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Abstract

In this thesis we review fundamental theoretical aspect ofcomonotonicity and apply

a method used in insurance to nd a value for an arithmetic Asian option given some

parameters, such as the number of averaging day, the strike price, or the volatility.

We also review and build other competing models for the valuation of Asian Option

and compare the accuracy of the estimators. We nd that for higher level of volatility

the comonotonic approach is far more ecient, keeping up with the Monte Carlo

estimator.

Keywords: Asian Option, Comonotonicity, stochastic process, Monte-

Carlo
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1 Introduction

In the nancial world, options are powerful resources for investors, giving them the tools

to hedge risks, optimize investments, or speculate on price movements. In their most basic

denition, options are contracts that give the right to the holder to buy (in the case of call

option), or to sell (in the case of put option) an underlying asset, at a specic point in time.

Since the establishment of the Chicago Board Options exchange in 1973, the market for

options has grown tremendously, the trading volume growing from 1.12 million contracts

to 3.69 billion contracts in 2017 (K. Li, 2021). Numerous contract types exists, ranging

from the fairly simple vanilla options, to the more complex exotic types. Asian options

fall under this exotic category. They rst appear in Tokyo in 1987, when Standish and

Spaghton developed an option formula to price crude oil average price options that could

be widely used by the nancial industry (Jiaying Han, 2022). The dierence between an

European and an Asian option, lie in the way the pay-o is calculated at the expiration

date. Pay-o for European options only depends on the underlying asset price at the

expiration date, while the pay-o for Asian options will depend on the historical average

of the price, taken at specic monitoring times (On a monthly, weekly, or daily basis, or

during a specic time period, etc.). This feature of the Asian option corrects one of the

drawbacks of the European option: its vulnerability to sudden changes in the volatility

of the underlying assets near the expiration date, which can potentially be done through

market manipulation. See for example, the infamous ”GameStop short squeeze” of 2021,

where a large group of investors organized themselves through the social media Reddit,

to push up the stock price of several securities, leading banks and brokerage services to

stop the trading of the assets for a short amount of time (Davies, 2021). This makes

Asian options a cheaper and more reliable nancial instruments for risk managers. As a

result, these options emerge as a cost-ecient hedging tool, particularly in market contexts

characterized by low trading volumes, such as the corporate bond or commodity markets,

or with high levels of volatility, as observed in the currency and interest rate markets for

example. Consequently, in their 1998 survey of Financial Risk Management, Bodnar, et al

found out that Asian options were the exotic option type preferred by non-nancial rms

for risk management. (Bodnar, Hayt, & Marston, 1998), (Horvath & Medvegyev, 2016)

However, the reliance of the pay-o on the average of the historical prices makes the

valuation of Asian options based on an arithmetic average particularly dicult due to the

1



non-linearity and path-dependency of the arithmetic Asian option. While it is assumed

that the underlying asset follows a log-normal distribution (Jiaying Han, 2022), the arith-

metic average of a series of log-normally distributed variables does not. This absence of

known expression of the distribution of the average makes the arithmetic Asian option

non-applicable to these models, and alternatives must be found, and given their above

mentioned popularity among market practitioners, academic researches have frequently

been made to try to price those options. Indeed, while Asian option could be priced using

Monte-Carlo simulations, those can be time consuming and expensive in terms of compu-

tational power. Simpler and faster alternatives are thus the end goal of those researches.

In those researches on Asian option pricing, a rst set of alternatives relies on approx-

imating the distribution of the arithmetic average. One of the earliest study of this type

was made by (Turnbull & Wakeman, 1991). In their paper they present a quick algorithm

to price the Asian options by approximating the distribution of the arithmetic average

with a log-normal one. The approach relies on the fact that, while the distribution is

unknown, the moments of the arithmetic average, can easily be computed. One year later,

Levy introduces a similar approach, without taking the skewness and the kurtosis into

account. In (Vorst, 1992) an exact pricing formula for the arithmetic average option is

derived, based on the price of the geometric average Asian option, by adjusting the strike

price by the dierence of expectation between the arithmetic and geometric means. In-

spired by those distribution approximation methods,(Milevsky & Posner, 1998) argue that

the approximating distribution should be a reciprocal gamma. Their resulting formula is

similar to the Black Scholes formula. More recently Chung-lee and Chang have applied

methods similar to the ones used by Turnbull and Levy, to approximate the price of Asian

options in the Hull and White stochastic volatility model. Another set of alternatives

consists of deriving partial dierential equations, this is notably the case for (Alziary,

Décamps, & Koehl, 1997),(J. Zhang, 2002) , and (Forsyth, Vetzal, & Zvan, 2002) who

compare the PDE method with the augmented state space approaches of Hull and White,

and Barraquand to price the option. (Benhamou, 2001) assumes that the distribution of

the option is non-log-normal and adapt and improve the Fast-Fourier transform technique

for the asian option distribution. Binomial tree methods can also be used, as evidenced

by (Hull, [1993]). Later on, (W. Hsu & Lyuu, 2007) builds upon their results, to propose

a convergent time lattice algorithm.

Finally, the price of Asian options can also be approximated by deriving lower and

2



upper bounds on the actual price. A rst wave of research papers focusing on deriving

lower and upper bounds in the Back Scholes model is published from 1994 to 2006. Starting

with (Curran, 1994), who derives a lower bound of the price by conditioning on the

geometric average. One year later (L. Rogers & Shi, 1995), propose a lower bounds

derived through the conditioning on the logarithmic geometric average. Several years

later, (Kaas, Dhaene, & Goovaerts, 2000) describe lower and upper bounds for the sum of

random variables using comonotonicity theory. They also dene an improved comonotonic

upper bound, obtained through conditioning of random variables. In their next two papers,

(Dhaene, Goovaerts, Denuit, Kaas, & Vyncke, 2002),(Dhaene, Denuit, Goovaerts, Kaas,

& Vyncke, 2002) apply the theory outlined in their previous work and derive analytical

comonotonic upper and lower bounds for Asian options. Their lower bound is conditioned

on a linear transformation of a rst order approximation of the sum of the stock prices and

is closely related to the one found in (L. Rogers & Shi, 1995). Right after (J. A. Nielsen &

Sandmann, 2003) derive their upper bound as a weighted portfolio of European options,

while they build upon the work from (L. Rogers & Shi, 1995) and (Curran, 1994) to

develop their lower bound. In 2006, (Vanmaele, Deelstra, Liinev, Dhaene, & Goovaerts,

2006) establish a unifying framework for the valuation of arithmetic Asian options in the

Black Scholes model by introducing bounds that unify the various approaches dened

previously in the literature. They also introduce several new bounds with the aim to

improve the results of the existing ones. While the framework is unied under the Black

Scholes model, it is important to note that it is not an appropriate model for real markets,

due to several limitations such as constant volatility, or constant rate of return. Extensions

of the model that tries to better reect the market and rectify the limitation of the model

have been introduced over the years. Extensions include the inclusion of time deterministic

volatility, or/and interest rates, or the redenition of the asset price dynamics with the

inclusion of stochastic elements, such as the Heston model for volatility, or the Hull-

White model for interest rates. Naturally, those models are of interest, and researches on

the bounds of Asian options were not limited to the Black Scholes model. Around the

time of publication of (Vanmaele et al., 2006), several papers adapting the concepts of

comonotonic bounds to those models were published. A dening paper on the subject

was published by (Albrecher, Dhaene, Goovaerts, & Schoutens, 2005), who generalizes

the ndings of the previous papers made in the Black Scholes models to models following

Levy processes. They derive a general comonotonic upper bound that can be produced
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under any Levy model. Building upon this, Albrecher later generalize the framework to

any arbitrage-free model in (Albrecher, Mayer, & Schoutens, 2008) and derives model-

independent comonotonic lower bounds for the price of arithmetic Asian options. Using

(Albrecher et al., 2005) as a base, (J. Chen & Christian-Oliver, 2014) also derives model-

free comonotonic upper bounds, and test the bounds in the context of stochastic volatility

models on the Heston, CEV, and Schwartz models. Finally, we also cite (Tretiak, 2022),

who adapted and studied the ecacy of the bounds found in (Vanmaele et al., 2006) when

applied to a Black Scholes model extended with deterministic volatility resulting from the

time-average of a stochastic volatility process.

Given the state of the literature on comonotonic bounds for Asian options reviewed

above, we decide to focus on modelling the price of arithmetic Asian options. The purpose

of this thesis is multiple:

• We test the bounds described in (Albrecher et al., 2008), and (J. Chen & Christian-

Oliver, 2014) for a complex model not tested in either of the papers. For that we

choose the hybrid Heston model initially presented in (Grzelak & Oosterlee, 2011),

and rened in (Recchioni & Sun, 2016), . This model is an extension of the simple

Heston model, which incorporates stochastic interest rates following a CIR process.

The choice of such a model is based on the conclusions of several studies of the last 20

years (for instance; (Trolle & Schwartz, 2009),(Chiarella & Kwon, 2003),(Andersen

& Piterbarg, 2007)), which show that stochastic interest rates should be incorporated

into pricing models, to better capture market behavior. Studying the behavior of the

bounds for this new model will allow to document the pricing of arithmetic Asian

options in this more complex paradigm. To our knowledge, no valuation exercise on

arithmetic Asian option has been performed yet for this model. This will therefore

be the occasion to test whether the model independent bounds support the added

complexity of having two stochastic processes, and to evaluate the bounds’ eciency

in approximating the price.

• We test the eciency of the bounds described in (Albrecher et al., 2008), and

(J. Chen & Christian-Oliver, 2014) with regards to the bounds presented in (Vanmaele

et al., 2006). For that, we will adapt the bounds of (Vanmaele et al., 2006) to a

stochastic model similarly to (Tretiak, 2022). More precisely, we develop a Black

Scholes extended models with time deterministic variables based on stochastic pro-

cesses. The model is a time varying volatility and time varying interest rates model.
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In order to better compare the extended Black Scholes model with their stochas-

tic counterparts, the time deterministic functions are based on the CIR stochastic

process which is used in both the Heston and hybrid Heston.

As mentioned above, we mainly test the eciencies of the bounds in modelling approxi-

mation of the price. For that, we systematically compare the results of the bounds with

a benchmark obtained through Monte Carlo simulation using the control variate variance

reduction technique. For the bounds in the Black Scholes extended model, we use the ge-

ometric Asian option, while for the stochastic models we use the sum of European options

at the n monitoring times.

Our contribution could be summarized as the following: we implement both the lower

and upper model-independent comonotonic bounds to the hybrid Heston model. Similarly,

we further the analysis of (Tretiak, 2022), by applying the time deterministic method to a

Black Scholes model extended to both time varying volatility and interest rates. And we

compare the quality of the bounds in the two models, given dierent market scenarios.

The results of our work is discussion inducing. The quality of the bounds in (Vanmaele

et al., 2006) decrease quite rapidly with the apparation of both time varying volatility and

interest rate. Dierent tests show that the interest rate are the main driver of this loss

of quality. The model-independent bounds follow a better pattern, but are not precise

enough to really be of use for practionners. Again, we seem to realize that the bounds

fare better in low stochastic interest rates settings.

The rest of this thesis is organized as follows. In section 2, we describe the character-

istics of the arithmetic Asian options studied in this paper; in section 3, we present the

rationale behind the Monte Carlo simulations used as benchmark in the rest of the paper;

in section 4, we focus on the Black Scholes extended model for volatility and interest rates.

We rst describe the bounds presented in (Vanmaele et al., 2006), before discussing the

specicities of the extended model; in section 5; we present the model-independent lower

and upper bounds, as well as the hybrid Heston models; nally in section 6, we present

the results of the bounds for the two models.

2 Characteristics of Asian Options

Value of an arithmetic Asian option under Black Scholes In this section, we

briey describe the characteristics of an Asian options. While our thesis is focused on
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discrete time arithmetic average Asian options, we also give a description on the charac-

teristics of the discrete time geometric average Asian option, as it will be used in the next

two sections as the control variate for the Monte Carlo simulations.

Asian options are one of the most recognizable example of exotic options. They are

predominantly traded over the counter or in o-exchange markets(Lu, Zhu, & Li, 2019).

Leading to a lack of publicly available information on the individual contracts. Since their

payo depends on the average of the underlying asset over a certain time interval, they are

path dependent instruments. As mentioned in section 1, this path dependency makes the

Asian options less sensitive to changes in the asset price near the expiration date. As they

are less prone to volatility, they are cheaper than vanilla European options. Depending

on the type of averaging of the Asian option, the discrete time average can have one of

the two expression: For arithmetic Asian option:

A =
1

n

n

i=1

S (ti) (1)

For geometric Asian option:

G =


n

i=1

S (ti)

 1
n

(2)

tirepresents the price of the underling asset at time ti, with ti being the monitoring times

over which the averaging takes place:

0 ≤ t1 ≤ t2 · · · ≤ tn = T (3)

In this thesis we consider that the monitoring times ti are equally spaced over the wholes

time period: [ti − ti+1]= [tj − tj+1]=h with h=T/n

The payo of an arithmetic call Asian option with strike K is given by the following:


1

n

n

i=1

S(ti)−K

+

(4)

where

x+ = maxx, 0 (5)

Recall that in the Black Scholes model, the price of a risky asset under the risk-neutral
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measure Q follows the geometric Brownian motion process:

dS(t)

S(t)
= r dt+ σdW (t), t ⩾ 0, (6)

Where σ is the volatility, r the drift equal to the risk-free interest rate, and W (t), t ⩾ 0

is a standard Brownian motion process under the risk-neutral measure Q. Given (6) , the

random variables S(t)S(0) follow a log-normal distribution, with parameters

r − σ2

2


t

and tσ2. However, the average of a series of log-normally distributed random variable is

not log-normally distributed itself. As a consequence, it is not possible to use the Black

Scholes formula to derive the price of the arithmetic Asian option. Which motivates the use

of the other method of valuation for the arithmetic Asian option. Under the risk-neutral

expectation EQ and risk-neutral interest rate r the risk neutral price of the arithmetic

Asian option at current time t = 0 is given by:

AC0 = e−rTEQ


1

n

n

i=1

S(ti)−K

+
(7)

We will use the dynamics described by equation (7) to develop our benchmarks using

the Monte Carlo simulations.

Value of a geometric Asian option under Black Scholes: The same way we dened

the risk neutral price of the arithmetic Asian option we can also nd an expression of the

risk neutral price of the geometric average Asian option at current time t = 0:

GC0 = e−rTEQ








n

i=1

S (ti)

 1
n

−K




+

 (8)

Contrary to the arithmetic average, the geometric average of a series of log-normally

distributed random variables follows a log-normal distribution too. In (Vorst, 1992), an

exact pricing formula for the geometric average options is given. Vorst does so by taking

the natural logarithm of the geometric average:

lnG =
1

n

n

i=1

lnS(ti) = lnS0 +
1

n

n

i=1

ln
S(ti)

S0
(9)
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The logarithmic values ln S(ti)
S0

follow a normal distribution with the following parameters:

N


r − q − 1

2
σ2


ti,σ

2ti


, i = 1, 2,    , n (10)

Since the Brownian motions have independent increments, the sum of the normally dis-

tributed random variables is normally distributed, it is then possible to nd the mean and

variance of lnG. Following (Vorst, 1992), (J. A. Nielsen & Sandmann, 2003) nds the

following expressions for the parameters of the distribution:

µG = lnS0 +


r − 1

2
σ2


T + h

2
(11)

σ2
G = σ2


h+ (T − h)

(2n− 1)

6n


(12)

Finally, given those parameters, the value of the geometric Asian option can be computed

in the Black Scholes framework similarly to an European option:

GCBS0 = exp(−rT )


exp


µG +

1

2
σ2
G


Φ (d1)−KΦ (d2)


(13)

with:

d1 =
µG − lnK + σ2

G

σG
(14)

d2 = d1 − σG (15)

The expression of the risk neutral price in (13) and the Black Scholes price will be used

for the Monte Carlo simulation in the Black scholes Monte Carlo simulations.

3 Monte Carlo Simulations

In this section, we describe the basic principles behind the Monte Carlo simulation. This

will serve as the benchmark for the bounds we will develop later on in this paper, as we

will adapt the simulations to our dierent models going forward.

We start by applying the naive Monte Carlo method to the Asian options. We rst

demonstrate the Monte Carlo simulation in the Black Scholes model but will give insights

on the modications to be done for the other models. The essence of the Monte Carlo

simulation is to estimate the expected value of a random variable by drawing samples from
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its distribution and then computing the average over these samples.

Ŝt =
1

n

n

i=1

St(i) −→ E [St] (16)

In the Black Scholes model, samples from the distribution of the underlying assets would

be computed at time as follows:

s
(i)
ij

= sij−1
exp


r − q − 1

2
σ2


(ij − ij−1) + σ


ij − ii−1Z

i,j


,

j = 1, 2,    ,m, i = 1, 2,    , n

(17)

with si,j being the value of the underlying stock at time tj during the ith iteration of the

simulation. And Zij ∼ N(0, 1) From the pay-o of the arithmetic Asian option, we can

then derive the estimator of the Monte Carlo simulation as follows:

ÂC0,n =
e−rT

n

n

i=1


 1

m

m

j=1

si,j −K




+

(18)

The variance of the sample is then given by

σ2 =
1

n

n

i=1


AC(i) − ÂC

2
(19)

And from the variance we can establish a condence interval on the true value by com-

puting the error on the estimator:


ÂC − 196

σ√
n
, ÂC + 196

σ√
n


(20)

We then compute a Monte Carlo simulation on an Asian Option in the Black Scholes

model with the following parameters: T= 1, S0=100, r = 0.09, σ = 0.3, n= 10000, h =

1/12

From this rst simulation, we can see that the error decreases with K. This can be

explained by the fact that as K increases, the value of the Asian option tend to 0. But

while the absolute value of the error decreases, the coecient of variation increases with

K. To reduce the error, one could either increase the number of simulations, at the cost

of time and computing power, or could use of the several variance techniques that exists,

the main ones being the antithetic variate, and the control variate techniques. Given the

conclusion of several pieces of literature on the application of either variance reduction
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Figure 1: Table 1: Naive Monte Carlo

techniques (see (J. Zhang, 2002),(L. B. Nielsen, 2001)) , we decided to apply the control

variate method in this thesis.

3.0.1 Variance Reduction

The control variates method involves the idea that when trying to estimate a specic value

from data, insights from another related variable can be utilized to rene and improve the

initial estimation. The main intuition behind the technique is to nd a variable of control

C that would be positively correlated with the variable we search to estimate. We could

then dene a new variable following the equation below:

AC ′ = AC − b(C − E(C)) (21)

With b a real number. Clearly, the idea is to adjust the estimate of AC given the deviation

of C from its own expected value.

From there it is clear that

E

AC ′ = E(AC) + b(E(C)− E(C)) = E(AC) = AC, (22)

The control variable C must thus be positively correlated with AC such that Cov(AC,C) >
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0 and should also be chosen as to minimize the variance of AC ′:

Var

AC ′ = Var[AC]− 2bCov[AC,C] + b2Var[C] (23)

with b to be chosen to also minimize the variance of AC ′. Using the OLS coecient the

optimal choice b⋆ can be found (Kogan):

b⋆ =
Cov[AC,C]

Var[AC]
(24)

In order to implement the control variate technique, we follow Nielsen’s implementa-

tion. We thus, chose a geometric average Asian option as the control variate for the Monte

Carlo simulation:

C = e−rTEQ








n

i=1

S (ti)

 1
n

−K




+

 (25)

Jensen’s inequality shows that the geometric average is always lower the the arithmetic

average. Several studies on Asian options has also used the geometric Asian options as

either a direct lower bounds to price and approximate the arithmetic average (Vorst, 1992),

or by conditioning on it (Curran, 1994). The positive correlation condition between AC

and C is thus met. Regarding the variable b, we follow (L. B. Nielsen, 2001)’s paper which

sets it to 1. Given the Black Scholes derivation of the value of a geometric Asian option,

we end up with a new unbiased estimator of the form:

e−rT

n

n

i=1


 1

m

m

j=1

si,j −K




+

− e−rT

n

n

i=1


m

i=1

s
1
m
i,j −K

+

+GCBS (26)

Finally, we compute the newly found estimator using the same values as the one for the

plain Monte Carlo: T= 1, S0=100, r = 0.09, σ = 0.3, n= 10000, h = 1/12 Once we have

applied the Monte Carlo simulation we can see that both the error and variance reduces

signicantly, for the whole range of K. The coecient of variation is also greatly reduced.

The results are coherent with our expectation on the use of the geometric Asian option

as control variate, the errors are reduced, the Control Variate Monte Carlo simulation

converges faster than the Plain one.
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Figure 2: Table 2: Monte Carlo with Control Variate

4 Comonotonic Bounds in Black-Scholes and time-deterministic

models

In 2006, (Vanmaele et al., 2006) published their framework on the comonotonic bounds for

Asian options, unifying and improving on previous notions and bounds derived by other

researchers. (Tretiak, 2022) in their thesis adapted the bounds in (Vanmaele et al., 2006)

to deterministic time-dependent volatility. We follow in their footstep and and propose to

add a degree of complexity to the adaptation by add deterministic time-dependent interest

rates. To better approximate the Hybrid Heston model rst described in (Recchioni & Sun,

2016), we decide to model both time-dependent processes using a Cox-Ingersoll process.

The goal being to analyse the robustness of the bounds derived from the Black Scholes

model and the model-independent bounds on some common ground. We will rst go

through some theoretical concepts highlighted in (Vanmaele et al., 2006) before describing

the bounds and their derivation. We will then describe the time-deterministic model we

have chosen to apply the bounds to.

4.0.1 Notations

In their paper, (Vanmaele et al., 2006) use the following notations to describe the pay-

o of an European-style discrete Asian option, with strike K, expiration date T, and n

12



monitoring dates as follows:


1

n

n−1

i=0

S (T − ti)−K



+

(27)

S(T − ti) being the the price of a risky asset at time T − ti, i = 0,    , n − 1. and

x+ = maxx, 0. With the price of the discrete arithmetic call option with strike K,

maturity date T and n monitoring times under the risk neutral probability Q :

AC(n,K, T ) =
e−rT

n
EQ





n−1

i=0

S (T − ti)− nK



+


 (28)

Furthermore, please note that the analytical formula of the bounds will already be adapted

to reect the time changing processes of the volatility and interest rates.

4.1 Bounds based on comonotonicity reasoning

In the actuarial and nancial worlds, one can often nd random variables under the form:

S =
n

i=1Xi where the terms Xi are not mutually independent. As only the marginal

distribution functions of the random variables Xi is known, the multivariate distribution

function of the random vector is not completely specied (Vanmaele et al., 2006). Finding

upper and lower bounds of the sum S of the Xi random variables would prove useful in

this case. Lower bounds would be of the form S =
n

i=1Xi ; while upper bounds should

be of the form S =
n

i=1Xi for the sum S =
n

i=1Xi. The bounds should then answer

the following specications:

• the marginal distribution functions of the random variables Xi, Xi and Xi(i =

1,    , n) are equal,

• And the sum of random variables follow a convex order: S ⪯cx S ⪯cx S . This then

implies that the variables have the same expectation(E[S] = E[S] = E[S] ) and that

the stop-loss premiums wrt to d of the random variables also follow a convex order:

E [(S− d)+] ⩽ E[(S− d)+] ⩽ E

(S− d)+


for all d ∈ R.

Out of three potential bounds highlighted in previous papers, (Vanmaele et al., 2006)

chose to develop upper and lower bounds as follows:

• Based on the work of (Kaas et al., 2000), the upper bounds chosen is of the form

S := Su, with

Su = F−1
X1|Λ(U) + F−1

X2|Λ(U) + · · ·+ F−1
Xn|Λ(U) (29)

13



Based on the work of (Kaas et al., 2000), takes the components of the random vectors

X1, X2,    , Xn


such that Xi := F−1

Xi|Λ(U), where F−1
Xi

(U) is the usual inverse

distribution, F−1
Xi|Λ(U) is the random variable of the form fi(u,λ) = F−1

Xi|Λ=λ(u) and

U a (0, 1)-uniform random variable independent of Λ . This bound is an improved

over the upper bound developed by (Dhaene, Denuit, et al., 2002).

• For the lower bound (Vanmaele et al., 2006) also chose a bound based on (Kaas

et al., 2000). This bound is of the form: S := Sℓ, with Sℓ being the conditional

expectation of S given the random variable Λ :

Sℓ = E[S  Λ] (30)

As a lower bound following Kaas et al. [15], where Sℓ is a conditional expectation Through

those two bounds, the sum S is bounded above and below:

Sℓ ⪯cx S ⪯cx Su (31)

The denition of the convex order, then implies that the stop-loss premiums of the random

variables are also ordered for all d in R:

E


Sℓ − d


+


⩽ E [(S− d)+] ⩽ E


(Su − d)+


⩽ E


(Sc − d)+


(32)

It is nally important to note that the average of the underlying asset in the price of the

Asian options can be rewritten as a sum of lognormal variables:

S =

n−1

i=0

S(T − ti) =

n−1

i=0

S(0)e


r−σ2

2


(T−ti)+σB(T−ti) (33)

S =
n−1

i=0

Xi =
n−1

i=0

ie
Yi (34)

The theoretical principles of the two comonotonic upper bounds can thus applied to the

sum of the underlying assets in order to derive bounds on the Asian options.

14



4.2 Lower Bounds

(Vanmaele et al., 2006) derive the lower bound

Sℓ =
n−1

i=0

EQ [Xi  Λ] =
n−1

i=0

iE
Q

eYi  Λ


(35)

for three possible values of the conditioning variable, under the assumption that Λ is

a normally distributed conditioning variable such that (σ (ti)B (T − ti) ,Λ) are bivariate

normally distributed for all i and σ(t).

The comonotonic lower bound for the option price AC(n,K, T ) is then given by:

LBΛ =
e−rT

n
E





n−1

i=0

S l − nK



+




=
S(0)

n

n−1

i=0

e−r(∆ti)
tiΦ


σ(∆ti)ρ∆ti


∆ti − Φ−1 (FSl(nK))



− e−r(T )TK (1− (FSl(nK)))

(36)

where ρ(t∆i) = corr (σ (t∆i)B (t∆i) ,Λ) ≥ 0 and FSl(nK) a solution to:

S(0)
n−1

i=0

exp


r∆ti −

σ2(∆ti)

2
ρ2∆ti


∆ti

+ σ(∆ti)ρ∆ti


∆tiΦ

−1 (FSl(nK))


= nK

(37)

With (∆ti) the averaging time( T − ti), Φ(·) the cumulative distribution function (cdf) of

a standard normal variable and FSℓ(·) represents the cdf of Sℓ.

The conditional variable Λ only intervenes in the function through the correlation

term: ρ∆ti Given the purpose of deriving a closed form expression for the lower bound,

(Vanmaele et al., 2006), gives the following general expression for the conditional variable:

Λ =

n−1

i=0

iB(∆ti), i ∈ R+ (38)

For general positive i, the variance of Λ is then given by

σ2
Λ =

n−1

i=0

n−1

j=0

ij min(∆ti,∆tj) (39)
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and the general form of the correlation is given by:

ρ∆ti = corr(σB(∆ti),Λ)

=
cov(B(∆ti),Λ)√

∆tiσΛ

=

n−1
j=0 j min(∆ti,∆tj)√

∆tiσΛ
⩾ 0

(40)

To ensure that ensure that Sℓ is a sum of n comonotonic random variables, (Vanmaele

et al., 2006) only takes the positive i, implying that the ρ∆ti are positive. The quality of

the lower bound is dependent on the choice of i, as it directly inuence the variance of

the lower bound EQ[S  Λ], the quality of the lower bound being judged by its variance.

Indeed, maximization of the quality implies that the variance of the lower bound be made

as close as possible to varQ [S]

With this in mind, (Vanmaele et al., 2006) proposes three possible conditioning vari-

ables to dene the lower bound. The resulting bounds only dier from each other due to

their correlation coecients and the variance of the conditioning variable. their correlation

and variance .

The rst variable is a linear transformation of a rst-order approximation of the stock

price, proposed by (Dhaene, Goovaerts, et al., 2002)

Λ =
n−1

i=0

e


r(∆ti)

−σ2(∆ti)

2


∆ti

B(∆ti) (41)

This lower bound has been used by already used by (Vanmaele et al., 2006) to derive

their comonotonic lower bound.

Correlations and variances are dened as follows:

ρ∆ti =

n−1
j=0 e


r(∆tj)

−σ2(∆tj)

2


∆tj

min(∆ti,∆tj)√
∆tiσΛ

σ2
Λ =

n−1

i=0

n−1

j=0

e


r(∆ti)

−σ2(∆ti)

2


∆ti+


r(∆tj)

−σ2(∆tj)

2


∆tj

min(∆ti,∆tj)

(42)

The second one, is the standardized logarithm of the geometric average

G = n

n−1
i=0 S(∆ti) proposed by (J. A. Nielsen & Sandmann, 2003), and (L. Rogers

& Shi, 1995):

Λ =
lnG − E[lnG]

var[lnG]
=

n−1
i=0 B(∆ti)

var
n−1

i=0 B(∆ti)
 (43)
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With

var

n−1

i=0

B(∆ti)


=

n−1

i=0

n−1

j=0

min(∆ti,∆tj) (44)

and correlation:

ρ∆ti =

n−1
j=0 min(∆ti,∆tj)n−1

i=0

n−1
j=0 min(∆ti,∆tj)

(45)

Finally, (Vanmaele et al., 2006) proposes the conditioning variables:

Λ =

T

k=1

kWk, (46)

with Wk i.i.d. N(0, 1) such that B(∆ti)
d
=

∆ti

k=1

Wk, i = 0,   n− 1,

(Vanmaele et al., 2006) identies this conditioning variable as the one producing the most

accurate bounds, be it on lower or upper bounds.

ri = ρ∆ti =
cov (B(∆ti),Λ)√

∆tiσΛ
=

∆ti√
∆ti

√
T

=

√
∆ti√
T

, i = 0, 1,    , n− 1 (47)

4.3 Improved comonotonic upper bound

Similarly to the lower bound, (Vanmaele et al., 2006) considers conditioning on a normal

random variable Λ Through the following inequality, they derive the improved comonotonic

upper bound:

AC(n,K, T ) =
e−rT

n
EQ [((Su − nK)+)] ≤

e−rT

n
EQ


(Su − nK)+


(48)

where previously, we dened Su =
n−1

i=0 F−1
Xi|Λ(U) =

n−1
i=0 F−1

αieYi|Λ
(U) for a (0, 1)-uniform

random variable.

The improved comonotonic upper bound is as follows:

ICUBΛ =
e−rT

n
E

(Su − nK)+



=
e−r(T )T

n

n−1

i=0

S(0)e−r(∆ti)e
−σ2(∆ti)

2
ρ2∆ti

∆ti

×
 1

0
eρ∆ti

σ(∆ti)
√
∆tiΦ

−1(v)Φ


1− ρ2∆ti
σ(∆ti)


∆ti − Φ−1


FSu|V=v(nK)


dv

−e−r(T )TK (1− FSu(nK))
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With

V = Φ


Λ− E[Λ]

σΛ


(49)

is a uniform (0, 1) random variable, ρT−i = corr(σB(∆ti),Λ), and

FSu(nK) =

 1

0
FSu|V=v(nK)dv (50)

Furthermore, the conditional distribution FSu  V = v(nK) follows from

S(0)
n−1

i=0

exp


r(∆ti) −

σ2(∆ti)

2


∆ti



× exp

ρ∆tiσ(∆ti)


∆tiΦ

−1(v) +


1− ρ2∆ti
σ(∆ti)


∆tiΦ

−1 (FSl(nK))

= nK

(51)

4.4 Bounds based on the Rogers and Shi approach

Here (Vanmaele et al., 2006), derives upper bounds based on the lower bounds. For

that they apply the following general inequality for any random Y and Z as described by

(L. C. G. Rogers & Shi, 1995),

0 ⩽ E [E [Y+  Z]− E[Y  Z]+] ⩽
1

2
E[


var(Y  Z)] (52)

(Vanmaele et al., 2006) derives upper bonds by applying the inequality to the case of Y

being
n−1

i=0 S(∆ti)− nK. They therefore obtain an error bound for the dierence of the

option price and its lower bound:

0 ≤ EQ


EQ [(S− nK)+  Λ]− EQ


Sl − nK


+


≤ 1

2
EQ[


varQ(S  Λ)] (53)

Therefore, the upper bond is given by

UBΛ =
e−rT

n


EQ


Sℓ − nK


+


+ 


, (54)

The error bound can be computed with the following:

ij = S(0)2 exp


r(∆ti) −

σ2(∆ti)

2


∆ti +


r(∆tj) −

σ2(∆tj)

2


∆tj



σij =


∆ti +∆tj + 2min(∆ti,∆tj)

rij =

√
∆ti
σij

ρ∆ti +


∆tj

σij
ρ∆tj

(55)
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This error terms is independent of the strike K, (Vanmaele et al., 2006) derives the next

bound by making the error term dependent on K, by choosing a specic constant dΛ such

that Λ ⩾ dΛ implies that S ⩾ nK This algorithm was rst presented by (L. C. G. Rogers &

Shi, 1995), (Vanmaele et al., 2006) generalizing the approach to any normally distributed

conditioning random variable and not just on the geometric average. Given the two

assumptions:

1. Λ is a normally distributed conditioning variable such that (σ(∆ti)B(∆ti),Λ) are

bivariate normally distributed for all i.

2. there exists a dΛ ∈ R such that Λ ⩾ dΛ implies that S ⩾ nK

Then an upper bound of the option price AC is given by the

UBΛd = LBΛ+
e−rT

n
ϵ (dΛ) (56)

with the error bound:

ϵ (dΛ) =
S(0)

2
Φ (d∗Λ)

1
2 ×



n−1

j=0

n−1

i=0

e
r(2T−ti−tj)+σ(∆ti)ρ∆ti

σ(∆tj)ρ∆tj

√
∆ti

√
∆tj

× Φ

d∗Λ −


σ (∆ti) ρ∆ti


∆ti + σ (∆tj) ρ∆tj


∆tj



×

e
σ(∆ti)σ(∆tj)


min(∆ti,∆tj)−ρ∆ti

ρ∆tj

√
∆ti

√
∆tj


− 1

 1
2

(57)

with d∗Λ =

dΛ − EQ[Λ]


σΛ,Φ(·) the standard normal cdf

and ρ∆ti = corr(σ(∆ti)B(∆ti),Λ) ⩾ 0.

d∗GA being equal to

dGA =
n ln K

S(0) −
n−1

i=0


r(∆ti) −

σ2(ti)
2


(∆ti)

σ(T )
n−1

i=0

n−1
j=0 min (∆ti,∆tj)

(58)

d∗FA being equal to

dFA =
nK −n−1

i=0 S(0)e


r(∆ti)

−σ(∆ti)
2

2


(∆ti)

S(0)σ(T )


σ2
Λ

(59)

In both case the error bound now takes into account the strike price. The newly dened

error bound helps strengthen the error bound and creates sharper upper bound.
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4.5 Partially exact/comonotonic upper bound

Starting from the work in (Curran, 1994), (Vanmaele et al., 2006) derives the partially/exact

comonotonic upper bound. The method consists of deriving an improved comonotonic

bounds by conditioning on some normally distributed random variable and to also decom-

pose the calculations into exact and approximate parts. For a given conditioning random

variable Λ the partially/exact comonotonic upper bound will be a more sharper upper

bound than it’s related improved comonotonic upper bound.

PECUBΛ =
S(0)

n

n−1

i=0

e−r(∆ti)tiΦ

ρ∆tiσ(∆ti)


∆ti − d∗Λ


− e−r(T )TKΦ(−d∗Λ)

+
S(0)

n

n−1

i=0

e−r(∆ti)
tie−

−σ2(∆ti)

2
ρ∆ti

∆ti

×
 Φ(d∗Λ)

0
eρ∆ti

σ(∆ti)
√
∆tiΦ

−1(v)Φ


1− ρ2∆ti
σ(∆ti)


∆ti − Φ−1


FSu|V=v(nK)


dv

− e−r(T )TK


Φ(d∗Λ)−

 Φ(d∗Λ)

0
FSu|V=v(nK)dv




(60)

4.6 Adaptation of the bounds to a time deterministic model

The bounds described in this thesis were derived from the Black Scholes models, which

assumes constant volatility and interest rates. However, since the inception of the Black

Scholes model, several studies have shown that these assumptions do not hold in the real

economy. Halfway through a real stochastic process, we extend the Black Scholes model to

time deterministic volatility and interest rates based on stochastic processes. In order to

create a coherent comparison with the hybrid Heston model detailled in the next section,

we decide to model both the volatility and the interest rates using a Cox-Ingersoll-Ross

process (CIR).

Characteristics of the CIR model The CIR model was developed initially in 1985,

by (Cox, Ingersoll, & Ross, 1985) as a spin-o of the Vasicek Interest rate model. One

of the main drawbacks of the Vasicek stochastic model for interest rates being that rates

can become negative. The CIR correct this by introducing a square root element into the

stochastic equation:

drt = κ( − rt)dt+ σ
√
rtdW (t) (61)
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With κ, , σ being positive constants. κ is the speed of mean reversion of the process

to its long term mean;  its long term mean, and σ the volatility of the process, W(t) a

Brownian motion. The expectation and variance of the process are widely known():





E[rt] = e−κtr0 + 

1− e−κt


,

Var[rt] =
σ2

κ r0

e−κt − e−2κt


+ θσ2

2κ


1− e−κt

2


(62)

the same applies for the model of the volatility:





E[σt] = e−κtv0 + 

1− e−κt


,

Var[σt] =
σ2

κ σ0

e−κt − e−2κt


+ θσ2

2κ


1− e−κt

2


(63)

We extend the Black Scholes model to a time-varying model on the volatility and the

interest rates by using the time-average value of the expected value of the stochastic

process. Therefore for the volatility:

σ(t) =
1

t

 t

0
E [σs] ds (64)

for the interest rates:

r(t) =
1

t

 t

0
E [rs] ds (65)

The value of E[rs] , E[σs], shows us that the stochastic volatility doesn’t play any role in

this model. Instead, the volatility and interest rates are functions of the speed of reversion,

the initial level of volatility or interest rates, and the level of the long term mean. In our

model, if the value at 0 (v0, r0 ) is equal to its long term mean, the system reverts back to

a constant volatility/interest rate model: κ is the variable that will dictate dictating the

rate of reversion, and thus the changes in the time-deterministic parameter over time. For

value at 0 = 0.5,  = 0.02 and κ = [0.1, or 0.9] , T = 1. We remark that going from 0.1 to

0.9, the dierence in rate at which the process reverts at the long-term mean is signicant.

Analysing the robustness of the bounds by varying the mean reversion rate seems to be

the more impactful.

Adaptation of the Monte-Carlo simulation :

Given our hybrid deterministic model, the price process in the Monte Carlo simulation
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Figure 3: Time deterministic process with  = value at 0

Figure 4: Time deterministic process κ = 0.1
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Figure 5: Time deterministic process κ = 0.9

must be slightly adapted. The discretization of the price becomes:

St+δ = Ste


ˆr(t)− σ̂2(t)

2


+
√

σ̂(t)Z

with

ˆr(t) =
1



 t+δ

t
E [rs] ds (66)

and

ˆσ(t) =
1



 t+δ

t
E [σs] ds (67)

Z ∽ N (0, 1),  = ti+1 − ti and E[rs] , E[σs] given by (59), and (60).

5 Comonotonic model independent bounds

In this section, we review the model independent bounds developped by (Albrecher et

al., 2008) (for the lower bounds) and (J. Chen & Christian-Oliver, 2014) (for the upper

bound). The bounds derived are model independent in the fact that they are supposed to

work for any models satisfying the two following conditions:

• Be an arbitrage-free model

• Having access to closed-form formula for European options. As the bounds are

achieved through sub and super-replicating strategies involving buying an optimal
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number of European options.

We then apply their methodology to the hybrid Heston model introduced by (Grzelak &

Oosterlee, 2011) and reviewed by (Recchioni & Sun, 2016) . Finally, we speciy the Monte

Carlo simulation of the hybrid Heston model, with dierent control variates as the one

previously shown: the complexity of the model not allowing for a closed form solution of

the geometric average Asian option, we choose the average of European options summed

over the averaging times of the Asian option.

5.1 Model Independent lower bounds

We rst look at the derivation of lower bounds made by (Albrecher et al., 2008). Please

note that although they derive three lower bounds, for our analysis, we will only consider

their rst two. The third bounds would potentially be the subject of another paper.

(Albrecher et al., 2008) starts from the methods developed by (Curran, 1994), and

(L. C. G. Rogers & Shi, 1995)to derive lower bounds in the Black Scholes model which

used Jensen’s inequality to dene a lower bond on the sum of random variables S:

n

i=1

Sti ≥cx

n

i=1

E [Sti  Z] (68)

With Z an arbitrary random variable and ≥cx the convex ordering relation. Using the

concept of comonotonicity of a random vector, (Albrecher et al., 2008) chooses the random

variable Z = S1 for their rst bound. We thus have a rst lower approximation given the

conditional variable:
n

i=1

E [Si  S1] =

n

i=1

S1e
r(ti−t1) := Sl

Since er(ti−t1)S1 is a non decreasing function of S1 for every i,

the random vector

S1, e

r(t2−t1)S1,    , e
r(tn−t1)S1


is comonotone, and standard comono-

tonicity theory can be applied:

E


1

n
Sl −K

+

=

1

n

n

i=1

E


er(ti−t1)S1 − F−1

er(ti−t1)S1

(FSl(nK))
+


 (69)

Deriving the expression further, the lower bound with conditionning variable S1 can be
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modelled as the following:

AC(K,n) ≥ E

e−rT 1

n


Sl − nK

+


=
1

n
C


nKn

j=1 e
r(tj−t1)

, t1


n

i=1

e−r(T−ti) =: LB1,

(70)

With C (K, t1) the price of a European call option at time 0 with strike Kand maturity

t1. This rst naive lower bound implies a simple sub-replicating trading strategy.

S1 as the conditionning variable does not necessarily leads to the optimal lower bound.

Results from (70) can be generalized to the other prices at time ti, for each ti, a corre-

sponding lower bound can be computed:

AC(K,n) ≥ e−rT

n
C

c̃
(1)
t , t

 n

i=j(t)

erti =: LB
(1)
t , (71)

With c̃
(1)
t the optimal choice for c given ti:

c̃
(1)
t =

nK −j(t)−1
i=1 ertiS0n

i=j(t) e
r(ti−t)

 (72)

From (Albrecher et al., 2008) , the optimal lower bound, will be the maximum of the LB
(1)
t

bounds.

A second type of lower bounds were derived by (Albrecher et al., 2008), it is given

below for information but is not part of the analysis of this thesis. Further work on the

subject could include them:

AC(K,n) ≥ max
0≤t≤T

LB
(2)
t

=
e−rT

n
max
0≤t≤T




j(t)−1

i=1

E


S0




St

S0

ti/t

−

c̃
(2)
t

S0

ti/t



+
+

n

i=j(t)

ertiC

c̃
(2)
t , t



 ,

(73)

with c̃
(2)
t , which solves the following equation:

nK −
j(t)−1

i=1

S0


c̃
(2)
t

S0

ti/t

− c̃
(2)
t

n

i=j(t)

er(ti−t) = 0 (74)

25



5.2 Model independent upper bound

To derive an model independent bound on Asian option, (J. Chen & Christian-Oliver,

2014) follow and generalize the approach previously outlined by (Albrecher et al., 2005)

in for Levy type jump models.

Expressing the value of an Asian option at time t:

ACt =
e(−r(T−t))

n
EQ


n

i=1

Sti − nK

+

 Ft


(75)

And using the convexity of the payo function of the Asian option, the following inequality

holds for any K1,K2, · · · ,Kn with K =
n

i=1Kk


n

i=1

Sti − nK

+

= ((St1 − nK1) + (St2 − nK2) + · · ·+ (Stn − nKn))
+

≤
n

i=1

(Sti − nKi)
+

(76)

From this inequality, the expression of the upper bound at time 0 is:

AC0(K,T ) =
e(−rT )

n
EQ


n

i=1

Sti − nK

+

 F0



≤ e(−rT )

n

n

i=1

EQ 
(Sti − nKi)

+  F0



=
e(−rT )

n

n

i=1

e(rti)C0 (κi, ti)

(77)

With C0(ki, ti) the price of an European call option at time 0, with maturity ti and

strike κi. This expression holds for any combination of κi ¿ 0 such that
n

i=1 κi = nK.

Expression (77) is an upper bound of the Asian option, using a super-replicating strategy.

Similarly to the work done on the model independent lower bounds, this general upper

bound must be optimized. This is done by nding the right combination of κi. Using

stop-loss transform and comonotonic theory, (J. Chen & Christian-Oliver, 2014) nds a

solution for the optimisation of the κi combination:

κi = F−1 (FSc(nK); ti) , k = 1, · · · , n (78)

With where F (xk; tk), the conditional distribution of Sti with respect to the σ-algebra of
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initial information F0 under the risk-neutral measure Q and FSc follows:

F−1
Sc (x) =

n

i=1

F−1
xi

(x), x ≥ 0 (79)

with F−1
xk

(x) the inverse distribution function of F (xk; tk) with respect to the argument

xi

(J. Chen & Christian-Oliver, 2014) then apply the method to three stochastic models:

Heston, CEV, and Schwartz two-factor. To derive this upper bound, an explicit expression

of the distribution function of the price St is needed. This is a piece of information that is

lacking in the hybrid Heston model. Thus we followed (J. Chen & Christian-Oliver, 2014)’s

proposed algorithm to obtain the distribution function via Monte Carlo simulation (see

Annex).

5.3 The hybrid Heston model

(Recchioni & Sun, 2016) present in their paper a variation of the hybrid Heston model

illustrated rst by (Grzelak & Oosterlee, 2011). One advantage of this adaptation is to

be analytically tractable, and the price of European call option, one of our pre-requisite

to apply the independent bounds model, is derived analytically.

The relaxation of the assumption of constant volatility starts and incorporation of

stochastic volatility into models starts around the end of the 80s and several models are

proposed during that period to incorporate this variable into models: such as the Hull and

White, Stein-Stein, Heston, Ball and Roma models. Among other, the Heston model allows

for closed-form formulas for option pricing and can describe asset behavior accurately in

conditions where the assumption of constant interest rates is realistic.

However, in the last 20 years, studies have been made on the relaxation of the as-

sumption of constant interest rates. (Chiarella & Kwon, 2003), (Trolle & Schwartz, 2009),

(Andersen & Piterbarg, 2007), all arrive at the conclusion that stochastic interest rates

should be incorporated to models to better capture the bond yield behavior.

In view of the above, we decided to add that complexity to the model that would be

introduced to the model-independent techniques described in the previous sub-sections.

Those hybrid models are still quite recent, and extensive literature can be quite dicult

to nd. The choice therefore has two objectives: further the literature on the subject, and

to try to apply the methods to a good realistic model.

Given the need for a computable European option, (Recchioni & Sun, 2016)’s model
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seemed a good t to reach those objectives.

The hybrid Heston SDE model The model incorporates both stochastic volatility

and interest rates using CIR processes. It generalizes the Heston model within a framework

of stochastic interest rates. (Recchioni & Sun, 2016)’s variation of (Grzelak & Oosterlee,

2011) has the following stochastic dierential equations:

dSt = Strtdt+ St
√
vtdW

p,v
t + St∆

√
vtdW

v
t + StΩt

√
rtdW

p,r
t , t > 0,

dvt =  (v∗ − vt) dt+ 
√
vtdW

v
t , t > 0,

drt = λ ( − rt) dt+ 
√
rtdW

r
t , t > 0

(80)

∆ is a positive constant, Ωt is a positive function and the constants , v∗, are the long term

means of the interest rate and volatility process respectively; λ,, their mean reversion

speed, and ,  their volatility.

W p,v
t ,W p,r

t ,W v
t ,W

r
t are standard Wiener processes with correlation structure as fol-

lows:

E (dW p,v
t dW v

t ) = ρp,vdt, t > 0,

E (dW p,v
t dW r

t ) = 0, t > 0,

E (dW p,r
t dW r

t ) = ρp,rdt, t > 0,

E (dW p,r
t dW v

t ) = 0, t > 0,

E (dW r
t dW

v
t ) = 0, t > 0,

(81)

W p,r
t is introduced by (Recchioni & Sun, 2016), to introduce direct correlation between

the price process and the interest rate.

Monte Carlo Simulation Taking the log-price of the price process xt = ln (StS0) , t >

0, and assuming that Ωt is a positive constant we can speciy the discretization of the

processes for our Monte Carlo simulation:

xt+δ = xt ∗ e[rt−
1
2(ψ̃vt+Ω2rt)]δ+

√
vt
√
δZp,v

t +∆
√
vt
√
δZv

t +Ω
√
rt
√
δZp,r

t , t > 0,

vt+δ = vt +  (v∗ − vt)  + 
√
vt
√
Zv

t , t > 0,

rt+δ = rt + λ ( − rt)  + 
√
rt
√
Zr

t , t > 0,

(82)

We keep using the control variate technique for variance reduction. However, no closed-

formula are available for goemetric Asian option. Taking full advantage of the derivation

of (Recchioni & Sun, 2016) on the European Option, we follow (Vrins, 2020), and choose
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as control variable:

C =
1

n

n

i=1

(Sti −K)+ e−rti (83)

The formula of the European call option derived by (Recchioni & Sun, 2016) :

CA (S0, T, E, r0, v0) = e
−r0

T

(1+eλT )
S0

2π

 +∞

−∞
dk


S0
E

(1−ık)

−k2 − 3ık + 2
e−2λθ(ζq,r+µq,r)τ/η2


e−(2χv

∗/γ2) ln(sq,v,b/(2ζq,v))e−(2v0/γ
2)(ζ2q,v−µ2

q,v)sq,v,g/sq,v,be−2χv∗(ζq,v+µq,v)T/γ2

·

e−(2λθ/η
2) ln(sq,r,b/(2ζq,r))e−(2r0/η

2)(ζ2q,r−µ2
q,r)sq,r,g/sq,r,b


 Mq,r

Mq,r +
TeλT

(1+eλT )




νr+1

e

−


TeλT

(1+eλT )



 Mq,rr̃q

Mq,r+
TeλT

(1+eλT )




S0, T, E, r0, v0, q = 2,

(84)

The list of explanation of the term is presented in the annex.

6 Numerical Results

In this section, we look at the robustness of the bounds in the hybrid models. For the

bounds in the Black Scholes extended model, we test for the impact of the process intensity

by making the process λ vary from three possible values [0, 0.45, 0.9] for the interest rate

and the volatility. The values correspond to a non-time dependent state, a mid-level

intensity of mean reversion and nally high level of mean reversion. For the bounds in

the hybrid Heston model, from a base case scenario we do two variation for each variable

too. The models being more complex, it is less easy to single-out one variable of the

processes to drive signicant changes to the bounds. Thus for each variable, we evaluate

the bounds over two steps along either r or σ, each step, the target related variable (mean

reversion, long term mean) are divided by ten. A lower enough value would be equivalent

to non-stochastic variation of that variable.

Starting from the bounds in the extended Black-Scholes model, we can see that overall

the quality of the bounds worsen with the introduction of the time-deterministic interest

rates and volatility. The main driver of the decrease in quality of the bounds seems to be

the interest rate. Indeed, under the no time deterministic interest rate regime, the bounds

behave as intended. Furthermore, the computation of some bounds has some diculties

in outputting an approximation of the price under the high interest rate regime. This

is notably the case for the PECUBs bounds, which stopped to return values after some
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value for K in that conguration. The UBd bounds also failed to deliver output after some

values of K. Overall, the lower bounds keeps their characteristic of lower bounds of the

price, despite the overall lack of accuracy as K increases. As the upper are derived from,

through a correction terms, it is not surprising to see that the upper bounds are so far

from the MT price. Looking at the eect of volatility, we do not see the amelioration of

the approximation with the no time-deterministic volatility regime, as we could see with

the interest rates. The volatility seems to not impact the quality of the bounds as much

as the interest rate. The changes in quality between the low and high volatility regimes is

not as drastic as the ones from the interest rates. We fail to explain the unforeseen impact

of the interest rate on the quality of the bounds. Two hypothesis could give an answer to

this case:

• The most simple one would be a programming error of the dynamics of the interest

rate which could either impact the MC price or the price delivered by the bounds;

• The bounds are not tailored for time-varying interest rates, as possibly indicated by

the fact that in Python, some bounds will not be able to compute any results for

values if values of r are high enough.

We now look at the bounds for the hybrid Heston model. We rst remark that the

price is bounded by the bounds albeit with low accuracy. We can again see that overall

the bounds increases in quality as the interest rate process losses in predominance in the

model. The lower bound quality improve at each step towards low interest rates, and

the three bounds perform at their best in the low regime of interest rates. Other than

that, the bounds behave as they are described in their respective papers: LB1 is always

lower than LBT as LBT is the maximal lower bound. However, having the price of the

asian option being bounded between a [-10; +10] interval is not very ecient for market

practitioner. We again have two hypothesis to explain the lack accuracy of the bounds:

• Despite our best eorts, we have failed to replicate the lowering in variance of MC

simulations as we did in the Black Scholes model and its extension, the error hovering

around 1. This could impact the approximation of the price signicantly. However

please note that the price is still bounded over large intervals. While one of the

bound could be revealed as more precise after potential correction of the error, this

also implies that the other one is of lesser quality.

• The second hypothesis is that by design the bounds are less precise. Indeed, recall
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that the bounds are model-independent and are therefore not tailored to the testing

model. As we have shown, they still bound the price but with far less accuracy than

model-specic ones.

Seeing as the bounds in the hybrid Heston are also more prone to the change of interest

rate regimes, one could also ponder if the bounds are not just too sensitive to this kind of

model.

7 Conclusion

We have tried to look at the robustness of the bounds described in (Vanmaele et al., 2006),

(Albrecher et al., 2008), and (J. Chen & Christian-Oliver, 2014) when adapted to models

with stochastic interest rates and volatility. For that, we rst have developed Monte Carlo

simulations with dierent control variates per model: a geometric Asian option for the

extended BLack Scholes model, and a sum of European options for the hybrid Heston.

Both models uses the Cox-Ingersoll-Ross model to simulate the stochastic processes around

the volatility and the interest rates. The Monte Carlo price is then used as benchmark for

the evaluation of the quality of the bounds.

On a second part, we adapt the Black Scholes model to have time-deterministic volatil-

ity and interest rates in order to test for the resilience of the bounds in (Vanmaele et al.,

2006). We also apply the methodologies of (Albrecher et al., 2008), and (J. Chen &

Christian-Oliver, 2014) on a new model, the hybrid Heston model, to see to which extend

model-independent bounds can be accurate. So far the results are mitigated, the bounds

presented in (Vanmaele et al., 2006) lose much of their accuracy and properties when under

a fast mean reverting interest process. We have yet to nd a reason for that, our main hy-

pothesis for the moment being i) a faulty implementation of the interest rate process ii) the

non-compatibility of the bounds with time-varying interest rates. ii) is supported by the

fact that several bounds’ computing programs cease to even deliver results for high enough

level of interest rates. Similarly, we conrm the feasibility of the model-independent lower

and upper bounds, however with the caveat that they lack accuracy. Given the diculty

to lower our error to less than 1 in the Monte Carlo simulation of the hybrid Heston

model, the lack of precision in our benchmark price might cause some of the accuracy’s

issue. However, the price is more or less located at the center of the interval between the

upper and lower bounds. If the decrease in error were to lead to a new price, one of the

two bounds would be revealed as far less performing than the other. As was shown with
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Figure 6: LB FA

Figure 7: LB BT

the bounds in the Black Scholes extended model, the bounds far better in low stochastic

interest rates settings, which again opens the discussion on the viability of those methods

for varying interest rates settings. The results of this thesis opens the discussion for more

researches, on the bounds described in this thesis and their applicability to interest rates

models. Further work on our end would involve improving the Monte Carlo simulation in

the hybrid Heston model in order to rule out the Monte Carlo price as one of the driver

of the inaccuracy of both bounds. Furthermore, applying the bounds in (Vanmaele et

al., 2006) to other interest rate model and compare the results with the one of this thesis

in order to start forming a clear opinion on the lack of performance highlighted in this

thesis.
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Figure 8: LB GA

Figure 9: UB FA

Figure 10: UB GA
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Figure 11: Enter Caption

Figure 12: UB FAd

Figure 13: UB GAd
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Figure 14: ICUB FA

Figure 15: ICUB GA

Figure 16: ICUB BT
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Figure 17: PECUB FA

Figure 18: PECUB GA

Figure 19: Model independent naive lower bound
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Figure 20: Model independent lower bound

Figure 21: Model independent lower bound
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Figure 22: Naive Monte Carlo Heston

A Example of result table for the black scholes extended

model

B Example of result table for the hybrid Heston model

C European option under the hybrid Heston model

q,r, µq,v, µq,r, sq,v,b, sq,r,b, sq,v,g, sq,r,g, ṽq, r̃q,Mq,v and Mq,r are as follows :
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Figure 23: Monte Carlo with Sum of European Options as Control Variate

Figure 24: Results from scenario with high mean reversion: n=12;r0= 0.8,v0=0.03,
λV=0.45, V=0.05, σV= 0.6 ,λR=0.9, R=0.02, σR= 0.01, T = 1; S0 = 100

Figure 25: Base case scenario + Low intensity IR process
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