formed based on investment, calculated as the change
in total assets from the fiscal year ending in year t-2 to the fiscal year ending in t-1, divided
by t-2 total assets. This dataset will be called "SINV” for the rest of this thesis.

The time period for the datasets is from January 1970 to March 2022 and is on a monthly frequency
meaning that we have in total 627 historical observations for each. In the datasets, missing data
are represented at a Value of -99.99% which is not desirable. Therefore, we take the decision to
replace the missing values by 0 as this method is common in the literature. Other methods could
have been implemented such as replacing by the sample mean of the variable or by the sample
mean of the entire dataset but the fact that the number of missing value is very small makes it

such that the results are intuitively not sensitive to the way they are replaced.



20

To transform the returns of our datasets into excess returns, we also downloaded the monthly risk
free rate on the Kenneth French Library from the Fama/French 3 factors which we subtracted
from our datasets’ returns. Using these datasets allows us to investigate on the optimal number of
N assets in different scenarios due the difference within the datasets. More information about the

datasets can be found on the Kenneth R.French website.

3.2 Methodology

Now that we have presented our datasets, we can discuss how we are going to manipulate them. As
briefly mentioned in the intro of this part, we decided to select two different approaches to conduct
our analysis regarding the optimal choice of the parameter N. We call the first one "Random” N
while the other will be called "Smart” N.

3.2.1 Random N

The "Random” N method goes as follows : among our 3 different datasets (SBM, SOP and SINV)
we have 100 different assets. "Random” N means that from our original dataset of 100 assets,
we build growing portfolios whose assets are randomly chosen. We specify that if an asset is
randomly chosen for N =1, this same asset will be in the portfolio N = 2. The outcome of this
randomisation is then 100 portfolios with the first portfolio having one asset and the 100th having
the same composition as our original dataset.

What matters in this randomisation is to see whether the random path used to make our portfolio
grown in size has an impact on the optimization of N. As one simulation would be arbitrary and
lead to a nonobjective representation, we decided to repeat this randomisation multiple times. We
chose to repeat a hundred times the randomisation giving us better output to work with. The
choice of hundred is arbitrary but also due to a constraint linked to our limited computational

power.

3.2.2 Smart N

The random N method is limited by its very nature. In a real-life situation, this means that an in-
vestor would randomly select what he invests in which is unlikely unless the investor does not have
any information on the dataset or does not know how to select assets. Intuitively, we can think that
an investor tries to choose what he invests in based on certain criteria. Those criteria is what we
call for the purpose of this thesis a "Smart” method. We precise that the word ”"Smart” is here for
naming purpose. The construction follows the same structure as the "Random” N portfolio. Based
on the entire dataset returns, we choose first the asset that fits the most the criterion and then
build growing portfolios on the remaining assets based on the criterion, with the last portfolio of

100 N assets containing our original dataset. In this case we only have one simulation per criterion.

Now that we have described the functioning of our selection, let us talk about the criteria we chose.
As mentioned earlier, we wanted to select criteria based on an investor choice. In our context, we
wanted to select criteria based on simple decisions that an investor could use to make his choices.
We selected three : first, a choice base on the historical average returns of the dataset. Second, a
choice based on the historical variance of returns of the dataset. Third and last, one based on the

momentum of the past 12 month of an asset :
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1. The choice of the historical average returns of the dataset seemed evident to us as it may be
the most simple choice an investor could make. It can easily be calculated by anyone whose
willing to invest if you have information on the historical return of the asset. The investor

then choose the asset with the best average return first and the worst in last.

2. Regarding our second choice, the historical variance of returns is also an easy choice that an
investor could make. If we hold the second assumption of Markowitz seen in section 2.2, a
rational investor sees variance of return or volatility as an undesirable thing. Therefore, he

chooses in priority the asset with the lowest variance.

3. Last, we decide to select a choice that would represent another type decision making. Indeed,
it can happen that investors are sometimes tempted to choice an asset not based on the entire
historical average return but rather on the recent trend of the asset.If an asset has had very
good returns in recent times, an investor might be tempted to invest in this one rather than
one who had the same historical average return but performed less well in recent times. As
our historical returns span is long, we decided to select only the average return for the last
12 months.

Therefore, the investor in this case chooses first the asset that has the best momentum for
the last 12 months and the one who has the lowest momentum in last. This choice is far from
only being psychological. Indeed, Jegadeesh & Titman (2001) show that there are substantial
evidences that indicates that an asset that performs best (or worst) over a three to 12-month
period tend to continue to perform well( or poorly) over the next three to-12month period.
In other words, this means that an asset with a high momentum tends to perform better

then an asset with a low momentum.

3.2.3 Portfolio strategy and choice of weights

To evaluate "Random” N and ”"Smart” N both individually and together. We need to decide what
portfolio strategies we will use regarding the choice of weights within one portfolio. As we wanted
to have more than one strategy to evaluate, we decided to use 4 portfolios strategies that have been
presented on the section 2.4, 2.5 and 2.6 of this thesis. We use them to observe the different values
that optimal N may take be depending on the strategy but also if our 2 methods presented in the
subsection above have an impact on the strategy. We choose the Sample mean-variance portfolio
(SMV), the Minimum-variance portfolio (minV), the Equally weight portfolio (EW) and Kan &
Zhou two fund rule (KZ). For the sake of information and clarification, we put in parenthesis the
initials the strategies take on graphics and results to avoid repetition or confusion. That being
said, The SMV build weights on assets based on equation (18), the minV on equation (21) and the
EW on equation (22). Regarding Kan & Zhou’s two fund rule (KZ), we use the optimal weights
given by (27). However, there is one subject we need to discuss regarding the last equation. Indeed,
the optimal value of the combination coefficient given by equation (31). To use this equation
out-of-sample, we need to find an estimator of §2. The first that comes to mind is the in-sample
estimator

=i 5 (35)
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But the issue with this estimator is that it is very biased and leads to estimation errors. To correct
that, Kan & Zhou (2007) proposed an adjusted estimator of the latter :

W (T—-N-2)02-N 2(0%)% (14 62)~ "=
02 = (36)
T TBga 1442y (N/2,(T — N /2)
where .
B, (a,b) = / Y1 — )t Ldy (37)
0

is the incomplete beta function. The first part of this estimator is the unbiased estimator of 62
and the second part of the estimator is the adjustment to improve the unbiased estimator when it
is too small but also to assure that 62 is not negative which is desirable as 62 is always positive.
Regarding the value of T and N, we see in the details of our rolling window explanation that the
value of T is equal to 120 while N is simply equal to the number of asset present in the portfolio
evaluated. For the value of v, we perform all optimizations and calculations assuming v = 1 as this

thesis will not attempt to address risk aversion selection method.

3.2.4 Rolling window and output

To assess out-of-sample performance on our different methods (Random and Smart) and portfolio
strategy (SMV, minV, EW and KZ), we evaluate them according to their out-of-sample utility
using a rolling window technique. The rolling window works as follows : to evaluate out-of-sample
performance we need to choose a window of a certain length that represents our time of estimation.
This window represent the in-sample returns we base ourselves on to evaluate our out-of-sample
performance. In our case, we choose a 10-year windows (120 months). Each 120-month window
generates a specific portfolio based on the strategy chosen and this same portfolio is applied to
the 121st. As a first output, we have then an out-of-sample return based on the optimal weights
calculated on the in-sample window (January 1970 to December 1979) multiplied by the returns of
the 121th period (January 1980). This operation is repeated as the window moves in time. In the
end, the rolling window gives us 507 out-of-sample returns from (January 1980 to March 2022).

To calculate to out-of-sample utility, we simply use the utility function in equation (2).

For the Random N method, it means that we should repeat this operation for each portfolio
(100 times) as N is growing ,for each simulation (100 times),for each portfolio strategy (4 times)
and for each dataset (3 times). To realise the scale of this operation it means that we need to
calculate 120000 out-of-sample utility. Through experimentation of the computational power of
our equipment to realise analysis, we realised that the computation of 1 simulation took 4 minutes
on average. If we scale to the total, it means that we should run 80 hours straight of computation.
This outcome being extremely inefficient in terms of time. We decided to find a way to lower
the number of computation while remaining relevant for our analysis. This is why we choose to
effectuate jumps in N to calculate out-of-sample utility. Indeed, instead of having 100 portfolios, we
choose to select portfolio for N (2,5,10,15,...) up to N = 100. This allows us to divide our number
of computation by 4 and therefore having “only” 20 hours of computation which is a lot easier to
manipulate and plan. Our final output of this computation would then be 100 vectors of 21 out-of-
sample utilities per strategy and per dataset which is still a considerable amount of information.

To simplify the reading of the data and also the visual of graphics, we chose to compute an average
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of these 100 vectors so that we only find ourselves with 1 vector per portfolio strategy and per
dataset, meaning that we have 12 in total which is way easier to handle specially for graphics.

For the Smart N, we simply repeat the same rolling window technique except for the fact that,
with our decisions imposed by criteria on our datasets, we don’t need to do 100 simulations for each

dataset which facilitate our computational work as we only require 12 simulations per criterion.

3.3 Result & Analysis

To ease the presentation of our results, we present first the results given by our "Random” N
method and analyse them.Then, we go through the results of our "Smart” criteria and compare

them with the random ones.

3.3.1 Random N selection

As explained in the methodology, our final output for this subsection is the average utility of the
100 simulations made for each dataset and portfolio strategy, with N going from 1 to 100. To
illustrate the results, we plot the 4 graphics below which are regrouping the average utility of each
dataset for a specific portfolio strategy : Figure 7 for the Sample Mean-Variance, Figure 8 for the
minimum Variance, Figure 9 for the Equally weighted and Figure 10 for the Kan and Zhou’s two

fund rule.

Average utility of datasets using SMV for N going from 1 to 100
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Figure 7: Average utility of the datasets using the portfolio strategy SMV for N going from 1 to
100 using the Random method

Starting with the SMV, we can see on the graphic above that we have a clear trend line regarding
the optimal value of N. Indeed we see that the utility is continuously decreasing as N increase.
This trend was already observed been observed on Figure 4 in our theoretical part, reassuring our
statement on how exponentially poor SMV performs out-of-sample when N increase. The optimal

number N assets to have in the SMV is very small. More specifically, we can see that the average
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utility for N = 2 for the datasets are respectively 0,00172 for SBM, —4,3~° for SOP and 0,0026
for SINV.

Average utility of datasets using Minvar for N going from 1 to 100

0.012-
0.010-
— SBM
= L
= Criteria — SINV
2 0.008-
— S0P
0.006-
0.004-

: :
50 75 100
Number of Assets

=]
[~
o

Figure 8: Average utility of the datasets using the portfolio strategy minV for N going from 1 to
100 using the Random method

Following with the minV, we can observe a very different trend line that the one we saw previously.
Every dataset has his own optimal N, and have very different trend line of the evolution of N.
SBM reaches is optimal value at N = 65 where the average utility equals 0,0112. SOP reaches is
optimal value at N = 100 where the average utility equals 0,0124. Last, SINV reaches its optimal
value at N = 25 where the average utility equals 0,00988. These results may mean that finding an
optimal value for the minimum variance portfolio strategy is challenging has every dataset seems
to have his own trend line regarding the evolution of the number N of assets in the portfolio. Why
do we see these variations 7 The minimum variance strategy allocates more weights to assets with
low variance while completely ignoring the mean returns. A consequence of this allocation is that
when an asset with a low variance but also a low mean return is added to our portfolio we could
observe a decrease of the utility. On the opposite, an asset with a high mean return but also with

a high mean variance can be completely ignored by the portfolio.
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Average utility of datasets using EW for N going from 1 to 100
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Figure 9: Average utility of the datasets using the portfolio strategy EW for N going from 1 to 100
using the Random method

Let us now move on to our naive portfolio EW where we can observe a recurring pattern in the
evolution of the number of assets. For SBM we reached to optimal value of N = 15 with a value
of 0,0053. For SOP, we observe a flat trend line where the peak value is reached at N = 10 with
a value of the average utility at 0,0071. Last, we have SINV having a trend line slightly different
than the two others. Indeed, although he also reaches a peak at N = 15 of 0,0675, we have an
interval of N between 45 and 60 that shares the same value. We can still remark that a pattern
seems to repeat as peak values reached when the number of assets IV is around 10 to 15. These
results are aligned to the early findings of Evans and Archer (1968) and their optimal value of N

to be around 10 or so and that returns stabilize once N is large enough.

Average utility of datasets using KZ for N going from 1 to 100
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Figure 10: Average utility of the datasets using the portfolio strategy KZ for N going from 1 to
100 using the Random method
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Last for our "Random” N method, we have our KZ portfolio strategy where we saw on Figure
6 that the optimal value of N should be around T/2. As T is here equal to 120 we could have
expected an optimal value around 60. In our graphic above, we instead observe a trend line of a
very different shape. Indeed, the average utility starts with a decreasing trend as N increase before
switching trend as IV reaches 35 for SBM and SOP, and 30 for SINV. We observe then an increase
in utility for all dataset and reach its peak at NV = 95 for SBM, 75 for SOP, and 80 for SINV
with respective values of 0,00475, 0,0116 and 0,01. Using these results, we can suppose that the
KZ portfolio would tend to be more optimal when N is between 75 and 95. This final result being
different from the one of T/2 in section 2.6. It indicates still that the optimal value of N is higher
than the SMV or the EW portfolio.

If we now compare the different optimal values of the average utility for each dataset, we observe
that the minimum variance portfolio strategy has the best results in terms of average utility for the
datasets SBM and SOP, with SINV having KZ as its best performing strategy with the minV still
being very close. On the other hand, this domination of the minV is also marked by the absence
of pattern in the optimal value N which in our case is not desirable as we are trying to find trend
and patterns of the optimal N value for a specific portfolio strategy that can be extended to any
datasets. For the rest, the KZ and EW portfolio strategies have lower average utility than the minV
and stand at the second and third place. The advantage of these strategies being that there seem
to be a pattern regarding the optimal value of N which is way more interesting in the context
of our research. As we could imagine, the SMV is always the worst performing strategy in every
dataset.

Now that we have all this information about the portfolio strategies and their respective optimal

N. Let us see in next section if our 3 smart criteria influence either the value of N or the utility.

3.3.2 Smart N selection

Though we keep the same structure as the Random N section where we analysed the results per
portfolio strategy, in the willingness to make our graphics clear and readable, we decided to split

them per dataset.

Average utility of SBM using Smart N criteria with SMV
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Figure 11: Average utility of SBM using Smart N criteria for N going from 1 to 100 with SMV
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Average utility of SOP using Smart N criteria with SMV
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Figure 12: Average utility of SOP using Smart N criteria for N going from 1 to 100 with SMV

Average utility of SINV using Smart N criteria with SMV
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Figure 13: Average utility of SINV using Smart N criteria for N going from 1 to 100 with SMV

Coming back to our SMV portfolio, we can observe in the 3 graphs above that the smart criteria
do not change the decreasing trend line of N. However, for all datasets it seems that using the
criteria improves the utility of the portfolio with the variance criterion giving the best results with

a utility of 0,0062 which is 6 times more than the random method.
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Average utility of SBM using Smart N criteria with Minvar
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Figure 14: Average utility of SBM using Smart N criteria for N going from 1 to 100 with minV

Average utility of SOP using Smart N criteria with Minvar
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Figure 15: Average utility of SOP using Smart N criteria for N going from 1 to 100 with minV
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Average utility of SINV using Smart N criteria with Minvar
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Figure 16: Average utility of SINV using Smart N criteria for N going from 1 to 100 with minV

The minimum Variance portfolio seems also to repeat its unpredictable pattern regarding the
optimal N. Furthermore, even the performance of the criteria seems to variate for each dataset.
For SBM, the random method performs the best at N = 65 while for the criteria, The average
and momentum criteria seem also to reach their peak at N = 65 and 55 respectively while the
variance criterion reaches its maximum both at N = 45 and 95. For SOP, the random method also
stands as the best average utility reaching its peak with all criteria at N = 100. Last with SINV,
we observe an opposite trend than SOP | with peak values being reached at N = 2 by criteria with
average and momentum criteria performing the best. All of this confirms our previous statement
regarding the irregularity and the unpredictability of the optimal N that the minimum variance
portfolio had. Also, the fact that the random method is the one who performs best as N increase
is unique to this strategy. This would mean that, in the context of a portfolio attributing more
weights to low variance assets, selecting assets using the 3 different criteria is not optimal and that

selecting assets randomly becomes the best strategy as N increases.
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Average utility of SBM using Smart N criteria with EW
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Figure 17: Average utility of SBM using Smart N criteria for N going from 1 to 100 with EW

Average utility of SOP using Smart N criteria with EW
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Figure 18: Average utility of SOP using Smart N criteria for N going from 1 to 100 with EW
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Average utility of SINV using Smart N criteria with EW
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Figure 19: Average utility of SINV using Smart N criteria for N going from 1 to 100 with EW

The equally weighted portfolio combined to our smart criteria gives us interesting results. Where
the random method reached its peak at N = 15, the average and momentum criteria here performs
the best with an optimal N being small while the variance criterion, still performing better than
the random method, reaches its peak when NV is higher. The main lesson that we must put forward
here is that the average and momentum criteria perform better than the random one and that we

have a trend of N being small.

Average utility of SBM using Smart N criteria with KZ
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Figure 20: Average utility of SBM using Smart N criteria for N going from 1 to 100 with EW
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Average utility of SOP using Smart N criteria with KZ
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Figure 21: Average utility of SOP using Smart N criteria for N going from 1 to 100 with EW
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Figure 22: Average utility of SINV using Smart N criteria for N going from 1 to 100 with EW

Last with Kan and Zhou’s two fund rule, the implementation of our smart criteria completely
changed the trend we observed in our random part. If the trend of the optimal N was between 75
to 95, the number of assets at the best utility has considerably reduced. The first general trend of
the three datasets is that the random method is again the worst performing method. Now if we
look into SBM’s details, we see that the best performing criterion is the variance one with a utility
value of 0,0167 at N = 35 with the average and momentum criteria having a value of 0,0158 at

N= 5. For SOP the average criterion performs best again at N=35 with a value of 0,0195. Last
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with SINV, variance is again the best performing criterion with an optimal N = 15 with a value
of 0,0185. With these numbers on hand, it is difficult to say which criterion is the best as the
average and variance came both as the best one depending on the dataset. But the fact that we
have twice the value N = 35 and N = 15 suggest that if we use the criteria, it would make more
sense to invest less assets than in the random method and go for a range between 15 and 35. In-

terestingly, now the curve for KZ is closer to that in theory, i.e., it first increases and then decreases.

Reflecting on our findings in the random method, we saw that the minimum variance portfolio
performed best but was lacking of a pattern regarding the number optimal of N asset while the
KZ and EW coming second and third could be observed with a certain trend for N. If we look at
our smart criteria now, we see that KZ has the best utility for all datasets. On the counterpart,
we saw that our trend regarding the optimal N changed drastically as we went from 75 to 95 to
15 to 35. If all the criteria performed better than the random method, we couldn’t define which
one was the best to use, but as KZ is always performing better than the other portfolio strategies,

the choice of the criterion has not too much impact.

Coming after the KZ strategy, we have the minV and the EW standing between the second and
third place. Regarding the criteria we can observe different trend. In the EW, The average and
momentum criteria are clear dominant in this strategy with the random method again being the
worst performing. For the minV, the irregularity seems also to spread to the criteria with the ran-
dom method performing best for SBM, the average criterion for SINV and even all criteria being
equal as N optimal is equal to 100. Last for the SMV, though it is the worst performing portfolio
we can still mention that the variance criterion performs best and the worst being random as seen

before.

Focusing on our optimal number of NV assets and what we have seen in the theoretical section, we
saw that the decreasing trend of the sample mean-variance portfolio was both present in theory
and in our empirical research. The fact that it is the worst performing portfolio strategy is also not
surprising as we already considered it as the worst performing portfolio in our theory. Regarding
the minimum variance, we observed with the random method that it was the best performing
portfolio but was suffering from an optimal number N of assets being unpredictable. This lead in
performance disappeared when we used our smart criteria as the equally weighted was closing to
the minV in terms of performance using the average and momentum criteria with the advantage

that we could observe a pattern of N being equal to 1 or 2 for the EW.

Anyway, those performance were still far from the KZ portfolio. We presented the Kan and Zhou’s
two fund rule in detail in our section 2.6 and after computing the optimal value of the weights
using a certain estimator for #2, we saw that the optimal value of N is theoretically equal to T/2.
When we look at our empirical results, we do not have the same optimal N but at a value standing
between 15 to 35 which is lower than expected but still being interesting due to the fact that we
have the same curve as in theory. This difference in N may be due to the fact that we do not use
the same estimator of #2 in the empirical section than in theory.

Nonetheless, we saw that our best performing portfolio was the KZ using the different criteria
though there was not one criterion being clearly better than the others except for the momentum

and random ones that were often lower than the average and variance in terms of performance.
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Discussing of criteria, we saw that they always outperform the random method except for one
exception for SBM using the minimum variance portfolio. How could this be explained ? This may
be due of the nature of the utility function. As we subtract the the variance from the mean with
a factor of 1/2 as v = 1, a criterion that chooses the asset with the best in sample mean or the
lowest in sample variance may tend to have a consequent improvement to the portfolio in the early
stages as N is not high. In the SMV, as the optimal N is small, choosing the best assets first have
clearly an impact on your utility.

If we saw first a trend of N being between 10 and 15 for the EW portfolio, using the criteria
reduced the number of optimal assets to 2 but strongly improved the performance of the portfolio.
This pattern was also present in KZ as we went from a range of the optimal N of 75 to 95 to
a range of 15 to 35 but again with considerable augmentations in the performances. This could
mean that using a specific criterion, in our case average, variance or momentum would lead to a
reduction of the optimal IV assets but improving considerably the performance of portfolio.

In our case, the best choice being to invest in the KZ portfolio with a number of asset between 15
and 35 using a criteria between the average or the variance, a choice that could be defined by the

investor preference or specific to the dataset.
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4 Conclusion

In the literature review, we had the opportunity to use the work of Zaimovic & al. (2021) to
investigate on the theory of optimal number of N assets in one’s portfolio. We discussed the pio-
neering work of Evans and Archer that suggested investing in maximum of 10 N assets. But going
through all the other papers in the literature, we saw that the optimal N was very dependant to
the strategy that was chosen to evaluate the performance of the portfolio, but also the strategy
used to compute the optimal weights and even the dataset chosen to evaluate the performance.
Two extreme examples were the work of Haensly (2020) and Arvanitis & al. (2023) where if the
core of the research is to find an optimal N, the methodologies and means to find their results are

completely different.

In the desire to focus our theoretical research, we then presented the work of Markowitz (1952)
and the direct impact that his theory and assumptions have on our optimal N before introducing
his famous mean-variance portfolio, where we detailed the equations to optimise the weight of the
assets within the portfolio to optimise it considering that the true parameters of the model are
known. We then saw that in reality it is rarely the case (Kan & Zhou, 2007). After computing the
equations of the model taking the reality pf the parameter uncertainty into account, we saw that the

sample mean-variance portfolio performed poorly out-of-sample and lead to an N being very small.

To solve the issue, we went through different ways to alleviate this parameter uncertainty us-
ing different portfolio strategies and parameters such as the minimum variance portfolio and the
equally weighted portfolio but also and most importantly more complex methods such as the Kan
& Zhou’s two-fund rule which combines the sample mean-variance portfolio and the risk free asset
using a specific coefficient. We developed the equations of this portfolio strategy to find that the
most optimal N to maximise the utility of this portfolio was between [0,7/2], T being our number

of historical observations.

To put these theoretical findings, we decided to see whether they were applicable using real datasets
with historical returns of assets. To diversify our research, we used two different methods to ap-
proach the problem. A "Random” N method where we used random simulations of our datasets
to build portfolios of size 1 to 100, and the ” Smart” N method where we used 3 different criteria
to build our portfolio of size 1 to 100. These criteria dictated how an investor would choose to
add an asset to his portfolio. The criteria are : first, a choice based on the best in sample average
return of an asset. Second, a choice based on the lowest variance and third a choice based on the
momentum of an asset. The more an asset fit the criterion the sooner he is chosen to build our

growing portfolio with the worst asset being the last.

Regarding the choice of the optimal weights we tested these two methods on 4 portfolios. The
sample mean-variance, the minimum variance, the equally weighted and the Kan and Zhou’s two
fund rule portfolios. We also developed in details how we choose to estimate the parameters Kan

and Zhou’s two fund rule portfolio.
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To test out-of-sample performance, we evaluated the average out-of-sample utility using a rolling
window technique detailed in section 3.2.4 with the size of the window being equal to 120 months.
We then compared the different portfolios strategy performance for the both the random and smart
method and see whether we observe patterns of an optimal number N of assets in these portfolios.
In section 3.3 we went into the details of our results, where we observed that the best performing
portfolio for the random method is the minimum variance but with the issue that the optimal
number of asset is irregular and unpredictable. On the other side, we have the equally weighted
and Kan and Zhou portfolios, that perform less than the minimum variance but have pattern re-
garding the optimal value of IV being 10 to 15 and 75-95 respectively. When comparing our smart
criteria to our random results. We observed that the criteria always improves the performance of
every portfolio strategy except for the minimum variance. Furthermore, we saw that the Kan and
Zhou portfolio becomes the best performing portfolio for every dataset. We also had a decrease in
the number of optimal assets becoming 2 for the equally weighted and 15 to 35 for Kan and Zhou.

For every tests, the sample mean-variance is always the worst performing portfolio.

With all this information in mind, we can now reflect on our work and discuss it, especially the
empirical approach. We discussed many factors that could have influenced our final statement of
the optimal N, with the first being our dataset. As explained in the dedicated section, we only
worked with 3 different datasets, this work can be extended to different datasets to see whether
we can observe the same trends or not.

More in details of our methodology, different parameters such as the T value of the rolling window,
gamma, could have been tried with different values to see if it may have an impact or not. Same
with the portfolio strategies used, other strategies presented or mentioned in the theoretical part
could have been used to see whether the Kan and Zhou portfolio would remain the best choice
or not. Another point that could be discussed is how the smart criteria are chosen. Indeed, when
selecting which assets fits the best, we use the history of the entire database. But, this method
introduces a look-ahead bias. An investor, who starts to invest at the 121st period of the rolling
window, does not have access to the future information that we have. Ideally, one could repeat this
thesis’s test with the smart criteria only based on the first 120th returns of the dataset. Further-
more, one could also introduce a turnover of the asset has the rolling window advance as the best

asset for a criterion could change in time.

Ultimately the reason of theses limitations are coming from a constraint that we mentioned in
the thesis : the computational power. Indeed, we already mentioned in our methodology that the
numbers of simulation created by the random method was the main reason we limited our work.
At first, this thesis also included a fourth dataset being the historical returns of the S&P 500. But
as we wanted to expand our methods to this dataset we realised that our computational power
was clearly limited as soon as the number of N assets within a dataset or portfolio was above
100, having an exponential computational time increasing as N was increasing. This is also the
reason why we limited our number of simulations to 100. Maybe that an increase of the number
of simulations could improve or worsen the performance of the random method compared to the
smart criteria. About the criteria, though we chose to do only 3 but our code and methods could be
used with different criteria depending on the investor’s need. Then, one could expand this thesis’s

work by either increasing the total number of simulations or datasets, either by testing new criteria.



37

Finally T think that the question of the optimal N number of assets is a vast domain that is
very interesting and filled with unanswered questions that remain to be solved. Nonetheless, if
we had to answer to our question “How many assets should one select to optimize out-of-sample
performance?”, we could state that, based on the results of our empirical research crossed with our
theoretical review, an investor should invest in 15 to 35 assets using the Kan & Zhou’s two fund

rule portfolio strategy and should select his assets based on a criterion of average or variance.
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