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Abstract
Radar systems have proven to be more adapted than cameras systems for many
applications. Their main advantage is that they do not suffer of atmospheric
conditions such as brightness, weather and others. However, classical radar systems
are limited in resolution. To overcome this shortcoming, Synthetic Aperture Radars
(SARs) have been developed. This widely spread imaging technique consists in
moving a radar on a platform. By using the radar displacement, the resolution of
the recovered image can be enhanced with regards to classical radar systems.
Most SAR systems are used at large scale to perform cartography, echo-location and
others. In this master thesis we develop and validate a model and a physical system
to perform SAR imaging at small scale using Frequency Modulated Continuous
Waves (FMCW).
We first develop a mathematical model to describe the problem, starting from the
expression of the emitted FMCW signal and the Fraunhofer assumption. We then
extract the required constraints and limits of this model, in order to design the
small scale SAR system in practice. Finally, we empirically validate the model
based on different measurements that we have deeply analysed.
This master thesis offers a robust model and relevant associated experiments in
order to provide a complete toolbox to perform SAR at small scale.
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Chapter 1

Introduction

For many applications, radar imaging has proven to be more adapted than classical
camera imaging. Radar systems have long been used for military and non military
purposes in a wide variety of applications such as imaging, remote sensing and
global positioning, but their original function, "echo-location", remains the principal
application of modern radar systems. The main advantage of radar systems is
that radars do not suffer of atmospheric conditions as much as classical systems
as cameras. That is, they do not require brightness to operate at long range and
they are thus able to operate in all weather conditions, day or night, as long their
wavelengths pass through clouds, smoke, sand and others. Radar systems detect
and track moving objects with high achievable imaging resolution.
Classical radar systems use antennas to create a beam illuminating the scene of
interest. Then they use the delay between the emitted and received signals to
recover information from the targets. Those systems, denoted Real Aperture Radar
(RAR), are efficient but limited in resolution. Since 1951 [1], a technique called
Synthetic Aperture Radar (SAR) has been developed to enhance radar imaging
resolution. The main idea is to synthesise an array of antennas using only one
antenna, moving along an axis. The image can thus be recovered from the phase
differences of signals received by the antenna at different locations. The main
advantage of this technique is that, contrarily to RAR systems, their resolution is
not fixed by the physical length of the antenna, but by the antenna path length.
[2] Multiple improvements have been made since the first SAR system such as the
use of frequency modulated signals [3] or the consideration of the Doppler effect
[4]. Those improvements led to higher resolution in SAR imaging.
Most SAR systems are used for military or spatial applications and are thus used
at large scales to perform cartography, echo-location and others. Such kinds of
systems are expensive, hard to manage and to access for the common user.
In this master thesis, we develop a model for small scale SAR processing. The main
idea is to provide tools to describe, design and experiment a cheap SAR system that

5



could be used for more common applications. In today’s world, technologies like
drones, robots or 3D-printers are becoming more and more accessible to companies
and individuals at work or at home. Today nearly everyone can buy or build a
drone by themselves, without depending on a teacher or on an organisation. In this
context, we want to facilitate the access to radar technologies as it could be used
as an additional sensor on existing machines or even be used improve the imaging
capabilities of drones.
The contributions of this master thesis can be described in the following points:

• Developing a model for small range SAR imaging and quantifying its range
of validity.

• Extracting the sizing constraints and limits of the developed model and the
available technology, while highlighting the impact of this technology on the
possible applications.

• Describing, simulating and comparing the two main algorithms that we will
use to process our SAR data.

• Performing measurements in order to test the limits of the developed model
and to discuss its validity.

To do so, we first briefly describe the existing models and techniques for SAR
imaging. Second, we present the Far Field assumption from Fraunhofer as it will
be our starting point to develop the model. Third we present and simulate both
algorithms that we will use to process SAR data obtained with our model : the
Fourier Transform algorithm and the Matching Pursuit algorithm. Fourth we
present the sizing process that we have developed to design the physical system
and setups used to perform measurements. Finally, we present and discuss the
relevant results that we have obtained from our experiments.
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Chapter 2

State of the art

Radars are radio waves based sensors used to determine the range, angle or velocity
of targets. The name of those sensors is an acronym for Radio Detecting And
Ranging, that describes their main function : echo-location. In fact, most of radars
are used to detect targets and measure their distances from the device. Radars
systems are also widely used with satellites and airplanes to produce maps and
pictures of landscapes.
In this section, we present the basis of the functioning of those sensors and overview
the existing techniques to enhance their precision. In addition to this, a description
of antenna arrays is provided.

2.1 Electromagnetic waves
An electromagnetic wave is characterised by an amplitude, a wavelength, a frequency
and a velocity. Radio waves are travelling at the speed of light (c ' 3 · 108) in
free space. When an electromagnetic wave reaches a target, a part of the energy is
absorbed and the other part is reflected as a new wave with different characteristics
(amplitude, phase and polarisation). In addition to the signal echoed from the
target, the returned wave also contains noise.
The capability of an object to reflect an incident EM wave in direction to the
antenna of the receiver described by its radar cross-section. This is a characteristic
of a particular target that measure its section as seen by the radar. [5]
In this master thesis we will only focus on the power reflected aspect and not on
the change in polarisation that the reflected wave can have.
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2.2 Radar systems
Radar systems are divided into two main configuration types : Synthetic Aperture
Radars (SAR) and Inverse Synthetic Aperture Radars (ISAR). Each configuration
can be used either continuous wave (CW) mode or in pulsed mode. [1]
As presented in Figure 2.1, radar systems are usually composed of a transmitter,
that amplifies a modulated electromagnetic wave of a particular waveform, and a
receiver, that detects the signal returned from the target. The returned signal has
first to be amplified, down-converted and processed before useful information can
be extracted from it. [5] The received wave is a delayed and attenuated version of
the transmitted wave. By measuring the delay, the distance between the target
and the radar (range distance) can be recovered.

Figure 2.1: Block diagram for a typical pulsed radar system, from [6]

2.2.1 Detection and ranging
The basic idea of echo-location can be detailed by considering an ideal radar system
that emits, at time t = 0, a short pulse that travels at the speed of light in free
space c. This wave will reflect from an object at a range distance R and returns
to the radar. In an ideal environment, the pulse returned to the radar will be
detected with a time delay τ . As the speed of the wave c is known and its delay τ
is measured, we can recover the range distance between the radar and the target
with relation 2.1.

R = cτ

2 , (2.1)

where the division by two is due to the fact that the waves come back to the radar
and thus, travels twice the range distance R. [1]
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2.2.2 Radar equation
In order to properly perform radar detection or imaging, a fundamental consid-
eration for the quality of the result is the Signal to Noise Ration (SNR). As a
reminder, SNR compares power of a signal with the power of the background noise.
In radar applications, the equation that evaluates the SNR with respect to additive
thermal noise is commonly called the Radar Equation. [7] This equation relates
the achievable range of the radar (R) to the characteristics of its system such as
the transmitter, the receiver, the antenna, the target or the environment.
To obtain the radar equation, we first develop the expression of the power of a
signal transmitted from one antenna to another, following the signal path and
considering every loss factor that has to be applied on the initial power. Then we
will compute the SNR by dividing this power by the noise power. This way, we
will obtain the expression of the SNR for a general radar system.
The development, notations and parameter descriptions have been inspired from
[7], [8] and [9].

Directive transmit antenna - TX We assume that a power Pt is delivered to
a directive antenna. If this antenna is lossless and isotropic (it radiates power
uniformly in all directions), the radiated power density at a distance R from the
transmit antenna can be expressed as

PA,iso = Pt
4πR2 . (2.2)

In fact, the power Pt is uniformly distributed over the surface area of a sphere of
radius R. However, in most radar applications, it is wasteful to radiate energy in
all directions. We thus prefer using directive antennas to radiate the power in a
particular direction. The radiated power density is thus increased by a factor GA

that represents the antenna gain. [8] We have

PA,dir = PA,iso ·GA = PtGA

4πR2 (2.3)

for a directive antenna fed with a power Pt.

Radar cross-section of the target (RCS) Once the power has been radiated
in a specific direction by the transmit antenna, the target that we suppose to be
located at a distance R from the antenna intercepts a portion of the power and
reflects it in various directions. [8] The amount of power intercepted by the target
is characterised by its Radar Cross-Section (RCS). It is denoted σ and is specific
to each target. RCS can be interpreted as the size of the target from the radar
point of view or the target size seen by the radar. The power intercepted by the
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target expressed in terms of the power supplied to the transmit antenna can thus
be written as

Ptarget = PA,dir · σ = PtGAσ

4πR2 , (2.4)

where σ is the RCS of the target expressed in [m2].
In addition to the amount of power intercepted by the target, we have to consider
that it is not directive. In fact, we assume the target to be isotropic and the power
reflected by the target is spread in all directions, giving

P r
target = Ptarget

4πR2 = PtGAσ

(4πR2)2 . (2.5)

Receiving antenna - RX As presented above, a power P r
target comes back to

the receiving antenna. The fraction of this power that will be intercepted by the
receiving antenna depends on its effective area or effective aperture. It is denoted
Ae and is expressed in [m2]. We have

P̂r = P r
target · Ae = PtGAσAe

(4πR2)2 . (2.6)

Atmospheric and radar losses Finally, we have to consider losses due to the
propagating wave in the atmosphere Latmos and due to the radar Lradar. Those
factors are adimensional. [7] We can thus write the complete expression of the
power received back to the radar antenna :

Pr = P̂r ·
1

LatmosLradar
= PtGAAeσ

(4π)2R4LatmosLradar
, (2.7)

with
Pr = signal power at the receiving antenna after having reached a
target in [W ].
Pt = power transmitted to the transmit antenna [W ].
GA = Gain factor of the transmit antenna in the preferred direction.
σ = target Radar Cross Section in [m2].
R = range distance between the antenna and the target in [m].
Latmos = atmospheric loss factor due to the propagating wave.
Lradar = microwave transmission loss factor due to the miscella-
neous sources.

Noise power In order to obtain the general expression of the Signal to Noise
Ratio in radar systems, we have to divide equation 2.7 by the noise power. For
thermal noise, power density can be approximated as follows, from [7].

Nr = kTFNBN (2.8)
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with
N = the received noise power in [W ].
k = the Boltzmann’s constant = 1.38× 10−23

[
J
K

]
.

T = the nominal scene noise temperature ' 290 [K].
FN = the system noise factor for the receiver.
BN = the noise bandwidth at the antenna port in [Hz].

Consequently, the SNR at the receiving antenna can be written.

SNRr = Pr
Nr

= PtGAAeσ

(4π)2R4LradarLatmos(kTFn)BN

(2.9)

Equation 2.9 is the Radar Equation in its most general form, as commonly presented
in the literature.

2.3 Radar imaging
In a general way, radar imaging is an application of radar system that consists
in creating 2D-pictures of landscapes in order to produce maps. A radar is thus
moved along a flight path at a certain height H and illuminates a ground area
that is called the footprint. A picture created through radar imaging presents two
main directions : the range direction, perpendicular to the flight direction, and the
azimuth direction that refers to the flight direction.
The geometry of a general imaging radar system is presented in Figures 2.3 and
2.3.

11



Figure 2.2: 3D-view of a general imaging system geometry, from [6].

Figure 2.3: 2D-front view of a general imaging system geometry, from [6].

The physical antenna of the radar has a width Wa and a length l. θV and θH
represents the angular across and along-track 3dB beamwidth of the antenna,
respectively. From antenna properties defined in [10] we have

θH = λ

l
(2.10)

with λ the wavelength of the signal sent by the antenna.
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The radar resolution is a characteristic of radars describing the ability of a radar
to distinguish between targets that are very close. Range resolution is fixed by
the bandwidth of the signal transmitted by the radar while the azimuth resolution
depends on the antenna length. [2]
We will develop below the advantages of Synthetic Aperture Radar with regards to
Real Aperture Radar and briefly overview the main characteristics of both.

2.3.1 Real Aperture Radar (RAR)
Real aperture imaging consists in using an antenna that forms a narrow beam and
scan the beam over the region to be imaged. [1] The antenna is thus a real physical
aperture that receives a delayed signal at each location. For each pulse delay, the
system plots the received intensity. Reflections from a larger range arrive back at
the radar after a proportionally larger delay, which becomes the range direction of
the radar. The radar moves a small distance forward before transmitting the next
pulse and a slightly different strip of ground will thus be imaged. [11]

Range resolution

In a general way, ground range resolution ρg is the minimal range distance between
two targets before they cannot be distinguished anymore. If we use a simple bus of
pulses of duration τp, this resolution will correspond to the minimal range distance
such that the last echoed signal from the first target reached the radar before the
first signal returned from the second target.
From Figure 2.3, we can express this distance as a function of the pulse duration
τp, the wave speed c and the incidence angle of the beam θtilt.

ρg = cτp
2 sin θtilt

(2.11)

where the factor two represents the fact that the waves travels two times the
distance between the target and the radar during the time τp. We observe that the
range resolution is not dependent on the height of the radar, but in its incidence
angle.

Azimuth resolution

In a general way, ground azimuth resolution ρa is the minimal azimuth distance
between two targets before they cannot be distinguished anymore. For a Real
Aperture Radar with one antenna, azimuth resolution will depend on the along-track
3dB beamwidth of the antenna as [5]

ρa = θH ·R = λ

l
·R. (2.12)
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We observe that the azimuth resolution is dependent on the antenna length and
will thus be limited by the available hardware. This is the principal disadvantage
of RAR system : it is difficult to reach to enhance azimuth resolution.

2.3.2 Synthetic Aperture Radar (SAR)
Synthetic Aperture Radar (SAR) is a more efficient way to produce radar images.
It uses an antenna mounted on a satellite or an airplane that we call platform
that moves along a flight path. It uses the motion of the radar antenna over the
target region to create a large synthetic antenna aperture and thus, to increase
the effective antenna length l. Figure 2.4 displays the antenna beam for one SAR
acquisition process.
Without adapted post-processing method or specific processing techniques, range
and azimuth of SAR systems are equivalent to those of RAR systems presented
in equations 2.11 and 2.12, respectively. The only difference is the length of the
antenna that will now be defined by the radar path length Lradar.

ρa = λ

Lradar
(2.13)

Figure 2.4: Scheme of the antenna beam of a SAR system along the radar path.

Doppler effect

A finer azimuth resolution can be obtained using the Doppler effect. It uses the
information about the speed of the radar to enhance azimuth resolution.
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As a reminder, the Doppler effect defines the increase (or decrease) in the wave
frequency that happens when the source and the observer are moving relative to
each other. In SAR applications, the radar is the source and it moves relative to
the target, that is the observer and that we assume to be motionless. The relative
velocity of the radar with regards to the target is vr. This speed in target (range)
direction is given by

vr = y

R
v. (2.14)

where v is the speed of the radar, and (R, y) the target coordinates. If the signal
pulse is sent with a frequency f0, due to the Doppler effect the frequency received
by the target will be expressed as follows, from [4] :

fr =

√√√√1 + (vr/c)
1− (vr/c)

f0 =

√√√√(1 + (vr/c))2

1− (vr/c)2 f0, (2.15)

with vr the relative velocity of the radar, f0 the initial emitted frequency and c the
speed of light. We can assume that vr � c such that (vr/c)2 ' 0 and then :

fr ' f0

(
1 +

(
vr
c

))
. (2.16)

The Doppler shift, denoted fD and expression the frequency variation due to the
Doppler Effect, can be written as

fD = fr − f0 '
vr
c
f0 (2.17)

Given that the wave travels twice the distance between the source and the radar,
the total Doppler shift is, using equation 2.14,

fD = 2vr
c
f0 = 2v · y

λR
. (2.18)

If we isolate y, the azimuth position of the target, in equation 2.18 we find

y = fDλR

2v . (2.19)

This new equation allows us to find the increased azimuth resolution for SAR with
Doppler effect. The azimuth resolution ρa will then depend of the resolution on
the Doppler shift ρfD which is given as the inverse of the time during which the
target is illuminated, till, from [12]:

ρfD = 1
till

= v

θHR
= vLradar

λR
(2.20)
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Equation 2.20 comes from the fact that the beam width around a target at range R
is θHR ((see Figure 2.3). The time during which the target will stay in this beam
depends of the speed of the platform v. The resolution is thus :

ρa =
(
λR

2v

)
ρfD =

(
λR

2v

)(
vLradar

Rλ

)
= Lradar

2 . (2.21)

Most of the SAR systems presented in the literature use this technique to increase
their azimuth resolution.

2.3.3 Pulse Compression
In section 2.3.1, we observed that the range resolution is strongly dependent in the
pulse duration τp, that has to be very small to optimise the value (see equation
2.11). As a smaller pulse duration leads to a smaller transmitted power, we are not
allowed to reduce τp without suffering a decreasing image quality due to this loss
of power.
To overcome this problem, a technique called Pulse Compression [13] is widely
used in radar imaging applications.
Instead of sending a pulse with single frequency, pulse compression technique
consists in generating a signal with a long chirp duration τp and modulates it in
frequency. This way, the power is not decreased as τp seems to be decreased and
thus, the range resolution is optimised without loss of power.
An usual modulation is the linear frequency modulation which leads to an increase
of the pulse frequency from f0 to f0 +B during τp, where B is the bandwidth.

Transmitted signal Without loss of generality the transmitted signal will be :

st(t) = rect
[
t

τp

]
A exp

[
j2π

(
f0t+ αt2

)]
(2.22)

where f0 is the carrier frequency, τp the pulse duration, α the frequency rate of the
chirp :

α = B

τp
(2.23)

and rect the rectangular function :

rect
[
t

T

]
=
{

1 if t < T.
0 elsewhere. (2.24)
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Received signal If we receive an echo of the signal from a distance R, we will
receive the signal with a delay τ = 2R

c
. The received signal can thus be written as

sr(t) = rect
[
t− τ
τp

]
Aσ exp

[
j2π

(
f0(t− τ) + α(t− τ)2

)]
, (2.25)

where the factor σ is the cross section of the target [14] and will simply attenuate
the received signal.

Matched filter The next step consists in performing a matched filtering between
the received and the transmitted signal. Matched filtering is defined as follows [15]:

sIF (t) =
∫ +∞

−∞
sr(u)s∗t (u− t)du (2.26)

where s∗t (t) is the complex conjugate of the emitted signal. Substituting Equations
2.22 and 2.25 in 2.26 gives :

sIF (t) =
∫ +∞

−∞
rect

[
u− τ
τp

]
Aσ exp

[
j2π

(
f0(u− τ) + α(u− τ)2

)]
·rect

[
u− t
τp

]
A exp

[
j2π

(
f0(u− t) + α((u− t)2

)]
du.

This Equation simplifies in :

sIF (t) = A2στp exp [j2πf0(t− τ)] sinc [ατp(t− τ)] , (2.27)

with sinc(t) = sin(t)
t

. We see that the result is a cardinal sine function located at
the position of the exponential term. This means that a target is represented in
temporal domain by a sinc after matched filter.

Increased range resolution We are able to distinguish between two targets if
their respective sinc functions do not overlap. The width of a cardinal sine is given
by the inverse of its frequency, thus we see in Equation 2.27 that :

Wsinc = 1
ατp

= 1
B

(2.28)

where ατp corresponds to the bandwidth B.
The resolution in range when performing pulse compression will thus be equivalent
to twice the width of the cardinal sine in Equation 2.27. We finally find the
improved range resolution.
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ρg = c

2B sin θtilt
(2.29)

Example Figure 2.5 shows an example of the standard pulse emission with regards
to the pulse compression technique. We see that with the pulse compression, even
when two chirps are overlapping each other we can recover their positions. With
the standard pulse emission the close targets cannot be distinguished anymore.

Figure 2.5: Pulse compression technique simulation for three targets (from top to
bottom) : signals send (blue) and received (red) for standard pulses, result of the
matched filter, signals send (blue) and received (red) for compressed pulses, result
of the matched filter.

The result of Equation 2.29 shows that the potential resolution we can achieve
using FMCW is much higher than the range resolution we get with standard pulses.
In addition this, range resolution only depends on the bandwidth so we do not
suffer power limitations anymore.

2.4 Phased Antenna Array
In section 2.3.1, we have seen that the azimuth resolution of an imaging radar
system is proportional to the beamwidth of the antenna (when we do not consider
the Doppler effect), as presented in equation 2.12. In order to avoid bad azimuth
resolution, we thus have to use an antenna with a beam sufficiently narrow.
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In this section, we will introduce the concept of antenna array which consists in
a technique to narrow the original antenna beam and then increase the azimuth
resolution of the system. This technique is applied by the radar we used in this
master thesis, as it will be presented in section 6.

Simple antenna Usual antennas have a wide radiation pattern with a low direc-
tivity which will lead to a bad angular resolution but also a lower gain. In fact, for
the same amount of transmitted power, a more spread beam will have a smaller
power density. A way to a achieve narrower beam and then better resolution with
only one antenna is, for example, using an antenna with a large radiating aperture
(large parabola, or others). [16] However, those antennas lead to the apparition of
side lobes and they are more difficult to fabricate or expensive.

Antenna array Another way to get a beam with a good directivity is a com-
bination of simple radiating elements (like wire dipoles that get low directivity)
dispatched in a specific configuration to construct a so called antenna array. The
idea is to create a field that will result in constructive interference of all the elements
of the array in one direction and in destructive interference in other directions.
This is known as beamforming. To manage this, we can play on d, the spacing
between the array elements, A the amplitude of the field produced by each of them
, φ the phase between those elements or N , the number of elements itself .
Figure 2.6 shows a schematic view of an antenna array where we consider that the
incoming wavefronts are planar (see Section 3).

Mathematical description The initial electric field produce by the ith element
(ai) is Ei,0. It presents a polarisation and an amplitude [17] such that the field
emitted by the element ai arriving at the target position can be written as in
equation 2.30, the Euclidean distance between the array element ai and the target
P being Ri.

Ei(P ) = Ei,0(θ, γ)e
−j(kRi+φ)

Ri

≈ Ei(θ, γ)e
−j(k(R+d cos θ)+φ)

R
. (2.30)

where k is the wave number k = 2π
λ
, θ and γ the elevation and azimuths angle of

the antenna element radiating patterns, respectively. We will consider that the
radiating pattern of an element is omnidirectional such that Ei,0 is independent of
θ or γ. The phase φ is a phase that can be artificially introduced to the emitted
(and then received) wave. We can simplify equation ?? if we suppose that the
target is far enough such that the amplitude attenuation is the same for all the
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Figure 2.6: Schema of an antenna array made of N elements (ai). The wavefronts
are planar and come from a target P to the antenna elements that are spaced by a
distance d. The total length of the array is N · d = La and the angle at which the
target is located with regards to the center of the array axis is θ.

emitted fields. This means that the term Ri on the numerator can be replaced by
a term R, common to all the elements.
Using simple trigonometric relations, we can see that the distance between the
point ai and the target (Ri) is the same as the distance between the point Ai+1
added to the small distance d cos θ (see Figure 2.6) : Ri = Ri+1 + d cos θ. The total
received field at the target position will thus be the sum of all incoming waves. If
we suppose that the phase φ is the same between all the elements (φi − φi+1 = φ)
and that all elements radiate the same initial field (Ei,0 = E0), we get :

E(P ) = E0 ·
N−1∑
n=0

ejn(d cos θ+φ))

︸ ︷︷ ︸
Af

. (2.31)

The first term only depends of the radiating pattern of the array element while the
second term in Equation 2.31 is called the Array Factor Af and depends in d, φ
and θ. We can develop the sum of exponential functions using :

N−1∑
n=0

eNx = eNx − 1
ex − 1 . (2.32)
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And after some mathematical developments [18] and denoting Ψ = d cos θ + φ, we
find :

Af = ej(
N−1

2 )Ψ ·
sin

(
NΨ

2

)
sin

(
Ψ
2

) . (2.33)

The factor ej(
N−1

2 )Ψ is a phase shift of the array’s phase center relative to the
origin and it would be equal to one if the origin coincides with the array center
[19]. We will then neglect this term from now. The Array Factor defines the shape
of the radar beam given the quantities d, φ or N . Now, we thus need to find the
characteristics of the main lobe of Af from Equation 2.33.
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Figure 2.7: Normalised array factor for multiple numbers of elements N in Cartesian
plot (left) and polar plot (right). We see that as the number of elements increase,
the peak becomes narrower.

We first want to find the width of the main lobes which corresponds to the distance
between the first two zeros :

sin
(
NΨ

2

)
= 0⇒ Ψ = ±2nπ

N
, n = 1,2,3,.... (2.34)

Given that Ψ = kdcosθ + φ we can write :

θ0 = cos−1
[ 1
kd

(
±2nπ
N
− φ

)]
= cos−1

[
λ

2πd

(
±2nπ
N
− φ

)]
. (2.35)

We see that if the distance d between the elements increases (for the same N and φ)
the distance between the zeros decreases and then the peak becomes narrower. The
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same behaviour appends when we increase the number of elements N . Changing φ
will shift the positions of the zeros and then will move the main lobe.
The Figure 2.7, 2.8 and 2.9 shows the behaviour of the radiation pattern of the
array when we change those values.
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Figure 2.8: Pattern of the array antenna for d
λ

= 1
4 ,

1
3 and 1

2 with 5 array elements.
We see that reducing the distance between the antenna array elements reduces the
number of lobes but increases their sizes.
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Figure 2.9: Array factor for multiple values of φ = 0, π
3 and 2π

3 for N = 5 and
d
λ

= 1
3 . We see that when we change the phase φ the lobe positions move.

We will see in section 6.2 that the radar we use is based on this principle to generate
a beam focused in a particular direction, improving the range resolution of our
SAR system.
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2.5 What about us ?
In this master thesis, we are working at small scale with a radar that is moved
along a rail. The main objective is to develop a model that allows us to understand
the impact of the small range on the applications and the precision of the system.
Based on this model, we aim at extracting the equations and constraints necessary
to properly design physical setups and perform adapted measurements.
As presented in section 6.2, we are working with a radar that implements an antenna
array of nine elements in order to increase its azimuth resolution. This radar sends
Frequency Modulated Continuous Waves (FMCW) and the range resolution thus
depends on its bandwidth.
As we do not have a motorised rail, we have to move the radar manually and we
cannot perform a continuous acquisition. We are thus forced to discretise the radar
path without considering any speed for the radar, only displacement.
We have performed multiple experiments that allowed us to test and verify the
validity of our model, such as the assumption that we have made to develop it.
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Chapter 3

Far Field Approximation

In section 2.4 we have supposed that the wavefronts of the emitted and received
waves were planar, which allowed us to simplify the mathematical developments.
However, this assumption is valid only if the target is sufficiently far from the
radar with regards to his aperture Ω. The SAR model that we develop in section
4 also requires this assumption. Thus, we need to develop the condition that has
to be fulfilled to properly apply the assumption and adapt it to our model. The
condition that has to be fulfilled is called the Fraunhofer Approximation. In this
chapter, we first develop the general expression (for any aperture shape) of this
approximation and then we will apply it to SAR geometry.

3.1 Mathematical developments
If we suppose a general aperture of random shape for our radar (Figure 3.1), the
Fraunhofer approximation tells us that if the aperture is small enough compared
to the distance of the illuminated target, the amplitude and phase error made
when we approximate the incoming wave as planar is small enough to neglect the
curvature of the wave.
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Figure 3.1: [20] Schema of the transmission of a EM wave through an aperture.
The radar aperture is placed in the plane {O1, x̂1, ŷ1} while the illuminated object
is placed in plane {O0, x̂0, ŷ0}.

Given the Figure 3.1, we assume that the aperture Ω ∈ R3 lies in the plane
{O1, x̂1, ŷ1} and the monochromatic wave U comes from this aperture, propagates
to the right of the figure and goes to the plane of observation {O0, x̂0, ŷ0} placed at
a distance z from the aperture plane {O1, x̂1, ŷ1}. From the Huygens principle, we
know that at point P0 = (x0, y0) in the observation plane, the field is given by the
integration over the aperture of all the points seen as emitters U(x1, y1). This field
is modified in phase and amplitude depending in the Euclidean distance between
those points and P0. If we write the distance between a point in the observation
field r1 = (x1, y1, z1) and a point in the aperture r0 = (x0, y0, z0) as ‖r1 − r0‖, the
Fraunhofer Approximation lies on the principle that the change in phase and in
amplitude of the emitted wave can be neglected when r1 changes in the aperture.
We express this field as [21] :

U(x0, y0) =
∫ ∫

σ
h(x0, y0, x1, y1)U(x1, y1)dx1dy1. (3.1)

with h the propagation function of the wave given by :

h(x0, y0, x1, y1) = −1
jλ

e−jk‖r1−r0‖

‖r1 − r0‖
. (3.2)
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and the distance between a point in the observation plane and P0 is :

‖r1 − r0‖ =
√
z2 + (x0 − x1)2 + (y0 − y1)2 (3.3)

= z

√
1 +

(
x0 − x1

z

)2
+
(
y0 − y1

z

)2
. (3.4)

If the distance z is much larger than the dimensions x and y of the problem, a
variation of ‖r1‖ does not change so much the distance ‖r1 − r0‖ and then the
amplitude variation in the integral. This is easily valid for the amplitude variation
but we must be careful with the fact that we cannot simplify the phase argument
with the same facility. In fact, the phase can vary much faster than the amplitude,
even for small variation of ‖r1 − r2‖. We can simplify the Equation 3.2 as :

h(x0, y0, x1, y1) ≈ −1
jλz

e−jk‖r1−r0‖. (3.5)

This approximation only add a small additive error which means that the amplitude
of the signal will be modified but this does not cause any problematic concerns in
our model.

As z > (x0 − x1) and (z > (y0 − y1), we can develop the distance using the first
order Taylor expansion (i.e. f̂(α) = f(0) + f ′(0)(α− 0)

√
1 + α ≈ 1 + 1

2α [22]) and
retain only the first two terms. We get :

‖r1 − r0‖ ≈ z

[
1 + 1

2

(
x0 − x1

z

)2
+ 1

2

(
y0 − y1

z

)2
]
. (3.6)

Which gives for h :

h(x0, y0, x1, y1) ≈ −1
jλz

e
−jkz

[
1
2(x0−x1

z )2
+ 1

2( y0−y1
z )2

]
. (3.7)

The Taylor expansion introduces an error in the phase O (α2) with α =
(
x0−x1
z

)2
+(

y0−y1
z

)2
.

If we substitute Equation 3.7 in Equation 3.1 we finally obtain

U(x0, y0) = −e
−jkz

jλz

∫ ∫
σ
U(x1, y1)e−

jk
2z [1+(x0−x1)2+(y0−y1)2]dx1dy1. (3.8)

If we only keep the term depending of x1, y1 inside the integral we have

U(x0, y0) = −e
−jkz

jλz
e−

jk
2z [x2

0+y2
0]
∫ ∫

σ
U(x1, y1)e−

jk
2z [x2

1+y2
1]e

jk
2z [x0x1+y0y1]dx1dy1. (3.9)
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The Equation 3.9 is usually called the Fresnel Diffraction Integral [23]. This result
is interesting because if we observe it carefully, we can recognize a 2-D Fourier
transform of the field inside :

U(x1, y1)e−
jk
2z [x2

1+y2
1]. (3.10)

with the spatial frequencies :

fx = −x0

λz
and fy = − y0

λz
,

λ = c
f0

being the wavelength.
All the approximations made here are valid if we are not too close from the aperture.
One sufficient but not necessary condition is that the higher order term in the
binomial expansion is small enough. In fact, we just need that it does not change
too much the result of the integral which is often respected.
The Fraunhofer approximation supposes that the distance between the two planes
is large enough such that the exponential term in Equation 3.10 is close enough to
1 and becomes negligible:

z � k [x2
1 + y2

1]
2 . (3.11)

and this for the maximum value of x1 and y1 in the aperture.
The Equation 3.9 finally becomes :

U(x0, y0) = −e
−jkz

jλz
e−

jk
2z [x2

0+y2
0]
∫ ∫

σ
U(x1, y1)e

jk
2z [x0x1+y0y1]dx1dy1. (3.12)

This means that the field in the observation plane is the Fourier transform of the
field in the aperture plane with the two frequencies fx = −x0

λz
and fy = − y0

λz
. The

condition described by Equation 3.11 is called the far-field region while the model
of the Fresnel Diffraction Integral is called the near-field region.

3.2 Application to our small range SAR
In the case of a SAR system, the aperture is reduced to a line segment because
we the emitting source U(x1, y1) is moved on a line of size L. Figure 3.2 shows a
schematic view of the problem. The aperture is a straight line from y = −L

2 to L
2

and the observation point is P at a distance R from a point in the aperture. We
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Figure 3.2: Schema of the aperture set-up for our SAR system. The length of the
aperture is L and and is in the y-plane, a target point P is at a distance R0 from
the aperture center and the angle between the axic of the aperture and the point is
θ.

assume that all the source points have the same amplitude and initial phase.

From Equation 3.11 we can find the condition for the validity of the Fraunhofer
approximation by considering that the maximum distance in the aperture is the
length of the rail (L), and is thus [x2

1 + y2
2]→ L2 . The condition becomes :

z � kL2

2 = πL2

λ
. (3.13)

This Equation shows we must constraint the length of the rail of our small scale
SAR application to a very low value with regards to the usual flight path of airborne
SAR, that performs at high altitude. We must also notice that the Fraunhofer
condition is not precisely defined and thus, there remains a degree of freedom in
the verification of the condition.
If the Fraunhofer condition is respected, the point P is far enough with regards to
the aperture such that the distances R and R0 can be considered as parallel. The
distance from P to a point in the aperture at y and from P to the center of the
aperture are then slightly different. This differences can be written as

∆R = −y sin θ. (3.14)

This mean that the phase difference between them will be −2πy sin θ
λ

= −ky sin θ
and then, we can write the field at point P assuming U(P ) = U(θ), as presented
below.
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Figure 3.3: Radiation pattern of the SAR aperture for λ = 0.5 m, L = 0.5 m and
no phase shift.

U(θ) = −e
−jkR0

jλR0

∫ L
2

−L2
U(y)e−jkysinθdy. (3.15)

The radiated field is here expressed using the angle θ in order to simplify the
notations. In fact, we assume that the radiated field along the aperture is uniform
and normalized so the observed field only depends of the angle at which the point
is seen and then, U(y) = 1. To simplify the integral, we define : τ = k sin θ. The
Fraunhofer integral becomes

P (τ) =
∫ L

2

−L2
e−jτydy = ejτ

L
2 − e−jτ L2
jτ

= Lsinc
(
τL

2

)
. (3.16)

Substituting τ = k sin θ we find

U(θ) = Lsinc
(
kL sin θ

2

)
. (3.17)

We see in Figure 3.3 that the resulting beam of the SAR aperture is similar to that
of an antenna array. The longer the aperture, the better the resolution because
the main lobe becomes narrower. If we introduce a phase shift between successive
radiating points in the aperture, we can orient the beam in a desired direction. This
is the case for the Spotlight SAR where the radar beam is permanently oriented
to a target area during the travelling of the antenna [24]. We see here the link
between SAR system and antenna arrays that we developed in section 2.4.
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3.3 Discussion
We see that the Far Field Approximation must be used carefully for our small
range application, using a small rail. This will lead to a trade-off between a higher
azimuth resolution that increase with the length of the rail and the amount of
distortion introduced by the Fraunhofer approximation. Those effects will be
discussed in section 7.
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Chapter 4

Model Development

In this chapter, we develop a model for the emitted and received signals in a general
system. We start from a basic configuration where a radar is moved along a path
in a certain direction, sending a chirp and waiting it to come back at each position.
By expressing the signals in a simplified form, we aim at performing radar imaging
with the tools presented in section 5.

4.1 Notations
This section overviews all the parameters that are used for the model development.

Carrier frequency
Bandwidth
Light speed
Radar speed
Radar height
Range distance
Range distance for y = 0
Delay between the emitted and received signals
Chirp duration - slow time sampling period
Fast time sampling period
"Fast" time
"Slow" time
Fast time sampling frequency
Slow time sampling frequency
Number of samples in range direction (fast time sampling)
Number of samples in azimuth direction (slow time sampling)
Aperture angle of the radar
Rail length (radar path length)

f0
B
c
v
H
R(x, y, t)
Rx

τ
Tc
Ts
t
t′

fs
fc
M
N
θ
Lrail
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Wavelength
Distance between the radar and the target
Sinus of the aperture angle of the radar

λ
Ltarget
α

4.2 Geometrical description
The geometry that we are considering for SAR applications studied in this master
thesis is presented in Figure 4.1. We are working in a 3D coordinate system
{O, x̂, ŷ, ẑ}. A radar is moved in y-direction ("azimuth") at a speed v, at constant
height H. The target is located in (x, y,−H) and is observed by the radar under
constant x.

Figure 4.1: Geometrical definition of the problem. v is the speed of the antenna
along the y-axis. xt is the distance along the x-axis between the target and the
radar, R(x, y, t) is the distance between the target and the radar ("range"), ∆d is
the step of displacement performed by the radar after a time Tc (time of a chirp).

Slow and fast time In order to properly model the problem, we will consider
two different time dimensions. First we have the azimuth time that characterises
the displacement of the radar. Second we have the range time, that describes the
radar signal sampling and that is thus much faster than the first. We will denote
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• t′ - the fast time, in range direction.

• t - the slow time, in azimuth direction.

Chapter content In this chapter, we will develop the model that will be used
to build a real version of the system presented in Figure 4.1. More precisely, we
will be interested in recovering the range and the azimuth distances between the
radar and the targets. More precisely, we will discretise a 2D domain {(xi, yj) 1 ≤
i ≤M, 1 ≤ j ≤ N} in order to reconstruct a function f (xi, yj) with f (xi, yj) 6= 0
if there is a target t in (xi, yj). First we will develop a complete model of the signal
recovered by the radar as a function of the parameters of interest. Second we will
simplify this model in order to obtain an expression of the form

f (x, y) = fx (x, t) · fy (y, t′) , (4.1)

where t′ and t symbolises fast and slow time dimensions and x and y space
coordinates.

4.3 Hypotheses
Start and stop As presented in Figure 4.1, we are considering a radar moving
at a speed v along the y-axis. For the sake of simplicity and to be closer to our
real problem, we will work with a "Start and Go" setup, meaning that the radar
performs acquisition at fixed points on its path and does nothing while it is moving
to the next point. This can be seen as a sampling in the azimuth direction.

Far field To describe the problem further, we need to use the far field approx-
imation explained in section 3. We will consider that the distance travelled by
the radar is much lower than the distance between the radar and the target. The
implications of this approximation and its validity will be discussed in Chapter 7.

Range distance We define R(x, y, t) as the range distance between the radar in
(0, vt, 0) and the target in (x, y,−H), as presented in Figure 4.1. We have

R(x, y, t) =
∣∣∣∣∣∣(x, y,−H)T − (0, vt, 0)T

∣∣∣∣∣∣ (4.2)

=
√
x2 +H2 + (y − vt)2. (4.3)

In order to simplify this expression and remove y of the square root, we consider
the situation presented in Figure 4.1, where the target is located right in front of
the radar in y = vt. We then perform a Taylor expansion around (y − vt)2 = 0.
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Physically, we thus approximate the distance around the point where the aircraft
is right in front of the target, and thus we use the fact that we do not move a
lot in regards with the target. This is consistent with the far field consideration
presented above.

R(x, y, t) =
√
H2 + x2 + (y − vt)2 (4.4)

Taylor
'

√
H2 + x2 + (y − vt)2

2
√
H2 + x2

(4.5)

= Rx + (y − vt)2

2Rx

, (4.6)

with Rx the distance between the radar and the target when the radar is right in
front of the target (y = vt).

4.4 Continuous signal model
To develop the continuous model, we consider that the radar moves continuously
along the y-axis. As we are working with pulses, we have to constrain the fast
time to a chirp duration, as this temporal dimension is defined for each chirp. We
express that condition on the fast time as

t′chirp = (t′ mod Tc), (4.7)

where Tc is the duration of a chirp in [s].

Transmitted signal The transmitted signal is a Frequency Modulated Continu-
ous Wave (FMCW) at a carrier frequency f0 and with a chirp duration Tc. For the
sake of readability, we have made the integral dimensionless by integrating over
t′chirp
Tc

=
(
θ
Tc

mod 1
)
dθ instead of t′chirp = (θ mod Tc) dθ.

st(t) = exp
[
2πj

(
f0t+

∫ t′chirp

0

(
θ

Tc
mod 1

)
Bdθ

)]
, (4.8)

where f0 is the carrier frequency and B the bandwidth, both expressed in [Hz].

Received signal The received signal is a delayed version of the transmitted one.
As we will evolve to a "Start and Stop" configuration for the discretisation, we can
consider that v � c and thus express the delay as follows.

τ
v�c' 2R(x, y, t)

c
[s] . (4.9)
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In fact, neglecting the speed of the radar during an acquisition corresponds to
considering that the radar does not move during acquisition, which is consistent
with our "Start and Stop" configuration. The received signal at radio frequency is
described by equation 4.12.

sRFr (t) = s(t− τ) (4.10)

= s

(
t− 2R(x, y, t)

c

)
(4.11)

= exp
[
2πj

(
f0(t− τ) +

∫ t′chirp−τ

0

(
θ

Tc
mod 1

)
Bdθ

)]
. (4.12)

Coherent demodulation In order to bring the received signal back in base
band, we perform a coherent demodulation. This is achieved by multiplying the
signal presented in equation 4.12 with the conjugate of the emitted signal, both at
radio frequency.

sBBr (t) = sRFr (t) · sRF,∗t (t) (4.13)
= sRFt (t− τ) · sRF,∗t (t). (4.14)

By replacing the signals with their expressions, we obtain :

sBBr (t) = exp
[
2πj

(
f0(t− τ) +

∫ t′chirp−τ

0

(
θ

Tc
mod 1

)
Bdθ

)]

· exp
[
−2πj

(
f0t+

∫ t′chirp

0

(
θ

Tc
mod 1

)
Bdθ

)]
(4.15)

= exp
[
2πj

(
−f0τ −

∫ t′chirp−τ

t′chirp

(
θ

Tc
mod 1

)
Bdθ

)]
(4.16)

= exp
[
2πj

(
−f0τ +

∫ t′chirp

t′chirp−τ

(
θ

Tc
mod 1

)
Bdθ

)]
. (4.17)

The next step is the integration in equation 4.17. The purpose of this integral is
to compare the emitted to the received chirp in order to obtain the corresponding
delay. The modulo operator prevents comparison between two chirps that are
not in the same pulse period. Non-integrable zones avoided with the modulo are
presented in red in Figure 4.2. To simplify the integration we remove the modulo
operator and replace it by a range for t, that have to stay in the blue zone of Figure
4.2.
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Figure 4.2: Frequency Modulation of the signal emitted and received, with integrable
zone in blue and non-integrable zone in red.

The coherence and non-overlap condition presented in equation 4.18 allow us
to remove the modulo operator and to perform the integration properly. For a sake
of readability, we will denote t′ the fast time corresponding to a chirp, instead of
t′chirp.

t′chirp = t′ ∈ [nTc + τmax (n+ 1)Tc − τmax] (4.18)

n corresponds to the radar step number and τmax the maximal observable delay in
[s]. We observe that equation 4.18 implies τmax < Tc, which is intuitively consistent
with our "Start and Stop" configuration. In fact, the delay between the transmitted
and received signals will always be lower than the chirp duration, as Tc corresponds
to one position of the radar and the radar won’t move without having received the
signal back.

Integration With the acceptable range 4.18 for t in mind, we can now compute
the integral in signal 4.17.

sBBr (t) = exp
[
2πj

(
−f0τ +

∫ t

t−τ

(
θ

Tc
mod 1

)
Bdθ

)]
(4.19)

= exp
[
2πj

(
−f0τ +

∫ t mod Tc

(t−τ) mod Tc

θ

Tc
Bdθ

)]
(4.20)

= exp
2πj

−f0τ +
[
θ2

2 · Tc
B

]t mod Tc

(t−τ) mod Tc

 (4.21)

= exp
[
2πj

(
−f0τ + (t mod Tc)2

2 · Tc
B − (t mod Tc)2

2 · Tc
B

)]

· exp
[
2πj

(
2(τ mod Tc)(t mod Tc)

2 · Tc
B + (τ mod Tc)2

2 · Tc
B

)]
(4.22)
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As we are working in a "Start and Stop" configuration, we can assume that the
delay τ will never exceed the time of a chirp and thus replace (τ mod Tc) by τ , as
explained above.

sBBr (t) exp
[
2πj

(
−f0τ +

[
2τ(t mod Tc)

2 · Tc
B − τ 2

2 · Tc
B

])]
(4.23)

(4.24)

Furthermore, we define t′ = (t mod Tc) as the fast time, in azimuth direction.

sBBr (t, t′) = exp
[
2πj

(
−f0τ + 2τt′

2 · Tc
B − τ 2

2 · Tc
B

)]
(4.25)

Delay expression As we are interested in range and azimuth target’s coordinates,
we inject the delay expression 4.9 in equation 4.25 and develop the terms to obtain
a complete expression of the received signal, in function of Rx and y. We use the
Taylor expansion of the range in 4.6 for τ and the exact expression in 4.2 for τ 2.

τ = 2R(x, y, t)
c

' 2
c

(
Rx + (y − vt)2

2Rx

)
(4.26)

τ 2 = 4R2(x, y, t)
c2 = 4

c2

(
Rx + (y − vt)2

)
(4.27)

with Rx =
√
H2 + x2 the range distance between the radar and the target when

the radar is right in front of the target. We obtain

sBBr (t, t′) = exp
[
−2πjf0

2
c

(
Rx + (y − vt)2

2Rx

)]
· exp

[
2πj B

cTc

2
c

(
Rx + (y − vt)2

2Rx

)
t′
]

· exp
[
−2πj B

cTc

4
c2

(
R2
x + (y − vt)2

)]
. (4.28)
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By developing and sorting terms we obtain equation 4.29.

sBBr (t, t′) = exp
[
−4πj

(
Rx

c
f0 + B

c2Tc
R2
x + f0

c

y2

2Rx

− B

c2Tc
y2
)]

︸ ︷︷ ︸
Constant phase

· exp
[
4πj

(
B

cTc
Rx + B

cTc

y2

2Rx

)
t′
]

︸ ︷︷ ︸
Fast time dependent

· exp
[
4πj

(
f0

c

y

Rx

+ 2 B

c2Tc
y

)
vt

]
· exp

[
−4πj

(
f0

c
+ B

c2Tc

)
(vt)2

]
︸ ︷︷ ︸

Slow time dependent

· exp
[
−4πj B

cTc

y

Rx

t′t
]
· exp

[
4πj B

cTc

v2

Rx

t′t2
]

︸ ︷︷ ︸
Slow and fast time dependent

(4.29)

As a reminder, we have obtained this expression of the received signal by developing
a model based on the configuration of Figure 4.1 and using Frequency Modulated
Continuous Waves (FMCW). Three hypotheses have been made :

1. We are considering our configuration as a "Far Field" problem.

2. The range distance R(x, y, t) has been approximated with a Taylor expansion
of order 1 around

(y − vt)2 = 0. (4.30)

3. We are working with a "Start and Stop" configuration. It is not an approxi-
mation in our case, but still constraints applications of our model.

4.5 Discretisation
As we model our problem by considering two temporal dimensions, we also have to
consider two temporal samplings :
• t′ = mTs [s] – the fast time sampling, in range direction.

• t = nTc [s] – the slow time sampling, in azimuth direction.
With m ∈ {0, ...,M−1} [\] and n ∈ {0, ..., N−1} [\], M and N being the number
of samples in range and azimuth directions respectively. Ts and Tc are the sampling
periods in both temporal dimensions, in [s]. It is important to note that Tc also
represents the chirp duration in our model. This is a consequence of the start and
stop configuration. In fact, we are sending a chirp for each radar position and thus,
it is acceptable to consider the chirp duration as the slow time sampling period.
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Start and Stop To model properly the Start and Stop configuration, we will
remove the dependency in the radar speed v in equation 4.29 by introducing ∆d,
the radar distance step, as follows.

∆d = v · Tc (4.31)

Furthermore, the time of a chirp is equal to the signal sampling period times the
number of samples, and thus also the slow time sampling period. This can be
written as

Tc = M · Ts. (4.32)

Discrete version of the signal Based on the elements introduced above, we
can discretise the complete version of the received signal presented in equation
4.29.

SBBr [m,n] = exp
[
−4πj

(
Rx

c
f0 + B

c2Tc
R2
x + f0

c

y2

2Rx

− B

c2Tc
y2
)]

︸ ︷︷ ︸
Constant phase

· exp
[
4πj

(
B

cM
Rx + B

cM

y2

2Rx

)
m

]
︸ ︷︷ ︸

Fast time dependent

· exp
[
4πj

(
f0

c

y

Rx

+ 2 B

c2Tc
y

)
(n∆d)

]
· exp

[
−4πj

(
f0

c
+ B

c2Tc

)
(n∆d)2

]
︸ ︷︷ ︸

Slow time dependent

· exp
[
−4πj B

cM

y

Rx

(n∆d)m
]
· exp

[
4πj B

cM

1
Rx

(n∆d)2m
]

︸ ︷︷ ︸
Slow and fast time dependent

(4.33)

We observe that equation 4.33 is complex in regards to the simplified model
expressed in equation 4.1. Next section discusses the impact of each term in the
model in order to neglect some of them and obtain the simplified equation we seek
along with an acceptable range of settings.

4.6 Simplifications
In this section, we will discuss for each term the hypothesis that can be made and
their impact on the model. Based on the order of magnitude presented in Table 4.1,
we will identify which term can be neglected with regards to the others in order
to obtain a simplified model of the form of equation 4.1 and a range of validity
of each assumption. During the discussion presented below, we will keep in mind
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the objectives of the considered system. In fact, we will work with basic shapes
and targets. Therefore, we do not have to recover shades and background details,
but only binary contrasts. Simulations are performed here on a very simple image
composed of three white points on a black background in order assess the validity
of our assumptions. We have computed the 2D-FFT of this image and assumed
that the obtained result was a perfect and complete version of the received signal.
To observe the effects of the neglected terms, we have compensated the opposite of
those terms to the perfect version of the signal obtained from the image. This way,
we obtained a signal as we had neglected those terms.

Parameter Symbol Order of magnitude
Carrier frequency f0 ∼ 1010

Bandwidth B ∼ 108

Light speed c ∼ 108

Range distance Rx ∼ 10
R2
x ∼ 102

Azimuth dimension y ∼ 10
y2 ∼ 10
y3 ∼ 102

Rail length Lrail ∼ 10−1

n∆d ∈ [10−2 10−1] ∼ 10−1

(n∆d)2 ∼ 10−2

(n∆d)3 ∼ 10−2

(n∆d)4 ∼ 10−3

Slow time sampling fc ≤ 103

Table 4.1: Order of magnitude of setup parameters for a radar with f0 = 2.4 [GHz]
and B = 500 [MHz]. Orders have been obtained by applying some hypotheses,
such as y ∼ 5 thus if we write that y ∼ 10, y2 is not ∼ 102.

Constant phase terms

As we are interested in frequency variations, it is acceptable to not consider constant
phase terms and compensate them after processing. We observe that there are
constant phase terms depending on space (Rx, y), that would be more difficult to
compensate. In fact, this implies a first estimation of space coordinates to apply
the effective compensation. Finally, some terms will be very small due to the 1

c2
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factor, it would thus be interesting to analyse the effect of neglecting them.

SBBr
∣∣∣
Constant phase

[m,n]= exp
[
−4πjRx

c
f0

]
︸ ︷︷ ︸

∼103

· exp
[
−4πj B

c2Tc
R2
x

]
︸ ︷︷ ︸

∼10−6·fc

· exp
[
−2πj f0

cRx

y2
]

︸ ︷︷ ︸
∼102

· exp
[
−4πj B

c2Tc
y2
]

︸ ︷︷ ︸
∼10−7·fc

(4.34)

From equation 4.34, we observe two dominant terms.

SBBr |Constant phase [m,n] ' exp
[
−4πjRx

c
f0

]
· exp

[
−2πj f0

cRx

y2
]

(4.35)

Intuitively, this equation 4.35 could be acceptable if slow time sampling frequency fc
does not exceed 1 [kHz]. We observe that the remaining terms are not independent
in space, as the first is depending on Rx and the second on y. Ideally, we would
like to keep only the former, but this assumption risks to have consequences on the
precision of our system. We have performed several simulations to quantify the
effects of this hypothesis.

1. We consider only terms presented in equation 4.35. We performed
simulations to quantify the impact of the red terms in equation 4.36, that
can be considered as "much smaller" than the others due to the 1

c2 coefficient,
as presented in equation 4.34. The validity of this assumption being strongly
dependent on the slow time sampling frequency that we will choose, we have
performed simulations with different values of fc in order to obtain a range
of validity for this parameter.

sBBr
∣∣∣
Constant phase

[m,n]= exp
[
−4πjRx

c
f0

]
· exp

[
−4πj B

c2Tc
R2
x

]
· exp

[
−2πj f0

cRx

y2
]
· exp

[
−4πj B

c2Tc
y2
]
(4.36)

Simulation results are presented in Figure 4.3. We observe that the assumption
has no visible impact until fc exceeds 1 [kHz]. Then, we observe a reasonable
shift of the targets for fc ∈ [10kHz 100kHz]. This induces imprecision on
both range and azimuth position of the recovered targets, but stays acceptable.
Finally, we observe that we lost large amount of information on the range
position of targets for fc ≥ 1 [MHz].
From those results, we can reasonably neglect "red terms" of equation 4.36 if
we are working with a slow time sampling frequency fc smaller than 10 [kHz].
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Figure 4.3: Simulation of the impact of the "Small Constant Phase" (SCP) terms
on the recovered image for a slow time sampling period Tc varying for 10−4 to 10−6

[s].

2. We only consider the term of equation 4.35 that depends on Rx.
The simulation will thus highlight the impact of the term depending on y, in
red in equation 4.37.

SBBr |Constant phase [m,n] ' exp
[
−4πjRx

c
f0

]
· exp

[
−2πj f0

cRx

y2
]

(4.37)

As the value of this term is dependent on H (through Rx =
√
H2 + x2) we

have observed the evolution of its impact for different values of H. Results are
presented in Figure 4.4. We observe that the recovered targets are correctly
placed in range but spread in azimuth direction, with a quadratic evolution
for small values of H. This is consistent with the expression of the neglected
term, in 4.37. However, as the intensity of the spread targets decreases as the
distance from the real target increases, we can still approximate the target
positions with an appropriate high-pass filter for intensity. Figure 4.5 presents
recovered targets with a filter. We observe that for a radar distance around
H = 20 [m] results are acceptable.
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Figure 4.4: Simulation of the impact of the "Constant Phase term depending on y"
(CPy) on the recovered image for H varying from 10 [m] to 100 [m].
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Figure 4.5: Simulation of the impact of the "Constant Phase term depending on
y" (CPy) on the recovered image for H varying from 10 [m] to 100 [m], after a
high-pass filter to identify targets.

Fast time dependent terms

In order to obtain the simplified model form presented in equation 4.1, we would
like to keep only the first term of equation 4.38.

SBBr
∣∣∣
Fast time dependent

[m,n] = exp
[
4πj B

cM
Rxm

]
︸ ︷︷ ︸

∼Rx

· exp
[
4πj B

cM

y2

2Rx

m

]
︸ ︷︷ ︸

∼ y2
Rx

(4.38)

The magnitude order analysis presented in equation 4.38 does not allow us to
neglect it without any additional condition. We observe that the validity of the
simplification will strongly depend on the values of Rx and y. In fact, condition
4.39 has to be valid in order to neglect properly the Rx dependent term.

4πj B
cM

Rx � 4πj B
cM

y2

2Rx

⇔
√

2Rx � y (4.39)
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with Rx =
√
H2 + x2. We will discuss the validity of this hypothesis in section 6,

about sizing. Again, we have performed simulations to observe the impact of the
considered approximation.
Simulation results are presented in Figure 4.6. As we could imagine by analysing
equation 4.38, we observe that recovered targets are spread in azimuth direction
and become more precise as H increases. Again, we observe that once H reaches
10 [m], signal amplitude is greater on the exact place of the target as if it was
diffusing from the target in directions imposed by the equation. It is thus realistic
to enhance recovered target position with a filter or a signal compensation.

Figure 4.6: Simulation of the impact of the "Fast Time" depending term in y (FTy)
on the recovered image for H value varying from 5 [m] to 200 [m].

Slow time dependent terms

To obtain the basic system of equations presented in 4.1, we would like to remove
dependency of equation 4.40 in Rx, coloured in red to enhance readability. To
achieve this, there are several possible hypotheses to apply.
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SBBr
∣∣∣
Slow time dependent

[m,n]= exp
[
4πj f0

cRx

y(n∆d)
]

︸ ︷︷ ︸
∼10

· exp
[
4πj 2B

Tc

1
c2y(n∆d)

]
︸ ︷︷ ︸

∼10−8·fc

· exp
[
−4πj f0

cRx

(n∆d)2
]

︸ ︷︷ ︸
∼10

· exp
[
−4πj B

c2Tc
(n∆d)2

]
︸ ︷︷ ︸

∼10−10·fc
(4.40)

First, if we consider the magnitude analysis presented in equation 4.40, we can
rewrite the equation as :

sBBr
∣∣∣
Slow time dependent

[m,n] ' exp
[
4πj f0

cRx

y(n∆d)
]
· exp

[
−2πj f0

cRx

(n∆d)2
]

(4.41)
In a second time we will neglect the term depending on Rx only, in order to obtain
a function of y as in the equation 4.1 and to avoid quadratic dependence in time.
Again, this will only be valid for a range of values of fc. Intuitively, we observe
that for fc ≤ 10 [kHz] the approximation should stay valid, but we will confirm
this with several simulations.

1. We neglect the "small" terms, regarding the order of magnitude
analysis. Slow time dependent terms become

SBBr
∣∣∣
Slow time dependent

[m,n] ' exp
[
4πj f0

cRx

y(n∆d)
]
· exp

[
−2πj f0

cRx

(n∆d)2
]

(4.42)
In simulation results presented in Figure 4.7, we observe that the impact of
"small slow time-dependent" terms is a spread shift, principally in azimuth
direction, that increases with fc. The shift is much larger in azimuth direction
due to terms with a y or y2 dependency at the numerator. Rx, the range,
is only at the denominator and squared most of the time, which reduces
drastically its impact. Once again, we observe that the maximal acceptable
value for fc is around 100 [kHz].
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Figure 4.7: Simulation of the impact of the "Small Slow Time" depending terms
(SST) on the recovered image for a slow time sampling period varying from 10−6 [s]
to 10−8 [s].

2. We neglect the term with a quadratic dependence in time. Slow
time dependent terms become

SBBr
∣∣∣
Slow time dependent

[m,n] ' exp
[
4πj f0

cRx

y(n∆d)
]
. (4.43)

Figure 4.8 presents simulation results. We observe the same form of deviation
as in Figure 4.4. We can thus consider that the same kind of post-processing
can be performed to recover properly the image.
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Figure 4.8: Simulation of the impact of the "Slow Time" depending term in Rx

(STx) on the recovered image for H value varying from 5 [m] to 200 [m].

Slow and fast time dependent terms

Ideally, we would like to neglect all term in equation 4.44 in order to obtain our
simplified system and to avoid non-linearity. To simplify the text, we will use the
denomination mixed terms for slow and fast time dependent terms.

SBBr
∣∣∣
Slow and fast time dependent

[m,n]=exp
[
−4πj B

cM

y

Rx

m(n∆d)
]

︸ ︷︷ ︸
∼10

· exp
[
2πj B

cM

1
Rx

m(n∆d)2
]

︸ ︷︷ ︸
∼10−3

(4.44)

We have performed several simulations : first neglecting only one term at a time
(Figures 4.10 and 4.9), then with both terms neglected (Figure 4.11). The main
observation from those results is that both mixed terms are compensating each
other, which means that we will obtain better results by neglecting either both or
none of them, not only one at a time.
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1. We neglect the smallest mixed term. We observe on Figure 4.9 that
for small values of H, the azimuth influence on the result is much more
important than the range influence. With x increasing, the impact of y
becomes relatively less important and we observe a ’diagonal’ spread of the
recovered targets.

Figure 4.9: Simulation of the impact of the "Small Slow and Fast Time" dependent
term (SSFT) on the recovered image for a height H varying from 5 [m] to 100 [m].

2. We neglect the largest mixed term. By neglecting the largest mixed
term, we observe the same phenomena as for the smallest one, but in the
other direction. This is consistent with the equations as both terms are
opposed in sign.
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Figure 4.10: Simulation of the impact of the "Large Slow and Fast Time" dependent
term (LSFT) on the recovered image for H value varying from 5 [m] to 100 [m].

3. We neglect both mixed terms. Figure 4.11 presents the obtained results
when both mixed terms are neglected. As explained above, we observe a
more precise recovery of the targets because of the sign of each term. In fact,
they are partially compensating each other. Hence we can neglect both of
them without loss of precision.
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Figure 4.11: Simulation of the impact of both "Slow and Fast Time" dependent
terms (SFT) on the recovered image for a H value varying from 5 [m] to 100 [m].

4.7 Model summary
Based on the order of magnitude analysis and on the simulations performed above,
we can neglect most of terms in equation 4.33 and obtain a first simplified version
of the model.

SBBr [m,n] = exp
[
−4πj

(
Rx

c
f0

)]
︸ ︷︷ ︸

Constant phase

· exp
[
4πj B

cM
Rxm

]
︸ ︷︷ ︸

Fast time dependent

· exp
[
4πj f0

c

y

Rx

(n∆d)
]

︸ ︷︷ ︸
Slow time dependent

(4.45)

In equation 4.45, we have neglected very small order terms, constant phase term
depending on y, fast time dependent term depending on y and slow time dependent
terms depending on Rx only. Furthermore, we have neglected “mixed terms” after
having observed that they were compensating each other. The range of validity of
those assumptions in described in table 4.2.
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Parameter Condition
Slow time sampling frequency fc ≤ 10 [kHz]
Distance between the radar and the target Rx Rx � y√

2
Distance between the radar and the target in x̂ direction x� 20 [m]

Table 4.2: Overview of the range validity of the simplified model expressed in
equation 4.45. It is important to note that Rx can be influenced either by H or
x. Simulations have been performed and commented for H, but this can also be
applied to x.

Furthermore, we can express the received signal without considering the constant
phase term and compensate it after processing. We will thus write

SBBr [m,n] ψ
' exp

[
4πj B

cM
Rxm

]
︸ ︷︷ ︸

Fast time dependent

· exp
[
4πj f0

c

y

Rx

(n∆d)
]

︸ ︷︷ ︸
Slow time dependent

, (4.46)

with the ψ
' symbol meaning "equals up to a constant phase shift". Finally, to obtain

the simplified model, we decorrelate expression 4.46 in space. To do so, we consider
the fact that the radar waves are spread in the environment along the angle of
aperture θ of the radar. Based on Figure 4.12 that represents this phenomena, we
perform the following change of variable.

sin θ = y

Rx

, (4.47)

with θ the aperture angle of the radar in azimuth direction.
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Figure 4.12: Representation of the aperture of the radar and its "polar vision" with
the adequate parameters.

Equation 4.46 can thus be transformed as follows, in order to obtain the final
simplified model that we will use for the rest of the developments.

SBBr [m,n] ψ
' exp

[
4πj B

cM
Rxm

]
︸ ︷︷ ︸

Fast time dependent

· exp
[
4πj f0

c
sin(θ)(n∆d)

]
︸ ︷︷ ︸

Slow time dependent

(4.48)

Thanks to the change of variable and the hypothesis expressed in Table 4.2, we
have derived a simplified model of the form expressed in 4.1.
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Chapter 5

Image processing algorithms

In this chapter, the two algorithms that we have used to recover our images from
the received signals are presented : the Fast Fourier Transform algorithm and the
Matching Pursuit algorithm. Advantages and drawbacks will be presented and
illustrated using simulation of for both algorithms.

5.1 Notations
Fast Fourier Transform
Number of samples in range direction (fast time sampling)
Number of samples in azimuth direction (slow time sampling)
Duration of a chirp
Received signal after coherent demodulation (in base band)
Range position of a target
Angle position of a target
Range resolution
Angular resolution
Fast time zero padding coefficient
Slow time zero padding coefficient
Bandwidth
Wavelength
Distance between each sweep
Matching pursuit threshold
Macthing pursuit maximum number of iteration

FFT
M
N
Tc
SBBr
R
θ
∆R
∆θ
Pm
Pn
B
λ
∆d
ρ
s

5.2 Fourier Transform Algorithm
In this section, the algorithm based on the Fourier Transform is presented and
simulated. The main steps of this algorithm are :
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1. IN : The input signal is the 2D-matrix of size M ×N that contains the signal
received after coherent demodulation and sampling, SBBr .

2. 2D-FFT : We apply the 2D− FFT algorithm provided by the function fft2
from numpy (python) to the received signal.

3. OUT : The output signal is a 2D-matrix of size (Pm ·M × Pn ·N), where
Pm and Pn are the zero padding coefficient in the m and n sampling axis
respectively (they will be explained later).

After having applied this algorithm, we have to map the result to the real dimensions
using the spatial resolutions of the signal. In fact, each sample in range dimension
corresponds to ∆R [m] and each sample in azimuth dimension corresponds to
∆θ ◦.
Additional steps can be performed on the data in order to enhance the result
quality, such as padding or Hamming window. This will be discussed in this section.

5.2.1 Principle of the Fourier Transform
To recover an image from the received data, we use the simplified model developed
in section 4. This model presents the demodulated received signal as the product of
two exponential functions, the first depending on (R,M) and the second depending
on (θ,N). In the Fourier domain, we can thus assume that the frequency of the
signal in the fast temporal domain (M) gives information about the range, while
the frequency of the signal in the slow temporal domain (N) gives information
about the angle at which the target is located.
This simplified model of the received signal for a single point target at position
(Rx, θ) with an amplitude A = 1 can be rewritten from Equation 4.48:

SBBr [m,n] ψ
' exp

[
4πj

(
B

cM
Rxm

)]
· exp

[
4πj

(
sin(θ)n∆d

λ

)]
. (5.1)

The numbers of samples taken for this signal are M and N in range and angle
direction respectively. This means that the signal is defined only in a window of
size M and N in their respective direction :

SBBr [:, n]⇒ rect
[
m

M

]
SBBr [:, n] (5.2)

and
SBBr [m, :]⇒ rect

[
n

M

]
SBBr [m, :] , (5.3)

with rect a rectangular windows define by :
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rect
(
t

T

)
=
{

1 if t < T.
0 elsewhere. (5.4)

The algorithm consists in applying a 2D-FFT on the matrix of received signals
SBBr to extract the range and angle profile of the target. The 2D-FFT is defined as
follows [25] :

F (u, v) =
∞∑

m=∞

∞∑
n=−∞

f(m,n) exp−j2π(um+vn), (5.5)

where u and v are the spatial frequencies in x and y direction respectively. The
Fourier transform gives a complex signal :

F (u, v) = FR(u, v) + jFI(u, v). (5.6)

However, in our application we only look at the amplitude of the Fourier Transform.
In fact, we only want to recover the position of the target which corresponds to a
peak in the amplitude of the module of the FFT :

A(FT ) = ‖F (u, v)‖ =
√
F 2
R(u, v) + F 2

I (u, v). (5.7)

Then we will now consider that the result of the Fourier Transform is the module
of this one. Applying the 2D-FFT from Equation 5.5 to 5.1 gives us :

F [fR, fθ] =
∞∑

m=∞

∞∑
n=−∞

rect
[
n

N

]
rect

[
m

M

]
exp

[
4πj

(
mB

cM
Rx

)]
exp

[
4πj

(
n∆d
λ

sin θ
)]

︸ ︷︷ ︸
signal

· exp
[
−j2π

(
fRm

M
+ fθn

N

)]
. (5.8)

The terms fR and fθ are the spatial frequencies of the FFT and they can be chosen
such that the frequency found by the Fourier Transform corresponds to Rx and
sin θ. Due to the rectangular windows, we can modify the expression by changing
the boundaries of the two sums from 0 to M − 1 and 0 to N − 1 respectively.
However, we will keep the two rectangular windows in the equations in order to
facilitate the understanding of the following development.

F [fR, fθ] =
M−1∑
m=0

N−1∑
n=0

rect
[
m

M

]
rect

[
n

N

]
exp

[
4πj

(
mB

cM
Rx

)]
exp

[
4πj

(
n∆d
λ

sin θ
)]

· exp
[
−j2π

(
fRm

M
+ fθn

N

)]
. (5.9)
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Because one exponential term of the signal SBBr depends of m and the other of n,
we can separate the two sums and obtain :

F (fR, fθ) =
M∑
m=0

rect
[
m

M

]
exp

[
4πjB

c
mRx

]
exp

[
−j2πfRm

M

]

·
N∑
n=0

rect
[
n

N

]
exp

[
4πjn∆d sin(θ)

λ

]
exp

[
−j2πfθn

N

]
. (5.10)

Before going further we have to remember that the Fourier Transform of a rectan-
gular window gives a sinc function :

FT
[
rect

(
t

T

)]
= T sinc (Tf) . (5.11)

where f is the frequency and sinc(f) = sin(f)
f

.
Then we use the convolution theorem. It says that the Fourier Transform of a
product is equivalent to the convolution of the two Fourier Transforms [26] :

FT (x(t) · y(t)) = X(ω) ∗ Y (ω). (5.12)

Applying the FFT on Equation 5.10 corresponds to the FFT of a product. It
is thus equivalent to the convolution of the FFTs of each function : the one in
the m dimension and the other in the n dimension. Because each of those FFTs
are the product between a rectangular window and the exponential term in the
corresponding dimension, we can use once again the properties of Equation 5.12
and write :

F [fr, fθ] = [Msinc(Mm) ∗ F (fR)] ∗ [Nsinc(Nn) ∗ F (fθ)] . (5.13)
with F (fR) and F (fθ) the FFT in the range (m) and angle (n) dimension respec-
tively. This means that the Fourier transform F (fR) and F (fθ) result in deltas
located at frequencies fR and fθ. Those frequencies correspond to the range and
angular position of the target, respectively. The Fourier Transform algorithm
results thus in a collection of deltas convoluted by a cardinal sine function such
that a target at position (Ri, θj) corresponds to the intersection of two cardinal
sine functions in range and angular dimension (see the simulations below). The
amplitude of the main peak determines the amount of power reflected by this
target.

5.2.2 Simulation of the Algorithm
In this section, we analyse the consequences of the temporal limitation of the
received signal by performing simulations of the Fourier Transform algorithm.
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The Figure 5.1 shows the expected result of the Fourier Transform for a target
situated at position (R = 18 [m] , θ = 0◦). We observe that the target is recovered
as the intersection of two cardinal sine functions.

Figure 5.1: Example of the result of the FFT algorithm : we see that the intersection
of the two sinc leads to a main peak in the position of the simulated target (here
m = 60 ⇒ R = 60∆R = 18 m and n = 25 ⇒ θ = 0◦

When the number of targets is really low (remember that a potential target can
take place every (∆R,∆θ)), this convolution effect is not really annoying but when
we have a larger number of reflected waves coming from multiple targets, each of
them leads to two cardinal sine functions in the image (in range and angle direction)
that can reduce their visibility. The Figure 5.2 simulates the expected result of the
Fourier Transform Algorithm for 15 targets with random positions. We see how
the modulation by the cardinal sine functions degrades the quality of the image.
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Figure 5.2: FFT-Algorithm applied to a collections of 15 random targets with the
same amplitude. On the left, a 3D view of the multiple sinc peaks that occur at
the position of each target. On the right, a top view of the image recovered : we
see that the secondary lobes of the sinc can add constructively, leading to a kind of
parasitic effect in the image and then decreasing is quality

There are multiple ways to increase the resolution and then the quality of the FFT
in order to obtain a better image at the end. Three methods are investigated here :
Hamming windowing, increasing the number of acquisitions and zero-padding.

Hamming windowing : It is possible to reduce the amplitude of the secondary
lobes by performing a convolution of the image with an Hamming window (the
convolution of the image is equivalent to a multiplication of the signal before
applying the FFT due to the convolution theorem of the Fourier Transform so
it’s a simple operation in the algorithm). As a reminder, the Hamming window is
defined as follows [27] :

h(t) =
{

0.42− 0.5 cos
(
2π t

T

)
+ 0.08 cos

(
4π t

T

)
if t ∈ [0, T ].

0 elsewhere.
(5.14)

Figure 5.3 shows the result of the convolution by a Hamming window. We see that
the secondary lobes have decreased but the main lobe is now wider. This effect
is a consequence of the Hamming windowing and thus applying it must be done
carefully if the targets are close to each others. In fact, the windowing risks to
produce an overlapping of the lobes, reducing the quality of the recovered image.
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Figure 5.3: Image of the FFT-Algorithm for 15 randomly generated targets after
2D-convolution with a Hamming window. The size of the windows are 10 in the
N-direction and 30 in the M-direction.

Increasing the number of acquisitions : Another way to increase the reso-
lution of the FFT algorithm (making the main lobe thinner) is to increase the
numbers of samples M and N . Indeed we saw in Equation 5.11 that the FFT
applied to a rectangular window (defining the ’time restrictive’ aspect of our signal)
leads to cardinal sine functions with higher frequency if the acquisition time T is
larger. This increase in the sinc frequency means that the main lobe will be thinner
and thus increases the resolution of the recovered image. Figure 5.4 shows this effect
for a simple signal : when the number of acquisition is larger (for the same sampling
frequency), the peak resulting from the FFT performed on the signal is way thinner.
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Figure 5.4: Impact of the number of samples on the resolution of the recovered
signal. The simulated signal is a single frequency signal of type sin(wn). In (a) the
signal is acquired with a small number of samples and the resulting FFT is in (b).
In (c) the number of acquired samples is 4 times bigger and the FFT peak is then
thinner (d).

Zero-padding : If we look at Equation 5.5 we observe that the Fourier Transform
is a scalar product between the signal (SBBr ) and a collection of mono frequency

signals exp−j2π
(
fRm

M
+ fθn

N

)
. However the discrete aspect of the Fourier Transform

means that we only perform this scalar product with a limited number of frequencies
and this implies a resolution in the frequency domain, such that two frequencies
too close to each other cannot be differentiated.
By definition, the DFT (Discrete Fourier Transform) looks for frequencies between
−fs

2 and fs
2 with fs the sampling frequency. The frequency resolution for a given fs

and a number of sample M is :
δf = fs

M
. (5.15)

This condition can be problematic when the number of samples is low but it is
possible to simulate a larger number of samples using the technique of zero-padding.
The zero-padding consists in adding Pm zeros at the end of the signal in order to
enhance the DFT resolution. We have

δf = fs
Pm ·M

. (5.16)

This technique will be often used in our applications of the Fourier Transform
algorithm in order to ensure a sufficient resolution of the FFT. However, because
the number of samples is increased, the computational cost will be increased too.
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5.2.3 Discussion
We have seen that the FFT-algorithm can lead to multiple drawbacks. First we
make the assumption that the signal is of the form 4.1, which is not completely
true. Then we process a finite number of samples which involves several effects such
as the modulation of deltas by cardinal sine functions and the limited frequency
resolution.
However those effects can be limited by increasing the number of acquired samples,
applying zero-padding or using a Hamming window. Those techniques are performed
in the measurements presented is chapter 7.

5.3 Matching Pursuit algorithm (for Sparse Sig-
nals)

The Fourier Transform algorithm allows us to reconstruct the image with a sufficient
quality and in a reasonable time, but it often leads to stained images due to the
presence of ripples or when the simplified signal is not valid. In this section, we
will see that in some specific cases, we can reconstruct the image without using
the Fourier Transform and with a better quality at the end. To do so, we use an
algorithm called the Matching Pursuit, which allows us to reconstruct the image
as a combination of multiple " sub-images" from a data base called the dictionary.
However to ensure that this algorithm works correctly we must work with sparse
signals. Sparsity principle will be explained in section 5.3.1.

The most important steps of the Matching Pursuit algorithm are:

1. IN: The input data is the received signal which is a matrix of size M ×N .

2. Creating the dictionaries: We first create two dictionaries : one for the
signal (INPUT) and the other to map each element of the signal dictionary
to an element of the image dictionary (OUTPUT). The two dictionary have
size M ·N ×M ×N .

3. Applying the Matching Pursuit: We perform the scalar product between
our signal dictionary and the received signal. We keep the result in a vector
rcov. Then we enter the loop of the algorithm and we keep the K biggest
coefficients into a list coeff (K depends on the threshold and the maximum
number of iteration used in the algorithm).

4. Creating the image: We take the K elements in the image dictionary
corresponding to the biggest coefficients.
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5. OUT: The output is a matrix of size M ×N corresponding to the recovered
image. We plot itusing imshow and pcolor functions from python.

5.3.1 The Sparsity Principle
The sparsity principle supposes that a signal can be expressed using another signal
from a known basis. In the case of a 2D signal such the one we use in our application
, this principle can be defined as follows [28].
We denote X a 2D-signal (X ∈ RM×N) and we suppose that this signal can be
decomposed in a sparsity basis Ψ using some non-zero elements α :

X(ξ) =
D∑
k=1

αkΨk(ξ), with ξ = (m,n) Ψ = {Ψj : 1 ≤ j ≤ D} .

The basis Ψ is usually an orthonormal basis (e.g. the Fourier basis) from which
we take a combination of elements Ψk to reconstruct X. The coefficient αk comes
from a vector α ∈ RD such that if the signal X is not similar to the signal Ψk from
the basis Ψ, then the corresponding coefficient αk is 0.
The Matching Pursuit is an algorithm based on this sparsity assumption that finds
which are the element Ψk from Ψ with the biggest coefficient αk to reconstruct an
estimation of the signal : X̂.

5.3.2 The Matching Pursuit Algorithm
The Matching Pursuit aims at finding the s biggest coefficient αk linked to a
element of the signal dictionary Ψk that corresponds to an equivalent image Ik in
the dictionary of images I.
The algorithm is based on the following condition [29] :

α = argmin︸ ︷︷ ︸
α′

1
2‖X −Ψα′‖2 s.t. ‖α′‖0 ≤ s. (5.17)

Equation 5.17 shows that the Matching Pursuit try to minimize the distance
between X and Ψα = X̂ such that the number of elements from Ψ used to approx-
imate X is less than a certain number s (which mean than the number of non-zero
element in the vector α i.e. ‖α‖0 ≤ s).

Based on this criterion, the algorithm performs a greedy solution as follow :

Initialization:
r(0) = X,α(0) = 0 ∈ RD, k = 0. (5.18)
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Loop:

i∗ = argmax︸ ︷︷ ︸
1≤i≤D

∣∣∣〈Ψi, r
(k)〉

∣∣∣ . (5.19)

α(k+1) = α(k) + 〈Ψi∗ , r
(k)〉ei∗︸ ︷︷ ︸

α(i∗)

. (5.20)

r(k+1) = X −Ψα(k+1). (5.21)

k ← k + 1. (5.22)

When k = s, the loop stops and we have X̂ = Ψα(s). The condition on ‖α‖0
supposes that we know how many elements of Ψ are in X, which means that
we know how many targets there are in the image. Usually, we don’t have this
information. In order to not be limited by only this constraint we add another
constraint that stops the loop when the value of the coefficient α(k) (we suppose
that we have normalized the signal) is below a certain threshold ρ. Then the image
will only be composed of the targets that reflect to most power.

5.3.3 A small example
In order to illustrate the algorithm, we present here a simple example on 1-D signals
: We suppose that the signal X is sparse in a basis Ψ (the dictionary) which is
made of cosine with different frequencies. A possible dictionary is Ψ = {Ψ1 =
cos(wt),Ψ2 = cos(2wt),Ψ3 = cos(3wt)} for example. We assume that the signal is
made of a linear combination of element from this dictionary :

X = α1Ψ1 + α2Ψ2 + α3Ψ3. (5.23)

with here : α1 = 1, α2 = 0.25 and α3 = 0.5. The Figure 5.5 shows the dictionary
and the signal defined previously.
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Figure 5.5: Representation of the dictionary Ψ (top) and the signal X made of a
combination of elements from Ψ (bottom).

The idea is to recover the signal X from elements of Ψ by performing the Matching
pursuit algorithm : we compute the inner product between X and Ψ1, Ψ2 and Ψ3
successively and we keep the one who gives the highest result (the highest inner
product). This result becomes the first coefficient α to keep. We then subtract
the corresponding element of the dictionary with an amplitude proportional to the
coefficient from the residual and we loop again. The results are shown in Figure
5.6. We see that at each steps, we get closer to the original signal.

Figure 5.6: Results of the Matched Pursuit algorithm for the simple example : we
see that the residual becomes smaller and smaller at each step (left) and that the
recovered signal becomes closer to the original signal at each step (right).
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5.3.4 Dictionary of our SAR application
In our SAR application, the signal X from the definition of the sparsity principle
is the received signal after coherent demodulation and calibration, thus : X ⇒ SBBr .

We know that a potential target can be detected if it is in the range [0, Rmax;−θmax/2
, θmax/2] where Rmax and θmax are the maximum possible range and angle at
which a target can be detected, respectively. So the basis that we will use con-
tains all the signals that we may receive for a punctual target at each position
(Ri, θj) ∈ [0, Rmax;−θmax/2, θmax/2]. For each potential target, we then define
Sij ∈ RM×N , creating a dictionary containing M ·N elements of size M ×N .

Each signal in the dictionary Ψ have an equivalent image in an other dictionary I
such that Ψij ⇒ I ij where I ij is the image of a scatter point at position (Ri, θj).
We see that the size of the dictionaries is important and the computational cost
becomes huge if the numbers of samples M and N increase. This is one of the
limitation of the Matching Pursuit. However, once the dictionary is created it does
not need to be computed again, whatever the observed scene as long as we do not
modify any intrinsic parameter of the system (BW,M,N, ...).
When the dictionaries are created, we can perform the Matching Pursuit algorithm
to recover our image.

5.3.5 Simulation of the Algorithm
We first create our signal from Equation 4.25 : we know that at time m the
frequency of the radar will be fm = fc − BW

2 + BW
M
m and the delay τ for a target

at position (Ri, θj) when the radar position is n is τijn = 2R′ijn
c

with :

R′ijn =
√
Ri cos(θj) + (Ri sin(θj)− n∆d)2. (5.24)

with ∆d the distance between each sweep of the radar on the rail. Then the value
of the signal simulated for a targets {ij} for the sample m and n will be :

Sijmn = Aij exp [(j2πfmτijn)] (5.25)

with Aij the amplitude reflected by the target {ij}. The elements of the dictionary
corresponding to the image must be chosen such that the recovered image fits the
expected image. A possible dictionary is composed of the punctual points at the
positions described below :

Iijmn =
{

1 if mn = ij
0 elsewhere = δim · δjn. (5.26)
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with δkl the Kronecker delta which is 1 if k = l and 0 elsewhere..
The Figure 5.7 shows the original image that we would like to recover. If we apply
the Fourier Transform algorithm with the signal corresponding to this image, we
get the result shown in Figure 5.8. We see that the image is quite degraded even if
we can still read the word from the original image.

Figure 5.7: Original image made of simple point targets placed to form the word
"ICTEAM ".

Figure 5.8: Recovered Image using the Fourier Transform Algorithm.

The Figure 5.9 shows the result obtained with the Matched Pursuit algorithm. We
see that the recovered image is more faithful to the original. It can be interesting
to see the profile of the coefficient values on Figure 5.3.5 : the dictionary is made
such that the element indices are defined by : k = N · i+ j with i the indices of
the range (going from 0 to 255) and j the indices of the angle (going from −15◦
to 15◦). Then we can see that the peak corresponding to a coefficient of the same
letter are close to each other. If we zoom on this "peak region", we observe that for
each peak corresponding to a match (when an signal from the dictionary match
the signal we processed), there are two secondary peaks that correspond to the
target at the same angle but with a range of ±δR. This comes from the fact that
the inner product of two signals with close range can lead to a non-zero coefficient.

5.3.6 Discussion
The matching Pursuit algorithm seems to perform well when the number of targets
reflecting a high quantity of power is low and when the signal is perfectly calibrated.
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Figure 5.9: Polar plot of the simulated image resulting from the Matching Pursuit
Algorithm for s = 150 and ρ = 0.1. We see that the image is recovered without
artifact such as ripples that we got when we used the Fourier Transform.

Figure 5.10: Values of the coefficient resulting from the inner product between
the signal and the dictionary of signals (coefficients are normalized). On the left,
a full view plot of the coefficient and on the right, a zoom around the coefficient
corresponding to the letter "T". We see that the peaks at the center are more dense
because they correspond to the vertical bar of the T which are point at the same
range, the other peak are those of the horizontal bar.

The computational time of this algorithm is most important than for the Fourier
Transform algorithm due to the creation of the dictionaries. In fact, they have a
large size that increases really fast withM and N : the complexity of the dictionary
generation is O(M2N2).
Using the Matching Pursuit algorithm is then restricted a simple target detection.
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Chapter 6

Practical Design

In this chapter, we will link the model developed in section 4 to a practical
context. More precisely, this chapter presents the transition from the theory to the
applications presented in chapter 7.

6.1 Constraints and limits
This section aims at defining the constraints imposed by the model developed above
on the parameters of the problem. We will thus start from the model derived in
section 4 and apply it to practical context. The objective is to develop all the tools
required to design properly the measurement setups that we will realise and present
in section 7. As a reminder, the simplified version of the model can be written as

sBBr (t, t′) ψ
' exp

[
4πj B

cTc
Rxt

′
]

︸ ︷︷ ︸
Fast time dependent

· exp
[
4πj f0

c
sin(θ)(vt)

]
︸ ︷︷ ︸

Slow time dependent

(6.1)

And after discretisations :

SBBr [m,n] ψ
' exp

[
4πj B

cM
Rxm

]
︸ ︷︷ ︸

Fast time dependent

· exp
[
4πj f0

c
sin(θ)(n∆d)

]
︸ ︷︷ ︸

Slow time dependent

(6.2)

The 2D-discretization that we have applied to develop the model in section 4 has
an impact both on the parameters of the considered problem and on the quality of
the results that we will obtain. Furthermore, the hypotheses that have been made
to simplify it implies some constraints on the problem geometry, as presented in
sections 4.6 and 3.
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6.1.1 Spatial domain
When we discretised equation 6.1, we have indirectly imposed spatial resolutions
to our radar system. Those are represented in green in Figure 4.12. In polar
coordinates, this gives

Rmax = M ·∆R and θmax = N ·∆θ. (6.3)

with ∆R and ∆θ the spatial resolutions, M and N the number of sample in both
direction and Rmax and θmax the range of vision of the radar under our sampling
configuration. The signal being expressed in function of sin θ, we also have

∆θ = arcsin (∆ (sin (θ))) = arcsin (∆α) (6.4)

where we have posed α = sin θ. To derive expressions for those resolutions, we
consider the maximal value in the frequency domain as it will correspond to the
lowest in the temporal domain. In fact, the largest frequency will correspond to
the inverse of the smallest time (as, for example, the Fourier transform of a δ(t)
function). By equalising the maximal frequencies of both exponential to 2π and
considering equations 6.3 we find
• Range resolution

4π B

cM
M∆Rx = 2π ⇔ ∆Rx = c

2B. (6.5)

• Angular resolution

4πN∆d∆ (sin θ)
λ

= 2π ⇔ ∆α = ∆(sin θ) = λ

2N∆d = λ

2Lrail
. (6.6)

with λ = c
fc

the wavelength in [m] and Lrail the length of the radar path in [m].

6.1.2 Temporal domain
The most important constraint for the sampling in temporal domain is defined by
the Nyquist theorem to avoid aliasing. We have to ensure that sampling frequencies
are at least two times greater than the maximal signal frequencies in slow and fast
time domain, respectively. This gives us the following constraints for M and N .
• Fast time sampling :

f samps = 1
T samps

≥ 2 · fs,max = 4 B

cTc
Rx,max

[1
s

]
. (6.7)

By using the fact that Tc = M · Ts derived in section 4, we find

M ≤ 4B
c
Rx,max [\] . (6.8)
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• Slow time sampling

f sampc = 1
T sampc

≥ 2 · fc,max = 4f0

c
v sin (θ)max

[1
s

]
. (6.9)

By using the facts that ∆d = v ·Tc and that (sin θ)max = N ·∆ (sin θ) = N ·∆α,
we find

N ≤ c

4f0∆α∆d [\] . (6.10)

6.1.3 Model hypotheses implications
Far field The first hypothesis that was made to construct a model from the
problem presented is the Fraunhofer assumption, that allows us to work in a "far
field" configuration it the condition 6.11 is respected.

Ltarget �
L2
rail

λ
= (N ·∆d)2

λ
(6.11)

with Ltarget = Rtarget the distance between the radar and the target that we want
to recover.

Magnitude order analysis and simulations As discussed above, we have
neglected several terms to obtain the simplified version of the model presented
in equation 6.1. We have performed simulations and results have been discussed
in section 4.6. Table 4.2 overviews resulting conditions on fc, Rx, y and x. We
observe that those concerning the geometry of the problem (distances Rx, x and y)
are consistent with the far field assumption.

6.2 Technology
The purpose of this section is to briefly explain the technology used to perform
measurements presented in section 7. We are using a specific radar that is moved
on a rail and each of them presents characteristics and limits that we will discuss
in section 6.3.

6.2.1 Radar
The radar that will be used for our measurement is a K-MD2 24GHz FMCW
(Frequency Modulated Continuous wave). Its principal characteristics are presented
in Table 6.1.
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Carrier frequency 24 [GHz]
Bandwidth ∈ [50 500] [MHz]
Wavelength 1.25 [cm]
Azimuth aperture ±16.4 [◦]
Elevation aperture ±9.1 [◦]

Table 6.1: Overview of the parameters of the radar K-MD2 from RFbeam Microwave
GmbH. [30]

The carrier frequency of the radar is around 24 [GHz]. More precisely, it varies
in the range [23.8 24.8] [GHz] but for a sake of simplicity we will consider this
frequency f0 as equal to 24 [GHz]. The radar can work with a bandwidth up to
500 [MHz].
Fo each acquisition, the radar sends a frame composed of 257 chirps. As presented
in Figure 6.1, the first chirp is discarded so only 256 chirps are use. Every chirp
is discretised with 260 samples but the first 4 samples are discarded. As we need
only one measurement by position, we will perform an arithmetic mean over the
256 chirps sent by the radar. It gives a total number of samples M = 256 for each
position.

Figure 6.1: Representation of the signal send by the radar to perform an acquisition,
from [30].
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Our radar has one emitting antenna TX and three receiving antennas that can be
used : RX1, RX2 and RX3 but only the antenna RX1 is used in our application.
This antenna is a small antenna array made of nine array elements placed as shown
in Figure 6.2. As detailed in section 2.4, we can create a beam with thinner width
using multiple antenna elements and the radar presented here uses this technique
to get the radiation pattern shown in Figure 6.2.
The aperture angles of this radar are presented in Table 6.1.

Figure 6.2: Radar antennas disposition of the radar : on the left, the disposition of
each emitting and receiving antennas and, on the right : the radiation pattern of
the antennas in azimuth and elevation angles.

6.2.2 Rail
The rail used for the experimental part of the master thesis is displayed in Figure
6.3. It is a non-motorised rail on which the radar support (red circle in the Figure)
can be moved manually.
The rail course is around 60 [cm] with a graduation in [cm] or in [inches]. We
dispose of a second part of that rail with a course of 30 [cm] allowing us to increase
the radar path length. However, as we do not have all the pieces required to
properly join both pieces, increasing the rail length leads to a rough assembly that
induces loss of precision in the measurement.
The piece circled in red in Figure 6.3 allows us to tilt the radar with regards to
the vertical. Nevertheless, the precision of the provided tilt angle measure is quite
poor.
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Figure 6.3: Rail used for the measurements presented in section 7 with the part
aimed at supporting the radar identified in red. The rail course is around 60 [cm]
with graduation either in [cm] or in [inches].

6.3 Contextualisation
Constraints presented above depends on parameters that are fixed by the radar,
the environment or the problem geometry. Our measurement setups will thus be
constrained by the available technology.

6.3.1 Spatial domain
First the range resolution is limited as the bandwidth cannot exceed 500 [MHz].
We have

∆R = c

2B ∈ [15 0.3] [m] (6.12)

and we are thus forced to work with targets that exceed 30 [cm].
Second the angular resolution is constrained by the rail imprecision. In fact, we
do not have a motorised rail and thus have to move the radar manually. We
are thus limited to rail step distances that are not too small and easy to achieve
manually without error. For example, we will prefer to work with ∆d = 1 [cm] or
∆d = 0.5 [cm] than with a ∆d equal to 0.3 [cm]. For precision reasons, ∆d is thus
limited to 0.5 [cm]. In addition to this, we cannot perform the acquisition while
moving continuously the radar as it is not motorised. Thus we will not be able to
use the Doppler algorithm in order to enhance the angular resolution of the system.
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Furthermore, Lrail is also limited to 60 [cm] on a simple rail. It is always possible
to work with a larger length but this would imply to join several rail part and
will thus induce a lack of precision and difficulties to ensure a certain consistency
between the samples. The impact of a limited rail length is twofold :

1. It limits the angular resolution through

∆α = ∆(sin θ) = λ

N ·∆d (6.13)

2. It increases the minimal distance required between the radar and the targets
to stay in the Far Field consideration, through the Fraunhofer condition
developed in section 3.

Ltarget �
Lrail2

λ
(6.14)

Finally, the azimuth and elevation aperture angles of the radar will limit the
dimensions of the setup used for the measurements. In fact, a total elevation angle
of |±9.1◦| = 18.2◦ offers a limited visible height at small range. We will thus have
to adapt carefully the tilt angle of the radar. This is also valid for azimuth direction,
where we will have to measure setups that are not too wide.

6.3.2 Temporal domain
The number of samples in the fast temporal domain is imposed by the radar, as
explained above. We have M = 256.
For the slow time sampling, we are limited by the available rail. In fact, as its
precision and its length is limited, N could not exceed a value of 100 without loss
of precision.
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Chapter 7

Measurement results

This chapter presents the relevant results we have obtained with several systems
designed from the simplified model developed in section 4. We have worked at
several places in Louvain-la-Neuve in order to exploit different kinds of environments.
The main idea was to observe limits of our model, of our radar and of the algorithms
we used.

Material Each measurement has been performed with the radar presented in
Table 6.1 that we moved step by step the rail presented in section 6.2.2. This way,
all the configurations follow the Start and Go configuration.
For each measurement, we were using either targets or barrels (see Figure 7.1) as
reference to map the recovered image to a satellite view from Google Earth or
simply to recover shapes or particular effects. Thus, we could verify the quality of
our measurements and algorithms.

Figure 7.1: Target (left) and barrel (right) used as reference for the measurements.
The target measures 45.72 [cm] at is diagonal. The dimensions of the barrel are
(Height,Diameter) = (53.2, 40.8) [cm].
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7.1 FFT SAR algorithm
In this section we present results obtained using the FFT SAR algorithm as post-
processing. We thus recover an image of the targeted scene by performing a 2D-FFT
of the received signal, that we approximate as in equation 4.48. As explained in
Section 5, this algorithm leads to multiple artifacts that will be discussed in this
section.

7.1.1 Calibration
By performing measurements with the radar presented in Table 6.1, we have realised
that a parasitic frequency generated by the radar was much more important in
intensity than the frequencies recovered from the targets. Thus, after the 2D-FFT
process, we were not able to see anything other than this parasitic peak. To cancel
this parasitic peak, we have performed several measurements of the radar response
in an anechoic room in order to register its intrinsic impulse response. Then, we
have computed the arithmetic mean over all the measurement to obtain an M × 1
calibration vector, presented in Figure 7.2.

Figure 7.2: Calibration data in temporal domain, obtained by computing the mean
of 20 measurements performed in an anechoic room.

This signal was subtracted to the raw data obtained from our measurements,
just before applying the 2D-FFT. We will show later that the parasitic peak is
strongly attenuated and we are thus able to observe a much more complete signal.
This calibration step has been applied in most of the measurement data that will
be presented in this section. However, we have sometimes applied a background
subtraction processing step instead. This consists in subtracting a measurement of
the background without any target to the data obtained in the same background
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with the targets. This way, the impulse response of the radar and the parasitic
effects due to the environment are partially cancelled.

7.1.2 Maxwell antenna
The first measurement that we have performed was from the second floor of the
Maxwell building.

Objectives The purpose of this measurement was to recover the position of the
"Maxwell Parabola", forming a triangle with two targets we had placed. This would
ensure us that our model was working properly.

Setup The radar was placed on the second floor of the Maxwell building, in the
direction of the parabola. We had placed 2 targets as references, their position
with regards to the parabola are presented in Figure 7.3.

Figure 7.3: Satellite view (left) and radar view (right) of the set-up for the
measurement from Maxwell building : two metallic targets were placed at a range
distance of 27.1 [m] and 47.6 [m] from the radar, while the parabola is at a range
distance of 30.5 [m] from the radar. The tilt angle of the radar compared to the
horizontal was 15◦ and the height of the radar compared to the ground was 8 [m].

An overview of the parameters used for this measurement is proposed in Table 7.1.2.
We were working with a rail of length Lrail = 50 [cm] and steps ∆d = 0.5 [cm].
We performed N = 100 measurements. We used a bandwidth of 500 [MHz].
Finally, equations 6.5 and 6.6 allowed us to compute range and angular resolutions.
Fraunhofer distance is computed with equation 6.11
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Parameter Value
Radar bandwidth 500 [MHz]
Rail length Lrail = 50 [cm]
Fraunhoher distance Ltarget � 20 [m]
Radar step distance ∆d = 0.5 [cm]
Number of azimuth samples N = 100
Number of range samples M = 256
Range resolution ∆R = 30 [cm]
Angular resolution ∆θ = arcsin (∆α) = 0.71◦
Maximal range Rmax = 76.8 [m]

Table 7.1: Overview of the parameters used for the measurement of the Maxwell
parabola.

Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.

2. Calibration, following procedure detailed in section 7.1.1.

3. 2D-FFT using a padding coefficient of 3 (meaning that we add 2 zeros per
sample in the initial signal) for both range and azimuth directions.

4. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.

5. Adaptation of the dynamic color range of the recovered image in order to
reduce the background reflection and noise impact and to highlight to target
positions.
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Figure 7.4: Result of the Maxwell antenna measurement without dynamic color
range modification (left) and with the modification (right). Measurement conditions
are exposed in Table 7.1.2.

Discussion Results are displayed in Figure 7.4. We observe that the first target
and the antenna are well recovered and so are the grids that were in front of
them. Points of lower intensity may correspond to the second target and to the
cars that were parked on the bottom of the picture. As those points are much
further away than the antenna, it could be interesting to amplify their intensity as
a "post-processing" treatment.
In addition to the recovered targets, we observe some undesirable artifacts due to
the FFT algorithm. The most important are the ripples due to the finite duration
of the pulse sent by the radar, as discussed in section 5. Those can be observed in
range and angular directions. Figure 7.5 presents a sample of this ripple in azimuth
direction at the position of the first target. We observe a shape quite close to a
sinc function, which confirms our analysis.
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Figure 7.5: Sample of the ripple in azimuth direction at the position of the first
target (R = 27.1 [m]) after the calibration and the 2D-FFT, with a padding
coefficient of 3.

Furthermore, the Fraunhofer condition to work in a far field configuration is not
perfectly respected. Ltargets are greater than 20 [m] (see Table 7.1.2) but the sign�
could be discussed. In fact, the targets are disposed further away than Fraunhofer
distance but not much further away. This may also induce ripples. This will be
discussed later.
Finally, the effects of the calibration process are presented in Figure 7.1.2, which
displays the results of this measurement with and without the calibration step. As
explained above, we obtain a much more complete signal once the parasitic peak is
cancelled.
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Figure 7.6: Maxwell antenna measurement results obtained with the setup presented
in Table 7.1.2 and Figure 7.3, without calibration (left) and with calibration (right).

7.1.3 Interaction between targets
The set of measurements presented in this section aims at analysing how waves
can interact when several targets are close to each other.

Saint Barbe entrance

Objectives As the main entrance of the Saint Barbe building is composed of a
row of metallic poles, it is an ideal environment to perform radar measurements.
Initially, the objective was twofold:

1. Recovering the row and thus verify the ability of our model to properly
recover a straight line.

2. Analysing the evolution of the azimuth resolution with the range distance.
As we are working in polar coordinates, this resolution will increase as range
increases following relation 7.1.

∆y = R · sin ∆θ (7.1)

This way, we should recover properly the poles that are the closest. However,
the size of the further poles should rapidly become too small with regards to
the azimuth resolution.
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Setup The radar was placed on a table in diagonal with regards to the straight
line formed by the poles of the entrance. The exact position is described in Figure
7.7.

Figure 7.7: Satellite view (left) and radar view (right) of the setup of the Barbe
entrance measurement. The radar is placed at 7.9 [m], 10.1 [m] and 12.4 [m] of the
first three poles. The tilt angle of the radar with regards to the horizontal was 0◦
and the height of the radar compared to the ground was 90 [cm]. A pole measures
20× 12 [cm].

An overview of the parameters used for this measurement is proposed in Table
7.1.3. We were working with a rail of length Lrail = 50 [cm] and steps ∆d =
1 [cm]. We performed N = 50 measurements. We used a bandwidth of 500 [MHz].
Finally, equations 6.5 and 6.6 allowed us to compute range and angular resolutions.
Fraunhofer distance has been computed with equation 6.11.

Parameter Value
Radar bandwidth 500 [MHz]
Rail length Lrail = 50 [cm]
Fraunhoher distance Ltarget � 20 [m]
Radar step distance ∆d = 1 [cm]
Number of azimuth samples N = 50
Number of range samples M = 256
Range resolution ∆R = 30 [cm]
Angular resolution ∆θ = arcsin (∆α) = 0.71◦
Maximal range Rmax = 76.8 [m]

Table 7.2: Overview of the parameters used for the measurement of the entrance
of Saint Barbe building.
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Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.

2. Calibration, following procedure exposed in section 7.1.1.

3. 2D-FFT using a padding coefficient of 4 (meaning that we add 3 zeros per
sample in the initial signal) for both range and azimuth directions.

4. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.

Figure 7.8: Result of the Barbe entrance measurement realised with the setup
presented in Table 7.1.3 and in Figure 7.7. On the left the recovered pole numbers
are mentioned.

Discussion Measurement results are displayed in Figure 7.8. We first observe
that the row of poles is properly recovered, which confirms the validity of the
developed model. In a second time we realise that closer poles are quite precisely
recovered while the other poles seem to be erased as their distance from the radar
increases. This is consistent with our predictions. In fact, we can compute the
azimuth resolution for all the poles using equation 7.1 and compare it to the pole
dimensions. By observing results displayed in Table 7.3, we understand clearly
that poles after the fifth one are nearly invisible for the radar with such azimuth
resolutions, as a pole dimension is only 20× 12 [cm].
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Pole number Distance from the radar Azimuth resolution
1 7.9 [m] 10.0 [cm]
2 10.1 [m] 12.5 [cm]
3 12.4 [m] 15.3 [cm]
4 14.8 [m] 18.3 [cm]
5 17.9 [m] 22.2 [cm]
6 20.2 [m] 25.0 [cm]
7 22.3 [m] 27.6 [cm]
8 25.4 [m] 31.5 [cm]

Table 7.3: Evolution of the azimuth resolution with the range distance, for every
pole recovered by the radar. Every pole measures 20× 12 [cm]. The numerotation
follows Figure 7.8 as a reference.

In addition to this, it is important to note that the ripple due to the 2D-FFT
imprecisions is still present. This can also be caused by the far field assumption
that is not valid for the closest poles. Finally, Figure 7.8 presents an unexpected
feature : a second row of poles is displayed, parallel to the first and "real" one. To
explain this second ghost row we had one proposition of explanation.
We thought that it could be due to the interactions between all the poles : some
waves rebounded from one pole to the next one and then, came back to the radar
with a delay corresponding to a greater range. The intensity of the ghost row of
poles could be stronger than the intensity of the real row thanks to the proximity
between poles, their small dimensions and their plane surface not oriented in the
direction of the radar (see Figure 7.7). This way, a lot of reflections happened while
a very low number of waves came directly back to the radar after reaching a pole,
giving a very intense ghost row. To validate this explanation, we have performed
additional measurements in a very basic environment.

Analysis with barrels

Objectives After the analysis of the results obtained with the Barbe entrance,
we have decided to perform additional measurements to confirm our explanation
for the ghost row. To do so, we will work with two barrels and take measurements
for different distances between them. First we measure only one barrel and then
we bring another barrel nearer step by step to observe the potential interaction
between them. In addition to that, we have performed the same measurement
with wave absorbers disposed around the barrels in such a way that waves can
only reflect in direction to the radar. This second measurement should confirm our
hypothesis by erasing the ghost targets that we should observe with the first setup.
Illustrations of setups are displayed in Figure 7.9.
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Figure 7.9: Observation of interaction between two barrels - schemes of the setup
supposed to generate interaction effects (left) and of the setup with absorbers,
supposed to cancel interaction effects (right).

In order to explain the expected interaction phenomena, we start from the simplified
model exposed in equation 4.48. The signal reflected by both barrels, F1 and F2,
can be written as :

SBBr,F1 [m,n] φ
' exp

[
2πj B

cM
2R1m

]
· exp

[
2πj 2∆d

λ
n sin θ1

]
(7.2)

SBBr,F2 [m,n] φ
' exp

[
2πj B

cM
2R2m

]
· exp

[
2πj 2∆d

λ
n sin θ12

]
(7.3)

with θ1, θ2, R1 and R2 the polar coordinates of both barrels. In our setup θ1 = 0.
To recover those coordinates from the received signals, we have to consider the
delay required for the one-way distance between the barrels and the radar, as the
wave travels twice the distance.

τFone way = 2R + 2n∆d sin θ
2c (7.4)

By multiplying equation 7.4 by c and applying it to each barrel, we can re-
cover their positions in polar coordinates : (RF1, θF1) = (R1, 0) and (RF2, θF2) =(
R2, arcsin

(
2L
R2
N∆d

))
, using sin θ12 = 2L

R2
. Our hypothesis concerning the ghost
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targets generated in Figure 7.8 is that several waves rebounded from one pole to
another before coming back to the radar. If we apply this hypothesis to the first
setup displayed in Figure 7.9, the reflected wave should travel the distance drawn
in blue before reaching the radar back. This gives equation 7.5 for the received
signal.

SBBr,ghost [m,n] φ
' exp

[
2πj B

cM
(R1 +R2 + 2L)m

]
· exp

[
2πj∆d

λ
n sin θ12

]
(7.5)

Recovered delay is thus

τ ghost
one way = R1 +R2 + 2L+ n∆d sin θ12

2c (7.6)

and the recovered distance :

Dghost = (R1 +R2 + 2L)
2 + n∆d sin θ12

2 . (7.7)

The main objective of those measurements is thus to confirm the validity of our
model to explain the interaction effects detailed above. We will compare our
predictions for the ghost target with measurement results by plotting a circle at
polar position

(Rghost, θghost) =
(

(R1 +R2 + 2L)
2 , arcsin

(
L

R2
·N ·∆d

))
(7.8)

and observing if it matches with the recovered interaction effects.

Setups Measurements have been performed on the Place des Paniers in Louvain-
la-Neuve. The radar was posed on a table, right in front of the first barrel. Figure
7.10 displays a satellite view of the setup.
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Figure 7.10: Satellite view (left) and radar view (right) of the setup of the measure-
ment performed with two barrels. The radar is placed at 19.7 [m] from the first bar-
rel. The distance between barrels will vary between 2L = [10 4 3 2 1 0.5 0.2] [m].
R2 can be computed for each value of 2L. The tilt angle of the radar with regards
to the horizontal was 0◦ and the height of the radar compared to the ground was
90 [cm].

An overview of the parameters used for this measurement is proposed in Table
7.1.3. We were working with a rail of length Lrail = 50 [cm] and steps ∆d = 1 [cm].
We performed N = 50 measurements. We used a bandwidth of 500 [MHz]. Finally,
equations 6.5 and 6.6 allowed us to compute range and angular resolutions.

Parameter Value
Radar bandwidth 500 [MHz]
Rail length Lrail = 50 [cm]
Fraunhoher distance Ltarget � 20 [m]
Radar step distance ∆d = 1 [cm]
Number of azimuth samples N = 50
Number of range samples M = 256
Range resolution ∆R = 30 [cm]
Angular resolution ∆θ = arcsin (∆α) = 0.71◦
Maximal range Rmax = 76.8 [m]

Table 7.4: Overview of the parameters used for the measurement performed with
barrels at Place des Paniers.

Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.
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2. Background subtraction, following procedure exposed in section 7.1.1 with a
blank measurement of the environment performed in the conditions exposed
in Table 7.1.3 and Figure 7.9 without barrels.

3. 2D-FFT using a padding coefficient of 4 (meaning that we add 3 zeros per
sample in the initial signal) for both range and azimuth directions.

4. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.

Discussion Measurement results for the setup without absorbers are presented in
Figure 7.11, where the predicted position of the ghost target described in equation
7.8 is plotted. We observe that the prediction matches properly with the reality,
which confirms our hypothesis. We can thus also conclude that our model describes
quite precisely the problem. Furthermore, Figure 7.12 provides a comparison
between both setup presented in Figure 7.7, with and without absorbers. We
observe that without absorbers, a ghost target appears and seems to be at the
predicted position. With absorbers, no ghost target appears. This means that
we have cancelled interactions and prevented waves to reflect from one barrel to
the other by positioning correctly the absorbers. This confirms the hypothesis of
interaction between targets as only cause for the apparition of a ghost target in
Figures 7.8 and 7.11. It is important to note that we have moved the radar in
opposite direction with regards to the first measurements 7.11, this explain why
the scene is inverted.
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Figure 7.11: Measurement results of the setup presented in Figure 7.10 without
absorbers. The distance Lbarrels between the two barrels is varying from 4 [m] to
1 [m] and ∆d = 1 [cm], obtained with the FFT algorithm. A padding has been
applied to increase resolution by a factor four. A prediction of the position of the
ghost target due to interactions between barrels is provided in white.

90



Figure 7.12: Measurement results of the setup presented in Figure 7.10 with (left)
and without (right) absorbers. The distance Lbarrels between the two barrels is
varying from 4 [m] to 1 [m] and ∆d = 1 [cm], obtained with the FFT algorithm.
A padding has been applied to increase resolution by a factor four.
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7.1.4 Fraunhofer assumption
This section presents measurements realised in order to analyse the effect of
Fraunhofer assumption when Far Field condition (6.11) is not respected.

Objectives As a reminder, angular resolution and Fraunhofer condition expres-
sion are presented in equation 7.9.

∆ (sin θ) = λ

2Lrail
= λ

2N∆d Ltarget �
L2

rail
λ

= (N∆d)2

λ
(7.9)

We observe that increasing the length of the radar path (Lrail) offers a finer angular
resolution but increases the minimal required Ltarget to stay in the Far Field
configuration. We can thus intuitively deduce that there is a tradeoff to be found
between an acceptable angular resolution and a Fraunhofer distance adapted to
our setup. The purpose of this set of measurement is to compare results obtained
with different rail lengths Lrail and three targets placed at different range distances
Ltarget. Ideally, we should observe that precision of recovered targets increases
with the length of the rail until a specific point. Then, the Fraunhofer condition
won’t be respected anymore and targets should spread in the angular direction. As
they are placed at different range distance, the closest target should suffer far field
assumption consequences more than the farthest target.

Setup We have performed measurement with three targets of the form presented
in Figure 7.1 on the Place des Paniers in Louvain-la-Neuve. Targets were disposed
as presented in Figure 7.13 and the radar was posed on a table at 90 [cm] to the
ground.
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Figure 7.13: Satellite view (left) and radar view (right) of the setup of the mea-
surement performed to quantify Fraunhofer assumption hypothesis. Three targets
had been placed at distance Ltarget = [7.61 15.1 22.48] [m]. The tilt angle of the
radar was 0◦ and its height 90 [cm].

An overview of the parameters used for this set of measurements is presented in
Table 7.1.4. We were working with a rail length varying from 10 [cm] to 200 [cm]
and steps ∆d = 1 [cm]. We used a bandwidth of 500 [MHz]. Finally, equations 6.5
and 6.6 allowed us to compute range and angular resolutions.

Parameter Value
Radar bandwidth 500 [MHz]
Rail length Lrail ∈ [10 200] [cm]
Fraunhoher distance Ltarget � [3.2 320] [m]
Radar step distance ∆d = 1 [cm]
Number of azimuth samples N ∈ [10 200]
Number of range samples M = 256
Range resolution ∆R = 30 [cm]
Angular resolution ∆θ = arcsin (∆α) ∈ [3.6 0.18] ◦
Maximal range Rmax = 76.8 [m]

Table 7.5: Overview of the parameters used for the measurement performed with
three targets at Place des Paniers.

We have computed the angular resolution ∆θ and the corresponding Fraunhofer
condition on Ltarget for each Lrail. Results are displayed in Table 7.6. We observe
that first target does not respect Fraunhofer condition anymore when the radar
path reaches 30 [cm]. For second target the precision should decrease once the
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radar path reaches 50 [cm] and for third targets once the radar path reaches
60 [cm]. Also, it is important to note that we are working with a bandwidth of
500 [MHz] and thus a maximal range of 76.8 [m], limiting our reachable Fraunhofer
condition.

Lrail in [cm] Ltarget in [m] ∆ sin θ in ◦
20 3.2 1.79
30 7.2 1.19
40 12.8 0.89
50 20.0 0.71
60 28.8 0.60
80 51.2 0.44
100 80.0 0.36
140 156.8 0.25
160 204.8 0.22
200 320.0 0.18

Table 7.6: Overview of the Fraunhofer condition and angular resolution correspond-
ing to each length of rail used for this measurement.

Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.

2. Background subtraction, following procedure exposed in section 7.1.1 with a
blank measurement of the environment performed in the conditions exposed
in Table 7.1.4 and Figure 7.13 without targets.

3. 2D-FFT using a padding coefficient of 4 (meaning that we add 3 zeros per
sample in the initial signal) for both range and azimuth directions.

4. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.

Discussion Results for Lrail ∈ [10 60] [cm] are displayed in Figure 7.14. As
expected, target precision seems to increases when radar path length increases from
20 [cm] to 30 [cm]. Once that length is reached, the closest target will spread in
azimuth direction as Lrail keeps increasing. The other target precision will increase
until Lrail reaches 40 [cm] and then decrease. This result is consistent with our
predictions and confirms the idea of critical point. Results for Lrail ∈ [60 200] [cm]
are displayed in Figure 7.15. This shows the increasing spread effect for the three
targets as Lrail exceeds 60 [cm]. We observe that the spread is more important for
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the closest target than for the farthest target, as expected. Finally, results express
a certain flexibility with regards to the Fraunhofer condition. In fact, after having
analysed Figures 7.14 and 7.15 we could rewrite equation 6.11 as

Ltarget ≥
(Lrail)2

λ
= (N ·∆d)2

λ
(7.10)

instead of
Ltarget �

(Lrail)2

λ
= (N ·∆d)2

λ
(7.11)
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Figure 7.14: Measurement results of the setup presented in Figure 7.13 with Lrail
varying from 20 [cm] to 60 [m] and ∆d = 1 [cm], obtained with the FFT algorithm.
A padding has been applied to increase resolution by a factor four. We observe
that target precision is increasing and we do not suffer far field assumption
consequences.
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Figure 7.15: Measurement results of the setup presented in Figure 7.13 with Lrail
varying from 60 [cm] to 2 [m] and ∆d = 1 [cm], obtained with the FFT algorithm.
A padding have been applied to increase resolution by a factor four. We observe that
target precision is decreasing as we suffer far field assumption consequences.
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7.1.5 Sensitivity to setup parameters
In this section, we present measurements realised in order to observe our model
sensitivity to parameters imprecision.

Objectives The purpose of the measurement presented below is to measure the
consequences of a wrong setup and more precisely, an error on the rail step distance
∆d. We will thus compare results obtained with a measurement performed with an
∆d = 1 [cm] assumed to be perfectly realised and with results from a measurement
performed with a ∆d = 1 [cm] ± 30%. This second measurement will thus be
obtained by alternating between ∆d = 0.7 [cm] and ∆d = 1.3 [cm]. This way, we
will test the robustness of our model with regards to rail step distance error.
Theoretically, we may observe imprecision on the recovered angular coordinate. In
fact, from the model we have

(Rrec, θrec) =
(
Rt, arcsin

(
yt
Rt

·N ·∆α
))

(7.12)

=
(

2Rt

2 , arcsin
(
yt
Rt

·N · λ

2N ·∆d

))
(7.13)

= (Rt, θt) (7.14)

for any target t placed at position (Rt, θt) in the radar polar plane of coordinates.
However, the azimuth precision should stay acceptable as even if there is an error
on ∆d measurement, we have performed measurement such as Lrail stays constant.
This way, the error should not have an irretrievable consequence on the result and
may even not be observable at all.

Setup We have worked with ten barrels that we have placed as presented in
Figure 7.16. A distance of 90 [cm] separated them and each barrel has a diameter
of 40.8 [cm].
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Figure 7.16: Satellite view (left) and radar view (right) of the setup of the mea-
surements performed to quantify the impact of setup imprecision. Ten barrels had
been placed in a triangle shape at a distance Ltarget,0 = 12.1 [m]. Distance between
barrels is 90 [cm]. The tilt angle of the radar was 0◦ and its height 90 [cm].

Table 7.1.5 overviews the most relevant parameters of the measurements. Azimuth
and angular resolutions have been computed with equation 6.5 and 6.6. It is
important to note that most of the barrels are below the Fraunhofer distance, which
means that we may observe imperfection in recovered image.

Parameter Value
Radar bandwidth 500 [MHz]
Rail length Lrail = 50 [cm]
Fraunhoher distance Ltarget � 20 [m]
Radar step distance ∆d = 1 [cm] ± 30%
Number of azimuth samples N = 50
Number of range samples M = 256
Range resolution ∆R = 30 [cm]
Angular resolution ∆θ = arcsin (∆α) = 0.71◦
Maximal range Rmax = 76.8 [m]

Table 7.7: Overview of the parameters used for the measurement performed with
barrels at Place des Paniers.

Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.

2. Calibration, following procedure exposed in section 7.1.1.
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3. 2D-FFT using a padding coefficient of 4 (meaning that we add 3 zeros per
sample in the initial signal) for both range and azimuth directions.

4. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.

Discussion Results obtained with and without rail step error are presented in
Figure 7.17. As predicted, the ∆d error has nearly no impact on the result. Both
images present the same level of precision. This allows us to conclude that only
Lrail has a great impact on our model precision. More precisely, a wrong Lrail
measurement will result in a wrong mapping with reality as angular resolution will
be wrongly computed. This effect is displayed in Figure 7.18.
However, we observe that recovered barrels are spread in angular direction and
that this spread seems to decrease as Ltarget increases. As the spread is present in
both results, we can conclude that it is due to the Fraunhofer approximation and
not to the introduced rail step error.

Figure 7.17: Results of the measurement realised with the setup presented in Table
7.1.5 and in Figure 7.16, without the ∆d error (left) and with the ∆d error (right).
No Hamming window has been applied to obtain those results.
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Figure 7.18: Results of the measurement realised with the setup presented in Table
7.1.5 and in Figure 7.16, without the ∆d error but with an error on the estimation
of Lrail. On the left the image is recovered with a perfect Lrail = 50 [cm] and on the
right Lrail is wrongly estimated as being equal to 35 [cm]. No Hamming window
has been applied to obtain those results.

7.1.6 Hamming window effect
The purpose of this section is to present and display properly the effect of applying
a Hamming window during the post-processing step of the data.

Objectives Based on the setup presented in Figure 7.16 and in Table 7.1.5, we
will show the impact of the Hamming window and discuss its convenience it our
application.

Setup The setup used for this measurement is presented in Figure 7.16 and in
Table 7.1.5, without any error on the rail step. We are working with a bandwidth
B = 500 [MHz] and a step distance ∆d = 1 [cm].

Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.

2. Calibration, following procedure exposed in section 7.1.1.
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3. 2D-Hamming window.

4. 2D-FFT using a padding coefficient of 4 (meaning that we add 3 zeros per
sample in the initial signal) for both range and azimuth directions.

5. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.

Figure 7.19: Results of the measurement realised with the setup presented in Table
7.1.5 and in Figure 7.16 without ∆d error. On the left we have not applied a
Hamming window and on the right, a 2-D Hamming window has been applied right
before the 2D-FFT.

Discussion Results with and without Hamming window are presented in Figure
7.1.6. We observe that the angular spread of the recovered barrels is strongly
attenuated with the Hamming window. As it had been explained in section 5, the
principal effect of this post-processing step is to amplify the principal peaks of the
2D-FFT and to attenuate the auxiliary peaks. If its efficiency in other contexts
could be discussed, we can conclude that in applications where the Fraunhofer
assumption is not properly respected, a Hamming window post-processing step
strongly attenuates the impact of the Far Field assumption.
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7.1.7 High-pass filtering on the signal
The purpose of this section is to present and display properly the effect of applying
a high pass filter on the received signal in the post-processing step. The high pass
filter used is an IIT digital Butterworth filter with the following definition :

H(z) =
∑K
k=0 b(k)z−k

1 +∑L
l=0 b(n)z−l

, (7.15)

with z the z-transform corresponding to ejω, a and b the coefficient of the filter
(giving by the function butter in Python fro our application.

Objectives The set-up is the same as the one use for the previous example and
can be found in Figure 7.16 and in Table 7.1.5, we will show the impact of using a
high pass filtering and it’s impact on the image recovered.

Setup The setup used for this measurement is presented in Figure 7.16 and in
Table 7.1.5, without any error on the rail step. We are working with a bandwidth
B = 500 [MHz] and a step distance ∆d = 1 [cm].

Post-processing steps

1. Mean over the 256 chirps send by the radar for each position.

2. Calibration, following procedure exposed in section 7.1.1.

3. Applying a high pass filter of frequency equal to 0.1fs2 where fs is the sampling
frequency.

4. 2D-FFT using a padding coefficient of 4 (meaning that we add 3 zeros per
sample in the initial signal) for both range and azimuth directions.

5. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.
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Figure 7.20: Results of the measurement realised with the setup presented in Table
7.1.5 and in Figure 7.16 without ∆d error. On the left we have not applied the
high pass filtering and on the right, high pass filtering has been applied before
performing the FFT.

Discussion Results obtained with and without the high pass filtering are dis-
played in Figure 7.1.7. The main idea behind the use of high pass filtering is to
suppress the parasitic component that occurs for a frequency corresponding to
the position (R = 0, θ = 0). Indeed our application does not need the recover
really close target (a frequency of fs

2 correspond to a range Rmax = 76.8 [m] so by
applying this high pass filter we discard the low range targets.
We see that the image recovered when the high pass filter has been applied is
brighter (don’t forget we are in log10 scale) because the brightest point previously
was at the origin of the image(at low frequency then). A potential application of
the high pass could be discarding all the targets that are too close from the radar
to focus on the targets that are farther.

7.2 Matching Pursuit algorithm
In this section, the results obtained with the Matching Pursuit algorithm are
presented and discussed with regards to the results of the FFT algorithm. The
purpose of this set of measurements is to highlight differences between both
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algorithms on a basic setup.

Objectives We have performed measurements at Place des Paniers with one
barrel (see Figure 7.1). The main objective is to present the results obtained using
the Matching Pursuit algorithm and compare them with those obtained from the
Fourier Transform algorithm. In addition to the standard processing, we have also
performed noisy measurement, where we have added noise to the data as a first
post processing step. This allows us to observe the behaviour of both algorithms
with noisy signals.
Using the Matching Pursuit algorithm, we should recover a cleaner image without
the ripples that we usually observe with the Fourier Transform algorithm. Also, the
Matching Pursuit algorithm provides a threshold that gives us a degree of freedom
to keep only the main targets.

Set-up The setup used for this measurement is presented in Figure 7.21 and
Table 7.2. The barrel is placed at 19.2 [m] of the radar. We are working with a
bandwidth B = 500 [MHz] and a step distance ∆d = 1 [cm]. The tilt angle of the
radar is 0◦ and its height 90 [cm].

Figure 7.21: Satellite view of the setup of the measurement performed for testing
the Matching Pursuit algorithm. A single target (here a barrel of beer) has been
placed at a distance Lbaril = 19.2[m] in front of the radar. The tilt angle of the
radar was 0◦ and its height 90 [cm].
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Parameter Value
Radar bandwidth 500 [MHz]
Rail length Lrail = 50 [cm]
Fraunhoher distance Ltarget � 20 [m]
Radar step distance ∆d = 1 [cm]
Number of azimuth samples N = 50
Number of range samples M = 256
Range resolution ∆R = 30 [cm]
Angular resolution ∆θ = arcsin (∆α) = 0.71◦
Maximal range Rmax = 76.8 [m]

Table 7.8: Overview of the parameters used for the measurement of the 1-barrel
measurement.

Post-processing steps For the Matching Pursuit algorithm :

1. Mean over the 256 chirps send by the radar for each position.

2. Calibration, following procedure exposed in section 7.1.1.

3. Matching Pursuit with a threshold ρ = 0.1, 0.05, 0 and with of 200,500 and
5000 maximum of iteration.

4. Cartesian coordinate plot using imshow.

5. When testing several threshold values the number of iterations is fixed at
his maximum (M · N) and when testing several number of iterations, the
threshold is fixed at 0.

6. Noise has been added to the signal for the last measurements. The noise is
Gaussian and centred with a standard deviation σ = 500.

For the Fourier Transform algorithm :

1. Mean over the 256 chirps send by the radar for each position.

2. Background subtraction, following procedure exposed in section 7.1.1 with a
blank measurement of the environment performed in the conditions exposed
in Table 7.1.4 and Figure 7.13 without targets.

3. 2D-FFT using a padding coefficient of 1 (no zero padding) for both range
and azimuth directions.

4. Polar coordinates plot, in log10 scale, using the function pcolor from Python
to display a polar view of the image data.
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Figure 7.22: Result of the Matching Pursuit algorithm for the set-up presented in
Figure 7.21 and Table 7.2 for various thresholds. From up to down : Matching
Pursuit algorithm for ρ = 0, 0.05 and 0.1 with the maximum number of iterations
being M ·N .

Figure 7.23: Result of the Matching Pursuit algorithm for the set-up realised in
Figure 7.21 and Table 7.2 for various number of max iteration. From left to right :
Matching Pursuit algorithm for a maximum iteration of 20,500 and 5000 with the
threshold being ρ = 0.
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Figure 7.24: On the left, image recovered from the Fourier Transform algorithm
and on the right, image recovered from the Matched pursuit algorithm (ρ = 0.1).

Discussion First the results of the measurement without noise are shown in
Figures 7.22, 7.23 and 7.24. We see on Figure 7.22 that when the threshold is above
0.1, only a small number of points are displayed corresponding to the main targets.
The Matching Pursuit algorithm recovers the targets without the ripples that were
occurring in the Fourier Transform algorithm. That is, the image is generated from
a dictionary of deltas that do not induce ripple. When the number of reflected
waves (linked to the number of targets) becomes larger, the recovered image starts
to decrease in visibility if the threshold is not large enough. This shows that the
Matching Pursuit fits better for signal with a small number of targets. The main
drawback of this algorithm is the size of the dictionary. It is very large and we
run rapidly out of memory when trying to use more samples M and N . To avoid
this limitation we should use dictionaries with less elements but this means that
the resolution of the image could be decreased. Finally, when we add noise to
the measurement, we see that both algorithm success to recover the main targets
but the Matching Pursuit gives a cleaner image. This is due to the fact that the
coefficient corresponding to the noisy part of the signal is lower than the threshold.
It can be interesting to use the Matched Pursuit algorithm when we deal with
measurement with low Signal to Noise Ratio or parasitic targets.
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Figure 7.25: Result for the set-up realised in Figure 7.21 and Table 7.2 with noisy
measurement of Gaussian distribution : N(0, σ) with σ = 500 for the Matching
Pursuit algorithm (left) and the Fourier Transform algorithm (right).
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Chapter 8

Conclusion

During this master thesis, we have developed, characterised and validated a mathe-
matical model in order to perform Synthetic Aperture Radar (SAR) at small scale.
This model allowed us to recover pictures of targets and specific environments at a
range distance from 10 [m] to 70 [m] with a radar providing a maximal bandwidth
of 500 [MHz].
First of all, we started from a general geometric description of SAR imaging
problems and the transmitted Frequency Modulated Continous Wave (FMCW)
expression to achieve a complete description of the received signal. We have
considered two main spatial and temporal dimensions : the range direction that is
associated with the fast temporal domain of the signal and the azimuth direction
that corresponds to the slow temporal domain of the radar displacement. Only
three hypotheses have been applied : the Far Field assumption, a first order Taylor
expansion for the range distance between the radar and the target and, the radar
speed that is much slower than the light speed.
We have discretised our domain in both spatial and temporal dimensions and
simplified the complete model to remove higher order and constant phase terms.
The final expression of the received signal has been expressed in polar coordinates
and is a product of two exponential functions of the form

SBBr [m,n] ψ
' exp

[
4πj B

cM
Rxm

]
︸ ︷︷ ︸

Fast time dependent

· exp
[
4πj f0

c
sin(θ)(n∆d)

]
︸ ︷︷ ︸

Slow time dependent

, (8.1)

where m and n correspond to the fast and slow temporal discretizations and (R, θ)
are the polar coordinates of the recovered SAR picture. Simulations have been
performed in order to validate this simplified model.
Then, we have detailed both post-processing algorithms that we have used in
our experiments : the Fourier Transform algorithm and the Matching Pursuit
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algorithm. They have been mathematically described and simulated in order to
identify their pros and cons and to compare them. We found that the former
presents ripples due to the finite duration of a pulse while the latter induces a large
computational cost.
Based on the simplified version of the model that we have developed, we have
established the main equations necessary to perform small scale SAR measurements.
More precisely, we have derived azimuth and range resolutions corresponding to
our application and linked them to the available technology.
We have performed several measurements in specific environments designed to
test the performances and limits of our model. We have described a calibration
method to enhance data readability and prove its utility with a measurement of the
Maxwell antenna. This result also allowed us to discuss the imperfections of the
Fourier Transform algorithm such as the ripple due to the cardinal sine functions
induced by the finite pulse duration.
After that, we were interested in the interaction between close metallic targets. We
first analysed a measurement of the Saint Barbe building entrance that presented
ghost targets due to the interactions. Then we predicted correctly the position
of those ghost targets in a basic environment composed of two metallic barrels
that we progressively brought closer to each other. This allowed to validate the
applicability of our model.
We have then worked with metallic conic targets that we have disposed at different
range distances from the radar in order to quantify the impact of the Fraunhofer
assumption while increasing the rail length. By analysing results, we found a critical
point from which the angular resolution stopped increasing and the targets started
to spread in angular direction. Furthermore, we could experimentally rewrite the
Fraunhofer condition as

Ltarget ≥
L2

rail
λ

instead of Ltarget �
L2

rail
λ
. (8.2)

Building a setup with ten metallic barrels, we have analysed the effect of an error
on the measurement of the radar step distance ∆d, without inducing an error on
the rail length. We observed that our model was robust to such variations. We also
observed the impact of a Hamming window and a high pass filter on the quality
of the recovered image, working with the same setup. We observed that both
post-processing steps offer an efficient compensation to imperfections due to the
Fraunhofer assumption and the Fourier transform.
Finally, we have compared results obtained with the Fourier Transform algorithm
and the Matching Pursuit algorithm. This allowed us to highlight the imperfections
of the former. In fact, the ripple due to the Fourier Transform is not present in
results obtained with the Matching Pursuit algorithm. However, the latter is very
heavy to process for large sets of data and is constrained to specific situations.
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To bring the model developed in this master thesis further, it could be interesting
to quantify the effects that we have observed with the presented measurements.
We have proven the validity of the model and provided a first approximation of
its performances, but it requires more experiments to associate the results with
figures for its accuracy, its sensitivity to the target distance variations (Fraunhofer
assumption), the impact of post-processing steps or the differences between the
Fourier Transform algorithm and the Matching Pursuit algorithm.
Furthermore, the azimuth resolution of the model could be enhanced by working
with a motorised rail and thus using the Doppler effect. In fact, the manual rail we
used constrained our post-processing methods. In addition to this, we worked with
a radar limited to a 500 [MHz] bandwidth and we were thus forced to work with
a maximal range resolution of 30 [cm]. To explore the model further, it could be
worthwhile to increase the bandwidth with another radar. This could also offer
the possibility to increase the sampling in the fast temporal dimension, as we were
limited by the intrinsic processing of the available radar.
In conclusion, this master thesis offers a solid model and relevant associated
experiments that should be further explored in order to provide a complete toolbox
to perform SAR at small scale.
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