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Abstract

Given the serious consequences that an epidemic may have, it is essential to control its
spread through several interventions such as social distancing, lockdown or vaccination. How-
ever, these interventions have a cost and they have to be implemented properly to be effective.
The challenge of managing epidemics is therefore to limit their spread as much as possible while
minimizing the cost of the interventions implemented.

This master thesis addresses several questions of epidemic management in the context of
the COVID-19 outbreak in Belgium. The main questions considered in this work are: For each
week of a one-year horizon, what is the optimal transmission rate of the disease to minimize
its spread and the cost of the health measures implemented to achieve such a rate? Should
health measures be different for the vulnerable and the non-vulnerable population? Who should
be vaccinated first between the vulnerable population, the non-vulnerable population and the
health care workers? To answer these questions, we use a control approach. Indeed, we design
optimal control problems and model predictive control problems to find the optimal intervention
strategies in order to curtail the spread of the disease while minimizing the cost of the interven-
tions.

Keywords: Epidemic management, Optimal control, Model predictive control, Epidemic
compartmental models.
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Chapter 1

Introduction

When an epidemic spreads, it can have far-reaching consequences, including human suffering
and loss of life. The most recent and telling example is the spread of the COVID-19 epidemic.
COVID-19 emerged in Wuhan in late 2019 before spreading around the world. By the end of
March 2022, the World Health Organisation (WHO) reported that the disease had caused over
6.1 million deaths worldwide [1]. Moreover, the COVID-19 epidemic is far from being the only
one to have caused serious consequences worldwide. Other major epidemics have also occurred
in the 21%¢ century, such as the Ebola epidemic and the HIN1 pandemic.

Given the serious consequences that an epidemic can have, it is therefore essential to imple-
ment countermeasures to limit its spread. For this, there are different types of interventions.
Some of these reduce the risk of transmission within the population with actions like lockdown,
closing schools or quarantine. Others, such as vaccination, allow decreasing the number of indi-
viduals susceptible to be infected. It is also possible to decrease the duration of infectiousness
thanks to treatments. For these interventions to be effective, they need to be implemented at
the right time and in the right way.

However, these actions have a social and an economic cost. For example, lockdown greatly
reduces the economic activity of the country in which it is imposed. In addition, lockdown has
a social cost as it greatly reduces social contact. The trade-off between the desire to minimize
the spread of an epidemic as much as possible thanks to very strict measures and the cost of
these interventions is what makes epidemic management complex and challenging.

When talking about the management of epidemics, many questions arise. The non-exhaustive
list of questions that this master thesis seeks to answer, in the context of the COVID-19 epidemic
in Belgium, is as followsﬂ

e For each week of a one-year horizon, what is the optimal transmission rate of the disease in
order to minimize its spread and the cost of the health measures implemented to achieve
such a rate?

e Should health measures be different for the vulnerable and the non-vulnerable population?

e Who should be vaccinated first between the vulnerable population, the non-vulnerable
population and the health care workers?

e How can health measures be optimally implemented when the measures imposed on each
individual depend on their epidemic status?

ITo answer these questions, a number of assumptions had to be made for modelling purposes. The results
obtained therefore depend on the assumptions made and the conclusions should not be taken literally.



In this master thesis, the dynamics of the COVID-19 epidemic is modelled using dynamical
systems, called compartmental models in epidemiology. These models divide the population into
several epidemic classes such as the susceptible, infectious and removed classes and represent
the evolution of this population between the epidemic classes. They also allow to model the
interventions put in place to curtail the spread of the disease. Indeed, in an epidemic model,
each state variable represents the number of individuals present in a specific compartment and
the input or control variables represent the interventions implemented. Several epidemic models
are designed in this work to model different types of interventions but also different ways of
modelling interactions in the Belgian population.

To answer the questions listed above, we use a control approach. Whatever the question of
interest, the general aim is to determine the optimal intervention strategy leading to the best
trade-off between minimizing the loss of life caused by the disease and minimizing the cost of
the interventions. To achieve this goal, we design control problems. We want to find the optimal
control and state trajectories for the epidemic model, representing the dynamics of the COVID-
19 epidemic, in order to minimize a certain cost function. This cost function is composed of the
number of deaths caused by the disease and the cost of the interventions implemented. Thanks
to this control approach, the trade-off between minimizing the loss of life due to the disease and
the cost of the interventions is therefore explicitly taken into account. Moreover, minimizing
this cost function will lead to the best trade-off.

Concerning the cost of the interventions implemented to curb the epidemic, we have no a
priori information. We therefore consider different costs and make assumptions about them.
However, once we have set the cost of the interventions, our control approach allows us to find
the optimal intervention strategy. This is the strength of this approach compared to an approach
that tests several intervention strategies to see which is the best option.

In this master thesis, the control problems are solved using two different control approaches:
the optimal control approach and the model predictive control (MPC) approach. The principle
of these two control techniques is detailed in Chapter 2} In particular, the first question in the
above list is first answered using optimal control. In the literature, the majority of the optimal
control problems are solved thanks to the Pontryagin’s Minimum Principle or a nonlinear pro-
gramming solvers like Ipopt [2| or Knitro [3]. In this master thesis, optimal control problems
are solved by explicitly using the gradient descent and the Newton’s method. This is the first
contribution of this work. The first question of the above list is also answered using model
predictive control. This will allow to highlight the similarities and differences between the two
control approaches.

To answer the other questions of the above list, the model predictive control (MPC) approach
is used. Several papers have already been published on the modelling and control of COVID-19
via MPC. However, to the best of my knowledge, very few or no articles answer these questions.
This is the second principal contribution of this master thesis.

Finally, this master thesis is structured as follows. In Chapter 2] the state-of-the-art presents
the modelling technique allowing to describe disease transmission thanks to compartmental mod-
els. The principle of the optimal control and the model predictive control is also detailed.

Chapter [3] is devoted to optimal control. First, the optimal control problem is defined prop-
erly. This problem aims to find the optimal transmission rate of the COVID-19 disease in order
to minimize the number of deaths caused by the disease while minimizing the cost of the health
measures implemented to achieve such a rate. Several methods are used to solve this optimal



control problem: gradient descent, Newton’s method and quasi-Newton’s method. The results
and performances of each method are compared in this chapter. Finally, the results obtained for
the optimal transmission rate are discussed based on the cost function used to model the cost
of the health measures.

In Chapter 4] a model predictive control problem is designed. The aim of this problem is the
same as in the previous chapter: find the optimal transmission rate to minimize the number of
deaths and the cost of the sanitary measures. However, the way to proceed will be different com-
pared to the optimal control. The results obtained via MPC for the optimal transmission rate are
presented and discussed. Then, the results are compared to the ones obtained via optimal con-
trol. This allows to highlight the similarities and differences between the two control approaches.

Chapter [5] presents an epidemic model that takes into account the non-uniform mortality
rate of the COVID-19 disease in the population. The model is stratified into a non-vulnerable
population with a low infection fatality ratio (IFR) and a vulnerable population with a higher
IFR. The aim of this chapter is then to look at the optimal health measures to be imposed
within and between each population. This will help to determine whether it makes sense or not
to impose different measures on the vulnerable and non-vulnerable people.

Chapter [6]is devoted to the vaccination strategies. This intervention is modelled in a popula-
tion stratified into three groups: a vulnerable sub-population, a non-vulnerable sub-population
and the health care workers. A model predictive control problem is then designed to find the
optimal way to vaccinate these three groups and to study how the optimal health measures are
affected by the vaccination. The optimal vaccination is then discussed according to the contacts
of the health professionals.

In Chapter [7] the health measures imposed on each individual will depend on their epidemic
status (susceptible, infectious,...). A distinction must then be made between infectious people
who are aware of their infectiousness and those who are not. The former will be able to take
measures accordingly, while the latter will not be able to do so because they do not know that
they are infectious. Testing people can therefore be a useful intervention to increase the number
of people who know they are infectious and this will be discussed in this chapter.






Chapter 2

State-of-the-art

As said in the introduction, in this master thesis we use a control approach to answer different
questions of epidemic management. In this chapter, we first present how an epidemic can be
represented thanks to a compartmental model. Then, we present two ways to control epidemic
models: the optimal control and the model predictive control.

2.1 Compartmental models in epidemiology

Compartmental models are a modelling technique used to describe disease transmission.
The principle is to divide the population into different compartments corresponding to epidemic
classes and to represent the passage of people from one compartment to another using rates.
The basic compartmental models describing disease transmission were developed by Kermack
and McKendrick in 1927 [4]. The SIR model of Kermack and McKendrick is composed of three
compartments: S, I and R. S(t) denotes the number of individuals at time ¢ who are susceptible
to the disease and are therefore not yet infected. I(¢) denotes the number of individuals who
are infectious and can therefore transmit the disease to the susceptible persons. R(t) denotes
the number of recovered (and immune) or dead individuals after being infected by the disease.
This class can also be called the "removed" class.

In a SIR model, the infection process is represented thanks to the force of infection, A. The
force of infection is the risk for a susceptible individual to become infected [5]. It is defined
as A = ,6’%. It is thus the transmission rate of the disease, 8, multiplied by the proportion of
infectious individuals in the population. The susceptible persons thus arrive at a rate 5 %S per
unit time in the infectious class (I). Then, they leave the infectious class at a rate I per unit
time to go in the removed class (R). 7 is the removed or recovery rate and 1/7 is the mean
duration of the infectious period.

The continuous-time SIR model is given by

ds(t) I(t)
a0y

T — s -1
PO — 1



Its discrete-time version is given by

I
Spy1 = S; — ﬂstﬁt

I
Iy =1 + 55tﬁt — 1 (2.1)

Ryt = Ry + 1

where S, I; and R; denote the number of susceptible, infectious and removed individuals at time
t.

The most common compartmental models are the SIS, SIR, SEIR and SIRD models. The
name of the models shows the flow pattern of the individuals between the compartments. In
addition to the 3 compartments already discussed for the SIR model, the compartment E cor-
responds to the exposed individuals, i.e. the ones who are infected but not yet infectious and
the compartment D refers to people who died from the disease. In this master thesis, the SIRD
model will be extended to take into account different phenomena: the distinction between the
vulnerable and the non-vulnerable population, the vaccination and the different types of in-
fectious people (pre-symptomatic, symptomatic and asymptomatic). All these models will be
detailed later.

A very important concept in epidemiology is the basic reproduction number, Ry. The ba-
sic reproduction number is the average number of secondary cases produced by one infectious
individual introduced into a population only composed of susceptible individuals [6]. Rg thus
indicates how the number of infectious people will evolve if infectious individuals are introduced
in a fully susceptible population. Indeed, if Ry < 1, the number of infectious people present in
the population decreases monotonically to zero. On the other hand, if Ry > 1, the number of
infectious people increases.

The basic reproduction number Ry can be calculated for any compartmental model. Ry is
computed either intuitively or using the next generation matrix method. Let us first compute in-
tuitively Ry for the simple SIR model given in . When a population is fully susceptible, the
SIR model is at the disease free equilibrium (DFE) with (Sy-, Iy-, Ryp-) = (N,0,0) and N the
number of individuals in the population. When infectious people are introduced into the popu-
lation, the initial behavior of the SIR model is governed by the sign of ﬁf\(}_ — 7, or equivalently
p jj‘{,’ T j}{f > 1, the number of infectious people increases while if P 5}{; < 1, the num-

ber of infectious people decreases. This corresponds to the definition of Ry, with Ry = Poa- _ 8

YN v

Let us now present the next generation matrix method coming from [7]. This method allows
to compute Ry for any compartmental model. Since we will work with discrete-time epidemic
models in this master thesis, we will present the discrete-time method. Let

xp = (xf, .., 2p)T € RY
be the number of individuals in the compartments containing infectious people and
1 T
Yt = (yt,vyln) GRT

be the number of individuals in the other compartments. The equations of the model for the
compartments with infectious people can be written in the following way:

2y = Filze,ur) + Vil ye) for i=1,..,n

6



with F;(x¢,y;) the rate of appearance of new infections in compartment i and V;(zy, y;) the rate
of other transitions between the compartment ¢ and the other compartments.

Then, let us define the two n X n matrices

3}3(1’077 Yo-)

OVi(xo-,Yo-)
oxJ '

F= { oxJ

]andV:[ ]forlgi,jgn

with (zg-, yo—) the disease free equilibrium of the epidemic model. If ¢(0) is the initial number
of infectious individuals, then the matrix F (I; — V)~ ' ¢(0) gives the expected number of new
infections caused by these individuals, with I; is the identity matrix. Moreover, the entry (i, 7)
of F(I;— V)f1 gives the expected number of secondary infections in compartment ¢ produced

by an infected individual introduced in compartment j. Finally,

Ro=p(Q)

where Q = F(I; — V)~! and p denotes the spectral radius.

As an illustration, we can derive the expression of Ry for a SIR model thanks to the next
generation matrix method. In the SIR model, the only compartment containing infectious people
is the compartment I. Therefore, x; = I; and v, = (S;, R;). Moreover, as said before, the disease
free equilibrium of the SIR model is (zy-,yo-) = (I, So-, Ryp-) = (0, N,0). The equation of
the SIR model for the compartment [ is given by

Fi(xe,yt)
Vi (zt,yt) —N

— It
Ly =1 —~vI + 8BS~ -

N
Therefore, F and V are equal to
_ OF1 (o, Yo-) _ So- _ V1 (o, Yo-) _
F—{ o1 }—ﬁN and V—{ o1 }—1—7
Finally,
_ -1 _ BSo- _ _BSo- _ B
Q=F(;-v)" =" and Ro=p(@="1 ="

The expression for Ry is well the same as that one found previously.

Once an epidemic has started to spread, the population is no longer fully susceptible. To take
this into account, another quantity, close to Ry, is the effective reproduction number, R;. The
effective reproductive number is defined as the average number of secondary cases per infectious
case in a population composed of susceptible and non-susceptible hosts. It can be computed at
each time ¢ of an epidemic. To compute R; thanks to the next generation matrix method, F'
and V are evaluated at (x¢,y;) instead of (xg-,yg-). The effective reproduction number of a
SIR model is therefore R; = %

2.2 Optimal control in epidemiology

In epidemiology, the compartmental models can be controlled using optimal control. Opti-
mal control theory is the process of determining the control and state trajectories of a dynamical
system over a period of time such that an objective function is optimized [8]. In the context
of epidemics, the dynamical system is a compartmental epidemic model as described in Section

7



The objective function to be optimized represents the cost of infection of the disease, the
cost of the control strategy or both. The cost of infection may include one or several of the
following elements: the number of dead, infected or hospitalised people caused by the disease.
The control strategy can be a non-pharmaceutical intervention such as quarantine, isolation,
wearing the mask, etc. Some studies also research ways to curtail the spread of the epidemic
through vaccination, medical treatment or testing.

One of the methods of the optimal control theory is the Pontryagin’s Minimum Principle.
It provides necessary conditions for finding the solution of an optimal control problem. These
conditions are determined through the introduction of adjoint variables and the minimization
of the Hamiltonian. The Pontryagin’s Minimum Principle is the following [9, [10].

Theorem 1 (Pontryagin’s Minimum Principle) Let z; € X C R" be the state variables of
the system and u, € U C R™ be the control variables at time k. If uj and xj, are optimal for
the problem

tf—l
min J[x, u], where J[z, u] = l(z¢,) + > glag, up)
u = (2.2)
subject to w1 = f(zk, uk) fork=0,..t;—1

then, there exists an adjoint trajectory A, such that
Hy (g, ug, Aey1) < Hi (@, why Ajy1)
for all controls uy, at each time step k, where the Hamiltonian Hj is given by

Hy, (2hy wky A1) = g(2h, ug) + (g, ug) Ay

and
a * *
Ak = aT:ka (wh, upy Akg1)
At 9

There is also a continuous time version of the Pontryagin’s Minimum Principle, but it will
not be detailed here.

To illustrate the Pontryagin’s Minimum Principle in the context of epidemic management,
let us take an example coming from [9]. In this example, the intervention considered to curtail
the spread of a disease is the vaccination. More precisely, the goal of this example is to find
the optimal vaccination strategy in order to minimize the number of individuals infected by the
disease while minimizing the cost of vaccination.

This example therefore considers a discrete-time SIR model with vaccination. A new com-
partment is therefore added to the SIR model: the compartment V' regrouping the individuals
who get vaccinated when susceptible. These individuals move from the compartment S to the
compartment V at rate upSy per unit time. The control variable ug, with 0 < u; < 1, represents
the fraction of susceptible individuals who get vaccinated at time k. The control u; therefore
represents the vaccination strategy. Since the vaccine is not 100% efficient, the vaccinated indi-
viduals can be infected through contact with individuals in the infected class I but at a lower
transmission rate fe (0 < e < 1). Finally, births are represented by adding II individuals in the
compartment S at each time step k. Natural death occurs in all classes with p being the death
rate. The SVIR model is the following:



Skr1 = — (. —1)Sk — BSklr — upSk
Vi1 = ugSy — (= 1)Vi — BeVi I,
Ty = B (Sk + Vi) Iy — (1 — 1) Ij, — v,
Rip1 =1k — (0 —1)Ry,

To minimize the cost of infection of the disease and the cost of vaccination, the optimal

vaccination strategy, represented by the optimal control u*, must be such that the following
cost function is minimized:

(2.3)

tp—1 B,
Jx,u] = A, I, + Z (Aklk + 2u%>

k=0
with Ay > 0 and B, > 0 for k = 1,...,ty. The term Ayl represents the cost of infection, while
the term %ui represents the cost of vaccination at time step k. However, the cost of vaccination
defined in this example is questionable. When the Pontryagin’s Minimum principle is used in
the literature, the cost of administering the control uy is generally assumed to be quadratic and
of the form %uz for simplicity. This implies in this case that the vaccination cost only depends
on the fraction of people u; which are vaccinated at time k. A vaccination cost depending on
urSk, i.e. the number of people vaccinated at time k, would have been more appropriate.

To sum up, the goal of the control problem is to find the optimal control u* such that:
J[x*,u*| = m{%n J[x, u] (2.4)

where
Q={u|0<u<l1}.

Let us now apply the Pontryagin’s Minimum Principle. Given the optimal control u; and
the corresponding solution (S}, V¥, Iff, R};) of the system ([2.3), minimizing J[x, u] over 2, there
exists adjoint variables A such that:

Hy, (xZ? UZ, )‘k—i-l) < Hj, (:EZa Uk, )‘k-‘rl)
for all controls ug. The Hamiltonian Hj, is given by
By 1
Hy, (2, up, Apy1) = Ay, + 7“% > At fi
i=1

where f; are the right-hand sides of the system ([2.3). Moreover, the adjoint variables, Aj j, ..., Aax
must satisfy the following equations:

OH, * * * *
A1k :875*: = Ayt [ (= 1) = BI; — ui] + Ao prruy + A3 pp1B1;
OH N «
Aok =t = Aot [— (i — 1) — Bel] + A3 o1 Bl
oV,
OH " " " « .
A3k :87: = Ap — M p418Sk — Ao k1 BEVE + A3 [B(S) + €VY) (25)
— (1 —1) =]+ A1y
0H,
—_—— = — — 1
A4k OR, Apy1(p—1)

with the conditions:



Mgy =0, i=1,2,4
)\3,tf = Atf

Finally, the optimality condition for the control u* is given by:

S (M k41 — A2 kt1)
By,

uj, = min (max <0, > ,1> for k=0,..,ty—1 (2.6)

where the expression for v is obtained by minimizing the Hamiltonian H}, with respect to ug.

Thanks to the equations and , the control problem can be solved using an
iterative forward-backward method |L1]. The steps of this iterative method are the following.
First, the SVIR system is solved forward in time from the time step £ = 0 to k = t; with an
initial condition for the control and state variables. Then, the adjoint variables are computed
in a backward way using the current solution of the SVIR system. The control variables uj are
finally updated for the time steps k =0, ...,t; — 1 thanks to . This scheme is then iterated
until a certain convergence criterion is achieved.

In the literature, the Pontryagin’s Minimum Principle has been applied in different epidemi-
ological contexts. The authors in [12] apply optimal control theory in the context of influenza.
The aim is to minimize the expected person-days lost due to deaths from influenza and due
to the implementation of non-pharmaceutical interventions (NPI) to limit the spread of this
disease. An optimal policy is derived for the control model using a linear NPI implementation
cost. This leads to an optimal policy in which NPIs are applied at maximum strength when
certain state criteria are met. In [9], several epidemiological models are designed to take into
account different interventions in order to curtail the spread of an infectious disease: vaccination,
treatment, quarantine and isolation. The Pontryagin’s Minimum Principle is applied on each of
these models to deduce the optimal strategy of each intervention.

In the COVID-19 context, optimal control theory is used in [13] to control a SEQIJR epi-
demic model. This model considers the evolution of the number of susceptible (S), Exposed (E),
Quarantined (Q), Infectious (I), Isolated (J), and Recovered (R) individuals in the population.
In this paper, three interventions are implemented to limit the spread of the disease: quarantine,
isolation, and public health education. The Pontryagin’s Minimum Principle determines the op-
timal control allowing to reduce the number of infectious individuals present in the population
while minimizing the cost of the three interventions. It is shown that these interventions, when
optimally used, will reduce the number of infectious people drastically within a short time but

not to zero. Other interventions, such as vaccination, are thus needed to stop the spread of
COVID-19.

In contrast with the Pontryagin’s Minimum Principle, an optimal control problem can also
be solved thanks to a direct method which does not require explicit derivation of necessary condi-
tions. Indeed, the optimal control problem can also be treated as a a nonlinear constrained
optimization problem. In this case, the problem is solved using a nonlinear programming solver
like Ipopt as in |14, [15] or like Knitro as in [16]. The direct method allows to solve more complex
control problems than the Pontryagin’s Minimum Principle. Indeed, the applicability of the lat-
ter is restricted due to its theoretical approach. However, the Pontryagin’s Minimum Principle
provides an analytical expression for the optimal control variables, which is not the case of the
direct method.

In this master thesis, optimal control is used to answer the following question in the COVID-
19 context: For each week of a one-year horizon, what is the optimal transmission rate of the

10



disease to minimize its spread and the cost of the health measures implemented to achieve such
a rate?

To answer this question, we design an optimal control problem that controls a SIRD model.
All the details about this control problem are presented in Chapter[3] Compared to the literature,
this optimal control problem will be solved by explicitly using the gradient descent and the
Newton’s method. This is the first contribution of this master thesis.

2.3 Model predictive control in epidemiology

An epidemic model can also be controlled using model predictive control [17]. The principle
of the model predictive control is to determine the optimal behaviour of a system over a time
horizon that we will call the whole horizon T. To find the input (or control) trajectory and the
state trajectory of the system, an iterative algorithm is applied in the following way. At each
time step, the control trajectory is computed by solving an optimization problem over a finite
prediction horizon P that can be different from the whole horizon T'. This optimization problem
thus corresponds to an optimal control problem as describes in Section Once this problem
is solved at the time step ¢, only the first step of the control trajectory is applied to get the state
of the system at the time step ¢ + 1. Then, another optimal control problem is solved based on
the new state of the system and with a shifted prediction horizon. This iterative procedure is
repeated until the last time step of the whole horizon T.

More formally, the optimal control problem (OCP) solved at each time step t of the MPC
algorithm is the following:

P-1
min l(xp)+ Z g(xp, ug) (2.7a)
’ k=0
subject to  xp = Zo (2.7b)
Tpr1 = [z, ug) fork=0,..,P—1 (2.7¢)
h(zg,uk) <0 for k=0,..,P—1 (2.7d)

x is the vector that gathers all the state variables of the system from time k =0 to k = P
and u the one with all the control variables from time £k = 0 to k = P — 1. In model predictive
control, the control variables are also called manipulated variables and this terminology will
be used in the rest of the master thesis. g(xj,uy) is the cost at each time k and [(zp) is the
terminal cost. The meaning of each constraint of the OCP is the following;:

o the constraint (2.7b|) enforces the current state of the system, &g, to be the initial state xg
of the system for the optimal control problem.

o the constraint (2.7c)) makes sure that the state variables satisfy the dynamics of the system.

o the constraint (2.7d)) represents the set of constraints imposed on the state variables and
the manipulated variables at each time k.
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The MPC algorithm is the following:

MPC Algorithm

Fort=0,...,T—1:
(1) Set &9 = =, where z; is the current state of the system.
(2) Solve the optimal control problem for 9 = z; to obtain the optimal
control sequence u*.
(3) Define the MPC control law value pp(z:) := u*(0).
(4) Apply the control value pup(z;) to the system, t := ¢+ 1 and go to (1).

Several articles have already answered some questions about the management of the COVID-
19 epidemic using model predictive control. In [18], MPC is used to optimally determine the
deployment of the two-dose vaccination for the COVID-19 pandemic in Italy. In the MPC prob-
lem, the health care needs and socio-economic costs associated with the epidemic are taken into
account. The optimal deployment of the vaccination found tends to distribute the first and
second dose evenly with an alternation between the two doses. The authors in |19] investigate
optimal strategies to control the COVID-19 pandemic thanks to social distancing measures.
They minimize the number of fatalities over the course of two years without inducing excessive
social costs. Although the number of deaths is significantly reduced by social distancing mea-
sures, they conclude that eradication of the virus is not possible without the availability of a
vaccine.

In this master thesis, we answer further questions about the management of the COVID-19
epidemic using model predictive control. The main questions addressed are:

e Should health measures be different for the vulnerable and the non-vulnerable population?

e Who should be vaccinated first between the vulnerable population, the non-vulnerable
population and the health care workers?

e How can health measures be optimally implemented when the measures imposed on each
individual depend on their epidemic status?

To the best of my knowledge, very few or no articles answer these questions. This is therefore

the second principal contribution of this master thesis. To answer these questions, we design
three model predictive control problems in Chapters [B} [6] and [7] respectively.
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Chapter 3

Optimal control of the COVID-19
transmission rate

The aim of this chapter is to control the COVID-19 transmission rate in order to minimize
the number of deaths caused by the disease while minimizing the cost of health measures im-
posed on the population to achieve such a transmission rate. What makes this problem complex
and very interesting is that these two elements to be minimized are opposed to each other. In-
deed, the desire to limit the number of deaths as much as possible will lead to strict and costly
sanitary measures. Conversely, reducing the cost and thus the severity of the measures will lead
to an increase in the number of people infected with COVID-19 and therefore ultimately to
more deaths. A trade-off must therefore be found between these two opposing elements to be
minimized.

In this chapter, we want therefore to find the optimal transmission rate g; for each week
t of a one-year horizon such that it minimizes a certain cost. To achieve this goal, we use an
optimal control approach and g; is the control variable. The cost function of the optimal control
problem (OCP) is composed of two elements: the cumulative number of deaths caused by the
disease at the end of a one-year horizon and the cost of the sanitary measures.

Firstly, the cumulative number of deaths is given by an epidemic model representing the
dynamics of the COVID-19 epidemic. In this chapter, a SIRD model is used and is defined in
Section [3.1] Secondly, we have no a priori information on the cost of health measures. Since the
aim of the health measures is to reduce the transmission rate 5; of the disease, we assume that
their cost depends on B;. In this master thesis, different cost functions for the health measures
are studied. All these cost functions are scaled so that they are in the same range of value when
evaluated between [, and Biaz. Bmae 1S the transmission rate of the disease when there is no
health measures and is therefore the maximum value that 5; can have. On the other hand, 5,.in
is assumed to be the minimum value that ; can reach when the health measures are as strict
as possible. All the assumptions made about the cost of the health measures are presented and
justified in Section [3.2]

To sum up, the aim of this chapter is to answer the following question: For each week t of a
one-year horizon, what is the optimal transmission rate ; of the disease, with 8; € [Bmin, Bmaz],
in order to minimize the number of death caused by the disease and the cost of the health
measures?
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3.1 The SIRD epidemic model

The dynamics of the COVID-19 epidemic is modelled thanks to a compartmental system.
This system will allow, among other things, to compute the cumulative number of deaths caused
by the disease and involved in the objective function of the optimal control problem. This first
model is intended to be simple and general. It is an epidemic model with four compartments: S,
I, R and D. S; denotes the number of susceptible individuals at time ¢ who can be infected by
the disease. I; denotes the number of infectious people who can infect the susceptible individuals.
R; is the number of people who have recovered from the disease after being infected and D, the
number who died from the disease. The SIRD model is given by:

I
Sii1 = S; — Btstﬁt

I
L1 =1 + 6tStN — 1 (3.1)

Riy1 =R +~(1—0)I;
Dyy1 = Dy + 01y

N is the number of individuals in the population. [3; is the transmission rate of the disease
in week t. Since the time step of the system is equal to one week, f; is expressed in [1/week].
More precisely, the transmission rate is defined as:

B: = the transmission rate between a susceptible individual and the infectious people in week ¢
= the number of contacts of a susceptible person with the general population in week ¢
x the probability of a successful transmission in case of contact between a susceptible and

an infectious individual

~ is the rate at which the infectious people leave the compartment I. This rate, expressed
in [1/week], is equal to the inverse of the infectious period, i.e. the average time period during
which an infectious individual may transmit the disease. Finally, when leaving the compartment
I, a fraction (1 — §) of the infectious individuals recover while a fraction ¢ of them die. § is the
infection fatality ratio (IFR). It is the proportion of infected people who die from the disease.

3.1.1 Parameter estimation

The value of all the parameters of the SIRD model is chosen to best represent the COVID-19
epidemic in Belgium. Firstly, the Belgian population is around N = 11.52 million [20]. The
infection fatality ratio for COVID-19 in Belgium is estimated to be ¢ = 0.015 [21]. Moreover,
the infectious period for COVID-19 is estimated to be about one week [22|. Therefore, v = 1
[1/week]. This value for 4 implies that all people who are infectious in week ¢ will no longer be
infectious in week ¢ + 1. One may then ask whether a time step of one week is not a too large
time step. This question will be answered in Section [3.6] where we will solve the optimal control
problem with a daily time step instead of a weekly time step. We will see that the results are
very similar in both cases and therefore that a weekly time step is acceptable for the SIRD model.

Let us then estimate the value of B0 and Bin. As a remainder, By,q, 1S the transmission
rate of the disease when there is no health measure. f,,q: is computed thanks to the basic
reproduction number, Ry. At the beginning of the COVID-19 epidemic, on 1%¢ March 2020,
the estimated value for Ry was 2.33 in Belgium [23|. This means that one infected person was
infecting an average of 2.33 people. It is supposed to be the maximum value for Ry since no
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health measures were implemented to limit the spread of the disease at this time of the epidemic.
In order to deduce B4, from Ry, let us compute the basic reproduction number of the SIRD
model by using the next generation matrix method. As the compartment D does not
influence the expression of Ry, this latter is the same for a SIR and a SIRD model. Therefore,
as already computed in Section the basic reproduction number of a SIRD model is Ry = g
Since v = 1 [1/week]|, f = 2.33 [1/week]. Moreover, since Ry = 2.33 is assumed to be the
maximum value for the basic reproduction number, § = 2.33 [1/week] is the maximum value for
the transmission rate and fpe, = 2.33 [1/week].

As no accurate value for the minimum transmission rate was found in the literature, let us
take Bmin = 0.01 [1/day] = 0.07 [1/week]. Bpmin is chosen different from zero since it is impossible
to impose health measures such that the transmission rate is zero. For example, people have to
go shopping for basic necessities and even if everything was delivered to them, some people have
to work to make this possible. The transmission rate can therefore never be reduced to zero.

3.2 Cost of health measures

One way to limit the spread of a disease is to decrease its transmission rate. This transmis-
sion rate can be reduced through the application of health measures imposed by the government.
However, these measures obviously have a social and economic cost for the population. To en-
sure that all elements of the objective function to be minimized in the OCP have the same units,
the cost of the measures is expressed in number of deaths per day. It is thus a daily cost.

As we have no a priori information on the cost of health measures, the cost functions used
in this master thesis are arbitrary and we have to make assumptions. We assume that the cost
of the governmental measures is a decreasing function of 3;: the higher the desired transmission
rate, the lighter the measures to achieve it and therefore the lower the cost of these measures.
Moreover, the cost is assumed to be convex. The hypothesis about the convexity represents the
fact that the stricter the measures, the more expensive it is to add an additional measure to
further reduce the transmission rate. Some examples of convex cost functions are:

L) =5 L= L=
t t

These 3 cost functions can have very different values for the same transmission rate. For
example,

L1(0.1) =10 Ly(0.1) = 100 L3(0.1) = 1000

We therefore scale these cost functions so that they are all in the range [0, A] when evaluated
between Bnin and Baz:

Li (/Bt) - Lz (ﬁmax)

)\LSJ(IBt) - )\Lz(/Bmzn) - Li(ﬁmax)
with Lz(/Bt) = 611 and ﬁt € [ﬁminyﬁmax]'
t

Thanks to this scaling, the cost functions are all equal to 0 when evaluated at B4, and
to A at Bpn. Between B, and 4., the value of the scaled functions differs according
to their convexity. Having a zero cost at Bpq: is very relevant in this context. Indeed, the
maximum transmission rate, Bmqz, is the one when no governmental measures are imposed. It
therefore makes sense that the cost to impose the maximum transmission rate is zero. Finally, the
parameter \ represents the daily cost of the sanitary measures to set the minimum transmission
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rate Bnin and is expressed in terms of number of deaths per day. For example, if we assume
that the daily cost of the measures needed to enforce a transmission rate of 5,4, is 1000 deaths
per day, then A = 1000. The value of A is arbitrary and different values of A\ are studied in
this master thesis. In conclusion, the daily cost of the sanitary measures allowing to impose the
transmission rate f; to the population is given by AL ;(5;).

3.3 Problem statement

The previous two sections have defined the two elements to be minimized in the cost function
of the optimal control problem. Let us put them together to state the OCP. The aim is to
determine the optimal weekly transmission rate, 5, so that the number of deaths caused by
the disease and the cost of the health measures are minimized. The cost function of the OCP
is first composed of Dp, the cumulative number of deaths caused by the disease at the end of
the T weeks of the time-horizon. The time horizon of the OCP will be of one year and T' will
therefore be equal to 52 weeks. Then, AL, ;(5;) is the daily cost of the government measures
allowing to impose the transmission rate ;. Since it is a daily cost and that each transmission
rate is imposed during one week, the weekly cost of the measures is TAL,;(3;). The optimal
control problem (OCP) is therefore:

T—1
min f(x,u) = Dr + > TALgi(Be)

=0 (3.2)
subject to (3.1 fort=0,..T—1

/Bmm S/Bt S/Bmaz fOI‘t:O,...,T—l

x is the vector that gathers all the state variables of the SIRD system (3.1)) from ¢ = 0 to
t=T. u=|fo,..,Lr-1] is the vector containing all the weekly transmission rates. All these
transmission rates must be between B, and Baz-

For the initial condition of the optimal control problem, we take the situation observed in
Belgium for COVID-19 on 25! April 2020. On that date, there were approximately 30 000
infectious persons [24]. Therefore, we set Iy = 30 000. In addition, about 50 000 people were
infected and had already recovered or died before that date. With the infection fatality ratio §
defined above, we therefore fix the number of recoveries and deaths at Ry = 50 000 (1 —§) and
Do = 50 000 - 9 respectively. Finally, we set So = N — Iy — Ry — Dy. The initial condition of the
epidemic model involved in the OCP is therefore

o = [So, I, Ro, Do] = [11 440 000, 30 000, 49 250, 750).

3.4 Methods to solve the optimal control problem (3.2)

This section will present the different methods used to solve the control problem . As
explained in the state-of-the-art, optimal control is used to determine the optimal control and
state trajectories of a dynamical system so that an objective function is minimized. In our
case, the SIRD system is controlled by the weekly transmissions rate, §¢, and the objective
function is defined in . Moreover, the optimal transmission rates (; is determined for the
whole time horizon of T" weeks, based solely on the initial condition of the system. In the model
predictive control problem designed in Chapter [ this will no longer be the case.

The optimal control problem (3.2)) is solved using three different methods: the gradient
descent method, the Newton’s method and the L-BFGS-B algorithm. All these methods are
explained in the following three sections.
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3.4.1 Gradient descent according to u

The gradient descent is a first-order iterative algorithm for finding a local minimum of a
differentiable function. At each step, to obtain the current solution, a shift is made in the
opposite direction to the gradient so that the function decreases. In our case, the gradient
descent algorithm is used to solve the optimal control problem . Moreover, a projected
version of the gradient descent is used to satisfy the second constraint of the problem, i.e.

uec:{uﬁmlngﬁtgﬁmax fOI“t:O,...,T—l}.

At each step, the current solution is therefore projected onto the constraint set C. The
iterative algorithm is thus the following:

Given Xp, 4o, f(Xv U), Vf(X, 11), j =0
While  [|[V/(xj, )] > ¢
ujy1 = Pe[uj —aVif(x;,uj)]
X;j+1 computed by the SIRD model (3.1) with w;;
j—J+1
x; and u; are the vectors x and u, as defined in Section at the iteration j of the gradient
descent. P¢ is the projection operator onto the set C'. The stopping criteria of the gradient
descent algorithm is chosen to be € = 1073. The learning rate is & = 107°. This is the highest

rate allowing to converge to the solution. The optimal state and control variables, x* and u*,
are the ones obtained at the last iteration of the gradient descent, before the method stops.

Now that the algorithm is defined, let us look at the computation of V f(x,u). As a remain-
der, the objective function to be minimized in (3.2), f(x,u) is

T-1

fxu) = Dy + > TAL;(By).

t=0

The gradient of f(x,u) is defined as

B 8f(x,u) 8f(X,u)
vf(x,u)—[ 8B, aﬁT_l}
with
df(x,u) _ 9Dr _1_7)\% for k=0,.., T —1.

Bk OB OBk
Then, % is computed in an iterative way. Indeed, Dp depends on Dp_; which itself

depends on D7_s and so on, as shown by the SIRD system (3.1). Therefore, 9D1-1 ¢ needed

0Bk
to compute %% and so on. Moreover, D depends on Ip_; which itself depends on Sp_s. In

conclusion, to compute %, all the following quantities are needed:

0D, ol; aS;
B’ OBk OBk

vt €{0,..,T —1}.

The computation of these partial derivatives is divided into 3 cases:
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o Vk,t €{0,...,T — 1} such that k = ¢,

OSty1 _ 0S:  Siely  Pili 8S:  BiSi 01y
23, 98, N N 93 N 95
Opr _ (1— ) oIy Sy  Bely Sy BiSy 01
8Dt+1 6Dt 8It
el
06 0B, 0B
o Vk,t €{0,...,T — 1} such that k > ¢,
95141 _ 0
0Bk
Ol 1
=0
OBk,
D1 _ 0
0Bk

o Vk,t €{0,...,T — 1} such that k < t,

05141 _ 08y Bl 0Sy  BiSe Oy
0B OB N 0By N 0B
6ItJrl — (1 - ’Y) aIt BtIt BSt 5tSt aIt
0B 0B, N 0B, N 0B
8Dt+1 8Dt 81}
= + 4
0B, 0By OB

Moreover, since the initial condition of the SIRD system does not depend on any transmission
rate S
0Dg

AL, 08y

Br B Br
Thanks to the iterative computation of these partial derivatives, we have now all we need to

compute V f(x,u) and to apply the gradient descent algorithm. The results obtained with this
method can be found in Section [3.5.21

0 Vke{0,.,T—1}

Gradient descent according to w = In(u)

The gradient descent can also be done according to w = In(u), where w = [wo, ..., wp_1] =
[In(Bo), ..., In(Br—1)]. The purpose of this change of variable is to accelerate the speed of conver-
gence of the algorithm and we will see in Section [3.5.2] that it effectively decreases the number
of iterations required to reach the solution. With this change of variable, the projected gradient
method becomes

18



Given Xp, Wp, Up = €WO7 f(x,u), wa(X,II), j: 0
While ||V f(xj,u)|| >

Wit = Pg[w; — aVy, f(xj,u;)]

wjg = et
X;j4+1 computed by the SIRD model (3.1) with u;;
jJ+1

Pg is the projection operator onto the constraint set S defined as

S =A{w:In(Bmin) < w¢ <In(Bpmayz) for t =0,...,T — 1}.
The stopping criteria of the gradient descent algorithm is chosen to be e = 1073, The learn-

ing rate is aw = 1074,

Moreover, V,, f(x,u) is defined as

df (x,u) df(x,u)
8w0 R BwT_l

wa(x9u) =
with

8f(x,u) _ 8f(xau) 8/6k _ af(xau)
owy, OB Owg OBk
where %x;u) has already been calculated above for the gradient method according to u. The
results obtained with this method can be found in Section B.5.2

Bi for k=0,..,7 —1

3.4.2 Newton’s method

The Newton’s method is a second-order iterative algorithm for finding a local minimum of a
differentiable function. This method is investigated because the convergence of the second-order
methods may be much faster than the one of the first-order methods. The objective is thus to
decrease the number of iterations needed to solve the optimal control problem compared to the
one needed with the gradient descent algorithm. The Newton’s method used to solve the OCP

is:

Given  xo, uo, f(x,u), Vf(x,u), V*f(x,u), j=0
While  A3/2> ¢
w1 = Pe [u; = V2f(xj,05) 7V F(x;, u))]
X;j4+1 computed by the SIRD model (3.1) with u;;
JjJ+1
where )\? = Vf(xj,u;)TV2f(x;,u;) 'V f(x;,u;). The stopping criteria is )\?/2 > € with

e = 1072, P is the projection operator onto the set C.

The computation of V f(x,u) has already been discussed in the section about the gradient
descent method. The Hessian of f(x,u) is defined as

82f(xau) .. 82f(X,u)
0B 0B09BM—1
V2 f(xu) = : . :
Pfxu) P f(x,u)
9Br—-10p0 0Bz,
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with

Of(x,u)  8*Dr +7)\32Ls,i(ﬁk)
BB 0B10Bk 03108

for k,1=0,..,T — 1.

For the same reason as for the computation of the first-order partial derivatives of Dy, 885217]352
is computed iteratively and to compute this second-order partial derivative, all the following

quantities are needed:

0? Dy 82115 0?2 Sy
03108”08108k’ 0510Bk

vt € {0,...,T — 1}.

For the sake of brevity, the computation of these partial derivatives is given in appendix [3.A]
After these tedious calculations, we can apply the Newton’s method. The results obtained with
this method can be found in Section B.5.2

3.4.3 L-BFGS-B algorithm

The optimal control problem can also be solved thanks to the L-BFGS-B algorithm.
This algorithm is implemented in the Python package scipy.optimize [25]. The L-BFGS-B
algorithm belongs to the family of quasi-Newton methods. In the quasi-Newton methods, the
Hessian of the objective function f(x,u) to be minimized is approximated at each iteration,
whereas in the Newton’s method the Hessian is fully computed as in the previous section. More-
over, the L-BFGS-B algorithm approximates the Broyden—Fletcher-Goldfarb—Shanno (BFGS)
algorithm. Like the original BFGS, L-BFGS-B uses an estimate of the inverse Hessian matrix
to steer its search through variable space, but where BFGS stores a dense matrix to approxi-
mate the inverse Hessian, L-BFGS-B stores only a few vectors that represent the approximation
implicitly [26]. This is why it is called the Limited-memory BFGS-B algorithm. Finally, the
letter B stands for bounds because the L-BFGS-B algorithm allows to handle bound constraints.
This algorithm is the third method used to solve the optimal control problem . The results
obtained with this method can be found in Section

3.5 Results

This section presents the results obtained for the optimal weekly transmission rate 3; by
solving the optimal control problem . As a remained, this problem aims to find the optimal
transmission rate 3; in order to minimize the cumulative number of deaths caused by the disease
at the end of a one-year horizon while minimizing the cost of the health measures implemented
to achieve such a rate. The control problem is first solved using the L-BFGS-B algorithm and
with three different cost functions, AL, ;, for the health measures. Then, the temporal evolution
of the optimal transmission rate S, obtained with the four methods detailed in Section
are compared. The performances of each method, i.e. the number of iterations required to
converge to the solution and the execution time, are also discussed. Finally, we analyse the
temporal evolution of the optimal transmission rate to be imposed on the population for high
cost functions AL, ;.

20



3.5.1 Results obtained with the L-BFGS-B algorithm

The optimal control problem ([3.2)) is first solved with the three following daily cost functions
for the sanitary measures:

o WBYE =1/ Bl 1B 1 Bnas
Mo () =100 i i e 1/ Sy N

(3.3)

1//8152 — 1/57%1(1:0
1/67%7,m - 1//872naw

These cost functions are represented in Figure When there are no sanitary measures
to reduce the transmission rate, i.e. ¢ = Bpar and thus f;/fBmer = 1, the cost is zero.
The daily cost of the measures to be imposed to achieve the minimum transmission rate, i.e.
Bt/ Bmaz = Bmin/Bmaz = 0.03, is assumed to be A\; = 1000 deaths. This value is chosen for the
parameter A\ to represent the fact that the measures to be imposed to achieve the minimum
transmission rate are very costly. As desired in Section the cost is a decreasing function of
B¢ and is convex. While the three cost functions shown in Figure have the same value when
evaluated at B, and Biee, their behaviour differs between these two rates. We will see if it
has an impact on the results of the optimal control problem.

MLs2(B:) = 1000

10007 — Ails 1
_ — Mlsa
2 8001 Ails
©
(]
©
S 600
)
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Bt/ﬁmax [\]

Figure 3.1: Daily cost functions A\ L, ;, as defined in (3.3)), for the health measures imposed to
reduce the transmission rate f;.

Let us then look at the results. First, we analyze the evolution of the optimal weekly trans-
mission rate 3; over the one-year horizon for the cost function A\; L, ;. The optimal transmission
rate is the one which minimizes the number of deaths caused by the disease and the cost of the
health measures, i.e. the rate minimizing the objective function in (3.2)). Figureshows that
the optimal transmission rate is increasing over time. At the beginning of the one-year horizon,
the transmission rate is very low. Indeed, 85 ~ 0.283,,42. This means that the health measures
imposed to achieve this transmission rate must be strict. Thanks to this low rate, the spread of
the disease is limited and the number of infectious people present in the population decreases as
shown in Figure [3:2Dl Consequently, the number of deaths caused by the disease, which is the
first part of the objective function to be minimized, also decreases.
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Figure 3.2: Results obtained by solving the optimal control problem with the daily cost
function A;Lg; for the health measures. In (a), the temporal evolution of the optimal weekly
transmission rate ;. In (b), the temporal evolution of the number of infectious people I; present
in the population the week t.

Then, during the first 10 weeks, we observe that f; increases. However, the number of
infectious people in the population still decreases since §; is still low. Thanks to this low §;
imposed during the first 10 weeks, the number of infectious people present in the population
becomes more reasonable: they are less than 1000 in week 10 instead of 30 000 initially. Be-
tween the weeks 10 and 40, 8; increases but only slightly. We also observe in Figure that
during this period the number of infectious people in the population is almost constant and is
low (between 250 and 1000 people). Since this number is almost constant with the 8} imposed,
if 8} had increased much more between the 10t and 40" week, the number of infectious people
in the population would not have been almost constant but would have increased significantly.
Therefore, we can say that between the weeks 10 and 40, after reducing the number of infectious
people to a more reasonable number, ; increases only slightly and the number of infectious
people remains almost constant.

Finally, at the end of the year, the transmission rate increases significantly. This implies
an increase in the number of infectious people. However, the optimal control problem does not
take into account the influence of this increase on the weeks after the end of the time horizon.
Indeed, the increase in infectious persons during the weeks before the end of the horizon will
cause deaths during the weeks after the end of the horizon and these deaths are not accounted
for by the problem. This is why the transmission rate increases significantly and is equal to
Bmaz at the end of the year. This is a drawback of this optimal control problem. Indeed, in
reality, the number of deaths caused by an epidemic does not stop at the end of the year if the
epidemic is not eradicated and in our case, it is clearly not eradicated. Indeed, the number of
infectious people increases again at the end of the time horizon. This drawback will be improved
later thanks to the model predictive control approach as we will see in Chapter [4]

Figure compares the evolution of the optimal weekly transmission rate, 5/, over the one-
year horizon for each cost function A\;L,; shown in Figure For each cost function AL,
the optimal transmission rate is increasing and its evolution is very similar for the three costs.
However, we will see in Sectionthat it is not the case for all the cost functions. §f is slightly
higher for the cost function AL, than for A;L, > since the cost function A;L, 1 is higher than
ML 2. Indeed, in the case of a slightly higher cost for the health measures, it is preferable to
impose a slightly higher transmission rate in order to reduce the cost of the sanitary measures,
even if it slightly increases the number of deaths caused by the disease. By the same reasoning,
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B¢ is slightly higher for the cost function A1 Lg /9 than for A\jLs ;.
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Figure 3.3: Temporal evolution of the optimal weekly transmission rate 5; obtained by solving
the optimal control problem (3.2) with the three daily cost functions A\Ls; for the health
measures.

Table compares, for the three cost functions AL, ;, the cumulative number of deaths
caused by the disease at the end of a one-year horizon (D7) and the yearly cost of the measures
to impose B} (Z;F:_Ol 7)\LS7Z~(B§‘)). This table also includes the total cost, i.e. the sum of the
two preceding quantities. Dy is relatively similar for the three cost functions compared to the
yearly cost of the measures. It makes sense since the temporal evolution of the optimal weekly
transmission rate ; is similar for the three cost functions. However, since 3; is similar for the
three cost functions but since these cost functions are not the same, the yearly cost of the health
measures is higher when the cost function is higher. As a result, the total cost is also higher.

Dr [# deaths] | ST T7TAL,;(8;) [# deaths] | f(x,u) = Dr + >0 ' AL, (5;)
MLg1/2 3034 39 370 42 404
)\1L571 2358 15 624 17 982
AlLS,Q 1666 1976 3642

Table 3.1: Comparison, for the three cost functions A1 L, of the cumulative number of deaths
caused by the disease at the end of a one-year horizon (Dr), the yearly cost of the measures to

impose 3} (ZtT:_Ol TALg (8] )) and the total cost being the sum of the previous two quantities.

3.5.2 Comparison of the different methods

In this section, the optimal control problem is solved for the cost functions A1 L2 with
the four methods described in Section [3.4} the gradient descent according to u and Inu, the
Newton’s method and the L-BFGS-B algorithm. Figure shows the temporal evolution of 5}
obtained with each of the 4 methods. As expected, this evolution is the same in the 4 cases since
the same problem is solved several times but with different methods. This allows to confirm the
results obtained with each method.
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Figure 3.4: Temporal evolution of the optimal weekly transmission rate 8; obtained by solving
the optimal control problem (3.2) with each method of Section and with the daily cost
function A\ Ls 2.

Then, let us compare the performances of each method. Table [3.2] presents the number of
iterations required to converge to the solution and the execution time of each method. Firstly,
the gradient descent according to u is the method which requires the highest number of itera-
tions and the highest execution time. Secondly, as expected, the descent gradient according to
In(u) allows to greatly reduces the number of iterations. Indeed, it is reduced by a factor of 30
compared to the gradient descent according to u. The execution time therefore also decreases
by a factor of 30.

Then, the number of iterations is again significantly reduced thanks to the Newton’s method
which requires only 11 iterations to converge. The number of iterations is reduced by a factor
of 191 compared to the gradient descent according to In(u). However, the execution time is
only reduced by a factor 2. This kind of results is quite often observed when comparing the
performances of a first-order method, like the gradient descent, to the ones of a second-order
method, like the Newton’s method. Indeed, while the convergence of second-order methods may
be faster, the computation at each iteration may be more expensive. This is because second-
order methods exploit second-order information (computation of the Hessian of the objective
function to be minimized) while first-order methods do not. This is exactly what happens in our
case since computing the Hessian of the objective function is very costly as shown in appendix

B.Al

Finally, let us compare the performance of the L-BFGS-B algorithm implemented by the
Python package scipy.optimize. With this method, the number of iterations required is more
numerous than with the Newton’s method. However, the execution time is only 1.83 seconds
instead of 8.76 seconds for the Newton’s method. One explanation for this performance could be
that the Hessian of the objective function is approximated in the L-BFGS-B algorithm while it
is fully computed in the Newton’s method. This will increase the number of iterations required
to converge for the L-BFGS-B algorithm but decrease the execution time and it is well what it
is observed in our case.
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Number of iterations | Execution time (in seconds)
Gradient descent in u 63971 614.16
Gradient descent in In(u) 2102 20.33
Newton’s method 11 8.76
L-BFGS-B algorithm 68 1.83

Table 3.2: Comparison of the execution time and number of iterations required by each method
to solve the problem ([3.2)

3.5.3 High cost functions AL,

Looking at Figure[3.3] one could think that the temporal evolution of the optimal transmis-
sion rate will always be increasing whatever the cost function AL, ;. However, we will see in this
section that it is no longer the case for high cost functions. Let us compare the evolution of the
optimal weekly transmission rate g; for the two following cost functions:

1/615 - 1/5max l/ﬁt - 1/6mar
1/6mzn - 1/Bmam 1/5mzn - 1/6mam

The temporal evolution of 3/ for A\; L, 1 has already been shown in Figure This evolution
is compared in Figurewith the one for a cost functions 10 times higher, i.e. AoLs1 = 10\ Ly 1.
While §f is always increasing for AL 1, it is no longer the case for AoL 1. For the latter, at
the beginning of the year, 8 = Bmaz. Then, 5f decreases to reach B} = 0.438q42 in week 7.
Finally, B} increases progressively to reach Bmqz in week 22 and remains at the maximum rate
until the end of the year.

A Ls1(B8) = 1000 AoLs1(Bt) = 10A1 L 1(B:) = 10000
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Figure 3.5: Comparison of the results obtained by solving the OCP with the two cost
functions A\ Ls 1 and AaL, 1. In the upper figure, the temporal evolution of the optimal weekly
transmission rate ;. In the lower figure, the value of the derivative of the objective function
f(x*,u*) at the optimum with respect to ;.

To verify that the temporal evolution of 3} in Figure[3.5]is optimal for the two cost functions,
we can compute

9, (x*,u*) vte{o,..,T—1} (3.4)
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where f(x,u) is the objective function of the OCP . u* =[], ..., Bp_,] contains all the
optimal weekly transmission rates and x* contains all the state variables of the epidemic model
computed with u*. If 3; is optimal V¢ € {0,...,7 — 1}, the derivative must be equal to 0
when the constraint Bpin < B¢ < Bmaz of the problem is not tight. As shown in Figure it
is well the case for the two cost functions A\1Ls 1 and AaL, 1. The evolution of 3; is thus well
optimal in each case.

Then, let us try to understand why the non-increasing evolution of 3; for the cost function
A2Lg 1 is optimal. The explanation will be divided into two parts. First, we will explain why it
is optimal to have 3} = Bpq. for the majority of the year when we are facing high cost functions
such as A\oL 1. Then, we will show that it is not always optimal to have an increasing evolution
for ;.

The fact that 8 = B for the majority of the year with the cost function A\yLg; can be
explained in the following way. Firstly, let us consider the case where no measures are imposed
on the population, i.e. 5] = Bnae during the whole year. In this case, the cost of the measures
is zero and the number of deaths caused by the disease is 162 279. The total cost (number of
deaths + cost of the measures) at the end of the year is therefore 162 279 deaths. Secondly, let
us take the optimal transmission rate 3; obtained with the cost function A\;Ls; and compute
the cost of the measures allowing to impose this 5} if the cost function was now AaL, 1. With
the cost function A\oL, 1, the cost of the measures allowing to impose the optimal transmission
rate f obtained with the cost function A\;L, is 165 248 deaths. In conclusion, in the case of
the cost function AgLs 1, it is therefore more optimal to set 3} = Bpqz for the whole year than
to impose the optimal transmission rate obtained with the cost function AL, (the blue curve
in Figure . This gives the strong hint that in the case of a high cost function such as AL, 1,
it is optimal to let the epidemic spread and to impose health measures only at certain times of
the year when the spread is much too great. This allows to limit the cost of measures even if it
increases the number of deaths.

Another reason why it may be optimal to impose no measures for most of the year is that
the optimal control problem applies to a limited population, that of Belgium. Due to this lim-
ited population, the number of infectious people in the population will stop growing at some
point, even if no measures are imposed, because the majority of the population will have been
infected. This is also due to the assumption that people can only contract the disease once. The
consequence is that the disease cannot grow exponentially and indefinitely. Since the number of
infected people, and therefore the number of deaths, cannot increase indefinitely, when the cost
functions for the measures are too high, it is more optimal to impose no measures for most of
the year. Indeed, for high cost functions AL ;, the total cost (number of deaths + cost of the
health measures) with nearly no measure will be lower than the total cost with strict measures.

Let us now explain why in case of high cost functions like Ao Ly 1, for which 3} = B4, most
of the year, the evolution of 3} is not increasing. The advantage to have a non-increasing evo-
lution of 3} in this case is the following. When it is only possible to impose sanitary measures
at certain times because the cost of such measures is too high, imposing the most stringent
measures later in the year helps to stop the spread of the disease once it has become much too
great. Furthermore, after the number of infectious persons in the population has been reduced
to a lower level by these measures, when the measures are relaxed again, the number of infec-
tious persons in the population no longer increases. This is due to the effective reproduction
number of the disease, Ry, which is now below 1. Indeed, for a SIRD model, R, = % and
the number of people susceptible at time t, S¢, has decreased sharply due to the first "wave of
infections" caused by the absence of measures at the beginning of the year. For example, for the
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cost function AoLs 1, 55% of the population was infected after the first wave. So, only 45% of
the population is still susceptible after this wave. Thanks to this, R; is then always smaller than
1 for the rest of the one-year horizon and the number of infectious people in the population no
longer increases even with 3 = Bnaz-

On the other hand, if the most stringent measures are imposed at the beginning of the
one-year horizon, then the number of infectious people in the population is reduced when the
epidemic has not yet spread too far. However, in this case, when the measures are relaxed,
R; is not smaller than 1 because S; has not decreased and almost the entire population is still
susceptible since the spread of the epidemic was constrained from the beginning of the year.
The number of infectious people will therefore increase exponentially since R; > 1 and we will
not be able to impose any more measures because we have already "exhausted" all the measures
to which we were entitled.

To reinforce this argument, we consider the following problem. We put ourselves in a very
simple case where we are allowed to impose measures such that 5; = S, during one week
and the rest of the year we must set 8; = Bimaz. We then look for the optimal week to impose
Bt = Bmin in order to minimize the cumulative number of deaths caused by the disease at the
end of a one-year horizon: this is the 6 week. This therefore confirms that it is not optimal to
put the strictest measures at the beginning of the one-year horizon when the measures that we
can impose are limited.

Finally, the evolution of 3} is compared in Figure for the following cost functions:
aXLs 1 with a=1,4,6,7,8,10,50, 100.

For a = 4,6, 7, the evolution of 3/ is similar to the one obtained with the cost function A\;L, 1
(i.e. with a = 1) already analysed above. For these cost functions, we can impose sanitary
measures during the whole year since the cost functions of the measures are not too high. In
this case, as explained before, 3/ is low at the beginning of the year to decrease the number
of infectious people. Then, 3 increases progressively but not too much so that the number of
infectious people present in the population does not increase. Finally, §; increases rapidly to

Bmaz at the end of the year.

For a = 8,50,100, the evolution of 3} is similar to the one for the cost function 10\ L1
(i.e. with a = 10) already analysed in Figure We therefore observe that there is a cost
function from which the cost of imposing measures all year round becomes too high. Among
the functions tested, the first for which it is the case is a\;Ls1 with a = 8. For these high
cost functions, sanitary measures are only imposed at certain times of the year to slow down
the spread of the epidemic when it becomes much too great. We also observe that when the
cost function is higher, the sanitary measures are lighter and imposed for a shorter period of
time, which makes sense. However, these cost functions seem to be too high as they lead to very
extreme situations. Indeed, these cost functions imply that no measures are taken during the
first weeks, allowing the epidemic to spread significantly. This implies the infection of 60% of
the population by the end of the one-year horizon. By comparison, there were about 950 000
infections after 1 year in Belgium, which represents about 8.5% of the population [24].

In the rest of this master thesis, we will therefore focus on cost functions such as A\ Ls; with
i € {1/2,1,2} as defined in (3.3)), for which the observed optimal measures are closer to those
imposed in Belgium, i.e. strict measures at the beginning.
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Figure 3.6: Temporal evolution of the optimal weekly transmission rate 3; for the cost functions
a\ L1 with a = 1,4,6,7,8,10,50,100.

3.6 Discussion about the time step of the optimal control prob-

lem (3:2)

In this section, we will discuss the time step of the OCP ({3.2]). Until now, we have looked
at the optimal weekly transmission rate and the time step of the SIRD system involved in the
OCP was the week. In that case, the rates of the SIRD system were expressed in [1/week]| and
the removed rate was v = 1 [1/week|. This value for  implies that all people who are infectious
in week ¢ will no longer be infectious in week ¢t 4+ 1. One may then ask whether a time step of
one week is not a too large time step. This is why, in this section, we will look at the optimal
daily transmission rate of the disease. The time step of the SIRD system will then be the day
instead of the week. To find the optimal daily transmission rate, we solve the following optimal
control problem:

J—1
min f(x,u) =Dy + Z ALsi(55)

7=0 (3.5)
subject to  (3.1]) for j=0,....,J —1

Bmzngﬁj < Binaz forj=0,..,J -1

As said before, the difference with the previous OCP is that the time step of the SIRD
system is now the day instead of the week. The rates of the system are therefore expressed
in [1/day] and the removed rate is v = 1/7 [1/day] instead of v = 1 [1/week]. The deterministic
effect with which all infectious people recover or die in one week is therefore no longer present.
In this problem, x is the vector that gathers all the state variables of the SIRD system
from j = 0 to j = J, with J = 365 days, i.e. the number of days in the one-year horizon. u
= [Bo, ..., Bs—1] is the vector containing all the daily transmission rates. All these transmission
rates must be between S, = 0.01 [1/day] and Be: = 0.33 [1/day]. The daily cost of the
government measures allowing to impose the transmission rate (; is still AL, ;(3;). However,
this cost is no longer multiplied by 7 since 3; changes each day and not each week.
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The OCP (3.5)) is solved with the three following cost functions for the health measures:

1B 1/l o 1/B; = 1/Brnae
Mborp O =107 G o G e 7 S N

1/5]2 - 1/B72nam
1/B72mn - 1/67%’La$

These cost functions have already been presented in Figure[3.1] For these three cost functions,
the evolution of the optimal daily transmission rate 3} is shown in Figure We observe that
the evolution of the optimal daily transmission rate is very similar to the evolution of the optimal
weekly transmission rate computed in Section (Figure . The daily time step does not
seem to change the results and we will therefore continue to work with a weekly time step in
this master thesis.
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Figure 3.7: Temporal evolution of the optimal daily transmission rate 5} obtained by solving
the optimal control problem (3.5)) with the three cost function A\;Ls; for the health measures.

3.7 Conclusion

In this chapter, an optimal control problem was designed in order to find the optimal weekly
transmission rate allowing to minimize the cumulative number of deaths caused by the disease at
the end of a one-year horizon and the cost of the sanitary measures. It has been shown that the
temporal evolution of the optimal transmission rate depends on the cost function of the health
measures. For the cost functions A1 Ly; with i € {1/2,1, 2}, defined in (3.3)), the evolution of the
optimal weekly transmission rate 3; is increasing. This evolution corresponds to strict measures
at the beginning of the one-year horizon. This allows to reduce the number of infectious people
to a more reasonable one. Indeed, after the 10" week, there are less than 1000 infectious people
in the population instead of 30 000 initially. Between the 10*" and the 40" week, the measures
are only slightly relaxed so that the number of infectious people, now more reasonable, remains
relatively constant. At the end of the year, there is a strong relaxation of the measures because
the optimal control problem does not take into account the consequences of this decision on the
weeks after the end of the one-year horizon.

However, in case of high cost functions for the health measures, such as aA; L, with a =
10,50, 100, the evolution of the optimal weekly transmission rate 3; is no longer increasing.
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Since the cost of imposing sanitary measures is high, it is optimal to impose measures only at
certain times. There is therefore no health measure at the beginning of the one-year horizon.
Then, some measures are imposed for a few weeks to stop the spread of the epidemic when it
becomes much too great, before being completely relaxed again. However, these cost functions
seem to be too high as they lead to very extreme situations. In the rest of this master thesis,
we will therefore focus on cost functions such as A1 Ls; with ¢ € {1/2,1,2}, as defined in (3.3).
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3.A Computation of the second order partial derivatives of 5;,
It and Dt

This appendix aims to compute

92D, 0?1, 028,
20108, 03108k 05108k

The computation of these partial derivatives is divided into 5 cases:

Vil ke {0,..,T —1}.
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o Vk,I,t €{0,....,T — 1} such that k <t and [ < ¢,
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Moreover, since the initial condition of the SIRD system does not depend on any transmission
rate,
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Chapter 4

Model predictive control of the
COVID-19 transmission rate

This chapter still aims to find the optimal weekly transmission rate of the COVID-19 disease
in order to minimize the number of deaths caused by the disease and the cost of the health
measures imposed to achieve such a transmission rate. However, the way we proceed to find
this optimal rate differs from the previous chapter. In this chapter, a model predictive control
(MPC) problem is implemented. In model predictive control, at each time step, an optimal
control problem is solved over a prediction horizon which can be different from the whole hori-
zon of the MPC problem. Only the first step of the control input obtained is executed to get
the new state of the system and, at the next sampling time, a new optimal control problem is
solved based on this new state. The difference between the model predictive control and the
optimal control is that the former is a closed-loop control while the latter is an open-loop control.

This chapter first defines in detail the MPC problem allowing to find the optimal transmission
rate of the disease. Then, the results obtained by solving this MPC problem are presented. They
are finally compared to the ones obtained previously in Chapter [3] when the optimal rate was
found by using an optimal control approach in which only one optimal control problem is solved.

4.1 Problem statement

In model predictive control, as described above, there are two time horizons: the whole
horizon and the prediction horizon. As in Chapter [3] we look at the weekly transmission rate /3
over one year allowing to minimize the number of deaths caused by the disease and the cost of
the health measures. The whole horizon is therefore 1 year. However, at each time step of the
whole horizon, an optimal control problem is solved over a prediction horizon of P = 15 weeks.
As in the literature [27] [18], the prediction horizon is smaller than the whole horizon to keep a
reasonable computational complexity. The optimal control problem (OCP) solved at each time
step of the whole horizon is the following;:

P—1
min Dp+ > TALg:(Bk) (4.1a)
xpup k=0
subject to  xg = &g (4.1b)
(13- 1) for k=0,...,P—1 (4.1c)
Bmin < Bk < Pmax for k=0,..,P—1 (41d)

xp is the vector that gathers all the state variables of the SIRD system (3.1) from time
k=0 to k= P. up is the vector containing the control variables, called manipulated variables
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in MPC. up = [fo, ..., Bp—1] therefore contains the weekly transmission rate. Dp denotes the
cumulative number of deaths caused by the disease at the end of the P weeks of the prediction
horizon. The daily cost of the health measures allowing to impose the transmission rate 5 is
AL i(Bk), which is multiplied by 7 to obtain the weekly cost.

The meaning of each constraint of the OCP (4.1)) is the following:

o the constraint (4.1b]) enforces the current state of the SIRD system, Zg, to be the initial
state xg of the system for the optimal control problem.

o the constraint (4.1c) makes sure that the state variables satisfy the dynamics of the SIRD

system (3.1]).

o the constraint (4.1d) imposes to the transmission rate to be between fBy,in and Bmaq-

Now that the optimal control problem is defined, let us look at the MPC algorithm allowing
to compute the optimal transmission rates over the whole horizon T = 52 weeks. Based on the
MPC algorithm of the state-of-the-art, the algorithm for our MPC problem is the following.

MPC Algorithm

Fort=0,.,T—1:

(1) Set &y = =y, where x; =[Sy, I, Ry, Dy is the current state of the SIRD
model .

(2) Solve the optimal control problem for £y = x; to obtain the optimal
control sequence up.

(3) Define the MPC control law value pp(z;) := up(0) = Si_p-

(4) Apply the control value pp(z¢) to the system (3.1)), ¢ := ¢ + 1 and go to
(1).

Thanks to the MPC algorithm implemented using the Python package do-mpc [28], we obtain
the optimal weekly transmission rate, 3}, for each week ¢ of the one-year horizon. Indeed,

(4.2)

B = pup(ze) fort=0,..,7—1.

The initial condition of the MPC algorithm again corresponds to the situation observed in
Belgium for COVID-19 on 25 April 2020 as in Chapter |3l The initial condition of the epidemic
model (3.1]) involved in the MPC algorithm is therefore

o = [So, Io, Ro, Do] = [11 440 000, 30 000, 49 250, 750).

4.2 Results

As for the optimal control approach in Chapter [3] the MPC algorithm is used to find the
optimal weekly transmission rate, 8y, with the three following cost functions for the health
measures:

_ 1//81/2 — 1/,3%"{(3x o 1//315 - 1/Bmax
Ml 2] = 1000y /55{; /82, Mber(Be) = 1000 e

1/ﬁ152 — l/ﬁ?naw
1//872717,71 - 1/ﬁ72nax
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These functions have already been discussed and presented in Figure [3.1] For each of these
cost functions, the evolution of 3} is increasing as shown in Figure 4.1 As for the optimal
control problem in Chapter [3] at the beginning of the one-year horizon, £ is low in order to
limit the spread of the disease. This will decrease the number of infectious people present in the
population. As a result, this will also decrease the number of deaths caused by the disease, which
is the first part of the objective function to be minimized. Then, 3} increases over the year.
However, 8} increases less and less as the year goes on and reaches approximately 0.44/5,,q, at
the end of the year for each of the three cost functions A\ Ls;. This behaviour can be justified
a posteriori thanks to the effective reproduction number.
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Figure 4.1: Temporal evolution of the optimal transmission rate, 8;, obtained thanks to the
MPC algorithm with the three daily cost functions AL, ; for the health measures

As a remainder, the effective reproduction number, R;, is the average number of secondary
cases caused by one infectious individual in a population composed of both susceptible and
non-susceptible hosts at any time ¢ of an epidemic. Moreover, as explained in the state-of-the-
art section, R; can be computed thanks to the next generation matrix method. As already
computed, for a STIRD model,

-3

YN

Ry is then computed for 3} and S}, i.e. with the optimal transmission rate and the optimal
state variables obtained by solving the MPC problem. The evolution of R; over the year is
shown in Figure At the beginning, R; is between 0.4 and 0.5 for each of the cost functions.
Since R; < 1, the number of infectious people present in the population decreases. Then, we
observe that R; increases over the year since /3] increases. Indeed, in the expression of Ry, v is
fixed and S} /N, the proportion of susceptible people in the population at time ¢, decreases very
slowly since the transmission rate 3; is low at the beginning of the year. Thus, by increasing
Bi, Ry increases. However, ; increases in a limited way so that R; is always lower than 1. If
R; had been greater than 1, the number of infectious people present in the population would
have increased. Increasing /3 so that R; tends towards 1 but never exceeds 1 therefore allows
to have the highest possible transmission rate, thus the least severe sanitary measures, without
increasing the number of infectious people present in the population. Moreover, since R; ~ 1,
for the last weeks of the one-year horizon, the number of infectious people in the population is
nearly constant.
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Figure 4.2: Temporal evolution of the effective reproduction number, R;, with the three daily
cost functions A\1Lg; for the health measures

In conclusion, the general evolution of the optimal transmission rate, 3;, for the three cost
functions A1 Ls; is the following. Firstly, at the beginning of the one-year horizon, §; is low so
that the number of infectious people, initially 30 000, decreases to a more reasonable number.
After the 5" week, there are less than 5000 infectious people in the population no matter the
cost function A\1Lg; and this number will always decrease over the year. Secondly, §; increases
progressively to the highest possible rate so that R; tends towards 1 but never exceeds 1 at the
end of the one-year horizon. The number of infectious people, which is lower than 1000 during
the last weeks of the year, therefore becomes almost constant in the population.

Looking at B over the whole year, we observe that 3} is relatively low even at the end of
the one-year horizon. Indeed, 5} ~ 0.440,,4, at that time for each of the cost functions \; L ;.
This implies relatively strict health measures to be imposed in order to achieve such a rate. One
of the reason is that, at the end of the year, 97% of the population is still susceptible to be
infected. One way to reduce the number of susceptible people is to vaccinate them. This is why
Chapter [6] is devoted to the vaccination.

Finally, let us compare the evolution of 3; for the three cost functions A\jL,;. As shown in
Figure B¢ is the lowest when the cost to impose this 3} is the lowest, which makes sense.
Indeed,

AMLs2(Be) < MLsi(Br) < MLg1/2(Br) VBt € |Bmin, Bmaz|

and the optimal evolution of 3/ is the smallest for A;L,2. Table compares, for the three
cost functions AL, ;, the cumulative number of deaths caused by the disease at the end of the
one-year horizon, the yearly cost of the measures and the total cost, i.e. the sum of the two
preceding quantities. As already observed in Chapter [3| Dr is relatively similar for the three
cost functions compared to the yearly cost of the measures. It makes sense since the temporal
evolution of f; is similar for the three cost functions. Since [} is similar for the three cost
functions but since these cost functions are not the same, the yearly cost of the health measures
is higher when the cost function is higher. As a result, the total cost is also higher.
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Dy [# deaths] T VAL i(BF) [# deaths] | f(x,u) = Dp + S0 TALs:(B;)
ML/ 2363 43 617 45 930
ML 2213 17 004 19217
M Ls.o 1648 2082 3730

Table 4.1: Comparison, for the three cost functions A\;Lg;, of the cumulative number of deaths
caused by the disease at the end of the one-year horizon (Dr), the yearly cost of the measures

o impose 0 s an e total cost, i.e. the sum of the previous two quantities.
to i B (S TALs (B d the total cost, i.e. th f th t tit

4.2.1 Comparison of the results with the optimal control approach

Let us now compare the optimal transmission rate obtained in the case of the optimal control
approach (Chapter with the one in the case of the model predictive control approach (Chapter

As a remainder, in Chapter [3] the optimal weekly transmission rate (; is obtained using

optimal control. In this case, the OCP (3.2)) is solved only once with the initial condition xg for
the SIRD system. In this section, this OCP will be called OCP; to insist on the fact that this
OCP is solved only once to obtained the weekly transmission rates for the entire one-year horizon.

In Chapter [d the optimal transmission rate is computed using model predictive control
(MPC). In this case, the OCP is solved iteratively at each time step ¢ of the MPC algo-
rithm with the initial condition z;. x; is the current state of the SIRD system at time t. The
OCP of the MPC algorithm will be called OCP j;pc to insist on the fact that this OCP is solved
at each iteration of the MPC algorithm. Only in this section, the prediction horizon of the
OCPspc is equal to 52 weeks instead of 15 weeks. With this change, the OCP; is the same as
the OCPjyspco: the only difference is that the initial condition of the OCPp;p¢ is x¢, the current
state of the SIRD system at time step t of the MPC algorithm, and not x.

Figure compares the temporal evolution of the optimal transmission rate 3; obtained by
solving the OCP; of Chapter [3| (optimal control approach) with the evolution of §; obtained
with the MPC algorithm (model predictive control approach).

First, the transmission rate 3 obtained with the OCP; and the MPC algorithm is the same.
It was expected since at the time step 0 of the MPC algorithm, the initial condition for the
OCPrpc is ¢y = xg. Thus, at the time step 0 of the MPC algorithm, the OCP y;pc is exactly
the same than the OCP;.

Then, as we progress through the year, the evolution of ; obtained with the OCP; and
the one obtained with the MPC algorithm differ more and more. This is because the OCP y;pc
solved at each iteration of the MPC algorithm is no longer the same as the OCP;. Moreover,
at the end of the year, while 3} increases more and more in the case of the OCPy, 5} seems to
be almost constant in the case of the MPC algorithm. This difference can be explained in the
following way. At time ¢ of the MPC algorithm, the OCP y/p¢c allowing to compute 3} takes into
account the influence of this 5} on the SIRD system during one year after the time ¢. Indeed, to
find ff, the initial condition is the current state of the SIRD system at time ¢ and the prediction
horizon of the OCPyspc is 52 weeks. On the other hand, to compute 3}, the OCP; only takes
into account the influence of 5f on the SIRD system until the end of the one-year horizon. For
example, to compute 37._;, the OCP; takes only into account the influence of 87_; on the last
week of the one-year horizon and not on the weeks after the end of the year. This is why 3/
reaches B4 at the end of the year in the case of the optimal control approach. On contrary,
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Figure 4.3: Comparison of the temporal evolution of the optimal transmission rate 8; obtained
by solving the OCP; of Chapter (optimal control approach) with the evolution of 5} obtained
with the MPC algorithm (model predictive control approach).

since the MPC algorithm takes always into account the influence that has 3; on the next 52
weeks no matter the time ¢, 5; does not increase at the end of the one-year horizon. The way
the optimal transmission rate is computed in the MPC algorithm is more rigorous and better
reflects reality. This is why in the rest of this master thesis, we will focus on model predictive
control to answer several questions about epidemic management.

4.3 An alternative modelling of the MPC problem

The rest of this master thesis still aims to find the optimal transmission rate of disease in
order to minimize the number of deaths and the cost of the health measures. However, the
population will now be divided into several sub-populations. There will therefore be more than
one transmission rate to be optimized. For example, if there are 2 sub-populations, there will
be 4 transmission rates defined as ¥ Vk,1 € {1,2}. These transmission rates may be different
since the contacts within and between each sub-population may be different. Moreover, the
health measures imposed on the contacts within and between each group may be different. This
is why we will see in the next chapter that it is more convenient to introduce a new manipulated
variable. This new manipulated variable is u,’fl and will represent the effect of the sanitary mea-
sures on the transmission rate 8. This new manipulated variable uf will be studied in more
detail in the next chapter.

In this section, we will see that the MPC problem solved previously for a single general
population can also be solved with the new manipulated variable u; instead of 8;. Moreover, we
will see that the results will be exactly the same. wu; represents the effect of the weekly health
measures on the weekly transmission rate ;. The effective transmission rate at time ¢ is thus
now defined as

Bt = uy Bmaa}

where Spqz is the maximum transmission rate when there is no health measures. This means
that when there is no measures, u; = Umqr = 1 and 8 = Bpaz. Moreover, in order to set
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Bt = Bmin, the health measures must be such that u; = Upm = /’g;’ﬁﬁ Therefore,

Bmin
b
/Bmax

In this alternative MPC problem, the aim is therefore to find the weekly optimal variable u;
such that the number of deaths and the cost of the health measures are minimized. Now that
the manipulated variable is u;, the cost of the sanitary measures will be expressed in terms of
this manipulated variable. The idea is to keep the same cost as the one defined in Section [3.2]
when it was expressed in terms of 5;. Therefore, it is only a "rescaling" of the cost function.
The daily cost of the health measures which was

Li (/Bt) - Li(ﬂmaa})
Li (/Bmzn) - Lz (ﬁmaaz)

1] v

Ut € [uminyumax] = [

ALgi(Bt) = A

with ,Bt S [/Bmin75mafc]

becomes

>\L{g7z(ut) — )\ Lz(ut) - Li(umaz) Bm”m 1:|

L; (Umzn) —L; (umam) Bmam’

where L;(u;) = u% As for the previous cost function, the range of )\L'Sﬂ-(ut) is [0, A]: it is equal

with  u; € { (4.3)

to A when evaluated at u,,;, and to 0 when U;,q. )\L’Sl(umm) = )\ is therefore the assumption
we make about the cost of imposing the most stringent measures possible. The cost of setting
U = Umae 18 0 and it is relevant since u,,q; represents the case in which there is no sanitary
measures.

To find the optimal manipulated variable u; for each week ¢ thanks to model predictive
control, the following optimal control problem is solved at each time step ¢ of the MPC algorithm.

P-1
xrlgl’i&lp Dp + ];J TAL ;(ug) (4.4a)
subject to  xp = Zo (4.4b)
(3-1)) fork=0,..,P—1 (4.4c)
Umin < Uk < Umaz for k=0,..,.P—1 (4.4d)

This OCP is the same as the one when the manipulated variable was (i, except that now
the OCP is expressed in terms of the new manipulated variable u,. The MPC algorithm is the
same as the one in . However, the MPC algorithm is now applied with the OCP (4.4]) and
the MPC control law is now defined as pp(z;) := up(0) = uj_,.

Figure@ shows the temporal evolution of the optimal manipulated variable uj representing
the effect of the measures at time ¢ on the transmission rate ;. The evolution of u; obtained
by solving the OCP with the cost function A;L{, is exactly the same as the evolution
of B} /Bmax obtained by solving the OCP with the same cost. It makes sense since uj =
B/ Bmax and the only difference between the two OCP is that one is expressed in terms of
u; while the other in terms of g;. All the results obtained previously in this master thesis
could therefore have been obtained by looking at the optimal manipulated variable uf with
Bf = uj Bmag instead of looking at the optimal manipulated variable ;.

4.4 Conclusion

In this chapter, the optimal weekly transmission rate §; minimizing the number of deaths
and the cost of the health measures was found using model predictive control. For the three
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Figure 4.4: Temporal evolution of the optimal manipulated variable uj, representing the effect
of the measures at time ¢ on the transmission rate f;, with the cost function \; L 5.

cost functions AjLg; with i € {1/2, 1,2}, the evolution of 5} is the following. At the beginning
of the one-year horizon, g is low in order to decrease the number of infectious people present
in the population. Moreover, we observed a posteriori that 3} increases progressively over the
year but in a limited way so that the reproduction number R; tends towards 1 but never exceeds
1. Thanks to this optimal transmission rate, the number of infectious people only decreased
throughout the year to become almost constant at the end of the year. At that time, there are
less than 1000 infectious people in the population instead of 30 000 initially. As in [13, |19], we
have therefore observed that the sanitary measures allowing to reduce the transmission rate of
the disease reduce significantly the number of infectious people but not to zero. This is why we
will look at the vaccination of the population in Chapter [6] to see if this intervention can stop
the spread of COVID-19.

This chapter has also shown that the MPC problem allows to take into account the influence
of A} on the weeks that follow the end of the one-year horizon. This was not the case in Chapter
when (3 was found by solving only one optimal control problem. In the rest of this master
thesis, we will therefore focus on model predictive control problems because it better reflects
the reality. Several MPC problems will be designed in order to answer different questions about
epidemic management. For the sake of brevity, the results will be presented with the cost func-
tion AL} ; for the sanitary measures. However, the results were also checked for ;L] 1/2 and
AL 5 and are very similar.
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Chapter 5

Consideration of the vulnerable
population

The severity of a disease may depend on the population category to which a person belongs.
Indeed, as an illustration, an important feature of COVID-19 is its highly non-uniform attack of
the different age groups in the population. COVID-19 has shown a low infection fatality ratio
in young, healthy individuals. In contrast, the severity of the disease in the elderly as well as
in individuals with underlying health problems has resulted in a more significant mortality rate
worldwide.

This chapter aims to model this non-uniform infection fatality ratio in the population. First,
the STRD model is extended to stratify the population into two groups with different mortality
rates. Then, we will look at the optimal transmission rates of the disease to be imposed within
and between each population group. This will allow us to answer the following question: Should
health measures be different for the vulnerable and the non-vulnerable population?

5.1 Problem specifications

In this chapter, the population is divided into two groups: a non-vulnerable population
with a low infection fatality ratio and a vulnerable population with a higher one. The vulner-
able population includes the individuals over 65 years of age and younger people with health
problems. The estimated number of vulnerable individuals in Belgium is about 2.5 million, or
approximately 20% of the population |29]. The non-vulnerable population includes the rest of
the population, i.e. 80%. The infection fatality ratio (IFR) for COVID-19 in Belgium, being the
proportion of infected people who die from the disease, is estimated to be 0.071 in the vulnerable
population. The IFR in the non-vulnerable population is about 7.6 x 10=% [21]. By taking a
weighted average of these two IFR, we obtain that the IFR for the general population is 0.015.
It is actually in this way that the IFR for the general population in Chapter [3| was computed.

The SIRD model designed in Section [3.1] is now extended to take into account the differen-
tiation between the vulnerable and the non-vulnerable populations. The non-vulnerable group
is labelled with the letter A and the vulnerable one with the letter B.

Now that there are two population groups, there are four transmissions rates. Indeed, the
transmission rate between a susceptible individual of group k£ and the infectious people of group
[ is denoted as B*! Yk, 1 € {A, B}.

When there is no sanitary measures imposed by the government, these four rates are at their
maximum value. The maximum transmission rate between a susceptible individual of group k&
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and the infectious people of group [ is defined as:

ﬁmlax = pkl/Bmaaz YV ke {A, B}

where p* is the proportion of contacts that a person of group k has with people of group I.
As a remainder, G4 18 the maximum transmission rate between a susceptible individual and
the infectious people in the case of a general population, when there is no stratification. More
precisely, Bmaz is defined as:

Bmaz = the number of contacts a susceptible person has per week with the general population
when there is no health measures x the probability of a successful transmission in case of

contact between a susceptible and an infectious individual when no health measures.

Let us define the value of these parameters. As already mentioned, the non-vulnerable
population (group A) is composed of 80% of the total population and the vulnerable population
(group B) is composed of 20% of the total population. By assuming that the contacts are
uniform in the population, a person from group A has 80% of his contacts with group A and
20% of his contacts with group B. Therefore,

P =08, BA =08Bma, PP =02, BB =028 (5.1)

Moreover, a person from group B has 80% of his contacts with group A and 20% of his
contacts with group B. Therefore,

pPA =08, B =08Bma,  PPP =02, BL =0.2Bmew. (5.2)

By the same reasoning, 5% = p*'j3,...,. Therefore,

min

ﬁmzn - O&Bmma mzn - 0 2Bmma mzn - O 8ﬁmzna mzn - 0 26m1n

This chapter still aims to find the optimal transmission rate of the disease in order to minimize
the number of deaths caused by the disease and the cost of the health measures. However, there
is now more than one transmission rate to be optimized. Indeed, as an example, 6{““ can be
different from B if the health measures within groups & and [ are different. As previously
introduced in Section it is now more convenient for the design of the problem to control a
new manipulated variable. This new manipulated variable is ufl and will represent the effect of
the sanitary measures on the transmission rate 5. The effective transmission rate at time ¢ is
therefore:

kl, Kkl
/8 - ut Bmaa} - ut b Bmax

where u,’fl is now the manipulated variable of the problem while p* and Bq. are fixed.
When there is no health measures to decrease the transmission rate Sf, g = g and
uf! = 1 = Upnqaqe. Moreover, in order to set 3 = BEL  the health measures must be such that:
ukl ﬂmln _ pklﬁmin _ 5mm _ )
! Bmax pkl ﬁma:c 57710/13 e
Therefore,
Ul € [tmin, Umaz] = {5 min 1] Vt and Vk, I.
5?’71(1([

In this chapter, the population is divided into two groups (A and B). There are therefore 3
types of contacts: the "AA", "BB" and "AB" contact type. Consequently, there are 3 types of
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sanitary measures and 3 different manipulated variables:
uA4 represents the effect of the sanitary measures imposed within group A on 44,
uPPB represents the effect of the sanitary measures imposed within group B on 55,

uAB = uBA represents the effect of the sanitary measures imposed between group A and

group B on 848 and gBA.
Indeed, the sanitary measures decreasing the contacts of a person in group A with group B
must be the same that the sanitary measures decreasing the contacts of a person in group B

with group A. Otherwise, there would be a mismatch in the contacts.

The SIRD model stratifying the whole population into a non-vulnerable group (A) and a
vulnerable group (B) is the following:

A A A AA pAA ItA AB pAB ItB
St—i—l = St - St Uy max + Uy max
A Np

A A A AApAA ItA AB nAB ItB A
L, =1 + 5S¢ | vt maxj"‘ut maa:NiB — I

R =R} +~(1 - 64)I

Dy = D +ydalf

B 5 o ABapa I 5B I
Sip1 =S¢ — 5 (Ut 5maxm+ut max]VB>

B B B (. ABBA 154 BB 4BB ItB B
L, =1 +5; (Ut maxj‘f'ut maz]\TB -l

R =RP +~(1—6p)If
DE, = D +~opIf

N4 and Np are the number of individuals in the non-vulnerable and the vulnerable pop-
ulation respectively. For each of the two groups, there are 4 compartments: the susceptible
(S), infectious (I), recovered (R) and dead (D) compartment. A non-vulnerable or vulnera-
ble individual who is susceptible can be infected by an infectious non-vulnerable or vulnerable
person. Once they are infected, the individuals move in the infectious compartment, I4 or 15,
depending on their status in the population. Then, their removed rate is vy regardless of whether
they are vulnerable or not. Concerning the non-vulnerable individuals, they recover at a rate
v(1—04) and they die at a rate yd 4, where d 4 is the infection fatality ratio of the non-vulnerable
population. The vulnerable persons recover at a rate v(1—dp) and they die at a rate vdp, where
dp is the infection fatality ratio of the vulnerable population.

The parameters of the epidemic model (j5.3]) are summarised in Table The value of these
parameters is chosen to represent at best the COVID-19 epidemic in Belgium.
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N =1152x10° N4=0.8N =9.216x 10 Np=0.2N = 2.304 x 10°
v =1 [1/week] 64 ="T76x10"* §p = 0.071

Table 5.1: Parameter values of the epidemic model (/5.3

5.1.1 Cost of health measures

Now that there are 3 types of health measures and therefore 3 manipulated variables qu
utB B and ufB , the cost of the sanitary measures will be expressed in terms of these manipulated
variables. The daily total cost of the sanitary measures will be the sum of these three following

costs:

)

AL;,i(UfA)a )‘L,s,i(utBB) and )\L;,i(UiAB)

where the cost function AL ;(u;) was already defined in Section )‘L;,i(UfA) represents the

cost of the sanitary measures imposed within group A, )\L;J(utB ) the one within group B and

/\L’s7i(u;43 ) the one between groups A and B. However, the sum of these 3 cost functions is
weighted because each sanitary measure does not affect the same proportion of contacts.

Concretely, the proportion of contacts affected by the sanitary measures imposed within
group A is
pa-pt=08-0.8=0.64.

pa = 0.8 is the proportion of people who belong to group A and p*4 is the proportion of contacts
that a person of group A has with people of group A. pA4 was already computed in (5.1) and
is equal to 0.8.

The proportion of contacts affected by the sanitary measures imposed within group B is
pe-pPP =0.2-02=0.04
where pp and pPP are defined in the same way as above but for group B.

Finally, the proportion of contacts affected by the sanitary measures imposed between groups
A and B is
pa-p*P +pp-pP1=08-02+02.0.8=0.32.

pAB is the proportion of contacts that a person of group A has with people of group B and pB4
is the one that a person of group B has with people of group A.

The daily total cost of the sanitary measures is therefore
pa- pM AL () + pp - pPP AL (uPP) + (pa- p™P 4 pp - pP4) AL ()
& 0.64 AL, ;(ut) 4+ 0.04 AL, ;(uf?) +0.32 AL ; (u*P).

5.1.2 Problem statement

The MPC problem designed in this chapter aims to find the three optimal manipulated
variables w44, uBB and u}4P for each week t of a one-year horizon. These variables represent
the effect of the sanitary measures on their respective transmission rate. The lower u,’fl is, the

more severe are the health measures between groups k and [ and the lower is the transmission
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fl. In this control problem, we want to find the optimal value of these variables in order to

minimize the cumulative number of deaths caused by the disease at the end of a one-year horizon
while minimizing the cost of the health measures. The manipulated variables uf44, uB5 and
ufAB for each week t are found using model predictive control (MPC). The optimal control

problem solved at each time step ¢ of the MPC algorithm is:

P—1
in D3+ DE 4+ 7 (Z 0.64 L. ,(uit®) +0.04 L, .(uPP) +0.32 L, Z-(u,?B)> (5.4a)
p,up =0 ’ ) 5
subject to  xy = &g (5.4b)
(5.3 fork=0,...,P—1 (5.4c)
Umin < uj?A,ukBB,u?B < Upmaz fork=0,...P—1 (5.4d)

xp is the vector that gathers all the state variables of the epidemic model (5.3]) from time

k =0 to k = P. up is the vector containing the weekly manipulated variables u?A, ukBB and

utP Wk € {0,..., P — 1}. D4 denotes the cumulative number of deaths caused by the disease in
the non-vulnerable population, at the end of the P = 15 weeks of the prediction horizon. Dg is
the one in the vulnerable population.

The meaning of each constraint of the OCP (5.4) is the following:

o the constraint ([5.4b]) enforces the current state of the epidemic model (5.3)), Zg, to be the
initial state xzg of the model for the optimal control problem.

o the constraint (5.4c)) makes sure that the state variables satisfy the dynamics of the epi-

demic model (5.3]).

o the constraint (5.4d)) imposes to the manipulated variables to be between w,;, and tmqq-

The MPC algorithm is the same as the one in (4.2)). However, the MPC algorithm is now
applied with the OCP ([5.4)) and the epidemic model (5.3)). Moreover, the MPC control law is

now defined as

pp(e) = up(0) = [wZf, uilF, uilf).

>t|<AA *BB

Thanks to the MPC algorithm, we obtain the weekly optimal manipulated variables uy**, uj

and u4P for each week ¢ of the one-year horizon. Indeed,
(A wBB wiAB) = up(z) fort=0,..,T—1
with T' = 52 weeks.

For the initial condition of the MPC algorithm, we take the situation observed in Belgium
for COVID-19 on 25" April 2020. On that date, there were approximately 30 000 infectious
persons |24]. In addition, about 50 000 people were infected and had already recovered or died
before that date. Since we assumed that the infectious people are evenly distributed in the
population, we have:

I§ =30 000 - py Ry =50 000-p4 - (1—64) D =50 000-p4 -4

IP =30 000-pp RE =50 000 pp - (1—-14p) DE =50 000 pp -5

where p; is the proportion of people in group j and ¢; is the infection fatality ratio in group j
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with j € {A, B}. Finally, we set S§' = Na — Ig — R§' — D§! and S§ = Np — 1§ — RF — DJ.
The initial condition of the epidemic model (|5.3)) involved in the MPC algorithm is therefore

xo = [S§', Ig's R, Dg, S¢'s 15’ Rg. D§]
with
St =9 152 000 I3 = 24 000 R4 = 39 969 D{t =31

S& =2 288 000 1P =6 000 RE = 9286 D =114.

5.2 Results and discussion

In this section, we present the results obtained for w44, wPP and u;4

dictive control with the following cost functions for the sanitary measures:

l/ut — 1/uma$
1/umzn - 1/'U/maz.

B using model pre-

)\1L'871(ut) = 1000 (5.5)
As already mentioned, the results were also checked for A; L. ; /2 and )\1L’S72 and are very sim-
ilar. Therefore, for the sake of brevity, the results are only presented for the cost function /\1L’S71.

Figure shows the temporal evolution of w44 u!BB and u4P. This evolution is com-
pared to the one of uj, i.e. the effect of the sanitary measures on the transmission rate 5; when
there was no distinction between the vulnerable and non-vulnerable population (as computed in
Chapter . As a remainder, the lower u; is, the more severe the health measures are and the
lower the transmission rate 3/ is.
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Figure 5.1: Temporal evolution of the optimal variables w44, u;B8 and u;4B. They represent

the effect of the health measures of each contact type on their respective transmission rate.

In Figure 5.1} it is observed that

uPB < AP <uf <A Vt=0,..,7—1.

However, the measure are not significantly different since at each time ¢, 44, u;BP and uj4

are closed. This means that the health measures imposed within the vulnerable population

B
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(group B) and between the non-vulnerable (group A) and the vulnerable population are only
slightly stricter than the ones imposed in the case of a general population. On the other hand,
the health measures within the non-vulnerable population are only slightly less strict. This
means that the difference in the infection fatality ratio between the two populations does not
imply a major difference in health measures. This can be explained in the following way.

The non-vulnerable population cannot have less strict measures for two reasons. Firstly, even
if their infection fatality ratio is lower, if their sanitary measures are too light, this can lead to
an exponential increase in the number of infectious people in this population. Since the number
of deaths is a fraction of the infections, it would also increase exponentially. Indeed, let us take
the simple case of a population only composed of non-vulnerable people (A). At the beginning
of the one-year horizon, i.e. when S{‘ = 0.99N4 = Ny, the number of infectious people is given

by

AA ASA A
It+1 = +Ut Bmazlt N, — I

(1+ut /Bma:v_ )A'

By supposing that u4 is constant,
AA
It ~ IO (1 tu Bmam - ’Y)t

evolves exponentially. Moreover, since the number of deaths is a fraction of the infections, the
number of deaths caused by the infections at time ¢ is given by

d ~ 514]0 (1 =+ UAAﬁma:(: - V)t'

Therefore, even if the IFR d4 is low, the number of deaths can increase exponentially if the
health measures are too light, i.e. if u*4 is too high. Moreover, in the case of a population
composed solely of vulnerable persons, the number of deaths caused by the infection at time ¢
is given by

dt ~ 53]0 (1 + UBBﬁmax - )t'

Therefore, the parameters u*4 and 22 have more influence than 64 and é5 on the number

of deaths. This is the first reason why the parameters u;44 and u;P? are closed even if the IFR
are 54 = 7.6 x10~% and d5 = 7.1 x 10~2. Moreover, this argument is valid for the entire one-year
horizon since S{* ~ N4 and SP ~ Np throughout the year. Indeed, due to the relatively strict
health measures imposed, only 3% of the population was infected during the year. At the end
of the year, S{* ~ 0.97N4 and SP ~ 0.97Np.

Secondly, an increase of the infectious people in the non-vulnerable group (A) would also lead
to an increase of the infections in the vulnerable group (B). Indeed, if the number of infections
in group A increases, the proportion of infectious people in group A increases and a susceptible
person in group B is more likely to be infected when in contact with group A. This is the second
reason why measures cannot be too light, even in the non-vulnerable population.

However, it makes sense that the sanitary measures are slightly stricter in the vulnerable
group than in the general population since the IFR is higher in the vulnerable group than in
the general population. On the other hand, it is coherent that the sanitary measures are a little
lighter in the non-vulnerable group than in the general population since the IFR is smaller in
this group. Finally, the intensity of the measures imposed for the contacts between individuals
of groups A and B falls between the two previous ones since these contacts involve one person
with a low IFR and one person with a higher IFR.
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Concerning the temporal evolution of the sanitary measures, as in the case of a general pop-
ulation, the intensity of the measures within and between each group are increasing over time.
Moreover, their intensity increases less and less over the year. This behaviour can be justified
once again a posteriori thanks to the effective reproduction number.

The effective reproduction number R; of the disease is the average number of cases caused
by one infectious people at time ¢ of the epidemic. It therefore depends on the health measures
uf, uPP and ufP imposed on their respective transmission rates. The reproduction number
R; can be computed by applying the next generation matrix method on the epidemic model
and the computation is detailed in appendix R; is then evaluated at the optimal

manipulated variables u;44, u BB and w45,

The evolution of R; over the one-year horizon is shown in Figure At the beginning of
the year, R; = 0.49. An infectious individual will therefore cause on average only 0.49 secondary
case. Since R; < 1, the number of infectious people present in the population decreases. During
the year, R; is always increasing but in a limited way such that R; is always lower than 1.
Thanks to that, the number of infectious people present in the population will never increase.
For the last weeks of the one-year horizon, since R; =~ 1, the number of infectious people is nearly
constant. The conclusion concerning the evolution of the sanitary measures, and therefore the
transmission rates, over the year is the following. The optimal transmission rate of each type
of contact, depending on uj A4 uy BB and quB, is such that R; is first low in order to decrease
the number of infectious people. Then, the transmission rate of each type of contact increases
progressively so that R; tends towards 1 at the end of the year but never exceeds 1. Thanks
to these transmission rates, the number of infectious people, much lower during the last weeks
(approximately 650 instead of 30 000 initially), remains almost constant at this time of the year.
This evolution for the transmission rates is optimal in the sense that it minimizes the number
of deaths caused by the disease and the cost of the sanitary measures allowing to impose these
transmission rates. At the end of the one-year horizon, the total cost, i.e. the cumulative number
of deaths at the end of the year and the cost of the health measures imposed throughout the
year, is 19 176 deaths. In comparison with Chapter [4, when there was no distinction between
the vulnerable and the non-vulnerable population, the total cots was 19 217 deaths. The small
difference in health measures for the vulnerable and the non-vulnerable population therefore did
not significantly reduce the total cost.
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Figure 5.2: Temporal evolution of the effective reproduction number R;.
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Over the entire one-year horizon, the optimal variables u;44, uiBB and u} AB imply relatively

severe health measures for each type of contact. Indeed, the measures must be such that each
transmission rate is at least halved from its maximum value, no matter the time of the year
(w44, ufBB and ufAP are lower than 0.5 Vt). Even at the end of the year, each transmission
rate is between 40% and 45% of its maximum value as shown in Figure One of the reason
of these severe measures is that 97% of the whole population is still susceptible to be infected at
that time. One way to reduce the number of susceptible people in the population is to vaccinate

them. This is why the next chapter will be devoted to the vaccination.

5.3 Conclusion

In this chapter, we have taken into account the difference between the IFR in the non-
vulnerable population and the one in the vulnerable population. The aim was then to see
whether the health measures would be different within and between each population. This
chapter showed that although the measures in the non-vulnerable group are a little lighter than
in the vulnerable group, the measures within these two groups are very close. As a result, the
measures imposed on the contacts between the two groups are also close to the ones within the
two groups.

Concerning the temporal evolution of the measures, as in the case where the measures are
chosen for a general population, the measures are strict at the beginning of the one-year horizon.
They are relaxed slowly and progressively during the year so that the effective reproduction
number R; tends towards 1 but does not exceed 1. The number of infectious people in the
population only decreases throughout the year as R; is always smaller than 1. However, this
still implies quite strict measures at the end of the year and this is why we are going to look at
vaccination in the next chapter to see if it can lead to lighter measures.
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5.A Computation of the reproduction number for the epidemic
model ((5.3)

The aim of this appendix is to compute the effective reproduction number R; of the epi-
demic model thanks to the next generation matrix method detailed in Section In the
epidemic model , there are two compartments containing infectious people: I and IP.
Therefore, z; = (I/*, IP) and y; = (S{*, R}, D{, SP, RP, DP). The equations of the model for
the compartments I and IZ are

Fi(xe,yt)
Vi (we,y¢)
A A 2, oa( anpan I apoap IP
L =10 — I + 50 | w 5ma:pN7+ut 5maxN7
A B

IA IB

B B B B AB pBA BB BB

ItJrl = It - 71t + St Uy ﬁmax L Uy /Bma:p . :
———— NA NB

Vo (xt,y¢) ( )
Fa(zt,yt

Therefore, the two matrices F and V are equal to

AApAA SP | ABpAB SP
ut BmaxNitA ut Bma:cNitB

P [5]:1'(93157:%)} _

81}] SB SB
AB nBA BB BB
(radlv) v £

max N 4 max Npg

v — Vi, )] |1—v 0
N oxJ ) 1—~"
Finally, the effective reproduction number is given by

Ri=p(Q) with Q=F(;—-V)™*

where I; is the identity matrix and p denotes the spectral radius.
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Chapter 6

Optimal vaccination

One type of intervention to control an infectious disease is to decrease the number of indi-
viduals susceptible to be infected. To achieve this goal, the most commonly used intervention is
the vaccination. The question then becomes: Who to vaccinate first or how to administer the
vaccine doses optimally? To answer this question, the epidemic model stratifying the population
into a non-vulnerable and a vulnerable group is first extended to take into account the vacci-
nation. Secondly, a stratification in three population groups is modelled in order to distinguish
the health care workers from the two other populations. This third population differs from the
other two as it has a lot of contacts with the vulnerable population. As an example, this third
population includes the health personnel working in hospitals or in retirement homes. Moreover,
these contacts are vital to take care of the vulnerable population and they cannot be removed.
The aim of this chapter is thus to look at the optimal way to vaccinate the population thanks
to these two epidemic models.

6.1 Vaccination of the non-vulnerable and vulnerable groups

This chapter first aims to look at the optimal vaccination for a population stratified into two
groups: the non-vulnerable and the vulnerable population. We therefore begin by presenting
a new epidemic model that takes the vaccination into account. Then, we defined the MPC
problem allowing to find the optimal vaccination and the results obtained are analysed.

6.1.1 Epidemic model

In this section, the epidemic model stratifying the population into a non-vulnerable
and a vulnerable group is extended to take into account the vaccination of these two groups.
Therefore, the type of epidemic model used is no longer a SIRD model but a SVIRD model.
This means that both populations will have a fifth compartment labelled by the letter "V" to
represent the people who have been vaccinated.

In the model, initially no one is vaccinated. Then, each week, a weekly number of vaccine
doses for the entire population can be administered. The number of vaccine doses administered
to the non-vulnerable group in week ¢ is denoted by the manipulated variable df. The one
administered to the vulnerable group is denoted by df.

Although vaccination is added in this chapter, we still look at the optimal transmission rates
of the disease for each type of contact. Indeed, since the number of susceptible people present
in each population will decrease thanks to the vaccination, the optimal sanitary measures allow-
ing to decrease the transmission rate of each type of contact will change. Therefore, there are
now 5 manipulated variables : u/*, uPB ufP d and dP. We will look at the optimal value of
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these manipulated variables in order to minimize the number of deaths caused by the disease
while minimizing the cost of the sanitary measures imposed to decrease the different transmis-
sion rates. We assume that the administration of the vaccine doses is free but that there is a
maximum number of vaccines that can be administered each week. Based on the data about
the weekly number of doses administered in Belgium for COVID-19 [30], we assume that the
maximum number of vaccine doses that can be administered each week is D = 7 x 10° doses.

The model taking into account the vaccination is the following:

Al angan I AB oA 1P A
St+1 S{t — <Ut ﬂmaxm+ut Bmax]VB> —dj

A B

I
Vit = VA +dt - eV (w8 Iy ypmpan 1t
Ny Np

Iy = I+ (S8 + eVt ut —yI

ma:rN
RMA L =R +y(1 - o)1

D, = D + oAl

S SB SB< AB pBA ]fA +u BB BB ItB> dB
t+1 — maa:N maz g t

V V d —V AB BA ItA BB BB ItB
t+1_t+t eVy maacN tu maacN

IA 1B
B = 1P+ (24 V) B8 AL 4 (8P + VP uPP SR AL 1P

RP =RP +~(1-6p)I]

Dt+1 = Df; + WSBL&B

For each of the two populations, there are 5 compartments: the susceptible (5), vaccinated
(V), infectious (I), recovered (R) and dead (D) compartment. A non-vulnerable or vulnerable
individual who is susceptible can be infected by an infectious non-vulnerable or vulnerable per-
son. To decrease the risk of infection, a susceptible person can be vaccinated. Each week, there
are th non-vulnerable and df vulnerable people who receive a dose of vaccine. For simplicity,
we model a vaccination procedure in which each individual can only receive one dose. When
an individual is vaccinated, he moves from the susceptible compartment S to the vaccinated
compartment V. Moreover, once he is vaccinated, its risk to be infected decreases. This is why
each transmission rate in the vaccinated compartments is multiplied by €, where 1 — € is the
efficacy of one dose of vaccine and 0 < e < 1.

Once they are infected, the individuals move in the infectious compartment, I4 or Ip de-
pending on their status in the population. Then, their removed rate is + regardless of whether
they are vulnerable or not. Concerning the non-vulnerable individuals, they recover at a rate
~v(1—04) and they die at a rate v 4, where d 4 is the infection fatality ratio of the non-vulnerable
individuals. The vulnerable persons recover at a rate (1 —0p) and they die at a rate vdp, where
dp is the infection fatality ratio of the vulnerable individuals.
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All the parameters of this epidemic model are chosen to represent at best the COVID-19
epidemic in Belgium. Their value was already defined in Table in Chapter [5] except for e.
As said before, 1 — e denotes the efficacy of one dose of vaccine. In this case, vaccine efficacy
refers to the percentage of reduction in the risk of infection. For COVID-19 in Belgium, the
efficacy of one dose of vaccine is about 75% [31]. This implies that e = 0.25.

6.1.2 Problem statement

The optimal way to vaccinate the vulnerable and the non-vulnerable population and the
optimal health measures for each type of contact are determined using model predictive control
(MPC). As a remainder, we want to find the optimal manipulated variables uf44, uBB uAB di4
and d;P for each week t of a one-year horizon in order to minimize the number of deaths caused
by the disease and the cost of the health measures. The objective function to be minimized is
therefore the same as in Chapter [5| since there is no cost for the administration of the vaccine.
The optimal control problem solved at each time step ¢ of the MPC algorithm is the following;:

min D+ DE 47 CZ: 0.64 L, ;(up?) +0.04 L, ;(uf®) +0.32 L;,i(u?3)> (6.2a)
subject to  zg = Zo (6.2b)
(6.1)) for k=0,..,.P—1 (6.2c)
Umin < u?A,ukBB,u?B < Umaz fork=0,..,.P—1 (6.2d)
i, dB >0 for k=0,..,P —1 (6.2¢)
dif +dB <7x10° for k=0,..,P—1 (6.2f)
S4 85 >0 for k=0,..., P (6.2g)

xp is the vector that gathers all the state variables of the epidemic model (6.1) from time

k =0to k = P. up is the vector containing the weekly manipulated variables qu, ukBB , u,‘?B , d?

and dkB Vk € {0, ..., P — 1}. The prediction horizon of the OCP is still P = 15 weeks.
The meaning of each constraint of the OCP (6.2) is the following:

 the constraint ([6.2b]) enforces the current state of the epidemic model (6.1)), Zo, to be the
initial state xg of the model for the optimal control problem.

o the constraint ([6.2c)) makes sure that the state variables satisfy the dynamics of the epi-

demic model ([6.1)).

o the constraint (6.2d)) imposes to the manipulated variables to be between w,;, and tmqq-

o the constraints ([6.2¢]) and ([6.2f)) make sure that the number of vaccine doses administered
each week is positive and does not exceed D = 7 x 10°, the maximum number of doses
that is possible to administer each week.

o the constraint (6.2g)) ensures that the number of administered doses in the non-vulnerable
and vulnerable population is not higher than the number of susceptible individuals in these
two populations.

The MPC algorithm allowing to find w44, u}BB w48 d4 and d}P for each week t of the
one-year horizon is the same as the one in (4.2). However, the MPC algorithm is now applied
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with the OCP (6.2) and the epidemic model (6.1). Moreover, the MPC control law is now

defined as
«AA xBB _+AB

MF%J%)12:“?(0)::[Uk:OaUk:o’Uk:o,dzé07dzioy
The initial condition of the MPC problem is the same as the one for the MPC problem
without vaccination in Chapter [5| and no one is vaccinated initially. Therefore,

S8 =19 152 000 VA =0 I = 24 000 R4 = 39 969 D =31

SB =2 288 000 V& =0 IP =6 000 RE = 9286 DF =714

6.1.3 Results

Figure shows the optimal vaccination of the population obtained by solving the MPC
problem. During the first 3 weeks, only the vulnerable population is vaccinated. All the D doses
that can be given each week are therefore intended for the vulnerable group during these first
3 weeks. During the fourth week, the rest of the vulnerable population is vaccinated and the
remaining doses from that week are used to start vaccinating the non-vulnerable population.
Then, until the week ¢ = 17, the non-vulnerable group is vaccinated with the possible D doses
each week. At the end of that week, the entire population is vaccinated. It makes sense to vac-
cinate the vulnerable population first as they have the highest infection fatality ratio. Indeed,
by vaccinating someone, its risk of infection is reduced by 75%. Reducing the risk of infection of
the vulnerable population is therefore the optimal way to decrease the number of deaths caused
by the disease since this population has the highest infection fatality ratio.
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Figure 6.1: Optimal vaccination of the non-vulnerable and the vulnerable population obtained
using model predictive control. di4 and d}? are the optimal number of vaccine doses adminis-
tered in week ¢ in the non-vulnerable and the vulnerable population respectively.

Let us then look at the optimal health measures when the vaccination is introduced in the
population. Figure [6.2] shows the effects of the sanitary measures on the transmission rate of
each type of contact. For the first week of the year, when no one is vaccinated, the optimal
health measures are such that

USBB < uEk)AB < USAA.
This means that the optimal health measures are slightly stricter among the vulnerable pop-
ulation (group B), followed by those concerning the contacts between the non-vulnerable and
vulnerable groups and finally those among the non-vulnerable population (group A) which are
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the lightest (they are however also strict). This is the same conclusion as in the control problem
in Chapter [5] where vaccination was not taken into account. This was expected since at the
beginning of the one-year horizon nobody is vaccinated.
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Figure 6.2: Temporal evolution of the optimal variables wu} A4 u;fBB and u;f‘AB when the popu-

lation is being vaccinated. They represent the effect of the health measures of each contact type
on their respective transmission rates.

However, while the vulnerable population is being vaccinated, the optimal health measures
within this population are becoming less and less stringent compared to the measures for the
other types of contacts. Indeed, after 3 weeks, the measures are the lightest in the vulnerable
population as shown in Figure m This is consistent since, at this time of the year, 60% of the
vulnerable group is vaccinated while no one is vaccinated in the non-vulnerable group. From
the week t = 3 to the week t = 11,

*AA *AB

up <y BB,

< Uy

The measures are stricter in the non-vulnerable group than in the vulnerable group since the
proportion of people vaccinated is lower in the former than in the latter. The intensity of the
measures for the contacts between the non-vulnerable and vulnerable groups is between the two
others because these are contacts between a highly vaccinated population (group B) and a less
vaccinated one (group A).

After 12 weeks, the transmission rate for each type of contact is maximal since uy A4 uy AB
and u}BB are equal to 1 from this moment. There are therefore no more health measures.
Moreover, after 12 weeks, the entire vulnerable population is vaccinated but only 74% of the
non-vulnerable population is vaccinated. This means that it is not necessary for the population
to be fully vaccinated in order to have no more health measures. Moreover, after 26 weeks,
while there are no more measures, the number of infectious people in the whole population falls
below 5. The disease is then considered eradicated. The vaccination therefore made it possible to
eradicate the COVID-19 epidemic in 26 weeks, whereas in the case with no vaccination (Chapter
, the disease is not eradicated at the end of the year and the sanitary measures are still strict.
The eradication of the disease was however possible thanks to the vaccination of the entire

population in 17 weeks.
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6.2 Consideration of the health care workers

In this section, in addition to the vulnerable and the non-vulnerable population, a third
sub-population is added: the health care workers. The specificity of this third sub-population
is that it has a lot of contacts with the vulnerable population. The purpose of this section
is then to answer the following question: When is it optimal to vaccinate the health workers
compared to the vulnerable and the non-vulnerable population? To answer this question, a
number of assumptions had to be made for modelling purposes. These assumptions can clearly
be discussed and changed.

6.2.1 Epidemic model

The epidemic model is now extended to take into account the health care workers.
There are thus the non-vulnerable (A), the vulnerable (B) and the health workforce (H) pop-
ulation. In addition, in this section, the contacts are no longer uniform. This means that the
proportion of a certain type of contact is no longer given by the size of the populations that this
contact involves. For example, the health care workers have a lot of contact with the vulnerable
population, although this population represents only 20% of the total population.

Let us first determine the proportion of each population. In Belgium, there were 416 038
health care professionals in 2020 |32]. The proportion of the health care workers population is
therefore py = 3.6%. We consider this population to be part of the non-vulnerable population.
Therefore, the proportion of the non-vulnerable population (without the health care staff) is
now py = 0.8 — py = 76.4%. The proportion of the vulnerable population is still pg = 20%.

Let us then choose the proportion of contacts that a person of group k has with people of
group [, i.e. p¥' Vk,1 € {A, B, H}. These proportions are subject to certain constraints. First,

d pM=1Vke{A B H}
l

means that the sum of all the proportions of contacts that a person of group k has is equal to 1.

Then, the second constraint makes sure that the number of contacts made each week between
two groups matches well. As an example, this means that if group A has a total of 300 contacts
with group B each week, group B must have a total of 300 contacts with group A each week.
Otherwise, there is a mismatch in the contacts. This example translates into the following
equation

Na Np
PN ™ na = 55N PP g

where N4 and Np are the number of people in groups A and B. n4 and npg is the total number
of contacts that a person of group A and B respectively has each week. The proportions pg,
pa, pAB and pP4 were already defined above. Assuming that each person has the same number
of contacts each week regardless of the group to which he belongs, i.e. n4a = ng = ng, the

constraint becomes

pa p*B =pp pPA.

The general constraint is therefore

pi ™ =p ' Vi k € {A B H}.

To choose the proportions, assumptions are made about three of them and the others are
derived from the constraints. We make the hypothesis that 40% of health workers’ contacts
are with the vulnerable population, i.e. p#B = 0.4. The rest of their contacts are equally
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divided between the non-vulnerable population and the health worker population itself, i.e.
pHA = pHH — (0.3, Moreover, we assumed that 15% of the contacts of the non-vulnerable
population are with the vulnerable population, i.e. pA® = 0.15. All the other proportions are
derived from the constraints and are summarised below:

1 _pHB
pu p"4
pM =222 0014 pAP =015 pM=1-pA _pAB = 0836 (6.3)
pA
HB AB
pBH _PHP g7 BA_PAD T _gg5p BB _q_ pBH _,BA_ (34
PB PB

Since there are now 3 population groups, there are thus 9 transmission rates. The trans-
mission rate between a susceptible individual of group k and the infectious people of group [ is
denoted as 8* Vk,l € {A,B,H}. As in the previous chapter, the maximum transmission rate
is defined as:

B =" Bae Y k€ {A, B, H}.

max

Moreover, since there are 3 populations, there are 6 types of contacts: "AA", "AB", "AH",
"BB", "HH", "BH". There are therefore 6 types of sanitary measures, where their effect on their
respective transmission rate is denoted by

uAA uAB

7 g AH BB HH L BH

However, we assumed that the contacts between the health care workers and the vulnerable
population are vital because the latter must receive care from health professionals. Therefore,
these contacts can not be reduced and there is no sanitary measures for this type of contact.
Consequently, uB is always equal to 1 and this manipulated variable is not included in the
model.

As in the previous chapter, the cost of the health measures for each type of contact is
weighted by the proportion of that type of contact in the population. These proportions are
given below:

wAA =y pAA
w? = pa p*P +pp p™4
wt =pa p™ 4+ py ™4
wBB — py pPB

HH HH
w' = pg p"t.

The daily total cost of the sanitary measures is therefore given by
A (WAL () + wPP L (PP) + w AP L AP) + AT L) T L))

where the cost L ;(u) is given in (4.3]). \ is the daily cost of the measures (in number of deaths)
allowing to impose © = Up;n, i-e. the strictest possible health measures.

The following epidemic model stratifies the population into three sub-populations (A, B and
H) and takes into account the vaccination. This model is the same as the model (6.1)) except
that the health care workers population (H) is added.
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15, = 1P + (57 +ev?) (ﬁt PN B N By ) — 17
Ry = R +4(1—dp)I

Dily = Df +70plf

I IP "
sty =t = st (sl st L v g ) -
Nu

H _ yH H H HA It HB It HH ItH
V;H»l - ‘/t + dt Evvt 515 + 31!1111 + ﬂt
Np Ny

I I
= 1 () (A )

Rty = Ryt + (1= o)1
Dt+1 Dt + ’75HIt

The notation B = uf'gk is used to simplify the notations. 322 and B2H are in blue to
remember that these transmission rates cannot be reduced. All the parameters involved in this
model were already summarised in Table except Ny and dy. As already mentioned, they
were Ny = 416 038 health care professionals in Belgium in 2020. Since health care workers are

considered to be non-vulnerable, their infection fatality ratio is 0y = 04 = 7.6 x 1074,

6.2.2 Problem statement

The aim of this control problem is to determine the optimal way to vaccinate the three
population groups (A, B and H) and the optimal health measures for each type of contact
in order to minimize the number of death caused by the disease and the cost of the health
measures. This problem is solved using model predictive control (MPC). The optimal control
problem solved at each time step t of the MPC algorithm is the same OCP as the one in
except that the health care workers population (H) is added.
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P-1
min D+ Dp+Dp +7A | > w L (ug) + wP? L (ufP)

Xp,up k=0
AP L (uit?) + wt™ L) + L (™)

subject to  x¢p = Zo

(6-4) for k=0,...P—1 (6.5)
Unin < uﬁA,ukBB,u?B,u?H,ukHH < Umaz fork=0,..,P—1

did,d? al >0 for k=0,..,P—1

dif +dB +df <7x10° for k=0,..,P—1

SA 8B sH >0 for k=0,...,P

The MPC algorithm is the same as the one in ({.2)). However, the MPC algorithm is now

applied with the OCP ([6.5)) and the epidemic model (6.4). Moreover, the MPC control law is
now defined as

pp(we) == up(0) = [t wiBf, widf, wilfl, il did, difo, dilhy].

For the initial condition of the MPC algorithm, we take the situation observed in Belgium for
COVID-19 on 25" April 2020. On that date, there were approximately 30 000 infectious persons
[24]. Moreover, about 50 000 people were infected and had already recovered or died before that
date. We assumed that the infectious persons are evenly distributed in the population and that
no one is vaccinated initially. Therefore, Vj € {A, B, H},

[;=30000-p;  VJ=0  Rjp=50000-p;-(L—d;)  Df=50000-p; 0

where p; is the proportion of people who belong to the population j and ¢; is the infection
fatality ratio in group j. Finally, we set S} = N; — IJ — R} — D{. The initial condition of the
epidemic model (6.1]) involved in the MPC algorithm is therefore

St =8 740 281 Vit =0 I =22 920 Ry =38 171 D{t =29
SB =2 288 000 V& =0 1P = 6000 RE = 9286 DF =114
SH =411 719 Vi =0 I = 1080 RE = 1798 DI =2.

6.2.3 Results

First, we look at the optimal vaccination for the proportions of contacts given in (6.3) and
with the following cost functions for the health measures

1/up — 1/Umaq
1/Umin - 1/Uma1"

ML (ug) = 1000

In this case, the optimal vaccination is shown in Figure[6.3] During the first 3 weeks, only the
vulnerable population is vaccinated with the D possible weekly doses. During the fourth week,
the rest of the vulnerable population and the health worker population is vaccinated. Moreover,
the remaining doses of that week allows to start vaccinating the non-vulnerable population.
Then, all the weekly doses D are administered to the non-vulnerable population until the week
t = 17. After that week, the entire population is vaccinated.

The order of vaccination of the 3 populations makes sense. Indeed, the vulnerable population
is first vaccinated since they have the highest infection fatality ratio. Moreover, the vulnerable
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population has pPH = 7% of its contacts with the health worker population and these contacts
cannot be reduced because they are vital for the vulnerable population. The only way to reduce
the risk of infection for this type of contact is thus to vaccinated these two populations. This
second reason also allows to explain why the health worker population is vaccinated before the
non-vulnerable population. Indeed, the health worker population has p# 2 = 40% of its contacts
with the vulnerable population and these contacts cannot be reduced. On the other hand, all
contacts of the non-vulnerable population can be reduced as none are considered vitaﬂ This is
why the health care workers are vaccinated before the non-vulnerable population.
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Figure 6.3: Optimal vaccination of the health care workers, the non-vulnerable and the vulner-
able population with the proportions given in for the contacts. d,’{A, de and dZ‘H are the
optimal number of vaccine doses administered in week ¢ in the non-vulnerable, the vulnerable
and the health worker population respectively.

However, conclusions about the order of vaccination may change if assumptions about the
proportions of contacts for each population are different. We now hypothesise that health care
workers have even more contacts with vulnerable people. 60% of their contacts is now with
vulnerable people instead of 40% previously. The proportions of all the contacts therefore
become

1— plfl3 0 oI
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With these new proportions for the contacts, the optimal vaccination is different as shown in
Figure The health care workers are vaccinated first, followed by the vulnerable and then the
non-vulnerable population. One of the reasons why the health care workers are now vaccinated
before the vulnerable population is the following. 60% of the healthcare workers’ contacts are
with vulnerable people. Since it is assumed that these contacts cannot be reduced, 60% of the
caregivers’ contacts cannot be reduced and therefore they have a very high risk of infection. This
risk becomes so great that it is optimal to vaccinate them before the vulnerable people even if
the latter have a higher infection fatality ratio. Moreover, if the proportion of infectious people
increases in the health worker population, the risk of infection for the vulnerable population

Tt is clearly a modelling hypothesis, some contacts of the non-vulnerable population could be vital.
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will increase when they are in contacts with the health care workers. This is also why it is
important to vaccinate the health care workers so that the proportion of infectious people in
this population remains low.

There is therefore a proportion p’? of the healthcare workers’ contacts, between 40% and

60%, at which it becomes optimal to vaccinate first the health worker population and then the

vulnerable population. By assuming that p’? = z and pH"4 = pHH = 17?‘”, this proportion is

pHB = 0.42. Therefore, under the assumptions made in this chapter, if the healthcare workers
have more than 42% of their contacts with the vulnerable population, they have to be vaccinated

before this population.
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Figure 6.4: Optimal vaccination of the health care workers, the non-vulnerable and the vulner-
able population with the proportions given in for the contacts. dZ‘A, diP and di! are the
optimal number of vaccine doses administered in week ¢ in the non-vulnerable, the vulnerable
and the health worker population respectively.

6.3 Conclusion

Firstly, this chapter looked at the optimal vaccination of the vulnerable and non-vulnerable
people. It was shown that for a population where the contacts are homogeneous, the optimal
way to vaccinate the population was to start with the vulnerable people. Regarding the sanitary
measures, these are lighter thanks to the vaccination since people are less likely to be infected
when they are vaccinated. Moreover, thanks to the vaccination, after 12 weeks, there are no
more measures and after 26 weeks the disease is eradicated. However, this has involved the
vaccination of the entire population in 17 weeks.

Secondly, the health care workers were added to the MPC problem. We have observed
that the optimal order to vaccinate the 3 sub-populations may change if the contacts of the
health professionals change. At first, it was assumed that the health care workers have 40% of
their contacts with the vulnerable population, 30% with the non-vulnerable one and 30% with
other carers. In this case, the vulnerable people are vaccinated first, followed by the health
professionals and finally the non-vulnerable people. However, if the health care workers have
even more contacts with the vulnerable population, the order of the optimal vaccination changes.
Indeed, under the assumptions made in this chapter, if the healthcare workers have more than
42% of their contacts with the vulnerable population, they have to be vaccinated before this
population.
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Chapter 7

Differentiation of health measures
according to the epidemic status

In the previous chapters, the health measures have always been imposed for the whole popu-
lation or a whole sub-population. People in the same population therefore had the same health
measures regardless of their epidemic status. A susceptible person therefore had the same re-
strictions as an infectious person. To improve the effectiveness of the health measures, it may
be appropriate to impose different measures depending on the epidemic status of each person
and, more specifically, to differentiate between those intended for infectious persons and those
intended for the rest of the population.

However, knowing that someone is infectious can be challenging. For example, an infectious
person may be asymptomatic and therefore may not know that he is infectious. Testing people
to see if they are infectious can therefore be a useful intervention in the management of an
epidemic. This will also be discussed in this chapter.

7.1 Problem specifications

The objective of this chapter is to distinguish the infectious people from the rest of the pop-
ulation to see if the optimal sanitary measures will be different for the infectious population.
The idea behind this distinction is of course to impose very strict measures, such as isolation,
on infectious people in order to limit the spread of the disease as much as possible. However, it
can be difficult for a person to know if he is infectious or not. Indeed, an infectious person may
be asymptomatic. The only way for them to be aware of their infectiousness is to be tested.

In this chapter, the population will be divided into two sub-populations:

o The first sub-population (group 1) is composed of the whole population, except the aware
infectious people. This group therefore includes the susceptible (5), recovered (R) and
dead (D) individuals but also the infectious people who are unaware that they are infec-
tious. These unaware infectious people are either pre-symptomatic individuals (1 Prey who
do not yet have symptoms or unaware asymptomatic individuals (IV).

« The second sub-population (group 2) is composed of the aware infectious people (I4%).
This group includes symptomatic infectious people who are aware due to their symptoms
and asymptomatic people who are aware that they are infectious because they have been
tested. These infectious people can be distinguished from the rest of the population because
they know they are infectious.
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In the epidemic model of this chapter, there are therefore 6 compartments: S, I°7¢, IV [4% R
and D. The scheme in Figure [7.] illustrates the flows of individuals in the compartmental
model. For this model, we choose to take a daily time step and not a weekly time step for
the following reason. In the context of COVID-19, it is estimated that an individual remains
pre-symptomatic for 2 days . The pre-symptomatic people must therefore stay in average 2
days in the compartment 1”7, Since people stay less than a week in some compartments, the
time step of the model must be smaller than a week and we therefore take a daily time step.
All the details about this epidemic model are presented below.

Figure 7.1: Schematic representation of the flows of individuals in the compartmental model.

Since all the people susceptible to be infected are in group 1, new infections will only occur
in group 1. A susceptible individual can become infected in two ways: he can be infected by
an infectious person of group 1 or an infectious person of group 2. There are therefore two
transmission rates. The transmission rate S'! is the one between a susceptible individual of
group 1 and the (unaware) infectious people of group 1, i.e. I77¢ and IV. The transmission rate
3'2 is the one between a susceptible individual of group 1 and the (aware) infectious people of
group 2, i.e. 1%, The force of infection for one susceptible individual on day t, i.e. its risk to
be infected, is therefore defined as

p + 1)
N

IAw
+ 875

_ pll
¢t — Pt
where 8}! and $}? are more precisely defined as

t“ = the number of contacts a susceptible person has the day t with the general population
x the probability of a successful transmission in case of contact between a susceptible and

an infectious individual of group 1 at time ¢

,512 = the number of contacts a susceptible person has the day t with the general population
x the probability of a successful transmission in case of contact between a susceptible and
an infectious individual of group 2 at time ¢

As in the previous chapters, each transmission rate will depend on the health measures

imposed on it. The transmission rates are therefore given by

11 11 12 12
= U ﬁmaa: and t = W ﬂmam

where u;! and u;? are the two manipulated variables representing the effects of the measures on
each transmission rate at time t.
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The epidemic model allowing to differentiate the unaware and aware infectious people is the
following;:

S
St = S = 5L (BMAY + 177 + B2
IPre _ IPre & 11 IU IPre 12[Aw o QIPTG
t+1 = 1t +Nt(t+t)+5tt t
It[-]i-l = ItU + (1 _pSym)(l - pT)HItPT6 - PVItU (7.1)

Ilél—ui = Ifw + [pSym + (1 _pSym)pT]QItPTe - ’}/ItAw
Rt+1 = Ry + Y (ItU "‘pAsym\Aw 12411)) + ’7(1 — 55’ym) PSym|Aw ItAw

Dt+1 =D+ Y 6Sym PSym|Aw I£4w

A susceptible individual (S) can be infected by an unaware infectious individual (I77¢ or IV)
or an aware infectious people (I Aw). This susceptible individual thus becomes pre-symptomatic
infectious: he has no symptoms yet but is already infectious (/77¢). Then, the pre-symptomatic
individual can become an aware infectious individual (I4%) at a rate

[PSym + (1 - pSym)pT] 0

where pgym is the probability of becoming symptomatic for a pre-symptomatic infectious per-
son. For COVID-19 in Belgium, the estimated probability of being symptomatic is pgym, = 0.36
[34]. (1 — psym)pr is the probability for an individual to be asymptomatic but to be tested
(with a probability pp). This individual is therefore also aware that he is infectious even if he
is asymptomatic and therefore also goes into the I4* compartment. The probability pr will be
discussed in Section[7.2] Finally, € is the rate at which an individual leaves the pre-symptomatic
compartment. It is estimated that an individual remains pre-symptomatic for 2 days. Therefore,
0 =1/2 [1/day].

A pre-symptomatic individual (I”7¢) can also become an unaware asymptomatic person (1Y)
at a rate

(1= psym) (1 —pr) 0
where (1 — psym) (1 — pr) is the probability of being asymptomatic and not being tested.

Then, the asymptomatic people "recover' at a rate -, i.e. they are no longer infectious. As
in the previous chapters, the infectious period for COVID-19 is estimated to be about one week.
Therefore, v = 1 [1/week] = 1/7 [1/day]. In compartment IV, containing the unaware asymp-
tomatic people, everyone is asymptomatic. In this compartment, everyone therefore "recovers'
at a rate v. In compartment [ Aw, there are symptomatic and aware asymptomatic people. The
asymptomatic people of compartment I4% "recover" at a rate 7y p Asym|Aw Where

(1 - pSym)pT
PSym + (1 - pSym)pT

PAsym|Aw =
is the probability that a person is asymptomatic, knowing that he is aware of its infectiousness.

A symptomatic infectious individual will recover at a rate (1 — dgym) and die at a rate
YO5ym, where dgym is the infection fatality ratio (IFR) of the symptomatic people. dgym, is

defined as
)

PSym

5Sym =
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where d = 0.015 was the IFR in the general population when there was no distinction between
symptomatic and asymptomatic people. The symptomatic people of compartment I4% therefore
recover at a rate

Y (1 - 5Sym) Psym|Aw
and die at a rate

v 5Sym pSym|Aw

where
PSym

PSym + (1 - pSym)pT

is the probability that a person is symptomatic, knowing that he is aware of its infectiousness.

Psym|Aw =

7.1.1 Cost of health measures

In this chapter, the sanitary measures are imposed on two types of contacts. Indeed, the
health measures will reduce the contacts within group 1 (contact type "11") with the manipulated
variable u'! and reduce the contacts between groups 1 and 2 (contact type "12") with u!2. As
in the previous chapters, the cost of the measures for each type of contact will be weighted and
the total daily cost of the health measure at time ¢ is therefore

wtll)‘L{s,i(u%l) + wtm)\L;,i(uP)-

However, as indicated by the notation, the weight w}! and w}? are now time-dependent for
the following reason. These weights represent the proportion of each type of contact in the
population. Moreover, the number of people in each group (1 and 2) is now changing over
time. Therefore, the proportion of each type of contact in the population changes over time.
We suppose that the contacts are uniform in the population. Therefore, the proportion of the
contact type "11" is

wi' = p; - p;

_ 7AW
where p} = N ]\I,t is the proportion of the population that is in group 1 at time ¢. The

proportion of the contact type "12" is

wi? =2 py - pj
Aw
where p? = ItT is the proportion of the population that is in group 2 at time t.

7.1.2 Problem statement

The goal of the control problem is to look at the optimal health measures to be imposed
within group 1 and between groups 1 and 2 such that the number of deaths and the cost of the
health measures are minimized. This problem is solved using model predictive control (MPC).
The optimal control problem solved at each time step ¢ of the MPC algorithm is the following;:

X%Hlp Dp+ A (:Z: w,lglL;,i(u}f) + w,ﬁzL’&i(u,?)) (7.2a)
subject to  xg = Zo (7.2b)
(7.1 fork=0,..,P—1 (7.2c)
Umin < u,lcl, u,{? < Umaz fork=0,..,P—1 (7.2d)

Since the time step of the epidemic system is now equal to one day, the prediction horizon of
the problem is no longer 15 weeks but P = 105 days. xp is the vector that gathers all the state
variables of the epidemic model ([7.1)) from time k£ = 0 to kK = P. up is the vector containing the
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weekly manipulated variables ui! and u}? Vk € {0, ..., P — 1}.

The MPC algorithm allowing to find the optimal manipulated variables u!! and uj!? is the
same as the one in (4.2)). However, the MPC algorithm is now applied with the OCP ([7.2)) and

the epidemic model (7.1). Moreover, the MPC control law is now defined as pp(z;) := up(0) =

[Uzlzlm “21:20} .

For the initial condition of the MPC algorithm, we take the situation observed in Belgium
for COVID-19 on 25" April 2020. On that date, there were approximately 30 000 infectious
persons [24]. We choose to distribute these infectious people as follows:

I§" =10 000, I§ =20 000(1 = psym)(1 = pr), 15" =20 000 [(1 = psym)pr + Psym] -

Moreover, about 50 000 people were infected and had already recovered or died before that
date. Therefore,

Ry =50 000- (1 —4)=49250 Dy =50 000 - 6 = 750.

Finally, we set So = N — I}" — 1Y — I§' — Ry — Do.

7.2 Results and discussion

In this section, we will discussed the results obtained for the health optimal measures by tak-
ing different values for the probability pr that an infectious asymptomatic individual is tested.
Moreover, the optimal health measures within group 1, v*'!, and between groups 1 and 2, u*!?,
will be compared to the ones imposed on the general population when the aware infectious people
were not distinguished from the rest of the population. ©*!! and «*'? will therefore be compared
to u* which was computed in Chapter The results are shown for the cost function A\ L ;, as
defined in , but the same behaviour for the optimal health measures were obtained with

AlL;,l/Q and >\1L{972.

Let us first analyse the results for pr = 0.5. In this case, an asymptomatic infectious
individual has a 50% chance of being tested and therefore of knowing that he is infectious. For
pr = 0.5, the optimal sanitary measures u*'' and u*'? are shown in Figure Firstly, the
optimal health measures between groups 1 and 2 are as strict as possible throughout the year.
Indeed,

u'? = Ui = Omin. _ 0.03 fort=0,1,...,365 days.
/Bmax

This means that when someone is aware that he is infectious, i.e. a person in group 2, he should
isolate himself from group 1 to have as little contact as possible with this group. Indeed, all
susceptible individuals are in group 1, so isolating the aware infectious persons from group 1
will minimize as much as possible the new infections caused by these aware infectious persons.
Moreover, it is optimal to isolate as much as possible the aware infectious people because it is a
small group (group 2) only composed of infectious people and it is not too expensive to isolate
this group since it is small. Indeed, the proportion of aware infectious people in the population,
IA%, is less than 0.2% at the beginning of the one-year horizon and will always decrease thanks
to the health measures.

Secondly, the optimal health measures imposed within group 1, containing the whole pop-
ulation except the aware infectious people, are strict at the beginning of the one-year horizon
and become lighter and lighter thereafter. Indeed, uj!! is increasing. We also observe that

these measures are lighter than the measures which was imposed on the whole population when
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Figure 7.2: Temporal evolution of the manipulated variables uj'!, uf'? and u} for pr = 0.5.

They represent the effect of the health measures on the transmission rates 8}!, 82 and B
respectively.

the aware infectious people were not isolated. Indeed, uj'! > u} throughout the year. This is
because the aware infectious individuals have been isolated from group 1. As a result, there are
fewer infectious individuals in contact with susceptible individuals. This means that a suscep-
tible person is less likely to be infected and health measures can therefore be lighter. However,
there must still be measures in group 1 because there are still infectious people who do not iso-
late themselves because they are not aware that they are infectious. This is why uj'! # Umee = 1.

Let us then discuss the optimal health measures obtained for the limit case where pyr = 1. In
this case, an asymptomatic infectious individual has a 100% chance of being tested and therefore
of knowing that it is infectious. As shown in Figure [7.3] the optimal health measures between
groups 1 and 2 are once again as strict as possible throughout the year since u}'? = wuy, Vt.
Indeed, for the same reason as before it is optimal to isolate the aware infectious people (group
2) from group 1. However, the optimal health measures within the group 1 are lighter when
pr = 1 than when pyr = 0.5. This makes sense since more asymptomatic infectious people are
isolated from group 1 with a higher probability of testing pr. There is thus less infectious people
remaining in group 1 with pp = 1. Actually, with pr = 1, only pre-symptomatic infectious peo-
ple remain in group 1 during two days. As a result, the susceptible people are less likely to be
infected and the health measures can be lighter. Moreover, we observe that there are no more
measures within group 1 after 8 days. After 71 days, the disease is supposed to be eradicated
since there are less than 5 infectious people left in the population. However, pr = 1 is a limit
case since it implies that an asymptomatic infectious individual has a 100% chance of being
tested. Since we do not know in advance who is asymptomatic in the population, we should test
everyone every day, which is not possible.

Finally, we look at the smallest value for pp such that the disease is eradicated before the end
of the one-year horizon. By trial and error, we found that it is for pr = 0.77 and the disease is
eradicated after 349 days as shown in Figureﬂ This means that testing 77% of asymptomatic
infectious people and imposing the strictest possible measures on all aware infectious people
can eradicate the disease before the end of the year. This percentage of testing is again very
difficult to achieve and the model assumed that everyone respects the health measures imposed
on them, which is not always the case in reality. However, it also means that we do not have to
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identify all the asymptomatic infectious people and to isolate them from the susceptible people

to eradicate the disease.
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Figure 7.4: Temporal evolution of the manipulated variables u
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7.3 Conclusion
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1 and f

This chapter has shown that by imposing very strict sanitary measures on the aware in-
fectious people to isolate them from the susceptible individuals, less strict measures can be
imposed on the rest of the population. Moreover, we have seen that the greater the number of
people aware of their infectiousness, the greater the number of infectious people isolated from
susceptible people and the lighter the measures imposed within group 1, containing the entire
population except the aware infectious people.
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In order to increase the number of infectious people aware of their infectiousness, it may
therefore be important to test the population. It has been shown in this chapter that if 77% of
the asymptomatic infectious people can be identified by testing and if they follow the measures
imposed on the aware infectious people, then the disease could be eradicated in less than one
year. However, this depends very much on the assumptions of the model. Indeed, in this model,
it is assumed that all the aware infectious people comply with the very strict measures imposed
on them, which is not always the case in reality. Moreover, identifying 77% of the asymptomatic
infectious people through testing them is very difficult since we do not know in advance who is
asymptomatic. Vaccination therefore seems to be a better intervention to eradicate the COVID-
19 disease.
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Chapter 8

Conclusion

In the recent context of the COVID-19 pandemic, the management of epidemics is a topic of
interest worldwide. More generally, whatever the epidemic concerned, it is essential to limit its
spread in order to avoid the serious consequences that this latter can cause. Several interven-
tions can be implemented to control an epidemic. However, these interventions have a cost and
they have to be implemented properly to be effective. The challenge of epidemic management
is therefore to limit as much as possible the spread of an epidemic while minimizing the cost of
the interventions implemented.

In this master thesis, two control approaches have been used to control the spread of the
COVID-19 epidemic in Belgium: the optimal control and the model predictive control approach.
In Chapter [3] an optimal control problem was implemented to find the optimal weekly trans-
mission rate of the disease. This rate is optimal in the sense that it minimizes the cumulative
number of deaths at the end of a one-year horizon and the cost of the health measures imple-
mented to achieve such a rate. It was observed that the temporal evolution of the optimal weekly
transmission rate depends on the cost function representing the cost of the health measures.

Firstly, for the cost functions for which it is possible to limit the spread of the epidemic by
imposing health measures during the majority of the one-year horizon, the optimal transmission
rate is increasing. At the beginning of the year, this rate must be low. Thanks to this low
rate, after the 10" week, there are about 1000 infectious people in the population instead of 30
000 initially. Between the 10" and the 40" week, the optimal transmission rate increases only
slightly so that the number of infectious people remains almost constant. Finally, at the end of
the year, the transmission rate increases significantly because the consequences of this decision
on the weeks after the end of the one-year horizon are not taken into account by the optimal
control problem.

However, for the cost functions which are so high that it is only optimal to impose measures
at certain times of the epidemic, the optimal transmission rate is no longer increasing. For these
cost functions, it is optimal to let the epidemic spread during the first weeks of the year. During
this period, there is no health measure and the transmission rate is therefore at its maximum
value. Then, some measures are imposed for a few weeks to stop the spread of the epidemic
when it becomes much too great, before being completely relaxed again. These cost functions
therefore lead to extreme situations where we let the epidemic spread, causing the infection of
60% of the population in one year. In the rest of this master thesis, we have therefore preferred
to focus on the first type of cost functions for which the observed optimal measures are closer
to those imposed in Belgium, i.e. strict measures at the beginning.

In Chapter {4 the weekly optimal transmission rate [; minimizing the number of deaths
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and the cost of the health measures was found using model predictive control. In MPC, gf
is obtained by solving iteratively an optimal control problem at each time step ¢ of the MPC
algorithm. For the cost functions A\; L, ;, as defined in , the optimal transmission rate 3; is
increasing. As in optimal control, 3} is low at the beginning of the one-year horizon to decrease
the number of infectious people present in the population. Moreover, it was observed a poste-
riori that Bf increases in a limited way such that the effective reproduction number R; tends
towards 1 at the end of the one-year horizon but never exceeds 1. As a result, the number of
infectious people only decreased throughout the year to become almost constant at the end of
the year. Since the MPC algorithm allows to take into account the influence of ; on the weeks
that follow the end of the horizon, the optimal transmission rate no longer increases at the end
of the year. The health measures are therefore quite strict throughout the year and this is why
we have looked at the vaccination in Chapter [6] to see if this intervention may help to alleviate
the sanitary measures.

The aim of this master thesis was then to provide elements of response to several questions
of epidemic management thanks to the model predictive control approach. In Chapter [5] the
population was divided into a non-vulnerable sub-population with a low infection fatality ratio
and a vulnerable sub-population with a higher one. The question was then to know whether the
health measures allowing to decrease the transmission rate of the disease should be different for
the two sub-populations. Due to the exponential behaviour of the spread of an epidemic, it was
shown that the transmission rate of the disease has a higher influence on the number of deaths
caused than the infection fatality ratio (IFR). As a result, the health measures for the non-
vulnerable and the vulnerable population are very closed even if the IFR of the non-vulnerable
group is lower. Another reason why the measures are so closed for the two groups is that too
light measures within the non-vulnerable population will also have negative consequences for the
vulnerable one. Indeed, if the proportion of infectious people increases in the non-vulnerable
group, the risk of infection for a vulnerable person will increase when he is in contact with the
non-vulnerable population.

Chapter [f] was devoted to the optimal vaccination in order to minimize the number of deaths
caused by the disease and the cost of the health measures. Firstly, the question was: Who
should be vaccinated first between the vulnerable population and the non-vulnerable popula-
tion? It was shown that if the contacts are homogeneous between these two groups, the optimal
way to vaccinate the population is to start with the vulnerable people and then vaccinate the
non-vulnerable ones. Moreover, thanks to the vaccination, the health measures are lighter and
the disease can be eradicated in 26 weeks if everyone is vaccinated. Secondly, the health care
workers were added to the problem and we have observed that the optimal order to vaccinate
the 3 sub-populations may change if the contacts of the health professionals change. Indeed,
under the assumptions made in this chapter, when the health care workers have less than 42% of
their contacts with the vulnerable group, the optimal order is to vaccinate the vulnerable people
first, followed by the health care professionals and then the non-vulnerable people. However,
when the health care workers have more than 42% of their contacts with the vulnerable group,
it is optimal to vaccinate first the caregivers.

Chapter [7] aimed to look at the optimal health measures when they can be different for the
aware infectious people compared to the rest of the population. It was observed that isolating
the aware infectious people from the rest of the population allows for less strict measures to be
imposed on this latter. However, all the infectious people are not aware of their infectiousness
because they can be asymptomatic. It is therefore important to test the population in order
to increase the number of people who are aware of their infectiousness. Under the assumptions
of this chapter, if 77% of the asymptomatic infectious people can be identified by testing and
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if they follow the measures imposed on the aware infectious people, the disease can be eradi-
cated before the end of the one-year horizon. This means that we do not have to identify all
the asymptomatic infectious people to eradicate the disease. However, identifying 77% of the
asymptomatic infectious people through testing is very difficult since we do not know in advance
who is asymptomatic. Vaccination therefore seems to be a better intervention to eradicate the
COVID-19 disease.

This master thesis has answered several questions of epidemic management but further work
can be made. First, in this work, it was assumed that the cost functions of the health measures
are convex. It might however be interesting to look at linear or concave cost functions. A
further improvement would be to make these cost functions time-dependent. This would make
it possible to model a cost that increases if the health measures are imposed for a too long time
period. The epidemic models representing the spread of COVID-19 could also be improved. A
first improvement would be to take into account the fact that a person who has recovered from
the disease may be infected again after some time, as observed during the COVID-19 epidemic.
This could be modelled thanks to a SIRDS instead of a SIRD model. In this SIRDS model, the
individuals in the recovered compartment will move back to the susceptible compartment at a
certain rate.
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