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1 Introduction and motivation

One of the major challenges in this 21st century is the energy demand and supply. Lowering our
energy needs while using it more efficiently along with durable and clean energy sources is key
to achieving ecological transition from fossil fuels to ‘green’ energy. Several solutions are being
proposed, studied and implemented everywhere in the world (solar cells, biomass, hydroelectricity,
wind turbines, etc). Among those, solar panels have the advantage of being cheap (compared to a
nuclear power plant). Because they provide very little electricity (about a household worth for an
installation of few square meters), they are typically used for residential purpose and do not yet
meet the energetical needs of typical industrial applications. In addition, they are very quick to
manufacture and install. Progress and innovations are steady in this field of research and each new
generation of solar cells is directly implemented into the energetic landscape of the world. Figure
1 displays the efficiency increase from 1980 to 2020 for different solar cells.

Figure 1: Solar cells efficiency throughout the years for several technologies (emerging solar cells
being perovskite solar cells), from Ref. [1].

Part of this increase of efficiency is possible via the discovery of new materials having good
optoelectronic properties. Semiconductors show highly tunable electronic properties, important
mobilities and - in general - low electrical losses. What is more, their band gap is within the visible
range and governs both optical and electrical properties (ideal for photovoltäıc conductive layers).

In the past, the selection of a material was done via a trial-and-error approach. This was a
long process and the return on investment was even longer, making this method quite inefficient.
Recently, a new approach has been found toward the research of materials having specific prop-
erties (mechanical, electrical, etc). Today, new initiatives based on the collaboration between
different scientific communities and the availability of computational resources have revolutionized
the discovery of materials. High-throughput approaches are used to select from tens of thousands
of compounds, based on their properties, the best fit for new technological prospects. In addition
to this simple searching algorithm, several machine learning techniques can be coupled with those
databases to identify new compounds, different from the ones available in the database, and po-
tentially better suited for specific industrial goals, such as the production of efficient solar cells.

The Material Project website (from the Materials Genome Initiative) is one example among many
gathering more than 150.000 materials and aiming to facilitate the access to crystal/molecule
informations and properties.
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Figure 2: Overview of the Materials Project thrusts. Computed data are validated, disseminated
to the user community, and fed into analysis that is ultimately used to design new compounds for
subsequent computations, from Ref. [2].

This new, exciting, approach opens the door to plenty of creative ways to couple material sci-
ence and computer science. The proper modelling of relevant material properties becomes more
important than ever and the goal of this work is to contribute to this state-of-the-art modelling of
material properties. This present work is part of an effort to correctly characterize the band gap
renormalization in ten semiconductors from Density Functional Theory (DFT). It is well known
that DFT often underestimates the band gap in solids [3]. One possible correction (the most com-
mon one) is the GW method. But to obtain an accurate band gap, a supplementary correction
must be included. This correction is the subject of this work : the zero point renormalization
energy. The knowledge of the zero point energy contributes to the accurate modelling of semi-
conductor band gap, a very much needed property in optoelectronic applications. This zero point
renormalization energy has two contributions, both detailed and investigated in this work : the
energy level renormalization from electron-phonon interaction and the phonon-induced lattice ex-
pansion.

The zero point renormalization from electron phonon interactions is developed in the non-adiabatic
AHC formalism. This results in a self-energy made of two terms : the Fan-Migdal term and the
Debye-Waller term. The thermal lattice expansion of materials is investigated via the quasi har-
monic method, resulting on a lattice expansion contribution both at T = 0 K and for T > 0 K.
Both mechanisms have been studied within the ABINIT software. The temperature dependence
of the band gap is also computed from those two contributions

To keep this work clear and concise, this present report is divided in several sections. Section
2 will introduce the basic theoretical notions needed to understand the main figures of merit in
this work. The band gap and its theoretical temperature dependence will be presented, as well
as the formalism for both the electron-phonon interaction and the origin of thermal expansion in
materials. Section 3 will present the semiconductors studied in this work, along with their main
optical and electronic characteristics. Section 4 will detail the parameters chosen for the different
simulations and the typical workflows computed in ABINIT. Finally, section 5 will analyze the
results obtained for both contributions and put them in perspective to recent experimental data.
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2 Theoretical Background

The purpose of this section is to give the reader a first understanding about the physical concepts
explored in this work. As the central property of materials studied here is the electronic band gap,
a brief explanation will introduce it and outline its importance in today’s technological prospects.
Then, since density functional theory will be used throughout this work, a simple introduction to
this simulation method will ensure the reader a correct understanding of the main tool providing
results. As previously explained, this work is divided in two main branches : the electron-phonon
interactions (EPI) band gap correction and the lattice expansion band gap correction. In this
section, the electron-phonon interaction will be first derived from quantum mechanical approach,
then explained via its implementation into ABINIT. Following the EPI, some theoretical notions
about the zero point lattice expansion and the quasi harmonic approximation (QHA) [4] will finally
end this section.

2.1 Electronic Band Gap

The electronic band gap of a material is, without a doubt, one of the most important properties
to consider when designing an electronic device. It governs the electric behavior (insulators, semi-
conductors or conductors), the optoelectronic properties (wavelengths emission, transparency, etc)
and much more.

2.1.1 Band gap computation

The band gap calculation of a crystalline structure can be formally computed in solid state physics
using the time’s independent Schödinger equation :

ĤΦ(r) = EΦ(r) (1)

where Ĥ is the Hamiltonian operator for a single electron:

Ĥ = − ℏ2

2m
∇2 + V (r), (2)

with V (r) a simple ionic potential, depending on the charge and position of the ions considered

as well as the interaction with other electrons and − ℏ2

2m∇2, the kinetic energy term. Assuming a
perfect crystalline structure, the wave function can be re-written with Bloch’s formalism (in order
to use the periodicity of the ionic potential):

Ψnk(r) = eik.runk(r), (3)

with k the wavevector and n the electronic band considered. The Bloch function unk(r) is periodic
with respect to the crystal lattice : unk(r) = unk(r−R).

Solving Equation 1, one can obtain a discrete number of energy levels (grouped into bands)
allowed for each point in the Brillouin zone (depending on the wavevector k). Usually, the energy
is shown with straight lines between high symmetry points in the Brillouin zone such as Fig 3.
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(a) (b) (c)

Figure 3: (a) Brillouin zone for cubic face centered materials with high symmetry points (b)
Computed electronic band structure for cubic face centered GaAs (c) Density of states for cubic
face centered GaAs (from Materials project website, mp-2534 [2]).

Looking at the density of state (Figure 3c), there is a region with almost no available state (in
fact, just above E = Efermi, there is no state at all). This is understandably called the band gap.
The width of the band gap, Eg determines what type of conductor the material is :

� Eg > 3 eV : The maximum of the valence band and the minimum of the conduction band
are energetically too far apart, no carrier can pass through the band gap. The material is an
insulator.

� 0 eV > Eg < 3 eV : Small band gap, tunable with temperature or doping level (for a high
doping level, above ∼ 1018cm−3). At T = 0 K, it behaves like an insulator. The material is
a semiconductor.

� Eg = 0 eV: No band gap, the conduction band and the valence band overlap leading to high
conductivity. The material is a metal.

The bands are filled up to the Fermi energy. For a PV cell, when a carrier gains energy from
a photon with a frequency corresponding to the band gap width (or a higher energy), it can jump
from the top of the valence band to the minimum of the conduction band, allowing the current to
flow. The band gap can either be direct (if the maximum of the valence band and the minimum to
the conduction band are located at the same k vector) or indirect (if the maximum of the valence
band and the minimum of the conduction band are located at different k vectors). In the case
of an indirect band gap, the carrier also needs phonon momentum (meaning energy from lattice
vibration) to jump energy state.

Not only does it affect the electrical behavior of a material, but the band gap also explains a
lot about the optical properties of a compound. Semiconductors and insulators can only absorb
light above a specific frequency, which depends on their band gap with the relation :

Ephoton = hν > Eg, (4)

with h, the Planck constant.
That is why, metals having no band gap (no forbidden energy state electron can be in), they appear
shiny (thanks to their high density of free electrons) or reflective meaning they absorb a wide range
of the light spectrum. Meanwhile, wide band gap materials such as glass (Eg ≈ 9eV ) or diamond
(Eg = 5.47eV ) are often transparent to visible light (their band gap is much larger than the energy
of visible photons). Semiconductors can emit light depending on their band gap as well, with a
wavelength given by the relation :

λphoton =
hc

Eg
, (5)

with c, the speed of light in vacuum. This is why narrow band gap semiconductors emit longer
wavelengths (IR, red) while wide band gap semiconductors emit shorter wavelength (blue, UV).
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This simple model does not take into account every solid-state phenomena and interactions in
the crystal. It typically ignores electrons-lattice vibrations (phonons) interactions, the coupling
between spin and orbital moment as well as electron-electron interaction. What is more, it only
works under severe assumptions such as assuming infinite crystal without defects or interfaces.
However, it suffices to explain the underlying physics behind the electronic band gap and its im-
portance in semiconductor design for electronic applications.

This analysis is valid at any given temperature (except T = 0 K, for which semiconductors behaves
like insulators). But how does the band gap evolves with a change of temperature? And can it be
predicted? The band gap temperature dependance has been exhaustively studied since the sixties.

2.1.2 Band gap temperature dependence

In this work, the focus will be put on the temperature dependence of Eg, strongly depending
on two phenomena : the electron-phonon interaction and the thermal expansion of the lattice.
Experimentally, Y.P. Varshni proposed in 1967 this relation (with α and β, two constants and E0,
the band gap under the T=0K regime) [5]:

Eg(T ) = E0 −
αT 2

T + β
. (6)

However, this relation while useful for a handful of semiconductors (InAs, InP, Si, Ge, 6H-SiC,
GaAs), does not cover every case. Notably, semiconductor band gaps appear to be independent of
the temperature for a large range at low temperature, while equation 6 clearly states a quadratic
relation. On top of that, the theoretical basis for this relation is rather weak (according to K. O
’Donnell and his colleagues, β, which is supposed to be related to the Debye temperature, may in
certain cases be negative [6]). To remedy those issues, A. Manoogian and A. Leclerc issued in 1979
a correction to Varshni’s work. The band gap temperature dependence could be written [7] :

Eg(T ) = ED
0 (1 +ATX) +B

(
θ1 coth

(
θ1
2T

)
+ θ2 coth

(
θ2
2T

))
, (7)

with A,B,X, θ1, θ2 empirical constants. The first term aims to replicate the effect of the lattice
dilatation via the two parameters A and X, while the second term represents the contribution from
the electron-phonon interaction (with θ1 one effective optical mode and θ2 one effective acoustic
mode being treated separately). θ = hν/k, with ν, the average phonon frequency. One of the
biggest drawbacks of this model is the simultaneous fitting of 6 different parameters, which can
be computationally demanding. About ten years later, in 1990, K. P. O ’Donnell and X. Chen
presented yet another semi-empirical formula for the temperature dependence of the band gap [6]:

Eg(T ) = Eg(0)− S⟨ℏω⟩
[
coth

(
⟨ℏω⟩
2kBT

)
− 1

]
, (8)

with ⟨ℏω⟩, the average phonon energy and S, a dimensionless coupling constant. This was proven
to be giving better results than Varshni’s expression. Finally, efforts were made in 2002 by Pässler
and coworkers [8] to develop a novel dispersion-related model for the temperature dependencies
of fundamental band gaps. It notably takes into account θ = ⟨ℏω̄⟩ /kB (ω̄ being the average
phonon pulsation) and the average phonon temperature as well as the phonon dispersion coefficient
∆ =

√
⟨(ℏω − ℏω̄)2⟩/ℏω̄ :

Eg(T ) =Eg(0)− αθ
1− 3∆2

exp(θ/T )− 1

+αθ
3∆2

2

 6

√
1 +

π2

3(1 + ∆2)

(
2T

θ

)2

+
3∆2 − 1

4

(
2T

θ

)3

+
8

3

(
2T

θ

)4

+

(
2T

θ

)6

− 1

 .

(9)
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It is worth noting that there exists plenty of other models, all refining or correcting Varshni’s
empirical model (due to its inability to correctly predict band gap behavior at very low or high
temperature, or in materials with strong electron-phonon interaction). However, as outlined by
those few models, the band gap of materials decrease with increasing temperature. That is, except
for few exeptions such as CH3NH3PbI3, a metal–halide hybrid perovskite. For this materials, the
band gap opens with increasing temperature. This behavior has not been described by any model
[9].

Of course, when considering band gap temperature dependence, experimental data cannot
disentangle precisely the contribution of the thermal dilatation or the electron-phonon interaction.
Those points will be detailed in the following sections.

2.2 Density Functional Theory

Density functional theory is one of the most popular simulation technique in material science.
Used in multiple domains (such as research, in the academic world, in the industry) its capability
is not to be proven. DFT can be used for a wide range of goals. It can accurately describe the
energy ground state of a molecule but also find optical, mechanical, vibrational properties of a
given material.

One of the main advantages of the DFT (and ab initio methods in general) is that it only re-
quires informations about the unit cell and approximate location of the nuclei of the considered
crystal and the pseudo-potential of its constituent to derive all its properties. Absolutely no other
knowledge about the material is needed. However those methods have a rather high computational
cost that is not to be underestimated.

2.2.1 DFT Working principle

The goal is to characterize a system of N electrons evolving in a potential generated by ions
considered as fixed (under the Born-Oppenheimer approximation). Such a system of electron can
be described by a wavefunction Φ(r1, .., rN) solving the time-independent Schödinger equation :

ĤΦ = EΦ, (10) N∑
ij

−ℏ2∇2
i

2mi
+ V (ri) + U(ri, rj)

Φ = EΦ, (11)

where the first term describes the kinetic energy of the moving electrons, the second term is the
potential induced by the ions seen by the electrons and the third term represents the potential
induced by other electrons.

Solving exactly this equation for a small number of electrons in simple potential is easy enough.
However, as the number of electrons N increases, the number of operations needed becomes too
demanding in computational resources and the resolution of more complex systems is challenging
(sometimes even impossible, depending on the system and the ressources allocated). To tackle this
problem, DFT was developed.

Equation (11) can be easily treated if the U(ri,∖j) term is neglected. That is, if the interac-
tion between the electrons is suppressed. The problem become then solvable by separation of
variable (Φ(r1, .., rN) = ϕ(r1)ϕ(r2)...ϕ(rN)) and the eigenvalues are linear combinations of prod-
ucts of solutions of 1-electron Schrödinger equations.
DFT rests on the idea that the ground-state properties of a N electrons system are solely deter-
mined by its electron density ρ(r), including the electron-electron interaction effects. Veff (r) is the
effective average electrostatic potential created by the electrons. According to Kohn and Sham,
the electron density can be written as a function of single-particle orbitals ϕi(r) [10]:

ρ(r) =

N∑
i

|ϕi(r)|2. (12)
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One can rewrite the Schrödinger equation with the new effective potential seen by one electron :(
−−ℏ2

2m
∇2 + Veff (r)

)
ϕi(r) = ϵiϕi(r), (13)

Veff (r) = Vnucl(r) +

∫
ρ(r′)

|r− r′|
d3r′ + VXC [ρ(r)], (14)

where Vnucl is the external potential created by the nuclei, the second term is called the Hartree
potential and acts as the electron-electron repulsion operator and VXC is the exchange correlation
functional, including the effect of the N particles interactions.

The most complex term to approximate in this equation is VXC , the exchange correlation func-
tional. It includes both the electron exchange effects (from Pauli exclusion principle, stating that no
2 electrons can exist in the same quantum state) and the correlation effect (how much one electron
moving is affecting the other electrons). Since its exact form is not known, some approximation has
to be made. Among the most common ones, there are the Local Density Approximation (LDA)
[11] and the Generalized Gradient Approximation (GGA) [12]. The choice of this term affects a
great deal the final result of the calculations since it corrects the simplified picture given by the
Hartree energy.

The core mechanism of the DFT is the relation between ρ(r), ϕi(r) and Veff (r). To determine those
quantities, softwares applications use a self-consistency cycle to solve the Kohn-Sham equations
iteratively. An initial guess about the electron density ρ(r) is used to compute the corresponding
Veff (r) in equation (14), which is then replaced in equation (13) to evaluate the eigenvectors ϕi(r).
With those new wavefunctions, a new electron density can be found and so the cycle repeats until
convergence is reached with a proper accuracy. This self-consistency cycle is shown on Figure 4

Figure 4: Schematic view of the main DFT iteration cycle.

To stop the cycle, the convergence criteria can either be on the relative error between two
iterations on the wavefunction, the total energy, the total potential, the atomic forces. This choice
affects the quality of the result as well and should be considered carefully.
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2.2.2 DFT Band Gap Error

But Density Functional Theory (DFT), with all its elegance, is not without flaws. Indeed, there
are situations in which DFT does not perform well and is not a reliable method for precise results.
One of the biggest drawbacks of this theory is its usual underestimation of the electronic band gap
value. This is a well-known problem to which there are existing solutions.

While the ground state energy levels are accurately described with simple exchange-correlation
functionals, the energy levels of excited states within the Kohn-Sham exchange-correlation energy
and potential are, at best, imprecise. The predicted band gap for insulators and semiconductors
can range from few tens of eV to few eV off.

Figure 5: DFT band gaps (computed in this work) versus experimental band gaps for bulk semi-
conductors.

Figure 5 illustrates this problem for a dozen different semiconductors. The computed band gap
have been found using norm-conserving pseudo-potentials from the Pseudo Dojo website [13] and
there is no spin-orbit coupling (including the SOC would decrease the band gap value for heavy
elements, such as lead). Let us note that for the experimental band gap, the spin-orbit coupling is
obviously included (as there is no way to isolate its contribution), making this comparison ques-
tionable. However, this should not affect the results obtained, except for the PbX elements. The
structures were relaxed beforehand and the ground state parameters have been converged with
respect to the total energy/final lattice parameters. The SiGe is an alloy for which there is two
atoms in the unit cell (one of silicon and one of germanium). All experimental band gaps were
measured at room temperature.

One correction to this underestimation of the band gap value is the GW approximation [14]. The
GW approximation incorporates the many-body interactions effect from electrons in the prediction
of quasiparticle energies (lacking in the ground-state energies estimated by DFT). However, this
technique is not used in the present work. One point worth mentioning is that GW approximation
is time-consuming (much more than Kohn-Sham energies) and requires lots of CPU power.
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2.3 Harmonic approximation and phonons

As a major part of this work is focused on the electron-phonon interactions as well as the zero
point lattice expansion, it seems useful to briefly introduce the ’phonon’ concept, for it is a key to
understanding the vibrational properties of crystals.

In classical mechanics, to represent a vibrational motion (a phonon) propagating in the lattice,
one can make the assumption that the lattice of atoms oscillates at a single frequency. To do so,
the lattice is assumed to be a 3D assembly of 3N atoms, each having a mass m, linked together by
springs (with a spring constant k) of length a. Such a system would require a 4D plot to represent
the displacement of ions, which is not convenient. Instead, the main ideas are expressed via a
simple unidirectional model, for which analytical solutions are easily understood.

Let us examine such dynamical behavior for a simplified model of a 1D chain (neglecting the
influence of the y and z direction forces). The displacement of the nth atom of this network in the
x-direction can be written using recurrence equations :

−2kun + k(un+1 + un−1) = m
d2un
dt2

, (15)

with the indices n+ 1, n− 1 refers to atoms respectively before and after the nth atom. To solve
this set of coupled equations, the solution is of the form :

un =R

[
M∑
k=1

Ake
i(kna+ωkt),

]
(16)

un =R

[
M∑
k=1

Ak [cos(kna+ ωkt) + i sin(kna+ ωkt)]

]
. (17)

un =

M∑
k=1

Ak cos(kna+ ωkt) (18)

with M = Na/2π for k = 0, 1, ..., N and Ak, a multiplication factor (coming from the discrete
Fourier Transform). This expression emphasizes the wavy nature of the phonons. They can be
seen as a sum of cosinus oscillating at a specific frequency around the equilibrium position. ωk is
the dispersion relation between the angular frequency and the wavenumber k (known as a normal
mode):

ωk =

√
2k

m
(1− cos(ka)). (19)

However, for a linear chain made of two alternating atoms (of mass m1 and m2), the dispersion
relation is easily shown (Figure 6).
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Figure 6: Dispersion relation for a diatomic chain in a classical mechanics treatment.

Solving the recurrence equation, the solution has two distinct modes (acoustic, in which atoms
moves in the same direction, and optical, in which atoms motion is out of phase). This simple,
harmonic model of the lattice motion is very useful and has already proven itself to be reliable
within DFPT in numerous studies.

Density Functional Perturbation Theory (DFPT) is the theoretical framework used to compute the
response functions of materials when subject to small perturbations. The applied perturbations are
typically an external electric/magnetic field, an atomic displacement, strains, etc. The responses
can be first order (forces, stress, moments), second order (piezoelectricity, born effective charges,
elastic constants) or higher order (non linear dielectric susceptibility, phonon-phonon interactions,
etc). The full derivation of the DFPT implementation is not the topic of this work, thus is not
shown here.

However, to explore thermal expansion coefficient from first principles, this simple harmonic model
is not enough and an extra approximation has to be made : the quasi-harmonic approximation
(see Sec. 2.6).

2.4 Electron-phonon interaction

Electron-phonon interaction (EPI) is responsible for a wide range of properties in solid-state
physics. From common phenomena like thermal and temperature dependent electric conductivity
to more exotic ones such as superconductivity or phonon assisted optical processes. This work will
focus on the temperature dependence and the zero-point renormalization of the band gap. Indeed,
EPI is responsible for many temperature dependent properties in the solid, but it also significantly
contributes to the modification, through zero-point motion at T = 0K (called Zero-Point Renor-
malization, ZPR).

A complete theory of the electronic energy shift due to atomic vibrations was formulated in 1979
by Allen, Heine and Cardona (leading to a theory named AHC) [15] [16] [17]. Their starting point
was the earlier attempts of Fan (1951)[18][19] in which the modification of the wavefunctions due
to atomic motion had been included, giving an ’electron self-energy’ correction. Following that,
Antoncik (in 1955) [20] had included the second-order modification of the potential due to atomic
motion, giving a ’Debye-Waller’ correction’. It was believed that those two terms were ’in some
sense equivalent’, so only one or the other should be used. AHC theory developed a second-order
theory drawing the missing link between the two terms and showing that they were not equivalent
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and that both should be used.

In the adiabatic case, the change of energy level in a band n for a k wavevector of an electron due
to ion motion in the i direction of the α atom,

∂ϵn,k

∂rα,i
can be derived from simple relations such as :

� ⟨ϕn,k|ϕn,k⟩ = 1, meaning the wavefunction is normalized

� ϵn,k = ⟨ϕn,k|H |ϕn,k⟩, from the Schödinger equation, multiplied by ⟨ϕn,k|.

The energy change with respect to such atomic displacement can be written :

∂ϵn,k
∂rα,i

=

〈
∂ϕn,k
∂rα,i

∣∣∣∣H |ϕn,k⟩+ ⟨ϕn,k|H
∣∣∣∣∂ϕn,k∂rα,i

〉
+ ⟨ϕn,k|

∂H

∂rα,i
|ϕn,k⟩ , (20)

∂ϵn,k
∂rα,i

=ϵn,k

〈
∂ϕn,k
∂rα,i

∣∣∣∣ϕn,k〉+ ϵn,k

〈
ϕn,k

∣∣∣∣∂ϕn,k∂rα,i

〉
+ ⟨ϕn,k|

∂H

∂rα,i
|ϕn,k⟩ , (21)

∂ϵn,k
∂rα,i

=ϵn,k
∂ ⟨ϕn,k|ϕn,k⟩

∂rα,i
+ ⟨ϕn,k|

∂H

∂rα,i
|ϕn,k⟩ , (22)

∂ϵn,k
∂rα,i

= ⟨ϕn,k|
∂H

∂rα,i
|ϕn,k⟩ . (23)

This result is known as the Hellmann-Feynman theorem [21], stating that in order to compute the
derivative of the energy with respect to a chosen parameter, one does not need the derivative of the
wavefunctions with respect to this parameter. This is a rather good news, since it is computation-
ally less demanding to derive the Hamiltonian for a perturbation than to compute the derivative
of each wavefunction for each perturbation.

Similarly, to get the second derivative of the energy levels one can use the same principle than
previously with the first order perturbation theory to obtain :

∂ϵ2n,k
∂rα,i∂rβ,j

=
∂

∂rβ,j

(
⟨ϕn,k|

∂H

∂rα,i
|ϕn,k⟩

)
, (24)

∂ϵ2n,k
∂rα,i∂rβ,j

= ⟨ϕn,k|
∂2H

∂rα,i∂rβ,j
|ϕn,k⟩+

〈
∂ϕn,k
∂rβ,j

∣∣∣∣ ∂H∂rα,i |ϕn,k⟩+ ⟨ϕn,k|
∂H

∂rα,i

∣∣∣∣∂ϕn,k∂rβ,j

〉
. (25)

Using first-order perturbation theory for the derivative of |ϕn,k⟩:∣∣∣∣∂ϕn,k∂rβ,j

〉
=
∑
m ̸=n

|ϕm,k⟩ ⟨ϕm,k| ∂H
∂rβ,j

|ϕn,k⟩
ϵm,k − ϵn,k

. (26)

If one substitutes this expression in equation 24, the final second derivative of the energy with
respect to atomic displacement is :

∂ϵ2n,k
∂rα,i∂rβ,j

= ⟨ϕn,k|
∂2H

∂rα,i∂rβ,j
|ϕn,k⟩+ 2

∑
m ̸=n

⟨ϕm,k| ∂H
∂rα,i

|ϕn,k⟩ ⟨ϕn,k| ∂H
∂rβ,j

|ϕm,k⟩
ϵm,k − ϵn,k

. (27)

The first term is the static Debye-Waller term, requiring the second derivative of the Hamiltonian
with respect to both nuclear displacements. It describes how the electronic energy changes due to
the average displacement of atoms (even in the absence of phonon excitations). The second term
is the Fan-Migdal term with ⟨ϕm,k|, an other electronic eigenstate. Since it involves a dependency
on phonon frequencies (in the non-adiabatic approach anyway) and occupation numbers, it is a
dynamical process and it includes both real and virtual phonon processes.

In equations (24) to (27), the adiabatic AHC theory is used. This means that the phonon en-
ergy does not contribute to the total energy of the material. Within this approximation, the
phonon frequencies can be neglected with respect to electronic excitations. This is why in equa-
tion (27), the denominator of the Fan-Migdal term has no phonon frequency dependence, only
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electronic eigenvalues are taken into account. Comparison of the renormalization energy due to
EPI from different approaches (directly from atomic position fluctuations, from Janak’s theorem
generalized to the case where the Helmholtz free energy is used as well as from the AHC, relying on
the ion-rigid approximation) has been done by S. Poncé et al. [22]. However, such a mathematical
formalism is outside the range of this present work.

In the non-adiabatic approach, the electron-phonon self-energy
∑e−ph

can be written as :∑e−ph
(ω, T ) =

∑FM
(ω, T ) +

∑DW
(T ). (28)

This relation can be represented by way of so-called ”Feynman diagrams”, on Figure 7.

Figure 7: Feynman diagram of electron phonon interaction via the Fan and Debye-Waller self
energy contribution (the straight lines are interacting electrons and the curvy lines are the phonon
propagators), from ref. [23].

The implementation of those equations into ABINIT will be discussed in section 2.5

2.5 Quasi-particle and Zero Point Renormalization

As previously mentioned, the electron-phonon self energy
∑e−ph

has two distinct contributions :
the dynamic frequency-dependent Fan-Migdal (FM) self-energy and the static Debye-Waller (DW)
terms (illustrated in figure 7).

Within the ABINIT implementation, this means the electron-phonon coupling will be described
by DFT using perturbation theory to access the second order in the atomic displacement. Density
Functional Perturbation Theory (DFPT) is a well documented method to obtain physical proper-
ties linked to the atomic motion of ions in the crystal in response to a stimulus such as magnetic or
electric field [24] [25]. Some properties computed within this formalism are phonon band structure,
dielectric constant, several thermodynamic properties (specific heat, entropy, ...). In this section,
the only property of interest will be the electron-phonon self-energy.

The full derivation of the Fan-Migdal and Debye-Waller terms is quite complex and only the
final equations are shown and commented here. The electron-phonon coupling matrix is defined
by gνmn(k,q) (showing the scattering effect going from the state nk to the state mk + q via the
phonon of branch ν and wavevector q) [26]:

gνmn(k,q) =
1√
2ωqν

⟨ψmk+q|∆qνV |ψnk⟩ , (29)

where the indices k+q and k of the wavefunctions illustrate the emission of a virtual phonon and
∆qνV , the perturbation potential, is the first order derivative of the KS potential (from phonon
displacement). Having defined the electron-phonon matrix, the FM self energy in the KS basis set
can be written :∑FM

nk
(ω, T ) =

∑
m,ν

∫
BZ

dq

ΩBZ
|gνmn(k,q)|2 ×

[
nqν(T ) + fmk+q(T )

ω − ϵmk+q + ωqν + iη
+
nqν(T ) + 1− fmk+q(T )

ω − ϵmk+q − ωqν + iη

]
.

(30)
This equation is a sum over the m, ν states of an integral over the whole Brillouin Zone (BZ) of
|gνmn(k,q)|2 = gν⋆mn(k,q)g

ν
mn(k,q) times a factor (depending on the electron and phonon occupa-

tion numbers and energies; and the frequency ω). fmk+q(T ) is the Fermi-Dirac distribution and
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nqν(T ) is the Bose-Einstein distribution. Let us note that the summation over all the phonon
modes are normalized by the 1/

√
2ωqν factor in equation (29). The η parameter is a small in-

finitesimal, positive, real. In practice, for numerical reasons, it has a non-zero value and this affects
the final result. Its influence on the final ZPR value will have to be studied.

As previously explained, within the adiabatic approximation, the phonon frequency at the de-
nominator of the FM term (±ωqν) is ignored. Equation (30) can be re-written as :

∑FM

nk
(ϵnk, T ) =

∑
m,ν

∫
BZ

dq

ΩBZ
|gνmn(k,q)|2 ×

[
2nqν(T ) + 1

ϵnk − ϵmk+q + iη

]
. (31)

The Debye-Waller, frequency independent, term can be similarly expressed :∑DW

nq
(T ) =

∑
qνm

(2nqν(T ) + 1)
g2,DW
mnν (k,q)

ϵnk − ϵmk
, (32)

where the Debye-Waller matrix element g2,DW
mnν (k,q) is found within the ion-rigid approximation

(stating that when one ion is moved from its equilibrium position, the whole potential also shifts
position but stays rigid). This term can be expressed in term of first order simple gνmn(k,q) matrix
elements within the rigid-ion approximation.

Knowing the electron-phonon self-energy
∑e−ph

, to find the Quasi-Particle energies, one can use
two different methods (both implemented within ABINIT) : the ”on-the-mass-shell” (OTMS) ap-
proximation or the the linearized QP equation. Both are corrections of the Kohn-Sham energy
level. The OTMS approach estimates the QP energy to be given by the simple real part of the self
energy :

ϵQP
nk = ϵKS

nk +R
∑e−ph

(ϵnk). (33)

Whereas for the linearized QP equation, a multiplication factor Znk is introduced :

ϵQP
nk = ϵKS

nk + ZnkR
∑e−ph

(ϵnk), (34)

with Znk the renormalization factor :

Znk =

(
1−R

[
∂
∑e−ph

nk

∂ϵ

∣∣∣∣∣
ϵ=ϵnk

])−1

. (35)

Equation (34) illustrates that the quasi-particle energy state and KS state are relatively close.

The quasiparticle energy ϵQP
nk can be found from the position of the principal peak of the spectral

function Ank(ω) (with ω = ϵ0nk) :

Ank(ω) = − 1

π

∣∣∣Im [∑e−ph
nk (ω)

]∣∣∣(
ω − ϵnk −R

[∑e−ph
nk (ω)

])2
+ Im

[∑e−ph
nk (ω)

]2 . (36)

Figure 8 shows an example of the computed real and imaginary part of
∑e−ph

nk as well as the
spectral function A(ω).
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Figure 8: Computed using ABINIT (within this work), (top) InP electron-phonon real and imagi-
nary self-energy part for the maximum of the valence band at the Γ point [0,0,0]. The intersection
of the grey dashed line (which approximates the eigenvalue for the self energy real part at x = y,
the blue dashed line) with the solid blue line Re [

∑
] is the graphical solution of the linearized QP

equation. (Bottom) Spectral function A(ω)(solid line) and its integral (dashed line). The position
of the sharp peak gives the QP energy correction for this band at the Γ point.

In the context of this work, both methods (OTMS and the linearized QP equation) will be used
and their respective results, compared. However, it appears that the on-the-mass-shell provides
slightly better results. According to recent studies, the spectral function A(ω) makes some errors
in the weight and energy of the QP peak [27]. A better approach to the self-energy, named the
”cumulant” approach, not presented in this work, actually gives electronic eigenenergie shifts in
agreement with the OTMS approach [27].

2.6 Thermal Lattice Expansion : a simple view

The second correction to the band gap value is due to the lattice thermal expansion (even at
0K). The lattice parameters change under the influence of temperature and this change leads to a
modification of the band gap value :

∂Eg

∂T
=
∂Eg

∂a

∂a

∂T
. (37)
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So in order to characterize the change of Eg with respect to temperature, one first needs the change
of lattice parameter with respect to temperature, ∂a

∂T .

When a material is heated, the atoms start to oscillate around their equilibrium position due
to thermal energy. Those oscillation will shift their equilibrium positions in the crystal depending
on the shape of the potential energy of the lattice. For a perfect harmonic potential (with only
quadratic terms), the average displacement is zero, < u >= 0. However, for an anharmonic po-
tential, the most common case, the average displacement is not null, < u ≯= 0, as shown in Figure 9

The anharmonic potential thus leads to a change in the ionic position of the atoms. To quan-
tify how much energy is transferred to the lattice vibration as a function of the temperature, one
can use the Bose-Einstein distribution. The Bose-Einstein distribution gives the number of phonon
(i.e lattice vibration) in a specific energy state i:

Figure 9: Harmonic and anharmonic potential with their average displacement (neglecting the
lattice expansion at T = 0 K).
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ni =
gi

e(ϵi−µ)/kBT − 1
, (38)

where gi is the degeneracy of the en-
ergy level i, µ is the chemical potential
(µ = 0, since the number of phonons
is not imposed) and kB is the Boltz-
mann’s constant (in eV/K). The energy
ϵi of a mode with an angular frequency
ωi is :

ϵi = ℏωi, (39)

with ℏ the Planck’s constant.

Figure 10: Bose-Einstein distribution for T = 1,
287, 1000, 5000 K and µ = 0.

Thus, at a higher temperature, the higher energy phonon modes are increasingly more popu-
lated. Since the total vibrational energy of the lattice is a function of the phonon population, it
explains the shift of the equilibrium position of the ions atomic position. The lattice parameter
a(T ) is then influenced by the phonon total energy, which is written :

Ephonon =

∫
g(ω)ℏω

(
n(ω) +

1

2

)
dω, (40)

with g(ω), the phonon density of state. This equation explains why, even at T=0 K, the contri-
bution of the phonon energy to the total energy is never null. When T → 0, n(ω) → 0 but the
1/2 factor prevents the phonon energy contribution Ephonon from going to zero. This is called the
Zero Point Lattice Expansion (ZPLE).

2.7 Quasi Harmonic Approximation and Zero-Point Lattice Expansion

In chapter 2.3, the harmonic model has been introduced, with a simplified - yet correct - view
of a phonon. Such a model is useful for the derivation of many important solid properties but
does not include the effect mentioned in Sec. 2.6. A more complete theory is the quasi harmonic
approximation, presented in this section from a thermodynamic point of view.

The quasi harmonic approximation (QHA) is a widely used method to evaluate volume depen-
dent thermal effects such as temperature dependence of the lattice parameters or, consequently,
the thermal expansion coefficient of a material, αV . Other thermodynamic quantities of interest
can also be found within this theory, like the heat capacity Cv and the Grüneisen parameter γ.
In the present work, QHA is used to find the volume equilibrium by minimizing the Gibbs free
energy for different pressure and different temperature curves.

The main hypothesis of the QHA is that the phonon modes are harmonic, independent from
one another, but depend on the ions atomic positions and lattice constants which are adjustable
parameters (in contrast with the simple harmonic model). This theory derives from the harmonic
phonon model of the lattice behavior, with the addition that phonon frequencies become volume-
dependent (to explain the thermal expansion phenomena).

For a given material lattice, the quasi-harmonic approximation allows the Helmholtz free energy
F to be written [4]:

F (T, V ) = Elat(V ) + Uvib(T, V )− TSvib(T, V ), (41)

with Elat, the internal lattice energy (also called the Born-Oppenheimer internal energy), Uvib the
energy linked to the vibration of the lattice and T, V, Svib respectively the temperature, volume
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and entropy (due to the vibrational degree of freedom). The Born-Oppenheimer energy at zero-
temperature is solely due to the internal static energy of the covalent links between ions ( not
affected by temperature, nor by lattice vibration). To empathize this, the relation can then be
re-written :

F (T, V ) = EBO(V ) + Fvib(T, V ). (42)

Using a bit of thermodynamic and the definition of enthalpy, the relation between Helmholtz
(F ) and Gibbs free energy(G) of a system is found to be :

G(V, P, T ) = F (T, V ) + PV, (43)

G(V, P, T ) = Elat(V ) + Uvib(T, V )− TSvib(T, V ) + PV. (44)

The equilibrium volume as a function of pressure and temperature is the minimum of G(V, P, T ).

Within ABINIT, most of those quantities are easily computed thanks to the usual Bose-Einstein
distribution function nq,ν(V, T ) for each phonon mode q, ν. The volume dependence of n comes
from the main approximation of the QHA, which is that phonon frequency is volume-dependent.
The same way, the phonon frequency ωq,ν becomes ωq,ν(V ). The vibrational internal energy, free
energy and entropy per unit cell are expressed as [4]:

Uvib(T, V ) =
1

ΩBZ

∫
BZ

∑
ν

(
1

2
+ n̄q,ν(V, T )

)
ℏωq,ν(V )dq, (45)

Fvib(T, V ) =
1

ΩBZ

∫
BZ

∑
ν

(
ℏωq,ν(V )

2
+ kBT ln

(
1− eℏωq,ν(V )/kBT

))
dq, (46)

Svib(V, T ) =
kB
ΩBZ

∫
BZ

∑
ν

(
− ln

(
1− eℏωq,ν(V )/kBT

)
+ n̄q,ν(V, T )

ℏωq,ν(V )

kBT

)
dq. (47)

Let us note that all those quantities are normalized by the Brillouin volume cell ΩBZ and the
relation Fvib = Uvib − TSvib is verified.

Knowing those thermodynamic functions, one can derive other properties of interest (in this work,
the focus is put on the thermal expansion coefficient αV ):

αV =
1

V

∂V

∂T

∣∣∣∣
T

=
1

V

(
∂2F

∂V 2

∣∣∣∣
V,T

)−1
∂Svib

∂V

∣∣∣∣
V,T

. (48)

Plotting the Gibbs free energy curves for each temperature, one can extrapolate the parabolic
relation from the computed points to find for which volume the Gibbs free energy is minimized
for each temperature. This volume varies depending on the simulated temperature. This method
allows the computation of the volume change with respect to temperature (even at T=0 K). Using
finite difference method, one can find the derivative of this curve to get the thermal expansion
coefficient αv(T ). This is done with a large enough dV to reduce noise (coming from the numerical
derivation) to produce a smooth curve.
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3 Materials of interest

This section will present the materials studied in this work. Each type of compound material will
be reviewed from literature along with some of their most promising applications in the optoelec-
tronic design. Both electric and optical properties will be reported in order to understand if indeed,
those materials have a future in the light-matter interaction technologies.

This present work is following a recent study done by Dr. V. Brousseau-Couture and cowork-
ers, ”Zero-point lattice expansion and band gap renormalization: Grüneisen approach versus free
energy minimization” in which the zero point renormalization and lattice expansion are evaluated
for 22 of the most popular semiconductors (using a similar computational approach than this work).
This study presented computation on many popular semiconductors (for both cubic and wurtzite
crystal structures) such as AlAs, GaAs, MgO, etc [28]. However, some crucial semiconductors in
the microelectronic world were not assessed nor considered in this study. The present work aims to
fill this gap by focusing on semiconductors that were overlooked in the prior study. By expanding
the scope of materials assessed, this research seeks to provide a more comprehensive understanding
of the properties of these essential materials and their potential impact on future optoelectronic
technologies.

The 10 materials investigated here are semiconductors with a band gap 0 > Eg < 3eV. They
can be separated on the basis of their composition in five categories : the III-V semiconductors
(InAs, InP, BP), the IV-VI semiconductors (PbS, PbSe, PbTe), the layered materials (InSe, GaSe),
the SiGe alloy and finally the special case of BaTiO3.

3.1 III-V Semiconductors

In the III-V semiconductor group (that is, formed from an atom of the third column in the
Mendeleev Table and an atom from the fifth column), three materials are investigated : InAs,
InP and BP. All three exhibit a face-centered cubic, zincblende crystal structure. The III-V semi-
conductor group is one of the most interesting coupling possible with regards to optoelectronic
applications. Most of them exhibit a very high carrier mobility needed for high-frequency and
high-power application such as microwave amplifiers. In addition, InP and InAs are both direct
band gap semiconductors, meaning that radiative recombination process is quite fast and ideal
for the emission of a photon. Applications like diodes, LEDs, lasers and UV light emission often
use III-V semiconductors (GaAs, InAs, etc) [29]. Table 1 gathers important electric and optical
properties for the InAs, InP and BP (bulk) semiconductors.

III-V Eg [eV] µ( cm
2

V.s )

InAs 0.35 40000 (electrons)

InP 1.34 5400 (electrons)

BP 2.02 900 (holes)

Table 1: Band gap and carrier mobility for InAs, InP (taken from Ref [30]) and BP, for a doping
level of 10−18cm−3 (taken from Ref [31, 32])

Whereas InAs and InP are mostly used as optical active components due to their direct band
gap, BP is a very promising candidate for a transparent conductive film (of p-type). Such a film is
used as an electrode in solar cells and needs both a low absorption in the visible light range and a
high mobility. BP shows very high conductivity as well but its transparency is affected by its high
band bap, with respect to such transparency requirement (decreasing its efficiency).[31]

While it is true that InP receives a lot of attention as a potential optical component in future
electronics, its true value resides in the world of radiofrequency (RF) transistor substrate. Since
the invention of the first transistors in the 50’s, colossal efforts has been made for the sole purpose to
make them smaller. As they get smaller and smaller, new problems start to emerge in fabrication,
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design, embedding, etc. One of those problems is the parasitic noise level at high frequency. To
approach this issue, better and better substrates and transistor implementation have been found
throughout the last decades. The leading transistor in the industry was developed on silicon, then
GaAs, for its remarkable transport properties and band gap engineering possibilities, then more
recently, InP, for its high cut-off frequency (see Figure 11) and its low noise level (see Figure 12).
The cut-off frequency of a electronic device is the maximal frequency at which the energy flowing
through the system is maximal. Beyond that limit, the energy strongly decreases, along with the
performances of the device.

Figure 11: Semiconductor technology roadmap for lightwave electronics, from ref. [33].

Figure 12: Noise level for most popular substrates in transistor-like applications as a function of
the frequency, from ref. [34].

To summarize, InAs as an active light component (LED, Lasers, etc), BP as a transparent
p-type conductive film or InP for high power RF transistors (used in aeronautics for airplanes,
helicopters, etc) are important semiconductors for optoelectronic technologies.

3.2 IV-VI Semiconductors

In the IV-VI semiconductor group, the main focus is put on the lead chalcogenides elements (that
is, PbS, PbSe, PbTe). These materials have a narrow band gap (Eg < 0.5 eV) and a quite high
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mobility. They show unique structural and electronic properties, making them relevant for many
potential applications : thermoelectric, optoelectronic, or spintronic devices [35]. Thanks to their
relatively small band gap, one of the most interesting application for the lead chalcogenides is the
infrared detection/lasers [36]. The main difference with the more popular III-V semiconductor
zinc blende is that the PbX elements (with X = S, Se, Te) are polar salts that crystallize in the
rocksalt structure. This leads to specific electronic properties such as a direct band gap at the L
symmetry point of the Brillouin zone (explained by the addition of a Pb 6s electron band inside
the valence bands, which induces strong repulsion between energy levels, see Figure 13)[37].

Figure 13: Calculated band structure for PbS, PbSe and PbTe (using the LDA as implemented in
the linearized augmented plane-wave method.). The occupied 6s band is represented by the dashed
line, from ref. [37].

Lead chalcogenides are suited for photovoltaic devices or IR diode lasers because of their small
band gap but also because of their cut-off wavelengths (the smallest wavelength at which a laser
can efficiently emit light). These major properties are gathered in Table 2

III-V Eg [eV] cut-off wavelength (µm)

PbS 0.42 3.0

PbSe 0.27 4.6

PbTe 0.31 4.0

Table 2: Band gap and cut-off wavelengths for PbS, PbSe and PbTe, from ref. [38].

In addition, these properties can be fine-tuned using an alloy of ternary composition like
Pb1−xSnxTe or Pb1−xSnxSe, thus achieving very precise control over the desired light emission
wavelength [39].

3.3 Layered Materials

InSe and GaSe belong to the class of layered materials in the III-VI semiconductor group. They
are called group III metal chalcogenides and have many interesting potentials applications in the
industry. They are formed of hexagonal layers linked with covalent bonding staked together ver-
tically with van der Waals interactions between the layers [40]. Those van der Waals bonds are
much weaker than the ionic-covalent bonds, leading to highly anisotropic optical, mechanical and
electronic properties [41]. Reducing the dimensions of a materials typically enable the tunability of
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the band gap (see Figure 14) as well as its mechanical strength. This is why layered materials are
usually considered when designing flexible electronic devices but also for sensor devices, electrome-
chanical systems (MEMS), solar cells and, lastly, photodetectors [42]. In the 2D materials world,
the III-VI group (and especially InSe) draws a lot of attention. Indeed, InSe possesses saturated
bonds (without dangling electrons), which enforce a very high mobility.

Depending on the staking of the hexagonal layers, there are three distinct phases of the struc-
tural lattice : β, ϵ, γ (experimentally determined by a X-ray diffraction pattern).

Figure 14: Computed (from DFT) electronic structure for the γ-InSe depending on the number of
layers, with the corresponding band gap in red, taken from ref. [43].

Their experimental bulk band gaps and carrier mobility are gather in Table 3.

III-V Eg [eV] µ( cm
2

V.s )

InSe 1.25 1055

GaSe 2.13 -

Table 3: Band gap for InSe, GaSe and InSe carrier mobility, from ref. [44].

While monolayer materials have outstanding properties, this work will only compute the band
gap renormalization for the bulk InSe and GaSe (with a hexagonal lattice).

3.4 SiGe Alloy

SiGe (which, formally should be written SixGe1−x) is an alloy formed of two IV semiconduc-
tor elements. Its optical properties are the subject of numerous studies throughout the years as
the amorphous silicon-germanium is quite promising in the photovoltaic, photo-detector and mi-
croelectronic domain [45]. High speed, low power electronic applications such as IR diode, high
performance bipolar transistor and integrated circuits are getting better and faster each year, and
the development of appropriated, specific materials is one of the key behind this rapidly growing
industry. SiGe is interesting with respect to several of its properties.

First of all, due to its alloy nature, the SixGe1−x band gap is highly tunable. By adjusting
the concentration of silicon respective to the concentration of germanium, the direct band gap can
vary between Eg = 1.12 eV (for x = 1, bulk silicon) and Eg = 0.66 eV (for x = 0, bulk germanium).
This relation is shown on Figure 15a.
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(a) (b)

Figure 15: (a) Composition dependence of the experimental SixGe1−x direct band gap (at Γ). The
behavior change at 15%Si is due to a change from a Ge-like ([111]) to a Si-like ([100]) conduction
band minimum, from ref. [46]. (b) Hole mobility as a function of the % Si concentration, from ref.
[47].

Lowering the band gap from the silicon value makes the SiGe more suitable for high speed low
power devices.

In addition, fabrication processes are facilitated by the fact that SiGe is compatible with silicon
manufacturing. It can be easily integrated in a standard Si-wafer for analog and digital circuits
on the same die. Such an approach reduces the 1/f noise (also called the pink noise, which power
spectral density depends on the frequency) as well as the leakage current by the base [48]. While
this is a complicated subject on which a lot can be said, the main problem with growing SiGe on
Si-wafer is the lattice mismatch (which increases from 0% to 4.2% going from x = 0 to x = 1).
Along with those considerations, the hole mobility in a SiGe-based heterojunction bipolar tran-
sistor can also by fine-tuned, as shown on Figure 15b. While the hole mobility is higher for pure
germanium (by a factor 5), it also increases the interfaces traps density when growing a thermal
oxide on SiGe with very low Si concentration. A trade-off must be found [49].

The full characterization of the band gap renormalization for each Si concentration would be
very interesting, however for this work, the concentration Si0.5Ge0.5 is chosen for the sake of
simplicity and computational cost (only 2 atoms per unit cell).

3.5 Barium Titanate (BaTiO3)

The Barium Titanate (BaTiO3) is a very peculiar material, with regards to several aspects. It
possesses a perovskite structure, that is, of the form ABX3, with A and B two cations and X, an
anion arranged in a simple cubic lattice, with A and B at the corner and center of the primitive cell.
Such materials are attracting a lot of attention for solar cell applications (in fact, the most efficient
solar panel to this day use perovskite materials [50]). These structures typically have a high power
conversion efficiency (PCE), a critical factor to determine whether or not a given material is a
suitable candidate for photovoltaic applications. This high PCE is due to a combination of several
favorable factors : high absorption coefficient in the visible light range (not BaTiO3 though), ap-
propriate band gap value and a long diffusion length [51]. In addition to those qualities, the cation
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replacement of the A or B site allows a great variability of optical and electrical properties

Among perovskite crystals, BaTiO3 in itself exhibits some remarkable properties among which
its ferroelectricity, piezoelectricity, a high band gap (Eg = 3.4 eV [52]) and a high dielectric con-
stant. This makes it a viable option for a wide range of application like energy storage device,
ceramic capacitive transducers, infrared detectors, etc [53]. In the optoelectronic world alone, it
can acts as a semiconductors transport layer for a multilayer solar cell or as a UV light protection
layer (otherwise damaging organic solar cells)[54]. Metal doping can improve the electroptical
qualities of the barium titanate oxide (with metals such as Fe, Cu, Zn, Mo, and Ag) [55].

Figure 16: Evolution of the BaTiO3 lattice parameters as a function of temperature, with TC , the
Curie Temperature, from ref. [56].

BaTiO3 is a complex ferroelectric perovskite materials, having 4 different phase transition ac-
cording to the temperature regime. These transitions occur due to changes in the crystal structure
and are the result of the balance between thermal energy and the material internal electrostatic
forces. Those transitions are shown in Figure 16. The structure and space group of the BaTiO3

greatly affect the macroscopic properties of the material (even though the order of the lattice pa-
rameters changes is about 0.05% ). In this work, the rhombohedral phase will be studied, as it is
the phase for T = 0 K.
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4 Computational details

In this section, all parameters linked to the accuracy of the results are laid out and justified. To
ensure the reproducibility of the final calculations and facilitate critical reviews, every choice made,
method used, or input variable is documented here. A motivated reader could potentially replicate
the work presented in this thesis based on the information in this chapter. The tunable parameters
(ensuring reliable and numerically accurate results) in ABINIT are determined through a carefully
converged series of tests, referred to as convergence studies.

These convergence studies will be presented for the ground-state properties as well as for the zero-
point renormalization (ZPR) from electron-phonon interactions (EPI). Unfortunately, no conver-
gence study was performed for the entire set of materials when computing the Derivative DataBase
(DDB files, required for both the ZPR from EPI and the zero-point lattice expansion, ZPLE), due
to time constraints. Indeed, DFPT calculations are computationally intensive, and repeating these
calculations while varying parameters would not have been feasible within the timeframe of this
work. However, when tuning simulation parameters to obtain the DDB files, the values used were
ground-state converged, with a post-result convergence check to ensure they provided accurate
results. In most cases, these calculations required stricter convergence criteria than simple ground-
state calculations.

This chapter gathers informations about the general set-up for which all simulations have been
performed. Following the convergence studies, the typical workflows implemented within Abipy
and ABINIT for calculating the ZPR from EPI and ZPLE are introduced in Chapter 4.3. The
various steps needed are explained to provide the reader a quick overview of the complete chain of
calculations for both band gap corrections. Finally, following the workflows, a brief introduction
is given to the parallelization capabilities of ABINIT (and Abipy) and how they can significantly
accelerate the calculation workflow.

4.1 Generalities

In this work, the main software used is ABINIT v9.10.5 [57]. Its capabilities cover what is needed
in order to achieve the goals of this work. Simultaneously, the Abipy package v0.9.1 was used for
some useful visualization tools and to automatize the most simple steps of the workflows. Such
a work requires an important computational power. The most demanding steps were ran on the
Nic5 server (the ULiege/CECI cluster), which possesses a bit less than 5000 CPUs.

Unless stated otherwise, all calculations were performed :

� Without spin-orbit coupling (SOC). Including SOC allows the lifting of the energy levels
degeneracy. Indeed, the total angular moment becomes Ĵ = L̂ + Ŝ with the eigenvalues
becoming either j = l+ 1

2 or j = l+ 1
2 , splitting each l-orbital into two sublevels. While the

energy levels are closer to experimental ones (especially for heavy elements such as lead), the
number of electronic bands doubles, increasing quadratically the computation time needed,

� With semi-relativistic norm-conserving pseudopotentials from the Pseudo-Dojo website v0.5
[58]. The pseudopotentials chosen use the GGA-PBEsol functional. Studies were done on
the choice of pseudopotentials for ab initio calculations, and it appears that PBEsol pseu-
dopotentials performed better in predicting lattice parameters of ground state compounds
[59].

� The starting input structure of the crystals were extracted from the Materials Project website
[2].

4.2 Ground state convergence studies

To keep the calculation time to a minimum, but also to trust that the calculation results are precise
numerically within an acceptable margin of error, a convergence study is performed on the whole
set of materials. The parameters to converge are the total energy of the crystal Etot as well as the
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lattice parameters of the structures (which are free to move to minimize the residual intra-forces
in the crystal). In this ground state runs, the two varying inputs will be the cut-off energy (which
controls the number of planewaves at a given k point) and the number of division of the Brillouin
zone (and thus, the number of wavevector in the Brillouin zone - referred to ”k points” - in the
unit cell). A visual representation of the cut-off energy (referred to as ’ecut’) is shown in figure 17.

Figure 17: Visual 2D representation of the cut-off energy and the number of planewave coefficients.
As the cut-off energy increases, the radius of the circle increases as well, and the number planewave
coefficient within the area of the circle increases. The planewaves inside the circle have a lower
kinetic energy than ecut ( 12 (2π)

2(k⃗ + G⃗)2 < ecut).Those planewave coefficients allows the correct
representation of the unit cell at the interfaces (the more points within the circle, the more it will
behave like a ’supercell’, without any boundary effects).

The higher the cut-off energy (ecut) and the number of k points (ngkpt) are, the more accurate
is the representation of the wavefunction and the sampling of the Brillouin Zone. For a wide-band
gap materials, less k points are needed as the energy bands become less parabola-like and flatten.
For some insulators, even 1 k point is enough (at the center of the BZ, at the Γ point).

4.2.1 With respect to the total energy

The converging criteria for the total energy is set at ±0.5 mHa. This is known to provide a good
first estimation of the error on the atomization energy and the error on the interatomic distance.
Those initial runs were performed using a value of 35 Ha for the ecut and a 4× 4× 4 k point grid.
Those values should provide decent results (according to common knowledge). The results for all
10 materials are shown in Figure 18 and 19.
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Figure 18: Residual errors on the atomization energies (the total bonding energies between ions)
as a function of the cut-off energies (including SOC for the PbX elements). The dotted black line
is the convergence criteria.

Figure 19: Residual errors on the atomization energies (the total bonding energies between ions) as
a function of the number of divisions of the Brillouin zone (including SOC for the PbX elements).
The dotted black line is the convergence criteria.

Keeping in mind the arbitrary value of ∆Etot < 0.5mHa, one can easily observe that for a
cut-off energy of 40 Ha and 4 divisions par unit cell, the ground state properties should be quite
accurate for all of the materials. The lead chalcogenides (PbX elements) exhibit a quite strange,
but not unusual, behavior in their convergence via the number of k points.
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4.2.2 With respect to the lattice parameters

However, the total energy is not the only criteria to help in the determination of the optimal cut-off
energy or number of k points. The internal atomic positions and size of the input cell should also
be optimized. This is called a structural relaxation. Thanks to the Broyden-Fletcher-Goldfard-
Shanno method implemented within ABINIT, the input structure parameters (size of the input
cell and position of the nuclei) will be optimized until the forces reach 5.10−5 Ha/Bohr. This
relaxation can be performed with different ecut and ngkpt to estimate the optimal parameters.
The results are shown in figure 20 and 21.

The ecut and ngkpt used for each of those calculations were the ones from the convergence study
with respect to the total energy. The criteria to reach is set to have a 0.2% relative error (or less)
on the final lattice parameters.

Figure 20: Errors on the lattice parameters as a function of the cut-off energies (including SOC
for the PbX elements). The dotted black line is the convergence criteria.
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Figure 21: Errors on the lattice parameters as a function of the number of k points in the unit cell
(including SOC for the PbX elements). The dotted black line is the convergence criteria.

Since this convergence study uses energy-wise converged parameters as a starting point, the
quality of the results is a bit better than previously (meaning that convergence is reached quicker).
This explains why in figure 20, all the materials have reached convergence (∆a

a0
< 0.2%) for a

energy cut-off of 32 Ha. The number of k points is a bit slower to converge but eventually, for 4
division per unit cell, all of the materials appear to reach the equilibrium position within 0.2%.

To ensure to select the best final ecut and ngkpt possible for each material (for the ground state
properties), one can re-use the parameters obtained when studying the lattice constants conver-
gence in the convergence study with respect to the total energy. Doing that, then the same
procedure to re-evaluate the lattice constant convergence with the new ecut and ngkpt, one can
be sure the ground state properties are well-converged. Table 4 gathers the main results so far :
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ID Space group Lattice Sites ecut
[Ha]

k points
sampling

InAs mp-20351 F4̄3m cubic 2 38 4× 4× 4

InP mp-20305 F4̄3m cubic 2 32 4× 4× 4

BP mp-1479 F4̄3m cubic 2 31 3× 3× 3

SiGe mp-1219182 F4̄3m cubic 2 35 4× 4× 4

PbS mp-21276 Fm3̄m cubic 2 40 6× 6× 6

PbSe mp-2201 Fm3̄m cubic 2 39 5× 5× 5

PbTe mp-19717 Fm4̄m cubic 2 35 4× 4× 4

GaSe mp-568263 P6̄m2 hexagonal 8 37 4× 4× 2

InSe mp-20485 P6̄m2 hexagonal 8 37 5× 5× 3

BaTiO3 mp-5020 R3m rhombohedral 5 35 3× 3× 3

Table 4: Summary of the materials and their converged parameters used for ground state calcula-
tions.

The energy cut-off varies between 31 Ha and 40 Ha while the coarser k point sampling of the BZ
is 3×3×3 and the finest is 6×6×6. For all materials, the k point sampling must be multiplied by 4
different shifts (the center of the k point sampling is respectively [0.0,0.0,0.0],[0.5,0.0,0.0],[0.0,0.5,0.0]
or [0.0,0.0,0.5]). For the materials with a hexagonal crystal structure, the z direction lattice con-
stant is quite high (typically one order of magnitude than the x and y direction), meaning that in
reciprocal lattice, this direction is very small, hence the need for less k points in that direction.

While this is only valid for ground state calculations, it is a good starting point for other computa-
tions. However, in this work, each electronic and vibrational calculation was studied separately and
their parameters were subject to specific post-convergence studies. The convergence of the DFT
cycle is handled by ABINIT via some well-thought criteria on either the forces, the wavefunction,
the density, etc. Depending on the wanted results, the stopping criteria used is the tolerance on
the relative difference of forces (tolrff, for the relaxation of the structure), the tolerance on the
potential V(r) residual (tolvrs) or the tolerance on the wavefunction residuals (tolwfr), for the
preparatory GS calculations before a RF calculation. No formal convergence studies were done on
those parameters, but in line with the literature, it is assumed that tolwfr = 10−22 and tolrff =
5× 10−5 lead to acceptable accuracy (those two criteria were preferred to tolvrs).

4.3 Workflows

Following the convergence study and the structure relaxation, let us now illustrate how is computed
the zero point renormalization from electron-phonon interaction and zero point lattice expansion.
To speed up the most time-consuming steps, the Abipy workflows are very handy. These workflows
handle the communication between all the dataset and file inputs/outputs of the different steps
needed. As it is very common to re-use the output of a calculation as an input file for the next,
Abipy provides a elegant interface to do this. What is more, it uses python language, which is
quite user-friendly.

4.3.1 ZPR from EPI Workflow

The electron-phonon interaction computation in ABINIT is divided in several steps :

1. An initial ground-state calculation, used to produce the wavefunctions and electronic density
(WFK and DEN files). This run is usually done with a dense k-point grid to make sure to
converge every property (a converged 8× 8× 8 k point grid is the recommended value [4])

2. A DFPT calculation for each atom, each direction of displacement, q points in the Brillouin
zone (the q grid is the vibrational equivalent of the k grid, dividing the BZ in q × q × q
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segments). For the present work, the q grid used is the same than the k grid. In addition,
the Born effective charge and the dielectric matrix are also computed. This is the most
time-consuming step handled by Abipy.

3. The merging of all Derivative DataBase and Derivative of V(r) DataBase (DDB and DVDB
files), from each run of the DFPT calculation. This is necessary as one DFPT run produces
only a partial DDB file and POT file (for one q point and one perturbation of one atom).
Merging those is done using the mrgddb and mrgdv utilities of ABINIT.

4. Another WKF computation, to generate WFK file on a denser k mesh. This is not an
obligatory step as one can just use the wavefunctions of step 1. However, when the q-mesh
interpolation is wanted, the k mesh need to be denser (hence the utility of this step)

5. Finally, the electron-phonon driver uses all the previously computed files to estimates the
zero point renormalization from EPI using the procedure described in Section 2.5.

The relation and dependencies of those steps are illustrated in figure 22.

Figure 22: Typical workflow of a electron-phonon matrix computation (taken from the ABINIT
website).

One consideration to take into account is the crucial step of the ZPR from EPI with respect
to the q mesh sampling. The electron-phonon properties converge slowly with the number of q
points in the BZ (if no linear extrapolations are used). Since the DFPT takes an important time
to compute, a trade-off has to be found between the accuracy of the results versus the time it can
realistically take. This will be detailed in the ’Result and analysis’ chapter.
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4.3.2 ZPLE workflow

Once the ground state convergence studies and initial structure relaxations are done, the typical
workflow of the zero point lattice expansion of a material can be divided in 5 main steps :

1. The computation of volume-constraint structures (including the Born-Oppenheimer vol-
ume, without volumic constraint). The volumes used for all materials were 2% spaced
(V1 = 0.96VBO, V2 = 0.98VBO, etc). It is the case for every materials, except for the
hexagonal materials (GaSe and InSe). For those peculiar cases, the Gibbs energy variation
with respect to volume is very weak, and more important volume changes were needed. The
value of 2% was found to be effective in reducing the impact of numerical errors on phonon
calculations [4].

Each of the pressured structures were then relaxed keeping their volume constant while
all other degrees of freedom were adapted to minimize the residual forces. For most of the
materials, varying from -4%VBO to +6%VBO leads to correct phonon band structure (for
hexagonal lattice structures, to obtain a good enough relation between Gibbs free energy
and volume change, the volumes range from -8%VBO to +18%VBO).

2. For each volume, the DFPT routine in Abipy was taken advantage of to produce the derivative
database. For this step, the vibrational wave-vector sampling were 8× 8× 8 for all materials
(except hexagonal lattice structures, GaSe and InSe, for which the q grid is 8× 8× 6, due to
very long van der Waals bonds in the z direction). This was chosen to lessen the error from
the QHA to a minimum while still keeping the computational time to a manageable minimal
value.

3. The partial databases are merged together by the mrgddb utility and the phonon density of
state (PHDOS files) are extracted using the Gaussian method, with a DOS smearing value
of η =20 mHa. This method gives smoother phonon density curves, which are preferred for
the QHA. The phonon density for all materials can be found in the appendix B.

4. Using the PHDOS.nc and GSR.nc (from the ground state calculation) files for all the volumes,
the Gibbs free energy can be expressed as a function of temperature and volume change. In
this work, the temperature is considered from T = 0K to T = 700K (except for the PbS,
PbSe and PbTe, for which the QHA gives accurate results up to T ∼ 300K ). A finite
difference method can then extract the thermal expansion coefficient from the Gibbs free
energy derivative, and from that, the volume change as a function of temperature.

5. The last step involves taking the difference between the computed volume for T = 0K and
the Born-Oppenheimer volume (from the initial relaxation run) and, assuming a uniform
dilatation along the 3 directions x, y and z (hypothesis to be discussed), computing the new
primitive lattice parameters from the volume change at T = 0K. With this new unit cell,
perform a electronic band structure calculation to estimate the ZPLE.

Those steps are summarized in figure 23.
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Figure 23: Typical workflow of the determination of the ZPLE via the QHA method.

4.4 Parallelization and computational time

One of the biggest challenge with this type of DFPT calculation is the computer resources avail-
able as well as the time taken for the calculation (even more so when studying the convergence
with respect to the q point sampling, like in this case, for the zero point renormalization from
EPI). Fortunately, parallel computations can speed up the process (up to a certain point). Indeed
using more than one processor gives access to more memory, making specific computer operations
much more efficient. For modern days computer resources, multi-core processors are a necessary
requirement. A local computer usually has about 8 to 16 cores at its disposition (though, one can
hardly launch a parallel run on all of them as the system also need resources to operate). The best
computer infrastructures have several million cores. This section explains the parallel possibilities
of ABINIT and how they were used to perform calculations in this work.

They are two type of possible parallelization : over the k point grid and over the q point grid.

1. The k point parallelization distributes the number of k points in the Brillouin zone among
the available CPU resources. The appropriate distribution of those quantities between the
number of CPU available is automatically handled by the ABINIT parallelization routine
(activated with the flag ’autoparal’ = 1). The parallelization of other quantities such as the
number of band or the FFT points (from the Fast Fourier Transform) is also possible.

There is however, a limit to the speed up factor that can be reached with this parallelization.
As the number of CPU increases, the communication between the sequential parts of the
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calculation start to take more time (relative to the computation time of one CPU). This is
known as the Amdahl’s law. A trade-off has to be found as if the number of CPU increases,
the less time each one will take for its part of the computation, but the more the time of
communication between each CPU increases. This relation is shown in figure 24.

Figure 24: Illustration of the speed-up factor limitation for the lead crystal system (ground state
calculation, with 12× 12× 12 k point grid, taking into account the BZ symmetries, this represents
182 k points). If the number of k point is not a multiple of the number of the CPU, the distribution
of the processes among the processors is not optimal.

Based on this simple test, for 36 CPU, the speedup factor is about 32 (which is still quite
good). There is, however, a limit to the number of CPU and to the allocated memory per
CPU one can use simultaneously on the Nic5 server.

2. The q point parallelization is handled by the Abiflow routine. Each run is subdivided ac-
cording to its number of q point, the number of perturbation (3, one in each direction) and
the number of atoms. For a 2 atoms system with a 16 × 16 × 16 q grid and no spin, this
represents 774 individual runs (of approximately 2 hours each). The biggest limitation when
launching calculations (or ’jobs’) on the Nic5 server is the number of sequential jobs running
at the same time. To guarantee a fair use of the allocated resources, the infrastructure only
allow about 30 jobs at the same time for one user (depending on the affluence on the server).
Meaning that this system would take about 50 hours to be completed. For bigger systems
with 8 atoms (such as the InSe and GaSe), this time increases following the law :

TCPU ∝ Nband.Natom.NFFT .log (NFFT ) (49)

Depending on Nband, Natom, NFFT respectively the number of band, the number of atoms
and the number of point to be treated in the Fourier Transform of the BZ. Overall, for
small systems, the time increases roughly TCPU ∝ N2

atom. For bigger systems, this relation
becomes TCPU ∝ N3

atom (due to the relation between Natom and NFFT ).
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5 Results and Analysis

This is the most important chapter of this master thesis. In this chapter, all results will be pre-
sented, carefully explained and justified with regard to recent literature.

First, the final lattice parameters from the structural relaxations will be detailed for each ma-
terial, with comparison with experimental data and similar first-principle studies. Once the input
structures are validated, an initial KS band gap calculation will be performed and the results will
be, once again, compared to experimental data as well as previous band gap simulations from
DFT in recent literature. Then will come the main objectives of this work : the zero point lattice
expansion and the zero point renormalization from electron-phonon interactions. The contribution
of each mechanism will be studied, and put in perspective of the total band gap. Some specific
attention is attributed to the slow convergence of the ZPR from EPI with respect to the q point
grid and how it affects the results. In addition to the behavior of those quantities at T = 0 K, this
work will evaluate the total band gap temperature dependence for temperature above 0 K. This
section will allow the fair comparison with the experimental band gap temperature dependence
found in literature and this work.

5.1 Structural relaxation

After determining the optimal converged parameters values for the cut-off energy and the number
of k points par unit cell, a last structural relaxation is done in order to find the final cell size and
nuclei positions for each material. The Material Project [2] input positions and lattice parameters
are an approximate starting point but the structure has to be adapted depending on the exchange-
correlation functional or the choice of the pseudo-potentials. Usually, there is a relative error
of a few % on the lattice constants (with respect to the exact, experimental, lattice constants)
before relaxation. The relaxation allows the decrease of this relative error of about one order of
magnitude. Typically, after relaxation, the relative errors are on the order of a few tens of % of
the lattice constants (for most materials at least). This is shown in the table 5:

This work Experimental data Other DFT works

Materials Lattice a,c,γ [Å] a,c,γ [Å] diff. [%] a,c,γ [Å] diff. [%]
InAs cub. a = 6.189 a = 6.058 [60] +2.166 a = 6.188 [61] +0.019
InP cub. a = 5.881 a = 5.868 [62] +0.233 a = 5.972 [63] -1.503
BP cub. a = 4.735 a = 4.777 [64] -0.880 a = 4.810 [32] -1.559
SiGe cub. a = 5.539 a = 5.538 [45] +0.027 a = 5.48 [46] +1.086
PbS cub. a = 6.009 a = 6.055 [65] -0.751 a = 5.922 [65] +1.478
PbSe cub. a = 6.217 a = 6.259 [65] -0.655 a = 6.104 [65] +1.867
PbTe cub. a = 6.390 a = 6.619 [65] -3.455 a = 6.470 [65] -1.231
ϵ-GaSe hex. a = 3.820 a = 3.823 [41] -0.072 a = 3.743 [41] +2.064

c = 18.471 c = 17.848 [41] +3.485 c = 15.919 [41] +11.93
ϵ-InSe hex. a = 4.058 a = 3.999 [66] +1.492 a = 4.159 [67] -2.412

c = 17.467 c = 16.699 [66] +4.602 c = 17.365 [67] -0.590
BaTiO3 rhomb. a = 3.993 a = 4.004 [68] -0.274 a = 4.073 [68] -1.964

γ = 89.861 γ = 89.9 [68] -0.043 γ = 89.710 [68] -0.168

Table 5: Final structure of each material. The other DFT works chosen used a GGA exchange-
correlation functional along with PBE pseudopotentials (while this work uses PBEsol pseudopo-
tentials, the results are very similar). For the hexagonal elements, a and c are different, so they
are both gathered here (similarly to BaTiO3, γ ̸= 90°).

As expected, the agreement between the results of this work and the experimental data is rather
good. For the major part of the material dataset, the relative difference is lower than 1%. Some
material lattice constants appear to still be a few % off the experimental structure (the InAs is
2.1 % off and the PbTe is 3.4% off). Moreover, when comparing our results to other simulation
works using the same pseudopotentials and model, the relative difference is not increasingly more

38



important than for other materials, which is reassuring.

When investigating the relaxation of layered materials, they appear to be rather inaccurate
with respect to experimental data (for GaSe, a difference of 3.4% and for InSe, a difference of 4.6
%) or with respect to recent similar studies (for GaSe, with an astonishing 11% difference between
other DFT work and our result). In both case, it occurs in the z-direction. This is because while
the LDA, GGA or other common popular exchange-correlation functionals accurately describe the
ground state properties of most materials, they fail to properly address the nonlocal dispersion
effects in density-functional theory. Those effects play an important part in the van der Waals
and weak bond interaction modelling (present in layered hexagonal materials). One need to adapt
the choice of the exchange-correlation functional when treating with GaSe and InSe, to obtain a
correct lattice prediction in the z-direction.

Within ABINIT, they are several choices of exchange-correlation functionals including the van
der Waals effects. In this work, the three most common corrections are investigated : the vdw-
DFT-D2, the vdw-DFT-D3 and the vdw-DFT-D3(BJ). The tolerance criteria is set to 10−10. This
means that if a pair of atoms contributes for less the 10−10 eV to the total energy, it is not included
in the dispersion potential. The results obtained for InSe and GaSe are gathered in table 6.

GGA DFT-D2 DFT-D3 DFT-D3(BJ)
a,c diff. a,c diff. a,c diff. a,c diff.
[Å] [%] [Å] [%] [Å] [%] [Å] [%]

ϵ-GaSe a=3.820 0.072 a=3.751 1.806 a=3.797 0.602 a=3.774 1.204
c=18.471 3.485 c=17.593 1.262 c=17.633 1.038 c=17.565 1.419

ϵ-InSe a=4.058 1.492 a=3.917 2.050 a=4.095 2.400 a=4.014 0.0375
c=17.467 4.602 c=17.265 1.156 c=16.830 3.646 c=16.944 2.994

Table 6: Comparison table of the lattice parameters obtained with different van der Waals exchange
correlation functional (DFT-D2, DFT-D3 and DFT-D3 (BJ)) and their difference with respect to
experimental results.

Based on this table, it seems that for the ϵ-GaSe, the best van der Waals functional is the
DFT-D3 (less than 1% difference on the covalent bonds and about 1% difference for the van der
Waals bonds). However, the ϵ-InSe is best described by the DFT-D2 functional (even if it fails to
predict with accuracy the other lattice constant). In this work, to standardize the results obtained
for the two layered materials, the last vdw functional was used (DFT-D3 (BJ)). While it does not
correctly describe the van der Waals bonds for ϵ-InSe, it is the most acceptable trade-off between
the three.

Since the van der Waals functionals are not implemented for PBEsol pseudopotentials, simple
PBE pseudopotentials are used in those relaxation runs (still with the stopping criteria being that
that the residual forces are below 5.10−5Ha/Bohr).

Overall, the use of those exchange-correlation functionals is not perfect (for those two systems
at least) as the results are not much better than for the simple PBEsol-GGA case. Indeed the rela-
tive errors in the z-direction are much decreased, but it seems it comes at the price of the covalent
bonds accuracy, which decreases with the use of VdW functionals. In other systems however (such
as argon, graphite or benzene, done in other studies), the simulation/experimental data agreement
is much better with specific VdW functionals. This is because in those systems, the initial first
relaxation is far off the theoretical value (about 10 %)[69, 70], whereas in both ϵ-GaSe and ϵ-InSe,
the initial agreement was already rather good.
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5.2 Kohn-Sham band gap

As the electronic band gap is a critical property in this work, its computation is done with a finer
k mesh grid than the GS properties. The electronic path in the Brillouin zone depends on the
structure of the material, since the high-symmetry points are not situated at the same relative
coordinates for each structure. The band gap is found in an automatized manner with an Abipy
script. For the lead chalcogenides (PbS, PbSe, PbTe), the spin-orbit coupling was included as it
has a significant contribution to the difference of energy levels (and not in other materials). Un-
fortunately, with the spin orbit coupling, the degeneracy of the levels is lift up and the band gap
is reduced to 0 (while ABINIT still find an energy difference of few meV, this is called a numer-
ical zero). If the band gap is decreased to 0, the materials does not behave like a semiconductor
anymore and the computation of the ZPR from EPI and ZPLE is not possible. To solve this issue,
it has been chosen to study those materials under artificial pressure to create a band gap. This
is also the case for InAs, which has a very small experimental band gap. This is a questionable
choice as such a pressure would also change the lattice parameters and ionic positions of the atoms
(meaning the phonon dispertion relation is also changed, along with the properties). The hydro-
static pressures were chosen so that the KS direct band gaps were approximately the same than
experimental ones.

The main results are gathered in table 7.

Materials Direct/Indirect KS band gap [eV] Exp. band gap [eV] Refs
InAs (@ 16.97 GPa) direct 0.344 0.35 [30]
InP direct 0.556 1.34 [30]
BP indirect 1.228 2.02 [31]
SiGe indirect 0.606 0.95 [71]
PbS (@ 9.51 GPa) direct 0.424 0.42 [38]
PbSe (@2.47 GPa) direct 0.267 0.27 [38]
PbTe (@13.23 GPa) indirect 0.247 0.31 [38]
ϵ-GaSe direct 1.367 2.13 [44]
ϵ-InSe direct 0.463 1.25 [44]
BaTiO3 indirect 2.761 3.4 [52]

Table 7: Kohn-Sham band gaps (computed in this work) versus experimental band gaps (at T =
300K).

While DFT cannot correctly predict the value of the band gap (as previously explained in
chapter 2.2.2), it can however predict the position of the minimum of the conduction band and the
maximum of the valence band, determining the type of the gap (direct or indirect). As suspected,
the error on the band gap is rather important (up to about 1 eV). But the focus of this work is put
on the temperature dependence of the band gap, not the band gap itself. This is why this - very
inaccurate - electronic band gap suffices for this work goal. The calculation is about ∆ϵg(T ), and
in previous investigations [8],[72], the accuracy has been shown to be largely independent on on
the KS value ϵKS

g . For the PbTe, one can observe that if the band gap opens under the pressure,
it is no longer a direct band gap but an indirect one.

The total electronic structures for each material are available in the appendix A.

To summarize, due to the inability to correctly model the van der Waals interaction with PBE or
PBEsol, InSe and GaSe have been relaxed with DFT-D3(BJ) functional (and therefore, its pseu-
dopotentials are PBE not PBEsol like the rest of the materials), PbS, PbSe and PbTe are including
the spin orbit coupling in all their calculations (except DFPT phonon structure calculation, since
SOC has little effect on vibrational properties, while enormously increasing the CPU time) and
are under artificial pressure, like InAs (to open its band gap).
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5.3 Temperature dependence of the lattice parameters and zero point
lattice expansion

5.3.1 Gibbs free energy

As explained in the theoretical background, for each material, the Gibbs free energies are plotted
for each temperature (from T = 0 K to T = 800 K) and the minimum of the interpolation curve
slightly changes with respect to temperature. This is shown in figures 25-34.

The blue curves are the energies for different temperature (with the first curve at the top be-
ing the energy at T=0 K with phonon energy, not the Born-Oppenheimer volume). For increasing
temperature, at constant volume, the free energy decreases. The lowest curves correspond to T =
800K. The red dots are the volume minima of the interpolated curves. The fitting interpolation is
a fourth degree polynomial.

Figure 25: Gibbs free energy per unit cell as a
function of the unit cell volume, for InAs, for
different temperatures, ranging from 0K (upper
blue curve) to 800K (lower blue curve) by steps
of 100K. The red line indicates the position of
the minimum. This determines the optimal vol-
ume at each temperature.

Figure 26: Same as Fig 25, for InP.

Figure 27: Same as Fig 25, for BP. Figure 28: Same as Fig 25, for SiGe.

For simple cubic structures with F 4̄3m space group (zincblende materials) such as InAs, InP,
BP and SiGe, the computed curves seems to behave as wide parabolas. The highest energy range
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for those volumes (from 0.96%VBo to 1.06%VBO) and temperature is about 0.6 eV per unit cell
(for the InP).

For layered materials, the energy profiles is much less parabola-looking. The free energy min-
ima appears to be located on an energy plateau, having a very flat behavior. This means that
around the energy equilibrium, an important change in volume does not lead to a significant change
in the Gibbs free energy. The energy range for a constant volume from T = 0K to T = 800K is
much more important than it was for zincblende materials: about 3 eV. However, the energy shown
here is for the entire unit cell. Since GaSe and InSe have 8 atoms per unit cell, they also have
a proportionally larger energy in the unit cell. Also, the equilibrium volumes for the hexagonal
primitive cell are much bigger than for other materials (due to, once again, the important c lattice
constant in the structure). More volumes have been plotted for the GaSe to obtain an accurate
energy profile and a good fitting. However, it appeared that there was no need for such detailed
profile as 6 different volumes with enough spacing between them lead to somewhat acceptable
fitting (such as the InSe energy profile).

Figure 29: Same as Fig 25, for GaSe. Figure 30: Same as Fig 25, for InSe.
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Figure 31: Same as Fig 25, for PbS. Figure 32: Same as Fig 25, for PbSe.

Figure 33: Same as Fig 25, for PbTe. Figure 34: Same as Fig 25, for BaTiO3.

The lead chalcogenides exhibit a very peculiar behavior at high temperature. The volume equi-
librium seems to shift relatively fast compared to classic, homogeneous dilatation. This is due to
their strongly anharmonic lattice dynamics. Their rocksalt structure causes a large off-centering of
the Pb cation at high temperature (reported in literature [73]) which amplitude is still under dis-
cussion. The motion of the central ion changes the input cell structure (the cell size and obviously
the nuclei positions) and the QHA, counting on the volumic relaxation under hydrostatic pressure
constraint, does not provides accurate results anymore. For those materials, the maximum tem-
perature for which the QHA would still stand is about T = 300K. Above T = 300K, the structure
changes and the method is doomed to fail. This effect is particularly visible with the PbS case,
for which the minimum of the fitting curves is located between our initial volumes at T = 0K but
when the temperature increases, this minimum goes ‘out’ of the initial -4%VBO - +6%VBO range
(for approximately T > 500K).

Knowing the equilibrium volume for each temperature in each material, the temperature dependent
volume can be found.

5.3.2 Temperature dependent volume

Figure 35-44 show the computed temperature dependence of the volume for all materials considered.
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Figure 35: Temperature-dependent volume per
unit cell curve (in blue) for InAs. The Born-
Oppenheimer volume at T = 0K is the vol-
ume without the phonon energy contribution (red
dot). The gray dashed line is the linear relation
extrapolated toward T → 0K

Figure 36: Same as Fig 35, for InP

Figure 37: Same as Fig 35, for BP Figure 38: Same as Fig 35, for SiGe

The blue curves are the volume computed from the phonon energy from T = 0K to T = 800K
while the red dot is the Born-Oppenheimer volume (without any phonon energy). Those figures
illustrates the non-zero volume contribution from the lattice vibrations (even at T = 0K). The
vertical distance between the Born-Oppenheimer volume and the volume from QHA at T = 0K is
linked to the 1

2 in equation 40 and 45 (since the Bose-Einstein distribution vanishes when T → 0).
This effect is called the zero-point lattice expansion (since it expands the lattice parameter at T
= 0K).

The zero-point lattice expansion for typical cubic materials is about 0.1% to 0.5% [28], mean-
ing that InAs, InP, BP and SiGe all fall in the expected range.
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Figure 39: Same as Fig 35, for GaSe Figure 40: Same as Fig 35, for InSe

Our two hexagonal materials GaSe and InSe are not well described within the QHA method.
Indeed, the phonon energy contribution to the volume is too important with respect to the Born-
Oppenheimer volume (shown here in figures 39 and 40). There are several possibilities to explain
this phenomena :

� The van der Waals functionals used for the cell relaxation do not provide accurate DFPT
results, hence the phonon density of states may be a few percent off;

� The van der Waals weak bonding along the z-direction in the crystal leads to serious anhar-
monic effects that are not well modelled within the quasi harmonic approximation.

� Taking only the volume change into consideration might yield an error since for anisotropic
systems, the v-ZSISA (volumetric Zero Static Internal Stress Approximation) method used
in this work does not treat the a lattice parameter and the z lattice parameter separately.

The phonon properties were well-converged with respect to the q and k point grid, with a rather
high energy cut-off, eliminating the possibility that this is a numerical error linked to a too coarse
grid or underconverged parameters.

A more correct approach would be to plot the free Gibbs energy as an hypersurface, function
of both the a and z parameters. Different hypersurfaces would be obtained for different tempera-
tures and for each global minimum, the corresponding a and z values would be a better description
of the unit cell under thermal stress. This is actually being investigating by S. Rostami and col-
leagues at UCLouvain, but is outside of the range of this work. Unfortunately, this means that the
ZPLE obtained for bidimensional materials such as GaSe and InSe are not realistically correct (as
the phonon energy cannot physically contributes for 10% of the total cell volume).
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Figure 41: Same as Fig 35, for PbS Figure 42: Same as Fig 35, for PbSe

Figure 43: Same as Fig 35, for PbTe Figure 44: Same as Fig 35, for BaTiO3

As mentioned above, for the lead chalcogenide materials, the results are considered for tem-
perature ranging from T = 0K to T = 250K. For most materials, the extrapolation of the linear
region of the temperature dependent volume toward T → 0 gives the Born-Oppenheimer volume.
The exception being the hexagonal materials, GaSe and InSe, for which the QHA method does
not work (under these conditions).

5.3.3 ZPLE and temperature dependence

Finally, the zero point lattice expansion can be found, assuming a homogeneous dilatation in all
three directions for each materials. This is an additional hypothesis, for non-cubic materials.
For cubic materials, the dilatation is uniform in all three directions. On the contrary, hexagonal
materials do no have uniform dilatation in x, y, z direction but rather most of the change in the
volume cell comes from the z direction. The van der Waals bonds are more easily stretched out
and compressed since there are weak bonds. This induces errors, but it simplifies the following
treatment of the volume changes from the figures 35-44 as the change in lattice constant is assumed
to the difference between the volumes with and without phonon energy at T = 0K, both elevated
to the 1

3 power:

∆a(T = 0) = 3
√
V (T = 0)− 3

√
VBO (50)

Once the change in the lattice parameters is found for T = 0K, a new KS electronic band structure
is computed with the new parameters (from the original BO volume, with an additional uniform
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scalingof the structure). Taking the difference between this band gap and the band gap for the
Born-Oppenheimer volume previously calculated, one can evaluate the phonon energy contribution
to the electronic band gap.

The results of the ZPLE (at T = 0K) and for T = 300K (ambient temperature) are gathered
in table 8.

T = 0K T = 300K

Materials a0[Å] ∆a/a0[%] ∆ϵZPLE
g [eV ] ∆a/a0[%] ∆ϵT=300K

g [eV ]

InAs(@ 16.97 GPa) 3.836 0.118 -0.052 0.176 -0.077
InP 3.705 0.127 -0.020 0.196 -0.031
BP 2.847 0.309 -0.014 0.342 -0.016
SiGe 3.489 0.134 -0.068 0.193 -0.097
PbS (@ 9.51 GPa) 3.719 0.177 -0.010 0.701 -0.045
PbSe (@ 2.47 GPa) 3.845 0.063 -0.007 0.577 -0.057
PbTe (@ 13.23 GPa) 4.060 0.084 -0.006 0.591 -0.016
ϵ- GaSe 6.065 0.931 -0.116 1.098 -0.135
ϵ- InSe 6.222 3.267 -0.231 3.427 -0.240
BaTiO3 3.993 0.196 -0.017 0.381 -0.043

Table 8: Lattice expansion (in percent) and band gap renormalization for each material for T =
0K and T = 300K.

Based on this table, for all of the materials selected, the ZPLE band gap contribution (at
T = 0K) is negative and on the order of few tens of meV. As expected from their temperature
dependent volume graphs, the lattice dilatation for the hexagonal elements (GaSe and InSe) is
not realistic, thus the band gap renormalization is not either. Those two materials should be
disregarded within the QHA. The lead chalcogenides elements (PbX, with X = S, Se, Te) have
a rather low band gap correction at T = 0K (with regards to other elements) but their thermal
expansion coefficient are quite high (the volume increases rapidly with temperature). This means
that at ambient temperature, the band gap contribution from lattice expansion is also important.
This is due to their relatively small Debye temperature, from which the volume increases quite
quickly with respect to the temperature (ΘD ≈ 25K).

5.4 Zero-point renormalization from EPI

Having computed the ZPLE, the temperature dependence of the lattice parameter, and their effect
on the band gap for each material, let us now characterize the zero point renormalization (ZPR)
from electron-phonon interactions (EPI).

5.4.1 Q points sampling convergence

As previously stated, this property converges slowly with respect to the number of q points. Careful
convergence studies are required to investigate this effect. However, the number of q point is a
difficult property to scale-up, due to the important computational time needed for the DFPT
calculations. To properly address this issue and speed up the convergence with respect to the
q-point sampling, several different methods can be used (from the Supplementary Materials ref
[28]):

� A linear extrapolation of the data points based on the expected scaling N
−1/3
q , with Nq the

number of q points in the Brillouin zone;

� The Fröhlich model associated with the missing q = 0 part of the Brillouin zone;

� The interpolation of the DFPT potential along the q point grid.

The first method, the linear extrapolation, is very straightforward and does not requires any extra
calculation to be performed (it is done using the numpy package of Python). The second method is
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a bit more complex. The initial description of the Fan contribution in the ‘Theoretical Background
’chapter is incomplete as it fails to mention that this contribution does not account for the q point
[0.0, 0.0, 0.0] (named Γ). This region of the BZ is called Ω0. The volume of this missing area is
the BZ volume divided by the number of q points sampling, Nq :

Ω0 =
ΩBZ

(Nq)3
. (51)

The Fröhlich correction can be obtained with :

∆q=0ZPRAHC
c ≈ − 8π

Ω0

(
3

4πΩ0

)1/3

(Nq)
−1/3Kav, (52)

with Kav can be written :

Kav =
1

4π

∫
4π

dq̂
∑
j

(
q̂.pj(q̂)

ωj0(q̂)ϵ∞(q̂)

)2

, (53)

where the dependence to q̂ is explicitly written. This factor (and thus the Fröhlich correction) is
inversely proportional to the vibrations mode ωj0 and to the dielectric constant, ϵ∞. The slope of
the correction will strongly depends on the Born effective charges of the material. This correction
is also valid for the valence band, provided that the minus sign in equation 52 is changed. The full
methodology of the Fröhlich model is detailed in the study done by Dr. Brousseau [28].

In this present work, both techniques are used (the linear extrapolation and the Fröhlich model) to
ensure the results are as converged as can be. Fortunately, the Fröhlich correction can be deduced
from a previous DDB file (meaning is takes very little time to get the correction for the q = 0
point). For materials with indirect band gap, both the maximum of the valence band and the
minimum of conduction band position in the Brillouin zone must be evaluated separately. The
plots from which the convergence is studied are based on the OTMS approximation correction. To
keep this section clear, QP correction were not included in the graphs (although the two methods
reported very similar results with less than 3 meV of difference for most on the materials at T =
0K). All results were obtained using η = 0.01eV (as explained previously, this variable is meant
to avoid the divergence of the Fan-Migdal term of the electron-phonon self-energy). Several values
for η have been tested (0.1 eV, 0.01 eV and 0.001 eV) for different materials. It appears that there
is less than 1 meV of difference between the ZPR obtained with η = 0.01 eV and with η = 0.001
eV (see Appendix C, figure 73)

The goal is to obtain a 10% accuracy over all the materials. The result are illustrated as a function
of NMP , the number of q points sampling in the Brillouin zone for different Monkhorst-Pack grids.
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Figure 45: InP convergence study of the ZPR from EPI at the Γ point with (in black) and without
(in red) the Fröhlich correction. The dotted lines are the linear extrapolation toward an infinitely
dense q mesh.

The most converged value of InP (for NMP = 16) has a 10 meV difference with the second
most converged value (NMP = 10), which is a non-negligible difference. The linear extrapolation
is affected by that and the final result is guaranteed within approximately a ±5 meV certitude
range. The final ZPR is taken for an infinitely dense q mesh, meaning that it is the intersection
between the linear extrapolation and the vertical line NMP → ∞.

Figure 46: Same as fig. 45, for InAs . The 4 × 4 × 4 q point grid was not included in the linear
extrapolation as it is severely underconverged.

For the InAs, the ZPR value seems to be converged for NMP = 8, 10, 12 but with a phonon
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wavevector NMP = 16, this value changes (4 meV of difference with the previous value). This
plateau around NMP = 10, 12 is a recurrent phenomena as it appears in other materials as well.

Figure 47: Same as fig. 45, for BP at the Γ and X point (for an indirect band gap).

For the BP convergence, the 8×8×8 q point grid appears to be less converged than the 4×4×4
q point grid. This is an unusual behavior, since one could expect the coarse grid to not include
every effect of the structure, but the most converged values are in agreement with the coarser grid.

Figure 48: Same as fig. 45, for SiGe at the Γ and X point (for an indirect band gap). The 4×4×4
q point grid was not included in the linear extrapolation as it is severely underconverged.

The SiGe convergence is very peculiar. All the q point grid tested output the same ZPR value
(∆ϵg = −0.068[eV]). Even though the unit cell has the same structure than the three last materials
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(InP, InAs and BP, zincblende structure), the convergence is reached with much coarser q grids
than those materials. What is more, since all the converged points have exactly the same value,
the linear extrapolation is a perfectly horizontal line, meaning that the error on this extrapolation
is null (as well as the difference between the final y intercept and the most converged value).

Figure 49: Same as fig. 45, for PbS at the L point. The 4× 4× 4 q point grid was not included in
the linear extrapolation as it is severely underconverged.

The PbS convergence with respect to the q point sampling is following the expected trend
∆ϵg ∝ (Nq)

−1/3. In addition, the gap between the the final ZPR value and the one obtained from
the most converged q grid is about 2 meV difference (with the Fröhlich correction).

Figure 50: Same as fig. 45, for PbSe at the L point. The 4× 4× 4 q point grid was not included
in the linear extrapolation as it is severely underconverged.
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Figure 51: Same as fig. 45, for PbTe at the L point. The 4× 4× 4 q point grid was not included
in the linear extrapolation as it is severely underconverged.

While for the PbSe, all three points NMP = 8, 10, 12 are the same value (placing them on
a horizontal line), for the PbTe however, the results are a bit more scattered. However, the
energy range is rather small between them (about 15 meV), showing that the final zero point
renormalization from EPI for the PbTe is numerically accurate within ±10meV. Both for the PbSe
and PbTe, no 16×16×16 q grid was computed, due to the important additional time it would have
required (including the spin-orbit coupling doubles the amount of time each calculation takes). The
Fröhlich correction was computed without spin-orbit coupling coupling as it is not implemented
within ABINIT (the use of fully relativistic pseudopotentials throws an error during the execution).

Figure 52: Same as fig. 45, for GaSe at the Γ point.
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Figure 53: Same as fig. 45, for InSe at the Γ point.

Given the fact that there are only three points for hexagonal materials, the final ZPR values
may not be as precise as one could wish them to be. While for the InSe, the three points are very
close in value (within 2 meV), for the GaSe, an additional (more converged) point is required to
drop the error gap between the final ZPR value and the most converged point (the 4 × 4 × 4 q
point grid is probably too coarse).

Figure 54: Same as fig. 45, for BaTiO3 at the Γ and Z point.

For materials with more than 2 atoms per unit cell (namely the BaTiO3, with 5 atoms and the
InSe/GaSe, with 8 atoms), the computations were not performed for the 16× 16× 16 q point grid.
This would have required too much time to fit into the timescale of this work.
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For all materials, when the Fröhlich slope correction is very close to the initial linear extrapo-
lation, it was not shown on the graph (to keep it as clear as possible). This concerns typically
materials with very important dielectric constant (for BaTiO3, ϵ

∞ ≈ 30) or very high optical mode
frequency (for BP, ωj,max ≈ 1000cm−1 ).

Up until this point, the extraction of the final ZPR value was the y-intercept of the linear ex-
trapolation line. However, this may not be the most accurate method to extract it. Indeed, it
treats all points the same way, even though the values closer to 1/NMP = 0 are more converged
than the initial 4× 4× 4 q point grid. The more converged values should have more weight on the
slope of the line than the less converged values. There are several way to correct this :

� one way to take that into consideration is to systematically make sure that the linear extrap-
olation of the Fröhlich correction passes by the most converged point of the plot,

� one could also perform a fitting with appropriate weights for each point. To get increasingly
important weights as the points approach NMP = 0, the inverse square method is used. Each
point thus have a weight corresponding to its number of q points value. The weight for a
point i is :

wi =
1

(1/NMP,i)2
= N2

MP,i. (54)

The visual representations of both methods for all materials are available at appendix C (where
’Correction 1’ refers to the first method and ’Correction 2’ refers to the weighted least square
method).

5.4.2 Results and error analysis

Table 9 gathers the ZPR from EPI with the three extraction methods for the whole material
dataset, along with the Fröhlich factor to take into account the missing q = 0 piece.

Materials Band Gap ∆q=0 [meV] ZPREPI [meV] ZPREPI
1 [meV] ZPREPI

2 [meV]

InAs Γ− Γ 0.3 -19.3 -20.5 -19.8

InP Γ− Γ 18.4 -96.9 -100.3 -104.7

BP Γ−X 2.9 -104.2 -99.1 -86.1

SiGe Γ−X 0.1 -68.0 -68.0 -64.8

PbS L - L 84.7 -53.2 -53.8 -52.1

PbSe L - L 89.4 -25.9 -25.9 -19.46

PbTe L - L 26.6 -28.2 -31.6 -30.9

GaSe Γ− Γ 31.9 -273.7 -271.2 -266.5

InSe Γ− Γ 25.9 -18.7 -18.7 -18.5

BaTiO3 Γ− Z ≈ 0 -12.9 -14.5 -17.5

Table 9: Main results from the zero-point renormalization from electron-phonon interaction for
the material dataset (where ∆q=0 is the correction from the generalized Fröhlich model, ZPREPI

is the linear extrapolation from the data points, ZPREPI
1 is the same linear extrapolation with the

∆q=0 correction but passing trough the most converged point and ZPREPI
2 is a linear fitting with

weights corresponding to the inverse square of 1/NMP )

Looking at this table, the three different methods find very similar results (while the maximal
difference is about 18 meV for the BP, the second maximum difference is 8 meV, for the InP).
However, one needs to know how much those results can be trusted. The definition of a certitude
range is a necessity. This criteria will then be used to determines the relative error on the ZPR
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for each extraction method. The certitude range is defined as the difference between the most
converged value computed and the final intercept for each method ZPREPI

i :

errori = |ZPRq,max
i − ZPRq→∞

i |. (55)

This arbitrary criteria can be use to assert that the real zero point renormalization value is inside
this trust interval centred around ZPRq→∞

i .

Materials ZPREPI error [meV] ZPREPI
1 error [meV] ZPREPI

2 error [meV] relative error [%]

InAs ± 2.3 ±3.5 ± 2.8 ±11.9

InP ± 0.76 ±4.2 ± 8.6 ± 0.7

BP ± 7.7 ±12.8 ± 25.8 ±7.3

SiGe 0.0 0.0 ± 3.0 0.0

PbS ± 1.9 ±2.5 ± 0.8 ±3.5

PbSe ± 7.45 ±7.45 ± 13.9 ± 28.7

PbTe ± 2.0 ±1.4 ± 0.7 ±7.0

GaSe ± 23.7 ±21.2 ± 16.5 ± 8.6

InSe ± 1.7 ±1.8 ± 2.0 ± 9.0

BaTiO3 ± 16.9 ±18.5 ±21.5 ±131.0

Table 10: Error ranges for ZPREPI (the linear extrapolation from the data points), ZPREPI
1 (the

same linear extrapolation with the ∆q=0 correction but passing trough the most converged point)
and ZPREPI

2 (linear fitting with weight corresponding to the inverse square of 1/NMP ). The
relative error is computed for the simple ZPREPI, as the two other methods have very similar
relative errors.

Obviously this criteria for the error definition favors the materials for which the convergence
slope ∝ (Nq)

−1/3 is very slow as well as materials for which the 16× 16× 16 q point grid has been
computed. This would allow a smaller certitude range. Of course, this also means that for those
materials, the ZPRs are just more precise, regardless of the criteria used to express it. Overall the
error ranges are rather small. The relative error is a good measure of how much the simulations
can be trusted. For most of the materials, the relative error is below 10 %, which is already quite
an achievement.

Based on table 10, the first initial method gives the smallest overall error range. However, it
does not mean that this method give more precise result, but rather that the final ZPR value (for
1/NMP → 0) is closer to the most converged computation done in this study. In addition to this
criteria, the numerical error of the curve fitting (using the least squares method) done by Numpy
could also be detailed, but it not would give any indication about the convergence of the property.
This would simply give an indication of the fitting quality. Materials with only 3 points would have
a smaller error even though they are less converged (and materials with more points would have
a high numerical error). For example, looking at figure 54, BaTiO3 have a very small numerical
error on the fitting of the curve but an important error range when considering the values computed.

For the rest of this report, the results from the ZPR will be exclusively extracted with the first
method (the simple linear approximation with the Fröhlich correction). Table 11 summarizes the
ZPR from EPI and ZPLE contribution to the band gap at T = 0K.
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KS Band Gap ZPLE [eV] ZPREPI[eV]

Materials [eV] ∆ϵZPLE
g ∆ϵZPR−EPI

g error range ∆ϵtotalg [eV]

InAs (@ 16.97 GPa) 0.344 -0.052 -0.019 ±0.002 -0.071±0.002

InP 0.556 -0.020 -0.097 ±0.001 -0.117±0.001

BP 1.228 -0.014 -0.104 ±0.007 -0.118±0.007

SiGe 0.606 -0.068 -0.068 0 -0.136

PbS (@ 9.51 GPa) 0.424 -0.010 -0.053 ±0.002 -0.063±0.002

PbSe (@ 2.47 GPa) 0.267 -0.007 -0.026 ±0.007 -0.033±0.007

PbTe (@ 13.23 GPa) 0.247 -0.006 -0.028 ±0.002 -0.034±0.002

ϵ - GaSe 1.367 -0.116 -0.273 ±0.023 -0.389±0.023

ϵ - InSe 0.463 -0.231 -0.018 ± 0.001 -0.249±0.001

BaTiO3 2.761 -0.017 -0.013 ±0.017 -0.030±0.017

Table 11: Kohn-Sham band gap, ZPLE and ZPR from EPI and total energy contribution to the
band gap at T = 0K for the materials dataset

When comparing the two contributions to the band gap at T = 0K, it is clear that the two
mechanisms have a very different contribution for each material. They both are negative for each
material but they both could be either positive or negative. Unfortunately, it is very difficult to
obtain the experimental total zero point energy level of semiconductor and recent studies approach-
ing this problematic are scare (even more so when looking for these specific semiconductors). This
is because it has no real applications as such and while the knowledge of band gaps at T = 0K is
quite useful, the theoretical contribution of the ZPR from EPI and the ZPLE to this band gap at
0K is much less interesting. The main value of experimental data concerning those quantities is to
validate (or invalidate) a model of the temperature dependence of the band gap.

Nevertheless, in 2002, Pässler and his coworkers have studied the renormalization energy for several
semiconductors, including InAs and InP. They used a semi-empirical model from the experimental
band gap temperature dependence to find the renormalization energy within 10% [72]. For the
InAs and InP, they respectively find 21 meV and 54 meV, which is far off the values obtained in
this work (respectively 71 meV and 117 meV). For both materials, there is more than a factor of 2
between experience and simulations. However, in this work, InAs was put under pressure, so the
phonon spectrum and electronic bands differ a bit from the experimental ones. Also the extraction
of the experimental zero point energy requires a band gap measurement for several temperatures
to extract a linear behavior. Looking at figure 55, this linear behavior is far from perfect and an
error or imprecision could easily arise. At this stage, it is not clear whether theory of experiment,
or both, have to be blamed for such discrepancy.

While this analysis has been made for a virtual temperature of 0K, the two mechanisms (ZPLE
and ZPR from EPI) are also responsible for the temperature dependence of the band gap.

5.5 Band gap temperature dependence

As previously explained in the ‘Theoretical Background’ chapter, the electronic band gap is af-
fected by a temperature change, mainly via the phonon energy. This temperature-dependent band
gap responds to temperature changes via the two mechanisms. If the temperature increases, the
lattice parameters change and thus the electronic structure also change. In addition, if the tem-
perature increases, the phonon population increases, the effect of EPI will be stronger, also leading
to a change in the band gap. By summing the two contributions (ZPLE and ZPR from EPI), one
can determined the total temperature dependence for a chosen material. The two contributions
are detailled in the appendix D for the four materials chosen in this section.
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In this section, simulations and experimental data from scientific literature are compared for the
InAs (under pressure), InP and SiGe. These three materials have been selected due to the presence
of several studies regarding the temperature dependence of their band gap. In addition, the results
obtained in this work for the simple cubic zincblende materials (with F 4̄3m space group) are rele-
vant and trust-worthy. Other materials, such as ϵ - GaSe and ϵ - InSe present an important error
in the estimation of the zero point lattice expansion and would not allow for a fair comparison
between simulation and experiences.

As neither the ZPLE band gap contribution nor the ZPR from EPI at T = 0K are usually avail-
able for experimental data, the y scale of the figures 55 to 57 is arbitrary shifted to best fit the
simulation of temperature dependence of the band gap (only the energy difference between T =
0K and the energy at temperatures above 0K, ∆ϵg, is considered here).

Figure 55: Temperature dependence of the band gap for InP. The dotted black line is the temper-
ature dependence due to both lattice expansion and EPI (computed in this work). Dots are the
experimental data (blue squares taken from [74] and orange triangles taken from [75])
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Figure 56: Temperature dependence of the band gap for InAs. The dotted black line is the
temperature dependence due to both lattice expansion and EPI (computed in this work). Blue
squares are the experimental data (taken from Ref [76])

Figure 57: Temperature dependence of the band gap for SiGe (for a 55% Si). The dotted black line
is the temperature dependence due to both lattice expansion and EPI (computed in this work).
Blue squares are the experimental data (taken from Ref [46])
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Based on the figures 55 to 57, it seems that simulations done in this work tend to underestimate
the effects of temperature on the band gap renormalization. Since there are no distinction in
experimental data between the ZPLE and ZPR from EPI, it is not possible to identify the error
with respect to the two computed contributions. The experimental data however are potentially
subject to several measurement errors and/or inaccuracies. For the InAs, the structure studied was
put under pressure to open its band gap (around 17 GPa of uniform stress) while the experimental
data was taken at atmospheric pressure. Also, one have to keep in mind that the SiGe is an alloy,
meaning that the temperature dependence is function of the silicon concentration. For the data
reported in fig 57, the Si concentration is 55% while in the simulations ab initio, it is 50% Si, 50%
Ge. This may induce an error. Finally, the input structure of the SiGe is zincblende cubic when in
reality, it is a mix of several phases in one sample, with interfaces, boundaries and defects between
the different phases (nothing like the perfect case scenario simulated in this work).

Figure 58: Temperature dependence of the band gap for BP. The dotted black line is the temper-
ature dependence due to both lattice expansion and EPI (computed in this work).

As it can be expected, the BP band gap temperature dependance has a very flat behavior,
due to its important Debye Temperature ΘD. Unfortunately, no experimental data were found to
compare the simulations and real-life samples.
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6 Conclusion

In this work, the zero-point renormalization and temperature dependence for several semiconduc-
tors were investigated via their two main contributions : the zero point lattice expansion and the
zero point renormalization from electron-phonon interaction. The zero point lattice expansion has
been studied within the quasiharmonic approximation with volume-constrained zero static internal
stress approximation as the reference volume. The minimal Gibbs energy was found using a fourth
degree polynomial expression, from which the volumetric temperature dependence is deduced (and,
from that, the zero point lattice expansion and its contribution to the band gap). The zero point
renormalization from electron phonon interaction was studied from the adiabatic AHC formalism,
theoretically identifying the Fan-Migdal term and the Debye-Waller term of the self-energy. The
Kohn-Sham band gap was then corrected with the ‘on-the-mass-shell’ approximation for both the
maximum of the valence band and the minimum of the conduction band. Extensive convergence
studies were done to find the ZPR from EPI within the smallest error range possible. Summing
the ZPLE and the ZPR from EPI, the total zero point energy was found for a set of ten semi-
conductors, with varying structures and properties. For few materials, the relative temperature
dependence of the band gap was computed and compared to experimental data.

While the initial structural relaxation of the unit cells found very similar lattice parameters to
the experimental ones (for most of the material the error is below 1%), the Kohn-Sham electronic
band structure calculations were an underestimation of the reality. This is a known problem
within the DFT formalism, partially solved by the use of GW approach. GW Perturbation Theory
(GWPT) includes the EPI to compute the linear response of materials to perturbations (not used
in this work). For the few cases where the band gap was null, artificial pressure has been applied
on the structure to open its band gap.

The ZLPE was found to be on the order of few tens of percent of the lattice constant for each
material except for ϵ - GaSe and ϵ - InSe for which the v-ZSISA quasiharmonic approximation
shows that the phonon contribution to the volume increase is too important with regard to the
Born-Oppenheimer volume. This was probably because of their strong anisotropy not well de-
scribed within the v-ZSISA QHA. For the other materials, the ZPLE band gap contribution was
in the range between [6;68] meV.

The ZPR from EPI was computed as well for different q point grid and several linear extrapo-
lations (with the Fröhlich correction) were used to determine the most numerically accurate value
with its error range. The relative error determines within what range the final ZPR value can be
trusted. For most of the material, the relative error is below 10 %, meaning the computations
were converged. However, when comparing our simulations with experimental values, both for the
zero point total energy or for the temperature dependence of the band gap (for certain materials),
the results obtained did not quite match. For InAs and InP, a factor of 2 was reported. This was
troubling since the simulations are numerically converged. One possible explanation is that the
inaccurate extraction method from which the experimental zero point energy is obtained (from
the slope of the band gap temperature dependence) induces an error in its value. In addition,
experimental values are scare in scientific literature since the zero point energy level is not a figure
of merit in any technology and its knowledge does not have any impact other than theoretical (only
its contribution to the total band gap is important).

One of the biggest inconvenience of this type of first principles calculations is the time taken
for the DFPT computation. There is a trade-off to be found between the wanted accuracy and
the time one is willing to take to get a result. This time problem can be reduced when working
with the proper infrastructure and optimizing the computational resources but to a certain extent.
One recent alternative to this long and computationally demanding phonon spectrum calculation
could be to use machine learning prediction. In some promising studies, authors reported a two
orders of magnitude acceleration compared to first principles calculations (but it come at the cost
of accuracy and numerical precision)[77], [78], [79].

60



A Electronic Structures

This section gathers all KS electronic structures obtained.

(a) InP (b) InAs

(c) BP (d) SiGe

Figure 59: KS electronic band structures for InAs, InP, BP, SiGe
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(a) GaSe (b) InSe

Figure 60: KS electronic band structures for GaSe, InSe

(a) PbS (b) PbSe

Figure 61: KS electronic band structures for PbS, PbSe
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(a) PbTe (b) BaTiO3

Figure 62: KS electronic band structures for PbTe and BaTiO3

B Phonon density of state

This section gathers all phonon density of state for fully relaxed structures without pressure.

Figure 63: InAs Figure 64: InP
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Figure 65: BP Figure 66: SiGe

Figure 67: PbS Figure 68: PbSe

Figure 69: PbTe Figure 70: GaSe
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Figure 71: InSe Figure 72: BaTiO3

C ZPR Extraction

This section gathers the differents methods to extract the final value of the ZPR from EPI as well
as the η convergence.

Figure 73: Convergence with respect to η for the InP
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Figure 74: Zero point renormalisation as a function of the number of division in the BZ for InAs.
The black dotted line is the simple linear extrapolation from the original ZPR points, corrected by
the Fröhlich model, ’Correction 1’ is the linear extrapolation passing through the most converged
point and ’Correction 2’ is the least square fitting method

Figure 75: Same as fig 74, for InP
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Figure 76: Same as fig 74, for BP

Figure 77: Same as fig 74, for SiGe
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Figure 78: Same as fig 74, for PbS

Figure 79: Same as fig 74, for PbSe
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Figure 80: Same as fig 74, for PbTe

Figure 81: Same as fig 74, for GaSe
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Figure 82: Same as fig 74, for InSe

Figure 83: Same as fig 74, for BaTiO3
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D Temperature Dependence for InAs, InP, BP and SiGe

In this section, the graphs showing the different contribution of the ZPLE and ZPR from EPI for
InAs, InP, BP and SiGe are plotted for a range of temperature from 0K to 700K

Figure 84: Temperature dependence of both the zero point lattice expansion and the zero point
renormalisation from electron-phonon interaction for the InAs

Figure 85: Same as fig. 84, for InP
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Figure 86: Same as fig. 84, for BP

Figure 87: Same as fig. 84, for SiGe
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