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Chapter 1

Introduction

As the digital age continues to unfold itself, the accumulation of data is
exploding and its treatment requires evolving methods that can keep up with
the increasing quantity of information to analyse [1][2][3]. While the data science
market is thriving, the ecological and environmental aspect of newer technologies
is becoming ever more important [4], as climate change arises a plethora of issues
that need to be addressed [5][6][7][8].

Although data collection and analysis regarding these concerns is an expanding
and promising topic [9], ecological improvement could come from technologies
already being used. Whether renewable energy is being used or not, one must do
its best to avoid wasting energy in vain. This motto is also valid when computing.
While this has been heavily discussed by David. H. Wolpert [10] [11] and others
[12][13], the motivation of these works all come from the same physical principle,
namely the Landauer Principle.

This fundamental result states that "any logically irreversible manipulation of
information, such as the erasure of a bit or the merging of two computation paths,
must be accompanied by a corresponding entropy increase in non-information-bearing
degrees of freedom of the information-processing apparatus or its environment" [14].
This statement takes its origin as an attempt to answer Maxwell’s infamous demon
[15], a thought experiment that challenges the second law of thermodynamics.
It stated that if an intelligent being had information about both velocities and
positions of the particles in a box, it could split and transfer the hot particles from
a cold reservoir to a hot one, without applying external work [16]. This would
therefore break the second law of thermodynamics, assuming that the information
earned by the demon is a non-physical quantity.

Fortunately, studies have shown that information is physical [15] as it must be
recorded in a physical device of some kind, and extensive work has been done in
information theory to exploit that knowledge [17]. Landauer’s principle gives the
first brick to construct a proper thermodynamical framework for computations.
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While some researches are performed towards building a better framework
and definition of the Landauer’s principle for quantum computing [18][19][20], the
specific type of computations that are of interest in this thesis are artificial neural
networks (ANN), as their use is becoming more and more popular. Evaluating the
possible energy loss associated to their use would be beneficial and a good starting
point in improving their energetic consumption as some deep-learning applications
are quite energetically greedy [21].

Although the training phase of an ANN is the one consuming the most energetic
resources, the evaluation done by an already trained model could also theoretically
be improved, by configuring a model losing a minimum of energy, given the weights
and the input distribution law. This will be the focus of this work, as it constitutes
the first step into evaluating the thermodynamic consqequences of running a neural
network.

This work will extend and apply the results of [11] to a greater scope, where
circuits aren’t binary but take real values, or discrete approximations thereof
corresponding to a discrete approximation of the real-valued case. Once the
framework and its appropriate tools are defined, simple cases will first be approached,
to get an insight on how the mismatch cost, the cost yielded when giving inputs
that do not match the best distribution associated to the ANN, behaves based
on the distribution parameters. This will serve as a building block to extend the
study upon more complex networks, to learn how such loss of energy behaves
through the different layers of a neural network. Using weights of an already
trained model, an estimation of the loss due to this non-optimality of the inputs in
comparison to what the inevitable cost (Landauer cost) is will be computed for a
simple classification problem. The approach to estimating the same quantity for the
MNIST classification problem will be depicted, although exact computations won’t
be done as this specific problem is computationally heavy but also challenging in
terms of memory usage.
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Chapter 2

Thermodynamics of computing
with circuits

2.1 A brief history of Landauer’s principle

Maxwell’s demon
In 1867, James C. Maxwell suggested a thought experiment that could appar-

ently violate the second law of thermodynamics. The second law states that
the entropy of an isolated system that was at thermodynamic equilibrium can only
increase when an irreversible process occurs (e.g. when the walls of an isolated
system at internal thermodynamic equilibrium become more permeable, heat is
transferred from a partition to the other, creating a natural but irreversible process,
increasing the entropy of the system).

The experiment is the following : consider a being that is capable of knowing
the exact positions and exact velocities of each particle in a closed system. This
closed system is split into two partitions, A and B. The being is able to open the
wall between the two parts in such manner that only the swift particles of B go in
A, and only the slow particles of A go in B1. The wall that the demon opens is
massless, meaning that it doesn’t spend any work by opening it; however by doing
so, it rose the temperature of the subsystem A and lowered the temperature of the
subsystem B, as the average speed of the particles in A and B was increased and
decreased respectively. One could then possibly use a heat engine to extract work
from the system, as the entropy of the system seems to have decreased, although
no physical work was put into it; only a "sorting" of the particles was performed.

1This intelligent being can do as such as it knows the velocities of each particle, whereas only
the mean velocity of the particle in a system is usually known, although some particles are a lot
faster than others
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The approach to tackle this paradox is to take into account the fact that the
demon had the information about the system. In this theoretical framework where
the demon is omniscient and the opening requires no work, it can be seen as
a problem ; however in the real world the acquisition of such information must
have required work that corresponds to the rise of temperature [22][23]. The total
entropy of both the system and the demon should therefore be considered.

Landauer’s principle
To properly grasp how thermodynamic entropy and Shannon entropy are

linked, it is wise to consider a simplified example of the thought experiment, where
only one particle lies in the box, but in which the demon can push the exterior
walls using a piston. In that scenario, if the demon knows in which side of the box
the particle is, it can decide to close the wall, use a piston such that the volume
of this side of the box decreases, and extract work by opening the wall dividing
both sides. The demon therefore could extract work from the system because it
had 1 bit of information, since only two states were possible : either the particle
was in the left side, or in the other. This two-state point of view can only be
seen in the thermodynamic standpoint as having two possible physical states for
the system, one where the particle is in one side, one where it’s anywhere else.
When the demon uses the piston, and then opens up the wall dividing the two
parts of the box, it resets the information it had about the particle; this reset was
accompanied by the work he extracted. This work in particle can be computed for
this single-particle case, as it corresponds to one bit of information, from a 2-states
system. The amount of worked extracted is therefore proportional to the entropy
of the system, namely kBT ln(2) where kB is the Boltzmann constant which has
units of heat capacity (J ·K−1) and T is the temperature of the heat bath. The
ln(2) comes from the fact that only two states are possible; it corresponds to the
Shannon entropy of this system. The thermodynamic entropy is then simply the
Shannon entropy multiplied by the Boltzmann constant. This relationship takes
its origin to how the system is described, through the different states the system
can take; the probability in information theory can be chosen arbitrarily close to
the probability of being in a certain thermodynamic state. To each physical state
(thermodynamic point of view) corresponds a logical state (information point of
view); since the demon knows the current state, it has to memorize it in terms of
logical state. While this is a simple example, it applies for more general cases and
is not dependent on how information is stored.

Landauer argued that acquiring information may not increase thermodynamic
entropy if the way it is acquired is thermodynamically reversible; however this
information would therefore have to be stored, such that there is no loss due to

5



the relationship between Shannon and thermodynamic entropy. Once its trickery
has been performed, it needs to clean up its memory (assuming the demon has
a finite amount of storage capacity) in order to gather information on the newly
obtained states so that it can iterate the malicious transfer. It does so by erasing
all stored information, which is an irreversible logical process, and thus needs to
emit an amount of heat corresponding to the change in entropy of the system in
order to satisfy the second law. This precisely corresponds to the work extracted
in the simple example introduced before.

This reset of information, performed through the erasing of the written down
information, must therefore be accompanied by an entropy change proportional
to the amount of information acquired. In explicit terms, Landauer established
a limit to the amount of energy released by the erasure of a single bit, called the
Landauer limit:

The minimum possible amount of energy required to erase one bit of
information is kBT ln 2,

where kB is the Boltzmann constant, T is the temperature of the thermal bath
in kelvins. At room temperature T = 20 °C, this limit is equal to 0.0175 eV, or
2.805× 10−21J . This serves as a lower bound on how much heat is emitted through
the erasure of 1 bit of information within any storage devices.

The fundamental meaning of Landauer’s thinking, yielding his principle, can
be summarized in terms of the link between irreversible logical operations and
increase in entropy. In fact, any irreversible logical operation on information is
accompanied by an entropy increase, in terms of physical degrees of freedom (not
the information ones). This serves as a basis to express the possible cost of energy
in terms of the entropy of the system, when dealing with circuits; further details
about this notion will be mentioned in the following sections.

2.2 Information theory and general notation
As information theory is at the center of this work, a non-exhaustive reminder

of its functions and relationships will be helpful to grasp all technical aspects of the
upcoming results. This also allows for the reader to familiarize with the notations2.

Random variables are written with an uppercase letter (e.g. X), a particular
outcome of a random variable by a lower case letter (e.g. x) and the set of outcomes
by a calligraphed letter (e.g. X ). The value of a probability distribution for some
output x is written p(x) such that p(X = x) ≡ p(x) as it will allow for more

2Most of them are taken from [11] and [10]; the reader is encouraged to have a look at
these references for further details on how the upcoming results are obtained, as some technical
subtleties about mathematical theorems will be omitted.
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readability in the following sections. Given a distribution p over the set of outcomes
X , for any subset Z ⊆ X , the probability that the outcome of X is in Z is given
by p(Z) = ∑

x∈Z p(x). Note that probability distributions are discrete, as logical
(binary) states are at the center of this chapter.

An important notion used through Wolpert’s work as well as in this thesis is
the induced probability Pp, or mapping of a conditional distribution, obtained by
applying a conditional distribution P (y|x) of y ∈ Y given x ∈ X to p(x) over Y :

Pp(y) ≡
∑
x∈X

P (y|x)p(x). (2.1)

Logical operations are depicted through conditional distributions; a conditional
distribution P is logically reversible if it is deterministic (for all x ∈ X , y ∈ Y ,P (y|x)
is binary-valued, at least for this chapter3 and if @ x, x′ ∈ X and y ∈ Y such that
P (y|x) > 0 and P (y|x′) > 0 ([11]).

Definition 2.1. The Shannon entropy of a distribution p(X) over a set of
outcomes X such that X ∈ X is given by the sum over all possible values taken by
X :

S(p(X)) = −
∑
x∈X

p(x) ln p(x). (2.2)

Shannon entropy can be used as a measure of "uncertainty", giving an indication
on the randomness of the possible outcomes of the random variable. In that sense, a
uniform probability (e.g. a probability of 1/2 of having one of 2 possible outcomes)
yields the greatest entropy as none of the possible outcomes is likelier than another;
maximum randomness is assured.

Another useful quantity used to compare distributions is the Kullback-Leibler
(KL) divergence (sometimes called relative entropy). It measures how much a
distribution p is different from another distribution q, used as reference. This
quantity is particularly used when defining the mutual information, a quantity
measuring the mutual dependence between two random variables.

Definition 2.2. The Kullback-Leibler divergence between two probability dis-
tributions p and q over the set of outcomes X is given by :

D(p(X)||q(X)) =
∑
x∈X

p(x) ln p(x)
q(x) . (2.3)

While the following quantities are not directly involved in the upcoming results,
it would be a shame to not include the definition of mutual information in a proper

3This binary aspect is a consequence of dealing with logical gates; in that manner, a AND and
a XOR are deterministic, as their value (the value of the output gate) depends deterministically
on the values of the input gates.
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information theory reminder. This definition requires the conditional entropy,
which is defined as follows :

Definition 2.3. The conditional entropy of a random variable X conditioned
on a variable Y under joint distribution p is defined as

S(p(X|Y )) =
∑
y∈Y

p(y)S(p(X|y)) (2.4)

= −
∑
x∈X

∑
y∈Y

p(y)p(x|y) ln p(x|y). (2.5)

It is now time for mutual information to be explicitly introduced. This measure,
as mentioned before, gives an indication on how much two random variables are
mutually dependent. This mutual dependency allows for example to detect redun-
dancy when dealing with a lot of random variables, as a high mutual dependency
between a random variable X and a random variable Y means that knowing X
gives a lot of information about Y and thus knowing both doesn’t bring a lot to
the table in terms of information gain.

Definition 2.4. The mutual information between two random variables X and
Y according to a distribution p is, assuming they can be jointly distributed :

Ip(X;Y ) ≡ S(p(X)) + S(p(Y ))− S(p(X, Y )) (2.6)
= S(p(X))− S(p(X|Y )). (2.7)

One can also consider the mutual information as being a measure of the
dependence of X and Y when jointly distributed, relative to their marginal dis-
tribution; in fact Ip(X, Y ) = 0 if and only if X and Y are independent, meaning
p(X, Y ) = p(X)p(Y ).

The last notions to be introduced are extensions of the mutual information and
KL-divergence when dealing with distributions over a multi-dimensional space.

Definition 2.5. The multi-information of a vector of random variables X =
(X1;X2; ...) distributed according to a distribution p is given by

I(p(X1;X2; ...)) ≡
(∑

i

S(p(Xi))
)
− S(p(X)). (2.8)

Definition 2.6. The multi-divergence between two probability distributions o
and q over X ∈ X where X is multi-dimensional is defined as :

D(p(X1;X2; ...)||q(X1;X2; ...)) ≡ D(p||q)−
∑
i

D(p(Xi)||q(Xi)) (2.9)
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As logical reversibility is a key element to determine thermodynamic behavior
of the circuit, defining it in terms of sets will allow for easier use and interpretation
in the upcoming theorems and their proofs. The island definition therefore comes
handy as it characterizes equivalence classes on the set of outcomes for which the
conditional distribution P is not logically reversible.

Definition 2.7. Consider the following equivalence relation

x ∼ x′ ↔ ∃y : P (y|x) > 0, P (y|x′) > 0, (2.10)

with x, x′ ∈ X . An island of the conditional distribution P (y|x) is defined as any
connected subset given by the transitive closure of the above equivalence relation.
The set of islands of the conditional distribution P is written L(P ), which actually
forms a partition of X . When dealing with subsets of X , the partition of Z ⊆ X
generated is written LZ(P ).

Example 2.8 (AND gate). Given X = {(0, 0), (0, 1), (1, 0), (1, 1)}, and the con-
ditional distribution P implementing the logical AND operation of two binary
variables such that

P (y|(x1, x2)) = δ(y, x1 ∧ x2), (2.11)
there are two resulting islands, the first one corresponding to y = 0 given by
(x1, x2) ∈ {(0, 0), (0, 1), (1, 0)}, and the other corresponding to y = 1 given by
(x1, x2) ∈ {(1, 1)}.

The reader is now armed to face the multitude of information theory and
probability concepts they will face. However, this quite mathematical reminder
lacks thermodynamic notions to properly describe how logical gates and entropy
production are linked.

2.3 Stochastic thermodynamics
Stochastic thermodynamics is an emerging field of statistical mechanics that

aims at describing non-equilibrium dynamics through the help of stochastic vari-
ables. While its applications are various, going from quantum systems [24] [25]
to biopolymers and enzymes [26], it allows for a good understanding on entropy
dynamics occurring within computational machines.

To account for thermodynamic properties, an assumption is made on the circuits
to be physical systems in contact with one or more thermal reservoirs [11]. The
fundamental notion that allows for the study of entropy dynamics is that as the
physical system evolves, entropy not only flows, but is also produced. In that sense,
entropy changes will be evaluated on a simple time-interval t ∈ [0, 1] to ease the
description of the upcoming concepts.
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To the physical system is associated a countable state space X. This system thus
evolves over the above-mentioned time interval, while in contact with a thermal
reservoir and possibly connected to a work reservoir. Note that the term "reservoir"
depicts an exchange between the system an the reservoir, according to its adjective
: heat for thermal reservoirs, and work for work reservoir4, in the sense that they
exchange work, entropy or heat, playing with the energy spectrum5 associated
to the system in the sense of statistical physics, therefore inducing or extracting
work [27] . The system’s dynamics are modelled by continuous-time Markov chain
(CTMC), or Markov Processes.

Definition 2.9. A continuous-time Markov chain (Xt)t≥0, or Markov Process, is
a stochastic process whose arrival times (time between two state changes) are
exponentially distributed and depend only on the current state and the state of
arrival. It is defined through several parameters [28][29] :

• a countable state space X ,

• a transition rate matrix Kt with the same number of rows and columns as
dimensions of X and evolving according to t,

• an initial state n such that X0 = n.

Off-diagonal elements (i 6= j) of K are non-negative, and correspond to the rate of
transition between state i and j. As the elements of the rows of the rate matrix
are expected to sum up to zero for each rows6, diagonal elements are negative, in
particular :

Kt(i, j) = −
∑
i 6=j

Kt(i, j) (2.12)

CTMC’s are useful in order to model a system with countable state space as
it offers a convenient mathematical framework for the dynamics at work. The
probability distribution pt of the system at time t over X , considering that the
system is coupled to multiple thermodynamic reservoirs indexed by α, behaves

4See [10] p21-22.
5In equilibrium statistical physics, this refers to the spectrum associated to the partition

function of the system. For the reader not accustomed to statistical physics, the partition function
constitutes a toolbox of the thermodynamic properties of the system based on a probabilistic
formalism, as quantities such as the entropy or the free energy can be easily derived from the
partition function.

6This convention is quite different to the one when dealing with transition matrix in the
discrete case (where the rows sum up to 1) and is the convention used throughout [11] and [10]
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according to the following equation :

d
dtp

t(x′) =
∑
x

pt(x)Kt(x→ x′) (2.13)

=
∑
x,α

pt(x)Kα
t (x→ x′), (2.14)

where Kα
t (x → x′) is the rate matrix at time t for reservoir α, for which the

off-diagonal entry Kα
t (x→ x′) corresponds to the rate at which probability flows

(or, in other words, evolves monotonically as time goes on) from state x to x′
for x 6= x′. Conservation of probabilities is guaranteed thanks to the condition
imposed on the rows for Kt, the global rate matrix, that satisfies the equation
Kt(x→ x′) = ∑

αK
α
t (x→ x′).

Considering this flow of probability, the entropy flow (EF) can be defined as
follows :

Definition 2.10. The instantaneous rate of entropy flow out of the system at
time t is :

Q̇(pt) =
∑
α,x,x′

pt(x)Kα
t (x→ x′) ln K

α
t (x→ x′)

Kα
t (x′ → x) . (2.15)

The overall entropy flow incurred over the course of the entire process is Q =
∫ 1

0 Q̇dt.

It corresponds to the increase of entropy in all coupled reservoirs; through
the definition of its instantaneous rate, one can see how the flow of probabilities
characterizes the evolution of the entropy flow : if it is more likely for the probability
to flow from x to x′, the logarithmic factor will be great, thus bringing a positive
contribution to the instantaneous entropy flow rate; while the converse will yield a
negative value for the logarithm (as the argument will be lower than 1), therefore
contributing negatively to the flow.

To highlight the physical interpretation of such formalism, the probability of
any particular trajectory x = (x0, x1, ..., xn), the vector of all states or positions
visited by the trajectory at corresponding times τ = (τ0 = 0, τ1, ..., τN−1, τN = 1),
having its initial position at x0 is given by7 :

p(x|x0) =
(
ΠN−1
i=1 S

τi
τi−1

(xi−1)Kτi(xi → xi−1
)
S1
τN−1

(xN). (2.16)

where Sτ ′τ (x) = exp(
∫ τ ′
τ Kt(x→ x′)dt) corresponds to the probability of staying in

the current state x throughout the interval t ∈ [τ, τ ′]. The reader might observe
some similarities with the formalism used in path integrals; it is no coincidence

7See [10] for further details.
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since the same thinking is involved here, both topics use a stochastic approach
to model physical systems8. The total entropy production (EP) can be deduced
from the entropy flow, using the differential expression of the latter to evaluate the
instantaneous rate of EP.

Definition 2.11. The instantaneous rate of entropy production at time t is
defined as :

σ̇(pt) = d
dtS(pt) + Q̇(pt). (2.17)

As for the entropy flow, the overall EP induced over the whole duration of the
process can be obtained as follows : σ =

∫ 1
0 σ̇dt.

The intuition behind this definition is that the total increase of entropy in the
universe when the system is run is equal to the change of entropy in the system, in
addition to the entropy flowing into the heat bath.

When considering a system with some initial distribution p on which a condi-
tional distribution P is induced (meaning, the conditional distribution acts as an
update of the state distribution of the system) , the relationship between the drop
of entropy, entropy flow and entropy production is given by [32] :

Q(p) = [S(p)− S(Pp)] + σ(p). (2.18)

Both terms are non-negative quantities, whose contribution will be discussed
separetely. A convenient decomposition of the entropy production will help to find
a lower bound to its contribution to the total entropy flow.

Note that while the entropy flow can take both negative and positive values, it
can be shown that the entropy production is non-negative, or in other words

Q(p) ≥ S(p)− S(Pp). (2.19)

In this framework where it is assumed that the system evolves forward in time like
a continuous-time Markov chain, this result can be percieved as a derivation of the

8While path integral formalism is used to account for the contribution of all possible paths
through a random-walk approach, based on the action of the system, stochastic thermodynamics
depend on the rate matrix of the system, which is linked to the thermal reservoirs; the rate
matrix therefore constitutes the physical quantity at the center of this formalism. In particular,
off-diagonal entries of the rate matrix must be such that for any reservoir α, Kα

t must obey the
local detailed balance, a concept that allows for small changes in entropy over small time intervals;
a more popular but similar result is the fluctuation theorem [30]. To obey such condition, for all
x, x′ ∈ X Kα

t must be such that either Kα
t (x→ x′) = Kα

t (x′ → x) = 0, or

Kα
t (x→ x′)

Kα
t (x′ → x) = eβα(Ht(x)−Ht(x′),

given the Hamiltonian Ht(·)) of the system[10][31][26].
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second law of thermodynamics [33].

Precautions must be taken when using CTMC (continuous-time Markov chains)
to implement dynamics of circuits; would it be a bit-flip or a erasure, some actions
cannot be directly and precisely implemented using CTMC. Furthermore, some
processes would imply some transition rates to be exactly zero, as possible errors
aren’t considered in the logical operations considered in [11]. However, it is
possible to design CTMC that apply to the specific operation, given any conditional
distribution to some arbitrary precision by extending the dynamics through "hidden
states"; an elegant approach at tackling recurring issues that are encountered in
non-equilibrium statistical physics that is explained in [34]. Since this goes beyond
the scope of this work, it is assumed that such complying implementations will be
possible through serial-reinitialized circuits, that will be introduced further below.
A last section about the convention and notations used when dealing with circuits
is however needed beforehand.

2.4 Decomposition of the entropy production
As entropy is unavoidably produced when running a circuit, it is useful to

have an appropriate decomposition of its production based on the initial state
distribution as well as the conditional distribution that describes the dynamics of
the system. The upcoming decomposition evaluates how the input distribution
alters the thermodynamic cost of a gate, and how it would change if the input
distribution would be different.

The first step to this decomposition is to consider the lower bound of possible
entropy flow, given by Eq. 2.19. This drop in entropy is referred to as the Landauer
cost, that is defined as :

L(p) = S(p)− S(Pp). (2.20)
By Eq. 2.18, the relationship between the entropy production and the entropy
flow therefore depends on the initial distribution p of the process. The upcoming
decomposition of the entropy production will involve a quantity describing how
much entropy is produced due to the fact that p is not the optimal distribution
while the other part of the decomposition will correspond to the unavoidable EP
that would occur, even if p was optimal. The decomposition is obtained as a result
of the following theorem, as explained in [11] (the proof of this theorem can be
found in the same article). This theorem applies for functions that can be written
as the sum of the Landauer cost and an expected quantity that depends on p :

Theorem 2.12. For any function F : ∆X → R of the form F (p) ≡ S(Pp)−S(p)+
Ep(f) where P (y|x) is some conditional distribution of y ∈ Y given x ∈ X and
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f : X → R{∞} is some function; let Z be any subset of X such that f(x) < ∞
for x ∈ Z, and let q ∈ ∆Z be any distribution that obeys

qc ∈ argmin
r:supp r⊆c

F (r) ∀c ∈ LZ(P )

.
Then, each qc will be unique, and for any p with supp p ⊆ Z,

F (p) = D(p||q)−D(Pp||Pq) +
∑
c∈LZ

p(c)F (qc). (2.21)

This theorem can be directly applied to the entropy production, with Y = X and
Ep(f) = Q, with the EP of running a conditional distribution P (y|x) corresponding
to F in the theorem. It therefore follows that

σ(p) = D(p||q)−D(Pp||Pq) +
∑

c∈L(P )
p(c)σ(qc). (2.22)

In the theorem, it is assumed that qc is unique, so that the optimal distribution
is unique for each island, but there is no assumption that q is. The optimal
distribution q is unique only if there is a single island, as L(P ) would be constituted
of only one element.

The drop in KL-divergence between in the first two terms of Eq. 2.22 is
referred to as mismatch cost. The mismatch cost is non-negative by construction,
and equals zero when the optimal distribution of each island is the one run by
the circuit. Such an optimal distribution yielding zero mismatch cost is also
referred to as prior distribution of the physical process, that has to be taken in the
Bayesian interpretation of the term; that is, the distribution that best describes
the distribution of states of the system, based on the knowledge acquired about
the system (would it be a first guess or obtained after several experiments). The
last term in the decomposition corresponds to the unavoidable entropy production,
also referred to as residual EP.

If the conditional distribution P that runs the dynamics of the system is
not logically reversible over Z ⊆ X , then not every initial distributions p with
supp p ⊆ Z will yield a zero mismatch cost, as there will be such a distribution p
that behaves similarly under the mapping P as the optimal distribution q, with the
KL divergence between Pp and Pq being lower than for other initial distributions.
This implies that some unavoidable entropy production is yielded by some initial
distributions when P is not logically reversible. When it is, with supp p ⊆ Z, then
the mismatch and Landauer costs are zero and the entropy flow is equal to the
entropy production.
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2.5 Circuits notations
Since conditional distributions implement the logical operations, logical circuits

are considered as a special type of Bayes networks [11]. A circuit Φ is defined as
a tuple (V,E, F,XV ), where the pair (V,E) specifies the vertices and edges of a
directed acyclic graph, corresponding to the wiring diagram of the circuit. For
each node g of the circuit, the set of possible states associated to this node is
Xg, and XV = ΠgXg is the cartesian product of all set of states for each node.
The remaining parameter F corresponds to the set of conditional distributions
corresponding to the logical operations at the non-root nodes.

In this section and as in [11], the term gate is used to refer to any non-root
node, while input nodes denotes non-root nodes as the circuit is considered to
be a directed acyclic graph (DAG), and the output nodes or output gates are
the leaf nodes. The input nodes are denoted by IN, and their joint sate by xIN.
Output nodes are denoted in the same fashion, replacing the IN by OUT. The set
of all gates is denoted G ⊆ V , and a particular gate is indicated by g ∈ G with
its parent nodes (the nodes that point towards g) as pa(g). As the conditional
distributions in the circuit correspond to the logical maps that are implemented in
the circuit, each element of F corresponding to a gate g is written as πg(xg|xpa(g)).

Definition 2.13. Given the set of output nodes xOUT and the set of input nodes
xIN , the overall conditional distribution implemented by a circuit Φ is defined
as

πΦ(xOUT|xIN) = ΣxG\OUTΠg∈Gπg(xg|xpa(g)), (2.23)

where G is the set of all gates in the circuit Φ.

To illustrate this definition, the simple XOR operation implemented by a gate
is therefore given by πg(xg|xpa(g)) = δ(xg,XOR(xpa(g))), thus applying the result of
the XOR onto xg.

To account for the physical connection between gates, in particular some kind
of wire, this link is described by a wire gate such that for each edges in the circuit,
it can be split such that the wire gate w has a single parent and a single child; each
edge in the circuit will therefore connect a non-wire node to a wire node. The set
of wire gates is described by W ⊂ C, and each wire gate therefore implements the
identity map πw(xw|xpa(w)) = δ(xw, xpa(w))9.

9When using the results of this section with artificial neural networks, the wire gates will not
be explicitly mentioned as the quantities that will be of interest do not depend on wire gates
explicitly. While wire gates provide a useful interpretation of physical connection between gates,
they will not be useful in the upcoming sections as the quantities that will be derived in this
section will be directly appliable with the artificial neural network case.
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2.6 Solitary processes and serial-reinitialized cir-
cuits

An important feature in physical circuits lies in their structure, which limits
the physical coupling of each gates to only their direct inputs and its output. It
means that when a gate is run, only the subsystem corresponding to the gate and
its direct inputs and output is subject to thermodynamic change; the other gates
are invariant under the running of this gate as they are not physically coupled to it
(or more precisely, their coupling is neglected).

This property implies a possible decomposition of the entropy production and
entropy flow of the system, which will be introduced in a bit. This decomposition will
consider the impact of the wiring, the impact of the physical circuit implementation
on the entropy flow and entropy production. First, let’s see how this modular
aspect of the physical circuit can be expressed in terms of the system’s conditional
probability.

As mentioned earlier, one can consider the gate that is running as a particular
subsystem of the subsystem, while all the other gates to which it is not physically
coupled constitute the complementary subsystem. One can therefore describe the
system’s overall state space X as the combination of two major subsystems, such
that X = XA×XB, where the corresponding states are written (xA, xB). The term
solitary process [11] is used to refer to any physical process over a state XA×XB
during a time interval t ∈ [0, 1] such that :

1. The subsystem described by A evolves independently of B, while B doesn’t
change :

P (x′A, x′B|xA, xB) = PA(x′A|xA)δ(x′B|xB); (2.24)

2. The entropy flow of the process depends only on the initial distribution of
the subsystem which is currently running, namely

Q(p) = QA(pA). (2.25)

Consequently, based on the lower bound already expressed in Eq. 2.19, the
entropy flow is bounded by the change in entropy10 of subsystem A, based
on its marginal distribution pA :

QA(pA) ≥ S(pA)− S(PApA). (2.26)
10The author refers to such entropy as "marginal entropy", as it depends on the marginal

distribution of the inputs, corresponding to the subsystem A’s inputs. While the overall entropy
is also expected to change, the bound is expressed in respect of the subsystem’s entropy flow.
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Note that the conditional distribution implemented in the subsystem A is described
as PA, such that it only applies onto its corresponding states in Eq. 2.24.

The subsystem EP for this solitary process is expressed as

σA(pA) ≡ QA(pA)− [S(pA)− S(PApA)]; (2.27)

if PA is logically reversible, then the term between brackets (the subsystem Landauer
cost) vanishes, resulting in an entropy production in the subsystem equal to the
entropy flow due to this gate running alone – the solitary process. One can also
highlight that the subsystem entropy can be decomposed as in theorem 2.12.

The Landauer cost of the system is usually not equal to the entropy of the joint
system over XA ×XB; the difference between the two is referred to as Landauer
loss :

Lloss(p) ≡ [S(pA)− S(PApA)]− [S(pAB)− S(PpAB)]. (2.28)
It can also be described as the difference between the joint entropy and the marginal
entropy, namely Lloss(p) = σ(pAB)− σA(pA).

Keeping this modular aspect of the circuit in mind, it is important to consider
how such property can be implemented. The type of circuits considered in [11]
are called serial reinitialized circuits, or SR circuits, in which the gates are
run one after the other – serially. In particular, such a gate has its output value
set to ∅ (a special value to which every gate is initialized), then set to the value
obtained by running the inputs through the gate (under the conditional distribution
implemented); eventually the gate then reinitializes the states of the parent gates
once the gate finishes to run. This allows for repetition in the circuit as all nodes
are set to ∅, reinitialized, which will yield the same expected thermodynamic cost.

As just mentioned, all nodes v ∈ V are set to a special value xv = ∅ at time
t = 0, before the circuit starts to run. As the inputs nodes are set to some
distribution pIN , the cascading sequence of solitary processes starts; each solitary
process constitutes a subset A, and the rest of the system constitutes a subset
B, as described before. Naming the set of both gate g and its parent pa(g) as
n(g) = {g ∪ pa(g), this set of nodes evolve as follows :

Pg(x′n(g)|xn(g)) = πg(x′g|xpa(g))Πv∈pa(g)δ(x′v, ∅). (2.29)

The other nodes in the circuit do not change their state.
Of course, when the whole circuit has finished to run, the final values for

the outputs are registered on some external memory device, after which they are
reinitialized such that the circuit can be run another time. The state of the ouptut
gates follows the distribution πΦ(xOUT |xIN).
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2.7 Thermodynamic costs of SR circuits
Again, the results of [11] are described below. Only one decomposition of the

entropy flow will be considered, as its definition of the mismatch cost is the one
that will be used.

As a reminder, the total entropy flow of a circuit implementing a mapping P
can be decomposed in to the sum of the Landauer cost L(p) = S(p)− S(Pp) and
the entropy production σ(p), such that Q(p) = L(p) + σ(p).

When considering a particular part of the circuit, namely a solitary process
within a gate and its parents, the total entropy flow can be obtained as follows :

Lemma 2.14. The total EF incurred by running the sequence of two solitary
processes over the parents of gate g given some initial distribution ppa(g) can be
decomposed as

Q(ppa(g)) =S(ppa(g))− S(πgppa(g)) +D(ppa(g)||qpa(g))−D(πgppa(g)||πgqpa(g))
+

∑
c∈L(πg)

ppa(g)(c)σ̂n(g)(qpa(g)). (2.30)

The drop in KL divergence is the mismatch cost, which illustrates the dis-
parity between the optimal (or prior) distribution and the actual one. Since the
decomposition of the entropy flow is based on the circuits and their implementation,
it is only normal to find a decomposition fitting to the structure of the system.
Hence, the mismatch cost, which contributes to the entropy production, is defined
as follows :

Definition 2.15. The mismatch cost of the circuit is given by the sum of the
differences between the KL-divergence of the parent nodes distribution to the
optimal one and the KL-divergence of the child node distribution :

M(p) =
∑

g∈G\W

[
D(ppa(g)||qpa(g))−D(πgppa(g)||πgqpa(g))

]
(2.31)

where G is the set of gate nodes, and > the set of wire nodes.

As said before, the mismatch cost constitutes an element of the entropy pro-
duction, which itself can be considered as a part of the total entropy flow. This
total EF can actually be decomposed as follows :

Theorem 2.16. The total EF incurred by running an SR circuit where p is the
initial distribution over the joint state of all nodes in the circuit is

Q(p) = L(p) + Lloss(p) +M(p) +R(p) (2.32)

where
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• L(p) is the Landauer cost;

• Lloss(p) is the circuit Landauer loss, the inevitable entropy flow generated due
to the SR implementation of the circuit when gate g is run, defined by

Lloss(p) =
∑

g∈G\W
Lloss
g (p)

where Lloss
g (p) = S(ppa(g))− S(πgppa(g))− Lg(p) as described in the previous

section and Lg(p) is the drop of entropy of the entire circuit, considering the
joint distribution;

• R(p) is the circuit residual EP, which is equal to the subsystem EP that would
be incurred even if each island of each gate was run optimally.

Note that the joint distribution over all the nodes, if the wiring is not known,
is given by

p(xV ) = pIN(xIN)Πv∈V \INδ(xV , ∅) (2.33)
while the ending joint distribution is

Pp(xv) = pOUT (xOUT )Πv∈V \OUT δ(xv, ∅). (2.34)

Since S(Pp) = S(pOUT ) = S(πΦpIN), the Landauer cost is then given by

L(p) = S(pIN)− S(πΦpIN). (2.35)

In particular, this helps redefine the circuit Landauer loss, which can be obtained
as

Lloss(p) = I(pIN)− I(πΦpIN)− Σg∈G\WI(ppa(g)). (2.36)
where I(·) refers to the multi-information defined in Eq. 2.8. Since I(pIN) and
I(πΦpIN) do not depend on the wiring specifically, minimizing the Landauer loss
means minimizing Σg∈G\WI(ppa(g)). This results, as Wolpert indicates in [11], to
choose a wiring such that the parents of each gate are as strongly correlated among
themselves as possible. While this applies for wirings that are not symmetric,
this consequence loses its usefulness when dealing with artificial neural networks
since they are mainly highly symmetric networks. This special choice of wiring to
minimize the loss of correlations is still interesting as the mismatch cost will be
minimum when the inputs are totally uncorrelated. This result will be developed
in the next chapter, but one can already think about the link between the solution
of the optimization problem with the Landauer loss proposed by Wolpert and the
mismatch cost : as the most correlated inputs are considered together, they "merge"
into one input that is therefore less correlated with the other ones, hence possibly
minimizing the mismatch cost. This will be discussed in the next chapter.
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In this same mindset, the entropy production can also be decomposed as

σ(p) = D(pIN ||qIN)−D(πΦpIN ||πΦpIN) + Σc∈L(πΦ)p(c)
∑

(qcIN). (2.37)

Such formalism ignores the possible wiring of the circuit, therefore depending only
on the initial distribution of the input nodes. Since the SR implementation involves
some kind of wiring, one can estimate the possible difference in mismatch cost
between the two situations.

Definition 2.17. The circuit mismatch loss is defined as the difference in
mismatch costs between the SR circuit implementation and a process ignoring
the impact of the wiring of the system, called an ’all-at-once’ (AO) process, in
which there is no Landauer loss term as this AO process avoids variable issues
induced by SR circuits. This AO process actually corresponds to the theoretical
process skipping all the details of the SR implementation, therefore propagating in
a straight forward manner the initial distribution to the ending distribution. In
particular, the entropy flow of the AO process answers the following equation :

QAO(p) = L(p) +D(pIN ||qIN)−D(πΦpIN ||πΦqIN). (2.38)

The difference in mismatch costs behind the idealized process and its physical
implementation therefore corresponds to the following equation :

Mloss(pIN ||qIN) = D(πΦpIN ||πΦqIN)−D(pIN ||qIN)+
∑

g∈G\W
D(ppa(g)||qpa(g)). (2.39)

Note that the mismatch loss can actually be negative, implying that the physical
implementation through the serial-reinitialized circuits may incur less entropy flow
than the actual idealized process.

As the preceding sections has been heavy in new concepts, notations and
functions to understand, their application to a simple example (taken from [11]) will
help to familiarize with the concepts. As most of the earlier notions were introduced
to provide a complete understanding of the theory behind the decomposition of the
entropy flow, only the Landauer cost as well as the mismatch cost will be computed.

XOR

Figure 2.1: XOR gate
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Example 2.18. Let’s consider a XOR gate, where the parents are designed by
pa(g). Say that the initial distribution is uniform over the set XIN = {00, 01, 10}
such that

ppa(g)(xpa(g)) = (1− δ(xpa(g), 11))/3.
This therefore means that any state in XIN as the same probability to occur,
meaning that 11 has a zero probability of happening. Now consider the optimal
distribution to be uniform over {00, 01, 10, 11} such that

qpa(g)(xpa(g)) = 1
4 .

The conditional distribution implemented by the XOR gate is given by

πg(xg|xpa(g)) = δ(xg,XOR(xpa(g))),

and with this the Landauer cost as well as the mismatch cost can already be
computed :

L(p) =S(ppa(g))− S(πgppa(g)) = ln 3 +
(1

3 ln 1
3 + 2

3 ln 2
3

)
(2.40)

M(p) =DKL(ppa(g)||qpa(g))−D(πgppa(g)||πgqpa(g))
=(ln 4− ln 2)− (S(ppa(g))− S(πgppa(g))). (2.41)

Note how the Landauer cost appeared in the computation of the mismatch cost; this
is due to the definition of the Kullback Leibler divergence, as it can be rewritten

DKL(p||q) =
∑
i

pi ln
pi
qi

=
∑
i

pi ln pi −
∑
i

pi ln qi.

Second term in Eq. 2.40 refers to the 1/3 probability to have 00, meaning that the
output would be 0, and the 2/3 corresponds to the 2/3 probability of having either
01 or 10 as input values. As the sum is over all states, the sum∑

i pi ln qi is then only
equal to ln qi as the optimal distribution is uniform. Assuming a heat bath of 20 °C,
the corresponding energy emitted would therefore be kB×293, 15K×(0.46+0.23) =
2.79× 10−21J. Note that the Landauer cost account for the change in entropy of
the system as involved in Eq. 2.17, whereas the mismatch cost contributes to the
entropy production incurred by the system. This example only covered a single
gate; but for a greater circuit involving more gates, the quantities derived are still
useful as they describe the behavior of the subsystem, the solitary process run by
this gate.

These final results complete the current understanding of how entropy flows
and is produced within a circuit; it depicts the consequences of computations in
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thermodynamic terms, therefore constituting a solid background in estimating
the thermodynamic cost of computations within artificial neural networks. While
the Landauer cost provides a lower bound to the energy yielded by running the
circuit based on the input distribution, without considering the impact of the
serial-reinitialized implementation or what the best distribution could be for this
circuit, next chapter will dedicate its vast majority to the understanding of the
mismatch cost when applied to neurons in an artificial neural network. Based on
the results from Wolpert and Kolchinsky developed and explained in this chapter,
the results displayed in the next chapter are new as only binary logical circuits
have been covered.
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Chapter 3

Thermodynamic cost of
computing with artificial neural
network

3.1 Artificial neural networks

3.1.1 Artificial neural networks : a reminder
While the reader may be familiar with artificial neural networks (ANN), it

is always useful to have a specific idea of what kind of artificial neural networks
are considered, as well as their mathematical implementations. This will avoid
confusion, as this thesis is only a first step into the adaptation of Kolchinsky and
Wolpert’s work on thermodynamics of computation applied to ANN’s.

Artificial neural networks are computing systems that are similar to biologicial
neural networks, as it was the inspiration to create such computing systems. In
fact, neuroplasticity1 was the concept [35] used to design a learning hypothesis that
would allow the system to organize itself such that the learning could take place.
From this, machines were created that implemented such learning, and eventually
the perceptron was created [36]. The perceptron is an algorithm that is used in
supervised learning2 in order to complete a classification problem.

The perceptron is used for binary classifiers, and returns a binary value, given
1Neuroplasticity designates the ability of a neural network to reorganize itself or grow within

a brain, which is associated to learning.
2Supervised learning means that, given the task to classify or predict the values of a specific

feature that is not in the dataset, the machine is given data that is already classified, or in the
case of regression has a value associated to the feature it needs to evaluate. It will train itself
onto this data, and also verify the reliability of its acquired knowledge by dividing the given data
into a training dataset and a validation dataset.
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a real vector :
f(x) =

{
1 if w · x + b > 0,
0 else. (3.1)

The vector w correspond to the weights of the algorithm, and b is the bias associated
to it. These values are adjusted so that the classification, given a specific x, is most
likely correct.

While the perceptron constitutes one neuron, the multilayer perceptron(MLP)
will be used in this thesis as it is a common neural network, but also mimics the
structure of directed acyclic graphs considered in [11] when dealing with circuits.
The multilayer perceptron is actually composed of several perceptron, put into
several layers, such that each perceptron corresponds to one neuron, and the whole
system constitutes a neural network. Another important feature of the multilayer
perceptron is that for each perceptron, the function f can be another function
than the binary-valued function introduced right before; as instead, it can be any
activation function. Activation functions are functions that mimic the activation
of a neuron such as in the regular perceptron, but allow for more flexibility and
usefulness depending on the problem given. This usually allows for less complex
network as nodes having the adequate activation function are more efficient in their
task.

In this work, the structure and algebra of multilayer perceptrons will be con-
sidered. It is not the thermodynamics of the learning that will be evaluated, as
this would imply to also consider training algorithms such as backpropagation. In
such scenarios, the update of weights in itself is a process to be considered in addi-
tion to the computation of the neurons, going beyond the scope of the formalism
introduced by D. Wolpert in [11]; it would however be interesting to study such
scenario, in particular based on elements introduced in [37]. Nevertheless, only the
thermodynamics of the evaluation through a multilayer perceptron will be studied,
where the computations considered lie within each neuron, each perceptron.

3.1.2 Artificial neuron gate
The translation from the results by [11] to artificial neural network circuits

relies on translating 2-inputs binary gates into non-binary n-inputs gates. As can
be seen in the illustration below, the output value would therefore not necessarily
be a logical circuit gate but rather a function, would it be linear or not.

x1

y

x2

XOR

x1

yx2

x3

Σ
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The Σ represents the learning taking action within the gate (e.g. in the case of
a perceptron, the output would be y = σ(∑3

i=1 xiwi + b), where wi are the weights,
b is the bias and σ the activation function) . For the rest of this section, learning
performed by a perceptron will be considered as the basis of the computations.

In the logical circuit framework, the conditional distribution πg(xg|xpa(g)) of a
XOR gate takes the form

πg(xg|xpa(g)) = δ(xg,XOR(xpa(g))). (3.2)

Naturally, the ANN translation of the conditional distribution is therefore defined
as

πg(xg|xpa(g)) = δ(xg, σ(w · xpa(g) + b)) (3.3)
where w is the weight vector.

It is important to keep in mind that the artificial neural network considered has
already been trained in this framework, meaning its weights are fixed. Actualization
of weights isn’t considered, and it is assumed that the gate can be considered as a
serial-reinitialized circuit. Therefore, the nodes n(g) of the gate evolve according to

Pg(x′n(g)|xn(g)) = πg(x′g|xpa(g))Πv∈pa(g)δ(x′v, ). (3.4)

The entropy flow can then be computed according to Eq. 2.30. Since πg imple-
ments a deterministic function f(x) = σ(w · x+ b), the set of islands is defined as
L(πg) = {f−1(y) : y ∈ Y} where Y is the set of outputs.

The remaining terms in Eq. 2.30 correspond to the gate’s Landauer cost and
to the gate’s mismatch cost, the latter being particularly interesting to evaluate
in a thermodynamic framework. Indeed, as the mismatch cost depends on both
the Kullback–Leibler divergence between the non-optimal and optimal input dis-
tributions, and the KL divergence between the non-optimal and optimal output
distributions. The resulting quantity relates to the amount of energy that is lost
into the system’s environment when the computations are performed without using
the optimal distributions for the system. It is therefore important to evaluate
whether this energetic cost is negligible. Note that in this simple example, only a
single gate is considered, whereas a real-world application would involve multiple
gates, layered. This extension will be considered later, as a combination of gates
taking other gates as inputs; but the fundamental part of this combination has yet
to be properly analysed. This will be done through the following sections.
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3.2 Landauer and Mismatch cost of a gate in a
neural network

3.2.1 Landauer cost
Recall that given a probability distribution p, the Shannon entropy of the

distribution is defined as

S(p(X)) = −
∑
x∈X

p(x) ln p(x), (3.5)

where X is the set of states. Since the random variables are real numbers, in
numerical neural networks they have to be represented by a finite number of bits.
Each reachable number in this bit-quantification can be interpreted as a state.

Example 3.1. Consider a 16-bit quantification. There are therefore 216 possible
configurations that a random variable X can take. If X takes its value uniformly
across the state space, we get that

S(p(X)) = −
∑
x∈X

1
216 ln 1

216 (3.6)

= −216
( 1

216 ln 1
216

)
(3.7)

= 16 ln 2. (3.8)

Note that the above definition of the Shannon Entropy is expressed in nats. The
corresponding value in bits would therefore be 16 since 1nat = 1

ln 2bits.

This definition of entropy applies for distributions whose set of states are
discrete, hence its usual name discrete entropy. If the input distribution follows
a continuous distribution (e.g. a normal distribution), it is more appropriate to
consider using the continuous entropy :

Definition 3.2. The continuous entropy3 (or differential entropy) of a ran-
dom variable X following a probability density function p is defined as

h(p(X)) = −
∫
X
p(x) ln p(x)dx (3.9)

where X is the support of p.
3See [17] for further details about continuous entropy.
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It is not clear however how this quantity fit the computation of information
theoretic quantities associated to an artificial neuron gate, as X cannot always
be considered as continuous, in particular when dealing with numerical artificial
neural networks, as real numbers can only be represented by a finite number of bits.
It is therefore important to think about a discretized framework when considering
continuous distributions.

This will be done as described in [17], and details can be retrieved in the
appendix. The quantity obtained is expressed as

Sdiscrete(p(X)) = −
N∑
i=1

p∆
i ln p∆

i (3.10)

where p∆
i =

∫ (i+1)∆
i∆ p(x)dx = p(xi)∆ with ∆ being the length of the ith interval from

theN intervals in which X is divided. Since P (i∆ ≤ X ≤ (i+1)∆) =
∫ (i+1)∆
i∆ p(x)dx,

this decomposition will be useful when evaluating information theoretic quantities
associated to y (the gate output) based on simulations – that is, when the exact
distribution of y cannot be analytically obtained. Note that when the continuous
entropy can be analytically obtained for both input and output distributions, the
Landauer cost can be obtained, since the ln ∆ factors cancel each other.

Given the previous expressions of the Shannon entropy, it is now possible to
compute the Landauer cost of an artifical neuron gate for any input distribution4.
The Landauer cost of computing πg for an initial distribution p is defined by

L(p) = S(p(XIN))− S(πgp(XIN)) (3.11)

where πg corresponds to the conditional distribution expressed in Eq 3.3. If the
second term of 3.11 is not analytically obtainable (due to non-linear activation
function or non-Gaussian input distributions), a Monte-Carlo simulation of the
gate is run in order to get a representation of the output’s distribution. Then, by
Eq. 3.10 the Landauer cost of this gate can be obtained5.

Example 3.3. Consider this simple example of a gate with 3 inputs where the
input distribution p is such that X iid∼ N (0,Σ), with Σ being the covariance matrix ,
and where the weights of the unbiased neuron are constants given by a = (a1, a2, a3)
with ai ∈ ]−5, 5[ , i = 1, 2, 3, and the activation function the identity.

4Note that in the case of layered gates, a gate’s Landauer cost is different from the whole
system’s Landauer cost. When evaluating the whole network Landauer cost, the contribution of
each gate must be accounted for.

5This method can also be applied to the inputs, if their distribution law is unknown but a
histogram representing it is given.
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Using the notations introduced at the beginning of this chapter, σ(x) ≡ x and
the bias b = 0. The output is therefore given by Y = a1X1 + a2X2 + a3X3 and is
such that Y iid∼ N (0, aΣaT ). This distribution can be written as πΦ, which can be
also be defined as the conditional distribution of the final joint state of the output
gates given the initial joint state of the inputs (See Eq.2.23, as defined in [11]). The
continuous entropies associated to the inputs and output respectively are given by :

h(p(X1, X2, X3)) = 1
2 (3 ln 2π + 3 + ln det Σ) , (3.12)

h(πΦp(X1, X2, X3)) = 1
2 ln(aΣaT ) + 1

2 (ln 2π + 1) . (3.13)

The resulting Landauer cost of running πΦ with an initial distribution p as described
above is thus

L(p) = h(p(X1, X2, X3))− h(Y )

= 1 + ln 2π + 1
2 ln

(
det Σ
aΣaT

)
. (3.14)

3.2.2 Mismatch cost
The mismatch cost is, by definition, the drop in Kullback-Leibler (KL) diver-

gence between the optimal distribution of inputs of a circuit popt and the actual
distribution of the parent or input nodes p as both evolve under the conditional
distribution (πg in the case of a single gate), namely6 :

M(p) = D (p||popt))−D (πgp||πgpopt) . (3.15)

This quantity characterizes the entropy flow incurred because the input nodes
are not distributed optimally. For a single gate, the optimal distribution is such
that it minimizes the entropy production. When these gates are layered, the
non-optimality of each gate is considered; but it is wiser to stick with the single
gate case for now, as defining what is optimal is non-trivial. In fact, it depends on
the underlying technology used for such gate, but one could decide what the best
distribution for such a gate should be like.

6The reader might highlight the difference between Eq. 3.15 and Eq. 2.31; in the first, the
intuitive definition is given, as the first examples will only consider single gates with 2 inputs and
1 output, such that the mismatch cost then computed is the one corresponding to one gate in
a circuit, or in other words its contribution to the total mismatch cost. In Eq. 2.31, the sum
is over g ∈ G\W , thus nodes that are neither the input or output nodes. As it may bring the
confusion, the upcoming examples of the mismatch cost derivation can be perceived as zoom-in’s
onto the artificial neural network; their contribution to the global mismatch cost. The examples
will offer an insight about the mismatch cost behavior through the several layers of a circuit.
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Again, it is useful to know how to compute the KL divergence when the
distribution functions are analytically unknown but numerically computable. Using
the same method as for differential entropy, and assuming both optimal and non-
optimal distributions share the same domain7, the KL divergence can be computed
as :

D (p(x)||popt(x)) =
N∑
i=1

p∆
i ln p∆

i

p∆
opt,i

(3.16)

= −Sdiscrete(p(X))−
N∑
i=1

p∆
i ln p∆

opt,i (3.17)

where p∆
i =

∫ (i+1)∆
i∆ p(x)dx and p∆

opt,i =
∫ (i+1)∆
i∆ popt(x)dx. As to compute the

Landauer cost, this decomposition into N intervals helps to compute the mismatch
cost when the exact distribution of the output cannot be analytically obtained.
It is important however to highlight that in the case of the KL divergence, the
optimal distribution must share the same support as the real distribution for it
to make sense; as it aims to evaluate how much two distributions differ from one
another, it is only normal – to make a valid comparison – that the KL divergence
is computed over the same support, such that both distributions take values always
greater than zero.

Some hypothesis were introduced on what should the optimal distribution look
like. The first hypothesis was the normal law N (0,1) for the inputs, as it fits
the assumption that the input data follow a normal law. This would therefore
correspond to a specific choice of circuit, for which the mismatch cost is zero when
the input distribution is N (0,1).

The second hypothesis states that the optimal law follows a uniform, as it is
the least informative and therefore has the most entropy over its domain. Choosing
maximum entropy probability distribution as optimal law is a coherent choice when
no prior information on optimal distributions is available; these are the least in-
formative distributions and thus allow to determine a bound relative to future priors.

The upcoming discussions and examples will offer an insight over subsystems
within a circuit and how their architecture influences the energetic loss of not
running the most fitting distribution for the circuit. This most fitting distribution
depends on the circuit; as it is valid to assume that the inputs – the data that is
fed to the neural network – will follow a normal law, one may choose to construct
circuits such that the normal law is the most fitting distribution – the optimal

7This holds as the distributions considered take their values in R ; when dealing with a uniform
distribution (e.g. U(]− 5, 5[)) only the intersection of their domains is considered as it would be 0
outside this interval.
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Figure 3.1: 2-input ANN gate

distribution. As the discussions and examples serve as illustration to how the
mismatch cost behave through one or more gates, and not an entire circuit, the
notion of input nodes and their state xIN as used in Chapter 2 must be left aside,
as well as the output nodes and their state xOUT . In fact, the IN and OUT indices
refer to the input and output distribution of the whole circuit, namely the very
beginning and the very end respectively. As Eq. 2.31 will be considered to compute
the mismatch cost of each configuration, all nodes g illustrated in the upcoming
examples will be considered as gates, such that g ∈ G.

First approach : Normal law is optimal

Considering that the optimal distribution of the inputs is such that Xopt
iid∼

N (0,1), given the vector of weights a = (a1, . . . , an) the optimal distribution of
the outputs should be Yopt

iid∼ N (0, |a|2).
Assuming the inputs also follow a normal law p with mean µ and covariance

matrix Σ, i.e. X ∼ N (µ,Σ), then the outputs should also follow a normal law,
namely Y ∼ N (a · µ, aΣaT ). Given the distributions of both outputs and inputs,
their KL divergence with the optimal case can be computed as follows :

D (x||xopt) = 1
2
(
trΣ + µTµ− k − ln det Σ

)
, (3.18)

D (y||yopt) = 1
2

(
aΣaT
|a|2

+ (a · µ)2 − 1− ln aΣaT
|a|2

)
, (3.19)

where k is the dimension of the input vector, or in other words the number of
inputs. The mismatch cost is then simply the difference between Eq. 3.18 and 3.19
:

M(p) = 1
2

(
trΣ− ln det Σ− (k − 1)− aΣaT

|a|2
− (a · µ)2 + ln aΣaT

|a|2

)
. (3.20)

This computed mismatch cost relates to the induced loss of energy when the input
distribution isn’t the optimal distribution for this specific gate, assuming that the
normal distribution with a mean µ = 0 and the identity as covariance matrix,
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meaning that variables are decorrelated, is the optimal distribution. There is a
singularity in the mismatch cost function when det Σ = 0 or aΣaT = 0, and by
definition of covariance matrix Σ is positive semi-definite, meaning that det Σ ≥ 0
and xΣxT ≥ 0, ∀x ∈ Rk. However, when Σ is singular, meaning that det Σ = 0,
there is no proper probability density function; rather, in this extreme case one can
assume that a delta function covers a subspace satisfying this extreme condition
(e.g. For k = 2, given X1 ∼ N (0, 1) and X2 = −X1, then the covariance matrix

takes the form Σ =
(

1 −1
−1 1

)
, and the determinant is zero. The probability

density function therefore is zero everywhere, except on the line where X1 = −X2).
Such an extreme case is therefore quite unlikeley, but rises some interrogations in
terms of physical interpretations : can the mismatch cost reach an infinite amount
of energy loss, or is it somehow limited due to some constraint? While these
questions have to be addressed, let’s first dive into the study in non-extreme cases
of the mismatch cost function.

Example 3.4. To illustrate the result obtained above, the explicit form taken by
the mismatch cost for a gate with two inputs where the activation function is the

identity and the covariance matrix is defined by Σ =
(
σ11 σ12
σ12 σ22

)
, is given by :

M(p) = 1
2
[
(σ11 + σ22)− ln

(
σ11σ22 − σ2

12

)
− 1

−a
2
1σ11 + 2a1a2σ12 + a2

2σ22

|a|2
− (a · µ)2

+ ln a
2
1σ11 + 2a1a2σ12 + a2

2σ22

|a|2

]
. (3.21)

The behavior of the mismatch cost is illustrated in Fig. 3.2 below. One can see that
when X1 and X2 are highly correlated, the mismatch cost grows drastically. This
divergence is explicitly described by the logarithmic term involving the determinant
of the covariance matrix. On the other hand, when both variables are independent
from each other, the mismatch cost is minimal. In Fig. 3.2, the variance of both
variables is set to 1; but when they follow a law with larger variance the mismatch
cost is bound to be higher than zero, even in the case of independence, since the
variance does not match the optimal one. The lower bound is therefore higher up
in the graph, as can be seen in Fig. 3.3. One can also notice how the minimum
shifted from a correlation of zero to a non-zero one; this is due to the weights also
playing their part in the behavior of the mismatch cost. An extreme case of the
influence of the weights occurs when both weights share the same absolute value,
which can be seen mathematically as Eq. 3.21 reduces to (assuming that µ = (0, 0)
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) :

M(p) = 1
2 [ 1

2σ11 + 1
2σ22 + ln(1

2σ11 + 1
2σ22 + sgn(a1a2)σ12)

− ln(σ11σ22 − σ2
12)− 1− sgn(a1a2)σ12

]
. (3.22)

The mismatch cost is then highly dependent on the variance on the interval [−1, 1],
as can be seen in Fig. 3.4.

One can compare the value of the mismatch cost in comparison to the Landauer
cost of the gate, as both share the same unit, as illustrated in Fig. B.4 for the
same parameters as in Fig. 3.3.

Figure 3.2: M(p) for the 2-input ANN gate, with weights = [−0.1, 3], σ11 = 1 and
σ22 = 1.

Another variable of interest in the study of the mismatch cost for a single gate
would be the variance of the inputs. Since the mismatch cost depends similarly for
both variances, the only possible difference between the two behaviors lies in the
value of the weights, and the correlations between the two variables.

Let’s first consider two weakly correlated variables (ρ12 ≡ corr(X1, X2) = 0.1).
For equal weights, the mismatch cost evolves equally under the variation of both
variances, which is shown in Fig. 3.5. One can see that for values of variance that
are above the optimal variance (thus greater than 1), and up to some variance
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Figure 3.3: M(p) for the 2-input ANN gate, with weights = [−0.1, 3], σ11 = 5 and
σ22 = 3.

taken by both inputs such that

∂M(p)
∂σ11

= 1
2

(
1− 1

σ11
−
a2

1 − a1a2
√
σ22ρ12

|a|2
+ a2

1 + a1a2
√
σ22ρ12

a2
1σ11 + 2a1a2σ12 + a2

2σ22

)
= 0,

(3.23)
∂M(p)
∂σ22

= 1
2

(
1− 1

σ22
−
a2

2 − a1a2
√
σ11ρ12

|a|2
+ a2

2 + a1a2
√
σ11ρ12

a2
1σ11 + 2a1a2σ12 + a2

2σ22

)
= 0,

(3.24)

the mismatch cost corresponds to a hyperbolic paraboloid. Obviously, it is clear
that the extremas introduced right before are minimas, as is clearly shown in
Fig. 3.5. When a weight is lower than the other, the plane shifts, such that the
dependency of the mismatch cost relies only on one variable’s variance, such as
shown in Fig. 3.5. In this example, one can see that for each value of var(X2),
the mismatch cost can take an infinite amount of values, while on the other hand
the set of values it can take for var(X1) is rather limited. When the weight for
the variable X2 is much greater than the other, the cut-away view from var(X1) is
approximately a thin line, meaning that the mismatch cost is heavily dependent
on the variance of the variable associated to this weight.

When using more correlated inputs, one can see that the second minima (the
one that matches higher values of variances) gets closer to the other minima, as
this part of the hyperplane "folds" itself closer to the center of the graph. This is
because of the restriction in domain due to the correlation factor restricting the
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a) σ11 = 1, σ22 = 1 b) σ11 = 5 , σ22 = 3

Figure 3.4: M(p) of the 2-inputs ANN gate for weights = [−1, 1] and different
variances.

possible values of the variance. The reader is invited to have a look to appendix
B to see how the mismatch cost evolves in terms of the variances according to
correlation between the two input variables. When changing the weights, the plane
still shifts in the same fashion, keeping the "u" shape defined by the plane at some
spots.

Second approach : Uniform law is optimal

Assume now that the distribution yielding the minimum cost when it is run
through the circuit is the uniform distribution. In this framework, Monte-Carlo
simulations constitute a solid basis in understanding the behavior of the mismatch
function for non-gaussian optimal distributions8, as it becomes hard to analytically
describe the function. Such simulations will also be useful when dealing with
non-trivial activation function; however for the sake of this introductory approach,
the activation function considered is still the identity.

To perform such simulations, given a random vector of weights a = (a1, a2)
which is fixed, the KL divergence of both inputs and output distribution with
respect to the optimal distribution in each case needs to be computed. Since the
distribution of the output is non-trivial, Monte Carlo simulations offer a proper
approximation of such distribution. Furthermore, since it is assumed that the state
space is discrete (due to the fact that real numbers cannot be properly implemented;

8Since the support of the uniform distribution is bounded, the input distribution is bounded
on the same interval.
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a)M(p) of the 2-inputs ANN gate according to variance for weights = [1, 1]

b) weights = [1,2] c) weights = [1,5]

Figure 3.5: M(p) of the 2-inputs ANN gate according to variance for different
weights
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instead, they are limited in precision, which defines the limit at which the space
is discretized). Equation 3.17 is therefore used to compute the KL divergence of
the ouptut, based on the simulations. Given an input distribution that follows a
normal law with fixed variance, the behavior of the mismatch cost is illustrated in
Fig. 3.6.

Figure 3.6: Mismatch cost of an ANN gate where the uniform distribution over the
interval [−1, 1] is assumed to be the optimal law.

As expected, highly correlated variables induce a higher mismatch cost; however
independent variables still yield some non-zero mismatch cost, due to the nature
of their distribution. In fact, since the optimal distribution in this case is the one
yielding the most entropy (as it is the least predictable), the input distribution
follows a law that does not match the optimal one in terms of stochasticity. This
stochastic mismatch therefore yields a lower bound to the mismatch cost of the
gate.

The impact of activation functions

Activation functions are crucial in neural network architectures, as they indicate
how a node in the network should activate and consider the received inputs, and
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thus define its output. Estimating how the activation function enhances or dampens
the energetic loss due to the mismatch cost is important as it may imply to think
what the appropriate activation function is considering its energetic impact. Here,
4 different cases are considered, namely :

• The identity (no activation function) : σ(x) = x,

• ReLu : σ(x) = max(0, x),

• Softplus : σ(x) = ln(1 + ex),

• Sigmoid : σ(x) = 1
1+e−x .

An illustration of the output distributions according to the activation function is
displayed in Fig. 3.7. These distributions represent the propagation of uncorrelated
inputs (X1, X2) iid∼ N (0,1) through a neuron with weights a = [1, 1] over the
interval [−1, 1] and [−5, 5] respectively. One can see that the bound imposed on
the values taken by the input variables imply a saturation of the distributions at
those bounds, which derives from the cumulative probability density of outside the
bounds.

a) Over [−1, 1] b) Over [−5, 5]

Figure 3.7: Distribution of the outputs of a single neuron ANN

The simulations are run with the uniform distribution considered as prior
distribution, since it is the one yielding the most entropy.

In the case of a single gate for inputs that are bounded to the interval [−1, 1],
one can see that the sigmoid, also known as softstep, which is monotonic and turns
the value taken by the activation function into a positive yet quite small value
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as the value increases, yields a lower mismatch cost for weakly correlated inputs;
an interesting thing to point out is that the minimum for the sigmoid activation
function isn’t the same as for ReLu and the identity as the activation function,
which is due to the weights of the gate. Note that not only the sigmoid activation
function is dependent on the weights, but also the softplus as it can be both cheaper
and costlier energetically than when no activation function is considered (i.e. using
the identity as an activation function). The sigmoid therefore takes the cake, as it
is consistently cheaper than the other activation functions; this can be explained by
the low values that are obtained through the sigmoid activation function, yielding
a smooth distribution (as can be seen in Fig. 3.7) and thus getting closer to the
optimal distribution as the uniform distribution is used as prior distribution in the
numerical simulations. Note that for values that are bounded to a greater interval
such as [−5, 5], the activation functions don’t have an impact on the mismatch
cost, as illustrated in Fig. B.5.

a) weights = [1.5,−3] b) weights = [0.5, 3]

Figure 3.8: M(p) of the 2-inputs ANN gate for different activation functions

Maximal mismatch cost

The extreme case of totally correlated input variables implies the maximal
mismatch cost; but what is that maximum physically speaking ?

While it is true in a mathematical point of view that the mismatch cost tends
to infinity when the determinant of the covariance matrix tends to zero (thus when
the correlation factor tends to 1), the amount of energy lost must not be infinite; it
doesn’t make sense to lose an inconceivable amount of energy by having inputs that
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are totally correlated, otherwise the process would simply never happen. There
must be some kind of limit, induced by the logical and stochastic nature of the
system.

As the Landauer principle and the Landauer bound implies some minimum
heat to be generated when bringing an initial distribution to an ending distribution
through some kind of process, it is expected that such maximum bound is defined
by the process. Several parameters are to be considered, namely the state space and
the architecture of the system – here, a gate. Real numbers in the mathematical
sense cannot be properly implemented, as some limit to their digits always exists
when using computers. The state space is therefore finite, and based on the
maximum word size of the processor, say for example 32-bits, the size of the state
space is therefore 232. The other important factor to consider, would it be for a
single gate or a greater network, is the number of nodes in which computation take
place. Therefore, for each neuron, it is expected that the energetic cost associated
mismatch cost can only reach a value equal to the maximum entropy for each
nodes, and then multiplied by the number of nodes. This will give the mismatch
cost in terms of nats or bits, depending on the base of the logarithm. Considering
the example used right before, and using a base 2 logarithm, the maximal energetic
cost linked to the mismatch cost would therefore be :

Mmax = 32×# neurons× kBT (3.25)

where T is the temperature of the heat bath and kB is the Boltzmann constant.
This maximal bound comes from the fact that the distribution yielding the most
entropy, the uniform distribution, is to be considered to be the first prior to consider
in general [11], by the principle of maximum entropy9 [38][39].

Extension the single-gate case

These results obtained for a single gate can be perceived as a building block for
other more complex yet concrete examples. In fact, the mismatch cost obtained is
simply the contribution of one gate to the whole neural network; as the contribution
of each gate needs to be considered, one could evaluate how the mismatch cost
behave throughout such network. In order to study the behavior of the mismatch
cost according to the size of the network, assumptions concerning the optimal
distributions must be taken : is the optimal distribution actualized based on the
preceding gate or is it the same for each gate? In other words, given an optimal
distribution popt for a gate A, is the optimal distribution for the following gate the

9This principle states that considering all prior information and current knowledge about the
possible probability distribution, the one yielding the maximal information entropy is the one to
choose to describe the system, as it is the one that leaves the most room to additive information
and is the less likely to induce false assumptions.
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Figure 3.9: 4-input simple ANN
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Figure 3.10: 3-input simple ANN

same or does it depend on πgpopt? Both cases will be covered, but while the first
situation might be interesting theoretically10, it may be that, physically, the second
option is the closest to reality as the same factory parts can be used. Different
architectures of network will be considered; one where an input is involved in two
gates, and the other where there is no "overlap". Both networks are simple model,
but can be extended and offer the first step towards the evaluation of the mismatch
cost function behavior according to the number of layers.

Note that the SR implementation as explained in Chapter 2 states that once
a gate is run, the parents of that gate are reinitialized. In neural networks, each
neuron usually contributes to more than one neuron in the next layer; in that
sense, for each non-output node v, it is assumed that only the last of its children
reinitializes its state, while the other children apply the identity map to v, as is
explained in Appendix C of [11].

10This scenario is the one considered in [11] and [10], as the term πgpopt denotes the propagation
of the optimal initial distribution. The following scenario is one that remains interesting due
to the "factory" approach of creating the appropriate hardware for the artificial neuron; while
the optimal distribution should nonetheless be determined using prior informations, it is still
interesting to compare the differences in both scenarios.
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3.3 Beyond the single gate case
Adding another layer between the inputs and the output also adds a layer

of complexity in the analysis of the mismatch cost function. For example, in
cases illustrated by Fig. 3.10 and 3.9, the increasing number of inputs implies an
increasing number of variables to consider, namely the correlation between inputs
that do not interact in the first layer. In cases such as in Fig. 3.10 where an input
contributes to several gates, its variance is also a variable to take into account, as
the upcoming results concerning the mismatch cost of each gate will illustrate.

The inputs are assumed to follow a normal law X ∼ N (µ,Σ) where µ is the
vector of means and Σ the covariance matrix. In terms of notations, σii will depict
the variance of input variable xi, and σij its covariance with variable xj.

Putting the architecture aside, the optimal law for each gate in this extended
case is also an important factor to consider. Two scenarios are to be considered :

• The optimal law for subsequent gates corresponds to the law resulting from
the outputs, given that the inputs followed the optimal law. The optimal
distributions were obtained by propagating the optimal input distribution in
the network, written as πgpopt (e.g. Considering a similar case as Fig. 3.9 :
assuming, for this analytical analysis, that the optimal inputs follow a normal
law Xopt ∼ N (0,1), then, dealing with the identity as the activation function,
and considering no bias, the output of gate A is such that YA ∼ N (0, |a|2),
with a the weights of gate A. Inputs of the second layer therefore follow a
normal law where the covariance matrix isn’t the identity matrix);

• The optimal law is the same for each inputs of each gate, meaning that inputs
of the second layer should optimally follow the same law as inputs of the
gates in the first layer.

This distinction brings non-trivial consequences, as the mismatch costs of the final
gates in the first case depend on a lot more parameters.

3.3.1 Analytical results for 2 layers
Let’s consider an extended network as in Fig. 3.10 (3 inputs) and 3.9 (4

inputs), with an additional layer. Each layer will respectively be depicted with
variables X, Y and Z. The input layer is constituted of two gates, namely gate A
and B. The inputs of these gates are denoted XA and XB, while their outputs are
denoted YA and YB. The final gate C take as inputs Yinp which follows the joint
distribution of YA and YB, and the final output is denoted as Z. When considering
the optimal distribution for each gate, the variables will be denoted explicitely as
XA,opt, XB,opt, YA,opt, YB,opt, Yinp,opt, Zopt.
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Evolution of the input distribution across the network

Given any inputs x1, x2, the resulting output of a gate such as gate A is
given by y = σ(∑2

i=1 aixi + b0) where σ is the activation function, b0 the bias and
a = (a1, a2) are the weights of gate A. Since σ(x) ≡ x, and b0 = 0, one can find
the distribution law of the output.

Starting with inputs such that X ∼ N (µ,Σ), given two gates A and B, one
can split the covariance matrix of the inputs into two sub-matrices for each gate’s
inputs, namely ΣA and ΣB. In the same fashion, the mean vector µ can be
split into two sub-vectors µA and µB, containing the mean of each inputs that
are involved in gate A or B respectively. The covariance matrices of both gates
gather the covariance and variance of their respective inputs. Since yA = a · xA,
(e.g. yA = a1x1 + a2x2 in both Fig. 3.10 and 3.9), its distribution law can be
obtained as YA is a linear combination of two gaussian random variables. One can
find that YA ∼ N (a · µA, aΣAaT ) and YB ∼ N (b · µB,bΣBbT ) where a and b are
the weights of gate A and B, respectively.

Both outputs need to be considered jointly in order to find the distribution law
of the final output Z. Correlations between the initial inputs that weren’t taken into
account in the first layer will define the covariance matrix of the final layer’s inputs.
Since the examples consider 2-dimensional inputs, this "global" covariance factor
that will be denoted ξ will only appear in the off-diagonal. For the sake of simplicity,
the elements of the covariance matrix will be denoted as σi,j for the covariance
between Xi and Xj; when i = j it will simply correspond to the variance of Xi.
The value of ξ varies between the 3-inputs case as in Fig. 3.10 and the 4-inputs case :

3-inputs : The covariance between YA and YB is given by

ξ ≡ cov(YA, YB) (3.26)
= cov(a1X1 + a2X2, b1X2 + b2X3) (3.27)
= a1b1cov(X1, X2) + a1b2cov(X1, X3)
+ a2b1cov(X2, X2) + a2b2cov(X2, X3) (3.28)
= a1b1σ12 + a1b2σ13 + a2b2σ23 + a2b1σ22. (3.29)

The variance of X2, σ22, therefore plays a greater role than the variance of the
other inputs in this scheme, as X2 contributes to both input gates displayed in Fig.
3.10.
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4-inputs : The covariance between YA and YB is given by
ξ ≡ cov(YA, YB) (3.30)

= cov(a1X1 + a2X2, b1X3 + b2X4) (3.31)
= a1b1cov(X1, X3) + a1b2cov(X1, X4)
+ a2b1cov(X2, X3) + a2b2cov(X2, X4) (3.32)
= a1b1σ13 + a1b2σ14 + a2b1σ23 + a2b2σ24. (3.33)

Obviously, with the increasing number of inputs, the number of parameters to take
into account when computing the mismatch cost will increase, and this is already
demonstrated by the number of parameters involved in the covariance between the
output of gate A and the output of gate B. Someone familiar with ANNs and the
multilayer perceptron will note that Fig. 3.10 is more likely to correctly represent a
neural network; this will be discussed later in this work, however the 4-inputs case
is still interesting in order to evaluate the contribution of correlations for gates that
were initially disconnected, in the sense that their inputs were not in common.

Sticking with ξ for the sake of convenience and generalization, the law of
distribution of the inputs of the last layer is given by Yinp ∼ N (µ′,Σ′) where

µ′ =
(

a · µA
b · µB

)
and Σ′ =

(
aΣAaT ξ
ξ bΣBbT

)
. Given c the weights of the final gate,

the distribution of the output is therefore Z ∼ N (c · µ′, cΣ′cT ). Now that all
possible distributions are known given the inputs, the KL-divergence for each input
and output can be obtained. The only thing to determine before computing the
exact values is whether the optimal distribution evolves across the network or not.

Actualized optimal distribution

In this scenario, the optimal inputs are independent, and follows a normal
law such that Xopt ∼ N (0,1). Plugin this into the results that were just obtained,
one gets that ∼ N (0, a1aT = |a|2) and YB,opt ∼ N (0, |b|2). Since the inputs are
independent, the only scenario where ξopt is not zero is when at least one input
contributes to two gates, as in Fig.3.10. There’s no reason to remove ξopt from the
result, therefore

Yinp,opt ∼ N
(

0,Σ′opt =
(
|a|2 ξopt
ξopt |b|2

))
. (3.34)

The final output distribution is therefore given by
Zopt ∼ N (0, cΣ′optcT ) (3.35)

∼ N (0, c2
1|a|2 + 2c1c2ξopt + c2

2|b|2) (3.36)
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Computing the contribution of each gate to the mismatch cost as indicated in
Eq. 3.15, the several KL divergences that are involved are given below :

DKL(XA||XA,opt) = 1
2
(
trΣA + µTAµA − 2− ln det ΣA

)
(3.37)

DKL(XB||XB,opt) = 1
2
(
trΣB + µTBµB − 2− ln det ΣB

)
(3.38)

DKL(YA||YA,opt) = 1
2

(
aΣAaT

|a|2
+ (a · µA)2

|a|2
− 1− ln aΣAaT

|a|2

)
(3.39)

DKL(YB||YB,opt) = 1
2

(
bΣBbT

|b|2
+ (b · µB)2

|b|2
− 1− ln bΣBbT

|b|2

)
(3.40)

DKL(Y ||Yopt) = 1
2

(
tr(Σ′−1

opt Σ′) + µ′Σ′−1
optµ

′T − 2− ln det Σ′
det Σ′opt

)
(3.41)

DKL(Z||Zopt) = 1
2

(
(c · µ′)2

cΣ′optcT
+ cΣ′cT

cΣ′optcT
− 1− ln cΣ′cT

cΣ′optcT

)
(3.42)

The mismatch cost of each gate is then simply given by the KL divergence
from the optimal distribution of the input distribution of the gate, minus the KL
divergence of its outputs, namely :

MA(p) = DKL(XA||XA,opt)−DKL(YA||), (3.43)
MB(p) = DKL(XB||XB,opt)−DKL(YB||YB,opt), (3.44)
MC(p) = DKL(Y ||Yinp,opt)−DKL(Z||Zopt). (3.45)

Based on both 3-inputs and 4-inputs cases, the behavior of the mismatch cost
for each gate according to the correlations and variance of each variable can be
evaluated.

Regarding the correlations of the input variables, the variation of the mismatch
cost of gate C – the gate in the second layer – for the 4-inputs case corresponding
to Fig. 3.9 is displayed in Fig. 3.11. These graphs corresponds to the analytical
implementation of the mismatch cost, if the normal law N (0,1) was the optimal
law, with a = (−0.05, 2), b = (−0.15, 1.5) and c = (0.02,−0.05) and σ11 =
5, σ22 = 3, σ33 = 4 and σ44 = 1. The graph on the left corresponds to the variation
according to the correlation of the inputs of gate A and B, and the graph on
the right corresponds to the variation according to ξ as introduced in Eq. 3.33,
which gathers the correlations of all inputs that have no impact in the first layer
(composed of gate A and B), in the sense that some of the inputs do not interact
with each other in that layer.

44



a) According to corr(X1, X2) and corr(X3, X4) b) According to ξ

Figure 3.11: MC(p) of the 4-inputs case

While the behavior of the mismatch cost for gates A and B leaves no surprise,
one can observe that the correlation between the inputs of gate A or gate B doesn’t
play a big role in determining the mismatch cost of the subsequent gate. On
the other hand, ξ helps describing the evolution of MC(p). This was expected
since ξ plays a similar role as the covariance of the inputs when dealing with a
2-input gate, since ξ is the off-diagonal element in the covariance matrix of gate C’s
inputs. Although this parameters depends on almost all the covariances between
the input variables, if the variables are independent it is clear that ξ = 0 and
will thus yield a minimal cost. Conversely, given that for example all weights are
positive, highly positively correlated inputs would yield a great ξ and thus greater
mismatch cost. One could point out that the spread of the mismatch cost curve is
surprising as it results from the analytical expression ofMC(p), but the number
of parameters (σ12 in aΣAaT , σ34 in bΣBbT and σ13, σ14, σ23, σ24 in ξ) involved in
its computation implies different values ofMC(p) given the same ξ; neither ξ and
MC(p) are injective functions in terms of the covariances of the inputs as several
sets of covariances can give the same ξ value.

When considering the variance for the 4-inputs ANN case, it turns out – without
surprise – that it doesn’t play a major role in the estimation of the mismatch cost
of gate C, as can be seen in Fig. 3.12.

The preceding results about the influence of variance on the mismatch cost
of running gate C are most likely incorrect when considering scenarios like the
3-inputs case, where one input contributes to multiple gates. One can expect the
variance of X2 to have an impact on MC(p), but also on the overall mismatch
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Figure 3.12: Mismatch cost of the final gate in the 4-inputs case in terms of the
variance of the inputs

cost since it contributes to both gates in the first layer. Indeed, for uncorrelated
inputs, fixed variances var(X1) = 5, var(X3) = 5 and given the following weights11 :
a = (1.2, 0.4), b = (1.7, 2.25), c = (0.05, 0.75), the plot of the mismatch cost of
each gate in terms of var(X2) = σ22 is shown in Fig. 3.13 . While the mismatch
cost of the gates in the first layer tend to explode for a low variance, it is not
the case for the mismatch cost of gate C. This can simply be explained by the
fact that the variance is involved in the ξ parameter, for which the mismatch cost
explodes for high and low values; since the variance can only be negative, and a
low variance is more likely to mean a lower ξ, such an explosion occurs only at
higher variance. Note however that for fixed variances for the X1 and X2 variables,
the variance taken by X2 must respect some conditions such that the covariance
matrix is positive-semidefinite12. In addition, the correlation between the inputs
doesn’t change the behavior of the mismatch cost with relation to var(X2), as it
only restricts the domain on which the variance can take its values.

When the gates are weighted such that X2 has a greater importance than the
other variables, the influence of var(X2) changes, as can be seen in Fig. 3.14.

11As for other graphs, the weights were arbitrarily considered for a visualization purpose.
12Of course, this applies for both X1 and X3 if one fixed the variances of the other variables, but

here the 3-inputs case focuses on the importance of the variance of the input variable contributing
to several gates, which is X2.
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Figure 3.13: Mismatch cost for uncorrelated inputs in the 3-inputs case
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The weight associated to X2 in gate A is 50 times greater than for X1, and 100
times greater than for X3 in gate B. Fig. 3.14 shows however that the mismatch
cost behaves similarly for both gates, while the mismatch cost of gate C behaves
in a completely different manner than with regular weights. It may come as a
surprise that var(X2) takes values only up to 1; however having such heavy weights
imposes restrictions to the values that can be taken by the covariance matrix of
the new distributions (the ones generated once gate A and B are run). While in
real-life the new distributions exist no matter what, a decision was taken to avoid
such problematic scenarios implementation-wise13. It still provides a great insight
nonetheless, as one can see that for a variance close to the optimal one, due to
the rigged weights that enhance the influence of X2, the mismatch cost reaches its
minimal value around the optimal value.

Figure 3.14: Mismatch cost for the heavily weighted 3-inputs case

The influence of the correlations in the 3-input case is shown in Fig. C.1 in the
appendix, with weights a = (1.5, 0.75),b = (0.2, 1) and c = (1, 1). The branches
that appear are due to the number of variables involved; a two-dimensional plot
is not enough to properly illustrate the dependency. One can still point out that,
as expected, highly correlated variables yield a higher mismatch cost. Further
comments about the impact of the correlation according to the structure of the

13The problem rises when Σ′opt is computed, as its determinant is negative for high values of
var(X2) since det Σ′opt = |a|2|b|2 − a1b0var(X2).
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circuit will be discussed below.
Concerning the impact of activation functions, it is absolutely non-trivial to

compute the distribution of the outputs of each gate, since this output would no
longer be a simple linear combination of the inputs. While it may be possible
in some cases to compute the probability density of the output, the simulations
remain trustful when it comes to emulate the propagation of the inputs through
an ANN with specific activation functions. This will therefore be discussed in the
numerical analysis of the mismatch cost.

Special wiring choice based on correlation

As mentionned in the last section of Chapter 2, wiring together highly correlated
variable would minimize the Landauer loss, the unavoidable additionnal entropy
flow that is incurred by the specific SR implementation14. One may wonder if such
assumption applies for the mismatch cost and the mismatch loss, although the
latter can take negative value, in opposition to the Landauer loss and the mismatch
cost.

Since the 3-inputs and 4-inputs cases were introduced as smaller network within
a bigger one, the output considered constitutes only one node, which could be
considered as the output node for the sake of the study of the mismatch loss function;
however by definition this function relies on the multi-divergence of the output
distribution, information theoretic quantity that only applies to multidimensional
state space. Due to this ambiguity, the mismatch loss function will be studied in
other cases, limiting ourselves to the study of the mismatch cost, given the initial
wiring.

Two situations are possible : either wiring highly correlated inputs together
such that they go through the same gate in the first layer will yield lower mismatch
cost, due to the fact that the outputs of the gates in the first layer will be weakly
correlated (or at least less than the input variables) ; or the resulting mismatch cost
from the gates in the first layer will be so great that the resulting "decorrelation" of
the outputs of the second layer will not be sufficient to counter the huge mismatch
cost created by the highly correlated variables. For the 4-inputs and 3-inputs cases,
the influence of the highly correlated variables when they go through the same gate
in the first layer or not will be studied.

Note however than since the "global correlation factor" for the second layer is
given by ξ, weights will play a huge role. Indeed, in the 4-inputs case for example,
if σ13 and σ24 are great and equal due to the high correlation between X1 and
X3, and between X2 and X4, their resulting contribution to ξ could be zero if
a1b1 = −a2b2 (e.g. (a1, a2) = (1,−2) and (b1, b2) = (2, 1)) but could also be huge if

14Not to be confused with the Landauer cost, which is the minimal entropy flow generated by
running the system.
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the weights are great and positive. For the sake of simplicity, only positive weights
and correlation factors will be considered. The mismatch cost of gate C and the
total mismatch cost yielded will be compared.

Starting with the 3-inputs case, given the following correlations : ρ12 = 0.9, ρ23 =
0.01, ρ13 = 0.01, the configurations are denoted as :

1. X1 and X2 as inputs of gate A, X2 and X3 as inputs of gate B;

2. X3 and X2 as inputs of gate A, X2 and X1 as inputs of gate B;

3. X2 and X3 as inputs of gate A, X3 and X1 as inputs of gate B;

with the color codes being blue, red and green for cases 1, 2 and 3 respectively.
The behavior of the mismatch cost for gate C as well as the total mismatch
cost is indicated below according to solely the variance of X2; the other variance
dependencies are displayed in appendix C ( see Fig. C.3). One can see that, as the
variance increases, it is preferable to decouple the highly correlated variables in
the first layer, such that only weakly correlated variables are coupled within the
first layer. When looking at the total mismatch cost, it is clear that event the loss
in mismatch cost in gate C for low variances does not counter the increase due to
highly correlated variables serving as inputs for one of the two gates in the first
layer; the best decision is to keep correlated variables as decoupled as possible.

a) Mismatch cost of gate C b) Total mismatch cost

Figure 3.15: Evolution of the mismatch cost for the 3-inputs case

Concerning the 4-inputs case, the same strong and weak correlations are con-
sidered but for two other couple, such that ρ12 = 0.9, ρ34 = 0.9, ρ23 = 0.01, ρ13 =
0.01, ρ14 = 0.01, ρ24 = 0.01. Only a few combinations of wiring a considered, namely
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1. X1 and X2 as inputs of gate A, X3 and X4 as inputs of gate B;

2. X4 and X1 as inputs of gate A, X3 and X2 as inputs of gate B;

3. X1 and X3 as inputs of gate A, X4 and X2 as inputs of gate B;

with the same color code as before. Since the choice of the variable as x-axis doesn’t
have as much influence as in the 3-inputs case, the mismatch costs are only plotted
according to var(X2) and are displayed in Fig.3.16. As expected from the 3-input
case, coupling the most correlated variables so that they all contribute to the same
gates in the first layer results in higher mismatch cost, would it be in the first layer
or second as can be seen in the graph on the left side. Again, it is then better to
keep highly correlated variables decorrelated.

A choice therefore must be made between minimizing the Landauer loss, or
minimizing the mismatch cost. One way to solve this problem is to use a initial
probability distribution extremely close to the optimal one, as then it would
correspond to the best wiring that was chosen by solving the minimization problem
associated to the Landauer loss.

The reader might point that such choice of wiring doesn’t really apply to
neural networks such as the multilayer perceptron, since every neuron from a layer
contributes to each neuron of the next layer. It is however still interesting to have
in mind the impact of correlated variables on the energetic optimization of such
networks, as it might give insights on how to elaborate different architectures to
avoid such issues.

a) Mismatch cost of gate C b) Total mismatch cost

Figure 3.16: Evolution of the mismatch cost for the 4-inputs case
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Non-actualized optimal distribution

The main difference between the actualized scenario and this one is the
actualization of the optimal distributions of the inputs for the gates in the next
layers. The optimal distribution of the gate’s output still depends on the optimal
distribution of its input, as its propagation through the gate when it is run is
considered; but as can be seen in the expression of the KL divergence of the inputs
of gate C, the optimal covariance matrix is nothing but the identity matrix, as
the optimal distribution of gate A and B’s outputs do not influence the optimal
distribution of gate C’s inputs. In particular, the KL divergences of each gate and
its parents is depicted below.

DKL(XA||XA,opt) = 1
2
(
trΣA + µTAµA − 2− ln det ΣA

)
(3.46)

DKL(XB||XB,opt) = 1
2
(
trΣB + µTBµB − 2− ln det ΣB

)
(3.47)

DKL(YA||YA,opt) = 1
2

(
aΣAaT

|a|2
+ (a · µA)2 − 1− ln aΣAaT

|a|2

)
(3.48)

DKL(YB||YB,opt) = 1
2

(
bΣBbT

|b|2
+ (b · µB)2 − 1− ln bΣBbT

|b|

)
(3.49)

DKL(Y ||Yopt) = 1
2
(
tr(Σ′) + µ′µ′T − 2− ln det Σ′

)
(3.50)

DKL(Z||Zopt) = 1
2

(
cΣ′cT
|c|2

+ (c · µ′)2 − 1− ln cΣ′cT
|c|2

)
(3.51)

This assumption of considering the same optimal distribution for each gate’s
inputs (the parent nodes) comes from a more practical point of view, where each
neuron is in itself a piece of hardware that has been built in bulk, such that each
neuron wasn’t constructed specifically for the actualized optimal distribution; while
[11] considers the updated distribution after propagating the initial distribution
through a gate which implements some conditional distribution πg, from the serial-
reinitialized circuit standpoint one can perceive each gate as a solitary process with
its optimal distribution being only considered within that solitary process, putting
aside any alteration to the optimal distribution that could come from the other
processes to which it is not coupled.

The behavior of the mismatch cost is directly compared for both 4-inputs and
3-inputs cases to the mismatch cost in the actualized scenario. The weights and
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other parameters used for each case will be the same as when dealing only with
the actualized scenario.

In the 4-input case, while no dependency on corr(X1, X2) and corr(X3, X4) is
shown for both the actualized and not actualized situations, it is clear that the
mismatch cost for the same weights as in Fig. 3.11 is greater than in the actualized
scenario. This is even clearer when putting into comparison the mismatch cost
according to ξ for both scenarios. While the mismatch cost behaves somewhat
similarly in both cases, it is however more sensitive to the variation in ξ when gates
are not actualized; this is due to the fact that ξ depends on both the correlations
and weights, and the optimal covariance matrix for the inputs of gate C Σ′opt
appearing in the actualized scenario, which depends on the weights, does not
appear in the non-actualized framework; this factor helped normalize the influence
of the weights, without it the mismatch cost depends more on the weights and
thus the impact of higher correlations between the input variables is less dampened
as weights may enhance the value taken by ξ without something countering such
increase.

a) According to corr(X1, X2) and corr(X3, X4) b) According to ξ

Figure 3.17: MC(p) of the 4-inputs case

Let’s now see what happens in the interesting 3-inputs case, as ξ depends on
the variance of the second input, even when the optimal distribution is considered,
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implying non-zero off-diagonal element in the optimal input covariance matrix Σ′opt.
As in the actualized case, the impact of the correlation is limited, as can be seen in
Fig.C.2. The focus of the comparison is therefore on the impact of var(X2).

Quite interestingly, for normal weights, the mismatch cost stays constant
whatever how great the value of var(X2) becomes; since the variance is only
involved in Σ′ through aΣAaT and bΣBbT , which makes the evolution of the
mismatch cost under changes in the variance heavily dependent of the weights of
the network. It is then with no surprise that, for a network involving heavy weights
the input variable X2 contributing to both gates in the first layer, the mismatch
cost in the non-actualized case explodes, in opposition to the actualized scenario.

As the vast majority of neural networks involve the contribution of one specific
neuron output in the i − 1th layer to several neurons in the ith layer, the non-
actualized scenario would yield higher mismatch cost than the actualized one, due
not only to its circuit implementation but also by its piece-wise structure, in the
sense that each gate behaves the same although the outputs do not reset their
distribution. This additional cost reminds of the mismatch loss introduced in
chapter 2, which evaluates how much energy was lost due to the serial-reinitialized
implementation of the circuit, instead of just considering the initial and ending
distributions. Since the non-actualized case adds another cost due to the nature of
its implementation, it is better to stick to the actualized scenario as it allows for a
better understanding theoretically, since no additional cost than the ones already
mentionned within [11] is considered.

a) With regular weights b) With heavy weights associated to X2

Figure 3.18: MC(p) of the 3-inputs case
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3.3.2 Numerical simulations
As the analytical case where the normal distribution N (0,1) is considered

optimal reached its limits of study, it is time to get a better grasp on how the
mismatch cost behaves for the other optimal distribution that was mentionned
(which is probably the best to consider due to the principle of maximum entropy),
which is the uniform distribution. As the algebra of random variables starts
to become crazily non-trivial as soon as the laws are not gaussian, numerical
simulations come in handy to estimate the quantity we are interested in.

The 3-input case being less computationally heavy, but also more coherent
when studying artificial neural networks than the 4-inputs case, the latter will not
be considered. Instead, an additional scenario will be considered, one where the
newtork is composed of several layers of two neurons, with each neuron contributing
to both neurons of the next layer.

Note on the implementations

To ensure computational feasibility and valid computation of the KL divergence
between the several distributions, the set of outcomes is bounded, such that the
values taken by the output of the first layer are bounded to this space, from which
are taken the inputs. This also allows for comparison when computing the KL
divergence between the normal distribution and the uniform distribution, using the
discretized formalism; while it is true that the KL divergence between a continuous
distribution and a discrete distribution cannot be computed, using the discretized
formalism on a bound space allows for comparison over "chunks" of this space, such
that for each distribution there is a non-zero probability of being in each chunk.
The KL divergence can then easily be computed, as each state is associated to a
non-zero probability for both distributions considered.

The distributions are registered thanks to Monte Carlo simulations as dictio-
naries, with keys corresponding to the chunk or interval that is associated to the
value registered, and the values being the number of times a value fell into that
chunk or interval. It is then easy to transform such values to probabilities. In
order to properly cover the whole state space, the number of simulations is at
least 100 times greater than the number of states. Obviously, as the number of
dimensions increases (e.g. for n variables taking their values within N possible
states, the size of their joint state space is therefore Nn), it becomes more and more
challenging to properly simulate the joint distribution. This is why only simple
cases are considered, as the computational resources are limited.
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a) Mismatch cost of gate C b) Total mismatch cost

Figure 3.19: Study of the mismatch cost in the 3-inputs for inputs limited in the
interval [−1, 1]

a) Mismatch cost of gate C b) Total mismatch cost

Figure 3.20: Study of the mismatch cost in the 3-inputs for inputs limited in the
interval [−5, 5]
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3-inputs case

Different results occur when changing the bounds of the values that can be
taken by the input variables. As a reminder, these bounds are set such that the
optimal distribution shares the same support as the input distribution, such that
the KL divergence between both distributions makes sense.

This can be explained due to the distribution of the inputs once they are propa-
gated through each neuron, as it was displayed in Fig. 3.7. As for greater intervals
the distribution of the outputs covers a wider spread, the mismatch cost tend to
decrease as variance increases since the distribution is more diffused, therefore
being similar to the optimal distribution. With restricted bounds, probability
distribution is extreme as the probability density is concentrated on a few states.
As variance increases, values taken by the output would go beyond the bounds
imposed, therefore saturating the states at the boundaries, amplifying this bimodal
distribution of the outputs. Nevertheless, the sigmoid activation function still
remains a reliable activation function when it comes to energy usage; but the
difference between activation functions when dealing with variables that take values
over greater intervals is negligible. The nature of the problem therefore directs the
choice of the activation function, based on the results but also on the values taken
by the inputs.

Cumulative double gates

x1

x2

xOUT,1

xOUT,2

Figure 3.21: 2-inputs ANN with consecutive double gates

The network considered for this experiment is precisely the one depicted in
Fig. 3.21. The goal of this experiment is to determine how the mismatch cost
evolves in each gate, and how correlation between the input variables affect the
total mismatch cost of a network with more than two layers. Since the distribution
of the output states xOUT covers a multidimensional space, this is an opportunity
to compute the mismatch loss of such system, to see what is lost due to the SR
implementation of the system.

The results are shown in Fig. 3.22. Several correlation settings have been
considered, while only one variance dependency is shown since the dependency is
symmetric (apart from the influence of the weights throughout the network, which
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are set randomly). One can see that the observation made at the very beginning
concerning a single gate still holds, as the mismatch cost is at its highest when
the input variables are highly correlated, while it reaches its lowest when they are
independent. This results also holds for the mismatch loss, as the energetic impact
of running a SR implementation increases as the variables that go through each
gate are correlated. In Fig. C.4, the impact of the correlation on each layer is
shown15. It is clear that whatever the correlation between each input variables, the
mismatch cost in each layer tends to zero; this can be expected as the propagated
distribution of both optimal and initial distribution tend to the same distribution,
as can be seen in Fig. C.5.

a) Total mismatch cost b) Mismatch loss of the system

Figure 3.22: Mismatch cost and mismatch loss of the cumulative double gates

3.4 Trained neural network
As a way to evaluate precisely how energetic loss applies and can be avoided

with real machine learning scenarios, a neural network will be trained on a simple
dataset for a classification problem to set the appropriate weights on the structure
described in Fig. 3.23. This mismatch cost will be put in comparison to the actual
Landauer cost of the system.

15Actually, it’s the mismatch cost of one of the two gates within each layer, as the network is
symmetric – at least in its structure, without considering the input variances and the network’s
weights.
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x1

x2

x3

X Y
Z

xOUT

Figure 3.23: ANN of the trained neural network for the classification problem

3.4.1 Problem and dataset description
The dataset considered to train our model is the "Connectionist Bench (Sonar,

Mines vs. Rocks) Data Set" [40], which gathers frequency patterns from sonars that
are then labelled as either corresponding to a rock or a mine. There are 111 patterns
corresponding to signals bouncing off mines (actually metal cylinders, such that the
dataset creation is less letal), and 97 bouncing off rocks. Each pattern is explained
through 60 attributes, each one being a real-valued number that corresponds to
the average energy within a frequency band, and each pattern is labelled either "R"
for rock or "M" for mine. The task is then to build a classification model that can
easily detect if the signal received bounced off a rock or a mine.

3.4.2 Feature selection
As there are numerous features in comparison to the number of samples, and

in order to optimize our network (as the input size is limited for computational
reasons, as the computation of the Kullback-Leibler divergence requires to simulate
the distributions at each node), it is best to do some feature selection first, thus
picking the most relevant attributes in the dataset.

One way to do as such is through Principal Component Analysis (PCA) [41],
which will perform a change of basis within the data such that the principal
components, those explaining the most variance in the dataset (thus explaining
the most variations, the most changes, the most relevant factors to guess which
label a sample belongs to), are received in decreasing order with the relation to the
amount of variance each component can explain. In other words, the first column
of the transformed dataset, which corresponds to the first principal component,
describes the largest amount of variance in the dataset. The best features therefore
correspond to the first columns of this transformed table.

Another important feature of PCA is that the new attributes are uncorrelated,
as they serve as an orthonormal basis to the prinicpal component space. This will
allow for comparison between a model trained with untreated data, and a model
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that went through feature selection. It is expected that the mismatch cost of the
untreated model will be greater than the other, since its attributes will most likely
be more correlated.

3.4.3 Results
The upcoming results are based on the network structure as described in Fig.

3.23, using the Keras package from Tensorflow [42], which allows to construct any
neural network and retrieve its associated weights once it is fully trained.

Trained with the transformed dataset

The input distribution is assumed to follow a normal law such that X ∼ N (µ,Σ)
where

µ =

 −2.27× 10−17

−4.553× 10−17

−1.253× 10−16

 and Σ =

 12.53 −2.08× 10−15 −9.36× 10−16

−2.08× 10−15 11.82 1.44× 10−15

−9.36× 10−16 1.44× 10−15 5.25

 .
The weights for each gate can be found in the appendix in Table C.1, where
the numeration goes from top to bottom as indicated in Fig.3.23. With such
settings, the model achieved a 81% accuracy on its training dataset, and 75% on
the validation set, on which it was not trained. While these scores are quite low
compared to a properly built and trained model, it is sufficient in this case as the
goal is only to use its weights to estimate the mismatch cost. The loss function used
was the cross-entropy16, which is usually the best for binary classification problems.
The weights are actualized through gradient-descent, and the activation function
used in the first and second layer is ReLu, while the last layer (determining the
output) uses the sigmoid. These activation functions were the one yielding the best
results in terms of accuracy.

As can be seen by the covariance matrix of the inputs, the inputs are indeed
pretty much uncorrelated. Considering X as the input nodes, the nodes belonging
to G using the notations of Chapter 2 are Y1, Y2, Y3, Z1 and Z2. The parent
gates of Yi are X1, X2, X3 ∀i ∈ {1, 2, 3}, and the parent gates of Z1 and Z2 are
Y1, Y2, Y3. The simulations therefore brings the following results, given p the
initial distribution as explained above :

16The cross entropy S(p, q) is somewhat similar to the KL divergence DKL(p||q), as it measures
how two distributions differ; they are actually related through the following equation :

S(p, q) = S(p) +DKL(p||q).
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• L(p) = 8.9895 nats;

• M(p) = 1.0864 nats.

The emmitted heat due to these two factors is then 4.075 × 10−20J, assuming
the heat bath is at 20°C. The only missing quantities to properly evaluate the
entropy flow generated by the network are the residual entropy production and
the Landauer loss; however, as gates with more than one child are considered, the
Landauer loss is non-zero17, and the Landauer and mismatch costs can serve as a
lower bound to the total entropy flow :

Q(p) >= L(p) +M(p). (3.52)

In particular, the mismatch cost consists as a lower bound to the entropy production
associated to the neural network. One can see that the mismatch cost here is
almost 9 times lower than the Landauer cost, thus contributing barely to the total
entropy flow. This will not be the case when considering correlated data as in the
following section.

Trained with the original dataset

It is assumed that th model was trained using untreated data as well, since
it wouldn’t make sense to give an untreated dataset to a model trained with the
transformed training dataset as the attributes do not share the same space (the
first principal component is not comparable to the best column in the original
dataset as it defines another basis).

As the number of features selected is limited by the structure of the network,
the most relevant features were considered based on a χ2 statistical test called
univariate feature selection. By doing so, the resulting model still remains somewhat
relevant, with an accuracy of 78% on its training dataset, and 71% on its validation
set, but without modifying the values of the dataset.

The inputs are assumed to follow a normal law such that X ∼ N (µ,Σ) where

µ =

0.236
0.197
0.385

 and Σ =

 0.017 0.004 −0.005
0.004 0.023 0.01
−0.005 0.01 0.07

 . The weights of the model as

well as the biases are also diplayed in the Appendix, in Table C.2. In this setting,
the inputs are more correlated, thus the mismatch cost is expected to be higher
than in the previous section. Computing the Landauer cost and the mismatch cost
as before, the results are the following :

• L(p) = 1.823 nats;
17It can even be arbitrarily large, as shown in Appendix C of [11]
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• M(p) = 20.263 nats;

thus confirming the assumption that was made. Considering the same heat bath,
the emitted heat contributed by the two quantities would then be 8.935× 10−20J.

Interestingly, the Landauer cost is lower; this is because the entropy of the
inputs is maximum when variables are uncorrelated, while the entropy of the output
isn’t altered as much based on the correlation of the inputs. However this gap in
inevitable cost is filled by the mismatch cost in the untreated dataset case, which
thus yields a greater lower bound to the entropy flow (and entropy production) of
the system.

3.5 Discussion
In this chapter, an extensive search has been made on the mismatch cost,

which corresponds to the generated energetic cost of running a circuit with a
non-optimal input distribution. In the case of artificial neural networks, the
correlations of the inputs plays a major role in the resulting mismatch cost as
highly correlated variables generates a higher energetic expense. Data preparation
can have an impact on such expense since some feature selection algorithms provide
uncorrelated transformed data, as demonstrated with PCA. Another factor to take
into account is the variance of the inputs, as each input contributes to several
neurons, which will contribute to several neurons as well; however the values taken
by the variances of the inputs are restricted when studying the mismatch cost
analytically as the weights define the distribution of the states of the following
nodes.

In fact, the analytical analysis of the mismatch cost is quite limited, as it
heavily relies on having a "gentle" activation function, but also on having a prior
distribution that allows for comparison over the same support. With activation
functions other than the identity mapping, establishing the updated distributions
becomes a non-trivial challenge that may not be worth the trouble.

Numerical simulations thus allowed some freedom when testing different network
settings, as was shown with the varieties of experiments that were performed since
the analytical results. It has been shown that in the non-actualized scenario, where
the prior distribution for each gate is the same, the mismatch cost will reach higher
values in the 4-input case, considering that each gate only has one child. While it
was assumed that additional energetic cost was incurred due to this gate-specific
optimal distribution, one could argue that this scenario deserves more study. In
fact, this is true as one scenario perfectly fitting to the formalism introduced
by David Wolpert in [11] was not covered : studying the mismatch loss of the
network considering πΦpIN being the propagated probability of the inputs while the
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summation as described in Eq. 2.39 involves the optimal distribution considered in
the non-actualized case. Since the main focus of this thesis was the mismatch cost,
as it is a non-negative quantity whose minimum value can be more easily identified,
the study of the mismatch loss was set aside.

The covered experiments are however limited and do not properly apply to
real-case artificial neural networks, as the number of inputs, neurons and layers was
limited due to the difficulty of implementation and lack of computational resources.
This therefore limits the results of the research as an introductory approach to the
study of the thermodynamic cost of not running the optimal distribution. Another
limitation for this study was the space state, as the space in which the values
were taken was discretized. The best discretization possible would be to use a
state space such that 232 possible states; however this does not remove the issue of
switching from a continuous distribution to a discrete distribution when the input
distribution is assumed to follow a gaussian distribution. It would be convenient to
perform further analysis on how such discretization may impact the results that
were obtained, as it may impact in a non-negligible manner the values taken by
the Shannon entropy and the Kullback-Leibler divergence. Talking about the KL
divergence, restricting two distributions to the same support in order to make
a valid comparison using this quantity may also have an impact, as the actual
(and not theoretical) values taken by the input distribution could be outside the
bounds defined to match the optimal distribution, when considering an optimal
distribution.

Nevertheless, it is obvious that neural networks are complex systems that
involve a lot of parameters. Evaluating how distributions evolve accross a network
is already a challenging task when a few layers and simple activation functions are
involved, it is without doubt that more complex distributions and other type of
neural networks than the multilayer perceptron will require even more work to be
properly analyzed. Its link with thermodynamic quantities such as entropy flow and
entropy production still must be properly formulated, as stochastic thermodynamics
is only starting to tackle this topic [10][11].
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Chapter 4

Conclusion

Entropy has been at the center of this work, despite not having computed it
explicitely many times. The relationship between information and thermodynamics
was at the core of this thesis, as it allowed to use the formalism developped by
David Wolpert and Artemy Kolchinsky in [11] based on the important Landauer
principle.

Thanks to stochastic thermodynamics, a clear link between probability distribu-
tions and heat was described through the decomposition of the entropy flow. This
decomposition introduced the notion of mismatch cost, in addition to the already
known Landauer cost. While the Landauer cost is the inevitable cost of running
the circuit in the optimal framework where the wiring has no impact, based on the
input and output distributions, the mismatch cost takes the implementation of the
system into account as it sums the difference in Kullback-Leibler divergence, or
relative entropy, between the input and the optimal distribution. Such optimal
distribution is hard to determine, this is why considering the distribution yielding
the greatest entropy is the best choice as it implies the least assumptions. Based
on this choice, a lot of experiments about the mismatch cost have been performed.

The main result that came from this analysis is that highly correlated input
variables imply a great mismatch cost, while uncorrelated variables minimize it; at
least in most cases, as sometimes, due to the configuration of the system and its
associated parameters – the weights, this minimum is shifted. Nevertheless, high
correlated variables generate the greatest mismatch cost, but their impact tends to
lower as more and more layers are considered. In fact, the updated distribution of
the nodes in further layers doesn’t change much whether the input variables are
correlated or not; the major impact of this correlation occurs in the first layer. It
has been proven that if it is possible to avoid having highly correlated variables
involved within the same gate in the first layer, then the mismatch cost would be
lower.

The impact of uncorrelated variables was demonstrated when applied to a
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trained model, as prepared data through principal component analysis resulted in
a lower mismatch cost, and a lower overall entropy flow. It may come as a surprise
that data preparation is not only useful to optimize a model and avoid overfitting,
but also to minimize the energetic expense of the network, although the energetic
expense of data preparation might compensate this energy saving.

The description of the mismatch cost comes as a challenge when considering
non-trivial activation functions and special distributions, as the logical and binary
formalism used in [11] doesn’t apply for real valued inputs. In such cases, it is a
good idea to rely on numerical simulations, as they offer a good insight on how the
function behaves, and if the assumptions made are relevant.

It is however hard to properly implement real-case networks, as the joint state
of their neurons is too big to emulate with relatively low computational resources.
The experiments run therefore correspond to first steps into this study, as a lot
more is left to properly understand. While this study was focused on artificial
neural networks, it might be insightful to have a look at other types of computation
(which are not logical circuits, as it was already covered), and see how the quantities
involved in this thesis and in [11] evolve according to the input variables.

As this work was about the computation occuring on an already trained model,
the next step would be to evaluate the energetic expense of learning, which is
expected to be more costly as more computations are involved throughout the
network. Training algorithm such as backpropagation defy the directed acyclic
graph description of a circuit stated in [11], as the computations occur in both
directions during the learning. A better formalism must therefore be established,
more fitting with such problem. Nevertheless, it looks like complete and proper
thermodynamic formalism for neural networks, machine learning and artificial
intelligence is yet to be constructed, and would come as a handy tool in the future,
as they partake an increasing place in our society.
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Appendix A

Discretization of the entropy of a
continuous distribution

The proof comes from [17]. Consider X a random variable having a probability
density function p. Let’s suppose that the domain of the function is divided in
small intervals. For an interval of length ∆, by the mean value theorem there exists
a value xi within each interval such that

p(xi)∆ =
∫ (i+1)∆

i∆
p(x)dx. (A.1)

Let’s say that X∆ is the discretized random variable defined by X∆ = xi if
i∆ ≤ X < (i+ 1)∆. The probability that X∆ = xi is then given by

p∆
i =

∫ (i+1)∆

i∆
p(x)dx = p(xi)∆. (A.2)

Consequently, the entropy of this discretized random variable is given by

S(p(X∆)) = −
N∑
i=1

p∆
i ln p∆

i (A.3)

= −
N∑
i=1

p(xi)∆ ln p(xi)−
N∑
i=0

p(xi)∆ ln ∆ (A.4)

= −
N∑
i=1

p(xi)∆ ln p(xi)− ln ∆ (A.5)

with N the number of intervals of length ∆ in which the domain is divided. This
holds if p is Riemann integrable.

A result is that the entropy of a n-bit discretization of a continuous random
variable X is approximately h(X) + n, as H(X∆) + ln ∆→ h(p(X)) when ∆→ 0.
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Appendix B

Mismatch cost of a single gate

The shape of the mismatch cost in terms of the variances of the inputs is
displayed for several cases, where the correlation of the inputs varies.

a) corr(X1, X2) = 0.12 b) corr(X1, X2) = 0.15

Figure B.1: M(p) of the 2-inputs ANN gate according to variance for weights = [1, 1]
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a) corr(X1, X2) = 0.17 b) corr(X1, X2) = 0.3

c) corr(X1, X2) = 0.0 d) corr(X1, X2) = 0.75

Figure B.2: M(p) of the 2-inputs ANN gate according to variance for weights = [1, 1]
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a) weights = [1, 1]

b) weights = [1, 5]

Figure B.3: M(p) of the 2-inputs ANN gate for different weights
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Figure B.4: M(p) and L(p) for the 2-input ANN gate, with weights = [−0.1, 3],
σ11 = 5 and σ22 = 3.

Figure B.5: Mismatch cost for inputs that take values in the interval [−5, 5] with
weights = [1.5,-3].
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Appendix C

Mismatch cost in complex
scenarios

As the number of parameters grows with the number of inputs, a complete work of
visualization can only be done through multiple graphs showing different point of
views of the same problem. Here are depicted some of them, that were introduced
in the main text.

Figure C.1: Mismatch cost of gate C
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Figure C.2: Comparison of the impact of the correlations in the 3-inputs case
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Neuron Input1 Input2 Input3 Bias
Y1 -0.61 -0.409 -1.273 0.0401
Y2 -0.524 1.044 -0.592 -0.194
Y3 0.062 -0.575 -1.353 0.145
Z1 0.485 -0.758 0.606 -0.085
Z2 -1.044 0.293 -0.789 -0.278
Out 0.971 -0.435 -0.806

Table C.1: Weights for the model trained on the transformed dataset

Neuron Input1 Input2 Input3 Bias
Y1 -0.663 -0.202 -0.164 0.
Y2 0.723 1.9 -0.8655319 0.177
Y3 1.619 0.428 -0.175 -0.095
Z1 1.084 1.562 1.152 -0.26
Z2 -0.37 1.175 1.174 -0.227
Out -1.132 -1.18 1.15

Table C.2: Weights for the model trained on the original dataset
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Figure C.3: MC(p) andM(p) of the 3-inputs case for different wirings
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Figure C.4: Comparison of the mismatch cost of each layer for several correlation
factors
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a) N (0,1) as initial distribution over [−3, 3] b)U(−3, 3) as initial distribution over [−3, 3]

Figure C.5: Comparison of the propagated distribution when run throughout
several layers
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