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Introduction

If we had to summarize this thesis in one sentence, it would be “an exploration of
the interplay between certain geometric structures”. Chief among these structures are
affine connections, symplectic and complex structures, as well as Riemannian metrics.
The interactions between these geometries are numerous and subtle, which makes their
study highly rewarding, but complicates the problem of finding a good starting point
as one can easily get overwhelmed by the terminology used to describe these many
configurations: “Kähler manifolds, complex affine locally symmetric spaces, preferred
symplectic connections,. . . ”

Perhaps a good place to start would be Riemannian symmetric spaces. Elie Cartan
achieved something akin to legendary status by providing a classification of all simple real
Lie algebras in 1914, only to prove twelve years later that his work on said algebras could
be used to give a complete classification of irreducible (globally) symmetric Riemannian
spaces (of course this does not even begin to exhaust his many accomplishments). This
naturally generated great interest for symmetric Riemannian spaces, and today they
appear in fields as diverse as harmonic analysis and representation theory. A definition of
these spaces could be sketched as follows: around any point p of a Riemannian manifold,
one can define an involution of a neighborhood of p (for which p is an isolated fixed point)
by ‘inverting’ the geodesics emanating for p. We call this involution the local geodesic
symmetry centered at p, or the global symmetry if it is defined on the entire manifold. A
Riemannian manifold is then said to be locally symmetric if all of its geodesic symmetries
are isometric (despite this long-winded definition, these spaces admit a very simple
characterization in terms of their curvature), or globally symmetric if their geodesic
symmetries are globally defined in addition to being isometric.

As is known by any geometer or practitioner of general relativity, the geodesics (and
curvature) of a (pseudo-)Riemannian manifold are defined by means of the unique affine
connection (or covariant derivative) induced by the metric: the Levi-Civita connection.
As it turns out, an affine connection is the only thing one really needs for all of this to
‘work’, and this entire discussion carries over to any affinely connected manifold (even the
ones that do not arise from a metric), leading to the notion of a (locally) affine symmetric
space. In their simplest forms, locally symmetric spaces are thus manifolds with affine
connections whose geodesic symmetries are affine transformations (a classification of such
spaces has yet to be achieved, in contrast to the Riemannian setting). Affine symmetric
spaces can then be ‘flavored’ by adding new geometric structures, and requiring that
these structures be compatible with the local geodesic symmetries. Riemann symmetric
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spaces are obtained precisely through that process, but this scheme can be applied to
a wide range of structures. Most importantly for our purposes, this scheme can be
applied to symplectic structures, resulting in the (locally) symmetric symplectic spaces
that Pierre Bieliavsky introduced in his PhD thesis [4].

The study of symplectic forms began with Hamiltonian mechanics, indeed the phase
space of a mechanical system (as modeled in Hamiltonian mechanics) carries a canon-
ical symplectic form, and this symplectic form is the ‘hidden structure’ behind the
renowned Poisson brackets. One might glance at the definition of a symplectic form and
see nothing but a ‘skew-symmetric metric’, and there do exist certain analogies between
Riemannian and symplectic geometry, but in truth their behaviors vary widely (symplec-
tic structures are in fact closer to complex structures, as will be made apparent later).
Most notably, symplectic geometry is non-local, as encapsulated by Darboux’s theorem
which states that any two symplectic manifolds of equal dimension are locally isomor-
phic. In particular symplectic geometry only admits global invariants (there cannot exist
local symplectic invariants) which is the reason why many speak of symplectic topology
and not of symplectic geometry. This is to be confronted to the Riemann curvature
tensor of Riemannian geometry, the prototypical local invariant.

This non-locality of symplectic structures manifests in a striking manner when we in-
troduce affine connections. In stark contrast with the unique Levi-Civita connection of
Riemannian geometry, the set of symplectic connections on a given symplectic manifold
forms an ∞-dimensional affine space. Affine connections compatible with the symplectic
structure, so called symplectic connections, constitute a fairly natural object of inves-
tigation to the differential geometer interested in symplectic geometry. Their study is
further motivated by the role they play in quantization, the process through which one
obtains the quantum mechanical description of a physical system from its classical de-
scription, a classical description that will take the form of a symplectic manifold in our
case (see [1] for an introduction to the Fedosov construction in formal quantization). In
any case, regardless of the path that might lead one to symplectic connections, when
faced their overabundance a natural reflex is to try and isolate the most interesting ones
through judicious criteria. We will encounter several examples of such criteria in the
coming pages, namely:

• The already mentioned (locally) symmetric symplectic connections;

• Preferred connections, which Bourgeois and Cahen obtained by means of a varia-
tional principle in [6];

• Kähler connections, which arise when there exist a metric and a complex structure
that are highly compatible with the symplectic structure;

• And lastly, the original notion of symplectic connections of type S, which we define
to be connections whose geodesic symmetries preserve the symplectic form (but
are not required to be affine transformations).
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Our interest in type S connections was sparked by a theorem of Sekigawa and Van-
hecke [2] stating that Kähler manifolds (manifolds equipped with mutually compatible
Riemannian, complex and symplectic structures) whose local geodesic symmetries are
symplectic (meaning that they preserve the symplectic form) are locally symmetric, i.e.
all three of their structures are preserved by the local symmetries. This rather surpris-
ing result, given the loose relationship between a symplectic form and its symplectic
connections, lead us to the following question: are type S connections necessarily locally
symmetric?

We answered this question in the negative by providing a family of counter-examples
(extracted from the article of Bourgeois and Cahen [6]), and in the process obtained this
sequence of strict inclusions:

Locally symmetric symplectic spaces

∩

Symplectic connections of type S

∩

Preferred symplectic connections

The main challenge we faced while trying to construct these counter-example was the
lack of manageable sufficient conditions for a symplectic connection to be of type S. A
solution to this problem was found in the work of D’Atri and Nickerson [8] on Riemannian
manifolds with divergence-preserving symmetries (so-called D’Atri spaces). In [8] D’Atri
and Nickerson describe an infinite sequence of curvature condition, called the Ledger
conditions (introduced by Ledger in his PhD thesis on harmonic spaces [16]), which
are defined through a recurrence formula. In the case of a symplectic surface (in other
words, a 2-dimensional symplectic manifold) with an analytic symplectic connection, the
Ledger conditions of odd order turn out to be sufficient for our connection to be of type
S.

Building on the work of Cahen and Bourgeois, we then discovered that a preferred
connection over a symplectic surface must always satisfy the odd Ledger conditions.
Putting these two results together, we obtained the counter-examples we sought in the
form of the analytic, non-locally-symmetric, preferred symplectic connections over R2

described in [6].

Let us also mention that the odd Ledger conditions are necessarily satisfied by any
torsionless connection whose geodesic symmetries preserve a volume form (something
we will prove in the penultimate chapter). This applies in particular to connections of
type S, given the existence of the symplectic volume form. The first of these odd Ledger
conditions, denoted by (L3), is precisely the condition used by Bourgeois and Cahen to
define their preferred symplectic connections. Therefore a symplectic connection of type
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S is necessarily preferred (this realization is what lead us to the work of Bourgeois and
Cahen in the first place). We show that this inclusion is also a strict one by confronting
the Sekigawa-Vanhecke theorem to the existence of non-locally-symmetric Ricci-parallel
Kähler manifolds.

Let us now describe the layout of this thesis.

The purpose of chapter 1 is to recall the basic properties of the tensor algebra of a
finite-dimensional vector space, notions that will be used systematically throughout
this entire thesis. We begin by introducing some of the equivalent point of views one
can adopt regarding tensors, and define the tensor product and contraction operation
(which can be combined to produce almost all the operations of linear algebra). We
then describe the process through which isomorphisms and endomorphisms of vector
spaces induce isomorphism and endomorphisms of their tensor algebras. We close this
chapter with a reminder on polarization, a process that turns homogeneous polynomials
into multilinear symmetric maps by adding variables, and which will be of use to us
in the last chapters as the Ledger conditions take the form of homogeneous polynomial
equations.

In chapter 2 we invest a sizeable amount of time into the development of the general
theory of connections on vector bundles. Vector bundles are ’smooth’ families of vector
spaces indexed by the points of a manifold, which are locally isomorphic to direct prod-
ucts (which is why they are sometimes called twisted products). We define vector bundles,
their sections, and maps between their sections. We then describe operations one can
apply to vector bundles, most notably: the bundle equivalent of the tensor algebra, and
the pullback of a vector bundle along a map of base manifolds.

We then introduce the notion of a connection on a vector bundle, a tool used to create
links between the fibers of a bundle. Using the pullback operation, we define the co-
variant derivative along a curve and parallel transport. We introduce the curvature of a
connection, and present its interpretation in terms of infinitesimal holonomy. We give a
description of the connections induced on tensor bundles (as well as their curvature). We
end the chapter by introducing an alternative point of view on connections, that of Ehres-
mann connections which are defined by introducing a horizontal distribution. We take
the opportunity to explain why flat connections are locally trivial.

In chapter 3 we apply our general theory of connections to the case of the tangent bundle,
leading us to the notion of an affine connection. We describe the local invariants unique
to affine connections: torsion and the Ricci curvature, the latter of which we relate
to the curvature on the determinant bundle. Most importantly we develop the theory
of geodesics (by means of the geodesic spray): we introduce the exponential mapping,
normal coordinates, Jacobi fields and, finally, geodesic symmetries.

This leads us to the notion of symmetric tensors (’tensors compatible with the geodesic
symmetries’), and through ’radial power expansion in normal coordinates’ we obtain our
first necessary curvature condition for the existence of a symmetric tensor (this curvature
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condition will later be used to prove the Sekigawa-Vanhecke theorem, and the inclusion
"type S ⊂ Preferred").

In chapter 4 we give a brief overview of Riemannian, symplectic and complex struc-
tures, their interactions with each other and with affine connections, as well as their
combination in the form of Kähler manifolds. The most important result in this chapter
are:

• The inclusion "type S ⊂ Preferred", obtained by applying the condition derived at
the end of chapter 3 to the symplectic volume form.

• The symmetries verified by the curvature of a Kähler manifold, which will play a
key role in the proof of the Sekigawa-Vanhecke theorem.

• The characterization of locally symmetric spaces in terms of their curvature (and
torsion, which must vanish).

In chapter 5 we state and prove the Sekigawa-Vanhecke theorem. At that point, most
of the work has already been done, and the proof is rather brief. Relying on the
Sekigawa-Vanhecke theorem, we also find examples of preferred symplectic connections
which are not of type S in the form of non-locally-symmetric Kähler-Einstein mani-
folds.

In chapter 6, we introduce an original notion of divergence, which we show to be equiva-
lent to a choice of connection on the determinant bundle. Using this notion of divergence,
we extend the work of D’Atri and Nickerson [8] to the affine setting by showing that
a torsionless affine connection with divergence-preserving symmetries must necessarily
satisfy all odd Ledger conditions, and that these condition are in fact sufficient when
the connection is analytic and locally equiaffine (meaning that there exist local parallel
volume forms).

Chapter 7 is our most original contribution. The great simplicity of the geometry of
preferred connections on symplectic surfaces, uncovered by Bourgeois and Cahen in
[6], allows us to show that such a connection must necessarily verify all odd Ledger
conditions.

A family of non-locally-symmetric symplectic connections of type S is then easily found,
thanks to the very explicit expressions provided by Bourgeois and Cahen.

We also include an appendix on distributions and the Frobenius theorem (appendix A),
as they intervene when we introduce horizontal distributions in chapter 2 (the Ehres-
mann point of view), as well as an appendix on analytic connections (appendix B),
since they play a key role in our construction of non-symmetric connections of type
S.

We assume our readers to be acquainted with the notions that an introductory class on
differential geometry should include, such as abstract manifolds, vector fields and their
flows, Lie derivatives, differential forms, and so forth. All the prerequisites will be found
in [19].
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We finish this introduction with an overview of the general references used in this
work.

• As we already mentioned, for any question concerning the foundations of differ-
ential geometry, we turn to [19], a very thorough introduction with chapters on
vector bundles, the Frobenius theorem and even symplectic manifolds.

• For the elementary notions of Riemannian geometry, we rely on [18] from the same
author, which contains some computations that carry over to affinely connected
manifolds.

• For the theory of connections, our ultimate reference is [12, 13] however the reader
should be warned: the point of view adopted in this text is that of principal
connections (on principal bundles) which are not covered here. In [26] the theory
of connections is developed with vector bundles as a starting point. The same goes
for [17] which includes a section on Ehresmann connection (an alternative, very
general approach to connections).

• For the theory of affine connections, their curvature, geodesics and local symme-
tries we consult [12, 13] and [24]. [24] in particular takes affine connections as a
starting point. In it the reader will find an extensive and self-contained account of
Riemannian symmetric spaces, including an outline of their classification (together
with an introduction to the theory of semisimple Lie algebras).

• [21], [7] and [22] cover everything pertaining to symplectic geometry (excluding
symplectic connections), and almost everything concerning complex manifolds.

• As for Kähler manifolds, their connection and curvature, we once again use [13]
(vol II.).

• The survey article [5] covers the basic properties of symplectic connections.

• Finally, for the more original sections of this thesis, the relevant articles are [2] (the
Sekigawa-Vanhecke theorem), [6] (preferred connections on symplectic surfaces)
and [8] (D’Atri spaces and the Ledger conditions). We also look in [3] to find
examples of preferred symplectic connections that are not of type S.
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Chapter 1

Algebraic Preliminaries

Differential geometry and differential calculus in general draw much of their power from
the following intriguing phenomenon: "things" tend to become linear at the infinitesimal
scale, meaning that they can be described through the theory of (finite-dimensional)
vector spaces. In differential geometry, this idea is formalized via the notion of a tangent
space: given a point in manifold, the space tangent to that point (a finite-dimensional
vector space) can be thought of as a model for the ’infinitesimal’ piece of the manifold
surrounding that point. In that way, a lot is often gained by first understanding the linear
structure of the tangent spaces, then mediating between the global and infinitesimal
scales through the use of tensor fields (and more generally, sections of vector bundles).
This theme, which we will encounter more than once in the following pages, might serve
as an explanation for the ubiquity of tensor fields throughout differential geometry (and
certainly throughout this thesis).

With this in mind, we begin with a preliminary chapter investigating the theory of
tensors on finite-dimensional vector space. The purpose of this chapter is first and
foremost to remind the reader of the basic properties of the tensor (and exterior) algebra
of a finite-dimensional vector space, as such most proofs will be omitted. Very careful
treatment of these subjects (which include the construction of the tensor and exterior
algebra) can be found in [19], [26] or [27].

1.1 Tensor algebra

We begin by presenting the different point of views that we will adopt regarding tensors
throughout this text. Interplay between these equivalent point of views will prove fruitful
on numerous occasions.

Theorem 1.1.1. Let V1, ..., Vk be finite dimensional vector spaces.

(i) (Tensors via the universal property) The tensor product V1⊗...⊗Vk comes equipped
with a multilinear map

⊗ : V1 × ...× Vk → V1 ⊗ ...⊗ Vk.
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This map is universal in the following sense: given a vector space W and a mul-
tilinear map

f : V1 × ...× Vk → W

there exists a unique linear map

f̄ : V1 ⊗ ...⊗ Vk → W

such that

V1 ⊗ ...⊗ Vk W

V1 × ...× Vk

f̄

f
⊗

commutes, meaning that f̄ sends v1 ⊗ ...⊗ vk to f(v1, ..., vk) for all v1, ..., vk ∈ V .

More concisely, we have a canonical linear isomorphism

Lin(V1 ⊗ ...⊗ Vk,W ) ≃ Lin(V1, ..., Vk;W )

where Lin(V1, ..., Vk;W ) denotes the space of mulilinear maps

V1 × ...× Vk → W

(and for two vector spaces A,B, Lin(A,B) denotes the space of linear maps A →
B).

(ii) (Tensors as multilinar maps) There exists a unique linear isomorphism

V ∗
1 ⊗ ...⊗ V ∗

k ≃ Lin(V1, ..., Vk;R)

that sends α1 ⊗ ...⊗ αk (for αj ∈ V ∗
j ) to the multilinear map

V1 × ...× Vk → R, (v1, ..., vk) → α1(v1)...αk(vk)

which we also denote by α1 ⊗ ...⊗αk. Equivalently, since Vj and (V ∗
j )∗ are canon-

ically isomorphic, we also have a unique isomorphism

V1 ⊗ ...⊗ Vk ≃ Lin(V ∗
1 , ..., V

∗
k ;R)

that sends v1 ⊗ ...⊗ vk (for vj ∈ Vj) to the multilinear map

V ∗
1 × ...× V ∗

k → R, (α1, ..., αk) → α1(v1)...αk(vk).

(iii) (Tensors through coordinates) For each 1 ≤ i ≤ k, let (e(i)
1 , ..., e

(i)
ni

) be a basis of Vi.
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Then
{e(1)

i1 ⊗ ...⊗ e
(k)
ik

|1 ≤ i1 ≤ n1, ..., 1 ≤ ik ≤ nk}

is a basis of V1 ⊗ ...⊗ Vk.

Next we present what one might call the "commutativity" and "associativity" of the
tensor product.

Proposition 1.1.1. Let U, V,W be vector spaces. There exists canonical isomorphisms

U ⊗ V ≃ V ⊗ U

U ⊗ (V ⊗W ) ≃ U ⊗ V ⊗W

(U ⊗ V ) ⊗W ≃ U ⊗ V ⊗W

that respectively send u⊗v to v⊗u, (u⊗v)⊗w to u⊗v⊗w and u⊗ (v⊗w) to u⊗v⊗w
for all u ∈ U , v ∈ V and w ∈ W .

Remark. When we talk of the tensor product being commutative, we refer to the afore-
mentioned isomorphism U ⊗ V ≃ V ⊗ U , not to a supposed commutativity of the
operation ⊗ : U × V → U ⊗ V . Indeed, for u ∈ U and v ∈ V , u ⊗ v and v ⊗ u should
not be expected to be equal, as the second expression will not even be well-defined in
most cases (that is, when U ̸= V ). Even in the event that U = V , the equality will not
hold in general.

Making use of the universal property of the tensor product, we can combine a family
of linear maps Lj : Vj → Wj into a single linear map V1 ⊗ ... ⊗ Vk → W1 ⊗ ... ⊗
Wk.

Proposition 1.1.2. Let V1, ..., Vk and W1, ...,Wk be two families of vector spaces, and
for each 1 ≤ i ≤ k, let Li : Vi → Wi be a linear map. There exists a unique linear map

(L1 ⊗ ...⊗ Lk) : (V1 ⊗ ...⊗ Vk) → (W1 ⊗ ...⊗Wk)

such that (L1 ⊗ ...⊗ Lk)(v1 ⊗ ...⊗ vk) = L1(v1) ⊗ ...⊗ Lk(vk), for vj ∈ Vj.

Before defining the tensor algebra of a vector space, we mention the following result,
which will allow us to see the theory of linear maps as a special case of our theory of
tensor products (and dual spaces).

Proposition 1.1.3. Let V,W be finite-dimensional vector spaces. There exists a canon-
ical isomorphism

W ⊗ V ∗ → Lin(V,W )

that sends w ⊗ α to
wα(−) : V → W, v → wα(v)

for all w ∈ W , α ∈ V ∗.

16



Definition 1.1.1 (Tensor algebra). Let V be a vector space and let r, s be two natural
numbers, we define

(i) T rV := V ⊗r = V ⊗ V ⊗ ...⊗ V (r times), the tensor product of r copies of V .

(ii) TsV := (V ∗)⊗s = V ∗ ⊗ V ∗ ⊗ ... ⊗ V ∗ (s times), the tensor product of s copies of
V ∗, the vector space dual to V .

(iii) T rs V := T rV ⊗ TsV .

And by convention we set
T 0V = T0V = T 0

0 V := R.

We define the tensor algebra T (V ) of V to be the direct sum

T (V ) :=
⊕

(r,s)∈N2

T rs V

(Notice that we take the direct sum and not the direct product, so that an element
of T (V ) is a finite sum ∑m

i=1 Ai with Ai ∈ T ri
si
V ). An element of T rs V is said to be

homogeneous of type (or degree) (r, s).

To endow T (V ) with an internal multiplication ⊗, we start by defining a map

⊗ : T rs V × T kl V → T r+ks+l V

for each possible pair (r, s), (k, l) ∈ N2, then extend ⊗ bilinearly. To the different
interpretations of tensors described in theorem 1.1.1 correspond different avenues for
defining

⊗ : T rs V × T kl V → T r+ks+l V

(i) (Via the universal property) We can use the natural isomorphisms

T rs V ⊗ T kl V = (T rV ⊗ TsV ) ⊗ (T kV ⊗ TlV )
≃ (T rV ⊗ T kV ) ⊗ (TsV ⊗ TlV ) ≃ T r+kV ⊗ Ts+lV = T r+ks+l V

meaning that we define ⊗ to be the unique bilinear map such that

(T ⊗ α) ⊗ (S ⊗ β) = (T ⊗ S) ⊗ (α⊗ β)

for all T ∈ T rV , S ∈ T kV , α ∈ TsV and β ∈ TlV .

(ii) (As multilinear maps) A tensor T ∈ T rs V can be seen as a multilinear map

T : (V ∗)r × V s → R.
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For T ∈ T rs V , S ∈ T kl V , the action of T⊗S as a multilinear map on (V ∗)r+k×V s+l

is given by

(T ⊗ S)(α1, ..., αr+k, v1, ..., vs+l)
= T (α1, ..., αr, v1, ..., vs)S(αr+1, ..., αr+k, vs+1, ..., vs+l)

for all αj ∈ V ∗ and vj ∈ V .

(iii) (Via components) Given a basis (ei)mi=1 of V with dual basis (ei∗)mi=1

{ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗ |1 ≤ i1 ≤ m, ..., 1 ≤ ir ≤ m, 1 ≤ j1 ≤ m, ..., 1 ≤ js}

is a basis of T rs V . For an element T of T rs V , we denote the coordinates of T in
that basis by T i1...irj1...js , so that

T =
∑

i1,...,ir,j1,...,js

T i1...irj1...js ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗

and call these coordinates the components of T for the basis (ei)mi=1. The map
⊗ : T rs V × T kl V → T r+ks+l V can then be described as follows: for T ∈ T rs V and
S ∈ T kl V the components of S ⊗ T are given by

(S ⊗ T )i1...ir+k

j1...js+l
= Si1...irj1...jsT

ir+1...ir+k

js+1...js+l
.

T (V ) endowed with this product is an N2-graded R-algebra, meaning that for all (r, s), (k, l) ∈
N2,

T rs V ⊗ T kl V ⊆ T r+ks+l V

(and in this case the inclusion is in fact an equality).

Remark. Notice that we have a canonical isomorphism

T 1
1 V = V ⊗ V ∗ ≃ End(V )

where End(V ) denotes the space of linear endomorphims of V .

We already know how to switch between the ’universal property’, and ’multilinear maps’
point of views on tensors, as the action of α1 ⊗ ... ⊗ αk on V1 × ... × Vk was described
in theorem 1.1.1, and at this point the relationship between the action of a tensor
T ∈ T rs V as a multilinear map and its components in a given basis could be derived
without difficulty. Nevertheless, since we will make heavy use of said relationship in what
is to come, we think it best to provide an explicit description.
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Proposition 1.1.4. Let V be finite-dimensional vector space with basis (ei)mi=1 and dual
basis (ei∗)mi=1. Then a tensor T ∈ T rs V of type (r, s) is uniquely written

T =
∑

i1,...,ir,j1,...,js

T i1...irj1...js ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗

with
T i1...irj1...js = T (ei1∗ , ..., eir∗ , ej1 , ..., ejs).

Now that covariant tensors have been introduced and interpreted as multilinear forms, we
are ready to define the subclasses of symmetric and skew-symmetric tensors. The latter,
which will become the exterior algebra once we endow it with the appropriate product,
is arguably the most important one (for our purposes at least) as it gives rise to the
theory of differential forms, hence we treat it with a bit more care.

Definition 1.1.2.

(i) We call Sk the permutation group of degree k. For σ ∈ Sk and α ∈ TkV we define
ασ ∈ TkV by

(ασ)(v1, ..., vk) := α(vσ(1), ..., vσ(k))

for all v1, ..., vk ∈ V .

(ii) A covariant k-tensor α on V is said to be symmetric if ασ = α for all σ ∈ Sk.
We denote by SkV ∗ the space of such tensors. We define a linear projection
Sym : TkV → SkV ∗ which we call symmetrization. The symmetrization of a
covariant k-tensor α ∈ TkV is given by

Sym(α) := 1
k!

∑
σ∈Sk

ασ.

(iii) A covariant k-tensor α on V is said to be skew-symmetric (or alternating, or
antisymmetric) if ασ = (−1)σα for all σ ∈ Sk, where (−1)σ denotes the signature
of σ. The space of such tensors is denoted by ΛkV ∗. In analogy with the symmetric
case, we define a linear projection Alt : TkV → ΛkV ∗ called the alternation (or
antisymmetrization, or skew-symmetrization). The alternation of a covariant
k-tensor α ∈ TkV is given by

Alt(α) := 1
k!

∑
σ∈Sk

(−1)σασ.

We define the exterior algebra Λ(V ) of V to be the direct sum

Λ(V ) :=
⊕
k∈N

ΛkV ∗.
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We endow Λ(V ) with an internal multiplication ∧, called the exterior or wedge
product by first setting

α ∧ β := (k + l)!
k!l! Alt(α⊗ β)

for α ∈ ΛkV ∗ and β ∈ ΛlV ∗, then extending ∧ bilinearly. Equipped with the wedge
product, Λ(V ) becomes an anticommutative N-graded algebra, meaning that(

ΛkV ∗
)

∧
(
ΛlV ∗

)
⊆ Λk+lV ∗

(once again, the inclusion is in fact an equality), and that for all α ∈ ΛkV ∗ and
β ∈ ΛlV ∗, we have

α ∧ β = (−1)klβ ∧ α.

Let us finish our overview of the exterior algebra by providing a basis for the space
ΛkV ∗. Let (ei)mi=1 be a basis of V , with dual basis (ei∗)mi=1. Then an element α of
ΛkV ∗ is uniquely determined by the set of numbers

{α(ei1 , ..., eik)|for 1 ≤ i1 < i2 < ... < ik ≤ m}.

This suggests the following choice of basis: for 1 ≤ i1 < i2 < ... < ik ≤ m, and
1 ≤ j1 < j2 < ... < jk ≤ m, the skew-symmetric tensor ei1∗ ∧ ... ∧ eik∗ satisfies

(ei1∗ ∧ ... ∧ eik∗ )(ej1 , ..., ejk) = δi1j1 ...δ
ik
jk
.

Thus we see that the set

{ei1∗ ∧ ... ∧ eik∗ |for 1 ≤ i1 < i2 < ... < ik ≤ m}.

is a basis of ΛkV ∗ and that any skew-symmetric k-tensor α ∈ ΛkV ∗ can be uniquely
written as

α =
∑

i1<i2<...<ik

αi1...ike
i1
∗ ∧ ... ∧ eik∗

with αi1...ik = α(ei1 , ..., eik).

Example 1.1.1. Given α, β ∈ V ∗ and v, w ∈ V we have

(α ∧ β)(v, w) = α(v)β(w) − α(w)β(v).

An additional property of skew-symmetric (covariant) tensors that will be of use to us
later is their universality as alternating maps, which is encapsulated in the following
proposition.
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Proposition 1.1.5. Let V and W be finite-dimensional vector spaces. Then there exists
a natural isomorphism

W ⊗ ΛkV ∗ ≃ Alt(V k;W )

(where Alt(V k;W ) denotes the space of alternating multilinear maps V k → W ) which
sends w ⊗ α (w ∈ W , α ∈ ΛkV ∗) to the map

V k → W, (v1, ..., vk) → wα(v1, ..., vk).

We finish this section by defining the contraction operation on tensors. What motivates
this definition is the fact that we do not know of a ’common’ operation involving tensors
that cannot be reduced to a combination of contractions and tensor products. Thus
for each operation acting on tensors that we will introduce in later chapters (such as
covariant differentiation), we will gain essentially complete knowledge of the ’algebraic’
behaviour of these operations just by investigating their interaction with contraction
and the tensor product.

Definition 1.1.3. Let 1 ≤ i ≤ r and 1 ≤ j ≤ s. The (i, j) contraction operation is
a linear map Ci

j : T rs V → T r−1
s−1 V that can defined in the following equivalent ways:

(i) The unique linear map obtained by applying the canonical pairing

V ⊗ V ∗ → R, (v, α) → ⟨v, α⟩ := α(v)

to the ith V factor and jth V ∗ factor of T rs V = V ⊗ ... ⊗ V ⊗ V ∗ ⊗ ... ⊗ V ∗

and the identity on all other factors. In other words Ci
j is the unique linear map

T rs V → T r−1
s−1 V such that for all v1, ..., vr ∈ V , α1, ..., αs ∈ V ∗

Ci
j(v1 ⊗ ...⊗vr ⊗α1 ⊗ ...⊗αs) = ⟨vi, αj⟩v1 ⊗ ...⊗ v̂i⊗ ...⊗vr ⊗α1 ⊗ ...⊗ α̂j ⊗ ...⊗αs

where the hats indicate that vi and αj are omitted.

(ii) Let (ek)mk=1 and be a basis of V with dual basis (ek∗)mk=1. Interpreting tensors as
multilinear maps, for T ∈ T rs V , Ci

jT is defined by

(Ci
jT )(α1, ..., α̂i, ..., αr, v1, ..., v̂j, ..., vs)

=
m∑
k=1

T (α1, ..., αi−1, ek∗, α
i+1, ..., αr, v1, ..., vj−1, ek, vj+1, ..., vs)

for all α1, ..., α̂i, ..., αr ∈ V ∗ and v1, ..., v̂j, ..., vr ∈ V .

(iii) In terms of components: let T ∈ T rs V and write

T =
∑

i1,...,ir,j1,...,js

T i1...irj1...js ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗ .
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Then the components of Ci
jT are given by

(Ci
jT )i1...ir−1

j1...js−1 =
m∑
k=1

T
i1...k...ir−1
j1...k...js−1

where the superscript k appears in the ith position and the subscript k appears in
the jth position.

For 1 ≤ i1 < i2 < ... < ik ≤ r and 1 ≤ j1 < j2 < ... < jk ≤ s we define Ci1...ik
j1...jk

to be the
composition

Ci1...ik
j1...jk

:= Ci1
j1 ◦ Ci2

j2 ◦ ... ◦ Cik
jk

: T rs V → T r−ks−k V.

Example 1.1.2. As stated earlier, almost all the natural operations one can apply to
tensors are obtained by combining contraction and the tensor product.

(i) Through the canonical isomorphism End(V ) ≃ V ⊗ V ∗ we have for all A,B ∈
End(V ), v ∈ V , α ∈ V ∗

C1
1A = trA

C2
1(A⊗B) = A ◦B
C2

1(A⊗ v) = Av

C1
2(A⊗ α) = A∗α.

(ii) For all T ∈ T rs V , α1, ..., αr ∈ V ∗, v1, ..., vs ∈ V we have

C1,2,...,2r
1,2,...,2s (α1 ⊗ ...⊗ αr ⊗ T ⊗ v1 ⊗ ...⊗ vs) = T (α1, ..., αr, v1, ..., vs).

1.1.1 Induced morphisms of algebras

The construction of the tensor algebra of a vector space V relies solely on the linear
structure of V , so it should come as no surprise that an isomorphism of vector spaces
V → W induces an isomorphism T (V ) → T (W ) that preserves all the relevant struc-
tures, namely contraction and the tensor product. Sill, this process of turning a linear
isomorphism into a morphism of tensor algebras will make enough appearances in the
present work to warrant a dedicated subsection. One last note before we begin, when
V = W we will obtain an ’infinitesimal’ version of this process, which we will also
describe.

Definition 1.1.4. Let L : V → W be a linear isomorphism. Then for any pair of
natural numbers r, s, L induces a linear isomorphism, L · (−) : T rs V → T rsW that can
be defined in the following equivalent ways:
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(i) The unique linear map obtained by applying L to all the V factors of T rs V =
V ⊗ ...⊗ V ⊗ V ∗ ⊗ ...⊗ V ∗ and (L−1)∗ to all V ∗ factors. In other words L · (−) is
the unique linear map T rs V → T rsW such that for all v1, ..., vr ∈ V , α1, ..., αs ∈ V ∗

L · (v1 ⊗ ...⊗ vr ⊗α1 ⊗ ...⊗αs) = (Lv1) ⊗ ...⊗ (Lvr) ⊗ ((L−1)∗α1) ⊗ ...⊗ ((L−1)∗αs).

(ii) If we view an element T ∈ T rs V as a multilinear map (V ∗)r × V s → R, then L · T
is defined by

(L · T )(β1, ..., βr, w
1, ..., ws) := T (L∗β1, ..., L

∗βr, L
−1w1, ..., L−1ws)

for all β1, ..., βr ∈ W ∗ and w1, ..., ws ∈ W (here L∗ denotes the adjoint of L).

(iii) In terms of components: let (ek)mk=1, (fk)mk=1 be bases of V and W respectively.
Write Lej = ∑k

i=1 L
i
jfi, L−1fj = ∑k

i=1(L−1)ijei and

T =
∑

i1,...,ir,j1,...,js

T i1...irj1...js ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗ .

Then the components of L · T (in the basis (fk)mk=1) are given by

(L · T )i1...irj1...js =
∑

t1,...,tr,q1,...,qs

Li1t1 ...L
ir
tr(L−1)q1

j1 ...(L
−1)qs

jsT
t1...tr
q1...qs

.

Example 1.1.3. Let us provide a few special cases of the process described above. Fix
a linear isomorphism L : V → W .

(i) By convention, the action of L on T 0
0 V = R = T 0

0W is the identity map.

(ii) The induced map T 1V = V → W = T 1W is of course L itself.

(iii) Given a covariant k-tensor α ∈ TkV , (L · α) = (L−1)∗α, where (L−1)∗α denotes
the pullback of α along L−1. In particular, the isomorphism L · (−) : TkV → TkW
maps ΛkV ∗ and SkV ∗ isomorphically onto ΛkW ∗ and SkW ∗ respectively.

(iv) A special case of (iii) for V = W which will be very important in the course of
this thesis is that of top skew-symmetric tensors on V , i.e. elements of ΛmV ∗

with m := dimV . Since ΛmV ∗ has dimension 1, there must exist a unique real
number d(L) such that L ·ω = d(L)ω for all ω ∈ ΛmV ∗. This number is non-other
than det(L)−1, thus in summary: given a linear automorphism L ∈ GL(V ), a top
skew-symmetric tensor ω ∈ ΛmV ∗ and v1, ..., vm ∈ V we have

(L · ω)(v1, ..., vm) = ω(L−1v1, ..., L−1vm) = det(L)−1ω(v1, ..., vm).

(v) Through the canonical isomorphisms End(V ) ≃ V ⊗ V ∗ and End(W ) ≃ W ⊗W ∗,
the map L · (−) : End(V ) → End(W ) is the one we would expect, i.e. for A ∈
End(V ) we have L · A = L ◦ A ◦ L−1.
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Remark. One advantage of starting with the case V ̸= W is that the presence of a (−1)
exponent in (iii) and (iv) is not surprising. When V = W , the presence of this exponent
remains necessary in order for the corresponding GL(V )-action to be a left-action (and
not a right-action).

As announced, all the relevant structures are preserved: the induced map T (V ) → T (W )
is an isomorphism of graded algebras, and preserves contraction.

Proposition 1.1.6. Let L : V → W be a linear isomorphism.

(i) L · (T ⊗ S) = (L · T ) ⊗ (L · S) for all T ∈ T rs V , S ∈ T kl V .

(ii) For all α ∈ TkV and σ ∈ Sk we have

L · (ασ) = (L · α)σ

Sym(L · α) = L · Sym(α)
Alt(L · α) = L · Alt(α).

(iii) L · (α ∧ β) = (L · α) ∧ (L · β) for all α ∈ ΛkV ∗, β ∈ ΛlV ∗.

(iv) Let 1 ≤ i1 < i2 < ... < ik ≤ r and 1 ≤ j1 < j2 < ... < jk ≤ s. Then for all
T ∈ T rs V we have

Ci1...ik
j1...jk

(L · T ) = L · Ci1...ik
j1...jk

T.

When V = W , definition 1.1.4 gives us a linear action ofGL(V ) on T rs V , or equivalently a
Lie group morphism GL(V ) → GL(T rs V ). This Lie group morphism induces a morphism
of Lie algebras End(V ) → End(T rs V ), and in that way a linear endomorphism A of V
induces a linear endomorphism of T rs V .

Definition 1.1.5. A linear map A : V → V induces a linear map A · (−) : T rs V → T rs V
which we also call A. Given T ∈ T rs V , A · T is defined by

A · T := d

dt

∣∣∣∣∣
t=0

etA · T.

In analogy with the three cases of definition 1.1.4 we have the following equivalent
definitions of A · T :

(i) The unique linear map T rs V → T rs V such that for all v1, ..., vr ∈ V , α1, ..., αs ∈ V ∗

A · (v1 ⊗ ...⊗ vr ⊗ α1 ⊗ ...⊗ αs) =
r∑
i=1

v1 ⊗ ...⊗ (Avi) ⊗ ...⊗ vr ⊗ α1 ⊗ ...⊗ αs

−
s∑
i=1

v1 ⊗ ...⊗ vr ⊗ α1 ⊗ ...⊗ (A∗αi) ⊗ ...⊗ αs.
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(ii) If we view tensors as multilinear mappings, then for T ∈ T rs V , α1, ..., αr ∈ V ∗ and
v1, ..., vs ∈ V we have

(A · T )(α1, ..., αr, v1, ..., vs) =
r∑
i=1

T (α1, ..., A∗αi, ..., αr, v1, ..., vs)

−
s∑
i=1

T (α1, ..., αr, v
1, ..., Avi, ..., vs)

for all α1, ..., αr ∈ V ∗ and v1, ..., vs ∈ V .

(iii) In terms of components, if T ∈ T rs V has components T i1...irj1...js in a basis (ek)mk=1, then
in that same basis the components of A · T are given by

(A · T )i1...irj1...js =
r∑

k=1

∑
t

Aikt T
i1...ik−1tik+1...ir
j1...js

−
s∑

k=1

∑
q

AqjkT
i1...ir
j1...jk−1qjk+1...js

where the matrix (Aij) is defined by Aej = Aijei.

Remark. Note that for any differentiable map L : J → GL(V ), t → Lt (J an open
interval containing 0) with L0 = I and d

dt

∣∣∣
t=0

Lt = A ∈ End(V ) we have

d

dt

∣∣∣∣∣
t=0

Lt · T = A · T

for all T ∈ T rs V .

Each property and example given for the GL(V )-action gives rise to a property or
example for the action of End(V ) through differentation. In particular, for A ∈ End(V ),
the induced action A · (−) is an ’infinitesimal graded-algebra automorphism’, i.e. a
graded-derivation of degree 0.

Proposition 1.1.7. Let A : V → V be a linear map. Then the induced map A · (−) :
TkV → TkV preserves ΛkV ∗ and SkV ∗. Furthermore

(i) A · (T ⊗ S) = (A · T ) ⊗ S + T ⊗ (A · S) for all T ∈ T rs V , S ∈ T kl V .

(ii) For all α ∈ TkV and σ ∈ Sk we have

A · (ασ) = (A · α)σ

Sym(A · α) = A · Sym(α)
Alt(A · α) = A · Alt(α).
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(iii) A · (α ∧ β) = (A · α) ∧ β + α ∧ (A · β) for all α ∈ ΛkV ∗ and β ∈ ΛlV ∗.

(iv) Let 1 ≤ i1 < i2 < ... < ik ≤ r and 1 ≤ j1 < j2 < ... < jk ≤ s. Then for all
T ∈ T rs V we have

Ci1...ik
j1...jk

(A · T ) = A · Ci1...ik
j1...jk

T.

Example 1.1.4. Fix A ∈ End(V ), this time we list some special cases of the action of
A on tensor spaces of V .

(i) The action of A on T 0
0 V = R is the zero map. Once again the induced map

T 1V = V → V = T 1V is simply A itself. Notice however that the induced map
V ∗ → V ∗ is not A∗ but −A∗.

(ii) For a top skew-symmetric tensor ω ∈ ΛmV ∗ we have Aω = −(trA)ω, or in more
details: for v1, ..., vm ∈ V :

(A · ω)(v1, ..., vm) = −
m∑
i=1

ω(v1, ..., Avi, ..., vm) = −(trA)ω(v1, ..., vm).

As stated in example 1.1.3 (iv), this will be of particular importance for us.

(iii) Through the canonical isomorphism End(V ) ≃ V ⊗ V ∗, for B ∈ End(V ) we have

A ·B = A ◦B −B ◦ A.

Remark. Once (iv) in example 1.1.3 is known, (ii) in the list above becomes equivalent
to

d

dt

∣∣∣∣∣
t=0

det(etA) = tr(A)

for all A ∈ End(V ). Note also that the awkward ’-’ sign that appears in a few places
corresponds to the (−1) exponent for the GL(V )-action, whose presence we justified in
a previous remark.

1.2 Polarization of a homogeneous polynomial

The Ledger curvature conditions we will encounter in the last chapters will take the
form of homogeneous polynomial equations, and we will sometimes need to turn them
into linear equations, a process known as polarization.

We begin by making precise what we mean by a (homogeneous) polynomial function on
an arbitrary finite-dimensional vector space.

26



Definition 1.2.1. Let V be a real vector space of dimension m < ∞. A basis e = (ek)mk=1
of V induces a linear isomorphism

e : Rm → V, (xk)mk=1 →
m∑
k=1

xkek

(in fact the datum of a basis of V is equivalent to the datum of a linear isomorphism
Rm → V ). A (real) polynomial on V is a map f : V → R such that for any basis e of
V , the composition

f ◦ e : Rm → R

is a (real) polynomial in m variables. One can show that given a polynomial function
g : Rm → R and a linear isomorphism L : Rm → Rm, the composition g ◦ L : Rm → R
is a polynomial function. From this we deduce that a map f : V → R is a polynomial
as soon as there exists a single basis e of V for which f ◦ e is polynomial.

Definition 1.2.2. A homogeneous polynomial of degree k on V is a polynomial map
f : V → R such that f(λv) = λkf(v) for all v ∈ V and λ ∈ R.

Remark. Composition with a linear isomorphism Rm → Rm (i.e. a change of basis)
preserves the degree of a polynomial, so that we could still speak of the degree of a
non-homogeneous polynomial function f : V → R.

We are now in a position to define polarization which, to be completely rigorous, is not
a process one applies to equations but to homogeneous polynomials themselves. It is the
process through which we identify a homogeneous polynomial of degree k on V with a
symmetric covariant k-tensor on V .

Theorem 1.2.1. Let f : V → Rm be a homogeneous polynomial of degree k. There
exists a unique symmetric k-tensor F ∈ SkV ∗ such that for all v ∈ V ,

f(v) = F (v, v, ..., v).

We call F the polar (or linear) form of f . The process of going from f to F is called
polarization or linearization.

Proof. Let e = (ek)mk=1 be a basis of V . There exists a unique family of coefficients
(aα)α∈Nr,|α|=k (where we use the multi-index notation |α| = ∑r

i=1 αi for α ∈ Nr) such
that for all v = ∑r

i=1 x
iei ∈ V

f(v) =
∑

|α|=k
aαx

α (1.1)

with xα := (x1)α1(x2)α2 ...(xr)αr .
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Now let, F ∈ SkV ∗ be a symmetric k-tensor on V , with components Fi1...ik in the basis
e. For a multi-index α ∈ Nr with |α| = k we define Fα by

Fα := F 11...1︸ ︷︷ ︸
(α1 times)

22...2︸ ︷︷ ︸
(α2 times)

... rr...r︸ ︷︷ ︸
(αr times)

.

So for example, for r = 4, α = (4, 0, 0, 0) and β = (1, 2, 1, 0) we have

Fα = F1111

Fβ = F1223.

Then for all v = ∑r
i=1 x

iei we have

F (v, v, ..., v) =
∑

|α|=k

(
r

α

)
Fαx

α (1.2)

with the multinomial coefficient
(
r
α

)
= r!

α1!...αk! (the number of ways to place r items into
k bins with αi items in the ith bin).

Comparing equations 1.1 and 1.2, we see that the polar form F of f is the unique
symmetric k-tensor such that

Fα =
[
1/
(
r

α

)]
aα

for all α ∈ Nr with |α| = k.

In the applications relevant to us, the homogeneous polynomial in question will al-
ways be defined using an initial (not necessarily symmetric) tensor. In that particular
instance, polarization coincides with an operation we already introduced: symmetriza-
tion.

Theorem 1.2.2. Let α be a covariant k-tensor on V . Then the map

ᾱ : V → R, v → α(v, v, ..., v)

is a homogeneous polynomial of degree k, and its polar form is Sym(α).

Proof. To see that ᾱ is a polynomial map, simply write α(v, v, ..., v) (for v ∈ V ) in
component form after a choice of basis. The fact that ᾱ(λv) = λkᾱ(v) for λ ∈ R, v ∈ V
is an immediate consequence of the multilinearity of α.

Lastly, Sym(α) is symmetric by construction, and since ασ(v, v, ..., v) = α(v, v, ..., v) for
all σ ∈ Sk, v ∈ V , one easily checks that

ᾱ(v) = α(v, v, ..., v) = Sym(α)(v, v, ..., v)
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for all v ∈ V and the conclusion follows from the uniqueness in theorem 1.2.1.

Corollary 1.2.1. Let α be a covariant k-tensor on V . If α(v, v, ..., v) = 0 for all v ∈ V ,
then Sym(α) = 0. In particular if α is already symmetric and if α(v, v, ..., v) = 0 for all
v ∈ V then α = 0.
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Chapter 2

Vector bundles and connections

We now leave the realm of pure algebra and enter that of differential geometry proper. In
this chapter, much time will be spent developing the general theory of connections on vec-
tor bundles. This theory will then find its incarnation in subsequent chapters in the form
of affine connections, which are connections on the tangent bundle.

Of course we could have chosen affine connections as our starting point, thereby avoiding
a lot of work, and perhaps this would have been wiser. But we believe that this more
general approach presents a number of advantages, the first being that an introduction
to the theory of connections on vector bundles, a very powerful and far-reaching theory,
could prove useful to the reader (this however would depend heavily on the author’s
abilities). Another benefit comes from the fact that, although our main object of study
will remain affine connections (that is, connections on the tangent bundle), we will still
come into contact with vector bundles other than the tangent bundle through tensor
fields, and we will need to describe how these affine connections act on said tensor fields.
In that regard, a general theory of connections on vector bundles will allow for a more
unified and streamlined treatment. Lastly, time invested in a more general presentation
is often rewarded by greater clarity, as the most essential and salient properties are laid
bare.

Going back to more concrete matters, the main references used in this section are [26],
[19] and [17] (this last one applies mainly to the last section, where we introduce the
Ehresmann point of view).

2.1 Vector Bundles

As mentioned in the beginning of chapter 1, the geometry of a manifold becomes lin-
ear at the infinitesimal scale (when we ’zoom in’ enough on a given point) thus each
point of a manifold come with its own little linear structure. But to make this idea
precise, and to treat all of these pointwise structures at once, and in such a way that
we take the smooth structure of our manifold into account, we would need a notion of
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’parametrized linear algebra’ (an expression we will borrow from the dedicated nLab
page).

We could attempt to achieve this by simply taking the direct product of our manifold
with a given vector space. Certainly this would give us a ’smooth’ (in this case essentially
constant) family of vector spaces parametrized by our manifold. And indeed, it is a step
in the right direction, and such direct products will form an important class of vector
bundles, called trivial vector bundles to emphasize that they are the simplest of their
kind. But this approach will turn out to be too restrictive. The ideal compromise is
reached instead by requiring a vector bundle to be only locally isomorphic to a direct
product (or equivalently, locally trivial). This is the essence behind the definition of a
vector bundle, which we will now state.

Definition 2.1.1. A (real) vector bundle of rank r over M is a smooth surjection
π : E → M such that

(i) For every p ∈ M , the set Ep := π−1(p) is a real vector space of dimension r.

(ii) Every point p ∈ M has an open neighbourhood U such that there exists a fiber-
preserving diffeomorphism

ϕU : EU := π−1(U) → U × Rr

that restricts to a linear isomorphism Eq → q × Rr for each q ∈ U .

E is called the total space, M is called the base space, and the space Ep the fiber
above p. We call the open subset U in (ii) a trivializing open subset for E, and ϕU
a trivialization of π−1(U). A trivializing open cover for E is a collection (Uα, ϕα)α∈A
where for each α ∈ A, ϕα is a trivialization of E over the open subset Uα, and such that
the Uα cover M .

We immediately give the correct notions of morphism and isomorphim for vector bun-
dles.

Definition 2.1.2. Let πE : E → M and πF : F → N be two vector bundles. A
morphism of vector bundles from E to F is a pair of smooth maps Φ : E → F ,
ϕ : M → N such that

(i) The diagram

E F

M N

πE

Φ

πF

ϕ

commutes.
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(ii) The map Φ restricts to a linear map Φp : Ep → Fϕ(p) of fibers for each p ∈ M .

We often refer to Φ as the vector bundle morphism, which is not a terrible mistake
since ϕ can be recovered from Φ. We call Φ a vector bundle morphism over ϕ. An
important special case is when M = N and ϕ = idM , we then speak of a vector bundle
morphism over M . Since vector bundles are the only kind of fiber bundles we will
treat in this thesis, we will sometimes refer to them simply as ’bundles’ (e.g. by speaking
of ’bundle morphisms’ instead of ’vector bundle morphisms’).

Bundle isomorphisms are defined in the usual way: as invertible bundle morphisms. More
explicitely, given two vector bundles πE : E → M , πF : F → N and a diffeomorphism
ϕ : M → N , a bundle isomorphism E → F over ϕ is a bundle morphism Φ : E → F
over ϕ for which there exists a bundle morphism Φ−1 : F → E over ϕ−1 such that

Φ ◦ Φ−1 = idF

Φ−1 ◦ Φ = idE.

When M = N we often speak of bundle isomorphisms E → F with no further specifi-
cations. In that case it is assumed that the isomorphism lies over idM .

Example 2.1.1.

(i) In most introductions to differential geometry, the first vector bundles one encoun-
ters are the tangent bundle TM of a smooth manifold, whose local trivializations
are provided by coordinate charts, and its tensor bundles T rsM (we will come back
to tensor bundles shortly). Very important as well are the exterior powers ΛkT ∗M
of the cotangent bundle T ∗M . The determinant bundle of M in particular, that
is the top exterior power ΛtopT ∗M = ΛmT ∗M (m = dim(M)), will play a special
role in this thesis.

(ii) The simplest examples of vector bundles however, are trivial bundles. The trivial
bundle of rank r over M is simply the direct product M × Rr with the obvious
smooth structure, fiberwise linear structure and projection. We use the notation
Rr
M (or Rr if there is no confusion about the base manifold) to refer to the trivial

bundle of rank r over M . Though they are simple, they are of central importance,
as they provide the local model for vector bundles. Indeed, given a vector bundle
E of rank r and an open subset U of M , a trivialization of E over U is precisely
a bundle isomorphism between EU and the trivial bundle of rank r over U .

But as we already mentioned, they can only serve as local models: most vector
bundles are not globally trivial (meaning they are not globally isomorphic to a
trivial bundle), which is one of the main motivations behind the notion of a vector
bundle. The example par excellence is the tangent bundle of the 2-sphere S2,
which is non-trivial as a consequence of the hairy ball theorem.

We finish this introductory section with a little criterion telling us that a bundle mor-
phism is a bundle isomorphism as soon as it acts isomorphically on fibers.

32



Proposition 2.1.1. Let E and F be two vector bundles over M . Let Φ : E → F be a
bundle morphism (over M). Then Φ is a bundle isomorphism if and only if it is fiberwise
isomorphic, meaning for each p ∈ M , Φp : Ep → Fp is an isomorphism of vector spaces.

Proof. Clearly if Φ is a bundle isomorphism, then it must act isomorphically on each
fiber.

We need only prove the converse locally, so we can assume that E and F are trivial.
They must be of equal rank, so we can write E = Rr

M = F (recall that Rr
M := M ×Rr).

Since Φ is morphism of vector bundles, and since it restricts to an isomorphism on each
fiber, there exists a unique smooth map g : M → GLr(R) such that for any p ∈ M and
vp ∈ Rr = Ep

Φp(vp) = gpvp.

For all p ∈ M , wp ∈ Rr = Wp we must then have

Φ−1
p (wp) = g−1

p wp.

The inversion map GLr(R) → GLr(R) is smooth, so g−1 is a smooth map M → GLr(R),
and we see that Φ−1 : F = Rr

M → Rr
M = E is smooth.

Remark. The reader who finds this proof too concise might wish to consult the proof of
proposition 2.1.2, where we proceed in a very similar manner, but with more details.

2.1.1 Sections of a bundle

Sections of a vector bundle are of such importance that vector bundles could be seen
simply as means to define sections1. Except for a a few rare exceptions, all of our
statements regarding vector bundles from here onwards will make mention of sections in
some way.

Definition 2.1.3 ((Local) sections). Let U be an open subset of M . A section of E
over U is a smooth map s : U → E such that π ◦ s = idU . We denote by Γ(U,E)
the space of such sections. An important special case is the space of sections over M ,
which we denote by Γ(E). Pointwise addition and scalar multiplication naturally make
Γ(U,E) into a C∞(U)-module.

Remark. Given a local section s ∈ Γ(U,E) and a point p ∈ U , we will use indifferently
sp and s(p) to denote the value of s at p.

1This idea can be made precise by exhibiting an equivalence of categories between the category of
vector bundles over a manifold M , and the category of locally free sheaves of C∞(M)-modules over
M , see [20] p. 268 for a brief overview.
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Example 2.1.2. The following examples of vector bundle sections should be found in
any introductory lectures on differential geometry:

(i) Smooth functions on M , which are sections of the trivial bundle of rank 1,
M × R = R1. We use the special notation C∞(M) to denote the space of smooth
functions on M . More generally, a section of the trivial bundle Rr of rank r is a
family of r smooth functions M → R, in other words Γ(Rr) = C∞(M)r.

(ii) Vector fields, which are sections of the tangent bundle TM . We use the special
notation X(M) to denote the space of vector fields on M .

(iii) Differential k-forms, which are sections of ΛkT ∗M . The space of such sections
is denoted by Ωk(M). In particular, we have Ω1(M), the space of 1-forms which
are sections of the cotangent bundle T ∗M . Of special importance to us as well
is the space of top forms Ωtop(M) = Ωm(M) (m = dim(M)).

(iv) Sections of T rsM , which are called tensor fields of type (r, s) on M . For these
we will not use any special notation.

(v) Symmetric covariant k-tensors, which are sections of SkT ∗M . No special notation
for them either.

As a first application, we give a little criterion that will facilitate the task of checking
whether a given map of vector bundles is smooth.

Proposition 2.1.2. Let E, F be a two vector bundles over M , and let Φ : E → F be a
fiber-preserving map such that for all p ∈ M , the restriction

Φp : Ep → Fp

is linear. Then Φ is smooth, and thus a bundle morphism, if and only for any open
subset U ⊆ M and any smooth local section s ∈ Γ(U,E), the section Φ ◦ s : U → F is
smooth.

Proof. If Φ is smooth, then for any local section s ∈ Γ(U,E), Φ ◦ s is smooth as a
composition of smooth maps.

For the converse, we proceed as follows: given a point p ∈ M , we can find an open
neighborhood U of p such that there exist local trivializations

ϕ : EU → U × Rr = Rr
U

ψ : FU → U × Rl = Rl
U

of E and F respectively. Since ϕ and ψ are diffeomorphisms, we need only check that
Φ̄ := ψ ◦ Φ ◦ ϕ−1 : Rr

U → Rl
U is smooth to obtain that Φ : EU → FU is smooth.
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We denote the standard basis of Rm by (b0
i )mi=1, and define b0

i ∈ Γ(Rm
U ) to be the constant

(and clearly smooth) section U → Rm with value b0
i .

Φ̄ shares the properties of Φ, meaning that Φ̄ is a fiber-preserving map that acts linearly
on fibers and sends smooth sections to smooth sections. In particular, for all 1 ≤ j ≤ r,
Φ̄◦ b0

j is smooth, so there must exist a family (Aij)li=1 ∈ C∞(U) of smooth functions such
that

Φ̄ ◦ b0
j =

l∑
i=1

Aijb
0
i .

We collect the Aij into a smooth matrix-valued map

A : U → Ml×r(R), q → (Aij(q))i,j

and since Φ̄ acts linearly on fibers we have for any q ∈ U and v ∈ Rr

Φ̄qv = A(q)v

which shows that Φ̄ is smooth.

From this we deduce that Φ is smooth over U , and since M can be covered by such
opens, we conclude that Φ is smooth.

Local frames are families of local sections of a particular kind. Their importance lies
in the fact that they are equivalent to trivializations. We will state their definition and
main property, and expand on their role afterwards.

Definition 2.1.4 (Local frames). Let U be an open subset of M . A local frame of
E over U is a family of local sections (ek)rk=1 ⊆ Γ(U,E) such that (ek(p))rk=1 is a linear
basis of Ep for each p ∈ U .

Proposition 2.1.3. Let E be a vector bundle over M , and let U be an open subset
of M . There is a one-to-one correspondence between trivializations of E over U and
local frames of E over U . To a local frame (ek)rk=1 over U we associate the bundle
isomorphism

U × Rr → π−1(U), (p, (xk)rk=1) →
r∑

k=1
xkek(p).

Conversely, to a bundle isomorphism ϕ : U × Rr → π−1(U) (or equivalently, a trivial-
ization of E over U), we associate the local frame (ek)rk=1 defined by

ek(p) := ϕ(p, b0
k), for all p ∈ U

where (b0
k)rk=1 denotes the standard basis of Rr.
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Proof. We need only check that, given a local frame (ek)rk=1 of E over U , the map

Φ : U × Rr → π−1(U), (p, x) →
r∑

k=1
xkek(p)

is a bundle isomorphism, and this we obtain by combining propositions 2.1.1 and 2.1.2.

Local frames (or trivializations) are to vector bundles what bases are to vector spaces.
And just like for vector spaces, fixing a local frame allows for the usage of coordinates.
More precisely, once a local frame e = (ek)rk=1 of E has been chosen over an open subset
U , any local section s ∈ Γ(U,E) can be written

s =
r∑

k=1
skek

for a unique family of smooth maps sk ∈ C∞(U), k = 1, ..., r which we call the compo-
nents of s in the trivialization e. Thus, through the local frame e, a section s of E over
U correspond to a smooth map s : U → Rr. This is coherent with our interpretation of
trivializations as isomorphisms with trivial bundles: sections of EU become sections of
the trivial bundle of rank r over U .

This interplay between bundle-valued object and their real-valued counterparts (i.e.
components) will be a recurrent theme, thus we find it useful to fix some notation. We
will often use underlining (−) to designate the components of a bundle-valued object
and ≡ to indicate the correspondence between such an object and its components. So
in this instance, we would write s ≡ s.

Just as two bases of a finite-dimensional vector space are related by a transition matrix,
so are two overlapping trivializations of a given vector bundle, except that in the case of
bundles, they are linked by a transition function: a matrix-valued smooth function. More
formally, given local frames e = (ek)rk=1 and e′ = (e′

k)rk=1 of E over U and V respectively,
and assuming U ∩ V ̸= ∅, there exists a unique smooth map

gUV : U ∩ V → GLr(R)

called the transition map (between e and e′) such that

e′
l =

r∑
k=1

(gUV )kl ek

for all 1 ≤ l ≤ r. Given a section s ∈ Γ(U ∩ V,E) with components s = (sk)rk=1 and
s′ = (s′k)rk=1 in e and e′ respectively we have

s =
r∑

k=1
s′ke′

k =
r∑

k,l=1
(gUV )lks′kel
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which shows that
s = (gUV )s′

if we see s and s′ as Rr-valued functions, gUV as a GLr(R)-valued function and use
matrix multiplication.

We now introduce the perhaps not-so-widespread notion of germ. Though their definition
might seem cumbersome at first glance, germs are an excellent way to describe local
phenomena in a rigorous and formal fashion.

Definition 2.1.5 (Germs). Let p be a point of M , let U , V be open neighborhoods of
p and let s ∈ Γ(U,E), t ∈ Γ(V,E) be local sections of E. We say that s and t have the
same germ at p, written s ∼p t, if there exists an open W with p ∈ W ⊆ U ∩ V such
that

s|W = t|W .

One easily sees that ∼p defines an equivalence relation on the set

{s ∈ Γ(U,E)|U is an open nbd. of p}

of local sections defined around p. For such a local section s ∈ Γ(U,E) the equivalence
class of s for ∼p, denoted by [s]p, is called the germ of s at p. In other words an element
of [s]p is a local section t defined on an open neighborhood V of p such that s|W = t|W
for some open W with p ∈ W ∈ U ∩ V . The set of germs of E at p (i.e. the set of
equivalence classes for ∼p) is denoted by Γp(E), so

Γp(E) := {[s]p|s ∈ Γ(U,E) with U an open nbd. of p}.

Γp(E) is sometimes called the stalk of E at p.

Since scalar multiplication and pointwise addition are compatible with ∼p, Γp(E) natu-
rally possesses the structure of an R-module, in fact of a C∞

p (M) module, where C∞
p (M)

denotes the space of germs of smooth functions at p.

The following proposition tells us that a vector bundle has ’many’ global sections, enough
that most properties of a vector bundle can be understood simply by looking at its global
section. This follows essentially from the existence of partitions of unity on a smooth
manifold.

Proposition 2.1.4. Let p be a point of M and let s be a local section of E defined on
an open neighborhood of p. Then there exists a global section s̄ ∈ Γ(E) such that s and s̄
have the same germ at p, i.e. there exists an open V with p ∈ V ⊆ U such that s|V = s̄V .

Equivalently, one might state that all germs at p can be obtained as germs of global
sections of E. More formally

Γp(E) = {[s]p|s ∈ Γ(E)}.
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Proof. Take a point p ∈ M and a local section s ∈ Γ(U,E) with U an open neighbour-
hood of U . We can always find an open neighbourhood V of p such that such that the
closure V̄ of V is included in U (for example choose a small disk around p in a coordinate
chart). We can then choose a partition of unity (ρ, ρ′) subordinate to the open cover
(U,M \ V̄ ) of M . The support of ρ is contained in U , so we can define the smooth global
section

ρs : M → E, q →

ρ(q)sq, if q ∈ U

0, otherwise.

Since ρ′ vanishes on V̄ , for every q ∈ V̄ ⊆ U we have ρ(q) = 1 which implies

(ρs)(p) = ρ(q)sq = sq

and we see that ρs ∼p s.

Corollary 2.1.1. Let E be a vector bundle over M . Then for any p ∈ M and e ∈ Ep
there exists a global section s ∈ Γ(E) such that s(p) = e.

Proof. Take a point p ∈ M and an element e ∈ Ep. Choose a local trivialization (U, ϕ)
of E over an open neighborhood U of p. Then clearly, there exists a section s of E over
U such that s(p) = e. Proposition 2.1.4 then guarantees the existence of a global section
s̃ such that s ∼p s̃, in particular we must have

s̃(p) = s(p) = e.

As an immediate application of proposition 2.1.4, we can improve the criterion we gave
in proposition 2.1.2.

Proposition 2.1.5. Let Let E, F be a two vector bundles over M , and let Φ : E → F
be a fiber-preserving map such that for all p ∈ M , the restriction

Φp : Ep → Fp

is linear. Then Φ is smooth, and thus a bundle morphism, if and only for any smooth
global section s ∈ Γ(E), the section Φ ◦ s : M → F is smooth.

Proof. Once again, if Φ is smooth then so is the composition Φ ◦ s for any s ∈ Γ(E).

We will obtain the converse by proving that Φ verifies the criterion given in proposition
2.1.2. So let s ∈ Γ(U,E) be a smooth local section of E, and let p be a point of U . By
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proposition 2.1.4, there exists an open neighborhood V of p contained in U and a global
section s̃ ∈ Γ(E) such that s|V = s̃|V . By hypothesis, Φ ◦ s̃ : M → F is smooth, so

(Φ ◦ s)|V = (Φ ◦ s̃)|V

is smooth as well. Since this holds for any p ∈ U , this shows that Φ ◦ s is smooth.

2.1.2 Local operators and bundle morphisms

As stated at the end of the previous section, global sections are numerous and flexible
enough to register local phenomena, which makes them great tools of investigation when
studying vector bundles. This will often be done by looking at maps that send global
sections to other global sections (possibly of distinct bundles).

With this in mind, our purpose in this section is to present two families of such maps:

1. Local operators, which as their name indicate only witness what happens at the
local level (that is, at the level of germs). ’Differential operators’, that is operators
that generalize the notion of derivative in a certain sense, often belong to this
class2, and most examples of local operators we will encounter will be of this kind.

2. Pointwise operators, which only witness what happens at the level of fibers. Most
importantly, they will be shown to be equivalent both to morphisms of C∞(M)-
modules and bundle morphisms.

We begin with the notion of a local operator at a point.

Definition 2.1.6 (Local operator at a point). Let E, F be two vector bundles over p.
A local operator E → F at a point p of M is an R-linear map

αp : Γp(E) → Fp.

that goes from the stalk of E at p into the fiber of F above p.

As we’ll see, proposition 2.1.4 allows us to see a local operator at a point as an operator
acting on global sections.

Proposition 2.1.6. Let α : Γ(E) → Fp be an R-linear map compatible with ∼p, meaning
that α(s) = α(t) for any pair s, t ∈ Γ(E) such that s ∼p t. Then there exists a unique
local operator

αp : Γp(E) → Fp

2A clear definition of ’differential’ operators exists and makes this idea precise. This can be done e.g.
through the theory of jet spaces, see [25].
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at p such that
α(s) = αp([s]p)

for all s ∈ Γ(E).

Proof. Let sp ∈ Γp(E) be a germ of E at p, by proposition 2.1.4 there exists s ∈ Γ(E)
such that [s]p = sp, so we can set

αp(sp) := α(s).

Since α is compatible with ∼p, the choice of s is inconsequential and we obtain a well-
defined map

αp : Γp(E) → Fp.

The R-linearity of αp, the fact that αp([s]p) = α(s) for any s ∈ Γ(E), as well as the
uniqueness of αp are quite clear, and are left as exercises to the reader.

Remark. Conversely, if αp : Γp(E) → Fp is a local operator at p, then the map

α : Γ(E) → Fp, s → αp([s]p)

is compatible with ∼p. Clearly this process and the one described in proposition 2.1.6
are inverse to each other, so that we have a one-to-one correspondence between local
operators Γp(E) → Fp and R-linear maps Γ(E) → Fp compatible with ∼p.

Having defined local operators at a point, we move on to local operators acting on global
sections, as well as pointwise operators.

Definition 2.1.7 (Local and pointwise operators). Let E,F be two vector bundles over
a smooth manifold M . An R-linear map α : Γ(E) → Γ(F ) is:

(i) A local operator if whenever a section s ∈ Γ(E) vanishes on an open subset
U ⊆ M , then α(s) also vanishes on U .

(ii) Pointwise if whenever a section s ∈ Γ(E) vanishes at a point p ∈ M , then α(s)
also vanishes at p.

More generally, it E1,..., Ek and F are vector bundles over M , an R-multilinear map

α : Γ(E1) × ...× Γ(Ek) → Γ(F )

is said to be pointwise if for any point p ∈ M and any family of section sj ∈ Γ(Ej),
α(s1, ..., sk) vanishes at p as soon as one of the sections s1, ..., sk vanishes at p.

The distinctive feature of local and pointwise operators (which is essentially a conse-
quence of proposition 2.1.4) is that even though they are defined as operators acting on
global sections, they can be restricted to open subsets (for local operators) or even fibers
(for pointwise operators).
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Proposition 2.1.7 (Restriction of local and pointwise operators). Let E,F be two
bundles over M and let α : Γ(E) → Γ(F ) be an R-linear map.

(i) If α is a local operator, then for any p ∈ M there exists a unique local operator

αp : Γp(E) → Fp

at p such that for all s ∈ Γ(E)

α(s)p = αp([s]p).

(ii) If α is a local operator, then for any open subset U of M , there exists a unique
R-linear map α|U : Γ(U,E) → Γ(U, F ) such that for all s ∈ Γ(E)

(α|U)(s|U) = α(s)|U .

αU is then also a local operator, and for any point p ∈ U , αU and α induce the
same local operator Γp(E) → Fp at p.

(iii) If α is a pointwise operator, then for any point p ∈ M , there exists a unique
R-linear map αp : Ep → Fp such that for all s ∈ Γ(E)

α(s)p = αp(sp).

(iv) More generally, if
α : Γ(E1) × ...× Γ(Ek) → Γ(F )

is pointwise, then for any point p ∈ M , there exists a unique R-multilinear map
αp : E1,p × ...× Ek,p → Fp such that for all sj ∈ Γ(Ej)

α(s1, ..., sk)p = αp(s1(p), ..., sk(p)).

Proof. (i) For any p ∈ M , the map

Γ(E) → Fp, s → α(s)p

is compatible with ∼p, so the statement is an immediate consequence of proposition
2.1.6.

(ii) The map α|U must be given by

(α|U)(s)p = αp([s]p)

for all s ∈ Γ(U,E). Conversely, we can use this as a definition for αU and check that the
resulting map has the desired properties.
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(iii) For p ∈ M and e ∈ Ep, we know by corollary 2.1.1 that there exists a global section
s ∈ Γ(E) such that s(p) = e, so we can set

αp(e) := α(s)p.

If s′ ∈ Γ(E) is another global section verifying s′(p) = e then (s− s′) vanishes at p, and
we get

α(s)p − α(s′)p = α(s− s′)p = 0

since α is pointwise. Thus the map

αp : Ep → Fp

is well-defined. Its linearity follows from the linearity of α.

(iv) is treated analogously.

We are now in a position to fulfill our stated goals: we give characterizations of pointwise
operators, first as C∞(M)-linear maps, then as bundle morphisms, and give a sufficient
condition for an operator to be local by introducing the Leibniz rule (which should be
interpreted as a way to generalize first order differential operators).

Proposition 2.1.8. Let E,F be two bundles over M and let α : Γ(E) → Γ(F ).

(i) Given a vector field X ∈ X(M), an R-linear map αX : Γ(E) → Γ(F ) verifies the
Leibniz rule (for X) if for any f ∈ C∞(M) and s ∈ Γ(E) we have

αX(fs) = (Xf)s+ fαX(s).

Such an operator is always local.

(ii) An R-linear map α : Γ(E) → Γ(F ) is pointwise if and only if it is C∞(M)-linear.

(iii) Once again, we can extend to the multilinear setting: assuming that E1, ..., Ek and
F are vector bundles over M , an R-multilinear map

α : Γ(E1) × ...× Γ(Ek) → Γ(F )

is pointwise if and only if it is C∞(M)-multilinear.

Proof. (i) Assume that s vanishes over an open U ⊆ M , and let p ∈ U . Using partitions
of unity, we can find an open neighborhood V of p contained in U and a smooth map
f ∈ C∞(M) that vanishes over V and takes value 1 outside of U . Then s = fs, so by
the Leibniz rule we have

αX(s) = αX(fs) = (Xf)s+ fαX(s)
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and since Xf and f both vanish over V , so must αX(s). As this holds for every p ∈ M ,
we obtain αX(s)|U = 0.

(ii) Assume that α is C∞(M)-linear and that s ∈ Γ(E) vanishes at p. Choose a local
frame (ek)rk=1 of E defined on an open neighborhood U of p, and choose a smooth
function f ∈ C∞(M) with supp f ⊆ U and f(p) = 1 (e.g. using partitions of unity).
Let (sk)rk=1 ⊆ C∞(U) be the unique smooth functions such that

s|U =
r∑

k=1
skek.

Since s(p) = 0 we have sk(p) = 0 for every 1 ≤ k ≤ r.

Using the C∞(M)-linearity of α, we then obtain

α(s) = α[(1 − f 2)s+ f 2s] = (1 − f 2)α(s) + α[f 2s]

= (1 − f 2)α(s) + α

(
r∑

k=1
(fsk)(fek)

)

= (1 − f 2)α(s) +
r∑

k=1
(fsk)α(fek)

which yields α(s)p = 0 when evaluated at p, since 1−f 2(p) = 1−1 = 0 and f(p)sk(p) =
1 · 0 = 0 for all 1 ≤ k ≤ r.

Conversely, if α is pointwise then, by proposition 2.1.7, for every p ∈ M there exists a
unique R-linear map

αp : Ep → Fp

such that α(s)p = αp(sp) for all s ∈ Γ(E). Consequently, for f ∈ C∞(M) and s ∈ Γ(E)
we have that for every p ∈ M

α(fs)p = αp(f(p)sp) = f(p)αp(sp)

which shows that α(fs) = fα(s).

(iii) is treated similarly.

Proposition 2.1.9. Let E, F be two vector bundles over M . There is an one-to-one
correspondence between bundle morphisms from E → F over M and C∞(M)-linear
maps Γ(E) → Γ(F ). Through this correspondence, the bundle morphism Φ : E → F is
identified with the map of sections sending s ∈ Γ(E) to Φ ◦ s : M → F .

Proof. Given a bundle morphism Φ : E → F , the map

Γ(E) → Γ(F ), s → Φ ◦ s
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is clearly C∞(M)-linear.

Conversely, let α : Γ(E) → Γ(F ) be a C∞(M)-linear map. By proposition 2.1.8, α is
pointwise, so for every p ∈ M there must exist a unique R-linear map

Φp : Ep → Fp

such that α(s)p = Φp(sp) for all s ∈ Γ(E) (proposition 2.1.7). Clearly α(s) = Φ ◦ s
for every s ∈ Γ(E), in particular Φ sends smooth sections to smooth sections, so Φ is
a bundle morphism by proposition 2.1.5. The fact that Φ is the only bundle morphism
such that α(s) = Φ ◦ s for every s ∈ Γ(E) is an obvious consequence of the uniqueness
in proposition 2.1.7.

This last, very beautiful result is perhaps the clearest sign that a vector bundle is
’determined’ by its sections. A similar interpretation for C∞(M)-multilinear maps of
sections will be made available once we introduce tensor bundles.

2.1.3 Vector subbundles

We dedicate this very brief section to vector subbundles, the correct notion of subobject
for vector bundles, and the bundle equivalent of linear subspaces. The key takeaway here
is the subbundle criterion which provides a very straightforward characterization of
vector subbundles in terms of local frames.

Definition 2.1.8 (Vector subbundles). Let E be a vector bundle on M . A (vector)
subbundle of E is a vector bundle ρ : F → M such that

(i) F is an embedded submanifold of E.

(ii) The inclusion map i : F → E is a bundle morphism.

Remark. A smooth section of F is then simply a smooth section of E that takes value
in F .

Theorem 2.1.1 (Vector subbundle criterion). For each p ∈ M , let Fp be a k-dimensional
linear subspace of Ep. Then the set F := ⊔

p∈M Fp equipped with the obvious projection
is a rank k subbundle of E if and only if for each p ∈ M there exists a family e1, ..., ek
of (linearly independent) smooth sections of E defined on an open neighborhood U of p
such that for each q ∈ U , Fq is spanned by e1(q), ..., ek(q).

Proof. That the criterion is necessary is clear enough. To see that it is sufficient, the
idea is to complete a local frame of F into a local frame of E (similar to how a linearly
independent family in a vector space can be completed into a basis), possibly restricting
to a smaller open in the process. Details can be found in [19] (lemma 10.32, p.265).
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2.1.4 Tensor bundles and bundle-valued forms

All the common operations one can use to obtain new vector spaces from old ones have
their analogues for vector bundles. Of main concern to us, this holds for the opera-
tions we introduced in chapter 1, namely the tensor and wedge product (as well as Lin).
Starting from a vector space operation (such as the tensor product), one obtains the cor-
responding bundle operation by following this two-step procedure:

1. Constructing the fibers of our new vector bundle is straightforward: we simply
apply the "vector space operation" fiberwise.

2. After step 1, we have the underlying set of our new bundle. Endowing this set
with the appropriate smooth structure requires a bit more work. We obtain an
atlas through a judicious choice of local trivializations. That is, we once again use
our "vector space operation" to combine smooth local frames of our "old bundles",
which gives us "local frames" for our new bundle (between quotes since our new
bundle does not yet have a smooth structure, so that these local frames are only set-
theoretic maps for now). These local frames induce bijections between (restrictions
of) our new bundle and (local) trivial bundles. We endow our new bundle with a
smooth structure by requiring that these bijections be diffeomorphisms.

Since our local frames were constructed using smooth local frames and a "natural
vector space operation"3, the transition maps between these local trivializations
are smooth, and our smooth structure is well-defined.

The theorem below is what will allow us to make our informal discussion concrete.

Theorem 2.1.2 (Constructing vector bundles). Let M be a smooth manifold. For each
p ∈ M , let Ep be a real vector space of dimension r. We define E := ⊔

p∈M Ep and the
obvious projection π : E → M . Let (Uα)α∈A be an open cover of M . For each α ∈ A,
let eα := (eαk )rk=1 be a family of local sections Uα → E of π (for now π and the eαk are
only set maps), such that for each p ∈ Uα, (eαk (p))rk=1 is a linear basis of Ep.

For each α, β ∈ A with Uαβ := Uα ∩ Uβ ̸= ∅, there exists a unique map gαβ : Uαβ →
GLr(R) such that

eαk =
r∑
l=1

(gαβ)kl e
β
l

over Uαβ for all 1 ≤ k ≤ r. If the map gαβ : Uαβ → GLr(R) is smooth for each pair
α, β ∈ A with Uαβ ̸= ∅, then there exists a unique smooth structure on E for which
π : E → M is a vector bundle of rank r, and such that for each α ∈ A, eα is a smooth
local frame of E. Note that we also require the vector space structure on the fibers of E
to be the one provided in the beginning of our (admittedly long) statement.

3To be a little less vague: the precise notion of "natural vector space operation" we require to ensure
that our recipe works well is that of a smooth functor.
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Proof. See [19] (lemma 10.6 ’Vector Bundle Chart Lemma’, p.253).

Definition 2.1.9 (Operations on vector bundles). Let E, F be vector bundles over
M . In what follows we describe several natural operations one can apply to E and F
in order to obtain new vector bundles. For each of these operations, we describe the
underlying set of the new bundle, provide characterizations for the smooth structure of
the new bundle as well as its smooth sections, and methods to obtain local frames of our
new bundle from local frames of E and F . Additionally, when pertinent, we describe
analogues to the tensor algebra operations we introduced in chapter 1.

(i) The direct sum E ⊕ F . As a set E ⊕ F := ⊔
p∈M(Ep ⊕ Fp). To make E ⊕ F into

a smooth vector bundle, we endow it with the unique smooth structure such that
given e ∈ Γ(E) and f ∈ Γ(F ),

e⊕ f : M → E ⊕ F, p → e(p) ⊕ f(p)

is a smooth section of E ⊕ F . The existence and uniqueness of such a smooth
structure is guaranteed by theorem 2.1.2.

A smooth section of E⊕F is always the direct sum of a smooth section of E with
a smooth section of F . In other words, we have a canonical isomorphism

Γ(E ⊕ F ) ≃ Γ(E) ⊕ Γ(F ).

For an open subset U of M , a local frame e = (ek)rk=1 of E over U and a local
frame f = (fk)sk=1 of F over U , the family

e⊕ f := ((ek ⊕ 0)rk=1, (0 ⊕ fk)sk=1)

constitutes a local frame of E ⊕ F .

(ii) The dual E∗. As a set E∗ := ⊔
p∈M E∗

p . The smooth structure with which we equip
E∗ is uniquely characterized by following property: a global section α : M → E∗

is smooth if and only if for all e ∈ Γ(E),

α(e) : M → R, p → αp(ep)

is smooth.

There is a one-to-one correspondence between smooth sections of E∗ and C∞(M)-
linear maps

Γ(E) → C∞(M).

In other words, Γ(E∗) is the dual of Γ(E) as a C∞(M)-module. To a section α of
E∗, we associate the map

α(−) : Γ(E) → C∞(M), e → α(e).
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Given a local frame e = (ek)rk=1 of E over an open subset U , if we define (ek∗(p))rk=1
to be the basis dual to (ek(p))rk=1 for all p ∈ U , then (ek∗)mk=1 is a local frame of E∗,
which we call the coframe of (ek)mk=1.

(iii) The tensor product E ⊗ F . As a set E ⊗ F := ⊔
p∈M(Ep ⊗ Fp), and we endow

E ⊗ F with the unique smooth structure such that for any e ∈ Γ and f ∈ Γ(F ),

e⊗ f : M → E ⊗ F, p → e(p) ⊗ f(p)

is a smooth section of E ⊗ F .

Given local frames (ek)rk=1, (fk)sk=1 of E and F over U , the family

e⊗ f := (ek ⊗ fl)1≤k≤r,1≤l≤s

is a local frame of E ⊗ F over U .

In general, a global section of E ⊗ F will not be the tensor product of a global
section of E with a global section of F , nor even a finite sum of such tensor
products. However, as evidenced by the local frame we exhibited in the previous
paragraph, a global section of E ⊗F will always coincide locally with a finite sum
of tensor products of sections of E and F . More formally, for any t ∈ Γ(E ⊗ F )
and any p ∈ M , there exists e1, ..., ek ∈ Γ(E) and f1, ..., fk ∈ Γ(F ) such that

t ∼p

k∑
i=1

ei ⊗ fi.

Alternatively, the "multilinear map" approach to tensors outlined in theorem 1.1.1
combined with the characterization of pointwise maps via C∞(M)-linearity (propo-
sition 2.1.8) gives us a very fruitful point of view on sections of E ⊗ F : there
is a one-to-one correspondence between smooth sections of E ⊗ F and C∞(M)-
multilinear maps

Γ(E∗) × Γ(F ∗) → C∞(M).

To e⊗ f (e ∈ Γ(E), f ∈ Γ(F )) we associate the map

Γ(E∗) × Γ(F ∗) → C∞(M), (α, β) → α(e)β(f).

(Note that we could have chosen this correspondence to characterize the smooth
structure of E ⊗ F ).

(iv) Iterating we construct T rsE := E ⊗ ...⊗ E︸ ︷︷ ︸
r times

⊗E∗ ⊗ ...⊗ E∗︸ ︷︷ ︸
s times

. Reproducing the pre-

vious point, given a local frame e = (ek)mk=1 of E with local coframe (ek∗)mk=1, the
set (ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗ )i1...ir,j1,...,js forms a local frame of T rsE. As in the
previous point, this implies that a section of T rsE will always coincide locally with
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a finite sum of tensor products of sections of E and E∗. The components of T in
that local frame are denoted by T i1...irj1...js .

We can once again invoke the "mulilinear maps" point of view for tensors, and this
time it tells us that there is a one-to-one correspondence between global sections
of T rsE and C∞(M)-multilinear maps

Γ(E∗)r × Γ(E)s → C∞(M).

To e1 ⊗ ...⊗ er ⊗ α1 ⊗ ...⊗ αs (ej ∈ Γ(E), αj ∈ Γ(E∗)) we associate the map

Γ(E∗)r × Γ(E)s → C∞(M),
(β1, ..., βr, f1, ..., fs) → β1(e1)...βr(er)α1(f1)...αs(fs).

Very important as well is the fact that the operations we defined in chapter 1 for
the tensor algebra of a vector space can be applied fiberwise, which gives us maps
of smooth sections. In that way, given a section T of T rsE and a section S of T kl E
we can construct the section T ⊗ S which is defined by

(T ⊗ S)(p) = T (p) ⊗ S(p)

for all p ∈ M . Similarly, given 1 ≤ i1 < i2 < ... < ik ≤ r, 1 ≤ j1 < j2 < ... < jk ≤ s
and a section T of T rsE, we can define the section Ci1...ik

j1...jk
T of T r−ks−kE by contraction:

(Ci1...ik
j1...jk

T )(p) = Ci1...ik
j1...jk

(Tp)

for all points p ∈ M . The symmetrization Sym, the alternation Alt as well as the
"·" action of linear isomorphism and endomorphisms (definitions 1.1.4 and 1.1.5)
can be treated similarly.

(v) The space of linear maps Lin(E,F ). As a set Lin(E,F ) := ⊔
p∈M Lin(Ep, Fp),

where Lin(Ep, Fp) denotes the space of linear maps Ep → Fp. For each p ∈ M
there is a canonical isomorphism Lin(Ep, Fp) ≃ Fp ⊗ E∗

p , and together they give
us a bijection Lin(E,F ) ≃ F ⊗E∗. We endow Lin(E,F ) with a smooth structure
by requiring that this bijection be a diffeomorphism. In that way the fiberwise
linear isomorphisms Lin(Ep, Fp) ≃ Fp ⊗ E∗

p assemble into a bundle isomorphism
Lin(E,F ) ≃ F ⊗ E∗.

Equivalently the smooth structure on Lin(E,F ) is uniquely characterized by the
following property: a section A : M → Lin(E,F ) is smooth if and only if for all
e ∈ Γ(E)

A(e) : M → F, p → Ap(ep)

is a smooth section of F .

In this case, there is a one-to-one correspondence between global sections of Lin(E,F )
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and C∞(M)-linear maps
Γ(E) → Γ(F )

which are equivalent to bundle morphisms E → F (proposition 2.1.9).

An important special case is End(E) := Lin(E,E) ≃ E ⊗ E∗.

(vi) The exterior or wedge power ΛkE∗. As a set ΛkE∗ := ⊔
p∈M ΛkE∗

p . We endow
ΛkE∗ with the unique smooth structure such that for all α1, ..., αk ∈ Γ(E∗)

α1 ∧ ... ∧ αk : M → ΛkE∗, p → α1(p) ∧ ... ∧ αk(p)

is a smooth section of ΛkE∗.

There is a one-to-one correspondence between global sections of ΛkE∗ and skew-
symmetric C∞(M)-multilinear maps

Γ(E)k → C∞(M).

Given a section α of ΛkE∗, and e1, ..., ek ∈ Γ(E), the smooth function α(e1, ..., ek)
is defined by

α(e1, ..., ek)p := αp(e1,p, ..., ek,p)

for all p ∈ M .

Given a local frame (ek)rk=1 of E over U with coframe (ek∗)rk=1, a section α of ΛkE∗

over U can be uniquely written

α =
∑

1≤i1<...<ik≤r
αi1...ike

i1
∗ ∧ ... ∧ eik∗

with αi1...ik = α(e1, ..., ek) ∈ C∞(U). Applying the subbundle criterion (theorem
2.1.1) to (ei1∗ ∧ ... ∧ eik∗ )i1<...<ik , we see that ΛkE∗ is a vector subbundle of TkE.

Operating fiberwise, for α ∈ ΛkE∗ and β ∈ ΛlE∗ we can define α ∧ β ∈ Λk+lE∗.

Proof that the constructions are well-defined. We will treat the case of T rsE since it is
the most important for our purposes.

We define the set
T rsE :=

⊔
p∈M

T rsEp

And endow T rsE with a vector bundle structure using theorem 2.1.2, and local frames
of E: given a local frame e = (ek)rk=1 of E over an open subset U ⊆ M with coframe
e∗ = (ek∗)rk=1, for every p ∈ U the family (ei1(p)⊗...⊗eir(p)⊗ej1∗ (p)⊗...⊗ejs∗ (p))i1...ir,j1,...,js
forms a basis of T rsEp. Furthermore, given another local frame ē = (ēk)rk=1 of E over an
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open subset V ⊆ M , if we denote the transition map between e and ē by g : U ∩ V →
GLr(R) so that

ēl =
r∑

k=1
gkl ek

we obtain

ēi1 ⊗...⊗ ēir ⊗ ēj1∗ ⊗...⊗ ējs∗ =
∑

t1,...,tr,q1,...,qs

gt1i1 ...g
tr
ir (g−1)j1q1 ...(g

−1)jsqs
et1 ⊗...⊗etr ⊗eq1

∗ ⊗...⊗eqs
∗

and since the components gt1i1 ...g
tr
ir (g−1)j1q1 ...(g

−1)jsqs
are smooth, by theorem 2.1.2 we see

that T rsE admits a unique vector bundle structure such that for any local frame (ek)rk=1
of E, (ei1 ⊗ ...⊗ eir ⊗ ej1∗ ⊗ ...⊗ ejs∗ )i1,...,ir,j1,...,js is a local frame of T rsE.

(Notice that we now have a bundle structure for E∗ as the special case E∗ = T1E).

Clearly, if we equip T rsE with this structure, then for any ei ∈ Γ(E) and αj ∈ Γ(E∗),
e1 ⊗ ... ⊗ er ⊗ α1 ⊗ ... ⊗ αs is a smooth section of T rsE (simply by observing that the
components of such a section in the local frames of T rsE given above are smooth).
Conversely, if we endow T rsE with a smooth structure possessing this property, then
given local sections ei ∈ Γ(U,E) and αj ∈ Γ(U,E∗) over an open U , we can show that
e1 ⊗ ... ⊗ er ⊗ α1 ⊗ ... ⊗ αs is a smooth section of T rsE over U using proposition 2.1.4.
This implies that the local frames characterizing the first smooth structure on T rsE (i.e.
those induced by local frames of E) are also local frames for this new smooth structure
on T rsE, so that these two smooth structures are in fact equal.

Lastly, let us prove the characterization of smooth sections of T rsE. Consider a C∞(M)-
multilinear map T : Γ(E∗)r × Γ(E)s → C∞(M). By proposition 2.1.8, T is pointwise so
by proposition 2.1.7 there must exist for every p ∈ M a unique multilinear map

Tp : (E∗
p)r × (Ep)s → R

such that T (α1, ..., αr, e1, ..., es)p = Tp(α1(p), ..., αr(p), e1(p), ..., es(p)) for αj ∈ Γ(E∗)
and ej ∈ Γ(E). Such a multilinear map Tp is precisely an element of T rsEp (theorem
1.1.1) thus we have a set-theoretic section T : M → T rsE, p → Tp. We still need to
ascertain that this section is smooth. To that end, for a point p ∈ M we choose a local
frame e = (ek)rk=1 of E over an open neighborhood U of p. The components of T in the
frame e are given by

T i1...irj1...js = T (ei1∗ , ..., eir∗ , ej1 , ..., ejs).

We choose ẽj ∈ Γ(E) and ẽj∗ ∈ Γ(E∗) such that ẽj ∼p ej and ẽj∗ ∼p e
j
∗. Then on a

neighborhood of p, T i1...irj1...js coincides with the smooth function T (ẽi1∗ , ..., ẽir∗ , ẽj1 , ..., ẽjs),
thus showing that the section T is smooth on that same neighborhood of p. Since this
holds for all p ∈ M , T is smooth.

We leave it to the reader to check that, conversely, a smooth section of T rsE induces a
C∞(M)-multilinear maps Γ(E∗)r × Γ(E)s → C∞(M). We also let the reader convince

50



themselves that the contraction and tensor product of smooth sections of T rsE are well-
defined.

Example 2.1.3. The only application of these operations we will genuinely be concerned
with in subsequent chapters are the tensor bundles T rsM and exterior powers ΛkT ∗M of
the (co)tangent bundle.

Local frames (i.e. trivializations) of the tangent bundle are usually obtained through
coordinate charts. Given a coordinate chart (U, x1, ..., xm) on M , the standard vector
fields (∂k)mk=1 induced by the coordinate chart form a local frame of TM over U . The
associated coframe of T ∗M over U is given by (dxk)rk=1.

Given a tensor field T ∈ Γ(T rsM) and a k-form α ∈ Ωk(M), the components of T and α
in that coordinate chart are the unique smooth functions (T i1...irj1...js ), (αi1...ik) over U such
that

T =
∑

i1,...,ir,j1,...,js

T i1...irj1...js∂i1 ⊗ ...⊗ ∂ir ⊗ dxj1 ⊗ ...⊗ dxjs

α =
∑

i1<...<ik

αi1...ikdx
i1 ∧ ... ∧ dxik

and are given by

T i1...irj1...js = T (dxi1 , ..., dxir , ∂j1 , ..., ∂js)
αi1...ik = α(∂i1 , ..., ∂ik).

Lastly, if (V, x′1, ..., x′m) is another coordinate chart with U ∩ V , we have

∂′
l =

m∑
k=1

∂xk

∂x′l∂k (2.1)

so the transition map between the local frames associated to the charts (U, x) and (V, x′)
is given by

U ∩ V → GLm(R), p →
(
∂xk

∂x′l (p)
)m
k,l=1

.

Using 2.1 and dx′k = ∑m
l=1

∂x′k

∂xl dx
l we see that the components T in the charts (U, x) and

(V, x′) are related by

T i1...irj1...js =
∑

q1,...,qr,t1,...,ts

T ′q1...qr
t1...ts

∂xi1

∂x′q1
...
∂xir

∂x′qr

∂x′t1

∂xj1
...
∂x′ts

∂xjs

(a similar expression can be obtained for the components of α).

We’ve seen how, in perfect analogy with the linear case, tensor bundles (or more pre-
cisely, their sections) can be used to encode C∞(M)-multilinear maps of sections. Sim-
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ilarly, taking advantage of the universality of the exterior power (proposition 1.1.5), we
can encode skew-symmetric C∞(M)-multilinear maps of sections using bundle-valued
forms.

Definition 2.1.10 (Bundle-valued forms). Let E be a vector bundle over M . An E-
valued k-form is a section of E ⊗ ΛkT ∗M . Given an open subset U ⊆ M , we denote
the space of E-valued k-forms over U by Ωk(U,E), or simply Ωk(E) when U = M .

Remark. Using the vector bundle criterion 2.1.1, we can see that E ⊗ ΛkE∗ is a vector
subbundle of E ⊗ TkE. In particular, an E-valued k-form is a smooth section ω of
E ⊗ TkE such that for every p ∈ M , ωp ∈ Ep ⊗ ΛkE∗

p .

Proposition 2.1.10. Let E, F be vector bundles over M .

(i) There is a one-to-one correspondence between elements of Ωk(E) and alternating
C∞(M)-multilinear maps X(M) × X(M) × ...× X(M) → Γ(E).

(ii) There is a one-to-one correspondence between C∞(M)-multilinear maps

X(M) × X(M) × ...× X(M) × Γ(E) → Γ(F )

which are alternating in their first k arguments and elements of Ωk(Lin(E,F )).

Proof. We will prove the more difficult implication in (ii). Let ω be a C∞(M)-multilinear
map

X(M) × X(M) × ...× X(M) × Γ(E) → Γ(F )

alternating in its first k arguments. A reasoning similar to the one we used to characterize
sections of T rsE shows that there exists a unique smooth section ω of F ⊗ E∗ ⊗ TkM
such that

ω(X1, ..., Xk, e)p = ωp(X1(p), ..., Xk(p), e(p))

for Xj ∈ X(M), e ∈ Γ(E). The fact that ω is skew-symmetric in its first k arguments
implies that ωp is skew-symmetric in its first k-arguments, so ωp ∈ Fp ⊗ E∗

p ⊗ ΛkT ∗
pM

(proposition 1.1.5) and the conclusion follows.

2.1.5 Pullback bundle

The bundle operations listed in the previous section all have their analogues for vector
spaces, and as such they apply to vector bundles lying over a single, fixed, manifold.
The pullback on the other hand, the operation we will introduce here, has no analogue
for vector spaces as it involves a smooth map between two base manifolds. The idea is
the following: given a smooth map ϕ : M → N and a vector bundle E lying over N , one
can ’pull E back along ϕ’ to obtain a vector bundle ϕ∗E over M together with a bundle
morphism Φ : ϕ∗E → E universal among bundle morphisms over ϕ in a sense that will
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be made precise shortly. This pullback process happens fiberwise: each point p of M is
sent to single point ϕ(p) of N , and we obtain the fiber of ϕ∗E over p by ’transporting’
the fiber of E over ϕ(p) so that (ϕ∗E)p ≃ Eϕ(p).

This idea is simple but quite deep: it tells us that vector bundles are, in their essence,
contravariant objects, objects that are to be ’pulled back’ along maps4. This contravari-
ant nature becomes obvious if we see vector bundles as primarily determined by their
sections, since sections are very clearly prone to being ’pulled back along maps’ via
precomposition.

Definition 2.1.11 (Pullback bundle). Let E be a vector bundle over N and let ϕ :
M → N be a smooth map. There exists a pair (ϕ∗E,Φ), consisting of a vector bundle
ϕ∗E over M and a bundle morphism Φ : ϕ∗E → E over ϕ, that possesses the universal
property of the pullback, meaning that for any vector bundle F over M and any
bundle morphism Ψ : F → E over ϕ, there exists a unique bundle morphism (over M)
Ψ̄ : F → ϕ∗E such that

ϕ∗E E

F

Φ

Ψ̄ Ψ

commutes. We call ϕ∗E the pullback (bundle) of E along ϕ. We sometimes say that
Ψ factors uniquely through Φ and call Ψ̄ the factoring map.

As with all universal properties, (ϕ∗E,Φ) is unique up to canonical isomorphism, mean-
ing that if (ϕ∗E ′,Φ′) is another pair that possesses the universal property of the pullback,
then there exists a unique bundle isomorphism Ψ : ϕ∗E → ϕ∗E ′ such that

ϕ∗E ′ E ϕ∗E ′ E

ϕ∗E ϕ∗E

Φ′ Φ′

Ψ−1
ΦΨ Φ′

commute (note that as soon as one of the above diagrams commutes, the other must as
well).

Proof of the existence of the pullback bundle. We can construct a ’standard version’ of
the pullback bundle using the same approach as in definition 2.1.9. As a set ϕ∗E :=⊔
p∈M Eϕ(p) (in other words, the fiber of ϕ∗E at p is chosen to be the fiber of E at

4For the readers who are aware, this property is shared by cohomology classes, and this observation
announces the theory of characteristic classes. An introduction to the subject will be found in [26].
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ϕ(p)), and we define Φ : ϕ∗E → E to be the unique map that restricts to the identity
id : ϕ∗Ep = Eϕ(p) → Eϕ(p) on each fiber.

Notice that a set-theoretic section of ϕ∗E is simply a map s : M → E such that π◦s = ϕ
(with π the projection of E), in particular for any section s ∈ Γ(E), we can construct
the ’pullback section’ ϕ∗s := s ◦ ϕ of ϕ∗E.

We endow ϕ∗E with a smooth structure by pulling back the local frames of E. Given
a local frame e = (ek)rk=1 of E over U , the collection ϕ∗e := (ϕ∗ek)rk=1 forms a local
frame of ϕ∗E over ϕ−1(U). Transition maps between such "pulled back" local frames are
very easily described. If e′ = (e′

k)rk=1 is another local frame of E over an open V with
U ∩ V ̸= ∅, and if we denote the transition map between e and e′ by

gUV : U ∩ V → GLr(R)

then the transition map between ϕ∗e and ϕ∗e′ is given by gUV ◦ ϕ (defined over ϕ−1(U ∩
V )). Clearly gUV ◦ ϕ is smooth, so by theorem 2.1.2, ϕ∗E admits a unique bundle
structure such that for any local frame e of E, ϕ∗E is a local frame of ϕ∗E.

Given a bundle F over M and a bundle morphism Ψ : F → E lying over ϕ, it is then
clear what the factoring map Ψ̄ : F → ϕ∗E ought to be: it is the only fiber-preserving
map such that for any point p ∈ M , Ψ̄p : Fp → ϕ∗Ep = Eϕ(p) is equal to Ψp : Fp → Eϕ(p).
We leave it to the reader to check that this map, as well as the previously defined map
Φ : ϕ∗E → E are bundle morphisms.

Remark. The smooth structure on ϕ∗E is uniquely characterized by the following prop-
erty: a section s of ϕ∗E is smooth if and only if the composition

Φ ◦ s : M → E

is smooth.

Remark. It shouldn’t be too difficult for the reader to convince themselves (possibly
making use of proposition 2.1.12) of the functoriality of the pullback operation, which
means that given a chain of maps M ψ→ N

ϕ→ K and a vector bundle E over K, if we
let (ϕ∗E,Φ) be the pullback of E along ϕ and (ψ∗ϕ∗E,Ψ) be the pullback of ϕ∗E along
ψ, we have a canonical isomorphism

ψ∗ϕ∗E ≃ (ϕ ◦ ψ)∗E

through which the universal morphism (ϕ ◦ ψ)∗E → E is given by Φ ◦ Ψ.

We use the notation Γϕ(E) to denote the space of sections of ϕ∗E. Notice that if we
use the standard pullback bundle, a section of ϕ∗E is a section of E over ϕ, that is a
smooth map s : M → E such that π ◦ s = ϕ. As we already alluded to, precomposition
by ϕ allows us to turn sections on E into sections of ϕ∗E.
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Proposition 2.1.11. For any section s of E there is a unique section ϕ∗s of ϕ∗E
verifying Φ ◦ ϕ∗s = s ◦ ϕ. We call ϕ∗s the pullback of s along ϕ.

Remark. If we use the standard version of the pullback bundle, then the pullback section
ϕ∗s is in fact equal to s ◦ ϕ.

Drawing on the ’fiberwise’ criterion for vector bundle isomorphisms (proposition 2.1.1),
we obtain a similar fiberwise characterization of the pullback bundle.

Proposition 2.1.12. Let E be a vector bundle over N and let ϕ : M → N be a smooth
map. A pair (F,Ψ) consisting of a vector bundle F over M and a bundle morphism
Ψ : F → E over ϕ is a pullback of E along ϕ if and only if for any point p ∈ M ,
Ψp : Fp → Eϕ(p) is a linear isomorphism.

Proof. Let Φ : F → E be a bundle morphism over ϕ such that for any p ∈ M , Ψp : Fp →
Eϕ(p) is a linear isomorphism. Then the factoring map Ψ̄ : F → ϕ∗E acts isomorphically
on fibers - this can be seen by taking the standard pullback and using the explicit
description of the factoring map in that case. By proposition 2.1.1, Ψ̄ must then be a
bundle isomorphism. From there, proving that (F,Ψ) possesses the universal property
of the pullback bundle is a simple exercise.

The pullback operation is compatible with all the vector bundle operations we introduced
in the previous section, essentially because both these operations and the pullback pro-
cess happen fiberwise.

Proposition 2.1.13. Let ϕ : M → N be a smooth map and let E be a vector bundle
over N . Then for any 0 ≤ r, s there exists a canonical isomorphism

ϕ∗T rsE ≃ T rs (ϕ∗E).

Through this isomorphism we have for any T ∈ Γ(T rsE), S ∈ Γ(T kl E), 1 ≤ i1 < i2 <
... < ik ≤ r and 1 ≤ j1 < j2 < ... < jk ≤ s

(i) ϕ∗(T ⊗ S) = (ϕ∗T ) ⊗ (ϕ∗S);

(ii) ϕ∗(Ci1...ik
j1...jk

T ) = Ci1...ik
j1...jk

(ϕ∗T ).

Similarly we have
ϕ∗ΛkE∗ ≃ Λk(ϕ∗E)∗

and
ϕ∗(α ∧ β) = (ϕ∗α) ∧ (ϕ∗β)

for any α ∈ ΓΛkE∗, β ∈ ΓΛlE∗.
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Proof. Exercise. This is essentially a consequence of proposition 2.1.12, and is most
easily seen when the pullback is the ’standard one’, in which case sections of ϕ∗T rsE are
simply smooth maps s : M → T rsE such that π ◦ s = ϕ.

Example 2.1.4. In what follows, the examples of pullback bundles we will encounter
will mostly be of the form γ∗T rsM for a curve γ, that is a smooth map γ : I → M with
I an interval of R.

Sections of γ∗TM in particular are commonly called vector fields over γ, so a vector
field X over γ corresponds to a choice of X(t) ∈ Tγ(t)M for all t ∈ I such that the
resulting map γ : I → TM is smooth. A natural example is given by the velocity field
γ̇ of γ, defined by

γ̇(t) := dγt(d/dt) = d

dt

∣∣∣∣∣
t=0

γ(t) ∈ Tγ(t)M

where d/dt denotes the standard coordinate vector field on R.

Finally, extending the pullback operation for (real-valued) differential forms, bundle-
valued forms also be pulled back, and this requires pulling back the bundle they take
value in.

Definition 2.1.12 (Pullback of bundle-valued forms). Let E be a vector bundle over
N , ω ∈ Ωk(N,E) and ϕ : M → N be a smooth map. The pullback of ω along ϕ is
the unique form ϕ∗ω ∈ Ωk(M,ϕ∗E) such that for any point p ∈ M and any family of
tangent vectors X1, ..., Xk ∈ TpM , Φp(ϕ∗ω)p(X1, ..., Xk) = ωϕ(p)(dϕpX1, ..., dϕpXk).

Alternatively, if we view bundle-valued forms as skew-symmetric C∞(M)-multilinear
maps acting on vector fields (proposition 2.1.10), the pullback ϕ∗ω of ω ∈ Ωk(N,E) is
defined by

(ϕ∗ω)(X1, ..., Xk) = ϕ∗ (ω(Y1, ..., Yk))

for vector fields Xj ∈ X(M), Yj ∈ X(N) such that Yj is ϕ-related to Xj, meaning that
Yj,ϕ(p) = dϕpXj,p for all p ∈ M .

And in the spirit of our remark on the functoriality of the pullback operation, we have
the following.

Proposition 2.1.14. Consider the sequence of maps M ψ→ N
ϕ→ K, let E be a vector

bundle over K and let ω ∈ Ωk(E). Then ψ∗ϕ∗ω = (ϕ ◦ ψ)∗ω.
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2.2 Connections on vector bundles

One of the main limitations we face when working ’plain’ vector bundle E (i.e. with no
additional structure) is the fact that there exists no clear relationship between distinct
fibers of E, no canonical way of transporting vectors from one fiber to another. Con-
nections are tailor-made to fill that gap. As their name indicates, they provide a way to
’connect’ fibers to each other.

This will be made explicit in the next subsection, by introducing the notion of parallel
transport along a path, and will not be so clear until then. The starting definition we
choose for connections (which is the common one, to our knowledge), introduces them
instead as a kind of derivative (which in this case means ’operator satisfying the Leibniz
rule’) acting on sections, a point of view which should be understood as a description of
parallel transport at the infinitesimal scale.

Definition 2.2.1 (Connection on a vector bundle). Let E be a vector bundle over M a
connection, or covariant derivative on E is an R-linear map

∇ : Γ(E) → Ω1(M,E)

such that for all f ∈ C∞(M) and s ∈ Γ(E)

∇(fs) = df ⊗ s+ f∇s.

Given s ∈ Γ(E) and X ∈ X(M) we write (∇s)(X) n= ∇Xs.

Equivalently, a connection on E can be defined as an R-bilinear map

∇ : X(M) × Γ(E) → Γ(E), (X, s) → ∇Xs

such that for all s ∈ Γ(E), X ∈ X(M) and f ∈ C∞(M):

(i) ∇fXs = f∇Xs.

(ii) ∇X(fs) = (Xf)s+ f∇Xs.

We finish this definition by introducing isomorphisms for vector bundles with connec-
tions. So let πE : E → N and πF : F → N be vector bundles over the manifolds M
and N , equipped with connections ∇E and ∇F respectively. Let Φ : E → F be a vector
bundle isomorphism over the diffeomorphism ϕ : M → N . Then Φ is said to preserve
the connections (that is, Φ is an isomorphism of bundles with connections) if for all
s ∈ Γ(E) and X ∈ X(M) we have

Φ ◦ (∇Xs) ◦ ϕ−1 = ∇ϕ∗X(Φ ◦ s ◦ ϕ−1). (2.2)

(If this formula does not seem natural, recall that through the isomorphism Φ : E → F ,
a section s of E is mapped to the section Φ ◦ s ◦ ϕ−1 of F ).
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Remark. It should be clear that, given an isomorphism of vector bundles Φ : E → F , if
either E or F is equipped with a connection, then there exists a unique connection on
the other member of the pair (E,F ) for which Φ becomes an isomorphism of bundles
with connection. This connection is essentially defined by formula 2.2 (as we’ll soon see,
this construction is a special case of the pullback operation one can apply to connections
on vector bundles).

If we view the connection, or covariant derivative, as a kind of differentiation for sections
of a vector bundle, the corresponding notion of a ’constant section’ is that of a parallel
section (a section whose covariant derivative vanishes).

Definition 2.2.2 (Parallel sections). A section s ∈ Γ(E) is said to be parallel if ∇s = 0,
or equivalently if ∇Xs = 0 for all X ∈ X(M).

As we’ll see, these parallel sections tend to be rare, even locally, except in certain special
cases. Most notably among the latter, parallel sections are found in abundance on a
vector bundle over a curve.

Example 2.2.1.

(i) The trivial vector bundle of rank r over M admits a standard connection, which
we denote by d. A section of Rr

M is a smooth map

s : M → Rr

or equivalently a family of smooth functions sk : M → R, k = 1, ..., r, while an
Rr
M -valued 1-form α ∈ Ω1(M,Rr

M) is simply a collection of (real-valued) 1-forms
α1, ..., αk ∈ Ω1(M). The standard connection d on Rr

M sends

s : M → Rr

to
ds := (dsk)k=1,...,r

where dsk ∈ Ω1(M) denotes the usual differential of sk as a smooth function.
We leave it as an exercise to the reader to check that this does indeed define a
connection on Rr

M . When M is connected, the parallel sections of Rr
M are the

constant maps s : M → Rr (in particular, the connection d admits "many" parallel
sections, something we will come back to).

(ii) The main objects of study in this work will be connections on the tangent bundle
TM , which are called affine connections.
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If we fix a vector field X on M , then the map ∇X : Γ(E) → Γ(E) is a local operator, as
it satisfies the Leibniz rule for X. In particular, ∇X induces a local operator at p (see
definition 2.1.7). On the other hand, is we fix a section s, the map

X(M) → Γ(E), X → ∇Xs

is pointwise, as a C∞(M)-linear map of sections. In particular (∇Xs)p only depends on
the value of X at p for any X ∈ X(M) and s ∈ Γ(E). Combining these facts we get the
following:

Proposition 2.2.1. There exists a unique R-bilinear map

∇ : TpM × Γp(E) → Ep, (Xp, sp) → ∇Xpsp

such that for all X ∈ X(M) and s ∈ Γ(E)

(∇Xs)p = ∇Xp [s]p

In what follows we will simply denote ∇Xp [s]p by ∇Xps.

Remark. The moral of this somewhat convoluted development is that even though ∇
was introduced as an operator acting on global sections, it turns out that ∇Xps ∈ Ep is
perfectly well-defined for any tangent vector Xp ∈ TpM and any local section s defined
on a neighborhood of p. Furthermore, ∇Xps and ∇Xpt are equal whenever the local
sections s and t coincide on a neighborhood of p.

This local nature of the connection allows us to define its restriction to an open sub-
set.

Proposition 2.2.2. Let π : E → M be a vector bundle over M equipped with a con-
nection ∇. Then for any open subset U of M , there exists a unique connection ∇U

on EU := π−1(U), called the restriction of ∇ to U such that for any s ∈ Γ(E),
∇U(s|U) = (∇s)|U . This restriction is completely determined by the fact that for all
X ∈ X(U), s ∈ Γ(U,E) and p ∈ U

(∇U
Xs)p = ∇Xps

where ∇Xp is the operator defined in proposition 2.2.1.

Proof. As indicated, for p ∈ U , X ∈ X(U) and s ∈ Γ(U,E), the only possible candidate
for ∇U will be defined by the formula

(∇U
Xs)(p) = (∇X̃ s̃)(p)

with X̃ ∈ X(M) a global vector field and s̃ ∈ Γ(E) a global section of E such that
X̃ ∼p X and s̃ ∼p s. Such X̃ and s̃ always exist by proposition 2.1.4, and the choice of
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X̃ and s̃ is inconsequential as we already explained. Showing that ∇U is possesses the
properties of a connection is then a routine exercise.

Conversely, if we cover our manifold with mutually compatible local connections, we
obtain a globally defined connection.

Proposition 2.2.3. Let (Uα)α∈A be an open cover of M , and assume that for each α ∈ A
we are given a connection ∇α on π−1(Uα) ⊆ E in such a way that for any α, β ∈ A with
Uα ∩ Uβ ̸= ∅, the restrictions of ∇α and ∇β to Uα ∩ Uβ coincide. Then there exists a
unique connection ∇ on M such that for all α ∈ A the restriction of ∇ to Uα is ∇α.

Proof. Clearly the only possible candidate for ∇ is determined by

(∇s)|Uα = ∇α(s|Uα)

for all s ∈ Γ(E) and α ∈ A. Alternatively, taking this as a definition of ∇ - which
is unambiguous, since the ∇α are mutually compatible - showing that ∇ possesses the
property of a connection is a routine exercise.

Let us now investigate the structure of the set of connections on a given vector bundle.
We begin by observing that what distinguishes a connection on E from an element
Ω1(M,End(E)) is the presence of the (Xf)s term in the Leibniz rule (which keeps
∇ from being C∞(M)-linear in its Γ(E) argument). This term, however, does not
depend on the connection, meaning we should be able to ’cancel it out’ by taking the
difference of two connections, thereby obtaining an element of Ω1(M,End(E)). This
suggests that the set of connections on E has the structure of an affine space modeled on
Ω1(M,End(E)), under the condition that E admits at least one connection, something
we will show to be true by patching together trivial connections using a partition of
unity.

Theorem 2.2.1. Let E be a vector bundle over M . The set of connections on E is an
affine space modeled on Ω1(M,End(E)). In more words, a vector bundle always admits
a connection, and given a connection ∇ on E, a map

∇′ : Γ(E) → Ω1(M,E)

is a connection on E if and only if

X(M) × Γ(E) → Γ(E), (X, s) → (∇′
Xs− ∇Xs)

determines a section of Ω1(M,End(E)) (i.e. is C∞(M)-linear).
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Proof. We begin by constructing a connection ∇ on E. To that end, we fix a trivializing
open cover (Uα, ϕα)α∈S of E. For each α ∈ S, we denote by ∇α the connection on
π−1(Uα) ⊆ E obtained by pulling back the standard connection on the trivial bundle
Uα × Rr over r (we assume E to be of rank r) along the bundle isomorphism

ϕα : π−1(Uα) → Uα × Rr.

Next we choose a partition of unity (ρα)α∈S subordinate to (Uα)α∈S. For X ∈ X,
s ∈ Γ(E) we denote the restriction of s to Uα by sα, and write ∇α

X
n= ∇α

X|Uα
. The

formula
∇Xs :=

∑
α∈S

ρα∇α
Xs

α

then defines a connection on M . We let the reader verify that ∇ exhibits the properties
of a connection (the reasoning is in fact similar to the one we use to prove the next
proposition - prop. 2.2.4).

We now move on to the second part of the statement (which states that the direction of
the set of connections - as an affine space - is given by Ω1(End(E)). Consider two maps

∇ : X(M) × Γ(E) → Γ(E), (X, s) → ∇Xs

∇′ : X(M) × Γ(E) → Γ(E), (X, s) → ∇′
Xs

and define
A : X(M) × Γ(E), (X, s) → A(X, s) := (∇′

Xs− ∇Xs).

Assume that ∇ is a connection on E. Then if ∇′ is a connection, we have for any
X ∈ X(M), s ∈ Γ(E) and f ∈ C∞(M)

A(fX, s) = ∇′
fXs+ ∇fXs = f(∇′

Xs− ∇Xs)
= fA(X, s)

(2.3)

as well as

A(X, fs) = ∇′
X(fs) − ∇X(fs)

= (Xf)s+ f∇′
Xs− (Xf)s− f∇Xs

= f(∇′
Xs− ∇Xs)

= fA(X, s).

(2.4)

Conversely, one easily sees that ∇′ is a connection whenever 4.1 and 4.2 hold. Thus ∇′ is
a connection if and only if A is C∞(M)-linear in each of its arguments, or equivalently,
if and only if A is a section of Ω1(End(E)) (proposition 2.1.10).

In particular, as elements of an affine space, connections are stable under convex com-
binations.
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Proposition 2.2.4. Let (∇i)i=1,...,n be a finite family of connections on E and let
(λi)i=1,...,n be a family of positive smooth functions on M such that ∑n

i=1 λi = 1. Then
∇ := ∑n

i=1 λi∇i is a connection on E.

Proof. For s ∈ Γ(E), X ∈ X(M) and f ∈ C∞(M) we have

∇fXs =
n∑
i=1

λi∇i
fXs =

n∑
i=1

fλi∇i
Xs

= f

(
n∑
i=1

λi∇i
Xs

)
= f∇Xs.

as well as

∇X(fs) =
n∑
i=1

λi∇i
X(fs)

=
n∑
i=1

λi
(
(Xf)s+ f∇i

Xs
)

=
(

n∑
i=1

λi

)
(Xf)s+ f

(
n∑
i=1

λi∇i
Xs

)
= (Xf)s+ f∇Xs.

Note that, as we expected, the convexity hypothesis (∑n
i=1 λi = 1) was only needed to

ensure that ∇ satisfy the Leibniz rule. Once again, we see that the Leibniz rule is the
reason why the set of connections possesses the structure of an affine space (as opposed
to a vector space).

Example 2.2.2. Theorem 2.2.1 applied to the case E = TM tells us that the set of
affine connections on a manifold is an affine space modeled on the space Γ(T 1

2M) of
tensor fields of type (1, 2).

We will now investigate the local expressions of connections, i.e. their representations in
local trivializations. So let e = (ek)rk=1 be a local frame for E over U . Since ∇ satisfies
the Leibniz rule, the restriction of ∇ to U (which we will also call ∇) is completely
known once ∇ek is fixed for every k = 1, ..., r. We could choose this as a starting point
to find the object representing ∇ over U , but we will explore another path, closer to the
spirit of theorem 2.2.1.

We begin by defining d to be the connection on π−1(U) ⊆ E obtained through the
induced trivialization

ϕ : π−1(U) → U × Rr
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and the standard connection on the trivial bundle U × Rr (see example 2.2.1). Notice
that d is completely characterized by

dek = 0, k = 1, ..., r.

Theorem 2.2.1 then provides us with the local representation of ∇: it is the unique
End(E)-valued 1-form A ∈ Ω1(U,End(E)), called the local connection form, such
that ∇ = d+ A. The relationship between A and ∇ is given by

∇ek = (d+ A)ek = Aek, k = 1, ..., r

thus we see that they determine each other. If we expressA in components

A =
r∑

k,l=1
ek ⊗ el∗ ⊗ Akl .

the 1-forms Akl ∈ Ω1(U) are defined by

∇el =
r∑
l=1

ek ⊗ Akl .

As mentioned earlier, knowing the ∇ek allows us to compute ∇s for any local section
s ∈ Γ(U,E) by making use of the Leibniz rule. So for a general section s ∈ Γ(U,E) with
components s = (sk)rk=1, the components of ∇s are given by

∇s =
r∑

k=1
(d+ A)(skek) =

r∑
k=1

ek ⊗
(
dsk +

r∑
l=1

Akl s
l

)

Thus if collect the components of A in a matrix-valued 1-form (or matrix of 1-forms) A =
(Akl )rk,l=1 ∈ Ω1(U,Mr(R)), then for any vector fieldX ∈ X(U) we have

∇Xs ≡ Xs+ A(X)s (2.5)

where we apply X to each component of s in the first term, and use matrix multiplication
in the second term. If we allow for matrix multiplication between 1-forms and functions
we can reexpress this as

∇s ≡ ds+ As.

Now that we know how a connection is represented over a local trivialization (by a
matrix A of 1-forms), let us look at how this representation varies under changes of
trivialization. So let e′ = (e′

k)rk=1 be another local frame of E over an open V such that
U ∩ V ̸= ∅. Let A′ = ∑r

k,l=1 e
′
k ⊗ e′l

∗ ⊗A′k
l be the matrix of 1-forms representing ∇ in e′,

and let
gUV : U ∩ V → GLr(R)
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be the transition map between e and e′ so that

e′
l =

r∑
k=1

(gUV )kl ek.

Then we have
r∑

v=1
e′
v ⊗ A′v

l = ∇e′
l =

r∑
k=1

∇
(
(gUV )kl ek

)

=
r∑

k=1
ek ⊗

(
d(gUV )kl +

r∑
u=1

(gUV )ul Aku
)

=
r∑

k,v=1
(g−1
UV )vke′

v ⊗
(
d(gUV )kl +

r∑
u=1

(gUV )ul Aku
)

Thus we see that A′ and A are related by the equation

A′v
l =

r∑
k=1

(g−1
UV )vk

(
d(gUV )kl +

r∑
u=1

(gUV )ul Aku
)

(2.6)

which can be rewritten more concisely in the following way

A′ = (gUV )−1d(gUV ) + (gUV )−1A(gUV ).

Conversely, in view of proposition 2.2.3, we can construct a connection on E by choosing
a trivializing cover for E and local connection forms for each trivialization in such a way
that these local forms are compatible with each other (i.e. transform according to equa-
tion 2.6). This is a rather common way of constructing connections.

Theorem 2.2.2. Let (Uα, ϕα)α∈S be a trivializing open cover of E. Assume that for
each α ∈ A we are given an End(E)-valued form Aα over Uα, and assume that for each
α, β ∈ S with Uα ∩ Uβ ̸= ∅, Aα and Aβ are related by equation 2.6. Then there exists a
unique connection ∇ on M such that for each α ∈ S, Aα is the local connection form of
∇ in the trivialization (Uα, ϕα).

Example 2.2.3. Once again, let us apply our discussion to the case of an affine con-
nection ∇ on TM . Given a coordinate chart (U, x1, ..., xm) on M , with associated local
frame (∂i)mi=1, the most standard way of representing ∇ over this chart is through the
Christoffel symbols, a family of smooth functions

Γkij : U → R, 1 ≤ i, j, k ≤ m

which are related to the local connection form by

Akj =
m∑
i=1

Γkijdxi. (2.7)
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Equivalently, the Christoffel symbols can be defined by

∇∂i
∂j =

m∑
k=1

Γkij∂k

so that for arbitrary vector fields X = ∑m
i=1 X

i∂i and Y = ∑m
i=1 Y

i∂i over U we have

∇XY =
m∑
k=1

 m∑
i=1

X i∂iY
k +

m∑
i,j=1

ΓkijX iY j

 ∂k. (2.8)

Given another chart (V, x′1, ..., x′m) we’ve already seen that the transition map is given
by

gkl = ∂xk

∂x′l .

Injecting the following equations

(g−1)kl = ∂x′k

∂xl

dgkl =
m∑
j=1

∂2xk

∂x′j∂x′ldx
′j

dxi =
m∑
j=1

∂xi

∂x′j dx
′j

into 2.7 and 2.6 we obtain the usual transformation law for the Christoffel symbols of
an affine connection

Γ′k
ij =

m∑
l=1

∂x′k

∂xl
∂2xl

∂x′i∂x′j +
m∑

p,q,r=1

∂x′k

∂xp
∂xq

∂x′i
∂xr

∂x′jΓpqr. (2.9)

In keeping with the idea that vector bundles are objects ’to be pulled back’, connections
can be pulled back as well. We prove this through the procedure outlined in theorem
2.2.2, applied to a pulled back trivializing cover.

Corollary 2.2.1. Let E be a vector bundle over M equipped with a connection ∇, and let
ϕ : M → N be a smooth map. Then there exists a unique connection ∇ϕ on ϕ∗E, called
the pullback connection such that for any s ∈ Γ(E), Xp ∈ TpM , ∇ϕ

Xp
(ϕ∗s) = ∇dϕpXps.

Equivalently, ∇ϕ is the unique connection on ϕ∗E such that for any pair of ϕ-related
vector fields X ∈ X(M), Y ∈ X(N) and any section s ∈ Γ(E) we have

∇X(ϕ∗s) = ϕ∗(∇Y s).

Proof. We choose a trivializing open cover (Uα, eα)α∈S of E, where for each α ∈ S,
eα = (eα,k)rk=1 is a local frame for E over Uα. For α ∈ S we denote the local connection
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form of ∇ in (Uα, eα) by Aα, in components

Aα =
r∑

k,l=1
eα,k ⊗ el∗α ⊗ Akα,l.

Then (ϕ−1(Uα), ϕ∗eα)α∈S is a trivializing open cover for ϕ∗E, and if a connection ∇ϕ on
ϕ∗E is to possess the properties of the pullback connection, then for each α ∈ S, its
local connection form in (ϕ−1(Uα), ϕ∗eα) must be given by

ϕ∗Aα =
r∑

k,l=1
(ϕ∗e)α,k ⊗ (ϕ∗e)l∗α ⊗ ϕ∗Akα,l (2.10)

which already shows uniqueness. To prove existence, we proceed as follows: we denote by
gαβ the transition map between (Uα, eα) and (Uβ, eβ). Using the fact that the forms Aα
transform according to 2.6, and the fact that the transition map between (ϕ−1(Uα), ϕ∗eα)
and (ϕ−1(Uβ), ϕ∗eβ) is given by gαβ ◦ ϕ, we see that the local forms ϕ∗Aα also transform
according to 2.6, so that they define a unique connection ∇ϕ on ϕ∗E (theorem 2.2.2).
Using the expression 2.10 for the local connection forms, it is then straightforward to
show that ∇ϕ is the sought after pullback connection.

Remark. In a more intrinsic fashion, if e is a local frame of E over U , and A ∈
Ω1(U,End(E)) is the local connection form of ∇ in this trivialization, then the local
connection form of ∇ϕ in the local frame ϕ∗e is given by ϕ∗A (this is essentially the way
we constructed ∇ϕ in the proof above).

Remark. Extending an earlier remark, we can show that the pullback of connections
is functorial as well, meaning that given a sequence of maps M ψ→ N

ϕ→ K and a
vector bundle E over K with connection ∇, pulling ∇ back along ϕ ◦ ψ is equivalent to
first pulling ∇ back along ϕ, then pulling ∇ϕ back along ψ (this could be proven using
proposition 2.1.14 applied to the local connection form).

Remark. Going back to definition 2.2.1, observe that, given two vector bundles πE :
E → M , πF : F → N equipped with connections ∇E and ∇F respectively, then a
bundle isomorphism Φ : E → F lying over ϕ : M → N preserves the connection if and
only if the pullback of ∇F along ϕ coincides with ∇E (by proposition 2.1.12, (E,Φ) is a
pullback of F along ϕ).

We finish this section with an easy but useful result.

Proposition 2.2.5. Let s be a parallel section of E. Then ϕ∗s is a parallel section of
ϕ∗E.
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2.2.1 Covariant derivative along a path and parallel transport

We are now ready to define parallel transport. We begin by applying the pullback ma-
chinery (for bundles and connections) to curves, resulting in the notion of the covariant
derivative along a curve.

Definition 2.2.3 (Covariant derivative along a curve). Let E be a vector bundle over
M equipped with a connection ∇, and let γ : I → M be a smooth curve on M (with I
an interval of any kind). For any section s ∈ Γγ(E) over γ, we define

∇γ̇s := ∇γ
d
dt

s

with d/dt the standard vector field on R. We call ∇γ̇ the covariant derivative along
γ. Notice that a section s ∈ Γγ(E) over γ is parallel for ∇γ if and only if ∇γ̇s = 0.

Remark. The notation we use here is motivated by the fact that, for a section s ∈ Γ(E)
the covariant derivative of γ∗s is given by

∇γ̇(γ∗s)(t) = ∇γ̇(t)s, for all t ∈ I.

Let us also mention the peculiar form that the Leibniz rule will take in this instance:
for a smooth function f : I → R and a section s ∈ Γγ(E) along γ we have

∇γ̇(fs) = ḟ s+ f∇γ̇s

with ḟ = df
dt

(the application of the vector field d/dt to f , which coincides with the usual
derivative of f).

The condition ∇γ̇s = 0 is shown to be a linear ODE of first order by choosing a local
trivialization. Indeed, let e = (ek)rk=1 be a local frame of E over an open subset U , let
A be the local connection form of ∇ for this local frame. Referring back to the proof
of corollary 2.2.1, we can pullback e and A along γ to obtain a local frame γ∗e for γ∗E
over J := γ−1(U) together with the local connection form

γ∗A =
r∑

k,l=1
(γ∗e)k ⊗ (γ∗e)l∗ ⊗ γ∗Akl

for ∇γ in that local frame. Then given a local section

s =
r∑

k=1
sk(γ∗ek)

of γ∗E over J with components sk : J → R, k = 1, ..., r we have

∇γ̇s =
r∑

k=1
(γ∗ek)

(
ṡk +

r∑
l=1

Akl (γ̇)sl
)
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where we use notations

ṡk := dsk

dt

γ̇(s) := dγs(d/dt) = d

dt

∣∣∣∣∣
t=s

γ(t), s ∈ J

Akl (γ̇)(t) := Akl |γ(t)(γ̇(t)), t ∈ J

(recall that Akl is a 1-form). So locally the condition ∇γ̇s = 0 becomes the system of
linear ODE’s

0 = ṡk +
r∑
l=1

Akl (γ̇)sl, k = 1, ..., r. (2.11)

The usual existence and uniqueness results for linear ODE’s then yield:

Theorem 2.2.3. Let γ : I → M be a smooth curve (with I an interval of any kind).
Then for any t ∈ I and e ∈ Eγ(t) there exists a unique parallel section s over γ such that
s(t) = e.

And from this we finally obtain the following theorem:

Theorem 2.2.4 (Parallel transport along smooth curves). Let γ : [a, b] → M be a
smooth curve going from p ∈ M to q ∈ M (meaning γ(a) = p, γ(b) = q). Then for any
sp ∈ Ep there exists a unique parallel section s over γ such that s(a) = sp.

We write s(b) := P (γ)basp (which only depends on sp and γ as stated). The map P (γ)ba :
Ep → Eq is a linear isomorphism which we call the parallel transport, or translation
along γ.

To prove the injectivity of P (γ)ba, we’ll use the following lemma (which is an immediate
consequence of the R-linearity of a connection):

Lemma 2.2.1. Let E be a vector bundle over M equipped with a connection ∇. Then
the 0 section of E is parallel (the map M → E sending p ∈ M to the origin of the fiber
Ep over p).

Proof of theorem 2.2.4. We take theorem 2.2.3 for granted, so we need only prove that
P (γ)ba is linear isomorphism Ea → Eb.

The linearity of P (γ)ba follows from the fact that for any two parallel sections s, t over γ
and any λ ∈ R we have

∇γ̇(λs+ t) = λ∇γ̇s+ ∇γ̇t = 0

by the linearity of ∇γ. To see that P (γ)ba is injective (and thus an isomorphism), take
sa ∈ Ea and assume that P (γ)basa = 0. Then there exists a parallel section s over γ such
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that s(a) = sa and s(b) = 0. But by combining theorem 2.2.3 and lemma 2.2.1 we see
that s must be the 0 section, so that sa = s(a) = 0.

We can show that parallel transport is not sensitive to reparametrization (this follows
from the functoriality of the pullback operation for connections), and behaves very well
with respect to partitions (the act of subdividing a curve into a sequence of curves). We
can also show that reversal of paths inverts parallel transport.

Proposition 2.2.6. Let γ : [a, b] → M be a smooth curve. Then

(i) For any smooth map ϕ : [a′, b′] → [a, b] with ϕ(a′) = a and ϕ(b′) = b, we have
P (γ ◦ ϕ)b′

a′ = P (γ)ba.

(ii) For any finite partition a = t0 < t1 < ... < tn = b of [a, b] be have

P (γ)ba = P (γn−1)tntn−1 ◦ ... ◦ P (γ0)t1t0

where P (γi)ti+1
ti denotes parallel transport along γi := γ|[ti,ti+1].

(iii) If we define the reversal of γ, γ̄ : [0, b− a] → M by γ̄(t) := γ(b− t), then

P (γ̄)b−a0 = [P (γ)ba]−1.

Proof. (i) By the functoriality of the pullback for connections (see the remark below
corollary 2.2.1), the connection over γ ◦ ϕ is obtained by pulling back ∇γ along ϕ. (i) is
then obtained by observing that for any parallel section s over γ, ϕ∗s = s◦ϕ is a parallel
section over γ ◦ ϕ (proposition 2.2.5).

(ii) is a consequence of the fact that given a parallel section s over γ, s|[ti,ti+1] is a parallel
section over γ[ti,ti+1] for all 0 ≤ i < n.

As for (iii), observe that γ̄ = γ ◦ τ with

τ : [0, b− a] → [a, b], t → b− t

so that for any parallel section s over γ, s ◦ τ is parallel along γ̄. The conclusion then
follows.

This means that parallel transport along piecewise smooth curves is perfectly well-
defined, and plays well with the concatenation of paths.

69



Definition 2.2.4 (Parallel transport along piecewise smooth curves). Let γ : [a, b] → M
be a piecewise smooth curve, meaning that there exists a finite partition a = t0 < t1 <
... < tn = b such that γi := γ|[ti,ti+1] is smooth for all 0 ≤ i < n. Then we define

P (γ)ba := P (γn−1)tntn−1 ◦ ... ◦ P (γ0)t1t0 .

which does not depend on our choice of partition.

Proposition 2.2.7. Let µ, τ : [0, 1] → M be two piecewise smooth curves with τ(1) =
µ(0), then

P (µ · τ)1
0 = P (µ)1

0 ◦ P (τ)1
0

where µ · τ denotes the concatenation of µ and τ , defined by

µ · τ : [0, 1] → M, t →

τ(2t), for 0 ≤ t ≤ 1
2

µ(2t− 1), for 1
2 ≤ t ≤ 1

Confirming the idea that parallel transport is at the core of the theory of connec-
tions, we show that from the induced parallel transport, one can recover the connec-
tion.

Proposition 2.2.8. Let s ∈ Γ(U,E) and Xp ∈ TpM for p ∈ U . Let γ : I → M be a
smooth curve such that γ̇(0) = Xp. Then ∇Xps = d

dt

∣∣∣
t=0

P (γ)0
t (s ◦ γ)(t).

Proof. We choose a basis (ek,p)rk=1 of Ep. For each 1 ≤ k ≤ r, let ek be the unique parallel
section over γ such that ek(0) = ek,p, whose existence and uniqueness is guaranteed by
theorem 2.2.3. Then by theorem 2.2.4, we see that e = (ek)rk=1 is a global frame of γ∗E
and that for t ∈ I and v = ∑r

k=1 x
kek(t) we have

P (γ)0
t (v) =

r∑
k=1

xkek(0).

In particular, given a section s = ∑r
k=1 s

kek over γ (with sk ∈ C∞(I)) we have

d

dt

∣∣∣∣∣
t=0

P (γ)0
t s(t) = d

dt

∣∣∣∣∣
t=0

(
r∑

k=1
sk(t)ek(0)

)

=
r∑

k=1
ṡk(0)ek(0)

(2.12)

On the other hand, from ∇γ̇ek = 0 and the Leibniz rule, we obtain

∇γ̇s =
r∑

k=1
ṡkek. (2.13)
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Comparing 2.12 and 2.13 we deduce

∇γ̇s|t=0 = d

dt

∣∣∣∣∣
t=0

P (γ)0
t s(t)

We can then conclude using the fact that for s ∈ Γ(E)

∇Xps = ∇γ̇(s ◦ γ)|t=0

with Xp = γ̇(0).

We finish this section by refining our earlier statement on the relative scarcity of parallel
sections. As seen below, the connections which give rise to the most parallel sections
are the trivial ones. In the next section we will introduce a new invariant, curvature,
which will allow us to distinguish between trivial and non-trivial connections at the
local scale (though this will only be made precise in the last section of the present
chapter).

Theorem 2.2.5. Let ∇ be a connection on a vector bundle E. The following are equiv-
alent:

(i) (E,∇) is isomorphic to a trivial bundle equipped with its standard connection.

(ii) E admits a global frame consisting of parallel sections.

(iii) For any p ∈ E and any sp ∈ Ep there exists a parallel section s ∈ Γ(E) whose
value at p is sp.

When conditions (i)-(iii) are fulfilled, we say that ∇ is a trivial connection on E.

Proof. (i)⇒(iii) We need only show that a trivial bundle equipped with its standard
connection verifies (iii). This is easily seen once one recalls that the parallel sections
of the trivial bundle Rr with its standard connection are the constant maps M → Rr

(when M is connected).

(iii)⇒(ii). We assume that M is connected, if not we repeat the process for each con-
nected component of M . Choose a point p ∈ M and a basis (ek,p)rk=1 of Ep. For each
1 ≤ k ≤ r, let ek ∈ Γ(E) be a parallel section such that ek(p) = ek,p. For any q ∈ M
there exists a path γ : [0, 1] → M going from p to q, and for all 1 ≤ k ≤ r, ek ◦ γ is
parallel over γ, so ek(q) = P (γ)1

0ek(p). Since P (γ)1
0 is a linear isomorphism Ep → Eq,

ek(q) must form a basis of Eq, and we see that (ek)rk=1 is a global frame of E consisting
of parallel sections.

(ii)⇒(i). Let e = (ek)rk=1 be a global frame of E consisting of parallel sections. This
global frame induces a bundle isomorphism Φ : E → Rr that sends ek to b0

k (the constant
section of Rr with value b0

k, with b0 = (b0
k)rk=1 the standard basis of Rr). Thus for
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all 1 ≤ k ≤ r, b0
k must be parallel for the connection on Rr induced by ∇ and the

isomorphism Φ. The only connection on Rr with this property is the trivial one.

Remark. If E is a bundle over an interval I ⊆ R, any connection E is trivial as shown
earlier. As we’ll see, this is coherent with the fact that the curvature of any such section
must vanish, as a 2-form over a 1-dimensional manifold.

2.2.2 Curvature

We define curvature by means of its action on sections. This action is proven to be
C∞(M)-linear with no difficulty, thus showing that the curvature is a bundle-valued
2-form (proposition 2.1.10).

Definition 2.2.5 (Curvature). Let E be a vector bundle over M equipped with a
connection ∇. The curvature R of ∇ is the map

X(M) × X(M) × Γ(E) → Γ(E)
(X, Y, s) → ∇X∇Y s−∇Y ∇Xs− ∇[X,Y ]s.

The notation
R(X, Y )s := ([∇X ,∇Y ] − ∇[X,Y ])s

is also common.

Proposition 2.2.9. The curvature R is C∞(M)-linear in each of its arguments and
skew-symmetric in its first two arguments and thus corresponds to an element of Ω2(M,End(E)),
which we also call R.

Let us derive the expression of the curvature in a local trivialization. Let e = (ek)rk=1 be
a local frame for E over U . We are looking for the matrix-valued 2-form R = (Rk

l )rk,l=1 ∈
Ω2(U,Mr(R)) such that

R =
r∑

k,l=1
ek ⊗ el∗ ⊗Rk

l .

We denote the components of the local connection form A ∈ Ω(U,End(E)) by A =
(Akl )rk,l=1 ∈ Ω1(U,Mr(R)) so that

A =
r∑

k,l=1
ek ⊗ el∗ ⊗ Akl .

Fix two vector fields X, Y over U , and a local section s ∈ Γ(U,E) whose components we
denote by s = (sk)rk=1 ∈ C∞(U). The components of ∇Xs are given by

∇Y s ≡ Y s+ A(Y )s (2.14)
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where we apply Y to each component of s and use matrix multiplication in the second
term. Applying ∇X to 2.14 we get

∇X∇Y s ≡X (Y s+ A(Y )s) + A(X) (Y s+ A(Y )s)
≡XY s+X[A(Y )]s+ A(Y )Xs
A(X)Y s+ A(X)A(Y )s.

(2.15)

ExchangingX and Y in 2.15 and replacing Y with [X, Y ] in 2.14 we obtain

R(X, Y )s = ∇X∇Y s− ∇Y ∇Xs− ∇[X,Y ]s

≡���XY s+X[A(Y )]s+�����A(Y )Xs+�����A(X)Y s+ A(X)A(Y )s
−���Y Xs− Y [A(X)]s−�����A(X)Y s−�����A(Y )Xs− A(Y )A(X)s
−����[X, Y ]s− A([X, Y ])s
= (X[A(Y )] − Y [A(X)] − A([X, Y ])) s+ [A(X), A(Y )]s
= (dA(X, Y ) + [A(X), A(Y )]) s.

(2.16)

where we use Cartan’s magic formula in the last step, and where [−,−] denotes the
anticommutator of matrices. From 2.16 we obtain

Rk
l (X, Y ) = dAkl (X, Y ) +

r∑
h=1

(
Akh(X)Ahl (Y ) − Akh(Y )Ahl (X)

)
= dAkl (X, Y ) +

r∑
h=1

(Akh ∧ Ahl )(X, Y )

So we see that the 2-forms representing R are given by

Rk
l = dAkl +

r∑
h=1

Akh ∧ Ahl . (2.17)

Example 2.2.4. For an affine connection whose connection form A is encoded by the
Christoffel symbols

Akl =
m∑
j=1

Γkjldxj

equation 2.17 becomes

Rk
l = d

 m∑
j=1

Γkjldxj
+

m∑
h=1

(
m∑
i=1

Γkihdxi
)

∧

 m∑
j=1

Γhjldxj


=
m∑
j=1

dΓkjl ∧ dxj +
m∑

i,j,h=1
ΓkihΓhjldxi ∧ dxj

=
m∑

i,j=1

(
∂iΓkjl +

m∑
h=1

ΓkihΓhjl
)
dxi ∧ dxj
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and if we use dxi ∧ dxj = dxi ⊗ dxj − dxj ⊗ dxi we obtain the usual expression of the
curvature in terms of the Christoffel symbols:

Rk
ijl = ∂iΓkjl − ∂jΓkil +

m∑
h=1

(
ΓkihΓhjl − ΓkjhΓhil

)
.

As a bundle-valued form, the curvature interacts with the pullback operation as we
would expect.

Proposition 2.2.10. Let ϕ : M → N be a smooth map and let E be a vector bundle
over N equipped with a connection ∇, with curvature R. Then the curvature Rϕ of the
pullback connection ∇ϕ is the pullback of R along ϕ, i.e. Rϕ = ϕ∗R (here we use the
canonical isomorphism ϕ∗ End(E) ≃ End(ϕ∗E)).

Proof. This is obtained by putting together the expression for the local connection form
of the pullback connection (see the proof of corollary 2.2.1, and the remarks below) and
the expression of the curvature in terms of the local connection form (equation 2.17).

We now provide an illuminating interpretation of curvature as infinitesimal holonomy.
Holonomy is the name we give to the following phenomenon: in general (that is, for an ar-
bitrary connection), transporting a vector parallelly along a loop will not leave this vector
unchanged. This is formalized by introducing the holonomy group.

Definition 2.2.6 (Holonomy group). Let ∇ be a connection on E, and let p be a point
of M . The holonomy group of ∇ at p is the subgroup of GL(Ep) defined by

Holp(E,∇) := {P (γ)1
0|γ : [0, 1] → M is a piecewise smooth curve based at p}.

(A loop based at p is a curve γ : [a, b] → M such that γ(a) = p = γ(b)).

The fact that Holp(E,∇) is an algebraic subgroup of GL(Ep) should be clear from
propositions 2.2.6 and 2.2.7. The fact that it is a Lie subgroup of GL(Ep) is a very deep
result, which we will state at the end of this section.

But first, we present a theorem that makes clear the interpretation of curvature as
’holonomy along an infinitesimal loop’.

Theorem 2.2.6. Let X, Y ∈ TpM and let e ∈ Ep. Assume that U is an open neigh-
borhood of the origin in R2 and that f : U → M is a smooth map such that f(0) = p,
df0(∂1(0)) = Xp, and df0(∂2(0) = Yp), where ∂1 and ∂2 designate the standard vector
fields on R2. For s, t sufficiently small, let est be the element of Ep obtained by parallel
transporting e along the piecewise smooth loop consisting of the following four curves
(see figure 2.1):
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Figure 2.1: Parallel translation along a loop, from [17], sect. 12.5.

(1) cs,t1 : σ → f(σ, 0) for 0 ≤ σ ≤ s;

(2) cs,t2 : τ → f(s, τ) for 0 ≤ τ ≤ t;

(3) cs,t3 : σ → f(s− σ, t) for 0 ≤ σ ≤ s;

(4) cs,t4 : τ → f(0, t− τ) for 0 ≤ τ ≤ t.

Then
R(Xp, Yp)e = − lim

s,t→0

est − e

st
.

Proof. See [17] (theorem 12.47, section 12.5, p.527) or [18] (theorem 7.11, p.201).

To finish, we state the very important theorem of Ambrose and Singer which, among
other things, strengthens our interpretation of curvature as a measure of infinitesimal
holonomy.

Theorem 2.2.7 (Ambrose-Singer). Holp(E,∇) is a Lie subgroup of GL(Ep), and its
Lie algebra (a Lie subalgebra of End(Ep)) is spanned by elements of the form R(Xp, Yp)
for Xp, Yp ∈ TpM .

Proof. See [12] (vol. I, chapter II, theorem 4.2 p.73 and theorem 8.1 p.89, same volume
and chapter).
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2.2.3 Connections on tensor bundles

We will now describe how connections interact with the operations listed in definition
2.1.9.

Definition 2.2.7. Let E, F be vector bundles over M equipped with connections (we
will use the same symbol ∇ to designate most of the connections appearing in the span
of this definition). Then the connections on E and F induce canonical connections on
all the bundles one can construct from E and F through the operations listed in 2.1.9.

(i) On E ⊕ F the induced connection ∇ is defined by

∇X(e⊕ f) = (∇Xe) ⊕ (∇Xf)

for all X ∈ X(M), e ∈ Γ(E) and f ∈ Γ(F ).

(ii) The induced connection ∇∗ on E∗ is defined by

(∇∗
Xα)(e) = X[α(e)] − α(∇Xe)

for all X ∈ X(M), e ∈ Γ(E) and α ∈ Γ(E∗) (in the equation above, α(e) is a
smooth function, which is why we can apply the vector field X to it).

(iii) The induced connection ∇ on E ⊗ F is defined by we

(∇XW )(α, β) = X[W (α, β)] −W (∇∗
Xα, β) −W (α,∇∗

Xβ)

for all X ∈ X(M), W ∈ Γ(E ⊗ F ), α ∈ Γ(E∗) and β ∈ Γ(F ∗), where we use the
induced connections on E∗ and F ∗ (see previous point).

Through repeated applications of (i) and (ii), the connection on E also induces a
connection on T rsE for all r, s ≥ 0.

(iv) Using the canonical isomorphism Lin(E,F ) ≃ F ⊗E∗, we also obtain a canonical
connection on Lin(E,F ) from what came before. This connection is defined by

(∇XA)(e) = ∇X [A(e)] − A(∇Xe)

for all A ∈ Γ Lin(E,F ), e ∈ Γ(E) (in the equation above, A(e) is a section of F ,
which is why we can take its covariant derivative ∇X [A(e)]).

(v) The connection on TkE descends to a connection on ΛkE∗, defined by

(∇Xα)(e1, ..., ek) = X[α(e1, ..., ek)] −
k∑
i=1

α(e1, ...,∇Xei, ..., ek)

for α ∈ ΓΛkE∗, ej ∈ Γ(E).
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Remark. Notice that the connection on T rsE is defined so as to enforce a kind of Leibniz
rule.

The task of verifying in each case that the formula provided does indeed define a con-
nection on the corresponding bundle is left as an exercise.

The reader will now discover the reason why we chose to dedicate an entire section
to the actions of GL(V ) and End(V ) on T (V ). The language developped in said sec-
tion will enable us to describe the induced parallel transport on T rsE in a very natural
manner.

Theorem 2.2.8. Let γ : [a, b] → M be a path going from p ∈ M to q ∈ M , and let

P (γ)ba : Ep → Eq

denote parallel translation along γ. Then for any T ∈ T rsEp, the parallel transport of T
along γ is given by P (γ)ba · T ∈ T rsEq, where "·" is the operation defined in 1.1.4.

Proof. We leave it to the reader to argue that the pullback and tensor operations for
connections are compatible, just as they are for vector bundles.

We begin with the dual E∗. Choose α ∈ Γγ(E∗) and e ∈ Γγ(E) be parallel sections over
γ. By definition of the induced connection on γ∗E∗ ≃ (γ∗E)∗ we have

0 = (∇γ̇α)(e) = d

dt
[α(e)]

so α(e) is constant over [a, b]. By definition of the parallel transport, we then have

(P ∗(γ)baαa)(eb) = αb(eb) = αa(ea) = αa([P (γ)ba]−1eb)

where P ∗ denotes parallel transport on E∗. From this we deduce

P ∗(γ)baαa = [(P (γ)ba)−1]∗αa = P (γ)ba · αa.

We are now ready to treat the case T rsE. let T ∈ Γγ(T rsE), αj ∈ Γγ(E∗) and ej ∈ Γγ(E)
be parallel sections over γ. Once again we can compute

0 = (∇γ̇T )(α1, ..., αr, e1, ..., es) = d

dt
[T (α1, ..., αr, e1, ..., es)]

and see that T (α1, ..., αr, e1, ..., es) is constant over [a, b]. Denoting parallel transport on
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T rsE by P̄ we then have

(P̄ (γ)baTa)(α1(b), ..., αr(b), e1(b), ..., es(b)) = Tb(α1(b), ..., αr(b), e1(b), ..., es(b))
= Ta(α1(a), ..., αr(a), e1(a), ..., es(a))
= Ta([P (γ)ba]∗α1(b), ..., [P (γ)ba]∗αr(b), [P (γ)ba]−1e1(b), ..., [P (γ)ba]−1es(b))
= (P (γ)ba · Ta)(α1(b), ..., αr(b), e1(b), ..., es(b))

and from this we conclude P̄ (γ)baTa = P (γ)ba · Ta.

Combining this with proposition 1.1.6 on the compatibility of "·" and the structure of the
tensor algebra, and extracting the connection from the parallel transport as in 2.2.8 we
can determine how the connection interacts with ⊗, ∧ and contraction.

Corollary 2.2.2. Consider T ∈ ΓT rsE, S ∈ ΓT kl E 1 ≤ i1 < ... < ik ≤ r, and 1 ≤ j1 <
... < jk ≤ s. Then for all X ∈ X(M) we have

∇X(S ⊗ T ) = (∇XS) ⊗ T + S ⊗ (∇XT )
∇X(Ci1...ik

j1...jk
T ) = Ci1...ik

j1...jk
(∇XT ).

Similarly for all α ∈ ΓΛkE∗, β ∈ ΓΛlE∗ we have

∇X(α ∧ β) = (∇Xα) ∧ β + α ∧ (∇Xβ).

Example 2.2.5. Expanding on the example of an affine connection: given a tensor
field of type (r, s − 1) on a manifold M equipped with an affine connection ∇, let us
derive relationships between the components of T and those of the (r, s) tensor ∇T in a
coordinate chart (U, x1, ..., xm).

We can begin by describing the action of ∇∂j1
on the local frame of T rs−1M . For this

corollary 2.2.2 is very useful as its gives us

∇∂j1

(
∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

)
=

r∑
k=1

∂i1 ⊗ ...⊗ ∇∂j1
∂ik ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

+
s∑

k=2
∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ ∇∂j1

dxjk ⊗ ...⊗ dxjs .

(2.18)

By definition of the Christoffel symbols we have

∇∂i
∂j =

∑
k=1

Γkij∂k (2.19)
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and by definition of the connection on T ∗M (definition 2.2.7) we have

(∇∂i
dxk)(∂j) = ∂i[dxk(∂i)]︸ ︷︷ ︸

=0

−dxk[∇∂i
∂j] = −Γkij

from which we deduce
∇∂i

dxk = −
m∑
j=1

Γkijdxj (2.20)

and so equation 2.18 becomes

∇∂j1

(
∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

)
=

r∑
l=1

m∑
l=1

Γlj1ik∂i1 ⊗ ...⊗ ∂l ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

−
s∑

k=2

m∑
l=1

Γjkj1l∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxl ⊗ ...⊗ dxjs .

(2.21)

On the other hand, over U we can write

T =
∑

i1,...,ir,j2,...,js

T i1...irj1...js∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

and by the Leibniz rule we obtain

∇∂j1
T =

∑
i1,...,ir,j2,...,js

(
∂j1T

i1...ir
j1...js∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

+T i1...irj1...js ∇∂j1

(
∂i1 ⊗ ...⊗ ∂ir ⊗ dxj2 ⊗ ...⊗ dxjs

))
.

(2.22)

Finally, putting together equations 2.21 and 2.22 we get

(∇T )i1...irj1...js =∂j1T i1...irj2...js +
r∑

k=1

m∑
l=1

Γikj1lT
i1...l...ir
j2...js

−
s∑

k=2

m∑
l=1

Γlj1jkT
i1...ir
j2...l...js .

(2.23)

From this last equation we can easily compute the components of ∇XT for a vector field
X = ∑m

i=1 X
i∂i, we need only use ∇X = ∑m

i=1 X
i∇∂i

which gives us

(∇XT )i1...irj2...js =XT i1...irj2...js +
r∑

k=1

m∑
l,h=1

ΓikhlXhT i1...l...irj2...js

−
s∑

k=2

m∑
l,h=1

ΓlhjkX
hT i1...irj2...l...js .

(2.24)

where we use XT i1...irj2...js = ∑m
h=1 X

h∂hT
i1...ir
j2...js .
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Finally, since parallel transport on T rsE is given by the "·" operation, and since curvature
is infinitesimal holonomy, it should come as no surprise that the curvature R̄ on T rsE
is induced by the curvature R on E via "·" (referring to the End(E) action this time).
This can indeed be proven using theorems 2.2.6 and 2.2.8.

Corollary 2.2.3. Let E be a vector bundle over M with connection ∇ and curvature R.
Let ∇̄ denote the induced connection and T rsE and R̄ denote the curvature of ∇̄. Then
for X, Y ∈ X(M) and W ∈ Γ(T rsE)

R̄(X, Y )W = R(X, Y ) ·W

where · denotes the action of End(E) on T rsE.

Proof. Fix p ∈ M and Xp, Yp ∈ TpM . Let Pst : Ep → Ep and P̄st : T rsEp → T rsEp denote
the parallel translation along the four curves cs,t1 , cs,t2 , cs,t3 and cs,t4 described in theorem
2.2.6. We define Lt := P√

t
√
t (note that L0 = I).

Then by theorem 2.2.8 and 2.2.6 we have for any Wp ∈ T rsEp

R̄(Xp, Yp)Wp = − lim
t→0

1
t
(P̄√

t
√
t − I)Wp = − lim

t→0

1
t
(P√

t
√
t − I) ·Wp

= − d

dt

∣∣∣∣∣
t=0

(Lt ·Wp) = R(Xp, Yp) ·Wp

where in the last equality we use the fact that for any ep ∈ Ep

− d

dt

∣∣∣∣∣
t=0

Ltep = − lim
t→0

1
t
(P√

t
√
t − I)ep = R(Xp, Yp)ep.

Corollary 2.2.4. Let E be a vector bundle over M with connection ∇ and curvature
R. Let W be a parallel section of T rsE (for the induced connection on T rsE). Then

R(X, Y ) ·W = 0

for any X, Y ∈ X(M).

2.2.4 Horizontal distribution and vertical projection

In the last section of this chapter, we explore a completely different point of view on con-
nections: that of Ehresmann connections. Contrary to covariant derivatives, which
rely the linear structure of vector bundles in an essential way, Ehresmann connections
can be defined on any fiber bundle, with no additional structure.
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In the Ehresmann approach, a connection on a fiber bundle π : F → M is encoded in
a horizontal distribution on F (see appendix A for the definition of a distribution),
the idea being the following: given a point p ∈ M and an element f of the fiber Fp
above p, the differential of the projection dπf : TfF → TpM is a surjection whose kernel
is Tf (Fp), the space tangent to the fiber Fp at f , which we denote by VfF ⊆ TfF and
call the vertical subspace at f . So we have TfF/VfF ≃ TpM , meaning that any
space complementary to VfF would be mapped isomorphically onto TpM by dπf . The
’problem’ is that there is no canonical choice of such a complementary subspace, and this
is precisely the gap that the horizontal distribution HF will fill.

We collect the vertical subspaces VfF into the vertical distribution V F := ⊔
f∈F VfF

(an involutive distribution whose leaves are given by the fibers of F), and a horizontal
distribution HF is a distribution on F that is complementary to F . That is, HF is
obtained choosing, in a ’smooth fashion’, a subspace HfF ⊆ TfF complementary to VfF
(which we call the horizontal subspace at f) for each f ∈ F .

Parallel transport is then obtained as follows: as we already mentioned, for an element
f ∈ F , the horizontal subspace HfF is mapped isomorphically onto TpM by the projec-
tion (in fact (HF, dπ) is a pullback of TM along π as per proposition 2.1.12), meaning
that given a tangent vector Xp ∈ TpM , there exists a unique horizontal tangent vector
hfXp ∈ HfF , called the horizontal lift of Xp af f , that is mapped onto Xp by dπf . If
we think of tangent vectors as infinitesimal paths, then hfXp is to be thought of as the
unique parallel (or horizontal) section over Xp starting at f .

And more generally, if we’re careful about the domains and images of our maps, then
given a curve γ : [0, 1] → M , and an element f of the fiber above γ(0), γ will admit a
unique horizontal (think parallel) lift γ̃ : [0, 1] → F starting at f (where we say that a
curve γ̃ on F is horizontal if its velocity field is horizontal at all points). This unique lift
(which is to be compared to the unique parallel section of theorem 2.2.4) will provide the
notion of parallel transport we need to connect distinct fibers of F .

If our fiber bundle is equipped with additional structures, as is the case for principal
or vector bundles, we can require the Ehresmann connection to be compatible with
these additional structures. This is an avenue one could choose to introduce principal
connections, or indeed connections on vector bundles (this point of view is explored in
[17] section 12). We will not give a full proof of the equivalence between the ’Ehresmann’
and ’covariant derivative’ point of views, however we will explain how one can obtain
the horizontal distribution from the covariant derivative, and relate the curvature of our
covariant derivative to the integrability of this horizontal distribution (once again, see
appendix A for the notion of integrability for distributions).

Before diving in, let us mention one last thing: just as a choice of a subspace HfF ⊆ TfF
complementary to VfF is equivalent to a choice of linear projection TfF → VfF , fixing
a horizontal distribution HF complementary to V F is equivalent to fixing a projection
TF → V F of vector bundles over F (that is a bundle morphism PV : TF → V F such
that PV |V F = idV F ) which we call the vertical projection.
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Proposition 2.2.11. Let π : E → M be a vector bundle over M , and let p be a point of
M . As a finite-dimensional vector space, Ep has a canonical smooth structure. Equipped
with this smooth structure, Ep is a properly embedded submanifold of E, and for all
e ∈ E we have

TeEp = ker dπe.

Proof. This property is local and is easily verified for a trivial vector bundle.

Definition 2.2.8. Let E be a vector bundle over M . The vertical bundle on E is the
smooth distribution V E on E defined by

VeE := ker dπe

From 2.2.11 we see that V E is integrable, and that the fibers of E are its leaves (i.e.
maximal connected integral submanifolds).

Theorem 2.2.9. Let E be a vector bundle over M .

(i) Let p be a point of M and let e, v be two elements of Ep. The curve

R → E, t → e+ tv

takes value in Ep and so d
dt

∣∣∣
t=0

(e + tv) is an element of VeE. This allows us to
define the map

ζ : π∗E → V E, (e, v) → ζev := d

dt

∣∣∣∣∣
t=0

(e+ tv)

which is an isomorphism of vector bundles over E.

(ii) Let p be a point of M and let e be an element of the fiber Ep over p. There is a
unique linear map

he : TpM → TeE

such that for any section Γ(E) that takes value e at p we have

he(Xp) = dsp(Xp) − ζe∇Xps.

We call he the horizontal lifting at e and we define the horizontal subspace
at e by HeE := he(TpM).

(iii) Then the union HE := ⊔
e∈E HeE is a smooth distribution of rank m = dim(M)

over E called the horizontal distribution (for ∇). For each e ∈ M , TeE =
VeE ⊕HeE, dπe maps HeE isomorphically onto TpM , and he is its inverse.
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(iv) There exists a unique bundle projection pv : TE → V E, called the vertical pro-
jection (for ∇) whose kernel is the horizontal distribution HE. Through the
canonical isomorphism V E ≃ π∗E, the vertical projection pv : TE → V E cor-
responds to a bundle morphism κ : TE → E over π : E → M , which we call
the connector of ∇. Finally, given a tangent vector Xp ∈ TpM and a section
s ∈ Γ(E) we have

∇Xps = κ(dspXp).

Proof. It suffices to prove the theorem locally, meaning we can assume that M = Rm

and that E is the direct product Rm × Rr, that is the trivial bundle of rank r over Rm.

We denote the standard coordinates on M = Rm by (xi)mi=1, and the corresponding stan-
dard vector fields (∂xi)mi=1. Similarly we denote the standard coordinates on E = Rm×Rr

by ((xi)mi=1, (vα)rα=1) and the induced standard vector fields by ((∂xi)mi=1, (∂vα)rα=1). We
see that TM = TRm and TE = T (Rm × Rr) are isomorphic to Rm × Rm and (Rm ×
Rr) × (Rm × Rr) respectively, through the isomorphisms

Rm × Rm → TM, (x,X) →
m∑
i=1

X i∂xi(x)

and

(Rm × Rr) × (Rm × Rr) → TE, (x, v,X, V ) →
m∑
i=1

X i∂xi(x, v) +
r∑

α=1
V α∂vα(x, v).

We can already verify (i): here the vertical bundle V E is isomorphic to Rm×Rr×{0}×Rr,
that is

V E = {
r∑

α=1
V α∂vα(x, v)|(x, v, V ) ∈ Rm × Rr × Rr}

while the pullback bundle π∗E is isomorphic to Rm ×Rr ×Rr. The map ζ : π∗E → V E
is then simply the obvious bundle morphism Rm×Rr×Rr ≃ Rm×Rr×{0}×Rr, indeed
for (x, v, V ) ∈ π∗E = Rm × Rr × Rr we have

ζ(x,v)V = d

dt

∣∣∣∣∣
t=0

(x, v + tV ) =
r∑

α=1
V α∂vα(x, v).

A vector field X on M = Rm is uniquely represented by a family of smooth maps
X i : Rm → R such that X(x) = ∑m

i=1 X
i(x)∂xi(x) and a section s of E = Rm × Rr

is uniquely represented by a family smooth maps sα : Rm → R 1 ≤ α ≤ r such that
s(x) = (x, (sα(x))rα=1). The connection ∇ is then encoded by a family of smooth maps
Aαβj : M = Rm → R indexed by 1 ≤ α, β ≤ r and 1 ≤ j ≤ m, such that for a vector field
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X and a section s, we have

(∇Xs)α =
m∑
i=1

X i∂s
α

∂xi
+

r∑
β=1

m∑
j=1

AαβjX
jsβ

for all 1 ≤ α ≤ r (see equation 2.5).

For e = (x, v) ∈ E = Rm × Rr, a section s with s(x) = e (such a section always exists)
and a tangent vector Xx ∈ TxM ≃ Rm we have

dsx(Xx) =
m∑
i=1

X i
x∂xi(x, v) +

r∑
α=1

X i
x

∂sα

∂xi
(x)∂vα(x, v) (2.25)

while

ζe∇Xxs =
r∑

α=1

 m∑
i=1

X i
x

∂sα

∂xi
(x) +

r∑
β=1

m∑
j=1

Aα(x)βjXj
xs
β(x)

 ∂vα(x, v)

so that

he(Xx) := dsx(Xx) − ζe∇Xxs =
m∑
i=1

X i
x∂xi(x, v) −

r∑
α,β=1

m∑
j=1

Aαβj(x)Xj
xv

β∂vα(x, v). (2.26)

From this we can easily see that dsx(Xx) − ζe∇Xxs does not depend on the choice of
section s, so that he is well defined. From the expression of he we also check immediately
that he is linear and that dπe(he(Xx)) = Xx, in particular he is injective. Furthermore
if he(Xx) belongs to VeE = ker dπe then

Xx = dπe(he(X)) = 0

and he(Xx) = he(0) = 0, thus if we define

HeE := he(TpM) =


m∑
i=1

X i∂xi(e) −
r∑

α,β=1

m∑
j=1

Aαβj(x)Xjvβ∂vα(e)|X ∈ Rm


we have HeE ∩ VeE = 0. Combining this with the injectivity of he we get

m = dim(TxM) ≤ dim(HeE) ≤ dim(TeE) − dim(VeE) = (m+ r) − r = m

from which we deduce that dim(HeE) = m, TeE = VeE ⊕ HeE, and that he : TxM →
HeE is an isomorphism with inverse dπe.

Let us now verify that HE is a smooth distribution. For 1 ≤ i ≤ m we define the vector
field ∂̃xi on E by

∂̃xi(x, v) := h(x,v)(∂xi(x)) = ∂xi(x, v) −
r∑

α,β=1
Aαβi(x)vβ∂vα(x, v)
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for all (x, v) ∈ E. Clearly the (∂̃xi)mi=1 are smooth and for each (x, v) ∈ E, (∂̃xi(x, v))mi=1
is a basis of H(x,v)E (since the ∂xi(x) form a basis of TxM). By the subbundle criterion
(theorem 2.1.1), this shows that HE is a smooth distribution of rank m on E.

Lastly, let us examine the vertical projection. For e = (x, v) ∈ E, since TeE = VeE ⊕
HeE, there exists a unique linear projection pv,e : TeE → VeE whose kernel is HeE.
Since dπe ◦ he = idTxM we have for all W ∈ TeE

dπe(W ) = (dπe ◦ he ◦ dπe)(W )

implying that W − (he ◦ dπe)(W ) is vertical, so

W = (W − (he ◦ dπe)(W )) + (he ◦ dπe)(W )

where the left term is vertical and the right term horizontal. This yields

pv,e(W ) = W − (he ◦ dπe)(W )

and using the explicit expression for he obtained in 2.26, we get

pv,e

(
m∑
i=1

X i∂xi(e) +
r∑

α=1
V α∂α(e)

)
=

r∑
α=1

V α +
r∑

β=1

m∑
i=1

Aαβi(x)X ivβ

 ∂α(e).

Using this last formula, it is not difficult to convince oneself that pv is indeed a smooth
morphism of vector bundles. The connector κ is given by

κ : TE → E,

m∑
i=1

X i∂xi(x, v) +
r∑

α=1
V α∂α(x, v) →

V α +
r∑

β=1

m∑
i=1

Aαβi(x)X ivβ


α=1,...,r

∈ Ex

for all (x, v) ∈ E, X ∈ Rm and V ∈ Rr. From this and the expression for dsx(Xx)
computed in 2.25 we obtain that

∇Xxs = κdsx(Xx)

thus concluding the proof.

Let us make precise the notion of horizontal lift of a tangent vector or vector field. A
tangent vector W ∈ TeE on E is said to be horizontal if W ∈ HeE, and a vector field W
on E is said to be horizontal if W (e) is horizontal for all e ∈ E.

Given a tangent vector Xp ∈ TpM , and an element e of the fiber Ep over p, X̃e := he(Xp)
is the unique horizontal vector X̃e ∈ HeE such that dπe(X̃e) = Xp. We call X̃e the
horizontal lift of Xp at e. Given a smooth vector field X on M ,

X̃ : E → TE, e → he(Xp)
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defines the unique horizontal vector field X̃ on E that projects onto X. We call X̃
the horizontal lift of X. Starting from the computations in the proof of theorem 2.2.9,
little work is needed to obtain an local expression for X̃, and one can check that X̃ is
smooth.

Alternatively, by theorem 2.2.9, dπ : HE → TM is a bundle morphism over π : E → M
which is fiberwise isomorphic, so we have a natural isomorphism

HE ≃ π∗TM.

In other words (HE, dπ) is a pullback of TM along π : E → M , and X̃ can be viewed
as the pullback section induced by X.

Now we move on to the relationship between this horizontal distribution and parallel
transport. We start an easy but important consequence of theorem 2.2.9, telling us that
integral submanifolds of the horizontal distribution HE (appendix A) should be thought
of as parallel sections of E (at least locally).

Corollary 2.2.5. Let s ∈ Γ(U,E) be a local section of E. The following are equivalent:

(i) s is parallel for ∇.

(ii) For all p ∈ U , the image of dsp lies in the horizontal subspace Hs(p)E.

(iii) The image of s is an integral submanifold of the horizontal distribution HE.

Proof. (i)⇔(ii) is a consequence of ∇Xps = κ(dspXp) in point (iv) of theorem 2.2.9.

(ii)⇔(iii) is clear once one recalls that s is an injective immersion of rank m (the rank
of the horizontal distribution HE).

As we defined parallel transport through the pullback connection along a curve, we need
to understand how the horizontal distribution behaves under pullbacks. Thankfully, this
behaviour is very natural.

Theorem 2.2.10. Let E be a vector bundle over N with connection ∇. Let ϕ : M → N
be a smooth map, let (ϕ∗E,Φ) be the pullback of E along ϕ and denote the pullback
connection on ϕ∗E by ∇ϕ.

Then for any tangent vector W ∈ Teϕ
∗E on ϕ∗E, W is horizontal if and only if dΦeW ∈

TΦ(e)E is horizontal.

Proof. Fix a point p of M and an element e of the fiber (ϕ∗E)p over p. We can assume
that (ϕ∗E,Φ) is the standard pullback of E, so Φ restricts to the identity on fibers and
e is an element of Eϕ(p). Choose a section s of E such that s takes the value e at ϕ(p).
Then the pullback section ϕ∗s = Φ ◦ ϕ∗s = s ◦ ϕ is a section of ϕ∗E that takes value e
at p.
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Let he : Tϕ(p)N → TeE and hϕe : TpM → Teϕ
∗E be the horizontal liftings at e for ∇ and

∇ϕ respectively, and let ζ, ζϕ be the bundle isomorphisms

ζ : π∗E
∼−→ V E

ζϕ : π∗ϕ∗E
∼−→ V ϕ∗E

For v ∈ ϕ∗Ep = Eϕ(p) we can check that

dΦeζ
ϕ
e (v) = d

dt

∣∣∣∣∣
t=0

Φ(e+ tv) = d

dt

∣∣∣∣∣
t=0

(e+ tv) = ζe(v)

and by definition of the pullback connection we have for all Xp ∈ TpM

∇ϕ
Xp

(ϕ∗s) = ∇dϕpXps

so we can compute

dΦeh
ϕ
e (Xp) = d(Φ ◦ ϕ∗s)p(Xp) − dΦeζ

ϕ
e ∇ϕ

Xp
(ϕ∗s)

= dsϕ(p)dϕp(Xp) − ζe∇dϕpXps

= he(dϕpXp).

where we use Φ ◦ ϕ∗s = s ◦ ϕ. This shows that

dΦe ◦ hϕe = he ◦ dϕp (2.27)

which immediately implies that dΦe maps the horizontal subspace Heϕ
∗E = hϕe (TpM)

into the horizontal subspace HeE = he(Tϕ(p)N).

Conversely, let W ∈ Teϕ
∗E and assume that dΦeW ∈ TeE is horizontal. Define Xp :=

dπeW . Since dπehϕe = idTpM we get

0 = dπe(W − hϕeXp) (2.28)

so W −hϕeXp lies in the vertical subspace Veϕ∗E. Furthermore, since dΦeW is horizontal
we have

dΦeW = (he ◦ dπe)(dΦeW )
= he(dπe ◦ dΦe)W
= he(dϕp ◦ dπe)W
= (he ◦ dϕp)Xp

= dΦe(hϕeXp)

where we use π ◦ Φ = ϕ ◦ π and 2.27. Combining this last equation with 2.26 we see
that W − hϕeXp lies in the intersection of the vertical subspace Veϕ∗E with the kernel
of dΦe. But dΦe maps Veϕ∗E isomorphically onto VeE (as Φ maps ϕ∗Ep isomorphically
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onto Eϕ(p)), so ker(dΦe) ∩ Veϕ
∗E = 0 and W = hϕeXp is horizontal.

Corollary 2.2.6. A section s of π∗E is parallel for ∇ϕ if and only if for all p ∈ M the
image of d(Φ ◦ s)p lies in the horizontal subspace H(Φ◦s)(p)E.

For a curve γ : [a, b] → M , a horizontal lift of γ is defined to be a curve s : [a, b] → E
such that

(i) π ◦ s = γ.

(ii) ṡ(t) is horizontal for all t ∈ [a, b].

From corollary 2.2.6, we see that a map s : [a, b] → E is a horizontal lift of γ if and only
if it is a parallel section over γ. Theorem 2.2.4 on the properties of parallel transport
then give us:

Theorem 2.2.11. Consider a curve γ : [a, b] → M and an element e of the fiber
Ea. Then there exists a unique horizontal lift s : [a, b] → E of γ such that s(a) = e.
Furthermore, the parallel translation of e along γ is given by

P (γ)tae = s(t)

for all a ≤ t ≤ b.

We conclude this section and this chapter by studying the integrability of the horizon-
tal distribution which, in view of corollary 2.2.5, should give us some information on
the abundance or scarcity of parallel sections. We will see that the curvature of our
connection can be seen as a measure of said integrability.

We begin by showing that the problem of determining whether HE is involutive is a
’pointwise problem’ (see appendix A for the notion of involutivity for distributions).

Proposition 2.2.12. Let Γ(H) and Γ(V ) denote the C∞(E)-modules of horizontal and
vector fields (that is, sections of HE and V E). The map

C : Γ(H) × Γ(H) → Γ(V ), (Z1, Z2) → pv([Z1, Z2])

is C∞(E)-linear.

Proof. Since C is manifestly skew-symmetric, it suffices to show C∞(E)-linearity for the
first argument. So let f ∈ C∞(E). We compute

C(fZ1, Z2) = pv([fZ1, Z2]) = pv(f [Z1, Z2] − (Z2f)Z1)
= fpv([Z1, Z2]) − (Z2f)pv(Z1) = fpv([Z1, Z2])
= fC(Z1, Z2).
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Corollary 2.2.7. C is a section of V E ⊗ Λ2HE∗, in particular for e ∈ E the value
C(Z1, Z2)(e) ∈ VeE depends only on Z1(e) and Z2(e).

The core observation is then the following:

Theorem 2.2.12. Let Xp, Yp ∈ TpM and e ∈ Ep, and let Xe, Ye ∈ HeE denote the
horizontal lifts of Xp and Yp at e. Then

R(Xp, Yp)e = −ζ−1
e C(Xe, Ye)

Proof. See for example theorem 12.50 in [17] (section 12.5 p.529).

So we see that the horizontal distribution is integrable if and only if the connection is
flat, meaning that the curvature vanishes (R = 0). By the Frobenius theorem, some
theory of covering spaces and theorem 2.2.5, we then obtain.

Corollary 2.2.8. A connection ∇ on a vector bundle is flat if and only if it is locally
trivial. More precisely, the following are equivalent:

(i) The curvature R vanishes.

(ii) The horizontal distribution HE is integrable.

(iii) For any simply connected open subset U of M , the restriction of ∇ to EU = π−1(U)
is a trivial connection.

(iv) For any simply connected open subset U of M , any point p ∈ U and any element
e ∈ Ep there exists a unique local parallel section s ∈ Γ(U,E) such that s(p) = e.

When conditions (i)-(iv) we say that the connection is flat.

Proof. (i)⇔(ii) follows from theorem 2.2.12 and the Frobenius theorem (see appendix
A).

(iii)⇔(iv) is a consequence of theorem 2.2.5.

(iv)⇒(ii) is clear enough given corollary 2.2.5.

(ii)⇒(iv) requires a bit more care, the idea is the following: we take the maximal con-
nected integral manifold Le of HEU containing e, deduce that π : Le → U is a covering
space from the fact that any smooth in U can be uniquely lifted to Le (theorem 2.2.11)
then use the simple connectedness of U to conclude that π : Le → U is invertible, the
section we seek is then (π|Le)−1. These two steps require some knowledge of the theory
of covering spaces, we refer the reader to [17] (theorem 12.25, p.517) and the references
therein.
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Chapter 3

Affine Connections

In this chapter we bring to bear our theory of connections on vector bundles by applying
it to the tangent bundle, leading us to the notion of an affine connection. The tauto-
logical nature of the tangent bundle grants affine connections with properties shared
by no other kind of connections, chief among them: the existence of geodesics, i.e.
curves with parallel (think ’constant’) velocity field (as evidence of the importance of
geodesics, we will learn that a torsionless affine connection is fully determined by its
geodesics).

Through the theory of geodesics we will define geodesic symmetries (by which a torsion-
less connection is also determined) and symmetric tensors. In anticipation of subsequent
chapters, we will obtain our first curvature condition linked to the existence of symmetric
tensors.

The main references for this chapter are [12, 13] and [24].

3.1 Definition, torsion and Bianchi identities

Definition 3.1.1 (Affine connections). Let M be a smooth manifold. An affine con-
nection on M is a connection on the tangent bundle TM . We will sometimes refer two
manifolds equipped with affine connections as affinely connected manifolds.

Given two affinely connected manifolds (M,∇), (M ′,∇′), an affine transformation
(M,∇) → (M ′,∇′) is a diffeomorphism f : M → M ′ such that the induced bundle
isomorphism df : TM → TM ′ (which lies over f) preserves the connection in the sense
of definition 2.2.1, meaning that for any pair of vector fields X, Y ∈ X(M) we have

f∗(∇XY ) = ∇f∗X(f∗Y ).

For affine connections, in addition to the curvature, we can define a second local invari-
ant, called the torsion.
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Definition 3.1.2 (Torsion). Let ∇ be an affine connection on M . The map

T : X(M) × X(M) → X(M), (X, Y ) → T (X, Y ) := ∇XY − ∇YX − [X, Y ]

defines a (1, 2)-tensor called the torsion of ∇. We say that ∇ is torsionless when
T = 0.

In this thesis we will be mainly concerned with torsionless connections.

Using ∇∂i
∂j = ∑m

k=1 Γkij∂k and [∂i, ∂j] = 0 we get a very simple formula relating the
components of T to the Christoffel symbols:

T kij = dxkT (∂i, ∂j) = Γkij − Γkji.

Thus we see that requiring an affine connection to be torsionless is equivalent to requiring
that its Christoffel symbols Γkij be symmetric their ij indices, i.e. that Γkij = Γkji. This
suggests an obvious process for extracting a torsionless connection from an arbitrary one:
could we simply take the symmetrization of the Christoffel symbols (for their ’lower’/ij
indices)? The answer to this question is affirmative. Indeed, if we define the family of
symbols

Γ̄kij := Γkji
one can check that they transform according to equation 2.9 (example 2.2.3), so that
they define an affine connection ∇̄ on M . Then, as we saw in proposition 2.2.4, the
convex combination

∇̂ = 1
2(∇ + ∇̄)

also defines an affine connection on M . It is now straightforward to check that the
Christoffel symbols Γ̂kij of ∇̂ are given by

Γ̂kij = 1
2(Γkij + Γ̄kij) = 1

2(Γkij + Γkji) (3.1)

in particular, they are symmetric in their lower indices, which shows that ∇̂ is torsion-
less.

Before we start reviewing the distinctive features exhibited by the curvature of a (torison-
less) affine connection, we give a very neat result relating a torisonless connection to the
exterior derivative of differential forms.

Theorem 3.1.1. Let ∇ be a torsionless connection on M then for a differential form ω
of degree k, we have

dω = (k + 1) Alt(∇ω).

In particular, if a differential form ω is parallel for a torsionless connection, then ω is
closed.
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Proof. Repeated applications of Cartan’s magic formula yield the following ’intrinsic
formula’ for the exterior derivative

dω(X1, ..., Xk+1) =
k+1∑
i=1

(−1)i−1Xi[ω(X1, ..., X̂i, ..., Xk+1)]

+
∑
i<j

(−1)i+jω([Xi, Xj], X1, ..., X̂i, ..., X̂j, ..., Xk+1)
(3.2)

where once again X̂i and X̂j indicate thatXi andXj are omitted. From 3.2, the vanishing
of the torsion

[Xi, Xj] = ∇Xi
Xj − ∇Xj

Xi

and the following formula for the covariant derivative of differential forms (and more
generally of covariant tensors - definition 2.2.7 (v))

(∇Xi
ω)(X1, ..., X̂i, ..., Xk+1) =Xi[ω(X1, ..., X̂i, ..., Xk+1)]

−
∑
j<i

ω(X1, ...,∇Xi
Xj, ..., X̂i, ..., Xk+1)

−
∑
i<j

ω(X1, ..., X̂i, ...,∇Xi
Xj, ..., Xk+1)

it is a routine exercise to derive

dω(X1, ..., Xk+1) =
k+1∑
i=1

(−1)i−1(∇Xi
ω)(X1, ..., X̂i, ..., Xk+1).

Finally, using the fact that ω is skew-symmetric (which implies that ∇ω is skew-
symmetric in its last k-arguments) one finds

(k + 1) Alt(∇ω)(X1, ..., Xk+1) =
k+1∑
i=1

(−1)i−1(∇Xi
ω)(X1, ..., X̂i, ..., Xk+1).

Of central importance to the study of affine connections are the Bianchi identities (they
will intervene in many places in the following pages), a series of ’symmetries’ verified
by the curvature tensor and its covariant derivative. When the connection is torsionless
they take a particulary simple form.

Theorem 3.1.2 (Bianchi Identities). Let R be the curvature of a torsionless affine
connection on M . Then for X, Y, Z ∈ X(M) we have

(i) (Bianchi’s first identity) SX,Y,ZR(X, Y )Z = 0.

(ii) (Bianchi’s second identity) SX,Y,Z(∇XR)(Y, Z) = 0.
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where S denotes the cyclic sum.

Proof. From the definitions of T and R, a straightforward computation shows that (i)
is equivalent to the Jacobi identity for vector fields

SX,Y,Z [[X, Y ], Z] = 0.

(this computation is carried out in [18], see proof of proposition 7.12, p.203).

(ii) can be proven in a similar fashion, but a genuinely illuminating proof is obtained by
introducing the curvature and torsion forms (as well as the exterior covariant derivative)
and then taking advantage of the structure equations they satisfy. For lack of time,
however, these will not be treated here. Instead we refer the reader to [12] (vol I,
theorem 5.3, p.135).

3.2 Ricci curvature and locally equiaffine manifolds

When working with an affine connection, the curvature is tensor field of type (1, 3), and
through contraction we can construct the Ricci curvature.

Definition 3.2.1. Let R be the curvature of an affine connection ∇ on M . Then the
map

r : X(M) × X(M) → C∞(M), (X, Y ) → r(X, Y ) := tr(Z → R(X,Z)Y )

defines a 2-covariant tensor called the Ricci curvature of ∇. Using our contraction
notation, we have

r := C1
2R.

The purpose of this section is to make apparent the relationship between the Ricci
curvature and the curvature of the connection induced on the determinant bundle, at
least for torsionless connections (the hint that is relationship exists is to be found in the
presence of the trace operation both in the definition of the Ricci curvature and in the
induced action "·" on top forms - see example 1.1.4 point (ii)).

We begin with the definition of (locally) equiaffine manifolds, which are manifolds with
affine connections for which there exist parallel (local) volume forms.

Definition 3.2.2 (Equiaffine manifolds). Let ∇ be an affine connection on a smooth
manifold M . (M,∇) is equiaffine if there exists a parallel volume form on M .

Definition 3.2.3 (Locally equiaffine manifolds). A locally equiaffine manifold is a
smooth manifold M together with an affine connection ∇ on M such that for any point
p ∈ M there exists a parallel volume form defined on a neighborhood of p.
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Of central importance is the fact that the determinant bundle is a line bundle.

Definition 3.2.4 (Line bundles). A (real) line bundle over a manifold M is a rank 1
(real) vector bundle over M .

This means that a non-vanishing section is a trivialization, and that a parallel volume
form exists precisely when the determinant bundle connection is trivial (theorem 2.2.5).
Consequently, in view corollary 2.2.8, the existence of local parallel volume forms is
equivalent to the flatness of the connection on the determinant bundle. In other words,
for line bundles corollary 2.2.8 takes the following form:

Theorem 3.2.1. Let L be a real line bundle over a smooth manifold M , and let ∇ be a
connection on L. The following are equivalent:

(i) For any point p ∈ M there exists a parallel non-vanishing local section of L defined
on a neighborhood of p.

(ii) The connection on L is flat.

(iii) For any point p ∈ M , any element sp ∈ Lp and any simply connected neighborhood
U of p, there exists a parallel section s of L defined on U whose value at p is sp.
In particular, if sp ̸= 0, s is non-vanishing.

Everything comes together neatly in the case of torsionless connections, as the first
Bianchi identity yields a very simple expression of the curvature on the determinant
bundle in terms of the Ricci curvature, and we obtain:

Corollary 3.2.1. Let ∇ be a torsionless affine connection on a smooth manifold M .
The following are equivalent:

(i) (M,∇) is locally equiaffine.

(ii) The Ricci curvature tensor of (M,∇) is symmetric.

(iii) For any point p ∈ M , any element ωp ∈ ΛtopT ∗
pM and any simply connected

neighborhood U of p, there exists a parallel top form ω defined on U whose value
at p is ωp. In particular, if ωp ̸= 0, ω is a volume form on U .

Proof. This will follow from theorem 3.2.1 once we show that the induced connection
on the determinant bundle is flat if and only if the Ricci tensor r is symmetric.

Let R be the curvature tensor of ∇ and let R̄ be the curvature of the induced connection
on the determinant bundle. Given two vector fields X, Y ∈ X(M) and a top form
ω ∈ Ωtop(M) we use corollary 2.2.3 (and example 1.1.4 (ii)) to compute

R̄(X, Y )ω = R(X, Y ) · ω = −(trR(X, Y ))ω
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so the connection on the determinant bundle is flat if and only if trR(X, Y ) = 0 for
all X, Y ∈ X(M). Using Bianchi’s first identity for a torsionless connection and the
skew-symmetry of the curvature tensor we obtain

R(X, Y )Z = −R(Z,X)Y −R(Y, Z)X = R(X,Z)Y −R(Y, Z)X

for all X, Y, Z ∈ X(M), which implies

trR(X, Y ) = r(X, Y ) − r(Y,X)

for all X, Y ∈ X(M), finishing the proof.

3.3 Geodesics, exponential mapping and normal
coordinates

The most important feature of affine connections, as the title of this thesis suggests,
is the fact that they allow for the definition of geodesics, that is curves with parallel
(think ’constant’) velocity field. These geodesics are to our affinely connected manifolds
what straight lines are to euclidean spaces.

Definition 3.3.1 (Geodesics). Let ∇ be an affine connection on a manifold M . A
geodesic on (M,∇) is a curve γ : I → M (with I an interval of any kind) such that
∇γ̇ γ̇ = 0. In other words a curve γ is a geodesic if the velocity field γ̇ is parallel along
γ.

One should keep in mind that geodesics are parametrized curves, and should not be
strictly identified with their images. However, using the fact that parallel transport does
not depend on parametrization, we can impose strong restrictions on reparametrizations
of geodesics.

Proposition 3.3.1 (Reparametrization of geodesics). Let γ : I → M be a (non-
constant) geodesic and let ϕ : J → I be a smooth map (with J another interval). Then
γ◦ϕ is a geodesic if and only if ϕ is an affine function, meaning that there exists constants
α, β ∈ R such that

ϕ(t) = αt+ β

for all t ∈ J .

Proof. Let γ : I → M be a geodesic, and assume that γ′ := γ ◦ ϕ is a geodesic for some
smooth map ϕ : J → I. Without loss of generality, assume that 0 ∈ J . Then for all
t ∈ J ,

γ̇′(t) = ϕ̇(t)(γ̇ ◦ ϕ)(t).
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Since parallel transport is not sensitive to reparametrization (proposition 2.2.6), we must
have for all t ∈ J

ϕ̇(0)(γ̇ ◦ ϕ)(0) = P (γ ◦ ϕ)0
t γ̇

′(t) = ϕ̇(t)(γ̇ ◦ ϕ)(0).

Assuming that γ is non-constant (so that (γ̇ ◦ ϕ)(0) ̸= 0), ϕ̇ must then be constant,
which implies that ϕ is an affine map.

Choosing a coordinate chart (U, x1, ..., xm) allows us to characterize geodesics locally in
terms of a second order linear ODE. To achieve this, we simply adjust equation 2.11 to
the case Akl = ∑m

i=1 Γkildxi and sk(t) = dxk(γ̇(t)) =: γ̇k(t), and we see that a smooth
curve γ : J → U is a geodesic if and only if

0 = γ̈k +
m∑

i,j=1
(Γkij ◦ γ)γ̇iγ̇j, k = 1, ...,m. (3.3)

This and standard theory of linear ODE’s is sufficient to develop the theory of geodesics
on an affinely connected manifold. Nonetheless, we would like to present another, ar-
guably more geometric approach, based on the notion of a spray.

Definition 3.3.2 (Geodesic spray). Let ∇ be an affine connection on M . The geodesic
spray of ∇ is the unique smooth horizontal vector field W on TM such that for any
ξ ∈ TpM , π(Wξ) = ξ. Equivalently W is defined by Wξ = hξ(ξ) for any tangent vector
ξ ∈ TM , where hξ denotes the horizontal lifting at ξ.

Proof. The existence and uniqueness of the field W are not in question, and its smooth-
ness should come as no surprise given the ’naturality’ of its definition. Still, we provide
a local expression for W , which will allow us ascertain smoothness, but will also prove
useful in later endeavours.

This is easily done by taking equation 2.26 in the proof of theorem 2.2.9, and injecting
Akl = ∑m

i=1 Γkildxi which gives us

Wξ = hξ(ξ) =
m∑
i=1

ξi∂xi(ξ) −
m∑

i,j,k=1
(Γkij ◦ π)(ξ)ξiξj∂vk(ξ) (3.4)

for ξ = ∑m
i=1 ξ

i∂i(p) (for any p ∈ M), where we use coordinates

(x, v) →
m∑
i=1

vi∂i(x)

on TM .

What makes the geodesic spray extremely useful for our purposes is that geodesics
correspond exactly to integral curves of the geodesic spray.
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Theorem 3.3.1. There is a one-to-one correspondence between integral curves of the
geodesic spray W and geodesics on M :

(i) To a geodesic γ : I → M we associate the curve γ̇ : I → TM which is an integral
curve of W .

(ii) To an integral curve γ̃ : I → TM of W we associate the projection π ◦ γ̃ : I → M ,
which is a geodesic.

And these two maps are inverse to each other.

Remark. The use of sprays extends beyond the theory of geodesics. They are a general
tool for turning second-order ODE’s on a manifold into first order ODE’s on its tangent
bundle (via the machinery of flows). This is analoguous to the process whereby one can
reduce the order of an ODE by adding variables (see [15], chapter IV, Sect. 3).

Proof. Let γ : I → M be a geodesic. γ̇ is a section of TM over γ (that is a section of
γ∗TM), so immediately we have π(γ̇) = γ, and since γ̇ is parallel along γ, by corollary
2.2.6, γ̇ is horizontal, meaning that d

dt

∣∣∣
t=s

γ̇(t) ∈ Tγ̇(s)TM lies in the horizontal subspace
Hγ̇(s)TM for all s ∈ I. Finally for all s ∈ I we have

dπγ̇(s)

(
d

dt

∣∣∣∣∣
t=s

γ̇(t)
)

= d

dt

∣∣∣∣∣
t=s

(π ◦ γ̇)(t)

= d

dt

∣∣∣∣∣
t=s

γ(t)

= γ̇(s)

which, when combined with the fact that d
dt

∣∣∣
t=s

γ̇(t) is horizontal, shows that d
dt

∣∣∣
t=s

γ̇(t) =
Wγ̇(s). Thus γ̇ is an integral curve of W .

Conversely, let γ̃ : I → TM be an integral curve of W , and define γ := π ◦ γ̃. Then for
all s ∈ I, we have

γ̇(s) = d

dt

∣∣∣∣∣
t=s

π ◦ γ̃(t)

= dπγ̃(s) ˙̃γ(s)
= dπγ̃(s)Wγ̃(s)

= γ̃(s)

so γ̇ = γ̃ (which, among other things, shows that the two maps described in our statement
are indeed inverses to each other). Lastly, as an integral curve of a horizontal vector field,
γ̇ = γ̃ is parallel by corollary 2.2.6 and from this we conclude that γ is a geodesic.
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Examining the equations 3.3 and 3.4 which determine geodesics and the geodesic spray,
we see that Christoffel symbols appear in these equations as coefficients of a homogeneous
polynomial of degree 2. And since

m∑
i,j=1

Γkijyiyj =
∑
i≤j

1
2
(
Γkij + Γkji

)
yiyj

we see that what geodesics witness is precisely the symmetrization of the Christoffel sym-
bols we used to extract a torsionless connection from an arbitrary connection in equation
(3.1). This observation is enshrined in the following result.

Theorem 3.3.2. Two torsionless affine connections on a manifold with the same geodesic
spray (or equivalently, with the same geodesics) are equal. More generally, for any affine
connection ∇ on a manifold M , there exists a unique torisonless affine connection on
M with the same geodesic spray (or geodesics) as ∇, whose Christoffel symbols are given
by equation (3.1).

In particular we see that a torsionless connection is completely determined by its geodesics.

Let us now bring forth the full power of the theory of flows through the geodesic
spray.

Corollary 3.3.1. Let Xp ∈ TpM , then there exists a unique maximal geodesic γ : I → M
such that γ̇(0) = Xp. Furthermore, any other geodesic γ′ : J → M such that γ̇′(0) = Xp

is a restriction of γ, meaning that J ⊆ I and γ|J = γ′.

Proof. This follows from theorem 3.3.1 together with the fact that there exists a unique
maximal integral curve of W starting from Xp which extends all other integral curves of
W that start from Xp.

We can see M as a properly embedded submanifold of TM via the zero section 0 : M →
TM , this means identifiying M with the submanifold

{0p ∈ TpM |p ∈ M} ≃ M × {0}

one obtains by collecting the zero’s of all the spaces tangent to M (here we use the sub-
sript p to indicate that 0p is the origin of the tangent space TpM).

Let Θt denote the flow of the geodesic spray W . In virtue of the fundamental theorem for
flows, there exists an open subset N of TM over which Θ1 is well-defined. It turns out
that M (viewed as a submanifold of TM in the natural way described above) is included
in the open N . Indeed, we can see that W vanishes on M from its definition, which
implies that for p ∈ M the maximal integral curve of W starting from p ≃ 0p ∈ TpM is
simply the constant map

R → TM, t → p ≃ 0p.
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In particular the integral curve starting from p is defined on the whole of R so the flow
Θt is well-defined on M for all t ∈ R. This holds in particular for Θ1, hence N must be
an open neighborhood of M . By projecting Θ1 onto M we obtain the exponential map:

Definition 3.3.3 (Exponential mapping). The (geodesic) exponential mapping of
(M,∇) is defined to be the composition

exp := π ◦ Θ1 : N ⊆ TM → M.

We can interpret the exponential mapping in the following way: for a point p ∈ M and
a tangent vector Xp ∈ TpM ∩ N , if γ : I → M is the unique (maximal) geodesic such
that γ̇(0) = Xp, then I contains 1 and

exp(Xp) = γ(1).

Remark. Notice that for Xp ∈ TpM , if we define I to be the interval

I := {t ∈ R|tXp ∈ N}

then I → M, t → exp(tXp) is the maximal geodesic with initial velocity Xp (here we use
the fact that we can reparametrize geodesics as in proposition 3.3.1).

Combining the exponential mapping with the local inversion theorem, we can obtain co-
ordinate charts which are highly attuned to the affine connection.

Theorem 3.3.3 (Normal Coordinates). Let p be a point of M . There exists an open
neighbourhood V of 0 in TpM , and an open neighbourhood U of p in M such that exp :
V → U is a diffeomorphism. We call such an open neighborhood of U a normal
neighborhood of p.

If in addition we choose a basis b = (bi)mi=1 of TpM , we obtain a linear isomorphism
b : Rm → TpM and if we define Ṽ := b−1(V ) then the diffeomorphism

Ṽ ⊆ Rm → U, x → exp
(

m∑
i=1

xibi

)

provides us with a coordinate chart on U . We call such a coordinate chart normal
coordinate system centered at p and denote it by (U, x1, ..., xm).

Proof. The tangent space of TpM at 0 is identified in a canonical way with TpM and
for any Xp ∈ TpM we have d expp(Xp) = d

dt

∣∣∣
t=0

exp(tXp) = Xp, so the differential of
exp |TpM (the restriction of exp on TpM) at p is nonsingular and the result follows from
the local inversion theorem.
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One striking property of these normal coordinates is that they are ’flat at the origin’,
where ’flat’ refers to the vanishing of the Christoffel symbols.

Proposition 3.3.2. Let ∇ be a torsionless connection on a manifold M . Let (U, x1, ..., xm)
be a normal coordinate system centered at p ∈ M , then the Christoffel symbols Γkij of ∇
in these coordinates vanish at p.

Proof. By definition of the exponential mapping, we see that for any a = (ai)mi=1 ∈ Rm,
the curve whose description in normal coordinates is given by

γa(t) = (ta1, ..., tam)

(with t ∈] − ϵ, ϵ[ for some ϵ > 0) is a geodesic. Using 3.3, the equation characterizing
geodesics in a coordinate chart, we then have

0 =
m∑

i,j=1
Γkij(p)aiaj, k = 1, ...,m.

Since this holds for any a ∈ Rm, and since Γkij(p) = Γkji(p) (we assume that ∇ is
torsionless), the proposition follows.

This preliminary section on geodesics will end with the introduction of Jacobi fields.
Jacobi fields are vector fields along geodesics that are defined by a second order linear
ODE (called the Jacobi equation). We will make immediate use of Jacobi fields in
the next section, when we derive the first terms of the "radial power expansion" of a
tensor in normal coordinates.

In general, Jacobi fields are important because they represent infinitesimal geodesic
variations, meaning that they are the ’derivatives’ of ’paths in the space of geodesics’,
in a sense that will be made precise shortly.

Definition 3.3.4 (Jacobi fields). Let ∇ be a torsionless connection on M , and let
γ : I → M be a geodesic. A vector field Z along γ is called a Jacobi field if it satisfies
the following second order linear ODE, called the Jacobi equation:

∇2
γ̇Z +R(Z, γ̇)γ̇ = 0

where ∇2
γ̇ indicates that we apply ∇γ̇ twice: first to the field Z to obtain ∇γ̇Z, then to

the field ∇γ̇Z to obtain ∇2
γ̇Z := ∇γ̇(∇γ̇Z).

Routinely, the theory of linear ODE’s elucidates the structure of the space of Jacobi
fields.
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Proposition 3.3.3. For t0 ∈ I and Z0, Z1 ∈ Tγ(t0)M there exists a unique jacobi field
Z along γ such that

Z(t0) = Z0

(∇γ̇Z)(t0) = Z1.

In particular the set of Jacobi vector fields along γ is a real vector space of dimension
2m.

We end on the interpretation of Jacobi fields as infinitesimal geodesic variations.

Definition 3.3.5 ((Infinitesimal) geodesic variations). Let γ : I → M be a geodesic.

(i) A geodesic variation of γ is a smooth map

f : I×] − ϵ, ϵ[→ M, (t, s) → f(t, s)

(for some ϵ > 0) such that

fs : I → M, t → f(t, s)

is a geodesic for any s ∈] − ϵ, ϵ[, and such that f0 = γ.

(ii) A vector field Z along γ is called an infinitesimal geodesic variation if there
exists a geodesic variation

f : I×] − ϵ, ϵ[→ M

such that for all t ∈ I,

Z(t) = d

ds

∣∣∣∣∣
s=0

f(t, s).

Theorem 3.3.4. A vector field Z along γ is a Jacobi field if and only if it is an in-
finitesimal geodesic variation.

Proof. We only show that an infinitesimal geodesic variation is a Jacobi field. The proof
of the converse relies on the existence of geodesically convex neighborhoods, see [13]
(vol. II, chapter VIII, theorem 1.2, p.64).

So let f : I×] − ϵ, ϵ[→ I, (t, s) → f(t, s) be a geodesic variation of γ. We work on the
pullback bundle f ∗TM over I×] − ϵ, ϵ[ equipped with the pullback connection ∇f . We
denote by ∂t and ∂s the coordinate vector fields of I×] − ϵ, ϵ[ and define ft, fs to be the
following two vector fields over f (i.e. sections of f ∗TM):

ft(t, s) := df(t,s)(∂t) = d

dh

∣∣∣∣∣
h=0

f(t+ h, s)

fs(t, s) := df(t,s)(∂s) = d

dh

∣∣∣∣∣
h=0

f(t, s+ h).
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Finally we use the notations ∇t := ∇f
∂t

and ∇s := ∇f
∂s

.

Now, since f is a geodesic variation, we have ∇tft = 0. Using proposition 2.2.10 (the
curvature of the pullback connection) and recalling that [∂t, ∂s] = 0 we obtain

R(ft, fs)ft = Rf (∂t, ∂s)ft = ∇t∇sft (3.5)

where Rf denotes the curvature of ∇f .

Lastly, using the fact that ∇ is torsionless and that [∂t, ∂s] = 0 we get

∇sft = ∇tfs. (3.6)

Combining 3.5 and 3.6 yields

0 = ∇2
tfs +R(fs, ft)ft

and we obtain the Jacobi equation by evaluating at s = 0.

3.3.1 Geodesic symmetries and symmetric tensors

Finally, more than halfway into the thesis, we are in a position to define the first ex-
pression that appears in title we chose.

Definition 3.3.6 (Local geodesic symmetries). Let U be a connected normal neighbor-
hood of p, and write V := exp−1(U). We say that U is symmetric if −V = V , meaning
that for all Xp ∈ V , −Xp ∈ V (we might also say that V is symmetric).

On such a symmetric normal neighborhood, the local geodesic symmetry centered at p
is the involutive diffeomorphism sp : U → U defined by sp(exp(X)) = exp(−X) for all
X ∈ V .

One last thing of note: one easily checks that sp(p) = p and d(sp)p = −I, i.e. the
differential of sp at p is the opposite of the identity on TpM .

Remark. If U and V are two symmetric normal neighborhoods of p, then the involutions
U → U and V → V defined above coincide on U ∩V , hence why it makes sense to speak
of the (local) geodesic symmetry centered at p.

We will now invest a bit of work to arrive at the correct notion of ’compatibility’ between
a tensor field and local geodesic symmetries. We begin by defining the pushforward of
a tensor field along a diffeomorphism.
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Definition 3.3.7 (Pushforward of a tensor along a diffeomorphism). Given a diffeomor-
phism f : M → N and a tensor field W of type (r, s) on M , the pushforward of W
along f , which we denote by fW , is the tensor field of type (r, s) on N defined by

(fW )y := dff−1(y) ·Wf−1(y)

(where "·" indicates the operation defined in 1.1.4, see chapter 1).

Example 3.3.1. Some special cases of this pushforward operation:

(i) For a smooth function ϕ ∈ C∞(M), we have

fϕ = ϕ ◦ f−1.

(ii) For a vector field X ∈ X(M), fX coincides with the usual pushforward of X along
f i.e. we have

fX = f∗X.

(iii) For a covariant k-tensor field α, the pushforward along f corresponds to the pull-
back along f−1 i.e. we have

fα = (f−1)∗α.

This notion of pushforward suggests a first, and most obvious notion of compatibility: re-
quiring that the tensors be preserved by the local geodesic symmetries.

Definition 3.3.8 (Tensor preserved by geodesic symmetries). A tensor field W on M
is said to be preserved by local geodesic symmetries if for any point p ∈ M there
exists a symmetric normal neighbourhood U of p such that sp(W |U) = W |U .

But since d(sp)p = −Ip, a tensor of odd degree preserved by geodesic symmetries must
necessarily vanish, making this notion of compatibility excessively stringent. Nonethe-
less, this fact proves useful on several occasions.

Proposition 3.3.4. Let W be a tensor field of odd degree, that is of type (r, s) with r+s
odd. If W is preserved by local geodesic symmetries, then W = 0.

Proof. For any p ∈ M we have

Wp = d(sp)p ·Wp

= (−I) ·Wp = (−1)r+sWp

= −Wp

so Wp = 0.
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The weaker notion of a symmetric tensor is the correct one for requiring compatibil-
ity.

Definition 3.3.9 (Symmetric Tensor). A tensor field W of type (r, s) is said to be
symmetric if for any point p ∈ M there exists a symmetric normal neighborhood U
such that sp(W |U) = (−1)r+sW |U .

Remark. Notice that for a tensor W of even degree (that is of type (r, s) with r + s
even), W is symmetric if and only if W is preserved by local geodesic symmetries.

We now present the first theorem that could be described as something other than ’ex-
position of basic theory’ (although we do not claim it to be unknown by any means),
and which could furthermore serve as motivation for the study of geodesic symme-
tries.

Theorem 3.3.5. Let ∇ be a torsionless connection on M , and let W be a tensor field
of type (r, s) on M . Then for any vector field X ∈ X(M) and any point p ∈ M we have

∇XpW = 1
2LX(W − (−1)r+sspW )p.

Remark. When applied to vector fields, this theorem implies

∇XpY = 1
2[X, Y + sp∗Y ]p

showing that a torsionless connection is completely determined by its geodesic symme-
tries (more specifically the germs of its geodesic symmetries)1.

The proof of this theorem relies on the flatness of normal coordinates at the origin
(proposition 3.3.2) which holds only for torsionless connections, as well as the following
two lemmas:

Lemma 3.3.1. Let (U, x1, ..., xm) be a coordinate chart on M and write

W =
∑

i1,...,ir,j1,...,js

W i1...ir
j1...js∂i1 ⊗ ...⊗ ∂ir ⊗ dxj1 ⊗ ...⊗ dxjs

X =
∑
i

X i∂i.

1In fact it can be shown that one can start from a family of local symmetries to obtain a torsionless
connection. This relationship is made exact, and extended to connections with torsion in [23] using
groupoids and jet spaces.
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Then the components of LXW in that coordinate chart are given by

(LXW )i1...irj1...js = X(W i1...ir
j1...js ) +

s∑
t=1

m∑
k=1

W i1...ir
j1...jt−1kjt+1...js∂jtX

k

−
r∑
t=1

m∑
k=1

W
i1...it−1kit+1...ir
j1...js ∂kX

it

where X(W i1...ir
j1...js ) = ∑m

k=1 X
k∂kW

i1...ir
j1...js .

Proof. The Lie derivative is a 0-derivation of the tensor algebra, so we have

LXW =
∑

i1,...ir,j1,...,js

X(W i1...ir
j1...js )∂i1 ⊗ ...⊗ ∂ir ⊗ dxj1 ⊗ ...⊗ dxjs

+
r∑
t=1

∑
i1,...ir,j1,...,js

W i1...ir
j1...js∂i1 ⊗ ...⊗ LX∂it ⊗ ...⊗ ∂ir ⊗ dxj1 ⊗ ...⊗ dxjs

+
s∑
t=1

∑
i1,...ir,j1,...,js

W i1...ir
j1...js∂i1 ⊗ ...⊗ ∂ir ⊗ dxj1 ⊗ ...⊗ LXdx

jt ⊗ ...⊗ dxjs .

Proving the statement is then just a matter of checking that for all 1 ≤ k ≤ m

LX∂k = [X, ∂k] = −
m∑
l=1

∂kX
l∂l

LXdx
k = d(LXx

k) = d(Xxk) = dXk =
m∑
l=1

∂lX
kdxl.

Lemma 3.3.2. Let (U, x1, ..., xm) be a symmetric normal coordinate system centered
at p and assume that U is symmetric. Let W i1...ir

j1...js be the components of W in these
coordinates. Then the components of spW in these same coordinates are given by

(spW )i1...irj1...js = (−1)r+sW i1...ir
j1...js ◦ sp

Proof. By the linearity of the · operation, point (i) in definition 1.1.4 and the fact that
(sp)−1 = sp we have

spW =
∑

i1,...,ir,j1,...,js

(W i1...ir
j1...js ◦ sp)(sp∗∂i1) ⊗ ...⊗ (sp∗∂ir) ⊗ (s∗

pdx
j1) ⊗ ...⊗ (s∗

pdx
js)

Now since we’re working in a normal coordinate system centered at p, sp sends the point
with coordinates (x1, ..., xm) to the point with coordinates (−x1, ...,−xm) so we get for
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all 1 ≤ k ≤ r

sp∗∂k = −∂k
s∗
pdx

k = d(s∗
px

k) = −dxk

allowing us to conclude.

Proof of theorem 3.3.5. Combining lemma 3.3.1 and 3.3.2 (and recalling that sp(p) = p),
we get the following formula for the components of (LXspW )p:

(−1)r+s(LXspW )i1...irj1...js(p) = Xp(W i1...ir
j1...js ◦ sp) +

s∑
t=1

m∑
k=1

W i1...ir
j1...jt−1kjt+1...js(p)∂jtX

k(p)

−
r∑
t=1

m∑
k=1

W
i1...it−1kit+1...ir
j1...js (p)∂kX it(p)

and since d(sp)p = −I we have

Xp(W i1...ir
j1...js ◦ sp) = d(sp)p(Xp)W i1...ir

j1...js = −XpW
i1...ir
j1...js .

Thus, using lemma 3.3.1 a second time we find

1
2LX(W − (−1)r+sspW )i1...irj1...js(p) = XpW

i1...ir
j1...js .

Lastly since the Christoffel symbols vanish at p (proposition 3.3.2) we have

(∇XpW )i1...irj1...js = XpW
i1...ir
j1...js

(see equation 2.23 for the component expression of the covariant derivative) which fin-
ishes the proof.

As an immediate and very useful consequence of theorem 3.3.5 we have:

Corollary 3.3.2. A tensor that is symmetric for a torsionless connection is parallel for
that connection.

We finish this section by presenting a necessary curvature condition implied by the
existence of a symmetric covariant tensor. This condition is the first in an infinite
sequence of curvature conditions one obtains by computing the Taylor expansion of said
tensor at the origin of a normal coordinate system (making use of the Jacobi equation
- definition 3.3.4) then noticing that, in virtue of the tensor being symmetric, either
all odd or all even (depending on the parity of the tensor) terms of the aforementioned
expansion must vanish.
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Even with this very informal description, it should be clear to the reader that this infinite
sequence of curvature conditions becomes sufficient (for the tensor to be symmetric)
when the structures involved are analytic (see appendix B) and thus coincide locally
with their Taylor expansion. We will not go further than this first term however, in part
because this will already be enough to fulfill our purposes, but also because computations
become tedious very quickly as we move to higher orders.

This theme will make a second appearance in the last two chapters of this thesis, through
the odd Ledger conditions. There, no mention of Jacobi fields will be made, only volume
forms will be treated and higher order computations will be rendered tractable by means
of a recurrence formula.

Without further ado, let us state this curvature condition.

Theorem 3.3.6. Let ∇ be a torsionless connection on M . Given a vector field X ∈
X(M), we define the endomorphism field PX := (∇XR)(X,−)X whose action on vector
fields is given by

PX : X(M) → X(M), Y → (∇XR)(X, Y )X.

Then for any symmetric covariant tensor field α we have

PX · α = 0

for all X ∈ X(M), where PX ·α is defined by (PX ·α)(p) := (PX)(p) ·α(p) for all points
p ∈ M (see definition 1.1.5 for the action of a linear map A : V → V on the tensor
algebra of V ).

Proof. We fix a point p ∈ M and a symmetric normal neighborhood U of p such that
sp(α|U) = (−1)kα|U (assuming that α is a covariant k-tensor). We also fix a non-zero
tangent vector Xp ∈ TpM and a basis b = (bk)mk=1 of TpM with b1 = Xp. This basis
induces a normal coordinate system (x1, ..., xm) on U . We denote the components of α
in that coordinate system by αi1...ik . Given a smooth function ϕ on U , we say that ϕ is
even if ϕ ◦ sp = ϕ. Then sp(α|U) = (−1)kα|U is equivalent to the components of α being
even, by lemma 3.3.2.

Let γ : I → U, t → exp(tXp) = exp(tb1) be the geodesic with initial velocity Xp

(restricted so that it takes value in U). Along γ we define the vector fields X = γ̇ and

Zi(t) = t∂i(γ(t)), t ∈ I

for 2 ≤ i ≤ m. Since γ is a geodesic we have ∇γ̇X = 0, and by definition of the normal
coordinates, we have for all t ∈ I and 2 ≤ i ≤ m

Zi(t) = d

ds

∣∣∣∣∣
s=0

exp(t(b1 + sbi))
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hence Zi is an infinitesimal variation of γ and so satisfies the Jacobi equation (theorem
3.3.4):

∇2
γ̇Zi = R(X,Zi)X. (3.7)

Reasoning inductively from 3.7, we can express (∇r
γ̇Zi)(0) in terms of the curvature

tensor:

1. For r = 0 we simply have Zi(0) = 0 from the definition.

2. For r = 1, Leibniz’ rule gives us

∇γ̇Zi = ∇γ̇(t(∂i ◦ γ)) = (∂i ◦ γ) + t∇γ̇(∂i ◦ γ)

and we get
∇γ̇Zi(0) = ∂i(p)

3. After these two initial steps, we can proceed inductively using 3.7. Indeed applying
∇r
γ̇ to the aforementioned equation (and recalling ∇γ̇X = 0) gives us

∇r+2
γ̇ Zk =

r∑
q=0

(
r

q

)
(∇r−q

γ̇ R)(X,∇q
γ̇Zi)X

which expresses ∇r+2
γ̇ Zi in terms of covariant derivatives of lower order (and co-

variant derivatives of R). In our case we only need r = 2 and r = 4.

For r = 2 we have
∇2
γ̇Zi(0) = R(Xp, Zi(0)︸ ︷︷ ︸

=0

)Xp = 0

and for r = 4 we have

∇4
γ̇Zi(0) = (∇2

γ̇R)(Xp, Zi(0)︸ ︷︷ ︸
=0

)Xp + 2(∇XpR)(Xp,∇γ̇Zi(0))Xp +R(Xp,∇2
γ̇Zi(0)︸ ︷︷ ︸

=0

)Xp

= 2(∇XpR)(Xp, ∂i(p))Xp = 2PXp(∂i(p)).

Now let us choose 0 ≤ l ≤ k, 2 ≤ i1, ..., il ≤ m and define the function

h : I → R, t → α(Zi1(t), ..., Zil(t), X(t), ..., X(t)).

Then
h(t) = tlαi1...il1...1(γ(t))

and since αi1...ik1...1 is even, h(−t) = (−1)lh(t). In particular we must have

d3+l

dt3+l

∣∣∣∣∣
t=0

h(t) = 0. (3.8)
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To compute the derivatives of h we can once again use Leibniz’ rule for the covariant
derivative together with ∇α = 0 (since α is symmetric, corollary 3.3.2) and ∇γ̇X = 0,
which gives us

d3+l

dt3+l

∣∣∣∣∣
t=0

h(t) =
∑

β∈Nl,|β|=3+l

(
3 + l

β

)
α(∇β1

γ̇ Zi1(0), ...,∇βl
γ̇ Zil(0), Xp, ..., Xp). (3.9)

We will see that many of the terms in the sum on the right-hand side vanish. Take a
multi-index β ∈ Nl such that |β| = 3 + l, and define

αβ := α(∇β1
γ̇ Zi1(0), ...,∇βl

γ̇ Zil(0), Xp, ..., Xp).

We consider the following cases:

1. There exists 1 ≤ q ≤ l such that βq = 0 or βq = 2. Then ∇βq

γ̇ Ziq(0) = 0 so
αβ = 0. Thus we need only consider the cases for which βq ≥ 1, and βq ̸= 2 for all
1 ≤ q ≤ l. Since |β| = 3 + l, this leaves only one kind of configuration, which we
examine in the next point.

2. There exists a unique q such that βq = 4, and for r ̸= q we have βr = 1. In that
case we have

αβ = 2α(∂i1(p), ..., PXp∂iq(p)︸ ︷︷ ︸
qth position

, ..., ∂il(p), Xp, ..., Xp).

Putting together 1., 2., and equations 3.9, 3.8 we obtain

0 = d3+l

dt3+l

∣∣∣∣∣
t=0

h(t)

= 2(3 + l)!
4!

l∑
q=1

α(∂i1(p), ..., PXp∂iq(p)︸ ︷︷ ︸
qth position

, ..., ∂il(p), Xp, ..., Xp)

and since 0 = PXpXp = (∇XpR)(Xp, Xp)Xp (as R is skew-symmetric in its first two
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arguments) we have (see definition 1.1.5)

− (PXp · αp)(∂i1(p), ..., ∂il(p), ∂1(p), ..., ∂1(p))

=
l∑

q=1
α(∂i1(p), ..., PXp∂iq(p)︸ ︷︷ ︸

qth position

, ..., ∂il(p), Xp, ..., Xp)

+
l∑

q=k+1
α(∂i1(p), ..., ∂il(p), Xp, ..., PXpXp︸ ︷︷ ︸

qth position

, ..., Xp)

=
l∑

q=1
α(∂i1(p), ..., PXp∂iq(p)︸ ︷︷ ︸

qth position

, ..., ∂il(p), Xp, ..., Xp)

= 0

so
0 = (PXp · αp)i1...il1...1. (3.10)

We are now essentially ready to conclude. The (k − l) "1" indices in 3.10 appear last
because we chose to place the X(t) arguments at the end when defining h(t) (this was
a matter of simplifying notation), but clearly this choice is inconsequential and our
reasoning applies equally well with (k− l) X(t) arguments placed in arbitrary positions.
From this we deduce that PXp · αp = 0, as all of its components vanish. This holds for
any p ∈ M and any Xp ∈ TpM (the case Xp = 0 is trivial), so the theorem follows.

When α is a volume form, the curvature condition admits a very simple expression.

Definition 3.3.10 (Cyclic parallel Ricci curvature). Let ∇ be an affine connection on
a manifold M . The Ricci curvature is said to be cyclic parallel if

SX,Y,Z(∇Xr)(Y, Z) = 0

for all X, Y, Z ∈ X(M).

Proposition 3.3.5. If the Ricci curvature is symmetric (i.e. if (M,∇) is locally equiaffine),
then the Ricci curvature is cyclic parallel if and only if

(∇Xr)(X,X) = 0

for all X ∈ X(M).

Proof. Assume that the Ricci curvature tensor is symmetric, so that ∇r is symmetric in
its last two arguments. From theorem 1.2.2 (in section 1.2, dedicated to polarization)
we obtain that

(∇Xr)(X,X) = 0, for all X ∈ X(M)
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if and only if
Sym(∇r) = 0.

Then, using the fact that ∇r is symmetric in its last two arguments we see that for all
X, Y, Z ∈ X(M)

3 Sym(∇r)(X, Y, Z) = SX,Y,Z(∇Xr)(Y, Z).

Corollary 3.3.3. Let ∇ be a torsionless connection on M , and let ω be a volume form
on M . If ω is symmetric then ∇ is equiaffine and has cyclic parallel Ricci curvature.

Proof. Applying theorem 3.3.6 to ω and recalling example 1.1.4 (ii) we find that for all
X ∈ X(M),

0 = PX · ω = −tr(PX)ω

which implies
0 = tr(PX) = tr(∇XR)(X,−)X = (∇Xr)(X,X).

Lastly, from corollary 3.3.2 ω is parallel so (M,∇) is equiaffine and the statement follows
from proposition 3.3.5.
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Chapter 4

Riemannian, Symplectic and Kähler
structures

In this section we introduce the three geometries that will intervene in this thesis (besides
the geometry of affine connections): Riemannian metrics, complex structures and sym-
plectic forms. We highlight some similarities and points of divergence in their behaviour,
present some of the relationships that exist between these geometries, in particular how
they come together to form Kähler geometry. We also examine the interactions between
these structures and affine connections. A point of key importance will be the description
of the symmetries exhibited by the curvature of a Kähler manifold.

The last section is dedicated to locally symmetric spaces. For each geometry encountered
previously we provide the corresponding notion of locally symmetric space, and we
give a common characterization of these locally symmetric spaces in terms of their
curvature.

4.1 Riemannian Connections

The main reference for this section is [18].

Among the geometric structures we will introduce in this chapter, the study of Rieman-
nian metrics has been the most extensive by a wide margin, and spans the longest period
of time. This is hardly surprising, as Riemannian metrics are also the most intuitive in
many respects.

Simply put, Riemannian metrics are the structures that give rise to well-behaved notions
of distance and angle on a manifold. As such, any manifold immersed in a euclidean
space Rn (which encompasses most easily visualized manifolds) inherits a Riemannian
metric from this ambiant space.

As a first instance of a recurring phenomenon, linear structures serve as our infinitesimal
models. It is widely known that the correct notions of distance and angle on a real vector
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space are obtained by introducing a real inner product, which yields the notion of a
(finite-dimensional) euclidean space.

Definition 4.1.1 (Euclidean vector spaces). Let V be a finite-dimensional real vector
space. A (real) inner product on V is a non-degenerate, symmetric an positive-
definite bilinear map g : V ×V → R. A euclidean vector space is a finite-dimensional
real vector space equipped with an inner product.

Moving from vector spaces to smooth manifolds, a Riemannian metric will be a ’smooth
choice’ of inner product on each tangent space. A process which is made precise through
the use of tensor fields.

Definition 4.1.2 (Riemannian metrics). A Riemannian metric, or just metric, on
a smooth manifold M is a covariant 2-tensor g such that for all p ∈ M , gp is an inner
product on TpM .

Given two Riemannian manifolds (M, g), (M, g′), an isometry (M, g) → (M ′, g′) is a
diffeomorphism f : M → M ′ such that f ∗g′ = g.

We start with an easy result, which hints at the abundance of Riemannian structures.

Proposition 4.1.1. Let M be a smooth manifold. Then M admits a Riemannian met-
ric.

Remark. This will be contrasted with the comparatively scarce symplectic and complex
structures.

The proposition is essentially a consequence of the fact that the set of real inner products
on a vector space V forms a convex subset of S2V ∗. This is the content of the following
lemma, the proof of which we leave as an exercise.

Lemma 4.1.1. Let V be a finite-dimensional real vector space, let (gi)ki=1 (k ≥ 1) be a
family of inner products on V and let (λi)ki=1 be a family of positive real numbers such
that

k∑
i=1

λi = 1.

Then ∑k
i=1 λigi is a real inner product on V .

The convexity of inner products then allows us to patch together local metrics using a
partition of unity.
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Proof of proposition 4.1.1. Let (Uα, ϕα)α∈S be an atlas on M so that for each α ∈ S,

ϕα : Uα ⊆ M → Rm

is a coordinate chart. Denote the standard real inner product on Rm by g0. Then for
any α ∈ S the pullback

gα := ϕ∗
αg0

is a riemannian metric on Uα. Let (ρα)α∈S be a partition of unity subordinate to (Uα)α∈S.
Then since ∑α∈S ρα = 1, lemma 4.1.1 implies that

g :=
∑
α∈S

ραgα

is a riemannian metric on M .

The musical isomorphism between the a euclidean vector space and its dual space be-
comes an isomorphism between the tangent and cotangent bundle of a Riemannian
manifold.

Proposition 4.1.2. For a Riemannian manifold (M, g) the map

♭ : X(M) → Ω1(M), X → g(X,−)

induces a bundle isomorphism TM ≃ T ∗M .

Proof. ♭ is a C∞(M)-linear map, so it corresponds to a vector bundle morphism ♭ :
TM → T ∗M (proposition 2.1.9). Furthermore, since g is non-degenerate, the morphism
♭ : TM → T ∗M acts isomorphically on each fiber, so that it must in fact be a bundle
isomorphism (proposition 2.1.1).

Most importantly for us, a Riemannian manifold comes equipped with a canonical tor-
sionless connection, called the Levi-Civita connection.

Theorem 4.1.1 (Levi-Civita connection). Let (M, g) be a Riemannian manifold. There
exists a unique torsionless connection ∇ on M such that ∇g = 0. ∇ is called the Levi-
Civita connection of (M, g).

Proof. See [18] (theorem 5.10, p.122).

We put a little emphasis on the importance of this result. The moral here is that a Rie-
mannian manifold possesses a natural connection, and that this connection is fully deter-
mined by the metric. In particular an isometry between two Riemannian manifolds will
necessarily be an affine transformation in the sense of definition 3.1.1.
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Corollary 4.1.1. Let (M, g) and (M ′, g′) be two Riemannian manifolds, and let f :
M → M ′ be an isometry. Then f preserves the Levi-Civita connections of (M, g) and
(M ′, g′).

Proof. Let ∇f be the pullback of the Levi-Civita connection ∇′ on M ′ along the bundle
isomorphism df : TM → TM ′. One need only notice that ∇f is torsionless, and that

∇fg = ∇f (f ∗g′) = f ∗(∇′g′) = 0.

We can then conclude by theorem 4.1.1.

4.1.1 Curvature of the Levi-Civita connection

Here we review a number of algebraic identities that are satisfied by the curvature of
a Riemannian manifold, and introduce the notion of scalar curvature. Some results
presented here are included solely for the purpose of providing context, some will be
useful in subsequent chapters.

We begin by proving that the Ricci curvature is symmetric by exhibiting a (local) parallel
Riemannian volume form. As usual, we start with vector spaces.

Proposition 4.1.3. Let V be euclidean vector space (meaning that V is equipped with
a real inner product) of dimension m < ∞ which is also oriented. Then there exists a
unique top form µ ∈ ΛmV ∗ such that

µ(e1, ..., em) = 1

for any positively-oriented orthonormal basis (e1, ..., em) of V . We call µ the euclidean
volume form of V .

Applying this process pointwise, we see that an oriented Riemannian manifold admits
a natural volume form. This Riemannian volume form is very naturally parallel for the
Levi-Civita connection as it is completely determined by the metric, which is preserved
by said connection (we let the readers fill in the details).

Definition 4.1.3 (Riemannian volume form). Let (M, g) be an oriented Riemannian
manifold of dimension m (so that each tangent space has an orientation). For each
p ∈ M , let µp be the euclidean volume form of (TpM, gp), then

M → ΛmT ∗M, p → µp

defines a smooth volume form µ on M called the Riemannian volume form of (M, g).
Furthermore, since g is parallel for the Levi-Civita connection, so is µ.
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Remark. A proof that the Riemannian volume form is parallel is easily obtained once
one observes that for any path γ : [0, 1] → M joining the points p and q, the parallel
translation

P (γ)1
0 : (Ep, gp) → (Eq, gq)

is isometric, meaning that (P (γ)1
0)∗gq = gp.

Since orientations can always be chosen locally, a Riemannian manifold, even when it
does not admit a global orientation, is always locally equiaffine.

Corollary 4.1.2. Any Riemannian manifold is locally equiaffine (an oriented Rieman-
nian manifold is globally equiaffine). In particular the Ricci curvature of a Riemannian
manifold is always symmetric.

Next we examine the algebraic identities satisfied by the curvature of a Riemannian
connection. Making use of the musical isomorphism TM ≃ T ∗M we turn the curvature
R of the Levi-Civita into a fully covariant 4-tensor.

Definition 4.1.4 (Riemannian covariant curvature). Let (M, g) be a Riemannian mani-
fold and let R be the curvature of its Levi-Civita connection. The covariant curvature
of (M, g), denoted by R̂ is the (0, 4)-tensor defined by

R̂(X, Y, Z,W ) = g(R(X, Y )Z,W )

for all X, Y, Z,W ∈ X(M).

Equipped with the covariant curvature, we can express the announced identities in their
most standard form. These identities, which transfer to the Kähler setting, will be of
crucial importance in our proof of the Sekigawa-Vanhecke theorem.

Theorem 4.1.2. Let R̂ be the covariant curvature of a Riemannian manifold. Then for
all X, Y, Z,W, V ∈ X(M) we have

(i) R̂(X, Y, Z,W ) = −R̂(Y,X,Z,W ).

(ii) R̂(X, Y, Z,W ) = −R̂(X, Y,W,Z).

(iii) R̂(X, Y, Z,W ) = R̂(Z,W,X, Y ).

(iv) SX,Y,ZR̂(X, Y, Z,W ) = 0.

(v) SX,Y,Z(∇XR̂)(Y, Z,W, V ) = 0
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Proof. (i), (iv) and (v) are restatements of the known properties of the curvature of
a torsionless affine connection. (i) is simply the skew-symmetry of R in its first two
arguments, (iv) is the first Bianchi identity, and (v) is obtained by combining the second
Bianchi identity (theorem 3.1.2) with ∇g = 0.

Applying corollary 2.2.4 to g yields (ii). Indeed, since ∇g = 0 we get

0 = − (R(X, Y ) · g)(Z,W ) = g(R(X, Y )Z,W ) + g(Z,R(X, Y )W )
= R̂(X, Y, Z,W ) + R̂(X, Y,W,Z)

where we use the symmetry of g in the last equality.

Lastly (iii) is obtained from (i), (ii), (iv) through pure algebraic manipulations (in fact
any (0, 4)-tensor verifying symmetries (i), (ii) and (iv) will satisfy (iii)). See for example
[12] (vol. I, chapter V, proposition 1.1, p.198), or [18] (proof of proposition 7.12 p.204).

As a final point in this section: using the musical isomorphism once again, we can turn
the Ricci curvature into an endomorphism field (called the Ricci endomorphism, un-
surprisingly), then define the scalar curvature through the trace.

Definition 4.1.5 (Ricci endomorphism and scalar curvature). Let (M, g) be a Rieman-
nian manifold. The (Riemannian) Ricci endomorphism ρ̂ of (M, g) is the tensor field
of type (1, 1) defined by

r(X, Y ) = g(X, ρ̂Y )

for all X, Y ∈ X(M). The scalar curvature S of (M, g) is then defined to be the trace
of the Ricci endomorphism

S := tr(ρ̂).

Remark. All applications of the musical isomorphism can be expressed using contraction.
So here we have

R̂ = C1
2(g ⊗R)

r = C1
2(g ⊗ ρ̂).

Remark. The curvature of the Levi-Civita provides a local invariant for Riemannian
manifolds, i.e. a tool we can use to distinguish between Riemannian manifolds at the
local scale. For example, the well-known fact that the earth cannot be mapped without
distorting distances (even locally) can be proven by showing that the scalar curvature
of the sphere is non-zero (implying that the sphere cannot be isometric, even locally,
to the flat plane). This will be a major point of divergence between Riemannian and
symplectic geometry.
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4.2 Symplectic Connections

Symplectic forms are non-degenerate 2-forms that verify an integrability condition (namely,
they are required to be closed). The contrast between symplectic geometry and rieman-
nian geometry, which we try to illustrate as much as possible, might be one of most catas-
trophic examples of the effects that changing a ’+’ to a ’-’ can have.

The study of symplectic manifolds was originally motivated by Hamiltonian mechanics,
but symplectic geometry (as well as its sisters, contact and Poisson geometry) has long
since exceeded these bounds and is now one of the richest and most diverse fields of
mathematics. Some subjects one might encounter while exploring symplectic geometry
include: the theory of Hamiltonian actions, symplectic reduction and momentum maps;
symplectic capacities; pseudoholomorphic curves; Kirillov’s orbit method; Floer theory;
Fukaya categories and mirror symmetry, to name only a few.

An introduction to these subject would be beyond the scope of this thesis however (and
of the author’s abilities), in actuality, as it pertains to symplectic geometry itself, we
will need very little beyond the most elementary notions.

In the following pages we will first develop the theory of symplectic vector spaces, which
serve as infinitesimal models for symplectic geometry, but also as local models (by which
we mean, at the level of germs, or small neighborhoods) as shown by Darboux’s theorem.
We will then introduce symplectic manifolds give a few basic definitions and state Dar-
boux’s theorem to build intuition. The section most relevant to our task will certainly
be the last one, where we introduce symplectic connections. We describe the structure
of the set of symplectic connections on a symplectic manifold (which will turn out to be
an ∞-dimensional affine space), present a few properties exhibited by a symplectic cur-
vature and define certain special classes of symplectic connections. We close the section
with the proof that type S connections are preferred.

[22], [7] and [21] are perfectly adequate as introductions to the subject of symplectic
geometry, and will be our main references in the first two subsections. In the last
subsection we will mostly rely on [5].

4.2.1 Symplectic vector spaces

Definition 4.2.1 (Symplectic vector spaces). Let V be a finite-dimensional vector space.
A symplectic form on V is a non-degenerate skew-symmetric bilinear form ω : V ×V →
R. A pair (V, ω) consisting of a finite-dimensional real vector space V together with a
symplectic form ω on V is called a symplectic vector space.

Example 4.2.1. The quintessential examples of symplectic vector spaces are:
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(i) The vector space R2n, whose coordinates we denote by (x1, y1, x2, y2, ..., xn, yn),
equipped with the symplectic form

ω0 :=
n∑
i=1

dxi ∧ dyi.

(ii) The direct sum E ⊕ E∗ of a finite-dimensional real vector space E with its dual,
equipped with the symplectic form ω defined by

ω((v, v∗), (w,w∗)) = w∗(v) − v∗(w)

for all v, w ∈ E, v∗, w∗ ∈ E∗.

Definition 4.2.2 (Isomorphism of symplectic vector spaces). Let (V, ω), (V ′, ω′) be two
symplectic vector spaces. An isomorphism from (V, ω) to (V ′, ω′) is a linear isomorphism

L : V → V ′

such that L∗ω′ = ω.

The following theorem elucidates the structure of symplectic vector spaces. Major dif-
ferences with the Riemannian setting already become apparent, with the necessity for
symplectic vector spaces to be even-dimensional, and we see that symplectic vector
spaces are classified by dimension (i.e. (R2n, ω0) is essentially the only symplectic vec-
tor space of dimension 2n), which prepares the terrain for Darboux’s theorem (thm.
4.2.2).

Theorem 4.2.1. Let (V, ω) be a symplectic vector space. There exists a basis e1, ..., en, f1, ..., fn
of V such that

(i) ω(ei, ej) = 0.

(ii) ω(fi, fj) = 0.

(iii) ω(ei, fj) = δij.

We call such a basis a symplectic basis. In particular V must be even-dimensional, and
(V, ω) is symplectomorphic to (R2n, ω0).

Proof. See [21] (theorem 2.1.3, p.39) or [7] (theorem 1.1, p.3) for a slightly more general
statement.

The following corollary, though simple has a number of uses. It shows that a symplectic
vector space comes equipped with a canonical volume form (which induces a canonical
orientation) all the while providing a useful criterion for determining whether a skew-
symmetric 2-tensor is symplectic.
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Corollary 4.2.1 (Symplectic volume form). Let V be an real vector space of dimension
2n and let ω be a skew-symmetric bilinear form on V . Then ω is non-degenerate if and
only if

ωn := ω ∧ ... ∧ ω︸ ︷︷ ︸
n times

is non-zero. In the event that ω is symplectic, we call ωn the symplectic volume form
of (V, ω).

Proof. If ω is degenerate, then there exists a non-zero vector v ∈ V such that ιvω = 0
(where ιv denotes interior multiplication). Using the fact that ιv is a graded derivation
of degree (-1) on Λ(V ) we get

ιv(ωn) = 0

which shows that ωn = 0 (for this last step one can complete {v} into a basis of V ).

Conversely, if ω is non-degenerate, then theorem 4.2.1 guarantees the existence of a
symplectic basis (e1, f1, e2, f2, ..., en, fn), and a straightforward computation (using the
definition of the wedge product) yields

(ωn)(e1, f1, ..., en, fn) > 0.

We end the linear section by introducing the group of automorphisms of a symplectic
vector space and its Lie algebra.

Definition 4.2.3 (Symplectic automorphisms). Let (V, ω) be a symplectic vector space.
We define Sp(V, ω) to be the group of automorphisms of (V, ω), that is

Sp(V, ω) := {L ∈ GL(V )|L∗ω = ω}.

Sp(V, ω) is a closed Lie subgroup of GL(V ) and its Lie algebra sp(V, ω) is given by

sp(V, ω) = {A ∈ End(V )|0 = ω(A−,−) + ω(−, A−)}.

As special cases we define Sp(2n) := Sp(R2n, ω0) and sp(2n) := sp(R2n, ω0).

Any element of Sp(V, ω) preserves the volume form ωn and so must have determinant
1 (in other words, Sp(V, ω) is a subgroup of the special linear group). Consequently,
elements of sp(V, ω) have trace 0.
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4.2.2 Elements of symplectic geometry

In analogy with the definition of Riemannian manifolds, a symplectic form on a manifold
will be a ’smooth choice’ of a symplectic structure on each tangent space, but in contrast
to it, the definition of a symplectic manifold also includes an integrability condition
(which is ’not pointwise’) : the resulting 2-form must be closed.

Definition 4.2.4 (Symplectic manifolds). A symplectic form on a manifold M is
a closed non-degenerate 2-form. A symplectic manifold is a smooth manifold M
together with a symplectic form ω. Given two symplectic manifolds (M,ω) and (M ′, ω′),
a symplectomorphism (M,ω) → (M ′, ω′) is a diffeomorphism ϕ : M → M ′ such that
ϕ∗ω′ = ω.

Example 4.2.2. Expanding on our two examples of symplectic vector spaces.

(i) While flat euclidean spaces serve as ’pointwise’ or ’infinitesimal’ models for Rie-
mannian manifolds and not much more, the flat symplectic space (R2n, ω0) is a
genuine local model of 2n-dimensional symplectic manifolds as per Darboux’s the-
orem (thm. 4.2.2), and thus plays a much bigger role in symplectic geometry.

(ii) Extending the example of the direct sum E ⊕ E∗ of a vector space with its dual,
the cotangent bundle T ∗M of any smooth manifold M comes equipped with a
tautological 1-form λ, defined by

λα(Xα) := (α ◦ dπα)(Xα)

for all α ∈ T ∗M , Xα ∈ TαT
∗M , whose exterior derivative dλ can be shown to be a

symplectic form on T ∗M (only non-degeneracy remains to be shown, which can be
done in the coordinates induced by a chart on M). This example is of particular
historical importance, indeed Hamiltonian mechanics models a system by fixing
a configuration space (the ’space of positions’) in the form of a smooth manifold
M , only to introduce the phase space (the ’space of positions and momenta’) in
the form of the cotangent space T ∗M , which is where the study of the system’s
mechanical behaviour begins in earnest. The important role played by the canon-
ical symplectic structure of T ∗M in Hamiltonian mechanics (through the Poisson
brackets most notably) was the original motivation behind the first forays into
what we now call symplectic geometry.

We mention those properties of symplectic vector spaces that transfer seamlessly to
manifolds.

Corollary 4.2.2. Let (M,ω) be a symplectic manifold. Then M has dimension 2n for
some natural n (M is even-dimensional) and ωn is a volume form on M . In particular
M is orientable.
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The reader can compare with proposition 4.1.1 and convince themselves that Riemannian
and symplectic geometry differ at their very core. If that is not sufficient, more is to
come.

Despite these differences, the non-degeneracy of the symplectic form means that we still
enjoy the benefit of a musical isomorphism.

Proposition 4.2.1. Let (M,ω) be a symplectic manifold. Then

♭ : X(M) → Ω1(M), X → ιXω = ω(X,−)

induces a bundle isomorphism TM ≃ T ∗M .

This musical isomorphism allows for the definition of the symplectic gradient of a
function.

Definition 4.2.5 (Symplectic gradients). Let f ∈ C∞(M), the symplectic gradient
Xf of f is the unique smooth vector field on M such that ιXf

ω = df .

Remark. Symplectic and Riemannian gradients are defined in perfectly analoguous man-
ners, however their behaviour have little in common. For one thing, f is a constant of
motion for the flow induced by Xf , indeed

Xff = df(Xf ) = ω(Xf , Xf ) = 0.

We now state the much anticipated theorem of Darboux.

Theorem 4.2.2 (Darboux’s Theorem). Let (M,ω) be a symplectic manifold of dimen-
sion 2n. Then for any point p ∈ M there exists an open neighborhood U of p such that
(U, ω|U) is symplectomorphism to an open subset of (R2n, ω0).

Proof. See [21] (theorem 3.2.2, p.110).

Remark. And so we see that two symplectic manifolds of equal dimension can never be
distinguished at the local scale, as great a contrast with Riemannian geometry and its
curvature invariants as one could ask for. Once again cartography is a good source of
examples: though isometric map projections do not exist, symplectic projections, i.e.
map projections that preserve area (also called authalic projections) are plenty.
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4.2.3 The space of symplectic connections

We introduce symplectic connections and give an overview of their basic properties.

Definition 4.2.6 (Symplectic connections). Let (M,ω) be a symplectic manifold. A
symplectic connection on (M,ω) is a torsionless affine connection ∇ on M such that
∇ω = 0.

Symplectic connections happen to come in great numbers, indeed they form an ∞-
dimensional affine space.

Theorem 4.2.3. Let (M,ω) be a symplectic manifold.

(i) (M,ω) admits a symplectic connection.

(ii) Let ∇ be a symplectic connection on (M,ω), and let ∇′ be another affine connection
on M . Then ∇′ is symplectic if and only if the tensor W defined by

W (X, Y, Z) = ω(∇′
XY − ∇XY, Z) for all X, Y, Z ∈ X(M)

is symmetric.

In particular, the set of sympectic connections on (M,ω) is an affine space modelled on
S3T ∗M (the space of symmetric covariant 3-tensors).

Before giving the proof of theorem 4.2.3, we present a lemma describing the structure of
the set of torsionless affine connections on a manifold. We’ve seen that the set of affine
connections on a manifold is an affine space modeled on ΓT 1

2M (example 2.2.2, section
2.2), and the set of torsionless affine connections on M will form an affine subspace
modeled on Γ(TM ⊗ S2T ∗M) (the subspace of ΓT 1

2M consisting of (1,2)-tensors that
are symmetric in their covariant indices).

Lemma 4.2.1. Let ∇ be a torsionless affine connection on M . Let S be a map

S : X(M) × X(M) → X(M).

Then ∇′
XY := ∇XY + S(X, Y ) defines a torsionless affine connection ∇′ if and only if

S is a section of TM ⊗ S2T ∗M , or equivalently if and only if S is a (1, 2)-tensor such
that

S(X, Y ) = S(Y,X), for all X, Y ∈ X(M).

Remark. Since a manifold always admits a torsionless affine connection (we know that
a manifold always admits an affine connection - specialize theorem 2.2.1 to E = T ∗M -
and we can always extract a torsionless connection from an arbitrary affine connection
using formula 3.1), we indeed see that the set of torsionless affine connections is an affine
space modeled on Γ(TM ⊗ S2T ∗M).
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Proof of lemma 4.2.1. We know from theorem 2.2.1 that ∇′ is an affine connection if
and only if S is a (1,2)-tensor. The torsion T of ∇′ is then given by

T (X, Y ) = ∇′
XY − ∇′

YX − [X, Y ]
= ∇XY − ∇YX − [X, Y ]︸ ︷︷ ︸

=0

+S(X, Y ) − S(Y,X)

= S(X, Y ) − S(Y,X)

and the lemma follows.

Proof of theorem 4.2.3. (i) we choose a torsionless connection ∇0 on M (for example
the Levi-Civita connection of some metric on M). We define the (1,2)-tensor N by

(∇0
Xω)(Y, Z) =: ω(N(X, Y ), Z).

Since ω is skew-symmetric we have

ω(N(X, Y ), Z) = (∇0
Xω)(Y, Z) = −(∇0

Xω)(Z, Y ) = −ω(N(X,Z), Y ) (4.1)

and since ω is closed, theorem 3.1.1 yields

0 = dω(X, Y, Z) = 3 Alt(∇0ω)(X, Y, Z)
= SX,Y,Z(∇0

Xω)(Y, Z)
= SX,Y,Zω(N(X, Y ), Z).

(4.2)

We define the affine connection ∇ by

∇XY := ∇0
XY + 1

3 (N(X, Y ) +N(Y,X)) .

Clearly 1
3 (N(X, Y ) +N(Y,X)) is symmetric in X and Y , so by lemma 4.2.1, ∇ is

torsionless. Furthermore, we have

(∇Xω)(Y, Z) =X(ω(Y, Z)) − ω(∇XY, Z) − ω(Y,∇XZ)

=(∇0
Xω)(Y, Z) − 1

3ω(N(X, Y ), Z) − 1
3ω(N(Y,X), Z)

− 1
3ω(Y,N(X,Z)) − 1

3ω(Y,N(Z,X))

=(∇0
Xω)(Y, Z) − 1

3ω(N(X, Y ), Z) − 1
3ω(N(Y,X), Z)

− 1
3ω(N(X, Y ), Z) − 1

3ω(N(Z, Y ), X) (eq. 4.1)

=(1 − 1
3 − 1

3)ω(N(X, Y ), Z) + 1
3ω(N(X,Z), Y ) (eq. 4.2)

=0 (eq. 4.1)
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so ∇ is symplectic. This takes care of (i).

We move on to (ii). By lemma 4.2.1, ∇′ is a torsionless connection if and only if it can
be written ∇′

XY = ∇XY + S(X, Y ) with S such that S(X, Y ) = S(Y,X), and in that
case we find

(∇′
Xω)(Y, Z) = (∇Xω)(Y, Z)︸ ︷︷ ︸

=0

−ω(S(X, Y ), Z) − ω(Y, S(X,Z))

= − ω(S(X, Y ), Z) + ω(S(X,Z), Y )

so ∇′ is symplectic if and only if

W (X, Y, Z) := ω(S(X, Y ), Z) = ω(∇′
XY − ∇XY, Z)

is symmetric.

This is another point of divergence with Riemannian geometry and its unique ’metric
connection’, but one that is not too surprising considering Darboux’s theorem. Indeed,
a unique symplectic connection, if it were to exist, would run the risk of introducing a
forbidden local invariant in the form of its curvature.

The (symplectic) musical isomorphism can be used to define a (symplectic) covariant
curvature tensor, which comes with symmetries of its own.

Theorem 4.2.4. Let ∇ be a symplectic connection on (M,ω) with curvature R. The
covariant curvature of (M,ω,∇) is the (0, 4)-tensor defined by

R̄(X, Y, Z,W ) = ω(R(X, Y )Z,W ) for all X, Y, Z,W ∈ X(M).

Then for all vector fields X, Y, Z,W, V on M we have

(i) R̄(X, Y, Z,W ) = −R̄(Y,X,Z,W ).

(ii) R̄(X, Y, Z,W ) = R̄(X, Y,W,Z).

(iii) SX,Y,ZR̄(X, Y, Z,W ) = 0.

(iv) SX,Y,Z(∇XR̄)(Y, Z,W, V ) = 0.

Proof. Just as in theorem 4.1.2, (i), (iii) and (iv) follow from the skew-symmetry of R
and Bianchi’s identities (as well as ∇ω = 0 for (iv)).

(ii) is the application of corollary 2.2.4 to ω which, combined with the skew-symmetry
of ω, yields

0 = − (R(X, Y ) · ω)(Z,W ) = ω(R(X, Y )Z,W ) + ω(Z,R(X, Y )W )
=R̄(X, Y, Z,W ) − R̄(X, Y,W,Z).
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The Ricci curvature of a symplectic connection remains symmetric given the existence
of the (clearly parallel) symplectic volume form ωn, and can still be made into an endo-
morphism through the (symplectic) musical isomorphism.

Definition 4.2.7 (Symplectic Ricci endomorphism). The (symplectic) Ricci endo-
morphism is the (1, 1)-tensor field ρ defined by

r(X, Y ) = ω(X, ρY )

for all X, Y ∈ X(M).

But since r is symmetric while ω is antisymmetric we have

ω(ρX, Y ) + ω(X, ρY ) = −r(Y,X) + r(X, Y ) = 0

which shows that ρp is an element of sp(TpM,ωp) for all p ∈ M . In particular trρ = 0
(see definition 4.2.3), so there is no useful notion of scalar curvature for a symplectic
connection.

Given the plethora symplectic connections that a given symplectic manifold admits, one
would naturally want to isolate certain symplectic connections with special features.
Much labor has already been invested in this enterprise, the fruits of which are neatly
summarized in [5]. Here we only mention those special symplectic connections that are
of import to our task.

Definition 4.2.8. Let ∇ be a symplectic connection on (M,ω).

(i) ∇ is said to be preferred if it has cyclic parallel Ricci curvature.

(ii) We say that ∇ is of type S if ω is symmetric for ∇.

And corollary 3.3.3 applied to the symplectic volume form ωn immediately yields the
following implication.

Corollary 4.2.3. A symplectic connection of type S is necessarily preferred.
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4.3 (Almost) Complex, Hermitian and Kähler Structures

The governing example that the reader should keep in mind for the entirety of this
section is that of the standard complex vector space Cn. Cn comes with its standard
sesquilinear Hermitian product

h0(z, z′) :=
n∑
k=1

zkz̄
′
k, for z, z′ ∈ Cn.

If we identify Cn with R2n via zk = xk+iyk, then h0 can be written

h0(z, z′) =
n∑
k=1

(xk + iyk)(x′
k − iy′

k)

=
n∑
k=1

(xkx′
k + yky

′
k) + i

k∑
i=1

(ykx′
k − xky

′
k)

= g0((x, y), (x′, y′)) + iω0((x, y), (x′, y′))

so we see that the standard inner product and symplectic structure of R2n

g0((x, y), (x′, y′)) :=
n∑
k=1

(xkx′
k + yky

′
k)

ω0((x, y), (x′, y′)) :=
k∑
i=1

(ykx′
k − xky

′
k)

are nothing but the real and imaginary parts of the Hermitian product h0:

g0 = Reh0

ω0 = Im h0.

Furthermore, multiplication by i can be represented on R2n by the automorphism

J0(x, y) := (−y, x)

and the sesquilinearity of h0 then yields

g0(J0−, J0−) = Reh0(i−, i−) = Re[i(−i)h0] = Reh0 = g0

g0(−, J0−) = Reh0(−, i−) = Re[(−i)h0] = Im h0 = ω0

and similarly

ω0(J0−, J0−) = ω0

ω(J0−,−) = g0.
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Lastly, since g0 and ω0 are non-degenerate, the equation

ω0 = g0(−, J0−)

implies that J0 is fully determined by g0 and ω0.

So to summarize, the space Cn ≃ R2n supports a number of standard structures:

• An inner product g0.

• A symplectic structure ω0.

• A complex structure J0 (meaning that J0 encodes ’multiplication by i’).

• A Hermitian inner product h0.

The first three structures (g0, ω0, J0) are mutually compatible in several ways. Firstly,
both g0 and ω0 are preserved by J0:

g0(J0−, J0−) = g0

ω0(J0−, J0−) = ω0.

Secondly the pair of equations

ω0 = g0(−, J0−)
g0 = ω0(J0−,−)

(which are in fact redundant) shows that any element of the triple (g0, ω0, J0) is deter-
mined by the other two.

Finally, the information contained in the triple (g0, ω0, J0) is exactly the information
contained in the structure of Cn as a complex vector space equipped with the Hermitian
inner product h0, since J0 corresponds to multiplication by i and

h0 = g0 + iω0 ⇔ (g0 = Reh0, ω0 = Im h0).

This model example should serve as a good introduction to the major theme of this
section: the rich interplay between Riemannian, symplectic, complex and Hermitian
structures (only affine connections are missing).

This entire discussion transfers to manifolds, giving rise to Kähler manifolds when it suc-
ceeds ’perfectly’. However, at the level of manifolds, matters are somewhat complicated
by the presence of integrability conditions for complex and symplectic structures,
leading to the notions of almost complex and almost symplectic structures (with
the latter defined as non-degenerate 2-forms).

As has become routine by now, we begin with a survey of the relevant linear structures.
Most proofs in this first section are simple exercises in linear algebra and will thus be
omitted. As for references, we rely on [7], [21] and [13] (vol. II).
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4.3.1 Linear structures

A complex vector space has a natural real vector space structure. Going the other
way, given a real vector space V , a complex vector space structure on V will be said
to be compatible if the real vector space structure it induces is the one we started
with.

Given a real vector space V , if we wish equip V with a compatible complex structure,
it is necessary and sufficient for us to specify multiplication by i. This is the motivation
behind the notion of a complex structure on V .

Definition 4.3.1 (Complex structures). A complex structure on a real vector space
V is a (real) linear automorphism J : V → V such that J2 = −I.

Theorem 4.3.1. Let V be a real vector space. There is a one-to-one correspondence
between compatible complex vector space structures on V and complex structures on V
(in the sense of definition 4.3.1). The automorphism J corresponds to multiplication by
i.

In view of this, we will use the denomination "complex vector space" to refer both to
complex vector spaces in the usual sense, as well as pairs (V, J) consisting of a real
vector space V and a complex structure J on V .

A complex vector space of (finite) complex dimension n will have real dimension 2n.

Of course this means that complex linear maps can be characterized via the complex
structure J .

Proposition 4.3.1. Given two complex vector spaces V , V ′ with complex structures J
and J ′, a real linear map A : V → V ′ is complex linear if and only if

A ◦ J = J ′ ◦ A.

We now introduce the group of complex automorphisms.

Definition 4.3.2 (Group of complex automorphisms). Given a complex vector space
V with a complex structure J , we denote the group of complex automorphisms of
(V, J) by GL(V, J), that is

GL(V, J) := {L ∈ GL(V )|J ◦ L = L ◦ J}.

And take advantage of its properties to endow a complex vector space with a canonical
orientation.
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Proposition 4.3.2. Let (V, J) be a complex vector space of dimension n. Then

(i) There exists a complex linear isomorphism (V, J) ≃ (Cn, J0) where J0 denotes the
standard complex structure of Cn.

(ii) GL(V, J) is connected, in particular all of its element have (strictly) positive de-
terminant. In other words, they are orientation-preserving.

Proof. The connectedness of GLn(C) can be proven in a very neat way: Given A ∈
GLn(C) we would like to find a continuous path γ : [0, 1] → C going from 0 to 1 such
that

[0, 1] → Mn(C), t → A+ γ(t)(I − A)

takes value in GLn(C) (this would provide a path in GLn(C) joining A and I). This is
equivalent to requiring that P ◦γ not vanish on [0, 1], where P : C → C is the polynomial
defined by

P (z) := det[A+ z(I − A)].

Since both A and I are invertible, P (0) ̸= 0 and P (1) ̸= 0, so P is a non-zero polyno-
mial (of finite degree) and must have finitely many root. Consequently there exists a
continuous path γ : [0, 1] → C that goes from 0 to 1 and avoids all the roots of P .

Corollary 4.3.1. Let V be a finite-dimensional real vector space equipped with a com-
plex structure J . Then V must be even-dimensional, furthermore V admits a unique
orientation for which any complex isomorphism

(V, J) → (Cn, J0)

is orientation-preserving (with n the complex dimension of (V, J)).

Remark. The proximity between symplectic and complex structures becomes apparent
already at the linear level.

Next come Hermitian structures, which serve as the complex analogues of euclidean
structures, and allow for the introduction of metric notions on complex vector spaces.

Definition 4.3.3 (Hermitian spaces). A Hermitian inner product on a complex
vector space V is a map

h : V × V → C

such that

(i) (Conjugate symmetry) For all x, y ∈ V , h(x, y) = h(y, x), where (−) denotes
complex conjugation.

130



(ii) (Sesquilinear) h is complex linear in its first argument, and complex antilinear in
its second argument. Meaning that for all λ ∈ C, x, x′, y, y′ ∈ V we have

h(λx+ x′, y) = λh(x, y) + h(x′, y)
h(x, λy + y′) = λh(x, y) + h(x, y′)

(iii) (Positive-definite) For all non-zero x ∈ V , h(x, x) > 0.

A Hermitian vector space is a finite-dimensional complex vector space equipped with
a Hermitian inner product.

As we saw at the beginning of this section, a Hermitian inner product on a complex vector
space V is fully determined by its real part. This real part will always be a real inner
product compatible with the complex structure J of V . Conversely, such a compatbile
real inner product will induce a Hermitian inner product so that the correspondence is
exact.

Definition 4.3.4 (Compatible real inner product). Let V be a real vector space equipped
with a complex structure J . A real inner product g on V is said to be compatible with
J if J preserves g, meaning that for all x, y ∈ V

g(Jx, Jy) = g(x, y).

Theorem 4.3.2. Let V be a real vector space, and let J be a complex structure on V .
There is a one-to-one correspondence between real inner products compatible with J , and
Hermitian inner products on V equipped with the complex structure induced by J .

(i) Given a Hermitian inner product h on V , if we define g to be the real part of V ,
meaning that

g(x, y) := Reh(x, y)

for all x, y ∈ V , then g is a compatible real inner product.

(ii) Given a compatible real inner product g, if we define the map h by

h(x, y) := g(x, y) + ig(x, Jy)

for all x, y ∈ V , then h is a Hermitian inner product.

And these two maps are inverse to each other. Thus in what follows, we will use the
name "Hermitian vector space" to refer both to Hermitian vector spaces in the sense of
definition 4.3.3 as well as triples (V, J, g) consisting of a real vector space V , a complex
structure J on V and a real inner product g on V that is compatible with J .

Remark. Many authors use the name ’Hermitian inner product’ to designate the com-
patible inner product g.
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We introduce the last element of the compatible triple: the symplectic structure induced
by a Hermitian inner product, which we call the Kähler form in anticipation of what
is to come.

Proposition 4.3.3. Let (V, J, g) be a Hermitian vector space with Hermitian inner
product h. The real-valued map ω defined by

ω(x, y) := g(x, Jy) = Im h(x, y)

for all x, y ∈ V is a symplectic form, called the Kähler form of (V, J, g). Furthermore,
the orientations induced by ωn and J coincide.

Proof. Choose an orthonormal basis for the induced Hermitian inner product h, which
will induce an isomorphism of complex inner product spaces

(V, h) → (Cn, h0).

As a complex isomorphism and an isomorphism of symplectic spaces, this map preserves
both the symplectic and complex orientations. We finish the proof by checking that the
complex and symplectic orientations coincide on (Cn, h0).

We conclude this section with a statement formalizing the observation that any element
in a triple (g, ω, J) associated to a Hermitian vector space is determined by the other
two members of said triple, and that this triple determines the Hermitian vector space
structure.

Theorem 4.3.3 (2-out-of-3 property). Let (V, J, g) be a finite-dimensional complex in-
ner product space with Hermitian inner product space h and Kähler form ω. Then

U(V, J, h) = GL(V, J) ∩ Sp(V, ω) ∩O(V, g)
= GL(V, J) ∩ Sp(V, ω) = GL(V, J) ∩O(V, g) = Sp(V, ω) ∩O(V, g).

where

• O(V, g) is the group of real automorphisms of V that preserve g

O(V, g) := {L ∈ GL(V )|L∗g = g}.

• U(V, J, h) is the group of complex automorphisms of (V, J) that preserve h

U(V, J, h) := {L ∈ GL(V, J)|L∗h = h}.
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In particular, if we choose V = Cn with its canonical complex, euclidean, symplectic and
Hermitian structures we obtain

U(n) = GLn(C)∩O(2n) = GLn(C)∩Sp(2n) = O(2n)∩Sp(2n) = GLn(C)∩O(2n)∩Sp(2n).

4.3.2 (Almost) complex structures

We begin with the notion of an almost complex structure, which is nothing but a
smooth choice of complex structure for each tangent space.

Definition 4.3.5 (Almost complex structures). An almost complex structure on a
manifold M is a bundle automorphism J : TM → TM such that J2 = −1. An almost
complex manifold is a manifold equipped with an almost complex structure.

Corollary 4.3.2. An almost complex manifold is even-dimensional and admits a stan-
dard orientation. The orientation is obtained by endowing each tangent space with its
standard orientation as a complex vector space.

Proof. We have all the tools needed to prove this statement, but we would prefer to wait
until the next section, where we’ll provide a proof relying on the Kähler form.

As their name indicates, almost complex structures are closely related to, yet dis-
tinct from complex structures proper. Defining the latter will necessitate a small de-
tour through holomorphic maps (on opens of Cn). An important fact regarding these
holomorphic maps is that they can be defined via the standard complex structure of
Cn.

Definition 4.3.6 (Holomorphic maps). Consider two open subsets U ⊆ Cm, V ⊆ Cn.
A smooth map f : U → V is said to be holomorphic if for all p ∈ U the differential

dfp : TpU ≃ Cm → Cn ≃ TpV

of f at p is complex linear. Equivalently, f is holomorphic if and only if

J0 ◦ df = df ◦ J0

(where we use J0 to denote the standard complex structures of Cm and Cn).

Equipped with this notion, we give a definition of complex manifolds. This definition
replicates word for word the definition of smooth manifolds by means of atlases, except
that transition maps are required to be holomorphic.

133



Definition 4.3.7 (Complex manifolds). Let M be a smooth manifold of dimension 2n.
A complex structure on M is a maximal holomorphic atlas, that is an atlas whose
charts take value in Cn and have holomorphic transition maps, and which is maximal
for these properties. Equipped with such a complex structure, M is called a complex
manifold of complex dimension n. The charts belonging to the maximal holomorphic
atlas are called holomorphic charts (on the complex manifold M).

The corresponding notion of morphism is the following:

Definition 4.3.8 (Holomorphic maps between manifolds). Let M , N be complex man-
ifolds, of complex dimension m and n respectively. A smooth map f : M → N is
said to be holomorphic if for any holomorphic charts ϕ : U ⊆ M → Ũ ⊆ Cm and
ψ : V ⊆ N → Ṽ ⊆ Cn such that f(U) ⊆ V , the map

ψ ◦ f ◦ ϕ−1 : Ũ ⊆ Cm → Ṽ ⊆ Cn

is holomorphic. A biholomorphism between two complex manifolds is a holomorphic
diffeomorphism whose inverse is also holomorphic.

A complex manifold comes equipped with its almost complex structure.

Theorem 4.3.4. Let M be a complex manifold of complex dimension n. Then there
exists a unique almost complex structure J on M such that for any holomorphic chart
ϕ : U ⊆ M → Cn, and any point p ∈ U the differential

dϕp : (TpM,Jp) → (Cn, J0)

of ϕ at p is complex linear.

Alternatively, J can be characetrized as follows: given a holomorphic chart (U, z1 =
x1 + iy1, ..., zn = xn + iyn) on M , the restriction of J to U is defined by

J∂xk = ∂yk

J∂yk = −∂xk .

Proof. Given two holomorphic charts ϕ and ψ defined on a neighborhood of p,

dψp ◦ (dϕp)−1 : Cn → Cn

is an isomorphism of complex vector spaces, thus the R-linear isomorphisms

dϕp : TpM → Cn

dψp : TpM → Cn
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induce the same complex structure on TpM . The coordinate expression of J is a conse-
quence of the formula

J0(x, y) = (−y, x) for all (x, y) ∈ R2n

for the standard complex structure J0 on Cn.

Holomorphic maps between complex manifolds can be fully characterized in terms of
their associated almost complex structures. This indicates that a complex structure is
in fact fully determined by its induced almost complex structure.

Proposition 4.3.4. Let M and N be two complex manifolds, and denote both of their
induced almost complex structure by the same letter J . Then a smooth map f : M → N
is holomorphic if and only if the differential

dfp : (TpM,Jp) → (Tf(p)N, Jf(p))

is complex linear. More concisely, f is holomorphic if and only if

J ◦ df = df ◦ J.

Proof. This is easily obtained by putting together the characterization of J as the almost
complex structure on M obtained by pulling back J0 along holomorphic charts, and the
characterization of holomorphic maps Cn → Cm in terms of J0.

Corollary 4.3.3. If two complex structures on a given smooth manifold induce the same
almost complex structure, then they are identical.

Proof. If two complex structures on M induce the same almost complex structures, then
by proposition 4.3.4, the identity id : M1 → M2 is a biholomorphism (M1 denotes M
equipped with one of the two complex structures, and M2 denotes M equipped with the
other complex structure). Thus if ϕ : U ⊆ M → Cn is a holomorphic chart for M1, then
it is also a holomorphic chart for M2 and vice-versa, which implies that the two complex
structures are in fact equal.

We’ve established that a complex structure induces, and is fully determined by, an
almost complex structure. This naturally poses the problem of determining which almost
complex structures arise from complex structures. This question can be answered in a
very satsifactory manner by means of the Nijenhuis tensor (also called the torsion of
the almost complex structure).

Definition 4.3.9 (Integrability of almost complex structures). An almost complex
structure on a manifold M is said to be integrable if it is induced by a complex struc-
ture. In that case, that complex structure is unique (corollary 4.3.3).
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Definition 4.3.10 (Nijenhuis tensor). Let J be an almost complex structure on M .
The torsion, or Nijenhuis tensor of J is the (1, 2)-tensor defined by N(X, Y ) :=
[JX, JY ] − J [JX, Y ] − J [X, JY ] − [X, Y ].

Theorem 4.3.5. J is integrable if and only if N = 0.

Proof. See [13] (vol. II, chapter IX, theorem 2.5 p.124) and [10] (chapter 2).

As a matter of fact the Nijenhuis is doubly miraculous as it behaves very well in the
presence of affine connections.

Definition 4.3.11 (Almost complex connection). A connection ∇ on an almost complex
manifold (M,J) is almost complex if ∇J = 0.

Proposition 4.3.5. Let ∇ be an almost complex connection on an almost complex
manifold (M,J). Then N(X, Y ) = T (X, Y ) + JT (JX, Y ) + JT (X, JY ) − T (JX, JY ).

Proof. This is a straightforward application of the formula

[X, Y ] = ∇XY − ∇YX − T (X, Y ).

Corollary 4.3.4. If J is parallel for a torsionless connection on M , then J is integrable.

Remark. Putting this result and theorem 3.1.1 side by side, we see that both almost
complex and almost symplectic structures are integrable as soon as they are parallel for
a torsionless connection.

4.3.3 Hermitian and Kähler metrics

The tangent spaces of an almost complex manifold are complex vector spaces, thus a
metric on such a manifold should take the form of a smooth choice of Hermitian inner
product for each tangent space. As we established in our study of the corresponding
linear structures (theorem 4.3.2) this is tantamount to selecting a compatible Rieman-
nian structure (compatible with the almost complex structure), leading to the following
definition of Hermitian metrics:

Definition 4.3.12 (Hermitian metrics). A Hermitian metric on an almost complex
manifold (M,J) is a Riemannian metric g onM such that g(JX, JY ) = g(X, Y ) ∀X, Y ∈
X(M). An almost Hermitian manifold is an almost complex manifold together with
a Hermitian metric.
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Proposition 4.3.6. Let (M,J) be an almost complex manifold. Then (M,J) admits a
hermitian metric.

Proof. Choose a Riemannian metric g0 on M . Then g := g0 +g0(J−, J−) is a hermitian
metric on (M,J).

Remark. Notice that an almost Hermitian manifold comes equipped with a canonical
torsionless connection: the Levi-Civita connection of its Hermitian metric.

As Hermitian vector spaces, the tangent spaces of an almost Hermitian manifold each
admit a canonical linear symplectic structure (the Kähler form, proposition 4.3.3). These
linear symplectic structures assemble into a non-degenerate 2-form, which will not be
closed in general as this process occurs point-by-point. To emphasize the analogy with
complex structures, non-degenerate 2-forms are sometimes called almost symplectic
structures and are said to be integrable if they are closed (or equivalently, symplectic),
a terminology we will adopt.

Proposition 4.3.7. Let (M,J, g) be an almost Hermitian manifold. The formula

ω(X, Y ) := g(X, JY )

for X, Y ∈ X(M) defines an almost symplectic form ω on M called the Kähler
form of (M,J, g).

Furthermore, ω is compatible with J (or preserved by J) in the sense that

ω(JX, JY ) = ω(X, Y )

for all X, Y ∈ X(M).

Remark. Using contraction we can write ω = C1
2(g ⊗ J).

Corollary 4.3.5 (bis). An almost complex manifold is even-dimensional and admits
a canonical orientation, obtained by equipping each tangent space with its canonical
orientation as a complex vector space.

Proof. Let (M,J) be an almost complex manifold. The only statement left to prove is
the one concerning the canonical orientation of (M,J). Choose a hermitian metric g
on (M,J) (such a metric always exists - proposition 4.3.6), and let ω be the associated
Kähler form. Then ωn is a volume form on M , and for each p ∈ M , the orientation
induced by ωnp concides with the orientation induced by Jp (proposition 4.3.3).

So we see that for almost Hermitian manifolds, the problem of integrability arises for
both the Kähler and almost complex structures. All possible combinations occur and
are labeled as follows:
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(i) If the Kähler form is integrable, but not necessarily the almost complex structure,
one usually speaks of a symplectic manifold (M,ω) equipped with a compatible
(or ω-compatible) almost complex structure J .

(ii) If the almost complex structure is integrable, but not necessarily the Kähler form,
one speaks of a Hermitian manifold (M,J, g).

(iii) If both the Kähler form and the almost complex structure are integrable, one
speaks of a Kähler manifold (M,J, g).

Only Kähler manifolds will intervene in this thesis, and no further mention will be made
of the other two cases. Our remaining two objectives are:

(i) Give a characterization of Kähler manifolds in terms of their Levi-Civita connec-
tion.

(ii) Derive certain identities satisfied by the curvature of a Kähler manifold, which will
be needed in the next chapter.

We are already in possession of most of what is needed to complete our first ob-
jective, the only missing ingredient is an equation relating the Levi-Civita connec-
tion of an almost Hermitian manifold with its other structures, which we state be-
low.

Theorem 4.3.6. Let (M,J, g) be an almost Hermitian manifold with Levi-Civita con-
nection ∇ and Kähler form ω, and denote the torsion of J by N . Then

dω(X, JY, JZ) − dω(X, Y, Z) = 2g(Y, (∇XJ)Z) + g(X, JN(Y, Z))

for all X, Y, Z ∈ X(M).

Remark. We will apply this equation in the Kähler case (so when dω = 0 and N = 0)
to obtain ∇J = 0 (and by extension ∇ω = 0).

Proof. This is obtained through ingenious applications of formulae we already know, we
refer the reader to [13] (vol. II, chapter IX, prop.4.2 p.148 - beware that the conventions
used by Kobayashi and Nomizu to define the wedge product and exterior derivative differ
from ours, which explains the difference in coefficients).

With this we are ready to give our characterization:

Theorem 4.3.7. Let (M,J, g) be an almost Hermitian manifold with connection ∇ and
Kähler form ω. The following are equivalent:

(i) (M,J, g) is Kähler.

(ii) ∇J = 0.
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(iii) ∇ω = 0.

Thus both the symplectic and complex structure of a Kähler manifold are parallel for the
Levi-Civita connection. In particular, the Levi-Civita connection of a Kähler manifold
is symplectic for its Kähler form.

Proof. We begin by showing (ii)⇔(iii). Note that the underlying theme is the 2-out-of-
three property (theorem 4.3.3) which tells us in essence that as soon as 2 members of
(g, J, ω) are parallel for a given connection ∇, the third must be as well (and here we
already know that ∇g = 0).

(ii)⇒(iii): Assume that ∇J = 0. Then by combining ∇g = 0, ω = C1
2(g ⊗ J) and

corollary 2.2.2 we see that for all X ∈ X(M)

∇Xω =∇XC
1
2(g ⊗ J) = C1

2 [∇X(g ⊗ J)]
=C1

2 [(∇Xg)︸ ︷︷ ︸
=0

⊗J + g ⊗ (∇XJ)︸ ︷︷ ︸
=0

]

=0.

(iii)⇒(ii). Assume that ∇ω = 0, then a computation similar to the previous one yields

0 = ∇Xω = C1
2 [g ⊗ (∇XJ)]

so that for all X, Y, Z ∈ X(M),

0 = g(Y, (∇XJ)Z)

and since g is non-degenerate, this implies ∇J = 0.

Now (ii)⇒(i) is clear: if (ii) holds, then (iii) holds as well so that we have both ∇J = 0
and ∇ω = 0, and in virtue of corollary 4.3.4 and theorem 3.1.1, both J and ω must be
integrable.

Lastly, let us show (i)⇒(ii). If (M,J, g) is Kähler (and in particular almost hermitian),
then by combining dω = 0, N = 0 (with N the torsion of J) and theorem 4.3.6 we have
that for all X, Y, Z ∈ X(M)

0 = g(Y, (∇XJ)Z)

and we conclude that ∇J = 0.

The compatibility between the complex structure of a Kähler manifold and its Levi-
Civita connection, together with the known symmetries of a metric curvature, then
yield:
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Theorem 4.3.8. Let (M,J, g) be a Kähler manifold, and let R̂ be the (Riemannian)
covariant curvature tensor of its Levi-Civita connection. Then for all vector fields
X, Y, Z,W ∈ X(M) we have:

R̂(X, Y, Z,W ) = R̂(X, Y, JZ, JW ) = R̂(JX, JY, Z,W )

(in addition to the usual symmetries of the Riemannian covariant curvature tensor).

Proof. By theorem 4.3.7, ∇J = 0, thus if we apply corollary 2.2.4 to J (and recall
example 1.1.4 (iii)) we obtain

0 = (R(X, Y ) · J)Z = R(X, Y )(JZ) − JR(X, Y )Z
⇔R(X, Y )(JZ) = JR(X, Y )Z

which, when combined with the compatibility of g and J gives us

R̂(X, Y, JZ, JW ) = g(R(X, Y )JZ, JW ) = g(JR(X, Y )Z, JW )
= g(R(X, Y )Z,W ) = R̂(X, Y, Z,W ).

Finally, using (iii) in theorem 4.1.2 we get

R̂(X, Y, JZ, JW ) = R̂(JZ, JW,X, Y ) = R̂(Z,W,X, Y ) = R̂(X, Y, Z,W ).

These identities, added to the usual identities of the metric curvature, will constitute
what we call ’the symmetries of a Kähler curvature’.

4.4 Locally symmetric spaces

The reader looking for an introduction to symmetric spaces should see their wishes
fulfilled by [24] or [12, 13].

In their barest forms, locally symmetric spaces are affinely connected manifolds whose
local geodesic symmetries are affine transformation.

Definition 4.4.1 (Affine locally symmetric space). An manifold M equipped with an
affine connection ∇ is said to be affine locally symmetric if its local geodesic symme-
tries are affine transformations, meaning that for any point p ∈ M and any symmetric
normal neighborhood U of p, the involution sp : U → U preserves the affine connection.

Such spaces admit a strikingly simple characterization in terms of their torsion and
curvature.
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Theorem 4.4.1. (M,∇) is affine locally symmetric if and only if T = 0 and ∇R = 0.

Proof. We only prove that these conditions are necessary, for proof that they are suffi-
cient, we refer the reader to [13] (vol. II, chapter IX, theorem 1.1, p.222) or [24] (chapter
IV, theorem 1.1, p.163).

To see that they are necessary, simply notice that when (M,∇) is affine locally sym-
metric, T and ∇R are tensors of odd degree which are preserved by the local geodesic
symmetries, and must thus vanish by proposition 3.3.4.

Locally symmetric spaces can then be flavoured by adding geometric structures and
requiring that these additional structure be compatible with the local geodesic symme-
tries. In our case these additional structures will take the form of tensor fields, which
will be required to be symmetric.

In several instances these tensor fields will already be known to be parallel, which will
allow us to invoke theorem 4.4.1 as a parallel tensor field defined over an affine locally
symmetric space is automatically symmetric. This is the motivation behind the following
sequence of results:

Proposition 4.4.1. Let ∇ be an affine connection on a connected manifold M . Let
W1,W2 be two parallel tensor fields of the same type on M . Assume that there exists a
point p ∈ M such that W1(p) = W2(p). Then W1 = W2.

Proof. Take any point q ∈ M . Since M is a connected manifold, there exists a smooth
curve γ : [0, 1] → M such that γ(0) = p and γ(1) = q. Since W1 and W2 are parallel,
both γ∗W1 and γ∗W2 are parallel along γ (proposition 2.2.5), so by theorem 2.2.4 we
have

W2(q) = P (γ)1
0W2(p) = P (γ)1

0W1(p) = W2(p).

Corollary 4.4.1. Let (M,∇), (M ′,∇′) be connected smooth manifolds equipped with
affine connections. Let W be a parallel tensor field on M and W ′ be a parallel tensor
field of the same type on M ′. Let f : M → M ′ be a diffeomorphism preserving the
connection. Assume there exists p ∈ M such that (fW )(p) = W ′(f(p)) then W ′ = fW .

Proof. This follows immediaterly from proposition 4.4.1 once we notice that fW is
parallel for ∇′.

Corollary 4.4.2. Let (M,∇) be an affine locally symmetric space and let W be a parallel
tensor field on M . Then W is symmetric.
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Proof. We assume that W is of degree (r, s). Take a point p of M . Since (M,∇) is
affine locally symmetric, there exists a symmetric normal neighborhood U of p such
that sp : U → U preserves the connection. Furthermore, since d(sp)p = −Ip we have
(spW )(p) = (−1)r+sW (p), and since any constant multiple of W is parallel, corollary
4.4.1 implies spW = (−1)r+sW .

Let us now list the flavours of symmetric spaces relevant to our undertaking.

Definition 4.4.2 (Riemannian locally symmetric space). A Riemannian manifold (M, g)
is locally symmetric if its local geodesic symmetries (for the Levi-Civita connection) are
isometries, or equivalently if g is symmetric for the Levi-Civita connection (note that g
is of even degree).

Remark. In that case, M equipped with the Levi-Civita connection of g is affine locally
symmetric (this is an immediate consequence of corollary 4.1.1).

Definition 4.4.3 (Complex affine symmetric space). An almost complex manifold
(M,J) together with an affine connection ∇ is complex affine locally symmetric
if its local geodesic symmetries are affine and holomorphic transformations (that is, if
they leave ∇ and J invariant). Equivalently, a complex affine locally symmetric space
is an affine locally symmetric space with a symmetric almost complex structure (J has
even degree).

Remark. In that case ∇ is torsionless as a locally symmetric connection, while J is
parallel for ∇ as a symmetric tensor, thus J is integrable (corollary 4.3.4).

Definition 4.4.4 (Symplectic locally symmetric). A symplectic locally symmetric
space is a sympletic manifold (M,ω) together with a connection ∇ whose local geodesic
symmetries are affine transformations and symplectomorphisms. Equivalently a sym-
plectic locally symmetric space is an affine locally symmetric space with a symmetric
symplectic form (once again, ω is of even degree).

Remark. Such a connection is necessarily symplectic of type S (corollary 3.3.2).

Remark. Similar to complex affine locally symmetric spaces we could allow the 2-form
to be almost symplectic and still obtain an equivalent definition, as this form would be
parallel for a torsionless connection and thus closed (theorem 3.1.1).

At the intersection of all three of these classes lie locally symmetric Kähler mani-
folds, also called Hermitian locally symmetric spaces.

Theorem 4.4.2. Let (M,J, g) be an almost Hermitian manifold with Levi-Civita con-
nection ∇. The following are equivalent:
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(i) (M,J,∇) is locally complex affine symmetric.

(ii) (M,J, g) is a Kähler manifold which is locally symmetric as a Riemannian mani-
fold.

Furthermore, when (i)-(ii) are satisfied, (M,∇, ω) is symplectic locally symmetric, in
particular ∇ is symplectic of type S.

A manifold verifying conditions (i) and (ii) is called a Hermitian locally symmetric
space, or a locally symmetric Kähler manifold.

Proof. (i)⇒(ii). Assume that (M,J,∇) is locally complex affine symmetric. Then corol-
lary 3.3.2 implies ∇J = 0 from which we deduce that (M,J, g) is Kähler (theorem 4.3.7).
Furthermore, since (M,∇) is locally affine symmetric, and since ∇g = 0, an application
of corollary 4.4.2 shows that g is symmetric, so that (M, g) is a Riemannian locally
symmetric space.

(ii)⇒(i). As a Riemannian locally symmetric space (M, g) equipped with its Levi-Civita
connection is necessarily locally affine symmetric. Furthermore, by theorem 4.3.7 we
have ∇J = 0, so J must be symmetric as a consequence of corollary 4.4.2.

Similarly, if (ii) holds we show that ω is symmetric for ∇ by combining theorem 4.3.7
and corollary 4.4.2.

We close this chapter by providing the promised characterizations of locally symmetric
spaces one can obtain through a combination of corollary 4.4.2 and theorem 4.4.1.

Theorem 4.4.3. Let ∇ be an affine connection on a smooth manifold M . Consider the
following cases:

(i) ∇ is the Levi-Civita connection of a Riemannian metric g on M .

(ii) ∇ is a torsionless complex connection for an almost complex structure J on M .

(iii) ∇ is a symplectic connection for a symplectic form ω on M .

(iv) ∇ is the Levi-Civita connection connection of a Kähler structure (J, g) on M .

To each of these cases, we will assign a statement that is equivalent to ∇R = 0 (or
equivalently, to (M,∇) being affine locally symmetric, since the connection is torsionless
in every case). In this manner we have in each respective case:

(i) (M, g) is a locally symmetric Riemannian manifold if and only if ∇R = 0.

(ii) (M,J,∇) is complex affine locally symmetric if and only if ∇R = 0.

(iii) (M,ω,∇) is symplectic locally symmetric if and only if ∇R = 0.

(iv) (M,J, g) is a locally symmetric Kähler manifold if and only if ∇R = 0.
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Chapter 5

The Sekigawa-Vanhecke theorem

Earlier we saw that whenever a Kähler manifold is locally symmetric as a riemannian
manifold, its local goedesic symmetries preserve all the structures present (complex and
symplectic). This result could not be said to be genuinely surprising, given the strong
link that exists between a Riemannian metric and its Levi-Civita connection. Less
expected, if one is acquainted with the theory of symplectic connections, is the theorem
of Sekigawa and Vanhecke [2] which offers a converse of sorts: if the local geodesic
symmetries of an almost Hermitian manifold are symplectic, then the manifold is in fact
Kähler and locally symmetric.

The Kähler part is obtained immediately from theorem 4.3.7 and the fact that symmetric
tensors are parallel (corollary 3.3.2). Proving that the manifold is not only Kähler, but
in fact locally symmetric is less straightforward, but not exceedingly so. To achieve this
we start with the curvature equation we obtain by applying theorem 3.3.6 to the Kähler
form, and deduce from it ∇R = 0 (theorem 4.4.3) by repeated applications of polariza-
tion (corollary 1.2.1) and the symmetries of a Kähler curvature.

Theorem 5.0.1 (Sekigawa-Vanhecke [2]). An almost Hermitian manifold whose local
geodesic symmetries are symplectic (i.e. whose Kähler form is symmetric for the Levi-
Civita connection) is a locally symmetric Kähler manifold.

A note before we initiate the proof: earlier we saw that connections of type S are
necessarily preferred. The Sekigawa-Vanhecke theorem enables us to show that this
inclusion is a strict one.

Corollary 5.0.1. There exists preferred symplectic connections that are not of type S.

Proof by example. In virtue of the Sekigawa-Vanhecke theorem, it suffices to provide an
example of a Kähler manifold whose Ricci curvature is parallel, but which is not locally
symmetric. There are many such manifolds, a list of examples can be found in [3], theo-
rem 14.98 (chapter 14, p.420). There the reader will find a class of non-locally-symmetric
quaternion-Kähler manifolds. Quaternion-Kähler manifolds are automatically Einstein,
which implies that their Ricci curvature is parallel (so cyclic parallel in particular).
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After applying theorem 3.3.6 to the Kähler form, we will prove the Sekigawa-Vanhecke
theorem by making use of the following two lemmas.

Lemma 5.0.1. Let (V, J) be a finite-dimensional real vector space equipped with a com-
plex structure J . A quadrilinear mapping

R : V × V × V × V → R

is said to possess the symmetries of a Kähler curvature if for all X, Y, Z,W ∈ V we have

(i) R(X, Y, Z,W ) = −R(Y,X,Z,W ) = −R(X, Y,W,Z).

(ii) R(X, Y, Z,W ) = R(Z,W,X, Y ).

(iii) SX,Y,ZR(X, Y, Z,W ) = 0.

(iv) R(X, Y, Z,W ) = R(JX, JY, Z,W ) = R(X, Y, JZ, JW ).

So let R and T be two quadrilinear mappings on V possessing the symmetries of a Kähler
curvature. If

R(X, JX,X, JX) = T (X, JX,X, JX)

for all X ∈ V , then R = T .

Proof. The proof is a sequence of algebraic manipulations that the reader will find in
[13] (see proposition 7.1, Volume II, chapter IX, section 7, p. 165).

Remark. By putting together theorems 4.1.2 and 4.3.8, one can check that, given a
Kähler manifold (M,J, g) with covariant Riemannian curvature tensor R̂, for any point
p ∈ M , R̂p viewed as a quadrilinear mapping on (TpM,Jp) does indeed possess the
symmetries of a Kähler curvature (bringing us much relief).

We bring attention to the fact that, since ∇J = 0 on a Kähler manifold, for any vec-
tor field X on M the (0, 4)-tensor (∇XR̂) also possesses the symmetries of a Kähler
curvature.

Lemma 5.0.2. Let (M,J, g) be a Kähler manifold with covariant Riemannian curvature
tensor R̂ and assume that for all vector fields X ∈ X(M)

(∇XR̂)(X, JX,X, JX) = 0. (5.1)

Then (M,J, g) is a locally symmetric Kähler manifold.

Proof. Following [11] (see the proof of proposition 3.12, section 3, p. 351) we will first
show that

(∇XR̂)(Y, JY, Y, JY ) = 0 (5.2)

for all X, Y ∈ X(M), then conclude using lemma 5.0.1.
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So let us fix X, Y ∈ X(M). Using Bianchi’s second identity and the symmetries of the
Kähler curvature we get

(∇XR̂)(Y, JY, Y, JY )
= −(∇Y R̂)(JY,X, Y, JY ) − (∇JY R̂)(X, Y, Y, JY )
= (∇Y R̂)(Y, JX, Y, JY ) + (∇JY R̂)(JY, JX, Y, JY ).

(5.3)

Next we polarize equation 5.1. By corollary 1.2.1, Sym(∇R̂) = 0. But a simple compu-
tation yields

Sym(∇R̂)(X, Y, Y, Y, Y )

= 1
5
(
(∇XR̂)(Y, JY, Y, JY ) + (∇Y R̂)(X, JY, Y, JY ) + ...+ (∇Y R̂)(Y, JY, Y, JX)

)
which, when combined with the symmetries of the Kähler curvature tensor, gives us

0 = (∇XR̂)(Y, JY, Y, JY ) + 2(∇Y R̂)(X, JY, Y, JY ) + 2(∇Y R̂)(Y, JX, Y, JY ). (5.4)

We replace Y by JY in 5.4, add the result to 5.4 and use Bianchi’s second identity (as
in 5.3). This gives us

0 = 4(∇XR̂)(Y, JY, Y, JY ) + 2(∇Y R̂)(Y, JX, Y, JY ) + 2(∇JY R̂)(JY, JX, Y, JY ). (5.5)

And combining 5.3 and 5.5 we obtain 5.2.

Finishing the proof is then just a matter of putting together the appropriate results. For
all p ∈ M and Xp ∈ TpM observe that (∇XpR̂) is a quadrilinear mapping on (TpM,Jp)
which possesses the symmetries of a Kähler curvature (apply ∇Xp to said symmetries
for R̂ and use ∇J = 0), so 5.2 and lemma 5.0.1 (setting T = 0) imply ∇R̂ = 0. Since g
is non-degenerate and parallel, this is equivalent to ∇R = 0 and the conclusion follows
from theorem 4.4.3 (the characterisation locally symmetric spaces).

Proof of the Sekigawa-Vanhecke theorem. Let (M,J, g) be an almost Hermitian mani-
fold, and assume that the Kähler form ω is symmetric for the Levi-Civita connection
∇. As ∇ is torsionless, ω being symmetric for ∇ implies ∇ω = 0 (corollary 3.3.2), so
(M,J, g) is Kähler (theorem 4.3.7).

By theorem 3.3.6, ω being symmetric for the torsionless connection ∇ also yields

PX · ω = 0
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for allX ∈ X(M), where PX is the endomorphism field defined by PX := (∇XR)(X,−)X.
In other words, for all vector fields X, Y, Z on M we have

0 = ω((∇XR)(X, Y )X,Z) + ω(Y, (∇XR)(X,Z)X).

Using the skew-symmetry of ω and ω = g(−, J−) this is equivalent to

0 = (∇XR̂)(X, Y,X, JZ) − (∇XR̂)(X,Z,X, JY ).

Setting Y = JX and Z = X (and using (∇R̂)(X,X,−,−) = 0) we obtain

(∇XR̂)(X, JX,X, JX) = 0

for all X ∈ X(M). By lemma 5.0.2, this finishes the proof.
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Chapter 6

Divergence-preserving geodesic
symmetries

The main object of study in this chapter are manifolds with torsionless affine connections
whose local geodesic symmetries are divergence-preserving, meaning that they preserve
the induced connection on the determinant bundle. If our manifold admits a parallel
volume form (or local parallel volume forms), in which case we say that the manifold
is (locally) equiaffine, this is equivalent to requiring that the parallel volume form be
symmetric.

The study of Riemannian manifolds possessing this property, called D’Atri spaces,
was initiated by D’Atri and Nickerson in [8] and [9], which is where our ’divergence-
preserving’ denomination originates. Most importantly for our purposes, in their work
D’Atri and Nickerson use radial power expansions in normal coordinates to show that
Riemannian manifolds with divergence-preserving symmetries verify an infinite sequence
of curvature conditions, called the odd Ledger conditions, and that these conditions are
in fact sufficient in the analytic case. The curvature conditions of Ledger are defined
by a recurrence formula, and were introduced in his PhD thesis on harmonic spaces
[16].

As it turns out the derivation of D’Atri and Nickerson does not make use of the metric
in any essential way and is readily extended to the affine setting. After carrying out this
extension, which is the main purpose of this chapter, we will see that manifolds with
torsionless affine connections whose local symmetries are divergence-preserving do still
verify the odd Ledger conditions, and that, conversely, these conditions are sufficient
when the connection is locally equiaffine and analytic.

6.1 Divergence and connections on the determinant
bundle

As the name of their paper [8] suggests, central to the work of D’Atri and Nickerson is
the notion of divergence on a Riemannian manifold, which is equivalently defined via
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the Riemannian volume form or via the Levi-Civita connection.

In an effort to make our presentation as clear and general as possible, we introduce
an original notion of divergence on a manifold, one that requires no additional struc-
ture (Riemannian, affine or otherwise). The defining characteristic of divergences on a
manifold, as defined here, is the fact that they correspond exactly to connections on the
determinant bundle of said manifold. Using this feature, we will show later in the section
how the usual notions of divergence on a manifold (involving a volume form or an affine
connection) are in fact special cases of the definition given here.

Definition 6.1.1 (Divergences). Let M be a smooth manfiold. A divergence on M is
an R-linear map

div : X(M) → C∞(M)

such that for all X ∈ X(M), f ∈ C∞(M),

div(fX) = (Xf) + fdiv(X).

Remark. The map div : X(M) → C∞(M) is easily shown to be local in the sense
of definition 2.1.7, by using a reasoning similar to the one we applied to operators
verifying the Leibniz rule (proposition 2.1.7). In particular, a divergence admits a unique
restriction to any open subset U ⊆ M (proposition 2.1.7).

The correspondence between divergences as defined above and connections on the de-
terminant bundle can be stated as follows:

Theorem 6.1.1. Let M be a smooth manifold of dimension m and div be a divergence
on M . Then the map

∇ : X(M) × Ωm(M) → Ωm(M), (X,ω) → ∇Xω := (LX − div(X))ω (6.1)

is a connection on the determinant bundle of M . Conversely for any connection ∇
on the determinant bundle of M , there exists a unique divergence div that induces ∇
as in 6.1, so that we have a one-to-one correspondence between divergences on M and
connections on the determinant bundle of M .

To prove this correspondence, we use the following three lemmas:

Lemma 6.1.1. Let L be a line bundle over M . Then there is a one-to-one correspon-
dence between bundle morphisms L → L and elements of C∞(M). To f ∈ C∞(M) we
associate the bundle morphism that corresponds to the following C∞(M)-linear map of
sections:

Γ(L) → Γ(L), σ → fσ.
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Lemma 6.1.2. Let ∇ be a connection on T rsM . Then for any vector field X ∈ X(M),
AX := LX − ∇X : Γ(T rsM) → Γ(T rsM) is C∞(M)-linear and thus corresponds to a
bundle morphism T rsM → T rsM .

Lemma 6.1.3. For any vector field X and any top form ω on M

LfXω = [(Xf) + fLX ]ω.

Proof. To prove lemma 6.1.1, notice first that Lin(L,L) is a real line bundle, then notice
that the identity section provides a global trivialization of Lin(L,L). We then conclude
using the correspondence between bundle morphisms L → L and global sections of
Lin(L,L).

Lemma 6.1.2 follows from

LX(fT ) = (Xf)T + fLXT

for all X ∈ X(M), f ∈ C∞(M), T ∈ Γ(T rsM).

To prove lemma 6.1.3: given a point p ∈ M , we choose a local frame E1, ..., Em of TM
on a neighborhood of p, in which we write X = ∑m

i=1 X
iEi. We then compute

LfXω(E1, ..., Em) = fX(ω(E1, ..., En)) −
m∑
i=1

ω(E1, ..., [fX,Ei], ..., Em). (6.2)

From [fX,Ei] = f [X,Ei] − (Eif)X and the skew-symmetry of ω we obtain

ω(E1, ..., [fX,Ei], ..., Em)
= fω(E1, ..., [X,Ei], ..., Em) − (Eif)ω(E1, ..., X, ..., Em)

= fω(E1, ..., [X,Ei], ..., Em) −
m∑
j=1

(XjEif)ω(E1, ..., Ej, ..., Em)

= fω(E1, ..., [X,Ei], ..., Em) − (X iEif)ω(E1, ..., Em)

(6.3)

injecting 6.3 into 6.2 we get

LfXω(E1, ..., Em) = f

(
X(ω(E1, ..., Em)) −

m∑
i=1

ω(E1, ..., [X,Ei], ..., Em)
)

+
(

m∑
i=1

X i(Eif)
)
ω(E1, ..., Em)

= f(LXω)(E1, ..., Em) + (Xf)ω(E1, ..., Em).

(Note that every time we use the notation ω(E1, ..., A, ..., Em) in the preceding compu-
tations, A is the ith argument).
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Proof of theorem 6.1.1. Let div be a divergence on M , and define

∇Xω := LXω − div(X)ω n= (LX − div(X))ω

for X ∈ X(M) and ω ∈ Ωm(M).

The linearity of ∇ follows from the linearity of div and L, and for any f ∈ C∞(M),
X ∈ X(M), ω ∈ Ωm(M) we have by lemma 6.1.3 and by the definition of a divergence,

∇X(fω) = LX(fω) − fdiv(X)ω
= (Xf)ω + fLXω − fdiv(X)ω
= (Xf)ω + f∇Xω

and

∇fXω = LfXω − div(fX)ω
= (Xf)ω + fLXω − (Xf)ω − fdiv(X)ω
= f∇Xω

which shows that ∇ is a connection on the determinant bundle.

We finish the proof by showing that, conversely, given a connection ∇ on the determinant
bundle, there exists a unique map div : X(M) → C∞(M) such that

∇Xω = (LX − div(X))ω

and that this map is a divergence.

So let ∇ be such a connection. Then for any X ∈ X(M),

AX := LX − ∇X : Ωm(M) → Ωm(M)

is a bundle morphism by lemma 6.1.2, and since the determinant bundle is a line bundle,
by lemma 6.1.1 there exists a unique smooth function div(X) ∈ C∞(M) such that
∇Xω = (LX − div(X))ω for all ω ∈ Ωm(M).

The linearity of div follows from the linearity of ∇ and L, and for f ∈ C∞(M), X ∈
X(M), ω ∈ Ωm(M), using lemma 6.1.3 we get

div(fX)ω = LfXω − ∇fXω

= (Xf)ω + f(LXω − ∇Xω)
= [(Xf) + fdiv(X)]ω

which shows that div is a divergence.

Let us now examine two alternative definitions of divergence one can find in the litera-
ture. One of these alternatives relies on a choice of volume form, the other relies on a
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choice of affine connection. Each of them corresponds to a choice of connection on the
determinant bundle in a canonical way, and can thus be considered a special case of the
notion of divergence introduced here.

Theorem 6.1.2. Let L be a real line bundle on a smooth manifold M , and let s be a
non-vanishing section of L. There exists a unique connection ∇ on L such that ∇s = 0.

Proof. The non-vanishing section s provides a global trivialization of L. Clearly the
unique connection ∇ on L for which ∇s = 0 is the pullback of the standard flat connec-
tion on the trivial real bundle of rank 1.

Corollary 6.1.1. Let ω be a volume form on M (that is, a non-vanishing top form).
There exists a unique connection ∇ on the determinant bundle for which ω is parallel.
The corresponding divergence div is defined by div(X)ω = LXω for all X ∈ X(M).

Proof. By theorem 6.1.2 there exists a unique connection ∇ on the determinant bundle
such that ∇ω = 0.

For any X ∈ X(M), by definition of the divergence associated to ∇ and since ∇ω = 0
we have

div(X)ω = (LX − ∇X)ω = LXω

and since ω is non-vanishing, this defines div(X).

Theorem 6.1.3. Let ∇ be an affine connection on M . ∇ induces a connection on the
determinant bundle of M and the corresponding divergence is given by

div(X) = tr(TX + ∇X)

for any X ∈ X(M), where the endomorphisms TX and ∇X are defined by

TXY := T (X, Y )
(∇X)Y := ∇YX

in particular, if ∇ is torsionless then div(X) = tr∇X = tr(Y → ∇YX).

Before proving this theorem, let us derive the expression of divergence in a coordinate
chart (U, x1, ..., xm) for a torsionless connection, in terms of the Christoffel symbols Γkij.
Using the coordinate expression for the covariant derivative of a vector field (equation
2.8), we see that for a vector field X with components

X =
m∑
i=1

X i∂i
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the components of ∇X are given by

(∇X)ij = ∂jX
i +

m∑
k=1

ΓijkXk

and from this, we obtain the following expression for the divergence:

div(X) =
m∑
i=1

∂iX i +
m∑
j=1

ΓiijXj

 . (6.4)

Proof of theorem 6.1.3. We also denote the connection on the determinant bundle by
∇. We fix X ∈ X(M) and ω ∈ Ωm(M). Given a point p ∈ M , we choose a local frame
(E1, ..., Em) defined on an open neighborhood of p. Using ∇XEi = TXEi+∇Ei

X+[X,Ei]
we compute

(∇Xω)(E1, ..., Em) = X(ω(E1, ..., Em)) −
m∑
i=1

ω(E1, ...,∇XEi, ..., Em)

=
(
X(ω(E1, ..., Em)) −

m∑
i=1

ω(E1, ..., [X,Ei], ..., Em)
)

−
m∑
i=1

ω(E1, ..., (TX + ∇X)Ei, ..., Em)

= [LX − tr(TX + ∇X)]ω(E1, ..., Em)

in the last equality we use the fact that for A ∈ End(TxM), (A · ωx) = −(trA)ωx
(example 1.1.4, (ii)). This shows that div(X) = tr(TX + ∇X).

Remark. Notice that at the intersection of these two special cases lie the equiaffine
manifolds.

Lastly let us take a look at isomorphisms of manifolds with divergence, which we call
divergence-preserving diffeomorphisms.

Definition 6.1.2 (Divergence-preserving diffeomorphisms). Let M , M ′ be smooth man-
ifolds, let ∇, ∇′ be connections on their respective determinant bundles. A diffeomor-
phism f : M → M ′ is said to be divergence-preserving if the isomorphism between
the determinant bundles of M and M ′ induced by f preserves their connections, in other
words if for all ω′ ∈ Ωm(M ′) and X ∈ X(M) we have

∇X(f ∗ω′) = f ∗(∇f∗Xω
′).

Of course, since connections on the determinant bundle of a manifold correspond to diver-
gences on said manifold, divergence-preserving diffeomorphism can equivalently be de-
fined via divergences (which justifies our nomenclature). To obtain such a definition, we
start by characterizating the pullback connection in terms of divergences.

153



Theorem 6.1.4. Let M , M ′ be smooth manifolds, let ∇′ be a connection on the deter-
minant bundle of M ′ with divergence div′, and let f : M → M ′ be a diffeomorphism. f
induces an isomorphism between the determinant bundles of M and M ′ and pulling ∇′

back along this isomorphism we obtain a connection ∇ on the determinant bundle of M
with divergence div. Then for all X ∈ X(M)

div(X) = div′(f∗X) ◦ f.

Proof. Let ω′ be a top form on M ′, by construction of the pullback connection we have

∇X(f ∗ω′) = f ∗(∇f∗Xω
′)

combining this with the naturality of the Lie derivative, we compute

div(X)f ∗ω′ = (LX − ∇X)f ∗ω′ = f ∗[(Lf∗X − ∇f∗X)ω′]
= (div(f∗X) ◦ f)f ∗ω′.

As a corollary we obtain the following:

Corollary 6.1.2. Let M , M ′ be smooth manifolds, let ∇, ∇′ be connections on their
respective determinant bundles and let div, div′ be their corresponding divergences.

Let f : M → M ′ be a diffeomorphism. The following two conditions are equivalent:

(i) f is divergence-preserving.

(ii) The divergences are preserved by f in the sense that for all X ∈ X(M) we have

div(X) = div′(f∗X) ◦ f.

Finally when parallel volume forms exist, they determine the connection on the determi-
nant bundle as stated in corollary 6.1.1, and we can naturally use them to characterize
pullback connections and divergence-preserving diffeomorphisms.

Theorem 6.1.5. As in theorem 6.1.4, let f : M → M ′ be a diffeomorphism, let ∇′

be a connection on the determinant bundle of M ′ and let ∇ be the connection on the
determinant bundle of M obtained by pulling ∇′ back along f .

Let ω′ be a parallel volume form on M ′. Then ∇ is the unique connection on the
determinant bundle of M for which f ∗ω′ is parallel.

Proof. By proposition 2.2.5, ∇′ω′ = 0 implies ∇f ∗ω′ = 0. Since f ∗ω′ is a volume form
on M , the theorem is then a consequence of corollary 6.1.1.
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Corollary 6.1.3. Let f : M → M ′ be a diffeomorphism, let ∇ and ∇′ be connections
on the determinant bundles of M and M ′ respectively and let ω′ be a parallel volume
form on M ′. Then f is divergence-preserving if and only if f ∗ω′ is parallel.

6.2 Divergence-preserving symmetries

Equipped the proper notions of divergence and divergence-preserving diffeomorphisms,
we begin the task which we assigned ourselves: showing that a torsionless connection
whose local symmetries are divergence-preserving verifies the odd Ledger conditions,
and that the converse holds when the connection is analytic and locally equiaffine. As
stated before, this section is but a repetition of D’Atri and Nickerson’s work [8], with
only the slight modifications required to recast it in an affine setting. We start with
some preliminary definitions.

Definition 6.2.1 (Normal balls). Let ∇ be an affine connection on a smooth manifold
M , and let p be a point of M . A normal ball centered at p is an open neighborhood
of U of p such that there exists normal coordinates (x1, ..., xm) centered at p whose
domain include U and in which U corresponds to the set B(p, δ) := {(x1, ..., xm) ∈
Rm|∑m

i=1(xi)2 < δ2} for some δ > 0. When working with normal balls, we will often
implicitly assume that a choice of such a normal coordinate system has been made.

Definition 6.2.2 (Connection with divergence-preserving symmetries). Let ∇ be an
affine connection on a smooth manifold M . We say that (M,∇) has divergence-
preserving local geodesic symmetries if for any point p of M there exists a normal
ball U centered at p such that sp : U → U is divergence-preserving, where sp denotes
the local geodesic symmetry with center p.

Before diving into the derivation of the Ledger curvature conditions, we briefly mention
an easy consequence of corollary 6.1.3 which will become useful in the next chapter.

Theorem 6.2.1. Let (M,∇) be an equiaffine manifold of dimension m with parallel
volume form ω. Then (M,∇) has divergence-preserving symmetries if and only if ω is
symmetric for ∇.

Proof. Assume that (M,∇) has divergence-preserving symmetries, and let p be a point
of M . Then there exists a normal ball U centered at p such that sp : U → U is
divergence-preserving. By corollary 6.1.3, s∗

pω|U is parallel, and since d(sp)p = −I we
have (s∗

pω)p = (−1)mωp. Thus we see that s∗
pω|U and (−1)mω|U are parallel volume

forms, defined on the connected open U , which coincide at the point p. This implies
s∗
pω|U = (−1)mω|U (proposition 4.4.1).
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The converse is an immediate consequence of corollary 6.1.3.

Let us now fix the following data: a torsionless affine connection ∇ on a smooth manifold
M , a point p ∈ M and a normal coordinate system (x1, ..., xm) centered at p together
with a normal ball U centered at p which corresponds to B(p, δ) for some δ > 0 in the
coordinates (x1, ..., xm), as in definition 6.2.1.

Definition 6.2.3 (Radial vector field). The radial vector field V on U is defined as
follows: given a point q ∈ U , let W := exp−1

p (q) so that γq : [0, 1] → U, t → expp(tW ) is
the geodesic joining p and q, then Vq := γ̇q(1), or equivalently Vq is obtained by parallel
transporting W along γq.

Proposition 6.2.1. Some immediate properties of the radial vector field:

(i) In the normal coordinate system, the radial vector field is expressed by

V =
m∑
i=1

xi∂i.

In particular, V is a smooth vector field.

(ii) Let J be an interval and let γ : J → U be a geodesic starting from p, that is such
that γ(0) = p. Then Vγ(t) = tγ̇(t) for all t ∈ J .

The introduction of the radial vector field is motivated by the following result:

Theorem 6.2.2. If the local geodesic symmetry sp : U → U is divergence-preserving,
then div(V ) is even in the sense that div(V ) = div(V ) ◦ sp. Conversely, if div(V ) is
even and if (M,∇) is locally equiaffine, then sp : U → U is divergence-preserving.

Proof. Assume that sp : U → U is divergence-preserving. By corollary 6.1.2 we have
div(V ) = div(sp∗V ) ◦ sp, thus it suffices to show that sp∗V = V . So let q be a point of
U and let γq : [0, 1] → U be the unique geodesic such that p = γq(0) and q = γq(1). We
have Vq = γ̇q(1), which allows us to compute

(sp∗V )sp(q) = d(sp)qVq = d

dt

∣∣∣∣∣
t=1

(sp ◦ γq)(t) = Vsp(q)

using the fact that (sp ◦ γq) is the geodesic joining p to sp(q) in the last equality. This
shows that sp∗V = V .

Conversely, assume that div(V ) = div(V )◦sp and that (M,∇) is locally equiaffine. Since
U is simply connected, there exists a parallel volume form ω defined over U by (iii) in
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corollary 3.2.1. In the normal coordinate system, we can write ω = ω̄dx1 ∧ ... ∧ dxm

for some non-vanishing smooth function ω̄ ∈ C∞(U). To show that sp : U → U is
divergence-preserving, we will start by showing that ω̄ is even (once again in the sense
that ω̄◦sp = ω̄) from this we will deduce that s∗

pω is parallel and conclude using corollary
6.1.3.

So let us show that ω̄ even. Using the coordinate expression of V given in point (i) of
proposition 6.2.1 we get V xi = xi from which we deduce LV dx

i = d(V xi) = dxi for all
1 ≤ i ≤ m. Combining this with ∇ω = 0 we obtain

div(V )ω = LV ω = (V ω̄)dx1 ∧ ... ∧ dxm + ω̄

(
m∑
i=1

dx1 ∧ ...LV dx
i ∧ ...dxm

)
= [mω̄ + V ω̄]dx1 ∧ ... ∧ dxm.

which implies
V ln(ω̄) = V ω̄

ω̄
= div(V ) −m.

and since div(V ) is even, V ln(ω̄) is even as well. Let q be a point of U , and let
γq : [0, 1] → U be the geodesic joining p to q as in the first paragraph. From Stokes’
theorem and (ii) in proposition 6.2.1 we get

ln(ω̄)(q) − ln(ω̄)(p) =
ˆ 1

0
γ∗
qd ln(ω̄) =

ˆ 1

0
dtγ̇q(t) ln(ω̄)

=
ˆ 1

0

dt

t
(V ln(ω̄))(γq(t)).

Using the fact that sp ◦ γq is the geodesic joining p to sp(q) and the fact that V ln(ω̄) is
even we obtain:

ln(ω̄)(sp(q)) − ln(ω̄)(p) =
ˆ 1

0

dt

t
(V ln(ω̄))(sp ◦ γq(t))

=
ˆ 1

0

dt

t
(V ln(ω̄))(γq(t))

= ln(ω̄)(q) − ln(ω̄)(p)

so that ln(ω̄) is even, which immediately implies that ω̄ is even.

We are now ready to conclude. For all 1 ≤ i ≤ m we have s∗
pdx

i = d(xi ◦ sp) = −dxi,
combining this with ω̄ ◦ sp = ω̄ we get

s∗
pω = (ω̄ ◦ sp)(s∗

pdx
1) ∧ ... ∧ (s∗

pdx
m)

= (−1)mω̄dx1 ∧ ... ∧ dxm

= (−1)mω
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so s∗
pω = (−1)mω is parallel.

Somewhat informally, the basic observation that will allow us to restate theorem 6.2.2
in terms of a sequence of curvature conditions is that in order for div(V ) to be even, it is
necessary for its derivatives of odd order to vanish, and that, conversely, the vanishing of
these odd derivatives is sufficient when the objects involved are analytic. This is made
precise in the proposition below:

Proposition 6.2.2.

(i) If div(V ) is even, then for any r ∈ 2N + 1 and any Xp ∈ TpM we have

0 = dr

dtr
div(V )(exp(tXp))

∣∣∣∣∣
t=0

. (6.5)

(ii) Conversely, if ∇ is analytic and if 6.5 is verified for all Xp ∈ TpM and r ∈ 2N+1,
then there exist a normal ball Ũ centered at p, contained in U and such that div(V )
restricted to Ũ is even.

Proof. (i) Let Xp ∈ TpM and choose ϵ > 0 such that exp(tXp) is well-defined and belongs
to U for all −ϵ < t < ϵ. Since sp ◦ exp(tXp) = exp(−tXp) for all −ϵ < t < ϵ, and since
div(V ) is even, the map ] − ϵ, ϵ[→ R, t → (div(V ))(exp(tXp)) is even and its derivatives
of odd order must vanish at zero.

To prove (ii) we switch fully to the normal coordinate system (x1, ..., xm). In coordinates
div(V ) ∈ C∞(U) is represented by a smooth map B(p, δ) → R which we also call div(V )
and sp is represented by −I : B(p, δ) → B(p, δ), (x1, ..., xm) → (−x1, ...,−xm) so div(V )
is even on a normal ball B ⊆ B(p, δ) if and only if div(V )(x) = div(V )(−x) for all
x ∈ B.

Observe first that if (M,∇) is analytic, then div(V ) is analytic. Indeed, putting together
the coordinate expression for the divergence (equation 6.4) with that of the radial vector
field (proposition 6.2.1 (i)) we see that

div(V ) = m+
m∑

i,j=1
Γiijxj

and by corollary B.0.1 and theorem B.0.1 the Christoffel symbols of ∇ in normal charts
are analytic.

Consequently there exists a power series ∑α∈Nm aαx
α converging absolutely on B(p, η)

for some 0 < η < δ such that div(V )(x) = ∑
α∈Nm aαx

α for all x ∈ B(p, η) (here we use
the multi-index notation xα = xα1

1 ...xαm
m for α ∈ Nm and x ∈ Rm).
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For x ∈ Rm with 1 = |x|2 = ∑m
i=1(xi)2, corresponding to Xp = ∑m

i=1 x
i∂i|p, the geodesic

t → exp(tXp) is represented by t → (tx1, ..., txm) in coordinates, so for all t ∈] − η, η[
we get

div(V )(exp(tXp)) = div(V )(tx) =
∞∑
k=0

tk

 ∑
|α|=k

aαx
α


where |α| := ∑m

i=1 αi, and 6.5 gives us 0 = ∑
|α|=r aαx

α for all r ∈ 2N + 1 and all
x ∈ S(p, 1) := {x ∈ Rm|1 = |x|2}. Thus, if we fix r ∈ 2N + 1, we see that the
homogeneous polynomial of degree r in m variables Qr(x) := ∑

|α|=r aαx
α vanishes,

which implies aα = 0 whenever |α| = r.

Consequently all the terms of odd degree in the power series of div(V ) vanish and on
the normal ball B(p, η), div(V )(x) = ∑∞

k=0
∑

|α|=2k aαx
α is even.

With proposition 6.2.2 in hand, our final task in the derivation of the odd Ledger con-
ditions is reformulating 6.5 in terms of R, the curvature tensor of ∇. Making use of
the torsionless hypothesis on the connection ∇, we start by reexpressing div(V ) using
the formula given in theorem 6.1.3 for the divergence associated to an affine connection.
Following [8] and [9] we introduce the notation

Notation 6.2.1. Λ := ∇V ∈ Γ(U,End(TM)), so Λ(Y ) = ∇Y V for all Y ∈ X(U). We
have div(V ) = trΛ (theorem 6.1.3).

We can immediately observe that
Λp = I. (6.6)

Indeed for Xp ∈ TpM , let γ be the geodesic through p such that γ̇(0) = Xp we
have

Λp(Xp) = ∇XpV = ∇γ̇(tγ̇)|t=0 = γ̇(0) = Xp.

We fix Xp ∈ TpM and ϵ > 0 such that the geodesic γ :] − ϵ, ϵ[→ U, t → exp(tXp) is
well-defined and takes value in U . From now on we work along γ, that is on the pullback
bundle γ∗TM equipped with the pullback connection, and its tensor bundles (Note: in
what follows we often denote a tensor field over M and its pullback along γ by the same
symbol. So for example we write R instead of γ∗R).

Along γ we define the field of endomorphisms Π := R(γ̇,−)γ̇, so for −ϵ < t < ϵ
and Y ∈ Tγ(t)M , ΠtY = Rγ(t)(γ̇(t), Y )γ̇(t). The core equation relating Π and Λ
is:

t∇γ̇Λ = Λ − Λ ◦ Λ + t2Π (6.7)

Proof of 6.7. Let Y be a vector field on U . Using (ii) in proposition 6.2.1 we get

t2Π(Y ) = R(V, Y )V = ∇V ∇Y V − ∇Y ∇V V − ∇[V,Y ]V. (6.8)
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Along γ we have
∇V V = t∇γ̇(tX) = tX = V

(in fact since this is valid along any geodesic through p, we have ∇V V = V on U) and
6.8 can be rewritten

t2Π(Y ) = ∇V ∇Y V − ∇Y V − ∇[V,Y ]V. (6.9)

On the other hand we can also compute

(∇V Λ)(Y ) = ∇V (Λ(Y )) − Λ(∇V Y ) = ∇V ∇Y V − ∇∇V Y V (6.10)

and
(Λ ◦ Λ)(Y ) = ∇∇Y V V. (6.11)

Combining 6.10 and 6.12 we get

(∇V Λ)(Y ) + (Λ ◦ Λ)(Y ) − Λ(Y ) = ∇V ∇Y V − ∇Y V − ∇∇V Y−∇Y V V

= ∇V ∇Y V − ∇Y V − ∇[V,Y ]V
(6.12)

where we once again we use the fact that ∇ is without torsion. Comparing 6.9 and 6.12
we get

t2Π(Y ) = (∇V Λ)(Y ) + (Λ ◦ Λ)(Y ) − Λ(Y )

and finally obtain 6.7 after noticing

∇V Λ = t∇γ̇Λ.

Reasoning inductively from 6.6 and 6.7 we will obtain an expression for the derivatives
of trΛ = div(V ).

Applying ∇γ̇ to 6.7 we get

t∇2
γ̇Λ + ∇γ̇Λ = ∇γ̇Λ − ∇γ̇Λ ◦ Λ − Λ ◦ ∇γ̇Λ + t2∇γ̇Π + 2tΠ.

which combined with 6.6 implies
∇γ̇Λ|0 = 0. (6.13)

If we keep applying ∇γ̇ to 6.7 repeatedly and use 6.6 as well as 6.13 we obtain for all
r ≥ 2

∇r
γ̇Λ|0 = P r|0 (6.14)

where the endomorphism fields P r, r = 2, 3, ... are defined by the recurrence for-
mula

(r + 1)P r = r(r − 1)∇r−2
γ̇ Π −

r−2∑
q=2

(
r

q

)
P q ◦ P r−q (6.15)
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which defines the Ledger curvature conditions. An alternative expression one can obtain
for P r, r = 2, 3, ... from this recurrence formula is

P r =
∑

cri1...ik∇i1
γ̇ Π ◦ ... ◦ ∇ik

γ̇ Π (6.16)

where we sum over 1 ≤ k ≤ ⌊r/2⌋, ij ≥ 0 such that r = i1 + ...+ ik + 2k. The constants
cri1...ik are defined recursively over the same range of indices by

cri1 = r(r − 1)
r + 1

for k = 1, and for k > 1 by

cri1...ik = − 1
r + 1

k−1∑
j=1

(
r

qj

)
c
qj

i1...ijc
r−qj

ij+1...ik

with qj = i1+...+ij+2j. This second expression will be of use to us later. Since

dr

dtr
(trΛ ◦ γ)(t) = (tr∇r

γ̇Λ)(t)

by putting together 6.14, proposition 6.2.2 and theorem 6.2.2 we finally obtain the main
result of this section:

Theorem 6.2.3. If the local geodesic symmetry sp : U → U is divergence-preserving
then the odd Ledger conditions are verified at p, by which we mean that

trP r|0 = 0

for r ∈ 2N + 1 and all choices of Xp ∈ TpM . Conversely if (M,∇) is analytic, locally
equiaffine and satisfies the odd Ledger conditions at p, then there exists a normal ball Ũ
centered at p, contained in U and such that sp : Ũ → Ũ is divergence-preserving.

Corollary 6.2.1. Let ∇ be a torsionless affine connection on ∇. If (M,∇) has divergence-
preserving local geodesic symmetries, then it satisfies the odd Ledger conditions (at every
point of M). Conversely, if (M,∇) is analytic, locally equiaffine and satisfies the odd
Ledger conditions, then (M,∇) has divergence-preserving local geodesic symmetries.

Corollary 6.2.2. Let ∇ be a torsionless equiaffine analytic connection over an analytic
manifold M with parallel volume form ω. Then ω is symmetric if and only if (M,∇)
satisfies all odd Ledger conditions.

Remark. We can label the Ledger conditions by (Lr) for r ≥ 2 and say for example that
a manifold M with an affine connection ∇ satisfies (L22) at a point p ∈ M if

trP 22|0 = 0
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for all choices of Xp ∈ TpM .

Using ∇γ̇ γ̇ = 0 and reasoning inductively from the definition Π = R(γ̇,−)γ̇ we get the
following expressions for ∇r

γ̇Π:

Proposition 6.2.3.

(i) For r ≥ 0, ∇r
γ̇Π = (∇r

γ̇R)(γ̇,−)γ̇ = (∇rR)(γ̇,−; γ̇, ..., γ̇)γ̇.

(ii) In particular for r ≥ 0, ∇r
γ̇Π|0 = (∇rR)p(Xp,−;Xp, ..., Xp)Xp.

Remark. The difference between the last two expressions in (i) is not merely cosmetic,
∇r
γ̇R, r = 0, 1, ... are tensor fields of type (1, 3) along γ defined by ∇r+1

γ̇ R := ∇γ̇∇r
γ̇R

(and ∇0
γ̇R := R ◦ γ) while ∇rR, r = 0, 1, ... are tensor fields of type (1, 3 + r) on M

defined by ∇r+1R := ∇∇rR (and ∇0R := R), and the last equality in (i) does not hold
for an arbitrary curve on M (one that is not a geodesic).

By injecting (ii) into 6.16 (evaluated at 0) we can obtain an invariant version of the
Ledger conditions. Notably, the invariant form of (L3) is particularly simple.

Theorem 6.2.4. Let M be a manifold with an affine connetion ∇. Then (M,∇) satisfies
(L3) if and only if for all vector fields X on M ,

(∇Xr)(X,X) = 0.

In particular, if ∇ is locally equiaffine (i.e. has symmetric Ricci curvature), then (M,∇)
satisfies (L3) if and only if it has cyclic parallel Ricci curvature.

Proof. Using the recurrence formula 6.15 for the operators P r, we get P 3 = 3
2∇γ̇Π.

Combining this with proposition 6.2.3, we see that (L3) is equivalent to

0 = trPX = (∇Xr)(X,X)

for all X ∈ X(M), where PX := (∇XR)(X,−)X is the operator we introduced in
theorem 3.3.6 (the necessary curvature condition for a tensor to be symmetric). On a
locally equiaffine manifold (i.e. a an affinely connected manifold with symmetric Ricci
curvature), this is equivalent to requiring that the Ricci tensor be cyclic parallel (see
proposition 3.3.5).
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Chapter 7

Preferred connections on symplectic
surfaces

Here we turn our attention to symplectic surfaces (2-dimensional symplectic manifolds)
equipped with symplectic connections that satisfy the (L3) condition, so-called preferred
symplectic connections (a nomenclature specific to the symplectic setting introduced by
Cahen). Our objective is to show through a family of counter-examples, constructed by
Bourgeois and Cahen in their general study of preferred symplectic connections [6], that
there exist symplectic connections of type S which are not locally symmetric, thereby
showing that the most obvious generalization of the Sekigawa-Vanhecke theorem to the
symplectic (i.e. not necessarily Kähler) setting does not hold. We will be able to leverage
our work on manifolds with divergence-preserving symmetries. Indeed, on a surface, a
symplectic form is a volume form, so that a symplectic connection is of type S if and
only if it has divergence-preserving local symmetries.

7.1 Odd Ledger conditions

As seen earlier, symplectic connections of type S are necessarily preferred, making pre-
ferred connections a natural subject of study in the context of this thesis. What makes
symplectic surfaces with preferred connections particulary interesting in view of 6.2 is
the fact that they satsify all Ledger conditions of odd order, not just (L3). Showing this
is the object of this section, and of fundamental importance in this task is the fact that
the curvature tensor of a symplectic connection on a symplectic surface is determined by
its Ricci curvature tensor. This property characterizes the broader class of symplectic
connections of Ricci-type, which were also studied quite thoroughly by Cahen (see [5]
section 4 for a detailed account).

Theorem 7.1.1. Let (M,ω) be a symplectic surface, and let ∇ be a symplectic connec-
tion on (M,ω). Then

R = −ω ⊗ r
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or equivalently
R = ω ⊗ ρ

where ρ ∈ Γ(End(TM)) is the Ricci endomorphism defined by ω(X, ρY ) := r(X, Y )
∀X, Y ∈ X(M).

Proof. Since M is 2-dimensional, the symplectic form ω is a volume form on M and we
have

r(Z, T )ω(X, Y ) = tr(R(Z,−)T )ω(X, Y ) = ω(R(Z,X)T, Y ) + ω(X,R(Z, Y )T )
= R(Z,X, T, Y ) −R(Z, Y, T,X) = R(Z,X, Y, T ) +R(Y, Z,X, T )
= −R(X, Y, Z, T )

where use the symmetries of the symplectic curvature (theorem 4.2.4). In particular,
Bianchi’s first identity in used in the last equality.

Theorem 7.1.2. Let (M,ω) be a symplectic surface equipped with a preferred connection
∇. Then (M,∇) verifies the odd Ledger conditions.

Proof. Let p be a point of M , let Xp ∈ TpM and take ϵ > 0 such that γ :] − ϵ, ϵ[→
M, t → exp(tXp) is well-defined.

Reproducing section 6.2 we define the endomorphism field Π := R(γ̇,−)γ̇ along γ, as
well as the sequence of endomorphism fields P r, r = 2, 3, ... by the recurrence formula
6.16 (or equivalently by formula 6.15). The core observation is the following: for q ≥ 1
and j ≥ 0

∇j
γ̇Π ◦ ∇q

γ̇Π = 0 (7.1)

which we prove in four steps:

1. Using R = ω ⊗ ρ (theorem 7.1.1), ∇ω = 0 and ∇γ̇ γ̇ = 0, we get

∇j
γ̇Π = ω(γ̇,−)(∇j

γ̇ρ)γ̇ (7.2)

for all j ≥ 0.

2. By definition of a preferred connection, (∇γ̇r)(γ̇, γ̇) = 0. Combining this with
∇γ̇ γ̇ = 0, we deduce

(∇q
γ̇r)(γ̇, γ̇) = 0 (7.3)

for all q ≥ 1.

3. Using ∇ω = 0 once again, and r = ω(−, ρ−) we obtain

∇j
γ̇r = ω(−, (∇j

γ̇ρ)−) (7.4)

for all j ≥ 0.
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4. Let q ≥ 1 and j ≥ 0. Putting together 7.2, 7.3 and 7.4 we calculate

∇j
γ̇Π ◦ ∇q

γ̇Π = ω(γ̇,−)∇j
γ̇Π((∇q

γ̇ρ)γ̇)
= ω(γ̇,−)ω(γ̇, (∇q

γ̇ρ)γ̇)(∇j
γ̇ρ)γ̇

= ω(γ̇,−) (∇q
γ̇r)(γ̇, γ̇)︸ ︷︷ ︸

=0

(∇j
γ̇ρ)γ̇ = 0

Furthermore, for q ≥ 1 we have

tr∇q
γ̇Π = dq−1

dtq−1 tr∇γ̇Π = dq−1

dtq−1 (∇γ̇r)(γ̇, γ̇) = 0 (7.5)

We are now in a position to show that (M,∇) satisfies the odd Ledger conditions. By
definition, ∇ satisfies (L3) so we need only show that

trP r|0 = 0

for r ≥ 5. We start from formula 6.16, which we partially restate here for convenience

P r =
∑

cri1...ik∇i1
γ̇ Π ◦ ... ◦ ∇ik

γ̇ Π

where the summation is done over 1 ≤ k, 0 ≤ ij such that 2k + i1 + ... + ij = r. Fix r
odd with r ≥ 5, k ≥ 1 and ij ≥ 0 with r = i1 + ...+ ik + 2k. We will show that

tr(∇i1
γ̇ Π ◦ ... ◦ ∇ik

γ̇ Π) = 0 (7.6)

thus finishing the proof.

Case 1: if k = 1 then i1 = r − 2 ≥ 1 and 7.6 becomes

tr∇r−2
γ̇ Π = 0

which is a consequence of 7.5.

Case 2: if k ≥ 2, since r is odd we cannot have r = 2k so there must exist 1 ≤ j ≤ k
such that ij ≥ 1. By the cyclic property of the trace, we can assume without loss of
generality that j = 2. By 7.1 we have ∇i1

γ̇ Π ◦ ∇i2
γ̇ Π = 0 so that

tr(∇i1
γ̇ Π ◦ ∇i2

γ̇ Π ◦ ... ◦ ∇ik
γ̇ Π) = 0.

Corollary 7.1.1. Let M be an analytic surface, let ω be a smooth symplectic form on
M and let ∇ be a preferred symplectic connection on M which is also analytic. Then ∇
is of type S.
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Proof. ω is a parallel volume form on (M,∇), in particular (M,∇) is equiaffine, and
a symplectic connection is torsionless by definition so the result is a consequence of
corollary 6.2.2 and theorem 7.1.2.

Remark. Notice that we did not require ω to be analytic, nor does our proof require such
a hypothesis. In any case, as a parallel section for an analytic connection, ω is analytic.

7.2 A family of type S connections which are not locally
symmetric

The family of (geodesically complete) non-locally-symmetric preferred symplectic con-
nections on R2 constructed by Bourgeois and Cahen in section 11 of [6] constitutes a
class of non-locally-symmetric symplectic connections of type S. This is an immediate
consequence of corollary 7.1.1 once one observes that these connections are analytic for
the standard analytic structure on R2, and observing this poses no difficulty thanks to
the very explicit formulae derived by Bourgeois and Cahen.

These explicit formulae are obtained by introducing a function β and a 1-form u which
essentially control the geometry of a symplectic surface with preferred connection, as
summarized in the theorem below. The proofs of the different statements listed here
can be found in [6] (mainly section 5). See also [5] section 3.1 for a coordinate-free
formulation of some of the results in [6].

Theorem 7.2.1. Let (M,ω) be a symplectic surface equipped with a preferred connection
∇. Then

(i) There exists a 1-form u such that for all X, Y, Z ∈ X(M) one has

(∇Xr)(Y, Z) = ω(Y,X)u(Z) + ω(Z,X)u(Y ).

(ii) There exists a function β such that

∇Xu = βω.

(iii) Defining the vector field ū by
i(ū)ω = u.

There exist real numbers A and B such that

r(ū, ū) = β2 +B

1
4tr[ρ

2] = β + A.
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(iv) Assume dβ ̸= 0 and let U = {p ∈ M |rp(ū, ū) ̸= 0}. Then the preferred connection
is given on U by

∇ūū = −βū
∇ūXβ = −βXβ

∇Xβ
Xβ = (β2 + 2Aβ −B)ū.

(7.7)

Conversely, given a 1-form u and a non-constant function β such that u(Xβ) =
β2 + B for some real number B, equation 7.7 defines a preferred symplectic con-
nection over U := {p ∈ M |β2 ̸= −B}.

(v) The symplectic connection ∇ is locally symmetric if and only if β = 0.

Let us now proceed with the construction of the examples. To avoid confusion between
coordinate indices and exponents we denote the coordinates of R2 by (x, y). We equip
R2 with its standard constant symplectic form ω0 = dx∧ dy. We choose real numbers A
and B with B > 0 and endow (R2, ω0) with the preferred symplectic connection induced
by the function β := y and the 1-form u := (y2 + B)dx = (β2 + B)dx, as described in
(iv) of theorem 7.2.1.

We easily computeXβ = ∂x and ū = −(y2+B)∂y. From this we verify that

u(Xβ) = y2 +B = β2 +B

ensuring that β and u do indeed induce a preferred connection ∇ on R2. Since B > 0,
β2 +B never vanishes, so ∇ is defined on the whole of R2. In accordance with theorem
7.2.1 (iv) the Christoffel symbols of ∇ are given by:

∇∂x∂x = −(y2 +B)(x2 + 2Ay −B)∂y
∇∂x∂y = ∇∂y∂x = y

y2 +B
∂x

∇∂y∂y = − y

y2 +B
∂y.

Clearly the Christoffel symbols are analytic, so ∇ is analytic (theorem B.0.1, appendix
B). Finally, since β = y is non-zero (with nowhere vanishing differential) by theorem
7.2.1 (v) (M,∇) is not locally symmetric.
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Conclusion

Our main objective was to determine whether non-locally-symmetric connections of
type S exist. We answered the question in the positive by providing a family of ex-
amples, an achievement we owe in (very) great part to the work of D’Atri and Nickerson
[8] on D’Atri spaces, and of Bourgeois and Cahen [6] on preferred symplectic connec-
tions.

On the journey that lead us to that point, we also showed that connections of type S
are preferred, gave a proof of the Sekigawa-Vanhecke theorem and used said theorem to
obtain examples of preferred symplectic connections that are not of type S. We intro-
duced the affine equivalents to D’Atri spaces in the form of torsionless affine connections
whose geodesic symmetries preserve the induced connection on the determinant bundle.
The latter were shown to satisfy all odd Ledger conditions, and in turn the odd Ledger
conditions were shown to be sufficient in the analytic, locally equiaffine case. To achieve
this we introduced a new notion of divergence on a manifold, equivalent to a choice of
connection on the determinant bundle.

Our work might be extended in a number of ways. The first point that comes to mind is
that we might attempt to determine whether all preferred connections over symplectic
surfaces are of type S. The fact that such connections satisfy all odd Ledger conditions
(leaving only analyticity as an obstacle) gives credence to an affirmative answer. The
work of Bourgeois and Cahen, who have more or less fully elucidated the geometry of
such connections, also renders this problem very tractable.

Another problem we could tackle is that of determining which symplectic connections
of Ricci-type (whose curvature is determined by the Ricci tensor - see [5]) are of type
S. Indeed, the fact that the curvature of a symplectic connection over a symplectic
surface is fully determined by its Ricci curvature played a key role in our computa-
tions.

One last obvious question is that of finding sufficient conditions for a symplectic con-
nection to be of type S in dimension greater than 2. One of the main limitations of our
derivation is the fact that the Ledger conditions arise for volume forms, which coincide
with symplectic forms only in dimension 2. We could attempt to proceed in a manner
similar to the one we used here: we could try to compute the power expansion of the
symplectic form in normal coordinates, and hope that this expansion admits a nice de-
scription in the form of a reasonably simple recurrence formula. The less certain, but
perhaps more exciting path would be to look for a sufficient condition that does not rely
on this method of radial power expansion.
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Appendix A

Distributions, foliations and the
Frobenius theorem

In this appendix we state the theorem of Frobenius, which establishes an equivalence
between foliations and involutive distributions, and recall the definitions necessary to
understand its statement. Our reference is [19] chapter 19 ’Distributions and Folia-
tions’.

Foliations arise whenever a smooth manifold is subdivided into a family of a submani-
folds (which are called leaves). One can think of the level sets of a function, the orbits
of a group action or the integral curves of a vector field. They are an essential tool in
differential geometry, and extremely interesting structures in their own right. They can
be defined through the notion of flat charts.

Definition A.0.1 (Flat charts). Let M be a smooth manifold of dimension m and let F
be a family of k-dimensional submanifolds of M . A chart (U, ϕ) onM is said to be flat for
F if ϕ(U) is a cube in Rm and if each submanifold in F intersects U in either the empty
set or a countable union of k-dimensional slices of the form xk+1 = ck+1, ..., xm = cm (for
a family of constants ck+1, ..., cm).

Definition A.0.2 (Foliations). A foliation of dimension k of M is a partition F of
M into a collection of connected, immersed k-dimensional submanifolds of M such that
any point of p is contained in the domain of a flat chart for F . We call elements of F
the leaves of the foliation.

One of the basic ideas behind the Frobenius theorem is that a foliation can be recovered
from the collection of spaces tangent to its leaves, which form a ’smooth’ family of sub-
spaces in the tangent bundle, in other words they form a distribution:

Definition A.0.3 (Distributions). Let M be a smooth manifold. A distribution of
rank k on M is a rank k subbundle D of TM . We denote by Γ(D) the space of sections
of D.
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By the subbundle criterion, a distribution of rank k on M is the data for each p ∈
M of a linear subspace Dp ⊆ TpM of dimension k, such that for any point p ∈
M , there exists a family of linearly independent smooth vector fields E1, ..., Ek de-
fined on an open neighborhood U of p such that for all q ∈ U , Dq is spanned by
E1(q), ..., Ek(q).

An element of Γ(D) is then simply a smooth vector field X on M such that Xp belongs
to Dp for all p ∈ M .

Example A.0.1. Let F be a foliation of dimension k of M . The collection of tangent
spaces of the leaves of F is a rank k distribution called the distribution tangent to
F .

The Frobenius theorem answers the question of which distributions are induced by fo-
liations. If a distribution is to arise as the distribution tangent to a foliation, there
must at least exist submaniolds to which the distribution is tangent (so-called integral
manifolds) at every point (locally). This leads to the notion of integrable distribu-
tions.

Definition A.0.4 (Integrable distributions). Let D be a rank k distribution on M . An
integral manifold of D is an immersed k-dimensional submanifold N ⊆ M such that
for all p ∈ N , TpN = Dp. A distribution is said to be integrable if any point p ∈ M is
contained in an integral manifold of D.

One (relatively) obvious necessary condition for a distribution to be integrable is invo-
lutivity. Given a submanifold N ⊆ M , a vector field X ∈ X(M) is said to be tangent
to N if Xp ∈ TpN for all p ∈ N . In that case X|N (the restriction of X to N) can
be identified (locally) with a vector field on N . In particular, this implies that for any
pair of vector fields X, Y ∈ X(M) tangent to N , [X, Y ] is tangent to N , leading to the
following:

Definition A.0.5 (Involutive distributions). A distribution D on M is said to be invo-
lutive if Γ(D) is a Lie subalgebra of X(M) for the usual Lie derivative of vector fields,
meaning that for any X, Y ∈ Γ(D), [X, Y ] is a section of D.

Theorem A.0.1. An integrable distribution is necessarily involutive.

So far, through a series of reasonably obvious steps we have arrived at the following
scheme:

Foliations =⇒ Integrable distributions ⊆ Involutive distributions

Foliations induce integrable distributions, and in turn integrable distributions are nec-
essarily involutive. The (very much not obvious) Frobenius theorem tells us that the
correspondence is one-to-one at every step.
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Theorem A.0.2 (Frobenius theorem). Let D be an involutive distribution on M . Then
there exists a unique foliation F of M whose tangent distribution is D. The leaves of F
are the maximal connected integral manifolds of D.

Remark. Implicit in that statement is the fact that, given an involutive distribution D
on M , any point of M is contained in a unique maximal connected integral manifold of
D.
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Appendix B

Analytic connections

In this appendix we define analytic connections on analytic manifolds, and present the
properties of analytic connections that are relevant to our work. Our references are [24]
and [12].

In perfect analogy with complex and smooth manifolds, analytic manifolds are con-
structed by providing an atlas whose transition maps are, as their name suggests, ana-
lytic.

So let us start with the definition of analytic functions.

Definition B.0.1. Let U be an open subset of Rm. A map

f : U → R

is said to be analytic if for any x0 ∈ U , there exists a power series∑
α∈Nm

aα(x− x0)α

which converges absolutely on a small ball B(x0, ϵ) (for some ϵ > 0) centered at x0 and
coincides with f on that ball. A map

f : U → Rn

is said to be analytic if each of its components are analytic in the above sense.

Proposition B.0.1. Sums, products, derivatives and compositions of analytic functions
are analytic.

From this the definition of analytic manifolds flows naturally.

Definition B.0.2. Let M be a smooth manifold. An analytic structure on M is a
maximal analytic atlas, that is an atlas whose transition maps are analytic, and which
is maximal for this properties. Equipped with such an analytic structure, M is called
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an analytic manifold, and the charts belonging to the maximal analytic atlas are called
analytic charts.

Example B.0.1.

(i) Rm possesses a standard analytic structure, the maximal analytic atlas consists of
all diffeomorphisms

ϕ : U ⊆ Rm → V ⊆ Rm

which are analytic in the sense of definition B.0.1. By extension, any finite-
dimensional real vector space V admits a canonical analytic structure.

(ii) Since any holomorphic map

f : U ⊆ Cm → V ⊆ Cn

is analytic, any complex manifold admits a canonical analytic structure.

We define analytic maps between analytic manifolds in the obvious way.

Definition B.0.3. Let M and N be two analytic manifolds (of respective dimensions
m and n). A map

f : M → N

is said to be analytic if for any analytic charts ϕ : U ⊆ M → Ũ ⊆ Rm and ψ : V ⊆ N →
Ṽ ⊆ Rn such that f(U) ⊆ V , the map

ψ ◦ f ◦ ϕ−1 : Ũ ⊆ Rm → Ṽ ⊆ Rn

is analytic. In particular an analytic map is always smooth.

Remark. By proposition B.0.1, analytic maps between analytic manifolds are stable by
composition.

Given an open subset U of an analytic manifold M , we denote the space of analytic
maps

f : U → R

by Cω(U) (where R is endowed with its standard analytic structure). By proposition
B.0.1, Cω(U) becomes an R-algebra (in particular a ring) when equipped with the ob-
vious sum and product(s).

Remark. To give a more explicit characterization: a map f : U → R is analytic if and
only if for any analytic chart ϕ : V → Ṽ ⊆ Rm with V ⊆ U , f ◦ ϕ−1 : Ṽ ⊆ Rm → R is
analytic in the sense of definition B.0.1.
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Most, if not all, objects from smooth geometry have their analytic counterpart. To define
these objects, two equivalent methods (at least) are available to us:

1. By way of their action on previously defined analytic objects (such as elements
of Cω(U)), by requiring that they preserve the analyticity of the objects they act
upon.

2. Through their components in analytic charts, by requiring that these components
be analytic.

Here we treat the case of vector fields and affine connections, as they are the objects
relevant to our work.

Definition B.0.4. A vector field X defined on an open subset U of an analytic manifold
M is analytic if for any open subset V ⊆ U and any f ∈ Cω(V ), Xf is analytic. We
denote the set of such vector fields by Xω(U).

Definition B.0.5. An affine connection ∇ on an analytic manifold M is analytic if for
any open U ⊆ M , and any X, Y ∈ Xω(U), ∇XY is analytic.

Theorem B.0.1. A vector field on an analytic manifold M is analytic if and only if its
components in any analytic chart are analytic. Similarly, an affine connection on M is
analytic if and only if its Christoffel symbols in any analytic chart are analytic.

Proof. Let X is an analytic vector field over U , and let (V, x1, ..., xm) be an analytic
chart with V ⊆ U . Then X is uniquely written X = ∑m

i=1 X
i∂i with X i = Xxi. For

each 1 ≤ i ≤ m, the map xi : U → R is analytic so X i = Xxi is analytic.

Conversely, let X be a vector field over U whose components in any analytic chart are
analytic, and let f be an analytic function over an open subset V ⊆ U . Then for any
p ∈ V , we can find an analytic chart (W,x1, ..., xm) defined on an open neighborhood
W of p contained in V , and X takes the form X = ∑m

i=1 X
i∂i over W , with X i analytic

for every 1 ≤ i ≤ m by hypothesis. Consequently

(Xf)|W =
m∑
i=1

X i∂if

is analytic by B.0.1. Since this holds for every p ∈ V , Xf is analytic.

The characterization of an analytic connection in terms of its Christoffel symbols is
proven in a similar manner, using the formulae

∇∂i
∂j =

m∑
k=1

Γkij∂k

∇XY =
m∑
k=1

 m∑
i=1

X i∂iY
k +

m∑
i,j=1

ΓkijX iY j

 ∂k
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together with the characterization of analytic vector fields we just established (notice
that the coordinate vector fields ∂i of an analytic chart (U, x1, ..., xm) are analytic).

The basic constructions of differential geometry (flows in particular) are proven to be
well-defined and smooth by relying on existence, uniqueness and regularity theorems in
the theory of ODE’s, and as such, these theorems play a key role in smooth geometry.
Thankfully, as the result below shows, these theorems extend to the analytic case which
means that, in that respect at least, the transition from smooth to analytic geometry
occurs without pain.

Theorem B.0.2 ([12] appendix 1 ’Ordinary linear differential equations’). Let f(t, y, s)
be a family of n functions defined in |t| < δ and (y, s) ∈ D, where D is an open subset
of Rn+m. If f(t, y, s) is continuous in t and differentiable of class C1 in y, then there
exists a unique family ϕ(t, η, s) of n functions defined in |t| < δ′ and (η, s) ∈ D′, where
0 < δ′ < δ and D′ is an open subset of D, such that

(i) ϕ(t, η, s) is differentiable of class C1 in t and η.

(ii) ∂ϕ
∂t

(t, η, s) = f(t, ϕ(t, η, s), s).

(iii) ϕ(0, η, s) = η.

If f(t, y, s) is differentiable of class Cp, 0 ≤ p ≤ ω, in t and of class Cq, 1 ≤ q ≤ ω in y
and s, then ϕ(t, η, s) is differentiable of class Cp+1 in t and of class Cq in η and s.

Proof. See [14] p. 42.

Most importantly for us, we can apply the previous theorem to the ODE used to define
geodesics

0 = γ̈k +
m∑

i,j=1
(Γkij ◦ γ)γ̇iγ̇j, k = 1, ...,m

(see section 3.3) whose coefficients are analytic when the connection and chart are ana-
lytic, and combine it with the inverse mapping theorem for real analytic functions (see
[14] p. 47) to obtain that the normal charts of an analytic connection are analytic, as
we would expect.

Corollary B.0.1. Let ∇ be an analytic connection on an analytic manifold M . Then
for any p ∈ M , and any normal neighborhood U of p, the diffeomorphism

exp : V ⊆ TpM → U

is analytic (where TpM is equipped with its standard analytic structure as a finite-
dimensional real vector space). In particular a normal coordinate system (U, x1, ..., xm)
centered at p is an analytic chart on M , and the Christoffel symbols of ∇ in such a chart
are analytic.
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