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problèmes qui me semblaient insurmontables.Leur soutien et leurs encouragements ont été ines-
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Chapter 1

Introduction

1.1 Wind energy and motivation

In an era where sustainable energy sources are pivotal to mitigate environmental degradation and

meet escalating global energy demands, wind energy emerges as a compelling solution and stands

as a cornerstone of renewable power generation.

Over the past two decades, the wind energy sector has exhibited remarkable growth, an upward

trajectory set to continue. Globally, 2022 saw the integration of 77.6 GW of new wind power capac-

ity into grids, resulting in a cumulative installed capacity of 906 GW, a 9 % rise compared to 2021,

as seen in Figure 1.1. Furthermore, GWEC (Global Wind Energy Council) Market Intelligence

forecasts 680 GW of new capacity in the next five years (2023-27), corresponding to a total growth

of 75 % [1].

Figure 1.1 – Historic development of global wind power generation [GW] [1].
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However, despite this robust growth, fossil fuels continue to dominate global power systems,

constituting over 60 % of the 2022 global electricity generation, while wind-based energy accounts

for 7.6 % [7]. On the other hand, according to projections by Ember, showed in Figure 1.2, fossil

fuels could begin a new era of decline from now on.

Figure 1.2 – Evolution and projection of global energy generation, and distribution between sources
[TWh] [7].

An evolution worth noting is the rise of o↵shore wind turbines, demonstrating a notable in-

crease from 3.5 % to 7 % among the total number of turbines installation between 2017 and 2022,

corresponding to a staggering 237% rise in o↵shore installations. Distinguished from their onshore

counterparts by their installation in shallow open waters, o↵shore turbines’ development is essential

as they o↵er several advantages:

• O↵shore turbines generate more energy. There are two reasons for that, first, the size of the

rotor can be bigger, meaning that more energy can be captured, but mainly because o↵shore

wind speeds are more important than land speeds.

• They enjoy a less troublesome inconsistency of wind power and availability, providing in turn

a more reliable and e�cient power generation.

• They are less intrusive and have fewer environmental impacts than their onshore equivalents

as they don’t a↵ect how towns use their land, or create noise pollution.

• You can build bigger o↵shore wind farms because there are fewer obstacles.

Despite all these advantages, the large majority of wind turbines are still built onshore because

the costs of construction and maintenance for onshore wind farms are significantly lower than those

involved in o↵shore farms.
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In order to reduce the costs in o↵shore configurations, the turbines are often grouped together

in large wind farms which brings some constraints. When wind turbines are close to each other,

they often happen to sit in the wake of upstream turbines. The wake is the region aft of a wind

turbine where the wind speed is decreased and the turbulence is important. When a wind turbine

is located in this zone, it induces a drastic reduction of the power production (turbines a↵ected

by a wake generate approximately 40 % less power than their potential output [25]) as the air has

already been extracted from its kinetic energy by the upstream turbines. Moreover, wakes from

di↵erent turbines may interact and create particularly unstable and turbulent air, which can cause

damage to the downstream wind turbines encountering the wake. In order to mitigate the negative

impacts of wakes on downstream turbines, innovative control strategies are in development, such

as wake steering that redirects wakes away from downstream turbines by adjusting the yaw or tilt

angles of turbines [22, 26].

1.2 Objectives and outline

The purpose of this work is to develop a method that models the aeroelastic e↵ects of the blades,

producing accurate results while keeping reasonable computational cost in the perspective of being

used for wind farm simulations. The method is then assessed through di↵erent grid resolutions and

wind speeds, and compared to a reference model.

In order to accurately reproduce the behaviour of the flow, blades and wake, we use numeri-

cal tools that can produce di↵erent level of preciseness with the compromise that the higher the

fidelity, the more important the computational cost. The interactions between wakes and wind tur-

bines lead to complex behaviours that are hard to capture numerically and can become very costly.

We therefore need to develop methods that tackle this trade-o↵ e�ciently to predict accurately the

power production as well as the behaviour of the wind turbines in a farm when encountering adverse

wakes. We will then be able to know how to control each turbine of the farm through their di↵er-

ent physical parameters, such as yaw, tilt or pitch, to maximize the power output of the whole farm.

The tools we propose to use and that will be assessed in this study are based on Large Eddy

Simulation (LES) [30] coupled to a numerical model for the wind turbine. LES is a method that

resolves explicitly the large-scale turbulent structures while modelling the e↵ects of smaller scales.

This method strikes a balance between accuracy and computational cost, as it provides more de-

tailed information than traditional Reynolds-averaged Navier-Stokes (RANS) models while being

less computationally demanding than Direct Numerical Simulation (DNS) [29], which resolves all

the scales of turbulence present in a flow.

The flow solver is an in-house developed fourth-order finite di↵erences code using a subgrid scale
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model to simulate the smaller scales in the flow. On the other hand, the rotor is modelled through

an actuator model. The two most common approaches are used in this study and are the Actuator

Disk (AD) model which can be used in coarse grid resolution, and the Actuator Line (AL) model

requiring more refined resolution and imposing constraints on the time step.

As the focus is set towards wind farm simulations, requiring a lot of computations, the most ap-

propriate method is the AD, allowing good precision from coarser resolution, and reasonable CPU

need. Currently, the AD does not account for the aeroelasticity, i.e. the flexibility, of the blades

which is a critical parameter to estimate the fatigue life and for the modellization of the wake. This

work therefore aims to integrate the elasticity of the blades as a post-processing operation for the

computation of di↵erent output of a simulation performed using the AD method. The accuracy of

the results will then be assessed by comparing them to the reference AL model which is already

validated and accounts for the aeroelastic e↵ects of the blades.

Chapter 2 This chapter introduces the numerical tools used throughout this work. First, the flow

solver and the way loads are computed using Euler-Bernoulli beam theory are presented. Then, the

modelling of the turbine using the Actuator Line and Actuator Disk methods is introduced. Three

di↵erent methods are developed using the Actuator Disk approach, a direct integration method and

two mode superposition methods. Eventually, the whole convergence process used to compute the

solution is explained thoroughly.

Chapter 3 The results obtained from the di↵erent developed methods are gathered in this chapter

and compared to a reference simulation to assess their accuracy. The numerical setup used for the

di↵erent simulations is developed and the methods are evaluated through their the tip deflection

over time, loads and fatigue analysis and the power and thrust histories. Finally, the computational

cost of the di↵erent methods is analyzed in detail.

Chapter 4 In this chapter, we draw the general conclusion and bring some perspective aspects

that could be developed to go further in advancing the flexible AD method.



Chapter 2

Methodology

2.1 Flow solver

We consider turbulent flows solved through Large Eddy Simulation (LES), employing an in-house

developed fourth-order finite di↵erences code known as BigFlow. The code operates within a

cartesian coordinate system and solves the incompressible Navier-Stokes equations, supplemented

by a subgrid scale (sgs) model, as described in Eqs. (2.1) and (2.2).

@ui

@xi
= 0 (2.1)

@ui

@t
+ uj

@ui

@xj
= �1

⇢

@p

@xi
+

@⌧ij
@xj

+
@⌧sgsij

@xj
+

fi
⇢

(2.2)

where i, j = 1, 2, 3 corresponding to the three directions in space, ui is the velocity associated

with direction i, t is time, p is the pressure, ⌧ij is the viscous stress tensor, ⌧ sgsij is the viscous stress

tensor associated with sgs e↵ects, fi is the volumetric force, and ⇢ is the fluid density.

Considering a Newtonian fluid, the viscous stress tensor can be written as ⌧ij = 2⌫Sij with the

strain-rate tensor defined as:

Sij =
1

2

✓
@ui

@xj
+

@uj

@xi

◆
(2.3)

The subgrid scales can be resolved with a classical Smagorinsky model [23] or a Regularized

Variational Multiscale (RVM) [5, 2]. It has been shown that the interaction between the RVM

model and wall models a↵ects the results negatively [3]. Therefore, if a wall needs to be modelled,

the Smagorinsky model will be used, otherwise we use RVM.

The simulations in this study have been performed in turbulent flows that does not involve an at-

mospheric boundary layer, therefore no wall modelling is required and the RVM model is employed.
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The RVM model separates the large scales from the LES-resolved small scales to specifically cal-

culate the strain-rate tensor of the latter. The simulations performed are resolved using a uniform

grid, the sgs viscous stress tensor thus reads:

⌧ sgsij = 2Cs�x2(2Ss
mnS

s
mn)

0.5Ss
ij (2.4)

where Ss
ij is the strain-rate tensor of the small scales, �x is the uniform grid spacing and Cs is the

Smagorinsky coe�cient.

The version of the flow solver that will be used has been implemented by Duponcheel [3].

The spatial discretization of the equations is done with the fourth-order finite di↵erences scheme

developed by Vailyev [28] and implemented to conserve the discrete kinetic energy up the same

order.

The Navier-Stokes equations are then solved temporally using a fractional-step method proposed by

Lee et al. [11] projecting the velocity solution onto a solenoidal field, i.e. divergence-free. To do so,

a Poisson equation is solved using a multigrid solver giving the pressure increment corresponding

to the correct projection. See Duponcheel [3] and George [6] for further information regarding the

process of multigrid solving.

2.2 Generation of the inflow

The inflow entering the domain contains turbulent fluctuations, which are generated in this work

using Mann algorithm. It is a method used to generate synthetic turbulence in CFD simulations

that was introduced by Mann [14] in 1998. By employing statistical properties derived from mea-

surements or theoretical models of atmospheric turbulence, the Mann algorithm generates turbulent

velocity fields that simulate realistic turbulent flows.

The method consists in creating a ”box” situated just before the domain of simulation and inside

of which is imposed a turbulent field over a mean inflow velocity. Periodic boundary conditions

are applied to ensure that the output observed at the end of the box is periodic with a period

corresponding to its entire length.

The box used in this study has the following characteristics:

• size: 48Dx6Dx6D (D = 126 m, the diameter of the turbine rotor) ;

• mean wind speed: 9 m/s ;

• turbulence intensity (TI): 6 % ;

• uniform grid of resolution (in number of points): 768x96x96 (16 points per diameter).
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The data given as AxBxC correspond to the directions streamwise (A), vertical (B) and spanwise

(C). Typically expressed as a percentage, turbulence intensity is a measure that indicates the relative

strength of fluctuations or disturbances within a flow compared to the average velocity and is defined

as:

TI =

p
u02

U
(2.5)

where u02 is the average of the square of the velocity fluctuations, and U denotes the mean

velocity.

2.3 Wind turbine modelling

In order to model the interaction between the wind turbine rotor and its surrounding flow field,

a common approach consists of using actuator models. These models are used to simulate the

presence of a physical rotor in a flow and account for its e↵ects through equivalent body forces

added to the Navier-Stokes equations. These models use control points placed on the rotor, and at

which the forces applied by the flow to the blade are computed using blade element theory, which

is presented in the next section. The forces are then included in the flow solver as a reaction force

applied by the blade to the wind.

In this study, the two most common approaches are considered, the Actuator Line (AL) method

and the Actuator Disk (AD) method, each having their own distribution of control points on the

rotor.

2.3.1 Blade element theory

First, we need to understand how the forces are computed from the local flow velocity using the

blade element theory [15]. This method breaks down a blade into smaller radial segments of length

�r, allowing the application of two-dimensional aerodynamics within these segments. Those are

assessed individually to compute the aerodynamic forces acting on each one of them by accounting

for local airflow velocity, blade’s rotational speed, e↵ective angle of attack, airfoil geometry and

corresponding lift and drag coe�cients.

The e↵ective angle of attack is derived by subtracting the twist and pitch angles at the airfoil

position, � and � respectively, from the flow angle � which is induced by the downwash angle and

wake dynamics:

↵ = �� (� + �) (2.6)

The flow angle � is determined from the local axial and tangential velocities of the flow, un and
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u✓, measured at the center of the radial element and is computed as:

� = atan

✓
un

⌦r � u✓

◆
(2.7)

In order to derive the lift and drag aerodynamic forces acting on a blade element of length �r,

the theory employs experimental lift and drag coe�cients, Cl and Cd, specific to the airfoil, and

corresponding to the e↵ective angle of attack ↵. The coe�cients are then multiplied by the dynamic

pressure 0.5⇢V 2
rel and the local chord length c:

L = 0.5⇢V 2
rel c�r Cl (2.8)

D = 0.5⇢V 2
rel c�r Cd (2.9)

where Vrel is the relative flow velocity:

V 2
rel = u2

n + (u✓ � ⌦r)2 (2.10)

with ⌦ the rotation speed of the rotor in rad/s.

The lift and drag forces are expressed in the frame aligned with the relative velocity and are

transferred into the rotor frame as normal and tangential components, Fn and F✓ using the flow

angle �:

Fn = L cos(�) +D sin(�)

F✓ = L sin(�)�D cos(�)
(2.11)

2.3.2 Actuator Line

In the AL method, presented by Sørensen and Chen [24], the blades are represented as rotating

lines with distributed control points along their span, where the forces are computed, as shown in

Figure 2.1. It provides a detailed representation of the blades and their aerodynamic e↵ects on

the flow, including on the resulting wake as it considers the unsteady wake interactions between

the blades. The AL therefore allows the concurrent computations of the structure and the flow

dynamics, passing on information between both in real time, enabling true fluid-structure inter-

action. This allows for an accurate representation of the wake dynamics and its influence on the

aerodynamic performance.

The main drawbacks of this method is that it requires a rather fine mesh in order to obtain correct

results, and it constrains the time step as the blades cannot travel more than one mesh cell over

a time step. The AL approach is thus more appropriate for the simulation of one or a few wind
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Figure 2.1 – Actuator Line configuration for control points distribution. The blades are divided
radially by the control points (small black lines).

turbines but far less for wind farm simulations.

2.3.3 Actuator Disk

In the AD approach, the blades are represented as equivalent forces evenly distributed on a disk

corresponding to the surface swept by the rotor. This means that the e↵ect of the Nb blades is

averaged over the disk surface through polar elements discretizing the disk. It is thus decomposed

into radial and azimuthal elements, each bearing a control point at their center as shown in Figure

2.2.

Similarly to the AL, the equivalent forces are computed at every control point using the local

velocities of the flow. The rotor mesh being polar, the velocities need to be interpolated from the

cartesian LES mesh. This is being carried out with a third-order M 04 interpolation scheme [17].

The forces are then derived using the blade element theory, but as the e↵ect of the aerodynamic

forces of the Nb blades must be felt in each small element composing the disk, we need to add a

weight to the equivalent forces.

Considering the polar elements situated at a certain radius r, they must all account for the

e↵ect of the Nb blades. So, for each azimuthal element, Fn and F✓ are multiplied by the number

of blades Nb and weighted by the ratio between the element surface �S(r) and the surface of the

total annular section of width �r:
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Figure 2.2 – Actuator Disk configuration for control points distribution. The disk is divided az-
imuthally and radially, creating polar elements with control points (black dots) in their center de-
noted (Rj , ✓i).

Fn,AD = Fn Nb
�S

2⇡r�r
(2.12)

F✓,AD = F✓ Nb
�S

2⇡r�r
(2.13)

However, due to its simplifications and limitations, the AD method sacrifices detailed blade rep-

resentations and complex aerodynamic interactions for computational e�ciency. It simplifies the

aerodynamic e↵ects of the blades by applying averaged forces across the disk, enabling faster simu-

lations but at the cost of detailed accuracy in representing the turbine’s behaviour at the blade level.

2.4 Structural solver

In the previous section, the forces are computed only from the flow velocity and does not take

the blade deformation into account. However, the coupling between the actuator model and the

structural solver is crucial to account for the interaction between structure and flow as both are

contingent on one another and influence the forces computation. This coupling can be achieved in

real time or through post-processing.

In the AL method, the coupling happens in real time during the simulation. This means that
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the actuator model and the structural solver communicate and exchange information continuously,

integrating the e↵ects of blade deformation into the aerodynamic calculations to get the most real-

istic response of the blade in the flow.

On the other hand, in the AD method, the coupling occurs after the simulation is complete. The

flow velocity obtained on the disk assuming a rigid turbine, i.e. without blade deformation, is then

used to model the interaction between the blades and the flow in post-processing.

In both cases, a Euler-Bernoulli classical beam theory (EBBT) integrated into finite element

analysis is used.

In the case of the AL method, the structure is solved in parallel to the flow computations, both

coupled in real time and working in a staggered scheme [27] briefly explained. The flow is solved at

time t and the resulting aerodynamic loads are used in the structural solver as input for the dynamic

analysis. The updated displacement and velocities computed with the EBBT at time t + dt
2 are

then sent to the AL model to compute the equivalent body forces to be used in the flow solver.

The AD method does not include aeroelastic considerations in the computations of the equivalent

body forces in the flow solving and considers the rotor as rigid, i.e. undergoing no deformation.

Theses forces are computed using the blade element theory only and the aeroelastic e↵ects are

included afterwards as explained in the next section.

2.4.1 Coupling with structural solver

In this section, the coupling between the AD model and the EBBT structural solver is presented.

First, in order to apply EBBT, the blade is represented as a beam using a finite element model.

The beam is thus divided into ne small elements, each of size �r, delimited by ne + 1 equidistant

nodes going from the root of the blade to its tip. At each node, all six degrees of freedom are

evaluated, i.e. three translational and three rotational.

In the disk environment, the beam can only take positions where control points are defined.

Therefore, considering a disk discretization with nR the number of radial elements and n✓ the num-

ber of azimuthal elements, there are n✓ positions around the disk where the beam is determined

by an azimuthal value ✓i and the nR radial corresponding elements. Referring to Figure 2.2, the

beam can take n✓ positions. Each one corresponds to a ✓i such that the beam occupies the control

points (Rj , ✓i) with j = 1, .., nR.

The purpose of the structural solver is to compute the updated states (position, velocity and

acceleration) of every node composing the beam, knowing their previous states, and the loads ap-

plied at the nodes positions. At each node, the states are evaluated in all six degrees of freedom,

i.e. three translational and three rotational. In the calculations, five state variables are used: the

displacement and the rotation in the flapwise direction, xstruct
1 and ✓struct1 , and in the edgewise
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Figure 2.3 – Definition of beam state variables for a particular node (small grey disk). The
undeformed, rigid blade is represented in dashed lines, and the position of the deformed blade is
drawn with solid lines. Flapwise deformation is depicted on the left, and edgewise deformation on
the right.

direction, xstruct
2 and ✓struct2 , which are defined in Figure 2.3, and lastly the torsion �struct.

Those five state variables are then used for the computation of the loads and updated after the

application of EBBT.

The loads are computed using the same method as in the blade element theory but adding to

the equations the contributions of the structural deformations. We therefore need the normal and

tangential flow velocities at the positions of the beam nodes, un and u✓ respectively. Those are

retrieved from the simulation results at the corresponding control points of the Actuator Disk. For

these velocities to be correctly interpreted by the beam, the number of nodes on the beam is chosen

to be the same as the number of radial control points constituting the AD, i.e. ne + 1 = nR. In

this manner, the nodes of the beam coincide with the control points of the AD.

Referring to the blade element theory described in Section 2.3.1, Eqs. (2.7) and (2.10) become:

� = atan

✓
u⇤
n

⌦r � u⇤
✓

◆
(2.14)

and

V 2
rel = (u⇤

n)
2 + (u⇤

✓ � ⌦r)2 (2.15)

where
u⇤
n = un · cos(✓struct1 )� ustruct

1

u⇤
✓ = u✓ · cos(✓struct2 )� ustruct

2

(2.16)

with ustruct
1 and ustruct

2 the flapwise and edgewise structural velocities respectively.
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The torsion �struct also has influence on the angle of attack seen by the airfoil such that:

↵ = �� (� + �)� �struct (2.17)

Following the procedure, Eqs. (2.11) give the aerodynamic loads. In addition to those, the

centripetal force and the force of gravity are also accounted for.

The structural solver then uses the loads as the external force term F (t) in the dynamic equa-

tion of motion (Eq. (2.18)). Using the current states of the structure and the known structural

properties of the blade, i.e. mass, damping and sti↵ness matrices, this equation is solved using an

implicit Newmark integration scheme with finite elements methods, giving the updated states of

the structure at each node.

M ẍ(t) + C ẋ(t) +K x(t) = F (t) (2.18)

where M , C, K are the mass, damping and sti↵ness matrices respectively, and x is the state

variable, with ẋ and ẍ its temporal derivatives.

2.5 Transient analysis

The transient analysis consists in studying the behaviour of a system over time when it is subjected

to time-varying or conditions. To understand how a system behaves dynamically, we can solve

di↵erential equations that represent the system’s dynamics, i.e. the equation of motion (Eq. (2.18)).

This equation represents a system of linear di↵erential equations of second order and will be solved

using two di↵erent methods in this study, the direct integration method and the mode superposition

one.

2.5.1 Direct integration method

In direct integration methods, no modification is applied to Eq. (2.18) before its numerical inte-

gration.

Unlike the AL for which the control points move circularly to represent the real temporal po-

sition of the blades, the AD control points are fixed and spread everywhere on the rotor area.

Therefore, there is no way of knowing the actual position of the blades during the simulation, but

instead the e↵ect of the blades is averaged over the whole disk area.

In order to simulate blades rotating and to accurately capture their dynamic behaviour in the flow,

we must therefore take into account the information stored in the whole disk. This is true for each

time of the simulation, thus for every nt, the wind velocities known at all the control points, i.e. at

every (nR, n✓) positions, must be considered even to simulate a single blade evolving in this velocity

field. As we consider the situation at a certain fixed point in time, the wind velocities are constant

for a given control point, the velocity field is thus said to be ”frozen”. It is defined at a time t by
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Figure 2.4 – Process used for finding the periodic solution for blade position in a frozen velocity
field. Focusing on a single azimuthal step between ✓i�1 and ✓i on the upper half, and more generally
between two entire rotations k � 1 and k on the lower half.

the set of wind velocities (un, u✓)|t evaluated at every control point, giving a matrix of size (nR, n✓).

It therefore exists nt di↵erent matrices corresponding to one frozen velocity field of size (nR, n✓).

Frozen velocity field

For each frozen velocity field, we simulate the rotation of a single flexible blade represented by

a beam and solved dynamically with EBBT presented above. The beam will thus occupy each

azimuthal element one after the other and the states are updated at each step. The purpose is

to find the periodic solution for the position, i.e. deformation, of the beam when evolving in a

constant velocity field. In other words, we want the position of the beam x(✓) for all ✓, such that

x(✓i) = x(✓i + 2⇡). The process undergone to obtain this solution is explained below and repre-

sented in Figure 2.4.

The rotor is divided azimuthally by n✓ elements, splitting the disk into 2⇡
n✓

small angles. In order

to comply with the physical rotational speed of the blade, the time step used for time integration

dtEBBT is taken as the time needed to travel one angle element, thus depending on the rotation
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Figure 2.5 – Comparison of blade deformation at azimuthal position ✓i for two consecutive rotations
k � 1 and k.

speed of the rotor !: dtEBBT = 2⇡
n✓

1
! [s].

During the first time step, the beam starts undeformed at ✓0 and the structure is solved at ✓1
using the wind velocities at this azimuthal position with EBBT. The updated states of the beam

nodes are known and will be used for the next application of EBBT at position ✓2.

The process repeats itself for every azimuthal position until the blade comes back to its initial po-

sition at ✓0. After a complete rotation, the deformation of the beam, i.e. the position of its nodes,

is known for every azimuthal element of the disk. The method used to determine if the solution

converges is by comparing, after each rotation and at every azimuthal element, the deformed shape

of the beam of the last rotation with its deformed shape during the second-to-last rotation. The

beam thus needs to make at least two rotations in the frozen velocity field to be able to compare

two solutions to one another. If two successive rotations give blade positions close enough to one

another at every azimuthal position, this means the observed deformation of the blade does not

evolve anymore and the solution is periodic. If another rotation is performed, the same solution,

i.e. blade position, will be found. The last solution is thus the converged periodic solution and is

the one used in further calculations.

When comparing two blade deformations (from two di↵erent rotations) at a certain azimuthal

position, the di↵erence between the positions of the beam nodes is assessed both in the flapwise

direction and in the edgewise direction. This means that for every node (Rj , ✓i), their positions at

rotation k will be compared to those of rotation k � 1, giving a set of (nR, n✓) values �k
k�1x|(i,j)

representing the di↵erence in length between two successive rotations. The solution is taken as

converged if all of these di↵erences do not exceed a certain threshold. The thresholds are chosen

as one percent of the maximum deflection of the blade in each direction. The maximum deflection

flapwise is taken as ten percent of the blade length, while we take one percent of the blade length

in the edgewise direction.
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Solution interpolation

The whole process described in the previous section is repeated for every time of the simulation,

i.e. for nt steps. However the beam only starts from its undeformed position when the first frozen

velocity field is considered, i.e. at time t = 0. When the beam starts rotating in the frozen velocity

field at a time t = i dt, i > 0, it uses, as input in the first application of EBBT, the last deformed

shape of the beam computed from the previous converged solution, at t = (i� 1)dt.

Therefore, for every time t, we have a set of (nR, n✓) solutions in terms of beam states, corre-

sponding to the periodic solutions found in the di↵erent frozen velocity fields. These solutions are

used to model the real motion of blade in the flow. To do so, only one blade is considered and

starts at ✓0 at t = 0.

The first solution is thus the one taken at angle ✓0 from the periodic solution found at t0. During

one time step dt, the blade travels an angle ! dt and the set of solutions used is the one found for

t = dt. In this set, we only have solutions at angles multiple of 2⇡
n✓

as this is the positions of the

control points where the solutions have been computed. In the real flow, the blade sits at an angle

! dt which can be located between control points. The right solution is thus interpolated to match

the correct angle of the blade.

This process is repeated for the nt time steps such that the real position of the blade is (! i dt)

and is interpolated from the solutions found previously for the frozen velocity field of time t = i dt.

After interpolating the solutions for the nt time steps, the movement of a single deformed blade is

known throughout the entire simulation, representing its dynamic behaviour.

2.5.2 Mode superposition method

Direct integration methods can lead to substantial computational costs when the system matrices

are of high order or if a lot of time steps must be solved. Therefore, another method described

in [21] is assessed in this section, with the purpose of reducing the analytical computations and

making the process faster.

Due to the way Newmark integration scheme works, which is an implicit method, computational

costs are directly proportional to the order and the bandwidth of the sti↵ness matrix and to the

number of time steps. Consequently, implicit direct integration proves e↵ective for shorter duration

of response. For extended time step requirements, transforming the equilibrium equations (2.19)

into a less resource-intensive form might be beneficial.

Mẍ(t) + Cẋ(t) +Kx(t) = F (t) (2.19)

The equilibrium equations will thus be solved using the modal analysis technique with the
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following transformation:

x(t) = � u(t) (2.20)

where x(t) is the vector of order n of the nodal displacements, � is a n⇥ n matrix and u(t) is

a vector of order n containing the generalized displacements.

Combining Eq. (2.19) and (2.20), we get the new form of the equilibrium equations:

M̂ü(t) + Ĉu̇(t) + K̂u(t) = F̂ (t) (2.21)

The new matrices are defined as follows, with the mass, damping and sti↵ness matrices, M̂, Ĉ, K̂,

having a smaller bandwidth than the original matrices:

M̂ = �TM� ; Ĉ = �TC� ; K̂ = �TK� ; F̂ = �TF. (2.22)

In order to ensure the latter statement, the transformation matrix � must be selected accord-

ingly. An e↵ective choice is by using the displacement solutions of the free-vibration equilibrium

equations with damping neglected, defined by Eq. (2.23). Assuming the form of the solution as

x = �sin(!t), this leads to the generalized eigenvalue problem (2.24).

Mẍ+Kx = 0 (2.23)

(K � �M)� = 0 (2.24)

Assuming the dimension of the dynamic matrix is n, this eigenvalue problems yields n scalar

values �, the eigenvalues, and n corresponding vectors of order n, the eigenvectors �. The eigen-

values are related to the natural frequencies of the system such that � = !2.

The transformation matrix � used in Eq. (2.20) is therefore the matrix of the eigenvectors from

problem (2.24). We now have a new equilibrium system whose solution is expressed as general-

ized modal displacements u(t), and which can be solved the same way as for the direct integration

method but with less costly computations. The nodal displacements x(t), which physically rep-

resent the deformation of the blade, can be computed using Eq. (2.20). The actual gain will be

discussed in Section 3.3.1.

The new system (Eq. (2.21)) is thus solved using the eigenvectors corresponding to the natural

frequencies of the system. If matrix � includes all of the eigenvectors, the e↵ect of every dynamic

mode will be accounted for and the dimension of the system will be the same as for the direct

integration method.

However, only certain frequencies �i, and hence certain vibration modes �i, significantly influence
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the dynamic behaviour of a system, and by considering the most important modes only, the system’s

behaviour can still be accurately represented.

Reduction of modes number

Through modal analysis, it is discovered that only a few modes contribute significantly to the sys-

tem’s response. These dominant modes often correspond to the lowest frequencies and contain the

majority of the system’s vibrational energy. Therefore, they have the most substantial e↵ect on the

system’s overall dynamic response.

By focusing on these dominant modes, it is possible to create a reduced-order model of the system

that captures its essential dynamic behaviour. The dimension of the system indeed reduces to the

number of modes considered in the analysis.

In this case, the three degrees of freedom of the blade having the strongest influence on its dy-

namic behaviour are chosen, and for each degree of freedom, its first mode is taken as a dominant

mode. We thus have three dominant modes to represent the whole system.

The transformation matrix now contains only three eigenvectors, � = (�1,�2,�3) and because of

relation (2.22), matrices M̂ , Ĉ, K̂ are reduced to size 3 ⇥ 3. The system (2.21) is now of dimen-

sion three and therefore much faster to solve. Computational gains will be discussed in Section 3.3.1.

In order to choose the three modes having the most influence, we need to analyze which degrees

of freedom have the greater impact.

The influence of flapwise and edgewise structural velocities, ustruct
1 and ustruct

2 , can be observed in

Eqs. (2.14) and (2.15) which are crucial in the computations of the loads applied to the blade which

in turn dictate its dynamic response in the structural solver. These two degrees of freedom should

therefore be accurately represented. The angles in the flapwise and edgewise directions, ✓struct1 and

✓struct2 , also appear in those equations but their influence is less marked. Moreover, because of the

geometry of the blade, namely its twist, the four degrees of freedom mentioned, i.e. flapwise and

edgewise displacements and angles, are coupled. Therefore, a variation in one of them will have an

impact on the other three. This can be observed through modal analysis and allow those degrees of

freedom to still be represented even without their principal modes considered in the calculations.

However, when the modes associated with the torsion, referred to as �struct in the previous equa-

tions, are studied, it is observed that no coupling with other degrees of freedom exist. Since the

torsion plays an important role in the computation of loads, as it helps decrease the angle of attack

(Eq. (2.17)), we must consider it and choose its first mode as one of the dominant ones.

These assumptions and choices are then verified through modal analysis. We choose to compare

the first ten modes corresponding to the ten lowest natural frequencies of the blade and weight

them in terms of their influence on the exact solution. Their individual e↵ects are represented in
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Figure 2.6 – Comparison of the first ten modes of a blade for a resolution using the mode su-
perposition method with one mode at a time. The solutions found are weighted with respect to the
reference solution obtained using the direct integration method.

Figure 2.6. The figure represents the weights in percentages of the first ten modes over 1000 time

steps by comparing the exact solution of a particular simulation with the solutions obtained using

only one mode at a time. This means that, for example, if a mode reaches 20 percent on the y-axis,

it accounts for 20 percent of the exact solution among the ten first modes only, i.e. the sum of the

percentages of these ten modes will be 100 percent. In the figure, mode 1 corresponds to xstruct
1 ,

mode 2 to xstruct
2 , and mode 6 to �struct. The result for only one simulation is displayed here but

similar results are observed for the other simulations.

While excluding less influential modes simplifies analysis, the representation of the system’s

dynamic behaviour remains accurate due to the strong influence of the dominant modes. These

modes e↵ectively summarize the system’s behaviour without the need to consider every mode.
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Results

3.1 Numerical setup

The wind turbine used in this study is the NREL-5MW [10], which is a reference wind turbine for

o↵shore system development. It has a rotor diameter D = 126 m, hence a rotor radius Rtip = 63 m,

with blades of length L = 61.5 m. The simulations are performed in a domain of size 8D in the

streamwise direction and 4D in the transverse directions (8D x 4D x 4D), with the center of the

wind turbine located at position 3D x 2D x 2D.

The mesh is a uniform cartesian grid (no refinement near the rotor) defined by a certain number

of grid points per rotor diameter D. The inlet flow is turbulent, and periodic boundary conditions

are imposed on the vertical and lateral directions. In this study, three grid resolutions are consid-

ered, 16 and 32 points per rotor diameter for the Actuator Disk and 64 points per diameter for the

Actuator Line. For each resolution, three inflow velocities Uinf are used, 5 m/s, 9 m/s and 14 m/s.

The disk discretization parameters are given for each resolution in Table 3.2.

The reference simulation chosen is the AL of resolution 64 points per D and will be used to verify

the solutions obtained for the di↵erent resolutions of the AD. This reference case resolution can

accurately capture the near wake and resolve the interactions of tip vortices with the larger-scale

eddies of the ambient flow [9].

3.1.1 Evaluated configurations

The flow conditions are taken to represent three typical rotor behaviours [16]: when the rotor starts

(Uinf = 5 m/s), during the optimum operating condition, i.e. with maximized power, (Uinf =

9 m/s), and during the rated operation when the rotor speed is kept constant to avoid excessive

loading on the generator (Uinf = 14 m/s). These di↵erent inflow velocities correspond to certain
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operating parameters defined in the data of the wind turbine and displayed in Table 3.1. Each

upstream velocity Uinf is associated with a certain rotor speed ⌦ expressed in rotations per minute,

a tip pitch angle � in degrees, and a tip-speed ratio � (or TSR) defined as ⌦Rtip/Uinf . The

disk controller is deactivated, therefore the rotor speed and the blade pitch angle stay constant

throughout the entire simulation.

Uinf [m/s] ⌦ [rpm] � [°] � [ ] �t [s] nt
5 7.51 0 9.90 0.02665 15130
9 10.30 0 7.54 0.01943 11529
14 12.10 8.67 5.70 0.01653 8712

Table 3.1 – Operating parameters.

3.1.2 Grid spacing

The size of the macro domain grid is determined by the simulation resolution as it imposes a certain

number of grid points per diameter. The diameter is 126 m, therefore dividing it by the number of

points given by the resolution choice gives the the uniform grid spacing �x. The values for each

resolution is shown in Table 3.2.

To ensure stability, it is also advised to have the length of the blade elements smaller than the mesh

spacing [9]. This condition is verified if the number of control points dividing the blade is chosen

to match the flow resolution, i.e. for a resolution Nreso pt/D, the blade of length L = 61.5 m is

split by Nreso
2 elements.

Resolution �x [m] n✓ nR

16 pt/D 7.88 62 8
32 pt/D 3.94 112 16
64 pt/D 1.97 3* 32

Table 3.2 – Parameters for di↵erent resolutions. �x is the grid spacing, n✓ is the azimuthal
discretization of the disk, and nR is its radial discretization. *The resolution 64 pt/D is only used
with the AL which always divides the disk azimuthally in three elements, regardless of the resolution.

In terms of computational cost, the coarser the grid the cheapest the computations. As the

grid is three dimensional and uniform in all directions, the computational cost varies as a power

of three in terms of resolution variation. This means that for a resolution 64 pt/D, 64 times more

computations will be required compared to a simulation using 16 pt/D as ( 6416 )
3 = 64.
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3.1.3 Time step

The AL imposes certain numerical constraints to ensure the stability of the numerical schemes. In

order to keep the solving stable, the blade tip, which is the fastest part of the blade, cannot travel

more than one grid cell in a time step [19]. This condition involves the tip speed (⌦Rtip) and the

resolution speed on the grid �x
�t as shown in Eq. (3.1), where �x is the grid spacing in the plane

of the rotor and �t is the time step:
⌦Rtip�t

�x
< 1 (3.1)

This condition actually relates the classical CFL number used in numerical simulations to ensure

the stability of time integration schemes and the tip-speed ratio � such that � CFL = ⌦Rtip�t
�x .

As the grid spacing is known from the resolution choice, the maximum time step allowed is

inferred from condition (3.1) for each studied inflow velocity. Even though the AD does not have

to verify the same condition imposed to the AL concerning the tip speed, in order to minimize the

number of varying parameters and for better comparison, the time steps are chosen constant for a

given velocity regardless of the grid resolution or the method used (AD or AL). It is thus chosen to

verify the strictest condition (3.1) on �t, which occurs when the resolution is 64 points per D. The

size of the time steps are chosen such that there are 300 time steps per rotation, which is su�cient

to verify the condition, and are shown for each velocity in Table 3.1.

3.1.4 Number of time steps

The length of the simulation is chosen for each velocity such that the entire domain is covered twice

and the averaged results based on the second half of the simulation are representative of the normal

operation of the turbine, without accounting for the starting phase when it begins to move from

rest.

The number of time steps nt is thus computed based on the size of the domain (8D) and the size

of the time step. The time needed for an air element to travel twice the whole domain is about

�ttot = 2 8D
Uinf

[s], and since the time step is �t [s], it would require nt = �ttot
�t time steps. The

corresponding number of time steps for each studied velocity is given in Table 3.1.

3.2 Direct integration method

In this section, the direct integration method (DIM) described in Section 2.5.1 will be used to obtain

the periodic solutions of the transients for each time step. The solutions will then be interpolated

to model the physical behaviour of the blade. In order to validate this method, the results are

compared with the reference model chosen which is the AL resolved with a kernel topology of 64

points per diameter.
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We will then compare this complete method with simplified methods that aim to be much faster

but staying as precise as possible. The three di↵erent methods assessed work in the same fashion

concerning the interpolation of the physical solution from the periodic solutions found from the

transients. However they di↵er in the way they converge to those periodic solutions.

The DIM is the most costly and precise method because it solves the transient considering every

control point of the Actuator Disk until the blade reaches its periodic displacement in the frozen

velocity field.

On the other hand, the mode superposition method relies on the natural frequencies and mode

shapes of the blade. The second assessed method considers all the modes representing the blade

and should give the same results as the DIM as it accounts for the whole dynamic behaviour of

the blade. The third method only accounts for three modes of the blade, namely the first mode in

flapwise deflection, the first mode in edgewise deflection and the first mode in torsion.

The AD and AL methods inherently di↵er in terms of how they model the turbine, and therefore

the type of results available are di↵erent for one or the other.

The AL method outputs the results for all the blades of the wind turbine separately as it considers

the Nb physical blades in the simulation through their real movement and interactions with the

flow. Whereas the AD simulation outputs sets of wind velocities at every control point and for

each time step which reflect the presence of the blades through an averaged e↵ect on the whole disk

surface. In this case, only one blade will be assumed to rotate in the flow, taking 1/Nb of the total

e↵ect, and is taken to represent the behaviour of every other blade.

In order to compare both methods, we thus select the results for one blade of the AL and put it in

perspective with the results found from the single blade of the AD method.

The desired outcome is to get results from the AD methods matching as closely as possible those

of the AL because both simulations have been done in the same conditions and the blade behaviour

should not diverge from one method to the other.

The methods will be assessed for a single wind turbine but the validation is done in the perspec-

tive of using the methods in wind farm simulations. The validation will be assessed through the

blade tip displacement over time, the time-averaged loads on the blade, the power and the thrust.

Di↵erent parameters will be considered such as the influence of the kernel topology and the inflow

velocity.

We will first compare the results obtained from the di↵erent methods, and then assess their com-

putational cost and how fast is the periodic solution is found.
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3.2.1 Blade deflection

The first parameter used to assess the accuracy of the DIM is the blade deflection. In this case, we

will only compare the tip deflection between the AL and the two di↵erent kernel resolutions of the

AD, namely 16 and 32 pt/D. Figures 3.1, 3.2 and 3.3 show the results for di↵erent tip-speed ratios

(TSR). The flapwise deflection is measured in the direction of the flow as the distance of the tip

from the rotor plane, and for the edgewise deflection, values below the sine mean correspond to a

deformation in the same direction as the rotation. For the sake of clarity, all the graphs are shown

for the last 100 seconds of the simulation to capture best their representative behaviour.

(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.1 – Tip displacement comparison between AL (64 pt/D) and di↵erent resolutions of AD
solved with DIM for � = 9.90.

Overall, we observe a good agreement between all results. Some discrepancies are observed

between AD and AL curves but both methods inherently di↵er in the way they work, and AL may
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.2 – Tip displacement comparison between AL (64 pt/D) and di↵erent resolutions of AD
solved with DIM for � = 7.54.

account for parameters AD currently does not. Besides, we must recall that all computations for

the AD are done from wind velocities not accounting for blade deformation as the calculations are

done in post-processing.

Regarding the flapwise deflection, the curves from 32 pt/D are very close to those of the AL for

� = 9.90 and � = 5.70, while the 16 pt/D curves only di↵er slightly, mainly in amplitude, keeping a

correct mean deflection. The overestimation of the tip deflection for 16 pt/D is related to the force

on the tip of the blade which is too important because the tip is considered as the last node on the

blade, and when increasing the resolution, this last node gets closer to the actual tip of the blade.

However, for TSR = 7.54, the results obtained using a resolution 16 pt/D are paradoxically closer

to what is expected than those from 32 pt/D. The shape made by the deflection over time is still

correct but is shifted upwards by about 0.25 m.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.3 – Tip displacement comparison between AL (64 pt/D) and di↵erent resolutions of AD
solved with DIM for � = 5.70.

This behaviour may be due to the blade pitch as for this TSR, it is set to zero which causes the

flapwise forces to be more important than for � = 5.70 which has a non-null blade pitch and for

which such a behaviour is not observed.

For every case, we can notice a tendency of the edgewise tip deflection to overestimate the

amplitude of the movement, but getting closer to the AL curve when the resolution increases to

32 pt/D. This can be explained by the fact that the amplitude error is due to the gravity loading

a↵ecting the blade, giving this sinusoidal shape. The period of this sine curve correspond to the

period of one rotation of the blade as the oscillation of the edgewise deformation is mainly dictated

by gravity, while the mean value is determined by the aerodynamic forces.

Indeed, if the blade starts from a vertical position with its tip on top, during the first half rotation,
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the gravity will contribute to deform the blade negatively, while the aerodynamic forces act on the

opposite direction. When the blade travels the second half rotation, the gravity and the aerody-

namic forces both act on the same direction to deform the blade negatively. That is why the mean

deformation is below zero and the more important the aerodynamic forces, the lower the mean.

Overall, the gravity loads cancel each other, thus the amplitude of the sine wave is the same for

every simulation with the same resolution.

However, the amplitude is more accurate when 32 pt/D resolution is considered because gravity

load is associated to each blade element with its own density. The blade density can vary a lot

along its length, especially near its root, and is averaged on each element to be applied at its center.

Therefore, the more blade elements, the more accurate the average density on the elements and the

physical behaviour of the blade with respect to gravity.

Finally, we can observe that when the TSR increases, so does the error on the sine mean,

especially for � = 5.70. As explained above, this is due to an overestimation of the aerodynamic

forces tending to deform the blade on the opposite direction of its movement.

3.2.2 Loads and fatigue analysis

Another important parameter is the aerodynamic loads undergone by the blades. Figures 3.4, 3.5

and 3.6 show the flapwise and edgewise loads expressed in [kN/m] for the di↵erent resolutions and

TSRs. The values are averaged on the second half of the simulation.

Regarding the flapwise results obtained with resolution 32 pt/D, they follow almost exactly

those of the AL, except for � = 5.70. The simulations using 16 pt/D still yields correct values but

the discrepancy near the tip is much larger due to di↵erence in blade radial decomposition with

nodes. For the 16 pt/D simulations, the last node on the blade is situated at 57.7 m (r/R = 0.94)

whereas for 32 pt/D, it is located at 59.6 m (r/R = 0.97). The 64 pt/D AL has its last node at

60.5 m (r/R = 0.98). This di↵erence in tip position makes it impossible for coarser resolutions to

know what happens further away from its last node, decreasing tip performance.

In the edgewise direction, the results do not comply as well, and in almost every case, the AD

overestimates the force even is the shape is correct. We thus observe an o↵set between both curves

with both resolutions performing approximately equally, except at the tip.

Root bending moment

In this section, we examine the unsteady loads exerted by the flow and leading to blade root bending

moments, inducing fatigue loads through blade deformation. We consider two types of root bending

moments, the aerodynamic moment and the structural moment. The former is computed from the

flow perspective and determines how the wind energy is captured and converted into rotational

energy by the turbine. It influences the e�ciency and performance of the wind turbine by a↵ecting
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.4 – Time-averaged aerodynamic forces comparison between AL (64 pt/D) and di↵erent
resolutions of AD solved with DIM for � = 9.90.

the rotational speed, torque, and power generation.

On the other hand, structural moment refers to the internal forces and moments within the blade

structure resulting from external loads, such as aerodynamic forces, gravity, and centrifugal forces.

Aerodynamic root bending moment First, the aerodynamic moment refers to the moment

generated by the aerodynamic forces acting on the blade as it interacts with the flow. These forces

create a moment around the blade’s center of rotation. This kind of moment excludes gravity

loading and centripetal force and describes the aerodynamic moment in the flapwise and edgewise

directions. Yielding the flapwise moment Mf , caused by the forces perpendicular to the rotor axis

Fn, pushing the blade out of the rotor plane, and the edgewise moment Me, derived from the forces

acting in the rotor axis and perpendicular to the blade, F✓. They are defined by Eqs. (3.2) and

(3.3) where Fn and F✓ are the aerodynamic loads expressed in [N/m]:
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.5 – Time-averaged aerodynamic forces comparison between AL (64 pt/D) and di↵erent
resolutions of AD solved with DIM for � = 7.54.

Mf =

Z Rtip

Rhub

(r �Rhub) Fn.endr (3.2)

Me =

Z Rtip

Rhub

r F✓.e✓dr (3.3)

The AL simulation outputs the quantities linked to each blade separately, it is therefore straight-

forward to retrieve the values for the bending moments. Whereas for the AD, we use the recon-

structed trajectory and the blade-attached quantities from previous computations to be able to get

the bending moments. As the AD uses a single blade as representative for the others, in order to

compare both methods we retrieve the data for the AL corresponding to the blade following the

same trajectory as the one in the AD method.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.6 – Time-averaged aerodynamic forces comparison between AL (64 pt/D) and di↵erent
resolutions of AD solved with DIM for � = 5.70.

Figure 3.7 shows the aerodynamic moments flapwise and edgewise for the AD solved with 16

and 32 pt/D with � = 7.54. Following results will all use this TSR as representative since similar

behaviours are observed for the other TSR values and � = 7.54 correspond to the optimum oper-

ating condition of the turbine.

Regarding the single blade behaviour, we can observe that the AD gives results very close to

those of the AL, with a small o↵set for 16 pt/D in the flapwise direction. When using 32 pt/D, the

blade-attached bending moment follows the AL curve more closely for every TSR, but as seen in

Tables 3.3 and 3.4, in most cases the mean moments are predicted best for the 16 pt/D resolution.

Those tables represent the values for the mean aerodynamic root bending moments. For the AL,

it is computed as the real mean from the three blades (red line in Figure 3.7) and for the AD, the
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(a) 16 pt/D (b) 32 pt/D

Figure 3.7 – Comparison of the aerodynamic moments for � = 7.54 between AD (dashed), a single
blade of AL (solid black) and the mean of the three blades of AL (solid red). Higher values are
flapwise and lower ones are edgewise.

TSR [-] AL AD (16 pt/D) AD (32 pt/D)
9.90 2.55 MW +1.2 % -2.0 %
7.54 6.85 MW +2.8 % -1.5 %
5.70 5.02 MW -5.5 % -8.4 %

Table 3.3 – Mean flapwise aerodynamic root bending moment for di↵erent AD resolutions solved
with DIM. Three-blade mean for AL and one-blade mean for AD.

mean is computed from the representative blade. This di↵erence in mean computation can explain

why the results are better for 16 pt/D. To fix that, instead of using one blade as representative,

we could reproduce the trajectory for the three blades of the AD and then compute the mean from

these three blade-attached quantities.

Structural root bending moment Aerodynamic moments only account for flow-induced loads

and exclude gravity and centrifugal e↵ects. Those are included in the structural moments and are

crucial for ensuring the structural integrity, durability, and safety of the wind turbine blades as

TSR [-] AL AD (16 pt/D) AD (32 pt/D)
9.90 0.22 MW -0.5 % -5.3 %
7.54 0.93 MW +0.1 % -3.9 %
5.70 1.26 MW -3.3 % -7.7 %

Table 3.4 – Mean edgewise aerodynamic root bending moment for di↵erent AD resolutions solved
with DIM. Three-blade mean for AL and one-blade mean for AD.
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they determine the stress distribution, bending, and deformation of the blade materials. This is

the moment related to the deformation of the blade, and hence its fatigue resistance.

The structural bending moment relates to the internal stresses and moments within the blade

structure. It is the e↵ect of the blade’s own weight, rotational forces, and external loads on the

blade’s structural integrity. It is computed following the finite element method for beams [20]

detailed in Appendix A. It relies on Euler–Bernoulli beam theory which states that the bending

moment is given by the flexural rigidity EI and the second derivative of the deflection in the

direction of the deformation @2w
@x2 , described by Eq. (3.4):

Mstructural = �EI
@2w

@x2
(3.4)

Figure 3.8 show the structural root bending moments for AL and AD with � = 7.54. As the

structural bending moment is related to the blade displacement, similar behaviours are observed

as in the blade deflection analysis. Namely, the better prediction of the amplitude for edgewise

moment with 32 pt/D, and the overall shift to lower values for the mean edgewise moment as the

TSR increases. However, the flapwise behaviour is significantly better for 32 pt/D compared to

what was observed for the tip deflection. Unlike the tip displacement which varies quickly, the

structural moment is computed from the node displacement near the root where the amplitude of

the movement is smaller.

3.2.3 Power and thrust

Finally, we want to focus on the power and thrust which are two crucial parameters in wind

turbines performance analysis. Thrust refers to the force exerted on the blades in the direction of

the wind. While thrust is crucial for turbine e�cient and stable operation, without overstressing the

components, power output is not the key parameter of a wind turbine. It is the energy generated

by the turbine as a result of harnessing the kinetic energy of the wind. This mechanical power is

then converted into electrical power through a generator.

Power and thrust outputs are directly related to the aerodynamic behaviour, as seen in Eqs. 3.5

and 3.6, respectively defining power and thrust for one blade:

P = NbMe⌦ (3.5)

T = Nb�r
nRX

i=1

Fn,i (3.6)

where Nb is the number of blades, �r is the length of a blade element, nR is the number of

nodes on the blade, Fn,i is the normal aerodynamic load acting on the ith node of the blade, Me is
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.8 – Structural root bending moments comparison between AL with 64 pt/D (solid) and
di↵erent resolutions of AD (dashed) solved with DIM for � = 7.54.
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(a) 16 pt/D (b) 32 pt/D

Figure 3.9 – Comparison of power history for � = 7.54 between AD (dashed), a single blade of AL
(solid black) and the mean of the three blades of AL (solid red).

the edgewise aerodynamic moment for one blade and ⌦ is the rotor speed in [rad/s].

Figures 3.9 and 3.10 represent the temporal evolution of power and thrust for � = 9.90. In

the same fashion as for the aerodynamic bending moments, power and thrust are displayed for AD

representative blade-attached quantities and compared to the blade following the same trajectory

in the AL method. The AL three-blade average is also represented in red.

As power is directly derived from the edgewise aerodynamic moment, identical results are ob-

served regarding a single blade operation. For both resolutions, the results are extremely close to

each other and to the AL’s, and a di↵erence between 16 and 32 pt/D can hardly be noticed. Al-

though, when considering three blades for the AL, the AD with 16 pt/D predicts the power output

better in all cases, as seen in Table 3.5.

In terms of thrust, the discrepancies between the AD and AL are slightly larger than for power

but the AD curve keeps a correct aspect. It is consistent with the aerodynamic moments results

as power is derived from the edgewise moment and thrust is computed using the same forces as

the flapwise moment. We can also notice that for both one-blade behaviour and compared to the

three-blade AL mean in Table 3.6, the 16 pt/D AD performs better in most cases.

Regarding the time-averaged values from Tables 3.5 and 3.6, power and thrust both perform quite

well with a maximum di↵erence of 7.6 % for power and 6.3 % for thrust, both for AD (32 pt/D)

with � = 5.70.
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(a) 16 pt/D (b) 32 pt/D

Figure 3.10 – Comparison of thrust history for � = 7.54 between AD (dashed), a single blade of
AL (solid black) and the mean of the three blades of AL (solid red).

TSR [-] AL AD (16 pt/D) AD (32 pt/D)
9.90 0.52 MW -0.6 % -5.5 %
7.54 3.03 MW -0.7 % -4.5 %
5.70 4.81 MW -3.7 % -7.8 %

Table 3.5 – Time-averaged power comparison for di↵erent AD resolutions. Three-blade mean for
AL and one-blade mean for AD.

TSR [-] AL AD (16 pt/D) AD (32 pt/D)
9.90 181 kN +1.1 % -1.8 %
7.54 502 kN +2.4 % -0.5 %
5.70 413 kN -2.1 % -5.4 %

Table 3.6 – Time-averaged thrust comparison for di↵erent AD resolutions. Three-blade mean for
AL and one-blade mean for AD.
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3.3 Mode superposition

The results obtained with the mode superposition method will be compared to those from the direct

integration method. The motivation to use a modal resolution is the increased solving speed as the

computations can be greatly reduced. The quantification of this gain is detailed in Section 3.3.1.

The DIM will therefore be the reference for the other two methods, namely mode superposition

accounting for all the modes of the blade, referenced as ”complete modal”, and mode superposition

using only three modes. The AL curve is also displayed as a general reference. We shall expect

the exact same results between the complete modal and the DIM as every mode is resolved and

very close results for the three-mode methods as the three main modes of the blade are accounted for.

Tip deflection Results are shown for � = 7.54 and � = 5.70 in Figures 3.11 and 3.12 respec-

tively. Overall, we observe that the three methods give very similar results with the complete modal

yielding exactly the same ones as the DIM’s, as expected. The curves from the three-mode method

have the correct shape in every case with some small discrepancies in the flapwise direction, mainly

for higher TSR due to a general overestimation of the displacement.

We can also notice that similarly to what was observed for the DIM with � = 7.54, the flapwise

deflection is still overestimated when using 32 pt/D, the modal methods thus don’t correct this issue.

Loads Regarding the aerodynamic loads, the three methods concur exactly for � = 7.54 but,

when increasing the TSR, some slight di↵erences appear for the three-mode method, mainly near

the tip. For both modal methods, the first node starts from zero because, in the calculations, the

blade is seen as a cantilever beam with its first node locked in place, hence with all degrees of

freedom cancelled. It is thus skipped in the force computation process, which is problematic for

investigating close-to-root behaviour but for an overall analysis this di↵erence is trivial.

Aerodynamic moments All following results are displayed for � = 7.54 only, as it is represen-

tative of the results of the modal methods for other TSRs. Regarding the aerodynamic moments

in Figure 3.15, the three methods give identical results.

Power and torque Power and thrust histories are shown in Figures 3.16 and 3.17 respectively.

As they both derive from the same forces as the aerodynamic moments, they exhibit the same

behaviour and the three methods follow the exact same curve.

Structural moments The structural moment is found in Figure 3.18 and, in this case, some

di↵erences can be observed. The complete modal method still agrees exactly with the DIM, except

for some negligible amplitude di↵erence in the edgewise 16 pt/D case. The three-mode method
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.11 – Tip deflection comparison between di↵erent AD methods for � = 7.54.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.12 – Tip deflection comparison between di↵erent AD methods for � = 5.70.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.13 – Time-averaged aerodynamic forces comparison between di↵erent AD methods for
� = 7.54.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.14 – Time-averaged aerodynamic forces comparison between di↵erent AD methods for
� = 5.70.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

Figure 3.15 – Comparison of the aerodynamic moments between di↵erent AD methods for � =
7.54.

(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

Figure 3.16 – Comparison of the power history between di↵erent AD methods for � = 7.54.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

Figure 3.17 – Comparison of the thrust history between di↵erent AD methods for � = 7.54.

keeps a correct shape but displays some discrepancies in terms of amplitude.

In the case of 16 pt/D for the flapwise moment, the lower end of the curve, between 4 and 5

MNm, is estimated better with the higher ones being underestimated, whereas for 32 pt/D, the

higher values, near 6 MNm, are approximated better and the lower ones are overestimated.

When it comes to the edgewise moment, the three-mode method estimates wrongly the amplitude

which is too small in both cases, but in the other hand, the other two methods overestimate it.

Considering an important amount of cycles, this di↵erence can lead to erroneous results for the

fatigue life of the blade.

To quantify those di↵erences, Table 3.7 holds the values for the means of the structural moments

for the three methods. The DIM and the complete modal give the exact same results and are

therefore combined.

For the flapwise moment, the variation stays reasonably small with a better resolution for the DIM

and complete modal, and an improvement for all methods when using 32 pt/D.

Regarding the edgewise moment, for 16 pt/D the deviation is extensively large for all cases as they

don’t predict the amplitude correctly. As we can see in Figure 3.18, the three-mode method is

superimposed with the AL curve for the lower half values of edgewise 16 pt/D, whereas the other

two go along with the AL at their upper end. Both methods are flawed but it results in a better

approximation from the three-mode method with only 3.5 % di↵erence with 32 pt/D. We also need

to keep in mind that the values are given as percentages, and in terms of absolute values, 48 % of

1.14 edgewise is equivalent to only 10 % of 5.53 flapwise.
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AL (64 pt/D) DIM & complete Three modes
Mn 5.53 MNm 16 pt/D -5.6 % -7.2 %

32 pt/D + 1.3 % +2.9 %

M✓ -1.14 MNm 16 pt/D -48.2 % -34.2 %
32 pt/D -17.5 % -3.5 %

Table 3.7 – Mean structural moments, flapwise (Mn) and edgewise (M✓), for di↵erent AD methods
compared to the reference AL for � = 7.54. ”complete” is the mode superposition method employing
all the modes and ”Three modes” is the mode superposition with only three modes used.

(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.18 – Comparison of the structural moments between di↵erent AD methods for � = 7.54.
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TSR [-] 9.90 7.54 5.70
Direct integration [s] 7397 5563 4210
Modal (complete) [s] 2014 (27.2 %) 1330 (23.9 %) 1133 (26.9 %)
Modal (3 modes) [s] 882 (11.9 %) 684 (12.3 %) 520 (12.4 %)

Table 3.8 – Runtime comparison for post-processing operations between di↵erent methods and
TSRs for 16 pt/D. Runtimes for modal methods are compared to the direct integration method with
a percentage of its total runtime.

TSR [-] 9.90 7.54 5.70
Direct integration [s] 36072 26079 19857
Modal (complete) [s] 7446 (20.6 %) 13061 (50.1 %) 4912 (24.7 %)
Modal (3 modes) [s] 3079 (8.5 %) 2375 (9.1 %) 1813 (9.1 %)

Table 3.9 – Runtime comparison for post-processing operations between di↵erent methods and
TSRs for 32 pt/D. Runtimes for modal methods are compared to the direct integration method with
a percentage of its total runtime.

3.3.1 Computational cost

In order to analyze the computational cost for the di↵erent methods, we need to recall how the

convergence procedure works.

The converging process described thoroughly in Section 2.5.1 can be decomposed as follows. Each

time step of the global simulation is defined by a frozen velocity field considered on the rotor area.

Using EBBT, a single blade represented as a flexible beam is set to rotate in the velocity field and

solved dynamically for each azimuthal element of the disk. When the beam is back to its original

position, its displacement throughout the entire rotation is compared to that of the previous rota-

tion, and if both are close enough, the last rotation is the solution chosen as final and periodic.

To assess the e↵ectiveness of this process, two parameters need to be analyzed. First, the cost of

the dynamic solving between each azimuthal element of a rotation, and also the number of rotations

needed to find the periodic solution.

Dynamic solving During the process of dynamic solving, two computational operations take

place: the calculation of the aerodynamic loads from the local wind velocity and the resolution of

the system of ODEs. Both operations are longer as the resolution gets finer, because the number

of nodes on the blade increases.

The number of computations of the first part is constant for a given resolution as the forces are

computed at each node once, and it is common to all three methods as it serves as the building

block for all subsequent computations.

However, the second process can grow significantly from coarser to finer resolution, but it can also
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Total time [s] Forces computation System resolution
DIM 0.235 9.9 % 89.8 %

Modal (complete) 0.060 60.8 % 36.2 %
Modal (3 modes) 0.028 74.1 % 22.5 %

Table 3.10 – Comparison of di↵erent methods for the runtime to solve one rotation of the blade
in a frozen velocity field and execution time distribution (%) among the two main computational
processes.

be greatly reduced from one method to another. The set of ordinary di↵erential equations that is

solved to get the dynamic behaviour of the beam is defined by (2.18) used in its tensor form. The

cost of resolution of this system is determined by its dimension, i.e. the size of the matrices M, C

and K, which represent the internal properties of the blade. Those matrices aim at representing

the blade through its nodes and for its di↵erent degrees of freedom. The ODEs are solved using

Newmark integration scheme, which most computationally costly part involves the calculation of

the acceleration through the inversion of the mass matrix.

For the direct integration method, considering all six degrees of freedom are taken into account

and nR is the number of nodes splitting the blade, the matrices will have a size (6 nR ⇥ 6 nR).

For the mode superposition method, when considering all the modes composing the blade, the

matrices will have the same size as the nR nodes all have six associated modes (one for each degree

of freedom). Therefore, for a resolution of 16 points per D, nR = 8 and the system is of dimension

48, and for a resolution of 32 points per D, nR = 16 and the system dimension is 96. The DIM

and complete modal method may have the same system dimension but due to simplifications de-

tailed in Section 2.5.2, the solving is much faster for the modal method as seen in Tables 3.8 and 3.9.

The details of the cost distribution between the computation processes is presented in Table

3.10, highlighting the fact that the resolution of the ODEs becomes the lower cost process while the

computation of forces takes most of the time when using the complete modal method. The case 16

pt/D is shown but a similar distribution is observed for 32 pt/D.

Regarding the third method, using mode superposition with three modes, the e↵ect just stated

extends even more as the matrices of the system are of size (3⇥3) (see Section 2.5.2) and the forces

computation stays constant.

Number of rotations The other key parameter in terms of convergence performance is the num-

ber of rotations needed to find the periodic solution. It is however only important at the start of

the simulation, when the blade starts from rest and needs to stabilize. This phase occurs for the

first time steps, i.e. when the first sets of frozen velocity fields are considered, but particularly for

the very first one as the structural solver has no previous solution to start solving the transient.

The blade initial position at rest, when t = 0, is on the rotor plane.
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Figure 3.19 represents this process of flapwise and edgewise stabilization by displaying the tip

deflection during a rotation of the beam in a frozen velocity field. The data are taken from the AD

simulation with resolution 32 pt/D and � = 5.70 as representative for all the other simulations. In

this example, the tip deflection is shown but its behaviour reflects what happens at every node of

the blade.

Figures 3.19a and 3.19b describe the tip deflection when the first time is considered (t = 0), i.e.

the first frozen velocity field is used. In this frozen field, the beam has to make a certain amount

of rotations until the periodic solution is found. Each colour on the graphs is associated with one

rotation of the beam, with the blue one corresponding to the first rotation made as the tip deflection

starts from zero, which corresponds to the undeformed blade, when it sits on the rotor plane. From

there, every new rotation takes the last blade position as input in the dynamic computations, mak-

ing the solution converge until it reaches its periodic orbit. We can clearly see that the edgewise tip

deflection needs more rotations to converge to its periodic solution as specified in Table 3.11 for 16

pt/D. The di↵erence between flapwise and edgewise convergence is mainly observable for � = 5.70,

but for the three TSRs it only requests two time steps to reach the minimum number of rotations

(2, 2) (see Section 2.5.1). The only noticeable di↵erence for the case 32 pt/D is for � = 5.70 which

reduces to (3, 9) for t = 0 and (3, 6) for t = dt.

The edgewise convergence is harder to reach due to the aerodynamic damping which has a large

impact on the displacement stability. This kind of damping is due to the aerodynamic forces such

that if the blade moves away from the rotor plane, it will induce a reduction of the force in this

direction tending to keep the blade closer to the rotor. Conversely, if the blade tends to get closer

to the rotor plane, the force opposing the movement will increase. This e↵ect has a considerable

influence flapwise and almost none edgewise. Aerodynamic damping phenomenon is detailed in

Appendix B.

Figures 3.19c and 3.19d represent the same process of convergence towards a periodic solution

but for the frozen velocity field after one time step, when t = dt. In this case, and for all the

following frozen fields, i.e. for t = i dt with i = 1, ..., nt, the structural solver uses the periodic

solution found at the previous time step as the initial value for the computations. In other words,

the tip starts from the position found in the periodic solution at t = (i � 1) dt, allowing to reach

much faster the periodic solution, as less rotations are needed.
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(a) Flapwise, t = 0 (b) Edgewise, t = 0

(c) Flapwise, t = �t (d) Edgewise, t = �t

Figure 3.19 – Tip deflection convergence process for the first two frozen velocity fields (t = 0 and
t = �t). Each colour represent a distinct rotation, with blue indicating the initial rotation in all
graphs.

TSR [-] t = 0 t = dt t = i dt*
9.90 (3, 4) (3, 3) (2, 2)
7.54 (3, 5) (3, 3) (2, 2)
5.70 (4, 22) (3, 13) (2, 2)

Table 3.11 – Number of rotations needed to reach periodic solution for di↵erent frozen velocity
fields and TSRs, with a resolution of 16 pt/D. Each pair (n1, n2) denotes the rotations required for
flapwise and edgewise convergence, respectively. *i = 2, ..., nt.
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3.4 Assessment of aeroelastic e↵ects

In this section, the e↵ect of the aeroelasticity, i.e. the flexibility of the blades, is highlighted in

terms of loads, power and thrust, and wake dynamics.

Loads analysis First, we recall that currently the simulation does not account for the flexibility

of the blades and does not simulate real blades moving, instead it considers an average e↵ect of the

nB blades on the whole disk surface. The method developed in this work added the blade flexibility

in the computation of the loads and interpolated the real movement of a single blade from which

the results are derived.

During the simulation, the forces are computed using the classical blade element theory described

in Section 2.3.1 for every control point of the disk and for every time t, therefore not accounting

for structural deformation. We thus have nt sets of values of size (nr, n✓) for flapwise and edgewise

forces. In order to extract the averaged loads on the blades, we first average the values azimuthally

over 2⇡, leaving nt sets of values of size (nR), and then average it over time for the second half

of the simulation, giving the nR averaged values. This result is the time-averaged e↵ect of the nB

blades on the whole disk reduced to the span of one blade. So, to approximate the e↵ect of one

blade, we consider the total average e↵ect and divide it by nB .

Figure 3.20 shows the loads obtained from the averaged e↵ect of the rigid blades, called ”Rigid

AD”, compared with those computed using the direct integration method and named ”Flexible

AD”, and with the reference AL solved with 64 pt/D.

Power and thrust Power and thrust are also derived from the e↵ect of the nB blades averaged

over the whole disk as they are computed from the loads described in the previous section. They

are compared with the Actuator Line and the flexible AD graphically in Figures 3.21 and 3.22, and

in terms of time-averaged values in Table 3.12.

Similarly to the observations on the loads, the rigid AD overestimates the values while exhibiting

a general correct shape.

Wake behaviour Finally, wake statistics are investigated in terms of instantaneous velocity and

vorticity for di↵erent resolutions of the rigid AD and compared to the flexible AL using 64 pt/D.

The three cases shown in Figure 3.23 represent the same simulation performed in a turbulent flow

with mean velocity 9 m/s (� = 7.54), and at the same time of the simulation, when the wake is

fully developed.
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

(c) Edgewise, 16 pt/D (d) Edgewise, 32 pt/D

Figure 3.20 – Time-averaged aerodynamic forces comparison between rigid AD, flexible AD and
reference AL for � = 7.54.

AL Flexible AD Rigid AD
P 3.03 MW 16 pt/D -0.7 % +23.8 %

32 pt/D -4.5 % +19.8 %

T 5.02 kN 16 pt/D +2.4 % +26.5 %
32 pt/D -0.5 % +23.3 %

Table 3.12 – Time-averaged power and thrust comparison between flexible and rigid AD, and the
reference AL (64 pt/D).
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(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

Figure 3.21 – Comparison of the power history between rigid AD and AL for � = 7.54.

(a) Flapwise, 16 pt/D (b) Flapwise, 32 pt/D

Figure 3.22 – Comparison of the thrust history between rigid AD and AL for � = 7.54.



3.4. Assessment of aeroelastic e↵ects 51

Both methods have di↵erent approaches regarding the way they capture the physics of the wake

as the AD represent the rotor as a fixed disk, and the AL approach consider discrete blades rotat-

ing in the flow. In an real rotor, the blades generate separate vortex sheets that coalesce to create

concentrated vortices at the tip and hub. These vortices interact and play a role in disrupting the

stability of the wake. Inherently to the AD method which continuously considers an average e↵ect

across the whole disk, the wake behind it is a continuous cylindrical vortex sheet, making it unable

to capture the near-wake dynamics. However, the model can be modified and corrected to account

for complex e↵ects such as wind turbine wake interactions in a wind farm as done in Machefaux et

al. [13] and Gomes et al. [8].

In addition to that, the AD is typically used at coarser resolutions, disregarding the small scales in

the flow, and impairing its ability to represent accurately the wake physics.

The e↵ect of coarse resolution is strongly noticed in Figure 3.23 with the wake structures becom-

ing gradually simpler when the resolution decreases, and being mostly observable for the vorticity.

However, in terms of velocity the overall behaviour is correctly defined at coarser resolution and

describes well enough the wake velocity for the rigid AD. For both velocity and vorticity, large scale

perturbations are relatively well conserved with smoother representation as the resolution decreases.

We need to recall that the wakes currently available for the AD only exist for the rigid version.

In order to compare it with the wake produced by the flexible AD, the structural resolution needs

to be concurrent to the flow resolution to allow fluid-structure interaction, as discussed in Section

4.2.3.



52 Chapter 3. Results

(a) Velocity, 16 pt/D (b) Vorticity, 16 pt/D

(c) Velocity, 32 pt/D (d) Vorticity, 32 pt/D

(e) Velocity, 64 pt/D (f) Vorticity, 64 pt/D

Figure 3.23 – Instantaneous streamwise velocity and vorticity for rigid AD (16 and 32 pt/D) and
for flexible AL (64 pt/D) for � = 7.54. The rotor hub is represented by a vertical black line.



Chapter 4

Conclusion and perspectives

4.1 Conclusion

This work had for objective to develop a method that e↵ectively models the aeroelastic e↵ects of

wind turbine blades, aiming for accurate results while managing computational expenses, with an

eye towards its applicability in wind farm simulations.

Large Eddy Simulation coupled to an actuator model was used to simulate the flow and turbine

interaction. The first actuator model considered was the Actuator Line which was chosen as ref-

erence throughout this study as this method is already developed to account for the deformation

of the blades. However, when considering wind farm simulations, the computational cost become

substantial and the AL approach becomes inapplicable. In order to address this issue, the Actuator

Disk method which is more e�cient computationally is considered. The AD approach however

does not account for blade flexibility, and this work was dedicated to the development of di↵erent

methods to include aeroelasticity as a post-processing operation.

The AL simulation inherently considers separate blades rotating in the flow, accurately rep-

resenting their behaviour and allowing fluid-structure interaction. On the other hand, the AD

represents the rotor as a rigid disk, averaging the e↵ect of the blades over its whole surface. In

order to include the flexibility e↵ect in the computations, three methods have been developed. The

methods are assessed for di↵erent grid resolutions and flow velocities, and are their results are then

compared to those obtained from the AL.

First, a direct integration method that solves the transient dynamics until a periodic solution is

found for every time of the simulation has been considered. This method is heavy computationally

but its purpose is to be as complete and precise as possible. The results show good agreement

between the Actuator Disk methods and the reference Actuator Line model in terms of blade de-
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flection, loads, power, and thrust.

Then, a mode superposition method using the vibration modes of the blade has been developed

to allow much faster resolution due to simplifications in the solving of the system describing the

dynamic behaviour of the blade. This method yields results matching exactly those of the direct

integration method while alleviating the computational cost.

Finally, the modal method has been enhanced computationally to only account for the three main

dominant modes to solve the structural part. This method decreases a lot the time of the calcula-

tions while producing very close results compared to the other two methods.

The last part highlights the aeroelastic e↵ects in the AD approach by comparing the raw results

from the simulation with the enhancements developed in this work. Important di↵erences can be

noticed for loads applied on the blade and for power and thrust histories as the AD disregarding

the aeroelastic e↵ect overestimates those values. It is therefore important to use and improve the

flexible AD methods for accurate representation of the physics of the blades.

In conclusion, the developed Actuator Disk methods show promising results and with further

improvements could provide an e�cient and accurate tool for wind farm simulations.

4.2 Perspectives

4.2.1 Multiple shooting algorithm

In addition to the methods presented in this work, another method had been considered and initial

implementation e↵orts were undertaken. However, due to time constraints, this approach was not

completed. The method and its integration into the currently used process will be presented here.

The method is based on a multiple shooting algorithm to compute the periodic orbits of non-

linear ordinary di↵erential equations systems through the use of Floquet multipliers [12]. The

associated Python toolbox [18], named multiflap, has been implemented by Ducci et al. for the

analysis of stability and sensitivity of bird flapping flight [4]. The use of Floquet multipliers allow,

in addition to solving the system, to study its stability.

Description of the method

The multiple shooting algorithm is an iterative numerical technique used to solve boundary-value

problems associated with ordinary di↵erential equations. This method works by breaking down the

problem of finding periodic solutions into smaller time intervals. It starts by guessing initial values

for the periodic orbit, divides the time domain into segments, and solves the di↵erential equations
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for each segment separately. The algorithm then adjusts the guessed initial values iteratively until

the solution of each segment matches continuously at the segment boundaries, ensuring that the so-

lution obtained is periodic. By iteratively refining the initial guesses and solving the corresponding

subproblems, the multiple shooting algorithm converges towards an accurate solution representing

the limit cycle of the dynamical system.

In a dynamical system, such as those described by di↵erential equations, a limit cycle represents a

stable periodic solution. In other words, it corresponds to the periodic orbit formed by the trajec-

tory of the system’s state over time. Considering a general ODE system ẋ = f(x, t), the limit cycle

would write x⇤(t) = x⇤(t+ T ) where T is the period of the orbit.

It applies well in the context of this work as it solves the problem described in Section 2.5,

which was to find, for each time step of a given Actuator Disk simulation, the periodic trajectory

made by the blade in a frozen velocity field. The di↵erence is that the process used in this study is

based on solving the transient for every time step. This means that the blade is considered in the

velocity field and its position is updated at every control points until the physical position of the

blade reaches a periodic state. If the velocity field is very turbulent and the precision required to

determine when convergence is reached is very high, this can lead to a large number of rotations.

The advantage of the multiflap method is that it allows to avoid the solving of the whole transient

phase to detect only the limit cycle by using initial and boundary conditions to find a solution that

satisfies the periodicity constraints.

Application

Integration The way to integrate multiflap into the currently used method would be to replace

the whole convergence process (Section 2.5.1) by the application of the multiple shooting algorithm.

Multiflap would thus be used at every time step, i.e. once for each di↵erent frozen velocity field,

and the periodic orbits found would then be used for the interpolation giving the real blade position

over time.

The building block is the same as for the other methods, which is the computation of the loads on

the blade from the local wind velocity. This process must be included in the ODE system as the

external forces term F (t).

Input The method requires four main input data related to the problem itself: an initial guess,

a period guess, a system of ODEs, and a stability matrix (optional).

Then, the multiple shooting scheme is determined by four numerical parameters: the integrator

order, the iteration error, the number of time steps over a period, and the amount of points com-

posing the trajectory, in between which the integration is performed.
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First, some observations and advice are given for the numerical parameters. In terms of per-

formance, the fourth order Runge-Kutta scheme seems to be the most appropriate method in this

case. Then, the number of points in the trajectory and the integration time step are parameters

that depend on one another and should be tested to know exactly what configuration works best

for the situation. Finally, the iteration error should be kept low, around 10�5, for the scheme to

give relevant results.

Regarding, the input for the problem, the initial guess x0 is a key parameter of the method as

it can be quite sensitive relative to the choice of x0. In our case of the trajectory of a blade in a

frozen velocity field, it can be hard to find an initial condition, but a possible solution is to use

already known data for other simulations in the same conditions. Taking the average displacement

of the blade over a simulation as initial guess.

On the other hand, if the rotor speed is constant, the period is easily computed as T = 2⇡
! with !

the rotor speed in rad/s.

Regarding the ODE system, we use the dynamic equation of motion (Eq. (4.1)) which governs the

physical behaviour of the blade when external load is applied, and was already used previously to

solve the transient.

M ẍ(t) + C ẋ(t) +K x(t) = F (t) (4.1)

The method requires first order di↵erential equations. Eq. (4.1) is thus divided into two first

order ODEs by keeping the position and the velocity as unknowns and expressing the acceleration

as the derivative of the velocity. The position becomes variable x1 and the velocity is x2, which

gives

v1 =
@x1

@t
= x2

v2 =
@x2

@t
= M�1(F �K · x1 � C · x2)

(4.2)

where v1, v2, x1, x2 are vectors, and M�1, C, K, F are matrices with M�1 the inverse matrix

of M .

In order to compute the Floquet multipliers determining the stability of the system, as well as

the Jacobian matrix used in the multiple shooting scheme, the stability matrix defined by Eq. (4.3)

is required.

Ai,j =
@vi
@xj

(4.3)

The stability matrix can be given as input or computed numerically during the process. The

analytical choice is however much faster and can be easily computed.

Calling m the number of states of the dynamical system and applying Eq. (4.3) on Eqs. (4.2), the
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stability matrix can be divided into four parts, each of size [m2 ⇥ m
2 ], such that

Ai,j =

8
>>><

>>>:

0 for i, j = [1, m
2 ]

Im
2

for i = [1, m
2 ], j = [m2 + 1, m]

�M�1 ·K for i = [m2 + 1, m], j = [1, m
2 ]

�M�1 · C for i, j = [m2 + 1, m]

(4.4)

where Im
2

is the identity matrix of dimension m
2 and the operator ”·” corresponds to matrix

multiplication.

Modal superposition

Similarly to the direct integration method, a transformation to modal analysis can be performed

in the use of multiflap. Following the procedure detailed in Section 2.5.2, the ODE system (Eq.

(4.1)) takes a modal form given by Eq. (2.22) through the use of the transformation matrix �. This

modal transformation allows a much faster resolution of the system of size [6nR ⇥ 6nR], with nR

the number of nodes dividing the blade.

Finally, as described in Section 2.5.2, we can use only three modes and reduce the system to a size

[3 ⇥ 3] to decrease even more the computational cost. This method using three modes give very

convincing and accurate results when used with the other methods, using it in multiflap should be

quite beneficial.

4.2.2 Wind farm simulation

The motivation to use the Actuator Disk method is its reduced computational cost compared to

other methods, such as the Actuator Line method, especially to be used for wind farm simulations,

which require very heavy computations.

In this study, the developed methods have been assessed only with isolated wind turbines, which

is the first step to validate the method. However, the ultimate aim is to be able to simulate the

behaviour of turbines as they influence one another in a wind farm situation, and estimate the

impact on the resulting power and the wake dynamics. The next step to validate the methods is

therefore to analyze the results from a wind farm simulation.

4.2.3 Integration in main simulation

Currently, the method has been developed for post-processing usage, which means that the wind

velocity used for the loads computation is determined before the method is applied and does not

depend on the flexibility of the blades. The fluid-structure interaction is therefore not taken into

account and the wake dynamics as well as the real behaviour of the blade cannot be accurately
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represented.

However, in wind farm configurations, turbine-wake interactions is a critical parameter that

needs to be precise as it can quickly become very complex. Hence the need to develop a method

producing accurate results and with the purpose to make real time computations. Knowing various

data such as power output or loads undergone by the blades continuously would allow to control

the di↵erent parameters of the turbines to optimize power production and load alleviation.

This can be achieved by updating the blade dynamics concurrently to solving the flow to allow

interaction between both and accurate dynamics representation.
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Appendix A

Structural root bending moment

This appendix explains how the structural root bending moment is computed from the beam dis-

placement using finite element method for beams described in [20].

The beam is divided into short elements that have uniform cross-section and constant elastic prop-

erties, and the beam is considered planar, flapwise and edgewise moments are thus dealt with in

two separate computations. The flapwise moment uses the values of displacement in the plane

containing the beam that is perpendicular to the rotor, i.e. in the direction of the wind, and the

edgewise moment applies on the rotor plane. In such a configuration, each element composing the

beam has a length le and is delimited by two nodes, ⌘1 and ⌘2, leading to two degrees of freedom

per node, displacement in the transverse direction (u1 and u2) and rotation around the axis normal

to the beam plane (✓1 and ✓2). Each beam finite element thus has a total of four degrees of freedom.

The beam elements presented in this chapter are based on the Euler-Bernoulli theory which

Figure A.1 – Configuration and variables for a beam element using finite element method.
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computes the bending moment from the second derivative of node deflection as

M = �EI
@2w̃

@x2
(A.1)

Using the finite element method, the displacement along the element is written as

w̃(⌘) = N(⌘)u (A.2)

where w̃ is the axial approximation within the finite element e, u is the vector of finite element

displacements, defined as

u =

2

6664

u1

✓1
u2

✓2

3

7775
(A.3)

and N is the matrix of shape functions defined as

N(⌘) = [N1(⌘) N2(⌘) N3(⌘) N4(⌘)] (A.4)

where the shape functions are written as

N1(⌘) =
1

4
(2� 3⌘ + ⌘3)

N2(⌘) =
le
8
(1� ⌘ � ⌘2 + ⌘3)

N3(⌘) =
1

4
(2 + 3⌘ � ⌘3)

N4(⌘) =
le
8
(�1� ⌘ + ⌘2 + ⌘3)

(A.5)

N1 and N3 are the two translational shapes functions corresponding to the displacement degree

of freedom, while N2 and N4 are the rotational shapes functions related to the rotational degrees

of freedom.

The purpose is to get the root bending moment, we therefore focus on the element of the blade

that starts from the root, i.e. with its first node ⌘1 being the root of the blade. Considering a

cantilever beam, the node situated at the root is by definition fixed and its degrees of freedom are
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canceled, the vector of finite element displacement corresponding to this element is thus given by

u =

2

6664

0

0

u2

✓2

3

7775
(A.6)

Eq. (A.1) requires the second derivative of the finite element displacement, which gives from

Eq. (A.2)
@2w̃

@x2
=

✓
@⌘

@x

◆2 @2N

@⌘2
(⌘)u (A.7)

with
⇣

@⌘
@x

⌘2
= 4

l2e
.

As only the third and fourth components of u are non-null, we only need the third and fourth

components of @2N
@⌘2 (⌘), which are given by

@2N3

@⌘2
(⌘) =

1

4
(�6⌘)

@2N4

@⌘2
(⌘) =

le
8
(2 + 6⌘)

(A.8)

Those functions are valid for the entire first beam element but we only need the values for the

root, which is at position ⌘ = �1, yielding

@2N3

@⌘2
(⌘) =

3

2

@2N4

@⌘2
(⌘) =

�le
2

(A.9)

Knowing the flexural rigidity EI which is a physical property of the blade and replacing those

values in (A.1), we get the structural root bending moment from the axial and rotational displace-

ments at node ⌘2 as

Mroot = �EI
4

l2e

✓
3

2
u2 �

le
2
✓2

◆
(A.10)
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Aerodynamic damping

Two types of damping act on the blade to attenuate its movement: aerodynamic damping and

structural damping.

The structural damping, expressing itself through matrix C in the dynamic equation of motion

(Eq. (B.1)), is constant and the same for AL and AD methods. This kind of damping refers to the

inherent ability of a structure to reduce or dampen vibrations and oscillations due to an external

force acting upon it. It is thus a property of the structure and its materials and does not depend

on the flow conditions and variations.

M ẍ(t) + C ẋ(t) +K x(t) = F (t) (B.1)

The other kind of damping acting on the blade is aerodynamic damping. It is due to the aero-

dynamic forces and generated from the interaction between the structure and the surrounding air,

which act in a manner that opposes or dampens the motion of the structure. It plays an important

role in the dynamic behaviour of the blade and is a direct consequence of the motion of the structure

and how it impacts the stability of the blade displacement.

Through aerodynamic damping, the amplitude and direction of the structure motion can be directly

linked to the forces acting upon itself. If the blade moves away from the rotor plane, it will induce

a reduction of the force in this direction tending to keep the blade closer to the rotor. Conversely,

if the blade tends to get closer to the rotor plane, the force opposing the movement will increase.

This damping mechanism is described here below.

First, one should recall that the lift and drag aerodynamic forces are computed based on the

lift and drag coe�cient which behaviour in function of the angle of attack is described in Figure

B.1. The values of the aerodynamic coe�cients in this figure are taken from the data of the airfoil

DU21-A17 but the purpose of these graphs is to highlight the shape of the coe�cients in terms of

the angle of attack, and this stays approximately the same for every other airfoil used.
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Figure B.1 – Shape of the aerodynamic coe�cients in function of the angle of attack

For a wide range of angles, including the whole operating range of our simulations, the lift coe�-

cient increases with the angle of attack, whereas the drag coe�cient roughly stays constant for the

same angle range. We can therefore infer that when the angle of attack increases, the lift coe�cient

increases, and because of Eq. (B.2), so does the lift force. The drag coe�cient staying roughly

constant, the angle of attack has little influence on the drag force, as seen in Eq. (B.3).

L = 0.5⇢V 2
rel c�r Cl (B.2)

D = 0.5⇢V 2
rel c�r Cd (B.3)

Next, as described in Eqs. (B.4) and (B.5) retrieved from the structural solver description, the

flow angle � depends on the structure motion, namely its flapwise and edgewise velocities, ustruct
1

and ustruct
2 . Regarding the flapwise direction, the structure velocity has a significant impact because

its order of magnitude is near that of the wind speed in the same direction and both terms are

important in the numerator of Eq. (B.4). However, the edgewise structure velocity and wind speed

have little influence compared to the angular speed of the rotor and both terms can be neglected

in this approximation.

� = atan

✓
u⇤
n

⌦r � u⇤
✓

◆
(B.4)

where
u⇤
n = un · cos(✓struct1 )� ustruct

1

u⇤
✓ = u✓ · cos(✓struct2 )� ustruct

2

(B.5)

Then, because of the dependence between the angle of attack seen by the airfoil and the flow
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angle, expressed in Eq. (B.6), the influence of the structure motion on the angle of attack can be

approximated as described in Eq. (B.7).

↵ = �� (� + �)� �struct (B.6)

↵ = atan

✓
un · cos(✓struct1 )� ustruc

n

⌦r

◆
+ ... (B.7)

Focusing on the e↵ect of the structure velocity, it can be seen that for a structure deforming in

the direction of the wind, i.e. ustruc
n > 0, the angle of attack decreases, and as explained hereabove,

this is equivalent to a decrease in lift force, bringing the blade closer to the rotor plane. Conversely,

when the blade moves in the direction opposite of that of the wind, the lift force increases, pushing

the blade away from the plane of the rotor. A damping can thus be observed in the flapwise

direction when looking at the aerodynamics.

However, regarding the edgewise direction, the structure motion influence on the angle of attack is

negligible and so is the aerodynamic damping in this direction.
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