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Abstract

In a world where the amount of data around us has never been so important, col-
lecting data residing on graph structures is an important issue. However, it is often
impossible to collect all the data from every node on a graph. In this thesis, we
focus on the problem of sampling and reconstruction of time-varying graph signals
issued from linear dynamical systems.
In the first part, we review the sampling and reconstruction problem for arbitrary
static and time-varying graph signals. To solve this problem, the sampling theory
uses prior knowledge about the underlying graph structure through the graph shift
(adjacency matrix or graph Laplacian) which is one of the building blocks of Graph
Signal Processing. No prior knowledge about the underlying dynamic of these sig-
nals is usually taken into account.
In the second part, we propose a new graph shift which exploits the knowledge we
have when signals are issued from linear dynamical systems. We show that this
allows to systematically have a sparse representation of the signal in the frequency
domain and to put a bound on the sufficient number of nodes to sample for perfect
recovery of the whole signal. We find that it improves the performances obtained in
sampling and in reconstruction and that using this new graph shift stays efficient in
case of noisy or nonlinear signals. Building a dynamical graph based on the dynamic
of the signal, we also show how we can identify a valid sampling set by applying
some coloring rules. Finally, we show by numerical results how the stability of the
linear system has an impact on the optimal sampling strategy to apply.
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I would also like to thank Michaël Fanuel, Professor Laurent Jacques and Professor
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Introduction

We live in a world where the amount of data around us has never been so important.
Every aspect of our lives can produce data which is then being collected and pro-
cessed. From our interactions to our consumer habits, from our displacements to our
health data, everything has an utility, everything can be recorded. These data have
the particularity that they reside on complex and irregular structures. A powerful
tool to model these complex structures is graph theory. We can think of many exam-
ples such as the Facebook graph where each node is a user and friendships between
users are modeled by edges between nodes. Above these graph structures, we can
add values to the different nodes of a network. This is then called a graph signal.
We could for example look at the average wage in a social network or we could be
interested in the spread of a virus across the cities of the world and thus look at
the number of infected people on a global transportation network. The spread of a
virus is a typical example of a signal on a graph that would vary with time.

Collecting data on graphs is an important issue but it is often impossible to col-
lect all the data from every node on a graph. Unlike in classical signal processing,
the underlying network where the signal resides can bring us information about the
signal through its structure. A natural question then arises : how can we use this
information to know which data we should collect in order to have the best recon-
struction of the whole signal. This question has already been extensively studied in
the literature in the case of static and of time-varying signals. However, only the
prior knowledge about the graph structure is commonly used.

In this document, we will study in more details how we can adapt the classical
theory to take advantage of some prior knowledge about the signal itself.

Summary

In the first part, we will look at arbitrary signals defined on the nodes of a network
and, more precisely, we will be interested in time-varying graph signals.

The first chapter reviews the basic concepts of graph signal processing and the
notions of sampling and reconstruction for static signals. The second chapter builds
up on this and reviews a sampling strategy that minimizes the effect of noise on the
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reconstruction error. Two algorithms from the literature are described that approx-
imately solve this problem.

In the third chapter, the notions of the first chapter are adapted to a two-dimensional
framework allowing to model time-varying graph signals. These notions have already
been well studied in many articles and naturally derive from the one-dimensional
case. In the next chapter, we adapt the sampling strategy from the second chapter
to the spatiotemporal framework and we show how the two algorithms presented
can also be used in this case. We discuss about the emerging issues when sampling
a time-varying graph signal.

The second part adapts the classical graph signal processing theory to the case
where signals are issued from linear dynamical systems.

In the fifth chapter, we look at signals that satisfy a periodic constraint and adapt
the classical theory to this class of signals. For such signals, the dynamic of the
system can bring us a lot of information and we propose another representation for
the underlying network which exploits the underlying dynamic of the signal. We
then show how we can identify a valid set of nodes that allow us to reconstruct the
whole signal from this dynamic.

The next chapter adapts these notions to signals that are non-periodic. Again,
we can gain more insights about the signal by looking at the underlying dynamic of
the system and we propose yet another representation for the underlying network
which exploits the underlying dynamic of the signal. In the same manner as in the
periodic case, we show how we can identify a valid set of nodes from this dynamic
and we also show how the stability of the system can have an impact on the sam-
pling strategy to adopt.

We conclude this thesis by applying in the last chapter the notions developed to
a signal modeling the spread of a disease across the United States. The underlying
network is build from airports transportation data and the signal is modeled by
the compartmental SIR model commonly used in epidemiology. We compare the
performances of the representation we introduced in the previous chapter to one of
the classical representation used in the literature.

Contribution

Our main contribution is a new representation of the underlying graph structure
for sampling graph signals issued from linear dynamical systems. We also provide a
characterization of a valid sampling set for such signals.
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Part I

Graph signal processing for
arbitrary signals
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Chapter 1

Graph signal processing :
sampling theory

Graph signal processing (GSP) extends the well-known theory of discrete signal
processing (DSP) which takes place in the ‘time’ domain to signals that reside
on irregular structures from the ‘space’ domain represented by networks. In this
chapter, we review some basic concepts of graph signal processing before focusing
on the task of sampling a graph signal which has already been well-studied.

1.1 Graph signal processing

In this section, we will briefly review the basic concepts of graph signal processing
(GSP). [Ortega et al., 2018] [Sandryhaila and Moura, 2014b]

We will consider a (directed or undirected) networkG = (V,E) with V = {v0, ..., vN−1}
the set of nodes and E the set of edges.

1.1.1 Graph shift

In classical discrete signal processing, the filter z−1 is defined as the time shift. Finite
time signals are then represented as finite degree polynomials in z−1. This concept
of shift can be extended to graph signals x that are present on the nodes of an arbi-
trary graph G = (V,E) instead of taking place in the time domain. A graph signal is
defined as a signal whose samples (in the complex space C) are indexed by the nodes
of the graph. Formally, we have x : V → CN such that x = [x0, ..., xN−1]

T ∈ CN

where the ith value xi corresponds to the ith node vi.

In the time domain, we build various filters as polynomials in z−1. We extend
this notion to a graph filter h which is represented by a function H(·) : CN → CN .
Looking at linear filters, we can represent them by a matrix H and the filtering of
a graph signal x ∈ CN can be written as a matrix-vector multiplication : xout = Hx.
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In analogy with the signal processing theory, we want to build a graph shift op-
erator A from which other filters are built. Then, we can represent a graph G
algebraically using this matrix called the graph shift. Several matrices can be used
as the graph shift operator and we will see in the next sections that this choice
has an impact on the sampling operation performed on the graph. The adjacency
matrix Aadj is convenient for directed and undirected graphs and as we will see in
section 1.1.3, is consistent with the classical discrete signal processing theory. It
operates on the signal x by replacing the signal value xn at node vn by a linear
combination of the values at the neighbors of vn. Another matrix that can be used
is the graph Laplacian which only applies to undirected graphs but then has the
advantages that it is symmetric and positive semi-definite. The graph Laplacian is
defined by L = D−Aadj where D is the degree matrix. It operates on the signal x
by replacing the signal value xn at node vn by the difference between its own value
and the values at the neighbors of vn.

In what follows, we consider linear shift-invariant graph filters. A filter represented
by H is shift-invariant if it commutes with the graph shift, AH = HA. Let us
note that all linear shift-invariant graph filters are polynomials of the graph shift A,
i.e. H = h(A) =

∑M−1
m=0 hmA

m. An important property that is used in section 1.1.2
to derive the graph Fourier transform is that the eigenvectors of the shift operator
A are the eigenfunctions of the polynomial filter H . Indeed, let A = V ΛV −1 be
the spectral decomposition of the graph shift A, we then have

H = h(A)

= h(V ΛV −1)

=
M−1∑
m=0

hm(V ΛV −1)m

= V h(Λ)V −1

and we can then show that

Hvm = V h(Λ)V −1vm

= V h(Λ)em

= h(λm)vm

In what follows, the graph shift is always denoted by the letter A which should
not be confused with the adjacency matrix denoted by Aadj.

1.1.2 Graph Fourier transform

One of the main tool of GSP is the graph Fourier transform which is the expansion
of a graph signal x in the frequency domain by using basis elements that are invari-

5



ant to filtering. Since all filters built from A have the same eigenvectors as A, we
can take as basis elements the eigenbasis of the graph shift A (or the Jordan eigen-
basis of A if it is not diagonalizable). For simplicity, we will assume that A has a
complete eigenbasis (the results can easily be extended in the case where it does not).

Thus, let A = V ΛV −1 be the spectral decomposition of A with Λ ∈ CN×N the
diagonal matrix of the eigenvalues sorted in ascending order and V the matrix of the
corresponding eigenvectors. From this decomposition, the graph Fourier transform
x̂ of x ∈ CN is defined as the decomposition of the signal in this Fourier basis :

x̂ = V −1x (1.1)

The inverse Fourier transform is
x = V x̂ (1.2)

The frequency content of the signal x is represented by x̂.

1.1.3 Discrete Fourier transform

Let us look at a special case where the graph Fourier transform is applied on a signal
situated on a ring graph of T nodes. This corresponds to the situation of a discrete
time periodic signal of period T . When using the adjacency matrix as the graph
shift, we get the following spectral decomposition

A = Aadj =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...
. . .

0 0 0 . . . 1
1 0 0 . . . 0

 = V ΛV −1

with
Λ = diag

[
e
−2π0
T e

−2π
T . . . e

−2π(T−1)
T

]
and

V =
1√
T

[
ωknT
]

with ωN = e−j
2π
T and k, n = 0, ..., T − 1.

Hence, we see that the eigenvector matrix is the discrete Fourier matrix and the
graph Fourier transform of a time signal x gives exactly the classic discrete Fourier
transform when using the adjacency matrix as graph shift on a ring graph. As was
said earlier, we see that the adjacency matrix as graph shift is consistent with the
discrete Fourier transform.
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1.1.4 Graph frequencies

Let us now add a few words about the ordering of graph frequencies [Ortega et al.,
2018] [Sandryhaila and Moura, 2014b] [Sandryhaila and Moura, 2014a].

In the time domain, the concepts of high and low frequencies are directly related to
the values of the frequencies which are the eigenvalues of the cyclic shift as we have
just seen above, i.e.

Ωk =
2πk

T
, k = 0, ..., T − 1.

We can relate these frequencies to the degree of the variation of the spectral com-
ponents as follows : the lowest frequency corresponds to the least varying spectral
component and the degree of variation increases with increasing frequencies.

In GSP, this direct correspondence between the ordered value of the frequency and
the corresponding degree of variation of the spectral component is less intuitive.
In the time domain, we can define the total variation of a discrete signal s as the
cumulative magnitude of the signal change over time :

TV(s) =
∑
n

|sn − sn−1| (1.3)

Similarly, when using the adjacency matrix as the graph shift, we can define the total
variation on graphs as the measure of the difference between the signal samples at
each vertex and at its neighbors on the graph, i.e. a measure of the similarity
between a graph signal and its shifted version :

Definition 1.1.1. (Total variation on graphs) [Sandryhaila and Moura, 2014b] The
total variation on a graph G of a graph signal x is defined as

TVG(x) = ||x−Anorm
adj x||1 (1.4)

where Anorm
adj = 1

|λmax|Aadj.

From this definition, we can now order the graph frequency components in the
order of increasing variation. Low frequencies will correspond to frequency com-
ponents with smaller variations and high frequencies will correspond to frequency
components with higher variations as in the classical discrete signal processing the-
ory.

Theorem 1.1.1. [Sandryhaila and Moura, 2014b] Consider two distinct real eigen-
values λm, λn ∈ R of the adjacency matrix Aadj with corresponding eigenvectors vm
and vn. If the eigenvalues are ordered as

λm < λn
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then the total variations of their eigenvectors satisfy

TVG(vm) > TVG(vn)

Proof. From the definition of the total variation (1.4), it follows that

TVG(v) = ||v −Anorm
adj v||1

=

∣∣∣∣∣∣∣∣v − 1

|λmax|
Aadjv

∣∣∣∣∣∣∣∣
1

=

∣∣∣∣∣∣∣∣v − λ

|λmax|
v

∣∣∣∣∣∣∣∣
1

=

∣∣∣∣1− λ

λmax

∣∣∣∣ ||v||1
with (v, λ) = (vm, λm) or (vn, λn). Since we can scale vm and vn to have the same `1-
norm and from the ordering of λm and λn, the difference between the total variations
of the two eigenvectors satisfies

TVG(vm)− TVG(vn) =

∣∣∣∣1− λm
|λmax|

∣∣∣∣− ∣∣∣∣1− λn
|λmax|

∣∣∣∣
=

(
1− λm
|λmax|

)
−
(

1− λn
|λmax|

)
=
λn − λm
|λmax|

> 0,

which yields TVG(vm) > TVG(vn).

Thus, from this theorem, if a graph has a real spectrum and its frequencies are
ordered as

λ0 > λ1 > ... > λN−1

then λ0 represents the lowest frequency and λN−1 represents the highest frequency.
For graphs with complex spectra, frequencies are ordered by their distance from the
point |λmax| on the complex plane, where λmax is the eigenvalue with the largest
magnitude. Figure 1.1 illustrates this result. We can see that the eigenvector associ-
ated to the largest eigenvalue varies the least and has a small range of different values
(between -0.5 and -0.2) while the eigenvector associated to the smallest eigenvalue
varies the most (large value differences between neighboring nodes) with a large
range of different values (between -0.65 and 0.4).

A similar result can be derived when using the Laplacian matrix as the graph shift
instead of the adjacency matrix. Since L is positive semi-definite, its eigenvalues
are all real and non-negative (0 = λ0 < λ1 ≤ λ2 ≤ ... ≤ λN−1) and it has a complete
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(a) λ0 = 2.5 (b) λ4 = 0 (c) λ8 = −2.19

Figure 1.1: Elementary frequencies obtained from the adjacency matrix shift oper-
ator

set of orthonormal eigenvectors vn, n = 0, ..., N − 1. In this case, the total variation
is defined as

TVL(x) =
N−1∑
n=0

(∑
m∈Nn

Aadj(n,m)(xn − xm)2

)1/2

= xTLx (1.5)

This can be seen as a 2-norm of the variation between the value on a node and its
neighbors. In particular, for an eigenvector vn, we have

TVL(vn) = λn (1.6)

hence a small λn indicates a small variation while a higher one indicates a higher
variation. The zero eigenvalue corresponds to a constant eigenvector. This is the
least oscillating spectral component. The eigenvalues, when ordered in ascending
order, correspond to spectral components that are more and more oscillating hence
we obtain the result that if a graph has a real spectrum and its frequencies are
ordered as

λ0 < λ1 ≤ ... ≤ λN−1

then λ0 represents the lowest frequency and λN−1 represents the highest frequency.
This result is illustrated on Figure 1.2 with the same network as the one used with
the adjacency matrix. Now, we can see that the eigenvector associated to the largest
eigenvalue varies the most while the eigenvector associated to the smallest eigenvalue
varies the least (it is constant).
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(a) λ0 = 0 (b) λ5 = 1 (c) λ8 = 5.45

Figure 1.2: Elementary frequencies obtained from the Laplacian shift operator

1.2 Sampling on graphs

In this section, we study the problem of sampling a graph signal x and the opposite
problem of recovering it from partial measurements. [Chen et al., 2015]

Suppose that we want to sample M nodes from a graph signal x ∈ CN . The sampled
values are collected in xM ∈ CM . M = (M0, ...,MM−1) denotes the sequence of
sampled indices and Mi ∈ {0, ..., N − 1} thus each signal value is indexed by one
index in the vertex domain (from 0 to N − 1). We are then interested in interpo-
lating these measures and recover a signal x′ which would ideally satisfy x′ = x, i.e.
we get perfect recovery of the original graph signal.

We define the sampling operator Ψ : CN → CM as :

Ψi,j =

{
1, j =Mi

0, otherwise
(1.7)

and the interpolation operator Φ : CM → CN . Then, Ψ is a M ×N matrix and Φ
is a N ×M matrix.

In short, {
xM = Ψx ∈ CM

x′ = ΦxM = ΦΨx ∈ CN

The signal x can be recovered either exactly or approximately. In general, we have
M < N and rank(ΦΨ) ≤ M < N thus perfect recovery cannot be achieved be-
cause ΦΨ is not equal to the identity matrix. Of course, perfect recovery is always
possible when M = N (then ΦΨ = I) but we are not interested in this case. It has
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been shown that perfect recovery with M < N is possible for signals that have a
certain structure.

Let us define this special class of signals as bandlimited graph signals.

Definition 1.2.1. A graph signal x ∈ CN is called K-bandlimited if there is a
K ∈ {0, 1, ..., N − 1} such that its graph Fourier transform x̂ satisfies

x̂k = 0 for all k ≥ K

K is called the bandwidth of x.

This condition of bandlimitedness does not necessarily mean that our signal is
smooth or low-pass. Indeed, we do not take the order of the eigenvalues into account
so we can reorder them (and permute the corresponding eigenvectors) to choose any
band. However, if we sort the eigenvalues of the graph shift in a descending order
for the adjacency matrix or in an ascending order for the graph Laplacian, then the
bandlimited graph signal is indeed smooth (as seen in 1.1.2). Thus in what follows,
when we talk about bandlimitedness, we only talk about a limit on the number of
non-zero signal coefficients in the graph Fourier domain. This allows to be more
general and consider signals that are not necessarily smooth as well.

Recall the eigendecomposition of the graph shift A = V ΛV −1. Let us now denote
as V(K) ∈ RN×K the matrix V where we only select the K columns corresponding
to the non-zero coefficients in the graph Fourier domain. The following theorem
allows us to recover a K-bandlimited graph signal using only K samples.

Theorem 1.2.1 (Rank theorem). [Chen et al., 2015] Let Ψ from equation (1.7)
satisfy

rank(ΨV(K)) = K (1.8)

with V(K) as explained above and with K the bandwidth. For all graph signals x with
bandwidth K, perfect recovery, x = ΦΨx, is achieved by choosing

Φ = V(K)U (1.9)

with UΨV(K) a K ×K identity matrix.

This theorem tells us first that we should sample at least K nodes so the sample
size M should be at least equal to the bandwidth K. Let us note that this value is a
lower bound. When M < K, the matrix UΨV(K) can never be an identity matrix.
When M = K, U is the inverse of ΨV(K) and it is a left inverse of ΨV(K) when
M > K. In that case, we will take U as the pseudo-inverse of ΨV(K). Sampling more
nodes than necessary can be useful to reduce the influence of noise for example.
The second conclusion to draw from this theorem is that we should choose the
sampled nodes such that rank(ΨV(K)) = K. This is always possible when M ≥ K.
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Indeed, the matrix V is invertible hence its columns are linearly independent. It
follows that rank(V(K)) = K always holds and there always is a set of K linearly
independent rows in V(K).
When the sampling operator Ψ satisfies (1.8), we then have what we call a qualified
sampling operator.
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Chapter 2

Sampling algorithms

In section 1.2, we saw that in order to get perfect recovery of a sampled signal, we
need a qualified sampling operator meeting the conditions stated in theorem 1.2.1,
i.e. when having a signal x that is K-bandlimited, one should design a sampling
operator Ψ such that rank(ΨV(K)) = K with V(K) the eigenvector matrix of the
graph shift where we select the K columns corresponding to the non-zero coefficients
of x in the graph Fourier domain. To design such a qualified sampling operator for a
K-bandlimited signal x, we need to find K linearly independent rows in V(K). This
problem often has multiple solutions. In this section, an approach is proposed to
design an optimal sampling operator that minimizes the effect of noise [Chen et al.,
2015] and two algorithms are described that provide some good approximations to
the optimal sampling operator [Chen et al., 2015] [Tzamarias et al., 2018].

2.1 Optimal sampling operator

In this section, we show how to design an optimal sampling operator in the sense
that it minimizes the effect of noise. We then describe two algorithms that provide
some good approximations to the optimal sampling operator. Other algorithms than
the ones provided here exist such as random sampling [Puy et al., 2018] [Varma and
Kovačević, 2019]. These algorithms are computationally more efficient than the ones
presented in this section but provide worse results in terms of the reconstruction er-
ror [Tzamarias et al., 2018] and will not be presented here.

In what follows, we consider that we have a graph signal x that is K-bandlimited on
a simple graph G with graph shift A. As said in section 1.2, when having the matrix
V(K) from A = V ΛV −1, a qualified sampling operator Ψ should select K linearly-
independent rows, which is always possible. When there are multiple choices, we
could choose to design a qualified sampling operator that minimizes the effect of
noise [Chen et al., 2015].
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Let us consider a sampling operation where noise e is added during the sampling
operation as follows :

xM = Ψx+ e

The reconstruction process then yields

x′ = ΦxM = ΦΨx+ Φe = x+ Φe

and the reconstruction error can be bounded by

||x′ − x||2 = ||Φe||2 = ||V(K)Ue||2
≤ ||V(K)||2||U ||2||e||2

With ||V(K)||2 and ||e||2 fixed, we want to minimize the spectral norm of U . From
theorem 1.2.1, we know that U is obtained from the inverse or pseudo-inverse of
ΨV(K). Minimizing the spectral norm of U is thus equivalent to maximizing the
smallest singular value of ΨV(K),

Ψopt = arg max
Ψ

σmin(ΨV(K)) (2.1)

where σmin denotes the smallest singular value. We call Ψopt an optimal sampling
operator.

Remark. A problem that naturally arises when dealing with signals is the case
where the signal is not exactly bandlimited. We defined the concept of a bandlimited
signal in Definition 1.2.1. Let us note that these requirements are restrictive and
few signals in real-world applications are effectively bandlimited. A second class of
signals can then be defined where the requirements are relaxed [Chen et al., 2016].

Definition 2.1.1. A graph signal x ∈ CN is approximately bandlimited with pa-
rameters β ≥ 1 and µ ≥ 0, if there is a K ∈ {0, 1, ..., N − 1} such that its graph
Fourier transform x̂ satisfies

N−1∑
k=K

(1 + k2β)x̂2k ≤ µ||x||22

.

This definition states that most of the energy (2-norm) of the signal is captured
by K frequencies but it allows for other frequencies to capture the remaining energy.
Dealing with this kind of signals, we could design an optimal sampling operator that
would minimize the effect of the error when sampling K nodes of the graph where
the approximately bandlimited signal x (with approximate bandwidth K) resides.
Minimax lower bounds on the recovery error under different sampling strategies are
derived in [Chen et al., 2016] as well as a recovery strategy for this kind of signals.
We will not study this in further details here. In what follows, we concentrate on the
recovery strategy presented in theorem 1.2.1 and on the sampling strategy presented
in this section.
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2.1.1 Greedy algorithm

The problem of finding Ψopt is claimed to be NP hard in [Chen et al., 2015]. To
approximately solve (2.1), we can use a greedy algorithm presented in Algorithm 1
which has been shown to give a good approximation to the global optimum [Avron
and Boutsidis, 2013]. In what follows, let us recall that the notation M indicates
the sampling sequence and (V(K))M denotes the sampled rows from V(K).

Algorithm 1: Optimal Sampling Operator via Greedy Algorithm

Input : V(K) the K columns of V corresponding to the nonzero
Fourier coefficients, M the number of samples
Output : M sampling set

1: while |M| < M do
2: m = arg maxi σmin((V(K))M+{i})
3: M←M+ {m}
4: end while
5: return M

This method has to find and store M eigenvectors to sample M nodes from a graph
of N nodes and the time complexity of the sampling algorithm is of O(N |M|4) =
O(NM4) [Tzamarias et al., 2018] [Avron and Boutsidis, 2013]. Indeed, at each it-
eration m, we have to compute the singular value decomposition of (V(K))M+{i} for

each remaining node i, yielding a complexity of
∑M

m=1(N−m+1)O(M3) = O(NM4).

Let us note that this algorithm returns one sampling set while there may some-
times be multiple sampling sets that are equally optimal. Indeed, at line 2, there
may be multiple nodes i that, when added to the sampling set M, give the same
minimum singular value σmin((V(K))M+{i}). In this case, the chosen node depends
on the implementation of the algorithm. This particularly happens when the graph
presents some symmetries.

2.1.2 Iterative algorithm

In the previous section, a greedy algorithm was presented which provides a good
approximation to the optimal sampling operator (2.1). In this section, we present
another sampling method which is also developed for K-bandlimited graph signals
and which provides similar results as Algorithm 1 concerning the reconstruction er-
ror while having a better computational complexity. [Tzamarias et al., 2018]

We start by noting that Algorithm 1 is not scalable when the size of the matrix
V(K) and the number of required samples M increase. Indeed, it requires a singular
value decomposition at each iteration and this increases the complexity.
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In [Tzamarias et al., 2018], an iterative sampling algorithm was proposed which
achieves a better trade-off between the computational complexity and the recon-
struction error. This algorithm relies on theorem 1.2.1. It finds K linearly indepen-
dent rows from the matrix V(K) in an iterative way. It starts with an empty set and
at each iteration, adds one node to the sampling set M such that the sampling set
always selects |M| linearly independent rows at each iteration. This is presented in
Algorithm 2.

Algorithm 2: Optimal Sampling Operator via Recursive Algorithm

Input : V(K) the K columns of V corresponding to the nonzero
Fourier coefficients, M the number of samples
Output : M sampling set

1: M← i, where i is the index of any nonzero element of the first eigenvector v1
2: for m = 2 to M do
3: x ∈ Ker((V(m))M), x 6= 0
4: b = (V(m))Mcx
5: i← arg maxi |bi|
6: M←M+Mc(i)
7: end for
8: return M

Let us analyze the different steps of the algorithm. The same notations as in Algo-
rithm 1 are adopted, namely (V(K))M denotes the sampled rows from V(K).

The first node added in the sampling set M is a node with row index correspond-
ing to any nonzero element of the first eigenvector in V(K) (line 1). Then at each
iteration m, we build the m × (m + 1) matrix (V(m+1))Mm which has a rank equal
to m since (V(m))Mm has full rank. The nullspace of this matrix gives the unique
unit vector x that is orthogonal to all rows of (V(m+1))Mm (line 3). We then look
for the row in (V(m+1))Mc

m
that is the ‘most linearly dependent’ to x. Mc

m indicates
the complement of Mm. To that end, we look at the absolute maximum element
index i of the product vector b = (V(m+1))Mc

m
x (line 5). This gives the index of the

most linearly dependent row to x, i.e., the row that is the most aligned with x, and
the ith row of (V(m+1))Mc

m
is linearly independent from all rows of (V(m+1))Mm . The

vertex corresponding to this row is added to the sampling set Mm and we obtain
Mm+1 (line 6). The matrix (V(m+1))Mm+1 is now of rank m+ 1 and we can continue
to iterate until |M| = M .

Again, as was the case for the first algorithm, there may sometimes be multiple
nodes i that give the same maximum value for |bi| at line 5 and in that case, the
chosen node again depends on the implementation of the algorithm. Algorithm 2
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hence returns only one sampling set while there may sometimes exist other sampling
sets that are as good as the one returned.

It has been shown in [Tzamarias et al., 2018] that Algorithms 1 and 2 provide
similar results in terms of the reconstruction error. Both methods have to store M
eigenvectors to sample M nodes from a graph of N nodes. However, the complexity
of the sampling algorithm is of O(NM4) for the first method and of O(M4 +NM2)
for the second one [Tzamarias et al., 2018]. The second method is thus more ef-
ficient compared to the first one when searching for the sampling set and this is
particularly true for large graphs.
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Chapter 3

Graph signal processing on
product graphs

So far, we have presented the sampling theory concerning graph signals that were
static in time. However, many real-world applications involve signals that, while
residing on a static graph structure, also evolves with time. In [Sandryhaila and
Moura, 2014a], it was proposed to represent the two-dimensional space-time domain
where time-varying graph signals reside by taking the Cartesian product between
the space domain and the time domain. The theory for simple graph signals then
naturally extends to the case of time-varying graph signals residing on these two-
dimensional graph structures.

3.1 Discrete signal processing on product graphs

In this section, we will extend the concepts seen in section 1.1 to product graphs
and more particularly to the space-time framework.

A product graph between two graphs G1 = (V1, E1) and G2 = (V2, E2) is defined as

G = G1 �G2 = (V,E)

with |V1| = N1, |V2| = N2 and |V | = N1N2. Different product graphs exist, the
most studied being the Kronecker, Cartesian and strong product [Sandryhaila and
Moura, 2014a]. In what follows, we will concentrate on the Cartesian graph product
because it arises naturally when representing a spatiotemporal graph.

We can think of a spatiotemporal graph as a simple graph that has been replicated
multiple times. Let us consider a (directed or undirected) network GS = (VS, ES)
with VS = {v0, ..., vN−1} the set of nodes. From this spatial network, we build a
larger network by replicating it T times where T is the number of time steps. If
the time network is an undirected path or cycle, each node is then linked to its
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Figure 3.1: Spatiotemporal graph. The spatial links are in orange and the temporal
links are the blue arrows.

spatial neighbors but also to itself in the future and in the past in an undirected
way. If the time network is a directed path or cycle, each node is then linked to its
spatial neighbors and there is a directed link between the node and its future self.
An example of such a spatiotemporal graph is shown on Figure 3.1 where we have
used a directed path as time graph.

This can be seen as making the Cartesian product between the spatial network GS

and a temporal graph GT = (VT , ET ) where VT = {t0, ..., tT−1}. As mentioned, the
temporal graph can be a (directed or undirected) ring graph as well as a path (di-
rected or undirected). For the Cartesian product graph, denoted as G× = GT ×GS,
the adjacency matrix is defined as

Aadj,× = Aadj,T ⊕Aadj,S , Aadj,T ⊗ IN + IT ⊗Aadj,S ∈ RNT×NT

where In is the n×n identity matrix. A⊗B denotes the Kronecker product between
matrices A = [am,n] ∈ CM×N and B ∈ CK×L which is a KM × LN matrix with
block structure

A⊗B =

 a0,0B . . . a0,N−1B
...

. . .
...

aM−1,0B . . . aM−1,N−1B

 .
A ⊕B denotes the Kronecker sum defined as above. The graph Laplacian of the
product graph is similarly defined as L× = LT ⊕LS since we have

L× = D× −Aadj,×

= DT ⊕DS −Aadj,T ⊕Aadj,S

= (DT ⊗ IN + IT ⊗DS)− (Aadj,T ⊗ IN + IT ⊗Aadj,S)

= (DT −Aadj,T )⊗ IN + IT ⊗ (DS −Aadj,S)

= LT ⊕LS
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Instead of studying simple graph signals, we will now consider time-varying graph
signals. We can represent a time-varying graph signal as a matrix X ∈ CN×T where
the ith row corresponds to the temporal signal on the ith node and the jth column
corresponds to the spatial or graph signal at the jth time instant. We here see that
using a ring as the temporal graph would imply a periodic time-varying graph signal.

3.1.1 Joint Fourier transform

Let us generalize the graph Fourier transfrom (GFT) and the discrete Fourier
transform (DFT) seen in sections 1.1.2 and 1.1.3 to our time-varying graph sig-
nal X ∈ CN×T . [Loukas and Foucard, 2016]

Let AS = VSΛSV
−1
S and AT = VTΛTV

−1
T be the eigendecompositions of the graph

shifts of GS and GT respectively. We can apply the graph Fourier transform on each
column of X (each column is a spatial signal at a particular time instant) which
gives

GFT{X} = V −1S X. (3.1)

By doing this, we take into account the variation of the signal with respect to the
graph but we neglect the temporal aspect of the data. We can also apply the discrete
Fourier transform on each row of X (each row being a time signal on one node of
the graph) which gives

DFT{X} = XV −TT . (3.2)

In this case, we neglect the graph structure of the data. Let us note here that we call
the transformation given by (3.2) ‘Discrete Fourier Transform’ or DFT to indicate
that we look at the frequency content of the time-varying graph signal X in the time
frequency domain (as opposed to the GFT where we look at the frequency content
in the graph frequency domain). The notation DFT does not necessarily mean that
we use a ring graph as temporal graph as it was done in section 1.1.3.

Now, applying these two transformations jointly, we are then able to represent the
frequency content of the time-varying graph signal X along both time and graph do-
mains. This leads us to the definition of the joint graph and time Fourier transform
given by

JFT{X} = V −1S XV −TT . (3.3)

Let us define x = vec(X) as the signal X where the columns have been stacked on
top of one another. Using the formula (BT ⊗A)vec(X) = vec(AXB), we can also
write (3.3) in matrix-vector notation as

JFT{x} = (V −1T ⊗ V −1S )x. (3.4)
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Equation (3.4) can also be obtained by applying the classical graph Fourier trans-
form on the Cartesian product graph G×. To show this, we need the following
lemma.

Lemma 3.1.1. [Kurokawa et al., 2017] Let A ∈ Rn×n (resp. B ∈ Rm×m) have lin-
early independent eigenvectors u1, ..., un (resp. v1, ..., vm) and corresponding eigen-
values λi for i = 1, ..., n (resp. µj for j = 1, ...,m). Then the set of Kronecker
products {vj ⊗ ui}i=1,...,n;j=1,...,m are linearly independent eigenvectors of B⊕A and
correspond to eigenvalues λi + µj.

Proof. Let us prove that [B ⊕A](vj ⊗ ui) = (µj + λi)(vj ⊗ ui).

[B ⊕A](vj ⊗ ui) = [B ⊗ In + Im ⊗A](vj ⊗ ui)
= [B ⊗ In](vj ⊗ ui) + [Im ⊗A](vj ⊗ ui)
= (Bvj ⊗ ui) + (vj ⊗Aui)

= (µjvj ⊗ ui) + (vj ⊗ λiui)
= (µj + λi)(vj ⊗ ui)

Applying this result to the graph shift of G×, we obtain that

A× = AT ⊕AS

= (VT ⊗ VS)(ΛT ⊗ IN + IT ⊗ΛS)(VT ⊗ VS)−1

= V×Λ×V
−1
×

with V× = VT ⊗ VS. Thus, we can compute the joint Fourier transform of the
time-varying graph signal X as the graph Fourier transform of the graph signal
x = vec(X) as

GFT{x} = V −1× x = (V −1T ⊗ V −1S )x (3.5)

which yields the same result as above.

Figure 3.2 summarizes the relationships between the joint, discrete and graph Fourier
transforms [Loukas and Foucard, 2016]. A directed arrow from one transform to the
other indicates that the first one can be simulated by the second one. It was already
explained in section 1.1.3 how, when taking a ring graph T , the GFT could simulate
the DFT. The DFT and the GFT are both special cases of the JFT when taking
respectively a graph with a single vertex (N = 1) and a graph where the signal does
not vary in time (T = 1). Finally, equation (3.5) exactly shows how we can simulate
the JFT with the GFT by considering the joint graph J as one large graph and the
time-varying signal X as a simple graph signal x = vec(X).
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Figure 3.2: Relationships between the different Fourier transforms.

3.1.2 Joint graph frequencies

We can also extend the notions of graph frequencies seen in section 1.1.4 in the case
of product graphs. However, a way to look at the product graph frequencies is also
to look at the time frequencies and the space frequencies separately. Indeed, since
we have

A× = AT ⊕AS

= (VT ⊗ VS)(ΛT ⊗ IN + IT ⊗ΛS)(VT ⊗ VS)−1,

each joint frequency is given by λ = λt + λs. We can gain more insight by looking
at the frequencies separately. Indeed, a low joint frequency will be the result of a
low time and a low space frequency and this is also the case with high frequencies
which are the the result of two high frequencies in time and space. But concerning
the frequencies in the middle of the spectrum, these can be the result of a small
time frequency and a high space frequency, or the result of two middle frequencies,
or the result of a high time frequency and a low space frequency etc. Hence looking
at the frequencies separately gives more information about the signal than looking
at them jointly. A signal that varies slowly across time but that varies a lot in
the space domain will excite more the low time frequencies and the high space
frequencies. A signal that varies slowly both in space and in time will excite more
the low frequencies both in time and space etc. We can analyze graph signals in
terms of the frequency characteristics along each factor graph instead of one unique
joint dimension [Kurokawa et al., 2017].

3.2 Sampling on product graphs

In this section, we study the problem of sampling a time-varying graph signal X and
the opposite problem of recovering it from partial measurements. We will extend
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the results obtained in section 1.2 to the spatiotemporal case.

The problem of sampling a time-varying graph signal can be naturally derived from
the problem of sampling a graph signal as follows. Suppose that we want to sam-
ple J nodes from a time-varying graph signal X ∈ CN×T . The sampled values
are collected in XML. ML = ((M0,L0), ..., (MJ−1,LJ−1)) denotes the sequence of
sampled indices and Mi ∈ {0, ..., N − 1}, Li ∈ {0, ..., T − 1} thus each signal value
is indexed by one index in the vertex domain (from 0 to N − 1) and one index in
the time domain (from 0 to T − 1). We are then interested in interpolating these
measures and recover a signal X ′ which would ideally satisfy X ′ = X, i.e. we get
perfect recovery of the original time-varying graph signal.

Working in a spatiotemporal (two-dimensional) framework, we can distinguish two
different manners of tackling this problem.
First of all, we can look at the joint frequency content of the signal X on the whole
product graph by computing the joint Fourier transform from (3.3) or (3.4). Then,
if the signal is bandlimited in the joint Fourier domain, we can consider the spa-
tiotemporal (or product) graph as one complex and large graph and the time-varying
signal as a simple graph signal, i.e. we do not look at time and space separately and
work in a one-dimensional framework. This problem is equivalent to the problem
of sampling a simple graph signal as seen in section 1.2. This will be referred to as
the case where space and time are coupled together, meaning that we do not look
at them separately.
Secondly, we can try and exploit the particular structure of our product graph and
consider sampling in space and time separately. In this section, we will study in
more details this case and see when it is interesting to apply this strategy.

3.2.1 Sampling in space and time separately

Let us analyze the case where we take into account the fact that the spatiotemporal
graph is indeed a Cartesian product graph and we consider the signal X as it is, i.e.
a time-varying graph signal. Let us recall that X ∈ CN×T where each column of
X is a graph signal at one time instant and each row of X is a time signal on one
particular node.

In the case where we want to exploit the structure of the product graph, we should
look at the time frequency content of each time signal (each row of X) on the tempo-
ral graph GT by computing the discrete Fourier transform from (3.2) and we should
also look at the graph frequency content of each graph signal (each column of X)
on the space graph GS by computing the graph Fourier transform from (3.1). The
frequency band of the signal in the time dimension is the union of all the time fre-
quencies where at least one of the time signals has a non-zero frequency component,
i.e. the union of the frequency bands of each time signal. Similarly, the frequency
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band of the signal in the space dimension is the union of all the space frequencies
where at least one of the graph signals has a non-zero frequency component, i.e.
the union of the frequency bands of each graph signal. We can consider the two-
dimensional frequency band of the whole time-varying graph signal X as being the
Cartesian product between its frequency band in the time domain and its frequency
band in the space domain. The two-dimensional frequency band of X is then a
space-by-time rectangle.

Let us consider that the signal X is K-bandlimited in the space domain and K ′-
bandlimited in the time domain. The frequency band of the signal is a K-by-K ′

rectangle and this implies that each graph signal (columns of X) on GS is at most
K-bandlimited on the same set of K spatial frequencies at any time t and that
each temporal signal (rows of X) on GT is at most K ′-bandlimited on the same
set of K ′ time frequencies at any node. Then we can get perfect recovery of the
signal by sampling J = ML ≥ KK ′ samples. Indeed, if we have a set of K nodes
M = {v0, ..., vK−1} ∈ VS that is a valid (i.e., satisfying the rank theorem 1.2.1) set
of sampling nodes at any time and a set of K ′ nodes L = {t0, ..., tK′−1} ∈ VT that
is a valid set of sampling time at every spatial node, then the Cartesian product
{v0, ..., vK−1} × {t0, ..., tK′−1} is a valid set of spatiotemporal sampling for G×.

We thus define ΨS ∈ CM×N : CN×T → CM×T as

ΨS(i, j) =

{
1, j =Mi

0, otherwise

and ΨT ∈ CL×T : CN×T → CN×L as

ΨT (i, j) =

{
1, j = Li
0, otherwise

and the interpolation operators ΦS ∈ CN×M : CM×T → CN×T and ΦT ∈ CT×L :
CN×L → CN×T .

In short, {
XML = ΨSXΨT

T ∈ CM×L

X ′ = ΦSXMLΦ
T
T = ΦSΨSXΨT

TΦT
T ∈ CN×T

As before, we have to choose ΨS and ΨT such that rank(ΨSVS(K)) = K and
rank(ΨTVT (K′)) = K ′ where VS and VT are the eigenvector matrices of the graph
shift of the spatial and temporal graph respectively. We also have to choose ΦS and
ΦT according to theorem 1.2.1.

Let us note that it is always possible to include the frequency band of X in a
rectangle. In the worst case, we can take an N -by-T rectangle which includes all
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frequencies but this would be sub-optimal since we would have to sample all nodes
from the product graph. Here, we are interested in the case where this rectangle
can be made smaller than that, i.e. when some space frequencies are not excited by
any of the graph signals (columns of X) and when some time frequencies are not
excited by any of the time signals (rows of X).

Let us conclude this section on a reflection that will be deepened later. When
sampling a time-varying graph signal X on a spatiotemporal graph G×, multiple
cases can arise. First, the signal X could be bandlimited on the whole product
graph but not separately in time and in space. This would mean that the frequency
content of X is zero on some joint frequencies when computing the joint Fourier
transform (3.3) but that the space-by-time rectangle should be of size N -by-T in
order to include all non-zero frequency components of X. It is then more optimal
(in terms of the number of nodes to sample) to consider a sampling strategy based
on the notions presented in section 1.2. Second, the signal X could be bandlimited
both in time and space separately (with bandwidth that may have different width)
and hence also on the whole product graph. In this case, we can consider a sampling
strategy based on the notions presented in this section, i.e. we sample X in time
and in space separately and we take the Cartesian product of these samples, or we
can consider a sampling strategy based on the notions presented in section 1.2. We
can then choose the one that is the more practical or that yields the lowest sampling
set size for example. We will see examples of these two cases later.
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Chapter 4

Sampling algorithms on product
graphs

In chapter 3, the sampling theory of graph signals was extended to the case of
time-varying graph signals. We have seen that it is possible to deal with such two-
dimensional signals in two different manners. We can either consider time and space
jointly. The sampling theory is then equivalent to the one-dimensional case and we
get a sampling set on the joint product graph. Or we can consider time and space
separately and then work with the Cartesian product of the sampling set in time
and the sampling set in space. We now show how we can extend the notion of the
optimal sampling operator minimizing the effect of noise from section 2.1 to the
two-dimensional case. We will see that it is possible to design an optimal space-
time sampling operator by designing separately two sampling operators, one in time
and one in space. Consequently, we can apply both the greedy algorithm and the
iterative algorithm from sections 2.1.1 and 2.1.2 separately in time and space. We
conclude this chapter with some toy examples to illustrate the notions seen so far .

4.1 Optimal sampling operator

In this section, we show how the optimal sampling operator from section 2.1 can be
adapted to the case where we sample on a spatiotemporal graph (or more generally
on a product graph). We describe how Algorithms 1 and 2 can be used in order to
sample on the product graph and we show that the method can be applied to both
cases where we sample in space and time jointly or separately.

In section 2.1, it was shown that an optimal sampling operator Ψopt that mini-
mizes the effect of noise on a K-bandlimited graph signal x on a simple graph G
should verify

Ψopt = arg max
Ψ

σmin(ΨV(K))
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where V(K) is the eigenvector matrix of the graph shift of G where we select the K
columns corresponding to the K non-zero components of the graph Fourier trans-
form of x.

Similarly, we can apply the same reasoning as the one developed in section 2.1 to the
joint sampling of a time-varying graph signal X. We suppose that the spatial signal
is K-bandlimited at each time step and that each temporal signal is K ′-bandlimited
at each spatial node. Let us now consider the joint sampling operation where noise
E is added as follows :

XML = ΨSXΨT
T + E

The reconstruction process then yields

X ′ = ΦSXMLΦ
T
T = ΦSΨSXΨT

TΦT
T + ΦSEΦT

T = X + ΦSEΦT
T

and the reconstruction error can be bounded by

||X ′ −X||2 = ||ΦSEΦT
T ||2 = ||VS(K)USEU

T
T V

T
T (K′)||2

≤ ||VS(K)||2||US||2||E||2||UT
T ||2||V T

T (K′)||2

With ||VS(K)||2, ||V T
T (K′)||2 and ||E||2 fixed, we want to minimize the spectral norm

of US and UT
T . As seen in section 2.1, the optimal sampling operator ΨS is then

given by
Ψopt
S = arg max

ΨS

σmin(ΨSVS(K)) (4.1)

The optimal sampling operator ΨT is similarly given by

Ψopt
T = arg max

ΨT

σmin(ΨTVT (K′)) (4.2)

since

min
ΨT

||UT
T ||2 = min

ΨT

||(ΨTVT (K′))
−T ||2

= min
ΨT

σmax(ΨTVT (K′))
−T

= min
ΨT

σmax(ΨTVT (K′))
−1

= min
ΨT

1

σmin(ΨTVT (K′))

= max
ΨT

σmin(ΨTVT (K′))

4.1.1 Greedy algorithm

In section 2.1.1, we showed how the problem of finding Ψopt could be approximately
solved by using the greedy algorithm presented in Algorithm 1. The same algorithm
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can now be used separately to find an approximation to Ψopt
S and to Ψopt

T .

When sampling a time-varying graph signal X, we have two possibilities. We can
either check whether it is K̃-bandlimited on the joint Fourier domain and then apply
Algorithm 1 on V(K̃) in order to have an optimal sampling operator, where V is the
eigenvector matrix of the graph shift A× of the whole product graph. Or we can
check if it is K-bandlimited in the graph Fourier domain and K ′-bandlimited in the
time Fourier domain and apply the same algorithm on both VS(K) and VT (K′), where
VS and VT are the eigenvector matrices of the graph shift of the space graph and of
the time graph respectively. We should therefore choose to sample X in time and
space separately when KK ′ ≤ K̃ and in time and space jointly otherwise if we want
to minimize the necessary and sufficient number of sampling nodes. Let us note
that sampling in time and space separately also allows to reduce the computation
load since we solve two smaller problems instead of one large one.

4.1.2 Iterative algorithm

Just as we generalized Algorithm 1 from section 2.1.1 to the case of a time-varying
graph signal X on a Cartesian product graph, we can also generalize Algorithm
2 from section 2.1.2 to that case. The idea is still the same. When having a
time-varying graph signal X, if the spatial signal is K-bandlimited at each time
step and if each temporal signal is K ′-bandlimited at each spatial node, then we
can apply Algorithm 2 both to the spatial graph and to the temporal graph with
the eigendecompositions of their graph shifts being AS = VSΛSV

−1
S and AT =

VTΛTV
−1
T respectively.

4.2 Examples

In this section, we will look at various examples in order to illustrate what has
been said so far. In all the examples, we consider as spatial graph GS the five-node
undirected graph from Figure 4.1 with the adjacency matrix as graph shift:

AS =


0 1 1 0 1
1 0 1 0 0
1 1 0 1 0
0 0 1 0 1
1 0 0 1 0


Time is represented by an undirected path with T = 4 nodes. We will consider the
adjacency matrix as graph shift. The adjacency matrix of the Cartesian product
graph is given by

A× = AT ⊕AS
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Figure 4.1: Spatial graph

The inverse graph Fourier transform matrix is

VS =


0.50 −0.43 0.50 0.18 0.53

0 0.74 0 0.52 0.43
−0.50 −0.43 −0.50 0.18 0.53

0.50 0.20 −0.50 −0.58 0.36
−0.50 0.20 0.50 −0.58 0.36


with frequencies

ΛS = diag
[
−2 −1.17 0 0.69 2.48

]
,

the inverse discrete Fourier transform is

VT =


0.37 −0.60 −0.60 0.37
−0.60 0.37 −0.37 0.60

0.60 0.37 0.37 0.60
−0.37 −0.60 0.60 0.37


with frequencies

ΛT = diag
[
−1.62 −0.62 0.62 1.62

]
,

and the inverse joint Fourier transform is given by the Kronecker product

V× = VT ⊗ VS ∈ R20×20

with frequencies
Λ× = ΛT ⊕ΛS

For the sake of clarity, in each of the figures presented below representing the power
spectra obtained by the discrete Fourier transform and by the graph Fourier trans-
form, only the maximum spectrum at each time frequency and at each graph fre-
quency respectively is shown. If none of the spectra is 0, we can then deduce that
X is not bandlimited in the time and in the graph Fourier domain respectively.
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Example 1

In the first example, we consider the time-varying graph signal

X =


−0.3752 −0.0232 0.3073 0.3015

0.0903 −0.2195 0.7206 0.2194
−0.3807 0.1660 −0.1049 0.6678
−0.1516 −0.7004 0.0341 −0.0108
−0.5179 −0.2882 −0.1551 −0.0054

 ,
where each row is a time signal on one node and each column is a graph signal at
one time instant.

Computing the discrete, graph and joint Fourier transforms, we obtain that X is
neither sparse in the time Fourier domain (Figure 4.2a) nor in the graph Fourier
domain (Figure 4.2b) but it is 5-bandlimited in the joint Fourier domain (Figure
4.2c). Let us recall that the notation ‘DFT’ indicates the time frequency domain,
‘GFT’ the space or graph frequency domain and ‘JFT’ the joint frequency domain.

We thus here have an example of a signal that is bandlimited in the joint Fourier
domain but where we cannot sample in time and space separately (or we would
have to sample every node). We thus have to apply one of the two algorithms
seen in this section on the inverse joint Fourier transform V× where we only select
the columns corresponding to the nonzero coefficients of the joint Fourier transform.

Applying Algorithm 1, we obtain ML = ((1, 1), (2, 1), (3, 1), (4, 1), (4, 3)) as sam-
pling set where the first index is the index on the spatial graph and the second one
is the index in time. Space and time are numbered from 0 to N − 1 and T − 1
respectively. We then have

xML =
[
−0.2195 0.1660 −0.7004 −0.2882 −0.0054

]T
.
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(a) DFT (b) GFT

(c) JFT

Figure 4.2: Example 1 : Power spectrum of X obtained by the DFT, GFT and JFT
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We recover x = vec(X) = ΦxML by using the interpolation operator

Φ = V(5)(ΨV(5))
−1

=



0.69 0.89 0.49 0.09 0.20
−0.09 0.71 0.14 −0.17 −0.63

0.30 −0.07 0.30 0.33 −0.93
−0.21 0.12 −0.02 0.82 −0.56
−0.05 0.55 0.96 −0.18 −0.05
−0.35 0.14 0.28 −0.23 −1.02

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

0.34 −0.50 −0.83 0.39 0.44
−0.52 0.21 −0.55 −0.64 −0.19

0.34 −0.50 0.17 −0.61 0.44
−0.35 0.20 −0.03 0.33 0.72
−0.70 −0.67 0.25 0.10 −0.30
−0.31 −0.15 −0.02 −0.85 0.58

0.39 −0.58 −0.48 −0.22 0.51
−0.48 −0.58 −1.00 0.15 0.07
−0.39 −0.96 −0.19 0.24 −0.14

0 0 0 0 1


We could have applied Algorithm 2. With this algorithm, we would have sampled the
nodesML = ((0, 0), (2, 0), (2, 1), (4, 1), (0, 2)) so Ψ and Φ would have been different
but we would have proceeded in the same way concerning the computations.

Example 2

In the second example, we consider the time-varying graph signal

X =


−0.5185 0.1923 0.3205 −0.3111
−0.1957 0.0726 0.1210 −0.1174

0.3837 −0.1423 −0.2371 0.2302
−0.0840 0.0312 0.0519 −0.0504

0.5175 −0.1919 −0.3198 0.3105

 .

Computing the discrete, graph and joint Fourier transforms, we now obtain that
X is 2-bandlimited in the time Fourier domain, 3-bandlimited in the graph Fourier
domain and 6-bandlimited in the joint Fourier domain as can be seen on Figure 4.3.
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(a) DFT (b) GFT

(c) JFT

Figure 4.3: Example 2 : Power spectrum of X obtained by the DFT, GFT and JFT

In this case, it is possible to sample in time and space separately (and then take as
spatiotemporal sampling set the Cartesian product between the time samples and
the space samples). We can thus apply the algorithms on both VS and VT . Since
we have to sample 6 nodes in both cases (where we sample separately or not), we
can ask what is the best solution. In this case, it is best to sample in time and space
separately because of the complexity of the algorithms that increases with increasing
size of matrices. The computational cost will be lower than when sampling jointly
in time and space.

Now, applying Algorithm 1 on VS, we obtain the space sampling set M = (2, 3, 4)
and applying the same algorithm on VT , we obtain the time sampling set L = (0, 3).
We thus sample the nodes ML =M×L and

XML = ΨSXΨT
T =

 0.38 0.23
−0.08 −0.05

0.52 0.31

T ,
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with the sampling operators

ΨS =

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


and

ΨT =

[
1 0 0 0
0 0 0 1

]
.

We then recover X by using the interpolation operators

ΦS = VS(3)(ΨSVS(3))
−1

=


−1.00 −0.31 −0.31

0 −0.45 −0.45
1 0 0
0 1 0
0 0 1


and

ΦT = VT (2)(ΨTVT (2))
−1

=


1 0
0 −0.62

−0.62 0
0 1

 .
Again, applying Algorithm 2, we would have sampled the nodesML =M×L with
M = (0, 3, 4) and L = (0, 3).

Example 3

In the third example, we consider the time-varying graph signal

X =


−0.0240 −0.1525 0.3889 −0.3585
−0.1542 0.0953 0.0953 −0.1542
−0.3585 0.3889 −0.1525 −0.0240
−0.1105 0.0497 0.1099 −0.1477
−0.1477 0.1099 0.0497 −0.1105

 .

Computing the discrete, graph and joint Fourier transforms, we now obtain that
X is 2-bandlimited in the time Fourier domain, 3-bandlimited in the graph Fourier
domain and 3-bandlimited in the joint Fourier domain as can be seen on Figure 4.4.

In this case, we see that we could decide to sample in time and space separately (and
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(a) DFT (b) GFT

(c) JFT

Figure 4.4: Example 3 : Power spectrum of X obtained by the DFT, GFT and JFT

then take the Cartesian product of both samplings) since the signal is bandlimited
both in time and in space separately. We should then apply the algorithms on both
VS and VT but we would have to sample 2 · 3 = 6 nodes instead of 3 if we sample in
time and space jointly and apply the algorithms on V×. Based on the complexity
however, we could prefer to sample separately. Both methods will work but we will
not show the reconstruction here since it is similar to what we applied above.
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Part II

GSP for signals issued from linear
dynamical systems
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Chapter 5

Signals issued from linear
dynamical systems with periodic
constraints

In chapter 1 and 2, the notions of sampling theory were presented as well as two
sampling algorithms. These notions concerned graph signals that were static in time.
Chapter 3 and 4 extended these notions to the case of time-varying graph signals,
which arise commonly in many real-world applications. The notions presented are
valid for any arbitrary signal. However, it often happens that we have some prior
knowledge about these time-varying signals. Common signals are the ones issued
from dynamical systems. In this chapter, we explore how we can exploit this prior
knowledge and more efficiently sample such signals. We study the case where signals
are issued from linear dynamical systems and are periodic. The non-periodic case
will be studied in the next chapter.

5.1 Sampling and reconstruction

In this section, we study the problem of sampling and reconstruction of a signal that
is issued from a linear dynamical system with periodic constraints.

We consider the Cartesian product graph G× = GT × GS between our temporal
graph GT = (VT , ET ) and our spatial graph GS = (VS, ES). The time-varying graph
signals X ∈ CN×T that we now consider are signals derived from linear dynamical
systems, i.e. the columns of X satisfy

xt+1 = Mxt ∈ CN (5.1)

with t ∈ {0, ..., T − 2} and xt the tth column of X. Let us recall that the columns of
X are the graph signals at different time instants and the rows of X are time signals
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on different nodes. We add the periodic constraint that

x0 = MxT−1. (5.2)

From the constraint of periodicity, the temporal graph GT in this section will always
be a ring graph with T nodes, T being the period. Let us note that every initial
condition x0 ∈ CN does not necessarily give a periodic signal X ∈ CN×T such that
the periodic constraint (5.2) is satisfied. In the following, we note vec(X) = x.

Theorem 5.1.1. Given a periodic time-varying graph signal X ∈ CN×T whose
columns satisfy (5.1) and (5.2), X is N-bandlimited at most in the joint Fourier
domain of G× when using

M̃ =



M −I 0 . . . 0 0
0 M −I . . . 0 0
0 0 M . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . M −I
−I 0 0 . . . 0 M


∈ RNT×NT (5.3)

as graph shift. M̃ will be referred to as the periodic dynamical graph shift.

Proof. The matrix M̃ is such that

M̃x = 0

with x = vec(X), hence x ∈ null(M̃ ). Since all signals x such that x ∈ null(M̃ )
satisfy (5.1) and (5.2), we have that dim null(M̃ ) ≤ N . From this, we can directly
deduce that x will be bandlimited with a bandwidth of at most N when taking M̃
as the graph shift for G×.

Before going into more details, we will characterize the graph shift M̃ in terms
of its eigenvalues and eigenvectors. Knowing the eigenvalue and eigenvector pairs
(λn, vn), n ∈ {1, ..., N} of M , we can compute the eigenvalue and eigenvector pairs
of M̃ . Indeed, we note that M̃ can be written as a Kronecker sum of two matrices,
namely M̃ = MT ⊕M with

MT =


0 −1 . . . 0
...

...
. . .

...
0 0 . . . −1
−1 0 . . . 0

 ∈ RT×T (5.4)

Hence, from Lemma 3.1.1, the NT eigenvalues of M̃ are

λ̃n,k = −ωk + λn (5.5)
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with n ∈ {1, ..., N}, ωk = e
2πik
T and k ∈ {0, ..., T − 1}. The eigenvectors are given

by
ṽn,k =

[
vn ωkvn ω2

kvn . . . ωT−1k vn
]
. (5.6)

Let us denote by I the vector space of the initial conditions x0 ∈ CN that allow
to have a periodic signal X satisfying (5.1) and (5.2). In the next theorem, we
characterize this vector space I.

Theorem 5.1.2. The vector space I of the initial conditions x0 ∈ CN yielding a
periodic signal X ∈ CN×T of period T satisfying (5.1) and (5.2) is generated by the
eigenvectors vn of M corresponding to the eigenvalues λn such that λn is a T th root
of unity.

Proof. The periodic signal x = vec(X) is such that M̃x = 0. Hence, from (5.5) and
(5.6), we have

M̃x = 0 =
∑

n,k;λn=ωk

(λn − ωk)vn,k

yielding

M̃


x0
x1
...

xT−1

 = 0 =
∑

n,k;λn=ωk

(λn − ωk)


vn
ωkvn
...

ωT−1k vn


which means that x0 is a linear combination of the eigenvectors of M corresponding
to the zero eigenvalues λn − ωk = 0 of M̃ . Since we have that ωk = e

2πik
T , k ∈

{0, ..., T − 1}, are the T th roots of unity, we finally get that x0 is generated by the
eigenvectors of M corresponding to the eigenvalues λn such that λn is a T th root of
unity.

The next result provides a tighter bound on the bandlimitedness of a signal
X ∈ CN×T satisfying (5.1) and (5.2).

Theorem 5.1.3. Given a periodic time-varying graph signal X ∈ CN×T whose
columns satisfy (5.1) and (5.2), and given d = dim(I), X is d-bandlimited at most
in the joint Fourier domain of G× when using M̃ from (5.3) as graph shift.

Proof. The matrix M̃ is such that

M̃x = 0

with x = vec(X), hence x ∈ null(M̃ ). Since all signals x such that x ∈ null(M̃)
satisfy (5.1) and (5.2), we have that dim null(M̃) = dim(I) = d. From this, we
can directly deduce that x will be bandlimited with a bandwidth of at most d when
taking M̃ as the graph shift for G×.
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When representing the spectrum of the signal in the two-dimensional frequency
domain, we will obtain a diagonal spectrum where time and space are in resonance
with each other since the zero frequency components of X correspond to the zero
eigenvalues of M̃ (let us recall that vec(X) = x ∈ null(M̃ )) and the eigenvalues of
M̃ in (5.3) are such that −ωk + λn = 0 with −ωk the time frequencies and λn the
space frequencies.

Example 5.1.1. Let us consider as spatial graph GS the seven-node undirected
graph from Figure 5.1.

0 1

2

34

5 6

Figure 5.1: Spatial graph of example 5.1.1

We consider a time-varying graph signal X on this graph. This signal X is such
that xt+1 = Mxt with

M =



0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 1/2 0 1/2 0 0 0


, x0 =



1
2
1
2
1
1
0


,

and periodic constraint x0 = MxT−1. The signal X is periodic of period T = 3. In
this case, the initial condition x0 had to be chosen such that it was in the vector
space generated by the eigenvectors of M corresponding to the eigenvalues λn such
that λn is a third root of unity. The temporal graph GT is a ring graph with T = 3
nodes since our signal is a periodic signal of period 3. The eigenvalues of M are
λn = {0, 0, 0, 0, ω0, ω1, ω2} with ωj = e2iπj/T , j = 0, 1, 2, and the eigenvalues of MT

are −ωk for k = 0, 1, 2.

We now look at the frequency content of the signal with the different graph shifts
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at our disposal. First, taking the adjacency matrices of GS, GT and G× as graph
shifts, we can see on Figure 5.2 that the signal is not bandlimited in the time fre-
quency domain (DFT), it is 5-bandlimited in the graph frequency domain (GFT)
and 13-bandlimited in the joint frequency domain (JFT). We thus observe that the
bound of N -bandlimitedness (stated in theorem 5.1.1) with N = 7 is not reached in
this case when taking the adjacency matrix as graph shift.

(a) DFT (b) GFT

(c) JFT

Figure 5.2: Example 5.1.1 : Power spectrum of X obtained by the DFT, GFT and
JFT when using the adjacency matrix as graph shift

Next, we take the graph Laplacian as graph shift for GS, GT and G×. We now see
on Figure 5.3 that the signal is also not bandlimited in the time frequency domain
nor in the graph frequency domain. We see that the signal is 15-bandlimited in the
joint frequency domain so again, the bound of N -bandlimitedness is not reached
when using the graph Laplacian as graph shift.

Finally, taking the matrices M , MT and M̃ as graph shifts of the graphs GS, GT

and G× respectively, we can observe on Figure 5.4 that the signal X is not ban-
dlimited in the time frequency domain, it is 3-bandlimited in the graph frequency
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(a) DFT (b) GFT

(c) JFT

Figure 5.3: Example 5.1.1 : Power spectrum of X obtained by the DFT, GFT and
JFT when using the graph Laplacian as graph shift

domain and it is also 3-bandlimited in the joint frequency domain. We see that
the maximum bound of N stated in theorem 5.1.1 is verified and more specifically,
the bound of dim(I) = 3 is attained. Indeed, we have T = 3 and we have three
eigenvalues of M that are third root of unity. We also see that the values where the
spectrum is nonzero on Figure 5.4c are situated on the diagonal where λn−ωk = 0,
illustrating the resonance between time and space. 4

Up until now, we have used either the adjacency matrix or the Laplacian matrix
of the Cartesian product graph as the graph shift. We have seen in this section
that there are other matrices that are suitable as graph shifts. In the case of linear
periodic dynamical systems, using the periodic dynamical shift M̃ provides results
that are consistent with the intuition. Indeed, knowing the matrix M , one could
always sample the first N nodes (the initial condition x0) and from these values,
recover the signal over all time steps. The matrix M can be seen as another kind
of adjacency matrix for the spatial graph where we only keep the edges and corre-
sponding weights that are involved in the evolution of the signal. Matrix MT which
is a circulant matrix provides the notion of cyclic time hence of periodicity. With
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(a) DFT (b) GFT

(c) JFT

Figure 5.4: Example 5.1.1 : Power spectrum of X obtained by the DFT, GFT and
JFT when using MT , M and M̃ as graph shifts

these graph shifts, we can still exploit the structure of the product graph which
reduces the computational costs since we only compute the eigendecompositions of
M ∈ CN×N and MT ∈ CT×T (and not the eigendecomposition of M̃ ∈ CNT×NT )
and we reduce the sufficient number of nodes to sample to dim(I) ≤ N with I
the vector space generated by the eigenvectors of M corresponding to eigenvalues
that are a T th root of unity (this bound could not always be achieved with the
conventional graph shifts such as the adjacency matrix or the graph Laplacian).

5.2 A characterization of valid sampling sets

In this section, we will study the sampling strategy for signals issued from dynamical
systems with periodic constraints. From the previous section, we know that it is
sufficient to sample N nodes from G× to get perfect recovery of the whole signal X
since periodic signals are at most N -bandlimited when using M̃ from (5.3) as graph
shift (theorems 5.1.1 and 5.1.3). Of course, the choice of the sampling set stays im-
portant since not all sets of N nodes will allow to get perfect recovery. The sampling
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operator Ψ still has to verify the rank theorem 1.2.1, i.e. rank(ΨV(N)) = N with
V the eigenvector matrix of the graph shift.

One first option that is already available to us is to apply one of the two algo-
rithms presented in section 2.1. These algorithms also work on such signals. The
sampling set selection is then based on the singular values of the eigenvector matrix
of M̃ for the first algorithm and on theorem 1.2.1 for the second algorithm.

Since we are dealing with signals derived from dynamical systems and defined by
a set of linear equations, we feel that we could understand better which nodes we
should sample to get perfect recovery based on the dynamic of the system. Indeed,
the first idea that comes to the mind in the case of these signals is to sample the
N first nodes, i.e. the initial condition of the system. Knowing the matrix M , we
can then easily recover the whole signal by applying M repeatedly on the known
initial conditions. But what if we cannot sample all the nodes at the first time step?
In this section, we will show that we can gain some insights on the sampling set
we should select by looking at the structure of a particular graph derived from the
dynamical matrix M . We will state a conjecture about a sufficient condition for a
sampling set to enable perfect recovery of the whole signal X.

We still consider a periodic time-varying graph signal X ∈ CN×T whose columns
satisfy (5.1) and (5.2). Let us define the network GD = (VD, ED) that indicates the
dynamic of the signal. The adjacency matrix of this network is defined by

Aadj =


0 0 . . . 0 M
M 0 . . . 0 0
0 M . . . 0 0
...

...
. . .

...
...

0 0 . . . M 0

 . (5.7)

A nonzero value at the (i, j)th entry indicates that node i dynamically depends on
node j at one time step distance. We thus obtain a directed dynamic graph. To
illustrate this, we consider the following example.

Example 5.2.1. Let us consider the spatiotemporal network G× = GT ×GS from
example 5.1.1 where GS is the seven-node undirected graph from Figure 5.1 and GT

is a ring graph with T = 3 nodes. We consider a time-varying graph signal X on
this graph following the same dynamics as in the previous example, i.e. such that
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xt+1 = Mxt with

M =



0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 1/2 0 1/2 0 0 0


, x0 =



1
2
1
2
1
1
0


,

and periodic constraint x0 = MxT−1. The dynamical network GD with adjacency
matrix as in equation 5.7 is given on Figure 5.5. The nodes can be numbered from
left to right and from above to below. To avoid crossing arrows, we represented the
nodes at time 0 (from 1 to 7) above and below but let us note that because of the
periodic constraint, these nodes should be represented only once and the dynamical
graph GD should be cyclic. In this figure, each node is linked to the nodes at the
previous time step from which it derives its value. 4

t = 0 1 2 3 4 5 6 7

t = 1 8 9 10 11 12 13 14

t = 2 15 16 17 18 19 20 21

t = 0 1 2 3 4 5 6 7

Figure 5.5: Dynamical periodic network of example 5.2.1

The dynamical network GD can be understood as a representation of the linear
equations deriving from the dynamical system. Each node is a variable and we have
one linear equation linking each node to its out-going neighbors. In the case of a
periodic signal, we have a system with NT variables and NT equations but this
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system is under-determined. Its rank is lower than NT (it is NT −dim(I)) thus we
need to find the values of at most dim(I) variables in order to recover the values of
all the other variables.

Intuitively, we see that at a certain time step and knowing the matrix M , if all
the signal values on the nodes from which a certain node i depends are known, then
the value of this node can be recovered. Also, if the value of one node is known and
all the values of the nodes from which it depends but one are also known, we can
recover the value of this last node. These intuitive rules can be represented with
some coloring rules on the dynamical graph GD.

Suppose we have some nodes of GD that are colored in red and other nodes are
left white. The red nodes are those for which we already know the value (because
of sampling) or for which we know that we can recover the value from other known
nodes thanks to the dynamic. The white nodes are those for which we do not know
the value and we do not know yet if we can recover the value from the other nodes.
The two intuitions above can be formulated as follows :

Rule 5.2.1. If a node i is white and all its out-going neighbors are red, then i can
be colored in red. This is illustrated on Figure 5.6.

i

j1

j2

j3

i

j1

j2

j3

Figure 5.6: First rule

Rule 5.2.2. If a node i is red and if node j is its only out-going neighbor that is
white, then j can be colored in red. This is illustrated on Figure 5.7.

With these two coloring rules, the problem of finding a sampling set sufficient to
get perfect recovery of the dynamical signal X on the whole graph is equivalent to
the problem of finding a set of nodes that, when colored in red, allows to color the
whole graph GD by using the rules.
The zero-forcing set problem is a similar problem. In this problem, only one color-
change rule is commonly used. On a graph where each vertex is colored either white
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Figure 5.7: Second rule

or red, if i is a red vertex, and exactly one neighbor j of i is white, then change the
color of j to red. The problem of finding a zero-forcing set on a simple graph G and
more precisely the problem of computing Z(G), the minimum size of a zero-forcing
set of nodes on G is commonly used to bound the minimum rank of G. Let us
associate to G all symmetric real matrices whose (i, j)th entry (for i 6= j) is nonzero
whenever {i, j} is an edge in G and is zero otherwise. Then the minimum rank of G
is defined as the smallest possible rank over all these matrices [AIM Minimum Rank
– Special Graphs Work Group, 2008]. We can see that our problem is similar to
the problem of finding a zero-forcing set on the graph GD except that we consider
a graph that is directed, the matrices associated to this graph are not necessarily
symmetric. The second rule 5.2.2 we use is an adaptation of the rule commonly
used in the zero-forcing set problem for directed graphs and is already used to solve
the zero-forcing set problem on directed graphs [Berliner et al., 2017]. However, our
first rule 5.2.1 is an addition we made because it fits well to solve our problem but
it does not seem to be a commonly used rule in the literature.

Let us apply these rules with an initial set on a simple example.

Example 5.2.2. Let us consider the spatiotemporal network G× = GT ×GS where
GS is an undirected ring graph with 3 nodes and GT is also a ring graph with
T = 3 nodes. We consider a time-varying graph signal X on this graph such that
xt+1 = Mxt with

M =

0 0 1
1 0 0
0 1 0


and periodic constraint x0 = MxT−1. In this case, any initial condition x0 yields
a valid periodic signal X. From theorem 5.1.1, we know that we have to sample at
most three nodes to recover the whole signal. The chosen sampling set is colored
in red on the dynamical network shown on Figure 5.8. Let us recall that the upper
level of nodes and the lower level are the same so there are indeed three different
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nodes that are colored.

t = 0 1 2 3

t = 1 4 5 6

t = 2 7 8 9

t = 0 1 2 3

Figure 5.8: Dynamical periodic network and sampling set (in red) of example 5.2.2

Denoting by (j1, ..., jk) ⇒ i when node i is colored by its out-going neighbors
(j1, ..., jk) following the first rule and by i → j when node j is colored by node
i following the second rule, let us list the successive coloring steps that take place
on this dynamical graph with the initial sampling set as shown.

We have :

• 1→ 9, 7→ 6, 4→ 3

• 1⇒ 5, 4⇒ 8, 7⇒ 2

4

The two rules that we have introduced so far are understandable in terms of linear
equations. Both rules can be formulated as follows : if there is only one unknown
in a (linear) equation, the value of this unknown can be recovered from the values
of the other variables present in this equation. When dealing with systems of linear
equations, one often resorts to substitution, i.e. formulating one unknown in terms
of other unknowns. On the dynamical graph GD, we can represent substitution
from node to node by coloring the node from which we substitute in one color and
circling the node that we substitute in the same color.

Example 5.2.3. Suppose we have the following relations between nodes as shown
on Figure 5.9 (left). Since the only unknown value to get the value of i is j2, we can
substitute the value of i by some value depending only on the unknown j2. 4

Let us note that it is not always obvious to recognize a full coloring set when
given. However, knowing how the nodes dynamically interact with each other, it
is sometimes easy for such toy examples as the ones used in this thesis to find a
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Figure 5.9: Substitution

sufficient sampling set. The purpose of this section was to characterize the sampling
set of a signal issued from a dynamical system.

In the examples 5.2.1 and 5.2.2, we only used the matrix M . In the first example,
this matrix is not invertible. However, in general, it could be. If it is, we can also
recover the signal by working backward in time. In general, we will have a sparse
matrix M but M−1 will be full. We then get two sets of directed edges in our
dynamical network : one set of edges corresponding to the matrix M in one way
and a second set corresponding to the matrix M−1 in the other way. The adjacency
matrix of the dynamical network then becomes

Aadj =



0 M−1 0 . . . 0 0 M
M 0 M−1 . . . 0 0 0
0 M 0 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 0 M−1 0
0 0 0 . . . M 0 M−1

M−1 0 0 . . . 0 M 0


. (5.8)

We still have that a nonzero value at the (i, j)th entry indicates that node i dynam-
ically depends on node j at one time step distance but now we also look at time
going backward. The rules developed above can still be applied in the same way on
this double dynamical network.

Finally, let us note that in the coloring problem, we are only interested in the
structure of the adjacency matrix Aadj (from (5.7) or (5.8) if M is invertible) of
GD, i.e. only on the place of its nonzero entries and not on their values. The edges of
GD are unweighted. A sampling set that is sufficient for a signal following a certain
dynamical structure will also be sufficient for another signal that follows the same
dynamical structure but weighted differently or with other initial conditions. We
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now state a conjecture about the characterization of a valid (sufficient) sampling
set.

Conjecture 5.2.1. Given a periodic time-varying graph signal X ∈ CN×T whose
columns satisfy

xt+1 = Mxt ∈ CN

and
x0 = MxT−1

with t ∈ {0, ..., T−2} and xt the tth column of X, we denote by G× the spatiotemporal
graph on which the signal X resides and by GD the dynamical graph of X with
adjacency matrix given by (5.7) or by (5.8) if M is invertible. A sampling set on
G× allows to get perfect recovery of the whole signal X when using M̃ from (5.3)
as graph shift for G× if and only if this sampling set is a full coloring set on GD.

5.3 Stability analysis

In this section, we study the stability of the linear dynamical system from which
the time-varying graph signal X is issued and how it affects the sampling strategy
to apply.

When having the following linear discrete-time dynamical system

xt+1 = Mxt,

we say that this system is exponentially stable if all its solutions tend exponentially
to zero and it is stable if all its solutions are bounded. It is unstable if there exist
unbounded solutions and if there exist unbounded solutions that tend exponentially
to infinity, we say that the instability is exponential [Halanay and Rasvan, 2000].
Since we consider time-varying graph signals X issued from periodic dynamical sys-
tems of the form xt+1 = Mxt, t = 0, ..., T − 2, with x0 = MxT−1, we face the case
where the linear systems from which the periodic signals are issued are always stable
in the sense that all the solutions of the systems are bounded.

In section 5.1, we saw that using the matrix M̃ from equation (5.3) as graph shift
resulted in a bandwidth of at most d = dim(I) in the joint Fourier domain for the
signal X with I the vector space generated by the eigenvectors vn of M correspond-
ing to the eigenvalues λn such that λn is a T th root of unity (theorem 5.1.3). Since
vec(X) = x ∈ null(M̃), the zero frequency components of x correspond to the zero
eigenvalues of M̃ . A valid sampling set should verify the rank theorem 1.2.1 from
section 1.2. There are often many different possible sets of nodes that satisfy this
condition. Moreover in section 2.1, we have seen that an optimal sampling operator
(optimal in the sense that it minimizes the effect of noise) should select the nodes
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in order to maximize the minimum singular value of the reduced eigenvector matrix
of the graph shift, i.e.

Ψopt = arg max
Ψ

σmin(ΨV(K))

We can thus sample d = dim(I) nodes based only on the eigenvectors of M̃ corre-
sponding to the zero eigenvalues. From the characterization of the eigendecomposi-
tion of M̃ in section 5.1, we have seen that its eigenvectors can be defined by block
and that these blocks are multiple of each other. Indeed, we have

ṽn,k =
[
vn ωkvn ω2

kvn . . . ωT−1k vn
]

with vn the eigenvectors of M . Hence, the reduced eigenvector matrix (where we
only select the d eigenvectors corresponding to the d zero eigenvalues, i.e., when
λn = ωk) of the graph shift M̃ can be written as

Ṽ(d) =


v1 v2 . . . vd
λ1v1 λ2v2 . . . λdvd
λ21v1 λ22v2 . . . λ2dvd
...

...
. . .

...
λT−11 v1 λT−12 v2 . . . λT−1d vd

 =


V(d)

V(d)Λ(d)

V(d)Λ
2
(d)

...
V(d)Λ

T−1
(d)


Since we only look at the eigenvectors vn, n ∈ {1, ..., d}, corresponding to the
eigenvalues λn such that λn is a T th root of unity, we have that |λn| = 1, n ∈
{1, ..., d}. Each block of Ṽ(d) has entries with the same magnitudes as the other

blocks. If we want to sample d nodes (select d rows in Ṽ(d)) in order to maximize

the minimum singular value of Ṽ(d), we can thus deduce that it does not impact
the optimality of the sampling set to sample nodes at a certain time instant or at
another as long as the sampling operator satisfies the rank theorem 1.2.1, i.e. as
long as the sampling set is valid. Indeed, when facing a periodic signal, there is no
real beginning and end to the signal so the time instant does not matter.

5.4 Summary

Given a periodic time-varying graph signal X ∈ CN×T whose columns satisfy

xt+1 = Mxt ∈ CN ,

with t ∈ {0, ..., T − 2} and
x0 = MxT−1

and given I the vector space generated by the eigenvectors vn of M corresponding
to the eigenvalues λn such that λn is a T th root of unity, we showed in section 5.1
that X is at most d-bandlimited when using M̃ as graph shift, with d = dim(I).
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A valid sampling operator Ψ should select nodes such that rank(ΨṼ(d)) = d with

Ṽ the eigenvector matrix of M̃ . There are often multiple sampling sets possible
that satisfy this condition. We showed in section 5.2 how some coloring rules on the
dynamical graph GD issued from M could give us some insights about the validity
of a particular sampling set.
Finally, an optimal sampling operator minimizing the effect of noise should maximize
the minimum singular value of Ṽ(d). We explained by an argument about stability
why it was not more optimal to sample nodes from a certain time step compared to
nodes from another time step in section 5.3.
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Chapter 6

Signals issued from linear
dynamical systems without
periodic constraints

Now that we have studied in chapter 5 how we can efficiently sample periodic signals
issued from linear dynamical systems, we focus in this chapter on the case where
there is no periodic constraint. The signals we study are non-periodic signals issued
from linear dynamical systems.

6.1 Sampling and reconstruction

In this section, we study the problem of sampling and reconstruction of a signal that
is issued from a linear dynamical system without any periodic constraint (contrary
to section 5.1).

We consider the Cartesian product graph G× = GT × GS between our temporal
graph GT = (VT , ET ) and our spatial graph GS = (VS, ES). The time-varying graph
signals X ∈ CN×T that we now consider are signals derived from linear dynamical
systems, i.e. the columns of X satisfy

xt+1 = Mxt ∈ CN (6.1)

with t ∈ {0, ..., T − 2} and xt the tth column of X but we do not add any periodic
constraint. Let us recall that the columns of X are the graph signals at different
time instants and the rows of X are time signals on different nodes. The temporal
graph GT in this section will always be a path graph with T nodes. Let us note now
that every initial condition x0 ∈ CN is valid since we do not have any constraint of
periodicity. In the following, we note vec(X) = x.

Similarly to what we did in the periodic case of section 5.1, we will define a new
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graph shift which guarantees that we have a sparse representation in the frequency
domain of a signal X issued from a linear dynamical system. Let us note that tak-
ing M̃ from (5.3), we do not have M̃x = 0 anymore because we do not have any
periodic constraint in this case. We thus have to derive another matrix.

Theorem 6.1.1. Given a non-periodic time-varying graph signal X ∈ CN×T whose
columns satisfy (6.1), X is N-bandlimited at most in the joint Fourier domain of
G× when using

M̄ =


M ∗M −M ∗ 0 . . . 0 0 0
−M I + M ∗M −M ∗ . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . −M I + M ∗M −M ∗

0 0 0 . . . 0 −M I

 (6.2)

as graph shift. M̄ will be referred to as the non-periodic dynamical graph shift.

Proof. Let us define

Π =


M −I 0 . . . 0 0
0 M −I . . . 0 0
0 0 M . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . M −I

 ∈ RN(T−1)×NT (6.3)

This matrix is such that
Πx = 0

hence x ∈ null(Π). We can verify that all rows of Π are linearly independent
hence rank(Π) = N(T − 1) hence from the rank-nullity theorem, we have that
dim null(Π) = N . Since Π is not a square matrix, we cannot take this matrix as
graph shift. However, we note that x is bandlimited with a bandwidth of at most N
when taking the right singular vector matrix V from Π = UΣV ∗ as Fourier basis.
Hence, we define

M̄ = Π∗Π = V (Σ∗Σ)V ∗ (6.4)

The matrix M̄ ∈ RNT×NT also satisfy x ∈ null(M̄ ) and dim null(M̄ ) = N . From
this, we can directly deduce that x will be bandlimited with a bandwidth of at most
N when taking M̄ as the graph shift for G×.

To conclude this section, we see that just like in the periodic case, there exist a
graph shift matrix in the non-periodic case that allows to get a sparse representation
of the time-varying graph signal X in the joint Fourier domain. This matrix is M̄
which is built from the dynamical matrix M . When using this matrix as graph
shift, the sufficient number of nodes to sample in order to get perfect recovery of
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the whole signal is N . However, we cannot exploit the structure of the product
graph when using this matrix as graph shift because it cannot be expressed as a
Kronecker sum (in contrary to the graph shift M̃ in the case of periodic signals) so
we cannot sample in time and space separately when selecting the sampling set and
the computational cost increases.

6.2 A characterization of valid sampling sets

In this section, we will study the sampling strategy for signals issued from dynami-
cal systems without periodic constraints. From the previous section, we know that
it is sufficient to sample N nodes in the case of non-periodic signals to get perfect
recovery since the non-periodic signals are at most N -bandlimited when using M̄
from (6.2) as graph shift. Of course, the choice of the sampling set stays important
since not all sets of N nodes will allow to get perfect recovery. The sampling opera-
tor Ψ still has to verify the rank theorem 1.2.1, i.e. rank(ΨV(N)) = N with V the
eigenvector matrix of the graph shift.

The notions presented in this section are very similar to the ones presented in sec-
tion 5.2. As in the periodic case, a first option that is already available to us is to
apply one of the two algorithms presented in section 2.1. But again, since we are
dealing with signals derived from dynamical systems and defined by a set of linear
equations, we feel that we could understand better which nodes we should sample
to get perfect recovery based on the dynamic of the system.

We still consider a time-varying graph signal X with columns satisfying xt+1 = Mxt.
For such signals, we now define the network GD = (VD, ED) that indicates the dy-
namic of the signal as the network with adjacency matrix defined by

Aadj =


0 0 . . . 0 0
M 0 . . . 0 0
0 M . . . 0 0
...

...
. . .

...
...

0 0 . . . M 0

 (6.5)

if M is non invertible and by

Aadj =



0 M−1 0 . . . 0 0 0
M 0 M−1 . . . 0 0 0
0 M 0 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 0 M−1 0
0 0 0 . . . M 0 M−1

0 0 0 . . . 0 M 0


(6.6)
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if M is invertible. Again, a nonzero value at the (i, j)th entry indicates that node i
dynamically depends on node j at one step distance (forward or backward in time).
We thus obtain a directed dynamical graph. To illustrate this, we consider the
following example.

Example 6.2.1. Let us consider the spatiotemporal network G× presented on Fig-
ure 6.1. The spatial network is a simple undirected path with 5 nodes. Time is also
represented by a path with 4 nodes. The nodes can be numbered from left to right
and from above to below. For simplicity, we do not represent any signal on this
graph but any x ∈ C5 can be used as initial condition x0 on the nodes v1 to v5. The
signal on this graph evolves following a non-periodic dynamical system of the form
xt+1 = Mxt with

M =


1
2

1
2

0 0 0
1
3

1
3

1
3

0 0
0 1

3
1
3

1
3

0
0 0 1

3
1
3

1
3

0 0 0 1
2

1
2

 .
This is a simple example of a consensus process where each node updates its value
according to a weighted sum of the values of its neighbors and itself. The dynamical
network GD with adjacency matrix as in equation 6.5 is given on Figure 6.2. In
this figure, each node is linked to the nodes at the previous time step from which it
derives its value. 4
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Figure 6.1: Spatiotemporal network of
example 6.2.1
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Figure 6.2: Dynamical network of ex-
ample 6.2.1

The dynamical network GD can be understood as a representation of the linear
equations deriving from the dynamical system. Each node is a variable and we have
one linear equation linking each node to its out-going neighbors. In the case of a
non-periodic signal, we hence face a system with NT variables and N(T − 1) linear
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equations. Using the adjacency matrix, we have

Ax =


0 0 . . . 0 0
M 0 . . . 0 0
0 M . . . 0 0
...

...
. . .

...
...

0 0 . . . M 0




x0
x1
x2
...

xT−1

 =


0
x1
x2
...

xT−1


We thus have to get the values of N variables in order to recover the values of all
the other variables. These variables cannot be arbitrarily chosen, they have to allow
us to recover the other variables.

The same two rules presented in section 5.2 can be used in the case of a non-
periodic signal. Let us recall them. Suppose we have some nodes of GD that are
colored in red and other nodes are left white. The red nodes are those for which
we already know the value (because of sampling) or for which we know that we can
recover the value from other known nodes thanks to the dynamic. The white nodes
are those for which we do not know the value and we do not know yet if we can
recover the value from the other nodes. The two rules are :

Rule 6.2.1. If a node i is white and all its out-going neighbors are red, then i can
be colored in red.

Rule 6.2.2. If a node i is red and if node j is its only out-going neighbor that is
white, then j can be colored in red.

Let us apply these rules with an initial set on the same example as above.

Example 6.2.2. We consider the same spatiotemporal network and the same time-
varying graph signal as in example 6.2.1. Since we are looking at a non-periodic
signal, we know that we have to sample at most N nodes to recover the whole sig-
nal. The chosen sampling set is colored in red on the dynamical network shown on
Figure 6.3.

Denoting by (j1, ..., jk) ⇒ i when node i is colored by its out-going neighbors
(j1, ..., jk) following the first rule and by i → j when node j is colored by node
i following the second rule, let us list the successive coloring steps that take place
on this dynamical graph with the initial sampling set as shown.

We have :

• 16→ 12, 11→ 7, 6→ 2

• 12→ 8, 7→ 3

• 8→ 4
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Figure 6.3: Dynamical network and sampling set (in red) of example 6.2.2

• (4, 5)⇒ 10, (3, 4, 5)⇒ 9

• (9, 10)⇒ 15, (8, 9, 10)⇒ 14, (7, 8, 9)⇒ 13

• (14, 15)⇒ 20, (13, 14, 15)⇒ 19, (12, 13, 14)⇒ 18, (11, 12, 13)⇒ 17

4

Let us also recall how we can represent the process of substitution on the dy-
namical graph GD : we can represent substitution from node to node by coloring the
node from which we substitute in one color and circling the node that we substitute
in the same color.

Example 6.2.3. Suppose we have the following relations between nodes as shown
on Figure 6.4 (left). Since the only unknown value to get the value of i is j2, we can
substitute the value of i by some value depending only on the unknown j2. 4

i

j1

j2

j3

i

j1

j2

j3

Figure 6.4: Substitution
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Let us apply this principle of substitution, again to the same example as before
but with another sampling set.

Example 6.2.4. We now look at another sampling set (in red on Figure 6.5). Using
substitutions, we can propagate the unknown values of nodes 2 and 4 to the known
values of nodes 16 and 18. Hence, we can recover the two unknown values from
these known values since it is the same as having two equations of two unknowns.
When having recovered the values of nodes 2 and 4, we can then recover the whole
signal using rule 5.2.2.
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Figure 6.5: Dynamical network and substitution process of example 6.2.4

Again, let us emphasize the fact that in the examples 6.2.1, 6.2.2 and 6.2.4, the
matrix M that we used was not invertible but that, in general, it could be so we
could also work backward in time. We now state a similar conjecture as the one
presented in the periodic case (Conjecture 5.2.1) about the characterization of a
valid (sufficient) sampling set for a non-periodic signal.

Conjecture 6.2.1. Given a non-periodic time-varying graph signal X ∈ CN×T

whose columns satisfy
xt+1 = Mxt ∈ CN

with t ∈ {0, ..., T−2} and xt the tth column of X, we denote by G× the spatiotemporal
graph on which the signal X resides and by GD the dynamical graph of X with
adjacency matrix given by (6.5) or by (6.6) if M is invertible. A sampling set on
G× allows to get perfect recovery of the whole signal X when using M̄ from (6.2)
as graph shift for G× if and only if this sampling set is a full coloring set on GD.
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6.3 Stability analysis

In this section, we study the stability of the dynamical systems and how it affects
the sampling strategy to apply. We show that it is reasonable to assume that for
a stable dynamical system, it is better to sample the first N nodes when possible
while for unstable systems, we should also try to sample nodes at the end of the
signal. First, we recall some notions about the stability of a linear discrete-time
dynamical system [Halanay and Rasvan, 2000].

Let us consider the following linear discrete-time dynamical system

xt+1 = Mxt.

We say that this system is exponentially stable if all its solutions tend exponentially
to zero and it is stable if all its solutions are bounded. It is unstable if there exist
unbounded solutions and if there exist unbounded solutions that tend exponentially
to infinity, we say that the instability is exponential [Halanay and Rasvan, 2000].

We have the following theorem concerning the stability of this system [Halanay
and Rasvan, 2000].

Theorem 6.3.1. The system is exponentially stable if and only if the eigenvalues of
M are inside the unit disk of the complex plane, i.e., |λi(M )| < 1,∀i which can also
be formulated as ρ(M ) < 1. The system is stable if and only if the eigenvalues of
M are inside the unit disk and on the circle, those on the circle being located in one-
dimensional Jordan cells. The system is unstable if at least one eigenvalue on the
unit circle is located in a Jordan cell of dimension larger than 1. The instability is
exponential if at least one eigenvalue is located outside the unit disk, i.e., ρ(M) > 1.

Let us consider a time-varying graph signal X issued from a non-periodic dy-
namical system of the form xt+1 = Mxt. In the case of a non-periodic system, we
can take any arbitrary matrix to be the matrix M hence we have that M can be
either stable or unstable. We will suppose in this section that M is invertible.

In section 6.1, we saw that using the matrix M̄ from equation (6.2) as graph shift
resulted in a bandwidth of at most N in the joint Fourier domain for the signal X.
Since vec(X) = x ∈ null(M̄ ), the zero frequency components of x correspond to the
N zero eigenvalues of M̄ . A valid sampling set should verify the rank theorem 1.2.1
from section 1.2. There are often many different possible sets of nodes that satisfy
this condition. Moreover, we have seen in section 2.1 that an optimal sampling op-
erator (optimal in the sense that it minimizes the effect of noise) should select the
nodes in order to maximize the minimum singular value of the reduced eigenvector
matrix of the graph shift, i.e.

Ψopt = arg max
Ψ

σmin(ΨV(K)) (6.7)
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We can thus sample N nodes based only on the eigenvectors of M̄ corresponding
to the N zero eigenvalues. In this section, we will develop the structure of these
eigenvectors based on the particular structure of M̄ which is block tridiagonal.

To support our developments, we will need several results on the eigendecompo-
sition of block tridiagonal matrices [Sandryhaila and Moura, 2013]. Suppose an
N ×N block tridiagonal matrix of the form

A =


B0 D0

C0 B1

. . .
. . .

. . . DL−2
CL−2 BL−1

 (6.8)

with Bn,Cn,Dn ∈ CK×K . We define L = N/K and impose that

det(Dn) 6= 0, n ≥ 0. (6.9)

We then define the family of K × K matrix polynomials Pn(x) that satisfy the
relation

x · Pn(x) = Cn−1Pn−1(x) + BnPn(x) + DnPn+1(x) (6.10)

with initial conditions P−1(x) = 0K and P0(x) = IK . This relation can be rewritten
as

Pn+1(x) = D−1n (x · Pn(x)−BnPn(x)−Cn−1Pn−1(x)) (6.11)

From these, we have the following theorem that allows us to compute the eigende-
composition of A [Sandryhaila and Moura, 2013].

Theorem 6.3.2. Consider an arbitrary block tridiagonal matrix A of the form (6.8)
satisfying (6.9) and the corresponding matrix polynomials Pn(x) generated by the
recurrence (6.11). Then v is an eigenvector of A that corresponds to an eigenvalue
λ if and only if λ is a zero of the matrix polynomial PL(x) and the vector v has the
form

v =


P0(λ)
...

PL−2(λ)
PL−1(λ)

u, (6.12)

where u ∈ CK is a vector from the null-space of the scalar matrix PL(λ), i.e., the
vector u satisfies PL(λ)u = 0.

Let us now apply theorem 6.3.2 to our tridiagonal matrix M̄ .
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We consider the matrix M̄ ∈ RNT×NT where each block is of size N × N hence
we have that L = NT/N = T . We also have that

B0 = M ∗M ,

B1 = ... = BT−2 = I + M ∗M ,

BT−1 = I,

Dn = −M ∗ ∀n,
Cn = −M ∀n.

We impose that det(−M ∗) 6= 0, i.e. M is invertible. We want to compute the
eigenvectors of M̄ corresponding to the zero eigenvalues. From before, we know
that there are N zero eigenvalues and hence ‘0’ is a zero of the matrix polynomial
PL(x). We have to compute P0(0),P1(0), ...,PT−1(0). Computing these recursively
using (6.11), it can be shown that the recurrence can be simplified and written as

Pn(0) = MPn−1(0) = Mn, 0 ≤ n ≤ T − 1

Thus, the eigenvectors of M̄ corresponding to the zero eigenvalues have the form

v̄ =


IN
M
M 2

...
MT−1

u

with u satisfying PT (0)u = 0. We still have to compute PT (0) :

PT (0) = −(M ∗)−1(−IPT−1(0) + MPT−2(0))

= M ∗−1MT−1 −M ∗−1MMT−2

= 0N

Hence, null(PT (0)) = CN is of dimension N and we can take N linearly independent
vectors u0, ..., uN−1 to obtain the N linearly independent eigenvectors corresponding
to the N zero eigenvalues of M̄ . A simple choice is to take U = IN and we finally
obtain

V̄(N) =


IN
M
M 2

...
MT−1

 =


V INV

−1

V ΛV −1

V Λ2V −1

...
V ΛT−1V −1

 (6.13)

We base the following discussion on the fact that the eigenvalues and the singular
values of a matrix have “the same size”. We also consider the fact that adding a row
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of a “small” matrix to an existing matrix adds a “small” singular value while adding
a row of a “large” matrix adds a “large” singular value. The following comments
are only qualitative and provide some rules of thumbs when sampling nodes on a
graph based on a signal that is issued from a dynamical system with matrix M . The
following rules of thumbs do not give an optimal sampling set but it seems to give a
good approximation of what we can obtain when applying Algorithm 1 (which has
been shown to give a good approximation to the optimal sampling operator from
equation 6.7 [Avron and Boutsidis, 2013]). We will first consider the case where M
is stable and then the case where it is unstable. We will also illustrate our assump-
tions with some small numerical examples. We suppose that we sample exactly N
nodes.

6.3.1 Stable case

If M is asymptotically stable, i.e., ρ(M ) < 1, we have that limk→∞M k = 0. We
know from section 1.2 and more precisely from the rank theorem 1.2.1 that our
sampling operator Ψ should be such that rank(ΨV̄(N)) = N . If our conjecture
6.2.1 from this section is correct, this would be equivalent to selecting a set of
nodes that is a full coloring set for the dynamical graph GD. Besides that, it
is also reasonable to assume that we should choose the N first nodes in order to
maximize the minimum singular value of ΨV̄(N). Indeed, looking at the second form
in equation (6.13) of V̄(N) where we have written the eigendecomposition of M , we
see that the eigenvalues of the different blocks become increasingly smaller and so
do the singular values. The same reasoning holds when M is stable.

Example 6.3.1. We generate 1000 different time-varying graph signals X ∈ CN×T

issued from a non-periodic dynamical system of the form xt+1 = Mxt such that
the system is stable or asymptotically stable (i.e. ρ(M ) ≤ 1). The matrix M is
generated randomly at each iteration such that it always verifies ρ(M) ≤ 1. We
take N = 10 and T = 20. At each iteration, we sample 10 nodes using Algorithm
1. Figure 6.6 shows which nodes were sampled over all the iterations. We can see
that 75% of all the nodes sampled (10 nodes at each of the 1000 iterations) were
sampled at the first time instant. Figure 6.7 shows the relative reconstruction error
committed at each iteration when sampling N nodes with Algorithm 1 and when
sampling the N first nodes. We can see that the error committed when sampling
the N first nodes is similar as the one committed with Algorithm 1 indicating that
sampling the N first nodes when the signal is issued from a stable system gives a
good approximation to the optimal sampling set. 4

6.3.2 Unstable case

Now if M is asymptotically unstable, i.e., ρ(M ) > 1, limk→∞ ||M k|| = ∞. We
can then have eigenvalues that are stable and others that are not. In that case,
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Figure 6.6: Histogram of the number of nodes sampled when the system is stable in
example 6.3.1

0 100 200 300 400 500 600 700 800 900 1000

0

1

2

3

4

5

6

7

8

9
10

-8

Figure 6.7: Relative error at each iteration when sampling with Algorithm 1 and
when sampling the N first nodes when the system is stable in example 6.3.1

it seems reasonable to sample as many nodes at the first time step as there are
stable eigenvalues and as many nodes in the last time step as there are unstable
eigenvalues in order to maximize the minimum eigenvalue of ΨV̄(N). Again, let us
emphasize that this assumption is strictly qualitative. It is based on the fact that
the eigenvalues and the singular values of a matrix have “the same size” and we also
consider that adding a row of a “small” matrix to an existing matrix adds a “small”
singular value while adding a row of a “large” matrix adds a “large” singular value.
In this case, on one hand, the stable eigenvalues will become smaller and smaller
with the increasing power of Λ in (6.13) so we better sample at the beginning in
order to maximize the minimum singular value. On the other hand, the unstable
eigenvalues will become larger and larger and we better sample at the end in order
to maximize the minimum singular value.
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Example 6.3.2. We generate 1000 different time-varying graph signals X ∈ CN×T

issued from a non-periodic dynamical system of the form xt+1 = Mxt such that the
system is asymptotically unstable (i.e. ρ(M ) > 1). The matrix M is generated
randomly at each iteration such that it always verifies ρ(M ) > 1. Again, we take
N = 10 and T = 20. At each iteration, we sample 10 nodes using Algorithm 1. We
run this experiment multiple times with various proportions of stable and unstable
eigenvalues. Figure 6.8 shows which nodes were sampled over all the iterations. We
can see that for each experiment, we have the same proportion of nodes sampled
at the first 2 time instants as the proportion of stable eigenvalues and the same
proportion of nodes sampled at the last 2 time instants as the proportion of unstable
eigenvalues. Figure 6.9 shows the relative reconstruction error committed at each
iteration when sampling N nodes with Algorithm 1 and when sampling N nodes
empirically, i.e. if there are m stable eigenvalues and N −m unstable eigenvalues
in the system, we sample the m first nodes and the N − m last nodes. We can
see that the error committed when sampling nodes empirically is similar as the
one committed with Algorithm 1 indicating that sampling as much nodes at the
beginning as there are stable eigenvalues and as much nodes at the end as there are
unstable eigenvalues gives a good approximation to the optimal sampling set.

4

6.3.3 Summary

To summarize the empirical intuition explained above and the numerical results of
examples 6.3.1 and 6.3.2, we state the following conjecture.

Conjecture 6.3.1. Given a non periodic time-varying graph signal X ∈ CN×T

whose columns satisfy xt+1 = Mxt ∈ CN with t ∈ {0, ..., T − 2} and xt the tth

column of X, we denote by m the number of stable eigenvalues of M and by N −m
the number of unstable eigenvalues. The stable eigenvalues are such that |λ| < 1
or |λ| = 1 with λ being located in a one-dimensional Jordan cell. The unstable
eigenvalues are such that |λ| > 1 or |λ| = 1 with λ being located in a Jordan cell of
dimension larger than 1. A good approximation to the optimal sampling set returned
by the optimal sampling operator

Ψopt = arg max
Ψ

σmin(ΨV̄(N))

is, when possible, to sample m nodes at t = 0 and N −m nodes at t = T − 1 while
still satisfying the rank theorem rank(ΨV̄(N)) = N .
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(a) 90%− 10% (b) 70%− 30%

(c) 50%− 50%

(d) 30%− 70% (e) 10%− 90%

Figure 6.8: Histograms of the number of nodes sampled when the system is asymp-
totically unstable with various proportions of stable-unstable eigenvalues in the sys-
tem in example 6.3.2
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(a) 90%− 10%
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(b) 70%− 30%
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(c) 50%− 50%
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(d) 30%− 70%
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(e) 10%− 90%

Figure 6.9: Relative error at each iteration when sampling with Algorithm 1 and
when sampling empirically when the system is asymptotically unstable with various
proportions of stable-unstable eigenvalues in the system in example 6.3.2

67



6.4 Summary

Given a non-periodic time-varying graph signal X ∈ CN×T whose columns satisfy

xt+1 = Mxt ∈ CN ,

with t ∈ {0, ..., T − 2}, we showed in section 6.1 that X is at most N -bandlimited
when using M̄ as graph shift.
A valid sampling operator Ψ should select nodes such that rank(ΨV̄(N)) = N with
V̄ the eigenvector matrix of M̄ . There are often multiple sampling sets possible
that satisfy this condition. We showed in section 6.2 how some coloring rules on the
dynamical graph GD issued from M could give us some insights about the validity
of a particular sampling set.
Finally, an optimal sampling operator minimizing the effect of noise should maximize
the minimum singular value of V̄(N). We explained in section 6.3 by an argument
about stability why it seems reasonable to assume that it is best to sample as many
nodes at the beginning as there are stable eigenvalues of M and as many nodes at
the end as there are unstable eigenvalues (while satisfying the rank theorem).
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Chapter 7

Experimental results : SIR model

Now that we have developed some theory about time-varying graph signals issued
from dynamical systems, we will study how this can be applied on some synthetic
(but inspired from a real-life application) data. We will simulate a time-varying
signal issued from the SIR compartmental model.

7.1 Experimental setup

In this section, we consider data that are created from the SIR model which is used
in epidemiology to model the spread of an infectious disease [Hethcote, 2000]. In this
model, we consider three compartments which are S for the number of susceptible
individuals, I for the number of infectious and R for the number of recovered or
deceased individuals. The three variables represent the number of people in each
compartment at a particular time and vary over time. The SIR system without
birth and death is expressed as follows :

dS

dt
= −βIS

N̄
,

dI

dt
=
βIS

N̄
− γI,

dR

dt
= γI

(7.1)

with dS
dt

+ dI
dt

+ dR
dt

= 0 and S(t) + I(t) + R(t) = N̄ . The parameter β is the
rate at which an infected person infects a susceptible person while γ is the rate at
which infected people recover from the disease. The linearization of (7.1) around
the equilibrium point with zero infectious individual (S∗ = N̄ , I∗ = 0, R∗ = 0) is
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given by
dS

dt
= −βI,

dI

dt
= (β − γ)I,

dR

dt
= γI,

(7.2)

Looking at (7.2), we see that the dynamics of the epidemic will depend on the quan-
tities β and γ and more precisely on their ratio R0 = β

γ
called the basic reproduction

number. If R0 > 1, then dI
dt

(0) > 0 and we have an epidemic, i.e. the fixed point
(S∗ = N̄ , I∗ = 0, R∗ = 0) is unstable since a small number of initially infected people
will lead to a growing number of infected people.

The spatial network that we will consider is composed of nodes representing various
airports across the United States. A directed edge connects one node to another
if there is a flight from this airport to the other and the weight on each edge indi-
cates the number of passengers between two airports in the year 2010 [KONECT,
2017] [Opsahl, 2011]. To reduce the number of airports considered in the United
States, only the 40 airports with the most outgoing passengers were kept. This gives
us a network containing 40 nodes distributed across the United States. The network
can be seen on Figure 7.1 where the edges between the airports are not shown for
the sake of clarity. To avoid any confusion in what follows, we denote by N the
number of nodes (the number of airports) in the network and by N̄ the number of
individuals considered in the signal issued from the SIR model.

Figure 7.1: US airports network

Since we work on a network with multiple regions (one around each airport), we con-
sider the quantities of susceptible, infectious and recovered individuals separately
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on each node of the network. We will hence use a multi-region variant of the SIR
model [Brugnano and Iavernaro, 2020]. Let us define

s =

 s1...
sN

 , i =

 i1...
iN

 , r =

 r1...
rN

 , n̄ =

 n̄1

...
n̄N


as the vectors of susceptible, infectious, recovered and total number of people on
each node (each region around an airport). These quantities vary in time. The basic
model (7.1) becomes

ds

dt
= −Bs� i� n̄+ T s,

di

dt
= Bs� i� n̄−Ci+ T i,

dr

dt
= Ci

(7.3)

where � denotes the Hadamard (i.e., component-wise) product, � denotes the
Hadamard division and

B =

β1 . . .

βN

 and C =

γ1 . . .

γN


are the matrices with the infection and removal rates. We see that these matrices

allow us to define different dynamics for the epidemic following the different regions
in the United States for example. The last term in the first two equations of (7.3)
models the transfer of people between the different airports. Matrix T is defined as
follows :

Tij =
Aji

365 pj
, i 6= j

Tii =
−
∑

j 6=iAji

365 pi

(7.4)

where Tij is the transfer coefficient from airport j to airport i, A is the adjacency
matrix of the airport network and pi is the population in the region of airport i. The
non-negative non-diagonal coefficients Tij allow to model the arrivals in a region i
from a region j and the negative diagonal coefficients Tii allow to model all the
departures from a region i. Since

∑N
i=1 Tij = 0, j = 1, ..., N , we can then verify that

the conservation property is satisfied,

N∑
i=1

[
dsi
dt

+
dii
dt

+
dri
dt

]
= 0

hence
N∑
i=1

[si(t) + ii(t) + ri(t)] = N̄
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The signal we will consider on the network is the number of susceptible and infec-
tious in each region. The notations used will be as follows : xt = (s(t), i(t))T ∈ C2N

is the signal at instant t. We can see this signal as being composed of two com-
ponents on each node k: sk(t) and ik(t) ∈ C. We do not consider the quantity of
recovered people in the signal to avoid increasing too much the computational load
but this quantity could also be added without modifying the results obtained in
what follows. Let us note that our signal is bi-variate on a network with 40 nodes
thus each node consists in two nodes (one for each variable of the signal).

Since we consider a discrete time signal that has to follow the dynamic of (7.3),
we must first linearize and discretize this system around an equilibrium point.
The equilibrium point we will consider is the case with zero infectious individual,
(s∗ = p̄, i∗ = 0, r∗ = 0) with p̄ the vector of the initial population in each region.
The linearization and discretization (taking ∆t = 1) is then given by

s(t+ 1) = s(t)−Bi(t) + T s(t),

i(t+ 1) = i(t) + Bi(t)−Ci(t) + T i(t),

r(t+ 1) = r(t) + Ci(t)

(7.5)

Our time varying graph signal thus follows the dynamic given by

xt+1 =

[
s(t+ 1)
i(t+ 1)

]
=

[
IN + T −B

0N IN + B + T −C

] [
s(t)
i(t)

]
= Mxt

(7.6)

The signal can be generated with an initial condition being a small perturbation
Ip ∈ CN from the equilibrium point, i.e. x0 = (s(0), i(0))T = (p̄ − Ip, Ip). In what
follows, Ip was chosen as a uniformly distributed random perturbation in the inter-
val [0, 300].

For each experiment, we will consider two different matrices as graph shift :

Classical graph shift The adjacency matrix Āadj of the complete network.

Dynamical graph shift The dynamical matrix M̄ of equation (6.2).

Remark. Since the signal is of size 2N (it is bi-variate) instead of N , we have to
define the adjacency matrix of the network accordingly. A natural way to represent
the adjacency matrix of a multivariate signal is to take the Cartesian product be-
tween the path graph and the basic adjacency matrix. Since we are dealing with
a two-dimensional signal on the spatial network of the US airports with adjacency
matrix A, we will consider the following matrix as the classical graph shift:

Āadj =

[
A IN
IN A

]
=

[
0 1
1 0

]
⊕A.
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For each experiment, we then compare the results obtained with both the classical
and the dynamical graph shifts. The first experiment is the ‘ideal’ case where the
signal exactly follows the dynamic given by (7.6). In the second experiment, we add
noise to the signal. In the last experiment, the signal we sample is issued from the
nonlinear system (7.3). We will work as follows :

Frequency content We compare the frequency content of the signal in both graph
shifts by computing the entropy of the Fourier transforms. The entropy is given
by

H = −
n∑
i=1

Pi log2 Pi (7.7)

where n is the number of frequencies in the Fourier domain and Pi is the
frequency content of the signal in the ith frequency (normalized by the total
frequency content of the signal in all frequencies).

Relative reconstruction error with varying number of sampled nodes We
compare the relative reconstruction error in function of the number of nodes
sampled via Algorithm 2. We sample from 1 to 2NT nodes with T the number
of time steps over which the signal is generated.

Relative reconstruction error with varying parameter In the second exper-
iment, we compare the relative reconstruction error in function of the noise
added when sampling 2N = 80 nodes. In the third experiment, we compare
the relative reconstruction error in function of the number of time steps over
which the signal is generated when sampling 2N = 80 nodes.

Sampled nodes We look at which nodes are preferably sampled by Algorithm 2
when sampling 2N = 80 nodes.

Computation time We compare the experimental computation times of Algo-
rithm 2 for both graph shifts.

7.2 First experiment : comparison between clas-

sical and dynamical graph shift

First of all, we will compare the results obtained with the classical graph shift and
the dynamical graph shift developed in section 6.1. Time will be represented with
an undirected path graph. The signal spans over 10 time steps. We thus have a
spatial network with 2N = 80 nodes (40 airports and two variables on each airport)
and a time network with T = 10 nodes.

Looking at the different Fourier transforms of the signal on Figure 7.2, we can
see that it is neither bandlimited in the graph frequency domain nor in the time
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frequency domain and it is also not bandlimited in the joint frequency domain. How-
ever, we see that some Fourier components carry much more information about the
signal than others, together in the DFT (Discrete Fourier Transform), GFT (Graph
Fourier Transform) and JFT (Joint Fourier Transform). The signal is approximately
bandlimited. This can also be seen when computing the entropy (equation (7.7)) of
the different transformations (Table 7.1) which is lower than the maximum possible
entropy. This indicates that the signal is better explained by some of the eigenvec-
tors of the graph shift than by others.
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Figure 7.2: First experiment : power spectrum of the signal obtained by the DFT,
GFT and JFT. The signal is issued from (7.6) with T = 10 and N = 40.

Now from the way we built the signal, we know that it is 2N -bandlimited when using
the Fourier basis from M̄ in (6.2). Hence it is possible to sample 2N nodes from the
joint network and get perfect recovery of the whole signal. We can also compute the
(joint) entropy (Table 7.1) which shows that the signal is even more concentrated
on some eigenvectors of the dynamical graph shift than with the classical graph shift.

We will compare both graph shifts in terms of the relative reconstruction error
when we increase the number of sampled nodes. In the classical case, we can choose
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DFT GFT JFT
Max entropy log2(10) log2(80) log2(800)

= 3.3219 = 6.3219 = 9.6439
Classical graph shift - Entropy 1.6042 5.2828 6.8866

Dynamical graph shift - Entropy / / 5.8699

Table 7.1: First experiment : entropy of the different Fourier transforms. The signal
is issued from the linear system (7.6) with T = 10 and N = 40.

to sample time and space separately or jointly. In this case, since the signal is only
approximately bandlimited, we choose to sample time and space jointly. This will
ease the comparison with the dynamical case. Let us just note that sampling in
space and time separately would allow us to reduce the computational load (when
selecting the sampling set with Algorithm 1 or 2) but we would lose flexibility in the
different possible sampling sets which could only lead to a possibly higher relative
error when using the classical graph shift.

Figure 7.3 shows the relative error in function of the number of sampled nodes
with both graph shifts. First of all, we observe that the error drops to zero for the
dynamical graph shift when the number of sampled nodes is greater than 80 = 2N .
This is in accordance with the theory. The error with the classical graph shift de-
creases as we sample more and more nodes but we have to sample more than 250
nodes (about one third of the total number of nodes) in order to get a relative error
of less than 10% which shows that this graph shift is inappropriate for such signals
compared to the dynamical graph shift.

We can also look at which nodes are preferably sampled by the sampling algorithm
(Algorithm 2) used (when sampling 80 nodes). Figure 7.4 shows a histogram of the
number of nodes sampled from both quantity s (susceptible people) and i (infectious
people) and another histogram of the number of nodes sampled at each time instant.
In this case, we see that the majority of the 80 nodes are sampled from the quantity
s and we can observe an almost even division between time 0 and time 9. Looking
at the eigenvalues of the dynamic matrix M , we observe 23 unstable eigenvalues
(|λ| > 1) which partly explains the number of nodes sampled at the last time step
as discussed in section 6.3.

Finally, let us note that although the sampling algorithm used with both graph shifts
is the same (Algorithm 2) with inputs and outputs of the same size, the experimental
computation times observed vary a lot between the two methods. Indeed, as can be
seen on Figure 7.5, the computation time to select the sampling set when using the
dynamical graph shift is systematically smaller than with the classical graph shift.
This observation also holds for the second and third experiment.
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Figure 7.3: First experiment : evolution of the relative error with the number of
sampled nodes with the classical and the dynamical graph shifts. The signal is
issued from (7.6) with T = 10 and N = 40.

(a) Quantity of s nodes versus quantity
of i nodes

(b) Quantity of nodes at the different
time steps

Figure 7.4: First experiment : histograms of the number of nodes sampled. Left :
comparison between the quantity of nodes sampled with value of s and with value
of i. Right : comparison between the different time steps.

We also ran this first experiment on the US airport network with N = 160 airports.
The results are similar to the ones obtained in this section and are presented in the
appendix A.1.
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Figure 7.5: First experiment : evolution of the computation time of Algorithm 2
with the number of sampled nodes with the classical and the dynamical graph shifts.

7.3 Second experiment : additive noise in the

signal

In the second experiment, we add some noise to the signal. We will conduct two
different experiments here. In the first one, we add a constant noise and we sample
more and more nodes in the network. In the second one, we add more and more
noise while still sampling 2N = 80 nodes.

In general, we can consider that the signal present in the real world is

Xreal = XSIR +Nmodel

where XSIR is the signal issued from the SIR dynamical system (an approximation of
the reality) and Nmodel is noise issued from the model (the model is an approximation
of what happens in real life where the signal is usually not deterministic). XSIR

represents the deterministic part of the signal while Nmodel is the non-deterministic
part. Then, the signal we measure on the nodes of the network is given by

Xmeasured = Xreal +Nmeasurements = XSIR +Nmodel +Nmeasurements

where Nmeasurements is noise issued from the measurements (error in the measure-
ments, etc). In this section, the noise we add is considered as being noise issued
from the model, i.e., noise representing the non-deterministic part of the real signal.
We ignore the noise issued from the measurements as the impact of this noise is al-
ready minimized by the sampling algorithm used (section 2.1). The signal we want
to recover is the true signal Xreal while the dynamical graph shift was designed to
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perfectly recover the deterministic part of this signal XSIR. In this section, we will
thus study the impact of the non-deterministic part of the signal on the reconstruc-
tion performance when using the dynamical graph shift (and we still compare these
performances to the ones obtained with the classical graph shift).

First, we simulate the signal over 10 time steps. The signal XSIR taken is the
same as the one used in the first experiment. We then add white Gaussian noise
ε ∼ N (0, σ2) such that the signal-to-noise (SNR) ratio given by

SNRdB = 10 log10

(
PXSIR
Pnoise

)
(7.8)

is constant, with PXSIR and Pnoise the power of the signal and of the noise respec-
tively. Let us note here that the conservation property

N∑
i=1

[si(t) + ii(t) + ri(t)] = N̄

is not verified anymore in this case. We then look at how the relative error evolves
when sampling more and more nodes with a constant added noise.

The entropy of the joint Fourier transform of the noisy signal (with SNR of 20,
30 and 40 dB) and of its noise-free version are given in Table 7.2. We can see that
the entropy is higher for the noisy signal than without noise for both graph shifts.
The entropy is again smaller with the dynamical graph shift and decreases faster
when we decrease the noise added. We should again get better results than with
the classical graph shift.
The results are shown on Figure 7.6 for various SNR (20, 30 and 40 dB). Concerning
the dynamical graph shift, we observe a sudden drop in the relative reconstruction
error when sampling 2N = 80 nodes. We do not reach a zero error as in the ideal
case of the first experiment in section 7.2 but we still observe the effect of this the-
oretical bound. Then, we can see that increasing the number of nodes above this
value does not have a great impact on the error. Indeed, the relative reconstruction
error (for 20 dB) does not really decrease before sampling 500 nodes (about two
third of the total number of nodes). This bound of 2N nodes thus seems to remain
the optimal choice concerning the number of nodes to sample with the dynamical
graph shift as far as the trade off between the number of nodes to sample and the
magnitude of the relative error is concerned. Concerning the error with the classical
graph shift however, we can observe a real decreasing trend but just as in section 7.2,
we have to sample more nodes than with the dynamical graph shift (almost every
node) in order to reach an acceptable threshold for the error. In fact, we observe
the same trend in these figures than in Figure 7.2.

We conclude this experiment by observing that the noise only has a perceptible
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Max entropy
JFT entropy

Noise-free signal Noisy signal

Classical graph shift
20 dB

9.6439

6.8866
7.4803

30 dB 7.1346
40 dB 6.9861

Dynamical graph shift
20 dB

5.8699
7.3797

30 dB 6.6272
40 dB 6.2242

Table 7.2: Second experiment : entropy of the joint Fourier transform when noise
is added in the signal issued from the linear system (7.6) with N = 40 and T = 10.
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Figure 7.6: Second experiment : evolution of the relative error with the number
of sampled nodes with the classical and the dynamical graph shifts. The signal is
issued from (7.6) with T = 10 and N = 40 with added noise at constant signal to
noise ratio (20, 30 and 40 dB).

impact on the dynamical graph shift which still performs well when the SNR is not
too low.

Next, we add white Gaussian noise such that the SNR is increasing and goes from 0
to 100 dB. With both graph shifts, the number of sampled nodes is 2N = 80. Figure
7.7 shows the relative error in function of the SNR. We can see that our dynamical
graph shift does not perform well for a small signal to noise ratio but with a SNR of
above 30 dB, we get a reconstruction error of less than 5% and this reconstruction
error continues to decrease as the SNR increases. Our dynamical graph shift still
performs a lot better than the classical graph shift which has a relative error of
about 40% whatever the signal to noise ratio considered. In fact, the noise does not
seem to have any impact there since it already had a relative error of about 40%
when sampling 80 nodes on the noise-free signal (see Figure 7.2).

Finally, we can compare the sampling set when sampling 80 nodes in this experi-
ment to the sampling set of the experiment in section 7.2 to see if the noise has an
impact on the optimal sampling set. The sampling set is almost exactly the same
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Figure 7.7: Second experiment : evolution of the relative error with the SNR with
the classical and the dynamical graph shifts when the number of sampled nodes is
2N = 80. The signal is issued from (7.6) with T = 10 and N = 40 with added noise.

when adding noise has can be seen on Figure 7.8. Again, the majority of the 80
nodes are sampled from the quantity s and we can observe an almost even division
between time 0 and time 9. We can observe that some nodes are sampled at time 5.

(a) Quantity of s nodes versus quantity
of i nodes

(b) Quantity of nodes at the different
time steps

Figure 7.8: Second experiment : histograms of the number of nodes sampled. Left :
comparison between the quantity of nodes sampled with value of s and with value
of i. Right : comparison between the different time steps.

We also ran this second experiment on the US airport network with N = 160 air-
ports. The results are similar to the ones obtained in this section and are presented
in the appendix A.2.
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7.4 Third experiment : introduction of non-

linearities

In the third experiment, we simulate the signal with the nonlinear dynamical sys-
tem (7.3) but we still build M̄ from the linearization (7.5) of this system. We will
again compare the results obtained with the classical graph shift and the dynamical
graph shift. In this experiment, we will increase the number of time steps where
we observe the signal. Indeed, in this case, we expect the linearization (7.5) of the
model (7.3) to be a good approximation when T is small but to become inaccurate
when T increases. We will thus compare the performances of both graph shifts when
T is small and when T is large.

First of all, we again simulate the signal over 10 time steps. In this case, the
linear approximation stays accurate, we are still in the linear regime and the results
obtained are comparable to the ones obtained in the first experiment in section 7.2.
These are presented in the appendix A.3.

Then, we simulate the signal over 40 time steps (the total number of nodes is now
3200). In this case, the linear approximation is not accurate anymore, we have
entered the nonlinear regime. The entropy of the joint Fourier transform of this
signal and of its linear approximation are given in Table 7.3. We can see that the
difference of entropy between the real signal and its linear approximation is not
negligible with the dynamical graph shift. The real signal is less sparse in this rep-
resentation than its linear approximation. This was expected since we know that
the linear approximation is only valid for a small time lapse. We thus expect to
get worse results concerning the reconstruction error in this case. Nevertheless, we
can still observe that the entropy of the signal with the dynamical graph shift is
smaller than when using the classical graph shift so we should still get better results.

Looking at the relative reconstruction error, we directly see on Figure 7.9 that it is
higher than in the ‘ideal’ case of the first experiment with both graph shifts. We can
still observe a large drop between 1 and 80 sampled nodes with the dynamical graph
shift but the relative error is not negligible anymore. We now have to sample more
than 150 nodes to get an error of less than 10%. This confirms what we expected,
namely that the linearization of the model (7.3) is a good approximation when T is
small (for example T = 10) but it becomes less accurate when T increases. However,
even with a relatively large T , we are still able to get an acceptable reconstruction
error (for example about 5%) with a relatively small amount of sampled nodes (here
about 300 nodes which represents one tenth of the total number of nodes). And
still, these results are better than the ones obtained with the classical graph shift
where we have to sample more than 2000 nodes (two third of the total number of
nodes) to get an error of less than 10%.
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Max entropy
JFT entropy

Nonlinear signal Linear signal
Classical graph shift

11.6439
8.9582 9.7393

Dynamical graph shift 7.2128 5.9412

Table 7.3: Third experiment : entropy of the joint Fourier transform. The signal is
issued from the nonlinear dynamical system (7.3) with N = 40 and T = 40.
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Figure 7.9: Third experiment : evolution of the relative error with the number of
sampled nodes with the classical and the dynamical graph shifts when T = 40. The
signal is issued from the nonlinear dynamical system (7.3) with N = 40.

Finally, let us look at the evolution of the error when we always sample 2N = 80
nodes but the signal is simulated over more and more time steps. This will allow us
to assess to which extent we can consider that our linearized model is a good ap-
proximation to the original model. On Figure 7.10a, we can see that when sampling
80 nodes and depending on the acceptable threshold for the application, using the
dynamical graph shift gives a reconstruction error of less than 10% up until about
35 time steps while the classical graph shift does not give any acceptable results
when sampling as few nodes as we did in this experiment.

It is worth noting that by doubling the number of sampled nodes to 160, we can get
a reconstruction error of less than 10% even when T = 50 as can be seen on Figure
7.10b while the classical graph shift still gives a relative error of more than 20% for
small time lapses and more than 40% for large time lapses.
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Figure 7.10: Third experiment : evolution of the relative error with the number of
simulated time steps with the classical and the dynamical graph shifts when the
number of sampled nodes is 2N = 80. The signal is issued from the nonlinear
dynamical system (7.3) with N = 40.

Finally, we can compare the sampling set when sampling 80 nodes in this experi-
ment to the sampling set of the first experiment to see if the non-linearities have an
impact on the optimal sampling set. In this case, we only consider the experiment
over 10 time steps because the total number of nodes is then then same. In this
case, the sampling set is exactly the same as in the first experiment.

7.5 Conclusion

Through the three experiments conducted in this chapter, we have seen that using
the dynamical graph shift developed in section 6.1 is more efficient than using the
classical graph shift such as the adjacency matrix.
In each of the experiments, the number of nodes to sample allowing for a small
reconstruction error is much smaller with the dynamical graph shift than with the
classical graph shift and we have seen that the theoretical bound of N nodes (N
being the dimension of the signal) sufficient to get perfect reconstruction in the ‘ideal’
linear case without noise is also a good choice concerning the trade-off between the
number of nodes to sample and the reconstruction error when noise is added to the
signal. Concerning the case where the signal is issued from a nonlinear dynamical
system and where the dynamical graph shift is build from the linearization of this
system, our graph shift also stays competitive when we stay in the linear regime. The
performances with the dynamical graph shift get worse when entering the nonlinear
regime but can be improved by sampling more nodes and are still better than with
the classical graph shift. Finally, the algorithm used for the sampling set selection
executes faster when using the dynamical graph shift.
Let us note that we conducted the experiments in this chapter on synthetic data.
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It could be interesting to assess the performances of the dynamical graph shift on
some real-world data instead.
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Conclusion

The sampling and reconstruction problem has already been extensively studied in
the last ten years for static graph signals and more recently for time-varying graph
signals. The classical GSP sampling theory uses prior knowledge about the un-
derlying graph structure to efficiently sample these signals through the graph shift
(adjacency matrix or graph Laplacian) but it does not take advantage of any prior
knowledge we could have about the underlying dynamic of these signals. In this
thesis, we have studied how we could use a new graph shift to exploit the knowledge
we have when signals are issued from linear dynamical systems and we have showed
that it improves the performances obtained in sampling and in reconstruction.

In the first part of this thesis, we reviewed the notions of graph signal processing
and of sampling for arbitrary static and time-varying graph signals.

In the second part, we started from the classical theory and adapted it to the case
where the time-varying signals are issued from linear dynamical systems. Our main
contribution was to provide a new graph shift (both for the periodic and the non-
periodic case) for the underlying network which exploits the underlying dynamic of
the signal. This allowed to systematically have a sparse representation of the signal
in the frequency domain and put a bound on the sufficient number of nodes to sam-
ple for perfect recovery of the whole signal. Building a dynamical graph based on
the dynamic of the signal, we also showed how we could identify a valid sampling
set by applying some coloring rules and explained how finding a valid sampling set
was similar to the problem of finding a zero-forcing set on this graph. Finally, we
showed by numerical results how the stability of the linear system had an impact
on the optimal sampling strategy to apply and we explained this via some heuristic
arguments.

We have seen the importance of considering such signals issued from dynamical
systems. This type of signal commonly arises in real-world applications as many
real-world signals are usually modeled by dynamical systems (the spread of a dis-
ease, heat diffusion processes, consensus algorithms, etc). Taking into account the
prior knowledge we have on these signals through a new graph shift, we showed that
we could improve the performances of sampling and of reconstruction in terms of the
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number of nodes to sample and of the reconstruction error compared to the classical
graph shift, making the process of sampling and reconstruction much more efficient.
We think that there is still much to learn in the field of GSP for time-varying graph
signals issued from dynamical systems and this could make the solutions to the var-
ious problems faced with these signals much more efficient.

Some of the issues we have gone through have only been covered a little, and there
are still some open questions remaining. Indeed, in sections 5.2 and 6.2, we have
talked about the coloring rule on the dynamical graph corresponding to the dynamic
of the signal which allows to identify a valid sampling set for the signal. The con-
jecture we stated about this remains to be proved. It would also be interesting to
find if an efficient algorithm exists to solve this problem and this could be found in
the field of the zero-forcing set problem. Another problem that was only slightly
covered is the impact of the stability of the system on the optimal sampling strategy
to apply.
Let us also note that in this thesis, we only considered static networks but it often
happens that the networks change with time. The underlying dynamic of the time-
varying graph signal could also evolve with time and as was mentioned in chapter
7, the signal could be issued from a non-linear dynamical system. All these issues
could be explored in more details and would allow to improve the performances of
the sampling algorithms on real-world data.
Finally, we only looked at the sampling and reconstruction problem for those signals
issued from dynamical systems but the field of graph signal processing is much larger
than that. Consideration could also be given to whether other common problems in
GSP such as filtering, compressed sensing or graph learning could be adapted such
that the performance of the solution to these problems would be improved in the
case of signals issued from dynamical systems.
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Appendix A

Additional experimental results

A.1 First experiment : comparison between clas-

sical and dynamical graph shift on a 160 nodes

network

The results presented in this section were obtained with the same experimental setup
as in chapter 7 on a network containing 160 nodes.

The different Fourier transforms of the signal are presented on Figure A.1 and Table
A.1 presents the entropy of these different transformations. The same conclusions
as in the 40 nodes case can be drawn.

DFT GFT JFT
Max entropy log2(10) log2(80) log2(800)

= 3.3219 = 8.3219 = 11.6439
Classical graph shift - Entropy 1.6322 7.2400 8.9028

Dynamical graph shift - Entropy / / 7.9090

Table A.1: First experiment : entropy of the different Fourier transforms. The signal
is issued from the linear system (7.6) with T = 10 and N = 160.

Figure A.2 shows the relative error in function of the number of sampled nodes for
both methods.

Figure A.3 shows a histogram of the number of nodes sampled from both quantity s
(susceptible people) and i (infectious people) and another histogram of the number
of nodes sampled at each time instant.
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Figure A.1: First experiment : power spectrum of the signal obtained by the DFT,
GFT and JFT. The signal is issued from (7.6) with T = 10 and N = 160.

A.2 Second experiment : additive noise in the

signal on a 160 nodes network

The results presented in this section were obtained with the same experimental setup
as in chapter 7 on a network containing 160 nodes.

The entropy of the joint Fourier transform of the noisy signal (with SNR of 20,
30 and 40 dB) and of its noise-free version are given in Table A.2 and the evolution
of the relative error when sampling more and more nodes at constant added noise
is shown on Figure A.4 for various SNR (20, 30 and 40 dB).

Figure A.5 shows the relative error in function of the SNR.

Figure A.6 shows a histogram of the number of nodes sampled from both quantity
s and i and another histogram of the number of nodes sampled at each time instant.
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Figure A.2: First experiment : evolution of the relative error with the number of
sampled nodes with the classical and the dynamical graph shifts. The signal is
issued from (7.6) with T = 10 and N = 160.

(a) Quantity of s nodes versus quantity
of i nodes

(b) Quantity of nodes at the different
time steps

Figure A.3: First experiment : histograms of the number of nodes sampled. Left :
comparison between the quantity of nodes sampled with value of s and with value
of i. Right : comparison between the different time steps.

A.3 Third experiment : introduction of non-

linearities with T = 10

We simulate the signal with the nonlinear dynamical system (7.3) but we build M̄
from the linearization (7.5) of this system. The signal is simulated over 10 time steps.
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Max entropy
JFT entropy

Noise-free signal Noisy signal

Classical graph shift
20 dB

11.6439

8.9028
10.0639

30 dB 9.3899
40 dB 9.0800

Dynamical graph shift
20 dB

7.9090
9.3650

30 dB 8.5822
40 dB 8.1796

Table A.2: Second experiment : entropy of the joint Fourier transform when noise
is added in the signal issued from the linear system (7.6) with N = 160 and T = 10.
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Figure A.4: Second experiment : evolution of the relative error with the number
of sampled nodes with the classical and the dynamical graph shifts. The signal is
issued from (7.6) with T = 10 and N = 160 with added noise at constant signal to
noise ratio (20, 30 and 40 dB).
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Figure A.5: Second experiment : evolution of the relative error with the SNR with
the classical and the dynamical graph shifts when the number of sampled nodes is
2N = 320. The signal is issued from (7.6) with T = 10 and N = 160 with added
noise.
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Figure A.6: Second experiment : histograms of the number of nodes sampled. Left
: comparison between the quantity of nodes sampled with value of s and with value
of i. Right : comparison between the different time steps.

The entropy of the joint Fourier transform of this signal and of its linear approx-
imation are given in Table A.3. We can see that the difference of entropy is very
small between the real signal and its linear approximation for both graph shifts so
we expect the result of the reconstruction error to be similar to what we obtained
in section 7.2. Also, the entropy is again smaller with the dynamical graph shift so
we should again get better results than with the classical graph shift.
The results of the reconstruction error can be seen on Figures A.7a and A.7b. We
can see that the dynamical graph shift is more efficient than the classical one in
terms of the number of nodes we have to sample in order to reach an acceptable
threshold with the relative error. We obtain a relative error of less than 10% when
sampling 70 nodes and drop to an error of almost zero when sampling 2N = 80
nodes with the dynamical graph shift while we have to sample more than 250 nodes
(more than one fourth of the total number of nodes) with the classical graph shift
to get an error of less than 10%.
Now, compared to the first experiment, we can see that with the dynamical graph
shift the results are almost as good in this case where the signal is issued from a
nonlinear dynamical system than in the case where the signal is issued from a linear
system. Indeed, the relative error here becomes negligible when sampling 2N nodes
which is the threshold to get a zero error in the linear case.
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Max entropy
JFT entropy

Nonlinear signal Linear signal
Classical graph shift

9.6439
6.8878 6.8866

Dynamical graph shift 5.8708 5.8699

Table A.3: Third experiment : entropy of the joint Fourier transform. The signal is
issued from the nonlinear dynamical system (7.3) with N = 40 and T = 10.
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Figure A.7: Third experiment : evolution of the relative error with the number of
sampled nodes with the classical and the dynamical graph shifts when T = 10. The
signal is issued from the nonlinear dynamical system (7.3) with N = 40.
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