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Chapter 1

Introduction

1.1 Contextualization of the subject

As we know, modern non-life insurance aims to protect insured against the risk of a
potential financial loss. The insured will therefore pay a certain amount to the insurer
in order to be protected against this financial loss. Only the insurer will have to put
money aside in order to be sure to be able to reimburse the insured if the claim ever
occurs. This amount that has to be put aside is the reserve. In the Solvency II framework
we will focus on the one-year risk view.

We will therefore focus in this work on a particular individual reserving method, the
artificial states method in individual reserving. This discrete-time stochastic model aim
is to modelize the trajectories as well as the cash-flows of each claim individually, that in
order to calculate the reserve and to have a view on the one-year risk.

1.2 Presentation of existing reserving models

As we know it exists two different types of reserving methods in non-life insurance.

The first one, which is the most commonly used, consists of models which use aggregated
data. These models allow us to determine the reserve for the entire portfolio only. Historically,
the aggregated reserving methods are more used because they are easier to understand and
to implement. The best-known aggregated reserving method is certainly the Chain Ladder
method.

The second one consists of the use of individual data. These methods allow us to determine
the reserve of each claim individually as well as the reserve for the entire portfolio. Individual
reserving methods generally require much higher computing power. However, with the
increasing computing power and the need to use as much data as possible, individual
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reserving methods tend to be used more and more.
The artificial multistate method that will be used in this work is obviously an individual
reserving method.

With regard to the literature, the mathematical basis of individual loss reserving models
can be attributed to Arjas (1989) [I] and Norberg (1993) 2] , (1999) [3] with, among other
things, the use of stochastic processes to categorize each claim individually.

We can also see in the paper Individual claims reserving: a survey (2017) [4] and in
the paper Macro vs. Micro Methods in Non-Life Claims Reserving (an Econometric
Perspective) (2016) [5] comparisons between different individual reserving models as well
as with models using aggregated data.

It is also worth mentioning the paper Stochastic projection for large individual losses (2012)
[6] which focuses on the estimated final value of large losses on an individual basis using a
stochastic approach.

For more details about loss reserving in general we refer to Wiithrich & Merz (2008) [7]
(2015) [8].

We can also see that currently new methods are being put in place, in particular with
the use of neural networks such as in Stochastic loss reserving with mixture density neural
networks (2022) [9] which is applying a Mixture Density Network to loss reserving.

1.3 Presentation of the project and objectives

The first objective of this work is to theoretically define the artificial states model in
individual reserving as well as the methodology to follow in order to implement it. For
that we will at first define the concept of the multistate approach in discrete time. After
that we will determine the claim occurrence rate and the reporting lag. We will then
define cash-flows as well as link-ratios associated with transition from one state to another.
After that we will explain how to switch from the Semi-Markov to the Markov model using
artificial states in order to ease the calculations and we will define the transition probability
matrix. All this will allow us to retrieve the expected ultimate cost and therefore the reserve
for all claims. We could then finally determine the one-year risk view with the help of the
Claim Development Result.

The second objective of this work is to implement the presented method with the help of a
numerical illustration. We will then at first present the used data and perform some data
analysis. After that we will estimate the transition probabilities as well as the cash-flows.
With that we could calculate the expected ultimate cost, which will allow us to retrieve
the reserve for all claims. We could then finally have the one-year risk view. We will also
compare these results with results obtained with the Chain Ladder method.
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Theoretical explanation

In this chapter we will establish the methodology to follow in order to implement the Semi-
Markov loss reserving model and we will complete these explanations with the help of a
simple example as we go through the different stages.

This model is based on the paper Matrixz calculation for ultimate and 1-year risk in the
Semi-Markov individual loss reserving model (2021) [10].

We will at first explain the principle of the multistate approach. Then we will define the
claim occurrence rate and the reporting lag. After that we will determine cash-flows which
are associated with transition between states.

We will then have a theoretical reminder on the Markov model, and explanation on how to
switch from the Semi-Markov to the Markov model using artificial states, which will allow
us to define a transition probability matrix.

Finally, we will define how to calculate the expected ultimate cost, which will allow us to
determine the one-year risk view with the help of the Claim Development Result.

2.1 Multistate approach

As we know, claims can go through different states from its occurrence until final settlement :

e The first one, in which all claims go through, is the Incurred But Not Reported
(IBNR) state. As its name says, claims are in this state from the time they took
place until the time they are reported. The insurer is of course liable for these claims,
even though he is still unaware of their existence.

e The second one is the Reported But Not Paid (RBNP) state. This is the state in
which claims are reported but no payment has been made.

e The third one is the Reported But Not Settled (RBNS) state, which is the state in
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where a payment has already been made but claims are not settled yet. This means
that claims in this state are not closed, and there may still be payments in the future.

e The fourth one is the state where claims would be settled without any final payment
being made. We will call this state ClosedO.

e Finally, the last one is the state where claims would be settled with a final payment.
We will call this state Closed+.

The three first possibilities are states where claims are not settled yet. These three cases
will then transition into different states in continuous time :

e For the IBNR state, claims could transition to RBNP.
e For the RBNP state, claims could transition to RBNS, ClosedO or Closed+.
e Finally, if the claim is in the RBNS state, it could transition to Closed0 or Closed+.

The two last possibilities (Closed0 and Closed+) are states where claims are settled. As
it is assumed that when a claim is closed it could not reopen, there is no possibility of
transition from these two last states.

Discrete-time model

We will here use a discrete-time model with a time step of one year as it is the most
commonly used time step in the insurance field.

The evolution of the state of a claim is then given by the stochastic process
S = {850, 51,52,...., 597}

with T" being the maximum number of years until all claims are settled.
As all claims are initially in the IBNR state, we have Sy = IBNR for all claims. We also
have St = Closed0 or Sr = Closed+ as all claims are settled after a maximum of T" years.

There will therefore possibly be one or more transitions in each period depending on the
evolution of the claim. For example, a claim could go from the IBNR state to the RBNP
state and then from this last state to the RBNS state and that only in one year. As we are
working in a discrete time model, we will only take into account the transition from the
initial state toward the state in which the claim is at the end of the period. That means
that in our example, the transition will be seen as a transition from the IBNR state to the
RBNS state.

Moreover, if several payments have been made during a single period, all these payments
will be aggregated into a single payment linked to this period.
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Each payment in a period of time will then be accompanied with a transition between
states.

Finally, the RBNS state has to be subdivided into different sub-states RBNS; with
[ = 1,2,...,n and n + 1 being the maximum number of aggregated payments before the
claim is considered to be settled’] We obviously have T' > n as claims could stay in the
same state for multiple years.

The following figure illustrate the multistate discrete-time model and the different transition
possibilities :

Closed+

A

RBNP

IBNR » RBNST RBNS2 |--------- » RBNSn

) 4
Closed0

Figure 2.1.1: Illustration of the transition possibilities of the discrete-time multistate
model.

Application to a simple example

As a simple example, we could have claims that could only go through four different states :
the IBNR state, the RBNS state, the Closed+ state and the Closed0 state.

Additionally, we assume that these claims remains less than two years in the same state,
except for the closed states which are the final states. We can see that the maximum

'Tt is indeed n + 1 and not n as there could still be a final payment when going to the Closed+ state.
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number of years until all claims are settled is four years. We then have T"=4 and n = 1.
We will also assume that there could not be claims where no payment are being made,
which means that claims could not transition from the IBNR state directly to the Closed0
one.

We have then the following figure which illustrates the different transition possibilities
based on our example :

Y

IBNR

RBNS
Closed0

Figure 2.1.2: Illustration of the transition possibilities of a simplified example.

2.2 Claim occurrence rate and reporting lag

Let’s denote N; the total number of claims during the accident year .
We assume the number of claims per year to be Poisson distributed and the independence
of the number of claims between each year. That means that we have

N; ~ Pois(w;)
with a; = E[N;] being the average number of claims for the accident year 7.

But as we know, claims could stay in the IBNR state for years. This means that we don’t
necessarily know the total number of claims for each accident year at initial time. We then
have to take into account a reporting lag, which is defined as the time that a claim stays
in the IBNR state.

Let’s now denote N;; being the number of reported claims during the accident year ¢ in the
4t development year. We also assume that these numbers follow a Poisson distribution
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and that they are independent between each other. We have then
Ni; ~ Pois(a;f35)

with «; defined hereabove and (3; being the probability that a claim initially in the IBNR
state is reported at lag j. As we can see, we have made the assumption that the probability
of reporting depending on the development year is the same for each accident years.
This means that the claim reporting mechanism does not change from accident year to
accident year, or at least if it were to change, this would have no influence on the reporting
probability.

Logically we have

as all claims should be reported after T years, with T" being the maximum number of year
until final settlement as described in the previous section.

The average number of claims per accident year ¢ reported at lag j is then given by
E[N;;] = ;5. o and f3; could be estimated with the help of a Generalized Linear Model,
and more precisely with a Poisson regression using the observed value of N;;.

Finally, the probability that a claim is not in the IBNR state at lag j, which means that
it is reported at lag j or before is defined by

J
P[S; # IBNR|S, = IBNR] = Y 4,
=1

where j could take any values ranging from 1 to 7.

Of course, as defined hereabove, we have
T
P[Sr #IBNR|S; = IBNR] = Y =1
=1
as all claims have to be reported at the horizon time 7.

Application to a simple example

Let’s retake the simple example describe in the previous section.

We recall that claims could not stay more than two years in a single state, which means
that a claim could stay at most two years in the IBNR state. We then only have £, and
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B2 as the probability that a claim leaves the IBNR state at the corresponding development
year, and all claims are reported at the latest after two years.
As

2
Y Bi=p+B=1,
j=1

we have 3y =1 — f3;.

Let’s now assume that after having done a Poisson regression, we have found that the
probability to stay in the IBNR state after the first year is equal to 10%. We have then
B1 = 0.9, which gives us [, = 0.1.

Mathematically, we will write
P[S; # IBNR|Sy = IBNR]| = 5; = 0.9

and

2.3 Cash-flows

Each transition from any state to a RBNS or a Closed+ state is associated with cash-flows
such that every time a payment is being made, the claim will transition from one state to
another until reaching one of the two final states.

Let’s not forget that we are working in a discrete-time model, which means that payments
made during the same period will be aggregated into a single payment associated with this
period.

Let’s write P, the payment made when entering the RBNS; state. This cash-flow could
either be positive or negative. It is easy to understand that this cash-flow can be positive,
as it is a payment related to the claim from the insurer towards the insured. There exists
nevertheless negative cash-flows. These are explained by the fact that if the third party
involved is recognized as being liable of the claim, the insurer will recover part if not all
of the previously paid amount. It could be only a part because the third party does not
necessarily reimburse the entire paid amount, as for example he does not reimburse the
internal settlement expenses.

The cumulative payment in state RBNS; is then given by

J
Cj - ZP[
=1

We can then define a link ratio associated with the transition from the state RBNS; to the

state RBNS, 41 :
C.
A = 23+
J Cj
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The advantage of this link ratio is that it is easier to see negative payments, as for negative
payments, the link ratio will be smaller than one.

We can then redefine the cumulative payment with the help of this link ratio. We have

j—1

Clzpl ande:PIHAlforj>1.
=1

Application to a simple example

Let’s retake our previous example and further assume that E[P;] = 10 and E[P,] = 15.

We have then

and
2

E[Cy] =) E[P] = E[P\] + E[P,] = 25.

=1

Finally, if we assume in this example that E [g—ﬂ = 2.5, we have for the link ratio

&

E[A] = E[a

} —2.5.

2.4 Switch from the Semi-Markov to the Markov model
using artificial states

Let’s first explain the principle of Semi-Markov and Markov models, and the difference
between these two as explained by Vlad Stefan Barbu and N. Liminios (2008) [11].

A Markov process, and more precisely a Markov chain is a stochastic process where the
transition probabilities from one state to another only depends on the current state, and
not on the previous ones. This property is also known as the Markov memoryless property.
For a Semi-Markov process, the transition probabilities also depend on the current state
and not on the previous ones. But in addition to that, it also depends on the time spent
in the current state. The transition probabilities will then differ according to the sojourn
time spent in the current state. Still we can see that the Semi-Markov process respect the
Markov memoryless property, but in a more flexible way.

As we can see, we have been working so far in a Semi-Markov model. Indeed, the transition
probabilities depend on the current state and on the time spent in this state, but not on
the previous states.

However, it is more appropriate to work in a Markov model, as such model eases computation.
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Indeed, we can use matrix calculation in a Markov model in order to determine transition
probabilities after several years and so on. That will allow us to determine the expected
ultimate cost.

In order to switch from a Semi-Markov to a Markov model, we will have to make our model
independent of duration effects.

We will then have to work with artificial states in order to no longer be dependent on the
duration, and therefore to be in a Markov model instead of a Semi-Markov model.

An artificial state is a fictional state in which the claim is located. It is defined as the state
in which the claim is and the number of years since it has been in this state.

However, there may no longer be a duration effect after a claim has spent several years in a
certain state. This means that after several years, the probabilities of transition from one
state to another no longer depend on the time spent in this initial state. We could then
regroup claims that have stayed enough time in this state into a single artificial state.

Mathematically, we will describe these artificial states with the process
{(S1,Dy),t=0,1,2,...}

where S; is the current state in which the claim is and D; is the duration, which means the
number of years since the claim is in this state, or when no duration effect is remaining, it
is the number of years from which there is no longer any duration effect.

As these artificial states are Markovian, we could write

Pij = P[(St+17Dt+1) :] | (Stth) - 7’]

which is the probability that the claim will be in the artificial state ;7 knowing that it
is currently in the artificial state i. As we can see, this probability only depends on the
current state, and not on the previous ones.

Application to a simple example

If we retake our previous example, we would have six different artificial states :

e The (IBNR, 0) which is the initial state.

The (IBNR, 1) which is the one-year IBNR state.

e The (RBNS, 0) which is the initial RBNS state.

e The (RBNS, 1) which is the one-year RBNS state.
e The (Closed0, 0) which is the Closed0 state.

e The (Closed+, 0) which is the Closed+ state.
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2.5 Transition probability matrix

We could then define a transition probability matrix M which will contain the transition
probabilities from one artificial state to another. We have

M = (pij)ij=1.2,..

where p; ; is the probability of transition from the artificial state 7 to the artificial state j.

In addition to that, we could define a vector w which is filled with zero except for the
artificial state which is currently occupied by the claim, which will have one as a value.
For a claim in the j** artificial state, we would then have

WT:(() e 001 0 --- 0)
with the 1 placed on the j™* entry.

With this, we can now define the probability to be at any state at horizon k£ knowing that
the initial state is given by the vector w. These probabilities are given by w' M¥.

We could then retransform these results in order to have the probability transition from
one state to another in the Semi-Markov model.

Let’s now define the matrix M as the transition probability matrix M multiplied either
with the mean of the initial payment E[FP;] or with the mean of the link ratio E[A;] where
j = 1,2, ... depending on the transition that takes place. Indeed, if we have a transition
from the IBNR or the RBNP state to the RBNS; or the Closed+ state, the corresponding
entry in the matrix M will be multiplied with the mean of the initial payment E[P],
whereas if we have a transition from the RBNS; state to the RBNS;;; or the Closed+
state, we would multiply the corresponding entry in the matrix M with the mean of the
link ratio E[A;].

This matrix allows us to retrieve the corresponding costs. Indeed, we have w! M* defining
the corresponding cost after k£ years when being in a certain artificial state defined with
the vector w.

Application to a simple example

Let’s once again retake our previous example. The transition probability matrix will then
be of the size 6 x 6 as there are six different artificial states.

We also have the vector w which is of length six, with the first entry being linked to the
artificial state (IBNR, 0), the second one to the (IBNR, 1) state, the third one to the
(RBNS, 0) state, the fourth one to the (RBNS, 1) state, the fifth one to the (Closed0, 0)
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state and finally the sixth one to the (Closed+, 0) state.

Let’s now write the different transition probabilities. We already know from the section
2.2 that
P[(S;, D;) # (IBNR, 1)|(S;-1, D;—1) = (IBNR,0)] = 8; = 0.9

which gives us
P[(St, Dt) = (IBNR, 1)’(525,1, thl) = (I]ESI\HZ{7 0)] = p1’2 = 1 — Bl = 01

which is the probability that a claim stays in the IBNR state after one year.

We also have
P[(Sta Dt) - (St—17-Dt—1)] - O

as it is not possible to remain in the same artificial state after a year has passed in our
example. This will lead us to have the diagonal of the transition matrix being equal to zero.

As previously said, a claim could not transition directly from the IBNR state to the Closed0
one, as there are no claims for which no payment is made. We have then

P[S; = Closed0|S;—1 = IBNR| = p1 5 = p25 = 0.

We also have
P[Dt Z 1|St 7é St—l] — 0

as if a claim has just moved into a new state, the time that it has spent in this new state
is necessarily smaller than one year.

Lastly we have
PI[S,; # Closed % |S;_1 = Closedx*] = 0

and
P[S; = Closed * |S;_1 = Closedx*] =1

with * = + or x = 0. These results come from the fact that when a claim is closed, it
could not reopen. It will then stays in it’s final closed state.

Let’s now assume that we have

P13 = 0.7 for Dt—l =0

P[St e RBNS|St—1 - IBNR] = { p273 = 06 fOr Dt—l - 1

which is the probability of a claim being in the RBNS state knowing that it’s last state
was the IBNR one and also knowing the time spent in this last state.
That gives us

pie=1-01-07=02 for D,y =0

P[S, = Closed+S,_, = IBNR] = { he =0
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which is the probability that a claim is closed with a final payment knowing that it was
previously in the IBNR state and the time spent in this previous state.

Let’s also assume that
P[S; = RBNS|S;—; = RBNS] =p34 =0.5

which is the probability that a claim stays in the same RBNS state for an additional
consecutive year.

Finally, let’s assume that we have

pss = 0.3 for x =0

P[St = Closed * |<St_1, Dt—l) = (RBNS, 0)] = { P36 = 0.2 for % — +.

and

_ _ | pa5 =02 forx=0
P[S; = Closed * |(S;—1, D;—1) = (RBNS, 1)] = { pus— 0.8 forx—+.

which are the probability that a claim closes with or without a final payment knowing the
time spent in the previous RBNS state.

We can then fill the transition probability matrix using all the data that we have :

0 01 07 0 O 0.2
0o 0 06 0 0 04
0 0 0 05 03 0.2
M= 0 0 0 0 02 08
o 0 o0 0 1 0
o 0 0 0 0 1

Based on this matrix, on the average initial payment E[P] as well as on the average link
ratio E[A4], we can find the matrix M. We have

0 01 0.7x10 0 0 0.2x10 0 017 0 0 2
0 0 06x10 0 0O 04x10 0 0 6 0 0 4
- 0 0 0 05 03 02x25] [0 0 0 05 03 05
0 O 0 0 02 08x25 0 0 0 0 02 2
0 O 0 0 1 0 0O 0 0 0 1 O
0 O 0 0 0 1 0O 0 0 0 0 1
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2.6 Expected ultimate cost

We can now determine the expected ultimate cost depending on the initial state of each
claim using everything that we have seen so far.

Let’s retake T' as the maximum number of years until the settlement of all claims.

We have to calculate the expected ultimate cost in different ways as we have different cases.
We have three different cases :

e The first case is for claims that are in the IBNR state. For all claims that have
occurred in the accident year ¢« and which are in the IBNR state, we have

Ucvexpected = o Z Bj (w;—BNR]- MTl)

J2jo+l

with jo > 1 being the number of years that have passed since the accident took place
and wrpyr; the vector indicating the current artificial state of the claim.

e The second case is for claims that are in the RBNP state. The expected ultimate
cost for a claim in the RBNP state is given by

expected __ , T rT
uc = wrgnpM* 1.

e Finally the last case is for claims that are in the RBNS; state. We have

j—1

Ucexpected _ Pl (H Al) (w;IéBst MT]_)‘

=1

The difference between these two last cases is that for a claim in the RBNS; state, we will
use the values that we already know, which are the value of the first payment and of the
j — 1 first link ratios whereas for a claim in the RBNP state we don’t know any of these
values. We have then to work instead with their expected values.

Application to a simple example

We will here present two different examples.

In the first example, we would like to calculate the expected ultimate cost for claims relating
to a specific accident year that are still in the IBNR state after the first development year.
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Let’s imagine that the expected number of claims for this specific accident year is equal to
10. We have then
E[N] = a = 10.

As said earlier, the maximum number of years until final settlement is 4 years, which gives
us T'= 4.

As one year has already past, claims are in the artificial state (S;, D;) =(IBNR, 1), which
gives us
wipyr=(0 1 0 0 0 0).

We can then calculate the total expected ultimate cost for claims that are still in the IBNR
state. We have then

[y Cerpected _ o 5 5, (WITBNR MTl)
=10 x 0.1(w; gy pM*1)
=0 00 0 24 13)1
= 15.4.

The expected ultimate cost for claims in the IBNR state is then equal to 15.4.

For the other example we will take a claim that is in the (RBNS, 0) artificial state with a
first known payment P, = 15.
We still have T' = 4 as the maximum number of years until final settlement hasn’t changed.

We also have
wrpnys=(0 0 1 0 0 0).

We will then have for the ultimate cost
Ucreacpected — leIEBNSj MT]_
=150 0 0 0 04 15)1
= 28.5.

The expected ultimate cost for the claim in the (RBNS, 0) artificial state is then equal to
28.5.
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2.7 Omne-year risk view

As we are working in the Solvency II framework, we are only interested in the one-year risk
view. Indeed, in the Solvency II framework, reserve risk is no longer defined as the risk that
the reserve will not cover all future payments of claims that have already occurred, but is
rather defined using the Claim Development Result. This Claim Development Result is
defined as

CDR = Reserve at the beginning of the year
— Reserve at the end of the year

— Payments occurred during the year.

We can therefore see that, in the Solvency II framework, the time horizon is only one year.
This will then prevent us from having simulation-within-simulation errors as we will only
have to determine the reserve at the beginning of the year, the one at the end of the year
and the payment that occurred between these two moments.

The reserve at the beginning of the year is given by the analytical matrix method whereas
the payment that occurred during the year will be simulated. After that simulation, we
could again calculate the reserve with the help of the analytical matrix method, but this
time the reserve is calculated at the end of the year, which means after that the simulated
payment occurred.

By repeating theses steps a large number of time, we could determine both the best
estimate, which is defined as the mean of the Claim Development Result for all these
simulations, and the required capital in order to remain solvent at a certain percentile,
which is defined as the Value-at-Risk.

Application to a simple example

Let’s once again retake our previous example. If we take the two examples from the previous
section, the reserve at the beginning of the year is equal to the sum of the expected ultimate
cost for the two different cases from which we subtract the payment that have already been
made. We have then

Reserve at the beginning of the year = 15.4 + 28.5 — 15
= 28.9.

Let’s now imagine that at the end of the year there is only one claim that came from the
IBNR state and that this claim transitioned to the RBNS state with an associated payment
equal to 25. Let’s also imagine that the claim that was in the RBNS state transitioned to
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the Closed+ state, with a payment equal to 20.
The payment that have occurred during the year is then equal to

Payments occurred during the year = 25 + 20
= 45.

As one claim is still open, we have to calculate the reserve at the end of the year for this
claim.

For that we need at first to calculate the ultimate cost for this claim. As the claim is now
in the (RBN S, 0) state, we have

wppys=(0 0 1 0 0 0).
The ultimate cost is then given by

Ucexpected _ leTMTl
=25(0 0 0 0 04 15)1
=47.5.

We have then for the reserve at the end of the year

Reserve at the end of the year = 47.5 — 25
= 22.5.

We have then for the Claim Development Result

CDR =128.9—225—45
= —38.6.

We can see that the Claim Development Result is negative in our example. If the capital
of the insurance company is lower than 38.6, it would mean that the company is not
solvent anymore. In order to prevent this from happening, we have to determine a required
capital to remain solvent, with the help of the Value-at-Risk, after having done multiple
simulations.



Chapter 3

Numerical illustration

In this chapter we will implement the Semi-Markov individual loss reserving model on
simulated data claims. We will then at first present and analyse the database. After that
we will estimate the transition probabilities as well as the cash-flows linked to some of
these transitions. With these estimations we can calculate the expected ultimate cost and
the reserve which will finally allow us to have the one-year risk view with the help of the
Claim Development Result. We will then compare our results with the initial database
and with results obtained with the Chain Ladder method.

3.1 Database

3.1.1 Individual Claims History Simulation Machine

The used data for this numerical illustration are stochastically simulated data coming
from the Individual Claims History Simulation Machine by Andrea Gabrielli and Mario
V. Wiithrich (2018) [12].

This simulation machine is calibrated to real individual insurance claims using a neural
network architecture. It then allows to simulate with a portfolio generating algorithm
individual non-life claims history from the time it occurred until the time it is settled or
after a maximum of 12 accounting years.

This tool allows us to take into account both payments and recoveries. These generated
cash-flows are simulated using a log-normal distribution, with a standard deviation parameter
which could differ depending on the nature of the cash-flow. Obviously, recoveries will
never have a value greater than the sum of the previous cash-flows so that the cumulative
payments are always positive or equal to zero.

This simulation machine is programmed in the R language. It can be downloaded from
the following website : https://people.math.ethz.ch/ wmario/simulation.html .

We have next the input parameters for this tool as well as the used input parameters for
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our numerical illustration :

V' is the total expected number of claims. This number is equal to 50 000 for our
simulation.

LoB.dist gives us the distribution for the allocation of the claims to the 4 lines of
business. We have decided to take only one line of business into account. All the
weight has then been put on the first line of business, which gives us LoB.dist =

(1,0,0,0).

inflation define a growth for the number of claims in the 12 accident years. It has
been decided that there will be no inflation for the number of claims. We have then
taken this parameter equal to 0.

seedl is the used seed for the simulation. We have seedl = 100 for our simulation.

std1 is the standard deviation parameter in the log-normal distribution for the total
claim amount simulation. We have taken stdl = 1.85.

std?2 is the standard deviation parameter in the log-normal distribution for the
recovery payments simulation. This parameter for our simulation is std2 = 1.5.

The output on the other hand are the following :

CINr is the claim ID and is unique for each individual claim.

LoB is a number ranging from 1 to 4 in order to define the line of business of the
claim. Obviously all claims have their LoB equal to 1 here as all the weight has been
put on the first line of business.

cc is a claim code and may take as value a number between 1 and 53.
AY is the accident year, ranging from 1994 to 2005.

AQ is the quarter of claims occurrence which can take value between 1 to 4. It
defines the quarter in which the accident took place.

age is the age of the insured and is ranging from 15 years old to 70 years old.

inj_part is the part of the body that is injured. It could take value between 1 and
99 depending on the injured part.

RepDel is the reporting delay of the claim and could take value between 0 and 11.
This output allows us to find the number of years that each claim has spent in the
IBNR state.

Pay; gives us the cash-flows paid in the development year j with j =0,1,...,11.
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e Open; indicate if the claim is open or closed at the end of the development year j
with 7 =0,1,...,11. It takes 1 as a value if the claim is open and 0 if it is closed.

As for our simulation, the only outputs that we are interested in are the claim ID, the
accident year, the reporting delay, the payments and finally the open parameter. We could
then remove the LoB parameter, the claim code, the quarter of claims occurrence, the age
of the insured and the injured part from the output as we don’t use these parameters.

3.1.2 Data analysis

We will now analyse our data in order to see if some adjustments need to be made.

After a first glance at the output data, we can see that some closed claims could reopen as
it can be seen in the following example :

[ ID [ Open00 Open01 Open02 Open03 Open04 Open05 Open06 Open07 Open08 Open09 Openl0 Openll ]
[55 [ 1 0 1 T 1 1 T 1 1 1 1 0|

But as we have previously said, this should not be the case. We will then ensure that each
claim stays open from the first development year and that until the final settlement. We
can see in the appendix the code that allowed us to take this into account.

If we retake the previous example, we would then have :

[ ID [ Open00 Open01 Open02 Open03 Open04 Open05 Open06 Open07 Open08 Open09 Openl0 Openll ]
[55 [ 1 T 1 T 1 1 T 1 1 1 1 0|

Another analysis shows us that some claims are not closed at the end of the development
period.
Indeed, after the 12 development years, there is still 1187 claims that are open out of a total
of 50313 claims. That is 2.36% of claims that are still open at the end of the development
period.



Numerical illustration 21

In the next figure we can see the state in which the claims are going through as a percentage
of the total number of claims :

Number of claims going through a certain state
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Figure 3.1.1: Number of claims going through a certain state.

At first, we can see that the sum of all these percentage is higher than 100%. That is
because a claim could go through different states during it’s lifetime.

We can also see that the more we advance in the RBNS states, the less there are claims
that go through these states. We have then decided to regroup all claims that have five
payments or more before final settlement in the RBNS5+ state as we already have only
0.75% of claims that have been through the RBNS5 state. We have then decided to limit
ourselves to five RBNS states as the data for more would be insufficient in order to construct
the transition probabilities for these states.

It can be seen that the final state of most claims is the Closed+ state, as 70.48% of claims
end in this state. That could be explained by the fact that a lot of claims are closing after
only one development year and, as few claims are closing without payment, the majority
of these claims are then going to the Closed+ state.
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Finally we can see that the sum of the Closed0 state percentage and of the Closed+ state
percentage is equal to 97.64%. Indeed, as we have previously said, we have 2.36% of claims
that are still open at the end of the development period, which means that the remaining
97.64% 1is settled at the end of the development period.

After some analyses, it has been decided to also aggregate data for which the time spent in
some states is to high. It has then been decided for the RBNP state to aggregate the data
for which the duration is greater than or equal to one year, whereas for the IBNR state it
is for a duration greater than or equal to two years, and finally, for the RBNS states, the
data have been aggregated for a duration greater than or equal to five years.

3.1.3 Augmented database

We will at first define two new variables :

e The State variable that correspond to the state in which the claim is at the end of the
accounting year. We can retrieve the state of each claim at any time with the help
of the R code available in the [A.2] appendix. We can see in the code that we have
indeed grouped together all claims with five payments or more before final settlement
in the RBNS5+ state.

e The Duration variable which represents in years the time that the claim has spent
on the current state. We can also retrieve the code to find the duration at any time
and for each claim in the appendix. We can see in the code that we have taken
into account that the duration for a claim in a RBNS state could not be greater than
five years, whereas for the IBNR state it is two years and for the RBNP state it is
only one year.

As a reminder, an artificial state has been defined with the help of two variables : the
state in which the claim is and the time since when the claim is in this state. We can then
determine the artificial state of each claim at any time with the help of these new variables.
We therefore switch from a Semi-Markov model to a Markov model using these artificial
states.

Finally we could build an augmented database with each line corresponding to a specific
claim associated with a development year. We will add to this augmented database the
State and the Duration variables defined hereabove as well as the Transition variable
which is equal to 1 if there is a transition from one state to another and 0 otherwise. The
construction of this database can be found in the appendix.
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As an example we can see in the next table some lines of this augmented database :

ID | AY | DY | Payment | State | Duration | Transition
1 11994 | 1 1112 | RBNS1 0 1
1 11994 | 2 0 | Closed0 0 1
2 11994 1 914 | Closed+ 0 1
3 11994 | 1 904 | Closed+ 0 1
4 11994 | 1 0| RBNP 0 1
4 11994 | 2 273 | RBNS1 0 1
4 11994 | 3 0 | RBNS1 1 0
4 11994 | 4 0 | RBNS1 2 0
4 11994 | 5 0 | RBNS1 3 0
4 11994 | 6 0 | Closed0 0 1

Table 3.1.1: Some lines of the augmented database.

We can see that the two first line of this augmented database are related to the same
claim as they have the same claim ID. Indeed in it’s first development year, the claim will
transition from the IBNR state to the RBNSI1 state. This transition will be accompanied
with a payment equal to 1112. It will then transition from the RBNS1 state to the Closed0
state in it’s second development year. As the claim is in the Closed0 state, there is no
payment associated with this transition.
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3.2 Estimation of transition probabilities and reporting
lag

3.2.1 Claim occurrence rate and reporting lag

3 calculation
At first let’s calculate 3; which is the probability that a claim initially in the IBNR state is
reported at lag j. For that we will use a Generalized Linear Model (GLM) with a Poisson

distribution. This will be done using the glm function in the software R. The code for this
calculation is available in the appendix.

We can see in the following table the results for a reporting delay of up to 5 years :

Reporting delay | Coefficient B Standard Deviation | p-value
0 -0.070694 | 0,931747 0,004619 <1076
1 0.026943 | 0,065331 0,017440 0.012171
2 -0.488922 | 0,001670 0,109109 <1076
3 -0.705145 | 0,000576 0,185700 0.000147
4 -0.683078 | 0,000318 0,249999 0.006298
5 -1.099378 | 0,000358 0,408242 <1076

Table 3.2.1: Transition probabilities from the IBNR state depending on the reporting delay.

The 3; have been calculated with a log link function that we had to multiply to the number
of claims having a reporting delay of j years divided by the total number of claims. As an
example, for a reporting delay of 2 years, we have

Number of claims with RepDel = 2
Number of recorded claims

Po = exp(—0.0707 — 0.4889) x

= 0.5714 x 0.0029
= 0.001670.

We can see from the table that the majority of claims leaves the IBNR state quite quickly, as
93.17% of claims are reported before their first development year and 99.71% are reported
before the second development year.

o calculation

We also need to determine the a; parameter which has been defined above as the expected
number of claims for the accident year i. As the inflation for the number of claims has
been taken as equal to zero, we expect that the number of claims is on average the same
each year. We will still perform a Poisson regression in order to be sure. We can see the
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code of this Poisson regression in the appendix.

The results of this Poisson regression are available in this table :

Accident year | Coefficient | o | Standard Deviation | p-value
1994 8.337588 | 4178 0.015471 <1076
1995 0.009291 4217 0.021829 0.670363
1996 -0.023981 | 4079 0.022012 0.275948
1997 -0.00962 4138 0.021932 0.660928
1998 0.015674 | 4244 0.021794 0.472036
1999 0.01095 4224 0.02182 0.615781
2000 0.001196 | 4183 0.021873 0.956392
2001 0.005728 | 4202 0.021848 0.793188
2002 0.026221 4289 0.021737 0.227712
2003 0.019202 | 4259 0.021775 0.377869
2004 -0.000958 | 4174 0.021884 0.965089
2005 -0.012524 | 4126 0.021948 0.568248

Table 3.2.2: Expected number of claims per accident year.

As expected, we can see that the expected numbers of claims per accident year are very
close to each other. It has therefore been decided to take the same parameter «; for each
accident year. This parameter will be determined as the average number of claims from
each accident year. We have then

o, =

B Number of recorded claims

~ Number of accident years
~ 50313

12
= 4192.75.

We are expecting that there will be on average 4192.75 claims each year.

3.2.2 Transition probabilities and transition probability matrix

We will now focus on the transition probabilities. Transition probabilities from one artificial
state to another are calculated using multiple Binomial GLM depending on the previous
state. The used link function for these models is the canonical link function. We are only
using one explanatory variable for this model which is the time spent in the previous state,
or the Duration variable. This variable will be treated as a categorical feature in order to
allow for more flexibility.
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As we are using a Binomial GLM with a canonical link function, the transition probabilities
will be calculated as

__exp(s)

1+ exp(s)
with s being the regression coefficient associated with the transition.

We can then build the transition probability matrix as we have the transition probabilities
from and to each artificial state. This transition probability matrix is available in the
appendix.

We can see with the help of this transition probability matrix that we are indeed in a
Semi-Markov model as the next state of a claim really depends on the current state and
on the time that the claim has stayed in this state. As an example we could take the
transition probabilities from the IBNR state to the RBNS1 state. We have

0.3203 fort=1
P(S; = RBNS1|S;_; = IBNR) =< 0.1517 fort=2
0.2781 for t = 3.

We can then see that these probabilities are different depending on the time that the claim
has stayed in the current state. Artificial states therefore remedy to this problem as the
transition probabilities do not depend anymore on the time that the claim has stayed in
the artificial state.

3.3 Estimation of cash-flows

We will now estimate cash-flows, and more precisely the first payment and the following
link ratios. We will then need an appropriate distribution in order to simulate each process.

3.3.1 Discrete mixture model

As the payments simulated in the Simulation Machine (2018) [I2] follow a log-normal
distribution, it would have been logical to modelize the payment process also with a log-
normal distribution. However this distribution does not give sufficiently accurate results.

It has then been decided to rather use a discrete mixture model combining two log-
normal distribution as these distributions give more accurate results. We will then use
the gamlss and the gamlss.mxz packages, and more precisely the gamlssMXfits function
in the software R in order to modelize the payment pattern with the help of these two
log-normal distribution.

The gamlssMXfits function will fit a mixture of K distributions according to the database.
In our case it has been decided that we will combine two log-normal distributions.
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3.3.2 Estimation of the first payment

The first payment P; is the payment that occurs when a claim is leaving the IBNR or the
RBNP state in order to go to the RBNS1 or to the Closed+ state.

As previously said, the first payment will be modelized with a mixture of two log-normal
distributions. It has been decided to take the previous state as well as the duration as
explanatory variables.

The parameters of these two distributions are displayed in the next table. These parameters
can be found using the code available in the appendix.

First log-normal distribution | Second log-normal distribution
Probability 0.502 0.498
M1 K2
Intercept 5.0930 6.1825
Previous state = RBNP 0.6209 0.6504
Duration =1 -0.0562 0.0029
Duration > 2 1.1496 -0.4090
log (1) log (o2)
Intercept 0.5695 0.6903

Table 3.3.1: Estimated coefficients for the first payment.

As we can see, the first payment tends to be larger on average when claims goes through
the RBNP state. It also tends to be larger for a duration being equal or larger than two.
We could then compute the mean of the first payment with the help of these parameters.

We now want to assess the goodness of fit of the combined distribution for the first payment.
We will then use two different methods in order to do that, one is a visual method whereas
the other one is a formal uniformity test.

For the first one we will use a PP-plot. We will then plot the empirical cumulative
distribution function of the observed first payments to see if these values follow an uniform
distribution on the unit interval. Indeed, the cumulative distribution function of the unit
uniform distribution follows a 45-degree line. The cumulative distribution function of the
observed payments should then follows the same 45-degree line.
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The PP-plot for the first payment is given by :

PP-plot for the first payment
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Figure 3.3.1: Empirical distribution function of the log-normal mixture model for the first
payment P;.

We can see in this plot that the empirical distribution function of the log-normal mixture
model for the first payment practically merges with the cumulative distribution function
of the unit uniform distribution, which means that the mixture model with the mix of the
two log-normal distributions performs well.

We have also performed a Kolmogorov-Smirnov uniformity test with the help of the
kolmogorov.unif.test function available in the uniftest package in the R software.

This test gave us a p-value equal to 9.30% which is above the usual 5% level. This result
confirms that the used model performs well.
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3.3.3 Estimation of link ratios and tie with the first payment

We have next histograms of the observed link-ratios :
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Figure 3.3.2: Histograms of observed link ratios.
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As previously mentioned, the link ratios will also be modelized with a discrete mixture of
two log-normal distributions.

However, a filter on the data will have to be made in order to avoid unrealistically large

payments. Indeed, we could expect that a large first payment will be followed with smaller
link ratios, and vice versa as shown in the figure below :

Observed first link ratios function of the observed first payments
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Figure 3.3.3: Observed first link ratios function of observed first payments.

The data will then be divided into two groups depending on the amount of the first
payment. The first group corresponds to claims for which the first payment is lower than
100 000 whereas the second one will be for claims whose first payment is greater than
100 000.

In the following tables we can then see the parameters of the mixture model for the first
link ratios and the following ones. These parameters will depend on the duration and on
the value of the first payment. These parameters can be found once again with the help

of the code in the appendix.
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First log-normal distribution

Second log-normal distribution

Probability 0.0508 0.9492
H1 K2

Intercept 0.3200 0.5262
Duration =1 -0.5701 -0.0242
Duration = 2 -2.8058 -0.0151
Duration = 3 -0.4910 -0.0392
Duration = 4 0.2155 -0.0242
Duration > 5 0.3566 -0.0101
P1 > 100000 0.6877 -0.0013
log (1) log (o2)

Intercept -0.0098 -2.1293

Table 3.3.2: Estimated coefficients for the first link ratio.

First log-normal distribution

Second log-normal distribution

Probability 0.9890 0.0110
[} K2

Intercept 0.2521 -0.5413
Duration =1 0.0001 -0.4917
Duration = 2 0.0002 -0.8701
Duration = 3 -0.0083 0.5424
Duration = 4 -0.0042 -0.3388
Duration > 5 -0.0340 0.6660
P1 > 100000 -0.0626 0.7020
log (1) log (o2)

Intercept -2.5170 0.1208

Table 3.3.3: Estimated coeflicients for the second link ratio.

First log-normal distribution

Second log-normal distribution

Probability 0.9738 0.0262
251 K2

Intercept 0.1840 -0.0680
Duration =1 0.0180 -0.2946
Duration = 2 0.0132 0.1774
Duration = 3 0.0208 0.2399
Duration = 4 -0.0237 0.2104
Duration > 5 -0.0191 0.2075
P1 > 100000 -0.0762 0.1533

log (o1) log (o2)

Intercept -2.9569 -1.2191

Table 3.3.4: Estimated coefficients for the third link ratio.
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First log-normal distribution | Second log-normal distribution

Probability 0.8238 0.1762
H1 K2

Intercept 0.5038 0.1250
Duration =1 0.0195 0.0527
Duration = 2 0.0365 -0.0962
Duration = 3 0.0105 0.0277
Duration =4 -0.3729 0.1429
Duration > 5 0.0329 -0.2281
P1 > 100000 -0.0571 -0.0710
log (1) log (o2)
Intercept -3.2521 -1.5309

Table 3.3.5: Estimated coefficients for the fourth link ratio.

First log-normal distribution | Second log-normal distribution
Probability 0.9281 0.0719
[} K2
Intercept 0.0827 -0.2413
Duration =1 -0.0082 0.3134
Duration = 2 -0.0154 0.3076
Duration = 3 -0.0220 0.2332
Duration = 4 -0.0229 0.2902
Duration > 5 -0.0376 -1.5499
P1 > 100000 -0.0308 1.8231
log (1) log (o2)
Intercept -3.6881 -10.0680

Table 3.3.6: Estimated coefficients for the fifth link ratio.
We could then compute the average of the different link ratios according to these parameters.

We will also use PP-plots and the Kolmogorov-Smirnov test in order to see if each of these
models gives us accurate results.
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We can see in the next figures the PP-plots of the empirical distribution function of the

observed five link-ratios :
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PP-plot for the second link ratio
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Figure 3.3.4: Empirical distribution functions of the log-normal mixture models for the

link ratios A; with j =1,2,...,5.
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We can see once again that the empirical distribution function for these models is close to
the 45-degree line, which means that our models perform well with the data.

However, we can see that the empirical distribution function tends to move away from the
45-degree line for higher link ratios. That could be explained by the fact that we have less
data for the last link ratios, which means that the performance of these models is slightly
worse than for the previous ones, but it remains nevertheless acceptable.

We have also performed a Kolmogorov-Smirnov uniformity test on these five models. We
can see the p-value of these tests in the following table :

A Ay As A As
pvalue | 87.20% 70.85% 69.05% 51.10% 64.70%

Table 3.3.7: p-value of the Kolmogorov-Smirnov uniformity test for the five link ratios.

We can see once again that these values are well above the 5% level, which means that the
different models fit well.

3.4 Expected ultimate cost and one-year risk view

We will here calculate the expected ultimate cost which will allow us to retrieve the reserve
for all claims and then we will calculate the Claim Development Result in order to have
the one-year risk view. We will also compare our result with a Chain-Ladder model.

3.4.1 M matrix

Now that we have the transition probability matrix as well as the mean of the first
payment and of the following link ratios, we can build the M matrix which has been
previously defined as the transition probability matrix M multiplied with the mean of the
first payment or with the mean of one of the following link ratio depending on the transition
that takes place.

We will here define two different M matrices depending on the value of the first payment.
The first one M Py <100000 15 defined as the transition probability matrix M multiplied with
the mean of the first payment or with the mean of the following link ratios knowing that
the first payment is lower than 100 000. As its name suggests, this matrix is used for claims
where the first payment is lower than 100 000.

The second one M Py >100000 ON the other hand is also defined as the transition probability
matrix but this time it is multiplied with the mean of the first payment or with the mean
of the following link ratios knowing that the first payment is greater than 100 000. This
matrix is for claims where the first payment is greater than 100 000.

The used matrix will then depends on the value of the first payment. We can see these
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two matrices in the |B.2| appendix.

However we have a problem for claims that are in the IBNR or in the RBNP state. Indeed,
if a claim is in one of these two states, we do not know the value of the first payment as the
first payment has not yet occurred. The used matrix will then depend on the probability
that the first payment is lower or greater than 100 000 knowing the previous state. We can
see in the following table these probabilities depending on the previous state of the claim :

IBNRO IBNR1 IBNR2 RBNPO RBNP1
P[P, < 100000] | 0.997334 0.998092 1 0.995085 0.98
P[P, > 100000] | 0.002666 0.001908 0 0.004915 0.02

Table 3.4.1: Probabilities that the first payment P; is lower or greater than 100 000
depending on the previous state of the claim.

As we could expect, we can see that the majority of claims are using the matrix where the
first payment is lower than 100 000 as there are far more first payment lower than 100 000
than first payment greater than 100 000.

3.4.2 Expected ultimate cost and reserve calculation

As previously said, the reserve will be calculated analytically in order to avoid simulation
within simulation errors.

We need then at first to calculate the ultimate cost in order to retrieve the reserve.
The expected ultimate cost will be calculated in the same way as it has been described in
the [2.6 section.

The expected ultimate cost for all claims that are in the IBNR state in the i** accident
year is given by

JZjo+1
+ PP > 100000] X 3 (@M 100001

J=jo+1

with the different variables also defined in the section. We can obviously see here that
the M matrix will differ depending on the probability to have a first payment lower or
greater than 100 000.
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For a claim in the RBNP state, we have

[JCexpected P[P, < 100000] x UJIEBNPMJ—TKloooool
+ P[P, > 100000] x W;BNPMglzmooool-

We can see once again that the M matrix will differ depending on the probability to have
a first payment lower or greater than 100 000.

Finally we have two different cases for claims in the RBNS state depending once again on
the value of the first payment. For a claim in the RBNS; state with a first payment lower
than 100 000, we have

j—1

Ucexpected — Pl (H Al) ((JJEBNS]. M]’_51<1000001)

1=1
whereas for a claim in the RBNS; state with a first payment greater than 100 000, we have

j—1

erxpected — Pl (HAI> (W;BNSJ-M;;ZNOOOO]‘)-

=1

We can now calculate the reserve as the reserve is defined as the expected ultimate cost
for all claims at which we will withdraw payments that have already been made.

We can see in the following table the database reserve, the reserve calculated with the
analytical method described previously and the reserve calculated with a classical Chain
Ladder method. We recall that some claims are still open after the 12 development years,
the reserve for the database as well as the reserve calculated using the Chain-Ladder
method will therefore be slightly underestimated because of this. The reserve calculated
with the Chain-Ladder method is calculated using the ChainLadder package in R. We can
see in the appendix the code that allowed us to find this reserve.

Database  Analytical method Chain Ladder
Reserve for open claims | 23 745 212 22 388 684 -
Reserve for IBNR claims 756 151 879 776 -
Total reserve 24 501 363 23 261 932 24 939 749

We can see from this table that the total reserve for the analytical method is a bit smaller
than the actual reserve whereas for the Chain Ladder method, the reserve is a bit larger.

We can still see that the reserves calculated with these two methods are very close to
the database reserve. We can therefore consider that these two models provide consistent
results, even though they tend to slightly underestimate the actual reserve.
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3.4.3 Simulations

In order to calculate the Claim Development Result, we have to simulate the transition as
well as the payments associated with some of these transitions for the coming year.

Transitions simulation

We will at first simulate the transition of open claims from an artificial state to another
one. In order to do that, we will create a cumulative distribution matrix based on the
transition probability matrix.

After that we will take a random number between 0 and 1. Depending on the value of this
number and of the cumulative distribution matrix, a certain transition will take place.

We will take the transition from the RBNP 0 artificial state as an example. As a reminder,
the transition probabilities for this state are given by

Next artificial state RBNS1 0 Closed+ Closed0 RBNP 1
Transition probability 40.08% 55.82%  2.70% 1.39%
Cumulative transition probability | 40.08%  95.90%  98.61% 100.00%

Table 3.4.2: Transition probabilities from the RBNP 0 artificial state.

We can of course see that only the non-zero transition probabilities have been put in this
table in order to have a better visibility of it.
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We have in the next figure the cumulative distribution function of the transition probabilities
from the RBNP 0 artificial state :
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Figure 3.4.1: Cumulative distribution function of the transition probabilities for the RBNP
0 artificial state.

We can then see that if the random number is between 0 and 0.4008, the transition that
takes place is the transition to the RBNS1 0 state, whereas if it is between 0.4008 and
0.9590 the transition that takes place is to the Closed+ state. After that, if the number
is between 0.9590 and 0.9861, there will be a transition to the Closed0 state and finally, if
the number is between 0.9861 and 1, the transition will be to the RBNP 1 state.

We will now focus on the transition of claims that are in the IBNR state. For that we have
previously run a Poisson regression in order to determine the §; coefficients and we have
also determined the « coefficient previously. These coefficient will allow us to determine
the number of claims which will be reported on the next year for each previous accident
year.

After that, these claims will transition from their IBNR artificial state to another open
artificial state. These transitions will be determined in the same way as it has been done
for the open claims with the cumulative distribution function of the transition probabilities
and with the random number between 0 and 1.

We can see in the appendix the R code that will simulate the transitions for claims
that are reported as well as for claims that are in the IBNR state.
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Payments simulations

We will now simulate the first payment or simulate link ratios depending on the transition
that takes place. If there is a transition to a (RBNS;, 0) or to a Closed+ state then there
will be a payment associated with this transition. We could simulate this payment as
previously with the help of the cumulative distribution function of the discrete mixture
model of the first payment or of link ratios described previously.

As an example we have the cumulative distribution function for the first payment where
the previous artificial state is the (IBNR, 0) state :

Cumulative distribution function of the first payment
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Figure 3.4.2: Cumulative distribution function of the first payment from the (IBNR, 0)
artificial state.

For instance, if the random number is equal to 0.9, then the simulation of the first payment
will be equal to 3524.76.

We can once again see the R code in the appendix that simulates payments and link
ratios for the following year. We have only taken as an example the simulation for the first
link ratio knowing that claims are in the (RBNS;, 2) artificial state at the beginning of the
year with a first payment smaller than 100 000 and the simulation for the first payment
knowing that claims are in the (IBNR, 0) artificial state at the beginning of the year.
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3.4.4 Claim Development Result

Within the Solvency II framework we are interested in the one-year risk view. We then
want to calculate the Claim Development Result. In order to do that, we need at first to
calculate the reserve. This calculation was done analytically as described previously. We
will then need to simulate transitions as well as payments that are associated with some of
these transitions for the following year. This has been done as described previously. After
these transitions we could once again calculate the reserve at the end of the year.

Finally, we can calculate the Claim Development Result as it is defined as

CDR = Reserve at the beginning of the year
— Reserve at the end of the year
— Payments occurred during the year.
We will here perform 2000 simulations. We could then retrieve the average CDR as
well as the Value-at-Risk for some quantile. We will compare these results with the one

obtained with the Chain Ladder method using the CDR. BootChainLadder function in the
ChainLadder package in the software R.

Artificial states model Chain Ladder
E[CDR] -496 973 -628 621
VaR759(CDR) -1 950 810 -1 302 628
VaRgs%(CDR) -4 098 606 -3 967 957
VaRgg 50, (CDR) -6 000 484 -6 940 663

We also have in the following plot the empirical distribution of the Claim Development
Result for 2000 simulations :
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Figure 3.4.3: Empirical distribution of the Claim Development Result for 2000 simulations.
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As we can see, the average Claim Development Result is slightly lower than zero for these
two methods. This result should theoretically be equal to zero but we can see in the
empirical distribution function that this value is quite close to zero. We can also see that
the different Value-at-Risks for the two methods are close to each other. We can therefore
estimate that our model provides us with consistent results.

The insurance company will therefore have to put 6 000 484 aside in order to be sure of
being 99.5% solvent for the coming year if we refer to the Semi-Markov model, whereas for
the Chain Ladder model the company will have to put aside 6 940 663 in order to remain
solvent at 99.5%.



Chapter 4

Conclusion

4.1 Summary of the project

In this work we have developed a Semi-Markov model in order to model the claim settlement
process. We have at first developed the theoretical part of this model which has been
illustrated with a simple example. It has then been decided to implement the Semi-Markov
model on more than 50 000 claims in order to illustrate the model numerically. Finally
a comparison has been made between the initial database, the results obtained with this
model and the results obtained with the Chain-Ladder method.

We can see that there are advantages and disadvantages to the use of this kind of model.
The main advantage is that it can take most of data characteristics into account, as for
example the state in which the claim is or the time spent in this state and so on. We
can also follow the settlement process of each claim individually. It is not possible for the
Chain-Ladder method as well as for aggregated methods to take into account such things
as all claims are aggregated.

On the other hand there is also some negative points that need to be mentioned. The first
one is that this kind of models is way more complicated. It then needs someone with a real
actuary qualification in order to understand and more specifically to implement this model
compared to the Chain-Ladder method. There is also a need of a lot of computing power,
as for only 2000 simulations it has taken more than 15 hours in order to have results for
this model. It also requires a large database in order to train the model initially as there is
a need to modelize all the different possible transitions as well as the cash-flows associated
with some of these transitions.

To conclude, we can say that this model is interesting for some cases were for example it
is needed to know the claim settlement process for each claim or for very specific claims.
Nevertheless it is still easier to use aggregate methods for more general cases where we do
not have to necessarily know the claim settlement process of each claim individually.

42
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4.2 Further possible research

However, as we can imagine, it is always possible to improve a model. As possible additions
to this model we could then

e introduce an inflation parameter, whether it is an inflation on the number of claims
according to the accident year or a monetary inflation.

e take into account the fact that a claim could reopen even after it has been closed.

e use more explanatory variables in order to determine the cash-flows, as for example
the injured body part or the age of the insured. However, there is a problem with
taking into account more explanatory variables in our case as the initial database
must be much larger.



Appendix A
R code

A.1 No reopening of claims

# We create an 0Open variable which takes the open parameter

# from the simulation machine

Open <- input[,21:32]

# We check for the greatest development year were the claim is still open

# and we ensure that the claim is open all the years before that year

for (i in 1:N){

for (j in 1:11){
if (Open([i,(13-j)] ==
Openl[i,(12-j)] <- 1

¥

1)1

A.2 Determination of the State variable

### State determination
State <- matrix(mrow = N, ncol = 12)
for(i in 1:N){
# IBNR and Closed claims
if (input$RepDel [i] !'= 0){
State[i,1:input$RepDel[i]] <- "IBNR"

}
if (YOpen[i] !'= 12){
if (Pay[i, (YOpen[il+1)] == 0){
State[i,(Y0Open[i]+1):12] <- "ClosedO"
}
if (Pay[i,(YOpen[il+1)] != 0){

44
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State[i,(Y0pen[i]+1):12] <- "Closed+"
}
}
# RBNP claims
for (j in 1:12){

if (is.na(State[i,j]) == TRUE & CumPayl[i,j] == 0){
State[i,j] <- "RBNP"

b

X

# RBNS1 claims for the first development year

if (is.na(State[i,1]) == TRUE & Pay[i,1] != 0){
State[i,1] <- "RBNS1"

}

# RBNS1 to RBNS5+ claims for the following years
for (j in 1:11){

if (is.na(State[i, j+1]) == TRUE & is.na(State[i,j]) == FALSE
& ((Payl[i,j+1] !'= 0 & (State[i,j] == "IBNR" | Statel[i,j] == "RBNP"))
| (Pay[i,j+1] == 0 & Statel[i,j] == "RBNS1"))){
Statel[i,j+1] <- "RBNS1"
¥
if (is.na(State[i,j+1]) == TRUE & is.na(Statel[i,j]) == FALSE
& ((Pay[i,j+1] !'= 0 & Statel[i,j] == "RBNS1")
| (Pay[i,j+1] == 0 & State[i,j] == "RBNS2"))){
State[i,j+1] <- "RBNS2"
3
if (is.na(State[i,j+1]) == TRUE & is.na(State[i,j]) == FALSE
& ((Pay[i,j+1] !'= 0 & State[i,j] == "RBNS2")
| (Pay[i,j+1] == 0 & Statel[i,j] == "RBNS3"))){
State[i,j+1] <- "RBNS3"
b
if (is.na(State[i, j+1]) == TRUE & is.na(State[i,j]) == FALSE
& ((Pay[i,j+1] !'= 0 & Statel[i,j] == "RBNS3")
| (Payl[i,j+1] == 0 & Statel[i,j] == "RBNS4"))){
State[i,j+1] <- "RBNS4"
+
if (is.na(State[i,j+1]) == TRUE & is.na(Statel[i,j]) == FALSE
& ((Payl[i,j+1] !'= 0 & Statel[i,j] == "RBNS4")
| (Pay[i,j+1] == 0 & Statel[i,j] == "RBNS5"))){
State[i,j+1] <- "RBNS5+"
¥
# We regroup the last payments in the RBNSL5+ state
if (is.na(State[i, j+1]) == TRUE){
State[i,j+1] <- "RBNS5+"
}
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¥

Y Openli] is the number of year that the claim i stays open and CumPayli,j] is the
cumulative payment for the claim ¢ at development year j.

A.3 Determination of the Duration variable

The duration is determined according to the previous state of the claim.

### Duration determination

Duration <- matrix(0, nrow = N, ncol=12)
for (i in 1:N){
if (State[i,1] !'= "IBNR"){
Duration[i,1] <- O
}
if (State[i,1] == "IBNR"){
Duration[i, 1] <- 1
}
for (j in 1:11){
if (Statel[i,j+1] !'= Stateli,jl){
Duration[i,j+1] <- O
}
if (Statel[i,j+1] == Statel[i,j] & Duration[i,j] < 5){
Duration[i,j+1] <- Duration[i,jl+1
}
# Maximum duration of 5 years
if (State[i,j+1] == Statel[i,j] & Duration[i,j] >= 5){
Duration[i, j+1] <- Durationl[i,j]
}

}
# Maximum duration for the IBNR and the RBNP states
for(i in 1:N){
for(j in 1:12){
if (State[i,j] == "IBNR" & Durationl[i,jl>2){
Duration[i,j] <- 2

}

if (State[i,j] == "RBNP" & Duration[i,jl>1){
Duration[i,j] <- 1

}
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A.4 Build of the augmented database

Some columns in this augmented database are here to ease future calculation. The
table only takes into account the "ID", the "AY", the "DY", the "Pay", the "Current State",
the "Duration" and the "Transition" columns into account.

### Augmented database
DATA <- matrix(nrow = N*12, ncol = 13)
DATA <- data.frame (DATA)

colnames (DATA) <- c¢("ID", "AY", "DY", "CumPay", "Pay", "Previous_State",
"Current_State", "Previous_Duration", "Duration",
"Transition", "FirstPayment", "LR", "FirstPaymentValue")

# Value of the first payment
DATA$FirstPaymentValue <- rep(FirstPaymentValue, each=12)
# Variable that tells us if the first payment is
# greater or smaller than 100k

DATA$FirstPayment <- rep(FirstPayment, each=12)
DATA$ID <- rep(1:N, each=12)

DATA$AY <- rep(input[,4], each=12)

DATA$DY <- rep(1:12,N)

# Cumulative payment

CumPay <- as.matrix(CumPay)

DATA$CumPay <- c(t(CumPay))

DATA$Pay <- c(t(Pay))

DATA$Current_State <- c(t(State))

DATA$Duration <- c(t(Duration))

# Transition for the first dvp year
for (i in 1:N){

if (DATA$Current_State[1+12*(i-1)] != "IBNR")A{
DATA$Transition[1+12*%x(i-1)] <- 1

}

if (DATA$Current_State[1+12%(i-1)] == "IBNR"){
DATA$Transition[1+12*%x(i-1)] <- O

}

# Transition for the following years
for(i im 1:(12*xN-1)){
if (DATA$Current _State[i+1] != DATA$Current_Statel[i] &
is.na(DATA$Transition[i+1]) == TRUE){
DATA$Transition[i+1] <- 1
}
if (DATA$Current_State[i+1] == DATA$Current_State[i] &
is.na(DATA$Transition[i+1]) == TRUE)({
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DATA$Transition[i+1] <- O

¥

# Determination of the previous state and the previous duration
DATA$Previous_State[2: (12*N)] <- DATA$Current_State[1:(12xN-1)]
DATA$Previous_Duration[2:(12*xN)] <- DATA$Duration[1:(12*%xN-1)]
for (i in 1:N){
DATA$Previous_State[1+12*x(i-1)] <- "IBNR"
DATA$Previous_Duration[1+12*(i-1)] <- 0

# We remove the closed claims for more than a year
# in order to reduce the size of the database
DATA <- subset (DATA,(Current_State != "Closed+" &
Current_State != "Closed0") | Duration == 0)
rownames (DATA) <- c(l:length(DATA[,1]1))

A.5 Reporting lag

### Calculation of the beta_j

# Poisson regression

glm.IBNR <- glm(subset (DATA,Previous_State == "IBNR")$Transition”
subset (DATA,Previous_State == "IBNR")$Previous_Duration,
family = poisson())

# Calculation of the Beta
Beta0 <- exp(coef(glm.IBNR)[1])
Betal <- exp(coef(glm.IBNR)[1]+coef (glm.IBNR)[2])=*

length(subset (DATA,Previous_State == "IBNR" &
Previous_Duration == 1)[,1])/length(input[,1])
Beta2 <- exp(coef(glm.IBNR)[1]+coef (glm.IBNR)[3])*
length (subset (DATA,Previous_State == "IBNR" &
Previous_Duration == 2)[,1])/length(input([,1])
Beta3 <- exp(coef(glm.IBNR)[1]+coef (glm.IBNR)[4])*
length (subset (DATA,Previous_State == "IBNR" &
Previous_Duration == 3)[,1])/length(input[,1])
Beta4 <- exp(coef(glm.IBNR)[1]+coef (glm.IBNR)[5])x*
length (subset (DATA,Previous_State == "IBNR" &
Previous_Duration == 4)[,1])/length(input[,1])
Betab <- exp(coef(glm.IBNR)[1]+coef(glm.IBNR)[6])*
length (subset (DATA,Previous_State == "IBNR" &

Previous_Duration == 5)[,1])/length(input([,1])
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A.6 Expected number of claims per year

### Determination of the alpha

N1994 <- length(subset (input, AY == 1994)[,1])
N1995 <- length(subset (input, AY == 1995)[,1])
N1996 <- length(subset (input, AY == 1996)[,1])
N1997 <- length(subset (input, AY == 1997)[,1]1)
N1998 <- length(subset (input, AY == 1998)[,1])
N1999 <- length(subset (input, AY == 1999)[,1]1)
N2000 <- length(subset (input, AY == 2000)[,1])
N2001 <- length(subset (input, AY == 2001)[,1])
N2002 <- length(subset (input, AY == 2002)[,1]1)
N2003 <- length(subset (input, AY == 2003)[,1])
N2004 <- length(subset (input, AY == 2004)[,1])

N2005 <- length(subset (input, AY == 2005)[,1])

N_AY <- as.data.frame(cbind (c(N1994,N1995,N1996,N1997,N1998,N1999,N2000,
N2001,N2002,N2003,N2004,N2005),1994:2005))

colnames (N_AY) <- c("N", "AY")

N_AY$AY <- as.character (N_AY$AY)

# Poisson regression

glm.alpha <- glm(data = N_AY, N_AY$N"N_AY$AY, family = poisson())

A.7 Cash-flows estimation

In order to estimate the cash-flows we will at first take lines of the augmented database
which are linked to the first payment or to the link ratio that we want to estimate. After
that we will use the gamlssMXfits function in order to estimate the probability and the
coefficients of the two log-normal distribution.

### Payment process

# First payment
P1DATA <- subset (DATA,(Previous_State == "IBNR" | Previous_State == "RBNP")
& Transition == 1 & (Current_State == "RBNS1" |
Current _State == "Closed+"))
P1 <- gamlssMXfits(n=10,
P1DATA$CumPay "P1DATA$Previous_State+P1DATA$Previous_Duration,
data = P1DATA, family = LOGNO, K=2)

# First link ratio
Lambdal1DATA <- subset (DATA, Previous_State == "RBNS1" &
Transition == 1 & Current_State != "Closed0")
Lambdal <- gamlssMXfits(n=10,
Lambdal1DATA$LR Lambdal1DATA$Previous_Duration+
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LambdalDATA$FirstPayment,
data = LambdalDATA, family = LOGNO, K=2)

# Second link ratio
Lambda2DATA <- subset (DATA,Previous_State == "RBNS2" &
Transition == 1 & Current_State != "ClosedO0O")
Lambda2 <- gamlssMXfits(n=10,
Lambda2DATA$LR " Lambda2DATA$Previous_Duration+
Lambda2DATA$FirstPayment ,
data = Lambda2DATA, family = LOGNO, K=2)

# Third 1link ratio
Lambda3DATA <- subset (DATA,Previous_State == "RBNS3" &
Transition == 1 & Current_State != "ClosedO")
Lambda3 <- gamlssMXfits(n=10,
Lambda3DATA$LR " Lambda3DATA$Previous_Duration+
Lambda3DATA$FirstPayment ,
data = Lambda3DATA, family = LOGNO, K=2)

# Fourth link ratio
Lambda4DATA <- subset (DATA,Previous_State == "RBNS4" &
Transition == 1 & Current_State != "ClosedO")
Lambda4 <- gamlssMXfits(n=10,
Lambda4DATA$LR Lambda4DATA$Previous_Duration+
Lambda4DATA$FirstPayment,
data = Lambda4DATA, family = LOGNO, K=2)

# Fifth link ratio
Lambda5DATA <- subset (DATA,Previous_State == "RBNSH+" &
Transition == 1 & Current_State != "Closed0")
Lambdab <- gamlssMXfits(n=10,
Lambda5DATA$LR Lambda5DATA$Previous_Duration+
Lambda5DATA$FirstPayment ,
data = Lambdab5DATA, family = LOGNO, K=2)

A.8 Reserve calculation with the Chain-Ladder method

### Mack chain-ladder analysis
# tri_dat is the upper part of the Chain Ladder triangle
for (i in 0:11){
for (j in 0:(11-i)){
tri_dat[i+1,j+1] <- cum_CF[i+1,j+1]
b



R code 51

tri_dat <- as.triangle(as.matrix(tri_dat))
Mack <- MackChainLadder (tri_dat, est.sigma="Mack")
# Calculation of the reserve for each accident year
for (i in 0:11){
CL.reserves[i+1] <- Mack$FullTriangle[i+1,12]-Mack$FullTriangle[i+1,12-1]
}
# Reserve for the entire portfolio
CL.reserves.Total <- sum(CL.reserves[1:12])

A.9 Simulation of transitions for the coming year

For claims that are reported :

### Simulation of the transitions for the coming year
NSimu <- 2000
# Augmented database with data from the current year
CYData <- subset (DATA, AY + DY == 2006 & Current_State !'= "Closed0" &
Current_State != "Closed+" & Current_State != "IBNR")
# Matrix containing realisations of a U(0,1) law
Vunif <- matrix(runif(length(CYData$ID)*NSimu),
nrow = NSimu, ncol = length(CYData$ID))

ddd <- array(data = 100, c(length(CYData$ID),
length (CumTransition[1,]), NSimu))
for(k in 1:NSimu){
for(i in 1:length(CYData$ID)){
for(j in 1:length(CumTransition[1,])){
if (CumTransition [CurrentAS[i],j] > Vunif[k,i]){
ddd[i,j,k] <- j
}

}
# We take the first state where the CDF is bigger than
# the realisation of the U(0,1) law
SimulatedAS <- matrix(nrow = length(CYData$ID), ncol = NSimu)
for(k in 1:NSimu){
SimulatedAS[,k] <- colnames(Transition) [apply(dddl[,,k], 1, which.min)]
}

For claims that are hypothetically in the IBNR state :

### Simulation of the transitions for claims in the IBNR state
# Transition when leaving an IBNR state
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Transition.IBNR <- Transition[c("IBNR_,O", "IBNR_, 1", "IBNR_,2"),
c("RBNP_,0", "RBNS1,0", "Closed0_,0", "Closed+,0")]
Transition.IBNR <- Transition.IBNR/rowSums(Transition.IBNR)
# Theoretical number of claims that will leave the IBNR state for each year
CurrentAS.IBNR <- c(rep("IBNR_ 0", round(alpha*Betal[2],0)),
rep("IBNR_,1", round(alpha*Beta[3],0)),
rep("IBNR,2", round(alpha*(l-sum(Betal[1:3]1)),0)))
CumTransition.IBNR <- t(apply(Transition.IBNR,1,cumsum))
Vunif .IBNR <- matrix(runif (length(CurrentAS.IBNR)*NSimu),
nrow = NSimu, ncol = length(CurrentAS.IBNR))
ddd.IBNR <- array(data = 100, c(length(CurrentAS.IBNR),
length (CumTransition.IBNR[1,]), NSimu))
for(k in 1:NSimu){
for(i in 1:length(CurrentAS.IBNR)){
for(j in 1:length(CumTransition.IBNR[1,]1)){
if (CumTransition.IBNR[CurrentAS.IBNR[i],j] > Vunif.IBNR[k,i]){
ddd.IBNR[i,j,k] <- j
}

}
SimulatedAS.IBNR <- matrix(nrow = length(CurrentAS.IBNR), ncol = NSimu)
for(k in 1:NSimu){
SimulatedAS.IBNR[,k] <- colnames(Transition.IBNR)[apply(ddd.IBNR[, , k],
1, which.min)]

A.10 Simulation of payments for the coming year

For claims in the RBNS1 2 artificial state with a first payment smaller than 100 000 :

# Creation of functions to optimise in order to retrieve
# the value of the payment depending on the quantile
Pred.Lambdal.2.inf <- function(x,a){
abs (pMX(x, mu=list(Lambdal$models[[1]]$mu.coefficients[1]+
Lambdail$models[[1]]$mu.coefficients [3],
Lambdal$models [[2]]%mu.coefficients[1]+
Lambdail$models [[2]]$mu.coefficients[3]),
sigma = list(exp(Lambdal$models[[1]]$sigma.coefficients),
exp(Lambdal$models [[2]]$sigma.coefficients)),
pi = list(Lambdal$prob[1],Lambdai$prob[2]),
family = 1list (LOGNO, LOGNO)) - a)

# Matrix containing realisation of a U(0,1)
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PLR_Unif <- matrix(runif (length(CYData$ID)*NSimu),
nrow = NSimu, ncol = length(CYData$ID))
# Simulation of cash-flows
for(k in 1:NSimu){
for(i in 1:length(CYData$ID)){
if (ASDatal[i,"CurrentAS" ,k] == "RBNS1,2" &

(ASDatal[i,"SimulatedAS",k] == "Closed+,0" |
ASData[i,"SimulatedAS",k] == "RBNS2,0") &
ASDatal[i,"FirstPayment",k] == "Less100k"){

ASDatal[i,"P1_LRi",k] <- optimize(Pred.Lambdal.2.inf, c(0,100),
tol = 0.0001, a = PLR_Unif[i])$minimum

For claims in the IBNR 0 artificial state :

# Creation of functions to optimise in order to retrieve
# the value of the payment depending on the quantile
Pred.P1.IBNR.O <- function(x,a){
abs (pMX(x, mu=list(P1$models[[1]]$mu.coefficients[1],
P1$models [[2]]$mu.coefficients[1]),
sigma = list(exp(Pl$models[[1]]$sigma.coefficients),
exp(P1$models [[2]]$sigma.coefficients)),
pi = list(P1$prob[1],P1$prob[2]), family = 1ist(LOGNO, LOGNO)) - a)
}
# Matrix containing realisation of a U(0,1)
PLR_Unif.IBNR <- matrix(runif (length(CurrentAS.IBNR)*NSimu),
nrow = NSimu, ncol = length(CurrentAS.IBNR))
# Simulation of cash-flows
for(k in 1:NSimu){
for(i in 1:length(CurrentAS.IBNR)){

if (ASData.IBNR[i,"CurrentAS",k] == "IBNR_,0" &
(ASData.IBNR[i,"SimulatedAS",k] == "Closed+_,0" |
ASData.IBNR[i,"SimulatedAS",k] == "RBNS1,0")){

ASData.IBNR[i,"P1_LRi",k] <- optimize(Pred.P1.IBNR.O,
c(0,10°8), tol = 0.0001,
a = PLR_Unif.IBNR[k,i])$minimum
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Transition probability matrix and M matrix

B.1 Transition probability matrix
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B.2 M matrix depending on the value of the first payment

Figure B.2.1: M matrix with P; < 100000.
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Figure B.2.2: M matrix with P, > 100000.
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