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Abstract

Biological signal classification plays an important role in health-related real-time appli-

cations. It has been shown that using a covariance matrix representation of biological

signals and exploiting the Riemannian geometry of the space of symmetric positive

definite (SPD) matrices, to which covariance matrices belong, enables to ease signal

discrimination. Unfortunately, classifying points on high-dimensional SPD manifolds

is computationally expensive, so not well-suited for real-time applications. In this

thesis, we propose to combine the covariance matrix representation with a structure-

preserving dimensionality reduction algorithm. Namely, we define a mapping from a

high-dimensional SPD manifold to a lower-dimensional SPD manifold, that preserves

the intrinsic structure of the data. We combine this dimensionality reduction algorithm

with two classification algorithms on Riemannian manifolds (i.e. minimum distance to

Riemannian mean (MDRM) and k-nearest neighbors (KNN)) and test these approaches

in two different setups: electroencephalography (EEG) and surface electromyography

(sEMG). We show that we can reduce the computational time while gaining classification

performance.
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1 INTRODUCTION

1. Introduction

Imagine a prosthetic arm offering the same movement possibilities as a human arm;

imagine a motorized wheelchair controlled with your own thoughts. Reality, science-

fiction, or did science-fiction become reality? As crazy as it may sound, science is

moving forward at a high pace in this direction. How is this possible, one may think?

Thought-controlled wheelchairs and prosthetic devices may appear to have nothing

in common, yet their operation is based on the same invisible but measurable entity:

biological signals. These are recordings of signals in living beings generated during

biological events such as the information processing of a brain, the contraction of a

muscle, or the beating of a heart. This work considers two methods for measuring

biological signals: electroencephalography (EEG), used to measure the electrical activity

from the brain, and surface electromyography (sEMG), used to measure the electrical

activity produced by skeletal muscles. Both have recently received much attention within

various research fields due to their numerous applications, mostly within the health

sector. EEG signals are used to investigate brain activities, to study its neuronal functions

and its to study neurophysiological properties. The knowledge acquired through EEG is

notably used for the creation of brain-actuated wheelchairs [43] and more widely for

medical, brain-computer-interaction, and neuromarketing purposes [24]. SEMG signals

give valuable information about neuromuscular activity. These signals play an important

role in biomechanical analysis [31] and allow the control of myoelectric prostheses [10].

Many of these applications rely on the ability to treat the measured EEG/sEMG signals

by predicting a targeted class over a time window. This class typically corresponds to the

movement of the motorized wheelchair or of the myoelectric prosthesis that is attempted

by some person.

Therefore, the purpose of this thesis is to build classification algorithms able to de-

duce which brain (EEG) or hand (sEMG) activity was made by a subject from measured

signals. The major difficulties in developing powerful algorithms are (1) that the mea-

sured biological signals are often really noisy, which makes the classification difficult,

and (2) that most applications need real-time classification which imposes sharp time

constraints. In this context, algorithms based on a covariance matrix representation of

the measured biological signals have recently been shown to be particularly performant

and robust in computer vision [12] and EEG-based brain-computer interfaces [13][14].

To fully exploit the structure of these covariance matrices, we use Riemannian geometry

tools in order to classify the covariance matrices. In fact, covariance matrices belong to

the space of symmetric positive definite (SPD) matrices also called the SPD manifold. As

the classification algorithms considered in this thesis (Minimum Distance to Riemannian

1



1 INTRODUCTION

Mean and K-Nearest Neighbors) require a notion of distance between two points, we

propose to test various metrics that take the Riemannian structure of the SPD manifold

into account.

Moreover, we propose to use a dimensionality reduction algorithm allowing us to

map the covariance matrices onto a lower-dimensional SPD manifold by preserving the

intrinsic structure of the data. By classifying the resulting points on this smaller SPD

manifold, we show that the proposed approach results in lower computational time and

improved classification performance.

The outline of this thesis is the following. First, we introduce the EEG and sEMG

biological signals in Section 2 and the tools of Riemannian geometry necessary for an

understanding of this work in Section 3. Then, we present the classification algorithms

used on the SPD manifold in Section 4 and introduce the dimensionality reduction

algorithm in Section 5. Finally, we experiment and discuss the proposed approach in

two settings: the classification of EEG signals in Section 6 and the classification of sEMG

signals in Section 7.
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2 BIOLOGICAL SIGNALS

2. Biological signals

Biological signals or biosignals are the recordings of signals in living beings that are

generated by biological events. These events generate electrical, chemical, and mechani-

cal activities that often produce measurable and analyzable signals which are of great

interest due to the understanding of the underlying physiological mechanisms they offer

[16]. This work considers two types of biosignals measurements: electroencephalography
(EEG) and surface electromyography (sEMG). Electroencephalography (resp. surface

electromyography) is a way of recording electrical brain activity (resp. electrical muscle

activity). These recordings are named electroencephalogram (resp. surface electromyo-

gram) and measured with an electroencephalograph (resp. surface electromyograph).

Both EEG and sEMG rely on the use of sensors which are separated into two main

categories: invasive sensors and non-invasive sensors. Although invasive sensors mea-

sure higher quality signals, they are particularly impractical as they are expensive and

require surgeries which make it difficult to run tests in a laboratory. Therefore, demand

for non-invasive, cheap, fast, and real-time sensors is receiving a great interest [32].

However, a significant obstacle in using such sensors is that the measured signal quality

is reduced.

In this thesis, we apply classification algorithms on data measured with non-invasive

sensors. This is a challenging task because the measured biosignals are of low quality

and usual filters do not succeed in successfully getting rid of the noise.

In the following, we introduce both EEG and sEMG signals in detail.

2.1. Electroencephalography

EEG recordings are obtained from sensors placed on the surface of the scalp (see fig. 1).

These sensors measure voltage fluctuations resulting from ionic currents within the

neurons of the brain. Millions of neurons take part in controlling the behavior of the

human body as they are information carriers between the body and the brain. Therefore,

signals emitted by neurons are related to events a person lives or experiences. However,

although the brain is the central organ of the nervous system, its functioning is only

barely known. The EEG signals do not give a full understanding of the complexity of the

brain, but may still be used to enlighten some phenomenons. Indeed, human behavior

can be seen as a combination of motor and sensory states such as eye movement, lip

movement, focus, . . . [37]. These states come together with specific signal frequencies

inside the brain that are measurable with EEG. This opens the doors to the exploitation
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2 BIOLOGICAL SIGNALS

Figure 1: Representation of an electroencephalogram (extracted from wetalkuav).

of EEG signals.

2.1.1 SSVEP based brain computer interfaces

In this thesis, we focus on a specific EEG-based application, namely Steady-State Visually
Evoked Potentials (SSVEP) based brain-computer interfacing [39]. A brain-computer

interface (BCI) is a computer-based system that acquires brain signals (usually with

EEG) and translates them into commands relayed to an output device to carry out

the desired action. BCIs are at the center of many research studies and this work in

particular due to their varied applications usually seeking to replace or restore useful

functions to people disabled by neuromuscular disorders (e.g. stroke, lateral sclerosis,

cerebral palsy or spinal cord injury) [38]. From the introductory example, we may find

a wheelchair controlled by thoughts within the wide range of BCI applications.

BCIs usually rely on 3 major paradigms [1]:

• Motor Imagery is based on the subject kinetically imagining a movement. In

fact, studies have shown that imagination activates areas of the brain responsible

for generating the actual movement. The brain then emits signals which may be

measured and used in applications.

• Error Related Potential is usually used to correct BCI errors. It is based on the

fact that, when there is a mismatch between a subject’s intention to perform a task

and the actual response provided by the BCI, the brain generates an error-related

potential.

• Steady-State Visually Evoked Potentials relies on the fact that when the retina

is excited by visual stimulation between 3.5 Hz and 75 Hz, the brain generates

4
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2 BIOLOGICAL SIGNALS

electrical signals, mostly emitted in the occipital area of the brain, at the same (or

a multiple of the) frequency. These signals are called steady-state visually evoked

potentials [6].

The example on which we work uses the SSVEP paradigm. Let us consider a subject

in a motorized wheelchair facing a screen containing 4 elements flashing at different

frequencies and from which EEG data is recorded. Each of these elements is related to

one specific movement of the chair (forward, backward, left, and right). By focusing

on one specific element of the screen, the subject’s brain produces measurable SSVEP.

Therefore, the measured EEG signals can be used to deduce which specific element the

subject was focusing on and move the chair accordingly. In practice, this is a difficult

problem. Advanced classification algorithms are necessary in order to compute to which

element the subject was looking at and the algorithms proposed until now have had

varying degrees of success [21][30]. This work is therefore dedicated to proposing an

improvement of the existing algorithms.

2.1.2 Other EEG applications

EEG is widely used in other domains, including:

• Neuroscience Various clinical applications of EEG exist. It is for example used

to diagnose sleep disorders, schizophrenia, . . . [3][46].

• Social interaction For understanding the effect of the brain on social behaviors

leading, for example, to interpersonal behavior synchronization [28].

• Neuromarketing For understanding the human decision mechanism involved in

the purchase of a product or a service [48].

2.2. Surface electromyography

Surface electromyography captures the electrical activity produced during a muscle

contraction. Surface refers to the non-invasive type of signal measurement, as opposed

to invasive electromyography. The sensors are placed on skin regions immediately above

the muscle tissues and the measured electrical signals provide information about the

intensity of muscle activation. It is hence possible, by placing sensors above multiple

muscles, to understand how a group of muscles work together to execute a movement

or a task [11]. The sEMG signals are usually recorded with a so-called Myo armband
containing multiple electrodes (see fig. 2)
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2 BIOLOGICAL SIGNALS

Figure 2: Myo armband [27].

2.2.1 Myoelectric prosthetic hands

The sEMG application on which this work focuses is the treatment of sEMG signals for

myoelectric prosthetic hand control. This is a type of prosthesis used for upper limb

replacement techniques based on sEMG measurements and dedicated to arm amputees

[42]. These amputated subjects, having lost part of their arms due to an accident,

trauma or any disease affecting the upper limbs, have still functioning muscles in the

remaining part of the arm. The sEMG signals may thus be measured on these remaining

muscles to represent hand movements, and inferring motion attempt from sEMG would

allow efficient control of prosthetic hands. This way of proceeding is promising because

each hand movement requires a specific contribution of arm muscles that may be found

in the sEMG signals. Similarly to the EEG signals, classifying sEMG signals is complicated

and this work aims proposing improved ways of doing what has been attempted in

the literature before. In this thesis, we consider a database containing sEMG signals

measured on forearm muscles with a Myo armband similar to the one shown in fig. 2.

2.3. Other sEMG applications

As a tool for understanding muscular activity at an affordable price, sEMG is widely used

in fields requiring measurements of muscular activity. Here are some examples [31]:

Gait analysis and the evaluation of neuromuscular disorders Gait constitutes a

really specific cyclic and complex movement which involves many muscles at the same

time. People for which the gait is affected due to a prosthetic implant, an articular

instability, or damaged ligaments may be helped with sEMG. In fact, sEMG allows

studying the activation times and intermuscular coordination during this movement.

Therefore, identifying disturbances affecting the gait by comparing with sEMG measures

of a normal subject is possible.

6



2 BIOLOGICAL SIGNALS

Evaluating sports performance By the possibility sEMG offers to analyze dynamic

situations, they are also widely used in the world of sports. By analyzing a group of

muscles when achieving a specific movement, sEMG signals may be used in order to

improve the efficiency of a specific movement and prevent an injury

7



3 THEORY OF MANIFOLDS

3. Theory of manifolds

This section contains the background on differential geometry required for the under-

standing of the remaining of this thesis. The interested reader may find more information

in the following books [2][25][44].

If familiar with these concepts, the reader may directly head to section 3.2.2.

The motivation for considering differential geometry in this thesis is to consider the

intrinsic geometry of non-Euclidean data. We more specifically need to introduce the

concept of a Riemannian manifold, which consists of a smooth manifold endowed with

a Riemannian metric. Therefore, the outcome of the classification on Riemannian mani-

folds not only depends on the classifier but also on the Riemannian metric considered.

Considering EEG and sEMG signals, we use Riemannian manifolds for having a correct

representation of the signals. In fact, as we consider a covariance matrix representation

of these signals, differential geometry allows us to correctly treat their symmetric posi-

tive definiteness. Moreover, using Riemannian manifold gives us access to the various

approaches that it offers for addressing the classification problem.

3.1. Smooth manifolds

We first introduce the theory of smooth manifolds, the type of manifolds considered

along with this work. The notion of a topological manifold is necessary, as smooth

manifolds are simply an extension of this definition.

DEFINITION 3.1: The topological manifold

A topological manifold is a Hausdorff, second countable, and locally Euclidean space.

It is called an n-topological manifold if it is locally Euclidean of dimension n.

In order to extend the definition to smooth manifolds, the concept of a locally

Euclidean space of dimension n is worth some clarifications. A space has such a

property if every point x of the topological manifoldM has a neighborhood U which is

homeomorphic to an open subset of Rn through a continuous mapping φ. The pair (U, φ)

is usually called a chart. Note that two neighborhoods U and V of two different points

of a topological manifold may overlap. Some properties of the topological manifold,

including its smoothness, depend on how chart mappings act on this intersection.

8



3 THEORY OF MANIFOLDS

DEFINITION 3.2: C∞-compatibility of charts

Two charts (U, φ) and (V, ψ) of a topological manifoldM are C∞-compatible if the

following mappings are C∞ :

φ ◦ ψ−1 : ψ(U ∩ V )→ φ(U ∩ V ), ψ ◦ φ−1 : φ(U ∩ V )→ ψ(U ∩ V )

Moreover, if U ∩ V = ∅, the two charts are then defined as being compatible.

Note that these two functions map open subsets of Rn to other open subsets of Rn

and the notions of continuity and differentiability are hence well-defined.

As every point of an n-topological manifold has a neighborhood on which a home-

omorphic mapping is defined in order to create a chart, we may extend the previous

definition to all charts defined on the manifold.

DEFINITION 3.3: The C∞-atlas

A C∞-atlas is a collection of charts (φi, Ui) that cover the whole topological manifold

M and such that all charts are pairwise C∞-compatible. The atlas is then called a

maximal atlas if it is not contained in any other atlas.

We have now covered all tools needed to define a smooth manifold.

DEFINITION 3.4: The smooth manifold

A smooth manifold is a topological manifold endowed with a maximal C∞-atlas.

The differentiable structure of a smooth manifold allows extending Euclidean-space

algorithms to smooth manifolds. Therefore, smooth manifolds are of great interest. We

finally complete this part about smooth manifolds by giving an informal definition of

what a tangent space defined at any point x of a smooth manifold is: A vector space

containing all the possible directions in which one can tangentially pass through x.

Roughly speaking, it is a linear approximation of the manifold. The tangent space at a

point x is be denoted TxM and its elements are be called tangent vectors.

3.1.1 Riemannian manifolds

In this thesis, all our algorithms rely on a definition of distance between two points.

Some of these distances derive from a Riemannian metric.

DEFINITION 3.5: The Riemannian metric

A Riemannian metric g is defined as a collection of smoothly varying inner products

gx(·, ·) (i.e bilinear, symmetric positive definite forms) defined on the tangent space

TxM at any point x of the manifoldM.

For a smooth manifoldM endowed with a Riemannian metric g, the resulting couple

(M, g) forms what is known as a Riemannian manifold.

9



3 THEORY OF MANIFOLDS

While the Euclidean inner product is the natural way to go in a Euclidean space, we later

show that this inner product might not always be convenient when working with smooth

manifolds. It is hence important to define an adequate Riemannian metric, depending

on the manifold we are working with and what we want to achieve in this space.

Distances on Riemannian Manifolds Let’s consider a smooth curve

γ : I →M

that maps an interval I ∈ R onto a subset of the Riemannian manifold. Suppose that I

is a closed interval defined as I = [a, b] and that x and y are two points of this manifold.

Then, if γ(a) = x and γ(b) = y, γ is then a curve between these points. Its length may

then be computed as

L(γ) =

∫ b

a

√
gγ(t)(γ̇(t), γ̇(t)) dt

with gγ(t)(·, ·) being the inner product derived from the Riemannian metric g .

If γ is the curve of infimum length between x and y, it is called a geodesic and its

length is the Riemannian distance between the two points for the Riemannian metric

considered. It may be shown that this distance defines a metric on the manifold.

Geodesics are important tools when dealing with Riemannian manifolds. They may be

understood as the generalization of lines to manifolds. Indeed, geodesics are shortest

paths on a manifold as straight lines are shortest paths in a Euclidean space.

3.2. The SPD manifold

We have now defined all the necessary notions in order to present a widely used smooth

manifold, the Symmetric Positive Definite (SPD) manifold.

DEFINITION 3.6: Symmetric Positive Definite Matrices

The set of Symmetric Positive Definite matrices (or SPD) matrices of dimension D,

noted SD++ is defined as:

SD++ = {A ∈ RD×D |A = AT ∧ xTAx > 0, ∀x ∈ RD and x 6= 0}

SPD matrices are known to admit a Riemannian manifold structure. Therefore, it

is of great interest to exploit the underlying structure of this space when developing

algorithms considering SPD matrices. In fact, the space of SPD matrices of any dimension

D, combined with an inner product, does not define a Euclidean space (vector space with

inner product) as SPD matrices do not form a vector space (not closed under additions

10



3 THEORY OF MANIFOLDS

or scalar multiplication) as shown in example 3.7.

EXAMPLE 3.7

Let A =

(
1 0

0 1

)
and B = −1 . A =

(
−1 0

0 −1

)
. Then

A ∈ S2
++ as for x =

[
x1

x2

]
6= 0 we have : xTAx = x2

1 + x2
2 > 0

However : B 6∈ S2
++ as for x =

[
x1

x2

]
6= 0 we have : xTBx = −x2

1 − x2
2 < 0.

This example shows us that the space of SPD matrices does not have the property of

closure under scalar multiplication.

This observation explains why using tools of Euclidean geometry is neither natural

nor adequate when dealing with SPD matrices. However, classification algorithms still

require a notion of distance between 2 different SPD matrices. Although it might be

tempting to consider the Euclidean distance for this purpose, it is no longer a suitable

metric. Therefore, we need to use other distances that take the Riemannian structure of

the space of SPD matrices into account.

3.2.1 Structure of the SPD manifold

The set of SPD matrices of dimension D, noted SD++, forms a subset of the space of

symmetric matrices of this same dimension noted SymD and defined as:

SymD = {x ∈ RD×D|x = xT}.

SymD defines a vector space of dimension D(D+1)
2

as it is the number of independent

variables in a symmetric matrix of dimension D. Therefore, we may use R
D(D+1)

2 to

represent this vector space with each point defining a specific symmetric matrix. Having

observed this, we may now show that SD++ forms a convex cone in the space R
D(D+1)

2 .

DEFINITION 3.8: The convex cone

A subset C of a vector space V is a convex cone if for each X ∈ C, Y ∈ C and for

any α > 0, β > 0 : αX + βY ∈ C

PROPOSITION 3.9: SD++ forms a convex cone in R
D(D+1)

2

As it is straightforward that SD++ is a subset of R
D(D+1)

2 , we just need to show that

for any X ∈ SD++, Y ∈ SD++ and any scalar α > 0, β > 0 : αX + βY ∈ SD++

11



3 THEORY OF MANIFOLDS

Proof. In order to prove that αX + βY ∈ SD++, we show that

∀x ∈ Rn : xT (αX + βY )x > 0.

By developing the product, we get:

α(xTXx) + β(xTY x) > 0.

As X (resp. Y ) belongs to SD++, we also have that xTXx > 0 (resp. xTY x > 0).

The equation therefore becomes:

α(> 0) + β(> 0) > 0,

which is always true as α > 0 and β > 0. �

To gain a better intuitive understanding of what this cone represents, we may

represent the cone of SPD matrices of dimension 2 graphically, as shown in example 3.10.

EXAMPLE 3.10

Let us consider the general symmetric matrix of dimension 2:

S =

(
α β

β γ

)

which has 3 independent variables (i.e α, β, and γ).

S is Symmetric Positive Definite if it has the additional property that

∀z =

[
z1

z2

]
∈ R2 : ztSz > 0.

By developing this equation for all z, we get:

αz21 + 2βz1z2 + γz22 > 0

⇔ α

(
z1 + z2

β

α

)2

− z22
β2

α
+ z22γ > 0

This inequality is always satisfied if α > 0 and γ − β2

α
> 0. By writing the same

inequality for γ, we get the last requirement that γ > 0.

This allows us to represent the SPD cone within the 3-dimensional Euclidean space

having as axis α, β, and γ:

12



3 THEORY OF MANIFOLDS

Figure 3: Representation of the SPD cone in R3.

3.2.2 Endowing the SPD manifold with a distance function

For classification purposes in the SPD manifold, it is essential to define a distance

function between any two points of the manifold. Various distances and divergences are

proposed in the literature to endow the SPD manifold with. This thesis considers four

different definitions: the Euclidean metric, the Log-Euclidean metric, the Affine-Invariant
Riemannian metric and the Stein divergence.

Euclidean metric This metric is the common way to measure distances between two

square matrices. Being defined between any two square matrices, we might define it on

the SPD manifold by simply restricting the metric to this space. It is then simply defined

as

δe(X,Y ) = ‖X − Y ‖F , (1)

where, 〈·, ·〉F and ‖·‖F refer to the Frobenius inner product and the Frobenius norm,

respectively. These are defined as

〈A,B〉F = Tr(ATB),

‖A‖F =
√

Tr(ATA).

The Affine-Invariant Riemannian Metric The most popular metric when dealing

with manifolds is the Affine-Invariant Riemannian metric also called AIRM and proposed

by ,Pennec et al. [35]. Here, we do not enter into the details of how the metric was built.

Instead, we simply define the Riemannian metric and the induced AIRM between two

points of the SPD manifold [18] :
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3 THEORY OF MANIFOLDS

DEFINITION 3.11: The Affine-Invariant Riemannian Metric

By defining an inner product at any point X1 of the SPD manifold between two

points H1,H2 ∈ TX1M as

〈H1,H2〉X1 = 〈X−1/21 H1X
−1/2
1 ,X

−1/2
1 H2X

−1/2
1 〉F ,

the induced Riemannian length (called the AIRM) between two points X1,X2 of the

manifold is

δ2a(X1,X2) =
∥∥∥log(X

−1/2
1 X2X

−1/2
1 )

∥∥∥2
F

.

The affine invariance property The AIRM metric has some interesting properties

among which the affine invariance from which the metric takes its name. Before defining

affine invariance, we first need to introduce the general linear group.

DEFINITION 3.12: The general linear group

GL(n) is defined as the general linear group of dimension n (i.e. set of n×n invertible

matrices with the usual product operation).

Property. For M ∈ GL(n), we say that a metric inducing a distance d2(X;Y ) between
two points X, Y of the SPD manifold is affine-invariant if [17]:

d2(X,Y ) = d2(MXMT ,MYMT ).

We comment on this property in particular as it allows later in this thesis to add an

essential constraint to the dimensionality reduction optimization problem (see section 5).

The Stein divergence Although the AIRM is widely used in the research field and ful-

fils the need of taking into account the Riemannian structure of the set of SPD matrices,

it is unfortunately computationally expensive.

An alternative definition which is an approximation of AIRM with a smaller computa-

tional cost was later proposed by Sra [41]: the Stein divergence, a symmetric type of

Bregman divergence. The Stein divergence is defined between any two points X1 and

X2 of the SPD manifold as:

δ2s(X1,X2) = log det

(
X1 +X2

2

)
− 1

2
log det(X1X2)

This divergence has the particularity of not being a distance as it does not satisfy the

triangle inequality. However, it has some interesting properties and advantages compared

to AIRM. In fact, it is easier to use and is computationally less expensive. The Stein
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3 THEORY OF MANIFOLDS

divergence also possesses the affine invariance property and respects non-Euclidean

geometry.

Log-Euclidean metric Arsigny et al. proposed [4] a new family of Riemannian metrics

called Log-Euclidean. Here, we do not enter into the details of how the metric was built.

Instead, we define the Riemannian metric and its induced Log-Euclidean metric between

any two points of the SPD manifold [18] :

DEFINITION 3.13: The Log-Euclidean metric

By defining an inner product at any point X1 of the SPD manifold between two points

H1,H2 ∈ TX1M as

〈H1,H2〉X1 = 〈D log(X1)[H1],D log(X1)[H2]〉,

where D log(X1)[·] denotes the directional derivate at X1, the induced Riemannian

length (called the Log-Euclidean metric) between two points X1,X2 of the manifold

is

δ2l (X1,X2) = ‖log(X1)− log(X2)‖2F .

As for the Affine-Invariant Riemannian metric, this metric has excellent theoretical

properties yielding similar results, but with less computational cost. This metric is not

affine invariant but possesses other interesting affine properties such as invariance by

inversion or by log multiplication.

Properties of the four defined distances For simplicity, even if the Stein divergence

is not a metric but a divergence, we use the word metric or distance to refer to all four

distances/divergence in the remainder of this thesis. This work alternatively uses each

of the presented distances. The reason why we do not choose one specific distance

to endow the SPD manifold with is because they all have specific properties that may

be interesting in our applications. These properties are gathered in table 1 [47]. One

metric is not a priori better than the other ones but just defines the distance between

SPD matrices of the manifold in a different way. Hence, when using algorithms on the

SPD manifold, using one metric or another affects the outcome of the algorithms and,

therefore, may lead to different performances. Moreover, the different metrics also have

different computational complexities, which is an important feature to consider when

performing real-time classification. For these reasons, the four distances are used and

compared throughout this thesis.
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3 THEORY OF MANIFOLDS

Property
Symmetric Triangle inequality Inversion

invariance

M
et

ri
c Euclidean Yes Yes No

AIRM Yes Yes Yes
Stein Yes No Yes

Log-Euclidean Yes Yes Yes
Affine invariance Scale invariance Rotation invariance

M
et

ri
c Euclidean No No Yes

AIRM Yes Yes Yes
Stein Yes Yes Yes

Log-Euclidean No Yes Yes

Table 1: Distances defined on the SPD manifold and their properties

3.3. Stiefel and Grassmann manifolds

The Stiefel and the Grassmann manifold are used in section 5 in order to solve the

dimensionality reduction optimization problem. In fact, in order to find an optimized

mapping between a high-dimensional SPD manifold and a lower-dimensional one, we

search for a matrix W belonging to one of these spaces.

The Stiefel manifold is an embedded submanifold of RD×d defined as [9] :

St(d, k) = {U ∈ RD×d : UTU = Ik}, (2)

where I is the identity matrix of dimension k. Then, by defining the orthogonal group

O(d) = {Q ∈ Rd×d : QTQ = QQT = Ik}, (3)

we may define an equivalence relation ∼ between two points of the Stiefel Manifold.

This latter is written

U ∼ V ⇐⇒ U = V Q for some Q ∈ O(d). (4)

Then, it allows us to defined equivalence classes as

[U ] = {V ∈ St(D, d) : U ∼ V }. (5)

The set of all equivalence classes is called the Grassmann manifold and is written

Gr(D, d). More intuitively, the Stiefel manifold refers to all the orthogonal d-frames in

RD while the Grassmann manifold represents all the d-dimensional subspaces of RD.
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4 CLASSIFICATION ON THE SPD MANIFOLD

4. Classi�cation on the SPD manifold

The purpose of this section is to present the algorithms used in order to classify EEG

and sEMG signals on the SPD manifold. Instead of developing algorithms to classify

the raw measured signals, we use the spatial covariance matrix representation of the

measured signals. As spatial covariance matrices are SPD, we aim for a classification

on the SPD manifold. By classification, we refer to the task of assigning a data point

to a set of categories. The categories refer to the frequency of the SSVEP stimulation

concerning the EEG signals and the executed hand movement for the sEMG signals. This

section first motivates the covariance matrix approach to classify the signals, followed

by an explanation of the algorithms used on the SPD manifold and an introduction to

the performance measures considered.

4.1. Working with covariance matrices

Whether data acquisition is made with EEG or EMG, the underlying idea is similar. D

sensors are placed on different regions of the scalp (EEG) or of the forearm (EMG) of a

certain subject. Sensors measure the electrical activity at a sampling frequency f during

a time window T . During this time window, the visual stimulation oscillates at a specific

frequency (for EEG) or a specific hand movement is being executed by the subject (for

sEMG). We may then gather all data in a matrix X ∈ RD×m representing one specific

class, where m = f × T represents the number of measurements made by a sensor

during the time window. Instead of considering this matrix X as such, we estimate the

spatial covariance matrix, considering that the signals are centered, as

C =
1

m− 1
XXT ∈ RD×D. (6)

We may notice that the estimator built in eq. (6) actually defines a SPD matrix of

dimension D. By doing this process for all the measured signals, we finally get data

points belonging to SD++ with each of the points representing a specific class. Let us

insist here on the importance of the time window T . Its value must be chosen depending

on the intended application and by keeping in mind that (1) a time window should

not be too long because it does not suit for real-time applications and that (2) a time

window should not be too short because the estimated spatial covariance matrices do

not correctly translate the correlation between the signals measured by the different

sensors.

This way of exploiting biological signals has shown its robustness and performance

in fields like computer vision [12] and BCI based on EEG data [13] [14]. Several
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reasons lead to this choice [45]:

• The covariance of a set of signals is usually enough to discriminate it from another

set of signals;

• Covariance matrices offer a way to fuse multiple features which might be corre-

lated;

• The noise corrupting the signals, which is important and makes it difficult to

classify raw signals (even after filtering), are largely filtered out during covariance

computation;

• Computed covariance matrices (∈ RD×D) have only D(D+1)
2

independent variables

by symmetry, compared to the raw signals (∈ RD×m) which have m·D independent

variables.

For these reasons and the efficiency it has shown in the state of the art, measured

EEG/EMG signals are, in this thesis, always transformed into covariance matrices before

doing classification.

4.2. Introduction to classi�cation methods

A lot of research has been made in order to develop classification algorithms in the

Euclidean space. Here, we take advantage of the structure of the covariance matrices as

we know that SPD matrices belong to a Riemannian manifold. Therefore, this section

introduces classification algorithms commonly used in Euclidean spaces but adapted

for a use in the SPD manifold. Two common classification algorithms are considered:

Minimum Distance to Riemannian Mean (MDRM) and k-Nearest-Neighbors (KNN). These

algorithms were chosen because of their simplicity and their low computational cost.

Therefore, they are practical for real-time applications and allow us to test the dimen-

sionality reduction approach used in this thesis.

As explained previously, measurements of all sensors on one single time window are

represented in a covariance matrix belonging to one class. Classification methods rely on

the assumption that we have at our disposal several data points for each of the different

classes 1. It is essential to note that the classification methods developed in this work

are tested on a fixed dataset. Therefore, the data points are separated into a training set
and a test set. The training set is used in order to train the classification algorithms and

is considered of fixed size, while the test set is used in order to evaluate to performance

of our classification algorithms. Naturally, we want to build algorithms able to assign a

new incoming point to the correct class.

1The data points refer to points on the SPD manifold (i.e SPD matrices)
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4 CLASSIFICATION ON THE SPD MANIFOLD

EXAMPLE 4.1

In order to illustrate our words, fig. 4 gives an example of a classification problem in

R2 with two different classes. We have available training points for each of the two

different classes and wish to classify a test point for which we do not know the class

beforehand.

This is a simplified classification problem similar to what we wish to achieve with the

EEG/EMG data.

Class 1
Class 2
Test Point

Figure 4: Classification problem in R2.

Formulation of a classification problem in a Euclidean space Let’s consider a

generic classification problem containing C classes. We have at our disposal some train-

ing points xc,i ∈ Rn with c ∈ {1, . . . , C} being the index of the class and i ∈ {1, . . . , Nc}
being the index of the training point within this class. These points represent each of the

C classes and our goal is to assign the correct class to some point y ∈ Rn. This example

is used below to introduce both of the classification methods.

4.3. Minimum distance to Riemannian mean

This algorithm is an implementation of the Euclidean Minimum Distance to Mean (MDM)

algorithm on a Riemannian manifold. We first present the algorithm in a Euclidean

space before implementing it on the SPD manifold.
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4.3.1 MDM in a Euclidean space

Let us consider the generic classification problem introduced above. If we want to

classify a point y ∈ Rn, the MDM algorithm is executed as follows:

1. For each of the classes c ∈ {1, . . . , C}, we compute the mean of the data points

belonging to c. This mean is computed as µc = 1
Nc

∑Nc

i=1 xc,i.

2. Solve arg minc∈{1,...,C} δ(y,µc) where δ(·, ·) is the usual Euclidean distance. It is

defined between any two points xc1,i1 ,xc2,i2 ∈ Rd as :

δ2(xc1,i1 ,xc2,i2) =
n∑
j=1

(xc1,i1,j − xc2,i2,j)2,

where xc,i,j refers to the jth component of the point xc,i.

For a training set of fixed size, this algorithm is computationally efficient as the means

of the classes just need to be computed once from the training set. Therefore, to classify

a new point, we simply compute the distances between this point and the C computed

means and select the class whose mean is closest to the point.

EXAMPLE 4.2

Figure 5 shows an example of MDM in R2 (same problem as in example 4.1). We

may see that after computing the mean of both classes from the training points, the

test point is closer to the mean of class 1 than to the mean of class 2. Therefore,

MDM assigns this test point to class 1.

Class 1
Mean Class 1
Class 2
Mean Class 2
Test Point

Figure 5: MDM classification in R2.
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4.3.2 Implementation of MDM on the SPD manifold

As we have seen above, MDM completely relies on the definition of the distance between

two points and the mean of a set of points. Even though these concepts are well-defined

and have no ambiguity in a Euclidean space, it needs to be clarified in any Riemannian

Manifold (the SPD manifold here). In section 3.2.2, we presented what distances we

consider in the SPD manifold. The only remaining question is: how do we define the

mean of a set of points on this manifold? This concept is obvious in Euclidean space but

not straightforward in the SPD manifold. Here, we stick to a metric concept independent

of the manifold structure known as the Karcher mean [7].

DEFINITION 4.3: The Karcher mean

Let us consider a Riemannian manifoldM endowed with a metric δM that defines a

notion of distance between any 2 points of the manifold.

For a set of n points xi ∈M , the Karcher mean is defined as

µ = arg min
p∈M

N∑
i=0

δ2M(p,xi).

Computing the Karcher mean requires solving an optimization problem. We will

not enter into the details of how we computed these means as we used the Python

implementations available at https://github.com/alexandrebarachant/pyRiemann/

blob/master/pyriemann/utils/mean.py. With the definition of the mean associated

with each metric on the SPD manifold, we may define the construction steps of the

Minimum Distance to Riemannian Mean algorithm on the SPD manifold for a chosen

metric δM

1. Compute the Karcher mean of the points that compose each class c. This latter is

computed as µc = arg minp∈M
∑Nc

i=0 δ
2
M(p,xc,i).

2. Solve arg minc∈{1,...,C} δM(y,µc). The distance between any two points x1,x2 ∈M
being computed according to the chosen metric.

Let us now give an example for visualizing how metrics may influence the mean of a

set of SPD matrices.

EXAMPLE 4.4: Comparison of metrics on the SPD manifold

Example 3.10 showed how the SPD cone representing S2
++ was built. Here, we add

2 points on this cone and show how distances and means change according to the

chosen metric. Figure 6 shows both a Euclidean path and an AIRM geodesic between

these points (The two other metrics are not represented here as they look very similar

to the AIRM). Informally speaking, fig. 6 gives a visualization of the shortest paths

between two points of the SPD manifold by considering two different metrics. This
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gives an understanding of the importance of the metric choice and the impact it may

have on classification algorithms. The conclusion is similar regarding the means, as

they are on the path/geodesic at halfway between the two points. Therefore, the

resulting means are also highly dependent on the metric choice.

Figure 6: SPD cone with means.

4.4. K-nearest neighbors

Here, we introduce the second classification algorithm used in this thesis, namely k-
nearest neighbors (KNN). As the name indicates, the algorithm computes the k nearest

neighbors to some point we wish to classify, and assigns it the most represented class

among these k points. Therefore, this intuitive algorithm relies on a single important

parameter: k. As the underlying concept is similar in the Euclidean space and on the

SPD manifold, we first recall its functioning in Euclidean space and then explain how

the transition to the SPD manifold is made.

4.4.1 KNN in Euclidean space

We consider again the generic classification problem introduced above. Since we want

to classify a point y ∈ Rn, the k-nearest neighbors algorithm is executed as follows:

1. Compute the Euclidean distance between y and each of the training points xc,i.
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2. Select the k nearest training points to y.

3. Assign y to the most represented class within the previously calculated set of k

nearest points. If some classes are equally represented within the k nearest point,

we randomly select a class among these classes.

Note that the distance used here is the usual Euclidean distance.

EXAMPLE 4.5: KNN in R2

This example helps us understanding how KNN works in R2. We consider the

classification problem presented in example 4.1. Figure 7 shows how the algorithm

classifies the test point using KNN for the parameter k = 1 or k = 4. This example

shows the importance of this parameter. When k = 1, we are interested only in the

closest point to our test point, which belongs to class 2. When k = 4, we may see

that among the 4 closest points, 3 belong to class 1 while only 1 belongs to class 2.

For these reasons, when k = 1, KNN assigns our test point to class 2. However, when

k = 4, KNN assigns our test point to class 1. These results show the importance of

the parameter k and how it might completely alter classification results. In practice,

we might either fix this parameter via cross-validation or empirically assign it a

reasonable value.

k=1
k = 4
Class 1
Class 2
Test Point

Figure 7: Classification with KNN in R2.
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4.4.2 Implementation of KNN on the SPD manifold

This algorithm gets easily extended to the SPD manifold. In fact, it is simply obtained

by using the metric chosen to endow the SPD manifold with, instead of the Euclidean

distance. Notice that the KNN algorithm on the SPD manifold thus depends on the

parameter k, but also on the metric choice.

4.5. Performance measures

As already explained, our data points are separated into a training set and a test set.

Classification is performed on the test set, assuming that we do not know the class to

which the test points belong. Therefore, we get after classification:

• A vector containing the actual classes of the test set;

• A vector containing the predicted classes of the test set by the classifier.

A question is legitimate : how de we deduce the classifier’s performance from these two

vectors? For this purpose, several metrics are possible [15] [33], but the choice of the

metric depends on what we seek to achieve. In this work, we use two common metrics

: the F1 micro score and the F1 macro score. Firstly, the F1 micro score, equivalent to

the standard accuracy in a multi-class setting, translates the overall performance of the

classifier. On the other hand, the F1 macro score averages a notion of performance

over the individual classes and allows us to properly treat class imbalance. Therefore,

these two metrics suit our requirements and give together a good evaluation of the

performance of our classifiers. The F1 micro score and the F1 macro score propose

different ways of interpreting confusion matrices in multi-class settings. Let us first give

a toy example to understand confusion matrices in binary-class settings.

EXAMPLE 4.6: Confusion matrix for binary classifiers

Suppose we have a classifier for deciding whether a tumor is benign or malignant

that was trained and tested on different sets. The results of the classification on the

test set allow us to define a confusion matrix for this classifier:

Predicted class

Actual class
malignant benign

malignant True Positives (TP ) False Positives (FP )

benign False Negatives (FN) True Negatives (TN)

Let’s clarify what the entries of this confusion matrix represent:

• TP is the amount of tumors which have been correctly classified as malignant;

• TN is the amount of tumors which have correctly been classified as benign;
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• FP is the amount of tumors which have wrongly been classified as malignant;

• FN is the amount of tumors which have wrongly been classified as benign.

Confusion matrices are handy because they allow us to easily define several

measures of performance [19], among which we find:

Precision =
TP

TP + FP
;

Recall =
TP

TP + FN
.

Precision is the percentage of a result which is relevant while recall is the percentage

of relevant results which were correctly classified. For the tumor classification

problem, we may easily conclude that the recall is more important than the precision.

In fact, a good precision means that when the algorithm classifies a good tumor

as malignant, it is most probably true. However, if it the classification algorithm

has a low recall, it means that most malignant tumors are classified as benign.

Different measures translate different behaviors. Therefore, we should always choose

performance measures wisely.

The confusion matrix for binary classification can be generalized to a multi-class

setting.

DEFINITION 4.7: Confusion matrices in multi-class settings

Let us consider a multi-class classification problem with C classes. Data points have

been separated between a training set on which we trained a classifier and a test set

on which we tested this same classifier. For the test set, we know the vector of the

actual test classes and a vector of predicted test classes by the classifier. We may then

define a confusion matrix for each class i as:

Predicted class

Actual class
class i Other than class i

class i TPi FPi

Other than class i FNi TNi

This multi-class setting confusion matrix allows us to define the F1 micro score and

the F1 macro score.
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4.5.1 F1 micro score

Definition of the metric By defining the micro average precision and the micro

average recall as

Pmicro =

∑C
c=1 TPi∑C

c=1 TPi + FPi
, and Rmicro =

∑C
c=1 TPi∑C

c=1 TPi + FNi

,

the F1 micro score is

F1micro = 2
PmicroRmicro

Pmicro +Rmicro

.

Discussion of the metric We first need to mention that both the micro average pre-

cision and the micro average recall are computed by considering all samples together.

Moreover, as a false negative of one class is considered as a false positive for the class

to which the point was assigned by the classifier, the number of false negatives and of

false positives considering all classes together are similar. Therefore, the micro average

precision and the micro average recall are equal. As the F1 micro score is just the

harmonic mean of these two values, we have

Micro average precision = Micro average recall = F1 micro score.

Also notice that it is simply equivalent to the standard accuracy (proportion of correct

predictions) which is the most widely used measure of performance.

4.5.2 F1 macro score

By defining the macro average precision and the macro average recall as

Pmacro =
1

nC

nC∑
i=1

TPi
TPi + FPi

=

∑nC

i=1 Pi
nC

, and Rmacro =
1

nC

nC∑
i=1

TPi
TPi + TNi

=

∑nC

i=1Ri

nC
,

the F1 macro score is

F1macro = 2
PmacroRmacro

Pmacro +Rmacro

.

Discussion of the metric The F1 macro score is the harmonic mean of the macro

average precision and the macro average recall, where the average is taken over the

different classes. This means that this score is sensitive to the performance of the

algorithm for individual classes, which is not the case for the F1 micro score.
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Several comments need to be made on this metric. Firstly, when defined as such,

all classes are considered to have the same importance. If we wish to give some more

weight to some classes, we could also compute a weighted average of the precision and

a weighted average of the recalls. This is not done in this work as we do not wish to give

more importance to one class when compared to the others. Another important point

to notice is that the F1 macro score gives equal weights to recall and precision, which

might appear to be a big flaw. The problem is easy to understand if we consider the toy

example given in example 4.6. The cost of classifying a malignant tumor as benign is

not the same as classifying a benign tumor as malignant. This problem is similar to the

wheelchair application of EEG signals. The cost of speeding up the wheelchair when

we want it to slow down is not the same as the cost of slowing it down when we want

to speed it up. As we are not interested in one precise application but rather in the

improvement of existing classification algorithms based on EEG and sEMG signals, the

F1 micro score and the F1 macro score satisfy our needs. However, for a future work

which is oriented in a specific application, performance metrics giving a cost to each

possible choice of the classifier could be explored.

4.5.3 Use of the performance measures

When dealing with a classification problem for which each class contains the same

number of data points, it is called a balanced classification problem. In this case, the F1

micro score and the F1 macro score are similar. In fact, the F1 macro score averages

precision and recall over the different classes, which is hardly different than averaging

precision and recall over the points. Therefore, when classes are balanced, we use either

one of them.

When dealing with an unbalanced classification problem, where each class does not

contain the same number of data points, both measures may differ considerably. In fact,

as the F1 micro score does not take the classes of the points into consideration, it might

be misleading. If we take the example of a classification problem which has an overrep-

resented class, the F1 micro score gives more weight to this class as it contains more

points. However, the F1 macro score gives equal weights to all the classes. Therefore,

when dealing with an unbalanced classification problem, both metrics may be used as

they enlighten different behaviors of the classifier.
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5. Dimensionality reduction on the SPD manifold

One of the objectives of this thesis is to classify EEG/sEMG signals for real-time clas-

sification purposes. On a certain time window, we build an estimator for the spatial

covariance matrix with the signals measured by the sensors. Therefore, classification

is made from points belonging to SD++, where D is the number of sensors. While sev-

eral works exploited the aforementioned spatial covariance representation, we propose

here to combine it with a dimensionality reduction algorithm. This approach is mainly

motivated by the fact that achieving classification in a smaller space asks for smaller

time complexity which is an essential and often limiting factor in real-time classification.

Another motivation is to reduce the noise present in the original SPD manifold to have a

better classification performance. For this purpose, we use a dimensionality reduction

algorithm proposed by Harandi et al. in [17] that maps points from a high-dimensional

SPD manifold onto a lower-dimensional and more discriminative SPD manifold. This

dimensionality reduction algorithm keeps the SPD structure of the data points while

grouping points from a same class and separating points from different classes. There-

fore, it fits the requirements of our EEG and sEMG classification problems.

Dimensionality reduction is used in the resolution of our classification problem. In

fact, we first use the training set at our disposition to learn the parameters allowing

us to define an optimized mapping between the high-dimensional SPD manifold and

the lower-dimensional one. This mapping is used to project all our training point on

this lower-dimensional manifold. Then, we train the considered classifier on this SPD

manifold. Classifying a point is done in two steps: (1) projecting the point onto the

lower-dimensional SPD manifold with the mapping found previously and (2) classifying

the projection of the point with the previously trained classifier.

5.1. Geometry aware dimensionality reduction

The approach consists in representing high-dimensional SPD matrices in a lower-

dimensional and more discriminative SPD manifold. This is done by looking for a

matrix W ∈ RD×d that defines a generic mapping f : SD++ × RD×d → Sd++ that would

keep the interesting structure of the data as:

f(X,W ) = W TXW . (7)

We may easily check that if in eq. (7) X ∈ SD++ and W ∈ RD×d is of full rank, then

f(X,W ) ∈ Sd++.
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PROPOSITION 5.1

If X ∈ SD++ and W ∈ RD×d a full rank matrix then W TXW ∈ Sd++.

Proof. If W is of full rank:

∀x ∈ Rd \ {0} : Wx 6= 0

⇒ ∀x ∈ Rd \ {0} : xT (W TXW )x = (Wx)TX(Wx) = yTXy > 0

as y = Wx ∈ RD 6= 0 and X is symmetric positive definite. �

A first question that comes up is how to determine W . As the goal is to solve a

classification problem, we want to improve the distribution of the points on the SPD

manifold in order to ease classification. A reasonable and simple idea considering the

classifiers we use in this work is to push away points of different classes and bring

together points of a same class as shown in fig. 8.

Let’s consider a set of matrices Xi ∈ SD++ ∀i ∈ {1, . . . , p}. In order to find the parameters

of the matrix W ∈ RD×d to build the mapping f of eq. (7), it is proposed in [17] to

define a pairwise cost function between any Xi, Xj as :

Ji,j(W ;Xi,Xj) = Ai,jδ
2(W TXiW ,W TXjW ),

where δ(·, ·) refers to the distance defined on the SPD manifold and A is an affinity

matrix built later in this section. This induces the definition of a global cost function

L(W ) =
∑
i,j

Ji,j(W ;Xi,Xj), (8)

which we seek to minimize with respect to W.

Figure 8: Mapping between a high-dimensional SPD manifold and a low-dimensional
SPD manifold [17].

Let us insist on the fact that, for the remaining of this thesis:
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5 DIMENSIONALITY REDUCTION ON THE SPD MANIFOLD

• D refers to the dimension of the matrices belonging to the high-dimensional SPD

manifold (SD++), to which the covariance matrix representation of the EEG/sEMG

signals belong.

• d refers to the dimension of the matrices belonging to the lower-dimensional SPD

manifold (Sd++), to which the points belong after dimensionality reduction.

5.2. The a�nity matrix

The important structure of the original data is encoded within a matrix A ∈ Rp×p,

called the affinity matrix. This matrix defines a notion of affinity between any pair of

data points within the training set. We wish to build this pairwise affinity by similarity

measure on the low-dimensional SPD manifold. In [17], the affinity matrix relies

completely on the distance defined on the manifold.

As the goal is to bring together points from the same class and push away points from

different classes, an intuitive way of understanding how we build this affinity matrix is

to say that for each of the training points, we want to:

• minimize the distance with the vw closest points of the same class;

• maximize the distance with the vb closest points of a different class.

Mathematically, if we consider a training set {X1, . . . ,Xp} where each point in this set

belongs to a specific class, the affinity matrix is defined as :

A = Gw −Gb, (9)

where

Gw(i, j) = 1, if Xi ∈ Nw(Xj) or Xj ∈ Nw(Xi),

Gb(i, j) = 1, if Xi ∈ Nb(Xj) or Xj ∈ Nb(Xi),
(10)

and with

• Nw(Xi) representing the vw closest training points to Xi from the same class,

• Nb(Xi) representing the vb closest training points to Xi from a different class.

5.3. Optimization on Grassmann manifold

We now see how to solve the minimization problem presented in eq. (11). In order to

ensure that the resulting mapping belongs to Sd++, we need W to be of full rank. A
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5 DIMENSIONALITY REDUCTION ON THE SPD MANIFOLD

way to impose this condition is to add the condition W TW = Id to the minimization

problem. Let us note that any full rank matrix W̄ ∈ RD×d may be written as W̄ = WM

for some W ∈ RD×d such that W TW = Id and some M ∈ GL(d). Therefore, if the

metric defined on the SPD manifold has the property of affine-invariance (i.e the AIRM

and the Stein divergence in this thesis), imposing this orthonormality constraint entails

no loss of generality as Ji,j(WM ;Xi;Xj) = Ji,j(W ;Xi;Xj) whenever M ∈ GL(d).

However, if the metric has not the affine-invariance property (i.e the Log-Euclidean

metric or the Euclidean metric in this thesis), we do lose some generality as the search

space is smaller. However, for sake of simplicity when solving the optimization problem,

we impose this orthonormality constraint for all the considered metrics.

Therefore, the optimization problem we wish to solve becomes:

arg min
W∈RD×d

L(W ) =
∑
i,j

Ji,j(W ;Xi,Xj) s.t.W TW = Id. (11)

This constrained optimization problem is equivalent to :

arg min
W∈St(D,d)

L(W ) =
∑
i,j

Ji,j(W ;Xi,Xj),

where St(·, ·) is the Stiefel manifold introduced in section 3.3. Moreover, as all metrics

endowing the SPD manifold considered in this thesis are invariant under rotation (see ta-

ble 1), we have the additional property that for any rotation matrixR, L(W ) = L(WR).

Therefore, we might reduce the search space even more and write the optimization

problem as

arg min
W∈Gr(D,d)

L(W ) =
∑
i,j

Ji,j(W ;Xi,Xj). (12)

5.3.1 Resolution of the optimization problem

In order to solve the optimization problem on the Grassmann manifold, we use the

Riemannian Conjugate Gradient method. This latter is an iterative method based on

the definition of gradient on the manifold. Here, we do not enter into the details of this

method as it requires more advance differential geometry tools. Further information

about how to solve an optimization problem on matrix manifolds may be found in [2].

The outcome of this optimization problem depends on the chosen starting point. Here,

we do not make an initial guess but rather solve the optimization problem with a random

starting point. The problem is, in this thesis, always solved 4 times to minimize the

dependence of the result on the starting point. Then, we choose among the solutions

the matrix W leading to the smallest cost.
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6. Experiments on EEG data

This section is dedicated to the experimentation of the aforementioned algorithms in

order to achieve classification of SSVEP signals. As explained in section 2, SSVEP signals

are natural responses of the brain after visual stimulation at specific frequencies. These

signals are mostly emitted in the occipital lobe and are therefore measured with EEG

electrodes placed on the scalp over this area. Here, we consider subjects exposed to

different visual stimulations. Classification is achieved in order to deduce in real-time

from the measured EEG signals to which visual stimulation a certain subject is looking at.

Hereunder, we first comment on the EEG dataset used. Then, we comment the co-

variance matrix representation of the EEG signals and discuss how we perform signal

classification. This is followed by a presentation and a discussion of the classification

results for the different metrics defined on the SPD manifold, and both classifiers (MDRM

and KNN). Finally, we introduce the cross-subject learning problem.

6.1. Dataset and data measurement

The dataset used in this section is available in the following repository: https://github.

com/sylvchev/dataset-ssvep-exoskeleton introduced in [22]. It contains EEG sig-

nals measured after visual stimulation. The stimulation consists of flashing stimuli

(LEDs) at 4 different frequencies: 0 Hz (Rest), 13 Hz, 17 Hz, and 21 Hz. These frequen-

cies are the different classes of our classification problem. EEG signals measured on

12 subjects are available in the database. For the data acquisition, 8 EEG sensors were

placed on the scalp of the subjects according to the 10-20 system on Oz, O1, O2, POz,

PO3, PO4, PO7, and PO8 (see fig. 9b). These locations naturally correspond to different

parts of the occipital area of the brain (see fig. 9a) where the frequency information of

the flashing stimuli may mostly be found.

EEG sensors measured the signals at a sampling frequency of 256Hz. As measured

signals become relevant only over a certain time period, epochs of 3 seconds were

recorded every 0.5 seconds. For most subjects, 16 epochs of 3 seconds were measured

per visual stimulation. This applies to all subjects except for subject 10 (32 epochs of 3

seconds) and subject 12 (40 epochs of 3 seconds). Each of these epochs corresponds to

one particular stimulus and is filtered between 12 Hz and 45 Hz to discard noise while

allowing all stimulation frequencies and their first harmonics. It is then filtered around

the 3 light stimuli frequencies (13Hz, 17Hz and 21Hz) so that spatial covariance matrix

estimator contains the initial frequency information.
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Data of each epoch is placed in a matrix Y ∈ R3n×m, where n is the number of sensors

(8 in our case) and m the sample length (3× 256). The multiple 3 of n comes from the

fact that the measured signals were filtered around the 3 initial frequencies. Therefore,

we obtain for each epoch a matrix containing all the necessary measured signals in order

to perform classification. Moreover, as an epoch contains measures resulting from one

specific light stimulus, we have for all subjects (except for subject 10 and for subject 12)

16 matrices to represent each of the different classes.

(a) Regions of the brain (extracted from wikimedia) (b) 10-20 EEG systems[23]

Figure 9: Visualization of the positioning of the EEG captors.

6.2. Covariance matrix representation of the data

Each matrix Y ∈ R3n×m containing EEG data of one epoch and obtained as above is used

to build a spatial covariance matrix estimator. A simple and intuitive way to achieve this

is to compute the sample covariance matrix [5]:

Σ =
1

m− 1
Y Y T .

The built estimator defines an SPD matrix of dimension 3n = 24. Therefore, all the

spatial covariance matrix estimators belong to the manifold S24
++ defined as

S24
++ = {Σ ∈ R24×24|Σ � 0}. (13)

Each matrix Σ ∈ S24
++ is associated to one of the following classes: Rest, 13 Hz, 17 Hz

or 21 Hz. Note that the spatial covariance matrix estimators are directly available in the

database.
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6.3. Classi�cation of EEG signals

This section presents the classification procedure used to discriminate EEG signals.

We first comment on how a dataset is separated into a training set and a test set.

Then, we discuss the values of the parameters that play a role in the classification

procedure. Finally, we explain how cross-validation is used to give values to some of

these parameters.

6.3.1 Training and test sets

In order to generate reliable and meaningful results, we first separate the initial set of

SPD matrices into a training set (for training the classification algorithms) and a test
set (for testing the classification algorithms). Let us insist here that we choose training

sets and test sets coming from one same subject. The case where these sets come from

different subjects is another problem and is discussed later in this section. For now, we

always consider 10 data points per class as training set and the rest as test set. As all

subjects in the database do not have the same amount of measured EEG data, the size of

our test set may defer from one subject to another. We select 6 data points per class for

the training sets of all subjects excluding subject 10 and subject 12. These latter have

respectively 22 data points per class and 30 data points per class in their training set.

In order to show the most relevant results as possible, we randomly choose a training

set of the previously discussed size at each execution of our classification algorithms.

The performances of the classification algorithms are from niter = 30 different runs. We

later present the performance not only as the median of all runs but also as boxplots

that allow us to analyze the performance distribution. In fact, the line in the middle of

the boxes represents the median of the performance distribution, the extremities of the

boxes represent the first and third quartile, and the extremities of the whiskers represent

the minimum and maximum values of this same distribution.

6.3.2 Parameters of the classi�cation problem

Along the classification process of the EEG signals, many parameters play a crucial role :

• K, the number of neighbors considered during the KNN classification (see sec-

tion 4.4);

• d, the dimension of the SPD matrices after projection on the lower-dimensional

SPD manifold during the dimensionality reduction algorithm (see section 5);

• vb and vw, the parameters needed to build the affinity matrix for the dimensionality

reduction process (see section 5.2).
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Harandi et al. proposed in [17] to fix the value of the parameter vw to the number

of points in the least represented class. Using this approach and considering that the

classes are balanced in this classification problem, we get vw =

• 10 if we are not working with subject 10 or with subject 12

• 22 if we are working with subject 10

• 30 if we are working with subject 12

Then, the value of the parameter K is empirically fixed by the experimenter to K = 5.

Concerning the two other parameters (i.e d and vb), we use 5-fold cross-validation at

each run to deduce their values.

6.3.3 Comments on cross-validation

Cross-validation is used to give a value to the parameters d and vb. A classical way

to choose their values is to find the pair {d, vb} which leads to the best classification

performance. However, as we are here interested in real-time applications, we should

also take the classification time into account. Moreover, we see later in this section that

lowering the value of d does sometimes not impact the classification performance. When

we use dimensionality reduction, classification is made on the manifold Sd++. Therefore,

the parameter d has an important influence on the classification time, and we want it to

be as small as possible without leading to a drop in classification performance. Therefore,

we assign a score to each pair {d, vb} by considering both the resulting classification

time and the classification performance (measured with the F1 micro score or the F1

macro score). This score is defined as

score = wt

(
1− t

tndr

)
+ F12

score, (14)

where:

• wt is the weight given to the computational efficiency of the classification algo-

rithm, in our case: wt = 0.1;

• t is the time to classify one test point. This time is computed as the sum of the

time needed to project this test point onto the lower-dimensional manifold and

the time needed to classify this point on this same manifold;

• tndr is the time to classify a test point on the original higher-dimensional manifold;

• F1score is the classification performance.
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To choose between each pair {d, vb} during the cross-validation process, we then simply

choose the pair resulting in the highest score. Here, we choose to give quadratic

importance to the classification performance because we consider that an increase in

performance is more important for higher performance. Naturally, the score presented in

eq. (14) needs to be adapted according to the application considered. Many other ways

could be used to define this score but we defined it as such because it seems reasonable

for the EEG classification problem. In the remainder of this section, the classification

results involving dimensionality reduction and cross-validation use the score presented

in eq. (14) to assign values to d and vb.

6.4. Classi�cation Results

We now discuss the performance of the classification algorithms MDRM and KNN

presented in section 4 by endowing the SPD manifold with one of the distances defined

in section 3.2.2. Their performance is evaluated with the F1 micro score and the F1
macro score. The classification algorithms are tested on the manifold S24

++, but also on

a lower-dimensional SPD manifold after using the dimensionality reduction algorithm

presented in section 5. In the following, if the subject is not specified when showing

results, it means that all the 12 subjects are taken into account. The classification is done

on each of the subjects independently but the resulting performance is presented by

combining the performance obtained for each subject. Therefore, as each classification

algorithm is run niter = 30 times, the boxplots are built with a performance vector of

size niter × nsubjects = 30× 12 = 360.

6.4.1 Classi�cation with MDRM

We first consider the MDRM classification algorithm.

Classification without dimensionality reduction The classification is performed on

the manifold S24
++ and the performance obtained with the MDRM classifier may be ob-

served in fig. 10. This figure shows that the Euclidean metric gives a poorer performance

compared to the three other metrics. This is expected as the Euclidean metric does not

take into account the Riemannian geometry of the SPD manifold. All the other metrics

give a very similar performance, and we may not prefer one over the others by just

looking at these performances. We also notice that both the F1 micro score and the F1

macro score exhibit comparable trends. This comes from the fact that all our classes are

balanced, which leads these two performance measures to be very similar to each other.

Let us insist on the fact that even if fig. 10 takes all subjects into account, the classifi-

cation performance is naturally not equivalent for all of these subjects. However, the
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(a) F1 micro score in function of the distance
defined on the SPD manifold.
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(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 10: MDRM performance before dimensionality reduction.

conclusions that may be drawn from the relative performance of the classifier when the

SPD manifold is endowed with one of the metrics is common to each of these subjects

and translated in this figure. We should also keep in mind that the performance of a

classifier highly depends on the quality of the data with which we are working. EEG

data measured with non-invasive sensors is usually noisy and hardly treatable, which

explains why the classification performance with only 4 classes is not close to 100%.

Moreover, the measured EEG data of some subjects are particularly noisy implying a

low average classification performance. Figure 11 shows an example of the difference

in data quality that may exist. We indeed observe that we obtain a good classification

performance for subject 3 for all the metrics, while the classification results are lower

for subject 10. For these reasons, we never focus in this thesis on the exact classification

performances but rather on the performance of one specific algorithm when compared

to another algorithm.

Classification with dimensionality reduction Instead of working on the manifold

S24
++, we now use the same classification algorithm (i.e MDRM) but on a lower-dimensional

and more discriminative SPD manifold. To do so, we use the dimensionality reduction al-

gorithm presented in section 5 before classification. This defines a mapping between the

manifold S24
++ and a manifold Sd++. The parameter d plays an especially important role

in the success of the classification algorithm which is discussed later on. As explained

previously, this parameter d and the parameter vb, needed to construct the affinity matrix

(see section 5.2), is chosen through 5-fold cross-validation.
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(a) F1 micro score of subject 3 in function
of the distance defined on the SPD

manifold.
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(b) F1 micro score of subject 10 in
function of the distance defined on the

SPD manifold.

Figure 11: MDRM performance before dimensionality reduction for subjects 3 and 10.

Figure 12 shows the performance of the MDRM classifier on this lower-dimensional

manifold. We observe a slight improvement for both the F1 micro score and the F1

macro score compared to the classification performance obtained before dimensionality

reduction and presented in fig. 10. This result is especially interesting considering the

fact that classification is performed on a lower-dimensional SPD manifold.
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(a) F1 micro score in function of the distance
defined on the SPD manifold.
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(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 12: MDRM performance after dimensionality reduction considering all subjects.

To better analyze the influence of the dimensionality reduction algorithm, we now give

a specific value to the parameter d. As the estimated covariance matrices belong to S24
++,

d is given a value within the set [1, . . . , 23]. Figure 13 shows the F1 micro score obtained
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for each of the different distances by fixing the parameter d to each of its possible values.

We only represent the performance with the F1 micro score as the results with the F1
macro score are very similar. We first observe that the classification performance does

not grow linearly with the dimension of the lower-dimensional manifold. Instead, we

see that for each of the metrics, the F1 micro score grows quickly with the parameter d

for the first few dimensions, and then stagnates. This may be explained by the fact that

all the entries of the 24× 24 initial covariance matrices are not essential for classification

purposes. Dimensionality reduction discards the non-essential features and allows us to

work in a smaller space without losing precision. Moreover, the fact that dimensionality

reduction, in addition to working in a smaller space, enhances classification performance

may be explained by the fact that the noise in the initial covariance matrices is partially

filtered by the dimensionality reduction algorithm. We also sometimes notice a slight

drop in performance for bigger dimensions. This comes from the fact that the greater the

dimension, the greater the search space during the optimization on Grassmann manifold

(see eq. (11)). The solver (i.e. Conjugate Gradient) converges then less easily to an

optimal solution leading to a possible drop in performance.
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(c) AIRM
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(d) Stein

Figure 13: Relation between MDRM performance (measured with the F1 micro score)
and d for the different distances.
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6.4.2 Classi�cation with KNN

In a similar way to how we proceeded for the MDRM classifier, we now test the KNN
classifier on EEG data. Remember that the parameter k was empirically set by the

experimenter to k = 5.

Classification without dimensionality reduction Figure 14 shows the F1 micro score
and the F1 macro score obtained after classification with the KNN classifier. All four

metrics give comparable results, which are lower than the results obtained with the

MDRM classifier in fig. 10.
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(a) F1 micro score in function of the distance
defined on the SPD manifold.
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(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 14: KNN performance before dimensionality reduction considering all subjects.

Classification with dimensionality reduction When using the dimensionality reduc-

tion algorithm with cross-validation before classifying with KNN, we observe from fig. 15

an important performance rise of the classifier’s performance. This confirms that the

dimensionality reduction algorithm results in a better repartition of the SPD matrices

allowing a better classification performance. In fig. 27, we find the performance of this

classifier when fixing the parameter d. The dimensionality reduction algorithm and

the dimension of the lower-dimensional manifold have a similar influence for KNN and

MDRM.

6.4.3 Discussion and comparison of the classi�ers

As shown previously, both classifiers show a rise of their performance for all the metrics

on the SPD manifold when using the dimensionality reduction algorithm before the
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(a) F1 micro score in function of the distance
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(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 15: KNN performance after dimensionality reduction considering all subjects.

classification process. Interestingly, the difference in classification performance between

MDRM and KNN is significantly reduced after dimensionality reduction. This suggests

that essential features for the classification may be extracted by projecting the data

points onto a lower-dimensional SPD manifold but that some data points stay hard to

classify for both classifiers.

Table 2 shows a summary of the median of the classification performances for both the

MDRM and the KNN classifier in function of the metric defined on the SPD manifold.

This table shows the improvement offered by the dimensionality reduction algorithm.

It is observed for all the metrics and is especially important for the KNN classifier. The

resulting performance after dimensionality reduction is similar for both classifiers.

Classifier
Distance

Euclidean Log-Eucl. AIRM Stein

MDRM (no dim. red.) 58.33 70.83 70.83 66.66

MDRM (with dim. red.) 58.33 73.33 75.00 75.00

Improvement with dim. red. 0.00 2.50 4.17 8.34

KNN (no dim. red.) 58.33 62.50 58.30 56.25

KNN (with dim. red.) 62.50 75.00 75.00 70.85

Improvement with dim. red. 4.17 12.5 16.7 14.6

Table 2: Median F1 micro score (%) depending on the distance defined on the SPD
manifold and the classifier used.
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(b) Comparison after dimensionality reduction

Figure 16: Comparison of the performance of MDRM and KNN before and after
dimensionality reduction

The improvement of the dimensionality reduction algorithm is indisputable. One ques-

tion remains, how does it really affect the data points? We showed before that the

manifold of SPD matrices of dimension more than 2 may not be drawn in a 3D-Euclidean

space. Therefore, we propose to use multidimensional scaling (MDS) [8] to visualize the

data points belonging to the SPD manifold. We use the Python implementation proposed

by scikit-learn [34].

multidimensional scaling This method provides a visual representation of the pair-

wise distances among a set of points. Here, we use it in order to represent the points

lying on the SPD manifold in a 2D-Euclidean space. Those spaces are not homeomorphic

and, therefore, the representation is not exact. However, it gives an indication of the

similarity between the points. Multidimensional scaling uses the matrix representing

all the pairwise distances between the points to solve an optimization problem that

minimizes the sum of the squared pairwise distances errors in the 2D-Euclidean space.

Mathematically, if we have n SPD matrices xi ∈ SD++ for i ∈ {1, . . . , n}, we search for

some points yi ∈ R2 for i ∈ {1, . . . , n} such that

{y}ni=1 = arg min
{y}ni=1

n∑
i=1

n∑
j=i

(δM(xi,xj)− δ(yi,yj))2. (15)

In this equation, δM(·, ·) is the distance defined on the SPD manifold and δ(·, ·) is the

usual Euclidean metric.

Figure 17 shows a visual representation of a training set of subject 4 before and after

dimensionality reduction using the Stein metric. Even though it does not translate the
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exact reality, we observe a better separation of the different classes after dimensionality

reduction.

Rest
13 Hz
17Hz
21HZ

(a) Before dimensionality reduction.

Rest
13 Hz
17Hz
21HZ

(b) After dimensionality reduction.

Figure 17: Visualization with MDS of a training set of subject 4 using the Stein metric.

6.4.4 The in�uence of dimensionality reduction on the computational time of
the classi�ers

Beyond the fact that dimensionality reduction improves the performance of the classifi-

cation of EEG signals, an important motivation for using this algorithm is the gain in

time complexity. In fact, achieving classification on lower-dimensional SPD manifolds

requires less mathematical operations, leading to a smaller time complexity. As for many

classification problems, a trade-off between a low time cost and a high classification

performance should be achieved when classifying EEG data. Both usually do not come

together and, therefore, we need to weight their importance as previously explained in

section 6.3.3.

Let’s note that when we wish to classify a point Y ∈ SD++ with dimensionality reduction,

the classification time is computed as the sum of

• The time needed to project Y on the lower-dimensional manifold Sd++ (i.e com-

putational time of defining Y2 = W TYW , where W is the solution found after

optimization on Grassmann manifold);

• The time needed to classify Y2 on the lower-dimensional manifold Sd++ (with

MDRM or KNN).
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However, when we wish to classify this same point on the original SPD manifold, the

computational time simply consists of the time needed to classify Y on the higher

dimensional manifold SD++(with MDRM or KNN).

Figure 18 shows, for both MDRM and KNN, the impact of the metric and the dimension-

ality reduction algorithm on both the classification performance measured with the F1

micro score (similar for F1 macro score) and the time needed to classify a data point.

These results were obtained with a non-optimized Python code on a computer with an

i7-5930K cpu (6 cores) and 31 GB of RAM. We observe that for each of the metrics,

dimensionality reduction improves both the computational time and the performance of

the classifiers. Another interesting point is that the time to classify a point is greater for

the KNN classifier. This is expected as KNN requires much more mathematical operations

compared to MDRM. As both classifiers give very similar performances after dimen-

sionality reduction, MDRM therefore appears more suitable for the EEG classification

problem considered here.

Concerning the different metrics defined on the SPD manifold, we observe that the

Euclidean metric leads to a small classification time compared to the other metrics. How-

ever, it results in a poorer classification performance than the other metrics, as noted

previously. This metric may be useful in some applications with sharp time constraints

when using another metric on the SPD manifold would not fit the time requirements.

The AIRM, Log-Euclidean metric, and Stein divergence generate similar classification

performances after dimensionality reduction, where the lowest classification time is

obtained by using the Log-Euclidean metric. We also observe that the Stein metric gives

to smallest computational time before dimensionality reduction. However, the trend is

reversed after dimensionality reduction. This is explained by the fact that reducing the

dimension of the SPD manifold results in a lower gain in computational time with the

Stein metric than with the AIRM and the Log-Euclidean metric. Finally, we emphasize

that the choice of metric highly depends on the time constraints imposed by the intended

application and on the score we defined in eq. (14).

6.5. Cross-subject classi�cation

Until this point, the data points of each subject was separated into both a training

set and a test set. The classification algorithms were then always trained and tested

on data from the subject. In fact, a binding step is the fact that BCI usually requires

some calibration stage which might be inconvenient for the patients needing to undergo

multiple calibration sessions. Therefore, there is a great interest in building classification

algorithms trained on some subject’s data that could efficiently classify data from other
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(b) KNN classifier

Figure 18: Performance-Computational efficiency relation for both classifiers by
considering all subjects

subjects. This question has recently attracted a lot of interest within the BCI research

field. This is a typical kind of transfer learning problem. Within the machine learning

field, transfer learning refers to the ability to use previous knowledge gained on some

problem to solve a different but related problem. In this thesis, we focus on the cross-
subject learning problem, which considers data from one subject as a training set and

data from another subject a test set.

Some examples of transfer learning applied to BCI can be found in [13], [20], [26],

[29], and [49]. In this work, we propose an approach for cross-subject learning for a BCI

related problem by using the dimensionality reduction algorithm of section 5. We use a

simple cross-subject learning approach which consists in using the data from one subject

as a training set of the classification algorithm and testing the obtained algorithm on

data from other subjects.

The difficulty of cross-subject learning Here, we give an explanation of the reasons

that prevent us from having a similar classification performance with cross-subject

learning compared to the case where the training and test data come from the same

subject. fig. 19 gives a visualization of the repartition of the data points representing

each of the 4 classes by considering the data from all the subjects2. We immediately see

the difference compared to fig. 17 where a single subject was considered. Figure 19

shows that covariance matrices representing one same class, but coming from different

subjects are not necessarily close to each other on the SPD manifold. This behavior shows

2Note that not all points are represented on the plot for a better visualization
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that when one subject is visually stimulated by a flashing LED at a certain frequency, the

outcoming signals measured from the occipital lobe do not necessarily have the same

correlation as if the exact same visual stimulation was presented to some other subject.

Indeed, this would not be a problem if the points from different classes were separated

enough. However, it does not seem to be the case as we may see from fig. 19.

Rest
13Hz
17Hz
21Hz

Figure 19: Visualization of the data points on the SPD manifold by considering all
subjects. The visualization is obtained with MDS using the Stein metric.

Cross-subject classification results Even though fig. 19 show deeply intertwined data

points announcing bad classification performance, we should not forget that we use

a visualization tool which does not perfectly translate the repartition of the points on

the SPD manifold. Therefore, we evaluate the cross-subject classification performance.

To do so, we alternatively consider the data points from each of the 12 subjects as

a training set and the data points from the other 11 subjects as a test set. We use

fixed values for the parameters that intervene in the classification, namely K = 5,

vw = 16, vb = 9, d = 6. Figure 20 and table 3 show the classification performance of our

classifiers evaluated with the F1 micro score. First, we observe that the classification

results are always greater than the chance rate (25% in our case), which shows that the

covariance matrices from one subject and belonging to a certain class are not completely

unrelated to the covariance matrices from another subject and belonging to this same

class. However, they are naturally not as good as the performances obtained when

considering a training and a test set coming from a same subject (see table 2). We also

observe that the dimensionality reduction algorithm which projects the data points onto

the manifold of SPD matrices of dimension 6 improves considerably the performance

for the Log-Euclidean metric, the AIRM, and the Stein divergence. Note that, as we
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projected the data onto a much smaller and more discriminative space, the classification

time is also reduced.
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(b) KNN without
dimensionality reduction.
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(c) MDRM with
dimensionality reduction.
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(d) KNN with
dimensionality reduction.

Figure 20: Cross-subject learning performance in function of the metric.

Discussion about cross-subject learning Multiple methods have been proposed to

solve this cross-subject learning problem on the SPD manifold. Here, we only explored a

simple naive approach, and concluded that the dimensionality reduction approach leads

to significant improvements for the MDRM and the KNN classifier. Therefore, we believe

that combining this approach with state of the art EEG cross-subject learning algorithms

would result in a gain of computational time and classification performance.
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Classifier
Distance

Euclidean Log-Eucl. AIRM Stein

MDRM (no dim. red.) 41.41 43.75 43.75 40.63

MDRM (with dim. red.) 39.06 48.43 48.43 48.44

Improvement with dim. red. −2.35 +4.68 +4.68 +7.81

KNN (no dim. red.) 42.18 43.75 39.06 35.94

KNN (with dim. red.) 42.58 48.43 45.31 44.53

Improvement with dim. red. +0.40 +4.68 +6.25 +8.59

Table 3: Median F1 micro score (%) depending on the distance defined on the SPD
manifold and the classifier used. The training set was alternatively set to the data points
of each of the 12 subjects and the test sets were set to the data points of the remaining

11 subjects.
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7. Experiments on sEMG data

This section is dedicated to the experimentation of the abovementioned algorithms for

classifying surface electromyography (sEMG) signals. The sEMG signals used in this work

measured the muscular activity of forearm muscles during different hand movements.

The classification of these signals is essential in the conception of myoelectric prostheses.

For the classification, we use the spatial covariance matrix signal representation of the

sEMG signals and work on the SPD manifold. The use of covariance matrices has been

motivated earlier in section 4. For this application, we can add to another intuitive

argument which comes from the fact that each hand movement stimulates a group of

arm muscles in a very specific way. As the sensors measuring sEMG signals are placed

on different muscles, it is not the intensity of the signals that matters, but rather the

correlation between them.

Hereunder, we first comment on the sEMG dataset used. Then, we comment the

covariance matrix representation of the sEMG signals and discuss how we perform signal

classification. Finally, we present and discuss the classification results for the different

metrics defined on the SPD manifold, and both classifiers (MDRM and KNN).

7.1. Dataset and data measurement

The Ninapro publicly available database 3, proposes sEMG data from different elec-

tromyography acquisition setups. Detailed information about the data acquisition, the

dataset validation, and the comparison of different sEMG acquisition setups may be

found in [36]. Here, we use their 5th Ninapro database, where two Thalmic Myo arm-

bands, produced by the company North4, were used to collect the data on 10 different

non-amputated subjects. These two armbands were placed as shown in fig. 21 and

both consist of 8 medical grade stainless steel sEMG single differential electrodes evenly

placed around the armband. The upper armband is placed close to the elbow with the

first electrode on the radio humeral joint while the lower one is placed closer to the

hand, tilted by 22.5◦ to fill the gaps left by the electrodes of the other Myo. Both of the

armbands measure sEMG signals at a sampling frequency of 200Hz with a resolution of

8-bit signed. A cyber-glove is used to define a ground truth when measuring sEMG data.

This double Myo setup is used to collect data from 50 different hand movements.

We only consider 41 movements in this thesis, corresponding to the movements of

exercise B and exercise C of fig. 28 to which we added the movement Rest. Therefore, we

3Available at http://ninaweb.hevs.ch/
4https://support.getmyo.com/hc/en-us
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consider the same 41 hand movements as in [36] when the different sEMG acquisition

setups were compared. For the acquisition protocol, each movement was repeated 6

times. Between each of these repetitions, the subject goes back to the rest position.

Figure 21: Double myo setup[36]

7.2. Covariance matrix representation of the data

The ninapro database proposes raw measured signals. However, as the classification

algorithms used in this work rely on a covariance matrix representation of the data, we

first need to compute these matrices.

7.2.1 Signal normalization

As we perform classification from estimated spatial covariance matrices, a signal that has

a standard deviation way greater than the other signals leads to improper covariance

matrices and thus bad classification results. Therefore, we first normalize the sEMG sig-

nals. Moreover, what we are here especially interested in when performing classification

from covariance matrices is the correlation between the signals measured by different

sensors. Absolute values do not matter and hence, we do not lose any essential data for

classification when normalizing. Although normalization of surface electromyography is

a research subject in its own and many normalizing methods have been proposed [40],

we use the classic way of normalizing time signals in this thesis.

Let x be a time series measured by one sEMG sensor and containing N measures. We

may compute an unbiased estimator for its mean

x̄ =
1

N

N∑
i=1

xi

and another unbiased estimator for its standard deviation

σx =

√∑N
i=1(xi − x̄)

N − 1
.
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This allows us to define a normalized signal as

xnorm =
x− x̄
σx

. (16)

As the test signals are in principle unknown during the training part, the mean and

standard deviation estimators are computed from the training signals and the test signals

are then normalized with these estimators, unrelated to the test signals, to simulate

real-time conditions.

7.2.2 Windowing and construction of the covariance matrices

As proposed in [36], we choose a fixed size time window T = 200 ms. Consecutive time

windows are chosen to have a 100 ms overlap. Depending on the fact if we consider one

single armband (8 sensors) or both of the armbands (16 sensors), we build estimators

for the spatial covariance matrices belonging to the manifold S8
++ = {Σ ∈ R8×8|Σ � 0}

or to the manifold S16
++ = {Σ ∈ R16×16|Σ � 0}. In either way, we simply gather all the

measured data during the time window into a matrix X ∈ R8×m (resp. X ∈ R16×m),

where m is the number of measurements made by one sensors during the time window,

i.e. m = 0.2× 200 = 40 (the time window times the sampling frequency). The spatial

covariance matrix estimator is then defined as

Σ =
1

m− 1
XXT . (17)

7.3. Classi�cation of sEMG signals

This section presents the classification procedure used to discriminate sEMG signals. We

first comment on how the dataset is separated into a training set and a test set. Then,

we discuss the values of the parameters that play a role in the classification procedure.

7.3.1 Training and test sets

As mentioned above, each movement was repeated 6 times by every subject. We assign

the repetitions 1,3,4 and 6 to the training set and 6 and the repetitions 2 and 5 to the

test set. Considering the huge amount of data proposed in the Ninapro database, we fix

this training set and consider that the training/test sets are big enough such that the

resulting performance of the classification algorithms are representative.

7.3.2 Parameters of the classi�cation problem

Many parameters intervene in the classification process. The huge amount of data makes

it difficult to perform cross-validation on the training sets due to limited computational

power. Therefore, the following parameter values were therefore assigned empirically
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by the experimenter: K = 5 (for KNN); vw is set to the number of data points belonging

to the least represented class for a certain training set; vb = vw
4

. The parameter d which

defines the dimension of the SPD matrices after dimensionality reduction is not given a

precise value nor defined by cross-validation. This section studies its influence on the

classification performance.

7.4. Classi�cation results

As the acquisition setup used to measure the sEMG signals contains two Myo’s, this

compares the performance of the classifiers by considering the data measured by the

electrodes of one Myo or of both Myos.

7.4.1 Classi�cation with MDRM

Classification without dimensionality reduction Figure 22 shows the performance

of the MDRM classifier by considering only the signals measured by the 8 sensors of

the upper Myo (see fig. 21). These results may seem inconsistent as the F1 micro score

is relatively high while the F1 macro score is low. This is actually a great example

to see how the F1 micro score might be misleading when dealing with unbalanced

classification problems. In fact, as each subject goes back into the rest position after each

hand movement, the rest class is overrepresented. Even though it slightly differs from

one subject to another, each subject has around 65% of their training points belonging

to the class rest. As the F1 micro score computes a harmonic mean of the total precision

and the total recall without considering the classes, a perfect precision and recall for the

points of the class rest and a zero precision and recall for the other 40 classes leads to

a F1 micro score of 65% and a F1 macro score of 2.43%. Therefore, major differences

may appear between the F1 micro score and the F1 macro score for this unbalanced

sEMG classification problem. Such differences are seen in fig. 22, showing that the

classification is performant for the points of the class rest, but not for the other classes.

As we want here to classify hand movements controlling arm prosthesis, we want

a reasonable performance for the classification of each of the hand movements and

not only for some specific movements. Therefore, we mainly focus on the performance

of the classifiers as measured with the F1 macro score when dealing with this sEMG

classification problem. Considering the poor F1 macro score resulting from classification

with MDRM, this classifier is not suitable. The conclusions are similar for the lower Myo

or even for both Myo’s together. Dimensionality reduction with MDRM does not improve

results either. Therefore, we focus on KNN for the sEMG classification problem.
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(a) F1 micro score in function of the distance
defined on the SPD manifold.
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(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 22: MDRM performance for the Upper Myo before dimensionality reduction
considering all subjects.

7.4.2 Classi�cation with KNN

Classification without dimensionality reduction Figure 23 shows the performance

of the KNN classifier on sEMG data when only considering the upper Myo. We observe

again that the F1 micro score is higher than the F1 macro score, which shows that the

performance of the classifier is not perfectly balanced between all the classes. However,

in contrary to the MDRM classifier, the F1 macro score is rather satisfying as it reaches a

score of around 60% for the metrics Log-Euclidean, AIRM, and Stein. Similarly to what

we concluded with the EEG signals, the Euclidean metric has a poorer performance

than the three other metrics. Similar results are observed in fig. 29 when considering

both Myo. We also observe that, when both of the Myo’s are considered, both the F1

micro score and the F1 macro score are slightly improved. This shows that measuring

sEMG signals with two different Myo’s do not give redundant signals. On the contrary,

the signals measured by one Myo completes the signals measured by the another one,

leading to better classification accuracy.

Classification with dimensionality reduction We now evaluate the performance of

KNN augmented with the dimensionality reduction algorithm presented in section 5.

Figure 24 shows the effect of the dimensionality reduction algorithm on the performance

of the KNN classifier measured with the F1 macro score. Results are obtained by fixing

the value of d and by using the KNN classifier on the manifold Sd++ after mapping

the initial data points on this lower-dimensional manifold. The performance of the

classifier increases almost linearly with the parameter d for all metrics on the SPD
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(a) F1 micro score in function of the distance
defined on the SPD manifold.
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(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 23: KNN performance for the Upper Myo before dimensionality reduction
considering all subjects.

manifold. We have thus a very different behavior compared to the EEG signals where

the performance was firstly rapidly increasing with d and then stable. Results are similar

when considering the two Myos, as shown in fig. 30. As the initial estimated covariance

matrices have dimension 16 × 16, we consider d ∈ [1, . . . , 15]. We see again that the

classifier’s performance grows linearly with the value of d at the beginning but tends to

stabilize after. However, it does not improve the classification performance compared to

the classification before dimensionality reduction.

7.4.3 Discussion and comparison of the classi�ers

We observed that the KNN classifier leads to better results than the MDRM classifier when

considering the F1 macro score, which is the score which matters the most considering

our problem. However, none of the classifiers showed an improvement when using the

dimensionality reduction algorithm. This is even more restrictive as the performance

of the classifier grows linearly with the parameter d of our dimensionality reduction

problem. Therefore, unlike what we saw for EEG data, reducing the dimensionality of

the problem necessarily reduces the performance. Therefore, the classification process

cannot be accelerated by keeping the same performance.

As an explanation, we may first hypothesize that the original raw sEMG signals contain

less noise than the EEG signals. In fact, the dimensionality reduction process projects our

data points on a lower space by keeping the original structure of the data and by trying

to regroup points from similar classes and drive away points from different classes. If
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(c) AIRM
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(d) Stein

Figure 24: Relation between KNN performance and d for the different metrics defined
on the SPD manifold and considering the Upper Myo with 41 hand movements.

the original points are really noisy, this procedure also removes part of the original noise.

SEMG signals may contain less noise than the EEG signals as the EEG sensors measure

the activity of the brain at the surface of the scalp. Therefore, many layers separate

the source of the signals with the sensors. In the sEMG case, the sensors measure the

muscular activity by being placed on the skin above these muscles. There are thus fewer

layers separating the source to the measurement. Naturally, the more layers we have,

the more noise appears. This is thus a possible explanation for the behavior of the

dimensionality reduction algorithm.

Secondly, we hypothesize that the inevitable drop in performance when reducing di-

mension is caused by the high amount of classes considered. In fact, having more

classes requires a bigger space to discriminate data points from these different classes.

With EEG signals, we could highly reduce the dimension of the SPD manifold without

affecting performance because the classification problem was only considering 4 classes.

However, as we consider 41 classes for the sEMG problem, reducing dimension creates

an inevitable drop in performance.
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Classification with 5 hand movements To take comfort in these explanations, we

evaluate the KNN classifier to classify 5 different hand movements. The movements

chosen are: rest, wrist supination (axis: middle finger), wrist pronation (axis: middle

finger), wrist flexion, and wrist extension.

Figure 25 shows a visualization of the data points before and after dimensionality

reduction. We first see that the class rest is isolated from the other classes, which explains

that the classification of points belonging to this class are well classified. This leads to a

F1 micro score way greater than the F1 macro score, as the class rest is overrepresented.

Secondly, we observe that the original data points form classes which have specific

structures. Unfortunately, the points of these different classes are somewhat intertwined,

which explains the difficulty of the classification process with MDRM and KNN. The

dimensionality reduction, even though the number of classes is not high, still does not

separate the classes efficiently. Moreover, we see in fig. 26 and in fig. 31 that when we

consider only 5 hand movements, reducing the dimension of the SPD manifold does

not imply a drop in performance as important as what we saw in fig. 24 when we had

41 movements. Therefore, we could use dimensionality reduction in this case in order

to decrease the computational time needed for classification, without a high loss in

performance.

Rest
Wrist supination (axis: middle finger)
Wrist pronation (axis: middle finger)
Wrist flexion
Wrist extension

(a) Before dimensionality reduction.

Rest
Wrist supination (axis: middle finger)
Wrist pronation (axis: middle finger)
Wrist flexion
Wrist extension

(b) After dimensionality reduction.

Figure 25: Visualization of the training data of subject 1 considering the Upper Myo
with 5 hand movements. Visualization is obtained with multi-dimensional scaling by

considering the Stein metric.

57



7 EXPERIMENTS ON SEMG DATA

1 2 3 4 5 6 7
d

0.0

0.2

0.4

0.6

0.8

1.0

F1
 m

ac
ro

 sc
or

e

Performance after dim. red.
Median before dim.red.

(a) Euclidean

1 2 3 4 5 6 7
d

0.0

0.2

0.4

0.6

0.8

1.0

F1
 m

ac
ro

 sc
or

e

Performance after dim. red.
Median before dim.red.

(b) Log-Euclidean

1 2 3 4 5 6 7
d

0.0

0.2

0.4

0.6

0.8

1.0

F1
 m

ac
ro

 sc
or

e

Performance after dim. red.
Median before dim.red.

(c) AIRM
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Figure 26: Relation between KNN performance and d for the different metrics defined
on the SPD manifold and considering the Upper Myo with 5 hand movements.
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8. Conclusion & future work

In this thesis, we proposed to classify EEG and sEMG signals using a covariance matrix

representation. We took advantage of the Riemannian structure of the SPD manifold

to which the covariance matrices belong by using appropriate distances. Moreover, we

used two classification algorithms, namely Minimum Distance to Mean (MDM) and

K-Nearest-Neighbors (KNN), adapted to the SPD manifold. We chose to combine the

covariance matrix representation with a dimensionality reduction algorithm to define a

mapping between the original SPD manifold and a lower-dimensional SPD manifold, by

keeping the intrinsic structure of the data.

We first tested our approach on EEG signals measured after visual stimulation at 4

different frequencies. The related classification problem consisted in assigning to the

covariance matrices representing the EEG signals the correct frequency of the initial

visual stimulation. Solving this problem requires to train and test a classification algo-

rithm on separate sets of data. When these sets of data come from a same subject, we

showed that the dimensionality reduction steps leads to both a gain in performance and

a lower classification time for both classifiers and all the metrics defined on the SPD

manifold. Depending on the classifier/metric combination considered, we reached a

gain in classification performance up to 15% and a reduction of classification time up

to 50%. We also proposed to solve this classification problem by considering training

and test sets coming from different subjects. We have shown that this setting leads to an

overall lower classification performance but that dimensionality reduction still leads to

significant improvements.

We then considered sEMG signals measured on forearm muscles after the execution of

various hand movements by some subject. The problem consisted in classifying covari-

ance matrices representing the sEMG signals between 41 different classes representing

separate hand movements. To solve this problem, we considered training and test

sets coming from a same subject. Using the proposed classification algorithms on the

covariance matrices led to a classification performance of around 60%. However, we

showed that mapping the covariance matrices on a lower-dimensional SPD manifold

leads inevitably in a decrease of this performance. This decrease is less important

when considering fewer classes and a gain in computational time is then possible with

dimensionality reduction without strongly impacting the performance.

Overall, the dimensionality reduction is particularly performant for EEG signals and less

performant for sEMG signals. We hypothesize that this behavior is due to two main
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reasons. First, EEG signals are more noisy than sEMG signals. In fact, many layers

separate the source of the measured signals and the electrodes placed at the surface of

the scalp in the EEG setting. These layers cause a lot of noise which is partly eliminated

during dimensionality reduction, leading to an improvement of the performance of

the classifiers. In the sEMG setting, the electrodes are placed on the skin just above

the muscles resulting in lower noise. Therefore, dimensionality reduction has in this

setting no denoising effect and does not improve classification performance. The second

reason is that the sEMG classification problem considers much more classes than the

EEG classification problem. Therefore, discriminating data points from different classes

requires a high-dimensional SPD manifold, and we can not map these points onto a

lower-dimensional SPD manifold without losing their intrinsic structure. Here, we insist

on the fact that we do not advocate a specific classifier or metric as both the need

in classification performance and computational efficiency depends on the intended

application.

The outcome of this thesis motivates several future works. First of all, the covari-

ance matrix representation used is not yet common within sEMG based research studies.

Therefore, we wish to compare this approach with state of the art sEMG classification

algorithms. Then, we may study more sophisticated classification algorithms combined

with the dimensionality reduction technique in order to reach better classification per-

formances. Also, we want to further investigate cross-subject classification algorithms by

using transfer learning. Finally, we plan to test our classification algorithms in an online

setting with a brain-actuated wheelchair and a myoelectric prosthesis.
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A. Appendix

This appendix contains figures which were not placed in the main text because they

were either slightly redundant with other figures, or too large.
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Figure 27: Relation between KNN performance and d for the different distances.
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Figure 28: Hand movements of the Ninapro database[36].

67



A APPENDIX

Euclidean Log-Euclidean AIRM Stein
Distance defined on the SPD manifold

0.0

0.2

0.4

0.6

0.8

1.0

F1
 m

icr
o 
sc

or
e

(a) F1 micro score in function of the distance
defined on the SPD manifold.

Euclidean Log-Euclidean AIRM Stein
Distance defined on the SPD manifold

0.0

0.2

0.4

0.6

0.8

1.0

F1
 m

ac
ro
 sc

or
e

(b) F1 macro score in function of the distance
defined on the SPD manifold.

Figure 29: KNN performance for the double Myo setup before dimensionality reduction
considering all subjects.
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Figure 30: Relation between KNN performance and d for the different metrics defined
on the SPD manifold, and considering the double Myo setup.
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Figure 31: Relation between KNN performance and d for the different metrics defined
on the SPD manifold, and considering the double Myo setup with 5 hand movements.
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