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Abstract

Constraint programming is a well known way to solve complex problems and especially problems
that can be modelled as an aggregation of multiple complex sub-problems. The branch & bound
based solving methods is helped by powerful propagation procedure, helping at the reducing of
the domains of the variable at each node of the search tree.

The solver OscaR implements different classes for each different types of constraint, each having
a specific propagator. The development of an effective OscaR constraint for the sub-problem
of the mincircuit (minimal Hamiltonian tour in a graph) requires effective bounding proce-
dures.

Based on mathematical models, two main iterative methods have been analysed. Both rely on
Lagrangian relaxation of the mathematical representation of the Travelling Salesman Problem.
The first considers the symmetric version of the TSP applied to a symmetric equivalent transfor-
mation of the asymmetric graph. The second is based on a transposition of the initial symmetric
method to asymmetric concepts directly.

The results say that from a strict theoretical point of view, both methods are equivalent and give
the same result as the linear relaxation (relaxation unpractical due to a number of constraint
growing in a factorial way with respect to the number of vertexes involved). But in practice, due
to the instability of the iterative method caused by the step size, the asymmetric based method
gives better results for a fixed given number of iterations. Concerning the time of execution of
both methods, as the symmetric version is based on a greedy quick optimised algorithm, it takes
less time to compute the wanted amount of iteration.
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Introduction

In our days, when efficiency drives the choices of humanity, optimisation is essential. Finding
the best way to act, the best path to take, the best things to choose,... all as cheaply as possible:
all these goals lead us to the field of optimisation. And a way to solve complex optimisation
problems is by using constraint programming.

Solving a problem with constraint programming is done by exploring a search space.

The constraint programming solver OscaR[11], written in the JVM language Scala[13], already
contains implementations for different specific high level constraints like knapsack, binpacking,
subgraph,. . . Each aims to solve different specific sub-problems. Another well known problem is
the Travelling Salesman Problem (or TSP in short) : a salesman, starting his day at the office,
has to go to each of his clients and, at the end of the day, needs to go back to his office, and he
wants to do it by driving the shortest distance. To build a specific constraint when this problem
is part of a more general one (it is called, in this case, the mincircuit constraint), we need
to find effective bounding procedures for the different variants of the problem (symmetric and
asymmetric).

This master’s thesis aims to create a specific constraint for mincircuit with different level
of consistency, and answer to the following big question : Is it useful to have two separate
implementations of the two versions of the TSP or can we just use a symmetric graph transform
of the asymmetric TSP and solve it with a symmetric approach?

All the code is free and available on
https://bitbucket.org/helene_verhaeghe/lingi2990-memoire-implem
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Chapter 1

Problem definition

First of all, as this master’s thesis is about graphs, if you are not fluent with graph theory
terms, you should begin by reading the appendix A which reminds some useful terms. If these
are already known, you can proceed.

This chapter introduces the actual problem of the mincircuit starting by redefining a well
known problem : the Travelling Salesman Problem. Formal mathematical definitions will be
given.

1.1 Formal definition of the Travelling Salesman Problem

The Travelling Salesman Problem [10] is defined as :

A salesman must visit each of n cities exactly once and then return to his starting
point. The time taken to travel from city i to city j is cij. Find the order in which
he should make his tour so as to finish as quickly as possible.

This could be more formally modelled as finding the minimal cost Hamiltonian cycle between
the n vertexes of the graph (representing the different cities) and given a set of possible edges
(representing the roads) with associated costs (representing the cost of the road : distance or
time, depending on what has to be minimised).

The same way there are two types of graph, there are two types of TSP, both resulting in
different mathematical formulations and different underlying meanings.

1.2 The symmetric TSP

The edges of a symmetric graph in the problem correspond, in the real world, to bidirectional
roads with equal cost in both directions. This can be considered as utopian since the travelling
cost between two towns may not be equal. Some concrete examples to illustrate it are :

• the length of the road for going from A to B could be much longer because of some work
on the road with a deviation on this side and not on the other side from B to A
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• the cost, by plane, for going from A to B could be more expensive than going from B to
A because of the use of different companies for examples

• a road could be one-way and thus couldn’t be taken in both directions

The linear mathematical formulation of the symmetric TSP is the following : Given the sym-
metric graph G = (V,E) defined by V , the set of vertexes, numbered from 1 to |V |, and E,
the set of edges defined as (i, j) with i ∈ V , one end, and j ∈ V , the other end of the edge (if
(i, j) ∈ E, (j, i) 6∈ E to avoid duplicates of edges), and cij ∀(i, j) ∈ E describing the cost of
taking the edge (i, j). A decision variable xij is associated to each edge (i, j) ∈ E, equal to 1 if
the edge is taken and 0 if not.

min
∑

i,j:(i,j)∈E
cijxij (1.1)

subject to
∑

j:(i,j)∈E
xij +

∑
j:(j,i)∈E

xji = 2 for i = 1, ..., |V | (1.2)

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for all S ⊂ V, 2 ≤ |S| ≤ |V | − 1 (1.3)

xij ∈ {0, 1} ∀(i, j) ∈ E (1.4)

Explanation of the model

First, let’s look at the variables (1.4). Each variable is associated to an edge of the graph and
represent its selection (value 1) or not (value 0).

Knowing that, we can understand the objective function (1.1) as the sum of the selected edges,
which is in fact the cost of the tour. As this is a minimisation, this means we search the minimal
cost tour.

The first constraint (1.2) ensures a first property of the tour : the number of edges is equal to
the number of vertexes. This can be proved by the graph property saying that knowing the
degrees of each node, the total number of edges is

∑
v∈V degreev

2 . In our case, the constraint

implies degreev = 2 ∀v ∈ V , which gives us
∑

v∈V degreev
2 =

∑
v∈V 2
2 = |V |.

The second constraint (1.3) ensures that each proper subset of vertexes doesn’t have more than
|S|−1 edges between them. This implies that no sub-cycles can be found. As a cycle of n nodes
needs n edges, for a given subset size, the constraint ensures no cycle of this size exists. And
as the constraint needs to be respected for each proper subset size of the graph this ensures no
cycle of size less than |V | exists. This leads us to only one possible arrangement of the |V | edges
ensured by (1.2) : a single cycle of size |V |.

1.3 The asymmetric TSP

When an asymmetric graph is used, the edges of the graph correspond to unidirectional roads
with their own costs. If a bidirectional road must be modelled, it is done with two edges in
opposite ways, each with the same associated cost.
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The mathematical formulation of the asymmetric TSP is the following : given the asymmetric
graph G = (V,E) defined by V , the set of vertexes, numbered from 1 to |V |, and E, the set
of edges defined as (i, j) with i ∈ V the source and j ∈ V the destination of the edge, and cij

∀(i, j) ∈ E describing the cost of taking the edge (i, j). A decision variable xij is associated to
each edge (i, j) ∈ E, equal to 1 if the edge is taken and 0 if not.

min
∑

i,j:(i,j)∈E
cijxij (1.5)

subject to
∑

j:(i,j)∈E
xij = 1 for i = 1, ..., |V | (1.6)

∑
i:(i,j)∈E

xij = 1 for j = 1, ..., |V | (1.7)

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for all S ⊂ V, 2 ≤ |S| ≤ |V | − 1 (1.8)

xij ∈ {0, 1} ∀(i, j) ∈ E (1.9)

Explanation of the model and differences with the symmetric model

This model contains still one decision variable associated to each edge (1.9), the same objec-
tive function (1.5) minimising the cost of the tour formed by the selected edges and the same
constraint avoiding sub-tours of size strictly smaller than |V |.

The only change is in the degree constraint ((1.6) & (1.7)). As the tour is now directed, instead
of constraining the global degree of the node to two, the in and out-degree are separately
constrained to 1. This will force only one entering edge and only one outgoing edge at each
node.

1.4 Usability of the models

These models seem rather simple when just laid down on paper. In fact the constraint excluding
sub-tours ((1.3) & (1.8)) makes these models unpractical. This type of constraint is in fact
combinatorial [10] since it has to be valid for each proper subset of the whole set of nodes.

Computing the number of constraints generated by this notation is made by computing the
number of proper subsets with at least two nodes. The number of proper subsets of size k is
given by the combinatorial formula

Ck|V | =
(
|V |
k

)
= |V |!
k!(|V | − k)!

As a constraint is generated for all proper subsets, the total number of constraints generated is
given by :

|V |−1∑
k=2

Ck|V | =
|V |−1∑
k=2

|V |!
k!(|V | − k)! ≥

|V |−1∑
k=2
|V |! = (|V | − 2)|V |! = (O)(|V |!)
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Figure 1.1: Comparison of different order of complexity

When comparing with other complexity orders (Fig.1.1), it can easily seen that the number of
constraints generated become quickly unmanageable with this combinatorial formulation. This
is why the solving based on the linear model is badly scalable.

1.5 Solving the linear model

However, the model is used in practice by the dedicated TSP solver Concorde [4] which solves
the problem by branch & cut [10].

Branch & cut is based on a branch & bound algorithm. Instead of a fast re-optimisation at
each node, the work is focused on finding the tightest dual bound by using cuts, improved
formulations and also with preprocessing. This allow earliest cut of the search tree but has a
largest computation cost than the branch & bound.
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Chapter 2

Constraint Programming

Constraint programming [6] [12] is one of the most efficient techniques used to solve problems
composed of multiple sub-problems of different types. In this chapter, the basics of constraint
programming will be explained. The usefulness of finding good bounding procedures to the
mincircuit problem will also be detailed.

2.1 Definition and usefulness of constraint programming

Constraint programming is a programming paradigm used to solve constraint satisfaction prob-
lems (CSP) and constraint optimisation problems (COP).

Definition - 2.1.1 (CSP) A constraint satisfaction problem is composed of variables (each
having their set of possible values, called the domain of the variable) and a set of constraints
(proprieties involving the values of a subset of the variables). A solution of the CSP is an
assignment of the variables (with value from their domain) satisfying all the constraints.

Definition - 2.1.2 (COP) A constraint optimisation problem is a CSP with an additional
optimality constraint added (maximising or minimising a function called the objective function).
The solution is now an assignment of the variables satisfying all the constraints and giving the
best possible value of the objective function.

As it can be seen, COP’s are harder to solve since the goal isn’t to find a satisfying solution but
the best one.

The search space of a/the solution to a problem can be seen as a tree where each leaf corre-
sponds to an assignment of the variable to some values and each node is a sub-problem of its
parent.

The exploration of a search space begins with the root and will be done in a depth-first way,
with a succession of two steps at each node :

1. a filtering step

2. a decision step

6



2.1.1 Filtering step

The filtering step removes values of the domains to make the constraints consistent with respect
to the domain store.

Definition - 2.1.3 (Consistency) A constraint is consistent with respect to the domain store
if the values of the domain could be part of a solution of the constraint taken apart. Two main
kinds of consistency exist :

• Domain-consistency : every single value of a domain can be part of a solution of the
constraint.

• Bound-consistency : the upper and lower bound (max and min values) of the domain can
be part of a solution of the constraint.

For bigger and harder problems (such as NP-hard problem), the consistency applied is weaker
and more specific to the problem.

The removal of the values is done by the fix-point algorithm (List.2.1). It will apply pruning on
values until all the constraints are consistent.

Listing 2.1: Pseudo-code of the fix-point algorithm
1 repeat until no values can be removed from domains
2 select a constraint c not consistent with respect to the domain ←↩

store
3 apply pruning on c
4 return ok

When the level of consistency chosen is ensured for every constraint, the validity of the current
node is checked. If there is a variable with an empty domain, this means with certainty that
the current branch of the search tree contains no solution at all. There is no need to continue
the exploration and the search on this node can be stopped. The search then goes back on
an unexplored node by backtracking to a previous state and continues the exploration of this
previous state.

The pseudo-code of the full filtering step is written down in List.2.2.

Listing 2.2: Pseudo-code of the filtering step
1 fix -point algorithm
2 if ( exists variable with empty domain )
3 backtrack to previous state
4 else
5 continue with decision step

7



2.1.2 Decision step

The decision part consists of choosing the next branching step, the next decision of the explo-
ration. Many branching strategies can be used :

• binary labelling : a variable and a value of its domain are chosen, the first branch will try
the assignation of this value to the variable, and the second branch will try the removal of
the value from its domain

• n-ary labelling : a variable is chosen and a branch will be created for each of its values of
its domain, each one trying the assignation assigning the value to the variable

• domain splitting : a variable and a value of its domain are chosen, the first branch will
restrain the domain of the variable to the values smaller or equal to the value chosen and
the second branch will restraint the domain to the values strictly higher

Other branching strategies exist. The only thing to remember is that the decision should split
the problems into some sub-problem without loosing any potential solution (the union of the
solutions of the sub-problems should be the whole solutions of the problem).

To choose the variable and the value, the naive way would be by taking them in lexical order.
But a better choice can be made by following heuristics (decision guidelines that aim to result
in a better pruning and thus a reduced search tree) :

• first-fail heuristic on the variables : it is better to choose a variable with the smallest
domain, if there are no solutions on the sub-tree, it will be sooner pruned since there are
less values to try for the variable

• best chance heuristic on the values : as we want to find a value as quickly as possible, the
best is to choose the values that reduces the least the domains

The combination of these two heuristics generally gives good results, but depending on the
problem, other more specific heuristics can be used.

When the decisions are settled, the search will be able to continue (List.2.3).

Listing 2.3: Pseudo-code of the decision step
1 for ( decision in decisions )
2 apply decision to domain store
3 continue with filtering
4 if (got a solution ) // each variables assigned
5 return the solution
6 else
7 backtrack decision

8



2.1.3 Optimality pruning for COP

When the problem to solve is a COP, optimality pruning can be applied. The same concept is
used with Branch & Bound in discrete mathematics [10]. At every node, we compute a bound
(lower or upper) of the objective function. At every step we keep a best-so-far solution which
is the best solution found so far (which can be initially set as the first easy solution to the
problem). We compare the bound and the best-so-far solution to decide if the node can or
can not be pruned. If a new solution better than the best-so-far is found, we keep it as new
best-so-far.

Let’s take the case of minimising a function. If we arrive at a node with lower bound higher
than the best-so-far solution, we know that there is really no need to explore it. This is ensured
by the fact that all solutions of this sub-tree will have a value higher than the lower bound, and
thus lower than the minimum so far. This proves that solutions with lower values don’t exist in
this sub-tree.

The pseudo-code of the complete filtering step with the addition of optimality pruning is written
down at List.2.4.

Listing 2.4: Pseudo-code of the filtering step with optimality prunning (for a minimising prob-
lem)

1 fix -point algorithm
2 if ( exists variable with empty domain )
3 backtrack to previous state
4 else if (lower bound > best -so -far)
5 backtrack to previous state
6 else
7 continue

2.1.4 Example

The following example will explain the steps made by the constraint programming solver to
solve the following CSP :

• Variables and their domains : x = {0, 1, 2, 3}, y = {0, 1, 2, 3}, z = {0, 1, 2, 3}

• Constraints :

– AllDifferent(x, y, z) : constraints the values of the variables to be different from
each other

– x+ y = z : constraint linking the value of the variables

The next decision will always be to take the first variable (in lexical order) unassigned (with
one value in the domain) and apply a binary labelling with the smallest value still present in its
domain.

To find all the solutions, the following steps will be taken by the solver :
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x = {0, 1, 2, 3}
y = {0, 1, 2, 3}
z = {0, 1, 2, 3}

x = {0, 1, 2, 3}
y = {0, 1, 2, 3}
z = {0, 1, 2, 3}

x = {0}
y = {0, 1, 2, 3}
z = {0, 1, 2, 3}

Fig.2.2

filter

x = 0
x = {1, 2, 3}

y = {0, 1, 2, 3}
z = {0, 1, 2, 3}

Fig.2.3

filter

x 6= 0

filter

Figure 2.1: Example of the solving of a simple problem with CP (first decision)

Fig.2.1

x = {0}
y = {1, 2, 3}
z = {1, 2, 3}

x = {0}
y = {1}

z = {1, 2, 3}

x = {0}
y = {1} z = ∅

No sol

filter

y = 1
x = {0}

y = {2, 3}
z = {1, 2, 3}

x = {0}
y = {2, 3}
z = {2, 3}

x = {0}
y = {2}

z = {2, 3}

x = {0}
y = {2} z = ∅

No sol

filter

y = 2
x = {0}
y = {3}

z = {2, 3}

x = {0}
y = {3} z = ∅

No sol

filter

y 6= 2

filter

y 6= 1

filter

Figure 2.2: Left subtree of Fig.2.1 (decision x == 0)
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y = {0, 1, 2}
z = {1, 2, 3}

x = {1}
y = {2}
z = {3}

Sol

filter

x = 1
x = {2, 3}

y = {0, 1, 2}
z = {1, 2, 3}

x = {2, 3}
y = {0, 1}
z = {2, 3}

x = {2}
y = {0, 1}
z = {2, 3}

x = {2}
y = {1}
z = {3}

Sol

filter

x = 2
x = {3}

y = {0, 1}
z = {2, 3}

x = {3} y = ∅
z = {2, 3}

No sol

filter

x 6= 2

filter

x 6= 1

filter

Figure 2.3: Right subtree of Fig.2.1 (decision x! = 0)
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1. Start (Fig.2.1) the fix point algorithm with the root (the initial problem)

2. Apply a first filtering : as for both constraints, all values of the variables are part of a
solution for the isolated constraint, no values are removed

3. Then the first decision is made : the first unbound variable is x and its smallest value is
0. The decision is thus to assign 0 to x

4. The search will try the first decision (x == 0) and apply filtering on the new sub-problem
(Fig.2.2) : as the value 0 was taken by x, following the alldifferent constraint, this value
can’t be taken by the other variables, so it is removed from the domains. Concerning the
sum constraint, as every combination of values is still viable, no other value is removed

5. As the problem is still not a solution neither a dead end, a new decision is taken, this time
on y with the value 1

6. The filtering is done : 1 is removed from the domain of z because of the alldifferent
constraint. Then, after looking at the second constraint (which is now 0 + 1 = z because
of the assignment), we can clearly see that the values 2 and 3 should be removed from the
domain of z. This lead us with an empty domain.

7. A backtracking is needed and will be done up to the last decision with unexplored branches
(here the decision of assigning 1 to y) and the state before the decision will be recovered.
Then the other branch will be explored (y! = 1)

8. It will continue the same way until the whole tree is explored (Fig.2.3). Two solutions are
finally found : x = 1, y = 2, z = 3 and x = 2, y = 1, z = 3

2.2 Constraint object and propagators

The previous example shows the global process of the solving. But how exactly, do the con-
straints know which value to remove from the domains?

When modelling the problem, the different constraints are differentiated, each of them having
their own specific filtering procedures called propagators and each propagator having a different
level of consistency. The user can choose the level used at the definition of the constraint.

Concerning the computation time, the strongest the consistency asked, the more computation
is needed, but more values are removed from the domains. The therefore user has to make the
good balance. Following the problem, it can be more useful to apply a strong complexity to
some constraints because they impact many aspects of the problem and therefore implies more
pruning on other constraints. For others, the cost to remove all the useless values can be too
high for the number of values removed at each propagation, so that it isn’t worth using such a
big tool as the strongest consistency. As this depends on the context, this choice is left to the
programmer.

As they are specifics for each constraint type, the propagators know exactly, following the
constraint, how to check if a value can still be part of a solution. Designing a new constraint
then requires to create at least one propagator.
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2.3 The mincircuit constraint

As well as there exist specific constraints for other well-known problems, allowing them to be
used as sub-problem, we want to have a specific constraint for the TSP also usable as sub-
problem. This constraint is called the mincircuit and ensures a Hamiltonian tour on the given
graph.

The creation of this variable will require to model the tour and to write down bounding pro-
cedures for the cost. The modelling of the tour can be based on the already existing circuit
constraint modelling an Hamiltonian tour : n decision variables, each associated to a vertex and
containing its successor in the tour. The main propagation decision will imply the update of the
bounds of the domain of the cost variable. As the goal is to minimise the cost of the tour, there
is no need to define a precise upper-bound procedure. Taking the sum of the most expensive
out-edge for each node can be the easiest way to do it. Concerning the lower bound, different
strength of lower bounding procedure could be implemented. Ideally, the strongest bound would
compute the exact value of the minimum tour in the graph, but in practice this would take too
much time.
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Chapter 3

TSP lower bounds

This chapter describes some algorithms known to find a lower bound on the minimum circuit
over a graph. Most of them concern symmetric/undirected graphs.

3.1 Lower bound for both types of graphs

3.1.1 Relaxation by removing a constraint

An easy way to have a relaxation is to drop completely a constraint. This is what is done when
using the assignment problem as a relaxation of the TSP.

The assignment problem is defined [10] [8] as assigning one job to one worker, each worker
having only one job and each job being done by only one worker. A cost is associated to each
(worker,job) pair. The goal is to minimise the total cost.

The mathematical model of the assignment problem is

min
n∑
i=1

n∑
j=1

cijxij

subject to
n∑
j=1

xij = 1 for i = 1, ..., n

n∑
i=1

xij = 1 for j = 1, ..., n

xij ∈ {0, 1} ∀(i, j) ∈ E

with xij the variable of decision to assign job j to worker i with the associated cost cij .

This model is quite similar to the model of the asymmetric TSP. If we consider a worker as a
vertex, a job as the following vertex and the cost from i to j as the cost of the edge linking i
and j. A solution of the assignment problem will correspond to the pairs (vertex, successor)
corresponding to the selected edges.
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This corresponds in fact to the initial model of the TSP without the sub-tour elimination con-
straint. The solution of this relaxation will correspond either to a single tour either to multiple
tours.

3.1.2 Linear programming relaxation

A first intuitive bound for mathematicians [2] is to take the optimisation model and apply a linear
relaxation to the variables, that is, to release the integer constraint to allow real values.

The linear relaxation for the symmetric case is :

min
∑

i,j:(i,j)∈E
cijxij

subject to
∑

j:(i,j)∈E
xij +

∑
j:(j,i)∈E

xij = 2 for i = 1, ..., |V |

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊂ V, 2 ≤ |S| ≤ |V | − 1

0 ≤ xij ≤ 1 ∀(i, j) ∈ E

The linear relaxation for the asymmetric case is :

min
∑

i,j:(i,j)∈E
cijxij

subject to
∑

j:(i,j)∈E
xij = 1 for i = 1, ..., |V |

∑
i:(i,j)∈E

xij = 1 for j = 1, ..., |V |

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊂ V, 2 ≤ |S| ≤ |V | − 1

0 ≤ xij ≤ 1 ∀(i, j) ∈ E

As these relaxations are linear optimisation problems, they are solvable by the simplex algorithm
or the interior point method. But as they still contain the combinatorial constraint, they remain
impractical for graphs with more than a few nodes, which concerns most realistic cases.

3.1.3 Lagrangian Relaxation

Another mathematical relaxation is the Lagrangian relaxation. If you don’t recall the technique,
see Appendix B. Unlike a simple relaxation where some constraints are simply removed or
replaced by weakest ones, the objective function is also modified to include an influence from
the removed constraints. This aims to make the solution of the relaxation more likely to be
close to the solution of the initial problem.
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A possible Lagrangian relaxation of the symmetric model could be

min
∑

i,j:(i,j)∈E
cijxij +

∑
i∈V

λi

2−
∑

j:(i,j)∈E
xij −

∑
j:(j,i)∈E

xji


subject to

∑
i,j:(i,j)∈E

xij = |V |

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊂ V, 2 ≤ |S| ≤ |V | − 1

xij ∈ {0, 1} ∀(i, j) ∈ E

with λ ∈ R|V |. Here the degree constraints are replaced by the weaker constraints on the total
number of edges and the objective now includes a new term.

Other Lagrangian relaxations could be designed by choosing an other set of constraints to
relax. Unfortunately, the combinatorial constraints, even if they are set in the objective, stay
too complicated to be used like this in a classical solver with graphs with more than a few
vertexes.

The Lagrangian relaxation of the asymmetric case is done the same way, and is also unpractical
with classical solvers for graph slightly big.

3.2 Lower bound for symmetric graphs only

3.2.1 Minimum spanning tree

One of the naivest way [14] to relax a tour in an undirected graph is to take the minimum
spanning tree (easily calculated with a Prim or a Kruskal approach [5]). Unfortunately for
us, this relaxation is far to weak to be used in practice. Only |V | − 1 edges will be taken into
account and the degree constraint is also relaxed. So even if it is easy to compute, it isn’t used
in practice.

3.2.2 1Trees

minimal 1Tree

A 1Tree is defined [14] as a connected sub-graph of an undirected graph with |V | edges. To find
the minimal 1Tree of a graph, just simply compute the minimum spanning tree of the graph
and then add a last edge by taking the remaining untaken edge with the smallest cost.

This relaxation corresponds to a tour for which both constraints have been weakened. Implicitly,
the degree constraint forces the total number of edges to be equal to |V | with each node having a
degree of 2. Here, the weakening is made by keeping the global constraint on the number of edges
but forgetting about the degrees of the nodes. The other constraint implied no cycle in every
strict subset of nodes and, by combination with the degree constraint, implied the connectivity
between all the nodes. The weakening is made by keeping only the connectivity.
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(b) Minimal spanning 1Tree of value 10 on the
graph Fig.3.1a
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(c) Rooted 1Tree with root 1 and value 11 on
the graph Fig.3.1a

Figure 3.1: Example of 1Tree
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An example of 1Tree can be seen on Fig.3.1b. The black edges are the edges selected from
the tree step, the blue edge is the minimum edge added and the grey ones are the discarded
ones.

This minimum 1Tree is a first approximation but a better one can be found.

Rooted 1Tree

The rooted 1Tree [9] is a 1Tree constructed by first finding the tree in the sub-graph where the
root and all edges linked to it are removed, and then adding the two edges linked to the root
with the minimal cost. This corresponds to the same relaxation as the minimal spanning 1Tree
except we did keep the degree constraint on the root. As this is less relaxed, this will give a
better lower bound.

An example can be seen at Fig.3.1c where the green vertex is the root. The rooted 1Tree is
better than the simple minimum spanning 1Tree.

3.2.3 Held-Karp iterative bounding procedure

The Held-Karp iterative method [9] [14] [15] [2] takes the advantages of the easily computable
lower bound given by the rooted 1Tree and combines it to the principle of the Lagrangian
relaxation. This results in a method having the same strong bounding result as the linear
relaxation but without the combinatorial number of constraints contained in it.

Mathematical basis

The mathematical formulation of the Lagrangian relaxation associated is :

min
∑
e:e∈E

cexe +
∑
i∈V

πi

2−
∑

e:e∈δ(i)
xe


subject to

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊆ V \{1}, 2 ≤ |S|

∑
e:e∈δ(1)

xe = 2

∑
e:e∈E

xe = |V |

xe ∈ {0, 1} ∀e ∈ E

with πi ∈ R∀i ∈ V \{1} and δ(i) = {(i, j)|(i, j) ∈ E} ∪ {(j, i)|(j, i) ∈ E}.

The remaining constraint corresponds to the rooted 1Tree of root 1. This leads to the following
iterative method ending with, as hoped, the best Lagrangian multipliers maximising the lower
bound.

As said in [10] (at p.173), the remaining constraints of this Lagrangian relaxation form a set for
which the linear relaxation is it’s convex hull. This implies that the value obtainable with the
optimal Lagrangian multipliers is the same as the result of the linear relaxation of the TSP.
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Intuitive meaning of the multipliers

Before going further, a more intuitive meaning can be given to the value of the Lagrangian
multipliers πi. Each one is associated with a node (except the root) and represents, in some
sense, the attractiveness of the vertex. Let us analyse the part of the objective concerned by πi,
πi
(
2−

∑
e:e∈δ(i) xe

)
,

• if πi = 0, the term won’t influence the objective

• if πi > 0, the term will influence the objective in a good way if the number of taken edges
linked to i is more than 2, this will make i an ”attractive” node, tending to be linked as
much as possible

• if πi < 0, the term will influence the objective in a good way if the number of taken edges
linked to i is less than 2, this will make i a ”repulsive” node, tending to be linked as little
as possible

The method will in fact update the Lagrangian multipliers following this intuitive meaning.

Description of the method

The method associates to each vertex a variable containing the value of the associated multiplier
to the vertex. Their initial value will be 0. A different step size β will be associated to each
iteration (its value will be given later). Each iteration takes place in three steps :

1. Find the rooted 1Tree with respect to the updated weight

c̄ij = cij − πi − πj

2. Compute the lower bound

cost = cost(1Tree) + 2
∑
i∈V

πi

3. If the 1Tree is not a tour, update the multipliers following the formula

πi+ = (2− degree(i)) ∗ β

else stop the algorithm by returning the tour

To understand how this method comes from the model, let’s reformulate the objective :

∑
e:e∈E

cexe +
∑
i∈V

πi

2−
∑

e:e∈δ(i)
xe

 =
∑
e:e∈E

cexe + 2
∑
i∈V

πi −
∑
i∈V

πi
∑

e:e∈δ(i)
xe

=
∑
e:e∈E

cexe + 2
∑
i∈V

πi −
∑

i,j:(i,j)∈E
(πixij + πjxij)

=
∑

i,j:(i,j)∈E
(cij − πi − πj)xij + 2

∑
i∈V

πi

=
∑

i,j:(i,j)∈E
c̄ijxij + 2

∑
i∈V

πi

The reformulated objective is composed of the cost of the 1Tree considering the updated costs
and the constant term depending on the multipliers uniquely.
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Optimal value of β

As this is a Lagrangian relaxation, the classical updates of the step length can be used [10] [15]
:

• First choice, a step size of βk with
∑
k βk →∞ with βk → 0 as k →∞. This method guar-

antees the convergence but in practice this convergence may be too slow to be practicaly
used.

• Second choice, a step size of βk = β0ρ
k with some parameter ρ < 1. This method guar-

antees convergence if β0 and ρ are sufficiently large to avoid having the geometrical series
β0ρ

k tending too rapidly to 0.

• Third choice, βk = εk
UB−LB∑

v∈V (2−
∑

e∈δ(i) xe)2 with 0 < εk < 2. This may not converge if the

upper bound of the solution (UB) isn’t the optimal.

As described in [3], one update that has given good performance in practice is the third one.
And in particular, an adaptation of it, as described in [18]. The iterative method starts with
εk = 2 for 2n iterations, with n a description of the size of the problem. εk and the number of
iterations are then successively halved until the number of iteration reach a threshold z. After
that, εk is halved every z iteration until the end of the algorithm.

End of the algorithm

As explained in [2] and [10], the value of the Lagrangian relaxation with the optimal multipliers
(the one maximising the optimal value of the relaxation), in the case of the TSP (symmetric or
asymmetric), has the same result as the linear relaxation.

But unfortunately for us, there is no guarantee that the iterative algorithm stops. But, if it
stops, the optimum has been found. And there is also no guarantee that the cost of the kth

iteration will be better that the previous one.

A quick example

Let’s take the graph Fig.3.1a and apply to it the algorithm with the following values for β along
the iteration : 1, 0.5, 0.25, .... The evolution of the graph is at Fig.3.2.

1. First iteration (β = 1) :

• The first thing done is the computation of the first 1Tree rooted in 1. It gives us the
graph Fig.3.2a

• Then the cost of this graph is computed :
cost = 11 + 2× (0 + ..+ 0) = 11

• As this 1Tree isn’t yet a tour, the update of the multipliers is computed from the
degrees of the vertexes in the 1Tree. The costs of the edges are then updated. This
gives us the updated graph Fig.3.2b.
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(c) 1Tree of the second iteration
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(e) 1Tree of the third iteration

Figure 3.2: Execution of the Held-Karp algorithm on the graph Fig.3.1a

21



2. Second iteration (β = 0.5) :

• A new 1Tree (Fig.3.2c) is computed with respect to the new costs of the edges.

• The cost of this new tree is computed :
cost = 13 + 2× (1 +−1 + 0 + ..+ 0) = 13

• As this is again not a tour, the multipliers and the costs are updated again (Fig.3.2d).

3. Third iteration (β = 0.25) :

• The third tree is computed (Fig.3.2d).

• Its cost is cost = 13 + 2× (1.5 +−0.5 +−1.5 + 0 + ..+ 0) = 13

• As this 1Tree is also an Hamiltonian tour, we can stop the algorithm because the
lower bound has reached its optimal value.

22



Chapter 4

Adaptation of the Held-Karp
iterative algorithm to asymmetric
graphs

If we want to solve the Hamiltonian tour in an asymmetric graph the same way as in a symmetric
one, we need to adjust the Held Karp bounding algorithm. Two ways are possible. First, keep
the same algorithm but use a symmetric transformation of the asymmetric graph as input.
The second way is to adapt the algorithm by finding equivalences (find a equivalent tree, a
parameter,...).

4.1 Transformation of the asymmetric graph to a symmetric
graph

The first way is by transformation of the graph, leading to none or few changes in the Held-Karp
algorithm. This is the less invasive method.

This has one practical advantage for the maintenance of a constraint programming solver since
only one main method is needed to be maintained.

A way to transform an asymmetric graph into a symmetric graph [16] is by doubling the number
of nodes.

Each node of the asymmetric graph corresponds to two nodes in the symmetric graph. The first
one act as entering node (in-node) of the initial node and the second as outgoing node (out-
node). Each directed edge of the asymmetric graph corresponds to an edge in the symmetric
graph going from the out-node of the source to the in-node of the destination.

A new edge is created between the in-node and the corresponding out-node. Multiple choices
of cost for this linking edge are possible, with their advantages and disadvantage. They will be
discussed latter.

23



C

A B

1

3

5

64

2

(a) Asymmetric graph

Ain

Aout

Cin

Bout

Cout

Bin

1

3

5
64

2

(b) Symmetric version of the graph Fig.4.1a

Figure 4.1: Asymmetric graph and its corresponding symmetric transformation

An example of this transformation can be seen on Fig.4.1a and Fig.4.1b. The first one repre-
sents the initial asymmetric graph and the second one represents the symmetric result of the
transformation. Each corresponding node has the same name but with the in and out variant
in the symmetric version.

Let’s now talk about the possibilities for the cost of the linking edges.

To ensure a total correspondence between the graph and its symmetric transformation, we must
ensure a bijection between the symmetric and asymmetric tour.

First, let’s see that every asymmetric tour still correspond to tour after the transformation. This
is trivially implied by the transformation.

Secondly, a symmetric tour can only correspond to an asymmetric tour if the linking edges are
involved in the tour. As the reverse transformation will remove the linking edges, the number
of edges selected in the asymmetric graph will correspond to the number of edges selected
in the symmetric minus the linking edges selected. If not all linking edges are involved, the
remaining selected edge in the asymmetric will be higher than the number of nodes and thus
won’t correspond to a tour.

The cost should then ensure the selection of the linking edge at each time.

To test the different costs, the linear relaxations on small graphs (up to 15 nodes) were computed
on the asymmetric and the symmetric graph and compared to ensure the graphs gives equivalent
results, at least for the linear relaxation.

As in the paper : Negative costs

In the paper [16], they talked about using a cost of −∞ for the linking edges. This is theoretically
the best way to do it since every time the minimum 1Tree computed will take these edges with
the minimum cost (ensured by the greedy nature of the minimum 1Tree algorithm).

But practically, the value of −∞ doesn’t exist and is approximated to the minimum value
representable by the type used to represent the costs. This leads to overflow computation in
some case (computation of the cost of the tree) or needs an adaptation of the computation of
the cost.
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To avoid overflows, we can set the cost of the linking edge to a negative number B not so small
as the smallest representable number. This works but can still possibly lead to an overflow if
the number of linking edges is too high. Furthermore, we need to add a bias of −Bn (with n

the number of nodes) to the total cost to get the real cost of the 1Tree.

An other problem can be that the cost of the linking edge can be modified, and following the
updates, may become higher than other ones. This leads to some iterations where the 1Tree
doesn’t include all the linking edges. So, potentially, tours not corresponding to tours in the
asymmetric version can be found. This hardly ever happens but the probability isn’t null.

This first choice of costs gives equivalent values for the linear relaxations.

Cost of 0

We can set the value of the edge to 0. With this, the probability of an overflow is strongly
reduced. The creation of the 1Tree would include the linking edges. But as the algorithm will
update the cost of the edges, after a while, there is a non-negligible probability that the value
of the linking edge would be such that the 1Tree doesn’t take them anymore. This was seen
when testing and worse bounds were found because the tour found didn’t correspond to one in
the asymmetric graph.

Even when testing with the linear relaxation, the values for asymmetric and symmetric are not
the same each time. The symmetric linear relaxation always gives a lower or equal value as the
asymmetric linear relaxation. This method can’t therefore be used.

Cost of 0 and forcing of the edges

We can still set the cost of the linking edge to 0 but if we force the linking edges to be part of
the 1Tree, this lead to a better approximation since a 1Tree that will also be a symmetric tour
will correspond to an asymmetric tour.

Also, overflow problems won’t append because of the cost of the linking edges will tend to stay
small.

When adding the forcing on the linking edges to the symmetric linear relaxation, its value is
always the same as the asymmetric linear relaxation which confirms the bijection between the
tours for this adaptation.

4.2 Transformation of the method

4.2.1 Equivalence for the 1Tree

The first modification will concern the notion of the 1Tree undefined in directed graphs. As the
tree itself doesn’t have a match, let’s first define a potential notion for it.
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Arborescence and Edmond algorithm

An arborescence [8] rooted in a vertex a is a connected sub-graph with |V | − 1 edge and with
a directed path from the root to every other vertex of the graph. A polynomial algorithm to
found it was described by Jack Edmonds [1].

The algorithm can be find in List.4.1.

Listing 4.1: Pseudo-code of Edmonds’s algorithm to find the minimum-cost arborescence
1 for each node v!= root
2 mincost_v = minimal cost of the entering edges of v
3 for each entering edge e of v
4 cost_e = cost_e - mincost_v
5 select one 0-cost entering edge for v
6 if selected edge form arborescence
7 return arborescence
8 else
9 find selected edges forming a cycle C

10 contract C in a new super node leading to new graph G*=(V*,E*)
11 find arborescence in G*
12 extend the arborescence in G* to one in G by adding all but one ←↩

edge involved in C
13 return arborescence

Quick example

The algorithm starts with the graph Fig.4.2a and with the node 1 as root.

1. For each node, the minimal cost entering edge is found and the costs of each edges are
modified, giving the cost at Fig.4.2b.

2. One 0-cost entering edge is chosen for each node giving a potential arborescence (Fig.4.2b).

3. As this is not an arborescence (not connected), there is a cycle (with node 2, 3, 4 and 5).
A contraction is made of these nodes resulting at the graph Fig.4.2c.

4. The recursive call is made : reduction of the cost and selection of the 0-cost edges. As this
leads to an arborescence (Fig.4.2c), the recursive call returns.

5. The contraction is extended again and all edges but one of the cycles is chosen (Fig.4.2d).

6. As the selected edges form an arborescence (Fig.4.3), the algorithm ends.

Anti-arborescence

An anti-arborescence [8] anti-rooted in a vertex a is a connected sub-graph with |V | − 1 edges
and with a directed path from every other node of the graph to the root.
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Figure 4.2: Example of the process of Edmonds’ algorithm
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Figure 4.3: Resulting minimal cost arborescence of tree Fig.4.2a

Two ways exist to compute the anti-arborescence. The first is to take the inverted graph (graph
where all the edges have been inverted : the initial destination became the source and the
initial source became the destination) and compute the arborescence rooted at the anti-root.
The inverted graph of the arborescence found correspond to the anti-arborescence in the initial
graph. The second way is to adapt the Edmond algorithm (List.4.2).

Listing 4.2: Pseudo-code of the adaptation of Edmonds’s algorithm to find the minimum-cost
anti-arborescence

1 for each node v!=anti -root
2 mincost_v = minimal cost of the outgoing edges of v
3 for each outgoing edge e of v
4 cost_e = cost_e - mincost_v
5 select one 0-cost outgoing edge for v
6 if selected edge form anti - arborescence
7 return anti - arborescence
8 else
9 find selected edges forming a cycle C

10 contract C in a new super node leading to new graph G*=(V*,E*)
11 find anti - arborescence in G*
12 extend the anti - arborescence in G* to one in G by adding all but ←↩

one edge involved in C
13 return anti - arborescence
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1Arborescence and 1Anti-Arborescence

Now that an equivalence for the tree was found, we can transpose the idea of the 1Tree in
1Arborescence and 1Anti-Arborescence. We defined a 1Arborescence as an arborescence with
the addition of the minimal cost entering edge of the root and a 1Anti-arborescence as an
anti-arborescence with the addition of the minimal cost outgoing edge of the anti-root.

4.2.2 Modified Held-Karp

Now that an equivalent formulation to the 1Tree is defined for asymmetric graph, the rest of the
algorithm can be adapted following the same reasoning underlying the Held-Karp method.

From Arborescence

From this base, we can develop an algorithm based on the Held-Karp [8] for symmetric graph.
Let’s first define a Lagrangian Relaxation of the asymmetric problem with its remaining con-
straint corresponding to a 1Arborescence. We obtained the following problem :

min
∑

i,j:(i,j)∈E
cijxij +

∑
i∈V

πi

1−
∑

j:(i,j)∈E
xij


subject to

∑
i:(i,j)∈E

xij = 1 for j = 1, ..., |V |

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊂ V \{root}, 2 ≤ |S|

xij ∈ {0, 1} ∀(i, j) ∈ E

From this we can define the new algorithm :

1. Find the 1Arborescence with respect to the updated weight

c̄ij = cij − πi

2. Compute the lower bound

cost = cost(1Arborescence) +
∑
i∈V

πi

3. If the 1Arborescence is not a tour, update the multipliers following the formula

πi+ = (1− degreeout(i)) ∗ β

else return the tour found
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From Anti-arborescence

The same can be done for the 1Anti-arborescence. Following the Lagrangian relaxation :

min
∑

i,j:(i,j)∈E
cijxij +

∑
i∈V

πi

1−
∑

j:(j,i)∈E
xji


subject to

∑
j:(i,j)∈E

xij = 1 for i = 1, ..., |V |

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊂ V \{root}, 2 ≤ |S|

xij ∈ {0, 1} ∀(i, j) ∈ E

The new algorithm can be defined as :

1. Find the 1Anti-arborescence with respect to the updated weight

c̄ij = cij − πj

2. Compute the lower bound

cost = cost(1Anti−Arborescence) +
∑
i∈V

πi

3. If the 1Anti-arborescence is not a tour, update the multipliers following the formula

πi+ = (1− degreein(i)) ∗ β

else return the tour found

4.2.3 Step parameter

The step parameter must also be adapted but always following the possibilities explained in
section 3.2.3 to guarantee a best convergence. The effect of the choices is explained in details in
the chapter 6 where the comparison test between the methods are done.

4.2.4 How good can this bound be?

Let’s set some notations :

• xa∗ and xs∗ : optimal solutions of the asymmetric TSP (Section 1.3) and the symmetric
TSP (Section 1.2) used to solve the transformation of the input graph that doubles the
nodes and forces of the linking edges

• ra∗ and rs∗ : optimal solution of the linear relaxation of the asymmetric TSP (Section
3.1.2) and of the symmetric TSP (3.1.2)

• wa∗ : optimal solution of the Lagrangian relaxation used in the modified Held-Karp algo-
rithm defined in this chapter
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• ws∗ : optimal solution of the Lagrangian relaxation used in the initial Held-Karp algorithm
defined in Section 3.2.3

Let’s also say that our input graph is the asymmetric graph defined by G = (V,E) and its
transformation is named G′ = (V ′, E′).

This section will prove that ws∗ = wa∗.

First equality : xa∗ = xs∗

As already mention in Section 4.2.1, this is proven [16] by the fact that each tour in G′ including
all the linking edges corresponds to a tour in the initial graph G with the same cost. As all
the linking edges are taken, a tour will only have one other edge entering the in-node and one
other exiting the out-node (because of the degree constraint). There will thus be only one
corresponding entering edge and one corresponding exiting edge in the asymmetric graph. By
merging the pairs of in and out-nodes, we obtain directly the tour in the asymmetric graph with
the same cost as the linking edge were 0-cost edges.

And every tour in G correspond to a tour including the linking edges in G′ with the same cost.
This is done by applying the transformation to the tour sub-graph. As the only action made
was to split each node in two and link the two sub-nodes with a 0-cost edge, this still stays a
tour of the same cost.

Second equality : ra∗ = rs∗

The same way the exact value of the minimal cost tour is equal in the symmetric and asymmetric
cases, we can prove that each linear relaxation of the asymmetric graph corresponds to a linear
relaxation of a symmetric tour with the forcing of the edge. This can done by simply applying
the transformation to the relaxation and keep the same associated variables. The cost is the
same as the only edges added are linking edges with a 0-cost.

On the other hand, each symmetric relaxation with forcing of the linking edge correspond to
a linear relaxation of the asymmetric tour with the same cost. We just have to merge the
corresponding in and out-node in the symmetric version to get a valid linear relaxation of the
asymmetric tour. As both models of relaxation are equivalent and keep the same cost, the
minimum of one will have as corresponding transformation the minimum of the other and the
optimum will be the same.

Third equality : rs∗ = ws∗

As already said in Section 3.2.3, this is already explained in [10] by the fact that the possible
solutions are proven to be on the convex hull of the domain.
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Fourth equality : ra∗ = wa∗

This demonstration is based on mathematical basis. Not all of them will be explained in detail.
All the mathematical theorems and concepts come from [10]. The page number will be indicated
every time.

Only the case where the Lagrangian Relaxation is based on the 1Arborescence will be demon-
strate. The case where the 1Anti-arborescence is used is demonstrated the same way.

First, let’s formulate the constraints of the Lagrangian relaxation in the form Ax ≤ b :∑
i:(i,j)∈E

xij ≤ 1 for j = 1, ..., |V |

∑
i:(i,j)∈E

−xij ≤ −1 for j = 1, ..., |V |

∑
i,j:i∈S,j∈S,(i,j)∈E

xij ≤ |S| − 1 for S ⊂ V \{root}, 2 ≤ |S|

Following the corollary p.172, if the domain is X = {x ∈ Zn+ : Ax ≤ b} and its convex hull is
conv(X) = {x ∈ Rn+ : Ax ≤ b}, then the best bound obtained by the Lagrangian relaxation is
equal to the optimal of the linear relaxation of the initial problem. We will prove that this is
the case for our set of constraints.

As said in the seventh approach (p.147) of problem 2 (p.145) of determining if the polyhedron
P = {x ∈ Rn+ : Ax ≤ b} is the convex hull of a subset X ⊂ Zn+, if b ∈ Zn and the inequalities
Ax ≤ b form a TDI (Totally Dual Integral) system, then P = conv(X).

As our vector b is composed of integers, the first condition is fulfilled. Let’s now prove that the
set of constraints forms a TDI system.

First let’s prove it for the first two simple general inequalities. The matrix defined by these two
general constraints is TU (Totally Unimodular). We can prove it with the help of the proposition
3.2 (p.39) which gives us a sufficient condition to have a TU matrix.

• First, the matrix needs to have aij ∈ {+1,−1, 0}. This is ensured by the coefficient before
the variables that all are +1 in the first general constraint, −1 in the second, and 0 if the
edge isn’t involved in a constraint.

• Secondly, each column of the matrix must contains at most two nonzero coefficients. We
can prove it by seeing that each edge can be involved only twice in the constraints, once
for each. An edge xab can only be involved into the constraint where j = b.

• Thirdly, there must exist a partition (M1,M2) of the set M of rows such that each column j
containing two nonzero coefficients satisfies

∑
i∈M1 aij−

∑
i∈M2 aij = 0. The partition valid

in our case is M1 = M and M2 = ∅. Since a variable only exists in two constraints, one with
a +1 coefficient and one with a −1 coefficient, for every column (each corresponding to a
variable), the sum of the coefficients is 0. Thus we have

∑
i∈M1 aij =

∑
i∈M aij = 1−1 = 0

and
∑
i∈M2 aij =

∑
i∈∅ aij = 0 leading to

∑
i∈M1 aij −

∑
i∈M2 aij = 0.

The two firsts general inequalities form a TU matrix. As said in p.49, if A is TU, Ax ≤ b is
TDI. We have thus the first inequalities forming a TDI system.
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Secondly, let’s prove that the combinatorial constraint forms also a TDI system. As said in p.49,
in the proof of the Theorem 3.11, this shows that the linear system {

∑
j∈S xj ≤ f(S) for S ⊆

N, xj ≥ 0 forj ∈ N} is TDI (where f(S) is a submodular nondecreasing function defined by
f : P(N) → R where P(N) denotes the set of subsets of N). Our combinatorial constraint can
be viewed as a linear system if we redefine it as∑

e∈K
xe ≤ f(K) with K = {e|e ∈ E, e = (i, j), i, j ∈ S}, for all S ⊂ V \{root}, 2 ≤ |S|

where f(K) = (size of the cover of K )− 1. f(K) is nondecreasing (p.46) since adding any edge
to K can only add a new vertex to the set of vertexes covered by the edges in K. f(K) is
submodular if f(A) + f(B) ≥ f(A ∩ B) + f(A ∪ B) (p.46). The property 3.10 (p.46) also said
that f(S) is submodular and nondecreasing if f(A) ≤ f(B) +

∑
j∈A\B[f(B ∪ {j}) − f(B)] for

all A,B ⊆ N . This is true for our function. We can prove it by subdividing A into 3 subsets of
edges : the first who also are contained in B, the second who are not in B but cover vertexes
already covered by B and the other not in B and with at least one vertex not covered by B. For
the first one, there is no term in the sum since they are contained in B. For the second subset,
the term [f(B ∪ {j}) − f(B)] = 0 and their covering vertexes are counted either in f(A) or in
f(B). For the third, [f(B∪{j})−f(B)] = 1 or 2 (if one or two vertexes are added to the cover).
The sum can thus be bounded by

∑
j∈A\B[f(B ∪ {j})− f(B)] ≥ f(A)− f(A ∩ B) since it will

at least count all the vertexes covered by A but not by B. We have thus

f(B) +
∑

j∈A\B
[f (B ∪ {j})− f (B)] ≥ f(B) + f(A)− f(A ∩B)

≥ f(B) + f(A)− f(B) because of nondecreasing
= f(A)

As we have now proved that f(N) is submodular and nondecreasing, we know that the linear
system defined by the combinatorial constraint is a TDI system.

Knowing two TDI systems, we can prove the intersection of them to be also TDI. So let’s prove

Ax ≤ b (with A =
(
A′

A”

)
and b =

(
b′

b”

)
) is TDI knowing that A′x ≤ b′ and A′x ≤ b′ are

TDI as well. If they are TDI, for all c′ ∈ Zn for which max{c′x : A′x ≤ b′} has a finite optimal
value, the dual min{y′b′ : y′A′ = c′, y′ ≥ 0} has an optimal solution with y integral and for all
c” ∈ Zn for which max{c”x : A”x ≤ b”} has a finite optimal value, the dual min{y”b” : y”A” =
c”, y” ≥ 0} has an optimal solution with y integral. We will thus verify if for all c ∈ Zn for which
max{cx : Ax ≤ b} has a finite optimal value, the dual min{yb : yA = c, y ≥ 0} has an optimal
solution with y integral : we can first write

min{yb : yA = c, y ≥ 0} = min{
(
y′ y”

)( b′

b”

)
:
(
y′ y”

)( A′

A”

)
= c, y′, y” ≥ 0}

= min{y′b′ + y”b” : y′A′ + y”A” = c, y′, y” ≥ 0}
= min{y′b′ + y”b” : y′A′ = c′, y”A” = c”, c′ + c” = c, y′, y” ≥ 0}
= min{y′b′+ : y′A′ = c′, y′ ≥ 0}+ min{y”b” : y”A” = c”, y” ≥ 0}
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By hypothesis, those two minimisation’s have optimal values with respectively y′ and y” integral.
This makes the whole solution y =

(
y′ y”

)
also integral for c = c′+c” which can be whatever

value ∈ Zn since c′ and c” are whatever values ∈ Zn. This made the whole system TDI and
concludes our demonstration to prove that X = conv(X) and thus that wa∗ = ra∗.

Final equality : wa∗ = ws∗

As we have proven that ra∗ = wa∗, ra∗ = rs∗ and rs∗ = ws∗, trivialy,

wa∗ = ra∗ = rs∗ = ws∗

This implies the best lower bound we can get from our modified Held-Karp method to be exactly
the same as the best lower bound we can get from the initial Held-Karp algorithm applied to
the transformed graph with the forcing of the linking edges
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Chapter 5

Analysis of the weak bound

Let’s first focus on the simple weak bounds we have : the 1Tree, the 1Arborescence and the
1Anti-Arborescence.

Let’s first define some notations for this chapter : firstly, for the algorithms :

• 1Arbo : the 1Arborescence relaxation

• 1Anti : the 1Anti-arborescence relaxation

• 1Tree : the 1Tree relaxation

• 1TreeI : the 1Tree relaxation only on in-node

• 1TreeO : the 1Tree relaxation only on out-node

Secondly for the benchmark of graphs used for the tests :

• RandA : Constituted of randomly generated graphs with a number of vertexes between
3 and 17, a uniform random cost for the edges between 0 and 100. Most of them are not
full graphs.

• RandB : Constituted of randomly generated graphs with a number of vertexes between
20 and 50, a uniform random cost for the edges between 0 and 1000. Most of them are
not full graphs.

• RandC : Constituted of randomly generated full graphs with a number of vertexes between
20 and 50. These graphs have from one fifth up to one third of their vertexes with all of
either their in or their out edges with a cost between 0 and 10000. All the other edges
having a cost between 0 and 1000. This is specially made to have also nonuniform graphs
in the benchmark.

• TSPlib : The asymmetric graph solved of the TSPlib [17]. The descriptions of them
are in Appendix C
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better strictly better
mean 1.00 0.96
max 1.00 0.96
min 1.00 0.96
var 0.25 0.22

min 1Arbo vs max 1Tree 0.96

Table 5.1: 1Arbo vs 1Tree : percentages for TSPlib benchmark

5.1 The 1Tree as a relaxation of the 1Arbo and the 1Anti

5.1.1 1TreeI vs 1Arbo

Given an asymmetric graph G and its symmetric transformation G’, it can be easily seen that
each 1Arbo rooted in a node r corresponds to a 1Tree rooted in rin. This corresponding 1Tree
is obtained by applying the same graph transformation as to transform the whole asymmetric
graph into a symmetric one.

If we take the minimal 1Arbo rooted in r, its corresponding 1Tree (rooted in rin) has the same
cost but it can have a higher cost than the minimal 1Tree rooted in rin. We thus have

min 1Arbo(r) ≥ min 1TreeI(r) ∀r ∈ V

If we now take the best minimal 1Arbo we can found, following the previous inequality, we know
for sure that it will be higher than the best minimal 1TreeI for the graph.

max
v∈V

(min 1Arbo(v)) ≥ max
v∈V

(min 1TreeI(v))

5.1.2 1TreeO vs 1Anti

The same reasoning can be done concerning the 1Anti and the 1TreeO, leading to the following
inequalities :

min 1Anti(r) ≥ min 1TreeO(r) ∀r ∈ V

max
v∈V

(min 1Anti(v)) ≥ max
v∈V

(min 1TreeO(v))

5.1.3 1Arbo vs 1Tree

Let’s now compare the 1Arbo with the 1Tree in general.

As all the minimal 1Tree’s are composed of all minimal 1TreeI’s and all minimal 1TreeO’s, and
as we have already proven that maxv∈V (min 1Arbo(v)) ≥ maxv∈V (min 1TreeI(v)), we have no
guarantee that using only the 1Arbo’s to compute the lower bound will be higher than computing
all 1Tree’s : the maximum of the minimal 1Tree’s could be better if the following two conditions
are satisfied :

max
v∈V

(min 1TreeO(v)) ≥ max
v∈V

(min 1TreeI(v))
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Figure 5.1: 1Arbo versus 1Tree
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and

max
v∈V

(min 1Arbo(v)) = max
v∈V

(min 1TreeI(v))

We therefore want to know if this case happens and for which graphs.

Comparison by statistical datas

The first graph (Fig.5.1a) depicts some statistical analysis on the graphs of RandA. For each
graphs, the values of the minimum 1Arbo rooted in all the vertexes (min 1Arbo(v) ∀v ∈ V )
and the values of the minimum 1Tree rooted in all the vertexes (min 1Tree(v) ∀v ∈ V ′, V ′ =⋃
v∈V {vin, vout}) are computed. For each graph and for both techniques, the following data are

computed :

• the mean

• the maximum

• the minimum

• the variance

For each graph, the corresponding data (mean of the 1Arbo with mean of the 1Tree, max with
max,...) are compared. For each statistical data, the following percentage is computed :

|{G | G ∈ Gx, data1Arbo(G) > data1Tree(G)}|
|Gx|

(5.1)

with Gx the subset of the benchmark containing all the graphs with |V | = x.

This give us the first graph (Fig.5.1a). It can be seen on it that when the graphs are big enough
(more than 10 vertexes), the mean, the maximum and the minimum of the minimal 1Arbo’s
computed for one graph become higher than all the minimal 1Tree’s ones and not only the
minimal 1TreeI’s. This indicates that basing a weak bound on the minimal 1Arbo’s should give
better results than with the minimal 1Tree’s.

The comparison of the variance doesn’t follow this dominance of the 1Arbo over the 1Tree but
as it stays close to 50%, it doesn’t say anything.

The same results where obtained on the RandB (App.D), RandC (App.D) and TSPlib bench-
marks (Tab.5.1) where for almost all of them the statistical data is strictly higher for the
1Arbo.

Is each minimal 1Arbo is better than each minimal 1Tree?

The second graph (Fig.5.1b) gives us something even more interesting. Here, the percentage
computed is the following :

|{G | G ∈ Gx, min1Arbo(G) > max1Tree(G)}|
|Gx|

(5.2)
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better strictly better
mean 1.00 0.96
max 1.00 0.96
min 1.00 0.93
var 0.48 0.44

min 1Anti vs max 1Tree 0.96

Table 5.2: 1Anti vs 1Tree : percentages for TSPlib benchmark

As we can see on the graph regrouping the statistics from the RandA and RandB (up to 50
nodes) benchmarks, the more nodes there is, the more we have most of the graphs satisfying
min1Arbo(G) > max1Tree(G). If this is satisfied, this implies all the minimal 1Arbo’s are better
than all minimal 1Tree’s, meaning taking a single minimal 1Arbo will always give a better result
than every minimal 1Tree.

How good is the 1Arbo with respect to the 1Tree?

Knowing that the 1Arbo became better than the 1Tree’s at the end, the last graph (Fig.5.1c)
answer the following question : how much can we gain by taking the 1Arbo instead of the 1Tree?
To answer it, the ratio

maxvinV (min 1Arbo(v))
maxvinV (min 1Tree(v)) (5.3)

is computed for each graph of the three benchmark. The performance profile at Fig.5.1c regroups
these data. It can be seen on it that the ratios tend to be higher for benchmarks with bigger
graphs. This confirms what has been said before : the more vertexes the graph has, the better
the 1Arbo is with respect to the 1Tree.

5.1.4 1Anti vs 1Tree

The same reasoning leading to a similar conclusion can be done between the 1Anti and the
1Tree.

The three formulas for the percentage and the performance profiles are now :

|{G | G ∈ Gx, data1Anti(G) > data1Tree(G)}|
|Gx|

(5.4)

|{G | G ∈ Gx, min1Anti(G) > max1Tree(G)}|
|Gx|

(5.5)

maxvinV (min 1Anti(v))
maxvinV (min 1Tree(v)) (5.6)

The results are shown on Fig.5.2 for the global results, Tab.5.2 for statistical data on TSPlib
and App.D for the RandB and RandC.
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better strictly better
mean 0.15 0.11
max 0.15 0.11
min 0.19 0.15
var 0.15 0.11

min 1Arbo vs max 1Anti 0.07
min 1Anti vs max 1Arbo 0.41

Table 5.3: 1Arbo vs 1Anti : percentages for TSPlib benchmark

5.2 Comparison between 1Arbo and 1Anti

Now that the benefit of the 1Arbo and 1Anti have been shown compared to the 1Tree, let’s
compare them.

First, the same analysis can be performed with the following formulas :

|{G | G ∈ Gx, data1Arbo(G) > data1Anti(G)}|
|Gx|

(5.7)

|{G | G ∈ Gx, min1Arbo(G) > max1Anti(G)}|
|Gx|

(5.8)

|{G | G ∈ Gx, min1Anti(G) > max1Arbo(G)}|
|Gx|

(5.9)

maxvinV (min 1Arbo(v))
maxvinV (min 1Anti(v)) (5.10)

The results are at Fig.5.3 and Fig.5.4 for the global results, Tab.5.3 for statistical data on
TSPlib , App.D for RandB and RandC.

We can see on the graphs that for RandA, RandB and RandC, half of the graph tends to have
a better bound with the 1Arbo and the other half with the 1Anti. When analysing the data’s
on the random benchmark, no clear difference can be deduced.

Concerning the TSPlib , we can see on the table and the performance profile graph that almost
all the graphs have a better result with the 1Anti (only 15% of the graphs have the maximum
of the minimal 1Arbo’s better than the maximum of the minimal 1Anti’s). which differs from
the result obtained via the random benchmarks.

The reason is that this benchmark is biased compared to the random benchmark.

5.2.1 Influence of the variance at the nodes

For almost all of the graphs of the TSPlib benchmark it can be seen that the following ratio is
higher than 1 :

variance ratio = ri
ro

(5.11)
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Figure 5.4: Performance profile of the ratio between the maximum of the minimal 1Arbo’s and
the maximum of the minimal 1Anti’s

with

ri =
∑
v∈V vari(v)
|V |

ro =
∑
v∈V varo(v)
|V |

vari(v) =
∑
e∈in−edge(v) (ce −meani(v))2

|in− edge(v)| varo(v) =
∑
e∈out−edge(v) (ce −meano(v))2

|out− edge(v)|

meani(v) =
∑
e∈in−edge(v) ce

|in− edge(e)| meano(v) =
∑
e∈out−edge(v) ce

|out− edge(e)|

Let’s now verify if there exists a real correlation between this ratio and the advantage of taking
either the 1Arbo or the 1Anti. To do it, a first plot is made of the ratio mean 1Anti

mean 1Arbo function of
the variance ratio (Fig.5.5a).

On this graph, it’s easy to see that when the variance ratio tends to be higher than 1, the ratio
between the means tends also to be higher than 1 meaning a 1Anti is preferred. On the other
hand, when the variance ratio is lower than 1, the ratio of the means tends also to be lower
than 1, meaning a 1Arbo is preferred.

When comparing with the ratio between the maximum of the two techniques (Fig.5.5b), the
conclusions are the same.

5.2.2 Influence of the degrees at the nodes

On Fig.5.5a and Fig.5.5b, a slight difference can be seen between the RandA (composed not
only of full graphs), RandB and RandC benchmarks. RandA tends to have more graphs where
the ratio won’t predict the best choice. This is due to the fact that the degrees of the nodes
influence also a little bit the choice.

The graph in Fig.5.6 is the same as Fig.5.5b but with only the RandA benchmark. The graphs
were sorted following their distribution of number of edges by node. The first three sets corre-
spond to unbalanced graphs (at least one node has a degree in different from its degree out). The
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(b) Correlation with the ratio of the maximums

Figure 5.5: Correlation graphs
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Figure 5.6: Influence of the degree over the graph of RandA

count of vertexes with a strictly higher in-degree than out (#in) and strictly higher out-degree
than in were made (#out). The sets depict when #in > #out, #in = #out and #in < #out.
It can be seen that when the graph is balanced (4th set), the prediction is almost always correct
as thought. The set with the most out-predicted graphs is the second but the difference with
the first and the third is too small to conclude something else than seen between RandA and
RandB at the previous paragraph : When there are unbalanced vertexes (in-degree not equal to
out-degree), the prediction is a little be more likely to lead to wrong choice of method.

5.3 Time comparison

First, as the 1Arbo and the 1Anti are basically the same algorithms, we only compare the 1Arbo
with the 1Tree. The comparison will be done on the RandB, RandC and TSPlib benchmarks
between the time taken to do a 1Arbo and the time taken to do the 1Tree over the transformed
graph. So even if the solving of a 1Tree over n nodes is quicker than the 1Arbo on n nodes, the
relevant comparison will compare 1Tree’s on 2n nodes against 1Arbo’s on n nodes.

As to solve a 1Arbo or 1Anti, first a graph data structure is created and then the algorithm is
executed, the measurements of the creation and the algorithm where done separately. By graph,
the time to create the structure and the time to compute all the 1Arbo/1Tree were measured.
Then the mean of the time to compute one 1Arbo/1Tree was retrieved from the graphs. We
then have the measurements timecreate and t̄compute.

Two performance profiles on the RandB benchmark where made out of this. The first (Fig.5.7a)
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(a) Performance profile of the global time (creation + solving) for RandB
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(b) Performance profile of the execution time only for RandB

Figure 5.7: Performance profile graphs on RandB
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considers the solving of the 1tree/1arbo with the creation of the data structure. The time used
is then tmethod = timecreate+ t̄compute. For each graph and each method the ratio tmethod

min(t1Arbo,t1Tree)
was computed and the performance profile was draw. The second (Fig.5.7b) performance profile
considers the same ratio but with tmethod = t̄compute.

We can see that globally the 1Tree is more efficient than the 1Arbo and for the computation
only, it is always the more efficient (almost at least 3 times more efficient for each graph). This
difference can be explained by two factors :

• the fact that the implementation of the 1Tree is optimised by the use of Disjoint Sets while
for the 1Arbo the algorithm is probably not as optimised as possible

• the fact that the 1Arbo algorithm is a more complex recursive algorithm with a number
of recursions depending on the graph structure while the 1Arbo is basically a greedy
algorithm with about the same number of operations for every graph of a given size

The same results are obtained with RandC and TSPlib (App.D).

5.4 Conclusion

The bounds computed with the 1Arbo or the 1Anti tend to be always better than the one
computed with the 1Tree and the gap between their values grows with the size of the input
graph. But this gain is achieved at the expense of more time to compute the bound.

Concerning the difference between the 1Arbo and the 1Anti, for some graphs one gives better
result than the other. The variance ratio defined by (5.11) can act as a predictor to predict the
possibly better value. The strength of the prediction depends on the internal structure of the
graph. The prediction will be more accurate if the in and out degrees are the same for each
node of the graph
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Chapter 6

Analyse the iterative method and
impact of the step size

This chapter contains a comparison analysis of the adaptation of the iterative method against
the initial iterative algorithm with a modified graph. A first thing to remind in head is that, as
said in [18],

We would particularly point out the choice of step size as an area which is imperfectly
understood.

A consequence of this is that no step size is proven mathematically to be better and a good step
size of a graph may be not so good for another. This was verified during the analysis.

6.1 Different choices of step size allow mathematically

As already said in Section 3.2.3, the solving of the Lagrangian dual problem (finding the multi-
plier leading to the tightest bound for the optimal) can be iteratively done with three possible
classes of step sizes that have a convergence guarantee :

• βk with
∑
k βk →∞ and βk → 0 as k →∞ (simple step size)

• βk = β0ρ
k with some parameter ρ < 1 (geometric step size)

• βk = εk
UB−LB∑

v∈V (2−
∑

e∈δ(i) xe)2 with 0 < εk < 2 (complex step size)

The first was known to give the right bound but slowly. The second could converge if ρ and β0

were big enough to avoid having the geometrical series going to 0 to fast. The last may possibly
not converge to the best lower bound when the upper bound is not the value of the optimal
solution of the initial problem.

To test the difference between these, let’s fix the different step size used for each family:

• simple : βk = λ
k where λ is a fixed parameter

• geometric : βk = β0ρ
k where the parameters are β0 and ρ
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Figure 6.1: Convergence to wrong lower bounds for the simple step size
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Figure 6.2: Convergence to wrong lower bounds for the geometric step size

• complex : βk = εk
UB−LB∑

v∈V (2−
∑

e∈δ(i) xe)2 where the parameter is UB and where the epsilonk
is update following the update method described in [18]. εk = 2 for 2n iterations, where
n is a measure of the problem size. Then successively halved both the value of εk and the
number of iterations until the number of iterations reaches a threshold z. From this point,
halved εk every z iteration until end. Here n has been fixed to half the number of nodes
of the graph and z to

⌈
|V |
100

⌉
.
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Figure 6.3: Convergence to wrong lower bounds for the complex step size
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Figure 6.4: Same step size for similar graphs

6.2 Illustration of the drawbacks of the different methods

At graph Fig.6.1, Fig.6.2 & Fig.6.3, you can see the computation of the lower bound of the
graph br17 of TSPlib by the adapted Held Karp method with the different step size, each with
different values of the parameters.

The first graph uses the simplest bound. After 80 iterations, the value of the bound continues
to grow, but too slowly to let the algorithm continue until the end of convergence. Following
the parameter, the point where the convergence became very slow can arise at different values.
The parameter leading to this best value is neither the smallest, neither the highest.

The second uses a geometric step with different parameters. We can see that the bound can
converge to different values following the parameters. We can also see that the parameters giving
the best convergence are not the highest (β0 = 5 & ρ = 0.9 give a better result than β0 = 10 &
ρ = 0.9).

The last uses a complex step with the UB parameter varying from the value of the optimal
tour to higher values. It can be seen that the convergence happens not only at the optimal
lower bound. And we can also see that setting the optimal value as UB doesn’t give the best
bound.

At Fig.6.4, the same step size (geometric with β0 = 100 and ρ = 0.9) was used on similar graphs
of the TSPlib benchmark (ft53, ft70 and ry48p). These graphs have a similar range of costs
(between 0 and about 2500), about the same number of vertexes (respectively 53, 70 and 48)
and about the same mean of cost by edges (respectively about 500, 1000 and 1100). The ratio

bound
optimal value shows us how far from the optimal we are. We can see that a same bound can end
up to be very good for one graph, while being very bad for another. The parameters leading to
a good bound depend highly on the graph seems to be unpredictable.

With these examples, the weakness of each step size family has been shown. An the impact of
good parameters has also been illustrated.
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Figure 6.5: Bound performance profile of the simple step for RandB
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Figure 6.6: Bound performance profile of the simple step for RandC

6.3 Comparison of the different methods with a same step size

For each step sizes, some fixed parameters will be used and the bound for each method (Held-
Karp symmetric with the transformation with 2 nodes and the linking edge forced, the adapta-
tion of the Held-Karp based on the 1Arbo, the adaptation of the Held-Karp based on the 1Anti
and the adaptation of the Held-Karp with either the 1Arbo or the 1Anti following the predictor)
will be computed and the performance profile will be computed. As our goal is to have a best
bound as quickly as possible, the number of iterations will be set to 100 for the asymmetric
method and 200 for the symmetric one since the computation of a 1Tree has been shone to be
quicker. The test where made on the RandA, RandB, RandC and TSPlib benchmarks. The
remaining graphs are in Appendix E.

6.3.1 Simple step size

The simple step size was set with λ = 100.

On the graphs Fig.6.5, 6.6 & 6.7, we can see the performance profile concerning the bound
found. We can see that for each the one behaving the better is the asymmetric with prediction
to chose between 1Arbo and 1Anti. For the RandC benchmark (Fig.6.6), the difference between
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Figure 6.7: Bound performance profile of the simple step for TSPlib
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Figure 6.8: Time performance profile of the simple step for RandC

the simple 1Arbo or 1Anti with the one with prediction is much more pronounced. The 1Tree,
either with 100 iterations or 200, gives the worst results.

Concerning the time taken (Fig.6.8), as expected, the 1Tree with 100 iterations is the best
for most of the graphs, following by the 1Tree with 200 iterations. The 1Arbo and 1Anti are
approximately the same. The choice with predictor has a slightly better profile, this can arise
if the chosen method is the quicker for the iteration. The results are similar for the other
benchmarks.

6.3.2 Geometric step size

The geometric step size was set with β0 = 100 and ρ = 0.9.

In the case of the geometric step size (Fig.6.9 & 6.10), the best is the asymmetric with pre-
diction following by the two other asymmetric still similar. The symmetric ones are still the
worsts.

On the first graph (Fig.6.9), we can also notice the effect of the convergence to some value as
1Tree with 100 iterations and 1Tree with 200 has exactly the same profiles.

Concerning the time (Fig.6.11), the 100 iterations’ 1Tree is still the better followed by the other
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Figure 6.9: Bound performance profile of the geometric step for RandB
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Figure 6.10: Bound performance profile of the geometric step for RandC
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Figure 6.11: Time performance profile of the geometric step for RandB
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Figure 6.12: Bound performance profile of the complex step for RandA
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Figure 6.13: Bound performance profile of the complex step for RandB

1Tree and then all the asymmetric based method with profiles similar to each other.

The other results on the other benchmarks show the same trends.

6.3.3 Complex step size

The complex step size was tested with the update of ε and was set with parameter ub =
min{

∑
v(max in− edge(v)),

∑
v(max out− edge(v))}.

For the bound (Fig.6.12 & 6.13), here the conclusion differs from the previous ones. In this
case, the best seems to be the 1Tree with 200 iterations. This is probably due to the fact that
this step size with our arbitrary parameters make a little bit more time to be good enough.
More iterations should be used to have again the asymmetric bounds better than the symmetric
ones.

Concerning the time (Fig.6.14), the conclusions are still the same : the 1Tree is the fastest.
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Figure 6.14: Time performance profile of the complex step for TSPlib

6.4 Conclusion

The first thing learnt is that the right parameters for a given step size family hardly depend on
the graph.

Secondly, for a given step size and given parameters, if the number of iterations is enough,
the asymmetric based methods give generally the best lower bound. But the cost to achieve
such a result is much higher for the same number of iterations. To become more practical the
asymmetric based methods should be optimised.

The last thing saw is the effect of the predictor (Section 5.2.1) with which a generally better
bound is achieved.
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Chapter 7

mincircuit as an OscaR constraint

This chapter details the implementation of the mincircuit constraint as a constraint of the
solver OscaR.

7.1 The Constraint interface

The Constraint interface [11] has only one abstract method :

def setup(l: CPPropagStrength): CPOutcome

This method has to contain the registrations to the domain modification and also a first consis-
tency check.

Another interesting method is the propagate method, called when a registered event for prop-
agation occurs.

def propagate(): CPOutcome = CPOutcome.Suspend

These are the two methods from the interface implemented/overrided to make our own mincircuit
constraint [7].

7.2 mincircuit as an aggregation of other constraints

A big principle in programming is the reuse of already existing code. This ensures more main-
tainability and also reduces the bugs.

This is why this mincircuit constraint is built from a first circuit constraint. To be able to do
it, the successor model must be followed and an array succ (∀i; 0 ≤ i ≤ succ.size− 1; succ(i) =
successor of node i) containing the successor nodes will be used. This constraint will take care
that at the end we have a single circuit, an Hamiltonian circuit.

Now concerning the cost of the tour, a variable will be used to contain it. To compute the cost,
we will need the list of the possible edges, their costs and a mean to now if they are selected or
not. To do this, a set containing a tuple by edge will be kept. This tuple contains the source,
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the destination and the cost of the edge and also a boolean variable representing the selection
or not of the edge. A sum constraint linking the variable containing the total cost of the tour
and the sum for all edges of the cost multiplied by their boolean variable will be set.

The last thing needed will be to link the successor model with the edge selection model. To do it,
for all pairs of vertexes, a constraint is added. If their exists an edge going from the first vertex
to the second, the constraint created will link the value of the boolean variable to the boolean
equality between the value of the variable succ(first) and the second (xij == (succ(i) == j)).
If their exists no edge between the two vertexes, the value of the second vertex is retrieved from
the variable containing the successor of the first by an inequality constraint (succ(i)! = j).

7.3 setup of the constraint

First, the setup will first add the constraint of the model to the solver. Then, if the solver has
not failed, the registration to events is made. As the cost must change only when one edge is
selected or discarded, the setup will register a call to the propagation method each time the
domain of one of the variables in the succ array changes.

7.4 propagation of the constraint

Up to this point, the constraint is built the same way it will either use a weaker bounding
procedure or not. This is why this was set in an MinCircuit interface implemented by three
classes : MinCircuitWeak MinCircuitMedium and MinCircuitStrong. The abstract method
will be the one computing the lower bound.

The propagate method of the mincircuit will first update possibly the upper bound of the cost.
If the solver hasn’t failed, the lower bound will be computed by calling the abstract method.
Then the lower bound will be updated.

The different lower bound computation are :

• weak propagation : the maximum of all the 1Arbo or 1Anti, the method is choose following
the predictor.

• medium propagation : the bound is computed with the symmetric iterative Held-Karp
method with 200 iterations and the geometric step size (with β0 = 100 and ρ = 0.9).

• strong propagation : the bound is computed with the asymmetric iterative Held-Karp
method using the predictor and with the same parameters as the medium propagation
(200 iterations and geometric step size)

7.5 Adding a mincircuit constraint to a model

To add a mincircuit constraint, four things need to be given in argument to a companion
object used to return the corresponding constraint :
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• an array for the successors

• a variable to carry out the cost of the tour

• the set of tuples (source, destination, cost) describing the edges

• a boolean, set as true if the stronger propagation is wanted

7.6 Tests

To do the test, a simple cp search with a binary first fail on the successor gives :

• With the strongest bound, the best value found was not the optimal but very close (40
instead of 39) and found after a few seconds.

• With the medium bound, no solution where found.

• With the weak bound, no solution where found.

For the symmetric method, because of the speed of the computation, the number of nodes visited
was very high (+-144000 nodes explored) with respect to the number of nodes visited by the
asymmetric one (+-4500 nodes explored). But as the lower bound isn’t effective enough, almost
no branches are cut. For the weakest bound, the amount of node visited is very high (+- 271500
nodes) but almost no pruning is done.

The same tests were done with ft53 leading to the same conclusions : for a same parameter,
the Medium and the Weak bound go over many nodes but too few pruning arise.
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Conclusion

To conclude this master’s thesis, let’s remind our initial question : Is a differentiation between
the symmetric and the asymmetric mincircuit useful?

Specific constraint The simplest bound

Concerning the simplest bound, from a theoretical point of view there is clearly an advantage
in using the 1Arborescence/1Anti-Arborescence instead of the 1Tree. But from a performance
point of view, without an optimised version of the computation of the 1Arborescence, its actual
cost may be a disadvantage.

If using the 1Arborescence/1Anti-Arborescence, the prediction based on the variances of the in
and out-edges of the nodes is useful can most likely lead to the best bound without the high
cost of computing all the 1Arborescence and 1Anti-Arborescence.

Specific constraint The iterative bound

From a theoretical point of view, both techniques should converge to the same bound. But in
practice this isn’t all the time the case.

First, following the step size and the parameters chosen, a convergence to another value than
the optimal lower bound can be seen. Then, we can see that, given a same step size with the
same parameters, the asymmetric methods results in a better bound for the same number of
iterations. And there is also no guarantee (except for the slow simple step size family) that the
symmetric method would reach the same bound value since it can converge to a lower value due
to the drawback of the step size. From this point of view, the 1Arborescence/1Anti-Arborescence
should be privileged. Also, the use of the predictor has also shown better results in general.

Concerning the time, again, the actual 1Arborescence takes much more time.

Specific constraint As for the constraint the sooner a value is removed from the domain the
better it is, a 1Arborescence/ 1Anti-arborescence bound may be useful at the beginning, even
if it takes more time to reduce at most the search tree close to the root.
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Appendix A

Reminders on Graph Theory

This appendix can be viewed as a reminder of basic knowledge on graph theory [5]. This basis
is required to understand this master’s thesis. If you are not fluent with the terms used or if
you don’t recall some of them, it is advised to read it.

A.1 Graphs in general

Definition - A.1.1 (Graph) A graph (Fig.A.1a) G = (V,E) is composed of a set V of ver-
texes (also called nodes) and a set E of edges (also called arcs) linking two vertexes of the
graph together. These edges can be taken in both directions. They are also called undirected or
symmetric graph.

Definition - A.1.2 (Directed graph) A directed (or asymmetric) graph (Fig.A.1b) is a graph
G = (V,E) composed of a set V of vertexes and a set E of directed edges going from one vertex
(the source) to another (the destination) of the graph. The edges can only be taken from the
source to the destination and not in the opposite direction.

Definition - A.1.3 (Sub-graph) A sub-graph (Fig.A.2) of a graph defined by G = (V,E) is
a graph defined by Gs = (Vs, Es) where Vs ⊆ V , Es ⊆ E

1

2 3

4 5

6

(a) Undirected graph
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(b) Directed graph

Figure A.1: Example of graphs

II



1

2 3

4 5

6

Figure A.2: Sub-graph of graph Fig.A.1a
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(a) Path in graph Fig.A.1a
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(b) Directed path in graph Fig.A.1b

Figure A.3: Example of paths

A.2 Path, cycle and connectivity

Definition - A.2.1 (Path) A path (Fig.A.3) between s and t (s, t ∈ V ) in a graph G = (V,E)
is a succession of vertexes v0 − v1 − v2 − ... − vn for which v0 = s, vn = t, all vertexes of the
path are different and there is an edge (vi, vi+1) ∈ E for each 0 ≤ i ≤ n− 1.

Definition - A.2.2 (Connected graph) An undirected graph (Fig.A.4) is connected if there
exists a path between each pair of vertexes of the graph.

A directed graph (Fig.A.5) is weakly connected if the undirected graph obtained by replacing all
directed edge by undirected one is connected. A directed graph is strongly connected if there exist
a path between each couple of vertexes.

Definition - A.2.3 (Cycle) A cycle (Fig.A.6) is a succession of vertexes v0 − v1 − ...− vn−1

where the same vertex doesn’t appear twice in the sequence and there is an edge (vi, v(i+1) mod n) ∈
E for each 0 ≤ i ≤ n− 1.

Definition - A.2.4 (Hamiltonian cycle) An Hamiltonian cycle (Fig.A.7) is a cycle involv-
ing each vertex of the graph.
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(a) connected graph
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(b) unconnected graph

Figure A.4: Example of connected graphs
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(a) weakly connected directed graph
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(b) strongly connected directed graph
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(c) unconnected directed graph

Figure A.5: Example of connected directed graphs
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(a) Cycle in graph Fig.A.1a
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(b) Cycle in directed graph Fig.A.1b

Figure A.6: Example of a cycle
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(a) Hamiltonian cycle in graph Fig.A.1a
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(b) Hamiltonian cycle in asymmetric graph
Fig.A.1b

Figure A.7: Example of a Hamiltonian cycle
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Figure A.8: Tree sub-graph of graph Fig.A.1a
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Figure A.9: Arborescence sub-graph (rooted in 1) of graph Fig.A.1b

A.3 Trees and arborescences

Definition - A.3.1 (Tree) A tree (Fig.A.8) in an undirected graph is a subgraph Gt = (V,Et)
of the graph G = (V,E) where Et ⊆ E and where the following conditions are respected :

• |Et| = |V | − 1

• the subgraph is connected

The definition stays the same if the second property is replaced by : the subgraph doesn’t contain
any cycles

Definition - A.3.2 (Arborescence) An arborescence (Fig.A.9) rooted in r ∈ V in a directed
graph is a sub-graph Gt = (V,Et) where the following conditions are respected :

• |Et| = |V | − 1

• there exists a path from r to each other vertex of the graph

An arborescence has exactly one edge entering each node (except the root).

Definition - A.3.3 (Anti-arborescence) An anti-arborescence (Fig.A.10) anti-rooted in r ∈
V in a directed graph is a sub-graph Gt = (V,Et) where the following conditions are respected :

• |Et| = |V | − 1

• there exists a path from each other vertex of the graph to the anti-root r
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Figure A.10: Anti-arborescence sub-graph (anti-rooted in 1) of graph Fig.A.1b

An anti-arborescence has exactly one edge going out of each node (except the anti-root).

A.4 Costs on graphs

Definition - A.4.1 (Costs on a graph) A cost can be associated to each edge of G = (V,E).
The meaning of this cost can be the time, the amount of resource needed,... to go through this
edge. The cost of the graph is then the sum of all costs of its edges.

Definition - A.4.2 (Minimum spanning tree) The minimum spanning tree of a graph is a
tree for which its cost is the minimum among all the possible trees.

Definition - A.4.3 (Minimum arborescence) The minimum arborescence of a directed
graph is an arborescence for which its cost is the minimum among all the possible arborescences.

Definition - A.4.4 (Minimum anti-arborescence) The minimum anti-arborescence of a
directed graph is an anti-arborescence for which its cost is the minimum possible among all
the possible anti-arborescences.
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Appendix B

Lagrangian Relaxation

This appendix explains the mechanisms and the mathematical concepts underlying the La-
grangian Relaxation.

Relaxation

Lagrangian relaxation consists of relaxing a complex optimisation problem, making it easier to
solve. However, this implies for the optimal solution to be relaxed and no more optimal for the
initial problem.

How useful can this be, if the solution found isn’t the solution to the original problem? The
new optimum can be used as a bound for the optimum of the initial problem (lower bound for
minimising problems and upper bound for maximising ones).

Model of the Lagrangian Relaxation

We consider the following optimisation problem :

z = min f(x)
Ax ≤ b
x ∈ X ⊆ Rn

(P)

with f : Rn → R, A ∈ Rm×n and b ∈ Rm×1.

Let’s assume the constraint Ax ≤ b is tricky and the polyhedron X is easy to solve.

A naive relaxation would be to just drop the difficult constraint and solve the resulting problem.
But as this totally ignores some constraints, this relaxation can be still weak compared to the
initial problem.

The principle of the Lagrangian relaxation is to drop the difficult constraint (like a simple relax-
ation) but also to modify the objective by adding a term composed of the constraint dropped.
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The goal of this term is to penalise the solutions of the relaxation violating the constraint and
rewarding the ones satisfying it.

The Lagrangian relaxation of the problem (P) is :

z(λ) = min f(x)− λ(b−Ax)
x ∈ X ⊆ Rn

(P(λ))

with λ ∈ R1×m
+ .

The model slightly changes when the constraint is different. When the constraint removed is
of the form Ax ≥ b, the multipliers need to be negative (λ ∈ R1×m

− ). And when the constraint
removed is of the form Ax = b, there are no constraint on the multipliers (λ ∈ R1×m).

Is the Lagrangian relaxation always a lower bound?

A simple proof that z(λ)∗ (the cost of the optimal solution x∗r of the relaxation) is a lower bound
to z∗ (the cost of the optimal solution x∗ of the initial problem) can be done this way :

Knowing that x∗r is the optimal solution of the relaxing problem, it can be said that ∀x ∈ X :
f(x∗r)−λ(b−Ax∗r) ≤ f(x)−λ(b−Ax). As the polyhedron of the initial problem is fully contained
in the one of the relaxed one ({x : x ∈ X and Ax ≤ b} ⊆ {x : x ∈ X}), this inequality is also
right for all the solutions of the initial problem, including the optimal solution x∗. But as x∗ is
a solution of the initial problem, we can state that −λ(b−Ax∗r) ≤ 0. This concludes the proof,
as :

z(λ)∗ = f(x∗r)− λ(b−Ax∗r)
≤ f(x∗)− λ(b−Ax∗) by optimality of x∗r
= z∗ − λ(b−Ax∗) as x∗ is solution of the initial problem
≤ z∗

Choice of the multipliers

Each multiplier respecting the multiplier constraint can be used, but some are better than others.
The Lagrangian dual is the problem z(λ∗) = maxλ z(λ) which corresponds to finding the best
multipliers maximising the lower bound. This can be done in an iterative way.
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Appendix C

TSPlib

TSPlib [17] is a library regrouping multiple TSP instances from different sources. These instances
are from different type (symmetric, asymmetric,...). It also inventory the best known solution
so far for each instance. As the focus is made on the asymmetric TSP, only this type of instance
from this library was used. This allows to test the implementations over bigger and more realistic
instances.

The table Tab.C.1 describes the different instances and their characteristics (number of ver-
texes,...).
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Name Optimum Number of Minimum Maximum Mean of the
vertice cost cost costs

br17 39 17 0 74 14.529411764705882
ft53 6905 53 21 1834 492.91835994194486
ft70 38673 70 331 2588 1030.3155279503105
ftv33 1286 34 7 332 128.451871657754
ftv35 1473 36 7 332 135.20714285714286
ftv38 1530 39 7 332 132.76788124156545
ftv44 1613 45 7 332 136.94343434343435
ftv47 1776 48 7 348 142.37677304964538
ftv55 1608 56 6 324 131.8168831168831
ftv64 1839 65 5 348 135.25913461538462
ftv70 1950 71 5 321 118.96519114688128
ftv90 1579 91 5 321 123.37838827838827
ftv100 1788 101 5 321 133.7749504950495
ftv110 1958 111 5 331 139.8997542997543
ftv120 2166 121 5 331 144.33243801652893
ftv130 2307 131 5 353 149.2601291837933
ftv140 2420 141 5 353 150.42264437689968
ftv150 2611 151 5 368 153.38366445916114
ftv160 2683 161 4 368 154.0144409937888
ftv170 2755 171 4 368 153.62751977984175

kro124p 36230 100 81 4545 1910.0977777777778
p43 5620 43 0 5160 593.6976744186046

rbg323 1326 323 0 33 19.190594773378457
rbg358 1163 358 0 33 19.329726303929395
rbg403 2465 403 0 33 19.080836512227943
rbg443 2720 443 0 33 18.64608847532762
ry48p 14422 48 54 2782 1138.7672872340424

Table C.1: Data concerning the TSPlib instances
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Appendix D

Complementary results for Chap.
5

This Appendix contains some of the results of the statistical analysis over the RandB benchmark
of the Chap.5. They all lead to the same conclusion as the analysis in the Chapter 5.

1Arbo vs 1Tree : statistical analysis

Fig.D.1 concerns the comparison of the statistical data’s for the 1Arbo and the 1Tree over the
RandB benchmark.

1Anti vs 1Tree : statistical analysis

Fig.D.2 concerns the comparison of the statistical data’s for the 1Anti and the 1Tree over the
RandB benchmark.

1Arbo vs 1Anti : statistical analysis

Fig.D.3 concerns the comparison of the statistical data’s for the 1Arbo and the 1Anti over the
RandB benchmark.

Time comparison
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(a) Percentage of graphs of RandB where the statistical data for the minimal 1Arbo’s is strictly better
than the one for the minimal 1Tree’s
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(b) Percentage of graphs of RandC where the statistical data for the minimal 1Arbo’s is strictly better
than the one for the minimal 1Tree’s

Figure D.1: 1Arbo versus 1Tree for RandB
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(a) Percentage of graphs of RandB where the statistical data for the minimal 1Anti’s is strictly better
than the one for the minimal 1Tree’s
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Figure D.2: 1Anti versus 1Tree for RandB
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than the one for the minimal 1Anti’s

Figure D.3: 1Arbo versus 1Anti for RandB
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(a) Performance profile of the global time (creation + solving) for RandC
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(b) Performance profile of the execution time only for RandC

Figure D.4: Performance profile graphs on RandB
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(a) Performance profile of the global time (creation + solving) for TSPlib
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(b) Performance profile of the execution time only for TSPlib

Figure D.5: Performance profile graphs on RandB
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Appendix E

Complementary results for Chap.
6

This Appendix contains some of the results of the comparison between the different methods with
a same step size (Section 6.3). Their results follow the analysis given during the chapter.

Simple step size

The Fig.E.1 gives the optimal performance profile for RandA and Fig.E.2, E.3 and E.4 give the
time performance profile for RandA, RandB and TSPlib

Geometric step size

The Fig.E.1 & 6.7 give the optimal performance profile for RandA and TSPlib and Fig.E.7,
E.8 & E.9 represent the time performance profile for the RandA, RandC and TSPlib bench-
marks.
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Figure E.1: Bound performance profile of the simple step for RandA
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Figure E.2: Time performance profile of the simple step for RandA
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Figure E.3: Time performance profile of the simple step for RandB
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Figure E.4: Time performance profile of the simple step for TSPlib

XIX



0.75 0.8 0.85 0.9 0.95 1 1.050

0.5

1

τ%
gr

ap
h

w
he

re
bo
u
n
d
m
et
h
o
d

m
ax
bo
u
n
d

>
τ

1Tree 100
1Tree 200

1Arbo
1Anti

prediction

Figure E.5: Bound performance profile of the geometric step for RandA
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Figure E.6: Bound performance profile of the geometric step for TSPlib
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Figure E.7: Time performance profile of the geometric step for RandA
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Figure E.8: Time performance profile of the geometric step for RandC
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Figure E.9: Time performance profile of the geometric step for TSPlib
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Figure E.10: Bound performance profile of the complex step for RandC
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Figure E.11: Bound performance profile of the complex step for TSPlib

Complex step size

The Fig.E.10 & E.11 give the optimal performance profile for RandC and TSPlib and Fig.E.12,
E.13 & E.14 represent the time performance profile for the RandA, RandB and RandC bench-
marks.
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Figure E.12: Time performance profile of the complex step for RandA
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Figure E.13: Time performance profile of the complex step for RandB
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Figure E.14: Time performance profile of the complex step for RandC
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