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Abstract

In this paper, a behavioral portfolio allocation model & la Cumulative Prospect
Theory with loss control is numerically implemented. This optimisation problem is
difficult to solve due to nonlinear objective function and nonlinear constrains. More-
over, the problem could be ill-posed. The structure of the optimal terminal wealth
of this problem is a combination of three binary options whose settlements depend
on the state of the market. The goal is to show the impact of each parameters (e.g.
market parameters, investor’s preferences parameters, initial gain or loss position)
on the solution of this complex problem. Finally an application on real market data
will compare the performances of the behavioral portfolio with the performances of
an expected utility maximising portfolio.
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Chapter 1

Introduction

Expected Utility Theory (EUT), whose axioms have been developed by Von Neumann and Mor-
genstern [1], is one of the predominant models of decision making under risk. It assumes that
decision makers are rational and risk averse when facing risky outcomes. It is used as decision
rule in the context of portfolio selection problems. Karatzas and Shreve [2] have combined Ex-
pected Utility maximisation and martingale pricing to solve this allocation problem. First, a
classical optimisation problem is solved to get the contingent claim that maximises the investor’s
utility. Finally, the claim is replicated by a basket of assets using martingale theory.

Nevertheless, EUT fails to describe many human behaviors : e.g. Allais [3], Ellberg [4] and
economic puzzles e.g. Benartzi and Thaler [5], Sydnor [6]. In 1979, Kahneman and Tversky
[7] introduced a new behavioral model: the Prospect Theory mainly based on psychological
researches. In 1992 [8|, they proposed an improved version: the Cumulative Prospect Theory
(CPT). The main features are:

Nonlinear decision weights: overweighting of low probabilities and underweighting of large
probabilities

Evaluating gains and losses from a reference point and not on final asset positions

Decision makers are risk averse in the gain domain and risk seeking in the loss domain

e Loss aversion: the disappointment of losing X is greater that the satisfaction of winning
X

Naturally, Cumulative Prospect Theory has been incorporated in the portfolio selection problem.
Unfortunately, the new features of CPT made the optimisation problem very difficult to solve.
The probability distortion can make the problem ill-posed in certain conditions. Then, the S-
shaped value function leads to non-conver optimisation. In 2008, Jin and Zhou [9] proposed
a behavioral portofolio selection model ¢ la Cumulative Prospect Theory. They used a Divide
and Conquer approach to reformulate the initial problem to solve it by conventional numerical
methods. They showed that the optimal terminal wealth of the portfolio can be seen as a
combinaison of payoffs of binary options whose settlements depend on states of the market.
In certain cases, those binary options can be replicated to obtain the corresponding optimal
portfolio explicitly. In 2011, Zhang [10] proposed an extension of the model to include a loss
control condition which plays a crucial role when the investor suffers an initial loss position.

The main contributions of this work are:
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e Implementation of a numerical solver of the CPT portfolio allocation problem (with and
without loss control)

e Sensitivity analysis of the (many) parameters playing a role in this portfolio problem

e Application on the Belgium Stock Market. Comparaison between the performances of a
CPT portfolio, an EUT portfolio and a benchmark (BEL20). With a particular attention
on the performances during the 2020 stock market krach (COVID-19 crisis).

The rest of this work is organised as follow. First, an involved description of the weaknesses
of Expected Utility Theory with various examples and the improvements of the Cumulative
Prospect Theory. Second, reminders of stochastic finance and an application of martingale pricing
in a EUT portfolio allocation problem. Third, the behavioral portfolio allocation problem a la
Cumulative Prospect Theory and its numerical implementation. Finally, the application on the
Belgium Stock Market.



Chapter 2

State of Art

1. Introduction
Let S denote a set of possible outcomes. For example, the set of outcomes of a football match

will be:
S = {Team A wins, Team B wins, Draw} (2.1)

For a dice roll, the set S will be:

S =1{1,2,3,4,5,6} (2.2)

In many cases, S will be a set of monetary outcomes. As an example, consider the following
game: after rolling the dice, the gambler should pay the face value if the number is odd and
receive it if the number is even. The set of outcomes is thus:

S ={-1,2,-3,4,—5,6} (2.3)

A prospect (or lottery) is a contract yielding outcome z; with probability pi. The following
notation is used for the prospect:

n
(€1, P13 2, P25 - Tn, pn)  With Y pi=1, p;>0 andz; € (2.4)
i=1
The previous gamble is represented by the prospect:
1 1 11 1 1
_577;_377;_]—77;277;477;677 2.5
( 6 6 6" "6 6 6) (25)
To simplify notation:

e Null outcomes are omitted. For example the prospect (x,p;0,1 — p) is simplified as (z,p)

e (x) denotes the riskless prospect that gives outcome z

Any prospect can be viewed as a random variable X with density function fx and cumulative
distribution function Fx. In the dice roll gamble, fx and F'x are given by:

3
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1 0 for z< -5
—5  with P=g 1
1 — for —-5<zx<-3
. 6
-3  with P=g 1
1 — for —-3<zx<-1
. 3
—1 with P=g 1
fx = 1 Fx = g for —l1<w<?2 (2.6)
1 - for 2<z<4
. 3
4  with ng 5
1 — for 4<x<6
6 with p=- 6
6 1 for z>6

2. Expected Utility (EU) Theory

2.1 Von Neumann-Morgenstern Axioms
The Expected Utility framework is based on 4 axioms called the von Neumann-Morgenstern
axioms: Completeness, Transitivity, Continuity and Independence.
Axiom 1 (Completeness). For any prospect A,B, exactly one of these holds:
A= B,A~BorA=<B (2.7)

Where A = B,A ~ B and A < B respectfully mean that A is preferred over B, A is equivalent
to B and B is preferred over A. Thus an agent can always rank a set of prospects as better,
equal or worse than another.

Axiom 2 (Transitivity). If A > B and B = C then A = C and similary for ~ and <.

Transitivity assumes that an agent is able to order his preferences in a consistent way.
Axiom 3 (Continuity). If A = B = C' then there exists a probability p € [0,1] such that:
B~pA+(1—-p)C (2.8)
Independence of irrelevant alternatives assumes that a preference holds independently of the
possibility of another outcome:
Axiom 4 (Independence). If A = B then for any C and p € [0, 1]:
pA+(1—-p)C=pB+(1-p)C (2.9)

Two gambles mixed with a third one will maintain the same order of preference as when the two
are presented independently of the third one.

The independence axiom leads to the axiom of reduction of compound lotteries. It is obtained
by setting A= M, C = N and B = ¢X + (1 —q)Y in the expression of the independence axiom.

Axiom 5 (Reduction of compound lotteries). For any lotteries M, N, X,Y and for any p,q €
[0,1]
If M=gX+(1-qY

2.10
then pM + (1 —p)N = pgX +p(1 —¢q)Y + (1 —p)N ( )
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2.2 Von Neumann-Morgenstern Theorem and utility function

The Von Neumann-Morgenstern theorem states that for any economic agent which satisfies the
four axioms, the preferences can be represented in an Expected Utility form:

Theorem 1 (Von Neumann-Morgenstern). If axioms 1-4 are satisfied, there exists a function
u: S — R such that for any prospect A and B of the form P : (x1,p1;...;%n,Dn):

A= B <= E[u(A)] > E[u(B)] where E[u(P)]= Zpiu(xi) (2.11)

Utility functions that satisfy theorem 1 have the following properties:

e Non-decreasing utility. The utility function is non-decreasing: u’ > 0. This comes from
the natural assumption that an agent always prefers more wealth to less wealth.

e Linear transformation. The utility function needs only to be determined up to linear
transformations: the utility function defined by: v*(z) = au(x) + b (a,b > 0) leads to the
same preferences as u(x):E[u(A)] < E[u(b)] <= E[u*(A4)] < E[u*(b)].

e Standardized utility. From the previous property, it is thus possible to defined a standard-
ized utility function such that: u(zg) = 0 and «'(x¢) = 1 for some xy € R.

In the EU framework, the domain of the utility function is the final wealth position rather than
the gain (or the loss) obtained from the initial wealth. Thus the prospect (z1,p1;...;%n, pn) is
acceptable with initial wealth w if

Elu((w + 1,p15 ;w4 Tp, pn))] > Elu(w)] (2.12)

Elements of decision making under risk and an application to Constant Portfolio Allocation
(continuous rebalancing of the portfolio) can be found in Appendix F.

3. Weaknesses of the Expected Utility hypothesis

The main characteristics of the Expected Utility framework are the following:

e The domain of the utility function is the final state instead of gains or losses from a reference
point. Thus, when an agent has initial wealth w, the gamble X is evaluated as u(w + X)
instead of u(X).

e The Expected Utility is linear in probabilities. The EU of the gamble X that gives outcome
x; with probability p; is: E[u(X)] = >0 pi u(w + ;).

e The economic agents are risk averse. Thus the utility function is concave over the whole
2

U
domain: —= < 0.
dx?

3.1 The certainty effect and non-linear decision weights

In the EU framework, the outcomes are weighted by their probabilities. Allais [3| has shown with
his famous counter-example that people tend to overweight outcomes that are certain relative
to probable outcomes. Thus, the preferences are nonlinear: a change in probabilities from 1 to
0.99 has more impact on preferences that a change from 0.16 to 0.15.
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Example of certainty effect: Allais paradox

Kahneman and Tversky [7] proposed the following alternative to the Allais version of the paradox:

2500 with probability 0.33
Problem 1 A< 2400 with probability 0.66 B : 2400 for sure (2.13)
0 with probability 0.01

2500 with probability 0.33 2400 with probability 0.34
Problem 2 C: D:

0 with probability 0.67 0 with probability 0.66
(2.14)

82% of the subjects has chosen B in Problem 1 while 83% has chosen C in problem 2. Moreover
61% made the choice B and C. In fact Problem 2 is obtained from Problem 1 by eliminating
a 66% chance of winning 2400. This violates the independence axioms because Problem 1 and
Problem 2 should give the same preferences. Let’s rewrite the two problems into a more general
form:

X with probability p Y with probability p
Problem 1 A: . N B: ] .
P with probability 1—p P with probability 1—p
(2.15)
Problem 2 o X; w%th probab?l%ty P : Y; W%th probab?l%ty P
P with probability 1—p P with probability 1—p
(2.16)

In this form, the Independence Axiom implies either A and C or B and D. Problems 1 and 2 are
given by the following parameters:

0.33 _ 0.01

X = (2500, 55250, 550

Y = (2400)

P = (2400) (2.17)
P'=(0)

p=0.34

This shows that the Independence Axiom is violated. This example also violates expected utility
hypothesis. According to EU, the first preference gives (with u(0) = 0):

u(2400)  0.33

2400) > 0.33u(2500) + 0.661(2400 2.18
u(2400) > 0.33u(2500) + 0.66u(2400) = 5200 > G55 (2.18)
While the second preference gives:
2400)  0.33
0.33u(2500) > 0.34u(2400) — “2400) (2.19)

<
u(2500) ~ 0.34

which is the opposite of the first inequality.
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Another situation in which the independence axiom is violated is the following:

Problem 3  A:(6000,0.45) B :(3000,0.9) (2.20)

Problem 4  C:(6000,0.001) D : (3000,0.002) (2.21)

Most people have chosen B over A and C over D. The first problem gives 0.45u(6000) <

3000 1
0.94(3000) which means u ) > — while the second problem gives the inverse inequality.

u(6000) ~ 2

The following properties can be deduced from the Allais Paradox:

e Underweighting of high probabilities. This is shown in problems 1 and 2. In problem
1, a certain gain of 2400 is preferred over the 99% chance to gain at least 2400. People are
afraid of the 1% chance of gaining nothing. In EU theory, the 0.99 probability has a weight
of 0.99. But in real life, due to this disappointment of gaining nothing, it can be stated that
w(0.99) < 0.9 where w(p) is a [0,1] — [0, 1] weighting function. This underweighting of
high probabilities leads to the certainty effect: people prefer certain gains to very probable
gains with greater outcomes.

In problem 2, people prefer a 33% chance of gaining 2500 to a 34% chance of gaining 2400.
The weighting of probabilities has less impact in the range of moderate probabilities. It
concludes that reducing the chance of gain of 1% from an outcome with p = 1 has greater
impact when reducing a initial probability of p = 0.34.

e Overweighting of low probabilities. In problem 4, the effect of probability distorsion
is different in the range of low probabilities: a 0.1% chance of gaining 6000 is preferred
over a 0.2% chance of gaining 3000. When the probability of gains are very low, people
tend to choose the option with the greater outcome. In this case, w(0.001) > 0.001.

Real-life examples

One interesting example is the study of Sydnor [6] who studied insurance decisions of thousand
of customers of a large insurance company. The main decision was the choice of a deductible for
the insurance policy. Sydnor found out that the average premium for a 500 dollars deductible
was 715 dollars. However, the average premium for a 1000 dollars deductible is only 615 dollars.
The annual claim rate was about 0.05. So in case of total loss, these customers agreed to pay
100 dollars a year to insure a 5% chance of paying 500 more dollars in the event of a claim.

3.2 Framing effect

In EU theory different formulations of the same problem must give the same preferences. Con-
sider a population of 600 individuals affected by a deadly epidemic disease. People were asked

to choose between two treatments: Treatment A has a 3 probability that no one will die and a

2
3 probability that everybody dies while Treatment B will result in 200 survivors (400 deaths).

Two formulations were proposed: Scenario 1 frames the problem in a “gain” scenario (survivors)
while Scenario 2 formulates the problem in a “loss” frame (deaths).
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According to EU, the two problems should give the same preferences. Nevertheless, Treatment
A was chosen by 72% of the participants in Scenario 1 but it was chosen by only 22% of the
participants in Scenario 2. People make decisions depending on the formulation of the options,
i.e. in a positive or a negative frame.

1
600 survivors with probability —
Scenario 1 A g B : 200 survivors with certainty
0 survivors with probability 3
(2.22)
e . 2
600 will die with probability —
Scenario 2 A: zl)) B : 400 will die with certainty
0 will die with probability 3

(2.23)

3.3 Reflection effect

In the previous section, it has been shown that different formulations of the same problem can
lead to different decisions. Looking at the results of the previous problem and the following
table, it is possible to infer that:

e People are risk averse in gain. They prefer certain gains and they are ready pay a risk
premium to ensure this certainty. It has been correctly modelled in the EU framework by
using a concave utility function.

e In the domain of losses, the economic agent is risk-seeking. Risky gamble are preferred.
The utility function must be convex in the loss domain, which is not the case in the EU
framework.

The reflection effect can be summarized as: people are risk averse in gains and risk seeking in
losses. The utility function must be concave in gains and concave in losses.

Positive prospects Negative prospects
Problem 1 (4000,0.8) < (3000) (-4000,0.8) > (-3000)
Problem 2 (4000,0.2) > (3000,0.25) (-4000,0.2) < (-3000,0.25)
Problem 3 (3000,0.9) > (6000,0.45) (-3000,0.9) < (-6000,0.45)
Problem 4 (3000,0.002) < (6000,0.001) (-3000,0.002) > (-6000,0.001)

3.4 Reference dependence

In the Expected Utility framework, utility is measured at final asset position. However, people
take decisions in terms of gains and losses relative from a reference point. Consider the following
problems:

1. You receive 1000 and you choose between:

1000 with probability 0.5 . )
A: B : 500 with certainty (2.24)

0 with probability 0.5
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2. You receive 2000 and choose between:

D : —500 with certainty (2.25)

o —1000 with probability 0.5
. 0 with probability 0.5

Considering final outcomes, the two problems are equivalent to the choice between:

, N B =D :1500 with certainty (2.26)
2000 with probability 0.5

{1000 with probability 0.5
A=C":

The experiment showed that 84% of participants have chosen B while 69% have chosen C. This
is inconsistent with Expected Utility assumptions. It is important to consider deviations from a
reference point instead of final asset positions. Combined with the framing and the reflections
effects, it has been shown that the choice of the “statu quo” point and the formulation of the
problem are essential in decision theory.

3.5 Pseudocertainty effect

Consider the following two-stages game:

1. First stage: There is a probability of 25% to go to the second stage and 75% chance of
getting nothing.

2. Second stage: If you reach the second stage, you can choose between the two following
prospects:

B :3000 with certainty (2.27)

4 4000 with probability 0.8
' 0 with probability 0.2

Then consider a choice between these two prospects:

(2.28)

o 4000 with probability 0.2 D 3000 with probability 0.25
‘ 0 with probability 0.8 ' 0 with probability 0.75

The results of the experiment has showed that A < B and C' = D. However the first problem is
equivalent to the second problem:

. 4000 withp. (0.8) (0.25) = 0.2 . (3000 withp. 1 (0.25) = 0.25
' 0 withp. (0.2)(0.75) +0.75 = 0.8 ' 0 withp. 0% (0.75) 4 0.75 = 0.75
(2.29)

Kahneman and Tversky called this incidence the pseudocertainty effect. This is the tendency for
people to perceive the outcome as certain while it is actually uncertain in multi-stage decisions.
They made their choice in the second stage of the game without considering the uncertainty of
the first stage. This also violates the EU assumption that evaluation must be done at final states
instead of deviations from a reference point.
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3.6 Loss aversion and the Endowment effect

Loss aversion is the fact that people are more sensitive to losses than to gains of the same
magnitude. Considering a gain X > 0 and a value function v(z), loss aversion means that:

v(X) <|v(=X)| for X >0 (2.30)

For example, to compensate a loss of 100, a economic agent must win of more than 100. Kahne-
man asserted that most people will turn down the gamble (—100,0.5;110,0.5): a loss of 100 is
much more painful than a gain of 110.

Loss aversion combined with reference dependance can also explain an emotional bias called the
Endowment effect. People tend to value objects they own more highly than their market value.
That means that the willingness to pay (WTP) to acquire an object is generally lower that the
amount they are willing to accept (WTA) to give it up if they own it. Suppose the value function
for a loss averse agent has the form (which is the case in the Cumulative Prospect Theory of
Kahneman and Tversky):

NICEE
v(x) = { () z<0 (2.31)

with A > 1 and f(x) concave (v(z) is concave in gains and convex in loss, it respects the reflection
effect). If the object has value X, the willingness to pay to acquire this object is equal to v(X)
while the willingness to accept to sell this object is equal to Av(X) > v(X).

3.7 Summary

In this section, weaknesses of the Expected Utility have been pointed out by simple problems.
The next section covers the Cumulative Prospect Theory (1992) of Kahneman and Tversky. They
proposed an alternative theory of decision making under risk which handles the following topics:

1. Non linear decision weights. It has been shown that low probabilities tend to be
overweighted while large probabilities tend to be underweighted. This leads to different
decision when the probabilities are very high or very low.

2. Reflection effect. People tend to be risk averse in the gains domain and risk seeking in
the loss domain. Combined with the non linear decision weights, it explains why people
love lottery and insurance. The following risk attitudes hold:

Gains Losses

Low Probability Risk seeking (lottery) Risk averse (insurance)
High Probability Risk averse Risk seeking

3. Reference dependence. A prospect must be evaluated as deviation from a reference
point instead of final asset position.

4. Loss aversion. The disappointment of losing z is greater than the satisfaction of winning
.
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4. Cumulative Prospect Theory

This section will show the features of the Cumulative Prospect Theory of Kahneman and Tversky
[8]. This behavioral model takes into account the weaknesses of the Expected Utility Theory with
a new value function and probability distortion. First, new prospect definitions will be introduced
with (discrete) numerical examples. Then, the value and probability distortion functions of the
CPT will be defined with a look at their properties. Finally, the CPT will be extended to
continuous prospects.

4.1 Definitions

Positive and negative parts. Let f be a prospect of the form (x1, p1;...; Zn, pn). Define fT (resp
f7) the part of the prospect for which the outcomes are positive (resp. negative):

B 21 <. <2 <0<z < ... <z (2.32)
I = (Tmt1, Pt 15 -3 Ty D)

Iy {fJr = (21,P15 -} T, Prm)

Probability weighting functions. The strictly increasing function w*(p) : [0,1] — [0,1] maps
the probability p; to the weight wj when the outcome x; is positive. The function w™(p) :
[0,1] — [0,1] is defined the same way when the outcome is negative. w*(0) = w~(0) = 0 and
wT (1) =w™ (1) =1 are also defined.

Decision weights. Decision weights are defined by:

7ri+ =wt(p; + ... +pn) —w (pig1 + ... +pn)

m, =w (pr+...+pi)—w (p1+ ... +pi-1) 533
R (2.33)
7Tn =w (pn)

T =w (p1)

The cumulative distribution function is thus weighted instead of the probabilities themselves.
Note that unlike expected utility hypothesis, the equality ) . m; = 1 no longer holds (in EU,
m; = p; because w(x) = x).

Value function. The value function v assigns the subjective value v(z;) to the outcome z;. The
value function is the equivalent of the utility function in the CPT.

CPT prospect value. The CPT value of the prospect f is given by:

V() =V +V() with V()= > mfv(w) and V(f7) =) mov(z) (2.34)
i=m+1 i=1

To illustrate the model, consider the dice roll game defined earlier. The prospect f is equiprobable
1 1 1 1 1
with outcomes (=5, —3,—1,2,4,6). Thus, fT = (2, -3,—;—1,-).

1
4,226, 2) and f~ = (=5, =
6776776)anf ( 767 67 76
Equation (2.34) gives:
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= (ol (3) - ()] o () ()]
4.2 Value Function
The value function has the following form:
mmz{wﬁﬂzﬂ v=0 (2.36)
—v (x) = -M-z)? <0

Where A > 1 is the loss aversion parameter. The greater A the greater the loss aversion. « and
B (0<a<1,0<p <1) are the risk aversion parameters. The greater a, the greater the risk
aversion (in gains) while the smaller ,the greater the risk seeking (in losses). The shape of the
value function with different parameters is shown in Figure 2.1. In their 1992 paper, Kahneman
and Tversky proposed the following values:

o = 0.88
B =0.88 (2.37)
\ =225

1 T T T T T T T
——— 0 =£3=0.88, =225 (Kahneman-Tversky)//7

" a=0.1,£=02, =1
=03, 4=07,A=15

0.5

Figure 2.1: Value function with different parameters.

The value function handles the required specifications:

e Reference dependence. The value function pass through the origin, which represent the
statu quo. Positive values represent gains while negatives values represent losses.
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e Reflection Effect. The value function is concave in gains and convex in losses.

e Loss aversion. It is clear that the slope of the value function is steeper in losses than in
gains. Thus it can handle the loss aversion and the endowment effect.

4.3 Weighting function

Figure 2.2: Weighting function with different parameters.

In Cumulative Prospect Theory, the non-linear weighting function directly applies to the cumu-
lative distribution function. By doing this, the tails of any distribution will be overweighted. In
CPT, the weighting function depends upon one parameter which is different for gains and losses.
Figure 2.2 shows the weighting function for different values of the parameter. Kahneman and
Tversky proposed the following form:

wt(p) = v “(p) = 7

(7 + (1 =p)'/ (p* + (1 =p))°
v = 0.61 (2.38)
5 = 0.69

4.4 Extension to continuous prospects

In this section, the discrete version of CPT (equation (2.34)) will be extended to continuous
prospects. Let’s define the random variable X with cumulative distribution function Fx(z) and
complementary cdf Fx(x) = 1 — Fyx(x). The probability distorsion functions (or weighting
functions) T4 : [0,1] — [0,1] and T_ : [0, 1] — [0, 1] are given by:

B Fx(z)7
B ) = G er + P (2.39)
5 .
T (Fx(x)) = L

(Fx(2)° + Fx(x)°)'/°
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The continuous version of the CPT objective function is given by:

VOPT(X) = / U1 (B ()dv* (z) — / T (Fy(2)dv () (2.40)
0 0



Chapter 3

Portfolio allocation

In this chapter, the martingale method for solving portfolio allocation problems will be applied to
the Expected Utility Theory framework. The first section is a reminder of elements of stochastic
finance and important related theorems (e.g. Girsanov’s theorem, fundamental theorem of asset
pricing,...). The chapter then continues with the market model (SDE’s, pricing kernel, fund
equation,...). Finally, the martingale method is introduced with an direct application to portfolio
selection in EUT.

1. Elements of Stochastic Finance

This section will introduce some definitions of stochastic finance (e.g. wealth process, arbitrage,

replicating strategy,...) and important related theorems!.

1.1 Definitions

Decisions are made in a finite time horizon T = [0, 7] with T fixed and T < oc.

Let’s consider (Q, F,P, (F;)ier) a filtered probability space.

The market is composed of N +1 assets Si. We define the vector of assets Sg = (S?,...SN)'".
One of these assets is risk-free and called the bank account. Its process is denoted by S7.

The number of unit of asset S} held is denoted by ¢i. The vector ¢¢ = (¢?, ...¢1" ) is called
a strategy.

The Wealth Process of the strategy ¢ is defined as

W(¢t) =¢re S (3~1)

(The expression a @ b is the dot product of vectors a and b). A strategy is self-financing
if the quantities invested can be rebalanced at each date ¢ € T without exogenous infusion or
withdrawal of funds. Mathematically, a strategy is self-financing if:

!This section is inspired by the courses LACTU2070 (Prof. Donatien Hainaut) and LACTU2240 (Prof. Pierre
Ars).

15
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dV; = ¢y ® dSy (3.2)

In other words, the variation of wealth is only due to the variation of the asset values:

t
Vi=Vot [ gaeds, (33)
0
The self-financing strategy ¢y is said to be an arbitrage if the following conditions are met:

1. P[Vo(¢e) =0] =1
2. P[Vr(ée) 20 =1
3. P[Vp(¢) >0] >0
A strategy is an arbitrage if with zero initial wealth (condition 1) it is possible to have a strictly

positive terminal wealth (condition 3) without any possibility to have a negative final wealth
(condition 2).

Let’s consider the following definitions:

e A Contingent Claim X that settles at time T is a Fp-measurable random variable whose
payoff depends on certain conditions. Options are the most famous examples of contingent
claims. The set of contingent claims is noted X.

e A Replicating Strategy for the claim X € X" is a self-financing strategy ¢x; such that
X has the same cash-flows as V(¢ x+).

e A claim is said to be attainable if it admits at last one replicating strategy.

Contingent claims can thus be priced by a method called replicating portfolio. This method will
be illustrated by pricing call option with the single step binomial tree model (Appendix D)

1.2 Important theorems

The following theorems will be considered without demonstration.

Theorem 2 (Complete Market). A market M is complete if every contingent claim X € X is
attainable in M. Thus for any contingent claim X, there exists at least one replicating strategy
such that Vi (¢r) = X.

Theorem 3 (Arbitrage free Market). If a market M is arbitrage free then any contingent
claim X € X is uniquely replicated in M.

Theorem 4 (Martingale Measure). A probability measure Q on (2, Fr) equivalent to P is
called a martingale measure for the market M if for every strategy ¢¢, the discounted wealth
process (S)) ™1 Vi(¢pr) is a Q-martingale w.r.t Fr:

go [Vil61) ) _ Vo)
Sy -

|.7:5] for s<t. (3.4)

The class of martingale measures is noted Q
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Theorem 5 (Fundamental theorem of asset pricing). A market M is arbitrage free <=
the class Q is mot empty. Any contingent claim X € X can thus be priced by:

X
X, = SOEC [Sg\]-}] (3.5)
T

Theorem 6 (Completeness and risk neutral measure). An arbitrage free market M is
complete <= there exists a unique martingale measure Q for M. This measure is called the
risk neutral measure

Theorem 7 (Girsanov’s theorem). Let (2, F, P, (F;)ier) a filtered probability space on which
Wy is a m-Brownian motion. Let 0 be a m vector of adapted processes which satisfies the Novikov

1
condition: E [exp {2 fOT HBstds}] < 00. The following process:

t t
7 = exp <_/ GsodWs—;/ \GsHst) (3.6)
0 0

1s @ martingale. Then the m-process Wt@ defined by :

. . t .
Wi i +/ bids i—1.m (3.7)
0

s a m-Brownian motion under the equivalent measure Q whose Radon-Nikodym derivative w.r.t
P is given by:

dQ

— =7 3.8

dP |~ " (3:8)
Theorem 8 (Martingale Representation Theorem). Let (Q, F,P,(F;)ier) a filtered prob-
ability space on which Wy is a m-Brownian motion. Let My be a Fi-adapted martingale. There
exists a unique m vector of Fi-adapted processes hy such that:

t
M; = My + / hg e AW, (3.9)
0

2. Market Model

For the next sections the following assumptions are made:

e Decisions are made in a finite time horizon T = [0, 7] with T fixed and T < oo.

e Let’s consider (9, F,P,(F;)ter) a filtered probability space on which is defined a N-
Brownian motion (Wg)ier = (W, ..., WNY.

e The market M is complete and arbitrage-free. Thus the risk neutral measure Q is unique.
Moreover, the discounted payoff of any contingent claim X € X is a martingale and any
contingent claim is uniquely replicated in M by a self-financing strategy.

e The bank account SY follows the following dynamic:
as?
S

where the risk-free rate r; is a Fi-adapted process. This means that:

=rdt S =35>0 (3.10)

Sl[f) trsds
5 oo (3.11)
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e The market is composed of N stocks, S} for i = 1...N which are driven by the following

SDE’s:
N

= pidt +> o dW] Sj=5">0 (3.12)
j=1

dsi
S

where the processes i (the return) and o’ (the volatility) are F;-adapted and sufficiently
regular such that the solutions of the SDE’s exist.

The following notations are used: pg = (pf, ..., ") and op =

It is assumed that o is invertible.

Under regularity conditions (continuity, differentiability, Novikov), it can be shown by
Girsanov’s theorem that there exists the N-dimensional F;-adapted process given by

Ot = O't_l (“t — 1’/}) (313)

such that ‘é% = Zr1 where

t 1 t
7 = exp (-/ 0, 0 dW, — 2/ ||08H2ds> (3.14)
0 0

According to the assumptions made (the market is arbitrage free), the fundamental theorem
of asset pricing can be applied. This means that any contingent claim can be priced by
martingale:

T d T
Xo = SYEQ [(S%) ' Xr|Fo] = EC [e* Jo rstXT] =E" [d%e Jo TstXT] (3.15)

Defining the Pricing Kernel (i.e. Deflator):

¢ ¢
pt = exp <—/ 0s e dW, — / [7’5 + ;HOSHQ} ds) (3.16)
0 0

The pricing kernel follows the dynamic:

d
WPt — _pdt — 0, 0 AW, (3.17)

Pt
The Budget Constrain is finally defined as:

EP [pTXT} = X() (3.18)
The portfolio vector is denoted ¢ = (7}, ..., ")’ where 7! represent the fraction of the
fund X} invested in stock 7. The fraction of X; invested in the bank account is thus given

by 1 — Ef\i 1 7. The strategy m; is supposed to be self-financing.

The dynamic of the fund X; composed of the N 4 1 assets is thus given by (generalisation
of the constant portfolio allocation of Appendix F):

dXy

~ = et (e —1r) o] + e (0rdWs)  Xo >0 (3.19)
t
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3. Martingale method: Expected Utility framework

The goal is to find the portfolio 7m; that maximise the agent’s utility of the terminal wealth:
w(Fr). In this problem, CRRA utility is assumed:

el
u(zr) = — (3.20)
gl
In this section, the martingale approach will be introduced to solve the following optimisation
problem:

argmax EF[u(X7)]
e (3.21)
subject to equation (3.19)

The martingale method consists of two steps:

1. Find the contingent claim X7, that maximises the agent’s utility. Because the initial capital
Xp is given, the optimal claim must respect the budget constrain. This is the Optimisa-
tion Problem.

2. Then X7 can be replicated because the market is complete. The corresponding replicating
strategy will give the optimal portfolio. This is the Replication Problem.

Problem (3.21) can be reformulated:

s EF [u(X7)] = EF [(XWT)V]

s. t. EF [PTXT] =Xy

(3.22)

3.1 The Optimisation Problem

This optimisation problem can be solved by Lagrange multipliers. The Lagrangian is given by:

L =EF [u(X7)] — A [EP [prXr] — Xo| = EF [u(X7) — X [prXr — Xo]] (3.23)
Derivating with respect to X7 gives:

ac

_— / =
e 0 <= u(X7)=Apr (3.24)

With CRRA utility, u/(z) = 277!, the optimal terminal wealth X% is thus

X3 = (Apr)71 (3.25)

The value of the Lagrange multiplier A is found by injecting the previous result into the budget
constrain:
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E” [prX3] = EF | pr (Apr) 77| = ATIEF [(p) 77| = X, (3.26)

Let’s define the following process:

.
i?ﬁ = IF
S9. 7, !

With initial value Ho = EF [(pT)fﬁ} .

H; =E" =E*

<Z>_1W” ]]—}] (3.27)

The expression of the Lagrange multiplier can be rewritten:

AT =20 (3.28)

Xp=—2(pr) ™= (3.29)

3.2 The Replication Problem
Referring to Appendix E, the price process of X7 is given by:

H, __1
X; =X0F; (p1) ™ (3.30)

It has been shown in Appendix E that the discounted price process (S?)~! X/ is a martingale
under Q:

d((s)—'xy) 1
(SH1x;y  1-n

(0; + o) e dW? (3.31)
The discounted price process of the fund (SP)~! X, (3.19) is also a martingale under Q:

d((S9)~'X)

(S,?)*l X, =T e (o-t thQ> (3.32)

Because the martingales (S?)~! X; and (S?)~! X; are the same, their diffusion term should be
equal (Martingale Representation Theorem):

* 1 — —
= R (e — 11y) (o0y) s ol ot (3.33)

The solution is composed of two terms:

e The first term is the "classical" solution of the optimal portfolio problem in the EU frame-
work.

e In [11], the last term is called the "Hedging demand for parameter risk". This comes from
the fact that us, r and oy are stochastic processes
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If the following assumptions are made:

e The risk free rate is time independent: r: = r

J

e The returns 4} and the volatilities Uz are also time independent.

e The process ; is thus a time independent vector: @ = o~ (u — 17)

the second term vanishes and the solution is the classic one. Indeed, in this case the process
H; becomes deterministic, the term o is thus zero (see Appendix E) . Note that in the
unidimensional case, the solution above is the same as the one in section 2. where the constant
portfolio allocation has been introduced.



Chapter 4

Portfolio selection in Cumulative
Prospect Theory

This chapter aims to find an expression for the optimal wealth of the portfolio selection problem
in the Cumulative Prospect Theory framework. Unlike the Expected Utility framework, the
CPT allocation problem can be ill-posed. Moreover, due to the S-shaped utility function and
the probability distorsion, the objective functional isn’t globally concave, which implies that
Lagrange multipliers cannot be used.
The structure of this chapter will be:

1. The difficulties of the CPT portfolio selection will be presented.

2. The second section explains a two-steps algorithm consisting of three sub-problems to tackle
the difficulties.

3. The next sections will develop the three sub-problems.

4. Finally, the (elegant) structure of the terminal wealth will be expressed with an interpre-
tation of its appealing features.

1. Difficulties in CPT selection problem: ill-Posedness

Remember the CPT objective function (2.40):

VCPT(X):V+(X)+V_(X):/OOT+(FX(:c))du+(x)—/OOT_(FX(x))du_(a:) (4.1)
0 0

The optimal terminal is given by the following optimisation problem (see (3.22) for derivation):

argmax VT (X7p)
A (4.2)
s. t. EF [PTXT] = X

A problem is well-posed if the supremum of its objective is finite. A optimal solution will be
found only if the problem is known a priori to be well-posed. In Expected Utility theory, the
utility function is assumed to be globally concave which guarantees the problem to be well-posed.

22
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In Cumulative Prospect Theory, probability distorsion and the S-shape of the utility function
can lead to ill-posed problem.

Theorem 9 (Ill-Posedness). The problem (4.2) is ill-posed if there exists a Fr-measurable ran-
dom wariable Xt such that EF [pr Xr] < 00 and V' (X7) = cc.

Proof. See Theorem 3.1 in Jin and Zhou [9]. O

This theorem means that the problem is ill-posed if it exists a non-negative contingent claim
with finite price at time ¢ = 0 (EF [p7 X7] < 00) leading to infinite prospect value at time ¢ = T
(V*(Xr) = o0). Economically, the investor purchases such a claim initially and then reaches
the infinite prospect value at the end.

2. Algorithm to solve the CPT allocation problem
In [10], Zhang, Jin and Zhou called this method the Divide and Conquer approach:

1. Divide: The problem is split into two Choquet optimisation sub-problems: the Positive
part problem and the Negative part problem. The split and the solutions of those problems
depends on a set of parameters (A, z4) (defined below).

2. Conquer: When the sub-problems are solved, the best set of parameters (A, zy) is found
to solve another optimisation problem equivalent to the initial one.

2.1 Step 1: Divide

In step 1, the first two sub-problems are solved. If Xr is a feasible solution (i.e. if X7 satisfies
the contrains), then it can be split in X - which defines the event A = {w : X7 > 0} and initial
price z, = EP [pTX;f ] - and X, which correspond to A¢ and initial price z_ = x4 — x¢ .

The two sub-problems are:

Positive part problem

Given parameters (A, zy) the positive part problem is:

argmax V(X)) = /OO Ty (Plus(XF) > o)) dy
Xk 0 (43)

s. t. EP [pTX;] = G, X;E >0 a.s., X; =0 a.s. on A€,

Let vy (A, z4) denotes the optimal value of problem (4.3). Three cases are possible:

1. P[A] > 0 then the feasible region of (4.3) is non empty. For exemple:

14
X& = TEoA 4.4
T prP[A] (44

is feasible.

Proof. Injecting the expression in the budget equation of (4.3) proves the result. O
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The optimal value vy (A, z4) is thus the supremum of (4.3)
2. P[A] =0 and 24 = 0 the only feasible solution is X7 = 0 and v4(A,z4) =0

3. P[A] = 0 and x4 > 0, there is no feasible solution of (4.3) and v4 (A, z4+) = —oo is imposed.

Note that the parameter A = {w : X7 > 0} does not appear explicitly in Problem (4.3). Let’s
consider the following sketch of proof (inspired by Jin and Zhou [9]) to rewrite problem (4.3) in
terms of (A, zy). First, define the distortion function T4 (z) := Ty (xP[A])/T+(P[A]). Using the

law of total probabilities, the objective function (4.3) can be rewritten conditionally on A:
Ty (Plus(X7) > ) = Ty (Plus (X) > ylA] PLA]) = T (PLA]) Ta (Plus (X3) > ylA]), (45)
and {w : uy(XF) >y} C A. Using the law of total expectation, the budget constrain becomes:
E” [prX}] =E" [prX}|A] PA] (4.6)

Considering Problem (4.3) in the conditional probability space (2 N A, F N A, P4 = P[-|A]) gives:

argmax V(¥) = T4 (P[4 /O T Palus (Y) > ) dy -

T4
s. t. EE [prY] = PA] Y >0 as.,

If Y* is optimal for Problem (4.7) then (X;)* = Y*1,4 is optimal for Problem (4.3). The
Choquet maximisation problem (4.7) is solved in Appendix A.

Negative part problem

Given parameters (A, z;) the negative part problem is:

argmin  V_(X}) = /00 T_ (Plu—(X7) > y]) dy
X7 0

s. t. EF [pTX;] =2_=24—x9, Xp>0as, X,=0as onA,

(4.8)

Similarly to the positive part problem, v_(A,xy) is defined as the optimal value of problem
(4.8). The three possibilities are:

1. P[A] > 0 then the feasible region of (4.8) is non empty and the optimal value v_(A,zy) is
thus the infimum of (4.8)

2. P[A] and x4 = z( the only feasible solution is X7 =0 and v_(A4,z4+) =0

3. P[A] and x4 # 0, there is no feasible solution of (4.8) and we define v_(A,z4) = o0
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Along with the positive part problem, the following distorsion function is defined: T'4c(z) =
T_(xP[A°])/T-(P[A]). Under the conditional probability space (2 N A, F N A°, Py = P[-|A°]),
Problem (4.8) becomes:

argmax V_(V) = T-(PIAT) [ Tae (Baclus (¥) > ) dy
Y 0
Ty — X0

Y > 8.
PlA]] >0 a.s.,

s. t. ESc[prY] =

If Y* is optimal for Problem (4.9) then (X, )* = Y*14¢ is optimal for Problem (4.8). The
Choquet minimisation problem (4.9) is solved in Appendix B.

2.2 Step 2: Conquer

In step 2, the solutions of Step 1 are combined to solve the original problem:

argmax vy(A,xq) —v_(A,x4)
(Az+) (4.10)
s. t. A€ Fr, zy >z = max(zo,0)

The problem (4.10) consists in finding the optimal event A that splits the good states and the
bad states. The price of the gains x, is also determined.

2.3 Splitting justification

The following propositions justifiy the splitting of problem (4.2):
Proposition 1. Problem (4.2) is ill-posed <= problem (4.10) is ill-posed.

Proposition 2. Given X7, define the event A* = {w : X* > 0} and 2% := E [pp(X;)*]. Then
X* is optimal for problem (4.2) <= (A*,z%) are optimal for problem (4.10) and (X75)" and
(X7)~ are optimal for problems (4.3) and (4.8) respectively.

Thus, problem (4.2) is completely equivalent to the set of problem (4.3), (4.8) and (4.10). Hence,
solution of problem (4.2) can be obtained via the solution of problems (4.3), (4.8) and (4.10).

Remember that the decision variables of problem (4.10) are a real number x; and a random
event A. The following theorem shows that it is sufficient to consider events of the form A =
{w : pr < ¢} for some real number ¢:

Theorem 10. Define pp = sup{z € R : Plpr > x| > 0} and p. = inf{z € R: Plpr < 2| >
0}.For any feasible pair (A,x1) of problem (4.10), there exists a real number c € [BT,ET} such
that A = {w : pr < ¢} satisfies:

vr(Ars) —v-(A,2s) > v (Ayay) — v (A, ) (4.11)
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To simplify notations, v4 (¢, z+) and v_(c, z4) will be used to denote vy ({w : pr < ¢}, x4) and
v_({w: pr < c},x4) respectively. Using Theorem 10, one may replace problem (4.10) by:

argmax vy (c,zy) —v_(c,z4)
(Cvx+) (412)

which is clearly a much simpler problem. The following theorem discloses the form of the general
solution of the CPT model:

Theorem 11. Given X7, define c* = Fp_1 (P|X} > 0]) and 2% = E [pp(X3)T] where F,(-) is
the cdf of pr. Then X7 is optimal for problem (4.2) <= (c*,x%) is optimal for problem (4.12)
and (X5)T 1p,<cx and (X3)™ 1,50+ are respectively optimal for problems (4.3) and (4.8) with
parameters ({w : pr < c*}, 2% ). Moreover, in this case {w : pr < c*} and {w : X7 > 0} are
identical.

This theorem shows that the optimal wealth is the payoff of a combination of two binary options
characterised by the single number c*.

3. Final solution of the CPT allocation problem

In the Divide and Conquer approach introduced previously, two Choquet optimisation problems
must be solved. Appendices A and B are dedicated to those resolutions. They are mainly based
on the detailed paper of Jin and Zhou [9]. The appendices do not pretend to be as exhaustive
as Jin and Zhou’s paper, their goal being to give the reader a general idea of the resolution
strategies.

Combining the derivations of the Positive Part (Theorem 16 in Appendix A) and Negative
Part (Theorem 17 in Appendix B) problems, the Conguer subproblem (Problem (4.12)) can be
rewritten:

Theorem 12 (CPT allocation). The CPT allocation problem consists in finding the op-
timal couple (c*,x%) that solves:

aicg’gia)ux Vepr =E [u+ ((“;)1 (%)) LA et (4.13)
L (E[;TIO]> T_(Plor > d)

where X > 0 satisfies: E [pT (T (%) ]-pTgc:| =xy. If (¢*,x7) solves the above

problem, the optimal contingent claim is given by:

_ Apr Tt — x0
X3 = (u})7! () Lop<or — 1 4.14
g ( +) T-/&- (Fp(pT)) pr=e E [pT1PT>C*] pr=c ( )

Solution (4.14) has some notable features:

e The terminal wealth X7 is the payoff of a combination of two binary options that can be
priced explicitly in a certain framework.
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e The terminal wealth X7 being a gain or a loss is only determined by the pricing kernel pr
being higher or lower than a certain threshold c*.

e In good states of the market (pr < ¢*), the optimal strategy leads to a gain with respect
to the reference wealth level while it leads to a loss in bad states (pp > ¢*)

To archive this, the economic agent should:

1. Buy a contingent claim with payoff (u/,)~* <%) 1,,<c+ that costs 2% at t = 0.

2. Remember that 2% > xg. To fund the amount 2% — xp, the economic agent will take a
:v’_‘*_fzo

short position in contingent claim with payoff | p——
E[pTlpT>C*]

Hence, the economic agent gambles on good states of the world to archive gains w.r.t reference
wealth level while accepting a fixed loss in case of bad states.

4. Application to CRRA utility function

In this section, an exemple with CRRA utility functions will be solved. Kahneman and Tversky
[8] used the following:

ut ()

. (@) (4.15)

(0%
:’C )
kx®,

where 0 < a < 1 is the risk aversion 1coeﬂ‘lcien‘c and k£ > 1 is the loss axiersion coefficient. It
follows that 1/, (¢) =z, (u/y(r) " = (w/a) /=D and u; (o (2) ") = (z/a)/@=V

The optimal solution of the positive part problem (Theorem 16 in Appendix A) with CRRA
utility functions is:

) = (o )L [ PT ( er 1/(a=1)
W =) (i) e (GmiiG) s 000

Note that the Lagrange multiplier A is still unknown. To find its value, the budget equation
(Theorem 16) must be solved:

vy =E|prX;(\)] = E

)\pT >1/(a—1)
1, .<c 4.17
or <aT4 (Folor)) pr (4.17)

To have lighter notations, define:

T (F 1/(1-a)
v =8 |pr (HEA) T (413)
pPT -
3\ Vie-1)
The budget equation becomes: =4 = ¥(c) (> . The solution of this equation is:
o

Ae,ai) = a (“)al (4.19)
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With this value of A, it is now possible to rewrite the optimal solution of the positive part
problem:

ey = (T )V
(X)) = s (FUA)) (4.20)

Using Theorem 16 again, the optimal value of the objective function is given by:

vi(e,zq) = ag (e) 7 (4.21)

Now, CRRA utility must be applied to the Negative Part problem. The optimal value of the
functional (Theorem 17) gives:

KT (1 — Fy(c)
(E [pTlpT>c*])a

v_(c,xy) = (x4 — x0)” (4.22)

Combining the previous results, CRRA utility turns the Conguer problem (Theorem 12) into:

_agoi—e _ KT- (1= Fy(c) o
ar('cg,IxIJlra)JX U(Cv ajJr) =Ty ¢(C) - (E [pT]-pT>c*])a (er - .CU(]) (423)

s. t. 0§c§oo,x+2x§

5. Case with initial gain position (zy > 0)
To solve this problem, the objective function of problem (4.23) has to be reformulated:

kT_ (1 — Fy(c))
()= (Elorlprse])”

v(e,z4) = ¢(e)' ™ [2% — k(e) (x4 —20)*]  K(c) = (4.24)

Before solving problem (4.23), the following (simple) optimisation problem must be solved:
argmax f(z) = a% — k(x — 29)° (4.25)
r>x0

a—1 afl)'

with k > 0 fixed. The derivative of the objective function reads: f/(z) = a(z® * —k(z—x0)
Since a — 1 < 0 and = > z¢ > 0, it follows that 2!~ < (2 — 2¢)!~®. The solution depends on
the value of «:

(i) If & > 1 then f'(x) <0 Vo > xg. Therefore, x¢ is optimal and sup,>,, = z{.

(ii) If k < 1, the objective function can be expressed as f(z) = z®[1 — k(1 — z9/x)?]. Then,
SUp,>,, = +00 because limg oo f(7) = +00.

With this results, the supremum of (4.24) can be obtained:
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(i) If infs>0 k(c) > 1 then

sup  v(e,as) = sup [$(e) " sup (¢ — w(c) (w1 — 70)")

c>0,z4>x0 c>0 T4 >T0

_ _ 4.26
= sup [1()! ] = v(o0) o 420
c>0
= U+(OO7 330)
The couple (00, () gives the optimal contingent claim X7 = (X75)" (0o, zp).
(ii) If inf.>p x(c) < 1 then there exists ¢o > 0 such that x(cp) < 1 and:
sup  v(c,x4) > sup v(co,z4) = p(co)' ™" sup (2 — r(co)(wy — x0)*)

>0,z >x0 T42>T0 T4 2>T0 (4.27)

Hence, the problem is ill-posed if inf.>o k(c) < 1.

The following theorem (Theorem 9.1 in [9]) concludes this section:

Theorem 13 (Optimal wealth with CRRA utility and positive initial wealth). Assume

that xo > 0 and let k(c) = w(c)lliz_(l(El[;fiicT)lc])a' The CPT wvalue with CRRA utility

function is given by:

v(e,zy) = 9(0) [25 — w(c) (@4 — 20)°] (4.28)

)1/(1—06)

where ¥(c) = E [PT (w

1PT§C:| s

(1) If info>g k(c) > 1, the couple (00, x0) mazimises (4.28) with terminal wealth:

. @ (ThFlpr))\
%= 5o () (429)

(11) If inf.>q k(c) < 1, the problem is ill-posed.

6. Positive distortion function: Lognormal Pricing Kernel

Assume that the cdf of p, F,(-), is twice differentiable and F)(z) > 0Vx > 0. It is furthermore
assumed that T, (-) is twice differentiable on (0,1). Denote & = F,'(z) or z = F,(x). Set
H(x) == T (F(x)) which is the distorted distribution of p. In [9], Jin and Zhou defined the

following:

o omw R
1) =5y ~ T E)

=z [(InH'(z)) — (lnF;)(x))'] x>0 (4.30)

They showed that a S-shaped distortion function T’ (-) satisfies the monotonicity of F” Y(2) /Ty (2)
(this is an important hypothesis for the resolution of the Choquet maximisation problem, see
Appendix A) if there exists co>0 such that
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j(x) <0Vx € (0,¢0] and 0<j(z) <1V e (c,+o0] (4.31)
The pricing kernel follows a lognormal distribution with parameters (1, 07):

2

p(t,T) = '[;—T ~ LogN (s, 02) with g == —(r + %)(T —t), 0 = 0*(T —t) (4.32)
¢

The cdf is F,(z) = ® (W) Let’s consider the simplest form of j(x):

J(x) = alocg<ey +blase, Wwith ¢ >0,a<0,0<b< 1 (4.33)

The function g(q) : [0, 1] — [0, 1] will be introduced to have lighter notation:

g(q.k) =@ (27 (q) — k) (4.34)

Note that g(-) satisfies the properties of a distortion function.

The distortion function 7% (-) is thus given by:

kea“°+“2‘7(2>/29 (z,a00) 0<z< Fpy(co) =20
Ty (2) = { kewrota’as/2 g (20, a0p) (4.35)

+ (cg_bk)eb“°+b2“3/2 [g9(2,b00) — g (20,b00)] 20<2<1

and k1 = eauo+a203/2g (20, a00) + cg—bebu0+b20§/2 [1— g (20,b00)]

1 T T T

a=-1.20, b= 0.95, ¢ ,=0.60
a=-0.90, b=0.90, ¢ ;=1.00 -
a=-2.00, b=1.00, ¢ ,=0.50

09

Figure 4.1: Examples of distortion function 7% (z) with po = 0 and op = 1.

It follows from (4.35) that

T4 (Fy(pr))

or = kp%_llpTSCO + kcg_bpg“_llpTNJo (4.36)
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Then,

1
T (F,(pr))\ = B a—a a=b b-a B
< —r ) ) pT| = k'R [pil“a 1PT§00 + C(TQ pil“ia 1PT>CO =k “y

pT
(4.37)

P(o0) =E

a—a a=b b—a

where v :=E [pr}“ Lyr<eo +¢0 %P7 ° 1PT>CO:| has been defined.

Going back to Theorem 14 and applying the previous results, the optimal wealth is given by the
following combination of binary options:

o _ —b b—
X’; - 7 kpg‘ 1IPTSCO + kCS bpg“ 119T>CO (4'38)

Such options can be easily replicated (see Appendix C).

7. Case with initial loss position (zy < 0) and loss control

When zy > 0, the couple (00, zg) solves problem (4.23). Such a simple solution does not exist
when the investor suffers an initial loss position (xg < 0). Nevertheless, using the same approach
as the case ¢ > 0, problem 4.23 can be simplified (see Theorem 9.2 in [9]):

Theorem 14 (Optimal wealth with CRRA utility and negative initial wealth). Assume

that o < 0 and let K(c) = grne gL s gy

(1) If inf.>9 k(c) > 1, the problem admits an optimal portfolio if and only if:

_ B (e Y-
(kT_(l Fp( ))> —w(@] £ 0 (4.39)

argmin

>0 (E[prlpr>c))”

If ¢* solves (4.39) then x7 = W"P_QH and the optimal terminal wealth is given
by:

(¢*)

zt (T, (F <pT>>)”“—°“> v — 3
Xt = % ikl Ty — e g 4.40
= 50 ( = TS T E L] T (4.40)

(it) If inf.>0 k(c) = 1, the supremum value of the problem is 0 which doesn’t admit any
portfolio.

(i1i) If info>0 k(c) < 1, the problem is ill-posed.

In this case, the two-dimensional optimisation problem (4.23) is solved in two steps:

1. Solve the one-dimensional optimisation problem (4.39) to find the optimal state c¢*

2. The t = 0 price of the gain contingent claim x* is then given by z% = W%.
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In their 2011 paper, Zhang, Jin and Zhou [10] extended the Jin and Zhou [9] model to include a
pre-specified upper bound on the losses. The initial problem(4.2) becomes :

argmax VT (X7p)
Xr (4.41)
s. t. EP [pTXT] = Ty, XT 2 —L

where the maximum potential loss, L, is specified exogenously. The Divide and Conquer approach
was also used to solve (4.41). The positive part problem is not affected by the new constrain,
Theorem 16 can thus be reused. The only difference lies in the negative part problem where
there is the additional upper bound constrain on X _:

argmin  V_(X_) = /OOO T_ (Plu—(X-) > y]) dy

X (4.42)

s.t. Ef[prX_|=2_=a24—x9, X_<L

The approach used to solve (4.42) is similar to the one used earlier. See [10] for the resolution
of this problem. Let’s compare the solutions of the negative part problem with and without loss
control:

Ty — X0

X _(c") = ] 1,,5c without loss control

E [pT]-PT>C*
xy —xo — LE [prlppse)

E [PTlpTe(c*,cg}]

(4.43)

Xi_(c*,cg) = 1,0TE(C*,C’2‘] + LlpT>C§ with loss control

The novelties of the portfolio allocation problem with loss control are:

e The presence of a third state of the world: p7 > ¢3. The optimal values ¢* and c¢; define
the three states: the gain state (pr < ¢*), the moderate loss state (pr € (c*, ¢5]) and the
maximum loss state (pr > ¢3).

e This implies the presence of a third binary option: L1,,.>.x.

e The initial price of the moderate loss contingent claim, x4, — z¢ is reduced by the initial
price of the maximum loss contingent claim LE [pTl pT>c;]~

The optimal values (¢, ¢2,x4) are obtained by solving the problem:



7.. CASE WITH INITIAL LOSS POSITION (X, < 0) AND LOSS CONTROL 33

Theorem 15 (Optimal wealth with CRRA utility and negative initial wealth and loss

control).
o l-a _ k (.%'4_ — 20 — LE [pT]‘PT>62])a
argmax =+ 9() (E [pTlpTe(c,cz}])a
(c,co,4) [T, (1 _ Fp(c)) - T (1 = FP(CQ))] —kL*T_ (1 — FP(CQ)) (4.44)

s.t. 0<ec< e <0
maaj(xar, zo+ LE [IOTlpT>02D <zy <o+ LE [pT1PT>CQ]

The optimal terminal wealth is given by:
b (@4 — 30— LE [prl, o))
(Elrrtorecc])

Xr=X{1p<er — Loreteres) = Llpr>es (4.45)

Note that Problem (4.44) is a natural extension of Problem (4.23): each term is composed of the
utility (u(z) = 2 1z>0 — kx® 1,<0) of its respective terminal payoff multiplied by its distorted
probability weight defined as: w (21, 22) =T_ (1 — F,(21)) — T— (1 — F,(22)).

The following table summarises the payoffs, initial price and distorted probability weights of each
binary option:

Gain pr <c¢  Moderate loss pr € (¢, c2] Maximum loss pr > ¢y

Initial price Ty xy —xo — LE [prl,,>c,) LE [pr1,75¢]

S
E[pTlﬂTE(C,cz]] pre(etci] PT=C2

Dist. prob. weight 7T_(1—F,(c)) T-(1—-F,(c)) —T-(1 = Fy(c2)) T-(1—Fy(c2))

Terminal payoff Xyl <o

Table 4.1: Summary of the different binary options

7.1 Numerical resolution of the CPT problem with loss control

The numerical resolution of problem with loss control (Problem (4.44)) is far more difficult than
the problem without it (Problem (4.2)). Indeed, Problem (4.2) is a two-dimensional optimisation
problem with linear constrains: the feasible region is a rectangle. Moreover, Problem (4.2) can
be turned into Problem (4.39) which is even simpler to solve.

The main difficulty of the numerical resolution of Problem (4.44) is the treatment of the non-
linear constrains:

max (28,20 + LE [prlprse]) < 24 <20+ LE [prlp e, (4.46)

The numerical trick is to add an artificial upper bound constrain on ¢ and co. The constrain
0 < ¢ < ey < oo is modified into:

0<c<er < Cmaz (4.47)

where ¢paz = F, (1 — tol) and tol has been fixed to 107°.
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Non-linear convex optimisation problems like Problem (4.44) can be solved by a class of numerical
methods called Interior-point methods (IPM). This topic goes far beyond the scope of this work.
Note that the general idea of IPM’s is to iteratively approach the optimal solution from the
interior of the feasible region. To solve this NLP, the built-in Matlab constrained optimisation
solver was used.

7.2 Numerical illustration

For this illustration, the pricing kernel follows a lognormal distribution with parameters:

log pr ~ N (—0.03,0.04) (4.48)

The economic agent begins with a loss position: g = —1. He has a CRRA utility function with
risk aversion parameter o = 0.88 and the loss aversion parameter is equal to k£ = 2.25 (Kahneman
and Tversky 1992 [8]). The positive distorsion function 7 (-) follows (4.35) (Jin and Zhou [9])
with parameters: a = —1.5, b = 0.9 and ¢y = 0.89 (note that zy = F,(co) = 1/3). With those
parameters, the value of the artificial upper bound is ¢pe, = 2.511.

To ensure well-posedness, Escobar [12] proposed the the following negative distortion function:

T (z) = (®[®(z) — o))"~ (4.49)

This function is reverse S-shaped and satisfies the monotonicity condition if a— € (0,1) and
0 € (0,1]. For that purpose, a— = 0.8 and 6 = 0.1 have been chosen.

The first step is to ensure the well-posedness of the problem. This is satisfied if inf.~g k(c) > 1.
Figure 4.2 represents the function x(c). Since inf .~ x(c) = 1.0303, the problem is well-posed.

Without loss control, the optimal values are (¢, zy) = (1.344,3.5453). The corresponding ter-
minal wealth, X7 is showed in Figure 4.3. In this settings, at ¢ = 0, the investor short-sells the
loss binary option at x;1 — xg = 4.5453 to get enough funds (he suffers a loss position z¢p = —1)
to buy the gain binary option at =4 = 3.5453.

The probability to be in the gain state at maturity is Plpr < 1.344] = & (logl'%ﬂ) = (0.9483.

The price of the binary option 1,,51.344 at ¢t = 0 is E [p71,,>1.344] = 0.0758. The maximum
(endogenous) potential loss is thus:

Xloss = __THTT0 59094 (4.50)

E [p71,51.344]
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. . . . . | | | |
0 05 1 15 2 25 3 05 1 15 2 25 3

Figure 4.2: Plot of x(c). Problem is well-posed  Figure 4.3: Optimal terminal wealth, X7, with-

when inf.so r(c) > 1 out loss control.

This shows the weakness of the endogenous imposition of the maximum loss: the potential loss
(X7 = 59.94) is much greater than the initial loss position (zo = —1). Note that the probability
to get into this catastrophic state is not negligible: 5.17%. Even if the constant loss in bad states
is an appealing feature, the possibility to impose the maximum loss exogenously seems to be a
better one.

Let’s consider the same problem with loss control. An exogenous maximum loss L = 5 has been
imposed. The optimal solution of this problem is (¢, co, z4) = (1.0893, 00, 0.7470). Surprisingly,
the solution has exactly the same structure as the problem without loss control (c; = 00).
The difference is that the couple (¢,z4) is set such that the maximum potential loss (x4 —
z9)/E [prl,;>c] = L. Note that a solution of the form (¢, 00,24) is equivalent to (c, ¢, xy)
because it has been defined that (see [10]):

Ty — o — LE [pTlpT>cz]
E [pTlpTG(CaCﬂ]

=0 when c=c (4.51)

- . . . log 1.0893+0.03
Note that the probability to be in the gain state is equal to P[pr < 1.0893] = & (%) =

0.7182 which is much smaller than the case without loss control. Figure 4.4 shows the terminal
wealth with and without loss control. As pointed out earlier, the probability to get in the loss
state is bigger when loss control is applied. Note that the gains are smaller in the case with loss
control. This is the price to pay to limit his losses in case of bad market.
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50 T T T T
e \\/ith Loss Control
40 mms \\ithout Loss Control | |
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Figure 4.4: Optimal terminal wealth, X, with and without loss control.

Note that the above solution is still a two states payoff (in fact, the gain claim is composed of
two pieces but it is considered as a unique part). The previous parameters were used to show the
need of the exogenous imposition of the maximum loss as it has been shown that this maximum
amount can be huge when imposed endogenously. Using other parameters, a three states payoff
can be easily obtained.

The pricing kernel still follows a lognormal distribution but other parameters are used:

log pr ~ N (—0.0982,0.1725) (4.52)

The parameters of the lognormal distribution were computed using real market data (see next

section). The initial loss position remains the same: o = —1. The risk aversion coefficient
has been changed to o = 0.7 but the loss aversion parameters is unchanged: k = 2.25. The
positive distorsion function, 7% (), has new parameters: a = —0.2, b = 0.5 and ¢y = 0.685

(20 = Fy(co) = 1/4). Finally, the parameters of the negative distorsion function, 7' (-), are
a_ =0.35and § =0.1.

When the maximum loss is set to L = 5, the optimal solution is given by the vector (¢, co,z4) =
(0.9964, 1.8338,0.3006). The related probabilities are P[pr < 0.9964] = 0.5901 and P[pr <
1.8338] = 0.9551. Using Theorem 15 and the optimal (¢, co, ), the terminal wealth is given by
(see Figure 4.5):

0.0995 p* pr < 0.685

—5/3 <
] 0:2405 7 0.685 < pr < 0.9964 (4.53)

—1.721 0.9964 < pr < 1.8338
~5 pr > 1.8338

The probability to be in the gain state (pr < ¢) is lower that in the other cases and the probability
to hit the maximum loss is note negligible (P[pr > 3] = 4.49%)
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Figure 4.5: 3 pieces terminal wealth X7.

Let’s run the same case without loss control. Optimal values are (¢, z4) = (0.6193,0.052). The
comparaison is depicted in Figure 4.6. Loss control enables other possibilities:

e The probability to end in the gain state is higher in the case with loss control (P[pr < ¢] =
51.09%) than without (P[pr < ¢] = 17.95%).

e The terminal wealth in the gain state in higher in the case with loss control.

e The price to pay is that the moderate loss and the maximum loss in the case with loss
control (X7 = —1.721 and X7 = —5 respectively) are higher that the maximum loss in
the case (Xp = —1.172) without it.

Figure 4.6:

10 T T

mmm \Vith Loss Control
s \Nithout Loss Control

8 4

Pr

Terminal wealth with and without loss control (3 pieces solution).



Chapter 5

Results

1. Introduction

In this section, the previous results will be applied to real market data. First of all, the
stocks models (constant market parameters) will be calibrated based on daily quotes (At =
1/252). Then, the investment strategy will be studied for the period going from 01/01/2019 to
01,/04,/2020.

The portfolio will be composed of the three biggest stocks that make up the BEL20 (BFX) index:
Anheuser-Busch InBev (ABI), ING Groep NV (INGA) and KBC GR (KBC). The risk free rate,
r, will be fixed to 0.6%. The quotes are shown in Figure 5.1.

Time

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time

Figure 5.1: ABI, INGA and KBC quotes.

As an appetizer, consider the portfolio performances (with a 10 years investment horizon) of
Figures 5.2 and 5.4 (the corresponding portfolios are shown in Figures 5.3 and 5.5 respectively).
The first performance is linked to a moderate risk averse investor while the second one is linked
to a greedier investor. These plots compare the performances between the CPT strategy and the
EUT strategy. The BEL20 index (BFX) is also plotted as a benchmark.

38
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The defensive CPT portfolio did not perform as well as the EUT investor during a good market
period (first half of 2019) but performed better than the BFX. However, during the COVID-19
crisis, the value of the CPT portfolio went down to 90% of the initial investment (BFX performed
the same) while the EUT investor went down to 19% of the initial investment.

The performances of the more aggressive CPT portfolio are slightly lower than the ones of the
EUT portfolio in 2019 (note that they still outperformed the BFX). The critical point is the
capital at the end of the study period: the value of the CPT portfolio reached 60% of the initial
capital while the value CPT portfolio dropped to 14% of the initial investment.

Performance

Time Time

Figure 5.2: Performance of the portfolio with  Figure 5.3: Composition of the portfolio with
a=0.5,a=-02and b=1when T =10 a=0.5,a=-02and b=1when T =10

Performance

Figure 5.4: Performance of the portfolio with  Figure 5.5: Composition of the portfolio with
a=0.55 a=—-05and b=1 when T =10 a=0.55a=—-05and b=1 when T =10

2. Model calibration

As explained in the introduction the log-returns are supposed to be multivariate normal:

log (gg) ~N ((u — ;diag(2)> t, Et) (5.1)

Defining L, the Cholesky decomposition of the cov. matrix: LL' = X, the SDE’s of the stocks
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can be written in the matrix form:

dsS;

- = pdt + L-dW; (5.2)
St

where Wy is a vector of independent brownian motions. The market price of risk vector 6 is
obtained by solving:
LO=p—ri1 (5.3)

Finally, the pricing kernel is found by solving the SDE:

P gr—g.aw, (5.4)

Pt

The process is thus:

1. Estimate the parameters of a multivariate normal distribution (4 and ¥) using daily stock
log-returns (before the study period).

2. Calculate the vector of means g from the covariance matrix and observed mean returns.
3. Perform the Cholesky decomposition L of the covariance matrix.

4. Solve system (5.3) to obtain the market price of risk vector

5. Find the corresponding brownian motion vector Wy during the period of study

6. Compute the pricing kernel

The resulting pricing kernel is shown in Figure 5.6. This shows two big features: firstly, the well
performing market in 2019 and secondly, the 2020 stock market krach during the COVID-19

crisis.

25

05 I I I I I I

Time
Figure 5.6: Pricing Kernel p.

To check whether the log-returns are normally distributed or not, a Jarque-Bera test can be
performed (Hy: data are normally distributed). With a 5% significance level, the critical value



3.. SOME REMINDERS 41

is JB = 5.7842. The Ljung-Box test (Portmanteau test) can be used to check if the data (of
each stock, note between stocks) are independently distributed (Hp: data are independently
distributed). The critical value at 5% level of significance is LB = 31.4104. It is clear that
the convenient hypothesis of normally and independently distributed log-returns is rejected.
However, this hypothesis was made to show that an analytical expression for the optimal portfolio
is available when the pricing kernel is lognormally distributed. Further work on this subject can
involve more precise models.

ABI INGA KBC

Jarque-Bera test 3189 6354 8668
Portmanteau test 38.34 66.4486 53.4096

Table 5.1: Summary of test statistics.

3. Some reminders

The optimal terminal wealth is given by:

o (TU(E,(pr)\ T — T
X5 = + r\ e ) 1 o — e s S | o* 5.5
= 0 < P < T Epriae] T (5:5)

This expression can be further simplified using Jin and Zhou [9] distortion function 7 () and
lognormal pricing kernel p(¢,T):

i} * kl/(l—a) a:1 ;3:71 T — 2
ek SN [p% *Lpp<eo + 7 ° 1pTe(co,c*)} 1y, <cr T [p;lp ] 1ppser (5.6)
T

X5 —

T (e
The terminal wealth is thus the combination of payoffs of binary options on truncated lognormal
variables pZG(zl,z2) which can be easily replicated (see Appendix C). When zy > 0, it has been
shown that (27 ,c*) = (2, 00) and

z0 kl/(lfa) a—1 a=b b—1

* 11—« 11—« 11—

T= T o(oo) [PT <o o P " Lorseo) (5.7)
a—1

Defining the process z} that replicates the claim pr * 1 pe(0,co) and the process x7 replicates the

b1
claim p 1 pe(co,c*), the price process of the portfolio z; and the stocks portfolio 7 are given

by:

o K/ (17 [ = 2}

Ty = »(o0) Ty +¢y T
azb (5.8)
1—a)x} +ci~@ (1 —b)a? 1 _
T = ( ) t L( ) t 1_a(u—1r)(0'o") 1
T +cy “a?
. . . o . e . . . EUT 1
The optimal portfolio of a maximising expected utility investor is given by: 7 =1 (p—
-«

17)(oo’)~ L. From that, it can be deduced that:
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a—b
TCPT _ (1 - CL)IE% + 057Q (1 — b)l'% (59)
TEUT =2 o

1 1
Ty +cy Cxy

Several parameters will influence the portfolio m;:

4.

. The risk aversion parameter c. This parameter will also influence the ratio

. The time horizon T'. The pricing kernel is given by p(t,T) = Pr LogN (¢, 02) with
Pt

ue = —(r+ %HGQH)(T —t) and oy = ||0||v/T — t. The time to maturity T — t will directly
influence the parameters of the distribution. First of all, the threshold ¢y = Fp_((l)’T)(zo) will
be impacted. The inflexion point of the distortion function 7' (-), 2o, is considered to be
constant and equal to zg = 0.25. ¢¢ will thus depend on the time horizon T

Changing the distribution of the pricing kernel will also change the price process, x; and
x2, of the binary options.

. The hope parameter a < 0 (name given by He [13]). In the CPT allocation problem, the

investor will overweight his portfolio in stocks comparing to the EUT investor when the
market is good( p; is very low). Indeed,

TCPT _
TEUT

lim,—0 l—a>1 (5.10)
In this case, the CPT investing strategy will be the same as the EUT strategy with a
equivalent risk aversion coefficient a* = (o — a)/(1 — a) > . In case of bull market, the
CPT investor will act as a EUT investor with higher CRRA coefficient, which means a
lesser risk aversion. The hope parameter will thus represent the willingness to invest in
risky stocks when the market is good.

. The fear parameter b € [0,1] (name given by He [13]). Conversely, when the market is bad

(pt is very high), the CPT investor will underweight his stocks portfolio comparing to the

EUT investor:
TCPT

=1-be0,1] (5.11)
TEUT

limp oo

When b = 1, the investor will close all his positions in stock when the market is bad. Along
with the hope parameter, in case of very bad market, the CPT strategy is the same as the
EUT strategy with a equivalent risk aversion coefficient equal to a* = (a—b)/(1 —b) < c.

TCPT

TEUT
the binary options depend on this parameter. It will thus influence =} and 7.

because

Investment horizon 7" and time to maturity 7" — ¢

In this section, the sensitivity analysis of the parameters 7" and T' — ¢ will be performed. Figures
5.7 and 5.8 show the ratio mcpr/mgur(p) for different values of T'— ¢ when the time horizon is
equal to T'= 2 and T = 10 respectively. The parameters are a = —0.2, b = 0.5, a = 0.5 and
Cco = 0.685‘{[“:2 and co = 0-327’T:10~

The relation mopr/mruT(p) is reverse S-shaped. As said earlier, the asymptotic values are 1 —a
when p; — 0 and 1—b when p; — co. When the investment horizon, 7" increases, the ratio of the
portfolios presents thicker tails. The thickness of the tails also depends on the time to maturity:
the tails are thiner when ¢ approach the horizon investment 7. Obviously, when t — T the
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relation mopr/mEuT(p) becomes a reverse step function with discontinuity at p = ¢p and steps
equal to 1 —a and 1 — b. The right tail appears to be thicker that the left tail and that effect is
greater when the investment horizon increases.

12 T T T T
—tT= 0
YT =025
\ ¥T=05

YT =0.75 |4 11k
T =0.95

L
0 05

Py

Figure 5.7: Time horizon T = 2 Figure 5.8: Time horizon T'= 10

Figures 5.9 and 5.10 show the same relation with o = 0.7, the investor is thus greedier. In this
case, the tails are quite thicker than the case a = 0.5. This is ever more pronounced when
T =10: at t = 0.257, the investor will overweight his portfolio in risky assets when p; < 1.25 if
a = 0.7 but only when p; < 0.55 if a = 0.5.

T
—tT= 0
YT =025
tT=05
YT =0.75 |4 11k
YT =095

Py

Figure 5.9: Time horizon T = 2 Figure 5.10: Time horizon T" = 10

5. The hope parameter a

In this section, the performance of the strategy will be studied with different values of the hope
parameter a. The EU strategy is independent of the investment horizon 7', the time to maturity
T — t and the state of the market p;. The EU strategy is performing very well during the 2019
year (when the market is quite good) but it is catastrophic during the 2020 stock market krach:
about 75% of the initial investment is lost. Note that the risk aversion coefficient is moderate
(a = 0.5), a larger value leads to total loss of the investment (note that for higher values of «,
the problem is ill-posed) . The proportion in cash is negative, which means that the investor
is borrowing money to invest in stocks. The borrowed amount is equal to 180% of his starting
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capital which is huge for such a moderate aversion coefficient.

The CPT portfolio is overperformed by the EUT investor when the market is good but has
offered a good capital protection during the COVID-19 crisis (this is also due the fear parameter
b = 1 which means closing all positions in risky assets when the market is too bad). Note that
when 7" = 10 and a = —0.8, the CPT investor will take more leverage than the EUT investor
before the 2020 krach (see Figure 5.13) which will lead to better performance (see Figure 5.14).
During the COVID-19 crisis, the CPT investor will close a large part of his positions in stocks
leading to a loss of 50% of his initial capital (to compare with the 75% loss of the EUT investor).

3

—a =-0.2

Performance

I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time

Figure 5.11: Wealth process for different values
of a when T'=2 (a = 0.5, b = 1).

Performance

| | | | |
0 0.2 0.4 0.6 0.8 1 1.2 14
Time

Figure 5.13: Wealth process for different values
of a when T'=10 (« = 0.5, b =1).

6. The fear parameter b

1

-35
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Figure 5.12: Cash portfolio for different values
of a when T'=2 (o = 0.5, b = 1).
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Figure 5.14: Cash portfolio for different values
of a when T'=10 (« = 0.5, b = 1).

As said earlier, when the market becomes too bad (p; is very high), the proportion of the portfolio
invested in stocks becomes independent of p; and ¢ and equal to

7= (u—rl1)oo’)

l—«

(5.12)
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The proportion invested in cash is then given by mg = 1 — @ - 1. With « = 0.5 and T = 2,
mo = 1 — 2.836(1 — b). In Figure 5.16, the market has reached this state of badness during
the COVID-19 crisis and the investor made up his portfolio in accordance with the preceding
formula.

e b =0.5

b=0.7

0.5 | | s— T

)

Performance

<

"5\1'\“[\"\ 'ﬂ‘W\Vn At fo
\‘j’ W

-2.5

Figure 5.15: Wealth process for different Figure 5.16: Cash portfolio for different val-
values of bwhen T = 2 (a = 0.5, a = —0.2). ues of b when T'=2 (a = 0.5, a = —0.2).

The main feature of the fear parameter b is to reduce the exposition in risky assets. A larger value
of this parameter, b — 1, will increase the proportion of the portfolio invested in cash (compared
to EUT) which can lead to a less performing investment during a period of bull market (see
Figure 5.17 and 5.18). However losses can be drastically reduced during a period of bear market
thanks to this effect of closing a large part of the positions in stocks.

— 1 =0.5
—b =0.7

05k — EUT

Performance

0 0.2 0.4 0‘.6 Time 0‘.8 1 12 1.4 Time
Figure 5.17: Wealth process for different values  Figure 5.18: Cash portfolio for different values
of b when T'=10 (o = 0.5, a = —0.2). of b when T' =10 (a = 0.5, a = —0.2).

7. Risk aversion coefficient o

The risk aversion coefficient plays a complex role in the CPT allocation problem especially in
the well-posedness of the initial problem. Note that for 7" = 10 and o = 0.7 (see Figure 5.21
and 5.22), the problem is at the limit of the well-posedness. As expected, a larger value of this
coefficient (less risk aversion) will lead to a higher proportion of the portfolio invested in stocks.
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Figure 5.19: Wealth process for different values  Figure 5.20: Cash portfolio for different values
of o when T =2 (a=-0.2,b=1). of a when T =2 (a =-0.2,b=1).
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Figure 5.21: Wealth process for different values  Figure 5.22: Cash portfolio for different values
of « when T'=10 (a = 0.2, b = 1). of « when T'=10 (a = 0.2, b = 1).

8. Strategy with initial loss: xy = —1

8.1 Case without Loss Control

When zg < 0, the economic agent needs to take leverage to reach his objective. It has been
xj_—zo
E[p T 1o >C*]
possible loss, X_ for different values of the risk aversion coefficient (a) and investment horizon

(T") is depicted in the table below.

already shown that the maximal possible loss is equal to X_ = The maximum

a=0.5 a=0.6 a=0.7

T=13 2.4031 1.2025 1.0629
T =10 71.5936 5.9242 2.9601

The maximum possible loss, X_, has higher value for lower of . When o = 0.5 and T' = 10,
X_ is very huge compared to the value of the initial position xg. When 7' = 1.3 (note that the
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study period ends at 7' = 1.25), the market is going to end with high probability in the bad
states of the world (p > ¢*) which means that the investor will suffer a loss position equal to
X_. In 2019 (when the market is good), the portfolio with lower « is the best performing but
it is catastrophic during the COVID-19 crisis. When 7" = 10, the value of the portfolio felt to
—9.8 while the initial capital is equal to g = —1. However, the investment horizon is quite long
and the market has good chances to retrieve its levels before the crisis.
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Figure 5.23: Wealth process for different values  Figure 5.24: Wealth process for different values
of @ when T' = 1.3 and initial loss position: g = of a when T' = 10 and initial loss position: zg =
—1. —1.

8.2 Case with Loss Control

In this case, an exogenous maximum loss L = 1.3 have been imposed. The strategy has been
computed using the same parameters as before but the risk aversion parameter has been fixed
to a = 0.5. Figures 5.26 and 5.26 show the corresponding performances when 7" = 1.3 and
T = 10 respectively. The corresponding optimal values are (¢, co,z4) = (1.0225, 00, 0.0536) for
T = 1.3 and (¢, c2,z4+) = (0.5858,00,0.0233) for "= 10. When 7" = 1.3 (close to maturity), the
maximum loss is hit. As expected, the strategy with loss control is performing not as good as
the strategy without it when the market is good. When T = 10, the loss control protection is
running well but the strategy is not performing at all: the performance curve is "flat".
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Figure 5.25: Wealth process with 7" = 1.3 and  Figure 5.26: Wealth process with 7' = 10 and
maximum loss L = 1.3. maximum loss L = 1.3.



Chapter 6

Concluding remarks

In this paper, the portfolio selection model @ la Cumulative Prospect Theory of Jin and Zhou [9]
and the loss control extension of Zhang [10] have been implemented. Although this problem is
difficult to solve (ill-posedness, non-convex optimisation, nonlinear programming), the solution
pattern is quite simple: it is a combinaison of binary options, the underlying being the pricing
kernel (i.e. the state of the market). The economic interpretation is a gambling strategy based
on good states of the market: if the investor begins in a gain position, he will invest his extra
money like a EUT agent in a gain contingent claim (binary option). If he suffers a loss position,
he needs to short-sell the loss contingent claim for the purpose of getting enough funds to buy the
gain contingent claim. In the case with loss control, the investors short-sells a third contingent
claim and the solution has a three pieces shape: a gain domain (good market) and two constant
loss domains (bad market and very bad market). It has been showed that the investor who is
selling the loss contingent claim is exposed to dramatic losses if the market goes very bad. This
is evident that the exogenous imposition of the maximum loss (loss control) is a key feature of
this portfolio allocation problem.

Many parameters are involved in this CPT allocation problem: some come from the profile of the
investor (distortion function, risk aversion, investment horizon,...) others from the market itself.
A sensitivity analysis has been performed on all the parameters. An interesting feature is that in
case of very good market, the portfolio allocation becomes independent of the market evolution
and time. The investor behaves like a EUT investor with a lower risk aversion, the equivalent
risk aversion coefficient being determined by the input parameters. The same feature appears
when the market is very bad with the particularity that the investor closes all his positions in
risky assets when particular parameters are used.

The sensitivity analysis has been performed on real data coming from the Belgium Stock Mar-
ket. During this analysis, three performances were compared to each others: the performances
of the CPT portfolio, the performances of the EUT portfolio and the performances of the BEL20
index. The EUT portfolio performed badly during the COVID-19 crisis due to its inflexibility: it
is completely independent of the state of the market. This investment strategy cannot respond
to important event such as the stock market krach. By contrast, the flexible CPT portfolio and
its great reactivity successfully managed this difficult period. For the most defensive investors,
the CPT outperformed the market after the stock market krach (but their performances during
good market period were limited).

The case study on real data supposed constant market and geometric brownian motion dynamic
for the stocks. This is well-known to be a strong hypothesis because logreturns are non-normal
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and present volatility clustering. Such analytic solutions (and available analytic form for the
replicating strategy) can only be obtained when this hypothesis is made. Further work can
involve more precise models (e.g stochastic volatility models like Heston’s) although the numerical
solution might be very difficult to obtain.



Appendix A

Positive part problem

This chapter is inspired by Appendix C of Jin and Zhou [9].
First, let’s consider the general maximisation problem involving the Choquet integral:

argmax Vi(X) = /OOT(P[u(X) > y]) dy
X 0

s.t. E[¢X]=a,X >0 as,

(A1)

where £ is a given strictly positive continuous random variable with cdf F¢(-), a > 0, T'(-) is a
distorsion function and u(-) is a utility function.

The main difficulty is that (A.1) is a non-convex problem with a constrain. Thus Lagrange
multiplier does not apply directly. The approach is to change the decision variable and turn
(A.1) into a convex optimization problem through a series of transformations.

Quantile formulation

The idea behind the quantile formulation is to change the decision variable X by its cumulative
distribution function. This is illustrated through the following lemma:

Lemma 1 (Quantile formulation). If problem (A.1) admits an optimal solution X* whose dis-
tribution function is Gx~(-) then X* = G- (1 — Fe(€))

Lemma 1 implies that the solution of (A.1) must be anti-comonotonic with £. Define Z :=
1 — Fe(§), then Z ~ Unif(0,1) and £ = Fg_l(l — Z). Thus from Lemma (1), one only needs to

find variables of the form Gy} (Z) in order to solve (A.1). Introducing the following problem:

argmax Vi(Gx) = /OOT (P[u(G;(l(Z)) > y]) dy
Gx 0 (A2)

s.t. E [Fgla - Z)G;{I(Z)} o, Ol el

the following result holds:

Proposition 3. If G%(-) is optimal for (A.2) then X* = (G%)~1(Z) is optimal for (A.1). Con-
versely, if X* is optimal for (A.1) then its cdf G*%(-) is optimal for (A.2) and X* = (G%)~1(Z)
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The objective function of (A.2) can be rewritten. Defining T'(z) :== T(1 — x):

Vi(Gy) = /0 T (P(GR(2)) > o)) dy = /0 U T (PG (2)) <)) dy
= [Tz < exe = [T (Ext ) dy (2~ vnifo.)
0 0

1
= / u (G)_(l (T_l(t))) dt <by integration of inverse functions 1)
0

- /0 u (G () T'(s)ds (3 =T (1), ds = Tll(t)dt>

(A.3)

Denoting the set of quantile functions by G = {g : [0,1] — R"is not decreasing with ¢g(0) = 0}
and considering g(-) = G*(-), problem (A.2) can be rewritten:

argmax Vi(g) =E [u(9(2))T'(1 - Z)]
g() (A4)
s.t. E [Fglu . Z)g(Z)} —a,g€G

The objective function V1(g) is now concave because T'(-) > 0 and wu(-) is concave. Moreover,
the constrain in linear in g. Problem (A.4) can thus be solved by Lagrange multipliers:

argmax L =E [u (U(2)T' (1~ 2) = AF7H (1 - 2)g(2)

9€g or (A.5)
_ -1
G = (2) T (1= 2) - A - 2)
The optimal function g*(-) is thus given by:
oL e (A= 2)
ag—0<:>g(z)—(u) ( (1= 2) (A.6)

If Fgl (2)/T'(z) is non-decreasing then g(z) is non-decreasing and it solves (A.4). Using Lemma 1,
the optimal contingent claim satisfying (A.1) is given by:

X* =)t <A£> AT
O\ E©) A
Applying this results to problem (4.7) gives:
* _ o 1 \—1 j‘pT
v = (7o) (A8)

'If f(a) = c and f(b) = d then f: f(z)dz + fcd f~H(x)dz = bd — ac. See [14]
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Plpr <z A (] _ Fy(x Ne)
Plpr < ] PlA]

T (zP[A]). Because pr < c on A, it follows that:

. The derivative of

Given A == {w: pr < c}, Fa(x) =Palpr < z] =
[

T4(-) is given by: T (x) =

Ty (Falpr)) — Ti(Fy(pr))  PlA]

pr pr Ty (P[A]) (A.9)

T, (P[A])
PlA]

Defining A := A, the optimal solution Y* can be rewritten:

* U/ -1 )‘pT
Y= <T'(Fp<pT>>> (A.10)

By optimality of (X})* =Y*14:

G =0 (s ) s (A1)

Fp(PT

The following theorem summarises the previous results:

Theorem 16 (Positive part problem). Given parameters (c, x4 ), the positive part problem
1s the following Choquet maximisation problem:

argmax Vi (X]) = /Ooo Ty (Plus(XF) > y]) dy

X5 (A.12)
s. t. EF [pTX;E] =z, X:‘ﬁ >0 a.s., X:,'f =0 a.s. on A,
The optimal contingent claim X1 mazimising the objective functional is given by:
(X;)*()\) = (uﬁr)*l ( : ApT ) 1,,<c (A.13)
T (Fy(pr)) -

with the optimal value of the objective functional vy (c, x4 ):

(e =E fus () (M)) T, (Fylpr) Lyre] (A14)

where A > 0 is the unique real number satisfying E [pT(X;E)*()\)] = G5,




Appendix B

Negative part problem

This chapter is inspired by Appendix D of Jin and Zhou [9].
A general minimisation problem involving a Choquet integral is given by:

argmin  Va(X) = /OOT(P[u(X) > yl) dy
X 0

s. t. EfX]=a, X >0as.,

(B.1)

Similarly to the positive part problem, using quantile formulation, problem (B.1) can be rewrit-
ten:

argmin  V(g9) =E [u(9(2))T'(1 — Z)]
5. t. Eppu—zmwﬂzmgeg

Since the above problem is to minimise a concave objective function, its solution has different
structure compared to the positive part problem and cannot be solved by Lagrange multipliers.
In linear programming, the solution of (B.2) should be a corner point solution. Solution to such
a problem goes beyond the scope of this work. The following result will be considered without
proof 1:

Proposition 4. The form of the optimal solution for problem (B.2) (if it exists) is:

a

9" () = - 1(,1)(2) (B.3)
E [Fg (2)1p1)(2)

with some b € [0,1).

Using Proposition 4, problem (B.2) can be rewritten:

argmin  Va(g) = E [u(9(2)) T'(1 - Z)]

g()
a (B.4)
s. t. g(h) = 1,1()
TR @en@]

'Proof of this proposition can be found in [9]
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The functional can be expressed as:

~ a

E|F 1 (2)10,(2)

} 1p1)(2) | T'(1 - 2)

1 a ,
:/b ! E[FH(2010,(2)] ri-od

(B.5)
E |F; 1 (2)10,(2)]
a
=u(—=———|T(P[¢>¢]) c=FYb
(5te0) 706> = R0
The goal is to find the optimal ¢* that solves the problem:
a

argmin  u | =——— | T(P[¢ > ¢ B.6
s (i) T (B:5)

Using the quantile formulation (Lemma 1) and the form of the quantile function (Proposition 4),
the optimal contingent claim has the form:

X a

" Bl ®7

where ¢* minimises (B.6).

Applying the previous results to the negative part problem gives:

Theorem 17 (Negative part problem). Given parameters (c, ), the negative part prob-
lem is the following Choquet minimisation problem:

argmin V-(X7) = [~ T (Plu-(X7) > o]} dy

X7 (B.8)
s. t. EP [pTXE] =z2_=x4—x9, X;2>0as, X;=0as onA,
The optimal contingent claim X7 minimising the objective functional is given by:
—\*[ x Ty — 20
X )=—=——"7"-—""—1 - B.9
(X)) = G Lore (B9)
with the optimal value of the objective functional v_(c, x4 ):
T+ — o *

v_(c,xy)=u_ | =——— | T_(Plpr > ¢ B.10
(e2) = - (G ) T (Plor > ) (B.10)

* o o o . T4 —T0
where ¢* minimises: u_ (E[pTlpT>c]) T_(Plpr > cl)




Appendix C

Replication of truncated lognormal
binary options

The pricing kernel p(t,T) = Pr LogN (pp(T —t), ag(T —t)) is lognormally distributed with
Pt

1
pp=—(r+ §||0||2) and o, = [|@||. Its SDE is given by:

e g gedw, (C.1)

Pt
with @ = o(pp—1r). The random variable p7. 1,€(z21,20) 18 @ truncated lognormal random variable.
Its expected value is easily computed:

1,2,2 logzo — 1 logz1 — p
E [0 Lope(ar,em)] = €727 {qb (p - ”f’p> -? (p —nop )| (C2)

Op Op

where ®(-) is the cdf of a standard normal variable. The first term is the expectation of the
non-truncated lognormal variable pg while the term in brackets represents the truncation.
Using the fundamental theorem of asset pricing, the price process, X, of the contingent claim

pi} 1, ¢(21,22) 18 given by:

Xy = EP [P? 1pT6(zl,z2) p(t7T)|]:t]

z2/pt 1 1 _;(loguﬂtp(T*t)>2
= ,0?/ u —e P\ Tt du,
21 /pt V2o /T —tu (C.3)
_ pig z2/pt " (logu — (T — t)> du = [(t py),
opVT =t )z /p, opvT -1

where ¢(-) is the pdf of a standard normal variable. According to the martingale representation
theorem the diffusion part of f(¢, p;) (after applying Itd’s lemma) should be equal to the diffusion
part of the mutual fund process (equation (3.19)):

af(t,
—fgppt) Pt 0= Xtﬂ't/ o (04)

The general formula of the replicating strategy of a contingent claim whose price process is only
function of time and pricing kernel, X; = f(¢, p;), is given by:
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8f(t’ pt)

ap (o’ N —17) (C.5)

e Xe = —pt

In this case,

oft,pr) _ m i 0 /ZZ/pt u’ b <l09u'up(Tt)> du (C.6)

Pt
o = L f(t, I i
dp Pt J(tpr) opVIT' —1 op o VT —t

z1/pt

d b
Using Leibniz’s integral rule: d—ff((z))g(s)ds with a(x) = z1/z, b(z) = z3/x and g(s) =
T

l — T—t .
s (7()9; “ﬁ;(it )> gives:

=L flt,p) + —L— =
dp Pt 1t ) opVT —t oy
z logzo —logpr — pu, (T —t z logz1 —logpr — pu, (T —t
[pte () e (e
t Op Pt Op
_1x,
Pt
1 1, (log (z2/pt) — pp(T —t) ni1, (((21/pt) — pp(T —t)
S |2 ¢ -z ¢
piopVT —t opVIT' —1 opVT —1t

(C.7)

Putting this result into (C.5):

o [ () (Bl

i (00’ 1)

(C.8)
When 23 = oo then db(z)/dz = 0 and:
1 — (T —t
% Xt — |:_ Z?—H(ﬁ ((Zl/pt) NP( )) . nXt:| (0’0”)71(# _ ].’I”) (Cg)
ptopVT —t opVT —1
Note that the integral of X; can be simplified:
7 z
P 2/pt iy <logu — pp(T — t)) du
opNT —t J2 /s opVT —t (C.10)

= P} BY [p(t, T)" ! Lo myeen e o))

Defining p,(t) = p, (T'—t) and 0,(t) = 0,1 —t, the expected value can be evaluated using
the formula (C.2) for a truncated lognormal random variable :



o7

Xt :pg 6(77+1)Up(t)+%(77+1)20'P(t)2 |:(p (lOQ (ZQ/Pt) - /’LP(t) o (n 4 1)O'p(t>)

o (109 (21/pt) — (1) ot (1)
o (B (g 1), 0) |
For exemple, let’s replicate the terminal wealth of the CPT portfolio when xy > 0:

Xy = pgt}—l)/(l—a) 1, <o + C(()a—b)/(l—a)pgg—l)/(l—a) 1,5 (C.12)

If the price processes of the two binary options are designated by x} and 7 respectively:

1 (a—a)/(1-a) , [ (co/pt) = pp(T 1)\ a—1 , Nl
—c ¢< s, Tp—t ) 1—axt] (co’) " (p—1r)

(C.13)

a—b)/(1—«
9 B c(() )/(1=e) Jo—a)/(1-a) (co/pt) —pp(T — 1)\ cla=b)/(1-a) b-1 22| (eo!) N (pu—1r)
1—a't

1 a—o - - T — a— —« -1 —
_ La=)/(1 >¢<(00/m) Ho( t>> _ fav/a >f_a 2] (00") L — 17)
(C.14)

Then,
a— —a 1 B
m X, =mlal +w2al = |(1—a)a) + 0 (1 p)a? T (o0’) (1) (C15)

The optimal portfolio is obtained by dividing the previous expression by X; = x} —l—c(()afb)/ (1=a) x7:

[(1 —a)z} + /) (g xﬂ )

a—b —a _
|:$t1+0[() )/ (1 )xﬂ 11—«

Ty = (o) Y —1r) (C.16)




Appendix D

Single step binomial tree

Let’s consider two times: t = 0 and ¢ = T. The market is composed of two assets:

e A bank account with risk free rate r

e A risky asset with initial value Sy at ¢t = 0. At time ¢ = T the asset price will be either
Sy = Sou or Sz = Spd with d < 1 < u.

The space of probability is thus given by the two states = {w,,,wq}. The filtration is given by
F ={Fo,Fr} with Fop = {0,Q} and Fr = {0, Q, wy, wa}-

Let’s consider a european call option X with strike K and maturity 7" on this risky asset. The
two possible terminal payoffs X7,of this option are X,, = (S, — K)+ and X4 = (S, — K)+. The
goal is to find the price at t = 0, X of this option.

The method consists in finding a replicating strategy ¢ x ¢+ = (v, 3) that replicates the cashflows
Xr ={Xy, X4}. ais the number of units invested in the bank account while 3 is the number of
shares of the risky asset. Equaling the payoffs gives the following system of equations:

ac’l + 8BS, = X,

D.1
ae™ 4+ 855 = Xq (B-1)
The solutions of this system are:
o= e_rT XdSu - XuSd
Su =S4 (D.2)
ﬁ _ Xu — Xd
Su - Sd

The price at t = 0 of the call option is thus the initial wealth of the replicating portfolio:
Xo=Vo=a+BS

o Xgu— Xud Xy — X
Xo=eT du_d + u_dd (D.3)

o8
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This expression is rewritten in the more canonical form:

B _ erT_d
Xo=e T (qXu+(1—q) Xg) =E%e"TXy] q= — (D.4)

The price of the option is the expectation of the discounted payoff under an equivalent measure
of probability Q on Q where E?[w,] = ¢ and EQ[wy] =1 —¢



Appendix E

Martingale method in EUT: The
Replication Problem

The optimal terminal wealth in the EU framework with CRRA utility is given by:

% XO .
Xr = R (pr) ™

(E.1)

H; was defined in (3.27). For the rest of the section, § = % will to used to have lighter

notation. Remember that under Q, discounted assets are martingale. From this, the optimal

wealth process is given by:
X; = SPEC|(89) 7 X517
Using previous results, the optimal wealth process becomes:

X - - e
X; =2 SR (s (59 2r) IR

d
Because d% = Zr, using Bayes’ Theorem, the previous expression can be rewritten:

x, . EF|(or) P |F X

« 0 0 [ - ! 0 —1 P -8

t F[O t E]P [ZT‘ft] F[(] (pt) [(pT) | t:|
—_——

Zy

Multiplying and dividing by (pt)_ﬁ :

% Ht 1
Xy :XOFO (pe) =

1. The dynamics of H;

Let’s define the following Radon-Nikodym derivative:

dQP° ¢ 1 ¢
O~ A= (—/0 ﬁes-dWs—2/0 ﬂzHesHZdS>
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(E.2)

(E.3)

(E.4)

(E.5)

(E.6)



1.. THE DYNAMICS OF Hr
It is clear that Z) is a martingale with dynamics:
dz?

7}9 = —f305 0 dW;

777 = exp (—/ [Os @ AW, — 2/ 5||93H2ds>
0 0

which can be expressed:
_ 1t
7 = 70 exp [/ b HBSHst]
2 0 1—7 -

It is possible to rewrite the ratio in (3.27):

(S2) - Dl [ (s o) ]

For any random variable Y, we have:

Remember that:

@) srone] i,
e [ I (G A

~~
0
Zt

The process H; can be expressed as:

H, = g2 [exp {B/tT <r5 + 2(11_7)“93\@ ds} ]}'t}

Let’s consider the following Lemma:

Lemma 2. The SDE of process Hy follows:

dH,
?tt_/% dt + ol o dW,

Proof. It is possible to rewrite H; as:

T
H, = EQ [exp </ h5d8> ‘]:t]
¢

where hy is defined in (E.12). Using one more time the abstract Bayes’ Theorem:

. T exp (— fot hsds)
H; =E" |exp / hsds | | F
0

z

It can be further rewritten: Y,

Hy = Mizs
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(E.7)

(E.9)

(E.10)

(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

where M; is a martingale with dynamics dM; = a;edW; for some process a;. The dynamic of the
process Y; is simply: dY; = —h;Y;dt. The dynamic of Zt0 was given as : dZ? = —Z?B 0; o dW5.

Using [to’s Lemma to find the dynamics of H; will conclude the proof.

O
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2. Replication problem: The optimal portfolio

Remember that the dynamic of the fund is given by 3.19. Under the risk neutral measure Q, the
. 0\ —1 . .
discounted fund process (Sf) "~ F; is martingale:

a((st)" R)

N Ty (o—t thQ> (E.17)

The dynamic of the optimal wealth is given by (E.5). The discounted optimal wealth process is
thus:

1 o H v — __1
(527 X7 = Xo g ((S)7) Pz (E.18)
Using Ito’s Lemma and the dynamics of H; and Z;, the dynamic of (S?)~! X} has the following
form:

0y—1 y*
W = [l dt+ 2 (O of!) e W (E.19)

Under the risk neutral measure Q, this process is a martingale:

d((S)Xxy) 1 H Q
CIEP T (6t + of') @ AW, (E.20)

The optimal portfolio is finally obtained by identifying the terms in (E.17) and (E.20):

1 _
= T (6 + of') of ! (E.21)

By expressing the terms explicitly, the optimal portfolio process is:

. 1 -1 —
= T (pe — 1) (op0y) + ol ot (E.22)




Appendix F

Elements of decision making under risk

1. Definitions of decision making under risk

Risk aversion. An individual is risk averse if he prefers a riskless prospect (x) to any risky
prospect with expected value x:

u(w + E[X]) > E[u(w+ X)] for a random variable X (F.1)

Utility function of a risk averse agent. Following Jensen’s inequality, the utility function of a
risk-averse individual must be concave:

d?u

2 < 0 (F.2)

Risk Premium. The risk premium 7 is defined as the maximum amount the economic agent
agrees to pay to replace the random variable X by its expected value E[X]. It is the solution of
the following equation:

w(w + E[X] — 1) = Efu(w + X)] (F.3)

The risk premium is dependent of the wealth level w and risk X: © = mw(w, X). Suppose a tossing
game where the player receives 100 if a head appears and 0 otherwise. With initial wealth 100,
and logarithmic utility function, the risk premium is given by:

1
In(100 + 50 — 7) = 5[171(100) + In(200)]
T~ 8.5786

(F.4)

This economic agent agrees to turn down the gamble if he’s certain to get an amount greater
than 41.4214 (= E[X] — 7). Even if the expectation of the gamble is 50, he agrees to receive less
than 50 (but greater than 41.4214) with certainty instead of playing the tossing game.

Arrow-Pratt Approximation. For an initial wealth level w, a risk X is said to be small if the
variance of X is sufficiently small. For small risks, the following local approximation of the risk
premium holds:
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(w, X) ~ %V[X]rabs(w +E[X) (F.5)

where 74p5(x) is defined as the absolute risk aversion.
Proof. The left-hand side of (F.3) can be seen as a function 7 — u(w +E[X] — 7). A first order
Taylor expansion of this function around w + E[X] is given by:

wlw + E[X] — 7) ~ u(w + E[X]) — v/ (w + E[X]) (F.6)

Because X is small, it is correct to approximate around E[X]. A second order Taylor approxi-
mation of the right-hand side of (F.3) around E[X] is given by:

1
w(w+ X) = u(w + E[X]) + o/ (w + E[X]) (X — E[X]) + 5u"(w +E[X]) (X —E[X])? (F.7)
The expected value of each term is given by:

Efu(w + E[X])] = u(w + E[X])
E[/(w + E[X]) (X — E[X])] = v/ (w + E[X]) E[X — E[X]] =0
——

E[X]-E[X] (F.8)
E[ o (w + E[X]) (X ~ E[X])?] = gu(w + E[X]) E[(X ~ E[X)
VIX]
Equation (F.3) can be approximated by:
wlw + E[X]) — 7o/ (w + E[X]) = u(w + E[X]) + %u”(w + E[X)) V[X] (F.9)
Which gives the expected result:
- 1u(w+ E[X])
~ 5w (w1 EX) VIX] (F.10)
]

Absolute Risk Aversion. The absolute risk aversion (ARA) function is given by:

_ —u”(:v) _ d /
Tabs(T) = @) —%lnu (z) (F.11)

Relative Risk Aversion. The relative risk aversion (RRA) measures risk aversion relative to
current wealth. RRA function is given by:

 —zu(x)
Trel(T) = 71”(3:) (F.12)

With these functions called the Arrow-Pratt measures of risk aversion, it is possible to obtain
several utility function. The utility function will be standartized to have u(0) = 0 and /(0) = 1.
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Risk neutrality. If r,.q = 0, the utility is linear: u(z) = x. The agent is thus risk neutral: he is
indifferent between the r.v.X and E[X]. Risk neutral agents have m(w, Z) = 0 and maximise the
expected value.

Constant absolute risk aversion (CARA). If the ARA function is constant, the utility function
has an exponential form:

Tabs(T) = ¢

F.13
u(w) = (1 - ) (F-13)

Constant relative risk aversion (CRRA). If the CRRA function is constant, the utility function
has a power law form:

Trel(x) =1-v withy <1

1—
Tabs(x) = 1 (F.14)

Logarithmic utility. CRRA utility with v — 0 leads to logarithmic utility:

Trel () —~ withy — 0

=1
u(z) = In(x) (F.15)

In economics, CRRA utilities are also called isoelastic utility functions and have the general
form:

1
=4 75 D (F.16)
In(z) ify=0

Hyperbolic absolute risk aversion (HARA). The HARA utility exhibits the following form:

1
Tabs(x)
(x“_z;)bl_R (F.17)
u(z) . —SR

with R =1/a and z3 = —b/a. CARA utilities are obtained with a = 0 while CRRA utilities are
obtained with b = 0.
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2. Example: Constant portfolio allocation

The following example shows how to balance a portfolio between risky and riskless assets by
maximizing the expected utility of an economic agent.

Suppose a market with one risky asset S; and one riskless asset B;. They are modelled by the
following stochastic differential equations (SDE’s):

dBt = T‘Btdt

(F.18)
dSt == MSt dt + O'Stth

Where r is the constant risk-free rate, p is the return of the risky asset, o its volatility and W} is
a one dimensional brownian motion. Obviously, u > r > 0 must hold, otherwise the agent will
invest all his money in the riskless asset. F} denotes the value at time ¢ of a portfolio composed
of the two assets. This portfolio is self-financing. A portfolio Fy composed of n assets S} is said
to be self-financing if:

dF; =) ¢;dS;] (F.19)

Where ¢; is the number of unit of asset S{. Thus the value of the portfolio changes if the
value of the assets changes. There is no infusion of external funds. Constant portfolio allocation
hypothesis supposes that at each time ¢ and for = € [0, 1]:

e The amount z F; is invested in asset S;

e The amount (1 — x) F; is invested in the riskless asset B.

The goal is to find the optimal proportion x for an investor with utility function u(z).

Let a4 and 8; be the number of unit of assets S; and B, respectively. The portfolio value F; can
be split:

F = S
To= oo (F.20)
(1—2)F =B By
Thus, F; = oSy + B¢ By. Because the portfolio is self-financing, the following holds:
dF; = adS; + Bid By
= Oét(/,LStdt + O'Stth) + ﬁt(’l”Btdt)
= zF(pudt + odWy) + (1 — z) Fyrdt (F.21)
dF;
?: =lzp+ (1 —z)r]dt + xo dW;

o
MHa z

From It6 calculus it is known that a process with dynamics (F.21) follows:

Fy = Fyelte— 300t W (F.22)



2.. EXAMPLE: CONSTANT PORTFOLIO ALLOCATION
The goal is to solve the optimization problem:

argmax E[u(F})]
z€[0,1]

2.1 Logarithmic utility: u(z) = In(x)

In this case the utility of F} is given by:

1 1
u(Fy) = In(Fy) | (e — §U§)t + UﬁWt] = In(Fp) {(a:u +(1—x)r— 5:1:202)75 + 2%0* W,
Because E[W;] = 0, the expected value of the random variable u(F;) follows:

1
E[u(Fy)] = In(Fo) [wu +(1—z)r— §x202 t
The derivative with respect to x:

0
%E[U(Ft)] =0 <= p—r—2z0>=0
Thus for a logarithmic utility, the optimal z is given by:

—T
xopt - 0_2

N
2.2 Power Law utility: u(z) = T
Y

The utility is given by:
w(Fy) = ng o (ha—302)tHoaWi] _ ng o [(Ha=302)t] groa W

€772t follows a log-normal distribution because W; ~ A(0,t). The expected value is:
E[e'w"’wt] — 6572092615
Using this result, the expected utility of the portfolio value can be expressed as:

E[u(F)] = ng oa—5001] g3770%t _ EF(;Y et 3y0t(7—1)

Derivating w.r.t x gives:

;;IE[u(Ft)] =0 < (u—r)y+y(y- 1o’z =0

Which gives the optimal value of x:

Topt = 1—
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(F.23)

(F.24)

(F.25)

(F.26)

(F.27)

(F.28)

(F.29)

(F.30)

(F.31)

(F.32)
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2.3 Linear utility: u(z) =azx +b

1
It is clear that u(F}) follows a log-normal distribution (because log Fy ~ N (pz — 50326, 02)). The

expected value is simply given by:

E[u(F;)] = etot = elont(1=a)rlt (F.33)
And the derivative:
%E[U(Ft)] = (p—r)telrrt=arlt 5 g vy (F.34)
And finally:
argmax E[u(Fy)] =1 (F.35)
z€[0,1]

Thus a risk neutral agent will invest all his money in the risky asset.
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Appendix G

Codes

1. Market parameters fitting

close all;
clear variables;

%% Estimate the parameters of the stocks SDE's
stock_info = readmatrix('stock_info2.csv', 'OutputType', 'string');

nb_samples = getNbSamples (stock_info);
N = length (nb_samples);

dt = 1/252;

r = 0.006;

n_samples = 10/dt;min (nb_samples) ;

stock_mat = extractData (stock_info,n_samples);

returns_mat = diff (log(stock_mat));
return_mean = mean (returns_mat);

sigma_mat = cov (returns_mat)/dt; % Sample covariance
vol_mat = chol (sigma_mat, 'lower'); % Cholesky decomposition

mu = return_mean/dt+0.5xones (1,3) *sigma_mat*ones(3,1);

theta = vol_mat\ (mu-r)';

function nb_samples = getNbSamples (stock_info)

N = length(stock_info);

nb_samples = zeros(l,N);
for i=1:N
data = readmatrix(stock_info(i));
stock = data(:,5);
stock = stock(~isnan (stock));
nb_samples (i) = length(stock);
end
end
function stock_mat = extractData (stock_info,n_samples)

N = length(stock_info);

stock_mat = zeros(n_samples,N);
for i=1:N
data = readmatrix (stock_info(i));
stock = data(:,5);
stock = stock(~isnan (stock));
stock_mat (:,1) = stock(length(stock)-n_samples+l:end);

69
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70 APPENDIX G. CODES

end

end

2. Pricing kernel

close all;

clear variables;

%% Compute the pricing kernel rho_t for the period 01/01/2019 - 01/04/2020
stock_info = readmatrix('2019_2020/stock_info2.csv', 'OutputType', "'string');
nb_samples = getNbSamples (stock_info);

N = length (nb_samples);

dt = 1/252;

%% Fitted parameters (on daily basis)

r = 0.006+dt;

mu_s = [0.0687 0.0458 0.0693]*dt;

sigma_s = [0.2223,0,0;0.0742,0.3505,0;0.1329,0.0645,0.3641]+sqgrt (dt);
theta = sigma_s\ (mu_s-r)"';

theta_n = norm(theta);

mu_rho = -r - 0.5%theta_n"2;

sigma_rho = theta_n;

n_samples = min (nb_samples);

stock_mat = extractData (stock_info,n_samples);
returns_mat = diff (log(stock_mat));
return_mean = mean (returns_mat);

)

%% Extract BM's and pricing kernel
w = zeros (n_samples-1,3);

for i = 1:n_samples-1

w(i,:) = sigma_s\ (returns_mat (i, :) - mu_s)';
end
t = (l:1:n_samples-1)"';

diff = cumsum(w)*theta;
drift = mu_rhoxt;

rho = exp(drift - diff);

figure

plot (t*dt, rho, 'k', '"LineWidth',2.5);
xlabel ("Time'");

ylabel ("\rho_t");

grid;

figure

plot (dt+(l:1:1length(rho_scenario)),rho_scenario, 'k', 'LineWidth',2.5);
xlabel ("Time'") ;

ylabel ("\rho_t");

grid;

figure

subplot (3,1,1);

plot ([0 ;t]*dt,stock_mat(:,1),"'k', 'LineWidth',2.5);
xlabel ("Time")

ylabel ("ABI'");

grid;

subplot (3,1,2);

plot ([0 ;t]+dt,stock_mat(:,2),"'k', 'LineWidth',2.5);
xlabel ('Time')
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3.. CPT PORTFOLIO

ylabel ("INGA'");
grid;
subplot (3,1,3);

plot ([0 ;t]=dt,stock_mat(:,3),'k"', 'LineWwidth',2.5);

xlabel ("Time")
ylabel ('KBC");
grid;

%$save ('rho_2019_2020_bis', 'rho'");

%% Jarque—-Bera and portmanteau test

JB_val = zeros(1l,3);
LB_val = zeros(1,3);
for i=1:3

[~,~,JB_val(i),critical_JB]
[~,~,LB_val(i),critical_LB]

end

%% Functions

function nb_samples = getNbSamples (stock_info)

N = length(stock_info);
nb_samples = zeros(l,N);
for i=1:N

data = readmatrix(strcat ('2019_2020/"',stock_info(i)));

stock = data(:,5);

stock = stock (~isnan (stock));
nb_samples (i) = length(stock);

end
end

function stock_mat = extractData (stock_info,n_samples)

N = length(stock_info);

data = readmatrix(strcat ('2019_2020/"',stock_info(i)));

stock_mat (:,1) = stock(length(stock)-n_samples+l:end);

stock_mat = zeros(n_samples,N);
for i=1:N

stock = data(:,5);

stock = stock (~isnan (stock));
end
end

3. CPT portfolio

close all;
clear variables;

N=319;

a=-0.2;%[-0.2 -0.5 -0.8]";
alpha = 0.5;%[0.5 0.6 0.7]";
T =1.3;

b=1;%[0.5 0.7 11"';

x0=-1;

M= 1;

jbtest (returns_mat (:,1i) -return_mean(i));
lbgtest (returns_mat (:, i) —-return_mean (i), 'Alpha',0.05);

num2str (alpha));
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ptf_val = zeros(N,M);

ptf_cash = zeros(N,M);
ptf_eut_cash=(zeros(1,M));
$ptf_stock = zeros(N,M);

for i=1:M % Call to main function

APPENDIX G. CODES

[t,ptf_val_eut,ptf_val(:,1i),BFX,ptf_stock,ptf_cash(:,1),ptf_eut_cash(i)] =

end

figure

plot (t,ptf_val, 'LineWidth',2.5);
xlabel ("Time'");

ylabel ('Performance')
legend(str);

grid;

figure

plot (t,ptf_cash, 'LineWidth',2.5);hold on;

ax = gcaj;

ax.ColorOrderIndex = 1;

plot (t,ones (N, 1) »ptf_eut_cash, '--"', 'LineWidth',2.5);
xlabel ("Time'") ;

ylabel ("\pi_{cash}")

calcPerf (alpha(i), T, a,tl

%legend (vertcat (str, repmat ('EUT ',M,1)), 'Location', "northwest', '"NumColumns', 2) ;
legend(str, "'Location', "northwest"')

%$legend(vertcat (str, repmat ('EUT ' M,1)));

grid;

%$saveas (gcf, 'plots/bl_T2_al02_ptf', 'epsc');
$save ('withLossControl', 't', 'ptf_val');

%% Main function

function [t,ptf_val_eut,ptf_val,BFX,ptf_stock,ptf_cash,ptf_eut_cash] = calcPerf (alpha,T,a,b,x0)

r=0.006;

mu_s = [0.0687 0.0458 0.0693];

sigma_s = [0.2223,0,0;0.0742,0.3505,0;0.1329,0.0645,0.36411];
theta = sigma_s\ (mu_s-r)"';

theta_n = norm(theta);

mu_rho = (-r — 0.5*theta_n"2)«*T;

sigma_rho = theta_nxsqgrt (T);

dt = 1/252;

mu_rho_bis=(-r - 0.5%xtheta_n"2);

sigma_rho_bis=theta_n;

z0=1/4;

c_O=exp (mu_rho+sigma_rho*norminv (z0)) ;
k_loss = 2.25;

delta_neg=0.1;

alpha_neg=0.35;

5%%%%%5%5%5%5%5%5%5%%%%%%5%%5%%%%%% Check well-posedness %%%%

N = 500;
c = linspace(0.5,5,N);

k_c = getK_c(c,a,b,c_0,alpha,mu_rho,sigma_rho,k_loss,delta_neg,alpha_neq);

min (k_c)

figure

plot(c,k_c,c,ones(1,N), 'Linewidth', 2)
%$axis ([0 3 0.8 2.5])

xlabel('c")
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77 ylabel ('\kappa_c');

78 grid;

79

80 $%%%%%%%%%%%%%%%%%% Numerical solver of the NLP $%%%%%%%%%%%%%%%%%%%%%%%%%%
81 %%%

82 %%% This is the problem without loss control

83 %$%% With loss control:Copy-paste the solver with loss control and add
84 %%% the third decision variable

85

86

87

88 % options = optimoptions (@fmincon, 'Algorithm', 'interior-point', ...

89 % 'OutputFcn', {@myplotx});

90

91 %Objective function

92 fun = @(x) -obj_fun_fmincon(x,a,b,c_0,alpha,mu_rho,sigma_rho,k_loss,delta_neg,alpha_neg, x0);
93 % Linear inequality constrains

94 A_fmincon = [-1 0; 0 -11;

95 b_fmincon = [0; -max(x0,0)];

96 S%$Inital values

97 x_init_fmincon = [2 abs(x0)];

98 %Solve

99 x_fmincon = fmincon (fun,x_init_fmincon,A_fmincon,b_fmincon);

100 %Optimal values
101 c_opt_min = x_fmincon(1);

102 x_opt_min = x_fmincon(2);

103

104 $%5%5%5%%%5%5%5%%%%%%%%%% Some variables for plots and reporting $%$%$%%%5%%%%5%5%5%5%5%5%5%5%%%%5%5%%%%%
105

106 rho = linspace(0.1,3,N);

107 rho_down = rho (rho<=c_opt_min);

108 rho_up = rho(rho>c_opt_min);

109

110 X_opt_gain_part = optiClaim_gain (rho_down,c_opt_min,a,b,c_0,alpha,mu_rho,sigma_rho,x_opt_min);
111 X_opt_loss_part = optiClaim_loss (x0,x_opt_min,c_opt_min,mu_rho, sigma_rho);

112

113 rho_plot = [rho_down rho_down (end) rho_up];

114 X_opt_plot = [X_opt_gain_part —-X_opt_loss_partxones(l,length(rho_up)+1)1]1;

115 figure

116 plot (rho_plot,X opt_plot, 'k', 'LineWidth',2.5)

117 %axis ([0.5 3 —-65 501);

118 axis ([0 3 -6 101);

119 xlabel ('"\rho_T");

120 ylabel ("X_T")

121 grid;

122 p_nolLossControl = normcdf ((log(c_opt_min)-mu_rho)/sigma_rho);

123 %$save ('withoutLossControl', 'rho_plot', 'X_opt_plot', 'c_opt_min', 'x_opt_min');
124

125 $%%%%%%5%5%5%5%%%%%%%%% Inputs for replication problem $%%%%%%%%%%%%%%5%5%5%%%%%%%%5%%
126

127 sisi = load('rho_2019_2020_bis.mat");

128 rho = [1 (sisi.rho)'];

129

130 time = 0:1:length(rho)-1;

131 t = timex*dt;

132

133 x_gain = x_opt_minxgetK(a,b,c_0,mu_rho, sigma_rho) " (1/(1l-alpha))/evalPhi(a,b,c_0,alpha, c_opt_min,m
134 X_loss X_opt_loss_part;

135

136 1f (x0>0) x_loss=0; end

137

138 % The replicating strategy, see function replicating_ptfLoss

139 [lvg,value_ptf] = replicating_ptfLoss (rho,mu_rho_bis, sigma_rho_bis,a,b,alpha,c_0,c_opt_min,t, T, x_c
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140
141 ptf_eut_stock = ((sigma_s+*sigma_s')\ (mu_s-r)"')'/(l-alpha);
142 ptf_eut_cash = 1 - sum(ptf_eut_stock,2);

143 ptf_stock = lvg'xptf_eut_stockx(l-alpha);

144 ptf_cash = 1 - sum(ptf_stock,?2);

145

146 $%%%%%%5%%%%%5%%5%%%%% Price process %$%%%%%%%%%%%%%%%%5%%%%%%%%%%

147

148 stock_info = readmatrix ('2019_2020/stock_info2.csv', 'OutputType', 'string');
149 nb_samples = getNbSamples (stock_info);

150 N = length(nb_samples);
151 r = 0.006;
152 dt = 1/252;

153

154 n_samples = min (nb_samples);

155 stock_mat = extractData (stock_info,n_samples);

156

157 benchmark = readmatrix('2019_2020/benchmark.csv', 'OutputType', 'string');
158 BFX = extractData (benchmark,n_samples);

159

160 init_pos = x0*ptf_stock(l,:)./stock_mat (1, :);

161

162 t = (0:1:n_samples-1) 'xdt;

163 pos = zeros (length(t),3);
164 ptf_val = zeros(length(t),1);

165 cash_val = zeros(length(t),1);

166 ptf_val(l) = x0;

167 cash_val(l) = x0xptf_cash(l);

168 pos(l,:) = init_pos;

169

170 pos_eut = zeros (length(t),3);

171 ptf_val_eut = zeros(length(t),1);

172 cash_val_eut = zeros(length(t),1);

173 ptf_val_eut(l) = 1;

174 cash_val_eut (1) = ptf_eut_cash;

175 pos_eut (1, :) = ptf_eut_stock./stock_mat (1, :);

176

177

178 for i = 2:length(t)

179 pos (i, :) = ptf_stock(i,:)./stock_mat(i,:)=*value_ptf(i);

180 cash_val (i) = ptf_cash(i)*value_ptf (i);

181 ptf_val (i) = value_ptf (i);

182 ptf_val_eut (i) = pos_eut (i-1,:)+*stock_mat(i,:)' + cash_val_eut (i-1)*exp (rxdt);
183 pos_eut (i, :) = ptf_eut_stock./stock_mat (i, :)*ptf_val_eut (i);

184 cash_val_eut (1) = ptf_eut_cashxptf_val_eut(i);

185 end

186

187 BFX = BFX/BFX(1);

188

189

190 end

191

192 %% Useful function for the gain contingent claim

193

194 function phi = evalPhi(a,b,c_0,alpha,c,mu, sigma)

195

196 phi = zeros(size(c));

197 k = getK(a,b,c_0,mu,sigma);

198 phi(c<=c_0) = k*(1/(l-alpha)) * momentLogN (mu, sigma, (a—alpha)/ (l-alpha),le-9,c(c<=c_0));
199 phi(c>c_0) = k~(1/(l-alpha)) * (momentLogN (mu, sigma, (a-alpha)/ (l-alpha),le-9,c_0) +...
200 c_0.”"((a-b)/ (1l-alpha)) * momentLogN (mu,sigma, (b-alpha)/(l-alpha),c_0,c(c>c_0)));
201 end

202
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%% Useful function for the gain contingent claim
function k = getK(a,b,c_0,mu_0,sigma_0)

tmp_a = exp(a*mu_0 + a”2+sigma_0"2/2);
tmp_b = exp(b*mu_0 + b*2+xsigma_0"2/2);

tmp_cdf_a = normcdf ((log(c_0)-mu_O-a*sigma_072) /sigma_0);
tmp_cdf_b = normcdf ((log(c_0)-mu_O-bxsigma_0"2)/sigma_0) ;
k = (tmp_axtmp_cdf_a + c_0"(a-b)*xtmp_b* (1-tmp_cdf_b))"-1;
end

%% Expectation of a lower truncated random variable

function e = expectationRho (c,mu, sigma)
e=momentLogN (mu, sigma,l,c,1le9);

end
%% kappa(c) ——> to check well posedness and useful for the objective function

function k =getK_c(c,a,b,c_0,alpha,mu, sigma,k_loss,delta_neg,alpha_neq)

phi = evalPhi(a,b,c_0,alpha,c,mu,sigma);
expectation = expectationRho (c,mu, sigma);
$T = getDistorsion(z,a,b,c_0,mu,sigma);

T = distorsionNegativeCDF (c,mu, sigma,delta_neg, alpha_neq);
k = k_loss*T./phi.” (l-alpha)...
./expectation.alpha;
end
%% Expectation of a truncated lognormal variable
function y = momentLogN (mu, sigma,eta,zl, z2)
expectation = exp(muxeta + 0.5.xsigma.”2.xeta.”2);
y = expectation .* (normcdf((log(z2)-mu)./sigma - etaxsigma) - normcdf ((log(zl)-mu)./sigma — etaxs
end
%% Negative distortion function: Escobar 2019
function T = distorsionNegativeCDF (c,mu, sigma,delta_neg, alpha_neq)
T = (normcdf (-log(c)/sigma + (mu/sigma”~2-delta_neg)=*sigma)) .”alpha_neg;
end
%% Terminal wealth of the gain contingent claim
function X = optiClaim_gain(rho,c,a,b,c_0,alpha,mu, sigma, x0)
phi = evalPhi(a,b,c_0,alpha,c,mu,sigma);

k = getK(a,b,c_0,mu, sigma) ;
gamma = phi/k”(1/(l-alpha));

X = zeros(size(rho));

X (rho<=c_0) = x0/gammaxrho (rho<=c_0)."((a-1)/(l-alpha));

X (rho>c_0) = x0/gammaxc_0." ((a-b)/ (l-alpha))*rho(rho>c_0)."((b-1)/(l-alpha));
end

%% Terminal wealth of the loss contingent claim

function X = optiClaim_loss (x0,x_opt, c_opt,mu, sigma)
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X = (x_opt - x0)/expectationRho (c_opt,mu, sigma) ;
end

%% Objective function

function y = obj_fun_fmincon(x,a,b,c_0,alpha,mu, sigma,k_loss,delta_neg,alpha_neg, x0)
c= x(1);

X_p = x(2);

phi = evalPhi(a,b,c_0,alpha,c,mu,sigma);

k_c = getK_c(c,a,b,c_0,alpha,mu,sigma,k_loss,delta_neg,alpha_neqg);
y = phi.”(l-alpha) .x(x_p."alpha - k_c.x(x_p - x0).%alpha);

end

%% Price process of a binary option (lognormal pricing kernel)
function x = priceProcess (rho,mu, sigma,eta,zl,z2,t,T)

mu_t = mux (T-t);

sigma_t = sigmaxsqgrt (T-t);

X = rho.”eta .x momentLogN (mu_t,sigma_t,eta+l,z1./rho,z2./rho);

end

%% Replicate the risky part of the price process

function [ptf,value] = replicating ptfloss(rho,mu, sigma,a,b,alpha,c_0,c,t,T,x_gain,x_loss)

eta_1 (a-1)/ (l-alpha);
eta_2 (b-1)/ (1-alpha) ;
mu_t = mux (T-t);

sigma_t = sigmaxsqgrt (T-t);

x1
X2

priceProcess (rho,mu,sigma,eta_1,1le-5,c_0,t,T);
priceProcess (rho,mu, sigma,eta_2,c_0,c,t,T);

tmp = 1./ (rho.xsigma_t)*c_0"((a-b)/(l-alpha))*c” ((b-alpha)/(l-alpha)) .+ normpdf ((log(c./rho)-mu_t) .

o

% Replicate the loss part

value_loss = -c./(rho.xsigma_t) .* normpdf ((log(c./rho)-mu_t)./sigma_t);

o)

% Replicate the gain part

value_gain = (l-a)/(l-alpha)*xl + c_0"((a-b)/(l-alpha))*(1l-b)/(l-alpha)*x2+ tmp;

% Price process of the gain part
price_gain = (x1 + c_0"((a-b)/(l-alpha)) =*x2 );

o

% Price process of the loss part

price_loss = priceProcess (rho,mu,sigma,0,c,1e20,t,T); %$Cash-or-nothing binary option

ptf = (x_gainxvalue_gain - x_lossxvalue_loss) ./ (x_gain*price_gain - x_lossxprice_loss);
value = x_gainxprice_gain - x_lossxprice_loss;

end

%% Extract data

function nb_samples = getNbSamples (stock_info)

N = length(stock_info);
nb_samples = zeros(l,N);
for i=1:N
data = readmatrix (strcat ('2019_2020/"',stock_info(i)));
stock = data(:,5);
stock = stock (~isnan (stock));
nb_samples (i) = length(stock);
end
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320 end

330

331 function stock_mat = extractData (stock_info,n_samples)
332

333 N = length (stock_info);

334 stock_mat = zeros(n_samples,N);

335 for i=1:N

336 data = readmatrix (strcat ('2019_2020/"',stock_info(i)));
337 if(stock_info (i) == "BFX.csv")

338 stock = data(:,2);

339 else

340 stock = data(:,5);

341 end

342 stock = stock (~isnan (stock));

343 stock_mat (:,1) = stock(length(stock)-n_samples+l:end);
344 end

345

346 end

347

348 function stop = myplotx(x, optimValues, state)
349 persistent dl d2

350 if ~nargin % example reset mechanism

351 dl=[1];

352 dz2=[1];

353 end

354 if strcmp(state, 'iter')

355 dl=[dl,x(1)1]1;

356 d2=[d2,x(2)1;

357 plot(dl.',d2.', "diamond") ;

358 grid on

359 hold on

360 end

361 stop = 0;

362 end

4. Optimisation problem with loss control

1 close all;

2 clear variables;

3

4 %% Market parameters

5 r=0.006;

6 mu_s = [0.0687 0.0458 0.0693];

7 sigma_s = [0.2223,0,0;0.0742,0.3505,0;0.1329,0.0645,0.3641171;
8 theta = sigma_s\ (mu_s-r)"';

9 theta_n = norm(theta);

10 T =10;

11 mu_rho = (-r - 0.5%xtheta_n"2)*T;
12 sigma_rho = theta_nxsqgrt (T);

13 dt = 1/252;

14

15 mu_rho_bis=(-r - 0.5xtheta_n"2);
16 sigma_rho_bis=theta_n;

17

18 %% Investor parameters

19 z0=1/4;

20 a=-0.2;

21 b=1;

22 c_0O=exp (mu_rho+sigma_rhoxnorminv (z0));
23 alpha = 0.5;

24 k_loss = 2.25;
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delta_neg=0.1;
alpha_neg=0.35;

%% Well-posedness

N = 500;
x0 = -1;
L =1.3;

c = linspace(0.2,3,N);
k_c = getK_c(c,a,b,c_0,alpha,mu_rho, sigma_rho,k_loss,delta_neg,alpha_neqg);
min (k_c)

figure

plot(c,k_c,c,ones(1,N), 'Linewidth', 2)
xlabel('c")

ylabel ("\kappa_c');

grid;

% Numerical solver
Objective function

fun = @(x) -obj_fun_lossC_fmincon(x,a,b,c_0,alpha,mu_rho,sigma_rho,k_loss,delta_neg,alpha_neg,x0,]
% Nonlinear constrains
nonlcon = @(x) nonlinConstraints (x,mu_rho, sigma_rho,x0,L);

o

% Artificial constrain
rho_lim = exp (mu_rho+sigma_rho*norminv(l-1le-6));

A_fmincon = [];

b_fmincon = [];

Aeq = [1;

beq = [1;

1b = [0 0 0];

ub = [rho_lim x0+4L rho_lim];

$options = optimoptions (@fmincon, 'Algorithm', '"interior-point', ...

%'OutputFcn', {@myplotx2});
cl_init=1;
c2_init=1.5;

x_p_init = x0 + LxexpectationRho(cl_init,mu_rho,sigma_rho);

x_init_fmincon = [cl_init x_p_init c2_init];

x_fmincon = fmincon (fun,x_init_fmincon,A_fmincon,b_fmincon,Aeq,beqg, 1b,ub, nonlcon) ;
% Optimal wvalues

c_opt_min = x_fmincon(1l);

x_opt_min = x_fmincon(2);

c2_opt_min = x_fmincon(3);

%% Some variables and plots

rho = linspace(0.1,3,N);

rho_down = rho (rho<=c_opt_min);

rho_up = rho(rho>c_opt_min & rho<=c2_opt_min);

rho_up2 = rho(rho>c2_opt_min);

X_opt_gain_part = optiClaim_gain (rho_down,c_opt_min,a,b,c_0,alpha,mu_rho,sigma_rho,x_opt_min);
X_opt_loss_part = optiClaim_loss_bis (x0,x_opt_min,c_opt_min,c2_opt_min,mu_rho,sigma_rho,L);

rho_plot = [rho_down rho_down (end) rho_up rho_up(end) rho_up2 1;
X_opt_plot = [X_opt_gain_part -X_opt_loss_part*ones(l, length(rho_up)+1l) -L*ones(l,length (rho_up2)-

X_gain = x_opt_minxgetK(a,b,c_0,mu_rho, sigma_rho) " (1/(1l-alpha))/evalPhi (a,b,c_0,alpha,c_opt_min,m

x_loss = X_opt_loss_part;
etal = (a-1)/(l-alpha);
eta2 = (b-1)/(l-alpha);
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Xl=load ('X_plot');
rho_no_loss = Xl.rho_plot;
X_opt_no_loss = X1.X_opt_plot;

figure

plot (rho_plot,X_opt_plot, 'k',rho_no_loss,X_opt_no_loss, 'LineWidth',3.5);
xlabel ("\rho_T");

ylabel ("X_T'");

axis ([0 3 -6 101);

grid;

legend ('With Loss Control', 'Without Loss Control');

result.c_opt = c_opt_min;
result.c2_opt = c2_opt_min;
result.x_opt = x_opt_min;

result.X _loss = X_opt_loss_part;

plotVar.rho = rho_plot;
plotvVar.X = X_opt_plot;

p_LossControl = normcdf ((log(c_opt_min)-mu_rho)/sigma_rho);

p_LossControl2 = normcdf ( (log(c2_opt_min)-mu_rho) /sigma_rho) ;

$save ('withLossControl', 'rho_plot', 'X_opt_plot', 'c_opt_min', 'x_opt_min', 'c2_opt_min'");
%$save ('withLossControl', "param', 'result', 'plotVar');

%% Functions

function phi = evalPhi(a,b,c_0,alpha,c,mu, sigma)

phi = zeros(size(c));

k = getK(a,b,c_0,mu,sigma);

phi (c<=c_0) = k*(1/(l-alpha)) * momentLogN (mu,sigma, (a—alpha)/ (l-alpha),le-9,c(c<=c_0));
phi(c>c_0) = k"~ (1/(l-alpha)) * (momentLogN (mu, sigma, (a—alpha)/ (l-alpha),le-9,c_0) +...

c_0."((a-b)/ (1l-alpha)) % momentLogN (mu, sigma, (b-alpha)/ (l-alpha),c_0,c(c>c_0)));
end

function k = getK(a,b,c_0,mu_0,sigma_0)

tmp_a = exp(a*mu_0 + a”2+sigma_0"2/2);
tmp_b = exp(b*mu_0 + b*2+sigma_0"2/2);
tmp_cdf_a = normcdf ((log(c_0)-mu_O-axsigma_072) /sigma_0) ;
tmp_cdf_b = normcdf ((log(c_0)-mu_O-bxsigma_072)/sigma_0);
k = (tmp_axtmp_cdf_a + c_0"(a-b)«tmp_b* (1-tmp_cdf_b))"-1;

end

function e = expectationRho (c,mu,sigma)
e=momentLogN (mu, sigma, l,c, 1le9);

end

function e = expectationRho2 (c,c2,mu, sigma)
e=momentLogN (mu, sigma, l,c,c2);

end

function k =getK_c(c,a,b,c_0,alpha,mu,sigma,k_loss,delta_neqg,alpha_neq)

phi = evalPhi(a,b,c_0,alpha,c,mu,sigma);
expectation = expectationRho (c,mu, sigma) ;
%$T = getDistorsion(z,a,b,c_0,mu,sigma);

T = distorsionNegativeCDF (c,mu, sigma,delta_neg,alpha_neq);
k = k_loss*T./phi.” (l-alpha)...
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./expectation.”alpha;
end

function y = momentLogN (mu, sigma,eta,zl,z2)

expectation = exp(muxeta + 0.5xsigma”2xeta”2);
y = expectation .* (normcdf ((log(z2)-mu)/sigma — eta*sigma) - normcdf ((log(zl)-mu)/sigma - etaxsic
end

function T = distorsionNegativeCDF (c,mu, sigma,delta_neqg, alpha_neqg)

T = (normcdf (-log(c)/sigma + (mu/sigma”2-delta_neg)*sigma)) .”alpha_neg;
end

function X = optiClaim_gain(rho,c,a,b,c_0,alpha,mu, sigma, x0)

phi = evalPhi(a,b,c_0,alpha,c,mu,sigma);

k = getK(a,b,c_0,mu, sigma) ;
gamma = phi/k”(1/(l-alpha));

X = zeros(size(rho));

X (rho<=c_0) = x0/gammaxrho (rho<=c_0)." ((a-1)/(l-alpha));

X (rho>c_0) = x0/gammaxc_0." ((a-b)/ (l-alpha))*rho(rho>c_0)."((b-1)/(l-alpha));
end

function X = optiClaim_loss (x0,x_opt, c_opt,mu, sigma)

X = (x_opt - x0)/expectationRho (c_opt,mu, sigma) ;
end
function X = optiClaim_ loss_bis (x0,x_opt,c_opt,c2_opt,mu, sigma,L)

e = expectationRho (c2_opt,mu, sigma) ;

e2 = expectationRho2 (c_opt,c2_opt,mu,sigma);

X = (x_opt — x0 - Lxe)/e2;

end

function y = obj_fun_fmincon(x,a,b,c_0,alpha,mu,sigma,k_loss,delta_neg,alpha_neg, x0)
c= x(1);

X_p = x(2);

phi = evalPhi(a,b,c_0,alpha, c,mu,sigma);

k_c = getK_c(c,a,b,c_0,alpha,mu,sigma,k_loss,delta_neqg,alpha_neq);
y = phi.”(l-alpha) .x(x_p."alpha - k_c.*x(x_p - x0).”alpha);

end

function y = obj_fun_lossC_fmincon(x,a,b,c_0,alpha,mu,sigma,k_loss,delta_neg,alpha_neg,x0,L)
c= x(1);

X_p = x(2);

c2 = x(3);

phi = evalPhi(a,b,c_0,alpha, c,mu,sigma);

Tl = distorsionNegativeCDF (c,mu, sigma,delta_neqg, alpha_neqg);

T2 = distorsionNegativeCDF (c2,mu, sigma,delta_neg,alpha_neq);

e = expectationRho (c2,mu, sigma) ;

e2 = expectationRho2(c,c2,mu, sigma) ;

gain = phi.” (l-alpha).*x_p."alpha;

lossl = k_loss .» (Tl - T2) .* (x_p - x0 - Lxe).”alpha./e2.”alpha;
loss2 = k_loss x L."%alpha .x T2;

y = gain - lossl - loss2;
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end

function [c,ceqg] = nonlinConstraints (x,mu, sigma,x0,L)
cl = x(1);

Xx_p = x(2);

c2 = x(3);

el = expectationRho(cl,mu, sigma);

e2 = expectationRho (c2,mu, sigma);

c(l) = max(max(x0,0), x0 + Lxe2) - x_p;
c(2) = x_p - x0 - Lxel;

c(3) = cl-c2;

ceq = [];

end

81
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