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Abstract

The growing demand for efficient and sustainable transportation systems, driven
by the necessity for faster and more affordable travel, highlights the critical
need for innovative technological solutions. Magnetic levitation (MAGLEV)
technology, with its potential for high-speed travel combined with minimal
environmental impact, emerges as a promising answer to these global challenges.
This thesis presents a comprehensive approach to the topology optimization of
conductive tracks for Electrodynamic Suspension (EDS) systems in MAGLEV
trains, aiming to enhance performance while reducing material costs.

Central to this research is the development of advanced mathematical
models based on equivalent electrical circuits, designed to accurately simu-
late the complex electromagnetic interactions inherent in Permanent Magnet
Electrodynamic Suspension (PM-EDS) systems. These models, which include
simplified and advanced plate models, were rigorously validated against Finite
Element Method (FEM) simulations, demonstrating their capability to predict
the behavior of the system under various operational conditions. The validated
models serve as a robust foundation for the exploration and optimization of
track topologies.

The study leverages density-based topology optimization techniques to
explore innovative configurations of the conductive tracks. The primary ob-
jective of this optimization is to improve the Lift-to-Drag ratio (LDR), a key
performance metric, and minimize material usage. The optimization results
underscore the potential of novel track designs that could achieve significant
improvements in performance, efficiency and cost.

The research also investigates intuitive topologies inspired by obtained
results and prior knowledge. These intuitive designs provide complementary
elements to potentially enhance the Topology Optimization (TO) results.

This work contributes to the advancement of MAGLEV technology by
providing a detailed framework for the optimization of conductive tracks.
The findings offer valuable pathways to developing more efficient and cost-
effective high-speed rail systems, with the potential to impact the future of
transportation.
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Nomenclature

Abbreviations

AVM Adjoint Variable Method

EDS Electrodynamic Suspension

EDW Electrodynamic Wheels

EMF Electromotive Force

EMS Electromagnetic Suspension

FEA Finite Element Analysis

FEM Finite Element Methods

HPMA Halbach Permanent Magnet Array
KVL Kirchhoff Voltage Law

LDR Lift-to-Drag Ratio

LIM Linear Induction Motor

LSM Linear Synchronous Motor

LWR Lift-to-Weight Ratio

MAGLEV Magnetic Levitation

MIS Material Interpolation Scheme
MMA Method of Moving Asymptotes

PM  Permanent Magnet

PM-EDS Permanent Magnet Electrodynamic Suspension
RAMP Rational Approximation of Material Properties
SCM  SuperConducting Magnet

SIMP Simplified Isotropic Material with Penalization
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TO

Topology Optimization

Greek letters

Te

Tm

Adjoint variable

Design variables

Penetration depth [m]
Wavelength of PM array [m]
Magnetic permeability of the material [H/m]
Angular frequency [rad/s]
Magnetic flux through a discrete loop [Wh]
Electrical resistivity of the material [Qm]
Electrical conductivity [S/m]
Coil pitch [m]
Pole pitch [m]

Alpha numeric symbols

Az
Ay
B

Discretization length along the x-axis [m]
Discretization length along the y-axis [m]
Magnetic flux density [T]
Peak magnetic flux density [T]
Current density [A/m?]

Number of mutual inductances in the longitudinal direction

Number of adjacent windows considered in the equivalent inductance
computation in the advanced plate model

Number of mutual inductances in the transverse direction

Thickness of the track [m]
Thickness of the permanent magnets [m]
Air gap thickness [m)]
Longitudinal velocity of the magnetic field [m/s]
Width of the track [m]
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w,,  Width of the permanent magnets

Wy X Wy, Cross-sectional area of the branches
E Induced voltage

L Inductance

R Resistance
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Chapter 1

Introduction

This chapter provides an introduction to Magnetic levitation (MAGLEV)
transportation, setting the stage for research. It begins with a general overview,
discussing the environmental and operational benefits of MAGLEV systems
along with an initial look at some existing challenges. We then shift to a
brief historical perspective, highlighting the evolution and current trends in
MAGLEV globally. Detailed insights into the principal MAGLEV technologies,
Electromagnetic Suspension (EMS) and Electrodynamic Suspension (EDS),
are explored in Section 1.3, with the EDS technology being central in this
study. The chapter concludes by clearly defining the objectives, scope, and
methodology of the research.

1.1 Overview of MAGLEYV Transportation Sys-
tems

As Lee, Kim, and Lee discuss in [16], as the global population increases and
living areas expand, the limitations of traditional automobiles, air services,
and other conventional transportation methods become apparent, especially
for mass transit. This growing demand for rapid, reliable, safe, and efficient
transport systems calls for innovative solutions that are sustainable, convenient,
low-maintenance, and broadly applicable [18]-[4].

MAGLEV train technology, which is based on the use of magnetic forces
from strategically placed magnets or electromagnets to levitate, guide and
propel the vehicle electromechanically a short distance above the guideway, as
shown in Fig. 1.1, represents a leap forward in transportation. The propulsion
of such MAGLEV trains is assured by a linear motor, that can be either a Linear
Induction Motor (LIM) or a Linear Synchronous Motor (LSM)[19]-[21]. This
MAGLEV technology eliminates the need for traditional components such as
wheels, axles, and bearings, offering speeds that traditional systems can’t match
with the added benefit of having a minimal environmental impact[16],[4],[22].



1.1 Overview of MAGLEV Transportation Systems

Lewtatlon

ﬂ
. .. Guidance

Guidance = \ m

Figure 1.1: MAGLEV train Simplified Working Principle [1].

Unlike wheeled trains, which face limitations due to frictional wear and tear
and the impact of weather conditions [16],[22], MAGLEV trains are designed
to mitigate these challenges, offering a more durable and efficient mode of
transport. The frictionless operation of MAGLEV trains circumvents issues
like mechanical strain and deterioration caused by friction encountered by
high-speed conventional trains, promising higher speeds without the associated
rapid wear of components, thus reducing maintenance costs [23],[24].

MAGLEYV trains also provide several additional benefits. They operate
without wheels, drastically reducing noise and vibrations and inherently pre-
venting derailments [1],[22],[3], which enhances safety. Even in the event of
malfunctions, emergency systems can be readily implemented [25]. Their su-
perior performance in terms of acceleration and deceleration facilitates better
hill-climbing capabilities, and they require smaller radii for curves. This flex-
ibility allows for more relaxed route selection criteria, ultimately reducing
construction costs as mentioned by Kim et al. [4].

Evidence of MAGLEV’s superiority can be seen in Table 1.1, illustrating
a clear comparison between MAGLEV and traditional wheel-on-rail systems.
While MAGLEV technology offers substantial advancements in transportation,
several challenges still require attention.

Safety considerations and comfort are paramount in the operation of MA-
GLEV trains notably due to the intense magnetic fields produced by the
electromagnets and superconducting magnets that drive their levitation and
propulsion systems. While these magnetic intensities are kept within human
safety thresholds, as mentioned in [16], they may still adversely affect the
comfort of passengers. To alleviate these concerns and improve passenger
experience, it is vital to implement robust magnetic shielding methods. Tech-
niques like integrating iron sheets [26],[27] or using Halbach permanent magnet
arrays [23][28]-[30] are effective in diminishing magnetic field exposure, thereby
enhancing safety and comfort aboard MAGLEV trains.



1.2 Historical Point

Table 1.1: MAGLEV Trains and Traditional Wheel-On-Rail Systems
Characteristics, adapted from [16],[1],[17].

Performance

MAGLEYV Train

On-Wheel-Rail Systems

Speed domain

Medium-low speed: 80-200 km/h
Medium speed: 200400 km/h
High speed: 400-1000 km /h

High-speed trains: 250-350 km/h
Subway: 30-60 km/h

Light rail: 40 km/h

Monorail: 20-35 km/h

Maintenance 1.2% of the total investment 4.4% of the total investment

Noise No mechanical contact 60-65 dB  Contact between wheels and rails,
75-80 dB

Curve In 30 m in radius In 150 m in radius

Grade About 80-100/1000 About 30-50,/1000

Safety No possible derailment Derails from minor defects

Specific energy  45-54 Wh/pl/km 48.5-59 Wh/pl/km

consumption

Cost of High Low

construction

Energy Very little Mechanical resistance and

consumption wheel-rail resistance

Service life

The life of rail is 80 years, and
the life of vehicle is 35 years

The life of rail is less than
50-60 years, and the life of vehicle
is 20-25 years

Mode of track
change

High difficulty and cost

Simple and low cost

Additionally, the term "MAGLEV" not only refers to the vehicles but also to
the specialized railway systems they depend on. These technologies often face
compatibility issues with traditional wheeled train systems and conventional
rail tracks, necessitating the development of entirely new infrastructure for
MAGLEV operations. Among these challenges is the difficulty in achieving
smooth and easy branching within the MAGLEV guideways [31], a significant
technical hurdle that is always being actively researched [23].

1.2 Historical Point

The realm of MAGLEV technology is always evolving with ambitious projects
[32],[33], including the notable development of Japan’s Tokyo-to-Osaka MA-
GLEV line. Anticipated to be operational by 2037, this line aims to dramatically
reduce travel times using an EDS MAGLEV train that utilizes the supercon-

3



1.2 Historical Point

ductive null-flux method [7] known as the MLX [34]-[38], as depicted in Fig. 1.2.

i
(e
L7 N\ Supercondiccting coils

(a) Propulsion-guidance coils [16]. (b) Levitation-guidance coils [16].

CL.
Carbody

Super-conducting magrw& 7’gie

Figure 1.2: Japanese MAGLEV MLX principle.

Pole-S Attraction

e > D D \Y\SiMPole-N
|‘E A E DII Pole-N D / -

vZ Repulsion | |

B

Guideway

Levitation coil
LSM primary coil

(c) Working Principle [38].

Concurrently, advancements in MAGLEV technology were not limited to
Japan. Starting in 1969, the German company Krauss-Maffei developed the
world’s inaugural MAGLEV train model, demonstrating the feasibility of elec-
tromagnetic levitation with a modest setup [22]. This pioneering model paved
the way for subsequent developments, including the successful implementation
of the TRO8, that will give birth to the Shanghai Transrapid shown in Fig 1.3.
This train operates on the line from Shanghai Pudong Airport to Longyang
Road subway station and marked the inauguration of the world’s first commer-
cial MAGLEV line [39]-[41].

Vehicle

Lateral Guidance |
Electromagnets

Support

Figure 1.3: Transrapid Principle [2].



1.3 Classification of MAGLEV Trains Technologies

Following Germany’s lead, Japan acquired the TR04, leading to the develop-
ment of the low-speed MAGLEV train HSST, depicted in Fig. 1.4, which
has been operational since March 2005 near Nagoya in Aichi Prefecture.
South Korea also embraced MAGLEV technology to address urban traffic
challenges, culminating in the development of the low-speed MAGLEV train
UTM [42]. By 2006, Korea initiated commercial operations of this train
at Incheon International Airport, highlighting the successful integration of
MAGLEV technology into urban infrastructure. In 2016, the Ecobee MA-
GLEV train, shown in Fig. 1.5, began service, exemplifying this progress [43].

2

2
B ||
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ot L Ao Figure 1.5: ECOBEE, Korean’s MA-
i GLEV Train [4].

Figure 1.4: HSST MAGLEV Sys-
tem Description [3].

The development of MAGLEV transportation over the past century un-
derscores a significant journey of innovation, initiated by German engineer
Hermann Kemper in 1922. Despite early challenges, significant progress by
the late 20th century transitioned MAGLEV from a theoretical concept to a
practical application [22].

The appeal of MAGLEV systems is rooted in their operational efficiency.
However, the considerable expense involved in constructing MAGLEV lines,
with costs of several dozens of millions of dollars per mile, presents a signifi-
cant obstacle. This financial hurdle has resulted in the cancellation of many
projects. While the operational costs of MAGLEV trains are generally lower
than those of traditional rail systems, the initial investment has sparked ongoing
debates among critics and supporters about the feasibility of broad MAGLEV
deployment [31].

1.3 Classification of MAGLEYV Trains Tech-
nologies

The two primary technologies in MAGLEV train systems are EMS and EDS,
each with distinct mechanisms and applications.
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As said in Section 1.2, MAGLEV technology evolved from conceptual de-
signs to practical applications. Nowadays, the attention has increasingly turned
towards optimizing system components for better performance and reduced
environmental impact. After introducing the two principal MAGLEV tech-
nologies—EMS and EDS—this study delves into EDS technology. Specifically,
this study explores the optimization of EDS track designs. The existing track
designs will be extensively reviewed in Chapter 2. Starting with a ladder type
of track, then reaching conductive sheet guideways and progressing toward
identifying alternative track topologies, this study aims at finding topologies
that enhance system performance and cost-efficiency.

1.3.1 Electromagnetic Suspension (EMS)

EMS technology utilizes the attractive force between onboard electromagnets
and a ferromagnetic guideway. This technology is characterized by its re-
quirement for precise air-gap control to maintain a consistent separation of
approximately 8-10 mm between the train and the track. The control of this
air gap is critical, especially as train speeds increase, making the maintenance
of stability more challenging. However, in terms of technical implementation,
EMS is often considered simpler compared to EDS [16][1]-[22].

EMS can be further divided based on the integration of levitation and
guidance systems [16]. The integrated type, exemplified by Japan’s HSST
and Korea’s UTM systems [42], combines these functions of levitation and
guidance to reduce costs and complexity but faces challenges at higher speeds.
In contrast, the separated type, such as Germany’s Transrapid, uses distinct
mechanisms for levitation and guidance, which is advantageous for high-speed
operations as it minimizes interference but requires more controllers, poten-
tially increasing complexity and cost, as mentioned by Lee, Kim, and Lee in [16].

1.3.2 Electrodynamic Suspension (EDS)

Conversely, EDS is based on repulsive forces generated by the interaction of
onboard magnets (either permanent magnets (PM) or superconducting magnets
(SCM)) with conducting coils on the guideway or a conductive sheet used as
the guideway [44],[6]. The relative movement of the magnetic field induces
current in the track. Subsequently, the moving field produces a lift force by
interacting with the induced current [22]. This system is inherently stable and
does not require active control of the air gap. With a typical air gap of around
100 mm, EDS systems are reliable and can accommodate various types of loads
[16],[4],45].

EDS is particularly suited for high-speed MAGLEV trains because it sup-
ports higher speeds without the need for precise track and levitation control



1.4 Objectives and Scope of the Study

[36],[46]. However, EDS trains require a minimum speed (around 100 km/h) to
generate sufficient levitation forces, necessitating the use of auxiliary wheels
at lower speeds. This also means that infrastructure capable of handling the
low-speed regime must be present along the entire track to accommodate emer-
gency stops.

When it comes to the magnetic field source, in this study, the focus is on
EDS using PMs, specifically referred to as Permanent Magnet Electrodynamic
Suspension (PM-EDS). This suspension system is made possible thanks to the
adoption of rare-earth permanent magnets capable of generating sufficiently
strong magnetic fields to levitate MAGLEV vehicles [6]. Additionally, the
integration of Halbach Arrays is being explored for their ability to enhance
EDS performance by more effectively concentrating the magnetic field [47]-[51],
as discussed in Section 1.1. Although SCM are prevalent in EDS applications,
their reliance on elaborate and expensive cooling solutions introduces additional
complexity.

1.3.3 Operational Considerations and System Compar-
isons

While EMS offers the advantage of operating effectively across all speeds, in-
cluding starting levitating from a stationary position, it does suffer from higher
energy consumption due to the need for constant air gap control [18],[17]. This
is less of an issue with EDS, which operates more efficiently at high speeds but
cannot provide levitation at low speeds or when stationary.

The financial implications of both technologies also differ significantly. The
construction and maintenance costs of EMS systems are influenced by the
complexity of the electromagnetic systems required for operation. In contrast,
EDS systems tend to have higher initial setup costs due to the use of expensive
superconducting materials, but potentially lower long-term maintenance costs.

With all of that said, it is important to note that the realm of MAGLEV
trains, regardless of the technology used (EMS or EDS), is continually being
explored with increasing depth [32],[33],[52]. Research and developments are
occurring globally, consistently yielding new findings and advancements that
enhance the viability and efficiency of MAGLEV technologies.

1.4 Objectives and Scope of the Study

This study explores the potential for advancements in the optimization of
track topologies for PM-EDS MAGLEV trains. Grounded in electrical circuit
theory, it aims to develop a robust mathematical model capable of simulating
existing track designs and discovering innovative configurations that could
enhance system performance and efficiency. This model will allow for a detailed
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examination of how changes in design can influence overall system dynamics.

The primary goal is to create optimized topologies for PM-EDS MAGLEV
rails that effectively integrate theoretical insights with practical design enhance-
ments. This study utilizes Topology Optimization (TO) methods to identify
track designs that not only improve operational efficiency and performances
but also prioritize material reduction to support environmental sustainability.
By achieving these design improvements, the model is expected to facilitate the

development and choice of rail designs, potentially participating in enhancing
the overall performance of PM-EDS MAGLEV systems.

1.5 Research Methodology

The research began with the development of a mathematical model utilizing
equivalent electrical circuit principles. To streamline the computations, the
model was based on a ladder track configuration model, an already established
analytical model used in PM-EDS systems and that will be discussed in Chap-
ter 2. This initial model served as a baseline, enabling basic simulation of
track interactions and was validated using Comsol Multiphysics® to ensure its
accuracy and reliability:.

Building upon the validated ladder track model, the research progressed to
a simplified conductive plate model. This model allowed for the simulation of
more detailed interactions within the track system. An advanced plate track
model was then developed, which included variations such as the introduction
of "holes’—alterations in the density of elements within the electrical equivalent
circuit’s mesh to simulate potential material and geometric optimizations. Both
configurations, with and without these density variations, were validated using
a Comsol Multiphysics® model to confirm their effectiveness.

The core of the research involved TO method, where a simplified density-
based approach was employed to explore a wide array of track configurations.
The goal was not to produce designs ready for immediate manufacturing
but to discover innovative and efficient topologies. The optimization process
utilized the Method of Moving Asymptotes (MMA), with gradient calculations
performed using the Adjoint Variable Method (AVM). This will further be
discussed in Chapter 6.

Multiple optimization scenarios were executed, focusing on varying objec-
tives such as minimizing drag while maintaining lift force, and adjusting the
density of elements in the mesh to create holes and hence possibly uncover new
EDS track topologies.

In conclusion, this research aimed to advance the design of PM-EDS MA-
GLEV track systems and laid the groundwork for future work in this area. The
methodologies developed and insights gained may opened new opportunities
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for improving both the sustainability and efficiency of MAGLEV systems in
future work ultimately leading to more practical and effective implementations
worldwide.



Chapter 2

State of the Art in PM-EDS
Track Topologies

This chapter provides a review of the research and developments in PM-EDS
track topologies for MAGLEYV systems. It reviews the literature and studies
relevant to the design and optimization of EDS tracks, establishing the context
for this thesis. By exploring both continuous and discrete track types, the
chapter highlights their technological implications, performance metrics, and
the potential for cost reduction and environmental adaptability in MAGLEV
transportation. This sets the stage for detailed investigations into optimizing
EDS topologies in subsequent chapters of the thesis.

2.1 Optimization Considerations for PM-EDS
Systems

In Section 1.3, EDS technology has already been reviewed and explained. In this
subsection, the aim is to emphasize the purpose and importance of optimizing
the design of MAGLEV trains, which involves the choice of track topologies.

As noted by Thompson, Thornton, and Kondoleon in their 1999 study on
flux-canceling electrodynamic MAGLEV suspension [53], the primary challenge
in high-speed ground transportation—whether MAGLEV or traditional high-
speed trains—is the cost associated with guideway construction. This issue of
exorbitant initial costs [12] and complexity [54] has, as mentioned in Section
1.2, led many countries to cancel MAGLEV projects and instead continue
upgrading existing rail systems and other forms of transportation.

Nevertheless, researchers agree that if the initial cost can be reduced [12],
EDS MAGLEV technology could indeed become more cost-effective than tradi-
tional rail-on-wheel systems. Considering both the infrastructure installation
and operating costs, as discussed in Section 1.1, it is clear that MAGLEV
could potentially offer a cost-effective solution with lower maintenance, reduced
energy consumption, and a more attractive travel time, thereby decreasing the

10
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capital cost per user [53].

In this context, it is clear that the successful design of an EDS system
depends on minimizing initial costs, reducing operational expenses, and main-
taining high efficiency to ensure very low power loss [53]. These aspects are
directly related to the track topology and PM configuration, meaning the design
of the propulsion and suspension systems.

Beyond cost, as mentioned in Section 1.1, comfort and safety also play a
crucial role in the final design. EDS systems have inherent stability issues,
being highly underdamped [53]. Therefore, it is necessary to introduce specific
and practical damping measures for suspension control to ensure passenger
comfort [55],[56].

In addition to the above considerations, as discussed in Section 1.1, reducing
the magnetic field in passenger compartments is crucial for the design of
MAGLEV trains. The arrangement of permanent magnets in PM-EDS systems
significantly impacts this aspect and is therefore a key part of the design
process. Common configurations for PM-EDS magnetic field source include an
alternating pattern of magnetic poles with a back-iron to close the magnetic flux
lines, as stated by Beauloye and Dehez in [6], but also the Halbach Permanent
Magnet Array (HPMA), able to polarize the magnetic field in one preferred
direction.

The HPMA creates a strong, periodic magnetic field on the track side to
enhance levitation efficiency, while nearly canceling the field on the vehicle
side [30],[57], as shown in Fig. 2.1. This setup provides greater comfort for
passengers by avoiding disturbances to sensitive electronic equipment [30]. The
different topologies of magnetic field source for PM-EDS are depicted in Fig.
2.2. As mentioned in Section 1.3, superconducting magnets can also be used
but are more complex and costly. Therefore, PM-based configurations are
preferred here as they simplify the system [57].

ty

L.

Position (cm)

(a) Magnetization Orientation [5]. (b) Magnetic field color lines [5].

Figure 2.1: HPMA Principle [5].
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/ Magnetic Field Source \

== 1

Normal-flux Null-flux

Alternate PM || Halbacharray Halbacharray

\\ -

Figure 2.2: Magnetic Field Source Topologies for EDS systems (adapted from

[6])-

Having reviewed the magnetic field source topologies, the attention is now
turned toward track topologies, which are crucial for the performance and
cost analysis of PM-EDS systems. Track topologies come in two main types:
continuous and discrete tracks.

The various configurations of PM-EDS tracks are illustrated in Fig. 2.3,
highlighting the differences between continuous and discrete types.

a N

/ 1 \ / 1 \
Discrete Continuous

S'igﬁged Inductrack 1 Ladder type Plate Split-guideway || Others

rrrrrrrrrr e

(o )

Figure 2.3: Track Topologies of EDS Systems (adapted from [6]).
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o Continuous Tracks : Continuous tracks, as shown in Fig. 2.4a and 2.4b,
are known for their simplicity and cost-effectiveness [12]. Typically made
from uniform sheets of non-ferromagnetic conductive material [30], such
as aluminum or copper, these tracks reduce initial costs by enabling easier
manufacturing processes, being simpler to install [10], even in already
existing infrastructures. Their flat shape, as mentioned by Bird and Lipo
[12], offers significant advantages in terms of electromagnetic directional
switches, maintenance costs, and reliability.

'y
ABES
L |
1 /
(a) Conductive Sheet, Plate track [6]. (b) Split-Guideway [6].

Figure 2.4: Continuous Track Configurations [6].

e Discrete Tracks : Discrete tracks, as opposed to continuous topologies,
have complex design, and most of the time due to their complexity, result
in higher initial costs. As the name suggests, these tracks can consist
of repeated separate loops made of conductive [10], as seen in Fig. 2.5b
and 2.5c. These loops can also be interconnected, as is the case with
ladder-type tracks (see Fig. 2.5a), and can even be superposed in some
cases [6].

2.1.1 Performance and Cost Assessment Metrics

After mentioning the different configurations for the magnetic field source
and tracks, this section will discuss the assessment of the performance and
cost-effectiveness of PM-EDS systems. To choose the optimal design for a
specific application, associating a magnetic field source configuration with a
track configuration, it is essential to use tools to evaluate the performance of
the design. One of the most commonly used performance indicators is the
Lift-to-Drag ratio, noted as LDR and defined as:

(2.1)
drag
This LDR indicator is based on the lift (F};4) and drag forces (Fypqy). The
lift force allows the MAGLEV train to levitate, while the drag force opposes
its motion. Fig. 2.6 illustrates these forces acting on a moving PM above the
track for a discrete and continuous configuration. They are generated through
the interaction between the conductive track and the train’s magnetic field.

13
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(a) Ladder-type [6].

>3 <
I

(b) 8-shaped coils [6].

v
—

N

(¢) Inductrack [6]

Figure 2.5: Discrete Track Configurations [6].

Figure 2.6: Lift and Drag forces acting on a PM moving above two track
configurations a) conductive sheet, b) 8-shaped coils [7].

As discussed in Section 1.3.2, the
relative movement of the permanent
magnets above the track induces Eddy
currents within it. These induced
currents will then interact with the
train’s magnetic field, resulting in
those two forces [6]. The behavior
of these forces with respect to speed
is generally consistent across all PM-
EDS configurations and is illustrated
in Fig. 2.7.

The LDR provides insight into the
long-term efficiency and operational
cost of the system at a given speed.

—— Drag
—— Lift

Force [N]

1
Vt velocity [m/s]

v

Figure 2.7: Lift and Drag Forces Varia-
tion with Speed in an EDS System.

A high LDR indicates enhanced performance, with a large levitation force and
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low resistive force. While the LDR at high speed is vital for understanding
operational efficiency, it is also important to consider other indicators to gain a
comprehensive view of the system’s performance and cost-effectiveness. One
such indicator is the Lift-to-Weight Ratio, noted LWR, presented by Beauloye
and Dehez in [6] and further developed in their subsequent paper [10]. This
indicator is more related to the initial cost and material use by providing
insights into the lift force per unit weight of the permanent magnets:

(2.2)

In addition, the “figure of merit” (f,,) can be considered. Developed by
Chen and Feng in [8], it is a dimensionless indicator that integrates various
influential factors for evaluating the performance of a MAGLEV system at a
given speed. They defined it as follows:

Fupe Fripe 1
MOI2 vderag NOUV

fm = 2’/Th€ff\/ (23)

where:

e v, is the velocity of the vehicle,

o is the conductivity of the guideway material,

V' is the volume per meter of the guideway material,

Firqg is the drag force,

Fjipe is the lift force,

hegs is the effective distance between the vehicle and the guideway.

This indicator gives insights on the long-term efficiency and power dis-

sipation by using the LDR in the second term UI;CT” It also encompasses
T rag

material cost with the last term “O%V Hence, it can be seen as integrating

both long-term operational cost and initial cost.

In the design process, it is crucial to consider both the initial cost, which
can be related to the LWR, and the long-term operational cost, which can
be related to the LDR. Finding a balance between these factors is essential
to achieve the desired performance and cost in the design of an PM-EDS
system for a given application. Using the f,, indicator can also provide valuable
insights. Of course, when assessing the performance of a configuration using
these indicators, it is important to consider the entire range of velocities, as
these indicators will vary with respect to speed.

Next, a succinct review and comparison of the different track topologies
will be done to provide more context for this study. This review aims to
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highlight key aspects and performance metrics of various configurations without
delving into exhaustive detail. For a more comprehensive analysis and in depths
optimization of these configurations, readers are encouraged to refer to the
following detailed studies: [6],[30],[12],[54],[57]-[11].

2.1.2 Focus on Discrete Tracks
Ladder type track

The ladder track configuration is a type of PM-EDS track consisting of longitu-
dinal conductive bars interconnected by transverse rungs, as seen in Fig. 2.5a.
This type of track has been extensively analyzed, demonstrating its performance
compared to other types of tracks. Beauloye and Dehez show in [10] that the
ladder track can offer a very high lift force and a high LWR but a quite low
LDR. Additionally, a large body of research, including [54] and [8], aims at op-
timizing their performance by varying the design and observing the changes in
the electromagnetic interaction between the track and the magnetic field source.

n [8], Chen and Feng varied the thickness of the ladder’s rungs and the coil
pitch which is the distance between the centers of two consecutive coils in the
guideway and will be noted as 7. in the next chapters, to observe the impact
on system performance based on the figure of merit. A simplified schematic
representing these parameters on the ladder guideway is presented in Fig. 2.8.
Their findings indicate that the best performance for ladder tracks is achieved
with a length-to-width ratio of one and using thick transverse and longitudinal
bars.

Additionally, Akinbiyi et al. in
[54] investigated the effects of varying
the pole pitch, which is the distance
between the centers of two consecutive
magnetic poles of the same polarity
in a permanent magnet array and will
be noted as 7, in the next chapters,

relative to the coil pitch 7.. In Fig.
2.9, a schematic of a ladder-type track
with HPMA above it is depicted. In

this schematic, 7. and the wavelength

of the array field () are indicated. Figure 2.8: Simplified stick schematic

Typically, 7, corresponds to half the of the ladder track and dimensions
wavelength or half the period of the (adapted from [8]).

PMs.

The authors highlighted the need to find a balance between a large ratio
7 which offers a high lift force and small fluctuations in the levitation force
for a low LDR, and a smaller ratio, which provides a lower lift force and larger
fluctuations in the levitation force for a higher LDR.
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Figure 2.9: Simplified model of a HPMA above a the ladder track (inspired by
[9)-

Physically, a smaller 7= can be seen as reducing the length between two
transverse bars. It has been shown that the transverse bars primarily influence
the drag, while the lift is mostly influenced by the longitudinal bars [8]. Hence,
reducing the ratio can be seen as having more transverse bars per pole pitch,
which increases the drag and negates the increase in lift. Therefore, a smaller
ratio, longer coil lengths, tends to decrease the drag force and result in a higher

LDR [54].

In the case of the ladder track, the behavior observed in Fig. 2.7 can be
explained easily. For discrete tracks, each loop can be represented using a
filament model, as introduced by Hoppie [8],[59]. By using a lumped parameter
equivalent circuit [9], as shown in Fig. 2.10, it is possible to represent the loops
with parameters R, L, and E, which stand for the global resistance, inductance,
and induced back-electromotive force respectively, as demonstrated by Beauloye
and Dehez [6]. The authors demonstrated that this simple model allows us to
derive expressions linking the lift and drag forces to the reactive and active
power:

P 1 E?’R
Fimg = — = — = 2.4
drag = T U R2 + (wL)? (2:4)
1 FEwL
Flift - Q (25)

v v R2+ (wL)?

A detailed explanation of how these equations account for the behavior of
liftt and drag forces with respect to speed in discrete tracks can be found in
Beauloye [6]. It is shown that, increasing the inductive effects help in achieving
better operational efficiency. This idea will be discussed further in the context
of inductive loading in the Inductrack configuration (see Fig. 2.5¢).
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Figure 2.10: Lumped parameters equivalent circuit.

Inductrack

The Inductrack configuration, depicted in Fig. 2.5c, integrates a Halbach
Permanent Magnet Array mounted on the vehicle, which interacts with a track
composed of a longitudinally packed array of shorted coils [6],[57],[58]. The use
of the HPMA enhances the system performances by optimizing the magnetic
field distribution and focusing a strong magnetic field onto the track. This
configuration is capable of achieving very high LDR, reaching values of 200:1
and more at operational speeds [57],[58].

In [57], Post and Ryutov developed an analytical model based on circuit
theory and derived an expression for the LDR as:

LDR =

Fina R A LR

With the excitation frequency, w, determined by the wavelength of the
Halbach array field, A [m]. This expression shows that the LDR increases
monotonically with velocity, while the drag varies inversely with velocity at
high speed.

The authors also introduced a quantity called the transition velocity, de-
noted as v;. This velocity corresponds to the point where the lift and drag
forces are equal and is shown in Fig. 2.7 with the dashed vertical bar. A
low transition velocity generally indicates that the system can levitate the
vehicle at very low speeds because the lift reaches a higher value much faster,
significantly enhancing the system’s performance and efficiency. In the case of
the Inductrack, this transition velocity can be as low as a few kilometers per
hour, allowing the lift forces to increase rapidly and stabilize at a high value
at relatively low speeds, while the drag forces decrease quickly as the system
approaches its operational speed.

This configuration offers numerous advantages, including low levitation
speed and a high LDR, which leads to high operational efficiency. It is an ideal
choice for MAGLEV train applications requiring quick starts, high speeds, and
efficiency. In this type of setup, an inductive loading can be done by adding
ferromagnetic material to the lower side of the coil, as it can be seen in Fig.
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2.5¢, further increasing the LDR as mentioned in the subsection concerning
the ladder topology [6]. However, it does reduce the maximal levitation force
achievable per unit area [57].

Despite these advantages, the configuration can be costly due to the amount
of conductive material required and it’s really low LWR indicator. They also
exhibits inherently low, and even negative, lateral stiffness [6]. As a result,
guiding systems are necessary, which introduces both initial and long-term
costs that need to be considered.

The Inductrack is continuously being explored with new projects. Post
and Ryutov, following their successful work detailed in [57] are now being
sponsored by NASA for another small-scale design to investigate the feasibility
of launching rockets using a MAGLEV track.

Simple discrete loops

The behavior of the simple discrete loops configuration, shown in Fig. 2.11, is
very similar to the ladder-type track. In fact, the ladder track can be seen as
a simple discrete loop configuration where the transverse bars are connected
to one another [8]. In terms of LDR and LWR, in [10], Beauloye and Dehez
consider the simple discrete loops configuration as a trade-off between the two
previous track configurations, offering good performances and reducing the
amount of materials compared to the Inductrack.

v
—

INENEE

Figure 2.11: Simple discrete loops track [10].

8-shaped coils, Null-flux

The 8-shaped, null-flux coils configuration, as depicted in Fig. 2.5b, was in-
troduced by Danby and Powell in 1966 [60],[61]. It was first based on the
use of superconducting magnets and 8-shaped coils, called the ground coils.
This initial proposition led to numerous new designs and improvements, in-
cluding a practical implementation with the Japanese MAGLEV train, MLX,
mentioned in Section 1.2, and based on these SCMs and null-flux track topology.

This configuration exhibits the same behavior in the evolution of lift and
drag forces with respect to speed. Cai et al. in [11] show that at high speed,
the lift and guidance forces stabilize. The drag force, which can be related to
power loss, increases monotonically at low speed. Once the speed is sufficiently
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high, the drag force starts decreasing proportionally with v~ and stabilizes.

In the case of null-flux configuration, the 8-shaped coils can be mounted on
the lateral walls as has been done for the MLX MAGLEV train (see Fig. 1.2).
One advantage of this track configuration is the existence of a vertical equilib-
rium position when the magnetic field source is perfectly centered between the
upper and lower loops of the 8-shaped coils of the track. In that position, there
is no current in the coils, generating no losses [6]. However, if the magnets
deviate from this centered position, a current is induced in the coils. According
to Lenz’s law, this induced eddy current generates a magnetic field opposing
the changes in the source field [11]. This force is seen as a restoring force acting
as a spring [53], ensuring stability.

Regarding lateral stiffness, in clas-
sical EDS systems using the null-flux
configuration, the 8-shaped coils are
positioned on the left and right sides
of the vehicle (see Fig. 1.2b). When
the vehicle is centered horizontally,
the difference in forces from each side
is null, no guidance forces are applied
on the vehicle. However, when a lat-
eral displacement occurs, the forces
generated on the left and right sides of
the vehicle become unequal, leading
to different drag and lift forces across
the train [11]. One way to overcome this issue, is the cross-connected structure.
As depicted in Fig. 2.12, this structure improves the guidance of the system
by connecting the left and right sides together. When the train is off-center,
it generates guidance forces that tend to return it to the center of the track.
These forces reach their minimum when the train is effectively back at the center.

3

Figure 2.12: Schematic of the guid-
ance and levitation systems on a cross-
connected null-flux coils structure [11].

The configuration using SCMs offers excellent lateral stiffness but is very
complex and expensive. The configuration using permanent magnets aims to
mitigate these issues. However, when compared to other configurations, it has
the lowest LWR, and although its LDR is high, it is not sufficient to compensate
for the low LWR. This results in a relatively low lift with respect to the weight
of the PMs [10]. Given this, the configuration could still be used, but it should
be supplemented by other systems to achieve better performance and hence
increasing the costs.

2.1.3 Continuous Tracks
Plate, Conductive sheet track

This track configuration is shown in Fig. 2.4a. It is a continuous type of
track using sheets of non-ferromagnetic conductive materials, as mentioned
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in Section 2.1. The advantages of these tracks have already been covered:
simplicity resulting in lower initial costs, reduced material requirements, and
easier installation.

When compared to ladder or flat discrete coil configurations, these tracks
exhibit higher lift and generally provide a relatively low LDR. Their simplicity
also works to their advantage, as they offer an easier way to achieve high lift
and great stability.

However, complex phenomena are generally not considered when assessing
the performance of conductive sheet tracks. Similarly, discrete tracks mod-
elling is highly simplified. For example, although the overall behavior of the
liftt and drag forces is similar to the one depicted in Fig. 2.7, the inherent
electromagnetic interactions are much more complex. In the case of continuous
plate tracks, the skin effect and diffusion angle, which will be explained in
more detail in Chapter 3, have a significant impact on the electromagnetic
interactions and performance of the track [6]. These factors are often over-
looked, leading to potential significant inaccuracies in LDR and cost predictions.

When compared not only to the ladder track but to all configurations,
continuous tracks have certain advantages, such as lower initial cost, as demon-
strated by a high LWR, along with their simple form and installation process.
However, their LDR is among the lowest of all track configurations as explained
in Beauloye [10]. Additionally, they suffer from poor transverse stability [54], a
common issue in EDS systems using flat tracks [6]. When the PMs above a
single flat guideway are off-center, the induced currents generate a force that
pushes the vehicle even further off-center. Resulting in high operational costs
due to the need for additional systems for lateral stabilization and increased
power losses.

Split-guideway

The split guideway track, similar to the conductive sheet track, utilizes non-
ferromagnetic conductive materials such as aluminum or copper sheets, thereby
retaining all the advantages of continuous plates. However, it features a unique
design where the guideway is split into two sections (see Fig. 2.4b), which
impacts its performance and electromagnetic characteristics.

The concept of the split guideway track has been extensively reviewed by
Bird and Lipo in [12]. The authors linked the split-guideway to the use of
Electrodynamic Wheels (EDW), as shown in Fig. 2.13, which generate lift,
thrust, and guidance forces as the magnets rotate over the split sheets. They
demonstrated that this type of guideway, in contrast to the conductive sheet
configuration, offers good transverse stability. When the wheel is off-center,
guidance forces are passively generated to return the vehicle to the center of
the track.
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Halbach Rotor

Guidance
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when rotor is
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(a)

Figure 2.13: EDW and Split-guideway a) EDW above split-guideway [12], b)
Halbach array rotor (EDW) over flat guideway [13].

In conclusion, while this configuration has slightly lower lift and overall
performance than the plate configuration, it allows for lower operational costs
since it does not require additional lateral stability systems.

2.2 Conclusion and Research Objectives

In this chapter, we reviewed the advantages and disadvantages of existing EDS
track topologies, laying the groundwork for the research presented in this thesis.
Our goal in this research is to identify new topologies that can subsequently
be considered and optimized in shape to determine the best design for specific
applications. The final goal of this thesis is to create an efficient method for
discovering new useful track topologies. Our focus is on flat tracks, starting
from a continuous plate. The resulting topologies can be continuous or discrete,
as the ladder track.

To effectively assess the performance of a track and optimize its shape
and topology, it is essential to develop accurate models—both analytical or
numerical. Several documents provide in-depth analyses and models for both
discrete and continuous tracks. For instance, analytical models using equivalent
electrical circuit models have been extensively developed for different discrete
track topologies, such as the ladder track, as seen in the works by Beauloye
and Dehez [6],[10], and in the work of Storset and Paden [9],[62], as well as the
inductrack in the studies by Post and Ryutov [57], among other works.

Building upon these existing methodologies, this thesis develops a similar
type of model for the conductive sheet track. The first step involves using
equivalent electrical circuits, as demonstrated in previous research on ladder
tracks. This approach is then refined until reaching a conductive plate model
flexible enough to serve as the framework for a density-based topology opti-
mization (see Chapter 6).

In summary, by leveraging an existing model—the ladder track model, de-
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2.2 Conclusion and Research Objectives

veloped in the next chapter—this study develops and validates a new analytical
model while verifying the feasibility of using this model in TO. This final
comprehensive model allows the potential access to new track configurations,
and subsequently can also be used to refine the shapes to enhance their perfor-
mances or the performances of already existing track topologies.
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Chapter 3

Initial Model Development,

Ladder Track Model and
Validation

In this chapter, the initial concept that led to the development of the analytical
model for the topology optimization and performance modeling of flat tracks in
PM-EDS systems is presented. The first section covers the general methodol-
oqy, including the assumptions and simplifications made. The mathematical
development of this initial model is then discussed. Finally, the methodology
and the initial model are validated using a finite element method (FEM) model
developed in Comsol Multiphysics®.

3.1 Basic Modeling Concepts

The objective is to present the fundamental concept that leads to the devel-
opment of an analytical model enabling the use of density-based TO on a
conductive plate track.

For this conductive sheet model, a network of equivalent electrical circuits
was employed to represent the physical electromagnetic domain. The domain
was decomposed into elements via a mesh, as illustrated in Fig. 3.1. Each
element in the mesh is represented by an equivalent circuit consisting of four
lumped inductances (L;, L., Ly, Lg), four resistances (R;, R,, R,, Ry), and
induced voltages (F,, F4) in the transverse direction, along the y-axis. The
structure of this circuit closely resembles that shown in Fig. 3.1, providing a
detailed schematic representation of the electromagnetic interactions within
the system.

The values of the inductances and resistances are determined by the dis-

cretization of the region being studied and the dimensions of the cross-section
considered for the discrete equivalent circuit branches. The resistance for each
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3.1 Basic Modeling Concepts

element can be expressed mathematically as follows:

Az/2
R—R — " x/

= — A
Wie X Wie Wie X Wie

(3.1)

In this expression, p denotes the electrical resistivity of the material, wy. X wy,
is the cross-sectional area of the conductive branches, taken as identical for
the vertical and horizontal branches for the rest of the study, and Ax and Ay
represent the discretization lengths along the z-axis and y-axis, respectively.

The induced voltages within the system are derived based on the relative
motion between the magnetic field and the conductive material. This derivation
takes into account the speed and geometry of the system as well as the mesh
configuration.

This representation, which employs a network of equivalent electrical circuits,
allows for precise modeling of the electromagnetic interactions within the system.
It sets up a robust framework for the application of TO.
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Figure 3.1: Mesh representation of the physical domain and its equivalent
circuit elements.

3.1.1 Assumptions

Modeling a continuous track using equivalent circuit models necessitates as-
sumptions and simplifications that might limit the model’s ability to capture
the complex electromagnetic interactions within the system accurately. One key
assumption pertains to the distribution of the induced current in the conductors,
which is considered uniform across the entire cross-section, locally induced
currents being disregarded [10].

A significant effect neglected under this assumption is the skin effect. The
skin effect describes how alternating currents and magnetic fields tend to be
confined closer to the surface and to a smaller effective cross-sectional area
within a conductor at high frequencies [6]. According to Wheeler [63], the
penetration depth of the currents is dependent on the angular frequency of the
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3.1 Basic Modeling Concepts

alternating current or magnetic field (w) and the properties of the conductive
material, including its resistivity (p) and permeability (u), and is defined as:

_ ]2
Sgtin = ,/w (3.2)

The angular frequency (w) can be expressed as:

TV,

(3.3)

w =
Tm

where:
e v, is the longitudinal velocity of the magnetic field.
e T, is the pole pitch of magnetic source field.

The Fig. 3.2 illustrates this effect for multiple values of v,. It is evident
that the penetration depth decreases as speed increases. Additionally, the
electromagnetic field diffuses into the conductive material at an angle rather
than perpendicularly to the surface. As speed increases, this diffusion angle also
increases, thereby altering the current distribution in the discrete conductors
considered.

To mitigate inaccuracies, thin plates are often studied, as larger cross-
sections of the discrete branches would exacerbate the inaccuracies at higher
speeds. The finite thickness of the conductive sheet is then accounted for only
by adjusting the resistance values.

b b L = 35 8 08 e & L L 8 58 8 Z

(=] (=] o o e el =]

Current density J, [A/mm?] Current density J, [A/mm?]
(a) (b)

Figure 3.2: Current Density Distribution in Conductive Plates Showing the
Skin Effect and Diffusion Angle at varying speed. (a) at 10 m/s (b) at 50 m/s

[6].

An approach to address these complexities involves using a three-dimensional
(3D) modeling method by dividing the plate into infinitesimally thin layers,
each decomposed into a mesh of equivalent electrical circuits, which are then
electrically connected to one another vertically. This method allows for a more
accurate representation of the skin effect and the angle of diffusion, as each
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3.1 Basic Modeling Concepts

layer accounts for varying current densities and magnetic field penetrations at
different depths. However, implementing a full 3D model increases computa-
tional complexity. The relevance and potential benefits of such a 3D model
for optimizing the topology of flat PM-EDS tracks will be discussed in Chapter 8.

Additional assumptions in the modeling process include the following [9],[10]:

« Considering the geometry as infinite along the z-axis [6], neglecting end
effects.

o Assuming the magnetic field moves at a constant speed v, in the z-axis
direction.

» Considering a constant air gap, noted as t,4, between the track and the
magnetic field source.

o Assuming the magnetic field as periodic.

With these assumptions, the model enables the static analysis of electro-
magnetic interactions and, consequently, the computation of static forces for a
given longitudinal speed v, and a constant air gap value .

3.1.2 Simplifications Toward the Ladder Track Model

To develop the final model for the topology optimization of the flat track, it is
essential to establish a strong foundation. Therefore, the process began with a
simplified model.

Rather than immediately working with a full conductive sheet, an already
developed topology, the ladder track, was initially considered. This topology has
been previously modeled in previous works using equivalent electrical circuits
[10],[9], providing a robust basis for the development of a more advanced model.

From the mesh representation of the physical domain shown in Fig. 3.1, the
equivalent circuit for a ladder track can be derived. The Fig. 3.3 demonstrates
how a row of the mesh can be seen as the equivalent circuit of a ladder track.

The Fig. 3.4 illustrates the ladder topology with a HPMA moving above
the track at a speed of v, and with an air gap t,, between the track and the
HPMA array. This figure depicts most of the geometric parameters of the
PM-EDS system while Table 3.1 summarizes all its parameters.

3.1.3 Magnetic Field Source

In this study, a HPMA can be considered as the magnetic field source, as
depicted in Fig. 3.4. This type of permanent magnet array produces a quasi-
sinusoidal periodic magnetic field. The expression for the magnetic flux density
generated by such array is given by Halbach in [64] and further developed
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3.1 Basic Modeling Concepts

Figure 3.3: Transformation of a Mesh Representation to a Ladder Track
Equivalent Circuit.

Figure 3.4: Geometric Representation of the Ladder Track Topology with
Halbach Array. (a) Depiction of the ladder topology with a HPMA moving
above the track (inspired by [9]). (b) Hlustration of the cross-sectional view of
the track.

by Storset and Paden in [9]. The authors describe the magnetic flux density
B(z, 2z) the following way:
B(z,z) = Boe ™* " (&, sin(kwz) + é, cos(kwx)) (3.4)
v=0
where By is the peak magnetic flux density, w is the wave number, k is a
harmonic number, z and z are spatial coordinates, and e* and e* are unit
vectors in the x and z directions, respectively.

The peak magnetic flux density By is given by:

sin (ker /N)

o (3.5)

By = B, (1 _ e—kwtm)
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3.1 Basic Modeling Concepts

where B, is the remanent magnetic flux density of the permanent magnet
material, ¢, is the thickness of the magnets, € is the fractional slot opening,
and N is the number of slots per wavelength.

The wave number w and harmonic number k£ are defined as:
w=—, k=1+uN (3.6)
where A is the wavelength of the magnetic field.

For the analytical models developed in this study, the ability to account
for magnetic fields composed of numerous harmonics was considered. However,
retaining only the first harmonic dominating the field [64] still provides a valid
approximation of the total field generated, as mentioned by Storset and Paden
in [9].

Therefore, for the validation of the analytical ladder model, as well as for
the validation of subsequent models using FEM models, a simple sinusoidal
magnetic field of the following form was used:

B.(z,y) = A(ty) - sin (2; (QJ + T;)) (3.7)

with A being the maximum amplitude value of the B-field, function of the air
gap tqg, and therefore the distance between the track and the PM array. This
field is considered uniform along the y-axis.

To conclude, given the assumptions on the analytical model, the magnetic
source field is considered periodic, infinitely long in along z-axis direction, and
is taken wider than the track (w,, > w.), where w,, is the width of the PM
array and w, is the width of the track. The edge effects are neglected, and the
magnetic field is assumed to be independent of the transverse coordinate along
the y-axis. Thus being uniform on the all width of the track.
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3.2 Analytical Model Development

Symbol Quantity Value
Tim Pole pitch of the PMs 0.2 m
Wiy, Width of the PMs 0.4 m
tm Thickness of the PMs 0.05 m
tag Air gap thickness - mm
Te Coil pitch -m
W, Width of the track 0.4 m
t. Thickness of the track -m

Wee X Wi Wire cross-section - mm?

o=p! Electrical conductivity | 3.5 x 107 S/m
Uy Translational speed - m/s
Ax Discretization along x-axis -m
Ay Deiscretization along y-axis -m

Table 3.1: Electromagnetic and Structural Parameters of the System (adapted
from [10]).

3.2 Analytical Model Development

In this section, the induced currents and forces in the ladder track are computed
using the model depicted in Fig. 3.5.

Ry Ly
o o A
R, A
7N
L,“Inﬂf Ay
\\ /,
(DE,., ¢
L Y
Ry, Lu
Ax

Figure 3.5: Ladder track equivalent circuit model.
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3.2 Analytical Model Development

3.2.1 Derivation of the Induced Current Formula

By applying Kirchhoff’s Voltage Law (KVL) to the n-th loop, the following
equation is obtained:

2Ryl + Ry (21, — Iy — Ins1)

d
+ Z LVm%(]n—l-m - In—1+m)

d
+ Z LVm%([ner - In+1+m) (38)

d

+ %: QLHm%In—Q—m

= En - En+1

Here, Ly, represents the mutual inductance between a transverse branch of
the n-th loop and the corresponding transverse branch of the (n + m)-th loop.
Similarly, Ly, denotes the mutual inductance for longitudinal branches. Ly
and Ly are the self-inductances of a transverse and a longitudinal branch of
the n-th loop, respectively. The resistances of the transversal and longitudinal
branches, Ry and Ry, are defined as:

N N— (3.9)
Wie X Wi Wie X Wie

In this context, the transversal and longitudinal conductors are assumed to
have the same cross-section. For the ladder model, the lengths of the longitudi-
nal and transverse branches are taken as Ax and Ay, respectively. Specifically,
for the specific case of the ladder track, the following holds: Ax = 7., Ay = w..

Each conductor in the equivalent circuit corresponds to the fusion of two
branches of two adjacent mesh elements—top and bottom for the transverse
branches, and left and right for the longitudinal branches— a visual represen-
tation aiding understanding is shown in Fig. 3.6. The resistance values are
dependent on the geometry of the mesh elements. In this initial ladder model,
it is assumed that each mesh element has the same geometry, simplifying the
expression of the resistance. However, the resistance values are refined later to
allow for different resistivities for each mesh element, facilitating the use of a
non-uniform mesh and building a framework for the TO.

In the vehicle’s reference frame, the magnetic field remains constant, and
the vehicle’s speed (v,) and the air gap (¢,4) are assumed constant as well. In
discrete models such as the ladder track, the current patterns on the track
in the vehicle’s reference frame are time-dependent. To obtain a stationary
image of the induced current in the moving reference frame, the track current
can be sampled at specific times as mentioned by Storset and Paden in [9].
This specific time interval is dependent on the speed and the coil pitch, and is
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3.2 Analytical Model Development

Ax/2

Figure 3.6: Ladder track equivalent circuit model with mesh element dimensions

given by T, = T=. To this time interval, called the time shift, corresponds an
equivalent spatigl shift, representing the displacement achieved during the time
interval Ty. Consequently, the currents and induced voltages can be sampled
and expressed as follows:

Time shift: [,,1,,(t) = L,(t — mTy), Enim(t) = E,(t—mT;)  (3.10)
Space shift: I, () = L,(x —m7.), Epim(z)=E,(x—m7.) (3.11)

Providing a stationary image and model in the moving reference frame with
constant speed and air gap. Therefore, the total time derivative is expressed as

[8]:

d Ox 0 0
— 2 = 12
dt ~ otor "oz (3.12)
Using Eq. 3.10, 3.11, and 3.12, the KVL can be rewritten as:
2Ryl, + Ry (21, — L,(z + 7.) — I,(z — 7))
+ 3 Lymtaa (T~ m7) = Iu(r — (m — 1))
— x

0

+> LVm”m% (In(x —m7.) — I,(x — (m+ 1)7.)) (3.13)

0
+ ; 2LHmvx%[n(x — m7,)

=E,— E,(xt —m7.)

Fourier series can then be used to solve this first-order ODE [8]. For a
magnetic field composed of N, harmonics, the induced current and voltage can
be written as Fourier series [10]:

Np

In = Z Inkejwkx7 En = Z Enkejwkm (314)
k k

with w, = f—:; being the spatial frequency depending on the PM array’s pole
pitch.
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3.2 Analytical Model Development

By introducing the Fourier series, the KVL for each harmonic of the system
can be expressed as:

2 [RH + Wiy <LH0 + Z LHm(ejwkac + e—jwkm7c>>1 L

m=1

+ | Ry + jwiv, (Lvo + > Lym (ej”’“"”c + ej“”“"”c)> L (1 — 7797
m=1

B (3.15)

+ | Ry + jwirv, (LVO + Z Ly, (ejw’“mTC + e‘jw’“"”c)> T (1 — ej“’“C)

m=1

— nk(l _ ejwk'rc>

The equivalent inductances Ly, and Lp., are commonly used in discrete
PM-EDS track modeling with periodic shapes and conditions [65]. They are
defined as:

Ly g 2 Lyo+ 2 Z Ly, cos(mwyT,) (3.16)
m=1
Liieq 2 (Luo + M) +2 > (Lim + Mum,) cos(mwye) (3.17)
m=1

The term 2 cos(mwyT.) arises due to the symmetry of the system, where
Ly = Lygym and Ly_,, = Ly, and the shifts in the current loops leading
to (similarly for Lg,,) :

Ly Lo ™™ 4 Ly L ™57) = 2Ly, T cos(mwy )

For the equivalent inductance Lpq, the mutual inductance between the
considered longitudinal conductor and with the longitudinal branches on the
opposite side of the loops are also accounted for with the term Mp,,. A repre-
sentative schematic, shown in Fig. 3.7, aids in understanding these equivalent
inductances, and Section 3.3 delves more into an analysis of their behavior with
changes in the geometry of the system.
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\ / \ },’ \ /
< < o’
Ly, L, Lyt Ly Ly, | Ly,
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/
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Ly
e .
4 \ / A
A h | ko)
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Ly, L5« Lyy<”
+
—

L Veq

Figure 3.7: Equivalent Inductances in Ladder Track: symmetric Inductance
Contributions
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3.2 Analytical Model Development

The final equation is thus simplified as:

2 (RH + RV + jwkUmLHeq + jwkaLVeq - (RV + jwkmeVeq) Cos(wk7-0>) [nk
— nk(l _ 6jwk7c) (3.18)

The induced electromotive force (EMF) is derived from the fundamental
principle of the Lorentz force law. It accounts for the velocity of the magnetic
source and the magnetic field distribution along the conductor’s length:

Enk::/

Every harmonic of the current [, can be obtained, allowing for the recon-
struction of the total current in the m-th loop as:

&

v x By, dy (3.19)

w‘g v

I, =% {Z Inkejw’“(“m“)} (3.20)
k

3.2.2 Derivation of the Static Forces

The drag and lift forces can be computed using various methods. In [8], Chen
and Feng utilized the concepts of energy and magnetic co-energy. Here, the
forces are computed using a local approach based on the Lorentz force equation:

dF = Idl x B (3.21)

With this method, the magnetic flux density B is evaluated for each branch
of the ladder. The drag force is directly related to the transverse branches of
the track through the component B, of the B-field, as discussed in Subsection
2.1.2. The lift force is associated with the longitudinal and transverse branches
through the B, and B, components of the magnetic flux density, respectively.

Another method to compute these static forces involves using the intercepted
flux passing through the loops of the ladder. In this approach, the lift and drag
forces are expressed as:

o, do,,

Farag = In ) Fiipe = I,
rog T gy T,

(3.22)

where ®,, is the flux intercepted by a loop:

@n://B-ds:/ / B. dz dy (3.23)
z—Az | Ay
2 2

This latter method is used in this thesis as it simplifies the implementation
and requires only the z-component of the magnetic flux density.
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3.3 Analysis of Equivalent Inductances Behavior

3.3 Analysis of Equivalent Inductances Behav-
ior

Understanding the behavior of the equivalent inductances Ly, and L, is
crucial, as it provides insights into the number of mutual inductances that
should be considered. The impact of a loop that is too far from the considered
loop is negligible. Consequently, restricting the number of adjacent loops can
reduce computation time without sacrificing accuracy. The expressions of the
equivalent inductances, limited to a number N,, of mutual inductances, are

defined as:

Nm
Ly, 2 Lyo+2 Z Ly, cos(mwyT,) (3.24)
m=1
A N
LHeq = (LHO + MH(]) + 2 Z (LHm -+ MHm) cos(mwkTC) (325)
m=1

These inductances are influenced by the system’s geometry, notably by the
coil-pitch 7. and the magnetic pole pitch 7,, through w, = %

In Fig. 3.8, the evolution of Ly, with respect to the number of adjacent
loops or equivalently mutual inductances considered is shown. The behavior of
Leq is analogous.

Equivalent Inductance Behavior with N, and Equivalent Distance le-g Equivalent Inductance Behavior with N, and Equivalent Distance

(a) (b)

Figure 3.8: Equivalent Inductance Behavior with N,, and Equivalent Distance.
(a) shows the behavior for N, = 1000, while (b) illustrates the behavior for
N,, = 10000 adjacent loops considered.

Fig. 3.8 demonstrates that for a large N,,, the mean value of the last
evaluations converges as it correspond to a larger distance. Given this behavior,
the mean of the last evaluations is always taken as the final value for these
equivalent inductances. These last evaluations are indicated with a red box in
the figure.

By changing the coil-pitch 7, and hence Az in the ladder case, the frequency
of the oscillations changes. With a quicker convergence in the case of a larger
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3.3 Analysis of Equivalent Inductances Behavior

value of 7, since larger distance are reached for a smaller N,, or a more time-
consuming convergence in the case of a smaller value since a larger N,, is
needed to reach a large enough distance. In Fig. 3.9, both cases are shown
for smaller 7. = 1 mm and larger 7. = 5 mm. Once again, this behavior is
expected because, for the same number of mutual inductances considered, a
larger 7, means that the distance between the n-th loop and the (n + m)-
th loop is significantly greater. Therefore, limiting the number of adjacent
loops considered still reaches distances large enough to make the equivalent
inductance converge.

Equivalent Inductance Behavior with N, and Equivalent Distance le-s Equivalent Inductance Behavior with N, and Equivalent Distance

istance x [m] Distance x [m]

(a) 7. =1 mm (b) 7. = 5 mm

Figure 3.9: Equivalent Inductance Behavior with N,, and Equivalent Distance
for Different 7. Values. (a) Convergence for smaller 7. = 1 mm. (b) Convergence
for larger 7. = 5 mm.

To obtain the final value of the equivalent inductances, the mean value of
the last iterations can be taken as mentioned earlier. Alternatively, to further
reduce N,,, another method involves selecting a point corresponding to the
first point of each period of oscillation. These points are highlighted in red in
Fig. 3.8 and correspond to an exact number N,, given by:

m

Nm:pla p€Z7 p:O717"'aP (326)
Te
However, this method is less convenient as the number N, needs to be adapted
for each discretization value.

A value of N,,, = 10000 is used for the ladder track as it ensures the con-
vergence of the equivalent inductances for very small discretizations and is
not excessively time-consuming. Increasing beyond this value of N,, does not
justify the additional computing time needed. This value allows convergence
for a discretization of Az = 0.1 mm, larger than what we will be considering.

Appendix A provides a concise analysis, validation, and discussion of the

formulas employed in this study for calculating mutual inductance, which
subsequently form the basis for determining the equivalent inductances values.

36



3.4 Validation of the Ladder Track Model

3.4 Validation of the Ladder Track Model

To validate the ladder track model, a 2D FEM model was constructed using
Comsol Multiphysics®. A visual representation of this model is depicted in Fig.

3.10.

Antiperiodicity
condition

condition

19 Antiperiodicity

-30

-40

Figure 3.10: 2D FEM model of the ladder track created in Comsol Multiphysics®.

Given the periodicity of the system, the analysis was confined to half a
period of the PM array, 7,,, imposing a condition of anti-periodicity on the
model’s boundaries. In the FEM model, a depth of 1 m was considered, which
corresponds to setting w, = 1 m in the analytical model. The initial parameter

values used for PM-EDS are detailed in Table 3.2.

o018 V¥ -48.1

Symbol Quantity Value
T Pole pitch of the PMs 0.2m
Wiy, Width of the PMs 1m
tm Thickness of the PMs 0.05 m
tag Air gap thickness 5 mm
T, Coil pitch 1 mm
W, Width of the track 1m

t. Thickness of the track 5 mm

Wee X Wie Wire cross-section 5 mm?

o=p! Electrical conductivity 3.5 x 10" S/m
Uy Translational speed 1.15 m/s
Ax Discretization along x-axis Te I
Ay Discretization along y-axis W, M

Table 3.2: Electromagnetic and Structural Parameters of the Ladder Model

The geometric parameters in the analytical model were chosen to mimic a

(adapted from [10]).
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3.4 Validation of the Ladder Track Model

slitted plate (see Fig. 4.1a) with infinitesimally thin slits, more closely approxi-
mating the behavior of the 2D FEM plate model.

The z-component of the magnetic flux density used in this validation is
chosen as:

A = 4718714 0s) _ 9 9] (3.27)
B. = Asin (f (x + T;)) (3.28)

The amplitude function, A, which is a function of ¢,;, or the position of
the PM array along the z-axis, is obtained by fitting the maximum value of
the amplitude of B, in the FEM model for different values of ¢,,. This fitting
process is illustrated in Fig. 3.11b.

B Field along the z-axis (B,)

Maximum B values across different airgaps

imum |8 (T]

-40 tag [m]

0.000 0.025 0.050 0075 0.100 0125 0150 0175 0200
x[m]

(b) Fitted Maximum B, values across
(a) B Field along the z-axis (B,) different air gaps

Figure 3.11: (a) Magnetic flux density B, along the z-axis and (b) fitting of
maximum B, values for different air gaps.

The validation of the ladder model was conducted by varying several pa-
rameters, such as the speed v,, the air gap t,4, the discretization Az = 7, in
the case of the ladder model, and the thickness of the conductors t.. This
validation process involved comparing local variables, the induced currents, and
global variables, the drag and lift forces.

3.4.1 Validation of Analytical Model Through Current
Densities and Forces Comparisons

The validation of the model begins with an analysis of the impact of varying
Vg, as depicted in Fig. 3.12.

The study was limited to a velocity of 20 m/s. We can predict that, as the
speed increases, the penetration depth d:,, mentioned in Section 3.1.1, will
decrease, and the angle of diffusion will increase, leading to a more significant
deviation between the analytical model and the 2D FEM reference model.
Additionally, simulating high-velocity systems with periodic or anti-periodic
conditions in FEM models like the one used here presents several challenges

38



3.4 Validation of the Ladder Track Model

1e7 Comparison of Current Density for vy = 0.01 m/s Maximum Deviation across Velocities
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Figure 3.12: Validation of model with varying velocity v,. a) and b) current analysis. c) force
analysis.

that significantly affect computation time and feasibility.

The current density distribution in Fig. 3.12a aligns with the FEM reference
model. The lift and drag forces demonstrate that while the model accurately
predicts the trend of increasing forces with velocity, their magnitude is sensitive
to velocity changes. This sensitivity can be attributed to the skin effect and
angle of diffusion at high speed, as mentioned above. The current density
distribution in Fig. 3.12a-b shows significant deviation between the model and
FEM reference, even at low speed (v, = 0.01 m/s). The model also tends to
overestimate the peak values of J,. This discrepancy is consistently observed
at both positive and negative maxima of the current density.

In Fig. 3.12c, the percentage of difference remains relatively high at low

velocities, decreases around a mid-range speed of approximately 7.5 m/s, and
then increases again at higher speeds. This suggests that the model has diffi-
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3.4 Validation of the Ladder Track Model

culty to accurately capture the behavior at low and high speeds, performing
unexpectedly better in the mid-range velocities.

A hypothetical explanation for these discrepancies could be the potential
inaccuracies in the data used for this final test. These inaccuracies might
stem from measurement errors or assumptions during data collection. While
efforts were made to ensure data reliability, these factors may have influenced
the results. Another critical consideration is that the chosen FEM reference
model in COMSOL, which simulates a 2D plate, might not have been the
most appropriate for this study. Employing a 3D FEM model that accurately
represents the ladder track could potentially yield significantly better results in
all the tests conducted.

Next, v, is kept constant at its initial value (see Table 3.2) while varying
tag- The results are shown in Fig. 3.13.
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Figure 3.13: Validation of model with varying air gap ¢,,. a) and b) current analysis. c) force
analysis.
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3.4 Validation of the Ladder Track Model

Fig. 3.13a-b shows good alignment with the FEM reference model. The
maximum deviation difference across air gaps for J, and the drag force in
¢) remains relatively stable and small regardless of the air gap value. How-
ever, the lift force exhibits a different behavior, with the percentage difference
increasing significantly as the air gap increases. A potential explanation is
the following, as t,, increases, the magnetic field strength decreases in the
thickness of the track, reducing the coupling and amplifying the sensitivity of
the lift. The lift force, derived from the derivative of the flux with respect to
the z-axis, is more susceptible to variations in the current distribution and flux
density in the thickness of the track. Therefore, any shifts or errors in cur-
rent due to air gap changes have a more pronounced impact on lift than on drag.

Fig. 3.13c shows that small variations in the air gap lead to large relative
changes in the lift force. At a speed of v, = 1.15 m/s, the lift is nearly 10 times
smaller than the drag. When the lift is significantly smaller than the drag, any
absolute variation in lift will appear as a larger relative percentage deviation
with respect to the FEM model, making these variations more noticeable in
comparison to drag. Increasing the velocity could therefore enhance the results
for lift by potentially increasing its magnitude, thereby making changes more
apparent and less sensitive to small fluctuations or noise.

The following test concerned the impact of the thickness of the ladder track
on the validity of the model. The results are shown in Fig. 3.14. Knowing
that the model does not account for the skin effect, the current density is
assumed to be uniform in the conductor’s cross-section, which is not accurate
for conductors with ¢, > . With, in this specific case, dpi, ~ 5 mm.

The results for the thickness test exhibit a similar conclusion to the air
gap test. The drag force remains relatively stable across varying thicknesses.
However, since the thickness of the plate is already equal to the penetration
depth, increasing the thickness directly results in errors in the lift force and
current density. This behavior is consistent with the analysis of the air gap
test, where the lift force is more sensitive to parameter.

The last test examines the impact of the discretization Az value on the
model’s accuracy. The results are depicted in Fig. 3.15. Given the nature of
the discretization validation, only the global variable (force) was considered
for validation. Locally changing the discretization and comparing it with the
current in the reference model does not provide meaningful insights. The
local current distribution is significantly influenced by the discretization size,
leading to discrepancies that are not reflective of the model’s overall accuracy.
Therefore, focusing on the global variable ensures a more accurate and relevant
validation of the model’s performance.

41



3.4 Validation of the Ladder Track Model
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Figure 3.14: Validation of model with varying thickness t.. a) and b) current validation. c)
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Figure 3.15: Validation of Lift and Drag Forces with Respect to Az

The results of the discretization test are shown in Fig. 3.15. The lift force
demonstrates a significant increase in percentage difference with larger Ax
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3.5 Conclusion on the Initial Model: Ladder Track

values. This behavior is consistent with previous findings, where the lift force is
more sensitive to variations in parameters. In contrast, the drag force percent-
age difference remains relatively stable and low, indicating a lower sensitivity
to discretization changes for this global variable on the entire portion of track
considered.

In summary, the validation tests reveal that the simplified plate model
exhibits varying degrees of accuracy across different parameters. The model
struggles to accurately predict current density and forces at both low and high
velocities, with the skin effect and diffusion angle contributing to discrepancies
at higher speeds. The lift force, in particular, shows greater sensitivity to
changes in parameters like air gap and thickness compared to the drag force.
Additionally, the choice of a slitted plate FEM model or a 3D ladder track FEM
model, as opposed to a 2D plate model, may have introduced additional com-
plexity but could potentially offer higher accuracy in the comparison between
the analytical and FEM models. Nonetheless, the model provides a reliable
foundation for further refinement and application in more complex scenarios.

A more thorough analysis using a 3D ladder track model in FEM, coupled
with a higher initial velocity in the tests, could potentially yield significantly
improved results in terms of deviation with respect to the reference. It is
also important to note that this model has already been compared against a
previously validated ladder track analytical model, yielding results that were
very close. This comparison further suggests that the discrepancies observed
in the current validation might stem from the choice of the reference model,
reinforcing the potential benefits of revisiting the FEM model selection.

3.5 Conclusion on the Initial Model: Ladder
Track

In this section, the ladder track model was developed and validated using a 2D
FEM reference model. This model serves as a strong foundation for the plate
models that will be explored in subsequent chapters. Mathematical tools such
as equivalent inductances were introduced, which will facilitate the development
and understanding of the more advanced plate track model.
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Chapter 4

Simplified Plate Model

In this chapter, the development of the simplified plate track model is presented.
The process begins with an explanation of how the ladder model aids in con-
structing and understanding the discrete simplified plate model. Following this,
the analytical model is developed. The chapter concludes with a wvalidation
similar to the one done for the ladder model, this time using a 3D FEM plate
model built on Comsol Multiphysics®.

4.1 From Ladder Track Model to Simplified
Plate Model

The first model developed, the ladder model, does not allow for a complete
conductive sheet modeling. The closest approach to a plate is achieved by
choosing geometry parameters that lead to a slitted plate (see Fig. 4.1a).

(a) Slitted plate model derived from (b) Transition from the ladder model
ladder track geometry. to the simplified plate model.

Figure 4.1: (a) Slitted plate representation and (b) transition from ladder
model to first plate model.

However, the ladder model provides a good starting point. It introduces
the necessary assumptions for discrete modeling of the plate track and provides
mathematical tools useful for developing the more complex conductive sheets
models in this chapter and the next.
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4.2 Analytical Model Development

The first simplified plate model developed in this chapter can be seen as
taking multiple ladder track equivalent circuits and connecting them electrically
in the transverse direction along the y-axis. Fig. 4.1 shows a simplified
representation of this idea, while Fig. 4.2 illustrates the derivation of the
equivalent circuit for the simplified plate model from the meshed domain.

S

Figure 4.2: Derivation of the equivalent circuit for the simplified plate model
from the meshed domain.

This simplified plate model can be developed using the same mathematical
tools and methods as the ladder track model presented in Chapter 3.

4.2 Analytical Model Development

The equivalent circuit of the first simplified plate model is depicted in Fig.
4.3. This analytical model focuses on a transversal slice of the discrete mesh.
The current loops are represented with two indices: one along the z-axis (i),
indicating the row number, and one along the y-axis (j), indicating the column
number of the current loops.

4.2.1 Derivation of the Induced Current Formula

Here, we show the analytical development for only one harmonic knowing it is
the same for each harmonic of the system. Then, as for the ladder track model,
the induced currents can, for each loop, be computed using Eq. 3.20.
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4.2 Analytical Model Development

Figure 4.3: Equivalent circuit of the simplified plate model.

By applying the KVL to the center loop I; ;, the following equation is
obtained:

Ry (2Lij — Liy1rj — Licaj) + Ry (205 — Lij1 — Lij1)
d

D Lypm g Tivpgem = i+pj—1+m)
p m
d
+2.0 LVp,m%(]i—kp,jan — Liypj+14m)
p m
d
+ Z Z LHp,ma(]ier,jer - i+1+p,j+m)
p m
d
+2.0. LHp,m%([ier,jer — Lic14pjtm)
p m
=Ei; — Eijn (4.1)

where:

e Ly, denotes the mutual inductance between a transverse branch of loop
I; ; and the corresponding transverse branch of the Iy, jin loop.

e Lppm denotes the mutual inductance for the longitudinal branches.

e Ly and Lpop are the self-inductances of a transverse and a longitudinal
branch of the I; ; loop, respectively.

e Ry and Ry are defined in Eq. 3.9.

As with the ladder model, a uniform meshing is generally considered, with
transversal and longitudinal conductors having the same cross-section and sizes
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4.2 Analytical Model Development

Az and Ay. However, local changes in meshing sizes can be implemented. The
longitudinal discretization size is set equal to the coil pitch, Ax = 7., as in the
ladder track. The transverse discretization size, Ay, dictates the number of
rows in the mesh and, consequently, the number of unknowns in the system. In
the ladder track, there was only one unknown loop current, with the currents
on the left and right being shifted versions of the computed current. Now, there
are N = 2= unknown currents, corresponding to the number of rows (loops) in
the transverse slice of mesh considered.

Following the same development used for the ladder model, the Fourier
series and phase shift principles (Eq. 3.10, 3.11) are applied, resulting in the
following final equation for each current loop in the transverse slice of mesh:

2(Ry + R + jwiveLveqo + jwrve Lieg — (Rv 4 jwivzLveqo) cos(wiTe)) 1i
+ 2jwkvx Z(LHeqp + LVeqp(l - COS(wkTC)))]H‘PJ

p#0
— (R + jwrvaLaeqo) Liv1,j — jwite Y Liegpliviip,
p#0
— (R + jwrveLpeq) lic1j — jwrve Y Liegplizi1p
p#0
= El,] (1 - ejwkTC) (4.2)

In Eq. 4.2, equivalent inductances are used. They are defined as:

N,
L geqo = Luoo +2 Y Lyomcos (mwy) (4.3)

m=1
N,

Ltteqp 2 Litpo +2 > Ligpm cos (mwyte) (4.4)

m=1
N,

Ly eqo = Lvoo+2 > Lyomcos (mwyT) (4.5)

m=1
N,

Lyeg 2 Lypo+2 Z Ly m cos (mwyT,) (4.6)

m=1

These equivalent inductances emerge from the same principles as those
developed in the ladder track model. The primary difference here is the need to
account for the influence of rows above and below the loop I; ;. Equations 4.3
and 4.5 account for the influence of the loops located on the left and right of I; ;
on the behavior of the this specific loop I; ;. Equations 4.4 and 4.6 represent
the mutual inductance based impact of the loops in the row (i 4+ p) on loop I ;.
The Fig. 4.4 simplifies the understanding of these terms with a more visual
representation.

These newly defined equivalent inductances exhibit similar behavior to the

equivalent inductances analyzed in Section 3.3. However, for a large number p,
the amplitude of the equivalent inductances decreases rapidly as shown in Fig.
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Figure 4.4: Equivalent inductances for the simplified plate model.

4.5. This implies that the impact of the loops of rows in the mesh far from
row ¢ have a limited effect on the currents in row ¢ itself. Consequently, it the
value of p can be limited to a chosen number, denoted as p,,q., depending on
the discretization size Ay. A smaller discretization size along the y-axis, Ay,
implies a larger number of rows in the mesh and also a larger p,,,., as there
are more rows to reach the same distance where the impact on row ¢ becomes
negligible.
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Figure 4.5: Behavior of equivalent inductances with respect to 7. for the
simplified plate model.

In the context of the plate model, the computation of induced voltages
follows the same fundamental principles as employed in the ladder model. The
key difference lies in the dimensions of the transverse branches over which the
integration occurs. Unlike the ladder model, where the transverse branches
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4.2 Analytical Model Development

span the entire width of the plate w,, the transverse branches in the plate model
have a length of Ay. Additionally, the y-position of each row is determined by
the row index ¢ and the distance between rows, Ay. The induced voltage for
each loop can thus be expressed as:

(i+1)Ay
B, = / v x B dy (4.7)
1Ay

Here, the integration limits have been adjusted from iAy to (i + 1)Ay, to
reflect the length of the transverse branches.

A system of N equations, one for each current loop in the transverse slice,
is thereby established. To solve the system of equations, it is represented in
matrix form Al = B. Recognizing that the model focuses on a transverse slice
of the mesh, and knowing that the currents and induced voltages on the left
and right of this slice are merely shifted versions, the notation of the linear
system can be simplified by removing the second index j from the currents and
induced voltages expressions, i.e., [; ; — I; and E; ; — E;.

e Matrix A: This matrix, of size N x N, contains the resistive and inductive
components of the system.

e Vector I: A vector of size N, representing the unknown currents I;.
» Vector B: A vector of size N, representing the induced voltages E;.

The matrix A is constructed in the following way:

e Diagonal Elements: Represent resistances of the loop and the self-
inductances:

A;i =2(Ry + Ry + jwirve(Lveg + Lieqo) — (Ry + jwits Lyego) cos(wiTe))

o Off-Diagonal Elements: Represent the impact of upper and lower loops
on [ivj:
Ajiy1 =41 =—(Ry + jwieLpeq)

o Additional Terms related to Mutual Inductances:

Ai,i+p = ijkvx (LHeqp + LVeqp(1 - COS(WICTC))) fOI‘ P € [_pmaz7pmax]

Aiividp = Aiic1ap = —Jwis Mpeqy  for p € [—Pmaz, Pmac)
Vector I:
I
- |"
Iy
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Vector B: A
Ey(1 — eveTe)
B = Bl B )

En(1 — efne)

System Representation:
Al =B

This approach transforms KVL equations into a solvable linear algebraic
system. Solving this matrix equation provides the currents in each loop of the
transverse slice of the mesh.

4.2.2 Derivation of the Static Forces

The Fyae and Fiig forces can be computed using the principles of the Lorentz
force law, similar to the approach applied in the ladder model. The primary
distinction in the simplified plate model lies in the integration limits.

Using the Lorentz force equation, the force can be calculated by evaluating
the magnetic flux density B on each branch of the discrete plate:

dF = Idl x B (4.8)

In this context, the drag force is associated with the transverse branches
through B., while the lift force is related to both the longitudinal and trans-
verse branches through the B, and B, components of the magnetic flux density,
respectively.

An alternative method involves computing these static forces using the
intercepted flux passing through the discrete loops of the plate. This method
simplifies the expression of lift and drag forces and is the preferred approach
for this implementation:

dd; ; dd; ;
Farag = Iz‘,jﬁy Fiee = fi,j?’] (4.9)
The flux ®; ; intercepted by a loop can be expressed as:
P Boas— [ [ B e 4.10
a=f[Beas=[ 0 [ Bednay (410)

In this context, the integration limits are adjusted from x — % to x + %
along the z-axis and iAy to (i + 1)Ay along the y-axis.

Therefore, the drag and lift forces are computed by summing the individual
contributions of each loop of the mesh over a longitudinal length of a period of

the PM array.

20



4.3 Validation of the Simplified Plate Model

4.3 Validation of the Simplified Plate Model

To validate the simplified plate model, a 3D plate FEM model was developed
using Comsol Multiphysics®. Fig. 4.6 shows this FEM 3D model.

3D Plate Track

Figure 4.7: Comparison of induced

- currents .J, (top) and J, (bottom)
Figure 4.6: FEM 3D model used for between the FEM reference and the
validation. The highlighted red box model in the observed area for the
indicates the observed area. initial values.

Given the periodicity of the system, the analysis was restricted to a section
of the track that includes multiple periods of the PM array. To avoid edge effects
from the PM array, the PM array was made larger than the track, although
edge effects from the track still appear, they are negligible. Additionally, the
track was extended beyond the array to avoid end effects of the track itself.
The considered PM array extends over several wavelengths, ensuring that the
observed area, highlighted by the red box, remains unaffected by the end effects
of the array. The initial parameter values used for the PM-EDS are provided
in Table 4.1.

In the simplified plate model, the B, field is similarly defined as:

A = 47.18¢(71470ar) _ 9 91
B, = Asin <7r (m—kzn)) (4.11)

Tm

The amplitude function A is determined using the same fitting procedure
as previously described in the ladder model.

By varying these parameters similarly to the ladder track model, the valida-
tion of the simplified plate model in terms of current and forces was conducted.
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4.3 Validation of the Simplified Plate Model

Table 4.1: Electromagnetic and Structural Parameters of the Simplified Plate
Model (adapted from [10]).

Symbol Quantity Value
Tim Pole pitch of the PMs 0.2m
Wiy, Width of the PMs 0.4 m
tm Thickness of the PMs 0.05 m

ag Air gap thickness 5 mm
T, Coil pitch 2 mm
W, Width of the track 0.4 m
t. Thickness of the track 5 mm

Wie X Wi Wire cross-section te X 7. mm?

o=p! Electrical conductivity | 3.5 x 107 S/m
Vg Translational speed 1.15 m/s
Ax Discretization along x-axis Te M
Ay Discretization along y-axis Ax m

4.3.1 Validation of Analytical Model Through Current
Densities and Forces Comparisons

The validation of the simplified plate model begins with an examination of
the variation in v,, as illustrated in Fig. 4.8. In this case, the study was
limited to a maximum velocity of 20 m/s, adhering to the constraints discussed
in the ladder track model. This model demonstrates a clear improvement in
accurately predicting the behavior and electromagnetic interactions within a
plate track-based PM-EDS system. As anticipated, the error with respect to
the FEM reference increases with v,, primarily due to the omission of the skin
effect and the angle of diffusion. The model tends to overestimate the LDR,
reflecting an optimistic bias in its predictions.

Next, the validation proceeds by maintaining a constant v, while varying
tag, as shown in Fig. 4.9. The results demonstrate good alignment between
the model and the FEM reference for both J, and J,, as well as for the lift
and drag forces. The induced current J, which directly influences the drag
force, demonstrates a consistent deviation relative to the FEM reference. This
consistency indicates that the analytical model accurately captures the behavior
of J, and Fyqy with varying air gap distances. The lift force, which is more
sensitive to variations in J,, also shows a relatively low deviation, albeit slightly
higher than that observed for the drag.

The next analysis focuses on the effect of the plate’s thickness. The results
are presented in Fig. 4.10. Due to the model’s assumption of uniform current
density across the conductor’s cross-section, inaccuracies arise for conductors
with t. > d4in. Since t. is initially set equal to g, increasing the thickness
quickly results in non-negligible errors. Therefore, maintaining an infinitesi-
mally thin plate is recommended to mitigate these effects.
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(c) Lift and drag comparison for varying vs.

Figure 4.8: Validation of the simplified plate model with varying velocity v,. a) and b) current
density analysis. ¢) force analysis.

The final validation test examines the impact of discretization size Az = Ay
on the model’s accuracy, as shown in Fig. 4.11. For this validation, only the
global variables were considered, as explained in Subsection 3.4.1. The results
indicate that the forces derived from the FEM reference deviate as the dis-
cretization size increases. The behavior of the error in the drag force with
increasing Ax = Ay follows an expected trend, showing a gradual increase in
error as the mesh becomes coarser. This is likely due to the reduced resolution
in capturing the finer details of the current distribution, which primarily affects
the drag force associated with the transverse current component J,.
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Figure 4.9: Validation of the simplified plate model with varying air gap ¢,,. a) and b) current
density analysis. ¢) force analysis.

However, the lift force error exhibits a more complex pattern. As Az = Ay
increases, the error fluctuates rather than increasing steadily. This fluctuation
likely occurs because, with a coarser mesh, the lift force computation involves
averaging, which may sometimes result in more accurate values for this specific
case using the parameters from Table 4.1.

In summary, the validation of the simplified plate model shows that it
provides accurate results for both drag and lift forces across various parameters.
The lift force is more sensitive to changes, particularly with increased thicknesses,
but overall, the model offers precise and accurate results for thin plate, free
from the velocity-related anomalies observed in the ladder track model.
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(c) Lift and drag comparison for varying thickness t..

Figure 4.10: Validation of the simplified plate model with varying thickness t.. a) and b)
current density analysis. ¢) force analysis.
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Figure 4.11: Validation of lift and drag forces with respect to the discretization

size Az and Ay. Showing the deviation between the values from the model
and from the FEM reference model for the lift and the drag force.
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4.4 Conclusion on the Simplified Plate Model

4.4 Conclusion on the Simplified Plate Model

The development and validation of the simplified plate model have been pre-
sented in this chapter. This model offers a significant improvement in predicting
the electromagnetic behavior of a plate track-based PM-EDS system, providing
more precise and accurate results than the previous ladder track model.

The next chapter will build upon the concepts developed here to explore an

advanced plate track model, incorporating additional complexities to create a
framework for the TO.
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Chapter 5

Advanced Periodic Plate Model

In this chapter, the final analytical model of this study is developed. The chapter
begins by outlining the key differences between this final model and the previous
"simplified" plate model, emphasizing how these enhancements facilitate the
application of density-based topology optimization in subsequent chapters. The
analytical development of the final model is then presented, building on the
strong mathematical foundation established by the previous models. The model’s
accuracy is validated using the same 3D FEM model, constructed in Comsol
Multiphysics®, already employed for the validation of the simplified plate track
model. Following this, the introduction of holes into the topology by modifying
the resistivity of mesh elements is discussed. The basic concept is explained, and
the advanced model’s validity and the feasibility of T'O are confirmed through
validation using the 3D FEM model on two slotted plate configurations.

5.1 From Simplified Plate Model to Advanced
Plate Model

In the simplified model, the use of TO algorithms is not feasible since only a
single transverse element of the mesh is considered. Given the periodicity in
the model, introducing a hole in a row of this slice would effectively create a
longitudinal slit along the entire plate track.

To address this limitation, the final model considers a larger slice of the
mesh, as depicted in Fig. 5.1. Taking a larger window on the mesh can simply
be seen as increasing the size of the coil pitch 7.

Within this window, holes can be introduced. In the context of the discrete
mesh used, creating holes corresponds to increasing the resistivity of specific

mesh elements.

This concept will be further explored in Section 5.3. The following section
details the analytical development of the final model.
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Figure 5.1: 3D plate to discrete advanced plate model.

5.2 Analytical Model Development

The analytical modeling of the advanced plate model closely parallels that of
the simplified plate model. The primary distinction lies in the spatial shift value.
In previous models, each column of the mesh had a size Az and represented a
shifted version of the adjacent column. The spatial shift value was equal to the
coil pitch, with 7, = Ax. In the advanced plate model, the spatial shift value is
again defined as 7., the size of the slice under consideration. Consequently, the
shift size is no longer equal to Az. As a result, the induced currents at the left
and right boundaries of the widow are simply shifted versions of all the induced
currents computed within it with a spatial shift equal to 7. that differs from Ax.

For the remainder of this study, a uniform mesh is assumed, with Ay = Az
and all branches having the same cross-section. This results in a slice of mesh
of size 7., with Nyows = Zy and Neo = 3%, representing the number of rows
and columns in the window considered respectively. The equivalent circuit for

the advanced plate model is shown in Fig. 5.2.
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5.2 Analytical Model Development

Figure 5.2: Equivalent circuit for the advanced plate model.

5.2.1 Derivation of the Induced Current Formula

Based on the same assumptions and following a similar development as in the
previous models, the KVL for the central loop I; ; considering a single harmonic
of the system is expressed as:

. 7 , 1
Ry(Ii; = Lij1) + jonve Lyeg(Iig = Lig—1) + 32 D~ jeonve e (Tisp gt — Lipo141)

p£0 1£0
¥
+ Ry (Liy — Liji) + jwrve Ly (L — Tijn) + 3. > jwrve LYo (L et — Livpja141)
p#£0 10
. 0, . 1
+ Ru(Lij — Liv1,j) + ]WkaLng([i,j — L1 ) + Z Z]wkvxL%eq([ier,jJrl — Livi4pjti)
p#0 1#£0
+ Ryg(Lij — i1 ) + jova Loy (I — Ticig) + 3 3 jwive e (Tispjit — Lictepyint)
p#0 10
= Eij = Eijn (5.1)
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5.2 Analytical Model Development

This equation utilizes new equivalent inductances, defined as follows:

L?{gq 2 L% +2 Z L% cos (mwyTe) (5.2)
m=1

LHeq Pl 42 Z LA cos (mwyTe) (5.3)

L9023 42 Z L2 cos (mwyr) (5.4)
m=1

L"’;eq = Lpl +2 Z LR cos (muwyr,) (5.5)
m=1

Here, LY i represents the mutual inductance between a transverse branch
of loop I; ; and the corresponding transverse branch of loop I, j+;. Similarly,
Ly denotes the mutual inductance for longitudinal branches. The terms L3
and LY are the self-inductances of the transverse and longitudinal branches
of loop I ;, respectively. As in the previous model, the index p can be limited
to a maximum value p,,q., since loops too distant in the transverse direction
from loop I; ; have a negligible impact through mutual inductance. The index
[ is restricted to loops within the window, while the index m refers loops in
adjacent windows, affecting the induced currents through mutual inductance,
limited to a number N,, of adjacent windows. For example, L m corresponds
to the mutual inductance between a transverse branch of loop I; ; and the
corresponding transverse branch of loop I; 1, j4; in slice m. The Fig. 5.3 tries to
provides a visual representation of these principles to help the understanding.
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Figure 5.3: Equivalent inductances for the advanced plate model, visualizing the mutual
inductance effects in both transverse and longitudinal branches.

In the validation of this model, a value of 7. equal to the period of the PMs,
Te = XA = 27,,, is selected. This choice will be discussed in Section 6.2. However,
it is important to note that the coil pitch can be freely adjusted to take on
higher or lower values. The value of the coil pitch significantly influences the
behavior of the equivalent inductances, as illustrated in Fig. 5.4. Specifically,
in this scenario where 7, = A, cos(mwy7.) = 1, which effectively eliminates any
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5.2 Analytical Model Development

oscillatory behavior in the equivalent inductances. As a result, the number of
adjacent windows considered, N,,, must be sufficiently large to ensure that the
induced currents in the further distant loops exert a negligible impact on the
slice of mesh 7, under consideration.

le-7 Equivalent Inductance Behavior with N,, and Equivalent Distance

0 2000 4000 6000 8000 10000
Adjacent Slices Considered

0.4 400.4 800.4 1200.4 1600.4 2000.4 2400.4 2800.4 3200.4 3600.4
Distance x [m]

Figure 5.4: Behavior of equivalent inductances with respect to the number of
adjacent mesh slices considered in the mutual computation, demonstrating the
elimination of oscillatory behavior.

With w. = 27, and uniform discretization Ax = Ay, it follows that
Niows = Ngol within each mesh window.

Linear algebraic system formulation

The KVL Eq. 5.1 can be rewritten as:

2 (Ry + jwrva Ly, + Ru + jonva Lo, ) T
. N . J41
+ Z ijkvz[/?/eq]i—i-}?,j-i-l + Z Z]kax[/?/e—:]_ ]H-PJ—H

p#0 10 p#0 1£0
. l . —1,1
+ Z ijkvx[/%eq[ﬂrp,frl + Z ijkvff[};{;; [i+p,j+l
p#£0 1#£0 p#0 1#0
. 0,0
— (Rv +kavva’eq> ij—1 ZZJWkUwLVeq[Hm 1+
p#0 1#0
. A+l
(RV +jwkUZ‘LVeq> ij+1 — Z Z]wkvwl’%eq Ii+I)7j+1+l
p#£0 1£0
(RH + jwkUl"LHeq) i+l — Z Z]wkUILHqul-‘rl—FPJ‘H
p£0 1740
—1,1
(RH + JWk Vg Heq> i~1j # ;ywkme%eq it it
p#0 [#0
=FEij— Eijn (5.6)

For loops located at the left or right edge of the slice, slight modifications
are required in the equation. Specifically, the influence of induced currents
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5.2 Analytical Model Development

from the adjacent slices, which are shifted versions of the considered one, must
be accounted for.

The induced voltage is calculated using a similar method as in the previ-
ous model (Eq. 4.7), with a slight modification. The initial value at z = 0,
the left edge of the mesh slice, serves as the reference, and subsequent values
are computed for each branch by shifting according to the discretization size Ax.

E;; = e(ivwia) / T B dy (5.7)
1Ay

The magnetic field in the system is dynamic, moving with velocity v,. This
movement must be incorporated into the induced voltage calculations to accu-
rately represent the electromagnetic behavior of the system. The velocity v,
is directly multiplied by the magnetic flux difference to compute the induced
voltage. Additionally, the exponential term e(7“»34%) accounts for the phase
shifts introduced by position of the considered discrete branch.

The Eq. 5.6 for each loop within the window considered can be expressed
in matrix form as:

Al=B

where:

o A is the coefficient matrix of size (Nrows X Neol) X (Nrows X Neop), incor-
porating resistive and inductive terms.

« Iis the vector of unknown currents I; ; of size Nyows X Neol.
« B is the vector of electromotive forces E; j — E; j11 of size Nygws X Neol.
The elements of matrix A are defined as:
For adjacent loops:
A =2 (By + jurw LV2, + Ru + jorva L3, )
Ayt = — (RV + jwkaL?/’gq)
AuutNey = — (RH + jwkaL(}}gq)

For non adjacent loops:

— pzl pzl""l pzl P—Ll
A%idx = JWg Uz (LVeq + LVeq + LHeq + LHeq

_ p,l o p,l+1

Au,idx—l - ]wkmeVeq ) Au,idx+1 - jwk‘v.ILVeq
_ p,l . p—1,1
Avidst Nog = ]wkaLHeq o Auidx-Nog = ]WkaLHeq

With v = iN., + j and idx = (i + p)Neoy + (5 + 1).

For current loops located in the first column (j = 0), the interaction with
the left neighbor wraps around to the last column of the same row:

Au,u—l — Au7(j+1)Ncol_1 ' 6(_]wk7-0)
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5.2 Analytical Model Development

For current loops in the last column (j = N, — 1), the interaction with the
right neighbor wraps around to the first column of the same row:

Au,u—i—l — AU,z‘Ncoz : e(kaTC)

The vector of unknown currents I is:

_[Nrowflcholfl_

The vector B is:

EO,O - EO,l
Eo1 — Eop
B = B, No—1 — Lo 0€/*T
Eio—Eq
_‘E1A]\/v1"ow7171\/'00171 - ENrowfly()e]UJkTC_

Thus, the system of equations is expressed as:

AI=B (5.8)

5.2.2 Derivation of the Static Forces

The computation of Fy.,, and Fji in the advanced plate model follows the
same fundamental principles as those described in Section 4.2.2. Using the
Lorentz force equation (Eq. 4.8), these forces are derived by evaluating the
magnetic flux density B on each branch of the plate, with the integration limits
adjusted accordingly.

Additionally, the second method, which involves computing the static forces
using the intercepted flux through the discrete loops of the plate, is the preferred
one when it comes to the implementation (see Eq. 4.9).

5.2.3 Validation of the Advanced Plate Model

To validate the advanced plate model, the same 3D FEM model using Comsol
Multiphysics®and described in Section 4.3 was employed (FEM model depicted
in Fig. 4.6). The initial parameter values for the analytical model were care-
fully selected to ensure a meaningful comparison with the FEM model. These
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5.2 Analytical Model Development

parameters, nearly identical to those used for the simplified model, are listed

in Table 5.1.
The z-component of the magnetic flux density B, is defined in Eq. 4.11.

Table 5.1: Electromagnetic and Structural Parameters of the Advanced Plate
Model (adapted from [10]).

Symbol Quantity Value
Tim Pole pitch of the PMs 0.2m
Wiy, Width of the PMs 0.4 m
tm Thickness of the PMs 0.05 m
tag Air gap thickness 5 mm
Te Coil pitch 0.4 m
W, Width of the track 0.4 m
te Thickness of the track 5 mm
o=pt Electrical conductivity | 3.5 x 107 S/m
Uy Translational speed 1.15 m/s
Ax Discretization along x-axis 0.01 m
Ay Discretization along y-axis Ax m
Wie X Wi Wire cross-section t. x Az mm?

For the validation of this advanced plate model, the same tests and parameter
variations as those performed for the previous model were conducted.
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5.2 Analytical Model Development

5.2.4 Validation of Analytical Model Through Current
Densities and Forces Comparisons

The validation of the advanced plate model began with an examination varying
vz, similar to the previous models, all other parameters being constant at their
initial values. The results are presented in Fig. 5.5, where the study was
again constrained to a velocity of 20 m/s. As expected, the behavior observed
mirrors that of the simplified model, with errors increasing with velocity due
to the neglect of the skin effect and the angle of diffusion. The drag force Fiag
at higher speeds will become smaller than the FEM reference value, leading
to an increased error and an over-optimistic prediction of the LDR since the
computed lift force is higher than the reference value at high speed.
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Figure 5.5: Validation of the advanced plate model with varying velocity v,. a) and b) current
density analysis. c) force analysis.

With v, held constant, ¢,, was varied, as shown in Fig. 5.6. The results
once again align with those obtained from the simplified model.

65



5.2 Analytical Model Development

Max Deviation across Airgaps Max Deviation across Airgaps

15.83
111

15.82

-
=
)

15.81

o
©

Max Deviation [%]
Max Deviation [%]

15.80

10.8

15.79

15.78

tag (M) tag (M)

(a) Maximum deviation between model and refer- (b) Maximum deviation between model and refer-

ence in J, across air gaps. ence in J, across air gaps.

Deviation Between the Model and the FEM Reference

le7 Lift and Drag Values Comparison

—o— Lift Difference [%]
@~ Drag Difference [%]

. —e— FEM Reference Lift
®- Model Lift

. \ —e— FEM Reference Drag
- \ -e- Model Drag
3.0 *——

25

2.0

Deviation [%]
Force Value [N]

~

15

1.0

-

o o — o o o

0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.10
tag [m] tag [M]

(c) Lift and drag comparison for varying air gap tg.

Figure 5.6: Validation of the advanced plate model with varying air gap ¢,,. a) and b) current
density analysis. ¢) force analysis.

The effect of conductor thickness was evaluated, with results depicted in
Fig. 5.7. As with the simplified model, the assumption of uniform current
density leads to similar inaccuracies when the thickness exceeds dgy,, which is
rapidly the case given the speed considered of v, = 1.15 m/s, and the thickness
of the plate t., roughly already equal to the depth of penetration.

Lastly, the impact of discretization size Ax = Ay was examined, as shown
in Fig. 5.8. Due to the increased complexity of the advanced model, more
computational resources are required, limiting the feasible discretization size
to Az = Ay = 1 x 1072 m to balance resource usage and computation time.
The observed reduction in lift force error as the discretization size increases
may be linked to the coarse grid smoothing out fluctuations in the vertical flux
variations, leading to a more stable prediction of the lift force. Optimizing
the model to reduce computational demands and processing time could allow
for finer discretization, potentially aligning the results even more closely with
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those from the simplified plate model.
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Figure 5.7: Validation of the advanced plate model with varying thickness ¢.. a) and b) current
density analysis. c) force analysis.

In summary, the advanced plate model exhibits a behavior that matches the
simplified model when compared to the FEM reference results, with primary
differences arising from the increased computational demands and therefore
the coarser meshing. Although the errors are slightly larger due to coarser
discretization, the model remains accurate in predicting the electromagnetic
interactions within the plate. This makes it suitable for further studies, par-
ticularly those involving TO, where the model’s ability to predict interactions
under varying topologies is crucial.
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Figure 5.8: Validation of lift and drag forces with respect to the discretization
size Ax and Ay. Showing the deviation between the values from the model
and from the FEM reference model for the lift and the drag force.

5.3 Topology Modification

5.3.1 Resistivity Adjustments and Simulation of Holes

The advanced plate model enables change in topology by allowing for modifica-
tions in the resistivity of mesh elements contain in a window of size 7, in the
conductive sheet. This section details the adaptations made to the advanced
model to incorporate resistivity changes, thereby facilitating the creation of
holes within the sheet.

In this model, resistances are calculated based on the material resistivity
and the geometrical dimensions of each element. As discussed in Section 3.2,
the model development considered that the discrete transverse and longitudinal
branches of the lumped parameter circuits comprise branches from two distinct
mesh elements. By assigning a resistivity to each mesh element, the resistances
in the advanced model are expressed as follows:

R - ul)
Vi w0, (po + put)
A
RVT - 9 Y (pbr + pur) y
WicWie (5 9)
R Az (put + pur) '
Hu — QUJtCU)lc Pul Pur) »
Az
Ruy = ).
Hb YW, (pu + pir)
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In these equations, the subscripts as-
sociated with p refer to the specific po-
sitions of the mesh elements in a loop.
The indices bl, br, wul, and wur denote
bottom-left, bottom-right, upper-left, and
upper-right, respectively. Fig. 5.9 pro-
vides a visual representation of this con- -
cept. Each branch previously considered
in the analytical modeling is now divided
into two, allowing for the independent ad-
justment of the resistivity of each mesh ele- Figure 5.9: Simplified Visual

ment. representation of the modified

resistance equation.
To simulate holes within the conductive

sheet, the resistivity is set to a very high value, effectively representing an open
circuit or zero conductivity. This approach enables the definition of specific
regions within the slice of mesh where resistivity values can be increased to
create holes.

5.3.2 Short Validation of Slotted Conductive Sheet Topolo-
gies

The validation process employs the same 3D FEM model as previously de-
scribed, but introduces holes within the track to assess the model’s accuracy
in simulating the effects of topology changes on the track. Two distinct hole
patterns are considered: the first pattern involves a simple central hole within
the window of size 7, = 27,,, while the second pattern consists of a more com-
plex arrangement. This step is crucial for ensuring that the model accurately
simulates the influence of holes introduction on the electromagnetic properties
of the conductive sheet.

To simulate a hole, the electrical

resistivity of the material (p = o o o
1/(3.5 x 107) [ -m]) within a mesh [y e ]
element is increased by a factor K.

A sensitivity analysis was conducted ’
using the second hole configuration ¢
to determine an appropriate factor E
K. The factor was incrementally in- ¢
creased starting from K = 0, and 2
the resulting percentage change in

the computed forces was monitored. — - ~ —
The factor was considered sufficiently

high to represent a hole in the mesh Figure 5.10: Sensitivity analysis: Per-
when the percentage change in forces centage change in forces as resistivity
became negligibly small. Fig. 5.10 factor K increases.
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5.3 Topology Modification

presents the graph illustrating the percentage change in forces as K increases.
This analysis was performed using the same parameters as those for the ad-
vanced plate model, as specified in Table 5.1, but with v, = 18 m/s. The
starting values for K = 0 thus correspond to the lift and drag forces obtained
with the advanced model using a simple conductive sheet at this given velocity
and without holes.

Based on this analysis, a resistivity factor of K = 60 was selected as it
results in a percentage change of less than 0.5%, making it a relatively good
choice for simulating a hole.

By applying this factor to create holes in the analytical model, the changes
in lift and drag forces can now be compared with the FEM reference model.
This comparison validates whether the model accurately predicts the changes
in electromagnetic interactions when the topology is altered. The comparison
of the current density along the y-axis (.J,) and z-axis (.J,) for the two tested
configurations is shown in Fig. 5.11 and Fig. 5.12. These tests were conducted
using the parameters detailed in Table 5.1 with v, = 1.15m/s.

Induced current density comparison between FEM model (left) and advanced plate model (right)
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Figure 5.11: Comparison of current density distributions (J, and J,) between
the FEM reference model (left) and the advanced model (right) for the first
hole configuration. Top row: J,; Bottom row: J,.

The results indicate good agreement, with differences between the advanced
model and the FEM reference model in lift and drag forces being 19% and
1.7%, respectively, for the single-hole configuration, and 6.2% and 2.5% for the
second configuration. The lift force again being more sensitive.
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Induced current density comparison between FEM model (left) and advanced plate model (right)
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Figure 5.12: Comparison of current density distributions (J, and J,) between
the FEM reference model (left) and the advanced model (right) for the second
hole configuration. Top row: J,; Bottom row: J,.

These validations suggest that the advanced model effectively replicates the
behavior observed in the 3D FEM reference model when introducing holes in
the conductive sheet, highlighting its potential for use in further density-based
TO.

5.4 Conclusion on the Advanced Plate Model

The advanced plate model’s ability to modify the resistivity of elements within
a mesh slice establishes a strong foundation for density-based topology op-
timization. This enhancement enables the exploration of diverse conductive
sheet topologies, facilitating the optimization of PM-EDS system design and
performance. With this groundwork laid, the subsequent chapter will focus on
the practical application of a density-based TO method.
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Chapter 6
Topology Optimization

In this chapter, the fundamental principles and practical applications of topology
optimization within the context of this study are explored. The chapter begins
with a comprehensive review of the state of the art in topology optimization
tracing its historical evolution and its expansion into various engineering do-
mains, including electromagnetism. Following this, the fundamental concepts
and problem formulation of topology optimization are outlined, providing a solid
foundation for understanding the optimization processes employed in this study.
The chapter then transitions into a discussion on the specific application of
topology optimization to the PM-EDS system. Here, the focus is on leverag-
ing density-based topology optimization to enhance the system’s performance,
efficiency, and material usage.

6.1 State of the Art in Topology Optimization

The field of topology optimization has evolved into a vast and multifaceted
domain within engineering, encompassing a wide range of applications from
structural design to electromagnetism. Given the extensive scope of this
discipline, it is important to recognize that the following state of the art offers
only a glimpse into the broader landscape. This focused overview aims to
elucidate key methodologies and approaches relevant to the context of the
present study. Interested readers can refer to [66]-[68] among other papers for
a broader view on this topic.

6.1.1 Historical Background and Evolution

Topology optimization is a sophisticated design method that has and still is
revolutionizing engineering design across multiple disciplines. The roots of
topology optimization can be traced back to the late 20th century when struc-
tural optimization techniques began to gain prominence. The early work in
this area primarily focused on size and shape optimization, where the goal was
to optimize the dimensions or the shape of a structure under given constraints.
However, these methods were limited to predefined configurations, unable to
explore new design possibilities where the topology, or the material layout itself,
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6.1 State of the Art in Topology Optimization

could be altered.

The breakthrough in topology optimization came with the development
of methods that allowed the optimization of material distribution within a
design domain without predefining the structure’s shape. The pioneering
work by Bendsge and Kikuchi in 1988 [69] introduced the concept of topology
optimization in the context of structural mechanics, where they utilized a
homogenization method. This work laid the foundation for the vast field of
topology optimization that we see today. Indeed, the method has expanded
beyond structural mechanics into multiple other fields such as electromagnetism
[70]-[75], fluid dynamics [76], thermal systems [77], acoustics [78],[79] and
continues to intrigue, giving rise to new discoveries and innovations.

6.1.2 Fundamental Concepts

At its core, topology optimization aims to determine the optimal material dis-
tribution within a given design domain to achieve the best possible performance
according to a specified objective function while satisfying a set of constraints
that can be structural or performance-related, among others.

6.1.3 Topology Optimization Problem Formulation

A topology optimization problem is typically formulated as a constrained
optimization problem, minimizing an objective function, subject to constraints
that can be mathematically expressed as:

Objective: mein f(u(0),6

(
Subject to:  ¢;(u(0),0) <0, i=1,...,m
hj(u(e)vg):()v J=1...p

~—

where:

e 0 represents the vector of design variables, which is bounded by 6, and
Hhigh-

o f(u(@),0) is the objective function. The term u(@) denotes the state
variable, which is the solution to a governing physical problem (e.g.,
electromagnetic field, structural displacement) dependent on the design
variables 6.

o g;(u(@),0) represents inequality constraints, functions of both the state
variable u(@) and the design variables 6.

o h;(u(@),0) represents equality constraints, which are less common in
topology optimization.
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6.1 State of the Art in Topology Optimization

The optimization process is iterative, starting with an initial guess of the design
variables and progressively updating until the objective function is minimized
(or maximized) subject to the constraints. The update of the design variables
is done through an “optimizer” [80]. Generally, there are two main kinds of
optimizers, each with their pros and cons: gradient-based or gradient-free opti-
mization algorithms. The former necessitate the computation of the gradient,
also called sensitivity, of the objective function with respect to the design
variables %. These gradient-based optimizers offer a faster convergence speed
but tend to easily be trapped in local optima in the case of non-convex design
spaces [80]. While gradient-free optimizers do not require the knowledge of the
sensitivity, which can sometimes be difficult to compute, they tend to be more
computationally demanding [75].

One of the most widely used gradient-based algorithms in topology opti-
mization, and the optimizer we focus on in this study, is the Method of Moving
Asymptotes (MMA), a gradient-based optimizer particularly well-suited for
large-scale problems with many design variables and constraints, developed
by Krister Svanberg in the late 1980s [81]. Convex functions are easier to
optimize; this method leverages this by approximating the objective function
and constraints with convex functions and solving the optimization problem by
iteratively updating the design variables through convex optimization subprob-
lems. The name "moving asymptotes" refers to the update in the bounds of the
design variables at each iteration. More details on this method can be found in
[81],[82]. In this study, an open-source implementation of the MMA algorithm
was adapted to fit the specific needs of this research. This implementation is
available on GitHub [83].

Obviously, using this gradient-based optimizer requires computing the sen-
sitivity of the objective function with respect to the design variables. To do
so, one of the most commonly used methods, and used in this study, is the
Adjoint Variable Method [73],[75],[84] [85], a powerful technique that efficiently
computes these gradients, especially for large numbers of design variables. In
this section, the AVM is briefly described.

Here, the AVM is applied to a simplified system that aligns with the problem
developed in this study. The system is expressed as [75],[86]:

A(O)u=B (6.1)

where A(6) is a matrix dependent on the design variables 6, u is the state
variable (e.g., induced current), and B is the known right-hand side vector,
which may represent external forces or other effects in the system.

The total derivative of the objective function f(u(@),8) with respect to the
design variables @, is given as:

df _of  0f du
40 90 " ou do (6:2)
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However, directly calculating fl—‘; is computationally expensive. To overcome
this, the AVM will introduce an adjoint variable A. To do so, we first give the
residual equation of the system as:

L(u(0),6) = A(@)u—B =0 (6.3)

Taking the total derivative of the residual equation with respect to 8, we

obtain:
dL 0L OL du B

000 ou o~ (64)
Substituting the expression for the residual L(u(0), ), we have:
0A(0)u du
20 +A(0)-@_0 (6.5)
Rearranging, we obtain:
du OA(O)u
A() — = — .
@) g 20 (6.6)
Introducing Eq. 6.6 into the total derivative in Eq. 6.2 gives:
at of of _,0A(O)u
LAY 6.7
6~ 98 " ou ( 96 ) (6.7)
The adjoint variable A can now be chosen such that the term multiplying
‘;—‘0‘ vanishes, leading to the adjoint equation:
of
AT(ON = ——= .
(o)A =21 (69

Solving this adjoint equation yields the adjoint variable A, which can then
be used to compute the sensitivity of the objective function as:
d, 0 0A(0
4 _9of + Ar9AL0) (6.9)
de 00 00
In summary, the AVM provides an efficient method for calculating gradients
in optimization problems, particularly when dealing with large-scale systems
with many design variables, as it reduces the problem to solving only two
linear systems: once for the state variable u, and once for the adjoint variable

A[75],[86].

6.1.4 Overview of Topology Optimization Approaches

Topology optimization has evolved into a highly versatile and powerful de-
sign tool with multiple approaches developed to address various engineering
challenges. Each approach has its own strengths, weaknesses, and suitable
application domains. Here, we provide a quick overview of two major topology
optimization approaches: density-based methods [67] and level-set methods
[15].
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Density-Based Methods

The density-based method is the most widely used approach in topology opti-
mization. It was first introduced in the late 1980s and has since become the
foundation for many topology optimization applications.

In these methods, the design domain 2 is discretized, and each element
is assigned a design variable, noted #(x), representing its material density.
A value of 0 indicates a void element at point x, and a value of 1 indicates
a point occupied by material. This discrete problem is relaxed to allow for
intermediate values of the density, leading to a continuous design variable where
0 < 6(x) < 1. This relaxation enables the use of gradient-based optimization
algorithms, but it also leads to the presence of gray-scale regions. These gray
areas representing partially present material can be challenging to interpret
as mention by Sanogo, Satafa and Messine in [74]. Intermediate densities are
penalized to encourage convergence to a binary 0-1 solution.

This penalization is often carried out by a judiciously choosing the Material
Interpolation Scheme (MIS), making these gray-scale values less attractive to
the optimizer. An MIS is a function g(f(x)) that gives the material’s properties
for a given density value 6(x) at each point in the design domain (2.

A well-known scheme is the Simplified Isotropic Material with Penalization
(SIMP) approach, also called the power-law approach, first introduced by
Bendsge in [87]. In general, the power-law interpolation in electromagnetic
topology optimization is defined as follows [14],[75]:

g<9<x7 Z/)) = Pmin + (pmax - pmin)9n<x7 y)

where g(0(z,y)) represents the property of the material at a point of the do-
main (z,Y), Pmin and Pmax are the minimum and maximum property values,
respectively, and n > 1 is the penalty factor. Increasing the penalty factor n
reduces the likelihood of gray-scale regions by encouraging a binary material
distribution. However, as mentioned in [74], a too-high penalty factor can lead
to convergence problems.

Another MIS that aims to penalize the intermediate values of the design
variables is the Rational Approximation of Material Properties (RAMP). De-
noting 0(x,y) by 0 to simplify the notation, the RAMP or rational interpolation
is defined as [74],[14]:

(pma;t - pwwn) -0
14+4q(1—-96)

9(0)) = Poin +
with ¢ > 0 as the penalization factor.
Fig. 6.1 illustrates the effect of increasing the penalty factor for these two

schemes, effectively showing that the increase of the penalty factor implies a
decrease in the intermediate values.
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Figure 6.1: Material density interpolation schemes using a) the SIMP polyno-
mial method and b) the RAMP method. Graph for the relative permeability
g(0) with limited values (Pmin, Pmaz) = (1,1000) and different values of penalty
factors (adapted from [14]).

Level-Set Methods

The level-set method [88],[89] is a boundary-based approach and is another
popular method in topology optimization, particularly well-suited for problems
where a clear interface between material and void is essential. This method
represents the design domain using a level-set function ¢(x) expressing the void
or material domain by its sign, where:

> (0 for x inside the material region,
¢(x) =¢=0 for z on the boundary,

< 0 for x outside the material region.

The boundary of the material region is represented by the zero level set of
¢(z). The optimization process involves evolving the level-set function over time
to minimize the objective function while satisfying constraints. The evolution
of the level-set function is dictated by the Hamilton-Jacobi equation [75, 90],
which governs the time-dependent behavior of the interface represented by the
level-set function. Fig. 6.2 illustrates a fundamental example of level-set-based
topology optimization, demonstrating the concept of the level-set function.

The general level-set method does not allow for the creation of new holes
in the design. Indeed, holes in the initial guess design can only be merged
or removed [80], and hence, the final design can therefore be sensitive to the
initial guess.

As discussed by Gangl and Langer in [73], the introduction of new infinites-
imal holes within the design domain can be achieved through the sensitivity
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> o

(a) An example of an level-set func- (b) An updated level-set function
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Q
-

(¢) The material domain € corre- (d) The updated material domain
sponding to a. Q) corresponding to b.

Figure 6.2: An example of the the working principal of Level-set method with
the level-set function ¢ and the corresponding material domain 2 before and
after a design update [15].

of the objective function with respect to the addition of such holes. This
sensitivity is encapsulated by the topological derivative.

6.2 Application of Topology Optimization to
the PM-EDS System

This section delves into the practical implementation of a density-based TO
method within the context of this study, focusing on maximizing system per-
formance, efficiency and cost through strategic material distribution within
the conductive track. The primary objective of this study is not to develop
designs that are immediately ready for manufacturing, but rather to explore
innovative and efficient topologies that hold potential for further investigation
and optimization. Consequently, the study will adhere to the basics of topology
optimization, focusing on the discovery of promising design configurations
rather than final, manufacturable solutions.

In this study, the design domain, which is generally discretized into finite
elements, is defined within the advanced plate model presented in Chapter
5. The design domain corresponds to the discrete mesh considered within a
segment of size 7. in the advanced model, as illustrated in Fig. 5.2, and is then
repeated indefinitely in the longitudinal direction. The design domain of size 7,
was chosen to correspond to the wavelength A of the magnetic field produced
by the PMs array.
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6.2 Application of Topology Optimization to the PM-EDS System

Selecting 7. = X ensures that the optimization process captures the full
range of the magnetic field interactions within a complete period of the PMs
array. A larger design slice 7. > A would result in repetitive patterns of holes
across the considered slice, adding unnecessary complexity and computational
overhead without providing additional insights. Conversely, a smaller design
T. < A could reduce the computational burden but may miss critical interactions
that occur over a full wavelength, potentially leading to suboptimal designs.

6.2.1 Formulation of the Optimization Problem

The primary objective is to optimize the topology of the conductive track to
enhance key performance metrics such as the LDR, minimize the drag force,
maximize the lift force, or maintain a certain level of performance while reduc-
ing material usage and, consequently, the initial cost. These metrics are critical
for improving the efficiency and effectiveness of the system, as discussed in
Chapter 2.

The optimization problem is initially formulated with the objective of min-
imizing the drag force Fjy.e, while ensuring that the lift force Fji remains
above a specified threshold Fjif min. This strategy indirectly maximizes the
LDR by prioritizing drag reduction while maintaining sufficient lift to ensure
the vehicle’s proper operation.

The optimization problem can be mathematically formulated as follows:
Objective: H%in Furag(1(6),0)

Subject to:  F;z(1(0),0) > Fijft min
910w S 0 S ehigh

where:

e 0 represents the vector of design variables, which is bounded by 6., and
ehigh-

o Furag(I(0),0) is the objective function, representing the drag force, which
is a function of both the state variable I(0), obtained from Eq. 5.8, and
the design variables 6.

o F;11(1(0),0) represents the lift force, which serves as a constraint to
ensure that the lift force remains above a minimum threshold Fj; f min.

The design variables in this context correspond to the material density of
each element within the discretized mesh of the design domain. Referring to
the N., and N,.ws parameters defined in Section 5.2, the mesh consists of
Ne = (Neot + 1) X (Nyows + 1) elements, each associated with a density value 0;.
These density values, which range between 6o, = 0 and 0y;z, = 1, determine
the material distribution within the design domain.
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6.2 Application of Topology Optimization to the PM-EDS System

The iterative optimization process starts with an initial guess for the design
variables €, which are progressively updated to minimize the drag force Fiyag
while adhering to the lift force constraint. The initial design variables can
be chosen and varied. The choice of the initial design may impact the final
topologies obtained.

6.2.2 Material Interpolation Schemes

The MIS plays a crucial role in topology optimization by defining how material
properties vary within the design domain as a function of the design variables.
In this study, three MIS approaches were considered: the SIMP or power-law
approach, the RAMP, and a linear interpolation scheme. These approaches
differ in how they interpolate material properties between void (6 = 0) and
solid (# = 1) states.

The property of interest in this study is the electrical resistivity p of the
material within each mesh element. As discussed in Section 5.3, the model has
been relaxed to allow for the modification of the electrical resistivity of each
element in the mesh. Thus, the interpolated property p;(6;) is the electrical
resistivity corresponding to the material density 6; of a mesh element 2.

Linear Interpolation Scheme

The linear interpolation scheme is the simplest of the three methods, providing
a straightforward relationship between the material density # and the material
resistivity p. The resistivity at any mesh element in the design domain is given
by:
pz(ez) :pmax+(pmin_pmaw) 01 for i = 17~~-7Ne

where:

* Pmin = m m represents the resistivity of the material in its fully

conductive state.

* Pmaz = 60 X ppin is the resistivity corresponding to the material’s void
state with K = 60, the increase factor of the initial resistivity chosen in
accordance with Section 5.3.

SIMP or Power-Law Approach

The SIMP method introduces a non-linear relationship between the material
density and resistivity. The resistivity is interpolated as:

0i(0:) = Pmaz + (Pmin — Pmaz) - 07 fori=1,... N,

where n is the penalty factor.
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RAMP Approach

The RAMP interpolation scheme offers an alternative approach, where the
resistivity is given by:

(pmzn - pmaa:) : 07,

pz(ez) = Pmazx +
Here, q serves as the penalty factor.

Results and Comparison of MIS Approaches

It was observed that the final topologies obtained using the different MIS
approaches were highly similar, with the designs converging close to a binary
0-1 solution even with the non-penalized linear approach. Given the faster
convergence rates and the simplicity associated with the linear interpolation, it
was selected as the default MIS for subsequent optimization results.

6.2.3 Adaptation of the Adjoint Variable Method to the
PM-EDS Problem

The AVM was adapted to the specific needs of this study to efficiently compute
the gradients of the objective function (drag force) and the constraint (lift
force) with respect to the design variables 6.

The governing state equation for the system is given by (see Eq. 5.8):
AO)I=B

where A(0) represents the system matrix, which depends on the design
variables and encapsulates the resistive and inductive components, I denotes
the state variable, consisting of the vector of unknown induced currents, and B
is the known right-hand side vector with the induced voltages, as detailed in
Section 5.2.

Referring to Eq. 6.9 developed in the state of the art on TO (Subsection 6.1.3),
the AVM for this study can be expressed in the following form:

dFirag  OFgrag AT 0A(0)
a 00 00
Given that the drag force Fj,q4 has no explicit dependency on the material

density, but rather an implicit one through the induced currents, it can be
expressed as:

I

dFdrag _ )\T 8A(0)
de 00

Fig. 6.3 presents the computed gradients of the drag, lift, and LDR on the
conductive track, evaluated over a domain of size 7. = 27, = 0.4 m with a
track width of 0.4 m.

I
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Figure 6.3: Gradient plots showing the gradient of the Drag, Lift, and LDR
over the Coil Pitch 7, for two different speeds: (a, b, ¢) Low speed (v, = 1.15
m/s) and (d, e, f) Higher speed (v, = 18 m/s).

Employing these gradients in the topology optimization process could in-
troduce a bias in the resulting topologies. The presence of holes in the track
causes the induced currents and the associated electromagnetic forces to vary
with the position of the PM array above the track.

As the PM array moves over the conductive sheet, eddy currents are induced.
In a uniform, unperforated sheet, these currents form consistent patterns, lead-
ing to stable electromagnetic forces. However, the introduction of holes disrupts
these current paths, resulting in irregular distributions of induced currents and
hence lead to fluctuations in the electromagnetic forces. Due to the periodic
nature of the magnetic field, these force fluctuations exhibit a periodic behavior
with a period matching the pole pitch 7, of the PM array.

To obtain representative values for the drag and lift forces, it is essential to
evaluate the forces at multiple positions of the PM array, spanning one pole
pitch 7,. Averaging the forces across these positions provide a value that more
accurately reflects the overall performances of the system, rather than one
dependent on the specific relative position of the PM array and that would
lead to topologies optimized only for a specific position of the array.
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6.2 Application of Topology Optimization to the PM-EDS System

6.2.4 Mitigation of Bias Through Averaged Forces

To address this bias, the forces were computed for multiple shifted positions
of the PMs array within a pole pitch distance 7,,. The objective function was
then redefined as the average of these forces, ensuring that the optimization
results were robust to the relative position of the PMs array.

« Averaged Drag Force: The averaged drag force I, is computed as:
1 X
Fdrag Z Fdrag 0 $i>, 9)

511

where x; represents the shift position of the PMs array, and N is the
total number of shift positions considered.

« Averaged Lift Force: Similarly, the averaged lift force F; is computed
as:

The sensitivities of the averaged drag and lift forces were calculated and
are illustrated in Fig. 6.4.
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Figure 6.4: Gradient plots showing the gradient of the averaged Drag and Lift,
over the Coil Pitch 7, for two different speeds: (a, b) Low speed (v, = 1.15
m/s) and (c, d) Higher speed (v, = 18 m/s).
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Chapter 7

Results and Discussion

In this chapter, the results of the density-based TO algorithm are presented
and analyzed. The discussion begins with an overview of the reference model,
which serves as a benchmark for assessing the performance of the optimized
topologies. The first set of results focuses on optimizing topologies to enhance
system efficiency and performance by maximizing the LDR. Following this, a
second optimization is conducted with the goal of minimizing material usage.
The resulting topologies from both optimizations are evaluated, leading to a
discussion on intuitive design configurations.

7.1 Reference Topology and Velocity Influence

The full conductive sheet was used as a reference benchmark to evaluate the
performance of the obtained topologies. This reference case represents the
maximum achievable lift at any given speed, as the full conductive sheet offers
the largest surface area for current induction. However, the associated drag
with a full conductive sheet is also relatively high, which may not yield the
optimal LDR.

The performance of the optimized
topologies was evaluated by compar-
ing their LDR with that of the full con-
ductive sheet. This comparison deter-
mines whether the new designs offer
substantial efficiency improvements.
The lift constraints in the subsequent
results correspond to a % of the ob-
tained lift at a given speed v,, using
the reference topology. Fig. 7.1 illus- W@ s we us me  ws me
trates the LDR values across a range
of velocities for the FEM reference Figure 7.1: Comparison of Lift-to-Drag
model and the advanced plate model, Ratio Across Velocities for Different Dis-
using two different discretization sizes: cretization Sizes
Arx = Ay =1 cm and 2 cm.

Lift to Drag Ratio With Respect to Velocity
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Lift-to-Drag Ratio

7.2 First Topology Optimization: Performance Optimization

The vehicle’s speed is a critical parameter in topology optimization, given
the velocity-dependent nature of current distribution (e.g., skin effect, diffusion
angle) and the associated electromagnetic forces. These dependencies suggest
that the optimal topologies will differ depending on the velocity considered.
This is further evidenced by the changing gradients with increasing speed, as
shown in Figures 6.3 and 6.4.

Therefore, in this study, multiple velocities were considered in the topology
optimization process to capture the full spectrum of system behavior. This
approach could allow the design of a track system optimized for a given speed
profile of a MAGLEV vehicle.

The initial TO conducted in this study, as outlined in Section 6.2, aimed to
minimize the objective function—the average drag force—while constraining
the average lift to a specified percentage of the lift achieved with the full
conductive sheet at a given velocity.

7.2 First Topology Optimization: Performance
Optimization

The results are presented in Fig. 7.2. The lift constraint was systematically
varied from 10% to 100% of the lift produced by the full conductive sheet at the
corresponding speed. Each data point in the figure represents a feasible design
solution that meets the required lift performance criteria. The optimization
process was initiated with a uniform material distribution (6 = const. = 0.5)
across the design domain, reflecting an initial assumption of homogeneity. The
discretization used was limited to Az = Ay = 2 cm, avoiding excessively
time-consuming calculations.

Density Minimization TO : Pareto Fronts at Different Speeds
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Figure 7.2: Results of the topology optimization algorithm for different velocities and lift
constraints. The left plot shows the Pareto fronts, while the right plot illustrates material

density for every design obtained.
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7.2 First Topology Optimization: Performance Optimization

The plots provide insights into the behavior of the TO under different
velocities. It is evident that as the lift constraint is relaxed, the optimization al-
gorithm progressively removes material to reduce drag. However, this approach
results in a disproportionate reduction in lift, leading to a lower LDR. This
outcome indicates that the optimization process may be prone to local optima,
where the strategy of material removal for drag minimization inadvertently
leads to suboptimal designs.

Across all velocities, the full conductive sheet, serving as the benchmark,
appears to offer the best performance in terms of LDR. However, it is essential
to recognize that depending on the application, a slightly lower LDR with
an associated reduction in material usage can be acceptable, provided that
sufficient lift is maintained for the system’s operation. Therefore, even though
the full conductive sheet topology yields the highest LDR, the other obtained
topologies may still be of interest.

7.2.1 Representative Topologies from Drag Force Mini-
mization

For further analysis, several specific topologies have been selected to gain a

deeper understanding of the behavior of the TO algorithm for different velocity

range and changes in the average lift constraint (see Fig. 7.2). For each range
of speed:

« High-Speed Topologies: Fig. 7.3 presents three designs obtained at
high speed (v, = 18 m/s) for varying values of the average lift constraint.
The corresponding average LDR and the material density, expressed as a
percentage relative to the full conductive sheet, are detailed in Table 7.1.
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Figure 7.3: Designs at different lift constraints for high-speed (v, = 18 m/s)
range.

Design Constraint | LDR | Density (%) | LDR Decrease (%)
Full Plate Reference | 1.41 100% -

80% Design 1.24 91.83% 12.06055%

50% Design 0.947 59.41% 32.83997%

10% Design 0.517 23.58% 63.33008%

Table 7.1: Comparative analysis of high-speed range designs.
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7.2 First Topology Optimization: Performance Optimization

The topology shown in Fig. 7.3a, which achieved the highest LDR, closely
resemble the full conductive sheet with strategic material removal in areas
that reduce drag force, thereby lowering the track density by nearly 10%.
However, as previously discussed, relaxing the lift constraint generally
results in a reduction in average drag at the cost of a more significant

decrease in lift, leading to a 12% decrease in the LDR. Despite this,

the

specific regions where material is removed offer valuable insights into
potentially advantageous topologies. As the lift constraint is relaxed,
as shown in Fig. 7.3b and Fig. 7.3c, the algorithm tends to remove
material in regions that most significantly impact average drag. This
results in coils-like designs, with decreasing widths as the lift constraint

is progressively relaxed.

« Intermediate-Speed Topologies: Fig. 7.4 displays designs obtained at
an intermediate velocity (v, = 6 m/s) under the same lift constraints ap-
plied in the high-speed case. The corresponding performance parameters

for these designs are detailed in Table 7.2.
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Figure 7.4: Designs at different lift constraints for intermediate-speed (
m/s) range.

v, =6

Design Constraint | LDR | Density (%) | LDR Decrease (%)
Full Plate Reference | 0.466 100% -

80% Design 0.439 92.51% 5.79529%

50% Design 0.413 63.49% 11.37543%

10% Design 0.274 27.66% 41.20178%

Table 7.2: Comparative analysis of intermediate-speed range designs.

A similar analysis to that conducted for the high-speed case can be applied
to these results. The designs exhibit comparable patterns in the areas

where material is removed as the lift threshold is decreased.

o« Low-Speed Topologies: In contrast, at lower speeds, some topolo-
gies with moderate material removal achieved slightly improved LDR
compared to the full sheet reference case. Fig. 7.5 presents noteworthy
designs obtained at v, = 1.15 m/s, with the corresponding performance

parameters detailed in Table 7.3.
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Figure 7.5: Topology designs at different lift constraints for low-speed (v, = 1.15
m/s) range.

Design Constraint | LDR | Density (%) | LDR Increase (%)
Full Plate Reference | 0.1 100% -
80% Design 0.3 42.17% 200.00305%
50% Design 0.146 44.67% 45.9961%
30% Design 0.262 18.14% 161.99341%

Table 7.3: Comparative analysis of low-speed range designs.

These results suggest that at lower speeds, there is greater flexibility in
material distribution, enabling some drag reduction without significantly
compromising lift. As shown in Fig. 7.5a and Fig. 7.5c, the material
density is considerably reduced, and the LDR outperforms the reference.
Notably, Fig. 7.5a depicts a configuration similar to the simple discrete
loop discussed in Subsection 2.1.2. Although low-speed designs may not be
critical for long-term operational efficiency, discovering new topologies at
such speeds remains valuable. Identifying innovative designs that enable
higher lift at lower speeds could lead to systems achieving levitation more
rapidly, thereby reducing the propulsion requirements at lower speeds
and lowering the transition speed v; defined in Subsection 2.1.2.

The impact of vehicle velocity on the optimized designs highlights the
importance of accounting for a range of operating conditions during the opti-
mization process. A discernible trend in hole configurations seems to emerge
from intermediate to high velocities.

As discussed in Chapter 2, a trade-off is often sought between long-term
efficiency, represented by the LDR, and initial cost, production cost, depending
on the specific application. The initial optimization focused on maximizing effi-
ciency through the LDR. The subsequent TO will shift focus toward optimizing
material usage.
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7.3 Second Topology Optimization: Material Usage Optimization

7.3 Second Topology Optimization: Material
Usage Optimization

The material minimization problem is formulated similarly to the drag min-

imization problem, starting with the same initial assumption of a uniform

material distribution across the design domain (i.e., # = const. = 0.5). How-

ever, in this case, the objective function is defined as the total material density

in the track. The optimization process aims to minimize this objective while
ensuring that the lift constraint is satisfied.

Ne
Objective: rxbin ;@
Subject to:  F;7(1(0),0) > Fijft min
0<6<1
where:

o YN 0, represents the total material usage across all elements in the
design domain.

o F;1(1(0), 0) remains the lift force, constraint to at least a value of Fj; 4 min
ensuring that sufficient lift is generated despite the reduced material.

The results of the material minimization optimization are illustrated in Fig.
7.6. The results exhibit a behavior similar to the previous test.
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tion. optimization.

Figure 7.6: Results of the density minimization-based TO for different velocities and lift
constraints. The left plot illustrates the Pareto fronts in terms of lift-to-drag ratio, while the
right plot depicts the material density for each optimized design.

Indeed, when the lift constraint is set near the maximum lift achievable
with a full sheet, the optimization yields designs that are relatively conserva-
tive in terms of material removal. However, as the lift constraint is relaxed,
similar to the first optimization results, the algorithm begins to aggressively
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7.3 Second Topology Optimization: Material Usage Optimization

reduce material, leading to a significant decrease in lift and, consequently, a
reduction in the LDR until the minimum lift requirement is met. This observed
tendency of the algorithm to "strip away" material until only the minimum lift
is maintained underscores the potential challenge of local optima.

However, with the objective of minimizing the total density of the rail,
the resulting holes in the track are generally placed in less strategical areas
compared to the first TO, where holes were strategically placed in specific
regions to minimize drag force. In this case, the algorithm focuses solely on
reducing density until the lift force approaches the minimum acceptable level.
For certain lift constraints, the algorithm can become trapped in local optima,
resulting in designs characterized by sparse distributions of conductive material,
often concentrated in narrow strips. These designs may suffer from reduced
structural integrity, posing significant risks to the overall stability and func-
tionality of the track.

7.3.1 Representative Topologies from Material Mini-
mization

Several representative topologies resulting from the material minimization
optimization are presented below, corresponding to different velocity regions:

« High-Speed Topologies: Figure 7.7 presents designs obtained at a
speed of v, = 18 m/s for varying lift constraints. The corresponding
parameters obtained are detailed in Table 7.4.
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Figure 7.7: Designs at different lift constraints for high-speed (v, = 18 m/s)
range.

Design Constraint | LDR | Density (%) | LDR Decrease (%)
Full Plate Reference | 1.41 100% -

90% Design 1.25 92.74% 11.34949%

70% Design 1.02 75.28% 27.6596%

50% Design 0.837 63.49% 40.64026%

Table 7.4: Comparative analysis of high-speed range designs.

90



7.3 Second Topology Optimization: Material Usage Optimization

The material removal appears hazardous for most lift constraints at high
speed, as the optimization aggressively removes material until the lift
threshold is barely met. As observed in Fig. 7.7a, material is removed
in regions similar to those in Fig. 7.3a. This suggests that these areas
are optimal for material removal and allow for significant reductions in
drag force. However, as the lift constraint is further relaxed, the resulting
designs deviate significantly from previous TO outcomes and seem to
represent local optima. For instance, Fig. 7.7c does not exhibit a lower
density than Fig. 7.3b, for the same constraint despite the latter achieving
a better LDR with a lower density, even though reducing total density
was not the primary objective in that case.

» Intermediate-Speed Topologies: Fig. 7.8 shows the designs for v, = 6
m/s for the same lift constraints with the associated Table 7.5.
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Figure 7.8: Designs at different lift constraints for intermediate-speed (v, = 6
m/s) range.

Design Constraint | LDR | Density (%) | LDR Decrease (%)
Full Plate Reference | 0.466 100% -

90% Design 0.444 97.27% 4.7226%

70% Design 0.403 88.2% 13.52081%

50% Design 0.383 67.34% 17.81311%

Table 7.5: Comparative analysis of intermediate-speed range designs.

The same conclusions drawn from the high-speed case apply here as well.
Although these results aim to minimize density specifically, a comparison
with the first TO, where drag force was the objective function, reveals that
for the same constraints, the track exhibits a higher density while achieving
a lower LDR. Leading to designs that may not be worth considering.
Additionally, Fig. 7.8c at this speed produces results that closely resemble
those seen in Fig. 7.4b.

o Low-Speed Topologies: For the lower speed (v, = 1.15 m/s), Fig. 7.9
shows specific designs obtained with the associated Table 7.6.
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Figure 7.9: Topology designs at different lift constraints for low-speed (v, = 1.15
m/s) applications range.

Design Constraint | LDR | Density (%) | LDR Increase (%)
Full Plate Reference | 0.1 100% -

90% Design 0.101 90.93% 0.99792%

70% Design 0.133 64.4% 32.9956%

50% Design 0.135 48.07% 34.9945%

Table 7.6: Comparative analysis of low-speed range topology designs.

At low speed, the designs are more consistent with the results obtained
in the first TO. However, these designs still exhibit higher density for the
same lift constraint and a lower LDR than the designs shown in Fig. 7.5.

The results obtained during this second TO, with the objective of minimizing
the total density of the track, exhibit lower performances and higher densities
compared to the designs generated in the first TO. Consequently, these results
are less promising and may not warrant further investigation.

7.4 Intuitive Topologies: Exploring Alterna-
tives to Standard Optimization

In this section, the focus shifts to an exploration of intuitive topologies at high
speed v, = 18 m/s, as this speed is the closest to the operational speed of the
PM-EDS system and, therefore, has the most significant impact on operational
efficiency. These topologies were selected based on insights derived from stan-
dard topology optimization results, as well as physical intuition regarding the
system’s behavior. The objective is to evaluate whether these intuitive designs
can provide competitive or superior performance compared to the reference
conductive sheet topology.

Three distinct intuitive designs were developed based on the prior TO results
and the insights provided by the state of the art in Chapter 2. As discussed
in Subsection 2.1.2, the ladder track, given specific geometric considerations,
has the potential to achieve a higher LDR than the conductive plate track.
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7.4 Intuitive Topologies: Exploring Alternatives to Standard Optimization

Intuitively, the optimized results should therefore converge toward a topology
resembling a ladder configuration.

Therefore, topologies obtained for different lift constraints that exhibit

design properties similar to the ladder track configuration are considered for
further analysis.

:
’ : .
. 015 0

L 000 3

(a) Ladder-like topology. (b) Slitted plate design.

i

(c) Perforated sheet design with oval
holes.

Figure 7.10: Comparison of intuitive topologies at high speed v, = 18 m/s.
Each design, inspired by insights from previous topology optimization results,
offers different potential benefits.

7.4.1 Ladder-Like Topology

One of the intuitive topologies explored was a ladder-like structure, as shown
in Fig. 7.10a. This design was inspired by the ladder track topology and the
observation that the optimization process frequently initiated material removal
in the same regions as the lift constraint was reduced. The results depicted in
Fig. 7.3a, 7.4a, 7.7a, 7.9a served as the basis for this topology’s development.

7.4.2 Slitted Plate Topology

The slitted plate design shown in Fig. 7.10b was intuitively selected to optimize
performance by disrupting large eddy currents that typically result in energy
losses through Joule heating. By introducing slits, the design aims to limit
the formation of these currents, potentially reducing drag and improving the
LDR ratio. Additionally, the slits strategically reduce material usage while still
maintaining sufficient lift, making this design an effective compromise between
performance and material efficiency.
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7.4 Intuitive Topologies: Exploring Alternatives to Standard Optimization

7.4.3 Perforated Sheet with oval Holes Topology

Another intuitive topology investigated was a perforated sheet design, featuring
a regular array of oval holes as depicted in Fig. 7.10c. This design was based
on the observations made in earlier optimization results shown in Fig. 7.3b-c,

7.4b-c, 7.5b, 7.8¢, 7.9b-c.

7.4.4 Performance Analysis

The intuitive topologies described above were evaluated against results obtained
from a detailed 3D FEM model implemented in Comsol Multiphysics®. The
objective was to validate the effectiveness of the simplified analytical models
used in this study and to assess the performance of these intuitive topologies.
The results of the comparison are presented in Fig. 7.11 and Table 7.7. A
comparison of the induced current patterns can be found in Appendix B.
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Figure 7.11: Comparison of Lift-to-Drag Ratios for different intuitive topologies.
The blue markers represent the advanced model, and the red markers represent
the FEM model. Dashed lines indicate the reference LDR of the full plate
obtained from both models.

Topology Density LDR Devia- | Lift Devia- | Drag Devia-
(%) tion (%) tion (%) tion (%)

Oval Holes 61.33 25.33 10.74 11.64

Ladder-like 85.13 21.03 16.05 4.12

Slitted Plate | 63.77 32.77 32.96 0.14

Table 7.7: Deviation in Performance Metrics and Material Density for Intuitive
Topologies Compared to FEM Results

Based on those results, the LDR deviation relative to the FEM model, and
the total density of the designs, the most promising topology appears to be the
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ladder-like structure. This design offers a favorable balance between efficiency
and material usage, achieving a relatively high LDR while enabling material
reduction in the track.

These results could potentially be further improved through shape optimiza-
tion of the different topologies. It is important to recognize that these topologies
do not represent the optimal design. Rather, they are configurations of tracks
that, based on physical intuition, system behavior, and previous optimization
results, are likely to offer a favorable trade-off between performance and cost.
As such, they may be wiser choices for certain types of applications.

7.4.5 Leveraging Intuitive Topologies as Initial Guesses
in Optimization

The exploration of intuitive topologies was also motivated by the limitations
observed in the standard topology optimization process, where the optimization
frequently became trapped in local optima. This limitation resulted in de-
signs that, while functional, were not necessarily the most innovative or efficient.

These topologies can serve as alternative starting points, guiding the op-
timization process toward promising regions of the design space that might
otherwise remain unexplored through standard methods. Additionally, they
can allow the optimization process to focus on enhancing the performance of
the initial design. This approach has the potential to yield innovative designs
that offer superior performance or efficiency.

While starting with these intuitive topologies offers advantages, it is im-
portant to recognize that this approach also carries the risk of biasing the
optimization process toward certain design configurations. This bias may limit
the exploration of other, potentially more effective designs. Additionally, these
new starting points are heavily dependent on the availability and accuracy
of the prior knowledge that inform them. In cases where such knowledge is
limited or inaccurate, the resulting designs may be suboptimal.
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Chapter 8

Future Work and Conclusion

The research presented here has advanced the understanding and application
of topology optimization to the conductive tracks of Permanent Magnet Elec-
trodynamic Suspension systems for MAGLEV trains. Central to this work is
the development and validation of mathematical models that offer a robust
framework for potentially simulating, discovering and optimizing new track
topologies to enhance both performance and material efficiency.

The study began with the formulation of advanced analytical models based
on equivalent electrical circuits, designed to capture the complex electromag-
netic interactions within PM-EDS systems. The ladder track model served as
the foundation, from which more sophisticated models, including the simplified
and advanced plate models, were derived and rigorously validated against Finite
Element Method simulations. These models have proven to be both accurate
and efficient, confirming their applicability across various scenarios.

A key contribution of this research lies in the seamless integration of the
advanced model with density-based TO methods. By adjusting resistivity
within the model, the creation of holes and other topological variations within
the conductive sheet was effectively simulated, enabling the exploration of
innovative track designs.

Following the development of these models, the present study applied TO
techniques to explore new conductive track configurations. The first optimiza-
tion focused on performance, particularly the Lift-to-Drag ratio. The results
highlighted the ability of certain topologies, such as ladder-like structures, to
achieve high LDR while reducing material usage compared to conventional de-
signs. However, the optimization process was often challenged by local optima,
leading to suboptimal configurations.

A subsequent round of TO, aimed at material minimization, sought to re-
duce the initial cost and resource usage. However, this approach often resulted
in topologies with lower performance metrics, including reduced LDR, indi-
cating that material minimization alone may not yield the most effective designs.
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The exploration of intuitive topologies, informed by TO results and prior
knowledge, provided additional insights. These designs, such as the ladder-like
topology, offered a promising compromise between performance and material
efficiency and could potentially help in avoiding suboptimal solutions. However,
the research also emphasized the potential biases introduced by relying on
intuitive designs.

In conclusion, this research has laid a strong foundation for future work in
the optimization of conductive tracks for EDS systems. The validated analytical
models provide a reliable framework for further exploration, while the insights
gained from the TO processes offer valuable guidance for the design of more
efficient and cost-effective MAGLEV systems.

Future Work

Future work in this research could focus on enhancing the advanced plate model
used for topology optimization of conductive tracks in PM-EDS systems. One
area of improvement is the refinement of the inductance formulas, potentially
developing new methods for computing equivalent inductances, which are criti-
cal to the model’s accuracy. This could lead to better precision, especially for
topologies with reduced material density.

Additionally, exploring alternative optimization strategies is essential. The
density-based approach employed in this study often fell into local optima,
limiting its effectiveness. Implementing techniques such as global optimization
methods, multi-start approaches, or even transitioning to level-set methods
could offer more robust and flexible optimization frameworks. These approaches
might better capture the design complexities and lead to improved topologies.

Exploiting the observed periodicity in the optimized designs could also
streamline the optimization process. By limiting the design domain to a
smaller, periodic section, computational efficiency could be significantly en-
hanced, allowing for finer discretization and more accurate results.

In summary, future research should aim to refine the computational models,
explore more advanced optimization techniques, and leverage design periodicity
to improve both the efficiency and accuracy of topology optimization for PM-
EDS system. These efforts would contribute to the development of more
effective and cost-efficient solutions for high-speed rail technologies.
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Appendix A

Validation of Inductance
Formulas

In this study, it was necessary to compute the inductances and mutual in-
ductances of rectangular conductors. The formulas utilized are derived from
classical electromagnetic theory, specifically based on Neumann’s formula for
mutual inductance and the self-inductance calculations for rectangular conduc-
tors. The correctness of these formulas has been verified using a FEM model
generated in Comsol Multiphysics®.

This model consists of a simple loop made of rectangular conductors inside
which a current flows.

The total inductance of such a loop is given by:
Lot = 2(Ly — My) +2(Ly — Mp) (A.1)

where Ly and Lp represent the self-inductance of a vertical conductor and a
horizontal conductor, respectively. My and My denote the mutual inductance
between the two vertical and the two horizontal conductors, respectively.

The validity of these formulas was tested by varying the shape of the con-

ductors. These tests provided a better understanding of the validity region for
our inductance computations.
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In Fig. A.1, the conductors were taken with a squared cross-section. The
size of this cross-section was then varied, providing insights into the required
discretization for our model.
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Figure A.1
Figure | Comsol Model Deviation [%)]

(a) 8.6049 x 107 [H] | 8.9592 x 107 [H] | 3.95
(b) 1.0063 x 10~° [H] | 1.0173 x 10~ [H] | 1.08

Table A.1: Deviations observed on the value of the inductance between Comsol
Multiphysics® and the FEM model, while varying the cross-section.

Reducing the cross-section provides better results in terms of the induc-
tance’s value between Comsol Multiphysics® and the FEM model, as the
deviation decreases.

In Fig. A.2, the thickness of the conductor was fixed at 1lem. This test
aimed to demonstrate the importance of maintaining a cross-section close to a
square shape with a width equal to the thickness.
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Figure A.2

As observed thanks to the Table A.2, getting closer to a square shape while
keeping the width equal to the thickness, drastically reduces the deviations,
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Figure | Comsol Model Deviation [%)]
(a) | 1.9357 x 107 [H] | 4.0824 x 107 [H] | 52.58
(b) | 4.1664 x 107 [H] | 5.6597 x 107 [H] | 26.38
(©) | 8.6049 x 107 [H] | 8.9592 x 107 [H] | 3.95

Table A.2: Deviations observed on the value of the inductance between Comsol
Multiphysics® and the FEM model, while keeping a constant thickness and
varying the shape.

going from 52.58% to 3.95%.

The final test aimed to show the impact of the length of the conductors
while maintaining a squared cross-section. The results of this test are depicted
in Fig. A.3.
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Figure A.3
Figure | Comsol Model Deviation [%)]

(a) 8.6049 x 10~ [H] | 8.9592 x 10~" [H] | 3.95
(b) 5.1815 x 10~7 [H] | 5.5017 x 1077 [H] | 5.82
(c) 2.1532 x 10~7 [H] | 2.4206 x 10~7 [H] | 11.05

Table A.3: Deviations observed on the value of the inductance between Comsol
Multiphysics® and the FEM model, while varying the length of the conductors.

Reducing the length of the conductors shows bad impact on the inductance’s
value, as the deviation keeps increasing between Comsol Multiphysics® and the
FEM model.

Based on these results, the mutual inductances and therefore the equiva-
lent inductances Ly, and L, in the ladder model were computed using the
formulas verified in this section when the distance between two conductors is
small. For larger distances, the conductors can be considered as infinitely thin
cylindrical wires. Consequently, the mutual inductances at larger distances are
computed using the formulas developed by Dumont de Chassart et al. [91],[92],
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which provide the mutual inductance values between two parallel wires.

Following a thorough analysis and validation of the models employed in
this study, it was determined that the Dumont formula should be utilized,
even for short distances. The application of the previously validated formulas
consistently resulted in greater deviations and less accurate outcomes when
compared to the FEM models developed in this research. Specifically, the use
of these formulas in computing the equivalent inductances led to erroneous
results. The formula being extremely sensible to changes in the cross-section,
length, size of the discrete conductors considered in this study.

Consequently, the Dumont formula was chosen for this study, and it is
recommended that further investigation be conducted to either refine the
existing formula or develop a new one tailored to future research employing the
developed analytical models potentially leading to even more accurate results.
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Appendix B

Intuitive Topologies: Induced
Current Patterns Comparisons

Presented below are the induced current densities in both the y and x directions
for the intuitive new track topologies developed in Section 7.4. In each figure,
the top graphs depict the transverse current density, J,, while the bottom
graphs show the longitudinal current density, J,. The left plots are derived
from the advanced plate analytical model, whereas the right plots are obtained
from the 3D FEM model (see Fig. 4.6).
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