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List of symbols

GV, €)

S|

1 [condition]

T

(Xij, i

':L'..

graph or network defined by the set of nodes V and the set of
edges £

cardinality of the set S (number of elements in the set)
scalar values

absolute value of x

scalar value equals to 1 if the condition is met, 0 otherwise
column vector (bold)

element in position i of vector x

vector full of ones

vector full of zeros except at the position : where it contains
the value 1

matrix (bold and uppercase)
element in position (i,j) of the matrix X
sum of all values of the matrix X

matrix X whose each line is divided by the sum of values on
the corresponding line (if all z;; > 0, X is a stochastic matrix)



XTL

xoy,XoY

Xi,Xij,Xi

xT, XT

Diag (x)

Diag (X)

vec(X)

XYy

exp(x), exp(X)

n-th power of the matrix X

respectively elementwise product between vectors x and y
([X o y],‘ = :riy,-), and matrices X and Y ([X o Y]ij = acz-jyij),
also called Hadamard product

the indices 7 and ij are used to identify a vector or a matrix
among several vectors and matrices, these indices do not
indicate an element inside the vector or the matrix since this
behavior corresponds to another notation

respectively the transposition of the vector x and of the matrix
X

diagonal matrix with its diagonal equals to the vector x

diagonal matrix with its diagonal equals to the diagonal of the
matrix X

vectorisation of the matrix X, columns of X are stacked to
form a single vector

elementwise division between the vector x and y ( )

Zi
Yi

respectively elementwise exponential (Euler number) of the
vector x and the matrix X

natural logarithm applied elementwise on the matrix X

Li-norm of the vector x (Y, |x;|)

Ly-norm of the vector x (\ /> a:f)

normal distribution with mean yx and standard deviation o
uniform distribution between « and b

mathematical expectation



Introduction

Nowadays, data are more and more available in large quantity since our society is
now in a digital era facilitating their generation and their massive storage. The goal
of machine learning is to learn meaningful patterns in these data in order to solve
difficult tasks for humans [41]. In many applications, data is generally organised
into entities with common features. Many algorithms have been developed to make
predictions from these data under the assumption that the entities are independent
of each other. However, it turns out that in reality it is common for these entities
to be interconnected [14]. To mention just a few [39], in the World-Wide-Web
(WWW), web pages are connected to each other via the hyperlinks they contain; in
social networks, user profiles are linked by their friendship relationships; in citation
networks, scientific papers are interconnected by the citations they contain; etc.
These datasets can therefore be represented by a graph whose nodes are the entities
and the edges are the links between them. In the examples cited above, it is obvious
that the entities influence each other via the links that connect them. It therefore
seems relevant to develop models capable of taking these interconnections into
account. It often happens in such a system that a common feature is partially missing
among the entities. Hence, we may wish to automatically predict this missing
information from known data. When the missing values are categorical, we are in
the field of semi-supervised classification of nodes on a graph.

Most algorithms exploiting the structure of the graph are built on the hypothesis of
spatial autocorrelation [58]. It is based on the idea that close or strongly related
entities tend to share similarities in their features. [32, 27] highlighted that taking
into account the links between entities can significantly improve performance, in
particular on datasets where the spatial autocorrelation hypothesis is strong.

Different types of approaches have been investigated to adapt existing models, using
only the features, to be able to also exploit the structure of the graph. Here are some
examples.

Graph embedding technique is a common approach. It consists in mapping the graph
structure in an Euclidean space while preserving some kind of distance between
nodes. Then, this new representation of the graph is added as additional features
in a traditional model, such as a Support-Vector Machine model (SVM). The bag-
of-paths (BoP) [15] and the margin-constrained bag-of-paths (cBoP) [20] are two
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frameworks defining distances between nodes based on random walks on the graph
and the minimisation of the free-energy. Classical multidimensional scaling (MDS)
and radial basis functions allow to convert these distances into MDS or Gaussian
kernels containing measures of global similarity between the nodes. Finally, low-
dimensional representations of the graph can be extracted from these kernels and
injected into the SVM model. The cBoP extends the BoP by making it possible to
fix margins. These margins make it possible to give more importance to particular
nodes and therefore to offer greater control over the graph embedding.

Another approach to deal with graph information, called AutoSVM, also based on a
SVM model, is proposed in [27]. This model propagates autocovariates (variables
correlated with the target) in a recurrent way on the graph structure by training
a succession of SVM models. At the end of each training, the autocovariates are
updated and injected as additional features in the next SVM model. This process is
repeated until the autocovariates converge.

A last approach consists in adding a regularisation term in the objective function to
force the model to predict a solution reflecting a strong spatial autocorrelation.
Many other techniques exist but are not investigated in our study.

For some time now, a sub-domain of machine learning, called deep learning, benefits
from active research and great enthusiasm due to the performance of its models
[41, 17]. These performances are due to the high level of abstraction that they are
able to extract from data. Hence, deep learning models are made up of a large
number of learnable parameters and therefore require large datasets and significant
calculation resources. Different deep learning models have been specially designed
to exploit the structure of the graph via convolution operators. Among them, the
Diffusion Convolutional Neural Network (DCNN) [2] applies a spatial convolution
based on a diffusion process on the graph. This spatial convolution operation allows
to work directly on the graph. Its modeling by sharing parameters between the
nodes reduces the number of parameters to be adjusted.

This master thesis revolves around the following objectives:

» Compare the quality of low-dimensional representations of the graph from the
BoP and cBoP frameworks when they are used for the node classification task.
Does the ability to set margins in the cBoP improves performances ? Moreover,
are Gaussian kernels more interesting than MDS kernels ?

» The AutoSVM model is a model that has provided interesting results against
kernel-based methods in [27]. Is it also competitive against kernels extracted
from the BoP and cBoP frameworks ?

Chapter 1 Introduction



» Suggest improvements to the DCNN, inspired by those allowing the SVM model
to manipulate graph information. Among them, a reweighting of the diffusion
process based on global measures of similarity between the nodes coming
from BoP and cBoP kernels; the addition of a regularisation term imposing a
spatial autocorrelation in the solutions produced by the model; adapting the
idea of autocovariates of the AutoSVM. Moreover, among these modifications,
establish which ones are interesting and improve the original DCNN. All of
these methods are grouped together as DCNN-based methods.

» Are DCNN-based methods competitive against SVM-based methods ? The dis-
cussion must be done based on their performance on features-driven datasets
(weak spatial autocorrelation) and on graph-driven datasets (strong spatial
autocorrelation). Are traditional methods (not deep learning) still relevant
compared to deep learning models ?

» Identify and suggest among all the investigated methods, the most appropriate
ones in terms of performance and scalability on features-driven datasets and
graph-driven datasets.

The different methods will be evaluated and compared on 10 well-known datasets
regularly used for the node classification task. The discussions should be carried out
not only on the basis of the performances obtained but also on a global ranking on
all the datasets and on a statistical test to highlight any significant difference.

This master thesis is organised as follows. The next chapter contains the theoretical
background, as well as a formal description of the problem statement. The following
chapter details all the investigated methods, both SVM-based and DCNN-based.
Next, a chapter summarises the methodology used, including the datasets and
the procedure set up to evaluate the performance of methods. Another chapter is
dedicated for the discussion of results. Finally, the last chapter is dedicated to the
conclusion about the previous research questions and to the suggestion of some
further work allowing to enrich this experimental study.






Preliminaries

The purpose of this first chapter is to gradually define all the theoretical stuffs needed
to understand: the task on which we focus on, the main issues related to it, the
algorithms investigated in Chapter 3, the methodology that was used to assess their
performance and how these results are discussed. The last section cites some further
related work to solve the node classification task.

2.1 Graphs and networks

A briefly cited in the introduction, a graph or network allows to model a large variety
of system in which the entities are linked via pairwise relations. The following
subsections introduce the theoretical formalism used in order to manipulate such
structures and the concept of random walk on graph which will be used in Section
2.8.

2.1.1 Definition

Mathematically, a graph or network [14, 39] is formalised as being a least a couple
G(V, &) where V is the set of nodes (entities) and £ C V x V is the set of edges
(links) connecting the nodes. If i — j € £, it means that it exists an edge connecting
the node i to the node ;.

The previous abstract definition of a graph can be encoded in a matrix A € RIVI*IVI
called the adjacency matrix and defined as

a;; ifi—>je&
Al = K 2.1
[Aly { 0 otherwise. 21

For an unweighted graph, a;; € {0,1} and indicates the presence or absence of a
link between two nodes. However, for a weighted graph, a;; € R°" and measures
the power of the link i — j (or the degree of affinity from i to j). If a;; # 0, the link
1 <> i is called a self-loop.
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In an undirected graph, the matrix A is symmetric, meaning that each relation in
£ is symmetric. Hence, if there is a link i — j € &, it also exists a link in the other
direction j — i € £ with the same degree of affinity (a;; = a;;). This relationship
can then be represented by a single edge i <+ j € £. On the other hand when A is
not symmetric, the graph is directed. Any directed graph can be symmetrised by
replacing the adjacency matrix by

A+ AT

L7 (2.2)
2

in which the strength of the symmetrised link i <+ j is the average of the affinities in

both directions : — j and j — 1.

In addition to the affinity a;; on the edge i — j, a cost ¢;; € R%" can also be
considered and interpreted as the cost of jumping from the node i to the node j. All
these local costs are gathered in a cost matrix C € RIVI*VI defined by

K oo otherwise.
In our study, we imposed a type of cost often encountered
1
cij = —. (2.4)
Qi

In such a situation, from an electrical point of view, affinities play the role of conduc-
tances and the costs are interpreted as resistances.

A path g is defined as a sequence of adjacent nodes and can be seen as a walk on
the graph. The total cost ¢(p) of a path p corresponds to the sum of all local costs
encountered on the path which are encoded in the cost matrix C. So, for a given
path ¢ = (ko =i, k1, ..., ky = j) starting in node 7 and ending in node j,

t
&p)=> Ch_yi - (2.5)
=1

A directed graph is said to be strongly connected (or connected for an undirected
graph) if it exists at least one path p connecting each node to each other node.

Chapter 2 Preliminaries



2.1.2 Natural random walk on graphs

A transition probability matrix P [14] can be defined from the adjacency matrix
A

)

P=D'A, (2.6)

where D = Diag (Ae) is called the outdegree matrix. [P];; corresponds to the
probability of jumping from the node i to the node ;. This probability is proportional
to the degree of affinity between node ¢ and node j. When the graph is connected,
the matrix P is matrix stochastic since each element is positive or zero and each line
sums to one. A random walker moving randomly on the graph according to this
transition probability matrix, defines the natural random walk on the graph.

2.2 Machine learning

The main goal of artificial intelligence (AI) [41, 46] is to solve tasks that seem easy
for people to solve but difficult for people to explicitly describe for the computer.
But Al also tries to solve tasks beyond human capabilities. Machine learning (ML)
[46, 1, 3, 22] is one approach of Al allowing to solve such tasks based on automated
learning from large amount of data by detecting meaningful patterns. This approach
benefits from a great property, the adaptability. Indeed, the machine learning model
can automatically evolved according to the data provided to it. This property is a
great advantage compared to solvers which are explicitly programmed by humans
to solve a specific task and which have to be updated manually when the task they
solve evolves.

The learning is done over a set of input data (called the training set) in order to
convert it into an output (expertise). The quality of the machine learning model is
its ability to provide good results on examples it has never seen, therefore its ability
to generalise and produce new knowledge.

2.2.1 Types of learning

Machine learning is commonly divided in three categories according to the type of
learning used.

» Supervised learning [46, 1] consists int the learning of a mapping function
h : X — Y between a domain set X’ (inputs of the mapping) to a label
set ) (desired outputs) based on a training set (samples) S = {(x;,y;) €
X x Y}, containing examples of the desired mapping. The training set is
supposed to be sampled from an unknown join distribution over the domain

2.2 Machine learning
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set, {(x;,yi)}1, i D(X,Y) where i.i.d specifies the assumption that the

sample are independent and identically distributed. In general X C R¢,
so that each input is described by d features encoded in a vector. When
the label set Y = {1,2,...,k} is finite, it means that we are in the field of
classification among & classes and not regression (where the mapping function
is continuous).

» Unsupervised learning [46, 1] aims to extract or detect patterns in the domain
set X only. In this situation, we speak of unsupervised learning since the
corresponding outputs are not given to the model. The model must infer new
knowledge by highlighting particular characteristics of the data. We used
a well-known unsupervised learning method in Subsection 2.8.4 to learn a
new representation of data, which is called the principal components analysis
algorithm [1, 17] in order to reduce the dimensionality.

» Semi-supervised learning [58] is located between the two types of learning

mentioned above and constitutes the one considered in our study. It concerns
to learn the mapping function h : X — ) defined previously but where this
time, the training set S is partially labelled. So we have input data for which
we do not have the desired output. Despite these shortcomings, these data still
provide significant information since they provide a better understanding of
the distribution of the input space D(X'). This kind of problem occurs regularly
when it is difficult to obtain the labels associated with the data.
The semi-supervised learning can be divided in two subcategories [58, 27]. The
first is the inductive learning where the mapping function learned is expected
to make prediction for unseen data. The second is the transductive learning in
which the mapping function is designed to predict the label of only unlabelled
training samples. As we will see, the problem addressed in Section 2.4 needs a
transductive approach.

2.2.2 Underfitting vs Overfitting

The concepts of underfitting and overfitting [17, 46] are at the heart of any machine
learning algorithm. They are directly linked to the performance of the model on both
training and unseen data. Indeed, if the model is unable to sufficiently reduce the
error on the training set (seen data), we speak of underfitting. On the other hand,
when the model learns training data too well (by learning patterns in the training set
to reduce the training error as much as possible, which are not relevant for unseen
data), it is unable to generalise to unseen data (high generalisation error). So we
speak about overfitting when the gap between training error and generalisation
error is high.

Chapter 2 Preliminaries
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Underfitting zone| Overfitting zone . .
& & —— Generalization error

Error

0 Optimal Capacity
Capacity

Highlights the concepts of underfitting and overfitting via the training and gener-
alisation error curves as a function of the capacity of the model [17].

Figure 2.1 illustrates the behavior of the two error curves according to the capacity
of the model. The capacity represents the power of the model to fit the training data.
It depends on many parameters, such as the the number of adjustable parameters,
the learning procedure, the feature space, the training set size, the loss function, etc.
Models defined in Subsection 2.5 and 2.7 try to avoid these extrema in different
ways. Subsection 4.2 explains the procedure used to have a good estimate of the
generalisation error (or accuracy).

2.3 Deep learning

Deep learning [17, 38, 48, 16, 1] is a particular field of machine learning. Indeed,
the idea of deep learning is to built machine learning models having particular
architectures allowing to learn relevant representations of the data in order to
more effectively accomplish the task that the model must solve. According to
their architecture, they are cataloged in different categories. To name a few: feed-
forward neural network, convolutional neural network, recurrent neural network,

autoencoders, etc.

2.3.1 Feed-Forward Neural Network

We focus on the traditional structure of a deep learning model, called the feed
forward neural network. This structure is introduced since it will be exploited by an
investigated model in Section 2.7. A feed forward neural network [17, 48] builds a
sequence of intermediate representation (called layer) of the input data. Each of
these intermediate representations is built on the previous one. This incremental
approach of learning representations allows the computer to learn more and more

2.3 Deep learning
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complex concepts based on simpler concepts. We can perceive the inspiration of the
human brain. The last representation is used to make the prediction. Information
therefore propagates in one direction through several layers until the prediction.
Such a structure can be formulated as follows

f(x:0) = fO(fP(FV(x;61);02); 05), 2.7)

where in this example, f@ is the i-th layer (representation), the layers 1 and 2 are
hidden layers, the layer 3 is the output layer (prediction) and @ are the parameters
to learn in order to build a mapping function with the best accuracy on unobserved
data. A characteristic of deep learning models is that the number of parameters is
often very high, especially when it is deep (consisting of a large number of successive
layers). This gives to it a great complexity but in return requires a large number of
examples (large training set) to fit the parameters. This great complexity therefore
gives to it a significant chance of fitting the training set, but in exchange exposes
it to the danger described in the previous section, the overfitting. Different type of
regularisation are used to reduce this risk.

2.3.2 Convolutional Neural Network (CNN)

Convolutional neural network (CNN) [3, 48, 17] are feed forward neural networks
able to learn local stationary structure appearing in the data through spatially
invariant properties. This is achieved by introducing a form of spatial invariance in
the architecture of the network reflecting the spatial invariance in the data.

The first CNN model was built to recognise a digit in an image [29]. A spatial
invariance in this situation is that if the digit undergoes a translation, it remains the
same digit regardless of its position in the image. However, in the node classification
task (Section 2.4), the spatial invariance appears in the fact that the node label is
independent of its position (the index of the node that identifies it) in the graph. The
distribution of labels is independent of any graph isomorphism (node numbering).
Consequently, a CNN contains layers applying an operator behaving in the same
way on each spatial position. Such a layer must therefore consist of a spatially
invariant operator, in other words a convolution. This is generally implemented
by sharing the same parameters over each point of the domain (each pixel for the
image and each node for the graph). Parameter sharing [17, p. 247] reduces the
number of adjustable parameters. However, this drop in capacity is offset by the prior
knowledge about the invariance in the data introduced into the model. In addition,
fewer parameters allow faster training time and require a smaller dataset. Thanks
to these improvements, several convolutional layers can be stacked to extract high-
level representations. It is also common to apply several convolutional operators in
parallel (in the same layer) to extract different properties from the same input and

Chapter 2 Preliminaries



then combine them to make better predictions.

In the context of CNN, the convolutional operator [17] refers to a more general
operator than the one defined traditionally in the mathematical literature since the
input domain is generally not a continuous domain (e.g: non-Euclidean domain
such as a graph). CNNs designed for the node classification task or in other words
Convolutional Graph Neural Networks (ConvGNN) [56] are divided according to
the kind of convolution used and fall into two categories

» Spatial-based ConvGNN are composed of graph convolutions aggregating
information by using directly the relations between nodes. A particular spatial
convolution on graph is introduced by [2] and described in Section 2.7. The
latter forms the basis of this work.

» Spectral-based ConvGNN incorporates a graph convolution based on the spec-
tral graph theory. This approach consists in considering the features and labels
on the nodes as being signals defined on the irregular domain that the graph
constitutes. The graph signal processing theory defined an extension of the
traditional Fourier transform to a graph Fourier transform in which the notion
of frequency is defined by the graph Laplacian matrix [9, 47]. Such a network
consists into successive or parallel filtering of signals on graph with learnable
filters.

In both cases, the convolution is generally localised (of finite support) in order to
extract only local properties around the nodes. This behavior is suggested by the
spatial autocorrelation hypothesis (Subsection 2.4.1) according to which a node is
influenced only by its close neighborhood. Authors of [56] highlight that spatial-
based ConvGNNs are generally more scalable and efficient than spectral-based
ConvGNNs because in the spatial approach, the convolution is computed directly
on the spatial domain (nodes) while in the spectral approach, the convolution is
carried out in the frequency domain requiring the eigendecomposition of the graph
Laplacian matrix.

2.3.3 Learning a deep neural network

The learning algorithm [17, 3, 46] has the task of learning from examples how to
exploit the architecture of the model using the parameters 6 to obtain the desired
output.

Firstly, given a training sample (x,y) € S, a loss (or cost) function I(f(x; @), y) must
quantify the error (deviation) committed by the prediction of the model f(x; ) with
the expected result y. Since we are interested in minimising the expected error
over a random sample coming from the domain set X’ according to an unknown

2.3 Deep learning
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distribution D(X', )), we minimise the expected error over the empirical distribution
D(S) defined by the training set S'. Hence, the objective function which is in
practice minimised is an approximation of Ex ,\~p(x,y) [(f(x;0),y) and is defined

as
5]

JO) = E I(f(x:0),y |S|Zz ),y ), 2.8)

(x:9)~D(S5)

where (x(?),y()) € S. The corresponding gradient is given by

_ i
Vol(O)= B o Vo000 =152 Z Vol(f(7:0),99). 29
Now that the objective function is defined, the optimisation problem of a neural
network lies in the minimisation of .J(8).

Since the objective function can take complex non-linear shapes due to the network
architecture f(x;#), its optimisation is usually done via an iterative gradient-based
method?. Hence, it is necessary to compute the gradient according to the parameters
6 to know how to adjust them. However in the case of deep learning models, this gra-
dient may seem a priori difficult to calculate since f(x; @) can be a relatively complex
function. Contrary to this idea, the back-propagation algorithm (see more details in
[17, pp. 197-220]) based on the chain rule of calculus allows to compute profitably
the gradients Vol(f(x;8),y®). This algorithm is thus used as a subroutine in the
computation of VgJ(0) in (2.9). Due to the complex shape of L(8), there is a good
chance that it is non-convex, and therefore, any iterative gradient-based approach
has no guarantee of converging towards a global optimum. In order to reduce the
risk of falling and staying in a local minimum, it is common to use a stochastic
approach [28]. The most commonly used approach is the stochastic gradient descent
(SGD). The idea is that instead of applying a traditional gradient descent on the
complete objective function .J(0) over the entire training set as in (2.8), the SGD
method minimises different approximations of the objective function at each step of
the gradient descent. Each of these approximations is done by considering a subset
of the training set (called batch) in (2.8). Parameters are then updated based on
an approximation of the full gradient (2.9). When the learning algorithm is passed
on all the batches, this constitutes one "epoch". At the start of each new epoch, the
training samples are distributed randomly to form new batches. Due to the noise
introduced by the batches, the parameters are not updated in the direction of the
exact gradient (2.9). This randomness allows the learning process to leave a local
minimum of L(@). Moreover, another advantage is that the computation of one of
these gradient approximations is faster since it involves less gradients in (2.9).

In the general case, the training set can contain multiple identical examples resulting of the sampling
of the unknown distribution over X. However in many cases duplicates are removed, which
assumes a uniform data distribution.

2If J(0) is not differentiable at a point, learning is still possible by using a subgradient of the function
instead of the gradient [46, p. 156].

Chapter 2 Preliminaries



2.4 Problem statement

As mentioned in the introduction, this work focus on the semi-supervised classifi-
cation on a graph. In this specific task, we not only know the features of the data
encoded in the feature matrix X but also their relations (measures of similarities
between them) encoded in a similarity matrix A. This last matrix can then be
interpreted as being the adjacency matrix (2.1) of the associated graph G(V, ). In
this work, we consider only symmetrical similarities and no self-similarities. Thus,
the corresponding graph is undirected and does not contain self-loops (Section 2.1).
Formally the feature matrix is encoded as follows

xi

X3

X=| "1, (2.10)
T
Xy

where each x; € RY is the feature vector of node v; € V. Hence, X € RIVI*d In
this task, the domain set X’ corresponds to the nodes of a graph with additional
information (features) on each node. This set is finite and completely known but
the data are partially labeled with labels belonging to the set Y = {1,2,...,|V|}.
Accordingly, X is divided into the labelled data A} and the unlabelled data A}, such
that X = A U X,. The class memberships of nodes are gathered in an additional
matrix Y € RIVIXPI,

Y=yl y* ... yqu, (2.11)

where y° is the class-membership vector of class ¢ defined by

0 if the label of node v; is known but does not belong to class ¢
yi =< —1 if the label of node v; is not known

1 if the label of node v; is known and belongs to class c.
(2.12)

The goal is then to build a model h : X;, — ) able to predict the class label of all the
unlabelled nodes based on the matrices A, X and Y. As describe in the Subsection
2.2.1, we are in the field of transductive learning.

2.4.1 Autocorrelation hypothesis

The majority of algorithms exploiting the graph information suppose a strong hy-
pothesis on the distribution of labels on the graph. This assumption [58, p. 51][27]
is generally called "local consistency" or "spatial autocorrelation" and considers that
close nodes are probably likely to share the same label. This idea finds its foun-
dations in the Tobler first law of geography stating that "everything is related to

2.4 Problem statement
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everything else, but near things are more related than distant things" [53]. Thus
algorithms built on this idea are likely to provide good results on datasets where this
assumption is strongly present. Therefore this assumption constitutes one of their
major weaknesses. This is why, it is possible that methods which in addition to the
features, exploit the information of the graph can provide less good results.
However, two common indices coming from the spatial statistical theory [44] allow
to measure the autocorrelation of a labelled graph. They allow to estimate to what
extent the label of a node is correlated (influenced) by those of its neighbors (the
structure of the network). Strong positive autocorrelation means that similarly
labeled nodes tend to be clustered while strong negative autocorrelation indicates a
trend of spatial alternation of labels. [44, 27] shows that these two indices come
from a small modification of the general cross-product statistic. In addition to pro-
viding a quantification of autocorrelation, these two methods provide a statistical
test [7] allowing to test the hypothesis of absence of autocorrelation (null hypothesis
Hy). That is to say, a threshold beyond which, we can consider that the measure of
autocorrelation is unusual in the situation where the null hypothesis was true. In
such a situation, we can then reasonably consider that the null hypothesis is false
and affirm the presence of autocorrelation.

» Moran’s I [7] is given by

:Dﬂzggaﬂﬁ—fﬂ%—f)

oo ZLZ‘1(% - 3_7)2

I(x) , (2.13)

where 7 is the average of x and aee = ZM1 ZM

i—1 2_j—1 wij- The different statistical

thresholds are given by

I(x) > Iy means positive autocorrelation
I(x) = Iy means no autocorrelation (2.14)
I(z) < Iy means negative autocorrelation,
where [, = M%l ~ 0.
» Geary’s ¢ [7] is given by
VI 2
V—l L agi(xg — x
e(x) = U 2| ) 2 . i (T - ) (2.15)
Goo Yili(zi— )
and the different statistical thresholds by
c(x) <1 means positive autocorrelation
c¢(x) =1 means no autocorrelation (2.16)
c¢(x) >1 means negative autocorrelation.
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The autocorrelation of the distribution of labels [27] is estimated by averaging the
Moran or Geary index on all the class vectors y© (2.12) with all labels known (no
values —1 in y©)

2 Iy?)
Nabel = =5
W'\y(':(yc) (2 1 7)
IS — c=1
label V]

These indices are used in Section 4.1.2 to distinguish among the investigated datasets,
which benefit from a strong spatial autocorrelation and whose the graph has a
better chance of providing relevant information. In the case where the spatial
autocorrelation is strong, we will speak of a dataset driven by the graph (graph-
driven or A-driven) and in the opposite case, features will be more likely to be more
informative and we will speak of a dataset driven by the features (features-driven or
X-driven).

2.5 Support-Vector Machine

The support-vector machine algorithm (SVM) [46, 16, 10, 1, 22] is a well known
and popular machine learning model for learning linear predictors in order to
classify data points between two classes. The algorithm tries to find the separating
hyperplane between two classes of points while maximising the margin between
him and the data points. The margin of the hyperplane is defined as the minimal
distance between a point in the training set and the hyperplane. The set of support
vectors SV is the set of points distant from the hyperplane by a distance equal to
the minimum margin. These points are therefore those constraining the hyperplane.
Figure 2.2 (left side) shows an example of such hyperplane in a two-dimensional
space and highlights the support vectors.

Hard Margin Soft Margin

Q support vector € SV
© positive class € {+1} B
@ positive class € {—1} S / £l

On the left side, a hard margin SVM is illustrated. Both classes are linearly
separable. While on the right side, a soft margin SVM is used since the classes are
not linearly separable. Some points will be missclassified if £ > 1.

2.5 Support-Vector Machine
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Finding the separating hyperplane of maximum margin reduces the risk of overfitting
since it increases the power of generalisation by making the boundary decision more
robust to data disturbances. Given a training set S = {(x;,y;)}"_; with x; € R? and
y; € {—1,+1} the class label, the separating hyperplane is defined as

g(x) =wix +wy =0, (2.18)

where w € R? and wy € R is the intercept. The decision rule associated to this hyper-
plane f : R® — {1, +1} classifies a point according to the side of the hyperplane
where it is located

f(x) = sign(g(x)). (2.19)

The geometrical margin p of the hyperplane is the distance between a support vector
and the hyperplane. Hence it is given by

Xi

p = min {distance (x;, g(x) = 0)} = min { l9x3)] } . (2.20)

Since the equation of the hyperplane is unchanged if we multiply it by a positive
constant, we impose the following constraint |g(x)| = 1 if x is a support vector
[10]. It allows the problem to be well-posed. Consequently, the margin becomes
p= m Since we are interested in the maximum margin, the hyperplane sought,
is the solution of the following problem

minimize 3 ||w|3
Wby 2 2
(2.21)
subjectto y;(wix; +wg) >1 Vi=1..n.

The margin constraints y;(w'x; +wp) > 1 Vi = 1...n impose that all training points
are correctly classified and located at a distance from the hyperplane at least greater
than the margin p.

However, if the training points are not linearly separable (overlapping between
the two classes), there is no solution to (2.21). Hence, slack variables & > 0 are
introduced to relax the margin constraints y;(w'x; + wp) > 1 — &;. Figure 2.2 (right
side) shows that these new variables measure the discrepancy of the training samples
with respect to the margin. If §; < 1, the corresponding training sample is under the
margin distance from the hyperplane but still correctly classified. On the other hand,
if & > 1, the training sample is missclassified. This also allows the model to be less
sensitive to outliers.
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So, the problem (2.21) becomes a double objectives problem, maximising the margin
but also minimising the margin error (3", &),

n
mi&%g})ize 3 w3 + Clzzlél
(2.22)
subjectto y;(wix; +wo) >1—¢& Vi=1..n

&E>0 Vi=1..n,

where the trade-off between these two objectives is monitored by a constant parame-
ter C' (C — oo corresponds to the separable case (2.21)). The previous formulation
has the advantage of being a convex quadratic optimisation problem. Hence, solving
this problem always yields in a global optimum.

2.5.1 Generalisation to multi-class classification

We used a one-versus-all approach (or one-vs-rest) [46, 3] to be able to make multi-
class predictions from the previous SVM model making only binary classification.
Recall from Section 2.4 that we are interested in predicting among multiple class
labels, so the SVM must learn a function & : R? — ) where ) = {1, ..., |V|} is the
set of classes. The one-versus-all method consists of training a binary classifier for
each class, discriminating between training samples belonging to this class with the
others. Each binary classifier h; : R? — {—1, +1} is trained on the modified training
set S; = {x;, (—1)" 1w }%_, and predicts +1 for a training sample belonging to its
class and —1 in the contrary case. So the multi-class predictor appears to be

h(x) = arg max g;(x), (2.23)
i€y

where g;(x) is the equation of the hyperplane (2.18) and plays the role of the
confidence in the prediction. The further a data point is from the boundary decision
on the positive side, the more it is considered likely to belong to the class of this
classifier. This model can easily be applied to very large datasets since the number
of parameters on which it depends is independent of the size of the training set. In
addition, no matrix inversion is necessary. It is therefore said to be scalable.
The implementation of the SVM model used in this study is based on the LibLinear
library in Python (see the documentation [12] for implementation details).

2.6 AutoSVM

The AutoSVM model [27] is an extension of the previous SVM model exploiting the
graph information in addition to the features on the nodes. It involves explicitly

2.6 AutoSVM

17



18

exploiting the autocorrelation hypothesis by taking into account autocovariates.
These autocovariates are new variables built from the neighborhood of nodes and
correlated with the target (class label). So they are very likely to improve the
predictions of the SVM model when they are concatenated with the existing features.
In this extension, there is one autocovariate per class and each of them is defined as
the weighted average of the class-membership of the neighborhood of nodes. The
autocovariate corresponding to class c is defined for all nodes as

ac® = Py°, (2.24)

where P is the transition probability matrix of the natural random walk (2.6) and y*¢
is the class-membership vector of class c. All autocovariates are gathered in a single
matrix

Ac = [ac1 ac? ... ac‘yq = PY, (2.25)

and injected by concatenation to the existing features X in the SVM. However, in
practice, the autocovariates are not directly computable since we do not know all
the class memberships Y. A kind of expectation-maximization heuristic [8] is used
to estimate both autocovariates (latent variables) and node labels. The iterative
procedure is described as follows

1. Att = 0 (initialisation), a SVM model is trained on the features X only. This
provides a first prediction for all nodes denoted by Y (0) (predictions of known
labels are replaced by true labels).

2. The autocovariates are then estimated by computing
Ac(t) = PY (1), (2.26)

and are concatenated with the original features into a new SVM model. The
feature matrix becomes [X, /A\c(t)}. This model is trained and produced a new
prediction of the node labels ?(t +1) (predictions of known labels are replaced
by true labels).

3. Return to step 2 unless a fix-point is reached (?(t +1)= S?(t)) or that the
maximum number of iterations is exceeded.

The implementation of this model is based on the SVM implementation described in
the previous section.
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2.7 Diffusion Convolutional Neural Network

The Diffusion Convolutional Neural Network (DCNN) introduced in [2] is a spatial-
based ConvGNN (Subsection 2.3.2) due to its diffusion-convolution operation. As
mentioned in Subsection 2.3.2, this model therefore benefits from the advantages of
a spatial-based ConvGNN.

2.7.1 Architecture

The convolution defined in this model is based on a diffusion process in which the
information on the nodes (features gathered in the matrix X) is propagated by
the edges more or less strongly according to the affinities (encoded in the matrix
A) between the nodes. Let the node v; € V, the convolution aggregates the local
information contained in its neighborhood as the expected value that a random
walker starting at v; would see if he made j hops (transitions) according to the
transition probability matrix P defined in (2.6). The vector e;; € R< contains the
expected value for each feature when j hops were made from the node v;. So it is
formally defined by the following weighted average

4

eij = Z[Pj]ilxl, (2.27)
=1

where [P7]; is the probability for the random walker of ending up at node v; by
making j hops and x; € R? is the feature vector associated with the node v;. The
information on the nodes close to v; will therefore have a greater weight in the
aggregation. Zero hop (j = 0) corresponds to no diffusion (P° = I by convention)
and the expected value is then simply the feature vector x;. The bigger is the number
of hops and the more important will be the diffusion of features (the aggregation
will apply to a larger neighborhood). The diffusion-convolution operation is made of
0,1,2, ..., H hops. Hence, the number of hops H is a hyperparameter to be optimised
outside of the model training. The result for node v; with all hops is stored in a
matrix E; € RE+Dxd

E = . (2.28)

Once the aggregation is made, it is multiplied elementwise with a matrix W¢ ¢
RHE+1)xd containing learnable parameters and shared with all nodes (ensures that

2.7 Diffusion Convolutional Neural Network

19



20

the convolution operation is spatially invariant) and passed into a nonlinear function.
To sum up, the node v; is transformed by

Z; = tanh (W° O E;), (2.29)

to a diffusion-convolutional representation Z; € R(Z+1xd  The parameters con-
tained in W¢ allow the model to control the importance of features when they are
diffused more or less strongly. The use of the hyperbolic tangent function in the

model
2

(2.30)

allows to introduce non-linear capacities to the model by mapping non-linearly
the values in the range | — 1, 1[. [28] indicates that the hyperbolic tangent func-
tion (centered sigmoid function) often converge faster than the sigmoid function
(sigmoid(z)).
The node representation Z; is then flattened and passed into a fully connected
(dense) layer with a ReLu activation function to produce || values. So, the layer
can be expressed as

yi = ReLu(Wdvec(Z;) + b), (2.31)

where y; € RYI, Wd ¢ RWIX((H+1)d) s 3 second matrix containing learnable
parameters, b € RIYl is a learnable vector containing the biases and the ReLu
function refers to the Rectified Linear Unit function given by

ReLu(x) = max(0, z). (2.32)

The |Y| outputs taking values in the interval [0, +o0c[ are normalized to a probability
distribution on class labels o; € RY! (Z‘j)jl 0;j =1and 0;; > 0Vj = 1|y|) by the
softmax function

o; = softmax(y;), (2.33)

where the softmax function is a vector function defined as

exp(x)
SOftmaX(X) = m (2.34)
o;; can be interpreted as the probability that the node v; belongs to the class j. One
of the interesting property of the DCNN is its scalability. Indeed, since the number
of parameters is independent of the number of nodes, the model can be applied on
very large datasets when the matrix P is sparse. The implementation of this model

and its training is based on the Tensorflow library [33] in Python.
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2.7.2 Loss function

The loss function used to compare the prediction with the real category is the
multiclass hinge loss [51]. If the node v; belongs to the class ¢, the discrepancy
between the prediction and the true class is

l(0j,t) = 1 — 0j; + max o;. (2.35)
J#t

Minimising this loss function consists in increasing the probability of the true class
and in reducing the probability of the most violated class. The hinge loss is always
positive and equals to zero when the prediction is perfect (0;; = 1).

2.7.3 Learning algorithm

A particular version of the stochastic gradient descend is used to minimise the ob-
jective function (2.8). The method is called Adam [17] and consists in an adaptive
learning rate gradient descend method. It depends on the initial learning rate hyper-
parameter \. Batches of data are used to approximate the gradient of the objective
function (see Subsection 2.3.3 for the advantages of this approach). The size of a
batch constitutes an additional hyperparameter B. Parameters contained in W€ are
initialised according to a normal distribution with mean zero and standard deviation
0.01 ([W]; ~ N(0,0.01)). On the other hand, parameters in the fully connected
layer W? are initialised according to a uniform distribution normalised by the num-

: d 6 6
ber of input and output of the layer ([W]ZJ ~U <_\/(H+1)d+\y\’\/(H+1)d+|y|))'
Biases are set to zero. The last two initialisations are heuristics described in [17].

2.7.4 Early stopping

In order to avoid the overfitting, an early stopping procedure is used. This regulari-
sation method [17] makes it possible to decide at which epoch, we can consider that
the model has sufficiently learned the training set and generalises well to unknown
data. More epochs would result in an higher precision on the training set but in
a larger generalisation error (overfitting). It consists in stopping learning when
the generalisation error no longer decreases and begins to increase. An additional
set not used during training is used to estimate the generalisation error (called
validation set). The early stopping procedure in [2] stops learning at a given epoch
if the generalisation error estimated on the validation set is greater than the average
of the generalisation errors on the previous few epochs. The number of previous
epochs taken into consideration is an hyperparameter called "window size" . This
windowed early stopping procedure allows to temporarily degrade the precision on
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the validation set to favor the exploration of the parameters space. The larger W is
and the more the model can degrade its performance and explore.

2.8 Graph embedding based on kernels

The structure of the graph connecting data between them is not directly usable
for traditional machine learning algorithms designed to learn from data expressed
in an Euclidean space (generally, we assume the domain set X C R?, see Section
2.2). One approach is to build a graph embedding based on the adjacency matrix
A only. It consists in transforming the nodes and the information on edges into
a new representation expressed in an Euclidean space. In order to constitute a
relevant embedding allowing to improve the performances of models exploiting
only the features X, this new representation must preserve as much as possible the
information concerning the structure of the graph.

This section details embedding techniques based on kernels extracted from the graph.
A kernel on the graph [6, 14, 13] is a function & : V x V — R defining a similarity
between each node. This pairwise similarity can be encoded in a single matrix
(called kernel matrix) K € RVI*VI where [K];; = k(vi, v;), vi,v; € V.

More specifically, we were interested in kernels coming from distance measures
between nodes coming from the bag-of-paths framework (Subsection 2.8.1) and the
margin-constrained bag-of-paths framework (Subsection 2.8.2). Both frameworks
are built on the concept of random walks and the minimisation of the free-energy to
handle the local and global structure of the network.

The next two subsections describe the concepts of distances between nodes defined
by these two frameworks in order to understand their meaning and relevance when
they are applied to semi-supervised classification tasks. Next, a subsection describes
how we derived kernels from these distances. The following subsection discusses
how new features expressed in a low-dimensional Euclidean space can be extracted
from such kernels. Finally, the last subsection resumes all the matrices computed
from the adjacency matrix A that are used later in this study.

2.8.1 The bag-of-paths framework

The bag-of-paths (BoP) framework [15, 14, 24, 19] is a probabilistic model defining
a distance between node 7 and node j of a network based on the probability (P(s =
i,e = j) called the "bag-of-paths probability") of drawing a path g starting from
the node i and ending to the node j among a bag of paths P. In this study, we
considered the bag of hitting paths 7, containing all paths (even loops) whose
ending node appears only once at the end of the path. In this consideration, the
ending node is then made absorbing to prevent it from appearing in the path. The
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bag-of-paths framework is defined for both hitting and non-hitting paths. So, for
non-hitting (regular) paths, see the reference paper [15]. The model is applied on
a weighted directed graph with an additional cost on each edge stored in the cost
matrix C (2.3) and assumes that G is strongly connected. Recall from (2.4) that
we selected a particular cost matrix. The model defines a reference distribution on
paths {f’mf(go)}peph based on the natural random walk (Subsection 2.1.2),

~ref
P (p) = Wi@, (2.36)
Z sre (p/)
0’ €Py
in which .
(o) = TPk, _.r, (2.37)
T=1

is the product of the transition probabilities along path p defined by the natural
random walk (2.6). So, lsref(p) represents the probability of following the path
p when moving from one node to another according to a reference transition
probability proportional to the affinity between nodes given by the adjacency matrix
A.

The path probability distribution {P(p)},ep, of the bag-of-paths framework is then
defined as the probability distribution minimising the expected total cost

E[é(p)] = > P(p)a(p), (2.38)

EPy

where ¢(gp) is the cost of the path o defined in (2.5), under the constraint that
the distribution does not differ too much from the reference distribution. The
Kullback-Leibler divergence [3, 17, p. 55] is used in order to ensure this constraint,

D, (P()I[B"™(0)) = 3 P(p)log (i@ ) — Jo. (2.39)
©EPy P (p)

Since the Kullback-Leibler divergence is a kind of measure of how two distributions

diverge from each other, the parameter Jy > 0 is used to monitor this difference.

If Jy — 0%, the path probability distribution {P(p)}.cp, will tend towards the
reference distribution (randomised) {ﬁref(p)}g,eph, otherwise, when Jy — oo, it
will favor the probability path distribution minimising the total expected cost. The
complete mathematical formulation is defined as follows,

minimize P(o)é

PO} oer, p;h L)ele)

subjectto 3 P(p)log (fe(f@) ) T (2.40)
©EPh P (p)
Zpéph P(p) =1
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The Kullback-Leibler divergence constraint is relaxed in the objective function with
a Lagrange parameter 7" > 0. The relaxed formulation of the problem (2.40) is given
by

L i P(p)
minimize ¢(P) = P(p)e(p) +T P(p) log (re>
{P(0)}per, p;;h @;ah () (2.41)

subjectto Y~ cp P(p) = 1.

The new objective function ¢(P) is called the "free-energy" and constitutes a trade-off
between two objectives. On one side, the expected cost where high-cost paths have
a low probability of occurring while less costly ones are more likely to occur. On the
other side, the relative entropy between the path probability distribution and the
reference distribution (randomised) allowing non-optimal paths in terms of costs.
This trade-off is monitored by the temperature 7' playing the opposite role of the
parameter Jy in (2.40).

By solving the Lagrange relaxation of (2.41), we observe that the path probability
distribution follows a Gibbs-Boltzmann distribution on the set of path Py,

) 7' () exp(—0¢(p))
. | (2.42)
(1) Z 7o (o) exp(—0&(g'))

© EPh

where 6 = % is defined as the inverse temperature.

From the equation (2.42), it is possible to derive P(s = i, e = j), the probability of
drawing a path starting at node ¢ and ending at node j. This probability is encoded
at position (i,j) in the bag-of-paths probability matrix for hitting paths ITy. This
matrix reflects a notion of similarity between the nodes of the graph. Indeed, [15]
suggests that two nodes are considered to be highly related when they are connected
by many low-cost paths. This quantity therefore takes into account both a notion of
local dependency (low-cost paths) and global dependency (randomness behavior
introduced by the relative entropy with a random walk based on affinities). Its
mathematical formulation is the following

> Pp)

peP?j

> P

©'€Py

[Hh]ij = P(S = ’i, € = j) = (243)

where Plhj is the set of all hitting paths starting from 7 and ending in j. This matrix
can be computed in closed form with the following equation (see the reference paper
[15] for more details),

Z . _ . -
h = ﬁ with Z = (I- W)™, Dy, = Diag (Z) and Zy, = ZD,!,  (2.44)
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where Zj, is called the fundamental matrix for hitting paths and W = P™foexp(—0C)
is the weighted adjacency matrix.

From the similarity matrix (2.44), the reference paper [15] derives two distances
between nodes, the surprisal distance

— log(ITy,) — log(IT;,")

AP = 5 , (2.45)
and the free-energy distance (or potential distance)
AST ] T y/
AP = o Zne) (2.46)

6

The diagonal is set to zero in both matrices. In our experiments, we decided to use
the free-energy distance in the bag-of-paths framework and the surprisal distance in
the margin-constrained bag-of-paths framework (Subsection 2.8.2). Both distances
are very close since they only differs from an additional constant and rescaling
factor.

2.8.2 The margin-constrained bag-of-paths framework

The margin-constrained bag-of-paths (cBoP) framework [20] extends the bag-of-
paths framework by adding two additional constraints to the problem formulation
(2.41) fixing the starting and ending nodes probability distributions of paths (mar-
gins). As in the BoP framework, we considered the bag of hitting paths Py, and the
same cost matrix (2.4). The new formulation is then given by

minimize ¢(P) = Z P(p)é(p) + T Z P(p) log< P(p) )

{P©)}per, S =t Pref(p)

subjectto P(s =1i) =>;cp Zpijepﬁ’j P(pij) =0 VieV (2.47)
Ple=7j) = Yiev Z@ijepgj P(pij) = U}mt Vjev
>per, Plp) =1,

where oi" and o' are respectively the probability that a path begins at node i
and the probability that a path ends at node j. Since these two constraints are
independent, o™ and o° must be two probability distributions on the nodes.

The reference paper [20] highlights that the solution of this new formulation corre-
sponds to a randomised policy for the optimal transport problem on a graph. Indeed
o™ can be seen as the supply and o°" as the demand, where resources must be
routed to meet demand at minimum cost. The randomisation is again managed
by the temperature parameter 7 allowing a trade-off between minimal cost when
T — 0T and entropy of paths based on the natural random walk when 7' — cc.

In order to be consistent with the new constraints in (2.47) when the temperature
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parameter T' — oo, the reference probability distribution on paths {f’ref(p)}peph
must also satisfy these additional constraints. However, the hitting paths benefit
from the following nice property (proven in [15])

S Aef(p) =1, (2.48)

pepﬁ‘j

where 7™() is defined in (2.37). Therefore, it follows that the reference probability
distribution over paths and consistent with the two new additional constraints on
the starting and ending nodes is given by

~ f . ~
pre (pi7) = O',IL'DO';‘)UtTrrEf(pij) ' (2.49)

By solving the Lagrangian relaxation of problem (2.47) while taking into account
(2.49), it follows that the optimal path probabilities are given by
P* (i) = g "ol O g0 7 (o, Yexp(— 02 (i) ) (2.50)

where 6 = % is the inverse temperature and the vectors p,}? and p"* are the Lagrange
parameters. They satisfy the following system of mutually dependent equations

{“ﬁl = e+ (Zn (up" o o)) (2.51)

“ﬁut —e= (ZE (/’LLD o Gin)) ,

in which Z;, refers to the fundamental matrix for hitting paths in (2.44). We com-
puted them via the following iterative algorithm of type Gauss-Seidel [50]

{“ﬁl(k:) e+ (Zp (up"(k —1)0o™)) (2.52)

(k) < e = (ZT (pin(k) 0 o)),

starting at pi"(0) = p"(0) = e. We iterated until the convergence criterion
max; " (k) — " (k — 1)| < 106 was reached or that the number of iterations
has exceeded 10000.

The margin-constrained bag-of-paths probability matrix for hitting paths is defined

as in (2.43) and its close form expression corresponds to
II;, = Diag (p,}iln o a’in) ZyDiag (up™ o o). (2.53)

Concerning the cBoP framework, we considered only the surprisal distance derived
from ITy via (2.45).

An advantage of this extended formulation is that it is possible to give more impor-
tance to certain nodes by adjusting the distributions o™ and o°“t. Nodes with high
oim and % will have a greater chance of being a starting or ending node. Therefore
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their distances with the other nodes will decrease. We have chosen to favor the
nodes having a high degree by imposing

in out Ae

p— —_ — 2-5
o o TAG’ (2.54)

where A is the graph adjacency matrix.

2.8.3 Converting a distance to a kernel

We explored two different approaches for mapping the previous distance matrices
into kernel matrices containing pairwise similarities between the nodes. These two
approaches have also been investigated in [15].

» Classical multidimensional scaling (MDS) [14, 13, 43, 1] allows to derive a
centered kernel K (Ke = 0) from a distance matrix A. It is given by

1
K= —§HA(2)H, (2.55)

where A®@ is the squared distance matrix (the power is taken element-wise)
and H = ( — eniT) is the centering matrix. The embedding space deduced
from this kernel (in the next Subsection 2.8.4) has the particularity to preserve
the distances A between data (||x; — x;||2 = Ay;).

» The Gaussian kernel (or radial basis function) [46, 3, 22] defines a similarity
between nodes from a matrix of distances as follows

(2)
K =exp (— ?(72 > , (2.56)

where o is set to the variance of data. This kernel has the particularity that
the inner product between two nodes expressed in the embedding space (see
Subsection 2.8.4) is close to zero if the nodes are distant in A and close to 1
otherwise.

2.8.4 Extracting features from a kernel

As briefly mentioned in the introduction to this section, a kernel on a graph is a
function k(v;, v;), vi,v; € V defining a similarity measure between nodes. It can
be shown that if this similarity function is symmetric and semi-definite positive, it
is implicitly equivalent to the inner product between two vector representations of
nodes obtained from a particular mapping function ¢ : V — RIVI [14, 13, 46]. This
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mapping function converts each node v; € V into a vector ¢(v;) = x; called the node
vector. In consequence,

k(vi,v;) = (vi) ' d(v;) = x; x;. (2.57)

The matrix

X=| (2.58)

T
X
VI

contains all node vectors and is called the embedding matrix of the graph. To
avoid confusion with the data matrix containing the features on nodes (2.61), the
embedding matrix of the graph G (2.58) will be denoted as X“. According to (2.57),
the kernel matrix is then given by

K = X¢ (XG)T. (2.59)

The following demonstrates this equivalence and how to deduce the embedding
matrix X, If the kernel matrix K is symmetric, linear algebra ensures that it exists
a spectral decomposition of the matrix K = UAUT in which A is a diagonal matrix
containing the eigenvalues of K sorted in decreasing order and U is an orthogonal
matrix containing the corresponding eigenvectors of K. Moreover, if K is positive
semi-definite, it follows that

T
K = (UA%) (UA%) . (2.60)

Hence, by combining (2.59) and (2.60), the embedding matrix is given by
XCG = UA:z. (2.61)

However, this graph embedding exists only if the kernel matrix K is symmetric and
semi-definite positive. The notions of distances defined in the preceding subsections
guarantee only the symmetric constraint. We used spectrum clip [6] on K to
enforce the semi-definite positive constraint. The spectrum clip consists in putting
all negative eigenvalues to zero. This approximation is made by computing UAUT
where A = max(A,0). It can be shown that the resulting matrix is the closest
semi-definite matrix to K in terms of the Frobenius norm (see the proof in [14]).

Principal component analysis (PCA) [1, 3] can be used to reduce the dimensionality
of the embedding space. The idea of PCA is to project the data points on several
orthogonal axis maximising the variance of the projected data. However, [14, p. 399]
shows that the embedding defined in (2.61) is already oriented in the directions of
maximal variance. Since the variance of the projected data on an axis is proportional
to the eigenvalues of K, we kept only the r first columns of X©. To keep the
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notations simple, the new embedding matrix is denoted by X& e RIVI*".

The choice of a low-dimensional embedding space is motivated by [27] in which
better results are achieved when only a small number of dominant eigenvectors
are kept. We fixed a general rules for all the investigated datasets, only 5% of the
principal components axis are kept (corresponding to r = |0.05|V|]).

2.8.5 Summary

In order to avoid any confusion, Table 2.1 summarise all the matrices extracted from
the adjacency matrix.

Acronym | Param Description
| 1 e 0 Bag-of-paths probability matrix for hitting paths (2.44)
| el 0 Margin-constrained bag-of-paths probability matrix for hitting paths (2.53)
APP 0 Free-energy distance between nodes computed with (2.46) from T
Af,B"P 0 Surprisal distance between nodes computed with (2.45) from Hle"P
Kpons 0 MDS kernel computed with (2.55) from AF°P
Ky 6 Gaussian kernel computed with (2.56) from AP
K% 0 MDS kernel computed with (2.55) from Ag*?
Kf]'?;P 0 Gaussian kernel computed with (2.56) from AﬁBOP
X 6 Low-dimensional embedding computed with (2.61) from K%
le éBOp 0 Low-dimensional embedding computed with (2.61) from Kﬁf’gp
X]fr’[fgfp 0 Low-dimensional embedding computed with (2.61) from K%
le ;B"P 0 Low-dimensional embedding computed with (2.61) from Kﬁ?gp

Summary of matrices extracted from the graph and used later in the study. All
matrices depend on the inverse temperature parameter §. The embedded space
of the graph is made of |0.05|V|| dimensions.

Figures 2.3, 2.4 and 2.5 illustrate how these embedding techniques are able to help
the traditional machine learning algorithms on the node classification task when the
dataset benefits from a high spatial autocorrelation. We applied these techniques on
3 graphs, two A-driven graphs and one X-driven graph. These graphs are presented
in Section 4.1. Each figure is composed of two parts. On the left, the matrix Kﬁf’gp
and on the right side, the mapping of nodes to the embedding space when only the
two principal components (of maximum variance) of Xf éBOP are kept. We observe
on Figures 2.3 and 2.4 that the kernel contains high similarities between nodes
belonging to the same class. Such a kernel is therefore much more informative than

the adjacency matrix A which contains only local relationships. Hence, nodes with

similar labels appear close to each other and form clusters in the embedding space.
These clusters help the machine learning algorithms to discriminate the classes.

However, in Figure 2.5, nodes with identical labels are not particularly similar to
each other. Therefore, it is no longer informative and does not help to discriminate
between classes.

2.8 Graph embedding based on kernels
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On the left side, the matrix Ki% with § = 0.1 computed on DB6 (dataset with
high spatial autocorrelation). Nodes are ordered according to their label. The
red lines separate the different classes. On the right side, the associated graph
embedding X}f éBOP when only the two principal components are kept.
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On the left side, the matrix Kﬁf’gp with 6 = 0.1 computed on DB9 (dataset with
high spatial autocorrelation). Nodes are ordered according to their label. The
red lines separate the different classes. On the right side, the associated graph
embedding Xfi ngop when only the two principal components are kept.
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On the left side, the matrix KB‘;;P with # = 0.1 computed on DB1 (dataset without

spatial autocorrelation). Nodes are ordered according to their label. The red lines

segarate the different classes. On the right side, the associated graph embedding
5°P when only the two principal components are kept.
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2.9 Ranking method and statistical tests

Chapter 5 is devoted to comparing the methods presented in the next chapter. To
highlight differences in performance between methods, it is necessary to evaluate
them on several datasets. Chapter 4 details the methodology used to obtain the
accuracy of each method on each dataset. From these accuracies, a ranking method is
used to classify the investigated methods and a statistical test to confirm if significant
differences are apparent.

2.9.1 Borda count

The Borda count method [11, 26] allows to rank all methods according to their
performances over the different datasets based on a voting scheme. Each method
can be seen as a candidate and each dataset as a voter. Therefore, the accuracy of a

method on a dataset can be seen as the interest that the voter has for the candidate.

Let n the number of candidates and m the number of voters. Each voter assigns
points to each candidate according to the following voting scheme. The voter orders
the candidates according to the interest he has in them. Then, the first candidate
in this ranking receives n points, the second receives n — 1 points, ..., and the last
receives 1 point. However, in his personal ranking, a voter may have the same
interest for several candidates. In this specific case, there are several possibilities
to react [52]. We decided to use a fractional ranking. It consists of giving to each
of the candidates concerned, the average of points that the voter should normally
attribute to all of them. This avoids favoring or disadvantaging candidates and does
not disturb the points obtained by candidates that are not concerned. The sum of
points that a candidate received from the m voters, constitutes its global score. The
final ranking of the candidates is obtained by ordering the candidates according to
their global score.

2.9.2 Wilcoxon signed-rank test

The Wilcoxon signed-rank test [55] is a non-parametric statistical test allowing to
compare paired data. The Wilcoxon signed-rank test will be used later between each
pair of methods. Hence, the paired samples correspond to (z;,y;) where z; and y;
are respectively the accuracy of the first and second method on the dataset i. It tests
the null hypothesis (H() under which the distribution of the difference z = = — y is
symmetric around a median § = 0. We used the two-tailed (two-sided) version in
order to avoid missing an effect in one of two directions [42].

The procedure consists in ordering the pair in the increasing order of their absolute
value difference |z; — y;|. Pairs whose |z; — y;| = 0 are discarded. A rank R; is

2.9 Ranking method and statistical tests
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assigned to each of the n, remaining pairs. A value of 1 for the first pair, 2 for the
second pair, etc. Pairs having identical absolute difference are managed in the same
way as in the previous Borda method with a fractional ranking. The sum of the
signed ranks [54] is given by

i=1

Under the null hypothesis, S, follows a specific distribution of zero mean. We
compute the p-value corresponding to the observed S,.. The p-value is equal to the
probability of observing an even more unexpected result under the null hypothesis.
The significance level is set to 5% in our experiments. So, a p-value lower or
equal to 0.05 will be considered as so unexpected that we can conclude that the
null hypothesis is false, and that a significant difference between the two methods
seems to exist. If the p-value is greater than 5%, nothing can be established. Since
the number of samples in our experiments is small (10 datasets) and below the
recommended number (= 20), exact tables are used to find the critical values instead
of the normal distribution (for more details, see the scipy.stats.wilcoxon function in
the SciPy library [49] in Python).

2.10 Some further related work

There are many algorithms developed to solve the task presented in Section 2.4.
These models are the result of various approaches. In this section, we cite a few of
them.

The authors of [13] investigated a large number of different kernels in a simple
similarity-based approach. This approach allowed to highlight which kernels enhance
the class membership the most. Among all the explored kernels, the Regularised
Laplacian Kernel (RL) [14] and the Regularised Commute-Time Kernel (RCT) [14]
outperformed the others. Hence, we added them in our experiments. However, they
provided significantly less powerful results than those associated to kernels coming
from the BoP and cBoP frameworks. That is why, for clarity, we removed it from the
main discussion. Their results are reported in Appendix A.1.

In our work, the SVM model is able to take into account the graph structure thanks
to the addition of a graph embedding in the feature set. However, another extension
of the traditional SVM model has been proposed. The LapSVM model [36] exploits
the graph structure by adding a manifold regulariser in the objective function. The
Laplacian regularisation term is used to impose that the distribution of labels is
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smooth on the structure of the graph (a graph embedding can also be added in the
feature set).

In [45], we can find a generic classification algorithm (GCA) consisting in applying
iteratively to each unlabelled node, a local classifier exploiting the features and
labels of nodes in the immediate neighborhood of the node (if a neighboring node
does not yet have a label predicted, it is not used in the prediction). This process
stops when the convergence of labels or a maximum number of iterations is reached.
A simplified Gibbs Sampling (GS) procedure is also details for making label inference
on the unlabelled nodes based on GCA. GCA and GS are both generic in the sense
that any local classifier can be used. The paper resumes some of the most used
local classifiers and states some adaptations which can lead to better accuracy. Two
global objective functions to the node classification task are also described (Loopy
Belief Propagation and Mean-field relaxation labeling). Both define a probability
distribution of labels on the unlabelled nodes given the information on the labelled
nodes and are approximations of the probability distribution associated to a pairwise
Markov random field (pairwise MRF) on the graph. Pairwise means that MRF is
defined on clique potential of one or two nodes (involving local consistency). These
approximations make it possible to more efficiently calculate the marginal probability
of predicting a given label on an unlabeled node. Pairwise MRF [25] allows to handle
dependencies or independencies that Bayesian network can not since the last is

limited to acyclic dependencies.

As explained in Subsection 2.3.2, spectral-based ConvGNNs suffers from high com-
putational cost. However, a spectral-based ConvGNN which is scalable in terms of
the number of nodes and computationally efficient is proposed in [23]. It avoids
the eigendecomposition of the Laplacian matrix involved in the spectral convolution
by approximating the learnable filter by a localised first-order Chebyshev polyno-
mial. This linear approximation can be compensated by stacking several of these
convolutional layers. Moreover, in [5], it is shown that [23] can be improved by
introducing a well chosen sampling scheme in the reformulation of the loss and the
gradient. However, this approach focus more on an inductive learning. We suggest
the two following comprehensive surveys [57, 56] to get a better vision of what is
developing in the field of deep learning.

Other deep learning approaches have been explored. In particular, the DeepWalk
algorithm [40, 34]. First, DeepWalk samples paths on the graph by making short
random walks. These paths are a succession of nodes and can be considered as
sentences where nodes are words. Then, the well known Skip-Gram model [37]
designed in the field of Natural Language Processing (NLP) is used to learn from
these sentences a word (node) embedding in a continuous space. This approach is
completely unsupervised. More advanced version was proposed as the node2vec
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model [18] in which the path generator allows to better control the randomness in
the generated paths to take into account the weight on the edges. Then, this graph
embedding can be injected as new features in any classification machine learning
algorithms. See [4] for a comprehensive survey of graph embedding methods and
[31] for a global overview of a wide variety of neural networks proposed for learning
low-dimensional graph representations.
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Investigated algorithms

All the investigated models are precisely defined in this chapter. They result from
adaptations and modifications of the models presented in Chapter 2 and grouped
accordingly by the type of model. Section 3.1 is dedicated for a trivial model, Section
3.2 for the models inspired from the SVM and Section 3.3 for those based on the
DCNN. Furthermore, Section 3.4 contains a summary of models with their acronym,
their list of hyperparameters and a short description.

3.1 Trivial method

We implemented one of the simplest methods to predict labels. This method does
not exploit the structure of the graph and the features on the nodes but uses only
the proportion of classes in the training set. It predicts the label corresponding to
the majority class (the one with the highest proportion in the training set) on all
unlabelled nodes. By assuming that the observed proportions are representative
of the real proportions, the precision on an unlabeled node will be close to the
proportion of the majority class. We consider this basic method to be the simplest
baseline that all of the other more sophisticated models studied must at least improve.
It will be denoted by Trivial.

3.2 SVM-based methods

We tested several models based on the traditional SVM model. They are listed
below.

» We included in our experiments the SVM model (Section 2.5) using only
the features on the nodes as a more sophisticated baseline. It is denoted by
SVM-X. However, this model depends on an external parameter (hyperpa-
rameter) which is not optimised during the learning. This hyperparameter is
the relaxation constant C' monitoring the trade-off between a hard and soft
margin.
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» We extended the previous SVM model to take into account the graph informa-
tion. We decided to make this extension by concatenating a low-dimensional
embedding of the graph in Table 2.1 to the feature matrix. The feature matrix
becomes [X, X¢]. This extension is denoted by SVM-X-X“. We used the four
embedding matrices in Table 2.1 coming from the BoP and cBoP frameworks,
so X¢ e {Xf ;ﬁgf, Xf ;O,BOP, Xf ;ﬁgp, Xl(f ;O,CBOP}. All these extended versions of
the traditional SVM, now, include two hyperparameters instead of one. The hy-
perparameter C' as before and in addition the inverse temperature # associated
to the graph embedding.

» The AutoSVM described in Section 2.6 builds a succession of SVMs by adding
autocovariates in the feature space. It depends on the same hyperparameter
as the SVM-X. It is recognised by the acronym Auto-SVM-X.

3.3 DCNN-based methods

We explored different versions of the DCNN detailed in Section 2.7. They are all
described below.

One of the disadvantages of deep learning models is that they generally depend on
a large number of hyperparameters. To overcome this problem, we reduced their
number by fixing certain hyperparameters to a particular value. For example, based
on a rapid study on a dataset, we imposed the window size W to be equal to 10
(wide enough to prevent learning from stopping too quickly) and defined the batch
size B according to a rule common to all datasets : B = 2 o2 (| 55 ]) , i.e: the closest
power of 2 below the tenth of the training set size.

» First, we considered the DCNN model without diffusion. So with a hop number
equals to zero (H = 0). It will be compared to the SVM-X since like him, it
only exploits the features (the graph is not exploited). It only depends on one
hyperparameter, the initial learning rate A used by the learning algorithm. This
model is denoted by DCNN-X.

» Then, comes the original DCNN model presented in Section 2.7 exploiting
the structure of the graph via a diffusion process controlled by the number
of hops H. This number therefore constitutes in addition to A, a second
hyperparameter. The model is denoted by DCNN-X-P.

» We decided to envisage a modification of DCNN-X-P in which the diffusion
is governed by a global similarity matrix G between the nodes instead of
the local similarity matrix P. The matrix G is normalised to be a stochastic
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matrix as the matrix P. The following transformation is the same as (2.6) and
enforces that the lines sum to one

G = Diag (Ge) ' G. 3.1)

To be a stochastic matrix, it is required that the values of G are all positive
or zero. Due to this last constraint, we decided to select G among some
matrices defined in Table 2.1, i.e: G € {TIP°P TIBOP, KpoF, K{PF}. The MDS
kernels do not guarantee that the similarities are positive or zero. As we
mentioned in Subsection 2.8.1 and 2.8.2, these matrices are able to capture
global relationships and are controlled by the inverse temperature 6. Since
such a matrix G captures global relationships between the nodes, taking its

powers does not make sense. This is why in this version, we considered H = 1.

The diffusion for j € {0,1} hops around node v; defined in (2.27) becomes

e = Z[Gj]ilxla (3.2)
and the result for all hops (2.28) is restricted to

T
E = [QZTO] . (3.3)
€i1

This new model therefore depends on two hyperparameters, the initial learning
rate A and the inverse temperature 6. It is denoted by DCNN-X-G. The results
of this model are not reported in the main discussion because they did not
significantly improve the performance of DCNN-X-P. This analysis is available
in Appendix A.2. Despite these results, this model constitutes the basis for
the following model which tries to overcome the limit on the number of hops
(H = 1) reducing the power of the model.

To correct the problem described in the previous model, we had the idea
of weighting the global similarity [G];; between the nodes v; and v; by the
probability [P7];;, corresponding to the probability for the natural random
walker to arrive at node v; from v; by performing j hops. The weighting is
made with the following elementwise product P/ o G. It allows to produce a
matrix containing local similarities, whose the size of the locality is controlled
by the number of hops j. Then, the resulting matrix is normalised as in (3.1) to

be a stochastic matrix. Once again, we chose G € {TTIP°P TI{BoP, Kpor, Koo

3.3 DCNN-based methods
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to satisfy the constraint on G defined in the previous model. In other words,
the diffusion of features on the nodes around the node v; is now given by

VI

€5 = Z[P] 9] G]ilxl' (34)
=1

In this formulation, the number of hops is no longer restricted. Consequently,
H becomes again a hyperparameter in addition to the initial learning rate \
and the inverse temperature ¢. The model is denoted by DCNN-X-PG.

We also inspected other changes to the DCNN-X-P. In particular, we added in
the objective function a regularisation term imposing that the solution provided
by the model must include a kind of spatial autocorrelation. The loss function
(2.35) is transformed into

l(o,t) =1— o4+ max i) + allefPOP™ — o] ||, (3.5)
j

Multiclass hinge loss Regularisation
where o > 0 is a hyperparameter allowing to regulate the importance of the
regularisation in the total cost function (« = 0 corresponds to no regularisa-
tion), ||.|| is any norm, P is the transition probability matrix defined by the
natural random walk (2.6) and OP™ € RIVI*IYl is a matrix containing the
prediction at the end of the previous epoch of class memberships of each node
on each of its lines. To sum up,

) (3.6)

T
Oy|-1

where the predictions o; were calculated at the previous epoch. The vector
e/ POP™ measures a sort of distribution of labels in the close neighborhood
of the node v; in which the contribution of nodes is weighted by their affinity
with the node v;. Thus, a node having a great affinity with v; will have a
greater weight in the distribution. Therefore, the regularisation part minimises
the discrepancy between the distribution of labels on the node v; and the
distribution of labels in its neighborhood. This forces a node to resemble to
its neighborhood and imposes a form of local consistency in the solutions
proposed by the model. The hinge loss is still there to reduce the error on
the training set. Regularisation [17] can help the model to generalise and
reduce the risk of overfitting. We chosen to compare two different norms,
the L;-norm ||.||; and the square of the Ly-norm |[|.||3. However, during the
first epoch, OP™ is not defined. We tried several models to initialise the first
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prediction OP™', Namely the Trivial, SVM-X and Auto-SVM-X models. Both
with ||.||; and ||.||3, we found through experiments that the efficiency did not
significantly change according to the initialisation used. Moreover, the square
of the Lo-norm presented slightly more satisfactory results than the L;-norm.
These observations are discussed in Appendix A.4 for clarity reasons. So, for
the rest of the experiments, only the regularisation with the square of the
Lo-norm and an initialisation based on the Trivial model is compared to the
other models.

The model is denoted by Reg-DCNN-X-P and depends on three hyperparame-
ters, namely, the initial learning rate )\, the number of hops H and the weight
of the regularisation «.

» In a continuity, we added the regularisation described in the previous model
in the DCNN-X-PTIFP. This model is identified by Reg-DCNN-X-PII and
depends on 4 hyperparameters, the initial learning rate A\, the number of hops
H, the inverse temperature 6 and the weight of the regularisation «.

» The last attempt to modify the DCNN-X-P was inspired by the Auto-SVM-X.

The idea was to inject as additional features, the autocovariates defined in
(2.26). These autocovariates are updated at the end of each epoch. As for
the Auto-SVM-X, an initialisation of labels is needed to compute the first
autocovariates. We investigated an initialisation based on the Trivial, SVM-X
and Auto-SVM-X models.
The new model is denoted by Auto-DCNN-X-P and is controlled by 2 hyper-
parameters, the initial learning rate A and the number of hops H. However,
the experiences in Appendix A.5 highlight that the performances obtained
were significantly worse than that of DCNN-X-P. Hence, this model was not
compared to the others.

3.4 Summary

Table 3.1 lists all the models discussed in the Chapter 5. For each of them, the table
summarises its acronym, its list of hyperparameters with the values tested and a
brief description. The table is divided into 3 parts, the Trivial model, the SVM-based
models and the DCNN-based models.

3.4 Summary
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Acronym Param Values Description
Trivial - - Trivial model predicting the majority class
SVM-X 10-%=32.0.23.4 | gyM on features only
G Bop 10[—4—8.2,0.2,3.1] G Bop
SVM-X-X, " % SVM with additional features X, "

10[=3—2,-1.0]

G ,BoP
SVM-X-X P

10—4-3.2,0,2,34]

10—3—2,—1.0]

SVM with additional features Xf éBOP

SVM-X-X <2

104 —3.2.0,2,34]

10[73,72,71,0]

SVM with additional features Xfr’:gfp

SVM-X-X <P

10[=4—3:2,0,2,3,4]

SVM with additional features Xf ;B"P

Reg-DCNN-X-PIIF

C
C
0
C
0
C
0
C
P 10l-3—2-1,0]
Auto-SVM-X c 10(=%=320.2341 | gyM with autocovariates as additional features
DCNN-X A 10~ DCNN with 0 hops (H = 0)
A 10t=%~2l
DCNN-X-P Original DCNN

H 1,2,3
A 1007572

DCNN-X-PTIE? H 1,2,3 DCNN with a modified diffusion based on TTE*
0 10[=3:—2.~1,0]
A 100=%-2

DCNN-X-PTIP H 1,2,3 DCNN with a modified diffusion based on IT
9 10[73,72,71,0]
A 100=%-2

DCNN—X—PKE:;P H 1,2,3 DCNN with a modified diffusion based on Kﬁf’gp
0 10[=3:—2.~1,0]
A 100752

DCNN—X—PKS?;P H 1,2,3 DCNN with a modified diffusion based on Kﬁ?;P
0 10[=3:—2,~1,0]
A 100=%-2

Reg-DCNN-X-P H 12,3 DCNN-X-'P with a r.egularisation (HH%) in the

loss function enforcing a local consistency

o 0.1,1,2,10
A 100=%-2
H 1,2,3 DCNN-X-PIIE? with a regularisation (||.]|3) in
0

(0%

10[73,72,71,0]
0.1,1,2,10

the loss function enforcing a local consistency

Summary of all the models discussed in Chapter 5 with their acronym, their list
of hyperparameters and a short description. C controls the trade-off between
the hard and soft margin in the SVM model, 6 refers to the inverse temperature
involved in the graph embedding coming from the BoP and cBoP frameworks,
A corresponds to the initial learning rate in the DCNN, H is the number of
hops in the DCNN and « monitors the trade-off between the hinge loss and the
regularisation favoring solutions with local consistency in the DCNN.
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Experimental methodology

The previous chapter presented all the methods investigated in our study. The
purpose of this chapter is to detail the complete methodology used in order to
evaluate their expected accuracy on unlabelled nodes. The evaluation technique
used is the same as that implemented in [15, 19, 27, 34] with some small variations
and adaptations which are described below. The classifiers resumed in Table 3.1
are evaluated on several well known benchmark datasets (Section 4.1) through an
evaluation process (Section 4.2) allowing both to optimise the hyperparameters and
to obtain a more reliable performance estimate.

4.1 Datasets

Our experiences have focused on 10 different datasets that have already been used
in a previous work [27].

» WebKB (DB1-DB4) : These four datasets contain web pages collected from com-
puter science departments of four universities. DB was collected from Cornell,
DB2 from Texas, DB3 from Washington and DB4 from Wisconsin. Each web
page is encoded into a binary feature vector indicating the presence/absence
of each word of a given dictionary in the web page. The dictionary includes
1703 words. The relations between the web pages represent citations (corre-
sponding to asymmetric relations). If the edge i — j € &, it means that the
page j is cited by the page i. The associated similarity in the adjacency matrix
is then established at a;; = 1 (the absence of a citation corresponds to a;; = 0).
Each page is classified among 4 different classes : course, faculty, student and
project. The category staff was merged with the category project because it
contained only few pages. These datasets were also used in [15, 19, 34].

» Ego Facebook (DB5-DB7) : These datasets are three ego networks coming
from users of Facebook. DB5 corresponds to FB107, DB6 to FB1684 and
DB7 to FB1912. The nodes of such a network are the friends of a given user
called the "ego" and the edges are the friendship relationships (the ego is not
included in the structure). Since a friendship relationship is symmetrical, they
are modeled in the adjacency matrix as follows : if user ¢ and j are friends,
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a;j = a;; = 1 otherwise a;; = aj; = 0. Each user is characterised by a feature
vector encoding his profile. While the task defined in [30] consists of inferring
a given number of social circles through an unsupervised approach, we are
interested here in a simplified version and adapted to the task that concerns
us. A social circle is a subset of users sharing common properties with respect
to the ego user, for example: family, colleagues, sports teammates, etc. The
datasets have been adapted for a semi-supervised task where it only remains
two social circles. The first being the largest circle and the second obtained by
merging all the other circles. Therefore, the goal is to classify a user in one of
these two circles.

» CiteSeer (DBS8) : This dataset is like the WebKB datasets, a citation network.
It consists of 3312 scientific publications encoded with a vocabulary of 3703
words. The objective is to classify each publication among six possible topics.
It was also used in [45, 23].

» Cora (DB9) : This dataset is still a citation network. It is made up of 2708
scientific publications encoded with a vocabulary of 1434 words. The objective
is to classify each publication among seven possible topics. It was also used in
[45, 2, 23].

» Wikipedia (DB10) : This dataset consists in a citation network including
3271 Wikipedia articles that appeared in the featured list (best articles of
Wikipedia) in the period Oct. 7-21, 2009. Each of them is encoded using a
tf/idf-weighted feature vector based on a dictionary of 4973 words. We are
once again interested in predicting in which category each page belongs to.
There are a total of 14 categories characterising the topic of the article.

4.1.1 Pre-processing step
A common pre-processing step was applied to each of the datasets.

» Firstly, we kept only the biggest strongly connected component of each graph.
This avoids infinite distance between two nodes in the calculation of kernels.

» Secondly, we made symmetric all the relations between the nodes by using
(2.2) in order to get an undirected graph.

» Thirdly, the diagonal of the adjacency matrix was set to zero, so that any
self-loops disappear.
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» Fourth, we applied a feature selection by selecting the 100 most relevant
features to predict the target (class label) according to a Chi-square test (y?)
[35]. This maximum-relevance selection improves the ability of the model
to generalise by reducing the risk of overfitting (Subsection 2.2.2) since less
information is given to the model.

The feature matrix (2.10) can be rewritten according to its columns

X:[ﬁ £, ... fd}, 4.1)

where each vector f; € RV corresponds to one feature measured on all nodes.
Moreover the class membership of nodes encoded in the matrix (2.11) can be
encoded in a single categorical vector t € {1,..., |V}

Since all the datasets considered in our study are composed of categorical
features, a Chi-square test was applied between each pair (f;,t) allowing
to decide if these two categorical variables are correlated. It tests the null
hypothesis Hy under which the variables are uncorrelated (absence of relation).
The features have been sorted in ascending order of their p-value obtained with
the statistical test. The p-value represents the probability of observing an even
more extreme value than the one already observed under the null hypothesis.
Hence, it provides an estimate of the confidence that we can have when we
assert that the feature is correlated to the target. Therefore, we selected the
first 100 features for which this confidence was the highest (smaller p-values).

4.1.2 Statistics

This subsection presents different statistics on the datasets used in our experiments.
Table 4.1 gives an overview of the basic statistics of each dataset after the pre-
processing steps detailed before.

Dataset | Nodes | Edges | Features | Kept Features | Classes | Training / Validation / Test
DB1 183 277 1703 100 (5.9%) 4 74/ 18 /91
DB2 183 279 1703 100 (5.9%) 4 74 /18 /91
DB3 215 365 1703 100 (5.9%) 4 87 /21 /107
DB4 251 450 1703 100 (5.9%) 4 101/ 25/ 125
DB5 1045 | 27791 576 100 (17.4%) 2 419 /104 / 522
DB6 793 14816 319 100 (31.3%) 2 318/79/ 396
DB7 756 30780 480 100 (20.8%) 2 303/75/ 378
DB8 1392 2302 3703 100 (2.7%) 6 557 /139 / 696
DB9 2485 5069 1434 100 (7.0%) 7 995 / 248 / 1242
DBI10 3254 | 33218 4973 100 (2.0%) 14 1302 / 325 / 1627

Simple statistics of the 10 investigated datasets.

4.1 Datasets
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On the other hand, Tables 4.2 and 4.3 contain the Moran and Geary indices of all
datasets. According to the Subsection 2.4.1, these indices give us an estimation of
the spatial autocorrelation of labels in the graph. We observe that both the Moran
and Geary indices are in agreement and therefore allow us to clearly decide which
dataset will be classified X-driven or A-driven. The A-driven category contains
the datasets for which the graph information is likely to improve the classification

accuracy of algorithms exploiting the spatial autocorrelation hypothesis.

X-Driven | DB1 DB2 | DB3 | DB4
Moran’s1 | -0.12 | -0.22 | -0.15 | -0.06
Geary’sc | 1.17 | 1.55 | 1.26 | 1.15

Moran and Geary indices of X-driven datasets. Since I < Iy and ¢ > 1, these
datasets are characterised by a negative spatial autocorrelation and are then
classified X-driven. Iy ~ 0 for all datasets. More details in Subsection 2.4.1.

A-Driven | DB5 | DB6 | DB7 | DB8 | DB9 | DB10
Moran’sI | 0.66 | 1.09 | 1.27 | 0.53 | 0.77 | 0.13
Geary’sc | 0.66 | 0.17 | 0.18 | 0.38 | 0.24 | 0.89

Moran and Geary indices of A-driven datasets. Since I > Iy and ¢ < 1, these
datasets are characterised by a positive spatial autocorrelation and are then
classified A-driven. Iy ~ 0 for all datasets. More details in Subsection 2.4.1.

4.2 Performance assessment

To be able to estimate the real accuracy (or generalisation error) of the model on
a given dataset, it is important that this measurement is done on nodes whose the
label was not used during the learning phase (in order to avoid an optimistic bias).
It is why a subset of the dataset is randomly chosen while preserving the initial
proportion of labels as a test set (50% of nodes). The test set contains the nodes
for which the labels are hidden during the learning phase and used to estimate
the expected accuracy on unlabelled nodes. The remaining subset (50%) will be
used to both train the model and select the best hyperparameters. Almost all the
investigated algorithms defined in chapter 3 depend on hyperparameters which are
not optimised during the learning phase. These external parameters influence the
behavior of the model and therefore its classification accuracy. We used a 5-folds
cross-validation [17, 22] on this remaining subset to tune these hyperparameters.
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Train_acc_1
Validation_acc_1
Test_acc_1

Train_acc_2
Validation_acc_2
Test_acc_2

Train_acc_3 Mean_Train_acc
Validation_acc_3 > Mean_Validation_acc
Test_acc_3 Mean_Test_acc

Train_acc_4
Validation_acc_4
Test acc_4

Train_acc_5
Validation_acc_5
Test_acc_ 5 _/

- Training set I:I Validation set - Test set

Hlustration of the 5-folds cross-validation used in remaining subset (50% of
nodes).

Figure 4.1 visually illustrates the process used in our study. This process consists in
dividing the set into 5 subsets of the same size (called fold). Each fold therefore
contains 10% of the total number of nodes and is built while preserving the initial
proportion of labels. The model is trained on 4 folds (called training set, 40% of
the total number of nodes) and evaluates on the remaining fold (called validation
set, 10% of the total number of nodes). Table 4.1 provides for each dataset, an
idea of the size of each set (training, validation and test) during the cross-validation
phase. Each fold will take the role of the validation set. Hence, the performances

on the training set, validation set and test set are averaged over these five learning.

Then, the best hyperparameters are those providing the best validation accuracy
(Mean_Validation_acc in Figure 4.1).
Now, we distinct two cases :

» All models except those related to the DCNN model are re-trained with the
best hyperparameters on the five folds. Their accuracy then corresponds to
their performance on the test set (Test_acc in Figure 4.2).

Train_acc
Test_acc
- Training set - Test set

Ilustration of the re-training over the 5 folds with the best hyperparameters.

» However, the DCNN-based models can not be re-trained on the 5 folds (50%)
and tested on the test set since these models need a validation set to decide
when to stop the learning (due to the early stopping procedure). To handle this
exception, their accuracy corresponds to the average accuracy on the test set

4.2 Performance assessment
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(Mean_Test_acc in Figure 4.1) associated to the best hyperparameters during
the cross-validation (so the model is not re-trained once again).

The accuracy obtained by this process corresponds to one run. We performed this
procedure 10 times with different random distribution of nodes among the different
sets. The final accuracy of the model is the average accuracy over these 10 runs.
These multiple runs reduce the variance of the estimated accuracy caused by the
variability of how the nodes are distributed in the different sets. Of course, to ensure
equity between all the models, the 10 runs (distribution of the nodes in the sets) are
the same for all models.
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Discussion of results

This chapter is devoted to the evaluation of methods cited in Table 3.1. In this discus-
sion, we compare the investigated models on the basis of multiple perspectives. The
first one is the accuracy of each method over each dataset which is provided by the
experimental procedure described previously. The second one is the Borda ranking
computed from the previous values. The third one is the p-value between each
method coming from the Wilcoxon signed-rank test applied on their performance
across all datasets. These pairwise p-values allow to compare more precisely the
relative performances between two methods.

The chapter is cut into three parts. The first section is dedicated to the comparison of
the SVM-based methods. On the other hand, the second section discusses the results
of the DCNN-based methods. Finally, the last section compares the two different
approaches to each other.

5.1 SVM-based methods

The SVM-based methods are compared with each other as well as with the simplest
baseline, the Trivial model.

From Table 5.1, Table 5.2 and Table 5.3, it is obvious that the Trivial model is
overtaken by all the other models. Indeed, its performances are always clearly lower
than those of the others, it is the last in the Borda ranking (where it got a score
of 10 meaning that it never took control over a dataset) and finally, its p-values in
Table 5.3 with the others are clearly below the fixed threshold of 5%. All the other
methods are therefore able to improve the Trivial model by exploiting the features
on nodes and the graph information.

An interesting result can be observed in Table 5.1 by comparing the SVM-X with
all the other SVM-based models. We note that overall, the performance differences
between the SVM-X with the other models are small on the first 4 datasets (DB1,
DB2, DB3, DB4) and clearly increase on the next 6 datasets (DB5, DB6, DB7, DBS8,
DB9, DB10) on which the advantage is taken by the other models. This result is
compatible with the autocorrelation measurements which are listed in Tables 4.2 and
4.3. Indeed, these last tables indicate that the first 4 datasets are X-driven, meaning
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that the graph information is not relevant for algorithms taking into account the
autocorrelation hypothesis (i.e: all the algorithms using the graph in our study).
This is why, on these datasets, the SVM-X, using only the features on the nodes, is
competitive with the 5 other models exploiting the structure of the graph. It even
happens that the information extracted from the graph degrades the performance of
the SVM. However, on the last 6 datasets, the graph information always improves
performances.

The Borda ranking in Table 5.2 shows clearly that all methods exploiting the graph
information in addition to the features on nodes are the best even if the SVM-X
remains relevant on X-driven datasets.

The scores associated with models having an acronym of the form SVM-X-G and the
score associated with the Auto-SVM-X in the Borda ranking are relatively close to
each other. Moreover, the pairwise p-values coming from the Wilcoxon signed-rank
test highlight the absence of a significant difference among these methods. The
last two observations suggest that all methods taking the graph information into
account are globally equal in terms of performance. However, according to the Table
5.3, the two graphs embedding coming from Gaussian kernels (SVM—X-XS’ ’gBOP and
SVM-X—X}CI’: ’gCBOP) and the Auto-SVM-X seem to stand out in a certain way from the
others since their p-value with the SVM-X is below the threshold of 5%. We can also
conclude that the graphs embedding extracted by the cBoP framework are of the
same order of quality as those extracted from the BoP framework, at least for the
node classification task.

An important notion to be taken into account is the scalability of methods since it
impacts the scope of their application domains. Indeed, non-scalable methods are
constrained to be able to be used only on relatively small datasets (some thousands of
nodes), like the datasets used in our study. While in practice, it is likely to encounter
very large problems (several million nodes). On such datasets, it is impossible in
practice to use a unscalable method which involves matrix inversions or whose the
number of learnable parameters is proportional to the number of nodes. Since the
SVM-X-G methods need a matrix inversion, they are no longer scalable methods.
Hence, the Auto-SVM-X is the only model that is both among the scalable and best
models over the X-driven and A-driven datasets.
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Method DB1 DB2 DB3 DB4 DB5 DB6 DB7 DBS8 DB9 DB10

Trivial 45.05 | 56.04 | 47.66 | 47.2 70.5 71.46 | 69.05 | 32.61 | 29.23 | 15.61

SVM-X 83.08 | 84.62 | 83.64 | 87.36 | 80.65 | 91.29 | 91.69 | 71.29 | 72.91 | 60.09

SVM-X-XhG,If;SP 79.34 | 84.84 | 77.01 | 82.48 | 84.67 | 98.36 | 97.3 | 74.68 | 84.14 | 66.67

SVM-X-xgj'éB"P 82.75 | 87.58 | 83.93 | 87.2 | 84.64 | 97.95 | 96.69 | 74.94 | 86.72 | 60.71

SVM-X-X{:%" | 79.45 | 83.63 | 80.65 | 84.16 | 84.33 | 98.59 | 97.25 | 76.31 | 86.66 | 66.99

SVM-X-XhG’éCBOP 83.96 | 86.15 | 83.83 | 87.2 | 84.39 | 98.03 | 96.48 | 74.77 | 85.98 | 60.14

Auto-SVM-X 82.64 | 85.38 | 83.93 | 89.92 | 83.24 | 98.46 | 96.32 | 76.36 | 85.73 | 60.82

Table containing the performances of the SVM-based methods on all datasets.
Each performance corresponds to the accuracy obtained by a method on a dataset
by following the process described in Section 4.2. For each dataset, the best
accuracy is highlighted in bold.

Method Score
SVM-X-X P 52
Auto-SVM-X 50
SVM-X-X"<0°F | 47
SVM-X-X{ % | 47
SVM-X-X 7B | 41
SVM-X 31
Trivial 10

Borda ranking of the SVM-based methods computed on Table 5.1.

Method Id €D} (2) (3) (4) (5) (6) (7)
Trivial (D) 1 0.005 | 0.005 | 0.005 | 0.005 | 0.005 | 0.005
SVM-X (2) | 0.005 1 0.241 | 0.017 | 0.074 | 0.009 | 0.009

SVM-X-X% | (3) | 0.005 | 0.241 1 0.285 | 0.114 | 0.333 | 0.203
SVM-X-X{*F | (4) | 0.005 | 0.017 | 0.285 1 0.575 | 0.11 | 0.906
SVM-X-X"<°" | (5) [ 0.005 | 0.074 | 0.114 | 0.575 1 0.721 | 0.721
SVM-X-X{ > | (6) [ 0.005 | 0.009 | 0.333 | 0.11 | 0.721 1 0.878
Auto-SVM-X (7) | 0.005 | 0.009 | 0.203 | 0.906 | 0.721 | 0.878 1
Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between all the SVM-based methods. The p-values are computed on Table 5.1
and allow to more precisely measure the relative performances between two
methods. p-values below the significance level (5%) are highlighted in bold.

5.2 DCNN-based methods

The DCNN-based methods are compared with each other as well as with the simplest
baseline, the Trivial model.

As for the SVM-based methods, the same conclusions can be made about the Trivial
model. This therefore demonstrates the interest for these DCNN-based methods.
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By comparing in Table 5.4 the DCNN-X taking only the features on nodes into
account with the DCNN-X-P also exploiting the structure of the graph, we note
that once again the difference in performance is increased on A-driven datasets. On
the other hand, DCNNs using a kernel containing global similarities between nodes
(DCNN-X-PG) seem to strongly improve the DCNN-X not only on A-driven datasets
but also on X-driven datasets. Table 5.5 and Table 5.6 show that the DCNN-X is
significantly less efficient than all the other DCNN-based models.

Table 5.5 and 5.6 highlight that the DCNN-X-PG with G € {TIEP, TI¢BoP| KPoP KPP
constitutes a real improvement of the DCNN-X-P, especially on X-driven datasets.
Indeed, all versions of DCNN-X-PG benefit from a higher score in the Borda ranking

and are all significantly different from the DCNN-X-P according to the Wilcoxon

signed-rank test. Moreover to show that the use of such kernel for G is relevant, that

is to say that the interesting performance of the DCNN-X-PG observed previously

are not only due to the structure of the model but also to the kernel G used, we

compared them to a DCNN-X-PG where G is a random matrix whose values are

between 0 and 1. This comparison is discussed in Section A.3 and demonstrates

their relevance especially on X-driven datasets.

The investigated DCNN-X-PG models can be divided into two sets, one containing

the matrices H}(IC)BOP and the other the Gaussian kernels KI(]‘:;BOP. According to the

Borda ranking, the first set seems to stand out positively from the other set. How-
ever, the Wilcoxon signed-rank test indicates that there is not really a significant

difference.

Regarding the regularisation, the Borda ranking shows that the two models benefiting
from the regularisation (Reg-DCNN-X-P and Reg-DCNN-X-PII?°") improve the
corresponding models without regularisation (DCNN-X-P and DCNN-X-PIIZP).
From the Wilcoxon signed-rank test, we observe that the p-values are not below the
significant level. However, the p-value between DCNN-X-P and Reg-DCNN-X-P
(0.059) is very close to the significant level. Despite this, the regularisation still
seems to slightly improve the models, especially the DCNN-X-P.

As mentioned in the previous section, the scalability of methods is important when
we are looking at large datasets. As cited in Section 2.7, the DCNN-X-P is scalable.
Hence, the DCNN-X is also scalable since it is a special case of DCNN-X-P where
the number of hops is set to zero.

Adding a kernel to DCNN-X-P automatically makes the DCNN-X-PG model unscal-
able due to the matrix inversion involved in the kernel computation. It therefore
constitutes a significant improvement of DCNN-X-P on small datasets like those
investigated in our study.

The addition of the regularisation does not influence the scalability of methods. Con-

Chapter 5 Discussion of resulis



sequently, the Reg-DCNN-X-P could be an interesting improvement of DCNN-X-P

on large datasets.

Method DB1 DB2 DB3 DB4 DB5 DB6 DB7 DBS8 DB9 DB10
Trivial 45.05 | 56.04 | 47.66 47.2 70.5 71.46 | 69.05 | 32.61 | 29.23 | 15.61
DCNN-X 77.49 | 77.32 75.7 85.1 7895 | 91.71 | 91.48 | 69.31 | 70.77 | 56.09
DCNN-X-P 75.12 | 78.75 | 75.31 | 85.01 81.6 96.99 | 94.85 | 77.32 | 83.42 | 61.36
DCNN-X-PIIF? 78.02 | 86.13 | 80.88 | 87.54 | 81.82 | 98.36 | 97.24 | 76.93 | 85.31 | 64.42
DCNN-X-PTI? 77.05 | 85.89 | 81.25 | 87.71 | 82.53 | 98.14 | 97.06 | 76.73 | 85.24 | 64.62
DCNN-X-PKE’(’gP 75.54 | 85.67 | 80.67 | 87.25 | 81.78 | 97.75 97.2 77.39 85.2 62.77
DCNN-X-PK;’* | 76.88 | 85.54 | 80.5 | 87.55 | 82.13 | 97.71 | 97.07 | 77.49 | 85.31 | 62.75
Reg-DCNN-X-P 74.46 | 82.68 | 78.52 | 82.82 | 82.37 98.2 | 96.94 774 | 85.67 | 62.83
Reg-DCNN-X-PII}" | 77.87 | 86.26 | 81.27 | 86.75 | 82.81 | 98.37 | 97.14 | 76.86 | 85.5 | 64.21
Table containing performances of the DCNN-based methods on all datasets. Each
performance corresponds to the accuracy obtained by a method on a dataset
by following the process described in Section 4.2. For each dataset, the best
accuracy is highlighted in bold.
Method Score
Reg-DCNN-X-PITZ® [ 75
DCNN-X-PTIE? 72
DCNN-X-PIIPP 66
DCNN-X-PK;’* 58
DCNN-X-PK;Y 55
Reg-DCNN-X-P 53
DCNN-X-P 32
DCNN-X 28
Trivial 10
Borda ranking of the DCNN-based methods computed on Table 5.4.
Method Id 1 (2) (3 4) (5) (6) (7) (8 9
Trivial (D 1 0.005 | 0.005 | 0.005 | 0.005 | 0.005 | 0.005 | 0.005 | 0.005
DCNN-X (2) | 0.005 1 0.037 | 0.005 | 0.007 | 0.007 | 0.007 | 0.017 | 0.005
DCNN-X-P (3) | 0.005 | 0.037 1 0.009 | 0.007 | 0.005 | 0.005 | 0.059 | 0.007
DCNN-X-PTIfP (4) | 0.005 | 0.005 | 0.009 1 0.683 | 0.037 | 0.11 0.114 | 0.878
DCNN-X-PII? (5) | 0.005 | 0.007 | 0.007 | 0.683 1 0.059 | 0.114 | 0.074 | 0.333
DCNN—X—PKE,(’gP (6) | 0.005 | 0.007 | 0.005 | 0.037 | 0.059 1 0.507 | 0.333 | 0.047
DCNN-X-PKE}?;P (7) | 0.005 | 0.007 | 0.005 0.11 0.114 | 0.507 1 0.241 | 0.093
Reg-DCNN-X-P (8) | 0.005 | 0.017 | 0.059 | 0.114 | 0.074 | 0.333 | 0.241 1 0.032
Reg-DCNN-X-PIT? | (9) | 0.005 | 0.005 | 0.007 | 0.878 | 0.333 | 0.047 | 0.093 | 0.032 1

Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between all the DCNN-based methods. The p-values are computed on Table 5.4
and allow to more precisely measure the relative performances between two
methods. p-values below the significance level (5%) are highlighted in bold.

5.2 DCNN-based methods
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5.3 Global discussion

This section is devoted to the comparison between SVM-based and DCNN-based

methods. Only the most efficient method of each type of model is kept for discussion.

The Reg-DCNN-X-PTIP? is not discussed since it did not significantly improve the
DCNN-X-PII}P.

By comparing directly the SVM-X and the DCNN-X in Table 5.7, it is obvious that
the DCNN-X is much less efficient than its direct competitor among the SVM-based

methods. Tables 5.8 and 5.9 confirm this observation.

Based on Table 5.7, the DCNN-X-P remains clearly less efficient on X-driven datasets

than the simple SVM-X. However, on A-driven datasets, it reverses the positions.

This shows that the DCNN is capable of exploiting the structure of the graph well
but has weaknesses to capture the relevant information among the features on the
nodes. However, based on all datasets, the Wilcoxon signed-rank test indicates that
there is no significant difference.

The addition of a kernel (in this case the matrix HEOP) in the DCNN-X-P to form
the DCNN-X-PTIEP allows to compensate the weakness of the DCNN-X-P on the
X-driven datasets. Indeed, the DCNN-X-PIIE? is competitive on the X-driven
datasets compared to the SVM-X and slightly improves the DCNN-X-P on A-driven
datasets. This improvement is confirmed by the Borda ranking and the Wilcoxon
signed-rank test in which the DCNN-X-PTIF? is almost significantly different from
the SVM-X. In addition, the DCNN—X—PI'IEOP achieves similar performance to that
of the SVM-X-le ’gBOP and Auto-SVM-X, which both compensate for the weakness of
SVM-X on A-driven datasets. Indeed, the DCNN-X-PTI, the SVM-X-X "> and
the Auto-SVM-X have similar scores in the Borda ranking.

The regularisation added in the DCNN-X-P improved it so that it got a better ranking
in the Borda ranking than the SVM-X. However, it remains less efficient than SVM-X
on X-driven datasets.

Method DB1 | DB2 | DB3 | DB4 | DB5 | DB6 | DB7 | DB8 | DB9 | DBIO
SVM-X 83.08 | 84.62 | 83.64 | 87.36 | 80.65 | 91.29 | 91.69 | 71.29 | 72.91 | 60.09
SVM-X-X}fg’B"P 82.75 | 87.58 | 83.93 | 87.2 | 84.64 | 97.95 | 96.69 | 74.94 | 86.72 | 60.71
Auto-SVM-X 82.64 | 85.38 | 83.93 | 89.92 | 83.24 | 98.46 | 96.32 | 76.36 | 85.73 | 60.82
DCNN-X 77.49 | 7732 | 75.7 | 851 | 78.95 | 91.71 | 91.48 | 69.31 | 70.77 | 56.09
DCNN-X-P 75.12 | 78.75 | 75.31 | 85.01 | 81.6 | 96.99 | 94.85 | 77.32 | 83.42 | 61.36
DCNN-X-PITXP | 78.02 | 86.13 | 80.88 | 87.54 | 81.82 | 98.36 | 97.24 | 76.93 | 85.31 | 64.42
Reg-DCNN-X-P | 74.46 | 82.68 | 78.52 | 82.82 | 82.37 | 98.2 | 96.94 | 77.4 | 85.67 | 62.83
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Table containing performances of some SVM-based and DCNN-based methods
on all datasets. Each performance corresponds to the accuracy obtained by a
method on a dataset by following the process described in Section 4.2. For each
dataset, the best accuracy is highlighted in bold.

Method Score
Auto-SVM-X 54
DCNN-X-PITF? | 53
SVM-X-X " 52
Reg-DCNN-X-P | 42

SVM-X 32
DCNN-X-P 30
DCNN-X 16
Borda ranking of some SVM-based and DCNN-based methods computed on Table
5.7.
Method Id e8] @) 3) (C)) (5 (6) (7)
SVM-X (@D) 1 0.017 | 0.009 | 0.009 | 0.878 | 0.074 | 0.445

SVM-X-X]fg’B"P (2) | 0.017 1 0.906 | 0.005 | 0.028 | 0.508 | 0.139
Auto-SVM-X (3) | 0.009 | 0.906 1 0.005 | 0.013 | 0.508 | 0.169
DCNN-X (4) | 0.009 | 0.005 | 0.005 1 0.037 | 0.005 | 0.017
DCNN-X-P (5) | 0.878 | 0.028 | 0.013 | 0.037 1 0.009 | 0.059
DCNN-X-PITE® | (6) | 0.074 | 0.508 | 0.508 | 0.005 | 0.009 1 0.114
Reg-DCNN-X-P | (7) | 0.445 | 0.139 | 0.169 | 0.017 | 0.059 | 0.114 1

Table containing the p-values coming from a pairwise Wilcoxon signed-rank
test between some of the SVM-based and DCNN-based methods. The p-values
are computed on Table 5.7 and allow to more precisely measure the relative
performances between two methods. p-values below the significance level (5%)
are highlighted in bold.

5.3.1 Execution time

Table 5.10 groups together the execution times (training times) of the previous mod-
els on all the datasets. First, in general, we observe that the training time is strongly
correlated to the size of the datasets. Thus, the largest datasets (DB5,DB8,DB9,DB10)
require more time. Next, among the SVM-based models, we observe that the training
time of the SVM-X-X}C;: ’gBOP remains relatively similar to that of the SVM-X, except
on the largest datasets where it increases. On all datasets, the Auto-SVM-X needs
a bigger training time since it involves several SVM models. Regarding the DCNN-
based models, they have approximately similar execution times on small datasets
but differences appear on the bigger ones. The most important observation is that
SVM-based methods are clearly faster than DCNN-based methods on all datasets,
except the Auto-SVM-X which obtains a time close to that of DCNN-X-P on DB10.

5.3 Global discussion
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Method DB1 | DB2 | DB3 | DB4 | DB5 DB6 DB7 DB8 DB9 | DBI0O

SVM-X 0.02 | 0.01 | 0.01 | 0.01 | 0.02 0 0.01 0.06 0.17 0.62

SVM-X-leéB"P 0.01 | 0.03 | 0.02 | 0.01 | 0.03 | 0.01 | 0.01 | 0.29 | 0.51 | 2.22

Auto-SVM-X 0.05 | 0.12 | 0.08 | 0.22 0.6 0.15 0.09 1.58 5.94 | 40.87

DCNN-X 4.07 | 4.07 | 2.74 | 4.07 | 7.23 7.45 6.35 9.41 16.3 | 20.87

DCNN-X-P 5 4.45 | 3.68 | 4.13 | 10.67 9.9 7.19 | 18.76 | 34.6 | 42.43

DCNN-X-PIT? | 5.23 | 5.27 | 3.66 | 4.46 | 9.09 9.17 7.42 | 18.63 | 47.38 | 63.01

Reg-DCNN-X-P | 548 | 5.68 | 4.34 | 4.64 9.3 10.46 | 10.21 | 28.82 | 86.27 | 98.14

Table containing the estimated execution time (seconds) of some of the SVM-
based and DCNN-based methods on each dataset. The execution time is aver-
aged over the 10 runs with the best hyperparameters.

5.3.2 Main findings

Comparison between the BoP and cBoP, Gaussian and MDS kernels

On the node classification task, we observed that the graphs embedding extracted
from the Gaussian kernels (X}Cj ’gBOP and X}? gBop) coming from the BoP and cBoP
frameworks seem to perform better than those from MDS kernels (Xﬁ ﬁgf,Xﬁ ;EI‘S’P).
Moreover, we do not see a significant difference between the two frameworks, at

least for the margin imposed in our experiences (2.54).
Auto-SVM model vs kernel-based SVM models

The Auto-SVM-X taking autocovariates as additional features reaches similar perfor-
mances than the SVM models using a low-dimensional graph embedding coming
from the BoP and cBoP frameworks (SVM-X-X%). No significant difference was
observed among them.

Suggested improvements for the DCNN (DCNN-based models)

With regard to DCNN-based methods, the extension inspired from the Auto-SVM-X
consisting in adding autocovariates as additional features and updating them at
each epoch, denoted by Auto-DCNN-X-P, produced disappointing results since it
degraded the performance of the original DCNN model (DCNN-X-P). On the other
hand, the extension adding a regularisation term to enforce local consistency in the
predicted solution, denoted by Reg-DCNN-X-P, slightly improves the DCNN-X-P
while maintaining its scalability, but not enough to be a significant improvement.
We showed that the initialisation did not matter and that the square of the L,-
norm works better than the L;-norm. The DCNN-X-PG using a kernel with positive
values improves significantly the DCNN-X-P on X-driven datasets. Among them, the

matrices ITE°F and TI2°P produced slightly higher performance than the Gaussian
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kernels (KE‘;P and KﬁBgOP). Again, we did not find a difference between the BoP and
the cBoP. However, the use of such kernels makes this model unscalable.

SVM-based models vs DCNN-based models

SVM-X clearly outperforms its direct concurrent (DCNN-X), both in terms of perfor-
mance and execution time. Two trends appeared in results. On the one hand, the
SVM-X is efficient on X-driven datasets while on the other hand, the DCNN-X-P is
efficient on A-driven datasets. However, it is possible to compensate the weakness of
SVM-X on A-driven datasets by the addition of a low-dimensional graph embedding
(e.g: SVM-X-X}CI’: éBOP) or of autocovariates (Auto-SVM-X). On the other hand, we
shown that the addition of a kernel in the DCNN-X-P (e.g: DCNN-X-PTIF°P) allows
it to compensate its weakness on X-driven datasets and thus become competitive
against the SVM-X-X and the Auto-SVM-X.

Identification of efficient methods in terms of performance and scalability on
X-driven and A-driven datasets

Based on the previous observations, the most efficient models on X-driven datasets
are the SVM-X, the SVM-X—XE’gBOP, the Auto-SVM-X and finally the DCNN-X-
PIIP°P. However, the SVM-X-XE;;BOP and the DCNN-X-PTIP? are not scalable
since they both involve the computation of a kernel on the graph. Hence, they can
not be applied on large datasets. In addition, the training time and the number
of hyperparameters to optimise in the DCNN-X-PIIE" are much higher than in
the other models, which makes it more difficult to use. From these findings, we
recommend the use of the SVM-X or the Auto-SVM-X.

On the A-driven datasets, the best performing methods are the SVM-X—Xfi éBOP, the
Auto-SVM-X, the DCNN-X-P and the DCNN-X-PIIZP. For the same reasons as
before, we recommend favoring the use of the Auto-SVM-X. Indeed, SVMXXI? éBOP
and DCNN-X-PIIZ are not scalable and the DCNN-X-P depends on many more

hyperparameters than the Auto-SVM-X.

However, in practice, it is difficult to evaluate in advance if a dataset is X-driven
or A-driven. It is not possible to test the autocorrelation hypothesis when we only
partially know the labels. Unless, a priori on the basis of prior knowledge, we know
whether or not the dataset benefits from an autocorrelation. If we do not have prior
knowledge on this subject, it is important to use a method which works well both on
X-driven and A-driven datasets. From the previous discussions, such models are
the SVM-X-X’ 2", the Auto-SVM-X and the DCNN-X-PTI;f. The Auto-SVM-X
therefore seems to be the model to be favored in all circumstances since it only
depends on a single hyperparameter and is completely scalable.

5.3 Global discussion
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Conclusion

During this study, we broadly compared two different families of algorithms for
the problem of semi-supervised classification on a graph. Namely, the SVM-based
methods which are more traditional machine learning algorithms and the DCNN-
based methods which are coming from deep learning. The two families of algorithms
mentioned above are the result of the respective extension or modification of a linear
SVM model on one side and the DCNN on the other side. These extensions and
modifications consisted in the use of kernels (from BoP and cBoP frameworks) on
graph, the use of autocovariates or the addition of a regularisation imposing a local
consistency on the solution produced by the model.

A procedure has been put in place to be able to best assess the real performance of
these models (the expected accuracy on an unseen example) on a dozen well-known
datasets. The aim of this procedure was therefore to avoid optimistic bias and to
reduce the randomness involved both in the initialisation of the learnable param-
eters and in the distribution of data in the training set, validation set and test set.
However, it should be noted that the performances obtained are not exact since the
optimisation of the hyperparameters was partial. Indeed, for reasons of timing, we
tested only a few values considered relevant for each of the hyperparameters. Then,
the comparison of the models was carried out on the basis of these performances, a
global ranking (Borda ranking) and a statistical test to more precisely measure the
relative performances between two methods (Wilcoxon signed-rank test).

6.1 Main findings

We found that the kernels and graphs embedding from the BoP and the cBoP frame-
works are of similar quality on the node classification task, at least for the margins
that we used in the cBoP. Among all kernels, it seems that the Gaussian kernels
provide slightly better results than MDS kernels.

The Auto-SVM-X based on autocovariates proved to be competitive on all datasets
(similar performance) with the SVM models using a low-dimensional graph embed-
ding as additional features (SVM-X-X%).

The models obtained by the addition of a low-dimensional graph embedding and
autocovariates in the SVM-X have significantly improved the SVM-X exploiting only
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the features on nodes on the A-driven datasets.

Among all the investigated versions of the DCNN-X-P, only the addition of a kernel
in the diffusion process (e.g: DCNN-X-PII;") made it possible to improve the
model significantly. This modification compensates the weakness of the DCNN-X-P
on X-driven datasets and allows it to be competitive (same performance) with the
SVM-based methods (SVM-X-X& and Auto-SVM-X). In another way, the addition
of the regularisation in the loss function used by the DCNN-X-P slightly improves
its performance but not significantly. On the other hand, the adaption of the DCNN-
X-P to handle the same autocovariates as in the Auto-SVM-X have degraded its
performances and therefore is not relevant.

On X-driven datasets, the best models are the SVM-X, the SVM-X-X}C;:’gBOP, the
Auto-SVM-X and the DCNN-X-PIIE°?. While on A-driven datasets, the best models
are the SVM-X-X"**", the Auto-SVM-X, the DCNN-X-P and the DCNN-X-PTIf".
The SVM-X-X and the DCNN-X-PII{°" are not scalable models because they use
a kernel. Moreover, DCNN-based models are more difficult to train than the SVM-
based models since they depend on a larger number of hyperparameters and need
more training time. Hence, the Auto-SVM-X seems to be the model to be favored
because it is effective on both X-driven and A-driven datasets, scalable and easy to
train since it only depends on a single hyperparameter.

In conclusion, these experiments made it possible to highlight that on datasets of a
few thousand nodes, more traditional methods inspired by the linear SVM remain
preferable to a deep learner like the DCNN.

6.2 Further works

From this conclusion, it could be interesting to make additional experiments among
all the best scalable methods presented in our study (Auto-SVM-X, DCNN-X-P and
Reg-DCNN-X-P) on large datasets. Such a dataset could be the US Patent Citations
network [21] containing approximately almost four millions nodes. Perhaps due
to the high availability of training samples on this kind of datasets, the two DCNN-
based methods would become more competitive than the SVM-based method and
the DCNN with the regularisation significantly more efficient than the DCNN-X-P.
Since in our study, the SVM-X-X& (based on kernels) did not produce significantly
better results than the Auto-SVM-X (which does not use a kernel), it could also
be interesting to investigated if it exists other kernels that are significantly more
efficient than the Auto-SVM-X, at least to justify their use on small datasets.

Chapter 6 Conclusion



6.3 Limitations

In a general way, in our study, the SVM approach seems to win against the deep
learning approach. The most likely reason for these results is due to the small size of
the datasets used. On this type of datasets, SVM-based methods have an advantage
over DCNN-based methods. Indeed, the number of learnable parameters is much
lower in a SVM model than in a DCNN model. Hence, a DCNN model need a bigger
training set. In addition, the deep learners used in our experiments use an early
stopping procedure that requires sacrificing some of the data available for training
to stop learning before it begins to overfit.

6.3 Limitations
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Appendix

The appendix contains all the experimental results of models which are not discussed
in Chapter 5 for reasons of clarity.

A.1 SVM with RL and RCT kernels

Since the Regularised Laplacian Kernel (RL) and Regularised Commute-Time Kernel
(RCT) [14] outperformed a large amount of other kernels in a simple similarity-
based approach in [13], we decided to add them in our experiments. We extracted a
graph embedding from them with the process described in Subsection 2.8.4. These
low-dimensional graphs embedding are respectively denoted by XEL and XECT. They
were then added as additional features in a SVM model.

However, both kernels depend on a parameter denoted by «, but playing a different
role in the RL and RCT kernels. For the RL, the following condition must be satisfied
0 < a < p(L)~! where the upper bound is the inverse of the spectral radius of the
Laplacian matrix (L = D — A with D = Diag (Ae) and A is the adjacency matrix)
of the graph. We tested four « values that are uniformly distributed in the interval
mentioned above. On the other hand, for the RCT, the condition to be satisfied being
0 < o < 1, we chose four « values distributed uniformly in this interval. Table A.1
recaps those two new versions of SVM-X-X¢.

Acronym Param Values Description
SVM.X. XS C 10174 3:2:0,2,34] 1 SVM with additional features extracted
! [0.2,0.4,0.6,0.8]p(L)~" | from the RL kernel
C 10(~%=3:2,0.2,3.4] SVM with additional feat tracted
SVM-X-XS., with additional features extracte
«@ 0.2,0.4,0.6,0.8 from the RCT kernel

Summary of two additional SVM-X-X% models with their acronym, their list of
hyperparameters and a short description. C' controls the trade-off between the
hard and soft margin in the SVM model. As mentioned above, « plays a different
role in the RL and RCT kernels.

From the Borda ranking in Table A.3, it is clear that the graphs embedding from
the BoP and cBoP frameworks are more efficient. This difference is even more
obvious in the Table A.2. Indeed, the two new graphs embedding have much weaker
performances on the datasets DB5,DB6,DB7,DB8 and DB9 which are A-driven. They
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have difficulties to improve the SVM-X which only uses the features on the nodes.
The Wilcoxon signed-rank test in Table A.4 highlights two elements. First, the two
Gaussian kernels are significantly better than the RL and RCT kernels. Secondly, the
RL is significantly more efficient than the RCT.

Since overall, these two kernels did not provide very interesting results, they were
removed from the main discussion.

Method DBl | DB2 | DB3 | DB4 | DB5 | DB6 | DB7 | DB8 | DB9 | DBIO
SVM-X 83.08 | 84.62 | 83.64 | 87.36 | 80.65 | 91.29 | 91.69 | 71.29 | 72.91 | 60.09
SVM-X-X{2P | 79.34 | 84.84 | 77.01 | 82.48 | 84.67 | 98.36 | 97.3 | 74.68 | 84.14 | 66.67
SVM-X—leg’B"P 82.75 | 87.58 | 83.93 | 87.2 | 84.64 | 97.95 | 96.69 | 74.94 | 86.72 | 60.71
SVM-X-X{:%% | 79.45 | 83.63 | 80.65 | 84.16 | 84.33 | 98.59 | 97.25 | 76.31 | 86.66 | 66.99
SVM-X-X"*" | 83.96 | 86.15 | 83.83 | 87.2 | 84.39 | 98.03 | 96.48 | 74.77 | 85.98 | 60.14
SVM-X-X$ 82.75 | 84.62 | 83.93 | 87.6 81 | 95.98 | 91.59 | 71.84 | 82.52 | 60.09
SVM-X-X$-r | 82.75 | 84.51 | 83.93 | 87.36 | 80.36 | 91.26 | 91.72 | 71.67 | 77.76 | 60.09

Table containing the performances on all datasets of some SVM-based meth-
ods. Especially, embeddings coming from the RL and RCT. Each performance
corresponds to the accuracy obtained by a method on a dataset by following
the process described in Section 4.2. For each dataset, the best accuracy is
highlighted in bold.

Method Score
SVM-X-leéB"" 53
SVM-X-XS;BOP 48
SVM-X-X 0 | 44

G ,BoP
SVM-X-XCBP | 42

SVM-X-X$ 35
SVM-X-X$or 28
SVM-X 27

Borda ranking of some SVM-based methods computed on Table A.2.

Method Id (@D)] 2) 3 (€))] 5 (6) (7
SVM-X (@) 1 0.241 | 0.017 | 0.074 | 0.009 | 0.069 | 0.726
SVM-X-X{BP 1 (2) | 0.241 1 0.285 | 0.114 | 0.333 | 0.575 | 0.285
S\/M-X-leéBOP (3) | 0.017 | 0.285 1 0.575 0.11 0.017 | 0.017
SVM-X-X0° | (4) | 0.074 | 0.114 | 0.575 | 1 | 0.721 | 0.169 | 0.074
SVM-X-XE;BOP (5) | 0.009 | 0.333 0.11 0.721 1 0.022 | 0.022
SVM-X-X$ (6) | 0.069 | 0.575 | 0.017 | 0.169 | 0.022 1 0.043
SVM-X-X$or (7) | 0.726 | 0.285 | 0.017 | 0.074 | 0.022 | 0.043 1
Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between some SVM-based methods. The p-values are computed on Table A.2
and allow to more precisely measure the relative performances between two
methods. p-values below the significance level (5%) are highlighted in bold.
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A.2 DCNN-X-G

In this section, we assess the DCNN-X-G with G € {TTIP°P TI{BoP, KPP KPP} by

comparing it to the DCNN-X-P and the improved version DCNN-X-PHEOP.
Table A.5 summarises these new models with the range of hyperparameters tested.

Acronym Param Values Description

A 10032

BoP
DCNN'X'HhO 10[7&72’,1’0]

1-hop DCNN with a modified diffusion based on TIF°°

10732

BoP
DCNN-X-TI;>° 10[=3:—2.—1,0]

1-hop DCNN with a modified diffusion based on TI;**

100=%-2

BoP
DCNN-X-KP* Lol=5-2-10

1-hop DCNN with a modified diffusion based on Kp%

100732
10[—3,—2,—1,0]

DD D D

DCNN-X-K§%* 1-hop DCNN with a modified diffusion based on K{'¢"

Summary of the DCNN-X-G models with their acronym, their list of hyperpa-
rameters and a short description. A is the initial learning rate and 6 is the inverse
temperature.

Overall, from the Borda ranking in Table A.7, we observe that all versions of DCNN-
X-G are less efficient than the DCNN-X-P. One reason that may explain this low
efficiency is the reduction in the number of degrees of freedom. Indeed, this model
has less learnable parameters and cannot give more or less weight for features
aggregated by performing 1 hop, 2 hops, etc. It is only able to give more or less
weight for features aggregated by performing one hop based on the global similarities
between the nodes.

Only the DCNN-X-TIF? reaches the same score as the original DCNN. Moreover,
Table A.8 confirms that the model DCNN—X—HEOP is significantly different than
those with G € {TI{EP, Kﬁf’gp, K}Cl]’?’gop} but not significantly different than the original
DCNN.

In addition, by combining Tables A.7 and A.8, we see that the two kernels ITE°F and
IT$BP work significantly better than the two Gaussian kernels KEf’gP and Kﬁ‘?gp.

As expected, the improved version DCNN—X—PI'IEOP significantly beats all methods.
This discussion about the DCNN-X-G has been placed in Appendix since it provides
poor results face to the DCNN-X-P. Despite this, it served as a building block for
the DCNN-X-PG.

A.2 DCNN-X-G
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Method DBl | DB2 | DB3 | DB4 | DB5 | DB6 | DB7 | DB8 | DB9 | DBIO
DCNN-X-P 75.12 | 78.75 | 75.31 | 85.01 | 81.6 | 96.99 | 94.85 | 77.32 | 83.42 | 61.36
DCNN-X-TI;** | 77.08 | 82.7 | 78.92 | 82.75 | 80.17 | 96.37 | 95.93 | 76.19 | 77.91 | 61.27
DCNN-X-TI;™" | 74.48 | 80.31 | 78.22 | 83.28 | 79.57 | 96.08 | 95.27 | 76.25 | 77.18 | 60.37
DCNN-X-Kp% | 71.96 | 78.35 | 78.04 | 84.21 | 78.3 | 95.1 | 93.57 | 69.32 | 62.48 | 50.37
DCNN-X-K{%" | 72.13 | 82.33 | 77.68 | 81.78 | 77.69 | 92.44 | 92.09 | 69.29 | 62.02 | 51.31
DCNN-X-PIT*" | 78.02 | 86.13 | 80.88 | 87.54 | 81.82 | 98.36 | 97.24 | 76.93 | 85.31 | 64.42

Table containing performances of some DCNN-based methods on all datasets.

Especially, the DCNN-X-G. Each performance corresponds to the accuracy
obtained by a method on a dataset by following the process described in Section
4.2. For each dataset, the best accuracy is highlighted in bold.

Method Score
DCNN-X-PITZ® [ 59
DCNN-X-P 41

DCNN-X-TIE? 41
DCNN-X-TTP 33
DCNN-X-Kp% 20
DCNN-X-K{%" | 16
Borda ranking of some DCNN-based methods computed on Table A.6.

Method Id (@) 2) 3) 4 (5) 6)
DCNN-X-P @) 1 0.878 | 0.241 | 0.022 | 0.028 | 0.009
DCNN-X-TI? | (2) | 0.878 1 0.017 | 0.013 | 0.005 | 0.005
DCNN-X-TIFP | (3) | 0.241 | 0.017 1 0.009 | 0.017 | 0.005
DCNN-X-KpY | (4) | 0.022 | 0.013 | 0.009 1 0.333 | 0.005
DCNN-X-K{%" | (5) | 0.028 | 0.005 | 0.017 | 0.333 1 0.005
DCNN-X-PIIZ® | (6) | 0.009 | 0.005 | 0.005 | 0.005 | 0.005 1

Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between some DCNN-based methods. The p-values are computed on Table A.6
and allow to more precisely measure the relative performances between two
methods. p-values below the significance level (5%) are highlighted in bold.

A.3 DCNN-X-PR

The goal of this section is to check if the use of a kernel for the matrix G in the
DCNN-X-PG is relevant. We compare the models using a kernel with a new model
denoted by DCNN-X-PR where the matrix G is a randomly generated matrix and
contains values between 0 and 1.

Table A.9 indicates that the DCNN-X-PR has performances close to the other models
on the A-driven datasets but not on X-driven datasets. Table A.10 and Table A.11
confirm that it is significantly less effective than the others. Hence, the use of a
kernel is therefore relevant, especially on X-driven datasets.
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Method DB1 DB2 DB3 DB4 DB5 DB6 DB7 DBS8 DB9

DB10

DCNN-X-PIT?? | 78.02 | 86.13 | 80.88 | 87.54 | 81.82 | 98.36 | 97.24 | 76.93 | 85.31

64.42

DCNN-X-PII? | 77.05 | 85.89 | 81.25 | 87.71 | 82.53 | 98.14 | 97.06 | 76.73 | 85.24

64.62

DCNN-X-PKE,"CD,P 75.54 | 85.67 | 80.67 | 87.25 | 81.78 | 97.75 | 97.2 | 77.39 | 85.2

62.77

DCNN-X-PKE?g"P 76.88 | 85.54 | 80.5 | 87.55 | 82.13 | 97.71 | 97.07 | 77.49 | 85.31

62.75

DCNN-X-PR 72 80.2 75.36 | 85.79 | 80.61 | 96.45 | 95.98 77.2 | 84.06

61.32

Table containing performances of DCNN-X-PG methods on all datasets. Each
performance corresponds to the accuracy obtained by a method on a dataset
by following the process described in Section 4.2. For each dataset, the best
accuracy is highlighted in bold.

Method Score
DCNN-X-PIT? 40
DCNN-X-PII® | 38
DCNN-X-PK%* [ 31
DCNN-X-PK;9' | 28

DCNN-X-PR 12
Borda ranking of the DCNN-X-PG methods computed on Table A.9

Method DCNN-X-PIT;*" | DCNN-X-PIT;?” | DCNN-X-PK;% | DCNN-X-PK{%”
DCNN-X-PR 0.007 0.007 0.005 0.005

Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between the DCNN-X-PR and the other DCNN-X-PG methods. The p-values
are computed on Table A.9. p-values below the significance level (5%) are
highlighted in bold.

A.4 Reg-DCNN-X-P

In this section, we analyse in details the extension of the DCNN-X-P when a
regularisation term is added. More precisely, we observe how the initialisation and
the norm used impact the model. The lower index of the prefix "Reg" indicates the
initialisation used while the upper index the norm used (1 for the L;-norm and 2 for
the square of Ly-norm).

From the Borda ranking in Table A.13, we can clearly see that the initialisation does
not matter since the scores are similar. This is why for simplicity, it is advisable to
use the simplest model, namely the Trivial model. This can be explained by the fact
that during the first epoch, the model is still very poorly adjusted and that at the end
of this epoch, its prediction is still relatively random. Whatever the initialisation, the
model is in a similar situation to start the following epochs.

Moreover, the square of the Ly-norm seems to perform a little better than the L;-
norm. However, the Wilcoxon signed-rank test in Table A.14 does not contain a
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glaring significant difference between the two norms, only a slight trend for the Lo-
norm. The norm used in this model therefore seems to constitute a more important
factor than the initialisation on the behavior of the model.

Method DB1 DB2 DB3 DB4 DB5 DB6 DB7 DB8 DB9 DB10

Regh..-DCNN-X-P | 72.02 | 81.14 | 77.94 | 84.05 | 82.37 | 98.23 | 97.25 | 77.21 | 84.02 | 61.94

Regg-DCNN-X-P 71.45 | 81.49 | 78.8 82.7 | 82.18 | 98.12 | 97.25 | 77.23 | 84.41 | 61.36

Regh osum-DCNN-X-P | 72.7 | 80.53 | 75.96 | 83.87 | 82.02 | 98.18 | 97.26 | 77.29 | 84.65 | 62.29

Reg2,.,-DCNN-X-P | 74.46 | 82.68 | 78.52 | 82.82 | 82.37 | 98.2 | 96.94 | 77.4 | 85.67 | 62.83

Reg2,,-DCNN-X-P 73.38 | 829 | 77.66 | 84.45 | 82.03 | 98.33 | 97.19 | 77.21 | 85.68 | 62.34

Reg2 .suu-DCNN-X-P | 72.73 | 85.34 | 78.04 | 85.01 | 82.02 | 98.15 | 97.26 | 77.41 | 85.04 | 62.78

Table containing performances of Reg-DCNN-X-P methods on all datasets.
Each performance corresponds to the accuracy obtained by a method on a
dataset by following the process described in Section 4.2. For each dataset, the
best accuracy is highlighted in bold.

Method Score
Regh i -DCNN-X-P 43
Reg osvu-DCNN-X-P [ 43
Regg,,-DCNN-X-P 39
Regrivia-DCNN-X-P 28
Regnuosyu-DCNN-X-P | 27
Regs-DCNN-X-P 25

Borda ranking of the Reg-DCNN-X-P methods computed on Table A.12

Method d | @ 2 3 @ (5) (6)
Regh..,-DCNN-X-P | (1) 1 | 0594 | 0959 | 0.139 | 0.086 | 0.037
Regi,y-DCNN-X-P | (2) [ 0594 | 1 | 0.507 | 0.093 | 0.114 | 0.059

Regh osuu-DCNN-X-P | (3) [ 0.959 [ 0.507 | 1 | 0.074 | 0.037 | 0.021
Reg2,,,-DCNN-X-P | (4) | 0.139 [ 0.093 | 0.074 | 1 | 0.575 | 0.721
Reg2,-DCNN-X-P | (5) | 0.086 | 0.114 | 0.037 | 0575 | 1 | 0.508

Reg2,,suu-DCNN-X-P | (6) | 0.037 | 0.059 | 0.021 | 0.721 | 0.508 | 1

Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between the Reg-DCNN-X-P methods. The p-values are computed on Table
A.12 and allow to more precisely measure the relative performances between
two methods. p-values below the significance level (5%) are highlighted in
bold.

A.5 Auto-DCNN-X-P

The Auto-DCNN-X-P is trained on the same hyperparameters than the DCNN-X-P in
Table 3.1. Different initialisations have been tested. They are indicated in subscript
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below the prefix "Auto".

The Borda ranking in Table A.16 shows that no Auto-DCNN-X-P is able to beat
the original model and that initialisation does not seem important since they have
similar scores. Table A.17 suggests that despite these observations, no significant
difference is present.

The Auto-SVM-X builds a new SVM each time the autocovariates are updated.

Conversely, in this new version of DCNN, the autocovariates are modified during
the learning of the same model. One possible reason for this small performance
degradation is that the learnable parameters in the network are no longer adapted
to the autocovariates of the following epoch. The results are therefore not reported
in the main discussion. However, completely imitating the Auto-SVM-X by training
a new DCNN-X-P each time the autocovariates are updated is possible and could,
like for the SVM, increase its performances, but the computational cost would be

very high.
Method DB1 DB2 DB3 DB4 DB5 DB6 DB7 DB8 DB9 DBI10
DCNN-X-P 75.12 | 78.75 | 75.31 | 85.01 81.6 | 96.99 | 94.85 | 77.32 | 83.42 | 61.36
Autoryivia-DCNN-X-P 73.65 | 83.16 | 78.07 | 84.99 | 81.04 94.5 94.21 | 76.32 | 83.04 | 63.62
Autosym-DCNN-X-P 72.33 | 78.59 | 80.79 | 84.72 | 82.33 | 92.95 | 92.59 | 76.56 | 81.87 | 64.26
Autoauosvm-DCNN-X-P | 71.03 | 81.71 | 80.77 | 83.41 81.9 95.73 | 94.53 | 76.82 | 82.69 | 63.59

Table containing performances of Auto-DCNN-X-P on all datasets. Each per-
formance corresponds to the accuracy obtained by a method on a dataset by
following the process described in Section 4.2. For each dataset, the best
accuracy is highlighted in bold.

Method Score
DCNN-X-P 30
AutOryivia-DCNN-X-P 24
Autoaurosvm-DCNN-X-P 24
Autosyy-DCNN-X-P 22

Borda ranking of Auto-DCNN-X-P methods computed on Table A.15.

Method Id (D) 2) 3) @

DCNN-X-P (D 1 0.878 | 0.508 | 0.878
AutOTyiyia-DCNN-X-P (2) |1 0.878 1 0.333 | 0.959
Autosym-DCNN-X-P (3) | 0.508 | 0.333 1 0.508

Autoauosvm-DCNN-X-P | (4) | 0.878 | 0.959 | 0.508 1
Table containing the p-values coming from a pairwise Wilcoxon signed-rank test
between some Auto-DCNN-X-P methods. The p-values are computed on Table
A.15 and allow to more precisely measure the relative performances between

two methods. p-values below the significance level (5%) are highlighted in
bold.

A5 Auto-DCNN-X-P
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