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Abstract

Many machine learning algorithms are based on the similarity or distance between objects. For
these algorithms, metric learning is a useful preprocessing step to learn a task-specific metric. But
until now, metric learning techniques have mainly focused on uni-modal data, while multi-modal
data increasingly arise in real-world cases, such as multimedia applications. This master’s thesis
first explores if taking the multi-modal aspect of the data into account when learning a metric
allows to increase the performance of a kNN classifier. For this, multiple ways to combine the
modalities are experimented and some problems that can arise with iterative algorithms are
tackled, for instance fixing the learning rate.

The state-of-the-art metric learning techniques for multi-modal data do not scale well with the size
of the training set. This master’s thesis explores some approaches to reduce the execution time
of these algorithms. It proposes the MKPOE-LR algorithm to tackle the problem of efficiently
learning an effective metric for large datasets. It also shows that some other approaches, such as
limiting the number of distance constraints, perform well on the classification task at hand while
having a significantly smaller execution time.
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Introduction

The notion of distance or similarity between objects is used in many machine learning algorithms,
such as the k-nearest neighbors (kNN) algorithm for classification or regression, the k-means
algorithm for clustering, and kernel-based algorithms such as Support Vector Machine. Infor-
mation retrieval systems also use similarity between objects, for example, to rank the results
of a search query. Assuming that the objects are represented by a vector of numerical features,
the metric (or distance function) generally used by those algorithms is the Euclidean distance.
But, depending on the task or the data available, it is not always the best metric to use. This
is where metric learning is necessary: it is a preprocessing step that consists in automatically
learning a metric in a supervised way.

Until now, metric learning has mainly focused on uni-modal data (e.g. text only) but multi-modal
data arise naturally in many real-world cases, where data come from multiple heterogeneous
sources or are represented by different types of feature representations. For instance, a web
page can contain multiple types of data, such as texts or photos; a song can be represented
by audio features, metadata, its genre or lyrics. Taking multiple modalities into account could
provide interesting results when computing the similarity between objects. However, the way
these modalities should be combined is not obvious. The objective of this master’s thesis is
to propose a technique to address the metric learning task for high-dimensional multi-modal
data. The proposed technique is assessed on a subset of the Million Song Dataset [5], a dataset
containing audio features and metadata of one million songs.

Contributions

This master’s thesis shows that taking advantage of the multi-modal aspect of the data during a
metric learning step allows to increase the accuracy of a kNN classifier for a genre recognition
task, using data from the Million Song Dataset. Multiple ways to combine the modalities of
the data are compared in order to confirm the effectiveness of Multiple Kernel Partial Order
Embedding (MKPOE) [19], a state-of-the-art metric learning technique for multi-modal data. It
also shows that this technique fails to learn a good distance measure on an artist recognition task
because of the small number of available songs for each artist compared to the high dimensions
of the input space.

MKPOE is based on a subgradient descent, but little information is provided on how to choose
the learning rate in an efficient way. Another contribution of this master’s thesis is to propose a
technique for choosing the learning rate in such a way that the convergence is easily achieved,
and to compare it to other well-known approaches.

Finally, as MKPOE is computationally expensive, a few approaches to reduce its execution time
are explored. This is useful to scale the technique to large datasets.



Outline

This master’s thesis is organized as follows. The first chapter contains an overview of metric
learning. Chapter 2 presents two state-of-the-art techniques for multi-modal metric learning. The
first technique is close to the usual metric learning litterature while the other is based on neural
networks. The third chapter describes the experimental setting used to assess the performance
of the proposed technique. It contains a description of the datasets and the tasks on which the
performance is assessed. It ends by an explanation of how the learning rate is chosen in the
iterative algorithm used to solve the metric learning problem. In chapter 4, it is first studied if
the multi-modal aspect of the data can be used to increase the accuracy of the two classification
tasks at hand. Then multiple ways to combine the modalities are compared. This chapter also
contains a description of some implementation details. In chapter 5, a few possibilities to reduce
the execution time of MKPOE are explored in order to scale this technique to large datasets.
The last part of this master’s thesis concludes the research and discusses further possible research
directions.



Chapter 1

Metric learning, an overview

Depending on the task, the similarity or distance between objects of a dataset could be different.
Lets take a dataset of face images to illustrate this. A face recognition application, which aims
at recognizing a person’s identity, will consider pictures of the same person as similar. In this
case, the similarity between two images should be based on features such as the color of the eyes,
the color of the hair or the shape of the face. Another task could be to recognize the pose of a
person. In this case, it is the pictures of persons in the same pose that should be considered
similar. The similarity between two images should thus be based on another set of features, such
as the number of visible ears. A third task could be to recognize facial expressions. For this task,
the similarity should be based on features such as the position of the eyebrouws, mouth, etc.
Many other tasks can be defined on this dataset, such as age or gender recognition.

The Figure 1.1 from [17] illustrates a dataset of face images. For the face recognition task, images
in the columns should be considered similar, but in the second task images in the rows should be
considered similar. So the metric will not be the same in both tasks. It is not trivial to determine
an appropriate metric by hand, even for an expert in the domain of the task, because it requires
to correctly weight and combine the features. Hopefully, metric learning allows to automatically
learn a task-specific metric in a supervised way, by being provided with some side-information
about the objects that are considered similar or not for the task at hand.

Figure 1.1: Example of a dataset of face images. Image taken from [17]

The side information needed to learn a task-specific metric is often of one of the following forms,
where x;, z; and xj are objects from the dataset:



e Must-link / cannot-link constraints:

S = {(zi,x;) : ; and x; should be similar},

D = {(x;,x;) : x; and x; should be dissimilar}

This is the simplest form, where the metric learning algorithm is provided with pairs of
similar (S) or dissimilar (D) data points.

e Triplet constraints, also called relative constraints:
R = {(xi,xj,xk): z; should be more similar to z; than to xj}

In this case the metric is learned such that the distance between x; and x; is smaller than
the distance between x; and xy.

The first section of this chapter presents linear metric learning and the second section presents
nonlinear metric learning. The content of this chapter is mainly based on surveys [3, 4, 17].

1.1 Linear metric learning

When the objects are represented as data points in a vector space R?, most linear metric learning
algorithms learn a metric of the form:

d(wi, x5) =\ (21 — ;) M (w; — ;) (1.1)

where x; and x; are two data points in R?% and M € R%? - ( is a parameter positive semi-definite
(PSD) matrix. This form looks like the Mahalanobis distance:

d (i, ) = \/(xz' —z;) TS (2 — zj) (1.2)

where ¥ is the covariance matrix of the data points. Because of this similarity, this form is often
called a Mahalanobis distance by an abuse of terminolgy.

The goal of a metric learning algorithm is to find the matrix M. It’s easy to see that M should
be PSD in order to have a positive value inside the square root. If M = I (the identity matrix),
then the distance in Equation (1.1) is the Euclidean distance.

Since M is PSD, the Cholesky decomposition can be used to express M as LT L, where L € R"*¢
and r is the rank of M. With this decomposition, the Mahalanobis distance becomes:

d(ai, 25) = /(2 — )" M (i — ;)
= /(@i — )T LT L(w; — )
= \/(Lai — La;)T (La; — Lay)
= [|Lai — Lajl|2 (1.3)

So learning a Mahalanobis distance can be seen as learning a linear transformation of the data,
defined by the transformation matrix L, and using the Euclidean distance after mapping the data
to the new space. Figure 1.2 illustrates metric learning applied to a face recognition task where
the images are represented by points in a two-dimensional space. In this illustration, the learned
metric can be seen as a linear transformation of the data in the plane such that the Euclidean
distance between objects in the transformed space satisfies as many distance constraints as
possible.



Figure 1.2: from [3]: Illustration of metric learning applied to a face recognition task. Images
representing the same person are linked by must-link constraints (in green) and
images of different persons are linked by cannot-link constraints (in red).

Definition 1. A metric (or distance function or simply distance) on a set X is a function
d: X x X — R that respects these 4 conditions Vz;,z;, x; € &

1. d(z4, ;) > 0 (non-negativity)

2. d(zj,xj) = 0 & x; = x; (identity of indiscernibles)
3. d(zi,xj) = d(xj, x;) (symmetry)

4. d(x;,x) < d(xi, xj) + d(xj, 1) (triangle inequality)

M is PSD so its rank r can be lower than d. Since L € R™*?, if r < d, the linear transformation
maps the data to a lower-dimensional space and some distinct points in R% can be mapped to
the same point in R", so the distance between them is 0 after transformation. In this case, the
second condition of a metric is not totally met and what is learned instead is a pseudo-metric.

1.1.1  Well-known early approach

One well-known early approach of metric learning is Large Margin Nearest Neighbors (LMNN)
introduced by Weinberger et al. in 2006 [24]. Their idea was to design a metric learning algorithm
to improve kNN classification. To do this, the constraints are generated from a labelled training
set {(zi,v:)}i_,. For each training example z;, the k nearest neighbors of the same class (called
the target neighbors) should be closer than examples from another class (called the impostors).
These k target neighbors are selected using the Euclidean distance and two sets of distance
constraints are constructed:

Simnn = {(z4, ;) : y; = y; and x; belongs to the k-neighborhood of x;},
Rimnn = {(l?z, $j,33k) : (:Ei»xj) € Slmnnayi 7£ yk}

The Mahalanobis distance is learned using the following convex minimization problem:

]\11411’% (1—p) Z d*(zi, z;) + Z &ijik

(24,25)ESimnn (24,25,%%) ERimnn
st d*(zi,wp) — d*(z,25) > 1 — &, (1.4)
&ijk >0 V(i 25, k) € Rimnn,
M >0



where p € [0, 1] is a trade-off hyperparameter between bringing the target neighbors closer from
x; and pushing away the impostors. The ;5. are slack variables to minimize, introduced because
it may be infeasible to satisfy all the constraints with margin 1. Figure 1.3 illustrates LMNN for
one training example for a k-neighborhood with k£ = 3.
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Figure 1.3: Illustration of LMNN (taken from [25]) for one training example before and after
training for k = 3

1.1.2 Regularized approaches

In order to avoid overfitting, more recent metric learning approaches include a regularization
term [4]. The optimization problem is formulated in the form:

min ((M,S,D,R) + AR(M) (1.5)

where ¢(M,S,D,R) is a loss function that penalizes the violation of constraints from the sets S,
D or R, R(M) is a regularization term that penalizes complex models and A > 0 is a hyperpa-
rameter controlling the trade-off between regularization and satisfying the constraints.

Schultz and Joachims [21] propose to learn a metric for classification using a set of relative
constraints R by solving this soft-margin problem:

]\H/‘;iré S G+ AIM|F
) (zi,xj,x)ER
s.t. d2(:vi,$k) - dQ(xi,:cj) >1— &, (1.6)
&ijk >0 V(xi, x5, x5) € R,
M >0

where ||M||% is the squared Frobenius norm of M:

d d
M5 =D > M (1.7)

i=1j=1

This is a simple regularizer that can be viewed as the squared Lo-norm regularizer for vectors
applied to matrices.

As in LMNN (problem (1.4)), this technique also tries to satisfy the triplet constraints in R, but
it doesn’t have the second objective of minimizing the distances between similar points. It thus
doesn’t need a set S of similar points. Instead, it has an additional general regularization term
that favors simple models. Minimizing the distance between similar points in LMNN can be



seen as favorizing simple models, but with the emphasis on the impact of similar points on the
metric. While the approach of Schultz and Joachims uses a general regularization term which
has a greater regularization power. Moreover, the influence of this second objective on the model
in LMNN depends on the number of targets neighbors. If all the points of the same class are
considered similar then LMNN minimizes the within-class distances. But the regularization term
in the problem (1.6) is general to the full metric learned.

1.2 Nonlinear metric learning

Many datasets have a nonlinear structure that linear metric learning methods are unable to
capture. For instance, when dealing with a classification task, a lot of datasets may not be
linearly separable. A linear metric cannot perform well with such datasets. To justify this, a
Mahalanobis distance can be represented in the original space by an ellipse (or an ellipsoid in
high-dimensional spaces) representing the set of points equidistant from its center. An example
of a non-linearly separable dataset is presented in Figure 1.4a. This figure shows that a linear
metric cannot perform well when the data is not linearly separable. In such situations, nonlinear
metrics should perform better.

In a nonlinear metric learning scheme, a (generally nonlinear) function g that embeds the data
points in a new space is learned, such that as many distance constraints as possible are satisfied
in this embedding space when using the Euclidean distance between points.

(a) Linear metric (b) Kernelized metric

Figure 1.4: Example (from [4]) of a non-linearly separable dataset where nonlinear metric learning
is needed

Based on surveys on metric learning [3, 4, 17], two main nonlinear metric learning approaches
exist: learning a linear metric in the feature space induced by a kernel (Figure 1.4b) or directly
learning a nonlinear metric. Compared to linear metric learning, where a matrix of param-
eters is learned, directly learning a nonlinear metric is not easy. The kernelization of linear
transformations has been successful in the metric learning litterature thanks to its ability to
learn a matrix of parameters. Because it has the advantage to combine the expressiveness of a
nonlinear metric and the efficiency of a linear metric learning technique, which typically opti-
mizes a convex problem, the rest of this section discusses about the kernelization of linear methods.

As proposed in [4] and [19], let ¢ : R — RP be a (generally nonlinear) function that maps the
data points to a (possibly infinite) D-dimensional feature space equipped with a kernel function

k(xi,xj) = (d(xs), p(x;)). Let ¢(x;) = ¢; for simplicity. The Mahalanobis distance is learned in
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the feature space:

d(¢i, ¢5) = \/(¢i — ¢;)TM (i — ¢;) = \/(¢i = ¢5)TLTL(¢i — ¢;) (1.8)

This can be seen as learning a linear transformation L € RP"*P in the feature space induced by
p(z):
9(x) = L(o(x)) (1.9)

So g(x) embeds the data points in a finite-dimensional space RP".

Let ® = (¢1, ..., ¢n) be a column-wise matrix representation of the training set (of size n) in the
feature space obtained by ¢(x). It may not be feasible to directly optimize L because the space
in which the data are projected by ¢ can be infinite-dimensional. Instead, the parameterization

L=NoT (1.10)

can be used, with a matrix N € RP /X", to transform the Mahalanobis distance in Equation (1.8):

d(¢i, ¢j) = /(i — ;) TONTNOT (¢; — )
ST (i) — T (¢;))TNTN(PT () — T (b))

Ki — K;)"NTN(K; — Kj)

K; — K)TW(K; - K;) (1.11)

where W = NTN € R™" and K; = ®1(¢;) = (k(xi,z1),. .., k(z;,2,))T is the column vector
obtained when computing the kernel between x; and each training point. Thanks to the kernel
trick, the Mahalanobis distance can be computed by using the kernel function in Equation (1.11),
without the need to project into the feature space induced by ¢(z). The kernel trick is useful
especially because there are many cases where the function ¢(z) is unknown. Furthermore, the
computation of the kernel is often cheaper than explicitly projecting the points into the feature
space, which is often of higher dimension than the original space. It can also be noted that the
implicit feature space may be infinite-dimensional. For instance, this is the case when using a
radial basis function (RBF) kernel:

K (v, ;) = exp(—y|lz; — x;]|3) (7 is a hyperparameter) (1.12)

In the Mahalanobis distance from Equation (1.11), W is the parameter matrix to learn. It is
of size n X n instead of d x d for the linear Mahalanobis metric learning approaches. So the
number of parameters to learn is O(n?). This is nice for high-dimensional data but it might
become impractical for applications with a very large number of points. Like M, W must be
PSD (W = 0) in order to have a pseudo-distance.

From Equation (1.10), the nonlinear function g can be expressed in terms of the matrix N and
the kernel matrix K [19]:

9(z) = L(¢(x)) = N (¢()) = N(k(z, 2))ioy = NK, (1.13)

As mentioned, this chapter presents an overview of linear and nonlinear metric learning. The
following chapter presents some state-of-the-art techniques for metric learning with multi-modal
data.



Chapter 2

Metric learning for multi-modal
data, state-of-the-art

Data are qualified as multi-modal when they arise from different heterogeneous sources (for
example, songs represented by their audio features and their lyrics) or when they arise from the
same source but are represented in different ways (for instance, a document represented in a
bag-of-words vector or as a tf-idf vector). Simply concatenating the modalities to form a vector
space and learning a uni-modal metric on this space might not give the best results, especially if
the distance measure used is not the same in each modality. For example, the Euclidean distance
can be the best suited distance measure for one modality while for another modality the cosine
similarity is best-suited. A few metric learning techniques have been applied to multi-modal
data. This chapter presents some state-of-the-art techniques for multi-modal metric learning.

2.1 Multiple Kernel Partial Order Embedding (MKPOE)

In [19], McFee and Lanckriet propose a multiple kernel approach, by embedding each modality of
the data in separate feature spaces and combining all the feature spaces into a single optimized
embedding space.

The embedding of each modality is done by using nonlinear feature maps ¢?, Vp € {1,...,m} where
m is the number of different modalities. In order to have computationally cheaper operations by
using the kernel trick, each feature map must satisfy a kernel function kP (x;, x;) = (¢ (z;), ¢P(x;)).

The way to combine the feature spaces is discussed later. But to explain the method in a simple
way, the case where there is only one modality is considered first.

As in the kernelized metric learning approach, the feature map is followed by a linear transfor-
mation L to map the data to R” " and the parameterization L = N®7 is used to optimize the
matrix N instead of L. The embedding function g : R — RY" has the form:

9(x) = L(¢(x)) = NKy (2.1)

Based on a set R of relative (i.e. triplet) constraints (x;,x;, x)), the goal is to find an embedding
function such that the distance constraints are satisfied with a margin of 1:

lg(zi) = g(zp)l3 +1 < llg(xs) — g(@p) |3 V(i zj,21) € R (2.2)

The squared Euclidean distance between points in the embedding space can be expressed in



terms of N and the kernel matrix K:

lg(x:) — g(z))|3 = INK; — NKj|[3
= (K; — K;))TNTN(K; - K}) (2.3)

The distance constraint in (2.2) can be rewritten as:
(K; — K;))'NTN(K; — K;) + 1 < (K; — K;)' NT'N(K; — K},) (2.4)

Because it may be impossible to satisfy all the constraints in R, a slack variable &;;, > 0 is
introduced for each constraint. The goal is to minimize the values of these slack variables.
Additionally, a regularization term is included to avoid overfitting. The regularization term
proposed is the squared Hilbert-Schmidt (HS) norm of L, equivalent to the Frobenius norm if L
is not an operator on an infinite-dimensional space:

|L|%g = tr(LTL) = tr(®NTN®T) = tr(NTN®T®) = tr(NTNK) (2.5)

Since N always appears in the form of inner products (N7 N) in the distance constraints (2.4)
and the regularization term (2.5), a variable change W = NTN = 0 may be used to obtain a
convex optimization problem expressed in terms of a positive semi-definite matrix W € R™*"
where n is the number of training examples. What gives the following optimization problem,
named Kernel Partial Order Embedding (KPOE):

mi% tr(WK)—i—’%( > Gk

’ 'T’er])mk)ER

s.t. (i, ;) = (K; — K;)TW(K; — K),
d*(¢i, ¢j) + 1 < d*(s, Pr) + Eijies
&ijk >0 V(xs, x5, x5) € R,
W =0

(2.6)

A > 0 is a trade-off parameter to control the balance between regularization and loss minimization.
The output of this method is W. KPOE can be seen as a (uni-modal) nonlinear adaptation
of the optimization problem (1.6) proposed by Schultz and Joachims in [21], except that the
regularization is on L instead of M.

With the parameter matrix W, it is possible to obtain N by using the eigendecomposition
W = VAVT where the columns of V are the eigenvectors of W and A is a diagonal matrix
whose diagonal entries are the eigenvalues of W. Because W = NTN = VAVT this leads to the
following embedding function:

g(z) = NK, = AV?VTK, (2.7)

Looking now at the multi-modal case, where each modality has its own feature map ¢”(x) and
the associated kernel matrix KP, several techniques can be used to combine the feature spaces
together. Here are the different possibilities proposed by the authors.

Unweighted combination

In the first possibility, the feature spaces are combined by a simple concatenation:
$(x;) = (¢ (22), % (20), ., 9™ (1)) (2.8)
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This combination results in the sum-kernel, an unweighted sum of the base kernels:

because the inner product between two points in the embedding space is given by:
(d(0), d(z5)) = D _(¢F (1), ¥ () (2.10)
p=1

A single projection L is learned on this concatenation of feature spaces and the kernel K can be
used in the optimization problem KPOE (2.6). The embedding function can be written as:

g(x) = L((¢*(x))p1) (2.11)

Weighted combination

The previous technique considers the different kernels equally. A different combination is to
consider a positive-weighted sum of the base kernels:

m
K = Zﬂpr (1p = 0) (2.12)
p=1

Because some modalities can be more important than others, their contribution to the kernel
is weighted in order to increase the quality of the resulting kernel. The optimization is done
simultaneously on W and on the weights .

Figure 2.1 illustrates this technique. If the weights are set to p, =1 Vp € {1,...,m}, then the
figure represents the unweighted combination.

Figure 2.1: Weighted combination (image adapted from [19])

As K can be seen as:

=
I
NE

pip (i), D))

ki
I

M

(Vi (i), /1pd(25)) (2.13)

]
Il
_

the embedding function is:
9(x) = L{(Vip¢" () p1) (2.14)

But the distance constraints in KPOE (2.6) contain differences of terms cubic in the optimization
variables W and p, when using this kernel. The problem is then non-convex and difficult to
optimize.
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Concatenated projections

Another possibility is to learn one projection matrix LP per modality p and to concatenate
the projections LP(¢P(x)) rather than projecting the concatenation of ¢P. This is illustrated in
Figure 2.2. The learned projections LP are jointly optimized to produce the embedding space.
The embedding function can be expressed as a concatenation of the learned projections:

g(x) = (LP(¢P(2)))pts (2.15)

Figure 2.2: Concatenated projection (image adapted from [19])

Adapting the KPOE optimization problem (2.6) to multiple modalities leads to the Multiple
Kernel Partial Order Embedding (MKPOE) optimization problem:

min > tr(WPK?P) + A S G
-1

Wp’g |R| (z4,5,26)ER
p=1 ’
d*(¢i, ¢5) + 1 < d*(¢i, dk) + Eijis
Sijk > 0 V(zi, zj,28) € R,
WP >0 Vpe{l,...,m}

This is the method chosen by the authors for their multiple-kernel formulation since it outperforms
the unweighted combination rule and it is easier to optimize than the weighted combination rule.

The problem (2.16) is optimized thanks to a subgradient descent on WP, a generalization of the
gradient descent to non-differentiable functions, followed by a projection onto the feasible set
WP > 0.

2.1.1 Diagonal matrices to reduce computational cost

MKPOE needs to optimize m different matrices WP € R™*", which can become problematic for
large datasets (large n) in term of computational complexity. Indeed, constraining the matrices
WP to be positive semi-definite requires to project them onto the feasible set WP > 0 at each
iteration. This projection has a total time complexity of O(mn?) because the projection of one
matrix W? is done by computing its eigendecomposition, which has a time complexity of O(n?),
and setting all the negative eigenvalues of WP to 0.

In order to reduce the time complexity of the algorithm, the authors propose to learn only
diagonal WP. A diagonal matrix is PSD if its diagional values are non-negative. Replacing the
constraints W? = 0 by linear constraints W > 0 leads to a total time complexity of O(mn) at
each iteration for the projection onto the feasible set. This modification reduces the flexibility of
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the model as it comes down to a simple weighting of the contribution of a training point in one
modality to the metric, but it results in a more efficient optimization.

2.2  Multi-wing harmonium model

In MKPOE, multiple high-dimensional PSD matrices are optimized in order to learn a Ma-
halanobis distance in each feature space. Projecting each matrix WP onto the feasible set is
computationally expensive. To cope with this cost, the solution proposed by Xie and Xing [28] to
learn a multi-modal metric is based on a multi-wing harmonium model (or restricted Boltzmann
machine).

A Boltzmann machine is a type of (generative) stochastic artificial neural network. It is stochastic
because the units have a stochastic activation function, meaning that they have a particular
distribution (for example binary or Gaussian). Restricted Boltzmann machines (RBM) have
the restriction that their network forms a bipartite graph: the 2 groups of units are called the
"visible" and the "hidden" units. The learning consists of an alternation between the propagation
step, where hidden units are turned on given visible units, and the reconstruction step, where
visible units are turned on given hidden units. The connection weights are adjusted to minimize
the reconstruction error. The idea behind RBM is that there are two sets of variables (the
visible and the hidden units) and it learns how the two sets of variables are connected to each other.

In the multi-wing harmonium model proposed in [28], the data features of each modality
correspond to a portion of the visible units (one wing) and they are all connected to the same
hidden units. The hidden units represent the shared latent space in which the data are represented
when taking all the modalities into account. This is the latent space that needs to be learned by
the algorithm in order to optimize the distance between points based on the distance constraints.
Figure 2.3 illustrates the multi-wing harmonium model for 2 modalities of the data. The first
modality is represented by a vector u = (uy,...,uqy) € R% and the second modality is represented
by a vector v = (vy,...,vg) € RY . g(z;), the embedding of z; in the latent space, is given
by the expectation of (hi,...,hp) € RP' where D’ is an hyperparameter that represents the
dimension of the latent space.

Figure 2.3: Dual-wing harmonium model (image adapted from [28])

The distance constraints provided are sets of similar (S) or dissimilar (D) pairs. The distance
between similar points should be minimized in the latent space while dissimilar points should be
separated by a margin of 1. They define the relaxed optimization problem as:

1

> llgw) g+ s &

| ’(Iz‘@j)es | ‘(xz':xj)ED

1 1
min —4(X,0) + A\ —
, (2.17)
st lg(zi) —g(z))llz > 1= &,

fij >0 V(mi,wj) D
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In problem (2.17), the loss function ¢(X, ©) is the negative log-likelihood of the training data X’
given the parameters O. It is used as regularizer to avoid overfitting by having a model that
explains well the initial data. The hyperparameters A\; and A9 control the trade-off between the
regularization and the satisfaction of the similarity or dissimilarity distance constraints. ¢ is a
function of the set of parameters O, learned when optimizing the problem. The optimization is
also performed by using a subgradient method. More details on this technique can be found in
the original paper [28].

Compared to MKPOE, the set of distance constraints used are S and D, instead of a set of
relative constraints R. The main difference is that it directly learns a nonlinear transformation
through the restricted Boltzmann machine, while MKPOE learns a linear transformation in
the space induced by kernel functions. The learned metric is not a Mahalanobis distance. An
advantage is that there is no need for projections onto the set of PSD matrices, which is a costly
operation in metric learning algorithms.

The authors say that their solution is efficient and yields good results. But it is far from the
usual metric learning approaches, such as learning a Mahalanobis distance function. Furthermore,
some techniques have been proposed to improve the execution time of MKPOE, such as online
methods (explored in chapter 5). For these reasons, the multi-wing Harmonium technique will
not be further investigated and this master’s thesis focuses on the first technique: MKPOE.
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Chapter 3

Experimental setting

This chapter describes the experimental setting used to assess the performance of the metric
learning techniques in term of accuracy and computation time. It begins with a description of
the Million Song Dataset (section 3.1), the dataset used throughout this master’s thesis, followed
by a description of the classification tasks chosen to assess the performance of the algorithms
(section 3.2). Section 3.3 contains a description of kNN, the classification algorithm used for
these tasks. Then there is a detailed description of the datasets used for the tasks (section 3.4), a
note on the standardization and normalization of the features (section 3.5) and a description of
how the distance constraints are generated (section 3.6). The last section of this chapter explains
how the step size of the iterative optimization algorithm is fixed.

3.1 Million Song Dataset

The Million Song Dataset (MSD) [5] is a collection of features of a million songs, provided by The
Echo Nest!. This dataset fits well with the objective of this master’s thesis because it consists of
multi-modal data: each song is represented by audio features and heterogeneous metadata. The
dataset doesn’t contain the audio of the songs but only the derived features. This is convenient
for the task as there is no need to take care of the extraction of the audio features. Examples
of the available audio features are the timbre, pitch, energy, tempo, loudness and danceability.
Examples of metadata features are the year of the song and its duration.

In addition, a number of complementary datasets are provided. The musiXmatch dataset?
contains song lyrics in bag-of-words format: each song is represented by a vector containing the
counts of the words from the 5000 most frequent words across the MSD. These lyrics can be
matched with songs of the MSD. The MSD Allmusic Top Genre Dataset (Top-MAGD) 3 provides
the genre associated to each song. Only a subset of the songs of the MSD are available in the
Top-MAGD dataset because the genres were collected from Allmusic.com whose songs don’t
totally match with those of the MSD.

Since the whole dataset is more than 300GB, a 1% subset of the MSD is provided (10000 songs).
This subset is used for the experiments.

"http://the.echonest.com/

2musiXmatch dataset, the official lyrics collection for the Million Song Dataset, available at: http://labrosa.
ee.columbia.edu/millionsong/musixmatch

Shttp://www.ifs.tuwien.ac.at/mir/msd/
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3.2 Tasks

In order to assess the performance of the metric learning techniques, they are tested on two
classification tasks: artist recognition and genre recognition. This section presents the two tasks.

3.2.1 Artist recognition

The artist recognition task is a multi-class classification task proposed in the MSD where the
goal is to predict the artist of the songs in the test set. The MSD is composed of songs from
many artists, many of them having few songs. Therefore, this classification task is difficult, in
the sense that it is hard to reach a high accuracy.

3.2.2 Genre recognition

Because there are far fewer genre labels than artists in the MSD, another task considered is genre
recognition. The goal is to predict the genre of the songs in the test set. This task is proposed
by the team behind the Top-MAGD dataset, which provides the genres corresponding to the
songs of the MSD*.

Table 3.1 contains the list of genres with the number of songs contained in the intersection
between the 1% subset of the MSD and the Top-MAGD dataset. This table shows that the
dataset is highly imbalanced, so most of the experiments are done on a randomly sampled
balanced dataset.

Genre Songs | Genre Songs
Pop_ Rock 1926 | RnB 132
Latin 257 Blues 126
Rap 236 Reggae 120
Electronic 228 New Age 95
Country 175 Folk 48
Jazz 173 Vocal 36
International 147

Table 3.1: Summary of the number of songs of each genre in the 1% subset of the MSD

3.3 k-nearest neighbors

The classification algorithm used for the two tasks is the k-nearest neighbors algorithm [8]. It
classifies a test example by a majority vote of the classes from its k nearest neighbors among
the training examples, where k is a hyperparameter to tune. Without prior knowledge about
the similarity between data points of the training set, the nearest neighbors are often chosen
by using the Euclidean distance. This distance isn’t necessarily the optimal distance to use,
especially when different tasks use the same set of features but the distance between the data
points shouldn’t be the same for each task. So a metric learning preprocessing step is well
adapted to this classification algorithm.

Also, kNN is convenient for multi-class classification because it supports more than 2 classes
without taking more time to train.

4 Available at: http://wuw.ifs.tuwien.ac.at/mir/msd/download.html
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3.4 Datasets

For the first experiments, smaller datasets with well-balanced classes are created. For the artist
recognition task, artists having at least 8 songs are selected, and for each artist, 8 songs are
randomly selected. This results a dataset of 99 classes and 792 songs. For the genre recognition
task, in order to have a binary classification task without too many examples, the songs from
the classes "Pop__Rock" and "Rap" are selected because they are among the genres with the most
songs. The number of songs in the two classes are balanced by limiting the number of songs in
the "Pop_ Rock" class. This results in a dataset of 472 songs (236 songs in each class).

For the features, the artist recognition baseline method uses audio features computed from the
timbre vectors. Using the average and the covariance of the timbre vectors over all the segments
of a song gives 90 audio features per song. On top of these audio features, other individual audio
features or metadata features that could represent well a song to recognize its artist or genre are
added: the year of the song, its danceability (a real value between 0 and 1), its energy (also a
real value between 0 and 1) and its tempo. The lyrics are also added to the features in order to
fully take advantage of the multi-modal aspect of the dataset. The lyrics are represented as a
smoothed tf-idf vector. For each song x;, each term w from the 5000 most frequent words has a
tf-idf value computed by following the formula from the scikit-learn documentation °

n+1
ti-idf(z;, w) = tf(w) - { lo + 1) 3.1
(s, w) (w) <g<]{xi€2{:w€xi}\+l> (3.1)
where tf(w) is the term count of the term w in the lyrics of song x; and n is the number of songs in
the training set X'. This tf-idf is smooth thanks to the 1 added to the numerator and the denomi-
nator to avoid having divisions by 0 when a term is present in none of the songs of the training set.

Many songs do not have lyrics. This can happen for two reasons: copyright problems or
instrumental songs, but it is impossible to differentiate the two. The tf-idf vectors of these songs
are set to zeros. For instrumental songs this makes sense because it means that all the words are
not present in the song and have thus a count of 0.

3.5 Standardization and normalization

All the features except the lyrics are standardized by removing the mean value of each feature
and then by dividing by its standard deviation. All the standardized features have a mean value
of 0 and unit variance.

The tf-idf vectors of the lyrics are normalized using the 12-norm because their similarity is
measured by a cosine similarity where the length of the lyrics should not be taken into account.

Definition 2. The cosine similarity between two vectors z; and z; is defined as

T

XT: Tj
S(zi, - ey 3.2
(i, ;) lzill2ll; |2 (3.2)

3.6 Distance constraints

MKPOE works with triplet distance constraints. Those constraints are generated to fit with the
classification tasks. Therefore, triplet constraints (x;,x;,xy) are generated, where x;, z; and

Shttp://scikit-learn.org/stable/modules/generated/sklearn.feature_extraction.text.
TfidfTransformer.html
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x) are data points from the training set, such that data points z; and z; are in the same class
(yi = y;j) and data point xy, is in a different class than x; (y; # yx)-

The datasets are splitted into a training set and a test set with a stratified 3-fold cross-validation
procedure. The folds of the split (except the last one) result in a training set size of 495 examples
for the artist recognition task (5 examples per class) and 314 examples for the genre recognition
task (157 examples per class). The number of triplet constraints generated from the training set
is 970,200 for the first task and 7,690,488 for the second task.

The number of triplet constraints is large. This leads to a higher execution time for MKPOE
which has a time complexity proportional to the number of constraints. The approach from
LMNN [24] is adopted to reduce the number of constraints: for each data point x;, k target
neighbors are selected, which are the k£ nearest neighbors from the data point x; that have the
same class label than x;. These targets neighbors are the data points that should be near x; in
the embedding space. The value of k can be fixed. All the data points from another class than
x; are called the impostors and should be far from z; in the embedding space. Creating triplet
constraints (x;, x;, 1) by selecting 3 targets neighbors for each data point x; and all the points
from another class as impostors results in a total of 727,650 constraints for the first dataset and
147,894 constraints for the second dataset. With this approach, the number of constraints for
the genre recognition task is decreased much more than the number of constraints for the artist
recognition task. This is simply because the training set of the artist recognition task contains 5
examples per class, so selecting 3 target neighbors instead of 4 doesn’t change the number of con-
straints much, contrary to the training set of the other task which contains 157 examples per class.

Another popular choice (used in [22] and [23]) to reduce the number of constraints is to limit
the number of impostors in addition to the number of target neighbors, by considering only a
small number of closest points from a different class. This number of impostors is not necessarily
the same as the number of targets neighbors. By selecting 3 impostors for each data point z;,
the number of triplet constraints is further decreased to 4455 constraints for the first dataset
and 2826 constraints for the second dataset. It should be noted that this approach isn’t optimal
because a data point from a different class than z; that isn’t selected as impostor can become
closer to x; than its target neighbors in the embedding space. However, this gives nice results, as
shown in the next chapter.

The table 3.2 contains a summary of the two datasets. all constraints, all impostors and
3_impostors denote the number of constraints in each of the 3 situations from above.

Artist recognition | Genre recognition

training examples 495 314

test examples 297 158
classes 99 2
features 5094 5094

all constraints 970200 7690488
all__impostors 727650 147894
3__impostors 4455 2826
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3.7 Convergence of the subgradient descent

The authors of MKPOE [19] propose to use a projected subgradient descent to optimize the
convex problem (2.16). At each iteration, a subgradient descent step is performed on the objective
function, followed by a projection onto the set of PSD matrices. As stated earlier, the projection
step is done by computing the eigendecomposition of WP and setting all the negatives eigenvalues
to 0.

A choice that needs to be made is how to fix the step size (or learning rate) in order for the
subgradient descent to converge. This section presents several possibilites to fix the step size and
the one chosen in the implementation of MKPOE.

One possibility is to use a constant step size. The problem with this approach is the difficulty to
choose the right value. If the step size is too small the convergence will be slow. The iteration
algorithm can even be inefficient if it doesn’t go down enough (meaning that the value of the
objective function doesn’t decrease enough) after a fixed maximum number of iterations. On
the other side, if the step size is too large, the optimization can diverge from the minimum of
the objective function. Furthermore, the scale of the step size changes with the values of the
hyperparameters, such as the regularization trade-off hyperparameter C, because they change
the scale of the gradient. So in a cross-validation scheme it is not easy to fix a good value for the
step size that depends of the hyperparameter.

Another possibility is to use a decreasing step size. This way if the initial value is too large it
will improve after some iterations. Also, the steps near the minimum of the objective function,
i.e. the steps at the end of the iterations, will be smaller than at the beginning of the iterations,
which can help to avoid divergence. For example, a usual method to choose the step size at
iteration t is

oy st.c>0 (3.3)

Tt
with ¢ a constant. But the step size often decreases too fast with this method, which leads to
slow convergence. To make it decrease more slowly, a geometric decreasing sequence can be used:

a=cd™ st.0<e<1 (3.4)

Good values for ¢ are 0.95 or 0.99. But if it decreases too quickly, the steps will be too small and
the gradient descent won’t go down enough during the optimization. If the decrease is too slow,
the step size might become too large, which may result in a divergence of the iteration algorithm
(the value of the objective function starts to oscillate).

The optimal step size at each iteration can be found by line search. This is done by finding the
step size that gives the minimal value of the objective function in the direction of the search, by
using an algorithm such as a binary search. The problem with this approach is that it is too
computationally expensive.

The proposed solution to avoid these problems is to use an adaptive learning rate. If after an
iteration the cost function decreases, the step size « is multiplied by a factor 1.1. On the other
hand, each time the cost function increases after an iteration, it means that the step size is too
large, and « is decreased by half and the iteration cancelled. The justification behind why it is
decreased by half is because if the objective function is symmetric around the minimum, then
dividing the step size by 2 will probably bring W), (the matrix to optimize) near the minimum.
This way, the value of the learning rate is easily fixed and adapts automatically to the situation.
This technique, kwown as the "bold driver" method, is proposed in [1]. Note that this technique
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is also the one used in the solver of LMNN [25].

Figure 3.1 shows the convergence of the projected subgradient descent obtained with the 3
methods on the dataset of the genre recognition task using the all__impostors set of constraints.
For the constant step size, c is fixed to 1 and for the geometric progression it is fixed to 0.99. The
geometric progression gives poor performance in this case because the learning rate decreases too
quickly. The performance of a constant step size are not as good as with the "bold driver" method.
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Figure 3.1: Convergence of the subgradient descent on the genre recognition dataset with the
all__impostors set of constraints
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Figure 3.2: Convergence of the subgradient descent on the genre recognition dataset with the
3__impostors set of constraints

Figure 3.2 shows the convergence using the 3_impostors set of constraints. c is fixed to the
same values as before. Again the constant step size and the geometric progression have low
performance compared to the "bold driver" method. In this case, the step size obtained with the
geometric progression is too small at the end, which leads to poor convergence, and with the
constant step size the iteration algorithm diverges, as it can be observed by the oscillations in
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the value of objective function after some iterations.

The "bold driver" method works well compared to the other methods tested. The main advantage
is that there is no need to worry about the value given to the constant step size or the value of ¢
for the decreasing step size. This is especially useful when the dataset or the hyperparameters
change (for example during a grid search), because the step size is sensitive to these changes.

Other approaches might be explored to find the learning rate. Some future work could focus on

the exploration of better optimization techniques than a simple subgradient descent, but this is
not covered in this master’s thesis.
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Chapter 4

How to combine the modalities?

The datasets used have features coming from multiple modalities of the data: audio features,
semantic features such as lyrics,... This chapter studies if the multi-modal aspect of the data can
be used to increase the accuracy of the two classification tasks at hand and looks at the best way
to combine the modalities.

The first section of this chapter presents the case where the multi-modal aspect of the data is
ignored and the features are all concatenated together to form a vector space. In the second section,
the multi-modal aspect of the data is taken into account and different possible formulations
to combine the modalities are presented. The results obtained on the two datasets with each
formulation are reported in the third section, while section 4.4 contains an in depth analysis
of the results obtained with MKPOE. Section 4.5 contains the implementation details, with
particular attention to how the cross-validation is performed. Finally, the last section concludes
this chapters by summarizing the main results obtained.

4.1 One kernel for all the features

If the modalities of the data are not taken into account, all the features from all the modalities are
concatenated to form one vector space representing the data. The KPOE (2.6) metric learning
technique can be used with the condition of choosing a kernel that represents the nonlinear
transformation of the input data. Two kernels are tested in the experiments:

e Linear kernel: K(x;,x;) = (x;,x;j).

e RBF kernel: K(z;,z;) = exp(—7||z; — x;||3) where v is a hyperparameter to tune.

The output of KPOE is the learned parameter matrix W of size n x n (where n is the size of the
training set).

4.2 Multiple formulations to combine the modalities

The data come from heterogeneous sources. Integrating these modalities together into one feature
space may not give the best results when using KPOE, for the two following reasons:

e With only one kernel, the similarity between objects can be altered by irrelevant features.
This is especially true when no feature selection is performed.

e When using one kernel to represent the similarity between objects it is not clear which kernel
should be used. Also, the similarity between objects can be expressed differently on each
modality. For example the similarity between songs is not the same on the audio features
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than on the semantic features such as lyrics. Instead, by having some prior knowledge
about each modality, different kernels can be choosen for each modality.

The objective here is to see if considering the modalities separately can increase the accuracy
and how to combine the modalities.

Fach modality p has one kernel K? associated to it, based on prior knowledge of the data
contained in each modality. Here are the 3 modalities used for the set of features described in
the previous chapter and their kernels:

e Audio: this modality contains the average and covariance of the timbre vectors. It has 90
features. The selected kernel function between songs in this modality is the RBF kernel.

e Semantic: this modality contains the lyrics of the songs as normalized tf-idf vectors. It has
5000 features. The songs can be compared in this modality by using the cosine similarity.
Because the tf-idf vectors are normalized, i.e. ||z;||2 = ||z;||2 = 1, the cosine similarity is
simply the dot product between z; and x;:

T, .
L Xy

S(z;,x;) = —+—"— =
5 2) = el T

xlz; (4.1)

The selected kernel between songs in this modality is the linear kernel.

e Other: this modality contains individual audio features and metadata features (such as
the year of the song). The features chosen in the experiments are the tempo, the year, the
danceability and the energy of songs. The selected kernel between songs in this modality is
again a RBF kernel.

For each RBF kernel, the set in which the hyperparameter « is chosen by cross-validation is
v € {1073,1072, ..., 10}.

It is not really clear what the best method is to combine those modalities. Therefore the results
of two formulations proposed in [19] are compared: KPOE with an unweighted sum of kernels
and MKPOE.

4.2.1 Unweighted sum of kernels

When concatenating the feature maps for each modality p € 1,...,m:

P(xi) = (¢ (i) s (4.2)
the kernel is computed as:
k(zi, o) = (d(i), ¢lay)) = Y (9P (x1), ¢P(25)) = D kP (@i, ;) (4.3)
p=1 p=1

The resulting unweighted sum kernel is:

K=Y K» (4.4)

This kernel K can be used in the KPOE (2.6) metric learning technique. With this approach,
only one parameter matrix W of size n x n has to be learned.
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4.2.2 MKPOE

In the formulation of MKPOE (2.16), the feature maps of each modality are not concatenated
before learning a linear projection L, but a different LP is learned for each modality p and
the projections LP(¢P(x)) are concatenated. Compared to the unweighted sum of kernels, this
technique is more flexible as it learns multiple projections. It should give better results, especially
if some modalities are irrelevant for the task. Indeed, the projection learned can give little weight
to an irrelevant modality, reducing its impact on the learn metric, while in the unweighted sum
of kernels the unique projection cannot choose the weights of each modality. This difference also
applies to the initial case where a unique kernel is chosen on the concatenated features.

Separating the features into more modalities should give better results because the model would
be more flexible. For example, in the third modality Other, the year may be irrelevant to predict
the genre of a song, while the tempo is important, it is then better to separate them into different
modalities. Since the hyperparameters of each kernel must be tuned and a matrix WP of size
n X n must be learned per modality, the number of modalities is limited to 3 in the experiments.

4.3 Results

Tables 4.1 and 4.2 contain the experimental results obtained with each approach of the previous
section as well as the results obtained by a kNN classifier without a metric learning step.

’ Method | Constraints | accuracy | SD | time (1 run) | total time
No metric learning - 0.250 | 0.009 10ms 3s
KPOE linear kernel | all _impostors 0.238 0.029 18min42 Th47

3__impostors 0.163 0.012 39s 0h22

KPOE RBF kernel | all _impostors 0.190 0.019 21min31 13h07
3_impostors 0.195 0.017 43s 0h37

KPOE XK all__impostors 0.213 0.025 19minl8 36h30
3__impostors 0.236 0.008 41s 1h41

MKPOE all__impostors 0.178 0.007 35min09 54h55
3__impostors 0.228 0.012 1min41 4h11

Table 4.1: Artist recognition: experimental results of metric learning with different combinations
of the modalities (SD = standard deviation)

’ Method ‘ Constraints | accuracy ‘ SD ‘ time (1 run) ‘ total time
No metric learning - 0.865 0.029 8ms 1.5s
KPOE linear kernel | all__impostors 0.879 0.031 2min47 1h14

3_impostors 0.888 0.034 17s 0h09

KPOE RBF kernel | all impostors 0.885 0.02 2mind7 1h59
3__impostors 0.894 0.028 19s 0Oh14

KPOE YK all_impostors 0.900 0.021 2min54 6h17

3_ impostors 0.890 0.031 17s 0h42

MKPOE all_impostors | 0.905 | 0.008 4min20 8h38
3__impostors 0.894 0.016 43s 2h14

Table 4.2: Genre recognition: experimental results of metric learning with different combinations
of the modalities (SD = standard deviation)

In the tables, KPOE XK corresponds to KPOE using the unweighted sum of kernels, K from
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Equation (4.4). The first line contains the results without metric learning, the second and third
lines correspond to the two kernels tested on a uni-modal approach using KPOE and the two
last lines correspond to multi-modal approaches. The experimental tests are not performed on
the full set of constraints but limited to the sets all__impostors and 3_ impostors instead because
of the time taken by the algorithm, but the results are expected to be close to those obtained
with all_impostors.

In all cases, the trade-off hyperparameter A needs to be tuned as well as the k£ of the kNN
algorithm. The set of values tested for A is {1,10%,10% ...,107} and k is tested in the range
{1,2,...,10}. The accuracy displayed for each algorithm is the mean accuracy of a stratified
3-fold cross-validation where in each fold, the hyperparameters are tuned by using another
stratified 3-fold cross-validation. Next to the accuracy is displayed the standard deviation (SD)
of the accuracies obtained in each fold. The execution time of each algorithm on one fold of
the split is reported in the column "time (1 run)". The column "total time" gives the total
execution time of the nested 3-fold cross-validation. The total time depends on the number of
hyperparameters of each algorithm and on the number of values tested for each of these hyperpa-
rameters. The implementation details are explained in the last section (4.5) of this chapter. The
experiments are performed on a machine with a 3.4Ghz Intel Core i7 processor and 16GB of RAM.

For the artist recognition, Table 4.1 shows that all the tested combinations give an accuracy on
the test set worse than the one obtained without a metric learning step. As shown in the next
section, this is because the metric learning overfits the training set and is not able to generalize
to the test set. This overfitting is due to the small number of examples per class compared
to the high-dimensionality of the space. MKPOE does not improve the accuracy on the artist
recognition task for this dataset.

As shown in Table 4.2, the results on the genre recognition are better. Indeed, in the case of
the genre recognition, all the methods improve the accuracy when compared without a metric
learning step. The accuracy obtained with all the impostors as constraints is not really higher
than with 3 impostors and it is even worse when the features are concatenated (i.e. KPOE
with a linear or a RBF kernel). But the difference in execution time between those 2 sets of
constraints is high. In practice the number of constraints can be restricted without impacting
too much the accuracy of the classifier.

From all the tested combinations, MKPOE gives the best results on the genre recognition task:
+4% in accuracy. However, the accuracy gained with MKPOE is not much larger than the
accuracy gained with the other methods but MKPOE takes much more time.

4.3.1 Statistical comparisons

A statistical test can be applied to see if some of the proposed algorithms are significantly better
than the others. Following [11], it is recommended to use the Friedman test when comparing
multiple algorithms over multiple datasets. For each dataset (or task in this case), a rank is
assigned to each algorithm, such that the rank 1 is assigned to the algorithm with the highest
accuracy, the rank 2 is assigned to the second best algorithm, etc. In case of ties in the ranks,
average ranks are assigned. Let r] be the rank of algorithm j (out of k algorithms) on the dataset
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i (out of N). In this case k =9 and N = 2. The improved Friedman statistic Fp is given by:

2 2
e (R (E0) -H5) 19

(N - 1)XF

N(k—1)—x% (4.6)

Fr =
Fr is distributed according to the F-distribution with (k—1) and (k—1)(NN —1) degrees of freedom.
But since there are ties in the ranks, it is proposed in [7] to use the corrected formula (4.7)
instead of the x% statistic of formula (4.5).

b NG-D %)2
VSN OF>( ;(Zl ) o

Cp = J\W (4.8)

where

The null hypothesis states that all algorithms are equivalent (i.e. the measured average ranks
are not significantly different from the mean rank), whereas the alternative hypothesis states
that at least one algorithm is different from at least one other algorithm.

The test statistic has a value Fr = 0.35. It is distributed according to the F-distribution with
k—1=8and (k—1)(N — 1) = 8 degrees of freedom. By setting the significance level (i.e. the
probability of rejecting the null hypothesis given that it is true) to a = 0.05, the critical value
of F(8,8) is 3.44. The null hypothesis can not be rejected because Fr = 0.35 < 3.44 = F'(8,8).
There is no statistical evidence that there is a difference between the algorithms.

In all cases, the metric learning algorithms learn a poor metric for the artist recognition task.
Because of this, it is not expected that the metric learning algorithms are, in all cases, significantly
better than kNN without a metric learning step. But for the genre recognition task, the results
show that the metric learning step allows to have a better classifier. A statistical test is applied
on the accuracies obtained on each fold for the genre recognition task to see if the difference
between the classifiers is statistically different or not for this task.

Since there are 9 algorithms and 3 folds, a Friedman test can be applied with k =9 and N = 3.
Thus resulting in a F-distribution with k¥ —1 =8 and (k — 1)(N — 1) = 16 degrees of freedom.
This time, the test statistic is Fr = 1.52 and the critical value of F'(8,16) under the signifance
level v = 0.05 is 2.59. Again, the null hypothesis cannot be rejected (because 1.52 < 2.59), so the
difference between the algorithms is not statistically significant, even if the obtained accuracies
are higher with a metric learning step.

The number of tested datasets is small, so these approaches should be tested on other datasets
to confirm if the difference is statistically significant or not.

4.4 Analysis of the results obtained with MKPOE

This section analyzes more in depth the results obtained with MKPOE. The training/test split
used is the same as the first fold of the split from the previous section. The analysis is first done
on the dataset of the genre recognition using the all_impostors set of distance constraints, then
the results of MKPOE are analyzed on the training set of the artist recognition task.
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4.4.1 Genre recognition

When the trade-off hyperparameter X is high enough and enough iterations are done during the
sugradient descent, the number of satisfied distance constraints on the training set increases in
the embedding space compared to the original space. This is illustrated in Figure 4.1. In total
the metric learning algorithm allows to increase by 1106 the number of satisfied constraints. A
lot of constraints are already satisfied in the original space (98.8%), which explains the accuracy
obtained by the kNN algorithm without a metric learning preprocessing step (see Table 4.2).

® Satisfied constraints
original space

embedding

space

Unsatisfied constraints

0 50000 100000 150000

Figure 4.1: Genre recognition: number of satisfied constraints (from all_impostors) in the
embedding space compared to the original space. Total number of constraints: 147894

The cross-validation performed on the first fold of the split in the previous section gives k =7
as the best number of neighbors to use for the kNN. For each training point z;, the number of
points from the same class than z; that are among the 7 nearest neighbors of z; are analyzed
before and after the metric learning phase. This analysis shows that, in general, the number of
points in the 7-neighbordhood of z; that are in the same class than x; is bigger in the embedding
space than in the original space. Indeed, the test shows that this number has increased for 113
training points out of 314, while it has decreased for only 25 training points and stays the same
for 176 points. MKPOE performs well to group points of the same class near each other while
pushing apart points from different classes.

This fact is also illustrated in Figure 4.2 for the training set and in Figure 4.3 for the test set.
These figures show the pairwise distance matrices between examples, both in the original space
and in the embedding space. The matrices are ordered by classes. For the training set, the first
157 examples are from the "Pop_ Rock" class and the last 157 examples are from the "Rap" class.
For the test set it is the first 79 examples that are from the "Pop_ Rock" class. The separation
between the two classes is a little bit more visible in the embedding space. This is also the case
for the examples in the test set (Figure 4.3). The examples from the first class are already close
to each other in the original space, as it can observed by the "black" square in the top-left corner,
but they stay close in the embedding space while the distance between them and the points from
the other class increases.

The performance of the metric learning algorithm on the points of the test set are now analyzed
because the objective at the end is the generalization of the learned metric to unknown data
points. The previous section shows that MKPOE allows to increase the prediction accuracy of
the kNN algorithm for the genre recognition task. It could be interesting to know on how many
test points the learned metric has an impact. A quick test shows that in the case of the genre
recognition, a better class is predicted for 16 test points (out of 158). Meanwhile, 10 correctly
classified test points in the original space become misclassified in the embedding space. A good
tuning of the hyperparameters allows a gain of 6 correctly classified points out of 158, which
results in a increase of 4% of the accuracy. These results are consistent with those in the previous
section.
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(a) Original space (b) Embedding space

Figure 4.2: Genre recognition: pairwise distance matrix between examples of the training set in
the original and the embedding space
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(a) Original space (b) Embedding space

Figure 4.3: Genre recognition: pairwise distance matrix between examples of the test set in the
original and the embedding space

4.4.2 Artist recognition

Now lets see how MKPOE performs on the dataset of the artist recognition task. In this case
the analysis is reported for the 3_impostors set of distance constraints because it gives a better
accuracy in less time, but the results obtained with the all_impostors set are very similar.
Again, when A and the number of iterations are high enough, the number of satisfied constraints
increases in the embedding space compared to the original space. Figure 4.4 shows that the
number of distance constraints satisfied in the original space is very low compared to the number
of constraints that MKPOE allows to satisfy in the embedding space.

When looking at the number of 3 nearest neighbors from the same class for every example of the
training set, MKPOE performs well to bring examples of the same class closer to each other.
The number of 3 nearest neighbors from the same class increased for 165 training points (out
of 495) and decreased for only 27 training points. But the problem occurs when looking at the
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points from the test set: for this fold, the accuracy drops from 0.242 without metric learning to
0.205 with MKPOE. So even if MKPOE gives nice results on the points from the training set,
the learned metric doesn’t generalize well to unseen points from the test set.

m Satisfied constraints
original space

embedding
space

Unsatisfied constraints

0 1000 2000 3000 4000 5000

Figure 4.4: Artist recognition: number of satisfied constraints (from 3_impostors) in the embed-
ding space compared to the original space. Total number of constraints: 4455

Figures 4.5 contains the ordered pairwise distance matrices between examples of the training set
in the original space and in the embedding space obtained with MKPOE for the artist recognition
task. The ordered pairwise matrices for the test set are illustrated in Figure 4.6. For a better
visualisation, the number of classes has been limited to 5 (instead of 99) because each class
contains a low number of examples: 5 examples per class in the training set and 3 examples per
class in the test set. The separation between the classes is very clear in the embedding space of
the training set. Indeed, the distances between points of the same class are much smaller than
the distances between points from different classes. This confirms that MKPOE performs well to
bring similar examples close to each other in the training set. But as illustrated in Figure 4.6,
this doesn’t generalize well to the examples of the test set.

(a) Original space (b) Embedding space

Figure 4.5: Artist recognition: pairwise distance matrix between examples of the training set in
the original and the embedding space (limited to 5 classes)
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Figure 4.6: Artist recognition: pairwise distance matrix between examples of the test set in the
original and the embedding space (limited to 5 classes)

4.5 Implementation

The implementation is done in Python and uses scikit-learn!, an open source library for machine
learning in Python. A nice feature of scikit-learn is the ability to create pipelines to sequentially
apply a list of transformers, i.e. preprocessing steps that transform the feature representations
(e.g., feature normalization or dimensionality reduction), followed by a final estimator (e.g., KNN).
Multi-modal data can be processed in a pipeline thanks to FeatureUnion?, which allows to apply
different transformers to each modality of the data, for example a standardization step to some
modalities and a tf-idf transformer for the lyrics. MKPOE is implemented as a transformer
performing a metric learning preprocessing step.

Both the transformers and the final estimator could depend on hyperparameters that should
be tuned, for example by cross-validation. With a pipeline, the hyperparameters of the whole
pipeline can be tuned using GridSearchCV?3. It optimizes the hyperparameters by doing a cross-
validated exhaustive search over the hyperparameters’ values specified in a parameter grid. The
grid search can be parallelized by specifying a number of jobs to run in parallel. This is often
helpful because the grid search can take a lot of time.

The hyperparameters to tune are:

e )\: the trade-off between regularization and constraint satisfaction. The set of tested values
is A € {1,10%,10%,...,107}.

e 71: the hyperparameter of the RBF kernel for the audio modality. The set of tested values
is v € {1073,1072,...,10}.

e 7,: the hyperparameter of the RBF kernel for the third modality (Other). The set of tested
values is the same as ;.

e k: the number of nearest neighbors for the kNN classifier. The range of tested values is
ke{1,2,..., 10}

"http://scikit-learn.org
*http://scikit-learn.org/stable/modules/generated/sklearn.pipeline.FeatureUnion.html
3http://scikit-learn.org/stable/modules/generated/sklearn.model_selection.GridSearchCV.html
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In the current version of scikit-learn (version 0.18.1), GridSearchCV runs all the steps of the
pipeline every time another combination of hyperparameters is tested. Algorithm 1 contains the
pseudo-code of a cross-validation using GridSearchCV. As seen with the experimental results in
the section 4.3, the metric learning step takes a lot of time (especially for MKPOE). The other
preprocessing steps can take a lot of time too, it is the case for the generation of the triplet
constraints. But often these preprocessing steps don’t depend on some hyperparameters. For
example, there is no need to regenerate all the triplet constraints and run MKPOE every time
the hyperparameter k changes. Even more, the generation of the triplet constraints as well as
the standardization and tf-idf transformation of the lyrics don’t depend on any hyperparameter,
they just depend on the current training and test sets. However, the same split is performed for
each hyperparameter combination.

Algorithm 1 Cross-validation using GridSearchCV

for A € {1,103,10%,...,10"} do
for v, € {1073,1072,...,10} do
for 5 € {1073,1072,...,10} do
for k € {1,2,...,10} do
for fold in split do
- Standardization
- Tf-idf transformation of the lyrics
- Generation of the triplet constraints
- Metric learning
- kNN prediction
end for
Get mean accuracy for this combination of hyperparameters
end for
end for
end for
end for

In order to minimize the time spent on cross-validation, it is re-implemented to invert the loops
for the hyperparameters and for the folds. The consequence of this inversion is that for each
fold the accuracies obtained for each combination of the hyperparameters need to be stored
(for example in a multi-dimensional array). But the time gained is worth this memory usage,
especially when looking at the time taken by 1 run of MKPOE (see Table 4.1). Because this grid
search is part of a nested cross-validation it is even more beneficial to minimize the number of
calls to MKPOE when tuning the hyperparameters. The pseudo-code of the cross-validation
implementation is shown in Algorithm 2.

Note that in order to reduce the total time taken by the cross-validation, in the implementation
(Algorithm 2), the hyperparameter X is tuned sequentially compared to the other hyperparameters.
It is thus not an exhaustive grid search but the other hyperparameters (1, v2 and k) are fixed
to reasonable values (i.e. values that gave good accuracies when tested with some values for \)
when tuning the hyperparameter \.

The drawbacks of this approach is that the code is more complicated than a simple call to
GridSearchCV and that the parallelisation of the search needs a bit more work instead of asking
GridSearchCV to do the job (parallelisation is not used for this master’s thesis).
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Algorithm 2 Implementation of cross-validation

Fix 71, 72, and k to reasonable values
for fold in split do
- Standardization
- Tf-idf transformation of the lyrics
- Generation of the triplet constraints
for A € {1,103,10%,...,107} do
- Metric learning
- kNN prediction
end for
end for
Fix A to best value found in the previous cross-validation
for fold in split do
- Standardization
- Tf-idf transformation of the lyrics
- Generation of the triplet constraints
for v, € {1073,1072,...,10} do
for 5 € {1073,1072,...,10} do
Metric learning
for k € {1,2,...,10} do
kNN prediction
end for
end for
end for
end for
Get mean accuracy for each combination of the hyperparameters
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4.6 Conclusion

A metric learning step allows to increase the performance of a kNN classifier for the genre
recognition task. By taking advantage of the multi-modal aspect of the data, MKPOE is the
approach that performs the best on this task. But for another task such as the artist recognition,
the metric learning algorithm isn’t able to learn a metric that generalizes well to unseen data.
Despite the increase in accuracy for the genre recognition, the statistical tests reveal that the
difference between the algorithms is not statistically significant (under the significance level 0.05).
Further research could test these approaches on other datasets to confirm if there is a significant
difference between them or not.

MKPOE allows an increase of accuracy for certain tasks but is computationally expensive. The
next chapter explores a few approaches to reduce its execution time.
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Chapter 5

How to scale MKPOE?

As seen in the previous chapter, MKPOE allows to increase the accuracy of a kNN algorithm
on the genre recognition task. But the original dataset contains much more examples and the
execution time of this algorithm significantly increases with the number of training examples.
Indeed, having more examples implies more distance constraints and the execution time increases
with the number of constraints. More examples also results in bigger kernel matrices because
their size is n X n (n is the number of examples). Consequently, it takes more time to perform
the operations on those kernels, especially matrix multiplication which is a frequent operation in
MKPOE. The run time of this algorithm on a big dataset might be impractical. This chapters
explores some approaches with the aim of reducing the execution time of MKPOE.

The first section is looking to an online adaptation of MKPOE, where only one pass on the set of
distance constraints is needed. In the second section, the learned parameter matrices is restricted
to be diagonal in order to decrease the execution time taken by the projection onto the PSD set.
Always with the same goal, the third section applies a dimensionality reduction technique such
that the parameter matrices are low-dimensional. Section 5.4 explores the gain obtained by a
mini-batch version of the subgradient descent, where only a subset of the distance constraints
is selected at each iteration. Section 5.5 is dedicated to adapt the formulation of MKPOE in
order to optimize the metric learning problem using a Frank-Wolfe algorithm. Finally, section 5.7
contains the experimental results on the medium-scale datasets and the last section concludes
this chapter.

5.1 Online approach
In order to process large-scale multi-modal data applications, Xia et al. propose Online Multi-
modal Distance Learning (OMDL) [27], an online adaptation of MKPOE. The main difference

with MKPOE is that only one pass on the set of triplet constraints R is performed, while MKPOE
passes on all the constraints at each iteration.

At each iteration ¢, the algorithm processes a given triplet constraint (x;,x;, x)) and updates the
metric for each modality p by solving the following optimization problem:

1
min §HWP — WP % + Mtr(WPKP) + X

wr. ¢
s.t. dy (i, ¢) = (K] — KJ)TWP (K} — K7),
5.1
§>0,
WP =0
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Problem (5.1) is based on the online passive-agressive learning algorithms [9]. At each iteration ¢,
the problem is optimized such that a trade-off is done between having WP close to the previous
parameter matrix W/} ; ("conservativeness'), the regularization term tr(W?KP?) and minimizing
the loss on the current triplet constraint: max{0, dg(@-, bj) — d%(@', ¢r) + 1}. The hyperparame-
ters A1 and Ay control this trade-off.

The regularization term in problem (5.1) has been modified compared to the original version of
the problem in [27] in order to have the same regularizer than in MKPOE. The third section of
this chapter comes back to the true regularization term used by OMDL.

The solution to problem (5.1) can be solved by using:
WP =WPF |, — \K? — 7P KP(E;; — Ey,)KP (5.2)
where

fli-) -} (5.3)

P — mind \
= min{e e B KA

where £(x) = max{0, z} is the hinge loss function, E;; = (e; — ¢;)(e; — ;)T and
li-1 = —Mtr(KPKP(E;j — B ) KP) +tr(W, 1 KP(Eij — By ) KP) + 1 (5.4)

and then by projecting WP onto the feasible set of PSD matrices. These equations are obtained
based on the development in the original paper [27].

Because the parameters WP (p = 1,...,m) of the metric are optimized separately for each
modality, they add a weight p? (p = 1,...,m) to each kernel when combining the modalities.
This way the contribution of each modality to the learned metric in weighted. The embedding
function is:

g(z) = (VuPNPED);L, (5.5)

And the squared Euclidean distance in the embedding space is:

lg(as) = g(x)l3 = Y P (K7 — K7)T(NP)T(N?)(KF — K7)
p=1

m
= WPdy(i, ;) (5.6)
p=1
The weights are updated at each iteration ¢t by following the idea of an online multiple kernel
learning algorithm proposed in [15]:

P
e = py_q (5.7)

where 2z’ takes value 1 if dg(gﬁi, ¢j) > d,%(d%’, o) and 0 otherwise, and n € (0, 1) is a hyperparam-
eter giving the factor by which the weight is decreased when 2! is 1. So the weight assigned to a
modality will be small if the distance constraints are not often satisfied in this modality.

This algorithm has two set of variables to learn: the parameter matrices W? (p = 1,...,m) of
the learned metric and the weights p? (p =1, ...,m) assigned to each kernel when combining the
modalities. The full OMDL algorithm is shown in Algorithm 3.

Table 5.1 compares the execution time of the OMDL algorithm with the execution time of
MKPOE. Unfortunately, OMDL takes much more time than MKPOE, especially when the
number of constraints is high. In this case OMDL is not practical. The rest of this chapter
explores other techniques to reduce the execution time of MKPOE. Some are applied to OMDL
to see if the execution time of OMDL can fall below that of MKPOE.
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Algorithm 3 Online Multi-modal Distance Learning (OMDL) [27]

Input:
e training set X = {z;|i = 1,...,n}

e m kernel matrices K? Vp € {1,...,m}
e trade-off parameters Ay > 0, A9 > 0

e discount weight n € (0,1)
Output: WP, uP Vp € {1,...,m}
Initialization: W§ = I,ub =1Vp € {1,...,m}
fort=1,2,...,T do
receive a triplet (z;, z;, ;) from R
forp=1,..., mdo
compute 77 with (5.3)
compute W} with (5.2)
PSD projection: A; — max(0,\;) Vi € {1,...,n}
if d2(¢i, ¢j) > d2(i, ¢r) then

=1
else
=0
end if
update i = puf_; n*
end for

end for

3_impostors | all _impostors
MKPOE 43s 4min20
OMDL 2min26 2h09

Table 5.1: Execution time of MKPOE and OMDL on the dataset of the genre recognition task

5.2 Diagonal matrices

A profiling tool shows that the eigendecomposition of the matrices WP is the step that takes
the most time in both algorithm: 51.16% of the execution time for MKPOE and 75.37% for
OMDL. This eigendecomposition is needed in order to project the matrices WP on the set
of positive semi-definite matrices, which is performed at the end of each iteration for both
algorithms. It has a time complexity of O(n3) (where n is the size of the training set). Reduc-
ing the time taken by the projection step is useful to reduce the execution time of these algorithms.

As proposed in [19], diagonal matrices WP can be learned in order to reduce the computational
cost of MKPOE. Since the eigenvalues of a diagonal matrix are the element of its diagonal and a
matrix is positive semi-definite if its eigenvalues are positive, the projection of a diagonal matrix
is simply done by setting all the negative elements of its diagonal to 0. The time complexity of
this projection is thus O(n) for each modality instead of O(n?3).

At each iteration of MKPOE, every distance constraint needs to be verified if satisfied or not.
The distance between two points in the embedding space can be computed directly by the squared
Mahalanobis distance:

d*(i, dj) = i — KPY'WP(K? — K?) (5.8)
p=1
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Or the distance can be computed by projecting the data points in the embedding space at each
iteration and using the Euclidean distance between points in this new space. Computing the
distance in the first case has a time complexity of O(n?) while the time complexity for computing
the Euclidean distance is O(n) but the eigendecompositions WP = Y/Z,APVPT are needed to embed
the data points in the new space. Indeed, the embedding function is:

g9(x) = (NPEP)pt, (5.9)

where each NP is obtained with N? = All,/ 2VpT. It is often the case that the number of distance

constraints is high (higher than n, the size of the training set) and in this case the experiments
empirically showed that it is more efficient to compute the distance by first embedding the points
and then using the Euclidean distance.

An eigendecomposition of W? (Vp € {1,...,m}) at each iteration of MKPOE is still necessary
to embed the data points in the new space. This eigendecomposition is very efficient when WP
is diagonal. Indeed, if WP is diagonal then V), = VZDT = I,, (the identity matrix of size n) and
A, = WP. So NP is simply:

_AL/2y T _ 1/2
NP = AYPVT = (W)Y (5.10)
which can be computed in O(n).

For OMDL it is not necessary to embed the data points at each iteration because only one
distance constraint is processed at each iteration. So for OMDL the distance between two points
is computed in the embedding space using the squared Mahalanobis distance in (5.8).

Table 5.2 compares the execution time of MKPOE-diag and OMDL-diag (i.e. MKPOE and
OMDL with diagonal matrices) when using the 3_impostors and the all_impostors sets of
constraints. As expected, there is a great difference in the execution time between the diagonal
versions of these algorithms and the original versions (see Table 5.1), especially for OMDL, for
which the projection step is called many times.

3_impostors | all_impostors
MKPOE-diag 11.3s 3min02
OMDL-diag 13s 10minb7

Table 5.2: Execution time of MKPOE-diag and OMDL-diag on the dataset of the genre recogni-
tion task

However, MKPOE-diag is again faster than OMDL-diag, so only the accuracy obtained with
MKPOE-diag is considered because the latter is expected to give a worse accuracy. Moreover,
the total time of the nested cross-validation will be longer for OMDL-diag than MKPOE-diag
because of two more hyperparameters to tune (A2 and 7).

The mean accuracy of a nested stratified 3-fold cross-validation is 0.818 when using the 3_ impos-
tors set of constraints and 0.852 when using the all_impostors set of constraints. In both cases,
the accuracy is under the estimated accuracy of kNN without metric learning (0.865). Figures 5.1
and 5.2 show that the number of satisfied constraints on the training set in the embedding space
is smaller than in the original space. The diagonal version of MKPOE fails to learn a performing
metric.
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Figure 5.1: Genre recognition: number of satisfied constraints (in 3__impostors) for a diagonal
version of MKPOE. Total number of constraints: 2826
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Figure 5.2: Genre recognition: number of satisfied constraints (in all_impostors) for a diagonal
version of MKPOE. Total number of constraints: 147894
5.3 Dimensionality reduction

A frequent method to decrease the computation cost of metric learning algorithms is to preprocess
the data with a dimensionality reduction technique [4]. For example, the authors of LMNN use
PCA in the experiments of their paper [24]. In the nonlinear case, the distance

d(¢i,07) = \/ (K; — K;)TW (K; — K) (5.11)

can be seen as a Mahalanobis distance between the vectors K; and K; where W is the parameter
matrix to learn. Dimensionality reduction techniques can be applied to the data contained in the
matrix K € R™™™ by considering the columns of K as data points. This way, the dimensions of
the new matrix representing the data Ky are n’ x n (n’ < n). The dimensions of the parameter
matrix are n’ X n/, so the eigendecomposition is much faster.

In OMDL-LR [27], the authors propose to use random projection to decrease the dimensions
of W, by following the idea in [6]. In random projection, the original n-dimensional data is
projected to a n’-dimensional subspace by using a random matrix P € R™ %" The elements of P
are generated at random following a Gaussian distribution and in such way that the rows of P are
unit vectors orthogonal to each other. The matrix Kpp € R X7 containing the low-dimensional
data is obtained with:

Krr=PK (5.12)

A low-rank approximation of W is obtained with PTWrP.

The idea behind random projection comes from the Johnson-Lindenstrauss lemma [16], which
states that points in a high-dimensional space can be projected into a randomly selected subspace
such that the distance between the points are approximately preserved. Random projection is
probably used in OMDL because it is a simple and fast dimensionality reduction technique. It is
important to use a fast technique because the goal is to decrease the computational cost of the
metric learning phase.

In the multi-modal case, a random projection matrix PP is generated for each modality p in order

to decrease the dimensions of each WP. It is not obvious how to adapt the regularization term
used by MKPOE in order to use the low-dimensional W7 € R™*" But as stated earlier, the
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authors of OMDL also change the regularization term in order to improve the effectiveness of the
method. In addition to the likely increase in accuracy, a key advantage of this new regularizer is
its ability to use the low-dimensional matrices W7 .

They propose to use the graph Laplacian regularizer:
tr(VLvT) (5.13)

where V' = [g(z1), ..., g(zy)] is a matrix containing the embeddings of the training points z; as
columns and £ is the symmetric normalized Laplacian matrix.

Definition 3. The symmetric normalized Laplacian matrixz is defined by:
L=1-D7Y25p~1/2 (5.14)

where S € R™" is a symmetric similarity matrix where each entry S;; is the similarity between
data points x; and z; in the original space and D is a diagonal matrix with diagonal elements
defined as D; = Z?Zl Sij-

The similarity matrix S is defined as:

S, = {k(ajz, xj) if z; or z; is in the k’-neighborhood of the other one (5.15)

0 otherwise

where £ is fixed to 5 and k(x;, z;) is the value of the kernel between x; and x;. The goal of this
regularizer is to enforce small Euclidean distances in the embedding space between similar points
(in the sense of the similarity matrix).

Thanks to V' = N K, the regularizer can be written in terms of W and K:
tr(VLVD) =tr(VIVL) = tr (NK)INKL) = tr(K'NTNKL) = tr(KTWKL) (5.16)

For the multi-modal case, the regularization term is:

3 tr((KP)TWPKPLP) (5.17)
>
p=1

Changing the regularization term in OMDL (problem (5.1)) gives this update rule:

WP = WP, — MKPLP(KP) — P KP(E;; — By )(KP)T (5.18)
where W)
77 = min{)s, -1 } (5.19)
|KP(Eij — Eix) (KP)T||%
and

li_1 = —AltT(Kpﬁp(Kp)TKp(Eij — Zk)(Kp)T) + tT’(Wt_le(Eij — lk)(Kp)T) +1 (520)
K? and WP can easily be substituted to use the low-dimensional K7, and W7 .
Nevertheless, the authors of OMDL didn’t try MKPOE with the graph Laplacian regularizer and

the low-dimensional matrices W7 5. It is straightforward to adapt MKPOE in problem (2.16) to
use the regularization term (5.17) and the low-dimensional matrices K7, and W7 5.
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The previous section shows that diagonally-constrained WP is failing to learn a good metric
for this problem. Using low-dimensional matrices W} € R <1 (such that n’ < n) allows to
speed up the execution time of the algorithm while maintaining good performance. Since most
of OMDL’s execution time comes from the eigendecomposition of WP, the performances of the
low-dimensional versions of both MKPOE and OMDL are analyzed next.

Table 5.3 compares the performance of OMDL-LR and MKPOE-LR (i.e. MKPOE with dimen-
sionality reduction and the regularizer of OMDL-LR). In all cases, the accuracy obtained is better
than the accuracy obtained by kNN without metric learning. OMDL-LR is still slower than
MKPOE-LR. Only the accuracies obtained with MKPOE-LR are considered because OMDL-LR
is expected to give worse accuracies and take much more time during the nested cross-validation
because of the larger number of hyperparameters to tune. As before, there is a slight difference
between the accuracies of MKPOE-LR with 3_impostors and all_impostors, but the time taken
when using the 3_impostors set of constraints is much smaller. It could be preferable to use this
set in practice. There is a trade-off between performance and execution time when choosing the
dimension n’ of the low-dimensional space. As shown in Table 5.3, the difference in accuracy is
quit high between n’ = 50 and n’ = 100 so it might not be a good idea to choose a too small n'.

n’ | accuracy SD time (1 run) | total time
MKPOE-LR 3__impostors 50 0.871 0.021 8.2s 30minb8
100 0.892 0.013 12s 45min06
OMDL-LR 3_impostors 50 - 13.5s -
MKPOE-LR all_impostors | 50 0.867 0.049 2min35 5h39
100 0.894 0.016 2mind1 6h37
OMDL-LR all_impostors 50 - 11minl5 -

Table 5.3: Performance of MKPOE-LR and OMDL-LR on the genre recognition dataset. n’ is
the dimension of the low-dimensional space (SD = standard deviation)

5.4 Mini-batch gradient descent

Besides the eigendecomposition needed to enforce the PSD constraint after each iteration, the
subgradient descent has to pass over all the distance constraints at each iteration to compute
the gradient. If the number of distance constraints is high, the computation of the gradient
might take some time. As proposed in [18] and [20], a mini-batch approximation of the gradi-
ent can be used by randomly selecting a subset R’ of constraints at each iteration, with |R'| < |R].

First, the size of the subset of constraints needs to be chosen. In the experiments, the size of R’
is fixed to 20% of |R/|.

In order to use the "bold driver" method to update the learning rate (see section 3.7), the exact
cost of the objective function needs to be computed at each iteration, which requires a pass over
all the constraints. Because of that, the mini-batch gradient descent is useless if the "bold driver"
method is used. Therefore, a geometric decrease of the learning rate is used in the experiments
of this section.

Table 5.4 reports the performance obtained by MKPOE when using a mini-batch gradient descent
by randomly selecting 20% of the constraints at each iteration. As expected, the execution time
of the mini-batch version is smaller than the execution time of the batch gradient descent without
a big loss in accuracy. As a reminder, the results of MKPOE reported in Table 4.2 have an
accuracy of 0.894 for an execution time of 43s for the 3_ impostors set, and an accuracy of 0.905
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accuracy | SD | time (1 run) | total time
3__impostors 0.89 0.028 34.58 1h19
all__impostors 0.877 0.024 2min03 4h38

Table 5.4: Performance of MKPOE with a mini-batch gradient descent on the genre recognition
dataset when 20% of the constraints are chosen at each iteration (SD = standard
deviation)

for an execution time of 4min20 for the all _impostors set. MKPOE-LR performs better in terms
of accuracy (when n’ = 100) for a comparable decrease in the execution time, but if needed the
two methods can be used together.

It should be pointed out that the performance of the mini-batch version of MKPOE could be
better if an optimal learning rate is chosen. The learning rate is fixed following a geometric
progression, i.e. oy = s-c!*! where s is a scaling parameter fixed to 0.1 in the experiments
and ¢ = 0.99. But in this case the learning rate often decreases too quickly. For example, in
Figure 5.3, the cost obtained with a learning rate following a geometric progression converges
quickly, while with a constant step size (fixed to 0.7 in this case), the cost doesn’t converge
after 400 iterations. Adapting the scaling parameter s and the decreasing parameter ¢ for every
combination of hyperparameters is not an easy task.

lel3

5

— Geometric progression

— Constant

cost

0 50 100 150 200 250 300 350 400
iteration

Figure 5.3: Convergence of MKPOE with a mini-batch gradient descent when using the
all_impostors set of constraints

5.5 Frank-Wolfe optimization

An efficient way to enforce the PSD constraints is to learn matrices WP such that they are always
in the set of PSD constraints. This avoids the costly projection onto the feasible set at the end of
each iteration. In [18], Liu et al. propose to learn the parameter matrix as a convex combination
of rank-one 4-sparse base matrices by using a Frank-Wolfe optimization algorithm.

In their paper, they learn a linear metric with a parameter matrix M of size d x d (where d
is the dimensionality of the data). The 4-sparse matrices of size d x d are chosen from the set
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By = Uij{P/Sij),N)(\ij)} for any pairs of features 4,j € {1,...,d},i # j where

- A LA
P)(\z]) = )\(61 + ej)(ei + Gj)T = .
A LA
A -
N )\(eife])(elfej)T: )
- A

and A > 0 is a scale hyperparameter. It is easy to prove that the base matrices are PSD. Since
M is a convex combination of PSD matrices, it is also a PSD matrix. The O(d®) time cost of the
projection onto the feasible set is avoided.

The authors propose to use the Frank-Wolfe alorithm [12] to optimize the problem. The Frank-
Wolfe algorithm is an iterative algorithm to minimize a convex and continuously differentiable
function over a compact convex set. At each iteration, the algorithm considers a linear approxi-
mation of the objective function to minimize and moves in the direction minimizing this linear
approximation while staying in the feasible domain. The minimizer of the linear approximation
is a vertex of the feasible domain and each iterate is a sparse convex combination of the vertices
of the domain.

In the paper, the objective function to minimize is the average loss over the triplet constraints in
R:

f(M) = Z 0(Sn (i, i) — Sy (i, xp)) (5.21)

(z4,5,26)ER

[R]

where Sys(xi, x;) is a similarity function between data points x; and z; and, in this case, £(x) is
the smoothed hinge loss:
% -z ifx <0
() =93(1—2)* f0<z<1 (5.22)
0 ifxz>1

The smoothed hinge loss is used instead of the hinge loss because it is differentiable. No regular-
ization term is necessary because overfitting is avoided by limiting the number of base matrices
used in M.

At each iteration, the matrix M is represented as a convex combination of the base matrices:

M= 3" 4B, where Y yp=1, 18>0 VBB, (5.23)
BeBy BeBy

The next subsection explains how to adapt MKPOE to use the Frank-Wolfe algorithm based on
the formulation proposed in this section. This means adapting the formulation to a nonlinear
and multi-modal approach and learning a Mahalanobis distance function instead of a similarity
function.
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5.5.1 Adapting MKPOE

As stated in [19], the learned squared Mahalanobis distance between ¢; and ¢; can be expressed
as:

NE

@ (61,65) = D (KT~ KDTWP(K? - K)

3
Il
—

M

(e — €;) " (KP)"WPKP(e; — ¢;)

T
I

tr((KP)"WPKP(e; — ej)(ei — e5)") = D tr(WPKPEy;(KP)T)
p=1

M

T
I

)

(WP, KPE;j(K")") 7 (5.24)

S
Il
—

where e; is the i*" standard basis column vector, E;; = (e; — e;)(e; — e;)T and (-,-)r is the
Frobenius inner product.

Definition 4. The Frobenius inner product of two real-valued n x m matrices A and B is defined
by

Z Ai]’Bi]’ = tT(ATB) (525)

The distance constraints with a margin of 1 can be written as:
(i, ¢) + 1 < d*(¢1, )
m

&Y (WP KPE;;(K))") r+1<
p=1 P

(WP, KPEy(KP)T) »

NE

I
-

(WP, KP(Ey, — Ei;)(KP)T) £ (5.26)

NE

1<

I
—

p

The objective function in (5.21) is adapted to obtain the objective function to minimize:
1 m
fOWVE W™ = = S o> (WP, KP(Ey — E)(KP)T) F) (5.27)
‘ ‘ ($i,$j,1‘k)€R p=1

where |R| is the number of triplet constraints and ¢(x) is the smoothed hinge loss (5.22).

The gradient of the objective function is composed of the partial derivative of each modality:

af 1 m
g =T 2 Clowesan oW K (Bik = By)(K7)T) 7) (5.28)
(zs,@j,25)ER p=1
with
— if 2 <0
Gl o @ = —(L—2)505 f0<z<1 (5.29)
0 ifz>1

where 0% = KP(Ey, — Eij)(K?)T when o = Y7 (WP, KP(Ey, — Eij) (KP)T) r.

Each WP is a convex combination of base matrices (as matrix M in (5.23)). In this case the base
matrices are of size n X n and represent pairs of data points instead of pairs of features.
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5.5.2 Frank-Wolfe algorithm

At each iteration t of the Frank-Wolfe algorithm, the matrices WP are updated with
Wi =W, 4 ay(Bf —WY) (5.30)

where oy the step size at iteration ¢t and B is the base matrix minimizing the linear approximation
given by the first-order Taylor approximation of f around W, = (W}, ..., W/™):

of
B = argmin(B, —— (W, 5.31
i ngeIzrsliM os WF (5.31)
The matrix B is 4-sparse so the Frobenius inner product can be computed very quickly by
summing the terms obtained for the 4 non-zero entries of B.

To avoid testing all pairs (¢,7) when searching for the best B, the authors propose to use a
fast-heuristic by sequentially finding the best j with ¢ fixed at random, solving the problem with
B e Uj{Pﬁm, N/s”)}, and then finding the best i by fixing j to the best value found.

As with the gradient descent, the step size a; needs to be chosen at each iteration ¢t. For the
Frank-Wolfe algorithm, it usually follows a decreasing function such as a; = H% [13]. A frequent
improvement is to do a line-search to find the optimal step size in the current direction by solving
the following minimization problem:

ay = argmin f((1 — )W/} + aB?) (5.32)
a€(0,1]
But this is too computationally expensive because the gradient of f with respect to o must be

computed at each iteration of the line-search, which requires a pass on all the triplet constraints
at each iteration to known if they are satisfied or not.
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Figure 5.4: Convergence of the Frank-Wolfe algorithm when using the 3_ impostors set of con-
straints and with the learning rate following a geometric progression

It is hard to learn a good metric with this technique. In each experiment, the convergence was
reached too early, even when changing the decreasing function of c; with a geometric progression
in order to have a slower decrease of the step size. Indeed, the number of unsatisfied constraints
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when the convergence is reached is always higher than the number of unsatisfied constraints
when using the Euclidean distance in the original space (i.e. without a metric learning step).
And the performance of the learned metric is worse than using the Euclidean distance without a
metric learning step, both for the training set and for the test set.

Figure 5.4 illustrates the convergence of the Frank-Wolfe algorithm when the learning rate follows
a geometric progression. The cost of the objective function decreases but, as it is observed in the
experiments, the convergence is reached too early.

5.6 Experiments on medium-scale datasets

MKPOE-LR with the 3_impostors set of distance constraints is the method that gives the
best trade-off between accuracy and execution time. This section assesses the performance of
MKPOE-LR on two medium-scale datasets. Both datasets contain all the genres for which there
is more than 100 songs. This means that there are 10 classes (see Table 3.1 on page 16 for the
distribution of the data points in the classes). The first dataset is balanced and contains exactly
120 randomly sampled songs per genre. The second one contains all the songs from these genres,
resulting in a imbalanced and larger dataset.

For these experiments, the dimension of the low-dimensional space is fixed to n’ = 200. The set
of distance constraints used is 3_ impostors, meaning that 9 triplet constraints are generated for
each data point (because 3 target neighbors and 3 impostors are selected). And the maximum
number of iterations allowed is increased to 1500, because experimental observations show that
400 iterations are not enough for this setting in some cases.

5.6.1 Balanced medium-scale dataset

This dataset has 1200 data points. The accuracies obtained by a kNN classifier without a metric
learning step and when MKPOE-LR is used are reported in Table 5.5. MKPOE-LR allows an
increase in accuracy of 2.5%, which is not super high but is obtained in a reasonable amount of
time. This accuracy is obtained by a 3-fold nested-cross validation, whose total time is reported
under the column "total time".

accuracy | SD | time (1 run) | total time
No metric learning 0.34 0.005 9ms 3s
MKPOE-LR 0.365 0.02 2min42 9h05

Table 5.5: Performance of MKPOE-LR on the balanced medium-scale dataset (n’ = 200) (SD =
standard deviation)

Figure 5.5 contains an analysis of the number of satisfied constraints before and after the metric
learning step on the first fold of the cross-validation. MKPOE-LR can increase the number of
satisfied constraints. On the first fold, it results in an increase in prediction accuracy of 6.75%
for the training set and 5% for the test set.

5.6.2 Full medium-scale dataset

This dataset has 3520 data points. Table 5.6 compares the performance of a kNN classifier
without metric learning and with MKPOE-LR. This time the increase in accuracy is only of
0.4%. Again, the accuracy is obtained by a 3-fold nested-cross validation. The dimensionality
reduction is important to reduce the execution time of MKPOE, because MKPOE-LR with 1500
iterations has an execution time of 7min19 while MKPOE with 400 iterations took 1h18 to run.
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Figure 5.5: Genre recognition: number of satisfied constraints (from 3_impostors) for the
balanced medium-scale dataset. Total number of constraints: 7200

accuracy | time (1 run) | total time
No metric learning 0.591 0.003 0.03s 21.5s
MKPOE-LR 0.595 0.018 Tminl9 21h32

Table 5.6: Performance of MKPOE-LR on the full medium-scale dataset (n’ = 200)

Again, an analysis is performed on the first fold of the cross-validation. The number of satisfied
constraints before and after the metric learning step on the first fold are reported in Figure 5.6.
MKPOE-LR increases the number of satisfied constraints on the first fold by 4131, in other words
around 20% more distance constraints are satisfied thanks to MKPOE-LR. In the experiments,
the accuracy on the training set is always increased thanks to MKPOE, but for some folds the
accuracy on the test set is worse than without metric learning. This means that the learned
metric doesn’t always generalize well to unseen data.

m Satisfied constraints
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embedding

space

Unsatisfied constraints

13962

0 5000 10000 15000 20000 25000

Figure 5.6: Genre recognition: number of satisfied constraints (from 3__impostors) for the full
medium-scale dataset. Total number of constraints: 21105

Note that because this dataset is imbalanced and the "Pop_ Rock" class dominates the other classes
(54.7% of the dataset), the accuracy might not be the best measure to assess the performance.
Indeed, an accuracy of 0.547 can already be reached by always predicting the class "Pop_ Rock".
With a imbalanced dataset it is more meaningful to look at the confusion matrix, where correct
predictions are on the diagonal of the table and where prediction errors are outside the diagonal.
The confusion matrix in Table 5.7 is obtained with the predictions on the test set of the first
fold. It shows that a large portion of the points are predicted in the "Pop_ Rock" class, even if it
is not the correct class. But in general, after the "Pop_ Rock" class, the second most predicted
value for each class is the correct class, as illustrated by high values on the diagonal.

MKPOE-LR allows to increase the accuracy for both medium-scale datasets but the magnitude
of the increase is not very high, especially on the full dataset. Depending on the time available,
it could be judicious to learn a better metric, for example by increasing the dimensions of the
low-dimensional space or by learning on a larger set of distance constraints, at the cost of a
longer training time.
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Blues | Country | Elec. | Int. | Jazz | Latin | Pop_ Rock | Rap | Reggae | RnB
Blues 3 6 0 1 3 3 26 0 0 0
Country 0 14 1 2 0 2 39 1 0 0
Elec. 0 1 10 2 0 4 54 3 0 2
Int. 1 2 1 2 2 5 33 0 2 1
Jazz 1 0 3 1 0 5 28 0 0 0
Latin 2 1 1 4 4 20 52 0 2 0
Pop_ Rock 5 5 11 9 0 14 580 5 2 1
Rap 0 0 2 2 0 3 36 35 1 0
Reggae 1 0 4 2 0 5 13 4 11 0
RnB 1 2 2 2 0 3 30 2 2 0

Table 5.7: Confusion matrix of the predictions of the test set obtained by kNN when using
MKPOE-LR (for the full medium-scale dataset). The row represents the true class
and the column represents the predicted class.

5.7 Conclusion

Multiple approaches to reduce the execution time of MKPOE are explored in this chapter.
OMDL, an online adaptation of MKPOE, has a high execution time, thus failing to reduce the
time of MKPOE. Some approaches result in poor performance of the metric learned, this is
the case for MKPOE with diagonal matrices and for the Frank-Wolfe formulation. And other
approaches allow to learn a relatively performing metric while significantly reducing the training
time. For example, MKPOE-LR learns low-dimensional parameter matrices thanks to random
projections, and the mini-batch stochastic gradient descent decreases the time of the iteratin
algorithm by selecting a subset of the distance constraints at each iteration.
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Conclusion

Metric learning is often needed to learn a task-specific metric. Meanwhile, multi-modal data
increasingly arise in real-world cases, such as multimedia applications. Metric learning techniques
that can efficiently deal with these multiple modalities have a growing importance. This master’s
thesis shows that taking advantage of the multi-modal aspect of the data allows to increase the
prediction accuracy of a musical genre recognition task. The modalities are combined following
the method proposed in MKPOE, a state-of-the-art technique for multi-modal metric learning.
But MKPOE has limitations on some datasets. The experiments show its inability to learn a
metric that generalizes to unseen data when the number of training examples per class is small,
such as in an artist recognition task.

In addition, MKPOE does not scale well with the size of the training set. Therefore, multiple
approaches to reduce the execution time of this algorithm are explored. Among these, some
are successful and well performing on the genre recognition task while having a significantly
smaller execution time than MKPOE. First, the number of distance constraints can be limited by
selecting a fixed number of target neighbors and impostors for each training point. The accuracy
of MKPOE when the number of impostors is fixed is comparable to the accuracy obtained when
selecting all the points from a different class as impostors. Another approach that performs
well is to use a mini-batch subgradient descent, where a subset of the constraints is selected
at each iteration. This master’s thesis shows that the "bold driver" technique is convenient to
easily update the learning rate of the subgradient descent algorithm. But it is not possible
to efficiently use this technique with the mini-batch subgradient descent, because, in order to
compute the cost of the objective function at each iteration, the "bold driver" technique needs to
pass over all the distance constraints. Finally, in order to reduce the time needed to project onto
the set of positive semi-definite matrices, the MKPOE-LR algorithm is proposed. MKPOE-LR
learns low-dimensional parameter matrices of the metric by using random projections. For some
datasets, the accuracy obtained with this technique is comparable to the accuracy obtained with
MKPOE.

Further research

In order to validate the proposed techniques, such as MKPOE-LR, their performance should be
assessed on other multi-modal datasets. Testing with multiple datasets could also be done to
confirm whether the performance increase brought by these techniques is statistically significant
or not. Indeed, despite an increase in the accuracy, the results of this master’s thesis don’t
show a statistically significant difference between the accuracy obtained with the metric learning
techniques and the accuracy obtained with a kNN classifier without a metric learning step. It
would also be interesting to apply the techniques to other tasks involving multi-modal data. For
example, with the Million Song Dataset, a metric learning step could improve the performance
of a year recognition task (i.e. a regression task) or a content-based playlist generation.

One could explore other iterative algorithms in order to efficiently optimize the metric learning
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problem. Some algorithms are known to have a faster convergence rate than a classical gradient
descent. For instance, this is the case for the Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA) [2].

To be complete, the performance should be compared with the multi-wing harmonium model
proposed in [28], another state-of-the-art technique for multi-modal metric learning.

In order to avoid the time cost of projecting onto the set of PSD matrices, some metric learn-
ing techniques use a LogDet divergence as regularization term. This regularizer enforces the
parameter matrix M to be close to an initial value My and ensures that M is always PSD. One
limitation of this approach is that the choice of My (often set to My = I) has an influence on
the performance of the learned distance [4]. Examples of techniques that use this regularizer
are Information-Theoretic Metric Learning (ITML) [10] and LogDet Exact Gradient Online
(LEGO) [14]. As LEGO is an online metric learning approach, it would be interesting to study if
OMDL can take advantage of the LogDet divergence in order to avoid the projection cost, by
combining the ideas of OMDL and LEGO.

Exploring the use of linear metric learning techniques with multi-modal data is something that
has rarely been done (see for example [26]). Some future work can compare the performance of
linear metric learning techniques with the ones proposed in this master’s thesis. The advantage of
the multi-modal aspect of the data when using a linear metric learning technique is less obvious
than with kernelized nonlinear techniques. In the latter, the choice of the kernel can be justified
by prior knowledge of the modality. Also, if the modalities are simply concatenated, the kernel
entries are computed on all the features, but the learned parameter matrix is applied on the
kernel entries. Whereas in linear metric learning techniques it is applied directly on the features.
But learning a linear metric has multiple advantages. For example there is no need to choose the
kernels and to tune their hyperparameters, and it reduces the probability of overfitting because
a simpler model is learned. If the data is very high-dimensional (d > n), then more parameters
must be learned because the size of the parameter matrix M is d x d for linear metric learning
techniques, instead of n x n for kernelized nonlinear techniques.

Finally, a possible approach to scale the metric learning algorithms to large datasets could be to
select a subset of the data points and learn the metric based only on this subset. In comparison,
the mini-batch subgradient descent selects a subset of the distance constraints at each iteration.
Mini-batch is studied in this master’s thesis, but selecting a subset of the training points is not
explored. Selecting promising data points that represent well the underlying geometry of the
data can be done with active learning. Further research can study the performance of MKPOE
or MKPOE-LR when using this approach.
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