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Introduction

The economic load dispatch is a common problem faced daily by power grid operators. The task
is to find the optimum repartition of a system load among different electricity generation facilities
or said differently to determine the lowest possible production cost subject to transmission and
operational constraints. The general idea is to use the generators in function of their marginal
cost. The unit whose marginal cost is the lowest will be employed first. Then, the one whose
cost is the second lowest will be used and it continues recursively until the sum of the generated
electricity reaches the demand.

A special constraint for the production is a source of specific complications. During the
production, large units do not generate power smoothly. Instead, large steam turbines are
controlled by several steam admission valves which operate independently. When a valve is
open. The cost increase because of the throttling around the valves and because of the sudden
temperature increase driven by the addition of fuel. This creates ripple curves over the cost
function. This phenomenon is called the valve-point effect. Hence, the curb is no longer convex
and classic methods of optimization cannot be employed.

In the literature, most of the approaches to solve this issue are based on heuristics. So,
they cannot guarantee convergence to the optimal solution; only to a local minimum. The
stopping point of the algorithm depends on the initialization of the algorithm. Henceforth, some
procedures perform very well on some data whereas in order cases they do not reach the same
quality.

In [1], a new model targeting this issue is proposed by minimizing a mixed-integer quadratic
substitution problem which converges to a global optimum. The surrogate problem is known to
return a cost lower than the real one. However, given a finite iteration number, the difference
between the two converges to zero: there is no gap between the surrogate problem and the real
one. Consequently, the global optimum is reached with absolute certainty.

The optimization of mixed-integer problem is known to use a lot of variables, which gives a
low speed of convergence on large problems. Hence, the presented method does not intend to
replace heuristic algorithms aiming to propose a compromise between accuracy and run time. Its
purpose is to find the unknown optimality bound of different types of economic load dispatch
problem.

The method, named Adaptive Piecewise-Quadratic Under-Approximation (APQUA) [1], has
not already been tested on more complex models subject to other constraints than the valve-point
effect. This document aims to apply the algorithm on other cases and to compare it with other
approaches to get more knowledge on its performances. It is made on cases proposed in review
papers in order to easily compare the outputs, with heuristic approaches for example.

In the first chapter of this thesis, some explanations about the theoretical background of the
mixed-integer formulation are given. The model developed by the UCL team is described and
afterwards, it is tested on a dataset to obtain some numerical results. This data is one of the
reference test sets used in the field to compare the different algorithms.

The second chapter talks about the dynamic economic load dispatch problem. Here, the
electricity generation is considered over several periods, which are generally hours. The production
between two consecutive hours cannot change too widely since units need time to reach their
maximum capacity or to cool down. APQUA is then tested and the consequences of a dispatch



over several hours are observed, in particular on the run time.

In the third chapter, new constraints are introduced for the static case. Generators are
usually not restricted to only one usable fuel. Each combustible has its own properties and then
its specific marginal cost functions. The end of the chapter compares the APQUA technique to
other ones.

Finally, the fourth chapter talks about the loss of power during the production when some part
is lost due to bad insulation of the network or due to heat associated with electricity generation.
The losses are directly correlated to the production and they increase as the production does.
Hence, even when disregarding the valve-point effect, the problem is no longer convex. Methods
are proposed to avoid this and are then numerically tested.



Chapter 1

Context and original model

The basics of the problem of the economic load dispatch problem (ELDP) and the proposed
solution given by the team of the Université Catholique de Louvain [1], on which the present
master thesis in based, are detailed in the present chapter. Then, the performance of the
algorithm is tested on a reference dataset of the field.

1.1 The economic dispatch problem

The mathematical context around the economic dispatch problem with valve-point effect will be
detailed in this section. This is an optimization problem. The cost function to produce electricity
thanks to several reactors has to be minimized. Each reactor produces a certain amount of
electricity which impacts on the objective function. It can be written as:

n

fp)=>_ filp) (1.1)
i=1
where f is the total production cost, n is the number of reactors, f; is the individual electric
production cost of each reactor. It is a function of p;, the electricity produced by reactor i.
A classical way to model this cost function f; is a quadratic function for each generator, as
follows,

filpi) = aip? + bipi + ¢

where a;,b; and ¢; are scalar coefficients.

However, actually, performance curves doe not behave smoothly. Instead, a generator with
multi-valve turbines shows a variation in the cost function. The valve opening process of the
reactors induces ripples on those curves. The wire drawing effect leads to a loss when the steam
admission valve starts to open [20], [21]. This phenomenon is called the valve-point effect (VPE).
A regular model for this effect is the rectified sine curve:

SR (i) = dilsin(eq(pi — pi™™))] (1.2)

where d; and e; are both positive coefficients [23]. The cost function is:

fi(pi) = aip} + bipi + ¢; + dy|sin(e; (p; — pI"™))|

A visualisation of the cost function with and without valve-point effect is shown in the figure
1.1.
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Figure 1.1: Production cost for a reactor. The valve-point effect creates non smooth curves.

In [1], the VPE function fY7F (1.2) is only considered for each i as a Lipschitz-continuous
piecewise-concave function. Further information on the requirements will be provided in section
1.2.1.

Some constraints also have to be satisfied to correspond to the ELDP. First, a constraint
corresponding to the power balance constraint. It imposes that the sum of the production of
each reactor is equal to the demand even though some power is wasted in the production:

> pi=D+pL(p)
=1

with D a scalar and pr(p) representing respectively the total power demand and the power loss
during the transmission over the network in MW. In this basic version of the problem, the
power-loss term is set to 0; in the section 4, consequences of a non-null coefficient are explored.

Another constraint, the physical production limitations of the reactors, has to be applied;
each of them has a minimum,p;"m and a maximum,p;"**. The power generation is within the
interval [pf", pi"@®]. The restriction on the domain is written as:

max

P < p; < piner

In the end, the ELDP without losses under the two above mentioned constraints and stated
as a minimization problem is :

n
minimize f(p) = aip} + bipi + ci + dilsin(e;(pi — pi"™))] (1.3a)
=1
. 7
subject to Zpi =D (1.3b)
i=1
P < pp < pi"T Vi€ {1,...,n} . (1.3¢)

1.2 Solving way

The approach proposed by the UCL team will be shown and the algorithm explained in this
section.

1.2.1 Surrogate problem

The problem posed in the previous section can be tackled by solving several surrogate problems
in a row. Each of those is solved thanks to a mixed integer quadratic programming (MIQP)
solver.



The surrogate problem consists in replacing fYF¥ by its spline interpolation. Regarding the
function, it is concave on the interval [pfljnk,pflffl] J = 1,..nFnk — 1 with pfﬁ"k < p™™ and
pffffl > p® The method used in [1] does not require a L1psch1tz constant but needs to know

the kink points. For the common rectified sine model (1.2), the kink points are given by:
ik = (= 1) T e b — e ) ] 1
(2

For every i, given knot X;; < Xj2 < ... <X kno including the kink points mentioned above,
the spline interpolation with respect to the given knots is:

si(pi) = qijpi + Bij i € [Xij, Xij1), §=1,2,...,nfm00 —1 (1.4)

where VPE
fYPE(Xij) — [V PE (X )
Xij+1 — Xij

Qg5 =

is the slope of the jth linear part and
Bij = fVPE(X J) @i Xi

XijrfVPE (X j) — Xaj 1V PE (X )
Xij+1— Xij

is the vertical intercept. Hence, the surrogate problem given by the knots X; 1 < X;2 < ... <
X~ knot iS:
5,n;

n
mipneig}}ze 9(p) =D aip} + bipi + ¢; + si(pi) (1.5a)
i=1
n
subject to Zpi =D (1.5b)
P <pi < Vi {1, 0} (1.5¢)
The linear spline s; is an underapproximation of the VPE term fYF# according to the

assumption that the function is concave. So, the function in 1.5 returns an underestimated cost
of the original objective function 1.3a.
1.2.2 MIP theory

The chosen mixed-integer programming (MIP) formulation for the optimization of a piecewise-
linear cost function

s(p) =ajp+ P, peXij—1,Xij], i=12,... _ pmot=1

admits the special order set of type 1 (SOS1) formulation, termed multiple choice model in [9]:

nknOt—l
minimize flp) = Z ajx; + B (1.6a)
p7X7n ]:1
’nknOt*l
subject to p= Z X (1.6b)
Xjnj ij SXj—Hnj Vj S 1,...,nkn0t—1 (1.60)
nknot_l
> opg=1 (1.6d)
j=1
n; €{0,...,1}Vjel,...,nfmot 1. (1.6¢)



The constraint (1.6d) sets every 7; to zero except only one called 7 which equals 1. So, it forces
the solver to select only one of the piecewise linear pieces. The constraint (1.6¢) imposes 55. to
belong to the interval [X;, X5 ], every other one is zero. Hence, the constraint (1.6b) becomes
P =X the objective function is also simplified to : f(p) = X+ ﬁjx.

1.2.3 MIQP formulation of the surrogate problem

By executing the same method as above, the surrogate problem given in section 1.5 can rewriten
as an MIQP problem. This model is a simpler version of the model in [26, §3.1]

n ni_cnotil
migixrr}]ize g(p) = Z {aipg + bip; + ¢; + Z (cijxij + Bijnij) (1.7a)
e i=1 j=1
n
subject to Zpi =D (1.7b)
i=1
Pyt < pi < pitt (1.7¢)
nknot_l
pi = Z Xij (1.7d)
j=1
Xijnij < Xig < Xije17ij (1.7e)
nlprzot_l
j=1
n €40,...,1} . (1.7¢)

1.2.4 Knots update mechanism and algorithm explanation

The algorithm proposed in [1] and named Adaptive Piecewise-Quadratic Under-Approximation
(APQUA) solves this problem. Furthermore, as shown in [1, §IV] , the objective function is
guaranteed to converge to the global optimum. The algorithm alternates between obtaining,
with an MIQP solver, a feasible approximate solution p of the surrogate problem (1.5a) caused
by the current set of knots, and updating the set of knots by inserting p inside it.

In the implementation of APQUA, the initial knots (line 3 of Algorithm 1) are the kink
points and, sometimes, their mid-points, which presence sometimes speeds up the algorithm.

The MIQP solver is called in line 12. The “if” statement in line 15 prevents repeated knots.
The “sort” operation in line 16 is straightforward since it merely consists in inserting p; in the
already sorted list. In line 13, g refers to the surrogate function (1.5a) induced by the current
knots Xi,la e ,Ximlimot.



Algorithm 1 APQUA: Adaptive piecewise-quadratic under-approximation

1: Set tolerance parameter d;, > 0;

2: fori=1,...,ndo

3:  Choose ordered knots (X1, ... ,Xiynimot) including the kink points pi-‘flnk, . ’piiﬁ{i“k'
4: end for '

5: repeat

6: fori=1,...,ndo

7: for j=1,...,nk"°" — 1 do

8: aij e (FYPP(XG 1) — FYPR(X0)) /(X — Xi);

9: ﬁm‘ — fVPE(Xi,j) — Oéz',in,j;

10: end for
11: end for

12:  p < feasible (approximate) solution of the MIQP surrogate problem (1.5), obtained with

an MIQP solver with absolute optimality gap tolerance ~;
13 6« f(p) —9(D);

14: fori=1,...,ndo

15: if minj€{17.“7nl;not} |ﬁz — Xi,j| > 0 then

16: (Xi,b e Xi7n£mot+1)
—sort(Xj1,..., Ximnimoc,ﬁi)

17: nknot ¢ pknot 4 1.

18: end if

19:  end for
20: until § < di

An iteration of the algortihm is presented in the figure 1.2.
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Figure 1.2: Introduction of a new points in the set of knots of a reactor after an iteration of the

algorithm. It is noted that the gap between the linear spline and the cost function is small at

the end of the plot before the iteration.

1.3 Hot start model

To speed up the convergence of the algorithm, a hot start can be tried: the problem is solved

in a simpler version through a preliminary step. Then, the optimum points returned are
starting points of the first true iteration [25].

the

For the ELD problem with valve-point effect, the preliminary step consists of the same
problem without VPE function. The rest remains the same. The line below is added between

the lines 4 and 5 of algorithm:

10



p < feasible solution of the problem without valve-point effect.

1.4 Numerical results

In the ELDP literature, test sets may change widely from paper to paper. It is then requested to
use reference set in order to validate the algorithm. In [11], the authors proposed a review of a
large number of different methods as well as several reactor sets whose true optimum is known.
This assures an objective comparison between methods. It also prevents heuristic methods from
obtaining remarkable results on sets proposed by their authors.

APQUA is tested on the reference set proposed in [11]. The results for the ELDP with
valve-point effect with single type of fuel and no power loss term are detailed in the table 1.1
and these are based on the data set from [22]. The total cost returned by the present method
is 121,412.535509%/h, this cost is exactly equal, excluding approximation errors, to the one
proposed in the review paper (121,412.5355$/h). This proves that the method does not lead to
any mistake in the cost function since the lower bound is not crossed.

The algorithm with a hot start returns the same cost, as expected. However, its run time is
larger than the version without hot start as shown in the table 1.2. The addition of the new
iteration to the run time does not compensate the gain of starting at the outputs returned by
the problem without VPE. In the following sections of this work, the optimizatoin problems are
solved without hot start.

Unit Power (MW) Unit Power (MW)
P1 110.799825 P21 523.279370
D2 110.799825 D22 523.279370
3 97.399913 P23 523.279370
Py 179.733100 P24 523.279370
s 87.799905 D25 523.279370
D6 140.000000 D26 523.279370
7 259.599650 D27 10.000000
s 284.599650 D28 10.000000
Do 284.599650 D29 10.000000
P1o 130.000000 P30 87.799905
P11 94.000000 P31 190.000000
P12 94.000000 P32 190.000000
P13 214.759790 D33 190.000000
P14 394.279370 P34 164.799825
P15 394.279370 P35 200.000000
P16 394.279370 P36 194.397778
p17 489.279370 P37 110.000000
D1s 489.279370 P38 110.000000
P19 511.279370 P39 110.000000
D20 511.279370 D40 511.279370

Total cost ($/h) 121412.535519

Table 1.1: Total cost of production for the 40 reactors dataset.

11



Regular model Hot start
Run time (s) 2.42 2.86

Table 1.2: Run time for APQUA on the 40 reactors dataset with and without hot start.

12



Chapter 2

Dynamic Economic Dispatch
Problem

This chapter details more complicated models dealing with several periods of time and other
new constraints. The numerical results are shown at the end of the part.

2.1 Dynamic model with ramp-limit, spinning reserve constraints

The dynamic model is explained in this section. The economic load dispatch problem also applies
during multiple periods of time. This introduces new constraints because continuity between
time periods has to be assured,. Each reactor produces a given amount of electricity per hour.
The total operation costs over the entire period have to be minimized.

The cost function is:

n m

flp) = Z > fir(pis)

i=1t=1

where p; ; is the production of the reactor ¢ at the period ¢ and f;; is the production cost for a
given reactor ¢ and for a certain time ¢, m is the number of hours.

Over the whole time interval, the cost function of the ELDP with valve-point effect is set to
get:

m n

f(p) = Z Z aipzt + bipi,t +c + dz“Sin(ei(pi’t _ pznln)”
t=11i=1

where the coefficients a;, b;, ¢;, d;, e; are the ones of the static model.
Other constraints present in (1.3) also have to be adapted. The model is now:

m n
minfmize Fp) = 2D aipiy + bipig + ci + dylsin(ei(pig — ™)) (2.1a)
t=11i=1
n
subject to me =D; Vte{l,...,m} (2.1b)
=1
P < piy < pt Vit € {1,...,n}, {1,...,m} . (2.1c)

where D; is the demand for the time interval ¢.

However, this model does not prevent discontinuity between periods. Indeed, the production
of a reactor could be widely different between two consecutive hours; this is not physically possible
because of the ramp limits. Generators needs time to either cool down or to heat up. The
unit production from one period to the next cannot change too rapidly, either in the upward or

13



downward direction [27]. Hence a limit is imposed on that variation. This behaviour is prevented
by the constraints:

—DR; < Dit — Pit—1 < UR; Vi,t¢€ {1, - ,N}, {27 T}

where DR; is the down ramp rate limit for the reactor ¢ and U R; is its upper ramp rate limit.
Parameters p; o are provided for each unit 7. They refer to the production of the reactors at the
start of first hour.

Other constraints are added to have a spinning reserve. This back-up is present to withstand
some load variation and possible outage of units or networks components[24]. For the dynamic
economic load dispatch problem, the spinning reserve can either be a fraction of the load or the
capacity of the largest unit or their combination [24],[18].

min(pgnam — Dit; URZ) > SRi,t vz)t S {17 s ,TL}, {17 s 7m}

> SRy > SSR{“ vte{l,...,m}

=1

where SR;; is a variable that gives the spinning reserve for the reactor i at time ¢ and SSR;“? is
the required reserve parameter for a given hour ¢.
Hence the dynamic problem has the form :

m n
minimize F0) =D il + bipiy + ci + di|sin(ei(pie — pi™™))| (2.2a)
p.SRER™ i—1i=1
n
subject to Zpu =D, Vte{l,...,m} (2.2b)
i=1
P < iy < pit Vit € {1,...,n},{1,...,m} (2.2¢)
- DRZ < Dit — Dit—1 < URz Vla le {17 cee 7”}7 {27 s 7m} (22d)
min(p]"** —pi; UR;) > SRy Vit € {1,...,n},{1,...,m} (2.2¢)
n
> SRy > SSR{“ vte{l,...,m}. (2.2f)
i=1

2.1.1 Surrogate problem

Regarding the transformation of the non-convex term, the sinusoidal part of the objective function,
two different options have been tried to eliminate it in the new problem. The first one adds m
new points at most at each iteration per reactor while the second one introduces new piece-wise
under-approximation variables at the beginning but, at each iteration, one knot is created per
interpolation if necessary. The second method produces results in less time.

In both cases, the variables of the surrogate problem request a new dimension. Indeed, while
in the static case, the objective function summed the linear approximation over the piecewise
linear interpolation and over the different reactors, in the dynamic one, it is added over those
two dimensions and over the time one. Hence, we now have the variables n;; ; and ;¢ ;. 7it,;
is the binary variable of the selection of the jth piecewise linear spline and x;; ; is the electric
production of the surrogate problem of the reactor i at the time ¢.

Method 1

In the first approach, the list of kink points used for the surrogate problem,for one reactor, holds
over the whole timespan. The objective function and the constraints linked to the mixed integer
programming can be written as:

14



nl_cnot -1

n n 7
H;iilinrgiée gp)=> > [aip?,t Fbipig e+ Y (CigXitg + Bijniy)

i=1i=1 j=1
nlynot_l
subject to p;; = Z Xitj Vi,te{l,...,n},{1,...,m}
j=1
Xigieg < Xigg < Xigeming Vi jst € {1, on} {1, onf™ {1, om =1}
(2.3)
nknot_l
Z nig; =1 Vi,te{l,...,n},{1,...,m}
j=1
n; €4{0,...,1} .
Hence, the set of nodes for a given reactor is still X;; < ... ; X penot and it is the same for

every hour. The equation (2.3) is the same as in (1.7). For each time period, the piecewise
linear spline interpolation are set with respect to the same set of knots. The update mechanisme
corresponds to the following algorithm:

Algorithm 2 APQUA for dynamic case with one set of kink point for each time period

1: Set tolerance parameter i > 0;

2: fori=1,...,ndo

3:  Choose ordered knots (X1, ... ,Xi,nimot) including the kink points piﬁilnk, . ,pﬁ‘i‘mk.
4: end for '

5: repeat

6: fori=1,...,ndo

7: for j =1,...,nk"°" — 1 do

8: aij — (fYPP(Xi 1) = FYPR(XG )/ (Xigan — Xig);

9: Bij  [YPE (X ) — i i X

10: end for

11:  end for

12:  p « feasible (approximate) solution of the MIQP surrogate problem, obtained with an
MIQP solver with absolute optimality gap tolerance -;

13: 0« f(p) —9(D):

14: fori=1,...,ndo
15: fort=1,...,mdo
16: if minje{17._.7ni_(not} ‘ﬁ@t — X@j’ > (0 then
17: (Xi,h . ,Xi7n}i(not+1)
— SOI‘t(XZ'J, R ,Xi’n%i(not,ﬁi,t)
18: pknot ¢ pknot 41,
19: end if
20: end for

21: end for
22: until § < i)

The difference with respect to the static ELDP is the number of points added at each iteration.
While previously one kink point x was calculated, now there could be 24 new added points. If,
for example, the optimum production for the generator ¢ per hour is different than the points
in the set of knots for 10 hours ji, ..., jig over the m ones, the set of knots before ordering is
{Xit,.., X mknot s Dijy s - - - ,Dijiot- That drastically increases the number of variables over time.

15



Figure 2.1: Update mechanism
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(b) Knots points after one iteration

Each point is added to the same set. An illustration of the update mechanism is given in the
figures 2.1a and 2.1b.

Method 2

Another method consists of creating one set of points per reactor per time period. Hence, at
the beginning, a large number of variables is created. Nevertheless, the number increases more
slowly than in the previous approach. Before the start of the algorithm, each period for a certain
reactor has the same set of knots. Those values are defined as for the static model.
ni‘c"rlwt — néfgot — .= nﬁz;)t ]

After one or more iterations, the number of knots is often different between the periods since the
demand changes in function of time, which implies a specific behaviour per hour.

The kink points are defined by the same computation as in the static case. However, here,
they are copied for each time period :

. . i . . . €;
At = G = 1) 4 k= e o ] 1
(2

pivlmj :p’b,z,] = :pi7m7j °

16



The spline interpolation of the surrogate problem for all 7,¢ with knots X; ;1 < X;;2 < ... <

XM,nﬁ?ot given by the above kink points is:

$it(Dit) = it jPit + Bitj s Dit € [Xigj Xigj+1], 5=1,2,...,n

where VPE VPE
T (Xiggn) — 77 (X )
Xitj+1 — Xit

ai7t7j =
is still the slope of the jth linear part and

Bitg = fIF(Xing) — i jXin;

_ Xiggr VP (Kign) = Xiag F 7P (Xiy)
Xitjr1 — Xigj

knot _
it

1

(2.4)

Following the results presented in the first chapter, the mixed integer quadratic program surrogate

problem can be written :

nknot_l

m i,t
minimize g(p) = Z Z {aipz?,t +bipiy +c; + Z (0 gXitj + Bijnitj)

PXMS R = o
n
subject to Zpi,t =Dy Vte{l,...,m}
i=1
et
pl7t: Z X,L’tzj Vi7t€{]‘7"'7n}7{17"‘7m}
j=1

Xi,t,jni,t,j < Xi,t,j < Xi’t’jJrl?]Z"t,j VZ, t,j S {1, ... ,n}, {1, c. ,m}, {1, Lo,

knot __
n;y 1

Z nit; =1 Vi,te{l,....,n},{1,...,m}
j=1

nitj €4{0,...,1}

P < piy < pT Vit € {1,...,n},{1,...,m}

—DR; <pit —pir—1 <UR; Vi,te{l,...,n},{2,...,m}
min(p]"* — p;; UR;) > SRy Vi, t € {1,...,n},{1,...,m}

> SRy > SSR{“ vte{l,...,m}.
i=1

(2.5a)

(2.5b)

(2.5¢)

knot—l

(2.5d)

,L?-]

(2.5¢)

In this problem, the constraints (2.5d) and (2.5¢e) allow the selection of only one linear spline
among the different available ones for a given reactor at a given time. Thanks to (2.5e), it is
certain that the constraint (2.5e) will always be true except for only one linear spline between

the nodes [Xi,t,j, Xi,t,j+1]-
The algorithm of the above surrogate problem is set as follows.
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Algorithm 3 APQUA for dynamic case with several sets of kink points for each time period

1: Set tolerance parameter d;, > 0;

2: fori=1,...,ndo

33 forj=1,...,mdo

4 Choose ordered knots (X j1,. .. 7Xi’j’ni_(not) including the kink points pﬁilnk, e piiﬁ‘mk.
5. end for '
6: end for

7: repeat

8 fori=1,...,ndo

9 for j=1,...,m do

10: for k=1,...,n°" —1do

11: aijr — (FYPP(Xi ) = FYPP(Xa )/ (K g — Xigw);

12: Bigk — PV (X i) — i ju Xijins

13: end for

14: end for

15:  end for
16:  p <« feasible (approximate) solution of the MIQP surrogate problem, obtained with an
MIQP solver with absolute optimality gap tolerance ~;

17 6 f(p) —9(D);

18 fori=1,...,ndo
19: for j=1,...,mdo
20: if minke{lw’nl;r}ot} |15i,j — Xi,j,k| > 0 then
21: (Xi,j,h c ,Xi7j’n1£r}ot+1)
< SOI‘t(XZ‘J'J, e ,Xi7j7n§r;ot,ﬁi,j)
22: oot et 4 1
23: end if
24: end for

25: end for
26: until § < di)

This algorithm is different from the one in section 1.2.4. The time provokes now additional
loops in the algorithm. Indeed, the nodes and the linear coefficients of the spline interpolation
request now three dimensions instead of two as previously. In the line 17, g refers to the surrogate
problem whereas f is the non convex one. g is now given by the set of nodes {Xj j1,... X j7n£;r]{ot}.

The convergence of this algorithm towards the exact solution remains. The newly introduced
constraints are all linear. They reduce the admissible domain but the objective function remains
Lipschitz continuous on the dynamic economic load dispatch problem feasible set with a common
Lipschitz constant K. The proof presented in [1] is still valid in this case.

2.2 Numerical results

2.2.1 Comparison between the methods on a basic case

Both presented algorithms have been tested on data extracted from [4]. It consists of ten different
reactors with spinning reserve, ramp rate limit constraints. The production over different number
of hours. Due to the high number of variables requested to perform the algorithms, those
have been executed on the first five hours of the full dataset. Contrary to the other numerical
simulations presented in this thesis, the computer used to test those methods is not ours. It is
one of the clusters of the Université Catholique de Louvain. It is called Hmem, it has a 2.2 Ghz
CPU and between 128 and 512 GB RAM.[7]. The figure 2.2 compares the run time with both
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Run time for 10 reactors
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—&— Separate set for each hour
——H&— Common set for the timespan B
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Number of hours

Figure 2.2: Comparison of run time between the model with a common set of nodes for the
whole timespan and the model with a different set for each hour.

approaches.

In the second approach there is a preliminary step with the data. To have a data set more
readable with a smaller size, only the nodes X; 14, ... i, 1nk ot of the first time period and their
number m; ; are stored in memory. This copying step takes 0.1s to get executed. This is only
significative when the number of periods is smaller or equal to 2. For a number of hours larger
than four, the model with sets of nodes corresponding to a given reactor and to a given hour

runs faster. This procedure is used for the rest of the work.

Test over 24 hours

The second method has been applied to the dataset proposed in [4]. It consists of 10 reactors
and 24 time periods. The spinning reserve requirement per hour is set to 5% of the load.

Due to the very high number of variables (more than 3,000, as shown in the figure 2.3),
the algorithm 3 has been slightly modified at step 16 to limit the computation time to get a
feasible solution of the MIQP surrogate problem. Otherwise, the number of iterations of the
simplex algorithm used to solve this problem grows drastically and no feasible point is obtained
within 10 minutes of computation. A limit has been imposed to the number of iterations for the
simplex algorithm. This upper barrier of number of iterations leads the substitution problem to
a non-optimal feasible solution p. Hence, the approximation objective function of the surrogate
problem g(p) is higher or equals to the cost of the surrogate subproblem of the optimal point
g(p). If the iteration limit is not high enough, the algorithm might converge towards a different
solution from the optimal one. So, it is required to use a certain limit within a proportion with
respect to the number of iterations if no barrier is set. Doing so, the approximate solution is
very close to the optimal one.
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Figure 2.3: Evolution of 4 and the number of variables for a 10-reactor and 24-hour set with a
maximum simplex iteration of 2,000,000 .

The total production cost of the test case is 1,016,298 $/day. The unit outputs are given
in the table 2.1. Knowing the limitation of the simplex iterations, the computation time is
11,642.157 seconds. In the figure 2.3, details are shown about the numerical resolution on the
previously mentioned data set. As this figure explains, the number of variables at the first step
is 3216. Indeed, there are twice 240 variables which represent the production and the spinning
reserve for the reactors and there are twice 1368 variables for the number of knots which is:

t

n
> i
i=1

=1

With this fact, it is obvious that the upper limit is necessary since the simplex algorithm
worst-case complexity is exponential.

The cost can be compared to other results found in the literature. The lowest cost is mentioned
in [24] and is also based on a MIQP algorithm, it is equal to 1,016,601 $/day. That is larger
than the one found in the present work. However, the procedure of [24] chooses to keep a good
balance between the solution optimality and computation efficiency. Hence, there is no proof
of convergence to the global optimum. This can explain the gap between those two techniques.
There is also no proof of convergence for APQUA for this data since a value limits the iteration
number of the MIQP solver.

The computation time makes the algorithm unpractical on bigger set. Indeed, test cases of
hundreds of units are used in other approaches including, from time to time, loss term in the
constraints. If that data was used with the current algorithm, the number of variables would be
multiplied by 10. Hence, the MIQP solver would need more time to get a solution. A maximum
limit of simplex iterations can also be imposed but due to the very high number of variables, the
simplex algorithm requires more iterations than the limit in order to reach a point close to the
optimum one. This would return a not so close point and the dispatch would differ widely to the
optimal.
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Table 2.1: Unit output power in MW for the test case unsing the dynamic APQUA algorithm

Hour U1 U2 U3 U4 Ubs U6 U7 Us U9 U10
1 150.000 143.560 185.533 60.000 122.867 122.450 129.590 47.000 20.000 55.000
2 150.000 223.560 229.399 60.000 73.000 122.450 129.590 47.000 20.000 55.000
3 150.000 303.560 297.399 60.000  73.000 122.450 129.590 47.000 20.000 55.000
4 226.624 316.799 305.670 60.000 122.867 122.450 129.590 47.000 20.000 55.000
5 226.624 396.799 299.670 60.000 122.867 122.450 129.590 47.000 20.000 55.000
6 303.248 396.799 303.399 70.415 172.733 122450 129.590 54.364 20.000 55.000
7 303.248 396.799 297.399 120.415 172.733 122450 129.590 84.364 20.000 55.000
8 379.873  396.799 297.399 166.710 122.867 122.450 129.590 85.312 20.000 55.000
9 456.497 396.799 294.373 191.246 172.733 122.450 129.590 85.312 20.000 55.000
10 456.497 396.799 303.399 241.246 222.600 160.000 129.590 85.312 21.556 55.000
11 456.497 396.799 297.399 291.246 222.600 160.000 129.590 85.312 51.556 55.000
12 456.497 460.000 307.614 291.329 222.600 160.000 129.590 85.312 52.057 55.000
13 456.497 396.799 302.815 241.329 222.600 160.000 129.590 85.312 22.057 55.000
14 456.497 396.799 297.399 191.329 172.733 122.450 129.590 82.201 20.000 55.000
15 379.873 396.799 297.399 162.270 122.867 160.000 129.590 52.201 20.000 55.000
16 303.248 396.799 294.642 112.270 73.000 122.450 129.590 47.000 20.000 55.000
17 226.624 396.799 297.399 62.270 122.867 122.450 129.590 47.000 20.000 55.000
18 303.248 396.799 299.866 70.415 172.733 125.036 129.590 55.312 20.000 55.000
19 379.873 396.799 293.827 120.415 172.733 122.450 129.590 85.312 20.000 55.000
20  456.497 460.000 312.586 170.415 222.600 160.000 129.590 85.312 20.000 55.000
21  456.497 389.533 322.603 120.415 222.600 122.450 129.590 85.312 20.000 55.000
22 379.873 309.533 283.094 70.415 172.733 122.450 129.590 85.312 20.000 55.000
23 303.248 229.533 204.000 60.000 122.867 122.450 129.590 85.312 20.000 55.000
24 226.624 222.266 189.757 60.000  73.000 122.450 129.590 85.312 20.000 55.000

Total cost ($/h)
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Chapter 3

Multiple fuels

The economic load dispatch problem with multiple fuels and with valve-point effect is considered
in this chapter. The introduction of multiple fuels does not change the convergence of the system.
However, new constraints and new variables are introduced to support the new challenges brought
by the several fuels available per generator. The first part of the chapter is about the model and
how it works. The second part shows the numerical results obtained through simulations.

3.1 Model

3.1.1 Modified objective function and effects on the problem

Generators can employ different types of fuel to produce electricity. Hence the most economic
fuel to burn has to be determined. In order to model this system, a "hybrid cost function" is
used. Each dispatch unit is supplied with different fuel sources. Hence, they should be modelled
thanks to several piecewise quadratic functions reflecting both the changes due to the fuel types
and the selection of the fuel burned by the generator. Then, the fuel cost function is described
as [8]:

ai1ps +biap' + ciq +dia|sin(e;1(pig — pi™™))|for fuel 1: p™ < p; < p;is

fio0) a;op? + biop' + ci2 + diz|sin(e; x(pi2 — pi1))|for fuel 2: p;1 < pi < piao
i(pi) =

max

ai 1P + bigp' + cig + diglsin(e; k(pig — pig—1))|,for fuel k: p; 1 < p;i < p}
(3.1)

where a; 1, b; . and ¢; , are the cost coefficients of the ith generator using the fuel of type k; d; 1
and e;  are other positive coefficients.

The cost function f; remains continuous despite the possible change of fuel. Hence the
maximum of power provided by the fuel i equals the minimum of power of the fuel j. This
assures continuity.

The equation (3.1) is transformed into a different form which introduces new variables. For a
certain reactor ¢, it gives:

fuel
n.
filpi) = > aigp}j + bijpij + cijuig + wijdijlsin(ei (pij — piy™)| (3.2)
j=1

with n{ el the number of fuels for the reactor i, u;; a binary variable representing the use of the
™ the minimum power for the fuel j if it is used.

7

fuel j and pj’;

22



Cost of a reactor in function of the electric production

fuel 1
fuel 2
50 fuel 3
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Production

Figure 3.1: Cost of electric production for a reactor with three different fuels.

The equation above is the new objective function of the problem. However, the new set of
constraints is also added; so, each reactor will select only one type of fuel. The approach is
similar to the one used to select the piecewise function in the substitution problem 1.7.

nfuﬁl
D = Z Dij (3.3a)
j=1
P <pig < PTuig Visj € {1, n} {1, ") (3.3b)
nfuel
> wuy=1Vie{l,...,n} (3.3¢)
j=1
u; ; € {0,1} (3.3d)

The constraint (3.5¢) might seem useless but it is used in the MIQP reformulation. Further-
more, it gives a more general point of view to the problem. That set limits the use of fuel to
only one by reactor. The others are set to zero.

Regarding the mixed-integer substitution problem, a similar problem, as found in the section
77 for the dynamic case, occurs. Indeed, each cost function f; is composed of several parts. Every
one of them has its own proper coefficients. The cost function for a reactor can be decomposed
as:

nfuel

filpi) = Zz: fij(pig)
=1

So, when the problem is reformulated as a mixed-integer one, each function f;; has to be
reformulated into mixed-integer form g; ;. It will be used by the APQUA algortihm. The
non-convex term, the sine model of the valve-point effect, correspond to one spline reformulation.
The function f; is still Lipschitz continuous as shown in the figure 3.1 and only one knot, at most,
will be added by reactor to the set of knots at each step of the algorithm. It is also supposed
that the types of fuel are arranged in ascending order: the minimal production of fuel 7 is the
maximum one of fuel j. This supposition has no incidence on the resolution of the surrogate
problem by a solver but it has an impact on the proposed algorithm of the following section.

To make the model more realistic, limit ramp rate constraint, spinning reserves, as in the
dynamic section, and prohibited zones can also be introduced. Those are place in the end of the
model 3.5. About the prohibited operating zones, they represent units whose fuel characteristics
are discontinuous. The feasible operating zones for a reactor i are defined by the set of equations

[2]:

o < pi < phy
pz({j—l <p; < Dij k= 2,3,...,nz; (34)

max
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where nz; is the number of prohibited zones for the unit ¢. A zone z; ; is the jth zone for the ith
react and it is an interval defined by two limits such as : z; ; = [piL,j, pg{j]. It is observed that
each reactor having nz; prohibited zones has nz; + 1 disjoint operational zones. These disjoints
parts form a non-convex set. Since the objective function remains Lipschitz-continuous, the
APQUA algorithm is still proven to converge to the global optimum. The set (3.4) of equations
is transformed under another form to be interpreted by an MIQP solver :

POFG <piCiy Yijed{l,...n}b {1, nz + 1}
piGi; < POV Gy Vig € {1, n} {1, . nz + 1}

nz;

ZQJ:l V’iE{l,...,n}

j=1

with (; ; is a binary variable saying if the production p; belongs the feasible operating zone

[pgjL , p%U]. The figure 3.2 shows the feasible operating zones for a certain reactor. The objective

function is still Lipstchiz-continuous while the domain is not anymore.

220 Feasible operating zones for reactor 5

200

180 — /
160 [~

140 -

<

€

= 120 -

173

j=3

© 100 [~
80 [

60 [~ /

40 — —

| | | | | | J
20
150 200 250 300 350 400 450 500

Production (MW)

Figure 3.2: Feasible operating zones for the 5th reactor of the dataset of [2].

With those elements in mind, the MIQP substitution problem of the economic load dispatch
problem with valve-point effect and multiple fuels is then written as :
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fuel knot _
n 'n,i n. 1

3%
migi;%ize 9(p) = Z Z {ai,jpz?,j + b jpij + Cijuig + Z (i jkXijk + Bijxnige)| (3.5a)
s i=1 j=1 k=1
n
subject to Zpi =D (3.5b)
i=1
n{uel
p; = Z Dij (3.5¢)
j=1
P < pig < PPTuy Vigg € {1, n} {1, 0" (3.5d)
n’{uel
> uy=1Vie{l,...,n} (3.5€)
j=1

fuel nl_ﬁ}ﬂ()t 1

7 ¥
=1 k=1
Xooims o < viirn < X o YTk 1 1 fuel 1 Ipnot_l
i,k 5.k = Xigk = N5 k+1Ti5,k V1, ], € { PRI TL}, { y ooy T }) { goee e unz,]

nfuel ’I’Lant 1

YooY mgr=1Vie{l,...,n} (3.5h)
j=1 j=1

ui; € {0,1} Vije{1,...,n},{1,...,nf""} (3.51)
Mgk € {0, 13V gk € {1,...on}, {1, oo "} {1, .. 0oty (3.5))
p) —DR; <p; <p) +UR; Vi€ {l,...,n} (3.5k)
> SR; > SSR™ (3.51)
=1
~ Jmin{(pj"** — p;), SR}, Vie{l,...,n}:nz;=0

SZ_{ 0, VieVie{l,...,n}:nz >0 (3.5m)
PEiGig < piCiy Yig€{1,...,n}{1,... nz + 1} (3.5n)
piQ’j < pgjci,j Vi,j € {1, ... ,n}, {1, o,z + 1} (3.50)
Y Gy=1Vie{l,...,n} (3.5p)
j=1

The constraints (3.5g), (3.5h), (3.5p) set every variable x; ; 1, except one, of the set

[Xi,l,h e ’X,i71’ni_c’717.ot, X@Q}l, e ’X@”{uﬁlvnl_m‘}tuez]
to zero. It leads to each p; ; being equal to zero except for only one. So, only one fuel is used
by unit of production. This problem is convex since every constraint is linear. The objective
function is assumed to be positive semidefinite. About the equation (3.5m), it is observed that
units with prohibited operating zones limits the possibility of possible dispatch. Hence, the load
regulation may lead to a prohibited zone. Consequently, an assumption is posed : units with
prohibited operating zones do not participate to the spinning reserve of the system. [16]

3.1.2 Modified algorithm

The algorithm used to solve the ELDP with valve-point effect and with several types of fuel is:
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Algorithm 4 APQUA for static case

1: Set tolerance parameter d;, > 0;

2: fori=1,...,ndo

3: forjzl,...,nzfuel do

4 Choose ordered knots (X j1,. .., X,L-7j7nll_<n0t) including the kink points pi“;ﬂf, e piiﬁ%mk.
5.  end for

6: end for

7: repeat

8 fori=1,...,ndo

9: forjzl,...,nzfuel do

10: forkzl,...,nh‘;-"t—ldo

11 aijk & (FYPP( X ) = FYPP(XG )/ (K jer — Xigiw);
12: Bijk < fVPE(Xz',j,k) — @i j kX gk

13: end for

14: end for

15:  end for
16:  p < feasible (approximate) solution of the MIQP surrogate problem, obtained with an
MIQP solver with absolute optimality gap tolerance -;

17 0« f(p) —9(D);

18: fori=1,...,ndo
19: forjzl,...,nzfuel do
20: if minke{]_’”"nﬁr;ot} ‘ﬁl — Xi,j,k| >0 and p; € [Xiajal?Xi,j,nf’?"t] then
21: (Xi’j’:[, . e ,X,L'7j7n%’_(3’ot+1)
— SOI’t(XZ'J‘J, C 7Xi,j,n$§°t ,]51)

, knot knot | 1. ’
22: n; ;% i+ 1
23: end if
24: end for

25: end for
26: until § < 0y

As explained earlier, new for loops are introduced in the algorithm due to the new dimension
of the knots, i.e., the type of fuel. The rest of the algorithm performs in the same way as in
section 1.2.4. A new condition appears in the line 20. The optimal production of the surrogate
problem p; of the reactor ¢ is added to only one set of knots; the one whose fuel is burned. The
second condition prohibits other behaviours. Except for the knots representing the minimum and
the maximum production for a reactor, the limit knots of intervals are present in two different
constraints: the one in which they are the upper limit and the one in which they are the lower
limit. That does not provoke an error. If p is equal to a limit knot, it is not added to the set
since the difference between the two points is equal to zero and the first condition is invalid.

3.2 Numerical tests

The reference data set for this kind of model is given in [8]. This data consists of ten reactors
with two or three fuels. The algorithm 4 has been applied on that data. Two cases have been
considered one without ramp rate limit, spinning reserve and prohibited operating zone and one
with.
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3.2.1 Test case with valve-point effect and multiple fuels

The results are in the table 3.1. In this publication the coefficients for the sine model are
sometimes high. For example, the cost function for the ninth reactor for the second type of
fuel contains 285 kink points. The table 3.1 also compares the decomposition obtained with a
heuristic algorithm [19] whose total cost is one of the lowest known and whose objective function
does not cause any inaccuracy due to using invalidated cost function [11]. The method presented
in [19] is called DPD It is the abbreviation of DE(differential evolution)-PSO(particle swarm
optimization)-DE(differential evolution). This model does not include ramp rate limit, spinning
reserves and prohibited zone of operation constraints. The demand of the system equals 2700

MW.
Table 3.1: Simulation results for the test-system from [8], produced by DPD and APQUA.

Unit power output (MW)  Fuel DPD APQUA
Ul 2 219.13200  218.59400

U2 1 212.40200 211.71174

U3 1 280.65700  280.65706

U4 3 239.28300  239.63943

Ub 1 279.93500  279.93452

U6 3 239.79500  239.50506

U7 1 287.72700  287.72749

U8 3 239.41800  239.77380

U9 3 425.78200  426.58829
U10 1 275.86900  275.86861
Total cost ($/h) 623.826930 623.82263
Computation time (s) 1.655 634.222

The APQUA algorithm generates a cost near the other one. It is even smaller, which is
due to the global convergence. In the review paper [11], a cost near 623.83%/h is expected,
costs way lower than that are due to inaccuracy in the objective function. The output of the
APQUA method is slightly below the limits but the margin is small. This behaves as expected
and the returned results are better than other presented in the review publication. However, the
computation time is more than 300 times superior for the APQUA approach with respect to the
DPD heuristic technique.

3.2.2 Test case with valve-point effect,multiple fuels, ramp-rate limits, spin-
ning reserve and prohibited operating zones

The algorithm 4 as also been tested on a set whose reactor data comes from [8] and sinning
reserve and prohibited zones data are originated from [2]. The output is presented in the table
3.2. The production and cost are compared with the ones of [19]. The demand is 2700 MW and
the minimum spinning reserve for the system is 120 MW.

The returned cost by the APQUA algorithm is also lower than the one proposed by the DPD.
Regarding the compution time, it is more than 300 times greater for the APQUA method.

Those two cases confirm the global convergence of APQUA and proposed new lower bounds
for the datasets.
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Table 3.2: Simulation results for the test-system from [8] and [2], produced by DPD and APQUA.

DPD APQUA
Unit Fuel S; (MW)  Production(MW) Fuel S; (MW) Production (MW)
U1l 2 28.81100 221.10500 2 31.75117 218.24883
Ul 2 28.81100 221.10500 2 29.35200 220.64800
U2 1 17.10300 212.65960 1 17.05044 212.94956
U3 1 0.00000 283.65710 1 0.00000 283.68170
U4 3 24.91100 240.68640 3 24.55435 240.44565
U5 1 0.00000 260.00000 1 0.00000 260.00000
U6 3 24.66600 240.66100 3 24.55435 240.44565
ur 1 0.00000 292.72750 1 0.00000 292.46952
U8 3 24.37000 240.55200 3 24.55435 240.44565
U9 3 1.10600 438.08280 3 1.08574 438.91426
U10 1 0.00000 269.86860 1 0.00000 270.00000
Total cost ($/h) 624.4274 624.33149
Computation time (s) 2.09438 702.4729
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Chapter 4

Power loss term

In this chapter, the effect of the introduction of a loss term in the load constraint is investigated.
The changes on the model and its behaviour are explained and some guidelines to solve the new
issues are shown. Some numerical results and comparisons with reference datasets are also given
to see if the outputs match the expectations.

4.1 Model

During the creation and the transport of the electricity some parts are lost. It is due to several
reasons. The network can lead to losses because its wires are not isnsulated enough. During the
production, the wires are heated and some of the electricity is lost in heat because of the Joule
effect. Those events are linked to the electric consumption. The more energy is produced, the
more the losses growth. Consequently, this changes the load constraint of our problem. It is now
written as :

En:pi—pL(p) =D. (4.1)
=1

Whereas previously, the term pr,(p) was considered to be equal to 0, it is not the case anymore.
It has the following from, as proposed in [12]:

n n n
pe(p) =D piBijp; + > piBoi + Buo (4.2)
=1 =1 i=1

where B; j, Bo; and Bog are loss coefficients. The terms B; ; belong to a symetric matrix.

The loss coefficients values can be given in megawatt, per unit value, but also in MVAbase.
The transforamtion to switch between unit is given in appendix A.3.

The introduction of a non-zero transmission loss term makes the constraint (4.1) non linear
due to the matrix product around the coefficient matrix B. An MIQP solver can no longer be
used to solve this problem. Some nonlinear solvers, as knitro, are able to solve those kind of
optimisation problems but the global convergence is no longer assured; only a local optimality
is guaranteed. Hence, the perk of APQUA is lost. To continue to use a MIQP solver, one can
linearize the quadratic equality constraint. An approximate global solution is found to the new
problem and the error is limited. There exist different methods to handle this issue. Some are
presented and tested in the next sections.

The equation (4.1) is an quadratic equality constraint. It makes the problem non convex even
when the valve-point effect is neglected in the objective function (1.3a). That change modifies
the domain of feasibility. Previously, it was a polyhedron. It transforms to an ellipsoidal under
the ELDP with power-loss term. However, the ellipsoid may be way bigger then the limits of the
domain as shown in the figure 4.1.
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Ellipsoid for the ELDP with power loss
[ Ellipsoid

Limits of the reactor

Figure 4.1: Ellipsoid of the feasible domain for the ELDP with power loss term for three reactors.
The maximum and minimum power of the generator are located on the red dot.

A visualization of the domain for two variables is given at the figure 4.2. From the two
figures presented in this section several observations can be extracted. The ellipsoid being way
larger than the polyhedron defined by the upper and lower power limits of the reactor, an precise
approximation of that shape by an set of plane restricted to the feasible domain would not yield
to a lot of differences for the objective function.

Feasible domain for the ELDP with power loss

[ Feasible region for the demand constraint
= |_imits of the reactor
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Figure 4.2: Feasible domain for the ELDP with power loss term for three reactors. The maximum
and minimum power of the generator are on the polytope. The point that satisfy the demand
equality constraints are located on the blue curbe.



4.1.1 Reformulation linearization technique

The idea behind this approach is to introduce new variables Y; ; = p;p; to replace the product
pip;[3],which relaxes the quality equation. The condition (4.1) becomes linear and a classic
MIQP solver can be used to solve the surrogate problem. In this section, the principle of the
reformulation linearization technique (RLT) is applied to the optimal power dispatch problem
with power loss term.

To simplify the expressions, the scalar product between two matrices is introduced

The transformation of the surrogate problem to a general form for a quadratically constrained
quadratic programming problem (QCQP) is:

max p"Qop+aip+k=—f(p) (4.3a)
subject to pQp’ +a"p=pp (4.3b)

P < pi <p" Vi€ {1,..,n} . (4-3¢)

where p is the vector of the electric production of the units, @ = B, a’ = —By(B’ + B) + 17,
pp = D + By from (4.2).

The RLT relaxation of a quadratically constrained qudratic problem QCQP is based on
products of upper and lower bound constraints of the original variables to obtain valid linear
inequality constraints on the new variables Y;;.

For two variables p; and p; the limitations are

pi —pi"" >0 P —pi >0
pj—p;" =0 P —pj <0,
By Multiplying all of the constraints located above associated to p; with a constraint involving

pj , and by replacing the product term p;p; from (4.3b) with the new variable Y; ; , the constraints
are obtained

R e T e e A
Yij—pi" " pj —p;""pi = —p; o

Yij —p{""pj — i pi < —pi""p]
mazx max, min

Yij — P — p{"p; < —p" ;]

IR
N N N N

(4.5
(4.6
mazx min, max ( 7
(4.8
with 4,5 = 1,...,n. Those constraints also hold when ¢ = j.In that situation, the last two
constraints are identical. Furthermore, when the condition Y;; = Yj; is set, the last two

constraint are equal for each 4, j. Hence, the relaxation of the surrogate problem of ELDP with
power-loss term can be written

31



nl‘cnot -1

n 2
max —alp)=>_ [%’Yii‘ +bipi i+ Y (qiixi + Bijnig) (4.92)
i=1 j=1
subject to Q-Y+a'p=ypp (4.9b)
P < pi <pi"** Vi€ {l,..,n} (4.9¢)
ni‘cnot_l
pi= 3 X (4.9d)
j=1
Xigig < Xij < Xij+17i (4.9¢)
nl_cnot_l
j=1
n; €40,...,1} (4.9¢)
Y — pmiin _ p(pmin)T > _pmin(pmin)T (4.9h)
Y — pmaxpT _ p(pmar)T > _pmax(pmax)T (491)
Y — pmiin _ p(pmax)T < _pmin(pmax)T (4'9.1)
y=YT (4.9k)

Since Y; j = Y}, the above problem is a linear one[3].

In the later part, the constraint (4.1) is relaxed. Hence, the problem is now a quadratically
constrained quadratic programming (QCQP) problem without any quadratic equality constraint.
So, an MIQP can be used to solve it.

4.1.2 Approximation by tangent planes

This approach, presented in [5], consists in modifying the quadratic equality constraint induced by
the power loss term. The feasible set of points verifying the equality is changed to a polyhedron.
This linearization aims to replace the quadratic constraint by M different linear constraints.
There exists a convex polytope that covers any given convex set in the Euclidean plane. Let P
be problem given in the equation (4.1). S, the ellipsoid, is described, in a general form, by:

S:={zeR": (z—b)TB(x—-b) <b}.

Let 0S be the boundary of the ellipsoid S. Then, a set of M points, xpr = {z1,...,2m}
such that every z; € 05 for j € {1,..., M}, is generated to get M linear constraints to replace
this particular quadratic constraint. Those points are obtained thanks to a lower discrepancy
method detailed later. With those M different points, the set of constraints is

(x—0)'B(zj—b)<bVje{l,...,M}.

It can be observed that these planes are tangent to S at the points of the set y;. In the
figure 4.3, a set 7 constituted of 5 linear constraints is showed. It is constructed around a
ellipsoidal feasible set in two dimensions. Using, those M linear constraints, an approximate
problem P(xr) can be written as:

max P Qop+agp+k
pER™
subject to (p—0)TB(x; —b)>b Vje{l,...,M}

Py < p < PP Vie {1,..,n} .
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Instead of solving the original problem, its approximation P(xys) is solved for a large enough
value of M. Hence, the accuracy of the approximation is correlated to the number of points in

XM-

Figure 4.3: The tangent plane 7 is an approximation of S with the 5 tangent points x1,..., 5.

The precision of the solution of the approximate problem exclusively relate on the choice of
P(xnm). The tangent planes to S at the M points create a cover of S. The type of cover is the
bonded cover. It is defined as:

Let 7 be the convex polytope generated by the tangent planes to S at the points x1,..., x5 €
0S. The polytope is said to be a bounded cover of S if,

d(r,S) =supd(t,S) < oo
ter
where d(t, S) = inf,eg|/t — z|| and ||| represents the Euclidean distance.

There exists a bounded cover with only M + 1 points[5]. The goal is to find a bounder cover
extremely close to the ellipsoid since it leads to a better approximation. Sadly, an arbitrary
selection of points can surround S such that the feasible set can expand widely. It might also
create an unbounded cover. So, the set xjs has to generate to an optimal bounded cover.
Mathematically a set 7" = (z7,...,2},) is an optimal bounded cover if

sup d(t,S) < supd(t, S)

ter* ter
for any bounded cover 7 created by any other sets of points of size M. The set {zF,...,23,}
is declared to be the optimal M-point set. This set can also be written as the set of M points
minimizing the maximum distance between 7 and S:

" = argmin d(,S) .

The optimal M-point set 7" on the unit circle in two dimensions are the M-th roots of
unity, unique up to rotation. This set also has the property of minimizing the discrete Riesz
energy for the unit circle. The Riesz energy of a point set Ry = {x1,...,xp} is defined as
E(Ry) = Zf\ijlexi — xj||7* for a positive real parameter s. A set which minimizes the Riesz
energy on 0S converges to the normalized surface measure of 9S5[14].

So, the optimal M-point 7 is a set correlated to that set of M points which minimize
the Riesz energy on 0S. To obtain those kind of configuration of points, those have to be
equidistributed. It is done in two step : first a good set on the unit hypercube is selected; then it
is mapped to 95 such that the equidistribution property still holds.
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A set of points is equidistributed if the expected number of points inside any axis-parallel
subregion matches the true number of points. This type of set in [0, 1]™ is called (¢, m,n)-net in
base p. It is defined as a set of M = u'™ points in [0, 1]™ where any axis parallel u-adic box with
volume p!~™ would contain exactly p! points. It is referred a low-discrepancy set [10]. There
exist different methods to construct these point sets. The one used here is base on the Halton
sequence[15].

Now, the set obtained thanks to the sequence is mapped firstly to and hyper-sphere S" =
{z € R"*!: 272 = 1} then secondly to dS.

The cylindrical coordinates of the n-sphere are wirtten as

r=xn=/1—12xn_1,t,)
o = (\/ 1— t%xl,t2)

x1 = (costo, sing)

where 0 < ¢ < 21, —1 <t < 1,23 € S and k = (1,...,n). Hence, a given point 2 € S™ is
characterized by an angle ¢ and heights to, ..., %, as:

z=2(d,tay ... tn), With 0 < ¢ < 271, —1 < t1,...,tn < 1.
A point y = (y1,...,yn) € [0,1)" is mapped to x € S” by

©1(y1) = 2T
or(yp) =1 —2y,Vk € {2,...,n}

and by cylindrical coordinates x = ®,(y) = x(p1(y1), v2(y2), ..., ©n(yn)). The mapping
®,, : [0,1)" — S™ preserve the areal6].
Regarding the mapping from the point set from S"~! to 0, it is defined by 1. It gives:

Y(x) = VoB V2 1 b .

In [5], the mapping is shown to preserve the area. An example of mapping is given in the figures
4.4 and 4.5. The first one references to the mapping from a (0,40, 2)-net set in base to the unit
sphere in R3. The points are the red points. The second figure show the mapping to the ellipsoid.
The points are located all around the shape. So, the algorithm to obtain the set of points
x1,...,xp used to approximate the optimization problem (4.1) in detailed in the algorithm 5.
Once the points are obtained, the approximate problem P(xas) is solve. It converges to P as
N — oo[5].

In the present problem, the ellipsoid is encapsulated inside the set of plane as seen in the
figure 4.2. Given the size of the ellipsoid with respect to the limits of the reactor, it is possible
that no point of the (¢, m,n) set is located within the feasible domain. The problem would then
be unfeasible. This prohibits the usage of an equality instead of an inequality in the equation
(4.10).

Furthermore, the present case want to minimize around the polyhedron. The feasible area is
the exterior of the polytope. When points are place all around the surface, the problem becomes
unfeasible since there exists no point verifying all the conditions of the equation (4.1.2). The
points have to be place on only one part of the shape. The goal would be to only select points
within the feasible domain given by the lower and upper production limits of the reactors. It
would request to find the equation of the surface being the intersection of the ellipsoid and the
feasible domain. From that, cylindrical coordinates could be extracted. During the mapping on
the hypersphere, ¢,t1,...,t, would be restricted to smaller intervals than [0, 27| and [—1,1].
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Halton Mapping on the unit sphere s3
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Figure 4.4: Mapping from a (0,40, 2)-net to the unit sphere in R3
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Figure 4.5: Caption
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Restriction around the known optimum

® Points

[ Ellipsoid

Figure 4.6: Positions of the points for the approximation of the ellipsoid by tangent planes.

Algorithm 5 Point simulation on 05

1: Input : B,b,b to specify S and M = n* points

2: Output : z1,...,zp € 0S

3: Generate yi,...,yp as a (t,k,m — 1)-net in base n
4: fori=1,...,M do

5 xp=¢o Py 1(yi)

6: end for

7: return zi,...,TN

4.2 Numerical applications

The approaches presented in the precedent section have been applied on two data sets based on
the one proposed in [13].

In the first case, the power-loss term, prohibited zones and ramp rate limit are taking into
account but the valve-point effect is ignored in order to analyze the effect of loss term. The set
has 6 different reactors and the demand is 1263 MW. To compare the approximations introduced
by the method presented in this section, a branch and bound algorithm, which is proven to
globally converge up to an suboptimal point[17], and a MIQP solver have been applied. For the
branch and bound algorithm, the load constraint (4.1) is set to and equality whereas, for the
MIQP, it is an inequality. Then, if coefficient matrix are positive semidefinite, the problem is a
convex quadratically constrained quadratic program. It is the case, the technique convergence to
the global optimum. A trick is used regarding the approximation by plane. An optimum is found
by the other methods. Then, the low discrepancy sequence is plot on the unit sphere nearby
that point. The figure 4.6 So, feasible points can be found.

In the second test case, the objective function considers the valve-point effect and the others
constraints used in the first case are also applied. The demand stays 1263 MW and the same
algorithms are applied. The parameters of the system are based on [13]. The coefficients d;,e;
linked to the valve-point effect are arbitrary such that:

d; = 0.005 e; = 0.05 i € {1,...,n} .

This test case for the table 4.1 uses a reference set from [11]. The estimated global optimal
cost should be around 19449.9 $/h, which is indeed the one obtain thanks to the first two methods.
The relaxation linearization technique generates a cost which underapproximate the real one,
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Table 4.1: Output of the different methods for the first test case, valve-point effect neglected.

MIQP Branch&Bound RLT Plane
U1l 447.507 447.504 448.630 320.000
U2 173.319 173.318 174.208 80.000
U3 263.460 263.463 262.806 100.000
U4 139.068 139.065 140.744 60.000
Ubs 165.471 165.473 163.754 100.000
U6 87.132 87.135 85.000 50.000
Total cost ($/h) 15449.900 15449.900 15439.717  8468.750
Loss (MW) 12.958 12.958 12.902 4.668
Run time (s) 0.031 10.219 0.047 0.437

this is due to the constraints not being tight enough. The same effect appears for the tangent
plane approximation.

Table 4.2: Output of the different methods for the second test case, valve-point effect is not
neglected

MIQP Branch&Bound RLT Plane
U1l 450.744 450.767 450.600 380.000
U2 175.718 175.701 175.662 80.000
U3 265.000 265.000 264.332 100.000
U4 141.558 141.541 144.248 60.000
U5 167.976 167.989 165.456 150.000
U6 75.000 75.000 75.000 50.000
Total cost ($/h) 15451.608 15451.608 15443.397 9807.771
Loss (MW) 12.997 12.997 12.912 6.718
Run time (s) 0.516 27.641 0.406 0.891

Same results as the other case are returned. The relaxation of the quadratic constraint has no
impact on the convergence of the algorithm since the both the objective function and the matrix

—pBpT — p(B, +1)T — Boo

from the equation (4.1) are semidefinite positive. This explains why the outputs of the MIQP
solver and the branch & bound solver are equivalent regarding the objective cost. However, the
MIQP approach converges 50 times faster than the other one. The other two techniques are
subject to the same errors as previously.
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Conclusion

This thesis presented a numerical analysis and an expansion of the new approach from [1].

First, the given method was applied on a reference dataset. As expected, the generation
cost returned by the algorithm performed well: the proven optimization bound quoted in review
papers was reached despite being a complex set with several local minimums. Also, the run time
was inferior to five seconds, which makes the method usable in day to day work.

In the second part, the algorithm has been expanded to the dynamic economic load dispatch
problem by two different approaches where the mixed integer reformulation is made differently.
The first one proposed to have common node set for each hour. A maximum of 24 knots per
reactor were then added. The second suggested to create one knot set by hour for each reactor.
Only one knot, maximum, was introduced for each set. The second method performs better
in run time for a higher number of initial variables,when the repartition is planned over more
hours. However, due to the high number of variables, thousands of them, the run time over 24
hours was superior to several hours despite being executed on supercomputers of the university,
which is much larger than others reported by other papers. Despite that, even when a maximum
number of iterations was imposed on the MIQP solver, the returned cost was within a small
range of heuristic methods. A longer run would have reached a zero gap between the mixed
integer problem and the real one.

Then, new constraints have been added to the model. The electricity generation facilities had
several disposable fuels to meet the demand. In addition, prohibited operation zones, spinning
reserve and ramp-rate limits constraints are introduced. Those new constraints do not modify the
objective function which remains convex for the mixed-integer relaxation. The studied technique
is then applied, among others, to a reference dataset. The results are slightly better, i.e., the
objective function is lower. The run time is limited by the introduction of new constraints and
variables, it was the same problem for the dynamic version of the problem.

Finally, the power-loss term problem is tackled. The electricity losses during the generation
are considered in the model. The APQUA method does no longer guarantee a convergence to the
global minimum. Indeed, the load equality constraint is now quadratic. The substitution problem
is not convex anymore and a mixed-integer solver is not usable. Different relaxation methods
were proposed: relaxation linearization technique, tangent plane of the ellipsoid feasible domain
obtained by low discrepancy sequences or relaxation of the equality constraint. They were then
numerically evaluated and compared with a branch and bound algorithm, which converges to a
global minimum at the cost of a long effort. Whereas the relaxation of the demand constraint
generates output results near the branch and bound ones since both the objective function and
the relaxed constraints are convex. The output of the two other approaches differ significantly;
especially for the approximation by tangent planes whose output underestimate the objective
function.

Through this thesis, the algorithm has been shown to reach optimal minimum, to lower the
optimization bounds. As expected, the drawback is the run time. However, a fast speed of
convergence is not the goal of the technique.

Further works could focus on different aspects. A possible selection of knots among the
available ones should be investigated. A restriction would reduce the number of variables in the
algorithm and then speed up the convergence, making it usable for larger data. It should be done
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while keeping the global convergence property of the APQUA technique. The restriction might
be based on the selection of only some units or on the exclusion of some parts, some regions, of
the production capacity based on where the previous iteration finished.

Regarding, the power-loss term other researches could explore the tangent planes relaxation.
In this thesis, an approximation of the whole ellipsoid by tangent planes has been proposed. It
would be interesting to narrow it to the part which is contained within the production limits
of each reactor since most of the points created by the method are useless. They are located
outside the feasible production capacity. This would lead to a better approximation of the cost
by reducing the gap, within the feasible domain, between the ellipsoid and its relaxation to a
polyhedron.
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Appendix A

Appendices

A.1 Abbreviations

Here is the list of the abbreviations used in the thesis.

e« MIQP : mixed-integer quadratic program

o APQUA : Adaptative Piecewise Quadratic UnderApproximation

QCQP: Quadrtically constrained quadratic programming
RLT : Relaxation linearization technique
VPE : Valve-point effect

UCL : Université Catholique de Louvain

A.2 Variables and parameters

Here are a list of the variables and a list of the coefficients present in the work.

A.2.1 Variables

Di MW
Pit MW
pij MW
Xij MW
Mi,j

g(p) 3
flp) 3
SRi; MW
Yo, MW?
;. j

&ij

production of the reactor ¢

production of the reactor i for the hour ¢
production of the reactor ¢ for the fuel j
production of the reactor ¢ on the linear spline j

binary variable representing whether the reactor ¢ operatees in the jth
segment of the piecewise linear cost curve

piecewise linearized cost

cost

spinning reserve for the reactor ¢ at hour ¢

product of p;p;

binary variable representing whether the reactor i uses the fuel j
binary variable representing whether the reactor ¢ operates in the

operating zone j

42



A.2.2 Parameters

ai  $/MW? coefficient of the quadratic function for reactor i
bi $/ MW coefficient of the quadratic function for reactor 4
C $ coefficient of the quadratic function for reactor ¢
d; $/ MW coefficient of the valve-point effect function for reactor ¢
e; coefficient of the valve-point effect function for reactor 4
D MW demand of the system
i MW minimum production of a reactor 4
T MW maximum production of a reactor i
n number of units
nfmk number of kink points for unit ¢
m number of hours
nf”"t number of segment on piecewise linearized curve for the reactor ¢
n{ uel number of fuel for unit 4

aj  $/MW cost coefficient for the piecewise linearized curve, refers to the jth
segment and the unit ¢

Bi;i 9 cost coefficient for the piecewise linearized curve, refers to the jth
segment and the unit ¢

UR;, MW upper ramp rate limit for unit ¢

DR, MW lower ramp rate limit for unit ¢

SSR;“ MW required spinning reserve at time ¢

Bi; $/MW? element in the system loss coefficient matrix B

Bo; $/M w? element in the system loss coefficient vector B

Boy $/MW? element in the system loss coefficient term B

S ellipsoid created by the load demand with loss term

M number of planes in the low discrepancy sequences used to generate the
plane approximation

pgjL minimum power of the feasible operating zone j for the unit 4

p%U maximum power of the feasible operating zone j for the unit 4
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A.3 Transformation from MVA base unit coefficients to per unit
value

The MVA base is the basis for the mega volt-ampere. The volt-ampere is a unit that measures
the apparent power of an electric circuit. It is equal to the product of root-mean-square (RMS)
voltage and RMS current. In direct current (DC) circuits, this product is equal to the real power
(active power) in watts. Volt-amperes are useful only in the context of alternating current (AC)
circuits (sinusoidal voltages and currents of the same frequency).

Two main methods are used to switch from a coefficient in VA to per unit.[11] The first idea
is to employ the actual values of the loss coefficients that are obtained in the following equation :

Bi,j = % B()i = Bin.u BOO = BOOP‘UMVAbaSG (Al)
where B; jpu, Boip.u, Boo are the per unit values of the loss coefficients. MVA base is the base
MVA value. After, the loss coefficients returned from (A.1l) are introduced in (4.2) with the
power generation value obtained by the tested algorithm in MW. So, the transmission losses are
also in MW, which is the actual value of those losses.

The second approach is to transform the MW creation value obtained by the observed
algortihm to per unit values using the equation:

Di

o = (N A2
Pip. MYV Abase (A-2)

where p;p., is the per unit value production of the reactor i. The output from (A.2) is replaced
by the given per-unit loss coefficients in (4.2) to calculate the total transmission losses and which
will be a per-unit value (prp.,,). The actual transmission losses p; are obtained as:

pr = prp.uMVAbase .

Both strategies returned the same transmission losses.
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