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Introduction

Diffusion-weighted magnetic resonance imaging (DW-MRI) is a non-invasive medical imaging tool
which is sensitive to the movement of water molecules present in the human body. When this technique
is applied to provide informations about the brain microstructure, it is called microstructure imaging.
Inside the human body, there is more than 50% of water. As the body temperature is non-zero, the
water molecules experience a movement of diffusion due to thermal agitation. Thanks to magnetic
gradients, DW-MRI allows to probe this movement. Therefore, it is possible to guess how neurons are
oriented inside the brain. This technique is thus useful on patients suffering from brain microstructure
alterations such as axon injury, demyelination, cerebral edema or neuroinflamation [1].

The output of DW-MRI is the signal emitted by water molecules. From this output, it is possible to
construct 3D images with a gray intensity proportional to the signal in each voxel (volume element) of
the image. Figure 1 shows an example of a brain image obtained by DW-MRI.

Figure 1: Example of a 2D brain image obtained by DW-MRI [2].

In order to have more details about the brain microstructure than a simple image, there exists several
mathematical models that try to adjust parameters to fit the DW-MRI signal. For example, the
simplest model, called diffusion tensor imaging, fits a second-order tensor D for each voxel to the
diffusion signal. This tensor can be view as an ellipsoid and gives informations about the average
diffusion direction and strength in each voxel. Other models divide the diffusion signal in several
compartments, each of them associated with a part of the neurons structure. In this document, we
compare four different models : the diffusion tensor imaging model, its amelioration and two more
complex models.
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The inputs of DW-MRI are parameters such as the norm of the magnetic gradients and the duration of
their application. In order to increase the accuracy of the information about the brain microstructure,
several DW-MRI are often realized on the same patient with different protocols, i.e. different input
parameters. Unfortunately, it takes time and this is not always possible. Furthermore, the longer a
patient spends time in a scanner, the more inaccurate is the signal due to artifacts coming from the
patient movements.

This document proposes to compare four microstructure models by using the generalization error. This
error is defined as the capacity of a model to predict the signal from a new protocol. A small error
means that the model accurately predicts a new signal. Accurately predicting new signals is of great
interest to reduce the acquisition time and to provide informations on the brain microstructure. Figure
2 illustrates the process by which it is possible to predict new signals using diffusion signals coming
from DW-MRI acquisitions.

Figure 2: Interest of accurate microstructural models. First, several DW-MRI are made with
different protocols. This gives rise to multiple signals which are used to fit a mathematical model.
Once the model fitted, it can predict new signals associated with different new protocols.

The first chapter presents all the theoretical background needed to understand DW-MRI as well as
the different kinds of microstructure models. The second chapter details the four chosen models and
explains the limitations and advantages of each of them. In the third chapter, the tool used to compare
the models, known as the generalization error, is developed. Finally, the last chapter exposes the data
used to fit the different models and compares the errors made by each of them.
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Chapter 1

Theoretical background

This first chapter presents the basics of a medical imaging process called diffusion-weighted magnetic
resonance imaging (DW-MRI). This technique enables the diffusion of water molecules in the body
of a patient to be characterized. DW-MRI applied to the study of the brain is referred to as brain
microstructure imaging which is the main topic of this document.

DW-MRI is a complex topic that require strong knowledge in various domains. In the first section, the
magnetic resonance imaging (MRI) is introduced. The second section presents the physical process of
diffusion with both the microscopic and macroscopic approaches. The third section combines the MRI
and the diffusion to introduce the DW-MRI. Afterward, a section explains a method called Monte-Carlo
simulation to acquire DW-MRI synthetic data. Finally, this chapter ends with a section presenting the
different types of DW-MRI models.

1.1 Physical basis of magnetic resonance imaging
Magnetic resonance imaging is a medical imaging technique used in radiology. It allows the formation
of images of the anatomy as well as physiological processes in a patient. This is a non-invasive medical
imaging technique because MRI scanners only use magnetic fields and radio waves which do not expose
patients to harmful ionizing radiation.

1.1.1 Nuclear magnetic resonance

MRI is based upon the nuclear magnetic resonance (NMR) properties of certain atomic nuclei which
are able to absorb and emit electromagnetic radiation in the presence of a magnetic field. These nuclei
have an odd number of protons and/or neutrons and are thus quantum mechanically characterized by
a nonzero spin quantum number. These particles are also called spins. Hydrogen is a good example of
spin especially since it is the most abundant element in the human body. A spin can be visualized as
a particle rotating around its own axis. Since a spin is charged, it creates an electric current which
induces a magnetic field characterized by a magnetic moment µ. The orientation of this magnetic
moment is random due to thermal random motion. When a constant uniform and external magnetic
gradient is applied along the z-axis (B0 = B0ez), µ will try to align with B0. For the hydrogen
nuclei, spin is either parallel/up (low energy state) or antiparallel/down (high energy state) to ez.
The magnetic moment experiences a torque that causes it to precess around B0 with the following
frequency :

f0 = γ

2πB0 [Hz] ,

called the Larmor frequency. The constant γ is the gyromagnetic ratio [rad s−1T−1] and is characteristic
for each nucleus, e.g. for hydrogen nucleus :

γ

2π = 42.58 [MHz T−1] .
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Figure 1.1 illustrates the magnetic moment of a spin precessing around an externally-applied magnetic
field.

Figure 1.1: Representation of a spin in an external magnetic field B0 [3].

In practice, an MRI scanner deals with a collection of hydrogen spins, each possessing a magnetic
moment µi. The net macroscopic magnetization M is defined by the sum of all individual magnetic
moments :

M =
∑
i

µi .

In the absence of an external magnetic field, M = 0 since the spins are randomly oriented. If an
external magnetic field B0 is applied, spins are either up or down as previously seen. It turns out that
in thermal equilibrium, the ratio of the occupations follows a Boltzmann distribution [4] :

N↑
N↓

= exp(∆E
kT

) ,

with ∆E = E↓−E↑ = hf0 the energy difference between spin up and spin down. h is Planck’s constant,
k Boltzmann’s constant and T the absolute temperature. This distribution means that more spins are
up (lower energy) than down (higher energy). Therefore, M = M0ez 6= 0, i.e. the net macroscopic
magnetization is longitudinal. Indeed, the transverse magnetization in the xy-plane is zero because of
the random distribution of all the spins phases.

It is difficult to measure the longitudinal magnetization due to spins because it is much smaller (several
orders of magnitude) than the external field B0. Indeed, at 310 kelvins (i.e. the body temperature)
one cubic millimeter (i.e. the characteristic size of a voxel1) of water contains 3.3456 × 1019 water
molecules [5]. The number of hydrogen atoms is 6.6913× 1019, leading to :

M

B0
= 3.0882× 10−12 .

That is why it is better to measure the magnetization in the xy-plane where there is no other field.
To create a transverse magnetization, the scanner sends a radio frequency (RF) pulse at the Larmor
frequency to the spins population which will enter in resonance. This resonance occurs in two phases.

1A voxel (contraction of volume element) is a pixel in 3 dimensions.
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In the first one, called excitation phase, the RF pulse is absorbed by the system. This modifies
the energy state of the spins. Spins in the low energy state will move to the higher energy state.
The longitudinal magnetization decreases due to a difference in the number of spins up and down.
A transverse magnetization appears because the RF pulse causes spins to precess in phase. The
magnetization M is tilted away from the z-axis and can be decomposed in two components :

M = Mzez +Mxyexy .

A RF pulse is characterized by its flip angle α and is then called an α-pulse. For example, a 90◦-pulse
will make the longitudinal magnetization disappear, i.e. the proportion of parallel and anti-parallel
spins is equal, and a transverse magnetization appears, i.e. all spins are in phase.

The second step called relaxation phase occurs when the scanner stops emitting RF pulses. The
high-energy state being less stable, the system tends to come back to its initial thermal equilibrium
(i.e. M = M0ez). This is done by two separate processes called longitudinal relaxation and transverse
relaxation. Longitudinal relaxation is the process by which the spin population returns to the equilibrium
Boltzmann distribution. It is characterized by a time constant T1 which describes how fast the recovery
occurs. During transverse relaxation, the spins come to thermal equilibrium and dephase themselves.
It is characterized by a time constant T2. However, besides transverse relaxation, spins tend to get out
of phase with one another when there are inhomogeneities in the external magnetic field B0. This is
taken into account with the effective time constant T2∗.

1.1.2 Spin echo

The oscillating behavior of the transverse magnetization will induce a signal known as the free induction
decay (FID). This signal is not directly measurable because of the severe signal loss due to T2∗-
relaxation. To measure the transverse magnetization, the spin echo (SE) sequence is often used. This
method is a pulse sequence consisting in two RF-pulses. At time t = 0, a 90◦-pulse converts the
longitudinal magnetization into transverse magnetization (Figure 1.2 B). The spins will dephase due to
inhomogeneities in the external magnetic field (Figure 1.2 C and D). Then, at t = τ , a 180◦-pulse flips
all the magnetic moments into the opposite direction and reverse the direction of rotation (Figure 1.2
E). As a result, at t = 2τ , called the echo time (TE), they refocus (Figure 1.2 F) and create a spin echo
(Figure 1.2 G). The transverse magnetization can be measured with an amplitude only affected by
T2-relaxation. After t = TE, the spins will dephase again. Figure 1.2 illustrates a spin echo sequence.

1.1.3 Magnetic resonance imaging

Magnetic resonance imaging is a technique that uses NMR to produce 2D or 3D images. For that
purpose, it is necessary to excite only the area of interest of the patient and localize the MR-signals.
This is done by using magnetic field gradients. A gradient field is a magnetic field oriented (e.g. along
z) that varies with position along some spatial direction (e.g. x). Therefore, the linear gradient field is
Gxx and the slope Gx = ∂Bz/∂x is called the magnetic gradient. Gy and Gz are defined similarly. If
gradients are applied in the three spatial directions in the presence of the same external magnetic field
B0 = B0ez, the total field becomes :

B(r) = (B0 +G · r)ez = B(r)ez ,

where G = (Gx, Gy, Gz) is the magnetic field gradient and r = (x, y, z) is the position. In practice, the
external magnetic field is much bigger than the gradient field. Now that the field is position dependent,
so is the Larmor frequency :

f0(r) = γ

2πB(r) .
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Figure 1.2: Illustration of the spin echo sequence [6].
(A) : Spins are aligned with the external magnetic field B0.
(B) : Longitudinal magnetization is converted into transverse magnetization due to a 90◦-pulse emitted
at t = 0.
(C) and (D) : Due to inhomogeneities in B0, spins are dephased.
(E) : Magnetic moments are flipped into opposite directions due to a 180◦-pulse emitted at t = τ .
(F) : Refocusing of the spins.
(G) : At t = 2τ , a spin echo is created.

Therefore, to excite only a slice of spins of thickness ∆z perpendicular to z, we have to use a RF-pulse
of bandwidth :

∆f = γ

2πGz∆z .

In order to get an image, spatial information has to be encoded. This is done by doing first a phase
encoding and then a frequency encoding [4].

1.2 Diffusion
Random molecular collisions occur billions of times per second in fluids. The energy transfer associated
with the collisions modifies the motion of the molecules. All those microscopic motions result, in a
macroscopic level, in a net mass transfer of the considered chemical species, e.g. water molecules in
human brain. This process is called diffusion. Thus, diffusion is a macroscopic manifestation of the
Brownian motion that is taking place at the microscopic level. Therefore there are two main approaches
by which the diffusion has been studied : a microscopic and a macroscopic way [7].

1.2.1 Microscopic approach : random walk and brownian motion

From a microscopic point of view, diffusion can be seen as the motion of molecules colliding with
each other because of the thermal agitation. This motion can be considered as a random walk, i.e. a
stochastic process that describes a path consisting on a succession of random steps. Each step in the
random walk is independent of the preceding one. This lack of memory of the process is called Markov
property. Therefore, the stochastic process X(t), representing the position of a brownian particle,
follows a Markov process. Figure 1.3 illustrates a random walk of a brownian particle.
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Figure 1.3: Illustration of a brownian particle random walk [8].

It can be proved [9] that after a sufficiently long time, if r(t) is the position at time t and r0 is the
initial position, the probability distribution of r(t)− r0 converges to a Gaussian distribution of zero
mean and variance proportional to the time t :

σ2 = 2Dt ,
where D [m2 s−1] is the diffusion coefficient.

1.2.2 Macroscopic approach : diffusion equation

The macroscopic approach uses continuous physics to derive the so-called diffusion equation. This
equation is the combination of two well-known equations :

• The mass conservation equation :
∂C

∂t
(r, t) = −∇ ·J(r, t) ,

where C [mol m−3] or [kg m−3] is the concentration of the studied species, J [mol m−2 s−1] or
[kg m−2 s−1] is the diffusive flux, r is the position and t the time. This equation states that since
the system is closed to all transfers of matter and energy, the mass of the system must remain
constant over time.

• Fick’s law which is a constitutive equation for the flux J :

J(r, t) = −D ·∇C(r, t) ,

where D [m2 s−1] is a 3× 3 symmetric, positive-definite tensor known as the diffusion tensor.
This equation states that the studied substance diffuses from regions of high concentration to
regions of low concentration.

Combining these two equation gives the diffusion equation

∂C

∂t
(r, t) = ∇ · (D ·∇C(r, t)) .

In the case of isotropic diffusion (see next subsection), the diffusion equation simplifies to

∂C

∂t
(r, t) = D∆C(r, t))

since the diffusion is the same in all directions. This is a form of heat equation.
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1.2.3 Types of diffusion

We conclude this section with a few words about the different types of diffusion that we can encounter.

• Isotropic diffusion : When the diffusion is the same in every direction, the diffusion is said to
be isotropic. This diffusion is characterized by a single diffusion coefficient D.

• Anisotropic diffusion : When the medium is highly structured like in most biological tissues,
the diffusion coefficients are different depending on the direction. The diffusion is anisotropic.
As a consequence, the diffusion is not characterized by a single number anymore but by a 3× 3
diffusion tensor D. Practically, this tensor is always symmetric :

D =


Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz

 ,

where the diagonal elements represent diffusion coefficients measured along each of the princi-
pal directions. The six off-diagonal elements reflect the correlation between random motions
corresponding to each pair of principal directions.

• Restricted diffusion : Restricted diffusion refers to the diffusion in restricted geometries where
diffusing species are physically constrained to remain within a bounded domain.

• Hindered diffusion : The diffusion is said to be hindered when obstacles hinder the diffusion
of substance under study. It is not because a diffusion is hindered that it is restricted.

Figure 1.4 illustrates the different types of diffusion that can occur in the brain.

Figure 1.4: The different types of diffusion [10]. Examples of diffusion trajectory for isotropic
unrestricted, isotropic restricted and anisotropic restricted diffusions.

In this document, we mainly study the diffusion within the brain. In that case, the degree of anisotropy
and restriction depends on the microstructure. In highly organized structures like white matter fascicles,
the diffusion is highly anisotropic and highly restricted in the direction orthogonal to fascicles because
molecules diffuse better in directions where the resistance is the least. On the contrary, in less coherent
structures, the diffusion is almost isotropic and scarcely restricted. Finally, in the cerebrospinal fluid
(CSF), the diffusion is isotropic and unrestricted.
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1.3 Diffusion-weighted magnetic resonance imaging
Diffusion-weighted magnetic resonance imaging (DW-MRI), sometimes abbreviated diffusion-weighted
imaging (DWI), is a particular MRI modality that is sensitive to the diffusion process of water
molecules. Its goal is to probe this by combining classical MRI sequences like the spin echo with
successive applications of magnetic gradients. By doing this, the signal becomes sensitive to the
diffusion of molecules during the acquisition. It is therefore possible to infer information about the
underlying tissue microstructure.

This section first presents the most known DWI sequence : the pulsed-gradient spin echo (PGSE). Then
it focuses on the two approaches developed in the previous section : the microscopic and macroscopic
approaches.

1.3.1 Pulsed-gradient spin echo

A PGSE sequence is a spin echo sequence where two linear magnetic fields of magnitude B1(r) = G · r
are successively superposed to the uniform and constant magnetic field B0 = B0ez. A PGSE sequence
is characterized by three parameters illustrated in Figure 1.5 :

• G : the 3-dimensional magnetic gradient of magnitude G and unit direction ĝ,

• δ : the time during which each gradient is applied,

• ∆ : the time between the onset of the first and second gradient.

Figure 1.5: Schematic representation of a pulsed-gradient spin echo sequence [11]. At t = 0,
a 90◦-pulse is emitted. Immediately after the RF pulse at t = t1, a gradient G is applied for a time
δ until t2 = t1 + δ. Then a 180◦-pulse is emitted at t = τ . A second gradient of same magnitude
and same duration begins at t3 = t1 + ∆ and ends at t4 = t1 + ∆ + δ. Finally, the echo occurs at
t = 2τ = TE.

As for the spin echo sequence, the PGSE sequence first starts at t = 0 with a 90◦-pulse which converts
the longitudinal magnetization of the spins into a transverse magnetization. Then, at t = t1, a first
gradient is applied during a time δ. The effect of this gradient is to dephase the spins that were
precessing together, therefore making them experience distinct Larmor frequencies. At t = τ , a
180◦-pulse flips all the magnetic moments into the opposite direction and reverse the direction of
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rotation. At t3 = t1 + ∆, the second gradient, which has the same duration, direction and intensity as
the first one, is applied. Its effect is to refocus all the spins. If the spins did not move, their phase
are perfectly refocused after the application of the second gradient and the measured signal is the
same as for a SE sequence. However, due to random diffusion through the tissues, the refocusing is
imperfect and the signal attenuation can’t be completely compensated for. The amount of remaining
signal attenuation is related to the amount of motion that occurs along the gradient direction.

1.3.2 Microscopic approach

It is possible to derive a mathematical expression for the attenuation of the transverse magnetization
associated to the PGSE sequence by using the microscopic approach presented in the previous section.

Assume a Brownian motion composed of N Brownian particles (i.e. spins) in a diffusion environment
Ω (i.e. a voxel of human brain). The initial 90◦-pulse aligns spin phases perpendicular to the applied
static field B0 = B0ez. All spins have a Larmor frequency f = γB0/2π. Then the first gradient is
applied and dephases the spins. The phase shift of spin k after the application of the first gradient is
the following :

φ
(1)
k = γB0τ + γ

∫ t2

t1
G · rk(t)dt k = 1, 2, ..., N ,

where rk(t) is the position of spin k at time t. The times τ, t1 and t2 are the same as in Figure 1.5.
The first term is the phase shift due to the static field B0 and the second is due to the gradient pulse.

After the application of the 180◦-pulse, a second gradient is applied and each spin experiences a second
phase shift :

φ
(2)
k = γB0τ + γ

∫ t4

t3
G · rk(t)dt k = 1, 2, ..., N .

Finally, the net phase shift φk experienced by a spin k at the echo time t = TE is :

φk = φ
(1)
k − φ

(2)
k

= γ
∫ t2
t1
G · rk(t)dt− γ

∫ t4
t3
G · rk(t)dt

k = 1, 2, ..., N (1.1)

where the minus sign reflects the effect of the inverting 180◦-pulse applied at t = τ .

Imagine that the spins are static during the application of the gradient pulses, i.e. the narrow gradient
pulse condition δ << ∆ is assumed [12]. Then, a particular spin k located at position r1 after the first
gradient pulse and at position r2 after the second gradient pulse, has the following net phase shift :

φk = γδG · (r2 − r1) .

This net phase shift is null if the spin remained static, i.e. r1 = r2. If the spin has moved due to
diffusion, it will acquire a phase shift and the signal will be attenuated.

When the phase φk of each spin is known, it is possible to calculate the attenuation E of the
transverse magnetization associated to the PGSE sequence of parameters ppgse = (G,∆, δ) in a
diffusion environment Ω :

E = S(TE)
S̃0

=
e−

TE
T2

N∑
k=1

M0
N eiφk

M0e
−TE
T2

= 1
N

N∑
k=1

eiφk ,
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where S̃0 is the unweighted signal, S(TE) is the measured signal at echo time, T2 is the spin-spin
relaxation time and M0 is the net magnetization in the xy-plane after the application of the 90◦-pulse
and is written in complex notation :

M0 = M0x + iM0y .

With the microscopic approach, it is therefore possible to calculate the attenuation of the transverse
magnetization by simply providing the Brownian trajectories rk(t) which depends on the tissue
microstructure Ω. The purpose of methods that generate synthetic data such as Monte Carlo simulation
is to generate these N random trajectories in Ω. This is the subject of the next section.

1.3.3 Macroscopic approach

The Bloch-Torrey equations are a system of coupled linear PDE’s which describe the evolution of the
transverse magnetization Mxy = Mx + iMy in a diffusion domain Ω. This system is challenging to
solve for arbitrary domains.

However, it is possible to obtain a simple expression for the signal S if isotropic Gaussian diffusion is
assumed. This gives the following Stejskal-Tanner equation [13] :

S = S̃0e
−TE
T2 e−γ

2δ2G2(∆−δ/3)D , (1.2)

where D is the diffusion coefficient, T2 is the time constant for spin-spin relaxation and S̃0 is the signal
obtained if no signal attenuation occurred.

In the field of diffusion MRI, a useful quantity named b-value is used and contains the parameters of a
PGSE sequence. It is defined as follows :

b , γ2δ2G2(∆− δ/3) .

Similarly, a notation commonly used in the literature is to group together the unweighted signal with
the decreased exponential depending on T2, giving a new signal S0 :

S0 = S̃0e
−TE
T2 .

With these new notations, equation 1.2 becomes :

S = S0e
−bD . (1.3)

The signal attenuation depends only on the b-value and has an exponential profile as illustrated on
Figure 1.6 :

E(b) = S(b)
S0

= e−bD . (1.4)

Figure 1.6 shows a schematic representation where a diffusion process occurs between two parallel
barriers represented by two black lines. Perpendicular to these barriers, the diffusion is restricted
whereas parallel to them it is unrestricted. The figure also illustrates the signal attenuation for both
cases. The unrestricted attenuation is obtained with equation 1.4. The restricted one is simulated as
the diffusion signal attenuation generated within a cylinder along the direction perpendicular to the
axis of the cylinder [14]. Grey dots correspond to the attenuation with b = 1000 [s/mm2]. The orange
curves represent a diffusion time τ2. For a given b-value, the attenuation is lower for unrestricted
diffusion than for restricted diffusion. Indeed, when diffusion is restricted by the presence of the barrier,
the spins are on average subject to a smaller net displacement and the signal is less attenuated.
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Figure 1.6: Effect of the b-value on the signal attenuation [12].
On the left : representation of a diffusion process between two black parallel barriers after a diffusion
time τ2.
On the right : graphics representing the signal attenuation in both unrestricted and restricted diffusion.
The two grey dots highlight a b-value of 1000 s/mm2.

Equation 1.3 is largely used in diffusion models such as MFM and NODDI2 to represent compartments
where the diffusion is free.

It is possible to generalize the Stejskal-Tanner equation for the Gaussian anisotropic case. The result
is the following :

S = S0e
−bĝTDĝ , (1.5)

where D is the diffusion tensor. Equation 1.5 is the basis of the DTI model which is explained in the
next chapter.

The three parameters TE, δ and ∆ are chosen for the acquisition and must be such that

TE ≥ ∆ + δ ,

which is clear when looking at Figure 1.5. In practice, one wants a TE as short as possible to avoid
a loss of signal, due to e−TE/T2, and thus a loss of the signal-to-noise ratio (SNR) since the noise is
approximately constant.

DWI are scalar images which contain the value of the measured signal S at each voxel for a given
b-value b and gradient G. For microstructure containing heterogeneity, multiple DWI are generally
acquired using various gradient pulse directions and b-values.

The gradient field is generated by electromagnetic coils in the three cartesian directions. One hardware
constraint is that each coil can create a magnetic field of a maximum amplitude. Therefore, to increase
the b-value, ∆ and/or δ must be increased. This results in an increased echo time which has two
negative effects : first it increases the acquisition time of the images and second it decreases the SNR

2These two models will be detailed in Chapter 2.
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of the images because of the factor e−TE/T2. It is possible to increase the SNR by averaging multiple
DWI acquired with the same parameters. Averaging N DWI increases the SNR by a factor

√
N but

the acquisition takes N times longer. However, there exists an acquisition scheme named cube and
sphere (CUSP) which enable to increase the b-value without increasing the echo time [15].

1.4 Monte-Carlo simulation
In this document, the DW-MRI signals come from real data obtained on real subjects3. However,
such real data are not always available because it takes time to acquire them on patients. Therefore,
scientists developed methods to acquire synthetic data. These synthetic data are useful to compare
estimated parameters to the known parameters of the simulation and investigate the effect of noise.
The goal of these methods is to generate an accurate DW-MRI signal attenuation E(ppgse,Ω) from
given PGSE parameters ppgse = (g,∆, δ) and a given diffusion environment Ω. In this section, the
Monte Carlo (MC) simulation [11], which is the reference for the generation of synthetic DW-MRI
data, is presented followed by its limitations and advantages.

1.4.1 Description

A Monte Carlo simulation is based on the microscopic approach of diffusion where N Brownian particles
(i.e. spins) follow a discrete Brownian motion as presented in Section 1.3.2. The simulation consists in
generating the trajectories of these N particles which are uniformly distributed across the domain Ω.

Let {t0, t1, t2, ..., tT−1, tT } be a partition of the time interval between the initial 90◦-pulse (t0 = 0) and
the echo time (tT = TE) and rk(t) be the position of a particular spin k. Then, from a random initial
position rk(t0) in the domain, the position of spin k is updated as follows :

rk(ti+1) = rk(ti) + ∆ri i = 0, ..., T ,

where the step ∆ri has a random orientation and a fixed length

L = ‖∆ri‖ =
√

2nDδti ,

with n the spatial dimension of the diffusion environment and

δti = ti − ti−1 i = 1, ..., T .

By the central limit theorem, the distribution of all n components of the position of spin k rk(t) at
time t will tend to a Gaussian distribution with a mean equal to zero by symmetry and a variance
equal to 2Dt which is exactly what was obtained in Section 1.2.1.

It is possible to discretise the time integrals in equation 1.1 with a rectangle-like method to obtain the
accumulated phase φk of spin k. The formula for the update at each iteration is

φk(ti+1) = φk(ti) + γf(ti)g · rk(ti)δti ,

where f(t) is the temporal profile of the applied magnetic gradient. For a PGSE sequence, f(t) takes
the values 0,1 or −1 as illustrated on Figure 1.7.

The final signal attenuation is computed as the sample mean of eiφ :

E(ppgse,Ω) = 1
N

N∑
k=1

eiφk .

3More details about the data can be found in Appendix C.
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Figure 1.7: Values taken by f(t) for a PGSE sequence. The −1 comes from the fact that between
t2 and t3, a 180◦-pulse is emitted. The times t1, t2, t3 and t4 are the same as on Figure 1.5.

Note that it suffices to compute the real component of the signal since it has been shown that DW-MRI
signals are real and positive under assumptions that are usually met in our experiments [16].

Finally, spins that encounter a barrier are reflected elastically since we consider perfectly impermeable
membranes. This is illustrated in Figure 1.8.

Figure 1.8: Illustration of a membrane allowing perfect reflection. Figure inspired from [11].

1.4.2 Limitations

A first limitations of the MC simulations is the computation time and the memory requirements.
Indeed, they are both proportional to the number of spins N , the number of time steps T and the
number of PGSE sequences generated. Since these parameters are often high, the simulation time is
therefore very big. To give an idea, for the simplest geometry, it can last for more than an hour [17].

Another limitation is that the parameters N and T have to be precisely determined for every diffusion
environment and every PGSE sequence. This determination is done through convergence analysis and
needs additional simulation time.

Finally, only few simple geometries are implemented in current software.

1.4.3 Advantages

The main advantages of MC simulations are its accuracy and its flexibility. Indeed, the equations
presented above have theoretical foundations and their results are thus correct.

Furthermore, any magnetic gradients and any geometries can be implemented, even if the simulation
time can be a limitation as just discussed.
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Finally, since each of the N spins evolves independently, it is possible to benefit from parallel computing.

1.5 DW-MRI models
DW-MRI returns a signal altered by the diffusion of water. A DW-MRI model is a model that fits
this measured signal to a parametrized analytical expression that incorporates information about the
brain microstructure. Thanks to these models, we can provide valuable informations about the brain
structure. There are two main categories of DW-MRI models : the phenomenological ones and the
microstructural ones. This section first introduces the superposition principle which is a useful property
used by microstructural models. Then, the two categories are explained.

1.5.1 Superposition principle

The DW-MRI signal benefits fom a useful property called superposition principle. The statement of
this principle is the following [18] :

If the diffusion environment Ω can be expressed as the union of K mutually-disjoint compartments
Ω1, ...,ΩK with volumes ‖Ω1‖, ..., ‖ΩK‖ and with perfectly-reflecting boundaries, then the total signal
Spgse(Ω) in the diffusion environment Ω is obtained as :

Spgse(Ω) =
K∑
i=1

fiSpgse(Ωi) ,

where fi = ‖Ωi‖
‖Ω‖ and Spgse(Ωi), for i = 1, ...,K are respectively the volume fractions and the individual

signal contributions of each compartment.

This result holds if the T2 characteristic time and the proton density is uniform across all subdomains
Ωi.

Figure 1.9: Illustration of the superposition principle [17]. A complex signal can be divided in
different parts where the diffusion is similar. The total signal is equal to these different parts weighted
by the fraction occupied by each of them.

1.5.2 Phenomenological models

The first category of models is the so-called phenomenological models. In those models, the DW-MRI
signal is fitted with a mathematical expression containing parameters that do not directly represent the
biological microstructure of the brain. They have simple mathematical formulations and their estimated
parameters represent diffusion features. This means that they do not provide informations about the
microstructural features like axon radii. The estimated parameters of phenomenological models are
quantities like the principal direction of diffusion, the degree of anisotropy, etc. It is sometimes unclear
what they biologically represent. The most known model of this category is the diffusion tensor imaging
(DTI) model which fits to each voxel a diffusion tensor. This model is detailed in the next chapter.
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1.5.3 Microstructural models

The second category of models comprises microstructural models which provide a more direct link
between the brain microstructure and the measured signal. They usually are multi-compartment
models and have a more complex mathematical formulation. A multi-compartment model is a model
using the superposition principle by dividing the measured signal into several compartments, each of
them containing a fraction of the total signal. Therefore, the measured DW-MRI signal is the sum of
the signals Si contributed by each population of water molecules multiplied by the fraction fi of each
population :

S =
N∑
i=1

fiSi such that
N∑
i=1

fi = 1 .

Another formulation is :

S = S0

N∑
i=1

fiAi ,

since the non diffusion-attenuated signal S0 is the same for all compartment. Ai is the attenuation
signal of the compartment i.

For all the Ai, a microstructural environment, where the water diffusion has a specific characteristic
such as isotropic or hindered anisotropic diffusion, is assigned. The compartments can represent various
microstructural configurations but generally have one compartment dedicated to the cerebrospinal
fluid (CSF) where the diffusion of water is free and isotropic. Another compartment represents the
axon where the diffusion is highly restricted in the direction perpendicular to the principal direction of
the axon. There is also a compartment representing the extra-axonal space where the diffusion can be
hindered.

In reality, the compartments are not completely impermeable which means that it is possible that
water molecules move from one compartment to another. If the rate of exchange is slow compared
to the diffusion time, the fraction of water molecules in each compartments can be assumed constant
during the diffusion process. This assumption is called the non-exchangeability of water molecules and
is generally made for multi-compartment models.

The principal advantage of microstructural models is that they provide a more intuitive insight of the
brain microstructure. Unfortunately, they have a much more complicated mathematical formulation
and strong assumptions have to be made in order to get an acceptable complexity. A good example of
that kind of model is the NODDI model which is described in the next chapter.
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Chapter 2

Presentation of the different models

This chapter presents the four diffusion MRI models that will be compared using the generalization
error in the fourth chapter. They are developed from the simplest one to the most complex one, namely

• Diffusion Tensor Imaging (DTI),

• Multi-Fascicle Model (MFM),

• Neurite Orientation Dispersion and Density Imaging (NODDI),

• DIstribution of Anisotropic MicrOstructural eNvironments with Diffusion-weighted imaging
(DIAMOND).

For each model, its limitations and advantages are exposed. The chapter ends with a summary table
of the four models.

In this chapter, some biological terms concerning the neurons structure are used. The reader may refer
to Appendix A for more details on these terms.

2.1 Diffusion Tensor Imaging (DTI)
The diffusion tensor imaging model [19] is the simplest and most widely used model of diffusion signal.
Assuming homogeneous Gaussian diffusion, it models the average diffusion direction and strength at
each voxel with a second-order tensor D. This tensor is estimated from diffusion measurements in
several directions. The Stejskal-Tanner equation links the measured diffusion-weighted signal Sk along
a gradient direction gk to the non-attenuated signal S0 :

Sk(D) = S0e
−bkgTkDgk ,

where bk is the b-value.

The tensor D can be interpreted as an ellipsoid the principal direction of which indicates where the
diffusion is the strongest. The two orthogonal directions are where the diffusion is more restricted.

Mathematically speaking, an ellipsoid is represented by :

D =


Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz

 ,
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a 3 × 3 positive definite matrix. It turns out that for uncharged molecules such as water, D is
symmetric1. Therefore, there are pDTI = 6 parameters2 required to fully define the ellipsoid. The
eigenvalues ofD, conventionally denoted λ1 ≥ λ2 ≥ λ3, give the magnitudes of diffusion in the direction
of the eigenvector associated, i.e. λi is the diffusion coefficient in the direction ei, the i-th eigenvector
of D.

It is therefore possible to infer the diffusion occurring in a voxel by looking at the shape of the ellipsoid.
Free water, where the diffusion is isotropic, will give rise to a spherical ellipsoid while environments
where the diffusion is highly anisotropic will give thin ellipsoids. Indeed, the diffusion coefficient is the
same in all directions for isotropic diffusion whereas diffusion is favored along a principal direction for
anisotropic diffusion.

To represent the parameters estimated by DTI into a scalar image, we commonly calculate the axial
diffusivity (AD), the radial diffusivity (RD), the mean diffusivity (MD) and the fractional anisotropy
(FA). The diffusion along the principal axis, λ1, is called the axial diffusivity. The radial diffusivity is
the average diffusion along the two others axis :

RD = λ2 + λ3
2 .

The mean diffusivity is the diffusion averaged in the three directions. It is calculated as followed :

MD = 1
3Tr(D) = λ1 + λ2 + λ3

3 .

The fractional anisotropy gives an idea of the degree of asymmetry between the diffusivity in the three
directions. It is defined as :

FA =
√

3
2

√
(λ1 −MD)2 + (λ2 −MD)2 + (λ3 −MD)2√

λ2
1 + λ2

2 + λ2
3

.

FA is between 0 if the diffusion is completely isotropic and 1 if the diffusion is highly anisotropic, i.e.
the water molecules can only move in one direction.

These DTI-based measures are computed in each voxel yielding to scalar images as shown on Figure
2.1.

These measures can be altered by a change of diffusion due to some pathologies. For example, when
myelin sheaths are damaged, MD increases since myelin sheaths act like a barrier to diffusion. On the
other hand, FA decreases because the main direction of diffusion is smaller. As a consequence, RA
increases and DA decreases.

1Dij = Dji ∀ i, j ∈ {x, y, z}, i 6= j.
2Dxx, Dxy, Dxz, Dyy, Dyz and Dzz.
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Figure 2.1: DTI-based measures [20]. Representation of images respectively plotted accorded to
the Fractional Anisotropy, the Mean Diffusivity, the Axial Diffusivity and the Radial Diffusivity.

2.1.1 Limitations

The DTI model is simple but suffers from severe disadvantages. Indeed, it assumes that the diffusion
at each voxel is Gaussian with either no preferential direction in the case of isotropic diffusion or one
preferential direction for anisotropic diffusion. This is correct only if all axons in the voxel are into
one fascicle with a specific orientation. If the voxel contains fascicles with heterogeneous orientations,
the model is not able to predict the correct microstructure within that voxel. It can also lead to
misinterpretations. For example, when two fascicles are crossing within the same voxel, DTI will fit
a single wide tensor instead of two thinner as shown on Figure 2.2. This will decrease the fractional
anisotropy and might be interpreted as altered myelin for the fascicle. In reality, a study shows that
the orientation of the fascicles is heterogeneous in 60 to 90% of the voxels present in the white matter
[21]. Therefore, the DTI model must be improved in order to detect several fascicles.

Another limitation of DTI, due to voxels that are at the interface between different tissues (like gray
and white matter or between the cerebrospinal fluid and a tissue), is the partial volume effect. The
diffusion signal arising from these different compartments will give a single average value. Since DTI
assumes that the diffusion is purely restricted or purely unrestricted, the different compartments will
conflate. This can give rise to a lower FA and thus a biological misinterpretation.

Finally, DTI being a phenomenological model, it does not directly represent the biological microstructure
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of the brain.

Figure 2.2: Example of mistake made by the DTI model. A voxel in which two fascicles are
crossing (a) will be fitted by DTI with only one ellipsoid (b) representing the averaged diffusion within
this voxel.

2.1.2 Advantages

As previously said, DTI is the simplest and most widely used model of diffusion signal. This is due to
the fact that it only needs to estimate a single symmetric tensor, i.e. 6 parameters. So even for large
protocol, the estimation does not require much calculation time.

2.2 Multi-Fascicle Model (MFM)
The multi-fascicle model [15] is a multi-compartment model which considers a mixture of independent
fascicles with heterogeneous orientations at each voxel. To this, it adds an isotropic component to
model the diffusion of unrestricted water as in the CSF. Making the assumption of non-exchangeability
of water molecules, the diffusion signal in each voxel is modeled as a mixture of the diffusion signal
arising from each individual fascicle plus the isotropic component. The diffusion-weighted signal
Sk(D,f) along a gradient direction gk can be described as followed :

Sk(D,f) = S0(f0S
free_water
k +

Nf∑
j=1

fjS
fascicle
k,j ) ,

where D = [D1, ...,DNf ] represents the diffusion tensors of the Nf fascicles, S0(f0S
free_water
k ) is the

diffusion signal arising from the unrestricted water and Sfascicle
k,j is the diffusion signal arising from a

single fascicle. Finally, f = [f0, ..., fNf ] describes the fraction of occupancy of each compartment and
is such that :

Nf∑
j=1

fj = 1, fj ≥ 0 ∀ j .

The diffusion of free water is modeled assuming isotropic Gaussian displacements :

Sfree_water
k = e−bkDiso ,
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where Diso is the diffusion coefficient for free water at 37˚C. Each of the Nf fascicle is modeled by a
DTI model leading to :

Sfascicle
k,j = e−bkg

T
kDjgk .

Diffusion parameters such as AD, RD, MD and FA can be computed for each fascicle independently.
The number of parameters that needs to be estimated is3 pMFM = 1 + 7Nf . The estimation of the
number of fascicles Nf is challenging. In [22], the authors determine the number of fascicles at each
voxel by assessing the generalization error.

2.2.1 Limitations

Like the DTI model, the MFM model assumes a Gaussian diffusion within the voxels. The number of
fascicles within a voxel is not known in advance, so the model has to be fitted with different values of
Nf . To know which of these models best fits the signal, the generalization error is computed for each
model. The lower the generalization error, the better the model [22]. The number of parameters that
needs to be estimated is higher than for the DTI model, making the fitting of the MFM model slower.
Furthermore, the model needs to be fitted several times and the generalization error computed.

2.2.2 Advantages

The MFM model is an improvement of the DTI model because it takes into account the signal coming
from several fascicles in the same voxel. Since [21] suggests that at typical clinical spatial resolutions,
voxels containing crossing fascicles could account for 60 to 90% of all voxels, the fact that MFM takes
into account multiple fascicles is of great interest.

2.3 Neurite Orientation Dispersion and Density Imaging (NODDI)
NODDI, proposed in [23], is a two-level model. The first level consists of decomposing the contents
of each voxel into two parts : the tissues and the cerebrospinal fluid. The second level decomposes
the tissues into an intra-cellular part and an extra-cellular part. Therefore, there are three types of
microstructural environment :

• The intra-cellular space which is the space bounded by the membrane of dendrites and axons,
known collectively as neurites.

• The extra-cellular space which is the space around the neurites. It is occupied by various types
of glial cells and somas in the grey matter.

• The cerebrospinal fluid (CSF) which is the main fluid of the brain.

Those compartments define different water diffusions and give rise to a separate signal. The full
normalized signal S is written as :

S = (1− fiso)(ficSic + fecSec) + fisoSiso ,

where

• Sic, Sec and Siso are respectively the normalized signals coming from intra-cellular space, extra-
cellular space and CSF.

• fiso, fic and fec are respectively the fraction occupied by the CSF, the intra-cellular space and
the extra-cellular space.

3f0 for the unrestricted water and fi, Di
xx, D

i
xy, D

i
xz, D

i
yy, D

i
yz, D

i
zz for each fascicle i ∈ N0, i ≤ Nf .
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Due to the two-level nature of NODDI,

fec + fic , 1 .

Therefore, only two fraction parameters are needed.

Intra-cellular model

In this compartment, the diffusion of water is highly restricted perpendicular to neurites and unhindered
along them. It is therefore modeled as a set of sticks, i.e. cylinders of zeros radius.

Sic =
∫
ρ(n)e−bd‖(g ·n)2

dn ,

where g is the gradient orientation, b is the b-value and ρ is the orientation distribution function and
is such that ρ(n) = ρ(−n) and

∫
ρ(n) = 1. Therefore, ρ(n)dn gives the probability of finding sticks

along orientation n. The term e−bd‖(g ·n)2 gives the attenuation due to unhindered diffusion along a
stick with intrinsic diffusivity d‖ and orientation n. The orientation distribution function is modeled
with a Watson distribution [24] because it can capture the dispersion in orientation easily and provides
a good representation either for high orientation dispersion as in gray matter or for low orientation
dispersion as in white matter :

ρ(n) = M(1
2 ,

3
2κ)−1eκ(µ ·n)2

.

M is a confluent hypergeometric function, µ is the mean orientation, i.e. the unit vector about which
the distribution is cylindrically symmetric, and κ is the concentration parameter which controls the
extent of orientation dispersion about µ.

Extra-cellular model

Due to neurites, the diffusion of water in the extra-cellular space is hindered but not restricted. The
diffusion can therefore be modeled with a Gaussian anisotropic diffusion. The normalized signal for
this compartment Sec is such that :

Sec = e−bg
TDg ,

where b is the b-value and g the gradient orientation. The apparent diffusion tensor D of the
compartment is defined as :

D =
∫
ρ(n)D(n)dn ,

where ρ is the distribution of axon orientation and D(n) is the diffusion tensor for axons with principal
direction of diffusion n. The diffusion coefficient parallel to n is d‖ and d⊥ is the one perpendicular
to n. The coefficient d‖ is the same as in the intra-cellular compartment and d⊥ is set to d‖(1− fic).
This so-called tortuosity model is an important assumption of the model.

CSF model

As for the free water compartment in MFM, the CSF is modeled as an isotropic Gaussian diffusion
with diffusivity Diso. Therefore, the signal coming from this part of the brain is written as :

Siso = e−bDiso ,

where Diso is the diffusion coefficient for free water at 37˚C and b is the b-value.
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Orientation dispersion index

From the concentration parameter κ, we can define an orientation dispersion index (OD) as :

OD = 2
π
arctan

(1
κ

)
.

This index lies between 0 and 1 and is therefore easy to visualize. In high orientation dispersion tissues
like the gray matter, OD will be close to 1. On the contrary, in low orientation dispersion tissues like
the white matter, it will be almost zero.

Number of parameters estimated

The number of parameters that needs to be estimated for the NODDI model is pNODDI = 5 :

• fiso : the fraction occupied by the CSF in each voxel,

• fic : the intra cellular volume fraction in each voxel,

• κ : the concentration parameter,

• θ : angle of the fiber orientation (see Figure 2.3),

• ϕ : angle of the fiber orientation (see Figure 2.3).

The two angles parameters θ and ϕ are necessary to calculate the fiber direction. Figure 2.3 shows
how these two angles are defined.

Figure 2.3: Representation of the angles defining the fiber orientation [25]. The figure
illustrates the way the angles θ and ϕ are defined. The fiber is the segment ~OM and its length is
‖ ~OM‖.

From this definition, the fiber direction can be calculated as follows :
x = sin(θ) cos(ϕ)

y = sin(θ) sin(ϕ)

z = cos(θ)

.
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2.3.1 Limitations

The NODDI model relies on a representation with a single white matter fascicle while fascicles with
various microstructures have been observed such as in the body of the corpus callosum [26]. NODDI
ignores the intra-axonal radial diffusivity and, similarly to the DTI model, considers only a single
fascicle compartment per voxel while fascicles crossings occur a lot in the human brain. NODDI may
capture crossing fascicles as increased dispersion but can’t characterize each of them separately [26].

Furthermore, due to its much more complex mathematical formulation compared to DTI or MFM, the
computational time is higher even if it has a relatively low number of parameters to estimate.

2.3.2 Advantages

The NODDI model is a multi-compartment microstructural model which provide a more direct link
with the brain microstructure than a phenomenological model such as DTI. It focuses on the modeling
of neurites which are key markers of brain development and aging [23].

2.4 DIstribution of Anisotropic MicrOstructural eNvironments with
Diffusion-weighted imaging (DIAMOND)

Description

The DIAMOND model, proposed in [26], is another type of diffusion compartment model, i.e. a model
which parameters reflect the tissue compartments present in each voxel. In this model, we consider
measurements arising from a large number of 3D spin packets such that each homogeneous spin packet
undergoes local anisotropic 3D Gaussian diffusion represented by a diffusion tensor D. It proposes to
model the measured diffusion signal Sk, for the b-value bk and gradient direction gk, by integration of
the contribution of all spin packets.

Sk = S0

∫
D∈Sym+(3)

P (D)e−bkgTkDgkdD , (2.1)

where S0 is the signal without diffusion, Sym+(3) is the set of 3× 3 symmetric positive-definite (SPD)
matrices and P (D) is the matrix-variate distribution which gives the fraction of spin packets described
by a 3D diffusivity D in the voxel.

If a voxel contains exactly one homogeneous microstructural environment whose diffusion tensor is D0,
then the matrix-variate distribution is a delta function :

P (D) = δ(D −D0) .

In that case, the DIAMOND model is equivalent to the DTI model.

If a voxel contains several homogeneous microstructural environments, then the matrix-variate distri-
bution is a mixture of delta functions such as represented on Figure 2.4 (b).

In reality, each microstructural environment contains heterogeneities and is then best described by a
population of spin packets which is modeled with a peak-shaped matrix-variate distribution centered
around its expectation D0 and defined over the space of SPD matrices as illustrated on Figure 2.4 (c).

The DIAMOND model uses the matrix-variate Gamma (mv-Γ) distribution which is the generalization
of the Wishart distribution4 for non integer numbers of degrees of freedom. The formal definition of
the mv-Γ distribution is the following :

4Actually, Wishart distribution is a generalization to multiple dimensions of the chi-squared distribution. Similarly,
mv-Γ distribution is a generalization to multiple dimensions of the gamma distribution.
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Figure 2.4: Illustration of microstructural environments in the DIAMOND model [26].
(a) Mixing of (an)isotropic compartments : Example of multi-compartment model with a mix of a
isotropic (red) and two anisotropic (green and blue) compartments.
(b) Hypothesis of purely homogeneous compartments : If the compartments are homogeneous with no
exchange, the signal arising from (a) is describe by a multi-tensor model.
(c) Heterogeneous populations of heterogeneous spin-packets : In reality, compartments have some degree
of heterogeneity. Therefore, the DIAMOND model uses peak-shaped distributions of multi-dimensional
diffusivities to model the heterogeneity.

A p × p SPD random matrix D ∈ Sym+(p) follows a mv-Γ distribution with shape parameter
κ > (p− 1)/2 and scale parameter Σ ∈ Sym+(p) if it has a density

Pκ,Σ(D) = |D|
κ−(p+1)/2

|Σ|κΓp(κ) eTr(Γ−1D) , (2.2)

where Γp is the multi-variate gamma function :

Γp(κ) = πp(p−1)/4
p∏
j=1

Γ(κ− j − 1
2 ) ,

and Γ is the usual gamma function :

Γ(z) =
∫ ∞

0
xz−1e−xdx with <(z) > 0 .

The expectation and mode of the density 2.2 are respectively D0 = κΣ and M0 = D0(κ− 1)/κ.

The concentration is determined by the shape parameter κ, i.e. for D0 constant, the density 2.2 is
more concentrated around D0 if κ increases. Therefore, a distribution with a sharp peak indicates a
population with homogeneous microstructure whereas a distribution with a broad peak indicates a
population with heterogeneous microstructure.

Considering Np populations of spin packets in slow exchange in a voxel and representing the composition
of each population with a mv-Γ of spin packets Pκj ,Σj (D) gives the following expression for the matrix-
variate distribution :

P (D) =
Np∑
j=1

fjPκj ,Σj (D) with
Np∑
j=1

fj = 1 , (2.3)

where fj , κj and Σj are respectively the MR-visible fraction of occupancy, the shape parameter and
the scale parameter of spin packet j.
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The combination of Equations 2.1 and 2.3 gives :

Sk = S0

Np∑
j=1

fj

∫
D∈Sym+(3)

Pκj ,Σj (D)e−bkgTkDgkdD .

It turns out that these integrals are Laplace transforms of Pκj ,Σj (D) and have known analytical
expressions [26]. The final expression for the DW signal with b-value bk and gradient direction gk is
the following:

Sk = S0
Np∑
j=1

fj

(
1 + bkg

T
kD

0
j gk

κj

)−κj
= S0

Np∑
j=1

fj exp
(
−κj log

(
1 + bkg

T
kD

0
j gk

κj

))
=

Np∑
j=1

fjD
(
D0
j , κj

)
,

where D0
j is the expectation of the jth mv-Γ distribution and D

(
D0
j , κj

)
is the non-monoexponential

decaying signal arising from spin packets described by Pκ,Σ.

Incorporation of the different types of diffusion

The last equation is a generic expression of the DW signal arising from heterogeneous populations of
spin packets in each voxel. It is possible to incorporate informations about the type of diffusion into
the model.

• Free diffusion can be modeled with a mv-Γ distribution Pκfree,Σfree with isotropic mode

M0
free =


3 0 0

0 3 0

0 0 3

× 10−9
[
m2 s−1

]
,

and two free parameters : the shape parameters κfree and the volume fraction ffree.

• Isotropic restricted diffusion can be modeled with a mv-Γ distribution Pκiso,r,Σiso,r with three free
parameters : the isotropic mode M0

iso,r, the shape parameter κiso,r and the volume fraction fiso,r.

• Finally, anisotropic restricted and hindered diffusion can be both represented by a single mv-Γ
distribution with anisotropic cylindrical M0

j , shape parameter κj and volume fraction fj . Index
j represents the fascicle that hindered the diffusion.

Putting all together gives the following signal generation model :

Sk = ffreeD
(
D0

free, κfree
)

+ fiso,rD
(
D0

iso,r, κiso,r
)

+
Nf∑
j=1

fjD
(
D0
j , κj

)
,

where Nf = Np − 2 is the number of fascicle in the voxel. Therefore, the DIAMOND model has
pDIAMOND = 6Nf + 4 free parameters5.

The parameters at each voxel of the DIAMOND model are estimated using a maximum a posteriori
approach [26].

5One forM0
iso,r, Nf +2 concentration parameters κ, Nf +1 volume fraction f and four for eachD0

j with j = 1, 2, ..., Nf .
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2.4.1 Limitations

The DIAMOND model is the more complex of the four models. Similarly to MFM, the number of
fascicles within a voxel is not known in advance : the model needs to be fitted for different values of
Nf and the generalization error computed for these different models. Another limitation is that the
echo time TE is assumed constant.

2.4.2 Advantages

The DIAMOND model extends the tensor model by replacing the matrix D by a matrix-variate
gamma distribution over matrices D with a mean D0. This mean remains a tensor but the variability
around represents the heterogeneity in microstructural properties. Doing so enables DIAMOND to
simultaneously account for multiple sources of heterogeneity.

2.5 Summary of the four models
To conclude this chapter on the different models that will be used in the remainder of this document,
Table 2.1 presents a summary of the models explained.

Table 2.1: Summary of the four models.
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Chapter 3

The generalization error

This chapter explains the metric used in this work to compare the different models that have been
explained in the previous chapter. This metric is called the generalization error and in practice, must
be estimated.

The first section defines the generalization error and explains why it needs to be estimated. The second
section presents the different estimators and discuss their bias.

3.1 The generalization error
Each diffusion model has inputs such as the b-values and the gradient directions and a unique output
: the signal attenuated due to diffusion. In practice, different b-values are combined with different
gradient directions and other MRI parameters to obtain a lot of signals in order to infer the brain
microstructures. Let n be the number of observed data points and zi = (xi, yi), i = 1, ..., n a particular
data point where xi contains the inputs and yi the output. The set of the observed data points, called
training set, is z = {z1, ..., zn}. This set is used to build a generative model rz(x) that tries to predict
the output y from an input x. Ideally, the best model would minimize the error made on a new data
point z0 = (x0, y0) /∈ z. This error is called the generalization error and is defined as followed :

Eg|z = Ez0∼F
[
|y0 − rz(x0)|2|z

]
, (3.1)

where

• Eg|z is the generalization error conditional on the observed data z,

• E [ . | . ] is the conditional statistical expectation,

• z0 ∼ F indicates that the statistical expectation is taken over a new data point z0 that follows
the distribution F .

Here the training set z is fixed. To account for the variability of the training set, the unconditional
generalization error can be defined as the statistical expectation of Equation 3.1 over all z :

Eg,n = E
zi
iid∼F

[Eg|z]

= E
zi
iid∼F

[
Ez0∼F

[
|y0 − rz(x0)|2|z

] ]
,

(3.2)

where zi’s are independent and identically distributed (iid) random variables and n indicates the
number of these zi’s used to optimize the model rz.

It turns out that Equations 3.1 and 3.2 can’t be directly computed because the distribution F is
unknown. Therefore, they have to be estimated. Below we describe 5 estimators of the generalization
error : the fitting error, the K-fold cross-validation error, the leave-one-out cross-validation error, the
bootstrap error and finally the .632 boostrap error.
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3.2 Estimators of the generalization error

3.2.1 The fitting error

A first estimator of the generalization error can be computed if the distribution F (z) is estimated with
the following empirical distribution :

F̂ (zi) = 1
n
∀ zi ∈ z .

Therefore, Equation 3.1 becomes :

Êfitg = Ez0∼F̂
[
|y0 − rz(x0)|2|z

]
= 1

n

n∑
i=1
|yi − rz(xi)|2 .

This estimator is known as the fitting error. It is a biased estimator of Eg. In fact, the data z are
used both to optimize the parameters of the model rz and to estimate its error Êfitg . Furthermore, the
fitting error consistently decreases with model complexity, dropping to zero if we increase the model
complexity enough [27]. This estimator is thus downward biased. Other estimators of Eg need to be
investigated.

3.2.2 K-fold cross-validation error

The cross-validation (CV) is the simplest and most widely used method for estimating the prediction
error. Ideally, we would like to have a validation set from which we don’t fit the model and used it to
assess the performance of our prediction model. Unfortunately, the data are often scarce so we can’t
have that kind of validation set. The K -fold cross-validation uses one part of the data to fit the model
and another different part to test it. This is done by splitting the data into K roughly equal-sized
parts. For each group k, it fits the model on the remaining K − 1 groups and test it on the kth group.

Let κ(i) be an indexing function that indicates the partition to which observation i is allocated.

κ : {1, ..., n} 7→ {1, ...,K} .

Let rz(−k) be the fitted function computed with the kth part of the data removed. The cross-validation
estimate of the prediction error is therefore the following average :

ÊCVg = 1
n

n∑
i=1
|yi − rz(−κ(i))(xi)|

2 .

The result is an unbiased estimate of Eg,n− n
K
. For large n, ÊCVg as an estimator of Eg,n has a low

positive bias.

3.2.3 The leave-one-out cross validation error

The leave-one-out cross validation (LOOCV) is a special case of the K-fold cross-validation when
K = n. In that case, κ(i) = i meaning that for the ith observation, the model is fitted with the full
data except the ith. Therefore, the leave-one-out cross-validation estimate is simplified in :

ÊLOOCVg = 1
n

n∑
i=1
|yi − rz(−i)(xi)|

2 .

The LOOCV estimator is an unbiased estimate of Eg,n−1 since it uses n − 1 points. For large n,
ÊLOOCVg as an estimator of Eg,n has a low positive bias. However, its variance is high because the
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n subsets are very similar to one another. From a computational point of view, this method is not
optimal since it requires to fit the model n times.

3.2.4 The bootstrap error

Another estimator of Eg as in Equation 2.3 is the bootstrap (BS). This technique lowers the variance of
the cross-validation estimator by using bootstrap resampling. In bootstrap resampling, B bootstrap
samples are created. In each of these samples, n data points are randomly picked with replacement
among z. This leaves B bootstrap datasets Z1,Z2, ...,ZB, each of them of size n. The bootstrap then
fits the model to each of the bootstrap datasets. An illustration of the bootstrap method is shown on
Figure 3.1.

Figure 3.1: Illustration of the bootstrap method. From the initial training set, B bootstrap
samples are created by randomly picking n zi’s with replacement from the training set. Then the
model is fitted to these B new samples. Figure inspired from [27] §7.11.

Finally, the bootstrap estimator is calculated as followed :

ÊBSg = 1
n

1
B

n∑
i=1

B∑
b=1
|yi − rb(xi)|2 ,

where rb(xi) is the model fitted with the bth bootstrap sample and evaluated in xi.

Unfortunately, this is not a particularly good estimator because the evaluated point xi can be contained
in the bth bootstrap sample Zb used to fit the model rb, leaving rb(xi) biased. This can be improved
by the leave-one-out booststrap which uses the same trick as the LOOCV :

ÊLOOBSg = 1
n

n∑
i=1

1
|C−i|

∑
b∈C−i

|yi − rb(xi)|2 ,

where C−i is the set of indices of the bootstrap samples that do not contain observation i, and |C−i| is
the number of such samples. In this way, if the data xi is in the bootstrap sample Zb, the value of
rb(xi) won’t be used in the computation of ÊLOOBSg .
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Like the LOOCV estimator, the bootstrap estimator is upward biased because is relies on fewer points
than the number of available samples n. This results from sampling with replacement. The average
number of distinct observations in each bootstrap sample is about 0.632n (see Appendix B).

3.2.5 The .632 bootstrap error

Another estimator called the .632 bootstrap has been designed to lower the bias of the leave-one-out
bootstrap. It is defined as :

Ê.632
g = 0.368 Êfitg + 0.632 ÊLOOBSg .

It combines the downward biased from the fitting error with the upper biased from the bootstrap error.

More details about the .632 coefficient

The coefficient .632 comes from a theoretical argument showing that the bootstrap samples used
in computing ÊLOOBSg are farther away on average than Êfitg by roughly a factor of 1/0.632. The
adjustment of Ê.632

g corrects for this and makes it roughly unbiased for the true generalization error
[28]. In his article [29], Efron himself says that the .632 coefficient has a weak motivation. However, he
tries to explain it with the distance of the point to be predicted from the training set.

The fitting error is an error rate for points zero distance from the training set. But in the generalization
error, the new point z0 may lie some distance away from z. Therefore, if the generalization error
increases as the point being predicted moves away from z, the fitting error underestimates the
generalization error. As proved in Appendix B, the probability that the a point is zero distance from
the training set for the bootstrap error is 0.632. Then, he proves that the points z0 contributing to
ÊLOOBSg are on average 1/.632 too far from z. To correct this, we have to multiply ÊLOOBSg by .632
and hence multiply Êfitg by 1− .632 = .368.
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Chapter 4

Presentation of the results and
comparison between the different
models

During all this document, we talk about four models : DTI, MFM, NODDI and DIAMOND. Since
the complex code of DIAMOND is not yet published online, its author Benoît Scherrer kindly agreed
to run his code on our data. It turns out that when running the DIAMOND model, he is also able to
get the result for the MFM model, from which he is the co-author. Unfortunately, for reasons beyond
our control, the MFM and DIAMOND codes did not work. The results presented in this chapter are
therefore those of the DTI and NODDI models.

In this document, we choose to analyze the effect of two PGSE parameters on the generalization error :
the effect of the diffusion time ∆ and the one of the gradient norm ‖G‖. For each of these parameters,
the results for each model, a comparison between them and a summary are presented. We also study
the effect of mixing several shells belonging to the same multi-shell HARDI together. As a reminder, a
multi-shell HARDI is a set of shells wherein only ‖G‖ varies, ∆ and δ being fixed. Finally, we end
with the analysis of the effect of the subprotocols size on the generalization error.

4.1 Presentation of the data
The generalization error has been calculated on two different data sets coming from two different parts
of the brain :

• The genu is the anterior end of the corpus callosum which is the largest white matter structure
in the brain connecting the left and right cerebral hemispheres. The genu is bent downward and
backward and the fibers within it are approximately straight and parallel.

• The fornix is a C-shaped bundle of nerve fibers in the brain. Its name in latin means arch. In
this region of the brain, the configuration of the fibers is more complex.

Each of these two regions contains 6 voxels. The study of these regions is interesting because the
configurations of the fibers are different. We expect that the signals coming from the voxels of the
genu are homogeneous due to the straight and parallel fibers contained in it. Conversely, we expect
that the signals coming from the voxels of the fornix are more heterogeneous because of the complexity
of the fibers in this region.

The whole data set comes from the White Matter Modelling Challenge and all the details are presented
in Appendix C. From this large protocol, 40 subprotocols were invented in order to compute the
generalization error for each of them. These subprotocols are presented in Appendix D.
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The data contain the signal from in-vivo human brain white matter acquired on the Connectom scanner
[30] at the Massachusetts General Hospital. This scanner uses gradients strength up to 300 mT/m
which is a major stepping stone towards DW-MRI data that is more sensitive to microstructural
anatomy and organization of brain tissues[31]. Indeed, studies like [32] illustrate the benefits of stronger
gradients on animals to map the axon diameters. This was confirmed on live human subjects for the
first time by [33] on the Connectom scanner. This rich data set offers a great opportunity for the
comparison of DW-MRI models, over a very wide range of the measurement space.

For the results presented in this chapter, the generalization error has been calculated with a number of
random bootstrap samples equal to 150. This is a good compromise between accuracy and simulation
time since the NODDI model is very low. In order to fairly compare the models, we fixed the
randomness, i.e. we generated 150 random bootstrap samples once and we used them for all the models.
Furthermore, to interpret the results, we normalized the generalization error by dividing it by the
average S0 (signal without diffusion) for each voxel. Indeed, since the signal tends to decrease when
TE increases (i.e. when δ or ∆ increases), the errors may be smaller simply because the measured
scale has changed. This normalization allows us to fairly compare the subprotocols between them.
Finally, since the errors are of the same order of magnitude for the 6 voxels, we just average to allow
better visibility on graphs.
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4.2 Effect of the diffusion time on the generalization error
We first examine the impact of the diffusion time ∆ on the generalization error. For that, the two
parameters δ and ‖G‖ are fixed while ∆ varies. The subprotocols used to examine the effect of the
diffusion time are presented in Appendix D.1. We start by presenting the results when δ = 3 ms and
‖G‖ = 63 mT/m for the 6 subprotocols containing only one shell, the 3 subprotocols containing 2
shells and the 2 subprotocols containing 3 shells. Then the results when δ = 8 ms and ‖G‖ ' 60
mT/m1 for the 5 subprotocols containing only one shell and the 2 subprotocols containing 2 shells are
presented. This is reproduced for both genu and fornix data.

4.2.1 Genu

Figure 4.1 presents the evolution of the normalized generalization error made by the DTI and NODDI
models in the region of the genu as the diffusion time varies. The two other parameters are fixed to
δ = 3 ms and ‖G‖ = 63 mT/m. Linear regressions are made to highlight the trends.
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Figure 4.1: Effect of the diffusion time for the DTI and NODDI models in the genu with
δ = 3 ms.
Top : Generalization error of the six first subprotocols containing one shell.
Bottom left : Generalization error of subprotocols N◦ 12 (2 shells with small ∆), 13 (2 shells with
medium ∆) and 14 (2 shells with large ∆).
Bottom right : Generalization error of subprotocols N◦ 17 (3 shells with small ∆) and 18 (3 shells with
large ∆).

We first observe that the GE made by the DTI model are always greater than the ones made by the
NODDI model. For subprotocols containing one shell, the GE seems to increase with the diffusion

1Indeed, the five gradient norms don’t have the same value but have a mean of (58 + 59 + 61 + 60 + 60)/5 = 59.6
mT/m.
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time, whereas it decreases for subprotocols containing two and three shells. The last observation is
that the GE increases with the number of shell by subprotocol. All of this is valid for both the DTI
and NODDI models.

Figure 4.2 presents the normalized generalization error made by the DTI and NODDI models in the
region of the genu with δ = 8 ms and ‖G‖ ' 60 mT/m.
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Figure 4.2: Effect of the diffusion time for the DTI and NODDI models in the genu with
δ = 8 ms.
Left : Generalization error of the five subprotocols containing one shell (subprotocol N◦ 7-8-9-10-11).
Right : Generalization error of subprotocols N◦ 15 (2 shells with small ∆) and 16 (2 shells with large
∆).

The observation that the GE is greater for the DTI model than for the NODDI model is confirmed
when δ = 8 ms. The errors when δ = 8 ms are bigger than when δ = 3 ms. As in the previous
figure, the GE of the DTI model increases with the diffusion time for subprotocols containing one shell.
This is not the case for the NODDI model anymore. Its error decreases with the diffusion time. For
subprotocols containing two shells, the error increases for the DTI model whereas it decreases for the
NODDI model.

Finally, Table 4.1 shows the normalized generalization error for the last two subprotocols (N◦ 19 and
20) containing respectively 6 and 5 shells.
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Table 4.1: Normalized generalization error made by the DTI and NODDI models in the
region of the genu for subprotocols N◦ 19 and 20.

Subprotocol

N◦

δ

[ms]

GEnorm

DTI NODDI

19 3 79.07 57.18

20 8 169.2 44.79

Again, the normalized GE is bigger for subprotocols containing more shells. The only exception is for
the NODDI model for subprotocols N◦ 19 and 20. There are more shells in subprotocol N◦ 19 than in
N◦ 20 and the GE is bigger for N◦ 20. However, these two are not really comparable since they don’t
have the same δ. As before, the GE for the DTI model is greater than for the NODDI model.

4.2.2 Fornix

Figure 4.3 presents the evolution of the normalized generalization error made by the DTI and NODDI
models in the region of the fornix as the diffusion time varies and for δ = 3 ms.
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Figure 4.3: Effect of the diffusion time for the DTI and NODDI models in the fornix with
δ = 3 ms.
Top : Generalization error of the six first subprotocols containing one shell.
Bottom left : Generalization error of subprotocols N◦ 12 (2 shells with small ∆), 13 (2 shells with
medium ∆) and 14 (2 shells with large ∆).
Bottom right : Generalization error of subprotocols N◦ 17 (3 shells with small ∆) and 18 (3 shells with
large ∆).
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For the DTI model, whatever the number of shell by subprotocol, the normalized GE increases with
the diffusion time in this region of the brain. We also note that globally, the GE for both models are
higher in the fornix than in the genu.

Figure 4.4 presents the normalized generalization error made by the DTI and NODDI models in the
region of the fornix with δ = 8 ms and ‖G‖ ' 60 mT/m.
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Figure 4.4: Effect of the diffusion time for the DTI and NODDI models in the fornix with
δ = 8 ms.
Left : Generalization error of the five subprotocols containing only one shell (subprotocol N◦ 7-8-9-10-
11).
Right : Generalization error of subprotocols N◦ 15 (2 shells with small ∆) and 16 (2 shells with large
∆).

For both models, the GE increases with the diffusion time. The errors made by the DTI model are
much greater than the ones made by the NODDI model. GE in Figure 4.4 are much higher than in
Figure 4.3, confirming that the generalization error increases with the duration of the gradient pulse.

Finally, the normalized generalization error in the fornix for the last two subprotocols (N◦ 19 and 20),
containing respectively 6 and 5 shells, are presented in Table 4.2.
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Table 4.2: Normalized generalization error made by the DTI and NODDI models in the
region of the fornix for subprotocols N◦ 19 and 20.

Subprotocol

N◦

δ

[ms]

GEnorm

DTI NODDI

19 3 37.25 21.53

20 8 143.34 23.45

As previously observed in the genu, to a fixed δ, the GE increases for subprotocols containing more
shells. It also increases with the duration of the gradient pulse.

4.2.3 Summary

To conclude this section about the effect of the diffusion time on the generalization error, we summarize
the results presented and try to explain them.

Table 4.3 summarizes the trends of the results of the two models.

Table 4.3: Comparison of the DTI and NODDI models : effect of the diffusion time on
the generalization error.

Variation of GE

with ∆

DTI NODDI

Genu Fornix Genu Fornix

1 shell
δ = 3 ms ↗ ↗ ↗ ↗

δ = 8 ms ↗ ↗ ↘ ↗

2 shells
δ = 3 ms ↘ ↗ ↘ ↗

δ = 8 ms ↗ ↗ ↘ ↗

3 shells δ = 3 ms ↘ ↗ ↘ ↘

Globally, we can say that the GE increases with the diffusion time. This is strangely not the case for
the NODDI model in the genu. We can’t explain why. Since the trends are clear for the DTI model as
well as for the NODDI model in the fornix, there should be no reason for it to be different in a more
homogeneous region.

Concerning the two models, NODDI is clearly better than DTI. For δ = 3 ms, the difference between
DTI and NODDI is not very big, even if the greater the diffusion time, the greater the difference.
However, for δ = 8 ms, the DTI error increases much faster than the NODDI error, leading to fairly
considerable errors.

The GE in the fornix are globally greater than in the genu. This is due to the fact that since the fibers
orientation is more complex in the fornix, models have more difficulties to predict a new heterogeneous
signal. In the genu, the fibers are approximately straight and parallel making it easier for models to
predict a new signal.
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Finally, the GE increases with the duration of the gradient pulse and more generally with the echo
time which is the sum of the diffusion time and the duration of gradient pulse (∆ + δ = TE). Indeed,
the errors are greater when δ = 3 ms than when δ = 8 ms. Intuitively, it makes sense that the GE
increases with the echo time because it means that we take more time to measure the signal, allowing
more time for the water molecules to diffuse. It is then more complicated to predict a signal emitted by
water molecules having moved (i.e. diffused) a lot. On the contrary, for subprotocols with a small echo
time, the measurement of the signal is quickly made, leaving not much time for the spins to diffuse.
The models can more easily predict a new signal in that range of echo time.

4.3 Effect of the gradient norm on the generalization error
In a second time, we examine the impact of the gradient norm ‖G‖ on the generalization error. For
that, the parameter δ is fixed and we take three subprotocols containing 4 shells. Each of the three
subprotocols has shells with the same diffusion time parameter ∆ so that this parameter is somehow
fixed too2. The subprotocols used to examine the effect of the gradient norm are presented in Appendix
D.2. There are three subprotocols with δ = 3 ms and three others with δ = 8 ms. This is reproduced
for both genu and fornix data.

Table 4.4 shows the average value of the gradient norm for each subprotocol.

Table 4.4: Average value of the gradient norm for subprotocols used to analyze the effect
of the gradient norm on the generalization error.

Subprotocol N◦ δ [ms] ‖G‖av [mT/m]

21 3 62.5

22 3 122

23 3 243

24 8 53

25 8 147.5

26 8 287.75

2In each subprotocol, there are four shells with ∆ = 22, 40, 60 and 80 ms.
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4.3.1 Genu

Figure 4.5 shows the evolution of the generalization error with subprotocols having small, medium and
large gradient norms in the genu.
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Figure 4.5: Effect of the gradient norm for the DTI and NODDI models in the genu.
Top : Generalization error of the three subprotocols containing four shells with δ = 3 ms (subprotocol
N◦ 21-22-23).
Bottom : Generalization error of the three subprotocols containing four shells with δ = 8 ms (subprotocol
N◦ 24-25-26).

The first observation is that the errors are greater than in the previous section. This can be explained
by the fact that the subprotocols contained four shells. The effect of the subprotocols size is investigated
in Section 4.5. Again, the DTI errors are greater than the NODDI errors. For the DTI model, the GE
increases with the gradient norm. For the NODDI model, the effect of the gradient norm seems less
important. Indeed, for δ = 3 ms, the GE slightly decreases whereas for δ = 8 ms, it slightly increases.
When δ increases, the GE increases as previously observed for the DTI model. This is strangely not
the case for the NODDI model.
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4.3.2 Fornix

Figure 4.6 shows the evolution of the generalization error with subprotocols having small, medium and
large gradient norms in the fornix.
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Figure 4.6: Effect of the gradient norm for the DTI an NODDI models in the fornix.
Top : Generalization error of the three subprotocols containing four shells with δ = 3 ms (subprotocol
N◦ 21-22-23).
Bottom : Generalization error of the three subprotocols containing four shells with δ = 8 ms (subprotocol
N◦ 24-25-26).

The results in the fornix are very similar to the ones in the genu. The GE clearly increases with the
gradient norm for the DTI model. This is less pronounced but also the case for the NODDI model.

4.3.3 Summary

To conclude this section about the effect of the gradient norm on the generalization error, we summarize
the results presented and try to explain them.

Table 4.5 summarizes the trends of the results of the two models.
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Table 4.5: Comparison of the DTI and NODDI models : effect of the gradient norm on
the generalization error.

Variation of GE

with ‖G‖

DTI NODDI

Genu Fornix Genu Fornix

δ = 3 ms ↗ ↗ ↘ ↗

δ = 8 ms ↗ ↗ ↗ ↗

Globally, we can say that the generalization error increases with the gradient norm. For the DTI
model, this is very clear. For the NODDI model, this increase is less strong but nonetheless present.
We saw in Section 4.1 that strong gradients are more sensitive to small structures like thin axons in
white matter. For the DTI model, there is thus a compromise between the quality of predicted signals
and the sensitivity to small structures. This compromise is less important for the NODDI model, since
the GE don’t increase a lot with the gradient strength. Therefore, the NODDI model is also better
than the DTI model from this point of view.

Intuitively, it makes sense that the GE increases with the gradient norm. The gradient norm can be
viewed as the strength with which we "shake" the water molecules during a PGSE sequence. The more
they are "shaken", the more they diffuse. And the more they diffuse, the more difficult it is for models
to predict a new signal as explained in Section 4.2.3.

The same conclusion as in Section 4.2.3 can be drawn with regard to the fact that errors in the fornix
are globally greater than the ones in the genu for the DTI model. Finally, we have the confirmation
that the GE increases with the echo time since the errors are greater for δ = 3 ms than for δ = 8 ms.

4.4 Effect of mixing on the generalization error
In a third time, we examine the impact of mixing on the generalization error. We refer to the word
mixing to talk about all possible combinations of shells contained in a multi-shell HARDI. In the full
scanning protocol of Appendix C used in this document, each multi-shell HARDI contains three shells.
We chose to analyze the effect of mixing on two multi-shell HARDI with medium echo time, one with
δ = 3 ms and the other with δ = 8 ms. Section D.3 of Appendix D shows the 12 subprotocols built
from the two multi-shell HARDI. Subprotocols from the multi-shell HARDI with TE = 87 ms are
called Mixing (1) whereas those from the multi-shell HARDI with TE = 92 ms are under the name
Mixing (2).
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4.4.1 Genu

Figure 4.7 shows the results obtained for Mixing (1) by the DTI and NODDI models in the region of
the genu.
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Figure 4.7: Effect of mixing for the DTI and NODDI models in the genu (1).
Top : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing one shell.
Bottom : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing two shells.

The observation already made in the previous section seems to be confirmed again. Indeed, the GE
increases with the gradient norm for both DTI and NODDI models. The GE is also higher for the
subprotocols containing two shells than for the ones containing one shell.

Figure 4.8 shows the results obtained for Mixing (2) by the DTI and NODDI models in the region of
the genu.
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Figure 4.8: Effect of mixing for the DTI and NODDI models in the genu (2).
Top : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing one shell.
Bottom : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing two shells.

The conclusions are the same as in the genu. We add that the errors for Mixing (2) are higher than for
Mixing (1) because the echo time of Mixing (2) is greater.

Finally, Table 4.6 shows the values of the normalized GE made by the DTI and NODDI models for
subprotocols N◦ 32 and 39, i.e. the two subprotocols containing 3 shells. Again, these values are
larger than those made on subprotocols containing 2 shells, confirming that the GE increases with the
subprotocol size.

Table 4.6: Normalized generalization error made by the DTI and NODDI models in the
region of the genu for subprotocols N◦ 32 and 39.

Subprotocol

N◦

TE

[ms]

GEnorm

DTI NODDI

32 87 40.54 8.87

39 92 83.11 13.34
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4.4.2 Fornix

Figure 4.9 shows the results obtained for Mixing (1) by the DTI and NODDI models in the region of
the fornix.
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Figure 4.9: Effect of mixing for the DTI and NODDI models in the fornix (1).
Top : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing one shell.
Bottom : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing two shells.

Again, the GE strongly increases with the gradient norm for the DTI model whereas it slightly increases
for the NODDI model.

Figure 4.10 shows the results obtained for Mixing (2) by the DTI and NODDI models in the region of
the fornix.
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Figure 4.10: Effect of mixing for the DTI and NODDI models in the fornix (2).
Top : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing one shell.
Bottom : Evolution of the normalized generalization error with the gradient norm for subprotocols
containing two shells.

This figure is similar to the previous one, confirming all the trends that have been presented in this
section.

Finally, the normalized generalization errors of the two subprotocols containing 3 shells are presented
in Table 4.7. We note that these values are higher than those in the genu, confirming that the models
have more difficulties to predict a new signal in a region where the fibers orientation is more complex.

Table 4.7: Normalized generalization error made by the DTI and NODDI models in the
region of the fornix for subprotocols N◦ 32 and 39.

Subprotocol

N◦

TE

[ms]

GEnorm

DTI NODDI

32 87 69.29 12.35

39 92 127.14 17.82
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4.4.3 Summary

Within a multi-shell HARDI, the diffusion time ∆ and the duration of the gradient pulse δ are constant.
Only the gradient norm varies. It is thus normal that the results are the same as in the previous section
where the effect of the gradient norm on the GE was studied. This result is that the generalization
error increases with the gradient norm.

For small values of ‖G‖, the DTI and NODDI errors are similar for subprotocols containing one shell.
But as soon as the gradient norm increases, the DTI model makes larger errors than the NODDI model.

4.5 Effect of the subprotocols size
As seen in the previous sections, the impact of the subprotocols size on the generalization error is
important. We have seen that the more shells by subprotocol, the more informations are available
about the diffusion of water molecules.

However, we remark that globally, the more shells by subprotocol, the greater the generalization
error. This is particularly the case for the DTI model. This can be explained by the fact that the
only estimated parameter of the DTI model is the diffusion tensor D. The more shells, the more
informations on the diffusion and this is summarized in a single second order tensor. Therefore, it is
complicated for the DTI model to estimate new signals for subprotocols containing several shells.

This is more complex for the NODDI model. Indeed, contrary to the DTI model, NODDI estimates 5
parameters as explained in Section 2.3. These parameters can contained more informations than a
diffusion tensor. This is why the errors are similar for subprotocols having different sizes. Nevertheless,
the GE error slightly increases with the subprotocols size.

A final remark for the NODDI model is that, in the figures of the previous section, it seems that the
generalization errors for subprotocols containing two and three shells are the average of the errors
made for subprotocols containing one shell. This observation is verified by making the calculations.
This is done in Table 4.8 and the results are convincing. Indeed, the mean is very close to the real GE.
This is therefore a good technique to predict new generalization errors within a multi-shell HARDI.
The technique is the following : first we choose a multi-shell HARDI. Then we compute the GE for the
subprotocols containing one shell. And with that, it is possible to predict the GE for subprotocols
containing several of the initial shells.
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Table 4.8: Comparison between the generalization error and the mean for the NODDI
model. Mean(x;y) is the mean between subprotocol N◦ x and y.

Subprotocol

N◦

Genu Fornix

GEnorm Mean GEnorm Mean

3 1.17 / 5.11 /

27 5.72 / 6.98 /

28 18.87 / 22.07 /

29 3.41
Mean(3;27) =

3.44
6.18

Mean(3;27) =

6.05

30 10.73
Mean(3;28) =

10.02
15.52

Mean(3;28) =

13.59

31 12.54
Mean(27;28) =

12.3
14.9

Mean(27;28) =

14.53

32 8.87
Mean(3;27;28) =

8.58
12.35

Mean(3;27;28) =

11.39

33 3.38 / 4.8 /

34 17.88 / 23.58 /

35 16.91 / 22.18 /

36 11.07
Mean(33;34) =

10.63
14.86

Mean(33;34) =

14.19

37 10.06
Mean(33;35) =

10.15
13.84

Mean(33;35) =

13.49

38 17.57
Mean(34;35) =

17.4
23.02

Mean(34;35) =

22.88

39 13.34
Mean(33;34;35) =

12.72
17.82

Mean(33;34;35) =

16.85
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Conclusion

In this work, we have compared DW-MRI models and investigated the effects of the PGSE parameters
on them.

In order to do that, we chose four existing models and described them in detail. Each model having its
own limitations and advantages, we presented them. This was the topic of Chapter 2.

To compare those different models, we needed a metric. As the acquisition time to obtain several
DW-MRI can be long, we focused our comparison on the capacity of a model to predict new signals.
The most appropriate metric to compare the models is therefore the generalization error. Chapter 3
develops this metric and presents the different ways to estimate it.

Unfortunately, only two models (DTI and NODDI) have been compared. However, the results allowed
us to draw significant conclusions. The first and more important one is that the NODDI model is
always better than the DTI model which is too simple. This means that from a purely predictive point
of view, in any situation it is not preferable to use the DTI model since its predicted signals are worse
than the NODDI model. However, in practice, the NODDI model is much more slower than the DTI
model.

Concerning the effects of the PGSE parameters, we have clearly seen that the generalization error
increases with the echo time and the gradient norm. Since [33] proved that stronger gradients allow
better sensibility to small structures, there is a compromise to do between a better sensibility and a
good ability to predict new signals.

Finally, as predicted intuitively, the generalization error made by a simple model like DTI increases
with the subprotocols size. Concerning the NODDI model, this is more complex but it seems that it
slightly increases too. We were also able to establish a technique to predict new generalization errors
for the NODDI model.

In the future, it will be interesting to add to this comparison the two missing models : MFM and
DIAMOND. Indeed, the MFM model, which is the amelioration of the DTI model, allows to take into
account several fascicles in one voxel. This is probably an interesting model for regions containing
crossing fascicles like the fornix. Finally, the DIAMOND model combines a statistical approach with a
biophysical model and can be of great interest due to its complexity.
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Appendix A

Structure of a neuron

This appendix details the structure of a typical neuron.

A neuron is composed of a cell body (also called soma) containing the nucleus. To this cell body are
linked dendrites the role of which is to propagate the electrochemical stimulation received from other
neural cells to the soma. The axon conducts electrical impulses away from the neuron’s cell body.
It transmits the information to different neurons, muscles, etc. This axon can be covered by several
myelin sheaths whose role is to electrically isolated the nerve fibers. Between two successive myelin
sheaths is a node of Ranvier which is conductive. Thereby the nerve impulse jumps from one node of
Ranvier to another along the axon, increasing the propagation speed. Finally, Schwann cells are a
type of glial cells which form the myelin sheaths.

Figure A.1: Structure of a typical neuron [34].
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Appendix B

Average number of distinct
observations in each bootstrap sample

This appendix proves that the average number of distinct observations in each bootstrap sample is
0.632n with n the number of observed data points.

The training set z = {z1, z2, ..., zn} contains n items. Bootstrap resampling picks items with replacement
from this original set until another set of size n is built. The probability of choosing any one item (e.g.
z1) on the first draw is :

P (picking zi on the first draw) = 1
n
, i ∈ [1, 2, ..., n] .

It follows that :

P (not picking zi on the first draw) = 1− 1
n
, i ∈ [1, 2, ..., n] .

This is just for the first draw. Since there are n independent draws, the probability of never choosing
this item on any draws is :

P (not picking zi on all the draws) =
(

1− 1
n

)n
, i ∈ [1, 2, ..., n] . (B.1)

Let us see which value takes this probability when n becomes large. In that case, the first order Taylor
expansion of e

x
n is :

e
x
n ' 1 + x

n
+O

(
x2
)
.

Since (e
x
n )n = ex, if we drop the higher order terms, we find :

ex '
(

1 + x

n

)n
. (B.2)

The right hand side of equation B.2 is the same as the right hand side of equation B.1 if x = −1.
Therefore, we get the following result :

lim
n→∞

(
1− 1

n

)n
= e−1 ' 0.3679 .

The probability of an instance being sampled at least once is thus 1 − 0.368 = 0.632. The average
number of distinct observations in each bootstrap sample is therefore 0.632n.
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Figure B.1 shows the function F (n) =
(
1− 1

n

)n
as n increases. We clearly see an asymptote in y = e−1.

The approximation
(
1− 1

n

)n
' e−1 makes sense for n larger than 80. In the computations of this

document n will always be much larger than 80 making this approximation valid.
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Figure B.1: Approximation of the probability that an item won’t be picked in a bootstrap
sample.
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Appendix C

Acquisition protocol

This appendix details the acquisition protocol used to obtain the data with which the comparison
between the different DW-MRI models was done. These data derived from the White Matter Modelling
Challenge1, one of the International Symposium on Biomedical Imaging (ISBI) challenges that took
place in April 2015.

Regions of interest
The data come from two different regions, each containing 6 voxels :

• The genu in the corpus callosum where the fibers are approximately straight and parallel.

• The fornix where the configuration of fibers is more complex and includes fascicle crossings.

Figure C.1 illustrates the location of these regions in the brain.

Figure C.1: Regions of interest : genu and fornix [31].

1See http://cmic.cs.ucl.ac.uk/wmmchallenge/ for more informations.
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The complete experimental protocol
Table C.1 shows the full acquisition protocol consisting of 36 high angular resolution diffusion imaging
(HARDI) shells [31].

Table C.1: The full scanning protocol.

δ = 3 [ms] δ = 8 [ms]

N◦
∆

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]
N◦

∆

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

1 22 49 61 50 10 22 58 58 300

2 22 49 86 100 11 22 58 190 3200

3 22 49 192 500 12 22 58 275 6700

4 60 87 63 150 13 60 92 34 300

5 60 87 103 400 14 60 92 200 10500

6 60 87 290 3200 15 60 92 292 22350

7 100 127 63 250 16 100 132 60 1600

8 100 127 101 650 17 100 132 100 4450

9 100 127 200 2550 18 100 132 292 38050

19 40 67 63 100 28 40 72 59 600

20 40 67 200 1000 29 40 72 100 1700

21 40 67 289 2100 30 40 72 292 14550

22 80 107 63 200 31 80 112 61 1300

23 80 107 99 500 32 80 112 100 3550

24 80 107 201 2050 33 80 112 292 30200

25 120 147 63 300 34 120 152 60 1950

26 120 147 199 3050 35 120 152 200 21500

27 120 147 291 6500 36 120 152 292 45900

A HARDI scheme consists in probing diffusion in tissues with a fixed b-value from many different
angles. This means that the values δ, ∆ and ‖G‖ are fixed while the gradient directions are uniformly
distributed across the unit sphere.

In multi-shell HARDI, the values of δ and ∆ are fixed and M shells of different b-values are created by
varying the gradient intensity ‖G‖, each shell containing N gradient directions. Maintaining δ and ∆
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constant throughout all DW-MRI acquisition shells has the advantage of leading to the same Eddy
currents distortion patterns and making subsequent image alignment easier.

Here are the values used to obtain the different HARDI shells :

• ‖G‖ = {60, 100, 200, 300} [mT/m]

• δ = {3, 8} [ms]

• ∆ = {22, 40, 60, 80, 100, 120} [ms].

From these values, we deduce that b-value ∈ [50; 45900] [s/mm2]. For δ and ∆ fixed, M = 4 shells of
different b-values. We thus have 2× 6× 4 = 48 shells. But for δ and ∆ fixed, one of the M = 4 shells
is hidden2, leaving 2× 6× 3 = 36 shells. Each shell has N = 90 gradient directions (45 acquired in
both positive and negative direction to allow for eddy current distortion correction). The protocol is
designed to cover the measurement space as widely as possible.

2The original challenge was to predict unseen data. These hidden shells are the unseen data.
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Appendix D

Choices of subprotocols

This appendix presents the subprotocols on which the generalization error was computed for each
model. In this document, we chose to analyze the effects of the diffusion time and the gradient norm on
the generalization error. We also tried to mix the shells together within the same multi-shell HARDI.

D.1 Effect of the diffusion time
To analyze the effect of the diffusion time on the generalization error, the two parameters δ and ‖G‖
are fixed and ∆ varies. We first took one shell by subprotocol leading to 6 subprotocols with δ = 3 ms
and 5 subprotocols with δ = 8 ms. Table D.1 shows these subprotocols.

Table D.1: Effect of the diffusion time (1).

Subprotocol N◦ Shell N◦
∆

[ms]

δ

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

1 1 22 3 49 61 50

2 19 40 3 67 63 100

3 4 60 3 87 63 150

4 22 80 3 107 63 200

5 7 100 3 127 63 250

6 25 120 3 147 63 300

7 10 22 8 58 58 300

8 28 40 8 72 59 600

9 31 80 8 112 61 1300

10 16 100 8 132 60 1600

11 34 120 8 152 60 1950

61



Then, to a fixed δ, we grouped shells by two with approximately the same ∆ leading to three subprotocols
for δ = 3 ms ("small ∆" - "medium ∆" - "large ∆") and two subprotocols for δ = 8 ms ("small ∆" -
"large ∆"). Table D.2 shows these subprotocols.

Table D.2: Effect of the diffusion time (2).

Subprotocol N◦ Shell N◦
∆

[ms]

δ

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

12 1 22 3 49 61 50

19 40 3 67 63 100

13 4 60 3 87 63 150

22 80 3 107 63 200

14 7 100 3 127 63 250

25 120 3 147 63 300

15 10 22 8 58 58 300

28 40 8 72 59 600

16 16 100 8 132 60 1600

34 120 8 152 60 1950
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Finally, for δ = 3 ms, we grouped shells by three with approximately the same ∆ leading to two
subprotocols ("small ∆" - "large ∆"). We also grouped all the shells with the same δ and ‖G‖ together
(subprotocols 19 and 20 in table D.3).

These 20 first subprotocols allow the analysis of the effect of ∆ on the generalization error. It is also
possible to analyze how the generalization error behaves as a function of the number of shells per
subprotocol.

Table D.3: Effect of the diffusion time (3).

Subprotocol N◦ Shell N◦
∆

[ms]

δ

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

1 22 3 49 61 50

17 19 40 3 67 63 100

4 60 3 87 63 150

22 80 3 107 63 200

18 7 100 3 127 63 250

25 120 3 147 63 300

1 22 3 49 61 50

19 40 3 67 63 100

19 4 60 3 87 63 150

22 80 3 107 63 200

7 100 3 127 63 250

25 120 3 147 63 300

10 22 8 58 58 300

28 40 8 72 59 600

20 31 80 8 112 61 1300

16 100 8 132 60 1600

34 120 8 152 60 1950
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D.2 Effect of the gradient norm
To analyze the effect of the gradient norm on the generalization error, the two parameters ∆ and δ
are fixed and ‖G‖ varies. For both δ = 3 ms and δ = 8 ms, we chose 4 shells by subprotocol with
increasing ∆. Each of the 6 subprotocols has the same diffusion times. The only things that change
between subprotocols are the gradient norms. There are three subprotocols for δ = 3 ms ("small ‖G‖"
- "medium ‖G‖" - "large ‖G‖") and three subprotocols for δ = 8 ms ("small ‖G‖" - "medium ‖G‖" -
"large ‖G‖"). This is illustrated on table D.4.

These 6 subprotocols allow the analysis of the effect of the gradient norm on the generalization error.
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Table D.4: Effect of the gradient norm.

Subprotocol N◦ Shell N◦
∆

[ms]

δ

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

1 22 3 49 61 50

21 19 40 3 67 63 100

4 60 3 87 63 150

22 80 3 107 63 200

2 22 3 49 86 100

22 20 40 3 67 200 1000

5 60 3 87 103 400

23 80 3 107 99 500

3 22 3 49 192 500

23 21 40 3 67 289 2100

6 60 3 87 290 3200

24 80 3 107 201 2050

10 22 8 58 58 300

24 28 40 8 72 59 600

13 60 8 92 34 300

31 80 8 112 61 1300

11 22 8 58 190 3200

25 29 40 8 72 100 1700

14 60 8 92 200 10500

32 80 8 112 100 3550

12 22 8 58 275 6700

26 30 40 8 72 292 14550

15 60 8 92 292 22350

33 80 8 112 292 30200
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D.3 Effect of mixing
Finally, to analyze the effect of mixing, we took two multi-shell HARDI (one with δ = 3 ms and one
with δ = 8 ms) and made all possible combinations of the shell contained in each multi-shell HARDI.
As each multi-shell HARDI contains 3 shells (a, b and c), the 6 subprotocols containing the 6 possible
combinations are :

• a-b-c : subprotocols with one shell,

• ab-ac-bc : subprotocols with two shells,

• abc : subprotocol with three shells.

Table D.5: Effect of mixing (1).

Subprotocol N◦ Shell N◦
∆

[ms]

δ

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

3 (already done) 4 60 3 87 63 150

27 5 60 3 87 103 400

28 6 60 3 87 290 3200

29 4 60 3 87 63 150

5 60 3 87 103 400

30 4 60 3 87 63 150

6 60 3 87 290 3200

31 5 60 3 87 103 400

6 60 3 87 290 3200

4 60 3 87 63 150

32 5 60 3 87 103 400

6 60 3 87 290 3200
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Table D.6: Effect of mixing (2).

Subprotocol N◦ Shell N◦
∆

[ms]

δ

[ms]

TE

[ms]

‖G‖

[mT/m]

b

[s/mm2]

33 13 60 8 92 34 300

34 14 60 8 92 200 10500

35 15 60 8 92 292 22350

36 13 60 8 92 34 300

14 60 8 92 200 10500

37 13 60 8 92 34 300

15 60 8 92 292 22350

38 14 60 8 92 200 10500

15 60 8 92 292 22350

13 60 8 92 34 300

39 14 60 8 92 200 10500

15 60 8 92 292 22350
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