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Abstract

Ejectors are passive devices that are used to suck and compress fluids. Their main

advantage resides in the fact that they do not contain any moving parts, therefore

limiting their required maintenance. They enable the use of low grade thermal energy

sources, which makes their integration to refrigeration cycles especially compelling.

The design process of such devices remains however particularly complex, and often

requires expensive CFD or experimental investigation. So-called thermodynamic

models are simple models that allow to swiftly predict ejector performance. Although

such models are prominent in the literature, a general real gas model that could pre-

dict ejector performance for any set of operating conditions is still lacking.

In this thesis, a new real gas thermodynamic model is proposed. This model offers the

possibility to evaluate ejector performance for on and off-design regimes, whether

the flow is single-phase or two-phase, and taking friction losses into account. An

emphasis has been set on the modeling of the choking phenomenology. In particular,

the classical choking theory is compared to the compound-choking theory in the

frame of ejector flows.
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CHAPTER 1
Introduction

1.1 Context

Ejectors are devices used to suck and compress fluids. In that way, their effect on the fluid

is similar to that of a pump. Their applications are wide : in the aerospace industry for

the making of high efficiency-high thrust engines [34], as steam ejectors for desalination

applications [26], or to improve the efficiency of thermal power plants by recovering some

of the wasted energy [21]. The use of ejectors is also of a particular interest for refrigeration

systems because they offer the possibility to use low grade thermal energy sources, such

as solar radiation or waste heat from industries, instead of electricity [4].

Figure 1.1: Diagram of a typical ejector [1].

As can be seen on the above diagram, ejectors have no moving parts, hence they are

relatively low cost, need low maintenance, and they can work with a variety of fluids. The

key principle is that a motive fluid – at high stagnation pressure – will discharge into a

primary nozzle, and by doing so, will drive a secondary fluid – at low stagnation pressure –

into a suction nozzle by Ventury effect. Primary and secondary fluids will then enter a

secondary nozzle, called mixing chamber, and end up at the end of the diffuser with an

1



2 CHAPTER 1. INTRODUCTION

intermediate stagnation pressure.

Much as they may offer a compelling alternative to traditional compression devices,

ejectors are nonetheless characterised by complicated fluid dynamics, and some of the

mechanisms at play within the ejector remain insufficiently understood, which hinders

the performance of the global system [8]. Though the most straightforward approach to

acquire data might be to preform experiments, such a strategy would not be economically

advantageous as it would require too much time and material resources [12]. Instead,

numerical methods seem to be the most profitable way to generate results. To this end,

three main approaches are commonly considered : Computational Fluid Dynamic (CFD),

1-D methods and thermodynamic methods [6].

Whilst CFD requires expensive computational resources, 1-D methods are simpler but

nonetheless call for complex solving schemes [6]. The advantage of so-called thermody-

namic or 0-D methods thus lies in the fact that they can produce satisfactory results quite

swiftly, which is why they are the most accounted for methods in the literature [6].

Likewise, a better understanding of the flow structure within the ejector may lead to more

adequate models. The flow structure can be studied with CFD or through visualization

techniques such as shadowgraphy or schlieren imagery [24]. Such experimental results

are besides of great importance for the validation stage of numerical results.

1.2 Ejector Fundamentals

As stated in the previous section, the main advantage of an ejector is that it includes

no rotating parts. It is composed of four main components : the primary nozzle, the

suction chamber, the mixing duct (also referred to as the mixing chamber), and the dif-

fuser. A secondary nozzle is formed by the whole assembly. An ejector has a threefold

effect, specifically, pressure lift, mixing and entrainment [8]. Within the ejector, a high

stagnation pressure fluid is mixed with a low stagnation pressure fluid, to end up with an

intermediate pressure, referred to as back pressure, at the discharge. The high stagnation

pressure stream is referred to in the literature as the primary – or motive – stream and is

discharged through the primary nozzle, whilst the low pressure stream is referred to as the

secondary – or suction – stream and is drawn into the secondary inlet [24]. Those will be

identified, respectively, with indices p and s in the present document.

Ejectors can be classified according to their internal flow properties or according to their

geometry. Those devices can work with two-phase or single phase flows, at subsonic or

supersonic regimes, have different shapes and have one or more primary nozzles. In any
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Figure 1.2: Schematic of an ejector.

case, the prevalent type is the cylindrical single nozzle ejector, because of its simplicity

[2]. Single phase gas-gas ejectors are generally used to recover waste heat and have been

the most widely studied up until now, whereas liquid-liquid ejectors are commonly used

like regular pumps. Two-phase liquid-vapour ejectors can be used as jet-pumps or as

condensing devices (the vapour condenses within the ejector). However, the modeling of

two-phase ejectors remains quite limited [3, 9].

In regard to the geometry, two main types of ejectors stand up in the literature : constant

area mixing (CAM) and constant pressure mixing (CPM) ejectors. For the former, the

primary nozzle exit section is located in the constant area part of the mixing duct, whereas

for the latter, it lies within the converging part of the secondary nozzle. Even though

CAM ejectors can produce higher mass flow rates, CPM ejectors are preferred in practice

because they offer a greater stability over a wider range of back pressures [13, 36]. The

nozzle exit position (NXP) then constitutes a prominent parameter of research to enhance

ejector performance. On a broader level, the ejector internal geometry is intrinsically

linked to the ejector performance [36].

In the case of a supersonic ejector, the primary stream is expanded in the primary nozzle

and reaches sonic conditions in the near vicinity of the nozzle throat. The flow then

expands in the diverging part of the nozzle to reach supersonic velocities, hence no in-

formation can travel upstream. The flow is consequently said to be choked, because

the mass flow rate is independent of the downstream conditions. As the primary stream

expands through the nozzle, its velocity increases and its static pressure decreases to reach

values inferior to the secondary fluid stagnation pressure. The secondary fluid is then

accelerated towards the low static pressure jet that is driven out of the primary nozzle exit.
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Complex turbulent mixing phenomena then occur in the mixing chamber ; the primary

stream transfers a part of its energy and momentum to the secondary stream through

shear effect and suction into the low pressure jet [2, 23]. During this process, the flow goes

through a normal or a series of oblique shock waves that interact with the shear layer,

thus re-compressing the fluid [9]. Upon the diffuser, the now subsonic mixed fluid further

decelerates. Hence, the pressure further increases until it matches the back-pressure at

the discharge.

Because ejectors are used as entrainment devices, a convenient quantity to characterise

their performance is their entrainment ratio ω= ṁs/ṁp . To outline the different regimes

of an ejector, it is convenient to draw its characteristic curve, which depicts the evolution

of the entrainment ratio as a function of the back-pressure. Figure 1.3 depicts a typical

ejector characteristic curve. Depending on the operating conditions – i.e. the secondary

and outlet pressures – and on the internal geometry of the ejector, the secondary flow

might become choked as well [2, 23]. As a results, below a certain value of the back-

pressure, the secondary flow also becomes independent of the upstream conditions. This

particular value of the back-pressure at which, given a particular stagnation pressure ratio

pp,0/ps,0, the secondary flow becomes choked, is referred to as the critical pressure and will

be designated by p∗
out . This phenomenon also implies that below p∗

out , the entrainment

ratio becomes constant and the ejector is said to operate in on-design or critical mode.

Above the critical pressure, the ejector is influenced by the back-pressure. When the latter

is increased, a shock wave moves into the mixing chamber, interacting with the mixing

and hindering the secondary mass flow. The ejector is then said to operate in off-design or

𝜔

𝑝out

on-design
(critical	mode)

off-design
(sub-critical	mode)

𝑝out
∗

critical	point

critical	pressure breakdown	pressure

malfunction
(back-flow	mode)

Figure 1.3: Characteristic curve of an ejector.
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sub-critical mode. If the back-pressure is increased above a threshold value referred to as

the breakdown pressure, the primary flow reverses back into the suction chamber [9]. This

case corresponds to a malfunction of the ejector.

1.3 Internal flow structure

The flow regimes taking place inside of a supersonic nozzle are well described by aerody-

namics of internal flows [10]. Three different flow structures may be encountered and are

depicted in Figure 1.4 [2, 10]:

• The jet reaches supersonic conditions, but cannot sustain it through the entirety of

the divergent section because the inlet pressure is not high enough. A normal shock

is induced in the divergent and the flow exits the nozzle at subsonic speed. The flow

is said to be unprimed.

• If the inlet pressure is increased, the flow will exit the nozzle at supersonic speed,

but will go through a series of oblique shocks if the exit pressure is lower than the

ambient pressure. Consequently, the flow is said to be over-expanded.

• If the inlet pressure is further increased, the exit pressure of the nozzle becomes

higher than the ambient pressure. The jet will further expand through expansion

waves. The flow is then said to be under-expanded.

1.1. LES ÉJECTEURS 15

- Figure 1.2-c : Lorsque la pression génératrice continue d’augmenter, elle donne nais-
sance à une transformation du jet qui devient sous-détendu. Le jet supersonique poursuit
alors sa détente après la section de sortie de la tuyère jusqu’à la pression aval P3.

(a) (b) (c)

FIGURE 1.2 – Régimes d’écoulement dans une tuyère supersonique
a- Régime désamorcé, b- Régime sur-détendu, c- Régime sous-détendu

Il est nettement plus difficile de prévoir avec certitude le régime d’écoulement qui s’ins-
talle dans l’éjecteur. Si l’écoulement à la sortie de la tuyère primaire est supersonique,
plusieurs configurations d’écoulement peuvent se produire dans la tuyère secondaire sui-
vant les conditions génératrices et la géométrie de l’éjecteur. Plusieurs études [14, 15, 16]
ont ainsi mis en évidence l’apparition des régimes d’écoulement suivants :

Régime supersonique totalement développé
Ce régime apparait pour des valeurs élevées de la pression génératrice P1 et des débits
induits (m2) faibles. Dans ces conditions, le jet primaire se détend complètement dans la
chambre de mélange. Le flux secondaire entrainé par le jet primaire est aussi en régime
supersonique (figure 1.3).

Front du pseudo-chocChoc oblique

FIGURE 1.3 – Régime supersonique

Régime supersonique avec col sonique secondaire dans la chambre de mélange
Lorsque le taux d’expansion du jet moteur est moins important que dans le régime
précédant et que la valeur du débit induit augmente, le jet secondaire n’atteint la vitesse
sonique que dans une section située dans la chambre de mélange cylindrique. Cette sec-
tion correspond à la section de passage minimale du flux secondaire. En aval de cette
section, les écoulements des deux jets sont supersoniques (figure 1.4).

a b c

Figure 1.4: Flow regimes within a nozzle : (a) unprimed nozzle flow; (b) over-expanded
flow; (c) under-expanded flow [10].

Although the flow structure within a nozzle is well described, the mixing processes at

play within an ejector are complex and remain to this day not fully understood [23]. An

improved knowledge of the relations between the internal flow structure and the operating

parameters and geometry of the ejector is required to enhance their design methodology

and therefore improve the performance of the global system they are part of. Though a

clear link between operation and flow structure is sill lacking, several flow regimes have

been observed and are sketched in Figure 1.5 [17, 27] :

• Fully supersonic flow : the primary jet fully expands in the mixing chamber and the

entrained secondary flow becomes supersonic. This regime is observed for high

values of motive pressure and small induced secondary flows.
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Fronts des pseudo-chocs

FIGURE 1.6 – Régime avec double col sonique

1.1.4/ PERFORMANCES DE L’ÉJECTEUR

Les performances des éjecteurs se mesurent par rapport à leur capacité d’aspiration
(aptitude à créer une dépression), d’entraı̂nement et de mélange. Ces performances
dépendent le plus souvent du mode de fonctionnement de l’éjecteur, des conditions de
pression, de la géométrie et sont finalement étroitement liées au régime d’écoulement
qui s’installe au sein de l’éjecteur.

Capacité d’aspiration
Pour créer le vide, l’éjecteur opère sans flux induit (c’est-à-dire avec un taux d’en-
traı̂nement U = 0) ou avec un très faible débit secondaire. Dans ce cas de fonctionne-
ment, le jet primaire provoque une dépression (P2) au niveau de la zone d’aspiration du
flux secondaire. Ce mode de fonctionnement de l’éjecteur a fait l’objet de plusieurs études
[17, 14]. Elles ont montré entre autre que l’évolution de la pression P2 en fonction de la
pression génératrice primaire P1, schématisée sur la figure 1.7, est caractérisée par la
présence de trois régimes. Lorsque la tuyère primaire est le siège d’un désamorçage du
régime supersonique dans son divergent, la pression secondaire décroit très faiblement.
Quand la tuyère primaire délivre un jet supersonique, on observe une diminution sensible
et quasi linéaire de la pression d’aspiration avec la pression P1. L’éjecteur fonctionne alors
en régime mixte, sans amorçage du régime supersonique dans la tuyère secondaire. La
dépression atteint son maximum à une pression optimale P1opt correspondant à la tran-
sition entre le régime mixte et le régime supersonique dans la tuyère secondaire. Pour
des pressions génératrices supérieures à cette valeur optimale P1opt, on constate une
dégradation des performances d’aspiration de l’éjecteur.

Capacité d’entraı̂nement
Dans le cas du fonctionnement de l’éjecteur à flux induit non nul (U ! 0), l’aspiration
et l’entraı̂nement du flux secondaire sont dus aux effets visqueux des fluides utilisés.
Le critère de performance devient alors le débit induit m2 ou le taux d‘entraı̂nement
U. De nombreux travaux se sont attachés à étudier ce mode fonctionnement le plus
fréquemment utilisé et à analyser les performances d’entraı̂nement [18, 9]. La figure 1.8
schématise l’évolution du débit secondaire avec la pression génératrice primaire relevée
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- Figure 1.2-c : Lorsque la pression génératrice continue d’augmenter, elle donne nais-
sance à une transformation du jet qui devient sous-détendu. Le jet supersonique poursuit
alors sa détente après la section de sortie de la tuyère jusqu’à la pression aval P3.

(a) (b) (c)

FIGURE 1.2 – Régimes d’écoulement dans une tuyère supersonique
a- Régime désamorcé, b- Régime sur-détendu, c- Régime sous-détendu

Il est nettement plus difficile de prévoir avec certitude le régime d’écoulement qui s’ins-
talle dans l’éjecteur. Si l’écoulement à la sortie de la tuyère primaire est supersonique,
plusieurs configurations d’écoulement peuvent se produire dans la tuyère secondaire sui-
vant les conditions génératrices et la géométrie de l’éjecteur. Plusieurs études [14, 15, 16]
ont ainsi mis en évidence l’apparition des régimes d’écoulement suivants :

Régime supersonique totalement développé
Ce régime apparait pour des valeurs élevées de la pression génératrice P1 et des débits
induits (m2) faibles. Dans ces conditions, le jet primaire se détend complètement dans la
chambre de mélange. Le flux secondaire entrainé par le jet primaire est aussi en régime
supersonique (figure 1.3).

Front du pseudo-chocChoc oblique

FIGURE 1.3 – Régime supersonique

Régime supersonique avec col sonique secondaire dans la chambre de mélange
Lorsque le taux d’expansion du jet moteur est moins important que dans le régime
précédant et que la valeur du débit induit augmente, le jet secondaire n’atteint la vitesse
sonique que dans une section située dans la chambre de mélange cylindrique. Cette sec-
tion correspond à la section de passage minimale du flux secondaire. En aval de cette
section, les écoulements des deux jets sont supersoniques (figure 1.4).
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Front du pseudo-chocSection maximale du jet

FIGURE 1.4 – Régime avec col sonique

Régime supersonique saturé
Appelé aussi régime mixte, il est caractérisé par un flux primaire supersonique à la sortie
de la tuyère motrice et un flux secondaire toujours subsonique. Ce régime prend nais-
sance pour des valeurs moyennement faibles de la pression génératrice (P1) qui ne sont
pas suffisantes pour autoriser l’amorçage supersonique du flux induit. Un pseudo-choc
est alors localisé entre la sortie de la tuyère primaire et le col de l’éjecteur (figure 1.5). Il
est à noter que dans le cas d’un régime d’écoulement désamorcé dans la tuyère primaire
(figure 1.2-b), ce régime d’écoulement est appelé !régime mixte séparé".

Front du pseudo-choc

FIGURE 1.5 – Régime mixte

Régime supersonique avec double col sonique
Ce régime apparaı̂t pour les faibles valeurs de la section de la chambre de mélange de
l’éjecteur (rapport géométrique A faible). L’écoulement est caractérisé par la présence
d’un double col sonique. On observe alors la formation de deux pseudo-chocs distincts,
le premier est situé en sortie de la tuyère primaire et le second s’établit en sortie de la
chambre du mélange et en entrée du diffuseur (figure 1.6).
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Figure 1.5: Flow regimes within an ejector : (a) fully supersonic flow; (b) choked secondary
flow; (c) shock-between-throats flow; (d) doubly choked flow [10].

• Choked secondary flow : the expansion of the primary jet is lesser than for the

fully supersonic flow. Hence, the secondary mass flow rate gets higher. For small

entrainment ratios, the secondary flow chokes in the secondary nozzle, i.e. before

the mixing chamber inlet. As the entrainment ratio gets higher, the choking section

gets closer to the mixing chamber until the latter is reached. Then, there is a

particular section located inside of the mixing chamber at which the secondary flow

reaches sonic velocities. Beyond the choking section, the secondary flow is further

expanded and both primary and secondary flows are supersonic. If the primary

nozzle is unprimed, this regime is also called mixed flow with separation.

• Shock-between-throats flow : if the primary pressure gets relatively low, the oblique

shock waves in the primary jet will move towards the primary nozzle and a pseudo-

shock will form at the exit of the primary nozzle. The secondary flow is induced by

a subsonic primary flow ; it is thus also subsonic. The induced mass flow rate is

limited by the back-pressure.

• Doubly choked flow : the flow is choked both at the primary nozzle throat and at

the ejector throat (i.e. the constant area duct). Both primary and secondary flows

are sonic in the constant area part of the mixing chamber. This regime is observed

for small mixing chamber areas. Two pseudo-chocks can be observed : the first one

at the primary nozzle exit and the second one at the diffuser inlet.
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1.4 Mathematical modeling

This section constitutes a brief state of the art of the thermodynamic modeling of super-

sonic ejectors. The emphasis will be set on constant pressure mixing models, as they

constitute a sizable part of the material for the following chapters.

1.4.1 Single-phase models

The first one-dimensional mathematical model of an ejector was introduced by Keenan et

al. [22] in 1950. The model was based on the application of mass, momentum and energy

conservation equations, with the use of isentropic flow relations. This model has been

used as a theoretical basis in ejector design since then [30].

However, the model of Keenan et al. [22] assumed that both primary and secondary

streams had the same pressure at the primary nozzle exit section, and began to mix at

that location. As a result, this model was unable to provide information on the choking

phenomena at play within a supersonic ejector [19].

Munday and Bagster [28] later proposed modifications to the model of Keenan et al. [22].

Their theory assumed that the two streams did not mix right away at the exit of the primary

nozzle, but they rather conserved their integrity up until a particular downstream section.

It was postulated that an hypothetical throat was formed by the primary flow and the ejec-

tor wall and that the secondary stream reached sonic velocity at that particular location

(cfr. Figure 1.6). The two streams then mix at constant pressure. This phenomenology

is somewhat related to the chocked secondary flow pattern that was discovered exper-

imentally by Fabri and Siestrunck [17] in 1958. Since the presence of an hypothetical

throat constitutes the basis of numerous mathematical models, the choking mechanism

associated with this regime is often referred to as Fabri-choking [23, 24].

In 1995, Eames et al. [16] introduced a model that included irreversibilities due to friction

losses inside of the primary nozzle, mixing chamber and diffuser with the use of isentropic

efficiencies. Their model was also based on the constant pressure mixing theory, but

unlike Munday and Bagster [28], they did not impose the choking of the secondary flow.

Based on the work of Eames et al. [16] and with the hypothesis of perfect gas, Aly et al.

[5] implemented a few years later a computer code to compute the pressure and Mach

number of the flow in the ejector.

In order to take into account the choking of the secondary flow, Huang et al. [20] intro-

duced a new model of double-choking that took irreversibilities into account, but for
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Figure 1.6: Schematic diagram of the Fabri-choking mechanism.

which they considered that the mixing phenomena occurred inside of the constant area

duct. The secondary flow then reaches sonic conditions at the location of an hypothetical

throat, like postulated by the theory of Munday and Bagster [28]. To validate their model,

they carried out experiments for 11 different ejector geometries, using R141b as working

fluid. The experimental results were used to determine the efficiency/loss coefficients

defined in their 1-D model. It is to note that since the models of Eames et al. [16] and

Huang et al. [20] both considered that the mixing occurs in the constant area duct, their

models can be considered as both CPM and CAM models.

Nonetheless, all previous models are based on the hypothesis of perfect gas. Rogdakis and

Alexis [31] solved that problem by using this time real gas thermodynamic properties with

real gas – general – conservation equations. The friction losses were taken into account

with the use of constant isentropic efficiencies. Yet, the friction losses are closely related

to the velocities, and the latter can vary quite a lot along the ejector [19]. Selvaraju and

Mani [32] then developed a real gas model based on Munday and Bagster’s [28] choking

theory but taking into account frictional losses inside the mixing chamber, using this time

a turbulent friction factor depending on the Reynolds number of the mixed flow.

However, previous 1-D models could only predict ejector performance at critical mode

operation. In 2013, Chen et al. [11] introduced a model to predict ejector performance

at critical and sub-critical operational regimes. Their CPM model is also based on the

presence of an hypothetical throat inside of the constant area duct. For the sub-critical

operating regime, this hypothesis was conserved. The off-design performance was ob-
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tained by using a mixing efficiency dependant on the back-pressure of the ejector. Perfect

gas behaviour was assumed and isentropic efficiencies were used to take friction losses

into account. A few years later, Chen submitted a modified version of the model, allowing

this time the use of real gas thermodynamic properties [12].

1.4.2 Two-phase models

The preceding models all relied on single phase compressible flows and the fact that

the pressure might be recovered with a normal shock. However, in applications such as

refrigeration cycles, phase change can occur, leading to a condensation shock [19]. In

1998, Sherif et al. [33] presented an isentropic homogeneous expansion/compression

model that allowed phase change. In their model, they considered an ejector whose

primary fluid was a two-phase mixture and whose secondary fluid was either a subcooled

or saturated liquid with the same chemical composition as the primary fluid. The main

difference with single phase models was the introduction of the quality of the fluid in the

computation of the density, enthalpy and entropy [19].

While the model of Sherif et al. [33] allowed to determine the thermodynamic states at

each section of the ejector, it required to input the entrainment ratio. In 2005, Cizungu et

al. [14] proposed a thermodynamic model to describe and optimize single and two-phase

ejectors. This time, assuming constant pressure mixing, the entrainment ratio could be

computed on the basis of operating and geometrical parameters. Furthermore, a method

for computing the optimum geometry of the ejector was proposed.

In 2014, Ameur et Al. [6] proposed a modeling procedure for on-design liquid-vapour

ejectors. As pointed out in the article, the speed of sound in a fluid with phase change is

difficult to determine accurately, especially when the phases exhibit large velocity and

temperature differences. Therefore, primary and secondary flows are computed in such a

way as to maximise the mass flow rate, without the need to impose unity Mach number at

the throat. Real gas thermodynamic fluid properties were this time obtained with the use

of tabulated data.

Taslimi et al. [35] later developed a new thermodynamic model, this time for both single

choking and double choking conditions. Unlike in previous work, the irreversibilities due

to friction are taken into account using polytropic efficiencies, instead of isentropic effi-

ciencies. Moreover, a method for the computation of ejector dimensions under on-design

operating conditions is proposed. The model relies on an homogeneous equilibrium

model (HEM), meaning that it was assumed that the velocity, pressure and temperature

of the two phases are equal. This hypothesis was also used by Ameur et al. [6], though
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only for investigation on the Mach number.

1.4.3 Choking mechanism

As pointed out by Lamberts et al. [24], a thorough investigation regarding the secondary

stream choking phenomenology within supersonic ejectors has not yet been proposed in

the literature. In fact, the Fabri-choking is used as the foundation of most thermodynamic

ejector models [25], including all of the aforementioned models ([6, 12, 14, 16, 20, 28, 31,

32, 33, 35]). However, the Fabri-choking has only been experimentally observed once, in

the study of Lamberts et al. [24]. Indeed, according to the authors, in many works where

on-design ejectors are studied, no apparent sonic section in the core of the secondary

stream is observed. Hence, the Fabri-choking is not necessarily representative of the

actual phenomena occurring inside of a doubly choked ejector.

In his article, Lamberts et al. [25] describes a new choking theory based on the early

work of Bernstein et al. [7] about the so-called compound-choking theory. This choking

mechanism, as opposed to the classical Fabri-choking mechanism, does not impose unity

Mach number at the hypothetical throat of the ejector, but states that the choking rather

occurs when the secondary stream reaches a certain Mach number inferior to one. It was

found that the model generally provided better results compared to more complex 1-D

models for on-design operation [25].

1.5 Scope of this study

As illustrated in the previous sections, off design thermodynamic models are still limited.

More precisely, a 0-D model that could predict ejector performance for all operating

regimes and for both single and two-phase flows is still lacking. Furthermore, with the

exception of the model of Lamberts et al. [25], all previously cited models are based on

the hypothesis that the Fabri-choking mechanism is the correct choking phenomenology

for ejector flows.

The purpose of the present work is therefore to propose a new thermodynamic model

for on and off-design operation, based on the use of real gas thermodynamic properties.

The goal is to develop a model that allows predictions for both single and two-phase

flows, taking friction irreversibilities into account, and that is not limited to the use of the

classical choking criterion (i.e. the Fabri-choking criterion). Therefore, one feature of the

model should be the ability for the user to choose the choking criterion – Fabri-choking

or compound-choking – to be used for predictions.
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The core of the present document is divided in three main chapters :

• Chapter 2

Chapter 2 is divided in two main sections. First, the main assumptions used to

derive the model will be presented along with the model layout. The model of

Chen et al. [12] will be used as a basis to construct the on-design part of the ther-

modynamic model. The choking conditions for the primary flow will be found

by maximising the primary mass flow rate. This latter approach will be discussed.

Then, the two aforementioned choking criteria will be mathematically derived. An

emphasis will be set on the derivation of the compound-compressible nozzle flow

theory of Bernstein et al. [7]. This will lead to the implementation of an alternative

computation method for the speed of sound, required to avoid potential issues with

two-phase flows.

The second part of chapter 2 will be dedicated to the application of the on-design

model on the eleven ejector geometries of Huang et al. [20]. Both choking criteria

will be compared to the experimental data. The implementation of the compound-

choking criterion will also be validated against the perfect gas model of Lamberts et

al. [25].

• Chapter 3

In this chapter, the off-design part of the thermodynamic model will be developed.

Once again, the model of Chen et al. [12] will constitute the basis upon which the

present model will be developed. Some alterations will be made, which will lead to

the implementation of a new off-design model. This latter model will be discussed

and a thorough comparison of the two choking mechanisms will be performed. This

will shed light on the connections between Fabri-choking and compound-choking.

• Chapter 4

This chapter will be devoted to the calibration of the new 0-D model with experi-

mental data found in the literature. First, the individual impact of each calibration

parameter will be investigated. Then, the model will be calibrated on the experi-

mental data gathered by Garcia del Valle et al. [15], and compared after calibration

to the data obtained for the three ejectors of Hakkaki-Fard et al. [18]. In a sec-

ond step, the model will be calibrated with the experimental data obtained from

the air ejector available at UCLouvain. Lastly, the impact of friction losses on the

compound-choking criterion will be discussed.
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On-design thermodynamic model

2.1 Introduction

As detailed in the state of the art in the first section of the present document, numerous

0-D or so-called thermodynamic models can be found in the literature. The model of

Chen et al. [12] will be used as a basis for the present research, with some alterations. As a

reminder, this model is able to estimate the performance of an ejector on overall modes.

It uses real gas thermodynamic properties given by the REFPROP Python library. It is to

note that the thermodynamic properties that will be used for the present work will be

computed by the use of the tabulated data provided by the COOLPROP Python library.

This choice is mainly motivated by the fact that, unlike REFPROP, COOLPROP is free. It is

now proposed to review the model that was implemented, starting in this chapter with

the on-design operation. The differences with the initial model of Chen et al. [12] will be

highlighted.

2.2 Model layout

As stated previously, the flow within an ejector is quite complex and thus often requires

the use of assumptions in order to solve the flow swiftly, which is the purpose of thermo-

dynamic models. The main assumptions used for the present work are :

1. The flow is one dimensional, steady and adiabatic. The inlet (primary and sec-

ondary), as well as the outlet velocities, are negligible.

2. Friction losses due to the wall and the shear layer between the primary and sec-

ondary flows are taken into account by the use of several isentropic efficiencies :

ηp for friction within the primary nozzle, ηp,y for friction losses undertaken by the

primary flow within the mixing chamber and ηs for friction losses undertaken by

12
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Figure 2.1: Schematic diagram of the model.

the secondary flow within the mixing chamber. The mixing losses between primary

and secondary flows are taken into account by means of a loss coefficient ηm (cfr.

Figure 2.1).

3. Real gas properties will be retrieved from the tabulated data provided byCOOLPROP.

4. Primary and secondary flows do not start mixing up until a particular section – that

will be referred to as mixing section – located inside of the constant area duct. At

that location, both pressures are assumed to be equal and the mixing process takes

place at a constant pressure equal to the one at said mixing section. The location of

the particular section at which the mixing phenomena begin is the location of the

hypothetical throat that is well described in the literature.

A schematic of the ejector, along with the notations that will be used in what follows, is

shown in Figure 2.1. Since the primary flow is assumed to be choked, the primary mass

flow rate ṁp is constant and does not depend on any downstream quantity (i.e. it only

depends on primary stagnation conditions). The primary flow expands in the primary

nozzle, and than further more in the mixing chamber until it reaches section y . The

secondary flow is also expanded upon section y , and then only the mixing process starts.

In other words, the two flows are essentially independent up until reaching section y . It is

important to note that the position of the mixing section y is assumed to lie within the

constant area section, weather or not the ejector is working in on or off-design.
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Then, the two flows start to mix at constant pressure, and are assumed to be completely

mixed upon section m. If the flow is supersonic at section m, it consequently goes through

a normal shock at section N , located in the constant area section as well. The flow thus

reaches the diffuser inlet – section 2 – at a subsonic speed. It then further expands in the

diffuser, where the flow velocity is further decreased and the pressure recovered.

2.3 Primary nozzle

The flow in the primary nozzle can be solved from the knowledge of the stagnation con-

ditions, along with the knowledge of the isentropic efficiency that governs the flow in

this part. It is convenient to set the stagnation conditions with the primary pressure pp,0

and the primary temperature Tp,0. When working with saturated fluids, it is sometimes

convenient to define stagnation conditions with the quality of the fluid qp,0. For the sake

of simplicity, the stagnation conditions will be defined with pp,0 and Tp,0 in what follows.

First, the enthalpy and entropy of the primary flow at the inlet can be computed from the

pressure and temperature :

hp,0 = h(pp,0,Tp,0), (2.1)

sp,0 = s(pp,0,Tp,0). (2.2)

For a given pressure pp and assuming an isentropic expansion, the enthalpy at said

pressure can be computed :

hp,i s = h(pp , sp,0). (2.3)

With knowledge of the isentropic efficiency of the primary nozzle ηp , one can then com-

pute the enthalpy resulting from the non-isentropic expansion process:

hp = hp,0 −ηp (hp,0 −hp,i s). (2.4)

The density along the expansion can then be computed from the knowledge of pressure

and enthalpy, and from the conservation of total enthalpy, one can then compute the flow

velocity :

ρp = ρ(pp ,hp ), (2.5)

Vp =
√

2 (hp,0 −hp ). (2.6)
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The hypothesis of choked primary flow has then to be used in order to solve the flow. The

classical way to impose such a condition, is to impose Mach unity at the nozzle throat. Al-

though this is the approach taken in the model of Chen et al. [12], it was chosen to impose

the choking condition by maximisation of the mass flow rate. This approach presents

two advantages. First, one does not require to know the speed of sound at the throat for

the computation of the primary mass flow rate, which can sometimes be problematic for

two-phase flows as the COOLPROP library is flawed for thermodynamic conditions close

to the saturation curve. Then, if one considers a non-isentropic flow, the sonic section is

not actually located at the geometric throat of the nozzle, but rather at a certain distance

downstream. Imposing Mach unity at the throat would consequently lead to an error in

the computation of the primary mass flow rate. By rather directly maximising the mass

flow rate, this problem is avoided. Furthermore, in the case of an isentropic nozzle flow, it

can be shown that maximising the mass flow rate per unit area is equivalent to imposing

Mach unity at the throat. This result is demonstrated in Appendix A.1.

The mass flux per unit area is defined as :

G = ρV. (2.7)

From Equations 2.1 through 2.7, the expansion of the fluid in the primary nozzle can be
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Figure 2.2: Mass flux per unit area for different stagnation temperatures for R134a, pp,0 =
1.934 [MPa] and ηp = 0.97.
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computed. Figure 2.2 shows the typical behavior of G along an expansion with R134a

as working fluid, and Figure 2.3 shows the expansion path in a T-S diagram, for various

stagnation conditions.
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Figure 2.3: Expansion paths for the three expansions shown in Figure 2.2. The dashed grey
curve corresponds to the saturated liquid and saturated vapour curves.

One can observe that the mass flow rate per unit area has a maximum along the expan-

sion. Furthermore, this maximum gets higher and closer to the stagnation pressure as the

stagnation temperature gets lower, i.e. the stagnation conditions get to the left hand side

of the saturation curve. Indeed, as the temperature gets lower, the fluid transitions from

a superheated vapour (for Tp,0 = 100◦C ) to a denser subcooled liquid. The much higher

density of a liquid explains why the maximum of G gets higher. In addition, as Tp,0 gets

lower, the isobars get closer to the saturated liquid curve, therefore shifting the maximum

of G to the left (i.e. at a pressure closer to the stagnation pressure) because the maximum

mass flow rate is achieved near the region where the flow is the most dense, that is, at the

saturation curve.

For stagnation conditions where the fluid is highly subcooled, there is actually an angular

point at the location of the maximum, as the fluid flashes along the expansion. By doing

so, the fluid looses a great deal of density in an almost discontinuous fashion. This brings

forward the need to compute very accurately the position of the maximum, because due

to this angular point, a slight imprecision will lead to a substantial error in the mass flow
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rate. To compute efficiently the maximum mass flux, it is convenient to use the fact that G

has only one maximum. Therefore, one can proceed iteratively by computing G = f (pp )

for a reduced amount of linearly spaced points, and then narrowing the interval on pp

where the maximum is located until finding the solution with the desired precision.

With knowledge of the maximum mass flow rate per unit area Gp,max and the throat area

of the nozzle At , the mass flow rate for the choked primary nozzle is found by :

ṁp =Gp,max Ap,t . (2.8)

The throat thermodynamic state is then fully solved, as Gmax provides the knowledge of

the throat pressure pt , which can later be used to find the throat enthalpy ht by the use of

Equations 2.3 and 2.4. The velocity at the throat is then found using Equation 2.6.

It is important to note that the COOLPROP library is faulty near the critical point, meaning

that requesting the computation of a thermodynamic quantity near said region generates

an error. In order to circumvent this issue and prevent the whole operation to stop, it was

chosen to manage this error by assuming that the thermodynamic quantities near the

vicinity of the faulty region are equal to the quantities slightly above or slightly below the

critical point. Except in the rare case where the maximum of G is located exactly at the

critical point, this maneuver does not lead to any loss of precision.

The nozzle exit conditions are found by further expanding the flow from the known state

at the throat. Knowing the exit section area Ap,e , the exit state of the fluid is found by

using the mass and total enthalpy conservation equations. Indeed, the flow must satisfy :

Vp,e =
ṁp

ρp Ap,e
(2.9)

and

Vp,e =
√

2(hp,t −hp )+V 2
p,t , (2.10)

where hp and ρp can be computed along the expansion (i.e. as a function of pp ) in the

divergent of the nozzle with the use of Equations 2.4 and 2.5, respectively. The solution

Vp,e is found by selecting the unique value that allows Equations 2.9 and 2.10 to be satisfied

simultaneously. Once again, the state at the primary nozzle exit is then fully defined, as

the value of Vp,e provides direct knowledge of ρp and hp .
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2.4 Mixing chamber

The mixing chamber is the part of the ejector where the primary and secondary flows will

come into contact. The secondary flow is solved using the same computation algorithm

as for the primary flow, with the exception that one only has to solve the secondary flow

up to the throat, that is, the hypothetical throat of the ejector. However, the area of said

hypothetical throat is unknown, and the primary and secondary flows in the mixing cham-

ber thus have to be solved simultaneously. It is proposed to first consider the case where

the ejector is working under critical regime. In this scenario, the ejector performance only

depends on the flow behaviour up to the hypothetical throat. Indeed, since the ejector

itself is choked, information cannot travel upstream. Note that the computation of the

critical back pressure will be derived in the next chapter.

The present work focuses on two different approaches to the choking phenomenon within

an ejector. First, the classical choking criterion, which states that the ejector is choked

if both primary and secondary flows are choked. This choking criterion is referred to

as Fabri-choking. The most common way to impose this criterion is to simply impose

Mach unity at the throat. As explained previously, it was rather chosen here to maximise

the mass flow rate, which can be viewed as an improved Fabri-choking criterion. The

second choking criterion is the compound-choking criterion, which states that the ejector

is choked when primary and secondary flows reach particular Mach numbers not equal to

unity ; the Mach number of the primary flow is superior to one and that of the secondary

flow is inferior to one. In this section, it is proposed to review the flow solving algorithm

for both choking criteria.

2.4.1 Fabri-choking

When using the Fabri-choking criterion, one maximises the primary and secondary mass

flow rates separately. It is nevertheless necessary to solve both flows simultaneously. As

stated above, the hypothetical throat area is unknown, but it is still possible to compute

Gmax for the secondary flow. This is done in the exact same fashion as for the primary flow,

using Equations 2.1 through 2.7, except that the isentropic efficiency and the stagnation

conditions correspond to the ones of the secondary flow.

Once again, the knowledge of Gs,max directly provides the knowledge of the thermody-

namic state at the hypothetical throat (i.e. ps,y , hs,y ). Since it is assumed that the pressure

at the aerodynamic throat is equal for both streams, one has that :

pp,y = ps,y . (2.11)
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Hence, the expansion of the secondary flow provides information on how much the

primary flow has to expand from the nozzle exit to reach the required pressure for the

secondary flow to be choked as well. Since the pressure at the end of the expansion

is known, along with the isentropic efficiency taking into account the friction losses

undertaken by the primary flow between sections e and y , it is straightforward to find

the other quantities governing the primary flow at section y . First, the enthalpy of the

primary flow at section y is retrieved :

hp,y,i s = h(pp,y , sp,e ). (2.12)

The isentropic efficiency ηp,y is then used to correct the enthalpy value :

hp,y = hp,e −ηp,y (hp,e −hp,y,i s). (2.13)

The density of the primary flow is found by :

ρp,y = ρ(pp,y ,hp,y ). (2.14)

The total enthalpy and mass conservation equations are subsequently used to compute

Vp,y and Ap,y :

Vp,y =
√

2(hp,e −hp,y )+V 2
p,e , (2.15)

Ap,y =
ṁp

ρp,yVp,y
. (2.16)

Since it was assumed that the mixing section y is located inside of the constant area duct,

it is possible to derive the secondary throat area As,y from the knowledge of the total area

of the duct Ay :

As,y = Ay − Ap,y . (2.17)

The secondary mass flow rate is then computed :

ṁs =Gs,max As,y . (2.18)

The on-design entrainment ratio is finally obtained as the ratio between secondary and

primary mass fluxes :

ω= ṁs

ṁp
. (2.19)

Figure 2.4 shows the flowchart of the computation algorithm that was described in this

section.
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such that

Update

Until

Update

Until

Figure 2.4: Flowchart of the model for on-design operation using the Fabri-choking
criterion (cfr. Figure 2.1). Note that the computation of the critical back pressure will be
performed in the following chapter.
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2.4.2 Compound-choking theory

When using the compound-choking criterion, one maximises the primary and secondary

mass flow rates together, as a whole. The compound-choking criterion derives from the

compound-compressible nozzle flow theory that was first proposed by Bernstein et al. [7]

for analyzing the behavior of one or more gas streams flowing through a single nozzle. In

this section, it is proposed to review the fundamentals of the compound-compressible

flow theory, and subsequently to apply it to ejector to define the compound-choking

criterion.

Compound-compressible nozzle flow

Figure 2.5 shows a schematic of the compound-compressible flow model. The flow is

represented as a series of sub-streams. At any position of the nozzle, one has :

A =
n∑

i=1
Ai (2.20)

and

d A

d x
=

n∑
i=1

d Ai

d x
, (2.21)

where A is the total cross sectional area, Ai is the flow area of the i th stream, and n is the

number of streams that are considered.

Stream 1

Stream n

…

Inlet plane Throat
(minimum area)

Exit plane

A(x)

Nozzle wall

Interfaces between
streams

Figure 2.5: Schematic of the compound-compressible nozzle flow model.
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The theory of Bernstein et al. [7] states that in order for the flow to be choked, one does not

require for all sub-streams to reach sonic conditions at the throat. Choking rather occurs

for particular conditions for which part of the streams reach supersonic velocities at the

throat while others remain subsonic. In other terms, the information is propagated by

means of a so-called compound wave. When this compound wave cannot travel upstream,

the flow is choked.

The main assumptions of the compound-compressible flow theory are :

1. The flow is one dimensional, steady, adiabatic and isentropic.

2. There is no mixing between streams.

3. The pressure is constant between streams at each cross section.

4. The transverse pressure gradient caused by the streamline curvature is negligible.

In the original paper of Bernstein et al. [7], a compound-flow indicatorβwas proposed un-

der the additional hypothesis that the fluid is a perfect gas with constant thermodynamic

properties :

β=
n∑

i=1

Ai

γi

(
1

M 2
i

−1

)
, (2.22)

where γi = cp,i /cv,i is the heat capacity ratio and Mi is the Mach number of the i th stream.

The indicator gives information about the compound flow regime, namely :

• β> 0 : compound-subsonic flow.

• β= 0 : compound-sonic flow.

• β< 0 : compound-supersonic flow.

The compound-choking criterion is thus β= 0. However, Equation 2.22 is unusable for

the purpose of this work, as it was chosen to suppress the hypothesis of perfect gas. It is

nonetheless possible to extend the theory of Bernstein et al. [7] to provide an indicator for

real gases. Using the hypothesis listed above, the mass conservation equation for each

stream is given by :

ρi vi Ai = constant, (2.23)

which re-writes successively into :

dρi

ρi
+ dVi

Vi
+ d Ai

Ai
= 0, (2.24)
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dVi =−Vi

(
dρi

ρi
+ d Ai

Ai

)
. (2.25)

Likewise, the momentum conservation equation reads :

ρi Vi Ai dVi =−Ai d pi . (2.26)

Thirdly, since it was assumed here that the flow is isentropic, one can use the fact that

dρ =
(
∂ρ

∂p

)
s

d p = 1

a2 d p, (2.27)

where a is the speed of sound. Using the definition of the Mach number M = V
a and

injecting Equations 2.25 and 2.27 into Equation 2.26, one obtains :

d Ai

Ai
= d p

ρi V 2
i

(
1−M 2

i

)
, (2.28)

where the assumption of constant pressure along each section was used, such that d pi =
d p. Following the development of the theory in the original paper of Bernstein et al., the

compound-flow indicator is defined as :

d

d x

(
ln(p)

)= 1

β

d A

d x
. (2.29)

Using Equation 2.21 and isolating β, the latter expression re-writes :

β= p

n∑
i=1

d Ai

d p
. (2.30)

From Equation 2.28, the generalisation of the compound-flow indicator to a real gas is

therefore :

β= p

n∑
i=1

Ai

ρi V 2
i

(
1−M 2

i

)
. (2.31)

It is, at this point, relevant to address the issue of friction losses. Indeed, one of the

hypothesis that were used to derive the present expression ofβ is that the flow is isentropic.

However, the ejector model described previously takes friction into account by means of

isentropic efficiencies ; the flow is not in all generality isentropic. This actually means

that the compound-choking criterion β= 0, with β as expressed in Equation 2.31, is not

rigorously correct if one considers non isentropic flows. It can be found that lifting the

hypothesis of isentropic flow leads to the addition of two terms to the expression of β :

β= p

n∑
i=1

Ai

ρi V 2
i

(
1−M 2

i

)− Ai

ρi

∂ρi

∂si

∣∣∣
p

d si +Fi . (2.32)
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The second term of the right hand side in the latter equation comes from the fact that

because the flow is non isentropic, Equation 2.27 becomes :

dρ =
(
∂ρ

∂p

)
s

d p +
(
∂ρ

∂s

)
p

d s = 1

a2 d p +
(
∂ρ

∂s

)
p

d s. (2.33)

The second term is more complex and comes from the friction term that is to be added

to the momentum conservation equation. However, the derivation of an exact analytical

expression that would allow to incorporate the value of the isentropic efficiencies into the

definition of the compound-flow indicator, if possible, is beyond the scope of the present

work.

As a first step, it is chosen to assume that although Equation 2.31 does not provide the

exact value of β as described by the theory of Bernstein et al. [7] when the flow is non-

isentropic, it nevertheless remains an acceptable indicator for the compound-choking

phenomenology. Isentropic flows will first be considered, and the assumption will be

further discussed in the following chapters when applying the criterion to non-isentropic

flows.

Compound waves

The compound-choking phenomenon can also be explained in the frame of compound

waves. Hence, it is now proposed to reassert the compound-choking phenomenon from

this perspective to physically motivate the application of the theory to ejector, as a possible

improvement to the classical choking criterion (i.e. the Fabri-choking criterion). Figure

2.6 shows a magnified view of the flow for one of the streams.

𝐴! + 𝑑𝐴! , 𝑝! + 𝑑𝑝!

𝛼

𝐴! , 𝑝!Stream i

Figure 2.6: Evolution of one stream in a nozzle.

Considering the flow schematic in Figure 2.5, if a small plane pressure disturbance is

introduced on the flow, it cannot travel at different speeds inside of the different streams.

Otherwise, this would violate the assumption of constant static pressure across each

section. The wave must rather be continuous across the streams and travel at a single
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speed ; it acts as a compound-wave. The speed of said compound-wave is denoted by α.

Consider now the flow inside of one stream (cfr. Figure 2.6). The flow velocity V ′
i in the

frame of the compound-wave is :

V ′
i =Vi +α, (2.34)

where Vi is the absolute flow velocity. The compound-wave speed is defined positive when

the compound-wave travels upstream. It follows that α> 0 corresponds to a compound-

subsonic flow ; α = 0 corresponds to a compound-sonic flow ; α < 0 corresponds to a

compound-supersonic flow.

Remaining in the compound-wave frame, the mass and momentum conservation equa-

tions read (cfr. Figure 2.6) :

ρi V ′
i Ai = (ρi +dρi )(V ′

i +dV ′
i )(Ai +d Ai ) = constant, (2.35)

pi Ai − (pi +d pi )(Ai +d Ai )+pi d Ai = ρi V ′
i Ai (V ′

i +dV ′
i −V ′

i ). (2.36)

Equations 2.35 and 2.36 can then be re-written, respectively, as :

dρi

ρi
+ dV ′

i

V ′
i

+ d Ai

Ai
= 0, (2.37)

d pi

pi
+ ρi V ′2

i

pi

dV ′
i

V ′
i

= 0. (2.38)

Also, from the definition of the speed of sound a2
i =

(
∂pi

∂ρi

)
s
, one obtains the following

relation, which is valid for isentropic flows :

dρi

ρi
= 1

a2
i

d pi

ρi
. (2.39)

Injecting Equation 2.39 into Equation 2.37 gives, successively :

1

a2
i

d pi

ρi
+ dV ′

i

V ′
i

+ d Ai

Ai
= 0, (2.40)

dV ′
i

V ′
i

=−
(

d Ai

Ai
+ 1

a2
i

d pi

ρi

)
. (2.41)

Then, by injecting Equation 2.41 into Equation 2.38, one gets :

d Ai

Ai
= d pi

ρi

(
1

V ′2
i

− 1

a2
i

)
. (2.42)
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Using the definition of V ′
i in Equation 2.34 and the assumption of constant pressure along

a given section (i.e. pi = p), one can find :

d Ai

Ai
= d p

ρi

[
1

(α+Mi ai )2 − 1

a2
i

]
. (2.43)

If one further assumes that the variation between two successive cross-sectional areas is

small, namely
∑

d Ai ≈ 0, one gets :

n∑
i=1

Ai

ρi V 2
i

M 2
i ≈

n∑
i=1

Ai

ρi V 2
i

1(
α
Vi

+1
)2 . (2.44)

Introducing the latter relation into Equation 2.31 provides an expression of the compound-

flow indicator as a function of the compound-wave speed :

β= p

n∑
i=1

Ai

ρi V 2
i

1− 1(
α
Vi

+1
)2

 . (2.45)

Note the use of the equal sign in Equation 2.45 instead of the approximate sign. In fact,

becauseβ is only an indicator that provides information on the flow regime, the exact value

that the compound-flow indicator takes is of little relevance. Only its sign matters. In the

case of a compound-sonic flow (i.e. β= 0) the relation is indeed exactly satisfied because

if the flow is isentropic, it is compound-sonic at the throat, where one has
∑

d Ai = 0.

The indicator β thus keeps its full meaning in the frame of the compound-wave. From

Equation 2.45 one can define the flow regimes as a function of the compound-wave speed,

thus linking α and β :

• α> 0 : compound-subsonic flow → β> 0.

• α= 0 : compound-sonic flow → β= 0.

• α< 0 : compound-supersonic flow → β< 0.

Physically, a compound-wave withα> 0 would travel upstream. Likewise, ifα< 0, it would

be pushed downstream by the flow so that no information could reach the upstream flow.

This indeed describes well the choking phenomenon of classical nozzle theory. Hence,

the choking condition based on the compound-compressible flow theory is given by :

n∑
i=1

Ai

ρi V 2
i

(
1−M 2

i

)= 0. (2.46)

The compound-choking theory can thus be seen as an extension of the classical choking

condition, that would be to impose Mi = 1 for all streams. One can plainly see that by

doing so, the compound-choking criterion would also be satisfied. This also means that

multiple choking solutions can be expected from the compound-choking criterion.
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Application to ejectors

Applying the compound-choking criterion to ejectors comes down to considering a two-

stream flow, that are, the primary and secondary streams. The theory, from an ejector

point of view, indicates that the ejector is choked when one of the streams reaches a

particular supersonic velocity, and the other stream reaches a subsonic velocity that en-

sures Equation 2.31. For supersonic ejectors, the primary flow will be supersonic and the

secondary flow subsonic, as the primary flow already reaches supersonic velocities after

its expansion in the primary nozzle, thereby constraining the model so that the secondary

stream has to be the subsonic one.

One could argue that if the primary flow were to be re-compressed after exiting the primary

nozzle, one could in theory have a subsonic primary flow and a supersonic secondary

flow solution that would allow β= 0. This however does not have a physical meaning, as

ejectors are entrainment devices, so that the secondary flow velocity should be inferior to

that of the primary. In any case, the re-compression of the primary flow would likely hap-

pen by means of complex shock structures that are well beyond the modeling capacities

of the present thermodynamic model.

In addition, note that as opposed to what was said in the previous subsection, the solution

is here unique. In accordance with what is explained just above, the primary flow is

supersonic, which suppresses the solution where both flows would be sonic, and since

there are only two streams, one can have only one solution. In this section, it is proposed

to review the solving algorithm that allows to compute the ejector performance using the

compound-choking criterion.

The first step is to guess the value of py , as it is impossible to derive the solution in a

straightforward manner like when using the Fabri-choking criterion :

pp,y = ps,y = py = pg uess . (2.47)

Actually, in order to efficiently find the solution, it was chosen to use a solving scheme

similar to the one that was used to find Gmax . As a reminder, this consists in computing

the solution for a limited number of linearly spaced guess pressures, here on py . In this

case, it is desired to find the solution for β(py ) = 0, which is equivalent to finding the

minimum of |β(py )|. At each iteration, the left and right limits for the guess vector on py

is updated and the solution interval narrowed, until a satisfactory precision is reached.

The primary flow properties at section y are found in the same way as for the Fabri-

choking, that is, using Equations 2.12 through 2.16. The secondary flow properties are
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computed in a similar fashion, but expanding the flow from the secondary stagnation

conditions. First, the enthalpy is computed :

hs,y,i s = h(ps,y , ss,0), (2.48)

hs,y = hs,0 −ηs (hs,0 −hs,y,i s). (2.49)

The thermodynamic state being defined at section y , the secondary flow density and

velocity can be obtained, respectively, as :

ρs,y = ρ(ps,y ,hs,y ), (2.50)

Vs,y =
√

2(hs,0 −hs,y ). (2.51)

As can be seen in Equation 2.31, the computation of β also requires the knowledge of

the Mach number, and therefore the speed of sound at a given thermodynamic state. As

mentioned previously, this can occasionally be an issue when working with two-phase

flows because the COOLPROP library is flawed. The computation of the speed of sound

will be the subject of the following section. For now, let us assume, without loss of

generality that :

ap,y = a(pp,y ,hp,y ), (2.52)

as,y = a(ps,y ,hs,y ), (2.53)

from which the primary and secondary Mach numbers at section y are computed. In-

jecting all quantities previously computed into Equation 2.31 gives the expression of the

compound-flow indicator for ejectors :

β= py

(
Ap,y(

ρp,y V 2
p,y

) (
1−M 2

p,y

)
+ As,y(

ρs,y V 2
s,y

) (
1−M 2

s,y

))
, (2.54)

where the secondary flow area at section y was computed using Equation 2.17, which is

still applicable to the compound-choking criterion. Once the value of py is found with a

sufficient precision, all properties at section y are known, and the secondary mass flow

rate is computed by :

ṁs = ρs,yVs,y As,y (2.55)

which allows to determine the on-design entrainment ratio by using Equation 2.19. Figure

2.7 shows the flowchart of the computation algorithm that was described in this section.
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such that

Update

Until

Yes

No Adjust

Figure 2.7: Flowchart of the model for on-design operation using the compound-choking
criterion (cfr. Figure 2.1). Note that the computation of the critical back pressure will be
performed in the following chapter.
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2.5 Speed of sound

As mentioned previously, applying the compound-choking criterion requires the compu-

tation of the speed of sound, which can be a problem since the COOLPROP library has

sometimes issues near the saturation curve. In this section, it is proposed to analyse the

problem and provide a solution that could ensure the computation of the speed of sound

for any set of thermodynamic properties in an efficient way.

In order to identify more clearly the problematic region, one can try to retrieve the speed

of sound using the COOLPROP library for a number of points in a T − S diagram and

mark the point where the function generated an error. As an example, such a diagram is

shown for R134a in Figure 2.8. The black zones are the regions where COOLPROP failed to

provide a value of the speed of sound.
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Figure 2.8: T −S diagram for R134a. The black zones are the ones where a could not be
computed.

One can see that the problematic region is the saturated liquid-vapour region, and

more specifically the area underneath the saturated liquid curve. In addition, note that

COOLPROP also has issues near the critical point that can prevent the computation of any

thermodynamic quantity. This is due to the implementation and computation algorithm

used by the COOLPROP library. For example, retrieving the entropy from the pressure and
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enthalpy near the critical point might work, whereas requesting the entropy given the

temperature and density might lead to an error.

Moreover, it was observed thatCOOLPROP is sometimes able to return a value of the speed

of sound, but the latter is completely false, taking extremely high values. This happens

near the border of the problematic region depicted in Figure 2.8. For this reason, it was

chosen to propose an alternative to the speed of sound values given by the tabulated data.

Two options were considered to circumvent the faulty computation of the speed of sound

underneath the saturation curve. The first approach consists in using finite differences

to evaluate the speed of sound. The second one is to implement a method based on

the maximisation of the mass flux. This latter method however, worked well in the

non-problematic regions but had issues at the same locations where COOLPROP cannot

provide a solution for the speed of sound. This is due to the fact that the gradients of

thermodynamic properties near the saturated liquid curve are very steep. To this adds the

fact that the library itself is not very robust in that region.

It is now proposed to review the finite difference method that was implemented. First,

coming back to the definition of the speed of sound :

a =
√(

∂p

∂ρ

)
s
, (2.56)

one can compute an approximate value for the speed of sound using centered finite

differences with :

a(p, s) =
√(

∆p

∆ρ

)
s
, (2.57)

where ∆p has to be chosen sufficiently small so that the precision of the derivative is

satisfactory, and sufficiently large so that there is no loss in precision on ∆ρ due the finite

machine precision. ∆ρ is computed by :

∆ρ = ρ
(

p + ∆p

2
, s

)
−ρ

(
p − ∆p

2
, s

)
. (2.58)

Of course, this alternate computation method is unnecessary in the region where the

COOLPROP library has no issues. This method will therefore only be used when com-

puting the speed of sound of a saturated liquid-vapour mixture. In other words, the

computation of the speed of sound relies on an hybrid method that uses the data directly

retrieved from COOLPROP if the thermodynamic state for which a is needed is outside

of the saturated liquid-vapour region, and the finite difference method otherwise. In

addition, the finite difference method is also used as a back-up, if COOLPROP fails to
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provide a solution. The choice of an hybrid method is motivated by the fact that retrieving

a quantity from COOLPROP is faster than using finite differences.

Figure 2.9 shows the speed of sound for R134a in a T −S diagram using the hybrid method

that is presently described. First, one can observe that, as desired, the speed of sound can

be computed for any thermodynamic state. Furthermore, there appears to be a very steep

gradient at the location of the saturated liquid curve. This is likely due to the fact that the

isobars are very close to each other near the saturated liquid curve.
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Figure 2.9: Speed of sound a [m/s] on a T −S diagram for R134a using the hybrid method.
Note that the color map is in logarithmic scale.

The finite difference method was found to provide a relative error of maximum 1e-7 %

compared to the tabulated data provided by COOLRPOP. Of course, it is impossible to

evaluate the error at the location of the problematic region, but the fact that the gradient

appears to be smooth is a good indicator that the method provides good results.

Note at this point that this hybrid method was implemented in order to avoid potential

problems if the present work should be applied to two-phase flows where flashing occurs.

The hybrid method was developed to provide clean results, unhindered by the potential

flaws of COOLPROP. However, in what follows, the working fluids are superheated gases,

for which the COOLPROP library provides excellent results. Therefore the finite difference
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method has not been used for the results presented in this document.

2.6 Results

It is now proposed to review the accuracy of the on-design model for both choking criteria.

The difference between the perfect gas model of Lamberts et al. [25] and the present

model – that uses real gas properties along with the compound-choking criterion – will

also be quantified. Note that all thermodynamic transformations in this section are as-

sumed to be isentropic.

The predictions of the model for the entrainment ratio will be compared to the experimen-

tal results of Huang et al. [20] using R141b as working fluid. Those results are convenient

to assess the performance of the method, as they offer data for various geometries and var-

ious operating conditions. Two different primary nozzles are combined with eight mixing

chambers, and eleven different geometries are used for the experiments. The nozzle and

mixing chamber combinations are codified using two letters. The first one corresponds to

the primary nozzle geometry (A or E) and the second one to the mixing chamber geometry

(A through H). The associated dimensions can be found in the original article, should

the reader be interested. The two nozzles differ from their throat and exit areas [20], and

the mixing chambers from the area of the constant area section and the inlet converging

angle. The area ratios Ay /At that are used vary from 6.44 to 10.64. The primary stagnation

pressure varies from 4 to 6.04 [bar] and the secondary stagnation pressure from 0.4 to 0.47

[bar]. In addition, the fluids at both inlets are in a state of saturated vapour. As pointed

out in the original article [20], R141b has a positive-slope saturated-vapor line in the

thermodynamic T –S diagram. Hence, when the vapour expands in the ejector, it does not

condense and the flow remains single phase.

2.6.1 Fabri-choking

Results provided by the model, using the Fabri-choking criterion, are compared to the

experimental data in Table 2.1. The relative error is defined as :

Error = ωmod −ωexp

ωexp
, (2.59)

with ωexp and ωmod the entrainment ratios obtained from the experiment and the model,

respectively. As can be seen, the model provides very poor results, with relative errors that

can reach values up to 53.09% for case 10 and a mean error of 17.54%. It also appears very

clearly that the model tends to underestimate the entrainment ratio. The general trend

observed is that the error becomes greater as the area ratio Ay /At becomes smaller. In
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Case Ejector Ay /At pp,0 [bar] ps,0 [bar] ω (exp) ω (model) Error [%]
(Tsat [◦C ]) (Tsat [◦C ])

1 EH 10.64 6.04 (95) 0.4 (8) 0.4377 0.3957 -9.60
2 EF 9.83 6.04 (95) 0.4 (8) 0.3937 0.3362 -14.61
3 AD 9.41 6.04 (95) 0.4 (8) 0.3457 0.3054 -11.66
4 EE 9.17 6.04 (95) 0.4 (8) 0.3505 0.2877 -17.92
5 AC 8.28 6.04 (95) 0.4 (8) 0.2814 0.2223 -21.00
6 ED 8.25 6.04 (95) 0.4 (8) 0.2902 0.2201 -24.16
7 EC 7.26 6.04 (95) 0.4 (8) 0.2273 0.1474 -35.15
8 AG 7.73 6.04 (95) 0.4 (8) 0.2552 0.1819 -28.72
9 EG 6.77 6.04 (95) 0.4 (8) 0.2043 0.1114 -45.47
10 AA 6.44 6.04 (95) 0.4 (8) 0.1859 0.0872 -53.09

11 AD 9.41 5.38 (90) 0.4 (8) 0.4446 0.3797 -14.60
12 AC 8.28 5.38 (90) 0.4 (8) 0.3488 0.2879 -17.46
13 AG 7.73 5.38 (90) 0.4 (8) 0.304 0.2417 -20.49
14 AB 6.99 5.38 (90) 0.4 (8) 0.2718 0.1809 -33.44
15 AA 6.44 5.38 (90) 0.4 (8) 0.2246 0.1357 -39.58

16 AD 9.41 4.65 (84) 0.4 (8) 0.5387 0.4865 -9.69
17 AC 8.28 4.65 (84) 0.4 (8) 0.4241 0.3797 -10.47
18 AG 7.73 4.65 (84) 0.4 (8) 0.3883 0.3276 -15.63
19 AB 6.99 4.65 (84) 0.4 (8) 0.3117 0.2577 -17.32
20 AA 6.44 4.65 (84) 0.4 (8) 0.288 0.2057 -28.58

21 AD 9.41 4.00 (78) 0.4 (8) 0.6227 0.6142 -1.37
22 AC 8.28 4.00 (78) 0.4 (8) 0.4889 0.4907 0.37
23 AG 7.73 4.00 (78) 0.4 (8) 0.4393 0.4306 -1.98
24 AB 6.99 4.00 (78) 0.4 (8) 0.3922 0.3497 -10.84
25 AA 6.44 4.00 (78) 0.4 (8) 0.3257 0.2895 -11.11

26 EF 9.83 6.04 (95) 0.47 (12) 0.4989 0.4456 -10.68
27 EE 9.17 6.04 (95) 0.47 (12) 0.4048 0.3889 -3.93
28 AD 9.41 6.04 (95) 0.47 (12) 0.4541 0.4095 -9.82
29 AG 7.73 6.04 (95) 0.47 (12) 0.3503 0.2654 -24.24
30 EC 7.26 6.04 (95) 0.47 (12) 0.304 0.2251 -25.95
31 AA 6.44 6.04 (95) 0.47 (12) 0.235 0.1547 -34.17

32 AD 9.41 5.38 (90) 0.47 (12) 0.5422 0.497 -8.34
33 AG 7.73 5.38 (90) 0.47 (12) 0.4034 0.3359 -16.73
34 AA 6.44 5.38 (90) 0.47 (12) 0.2946 0.2121 -28.00

35 AD 9.41 4.65 (84) 0.47 (12) 0.635 0.6226 -1.95
36 AG 7.73 4.65 (84) 0.47 (12) 0.479 0.4371 -8.75
37 AA 6.44 4.65 (84) 0.47 (12) 0.3398 0.2946 -13.30

38 AD 9.41 4.00 (78) 0.47 (12) 0.7412 0.7727 4.25
39 AG 7.73 4.00 (78) 0.47 (12) 0.6132 0.5582 -8.97

Table 2.1: Predictions of the entrainment ratio for the ejector configurations of Huang et
al. [20] using the Fabri-choking criterion.
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addition, note that no correlation between the inlet converging angle and the accuracy of

the model was found.

Figure 2.10 shows the entrainment ratio predicted by the model versus the experimental

data. It can be seen that the worst results are found for low values of the entrainment ratio.

Those cases also correspond to the smallest area ratios Ay /At , in accordance with the

previous observation. For values of ω superior to 0.3, most predictions have a deviation

of maximum 20% and seem to reach the experimental values in an asymptotic way. For

lower values, the model largely diverges.

The poor results provided by the model using the Fabri-choking criterion are likely ex-

plained by the restrictive assumption that the mixing pressure py is constant along section

y . Indeed, the fact that the secondary pressure has to match the primary pressure may

hinder the secondary mass flow rate. This will be further discussed in the following

subsection.
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Figure 2.10: Comparison of the Fabri-choking with the experiment of Huang et al. [20].
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2.6.2 Compound-choking

Comparison between perfect and real gas models

Before comparing the model to the experiment, the real gas model can be compared to

the perfect gas model introduced by Lamberts et al. [25] in order to quantify the difference

and potential gain in accuracy. As a reminder, the model of Lamberts et al. [25] is an

analytical on-design model that uses the compound-choking criterion. Figure 2.11 shows

the relative difference between the perfect gas model of Lamberts et al. and the present

– real gas – model, for various stagnation pressure ratios and as a funtion of the area

ratio Ay /At . Air is chosen as working fluid for this comparison, as it can reasonably be

considered as a perfect gas. For the model of Lamberts et al. [25], the heat capacity ra-

tio and the specific gas constant are chosen as, respectively, γ= 1.4 and R = 287.1 [J/kg/K].
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Figure 2.11: Relative difference between the entrainment ratios predicted by the perfect
gas model ωPG of Lamberts et al. [25] and the real gas model ωRG , using the compound-
choking criterion. The working fluid is air and ps,0 = 1 [bar].

As can be seen on the above Figure, the relative difference is quite small, with a maximum

of approximately 0.2% over the range of area ratios presented here. This range of Ay /At

is quite representative and includes most of the geometries that can be found in the
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literature. The limited difference between the present model and the perfect gas analytical

model firstly indicates that the present model has been correctly implemented. Then,

one can observe that the difference linearly increases as the area ratio gets higher, and

that said difference grows faster the greater the stagnation pressure ratio gets. This may

be explained by the fact that the perfect gas model uses a constant heat capacity ratio γ

of 1.4 in the present case of air. To this adds the error caused by the introduction of the

perfect gas equation of state into the model of Lamberts et al. [25]. Indeed, as the primary

pressure gets higher (i.e. the molecular interactions get stronger), the perfect gas equation

of state looses in accuracy because air is not actually a perfect gas. The difference between

the two models can mainly be traced back to a difference in the mixing pressure py , that is

directly used to compute the secondary mass flow rate and therefore the entrainment ratio.

Comparison with experimental results

Once again, the predictions of the model are compared to the experimental data of Huang

et al. [20] in Table 2.2. The results provided by the compound-choking theory are much

better than those predicted by the Fabri-choking theory. However, much as was observed

for the Fabri-choking, predictions are better for higher values of Ay /At . The compound-

choking criterion also tends to underestimate the entrainment ratio, but to a lesser extent.

This slight underestimation is positive from a design perspective, as it is conservative.

Figure 2.12 shows the entrainment ratio predicted by the model versus the experimental

results. One may observe that the better part of the predictions lie within a 10% error

from the experimental data, with a mean error of 5.28%. Again, the model appears to

become less accurate as the entrainment ratio gets lower, although it does not seem to

clearly diverge in this region, as could be observed in Figure 2.9 for the Fabri-choking.

In addition, one can also see from Table 2.2 that for fixed stagnation conditions, results

seem to be better when the stagnation pressure ratio pp,0/ps,0 gets smaller. This is con-

sistent with the observations of Lamberts [23]. Indeed, as the author pointed out, the

main limiting factor of the theory is that the pressure can only vary along the nozzle and

is equal for the primary and secondary flows at each section. This is not necessarily the

case for real ejectors, and Lamberts [23] found a correlation between the error and the

stagnation pressure ratio.

Moreover, for a given geometry, a lower stagnation pressure ratio may also lead to having

primary and secondary mixing pressures that are closer to each other (in real ejectors),

therefore limiting the error caused by the constant pressure assumption. Although a
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Case Ejector Ay /At pp,0 [bar] ps,0 [bar] ω (exp) ω (model) Error [%]
(Tsat [◦C ]) (Tsat [◦C ])

1 EH 10.64 6.04 (95) 0.4 (8) 0.4377 0.4302 -1.71
2 EF 9.83 6.04 (95) 0.4 (8) 0.3937 0.3737 -5.08
3 AD 9.41 6.04 (95) 0.4 (8) 0.3457 0.3446 -0.32
4 EE 9.17 6.04 (95) 0.4 (8) 0.3505 0.3281 -6.39
5 AC 8.28 6.04 (95) 0.4 (8) 0.2814 0.2674 -4.98
6 ED 8.25 6.04 (95) 0.4 (8) 0.2902 0.2654 -8.55
7 EC 7.26 6.04 (95) 0.4 (8) 0.2273 0.1994 -12.27
8 AG 7.73 6.04 (95) 0.4 (8) 0.2552 0.2305 -9.68
9 EG 6.77 6.04 (95) 0.4 (8) 0.2043 0.1676 -17.96
10 AA 6.44 6.04 (95) 0.4 (8) 0.1859 0.1466 -21.14

11 AD 9.41 5.38 (90) 0.4 (8) 0.4446 0.4156 -6.52
12 AC 8.28 5.38 (90) 0.4 (8) 0.3488 0.328 -5.96
13 AG 7.73 5.38 (90) 0.4 (8) 0.304 0.286 -5.92
14 AB 6.99 5.38 (90) 0.4 (8) 0.2718 0.2304 -15.23
15 AA 6.44 5.38 (90) 0.4 (8) 0.2246 0.1898 -15.49

16 AD 9.41 4.65 (84) 0.4 (8) 0.5387 0.5186 -3.73
17 AC 8.28 4.65 (84) 0.4 (8) 0.4241 0.4164 -1.82
18 AG 7.73 4.65 (84) 0.4 (8) 0.3883 0.3672 -5.43
19 AB 6.99 4.65 (84) 0.4 (8) 0.3117 0.3018 -3.18
20 AA 6.44 4.65 (84) 0.4 (8) 0.288 0.254 -11.81

21 AD 9.41 4.00 (78) 0.4 (8) 0.6227 0.6428 3.23
22 AC 8.28 4.00 (78) 0.4 (8) 0.4889 0.5234 7.06
23 AG 7.73 4.00 (78) 0.4 (8) 0.4393 0.4658 6.03
24 AB 6.99 4.00 (78) 0.4 (8) 0.3922 0.3889 -0.84
25 AA 6.44 4.00 (78) 0.4 (8) 0.3257 0.3325 2.09

26 EF 9.83 6.04 (95) 0.47 (12) 0.4989 0.479 -3.99
27 EE 9.17 6.04 (95) 0.47 (12) 0.4048 0.4249 4.97
28 AD 9.41 6.04 (95) 0.47 (12) 0.4541 0.4445 -2.11
29 AG 7.73 6.04 (95) 0.47 (12) 0.3503 0.3085 -11.93
30 EC 7.26 6.04 (95) 0.47 (12) 0.304 0.2712 -10.79
31 AA 6.44 6.04 (95) 0.47 (12) 0.235 0.2073 -11.79

32 AD 9.41 5.38 (90) 0.47 (12) 0.5422 0.529 -2.43
33 AG 7.73 5.38 (90) 0.47 (12) 0.4034 0.3752 -6.99
34 AA 6.44 5.38 (90) 0.47 (12) 0.2946 0.2601 -11.71

35 AD 9.41 4.65 (84) 0.47 (12) 0.635 0.6512 2.55
36 AG 7.73 4.65 (84) 0.47 (12) 0.479 0.4723 -1.40
37 AA 6.44 4.65 (84) 0.47 (12) 0.3398 0.3375 -0.68

38 AD 9.41 4.00 (78) 0.47 (12) 0.7412 0.7981 7.68
39 AG 7.73 4.00 (78) 0.47 (12) 0.6132 0.5895 -3.86

Table 2.2: Predictions of the entrainment ratio for the ejector configurations of Huang et
al. [20] using the compound-choking criterion.
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Figure 2.12: Comparison of the compound-choking with the experiment of Huang et al.
[20].

thorough investigation has not been performed, it was found that for case 25 of the ex-

periments of Huang et al. [20] (pp,0 = 4 [bar], ps,0 = 0.4 [bar]), the primary nozzle exit

pressure pp,e was found to be quite close to that of the secondary stagnation pressure

: pp,e = 0.33 [bar]. It can, as a first approximation, be assumed that the secondary flow

pressure at section e is equal to the secondary stagnation pressure. In reality, it would be

slightly lower. On the other hand, for case 10, (pp,0 = 6.04 [bar], ps,0 = 0.4 [bar]) one has

pp,e = 0.51 [bar]. Since the prediction for case 25 is much better than for case 10, this may

explain why the model produces better predictions as the stagnation pressure ratio gets

lower.

The better performance obtained using the compound-choking criterion comes from

a better prediction of the mixing pressure py , as this parameter itself defines, for fixed

stagnation conditions and geometry, the entrainment ratio in the case of isentropic flows.

Nevertheless, it was also observed that the predictions of the present model were not

actually better than the ones of the perfect gas model of Lamberts et al. [25]. It was rather

found that the perfect gas model overestimated the entrainment ratio, whereas the real

gas model underestimated it. This can be visualised in Figure 2.13 where cases 1 through

10 of the experiments of Huang are plotted along with both perfect and real gas model

predictions. The fact that the real gas model consistently provides lower entrainment
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Figure 2.13: Comparison of the entrainment ratio returned by the perfect gas and real gas
models with the experiments of Huang et al. [20] at pp,0 = 6.04 [bar], ps,0 = 0.4 [bar].

ratios compared to the perfect gas model could be expected, as real gas properties should

have limiting effects.

The entrainment ratio essentially appears as a linear function of the area ratio Ay /At , and

the present model seems to get closer to the experimental results as this ratio gets higher

(cfr. Figure 2.13). On the other hand, the perfect gas model seems to better fit the data for

low area ratios. Nevertheless, the performance of both models still seem to largely depend

on operating conditions. Indeed, it can be seen in Figure 2.14, for cases 21 through 25

of Huang et al. [20], that in this particular scenario, the real gas model performs quite

well, even overestimating the entrainment ratio, whereas the perfect gas model provides

poorer results.

Lastly, it can be observed, throughout the results of this section (cfr. Tables 2.1 and 2.2),

that predictions from the compound-choking theory are consistently higher than that of

the Fabri-choking. This will be further discussed in the following chapter.
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Figure 2.14: Comparison of the entrainment ratio returned by the perfect gas and real gas
models with the experiments of Huang et al. [20] at pp,0 = 4.0 [bar], ps,0 = 0.4 [bar].

2.7 Conclusion

In this chapter, two on-design models were described. The first model used the Fabri-

choking criterion to assess the performance of the ejector. It was found that although

this criterion is the most widely used in the literature, it provides quite poor results

with the assumption of isentropic flow. The real gas model of Chen et al. [12], which

is very similar to the one that was implemented in this work, predicts results that are

closer to the experiment but with the use of quite severe isentropic efficiencies (i.e.

ηp = 0.92, ηp,y = 0.8, ηs = 0.85).

The second model used the compound-choking criterion. It was first validated against

the original perfect gas model of Lamberts et al. [25] for air, and very little difference

was found between the two models. It was found that the model provided significantly

better results than that of the Fabri-choking criterion. This may lead to believe that the

compound-choking theory better describes the ejector choking phenomenon. It was

then observed that the present model tends to underestimate the entrainment ratio and

consistently provides predictions that are lower than the perfect gas model of Lamberts et

al. [25].
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An alternative method of computation of the speed of sound was also proposed, in order

to circumvent the flaws of the COOLPROP library near the saturated liquid curve. It

was found that an hybrid method using both the direct tabulated data of COOLPROP

and the proposed method allowed to efficiently compute the speed of sound for any

thermodynamic state.



CHAPTER 3
Off-design thermodynamic model

3.1 Introduction

In this chapter, it is proposed to review the off-design thermodynamic model that has

been implemented. First, the off-design part of the model of Chen et al. [12] will be

implemented and a comparison between Fabri-choking and compound-choking for

all ejector operating modes will be performed. This will shed light onto a modelling

issue inherent to the model of Chen et al. [12], and a corrected version of the model

will subsequently be described. A detailed investigation of the connection between the

characteristic curves obtained for both choking criteria will then be performed. This will

allow to obtain a better physical understanding of the two choking criteria and comfort

the idea that the compound-choking criterion might be more adequate to model the flow

within a supersonic ejector.

3.2 Off-design operation

The basis of the model that has been implemented is, as for the on-design operation

that was reviewed in the previous chapter, the model of Chen et al. [12], for which the

main assumptions have already been listed. Unlike in on-design operation, the ejector

performance depends on downstream conditions (i.e. the back pressure pout ). Indeed, if

the ejector is operating in off-design regime, information will travel from the end of the

diffuser up to the mixing section. This will have the effect of rising the mixing pressure

py compared to when the ejector works in on-design operation, therefore modifying the

secondary mass flow rate. The entrainment ratio will thus be dependant on the back

pressure.

43
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3.2.1 Constant area duct and diffuser

Critical back pressure

As mentioned in the previous chapter, for on-design operation, it is not required to solve

the flow downstream of section y in order to compute the entrainment ratio. This is not

true if one wishes to obtain ω for a particular back pressure. In order to determine the

ejector regime and, if necessary, compute the entrainment ratio for off-design operation,

the flow has to be solved up the the diffuser exit, i.e. section d (cfr. Figure 2.1). As a

reminder, the condition for the ejector to be in on-design regime is given by :

pout < p∗
out , (3.1)

where p∗
out is the critical back pressure. Hence, the critical back pressure has to be

computed to assess the operating regime. First, the thermodynamic states and velocities

of the primary and secondary flows are computed using the on-design model, that is,

using either the Fabri-choking or the compound-choking theory. Then, properties are

computed at section m, that is the particular section, located inside of the constant area

duct, at which primary and secondary flows are assumed to be completely mixed. State

m therefore constitutes one single state, without any distinction between the two flows.

First, the assumption of constant mixing pressure is used :

pm = py . (3.2)

Then, the flow speed is computed from the conservation of momentum :

Vm = ηm
ṁpVp,y +ṁsVs,y

ṁp +ṁs
. (3.3)

where ηm is a mixing efficiency that takes into account the friction losses in the constant

area duct due to the combined effect of friction between primary and secondary flows, and

friction against the ejector wall. If the ejector is choked, it is assumed that ηm =ψm with

ψm a constant friction coefficient. The enthalpy can then be found from the conservation

of total enthalpy :

hm = ṁp hp,0 +ṁshs,0

ṁp +ṁs
− V 2

m

2
. (3.4)

State m is now fully defined. After mixing, the flow may or may not be supersonic. How-

ever, it has to be subsonic when entering the diffuser, otherwise the diffuser would actually

act as a divergent nozzle, thereby accelerating the flow. However, the goal is recover the

pressure at the ejector exit. For the 0-D model, it was chosen to re-compress the flow

through a single normal shock located at the end of the constant area duct (i.e. at section

N ). As discussed previously, in real applications, the flow goes through more complex
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phenomena, that cannot be taken into account by the present model.

Because the flow may already be subsonic upon section m, it was chosen to check the

Mach number at said section and compute the normal shock only if Mm > 1. Indeed, if

the flow at section m is subsonic, it is unnecessary to solve the equations of a normal

shock. In that case, the subsonic flow at the diffuser inlet (i.e. section 2, cfr. Figure 2.1)

is indistinguishable from the flow at section m. On the other hand, if the flow is indeed

supersonic at section m, the mass, momentum and total enthalpy conservation equations

have to be solved to compute the flow at section 2. This has to be performed using an

iterative scheme. First, the fluid density is guessed at section 2 :

ρ2 = ρg uess , (3.5)

with ρg uess chosen higher than ρm . The flow speed is then computed from the conserva-

tion of mass :

V2 = ρm Vm

ρ2
. (3.6)

From conservation of total enthalpy, the enthalpy is computed :

h2 = hm + V 2
m

2
− V 2

2

2
, (3.7)

and the pressure at section 2 is obtained from tabulated data by :

p2 = p(ρ2,h2). (3.8)

The momentum conservation equation is then used to update the value of ρ2 that was

initially guessed :

ρ2 =
(
ρmV 2

m +pm −p2
)

V 2
2

. (3.9)

The latter value of ρ2 is then re-injected in Equation 3.6 and re-computed until conver-

gence. State 2 being fully defined, the last step is to solve the flow within the diffuser. To

this end, one must first retrieve the entropy at section 2 from tabulated data :

s2 = s(p2,h2). (3.10)

The enthalpy at the diffuser exit (i.e. section d) for an isentropic compression is found by

combining the total enthalpy conservation equation with the classical definition of the

isentropic efficiency ηd :

hd = h2 +
V 2

2

2
, ηd = hd ,i s −h2

hd −h2
, (3.11)
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hd ,i s = h2 +ηd
V 2

2

2
, (3.12)

where the assumption of negligible flow velocity at section d was used. The pressure at

the diffuser exit can finally be computed by :

pd = p(hd ,i s , s2), (3.13)

as the end pressure for the isentropic expansion is the same as that of the non-isentropic

one. Since the flow is choked, the computed pressure pd actually corresponds to the

critical back pressure p∗
out .

Off-design back pressure

For a given back pressure pc , one can now determine if the ejector is working in on or

off-design regime. For the latter case, the pressure at the end of the diffuser must match

the back pressure, which requires one to solve the flow in an iterative way until finding

the pressure py that satisfies :

pout −pc

pc
< ε, (3.14)

with ε the error tolerance. As mentioned previously, the mixing pressure py gets higher

as the back pressure gets higher when the ejector is working in off-design regime. The

pressure py is therefore updated at each iteration by :

py,i+1 = py,i +k(pc −pd ) (3.15)

with k a proportionality constant that was found to make the iterative loop converge for

k = 0.1. For the first iteration, the pressures py and pd are equal to the values at the critical

point, i.e. p∗
y and p∗

out , respectively.

Then, the secondary flow properties at section y are computed using Equations 2.48

through 2.51. Likewise, the primary flow properties are computed from Equations 2.12

through 2.16, and the secondary flow area is computed using Equation 2.17. The sec-

ondary mass flow rate associated to that particular value of py is then computed from

Equation 2.55 and the entrainment ratio from Equation 2.19. In fact, the entrainment ratio

is computed in the exact same way as for the on-design operation. For a given ejector, the

mixing pressure suffices to determine ω.

The flow conditions at section m are then computed. This is done in the same way as

described in the previous section for on-design operating conditions, using Equations 3.2
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through 3.4. However, the mixing efficiency ηm is this time a linear function of the back

pressure :

ηm =ψm

(
1− pc −p∗

out

pc

)
(3.16)

This latter expression was proposed by Chen et al. [12]. Note that having a mixing

efficiency that is linearly decreasing with the back pressure is the foundation of their

off-design model, as it allows for the entrainment ratio to decrease as pout increases.

The off-design model of Chen et al. [12] would not work without this dynamic mixing

efficiency.

The diffuser exit pressure is finally computed from Equations 3.5 through 3.13. Note that

the formation of a normal shock within the constant area section is still possible. The

mixing pressure is updated using Equation 3.15 until satisfying the criterion of Equation

3.14.

3.2.2 Results

The previously described off-design model can be used to draw the characteristic curves

of an ejector, given its geometry, stagnation conditions and efficiencies. Figure 3.1 shows

the characteristic curves obtained using air as working fluid and assuming that the friction

against the wall of the ejector can be neglected.
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Figure 3.1: Characteristic curves obtained for air with the geometry shown in Figure 3.2.
Friction is neglected at the wall and ψm = 0.92. Both choking criteria are represented.
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Only the mixing efficiency ηm is not set to 1, with the constant factor ψm set to a value of

0.92. Figure 3.2 shows the dimensions that were used. Those dimensions correspond to

the geometry of the air ejector that is available at UCLouvain, and were chosen here to

allow easy comparison with the forthcoming results. This ejector has a rectangular cross

section with an area ratio Ay /At of about 4.5.

One can observe in Figure 3.1 that the use of the compound-choking criterion system-

atically leads to a higher value of the entrainment ratio. Moreover, the use of the Fabri-

choking criterion leads to an increase of the entrainment ratio for back pressures slightly

higher than the critical pressure. It then reaches a maximum value and monotonically

decreases. More interestingly, said maximum entrainment ratio is equal to the on-design

entrainment ratio obtained using the compound-choking criterion. The fact that both

models are equal a that point makes sense. Indeed, given the fact that the mixing pressure

py obtained using the Fabri-choking criterion is inferior to that of the compound-choking

criterion, increasing said pressure will eventually lead it to reach the value obtained using

the compound-choking criterion.

One can also see that the off-design parts of the curves are not identical wether one uses

the Fabri-choking or the compound-choking criterion. This is due to the fact that the

critical pressures are different. Hence, the linear mixing efficiency ηm as expressed in

Equation 3.16 will be different, and so will be state m, and therefore states 2 and d .

The phenomenology leading to the apparition of the local maximum in the off-design

portion of the characteristic curve using the Fabri-choking criterion will be thoroughly

detailed in a later section. Note however at this point that the curve obtained using the

compound-choking criterion does not contain bump in off-design regime.

3.2.3 Conservation of mass

The previously described model, using either choking criteria and as described in the

original article of Chen et al. [12], contains a major flaw. Indeed, the conservation of

mass is not satisfied throughout the ejector. More precisely, because it is assumed that

the mixing process between primary and secondary flows occurs at constant pressure

(i.e. py = pm), state m (cfr. Figure 2.1) can be fully defined without having to use the mass

conservation equation. Because the mass conservation equation is not used, nothing

constraints the mass flux to be conserved, so that :

ṁm 6= ṁp +ṁs (3.17)

where ṁm is the total mass flux at section m, i.e. when the two flows are fully mixed. This

is a problem, as the point of a thermodynamic model is to predict ejector performance on
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the basis of fundamental physical principles, including the conservation of mass. If the

mass is not conserved, the model is not really more credible than a simple curve fitting.

3.3 New off-design model

In the previous section, an off-design model was described to predict ejector performance.

However, the model did not conserve mass along the ejector. In this section, it is proposed

to solve this problem. The final off-design model will be presented. Finally, a thorough

analysis of the link between the Fabri-choking and the compound choking criteria will be

performed.

3.3.1 Corrected model

To ensure the conservation of mass after mixing, the assumption of constant mixing

pressure – i.e. Equation 3.2 – is lifted and replaced by the mass conservation equation.

This also implies that an additional term is to be added to the momentum conservation

equation, to take into account the pressure difference between sections m and y . This

involves that state m has to be solved using an iterative method, as Vm depends on

the unknown pressure pm . State m is therefore defined by four equations. First, the

conservation of mass :
ρmVm Ay = ṁp +ṁs (3.18)

Then, the momentum conservation equation :

Vm = ηm
ṁpVp,y +ṁsVs,y + (py −pm)Ay

ṁp +ṁs
(3.19)

Note at this point that ηm does not need to be a linear function of pout as it was the case

for the model of Chen et al. [12]. It will here be chosen as a constant : ηm =ψm . The third

equation is the total enthalpy conservation equation given by Equation 3.4, and the last

equation is the equation of state linking ρm , pm and hm :

ρm = ρ(pm ,hm) (3.20)

To solve this system of equations, the pressure pm is guessed. The flow velocity Vm is then

computed from Equation 3.19, along with the enthalpy hm using Equation 3.4. The flow

density ρm can then be obtained from Equation 3.20. The pressure pm is then modified

until Equation 3.18 is satisfied. More precisely, the solution is found using the same

minimisation algorithm described in the previous chapter to find β. As a reminder, this

efficient method to find the solution consists in restraining at each iteration the solution

interval on pm until finding the minimum of |ρmVm Ay − (ṁp +ṁs)|.

With knowledge of state m, state 2 and d can be computed using Equations 3.5 through

3.13. Figure 3.3 summarises the computation algorithm of the new off-design model.
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Figure 3.3: Flowchart of the model for off-design operation (cfr. Figure 2.1).
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3.3.2 Results

Using the corrected set of equations previously described, one can once again draw the

characteristic curves for air (cfr. Figure 3.4). As before, only the mixing efficiency is not

set to 1. Again, this new model does not require for the mixing efficiency ηm to be a

linear function of the back pressure. Instead, it can be set to a constant value (in this

case ηm = 0.92), and the effect of the pressure difference between sections y and m will

naturally tend to decrease the entrainment ratio as the back pressure gets higher. This

makes more senses than the dynamic efficiency introduced by Chen et al. [12], as the

latter would reach extremely low values for small entrainment ratios, that are not really

representative of the mixing phenomena. In the present model, the entrainment ratio is

rather limited by pressure effects.
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Figure 3.4: Characteristic curves obtained for air with the geometry shown in Figure 3.2.
Friction is neglected at the wall and ηm = 0.92. Both choking criteria are represented.

One can observe in Figure 3.4 that the on-design plateau is at the same value than it

was when using the faulty model. Again, this is because the on-design value of ω does

not depend on sections m through d . However, the critical back pressure p∗
out is slightly

higher for the corrected model. In addition, note that this time, the off-design part of the

curves superimpose for Fabri and compound-choking. This comes from the fact that the

mixing efficiency ηm is now independent of the back pressure. Therefore, the off-design
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portions of the curves are computed in the exact same way, whichever choking criterion

is used.

Much as seen before, the Fabri-choking criterion systematically predicts a lower on-design

entrainment ratio. The off-design portion of the curve near the vicinity of the critical

point is less obvious. Figure 3.5 shows a magnified view of the characteristic curve of

Figure 3.4 for pp,0/ps,0 = 4.5 around the critical point. The arrows along the off design

part of the Fabri-choking curve indicate the direction along which py is increased. Hence,

starting from the critical point of the Fabri-choking curve, increasing the pressure py

leads the entrainment ratio to get higher, until it reaches the critical point associated

to the compound-choking curve. At said critical point, the two curves merge and are

indistinguishable.
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Figure 3.5: Magnified view of the characteristic curve of Figure 3.4 for pp,0/ps,0 = 4.5
around the critical point.

Depending on the operating conditions, the critical pressure of the Fabri-choking curve

might be higher or lower than that of the compound-choking curve. In the present

case, the two critical pressures are extremely close. The junction from the Fabri to the

compound-choking curve appears to be slightly cambered, so that pout gets higher be-

fore decreasing to reach the critical pressure of the compound-choking curve. This

phenomenon will be further discussed in the following chapter.
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3.3.3 Link between Fabri-choking and compound-choking

It is now proposed to explain in more details the link between Fabri-choking compound-

choking. To do that, the characteristic curves of Figure 3.4 for pp,0/ps,0 = 4.5 are con-

sidered. As a reminder, those curves were obtained for air with ηm = 0.92. First, one

can trace the evolution of the mixing pressure as a function of the back pressure (cfr.

Figure 3.6). As mentioned previously, the design mixing pressure p∗
y is higher when using

the compound-choking criterion. In addition, note that as the back pressure tends to

the breakdown pressure, the mixing pressure tends to reach the secondary stagnation

pressure. This makes sense, as when py = ps,0, there is no pressure gradient to expand the

secondary flow, hence ṁs = 0 and the entrainment ratio is zero.
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Figure 3.6: Mixing pressure as a function of the back pressure for pp,0/ps,0 = 4.5. The
working fluid is air and ηm = 0.92.

Then, one can trace the evolution of the entrainment ratio when the mixing pressure is

increased (cfr. Figure 3.7). As a reminder, ω can be computed as a function of the mixing

pressure and the stagnation conditions. Then, the positions of the critical conditions

can be located for both choking criteria. Those are represented by dots on the curve.

One can now clearly see why the compound-choking criterion systematically predicts

higher entraiment ratios than the Fabri-choking criterion. Indeed, the entrainment ratio

predicted by the compound-choking is located exactly at the maximum of the curve. This
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means that considering isentropic flows, satisfying the compound-choking criterion will

lead to the maximisation of the total mass flow rate within the ejector. Indeed, since

the primary flow is choked, maximising ω is equivalent to maximising ṁs and therefore

ṁp +ṁs .
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Figure 3.7: Entrainment ratio as a function of the mixing pressure for pp,0/ps,0 = 4.5.
The working fluid is air and ηm = 0.92. The position of the critical conditions have been
highlighted.

On the other hand, the Fabri-choking mixing pressure at critical conditions p∗
y is slightly

lower than the that of the maximum. This explains why the off-design part of the Fabri-

choking characteristic curve connects with the compound-choking characteristic curve

at the critical point as py increases. This also explains why the Fabri-choking criterion

predicts that the entrainment ratio will increase before decreasing as the back pressure

gets raised.

3.4 Conclusion

In this chapter, the off-design part of the thermodynamic model was described. First,

the off-design model of Chen et al. [12] was presented and yielded promising results,
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as well as a clarification on the differences between the Fabri-choking criterion and the

compound-choking criterion. The characteristic curves for an air ejector with negligible

wall friction were traced. However, this initial model was found to be flawed, as the mass

flux was not conserved throughout the ejector.

A new off-design model was proposed, with corrections that ensured mass conservation.

This new model was found to provide somewhat similar results, with the advantage that it

does not require to consider a mixing efficiency that is linearly dependant on the back

pressure, as for the model of Chen et al. [12]. This leads to the fact that both choking

criteria converge for off-design operation.

Lastly, the link between Fabri-choking and compound-choking was investigated. It was

found that the compound-choking criterion leads to a maximisation of the total mass

flux within the ejector for isentropic flows, therefore systematically leading to higher

predictions of the entrainment ratio. The Fabri-choking criterion maximises primary

and secondary flows separately, therefore leading to lower predictions. This may lead

to believe that the compound-choking criterion might be more appropriate to describe

ejector flows, as it predicts the physically highest mass flow rate allowable within the

ejector. This could be seen as an extension of the definition of choking for classical

nozzles to ejectors.



CHAPTER 4
Calibration of the model

4.1 Introduction

In this chapter, it is proposed to calibrate the previously described model in order to

fit experimental data. The purpose is to be able to predict ejector performance for any

operating conditions, without having to perform expensive CFD computations or ad-

ditional experiments. The calibrated thermodynamic model would therefore allow to

design ejectors quite quickly. The calibration will be performed by means of the isentropic

and mixing efficiencies previously defined. First, the individual impact of each efficiency

will be investigated. Then, the model will be calibrated for R134a ejectors, as well as for

the air ejector available at UCLouvain. The impact of friction on the compound-choking

criterion will be the subject of the last section.

4.2 Impact of the efficiencies

In order to efficiently perform the calibration operation, it is relevant to assess the individ-

ual effect of each of the efficiencies on the shape of the characteristic curves. To do this,

multiple characteristic curves are drawn, by varying one of the efficiencies. Figures 4.1

through 4.5 show the impact of the four isentropic efficiencies (i.e. ηp , ηs , ηp,y and ηd )

and the mixing efficiency ηm . Note that by default, the isentropic efficiencies are set to 1

and ηm to 0.95.

57
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Figure 4.1: Impact of ηp on the characteristic curves.
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Figure 4.2: Impact of ηs on the characteristic curves.
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Figure 4.3: Impact of ηp,y on the characteristic curves.
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Figure 4.5: Impact of ηd on the characteristic curves.

One can determine the influence of the different efficiencies :

• ηp : As ηp gets lower, the primary mass flow rate is decreased, as the flow velocity at

the primary throat gets lower. The on-design entrainment ratio therefore increases.

The effect of friction in the primary nozzle is somewhat equivalent to having a lower

primary stagnation pressure. This explains the fact that the critical back pressure

gets lower. The curves behaviour as ηp decreases is reminiscent of that of the curves

drawn in Figure 3.4.

• ηs : As ηs gets lower, the on-design entrainment ratio gets lower, as the secondary

mass flow rate is decreased. The back pressure is closely related to the total mass

flux going through the ejector. Thus, a lower secondary mass flow rate also results

in a decrease of the critical back pressure. Note also that the off-design curves

all have the same breakdown pressure. This is explained by the fact that at the

breakdown pressure, ṁs = 0 and the secondary flow does not influence the total flow

anymore. This is not true when ηp varies, which is why the breakdown pressures in

Figure 4.1 are not the same. Moreover, one can observe that the same bump that

was previously observed only for Fabri-choking curves is now also present on the

compound-choking curves. This will be further explained in a following section.

• ηp,y : Decreasing ηp,y has a somewhat similar effect to decreasing ηs , but to a

lesser extent. However, none of the two mass fluxes are directly hindered by this
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efficiency. As ηp,y gets lower, the primary flow is expanded less efficiently in the

mixing chamber. The friction hinders the primary flow expansion (as the primary

flow is supersonic), so that the primary flow mixing area Ap,y gets higher. Conversely,

the secondary flow mixing area As,y gets lower, therefore decreasing the secondary

mass flux.

• ηm : Lowering ηm does not influence the on-design entrainment ratio, as the latter

does not depend on mixing phenomena. As ηm decreases, the critical back pressure

decreases. Indeed, assuming that the mixed flow is at subsonic speed, the friction

interactions will tend to accelerate the flow, thereby lowering the back pressure.

This is comparable to a Fanno flow. Notice also the shape of the off-design curve for

ηm = 1. This curve is slightly cambered towards the left, meaning that as the mixing

pressure py gets higher, the back pressure effectively decreases before increasing

again. This case actually constitutes a limitation of the model. This inversion in the

evolution of pout as py gets higher can be traced back to an inversion of the entropy

s2 (cfr. Equation 3.10) as py gets higher. The entropy s2 should be monotonically

decreasing as py is raised. In fact, in the inversion zone, a shock is modeled by

Equations 3.4, 3.19 and 3.20 at section m, meaning that Vm < Vs,y < Vp,y . This

explains the unexpected increase in entropy in the inversion region. However, for

real ejectors, the transition from on to off-design should be done smoothly, and this

inversion would lead to a discontinuity as the back pressure is raised from p∗
out .

• ηd : The effect of ηd is quite similar to that of ηm . Lowering ηd will tend to decrease

the critical back pressure.

It was chosen not to use the diffuser isentropic efficiency ηd for later calibration. Indeed,

this efficiency has the same influence on the characteristic curves as ηm . Furthermore,

in real ejectors, the diffuser is usually well designed, meaning that it can reasonably be

assumed that the flow is isentropic. In addition, it was chosen to use the compound-

choking criterion for the following results.

4.3 R134a ejectors

To calibrate the characteristic curves for R134a ejectors, the experimental data of Garcia

del Valle et al. [15] were used as reference. Three different geometries were presented in

the original article. However, they differ only in shape ; the areas at the sections of interest

are equal. For this reason, only one ejector can be modeled using the present 0-D model.

The geometry of said ejector is shown in Figure 4.6.

It was found that an accurate calibration could be performed by using only three parame-

ters, that are, ηp = 0.977, ηs = 0.89 and ηm = 0.813. The value of ηp,y is thus maintained to
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An uncertainty analysis, performed according to Moffat
(1988) reveals that the mass ratio error is equal to ±0.0061 w.

7. An industrial programmable logic controller (PLC) was
used for automation as well as data acquisition system.
The acquisition rate was 0.2 Hz. A PC-based control system
was used to monitor and set the value of the process
variables.

The ejector presents some design peculiarities that require
the following additional comments in order to make more
comprehensible the obtained results.

1. Prior to any analysis, the nozzle “discharge coefficient”
(defined as the ratio _mexperimental= _mtheoretical) was evaluated
for four test points, namely at saturation temperatures of
74.89 !C, 79.37 !C, 84.39 !C and 85.15 !C and a superheating
of 10 !C. The theoretical mass flow rate was computed
assuming an isoentropic expansion of the refrigerant up to
the point where the sound speed is attained at the throat.
The refrigerant thermodynamic properties have been
determined from NIST software “REFPROP”. The discharge
coefficient was found to vary in the range between 0.94 and
0.96 for the tested conditions. This range of values agree

with those reported by Grey andWilsted (1946) for a similar
geometry and throat Reynolds number.

2. Only one nozzle has been used, having a conical geometry
for both the convergent and divergent regions. The

relevant dimensions are 2 mm throat diameter, 3 mm exit
diameter and 1.4! cone apex half-angle. The throat area

has been determined so that the chokedmass flow rate can
be supplied with a 9 kW boiler power. Both the exit diam-
eter and the constant area diameter (as detailed further on)
have been determined through a parametric study using
the model proposed by Garcia et al. (2012). The ejector
design conditions were: ðTsatÞboiler ¼ 85 !C, ðTsatÞevaporator ¼
10 !C and ðTsatÞdischarge ¼ 30 !C.

3. The nozzle can be longitudinally positioned by means of a
manually operated 3/8” screw and a spacer. The nozzle
position uncertainty is ±0.055 mm.

4. Three mixing chambers, labeled as “A”, “B” and “C”, have
been used. All of them have the same constant area
diameter (4.8 mm), but different entrance geometry. An
explanatory drawing can be seen in the Fig. 4. The
following are specifics related to each mixing chamber.
(a) Chamber “A” is the classical shape with a 30! half-angle

conical entry and a constant area zone with a length to
diameter ratio of 8.5.

(b) Chamber “B”, as proposed by Munday and Bagster
(1977), has been tested to enhance the performance of
the ejector by promoting a supersonic compression in a
convergent region rather than a shock system in a

constant area region. That is why the present design
has a 1.14! half-angle conical entrance and a short
constant area region.

Table 1 e Relevant sensors used in the R-134a experimental ejector refrigerator.

Magnitude Position Range D.F.S A.D.F.S.

Pressure Primary fluid inlet 0e40 bar ±(0.5% þ 0.25%) ±0.30 bar
Secondary fluid inlet 0e30 bar ±(1% þ 0.25%) ±0.375 bar
Discharge

Temperature Primary fluid inlet 0e150 !C ±(0.1% þ 0.25%) ±0.52 !C
Secondary fluid inlet &50e50 !C ±0.35 !C
Discharge 0e100 !C ±0.35 !C

Mass flow Primary 0e0.125 Kg s&1 ±(0.18 þ 0.25%) ±5.37$10&4 Kg s&1

Secondary

D.F.S. ¼ percentage deviation over full scale.
A.D.F.S ¼ absolute deviation full scale.

Fig. 4 e Geometry for the three mixing chambers with a detail of the nozzle and the exit diffuser (not to scale, all dimensions
in mm). Note the reference nozzle exit position for each mixing chamber.

i n t e r n a t i o n a l j o u r n a l o f r e f r i g e r a t i o n 4 6 ( 2 0 1 4 ) 1 0 5e1 1 3108

Figure 4.6: Dimensions of the R134a ejector used for the calibration. All dimensions are in
[mm]. This corresponds to geometry A in [15].

1. Note that the values chosen for the efficiencies appear to be plausible for real ejectors.

Indeed, the primary nozzle flow is almost isentropic and the secondary flow slightly less

due to the more complex geometry. The most limiting factor is the mixing efficiency. In

addition, it was not necessary to introduce a linear function of the back pressure for ηm in

order to match the off-design curve slope. The stagnation conditions for this operating

point are (Tsat )p,0 = 84.38◦C and (Tsat )s,0 = 10◦C with a superheating of 10◦C. Superheat-

ing the vapour ensures that the flow will not condense within the ejector.

26 28 30 32 34 36

(Tsat)discharge [◦C]

0.0

0.1
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0.3
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Present model

Experiment

CFD

Figure 4.7: Characteristic curve obtained for the geometry of Garcia del Valle et al. [15]
with (Tsat )p,0 = 84.38◦C , (Tsat )s,0 = 10◦C , ηp = 0.977, ηs = 0.89 and ηm = 0.813.
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Figure 4.7 shows the results of the calibration, along with CFD results obtained by re-

searchers at the University of Sherbrooke [29]. The model fits quite well the experimental

data of Garcia del Valle et al. [15], even better than the CFD results that tend to overesti-

mate the entrainment ratio.

Ejector I Ejector II Ejector III

Primary pressure pp,0 [kPa] 2900 2633 1934

Primary temperature Tp,0 [◦C] 106 100 86

Secondary pressure ps,0 [kPa] 265 350 415

Secondary temperature Ts,0 [◦C] 50 25 30

Primary throat diameter D t [mm] 5.63 7.09 8.03

Primary nozzle exit diameter De [mm] 7.85 9.70 11.35

Mixing section diameter D y [mm] 16.4 16.4 16.4

Table 4.1: Geometry and operating conditions for the three experiments of Hakkaki-Fard
et al. [18].
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Ejector II - Exp

Ejector III - Exp

Figure 4.8: Characteristic curves obtained for the ejectors of Hakkaki-Fard et al. [18] with
ηp = 0.977, ηs = 0.89 and ηm = 0.813.

Using the calibration parameters found for the ejector of Garcia del Valle et al. [15], one

can draw the characteristic curves for other R134a ejectors to see if the calibration stays
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accurate. It was chosen to consider the ejectors of Hakkaki-Fard et al. [18]. The three ejec-

tor geometries and operating conditions that were tested experimentally are summarised

in Table 4.1.

Figure 4.8 shows the results of the fitting for the three ejectors. One can observe that

although the model does not predict the entrainment ratio as accurately as for the ejector

of Garcia del Valle et al. [15], it nevertheless gives a good approximation. The model

appears to underestimate the on-design entrainment ratio, but the off-design part of the

characteristic curves seem to fit quite nicely. More precisely, the slopes of the off-design

curves are quite accurate, and the model even overlaps the experiment for Ejector I. One

could argue that the calibration process should yield better results if it were performed

on one of the ejectors of Hakkaki-Fard et al. However, by doing so, the predictions of the

characteristic curves for the two other ejectors were found to be quite poor. Using the

parameters found for the ejector of Garcia del Valle et al. was observed to yield the overall

best predictions for the three ejectors of Hakkaki-Fard et al.

4.4 Air ejectors
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pp,0/ps,0 = 3.5

pp,0/ps,0 = 2.5
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Experiment

Figure 4.9: Characteristic curves obtained for the air ejector available at UCLouvain with
ηp = 0.977, ηs = 0.75 and ηm = 0.95.

The model was also calibrated on the experimental data obtained from the air ejector
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available at UCLouvain. As a reminder, the geometry of said ejector is given in Figure 3.2.

Again, the calibration could be performed by means of only three parameters, that are,

ηp,y = 0.977, ηs = 0.75 and ηm = 0.95. As before, ηp,y is set to 1.

Figure 4.9 shows the fitting results that were obtained by calibrating the parameters on

the experimental data gathered for pp,0/ps,0 = 3.5. Note that the secondary stagnation

conditions correspond to the atmospheric ones for this particular ejector, so that ps,0 =
1 [bar]. One can see that the calibration allowed the model to fit relatively well the

experimental curves for the three cases. The off-design slopes do however not match the

experimental data as well as for the case of Garcia del Valle et al. [15] seen previously.

The error remains however limited, and the general shape of the curves is relatively close

to that of the experimental ones. The main issue with those curves is that there is a

significant increase in the entrainment ratio right after the critical point. This will be the

subject of the next section.

4.5 Non-isentropic compound-choking correction

As mentioned previously, if the ejector flow is non-isentropic, using the compound-

choking criterion to produce the characteristic curves leads to the apparition of a bump

in the off-design part of the curves. This actually makes sense because the compound-

choking criterion as derived in the frame of this work relies on the assumption that both

flows are isentropic between sections e and y . This means that applying the compound-

choking criterion whilst allowing ηs < 1 leads to an error in the computation of the choking

conditions. In other words the definition of β given in Equation 2.54 is not correct any-

more.

Although it has not been analytically proven that the compound-choking criterion sys-

tematically maximises the mass flow rate within the ejector, this will here be taken as an

assumption. In that case, the way to solve the problem actually becomes quite simple.

If the mass flow rate – and therefore ω – is maximum at the choking conditions, one has

only to define the critical point as the point at the top of the bump of the off-design part

of the characteristic curve.

As was explained in the previous chapter, deriving a true expression for the compound-

choking criterion for non-isentropic flows is out of the scope of this study. An alternative

would be to define the compound-choking indicator β as a function of ηs , instead of

imposing β= 0. Figure 4.10 shows the compound choking indicator as a function of ηs for

ejector conditions leading to the maximisation of the total mass flow rate. The working

fluid is air with pp,0/ps,0 = 3.5, ηm = 0.95 and all other efficiencies set to 1. Note that
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the plot is in semi-logarithmic scale. The curve defined by β can then easily be fitted by

an analytical function. In this case, the shape of the curve is reminiscent of that of the

tangent function. The fitting curve is therefore given by :

β=β f tan
(
−π

2
(ηs +1)

)
(4.1)

with β f the value taken by β at the inflection point, i.e. at ηs = 0.5.
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Figure 4.10: Compound choking indicator as a function of ηs for ejector conditions leading
to the maximisation of the total mass flow rate.

One can observe in Figure 4.10 that β gets higher as ηs gets lower, and that it tends to zero

as ηs tends to 1. Actually, when ηs = 1, β is exactly – up to the machine precision – equal to

zero, as in this case the criterion β= 0 is analytically correct. Notice also that as ηs tends

to zero, β tends to the infinity. The computation interval was in this case restrained to

[0.01;0.99] for better visibility.

Using this new compound-choking criterion, the characteristic curves previously drawn

can be corrected. For example, the curves for the air ejector of Figure 4.9 have been

corrected and are shown in Figure 4.11. Note that in order to better fit the experimental

data, ηs has been changed from 0.75 to 0.71. Such a low isentropic efficiency could be
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Figure 4.11: Corrected characteristic curves obtained for the air ejector available at UCLou-
vain with ηp = 0.977, ηs = 0.71 and ηm = 0.95.

explained by the fact that the air ejector geometry is quite complex. Indeed, the secondary

flow has to turn from 90◦ at the inlet.

4.6 Conclusion

In this chapter, the different impacts of the five efficiencies introduced into the model

were studied. It was then found that the calibration process could be performed in a

satisfactory manner using only three parameters : ηp , ηs and ηm .

The calibration was first performed on R134a ejectors with the experimental data of Garcia

del Valle et al. [15]. A quite accurate fitting of the model was found to be possible. Keeping

the same calibration parameters, the model was then used to predict the performance

of the three ejectors of Hakkaki-Fard et al. [18]. The predictions were found to be less

accurate than for the case of Garcia del Valle et al., but a good correlation of the model

with the experimental data was nevertheless ensured.

Then, the model was calibrated on the experimental data obtained from the air ejector
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available at UCLouvain. Despite the particular geometry of said ejector, a good fitting of

the data was found to be possible.

Lastly, an empirical correction was proposed to the compound-choking criterion for

non-isentropic flows. This correction consists in assuming that the compound-choking

criterion leads to the maximisation of the total mass flow rate within the ejector, whether

or not the flow is isentropic.



CHAPTER 5
Conclusion

5.1 Achievements

Ejector design remains to this day a particular challenge due to the inherent difficulty to

predict ejector performance. Thermodynamic models allow for swift predictions, which is

why they are abundant in the literature. In this work, a new real gas thermodynamic model

was developed. This model can predict ejector performance for single or two-phase flows

and be calibrated by means of multiple efficiencies.

First, a modified version of the model of Chen et al. [12] was implemented. Two on-design

models were described, that differ in the choking criterion that was applied. The first

model, that used the Fabri-choking criterion, was found to perform quite poorly when

compared to the experimental data of Huang et al. [20]. The second model, that used the

compound-choking criterion derived from the theory of Bernstein et al. [7], yielded much

better predictions, with most predictions within 10% error from the experimental data.

Then, the off-design part of the model of Chen et al. was implemented. However, this

model was found to be flawed, as the mass was not conserved throughout the ejector. A

new model was subsequently proposed to solve this issue. In particular, the assumption

of constant mixing pressure has been lifted, which allowed the introduction of the mass

conservation equation back into the model. The decrease in performance in off-design

regime was thereby modeled by pressure effects within the constant area duct. The new

off-design model was then used to perform an analysis on the connections between Fabri-

choking and compound-choking. It was found that the use of the compound-choking

criterion leads to the maximisation of the total mass flow rate within the ejector, whereas

the Fabri-choking criterion tends to underestimate it.

69
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The individual impact of each calibration parameter was then investigated. The new

model was calibrated, using the compound-choking criterion, with experimental data

for R134a and air ejectors. A good fitting ability was found to be possible for both fluids

by using only three fitting parameters. In addition, it was not required to use a dynamic

mixing efficiency, as it was the case in the original model of Chen et al. [12]. Lastly, an

empirical correction was proposed to the compound-choking criterion for non-isentropic

flows.

The model derived in the present document, along with the connections between compound-

choking and Fabri-choking, will be published as part of an upcoming article.

5.2 Research perspectives

The most limiting assumption of this model is that the mixing process takes place within

the constant area section. A possible improvement would be to lift that assumption,

therefore considering the entire geometry of the ejector, instead of discrete sections. This

would allow the mixing phenomena to take place within the mixing chamber with variable

cross sectional area.

One could also consider implementing shock relations right at the exit of the primary

nozzle, as can be experimentally observed. This may lead the primary flow to get to more

appropriate conditions when the mixing phenomena start to occur. Likewise, removing

the assumption of uniform pressure between primary and secondary flows at the mixing

section might also lead to improved prediction abilities.

An additional improvement could be to provide an analytical demonstration that the

compound-choking criterion indeed provides the maximum mass flow rate physically

allowable within the ejector. Likewise, one could derive an expression for the compound-

flow indicator that would take friction losses into account.

Lastly, one could further investigate the behaviour of the compound-choking indicator

at the maximum mass flow conditions. An analysis could be made to shed light on the

dependencies on the fluid, geometry, and operating conditions. This could allow to better

fit the compound-choking indicator for flows with friction losses and therefore further

improve the model.



APPENDIX A
Additional

A.1 Maximisation of the mass flow rate

In this appendix, it is proposed to demonstrate that in the case of an isentropic nozzle

flow, maximising the mass flow rate per unit area is equivalent to imposing Mach unity at

the throat.

The mass flow rate per unit area G can be expressed as :

G = ρ V , (A.1)

with ρ the fluid density and V the flow velocity. When G is maximum, one has :

(
∂
(
ρV

)
∂p

)
s
=V

(
∂ρ

∂p

)
s
+ρ

(
∂V

∂p

)
s
= 0. (A.2)

From the definition of the speed of sound a, one has that :

(
∂ρ

∂p

)
s
= 1

a2 , (A.3)

and from the conservation of total enthalpy :
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(A.4)
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where h0 is the total enthalpy. Injecting Equations A.3 and A.4 into Equation A.2 gives :

V 2

a2 = ρ
(
∂h

∂p

)
s

. (A.5)

One can then use the Equation of Gibbs :

T d s = dh − 1

ρ
d p, (A.6)

which re-writes, for isentropic transformations, into :(
∂h

∂p

)
s
= 1

ρ
. (A.7)

Introducing the latter relation into Equation A.5 gives :

V 2

a2 = 1, (A.8)

or, equivalently :

V = a. (A.9)

This means that, assuming an isentropic expansion, the sonic conditions will be reached

when the mass flux per unit area is maximum.
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