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Introduction

The Riemann zeta function, one of the most studied objects in mathematics, was first
introduced by Euler in the first half of the 18th century. It took a century before a link
between that function and prime numbers was brought to light, by none other than Rie-
mann himself. Since then, it is at the center of one of the most important unsolved prob-
lem in mathematics, recognized as one of the seven so-called "Millenium Prize Problems",
which still eludes some of the greatest minds in mathematics.

It shouldn’t come as a surprise therefore that comparable functions, sharing similarities
with the Riemann zeta, have been studied in other areas in mathematics. These are
often also called zeta functions. Our aim today is to introduce two such zeta functions:
the edge zeta function and vertex zeta function (also called Thara zeta function), as well
as provide additional results.

Historically, the Thara zeta function came from work on p-adic groups from Yasutaka
Ihara in the 1960s. Jean-Pierre Serre later remarked that this zeta function could be
purely interpreted in terms of graphs. Work on the Ihara zeta function quickly followed
based on that interpretation (see [1] for a list of main authors as well as additional
references on the subject), it is this perspective we’ll be adopting today. We'll introduce
and proof main results for this vertex zeta, as well as provide results we found regarding
the zeta function of inflated graphs, and products of graphs.

The Thara zeta function was generalized in 1996 by M. Stark and A. Terras [2] into
the edge zeta function, and used in 2006 in [1] to prove an important result previously
obtained by Bass in 1992 [3]. Other than that, it hasn’t been much studied. We use
the idea of edge deletion found in [4] and ultimately find stronger results regarding
the edge zeta: we claim that an md2 graph can be entirely retrieved from its edge
zeta.

While historically the Thara zeta function precedes the edge zeta, we choose to introduce
them in the opposite order, starting with the more general edge zeta and finishing with
the vertex zeta, one of its specializations.
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Chapter 1
Edge zeta function

1.1 Primes and graphs

We introduce the objects we will be working with, starting with graphs. There are quite
a few different definitions for graphs, we will be working with the following definition:

Definition 1.1. An oriented graph X is given by two finite sets V(X) and E(X),
respectively called the set of vertices and the set of oriented edges, as well as two
mappings:

e the initial map i : E(X) — V(X)
e the terminal map t : E(X) — V(X)

This induces an orientation on edges. We say that edge e goes from i(e) to t(e), starts
at i(e) and ends at t(e).

From this we get all of the information needed for an oriented graph, often represented
using diagrams. Whenever we fail to specify edge directions in diagrams, we implicitly
assume each edge is composed of two opposite oriented edges e and e~! such that i(e) =
t(e7!) and t(e) = i(e™!). As such, we have the following equivalent representations of
the same graph:

This essentially enables us to extend our definition of oriented graphs to their unoriented
versions. To us unoriented graphs are going to be such that each edge is actually a
pair of opposite oriented edges (e,e™!). The set of (unoriented) edges of such a graph
is denoted E(X), while its set of oriented edges is denoted E(X). If we don’t specify a
graph is oriented, we assume it is unoriented. As usual, we compare two oriented graphs
through isomorphisms:



Definition 1.2. We say two or@nted graphs X and'Y are tsomorphic if there exists
two bijective maps f: E(X) — E(Y) and g : V(X) — V(Y) such that:

ile) =a+io f(e) =g(a)
tle) =b<to f(e) = g(b)

The pair (f,g) constitutes an oriented graph isomorphism.

This notion of isomorphism easily extends to unoriented graph isomorphisms, since
we consider them as special cases of oriented graphs. If we consider a subset of ori-
ented edges in a graph, we can consider the edge induced subgraph of that subset:

Definition 1.3. Let X be an oriented graph and E' C E(X). We can consider the
following oriented graph Y :

E(Y)=FE and V(Y) = i(E") Ut(E")

With initial and terminal maps induced by those of X. This graph is called the subgraph
induced by E'.

We can also extend this definition to unoriented graphs to get the graph induced by a
subset of edges £/ C E(X): simply take the graph induced by the oriented edges of the
elements of E'.

We now introduce constructions made from edges of oriented graphs, the simplest ones
being of course, paths.

Definition 1.4. A path in a graph is a finite sequence ejes...e, of oriented edges
such that:

t(ei) = i(eiy1)

. -1
., and tailless whenever e, # e; .

It is backtrackless whenever e; 1 # e

Our goal is to study a certain kind of paths, more specifically closed, backtrackless,
tailless, primitive paths.

Definition 1.5. A cycle is a closed path, i.e a path ejey . .. e, such that:

t(en) = i(er)

It is a primitive cycle whenever it can’t be written as the repetition of another cycle.



What we are going to be interested in is a version of "primes" in graphs, which we’ll
define as equivalence classes of those backtrackless, tailless, primitive cycles. We’ll
later study how much information these primes give on the graph they come from.

Definition 1.6. A prime of a graph X is the equivalence class of a backtrackless,tailless,
primitive cycle P. Let P = eyes ... e, then this equivalence class is given by:

[Pl={e1...€n, €2...€4€1, ... , €n€1...€n 1}

Elements of this equivalence class will be called prime cycles.

The purpose of this equivalence class is to ignore the starting (and therefore end) vertex
of a cycle and focus on its edges. We'll take a look at examples and non-examples of
primes in the following graph to familiarize ourselves with this new concept. For the
sake of clarity, we won’t be representing every edge inverse:

Following our definition, the cycle ejesezey would be considered prime. The cycle
(e1ezeseq)® however, isn’t (powers are used to indicate we repeat a sequence a few
times).

The cycles 69(64616263)651 and 6162636§16964 are also both not prime: one has a tail

—1
while the other backtracks (we have (eg 1) = e9). Notice they both represent the same
equivalence class. Indeed, the presence of a tail leads to having a backtrack in all of the
other cycles of the equivalence class.

An important observation to make is that there is an infinite number of primes in this
graph: the cycle (ejesesey)(eregereseges)™(e1e0esey) is prime regardless of the value of
n € N. This trick of traveling one prime cycle then another one an arbitrary number
of times and coming back to the first can be used whenever a graph has two cycles in
the same connected component that don’t coincide. In general, we’ll have an infinite
number of prime cycles in our graphs. For connected graphs, the only exceptions are
cycle graphs (2 prime cycles, one going clockwise, the other going counter-clockwise),
and trees (0 cycles).



1.2 Edge matrix and edge norm

We now look at ways of assigning quantities to those prime cycles. This will be done
first by assigning weights to pairs of oriented edges. We encode those weights in an edge
matrix:

Definition 1.7. Let X be a graph composed of m edges, with oriented edges indexed
from 1 to 2m, then the 2m X 2m edge matriz is given by:

0 otherwise.

{wei’ej if t(e;) = i(ej) and ej # ;!
ij =

With we, .; complex number.

We’ll often index our oriented edges as follows: we choose 1 element from each pair of
oriented edges and index those from 1 to m, we then index their inverses in the same
order, from m + 1 to 2m. We therefore get e,,.; = e;*. We won’t use this indexation
yet but it will be necessary later on. We have everything needed to assign a complex
number to a path via the edge norm:

Definition 1.8. Let W be an edge matriz and p = ey ...e, a sequence of edges. Then
we define the edge norm as:

NE(VVa p) = Wey,epWeg,es - - - We,,—1,enWen,eq

Notice this definition of the edge norm only gives us non-zero values for paths that are
cycles, as we have w, .., = 0 if e; doesn’t feed into e;41, and w,, ., = 0 if e, doesn’t
feed into e;. It also gives us 0 for cycles that backtrack or have tails. This justifies the
definition of the edge matrix: it enables us to conveniently ignore sequences that aren’t
proper cycles, cycles that don’t backtrack nor have tails.

We'll end this section by proving a link between the trace of W™ and the edge norm of
proper cycles of a certain length. This will be useful later on in the study of the edge
zeta function.

Lemma 1.9. Let W be an edge matriz of X and P(n,X) the set of proper cycles of
length n in X. Then:
T(W") = Y Ng(W,P)

PeP(n,X)
Proof. To show this result, we have to prove the following observation:

wn —
( )ZJ - Z wemeklwekl,e/@ e 'wekn_Qvekn_lwekn_l7€j

eiekl ...ekn71
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Essentially a sum over the sequences of length n starting with edge e;. When j = ¢ this
corresponds to looking at the sum of edge norms of sequences of length n starting with
edge e;. By our previous remark, it can be reduced to a sum of edge norms of proper
cycles of length n starting with e;. Taking the trace then concludes the proof, as we
are considering the sum of edge norms of all proper cycles of length n, regardless of the
starting edge.

We therefore proceed by induction, our base case being n = 1:
(W)ij = We, e,

This corresponds trivially to our formula as only one sequence of length one starts with
e;. Remember also that w,, ., = 0 if t(e;) # i(e;) or e; # €;'. We now move on to the
more general case, we have:

§ : weiaek1w5k115k2 o 'wekn,g,ekn,lwekn,pej
€i€ky -y

Which, by reassembling things properly, gives:
Z Wer,,_, €5 Z Weien, Wekyseny -+ - Wer, _yiem,,_,
ek, €i€ky ---Chy o

And by our induction hypothesis this equals:

2m
Z wek _1€ (Wn 1 zkn 1 Zwek e] Wn 1)
€kp_1 k=1
= Z Wiy (W )i = (W")y

This proves the formula we mentioned, and so:

2m
M=) > We, e W w w
- €i,€ky ek Chy * 1 Ve, o:€ky, 1 €k, _1,€i

i=1 €i€ky €k, _,

2m

= Z Z Ng(W,eep, ...k, )

i=1 €i€ky --Chy

= Y Ng(W,P)
PeP(n,X)

The last equality coming from the fact that the edge norm of sequences that aren’t
proper cycles is zero. Il

11



1.3 Edge zeta function

We are now ready to introduce the edge zeta function of a graph, described by Stark
and Terras in [2]. As a reminder, the oriented edges in our graphs come in pairs, and
translate the fact that we are able to travel in both directions through an edge of an
otherwise unoriented graph. We will index our oriented edges as mentioned previously:
choose one edge out of each pair and index them from 1 to m, then index the others in
the same order from m+1 to 2m. We then introduce the edge zeta function (also called
multi-edge zeta function in [5]) as a product over primes:

Definition 1.10. The edge zeta function of a graph X is given by:

(W, X) =[] = Ng(W, P))™!
[P]

Converging when the W;; are sufficiently close to 0.

We will often consider this zeta function as a formal power series and study it alge-
braically rather than analytically. A discussion on the poles of these zeta functions can
be found in [5]. Let’s start with a simple example computation of this function in the
case of a cycle graph.

Definition 1.11. An oriented cycle graph is an oriented graph induced by oriented
edges of a cycle, such that |E'| = |V'|. If you add the inverse of each oriented edge of
the cycle to the induced subgraph, you get a cycle graph.

Cycle graphs contain 2 prime cycles, one going clockwise and the other going counter-
clockwise:

w3 w7
w4 w2 w8 w6

wl wbH

In the case of the square graph Cy, we get the following edge zeta function:

1 1

1— W1W2W3W4 1— WsWeW7WS

Ce(W,Cy) =

But how do we compute the edge zeta function for more complicated graphs? Having 2
different unoriented cycles in a connected graph leads to an infinite number of primes!
One of the big results concerning the edge zeta function is that it can be written as
the inverse of a polynomial. We’ll state the theorem then provide a prove completing a
sketch provided in [6]:

12



Theorem 1.12 (Determinant formula for the edge zeta). Let W be an edge matriz of
a graph, then:
Ce(W, X) =det(I —W)™*

Proof. We first start by taking the logarithm of our edge zeta function, we get:

log (p(W, X) = > _ —log(1 — Np(W, P))
7]

Now, the power series for log(1 — z) is 302 —%- therefore:

Ng(W, P)"

n

log Cg(W, X) ZZ

[P] n=1

Instead of summing over primes we will be summing over prime cycles. The cardinality
of [P] being the length [(P) of P, we’ll need to compensate those repetitions of terms
by dividing by I(P). We get:

log oW, X) = 3 l(lp)iNE(W,P%

P prime n=1 n
P prime n=1 nl<P)

Notice that Ng(W, P)" = Ng(W, P") and nl(P) = I(P"): we are suddenly summing
over proper cycles instead of prime cycles!

Np(W,C)

C' proper

And this is where we use Lemma 1.9 of the previous section to introduce the trace of
W. Summing over the length of proper cycles we get:

@?V?l)

= Tr(log(I —W)™)

We therefore have:
log C(W, X) = logexp Tr(log(I — W)™)

We finally use the fact that exp Tr A = det exp A to get this last equation:

log (p(W, X) = logdet(I — W)™*

13



This concludes the proof. Il

This enables us to compute the edge zeta functions for more elaborate graphs, containing
an infinite number of cycles! Let’s take a look at the simplest example of such a graph:

the dumbbell graph.

The inverses of each edge aren’t represented, but they corresponded to e, = ey’ e5 =
e5', e = e3'. The edge matrix we get for the dumbbell graph is:

Weye;, Wepe, 0 0 0 0

0 0 Wepes O 0 Weyeq
_ 0 0 Weges 0 Wege, O
W= 0 Wee, 0 Wepe, O 0
Wege, 0O 0 Wepey, O 0

0 0 0 0 Weges Weges

As you can see what we would then need to do is compute the determinant of a 6 x 6
matrix, which is quite cumbersome, but feasible!

Notice some edges don’t really intervene in the edge zeta. Indeed, define the degree of
a vertex as the number of oriented edges starting with that vertex. We can observe that
nodes of degree 0 can’t appear in prime cycles, as well as nodes of degree 1. This comes
from the fact that having a cycle go through one of those degree 1 vertices forces it to
have either a tail or a backtrack, and degree 0 vertices naturally don’t intervene in paths.
We can therefore remove degree 0 vertices and iteratively remove degree 1 vertices (and
the edges attached to them) out of a graph without modifying its edge zeta, we will call
this process "pruning" a graph:

mw

The resulting pruned graph will have vertices of minimum degree 2, we say such a graph
is md2. Studying the zeta function of a graph is therefore equivalent to studying the
zeta function of this md2 subgraph. We will now justify the uniqueness of the graph
obtained by iteratively pruning out those degree 0 and 1 vertices via this proposition
(which we’ll also use later on):

14



Proposition 1.13. Let X be a graph with E(X) # (0. Then:
X is md2 <= every oriented edge is part of a prime cycle.

Proof. First of all, if every oriented edge is part of a prime cycle, this naturally excludes
both degree 0 and degree 1 vertices, as those don’t occur in prime cycles. This guarantees
the graph is md2. Now suppose that the graph is md2, and take an oriented edge
e =e € E(X ). Since the graph is md2, there is an oriented edge e; starting with
t(eo) and different to ey'. Repeat the argument with e; to construct ey, then again to
construct eg etc. until the constructed path ey ... e, ends with a vertex already visited,
it suffices now to go back part of the path constructed to get a cycle that starts and
ends with i(e).

€k—1
€k
€0 €1 €]
O—0—-
€+1
€142
We therefore get a cycle O = (eg...e))(erp1...ex)e; ' ... eg" starting with i(e) and

without backtracks. If t(ex) = i(eg) (see diagram above), our work is done: C is a
prime cycle containing e. If not, we’ll do the following: construct another cycle Cs
starting from i(e) but whose first edge isn’t e = ey. This is possible as i(e) is of degree
at least 2. Joining those two cycles together we get the prime cycle C,C5, containing e.
Since e was arbitrarily chosen, every edge is part of a prime cycle in an md2 graph. [

Pruning a graph therefore removes all edges and nodes that aren’t part of prime cycles.
It turns out that this process can be seen as a manipulation of the edge zeta. Indeed
notice it is quite easy to remove an edge from a graph and get the resulting edge zeta:

Proposition 1.14. Let e be an unoriented edge of a graph X composed of f, f~1 € E(X)
and X \ e be the graph obtained by removing that edge, with edge matrix W. Then:

(W, X\ e) = (e(We, X)

Where W, is the same as W but with additional columns and lines filled with zeros for
the oriented edges f and f1.

Proof. This comes from the fact that by putting all weights of oriented edges of e to 0
we force edge norms of paths containing them to also be equal to 0. This is therefore
equivalent to ignoring e in our zeta function and studying the edge zeta of X \ e. O

15



We can use this to "remove" edges from a graph:

Corollary 1.15. Let X be an unoriented graph, we can prune it using its edge zeta
function.

Proof. By Proposition 1.13 all we need to do is find the weights of W that don’t intervene
in the edge zeta: they correspond to oriented edges that aren’t part of the pruned version
of our graph. Pruning is therefore equivalent to removing those edges. All of this can
be done without actually having an idea of what the graph looks like, and comes solely
from manipulating the edge zeta. m

Another thing we can do with the edge zeta is extract information on the connectivity
of our graph, but first notice that we have the following:

Proposition 1.16. Let X be a a graph whose connected components are Xy,...,X,,
and let Wy, ..., W, be the associated edge matrices. Then we have:

(W, X) =W, X1)...¢e(Wy, X5)

Proof. The formula relating the edge zeta of a graph to the edge zetas of its connected
components is relatively straightforward, we can simply separate the product of the edge
zeta along its connected components:

Ce(W, X) =] (1 - Ng(P)™"

[P]
=11 IT (- Ne(P) ™" = [ e, X)
i=1[P]CX; i=1
Where [P] C X; means P is contained in Xj. ]

This gives us the following useful lemma:

Lemma 1.17. Let X; and Xy be two connected md2 subgraphs of X induced by sets
of edges E1 and Ey. We are able to detect whether they are in the same connected
component by knowing the content of Ey and Ey and by manipulating Cg(W).

Proof. If E1 N Ey # () (which we can check by looking at the content of E; and Es) then
we know that both of these graphs are connected, since X; and X5 are connected.

Suppose now E; N Ey = (). If X; and X, are in the same connected component, there
exists a shortest path p going from a vertex v of X; to a vertex w of X;. We can make
a few observations regarding this shortest path. First of all, since it is a shortest path
between both subgraphs, the vertices along this path (that aren’t starting vertices nor
end vertices) don’t belong to X; or X,. This same minimality condition also guarantees

16



this path doesn’t intersect itself.

Now let p = ey ... e,, then the graph induced by E; U {ef]1 < i < n} doesn’t contain
more prime cycles than X; individually: p can be seen as a long tail added to X; (which
we would usually have removed by pruning).

The graph induced by E;UE,U {ef'|1 < i < n} though contains more prime cycles than
X; and X, separately! Indeed, take a prime cycle C; in X starting at v (this path exists
as X; is md2, and by Proposition 1.13), and do the same for w in X5 to get Cy. We can
then construct the prime cycle Cie; .. enC’ge* el_ . The presence of such a prlme
cycle can be detected by computing the edge zeta of the graph induced by EiUE,U
{e*|1 < i < n} and realizing it is different from the product (gz(W1, X1)Cp(Wa, X5).
To check whether two edge induced md2 subgraphs are in the same Connected component
we therefore have to find a subset of oriented edges F' = {ei',...,et!} such that the
edge zeta of the graph 1nduced by E;UF is equal to the edge zeta of X, and such that
the edge zeta of E, U EQ U F is different to Ce(Wh, X1)Cp(Wa, Xs).

If both X; and X, are in the same connected component, such a subset exist as we've
just shown with p, and 1f they aren’t connected, a change in the zeta function of the
graph induced by E1 U E2 UF compared to the one induced by E1 U E2 1s due - to extra
prime cycles added in one of the X;: the zeta of the graph induced by E; U F will be
different to the zeta of the graph induced by Ej; for a certain i. O]

We’ve introduced the main tools we’ll need to prove the main result of the next section, it
turns out we can reconstruct a weighted md2 graph from its edge zeta.

1.4 Weighted graphs

In this section, we look at weighted graphs, and edge zetas of weighted graphs. We
introduce a few new concepts then use all the tools at our disposal to prove that the
edge zeta is very close to a total invariant of weighted graphs: we are able to reconstruct
a weighted graph from its edge zeta as well as put back weights up to permutation along
lines and closed lines. This extends results found in [4].

We start by defining what we mean by a weighted graph:

Definition 1.18. Let X be an unoriented graph whose set of edges is E(X). We say X
is a wetghted graph if we have a weight function:

w: E(X)—=C

In that case the weight of an edge e € E(X) is w(e). We can use it to define the
weight of the oriented edges making up e: we get a weight function defined on E(x), also
denoted w (small abuse of notation).

17



We can therefore study edge zetas of weighted graphs: we consider edge matrices where
We, e, = w(e;) when t(e;) = i(e;) and e; # e;' (we also have w(e;) = w(e; ')). The
resulting edge zeta is the inverse of a polynomial made from edge weights. Suppose now
we denote those weights wy, ..., w,,, we’ll show that we are able to find quite a bit of
information from (g(wy, ..., wy,).

First, we’ll see there is a way of further simplifying md2 graphs while essentially pre-
serving the same information contained in its zeta function.

Definition 1.19. Let | = eq...e, be a path in an md2 graph. If every node lying on [,
that is to say every i(ex) and t(ey), is of degree 2, but not the starting node i(eg) nor the
end node t(e,) then we say the graph induced by [ is an oriented line. Ifi(eg) = t(e,),
without conditions on the degree of that node, we say the graph induced byl is a closed
oriented line. Adding the inverses of the e;’s, we get lines and closed lines. A closed
line with one edge is a loop.

Edges on a same line or closed line of a weighted graph can’t be distinguished using
the edge zeta. Indeed, once a prime cycle goes through the edge of one of those it is
forced to visit all of it, as no backtrack nor tail is allowed: we deduce that permuting
weights along those shapes doesn’t modify the edge zeta function. This will motivate
the following further simplification: md2 graphs can be simplified into graphs where
connected components are md3 (minimum degree 3) or isolated loops. The edge zeta
of the initial graph is simply the edge zeta of this contracted graph with appropriate
edge weights (a line or closed line with weights wy, ws, w3 is transformed into an edge of
weight wywows):

o K o—=

We'll see we can get the edge zeta of this contracted graph from the zeta of X. We'll
first need to prove a detection theorem for cycle graphs.

Proposition 1.20. Suppose we have an edge induced md2 subgraph of a graph X, we
can deduce whether it is isomorphic to a cycle graph using its zeta function.



Proof. We'll prove that a cycle graph is equivalent to a graph whose edge zeta follows the
following condition: removing any unoriented edge makes the edge zeta trivial. Indeed,
suppose we have a cycle graph, it is made of n vertices and n edges. Removing one edge
leaves us with a connected subgraph with n vertices and n — 1 edges: it is therefore a
tree and its edge zeta is trivial.
Suppose now we have an md2 graph satisfying this minimality condition and take a
vertex v (therefore of degree at least 2). We can construct a path in a similar fashion as
in the proof of Proposition 1.13, starting with an oriented edge eq = e such that i(e) = v
and without backtracks, until it intersects itself at some t(ej). This gives us an edge
induced oriented subgraph with a non trivial edge zeta, as it contains a cycle without
backtrack. Adding the inverses of those edges, we get an induced unoriented subgraph
with a non trivial edge zeta. Our minimality condition implies that this subgraph must
contain all edges of our graph, otherwise we are able to remove edges without making
the edge zeta trivial. This subgraph is therefore our graph! It also intersected itself at
v, v is otherwise of degree 1 - prohibited in an md2 graph. We deduce all vertices are
on a cycle, with as many edges as vertices: indeed, the first (and only) intersection is
done at the initial vertex. Our graph is therefore a cycle graph.
We deduce that cycle graphs are entirely described by how their zeta function evolves
upon edge removal. This is detectable using the edge zeta function of X: we can detect
whether a subgraph induced by edges is isomorphic to a cycle graph.

O

Proposition 1.21. Let X be an md2 graph, we are able to find all lines and closed lines
of X wusing its edge zeta.

Proof. For each edge e, we'll find the line or closed line containing that edge. We first
remove e and prune the graph. This is done by finding edges that can be further removed
without modifying the edge zeta. We illustrate this process in this example:

/Qs
Q. :O-O-Q&QI
o & O

v
¢

“”Q

Two behaviors are possible, either we remove an edge contained in a closed line and the
pruning process leads us to finding edges that form a cycle graph with (eventually) a
tail (here in red), either we obtain a line (here in blue). As we are able to detect cycle
subgraphs (Proposition 1.20) we can distinguish both situations: we can find whether
an edge is part of a line or a closed line and if so, deduce in which line it is contained, or
which closed line it is contained. If it was part of a closed line, simply find which edges
obtained through the pruning process form a cycle graph. If none of those form a cycle
graph, those edges form a line. O
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Proposition 1.22. Let X be an md2 weighted graph. We are able to obtain the zeta
function of its contracted graph, as well as the edge weights associated to each edges of
the contracted graph.

Proof. We can use Proposition 1.21 to find the edge weights of lines and closed lines
making up our graph. These always appear together in the edge zeta: suppose wy, ..., w,
forms a line or closed line then whenever we see one of these terms in the edge zeta we
actually find their product w; ... w,. The edge zeta of the contracted graph is found by
replacing lines and closed lines with single edges. The product w; ... w, would therefore
be replaced by an edge weight w. Doing this for each line and closed line, we get the
edge zeta of a new graph: the contracted graph. If we want to get back the initial edge
zeta, simply put the product of the weights of each line/closed line on their respective
edge. O]

Theorem 1.23 (Reconstruction of weighted md2 graphs via the edge zetas). Let X be
an md2 weighted graph and (g(W, X)) its edge zeta function. We are able to reconstruct
X from Cg(W,X) and put back its edge weights, up to permutations along lines and
closed lines.

Proof. We will show this by induction on the number of edges.

For the base case, suppose |E| = 1. Only one type of md2 graph contains a single edge:
an isolated loop/cycle graph of length 1. We therefore know how to reconstruct X, with
its weights.

Suppose now |E| > 1. Use Proposition 1.22 to get the edge zeta of its contracted
graph: the zeta function of an md3 graph with isolated loops. We keep in mind the
edges/weights that were associated to each closed line and line (i.e the change of variables
that was performed).

We then remove each isolated loop using Proposition 1.20 and Lemma 1.17 to detect
them: they are cycle subgraphs made of one edge that aren’t connected to any other
md2 subgraph. We also keep this operation in mind. We are left with an md3 graph X".

The rest of the proof focuses on reconstructing this md3 graph X’: after this is done
we will put back the isolated loops and put back the edges that formed lines and closed
lines to get a construction of the weighted graph X, up to permutation of weights along
lines and closed lines. Remember the whole proof is based on an induction argument.

What we’ll first do is look at all subgraphs of X’ that are isomorphic to a cycle graph
which we can do using Proposition 1.20. Find one of those cycle subgraphs with maximal
length L.

We'll treat different values of L separately. First suppose L = 1, then our graph is md3
with cycle subgraphs of size 1: it is a tree to which we appended loops at the leaves and
on some vertices. We'll remove an edge e forming a loop, i.e a cycle subgraph of size 1
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(which we can detect using Proposition 1.20). We don’t have a guarantee the resulting
graph is still md2, as we are decreasing the degree of the node to which e was attached
by 2. We therefore prune the graph after having removed e, which may give us up to
one edge forming the tail ¢ to which e was attached as in this figure (in blue):

Of course there might be situations where pruning won’t give us an edge ¢, in that case
X'\ e was already md2. We will continue the proof under the assumption ¢ exists, the
same arguments can be used when it doesn’t (just ignore ¢ whenever we mention it).
Our goal now is to remove e (and ¢ if it exists) then to find where to reattach it after
having used our induction hypothesis.

We therefore apply our induction hypothesis on the subgraph induced by E(X’)\{t, e} to
reconstruct it. At this point we know the number of vertices of this graph and how they
are connected. Our goal is now to put back the edges we’ve removed in the graph. To
accomplish this, iterate through every node v of this graph as such: if a loop [ is attached
to v, check whether e is in the same connected component as [ (using Lemma 1.17) in
the graph induced by {I,¢, e}, whose zeta function is found by only keeping the weights
wy, wy, we from the zeta function of X. If [ and e are in the same connected component,
we know we need to reattach at v.
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If no loop is at v, we’ll do the following: first isolate the connected components X1, ..., X,
that are adjacent to v. We can illustrate this in the following figure (remember we are
in a tree with loops):

Xl Xn—l

€1 €n—1

€9 €n ét
Xy Xn e

Notice these connected components are md2, we can therefore use Lemma 1.17 to check
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whether e is in the same connected component as X; in the graph induced by E(X;)
and the edges {e;, e, t}. If e lies in the same connected component for two such X;, we
know we need to reattach at v!

We therefore iterate through every vertex until we end up finding which one we need to
reattach e to (or its tail ¢, if it exists). We are guaranteed to find that vertex as our
graph is md2 after having removed ¢ and e: a vertex therefore has to either be connected
to a loop or to 2 different edges (we can therefore rely on one of the 2 previous methods
to check whether we need to connect to that vertex).

What is left to do is to make sure we are able to put back weights properly. Indeed, we
need to make sure we can still locate them up to permutation along lines after having
put back our edge e (and t), an operation which can sometimes modify lines. This
happens whenever we append an edge to a degree 2 vertex: it increases its degree and
can therefore split a line in 2 (or a closed line but none of them are of length > 1 here
since L = 1).

Since our graph becomes md3 again after reattaching, lines reduce to edges. We there-
fore need to be able to find the weight of each edge. We have the following situation:

Bl -----e------ X;

The indeterminacy on weights along the line created by the edges eq, es now translates
into an indeterminacy on the weight of e; and e;. Starting from now we will put dashed
edges in our diagrams for edges whose weights aren’t perfectly determined. Here though,
the indetermination can quite easily be removed: suppose the weights associated to edges
eq, e were {wy, wy} then simply put one of those to 0 then see whether e is in the same
connected component as X; or X,: this tells us where each weight is located. If for
example we realize e is in the same connected component as X; after having put w; to
0, we know the weight of e; was wy. We are therefore able to reconstruct graphs for
L =1, using our induction hypothesis.

Suppose now L = 2. Then the only thing that changes from the previous case is that
some edges are double edges. There are still loops at the leaves of the tree. We find a
loop in the graph, using Proposition 1.21, remove it then reconstruct our graph. If a
vertex is of degree 2 after reconstruction, we know we need to reattach at that vertex,
since our graph X’ was originally md3. Otherwise, use pretty much the same methods
as before to check if {¢,e} is connected to a vertex v. There is but a slight difference
when no loop is at v, we need to take into account that some edges incident to v are
doubled:
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The components X; are therefore not guaranteed to be md2 anymore, but they do
contain loops, as there are loops at the end of the leaves of our tree. We therefore need
to use Lemma 1.17 to see whether e is in the same connected component as one of the
loops of Xj, in the graph induced by F(X;) and the edges {e;,e,t}. This enables us to
check whether e is connected to that X; as we did previously for L = 1. Using the same
argument as before we can check whether e (or ¢ if it exists) is connected to v.

As for the weight indeterminacies, they are solved exactly as before, except when the
degree two vertex responsible for the indeterminacy is connected to overlapping edges.
In that case it doesn’t matter how we put back our weights: the resulting weighted
graphs are isomorphic (since the 2 weights overlap).

Finally suppose L > 3 and remove an edge e from a maximal cycle subgraph. Doing so
leaves the graph md2 at the very least (it used to be md3), and our induction hypothesis
enables us to reconstruct X'\ e. We continue our discussion based on the number of
degree 2 vertices in X'\ e.

If it is still md3, we were able to reconstruct X'\ e as well as put back weights on each
edge (closed lines and lines are edges in that case: there is no indeterminacy). Since e
was part of a subgraph isomorphic to a cycle graph of which we know the edge weights
(and therefore the edges), we are able to find where to put e back: simply find the border
vertices of the incomplete cycle subgraph and connect the two using e.

Suppose now we have an indeterminacy on one vertex, meaning only one vertex v is of
degree 2 after removing e, with 2 different edges coming out of it. We know we need
to reattach e to that vertex as degree 2 vertices didn’t exist in X’. This gives us the
following diagram:
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We know e; and ey are associated to weights wq, wse, what we need to do is find which
edge these weights correspond to.

First of all remember overlaps solve indeterminations: if e; and ey overlap it doesn’t
really matter where we put w; and ws, the two weighted graphs we would get are
isomorphic to one another. In that case we solve our indetermination and revert to our
previous discussion (when there are no indeterminations) to put e back in its place.

Suppose they don’t overlap. We know the maximal cyclic subgraph e is part of (through
its weights), and can therefore partially find it again in our graph. Indeed, we are
guaranteed to be able to locate at least one edge of this cyclic subgraph as L > 3.
Denote this partial cycle subgraph [. If one of the edges e; (say e;) isn’t connected to
the border vertices of [, we get the following situation:

Knowing then that weight wy (without loss of generality) was part of the cycle subgraph,
we are able to deduce that wy corresponded to edge ey, and therefore w; to e;. This
solves the weight indeterminacy. We then have a unique way of attaching the other end
of e to close the cyclic subgraph.

The indeterminate situation we have to solve is therefore when e; and e, don’t overlap
and are both connected to the border vertices of this partially reconstructed cyclic
subgraph:

Denote the two border vertices as x and y. What we need to do is find which of those
vertices e is connected to. Our edge e also overlaps with one of the e;. The only thing
we know from the edge zeta though is that w,. overlaps with, say, ws, and that w; is
part of the cycle graph.
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If x and y share all incident edges (except for e, e1, and eg), it doesn’t matter to which
vertex e is connected, as long as we make sure wy overlaps with w, we get isomorphic
weighted graphs:

If there exists an edge attached to one of the two but not the other, it creates an asym-
metry we can exploit to figure out whether to connect e to x or y. First notice this
asymmetry is noticeable during the reconstruction (we simply notice the existence of
an edge different from e, e, e; that is adjacent to z or y but not the other). We now
do a second reconstruction where instead of removing e (through its weight w,) we
remove wi, the other weight that is part of the cycle subgraph. It then becomes apparent
whether e is connected to x or y. To illustrate this we represent the situation where this
protruding edge is connected to the end of e, and e overlaps es:

Actual (sub)graph

€2

| o

7 €1
62 // \\ el e // /
/!
// \\ ,/ // 62
First reconstruction Second reconstruction

In the second reconstruction it becomes apparent that e (through its weight) was con-
nected to x, while it wasn’t in the first reconstruction. Using this reconstruction we can
therefore verify if e is connected to the vertex from which there is a protruding edge. We
can therefore find on which side e was connected and with which edge it overlaps (here,
7). Knowing that the weight w, overlaps with weight w,, we know on which edge we
should put wy (here, e3). This solves our indeterminacy. We can therefore reconstruct
X’ when there is one indeterminacy.

Finally, discuss how to reconstruct X’ when we have 2 indeterminacies. The situation
becomes somewhat simpler. Indeed, with 2 indeterminacies, we already know where
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to glue back our edge e (we connect the two degree 2 vertices), all we need to do is
find where to put back our weights. Once one weight pair is solved, the other comes
automatically: we essentially come back to a particular case where we only have one
indeterminacy. As before, some situations are easy to solve, the "real" indeterminate

situation is:
e

Q—0

| N s, |
I A |
,
| eansen
G N7
. €3zl ey |
e AY
| |
| |

N

€1 €4

’ N

ot B©

We suppose every edge of the maximal cyclic subgraph leads to 2 indeterminacies upon
removal. If not, just choose one that gives a lower amount of indeterminacies and refer
to our previous reconstructions. If each give 2 indeterminacies, we deduce every vertex
of this cycle subgraph is of degree exactly three in X’. We therefore have an edge e,
adjacent to x and another e, adjacent to y, both different from e, eq, €9, €3,e4. If €, = €,
L = 4 and it doesn’t matter how we assign weights between e; and ey (which then
enables us to find the weights of ez and ey), as we get isomorphic weighted graphs.
Indeed, suppose the weights on the maximal cyclic subgraph are w,, w, wy,w,, and the
indeterminacies are between the pairs wy,ws and ws, wy, then there is no difference
between those two weighted graphs:
we we

Now as before, suppose e, is sticking out. Then so is e, (vertices of the cyclic subgraph
need to be of degree exactly 3). We have:

N

€1

I N
I
I
I
I
|
I

|

N // !
€33 €2 | €4

|

|

Where Y is the connected component attached to both e, and e, (same connected
component as they are both part of the same maximal cycle subgraph). This connected
component has non-trivial zeta function since X’ is md3. We can put the weight of e, to
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0 then check if the the triangle made by the weight w,, wy, w3 is in the same connected
component as Y in the graph induced by {we, w;, w3} U{w,,} and the edges of Y, if so,
the triangle induced by {w,, wy, w3} is connected to z: it corresponded to edges e, e, 3.
Doing the same argument by exchanging the roles of z and y, we can deduce to which
vertex w; and ws where connected: this solves our indeterminacies.

We are therefore able to reconstruct X’ in all situations. Putting back the loops we’ve
removed at the beginning and replacing edges by the lines and closed lines they repre-
sented, we get our initial graph X, with weights put back up to permutation along these
lines and closed lines. O]

We see that the edge zeta is a total invariant of graphs and a very good invariant of
weighted graphs (we only fail to locate weights along lines and closed lines). There
is another zeta function of graphs called the path zeta that specializes to the edge
zeta: we can therefore recover at least as much information on weighted graphs from
it. We won’t go into further details however as it goes beyond the scope of this the-
sis.
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Chapter 2

lhara zeta function

2.1 Vertex zeta function

The rest of our dissertation won'’t actually be on the edge zeta function, but on one of
its specialization: the case when all non-zero weights are set to be equal to a complex
value u. We will call this function the Thara zeta function.

Definition 2.1. The Thara zeta function of a graph X is given by:

G, X) = [T (1 =)™

[P]

Where I(P) is the length of P. This expression converges when u is small.

We’ve seen in Theorem 1.12 that we have a concise formula for the edge zeta of a graph.
It can therefore be applied to the Thara zeta function, and we will see how doing so leads
to a determinant formula in terms of the adjacency matrix and the degree of the nodes
in the graph. This description in term of properties of vertices (their adjacency and
their degrees) justifies an alternative name sometimes used for the Ihara zeta function:
the vertex zeta function.

We introduce the concept of adjacency matrix.

Definition 2.2. Let X be an unoriented graph with n vertices, then the n xn adjacency
matrix is given by:

]

_ {# {e € E(X) such that v; = i(e) and vj = t(e)}

0 otherwise.

We say two nodes are adjacent if they form the initial and terminal nodes of an edge.

28



We do still use the convention that edges in unoriented graphs are made with two
opposing oriented edges. Remember the degree of a vertex is simply the number of
edges starting with that vertex. We could also have defined it has the number of edges
ending with that vertex: there is no distinction in unoriented graphs. Putting those
degrees into a diagonal matrix gives us the degree matrix:

Definition 2.3. Let X be an unoriented graph with n vertices, then the n x n degree
matriz is given by:

D = diag(dy,...,d,)

Where d; is the degree of vertex v;.

We will give a version of Bass’s proof of the Ihara determinant formula, found in [1].
To do so we’ll introduce a few matrices and justify some properties regarding their
multiplication:

Definition 2.4. Let X be an unoriented graph with n nodes and 2m oriented edges,
then the n x 2m start matrixz T and terminal matriz T are given by:

5, = {1 foi=ile) g {1 if v = t(e;)

0 otherwise. 0 otherwise.

0 I,

Now let J = (Im 0

) with 7,,, the m x m identity matrix, then:

Lemma 2.5. We have the following identities between the starting matriz S, terminal
matriz T, adjacency matriz A, degree matrix D and matrix J as defined previously:

1. ST=TandTJ =S
2. 8T'=Aand D =SS' =TT"
3. Wi+ J=T'S
Where the matriz Wy is linked to the edge matriz by W = uWy. The matrices S* and

T correspond to the transpose of S and T respectively.

Proof. For the first set of equalities we have:

0 I, (0 I,
ss-s(0 ) wars-r (P %)
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Suppose S = (51 Sg) and T = (T1 Tg) with S;, T; n X m matrices corresponding to
both halves of S and T". We have:

sr=s() W)=l () )= (s )

=P ) =@ on) () )= (n m)

Effectively swapping both halves of S and T'. Now, if you are the initial vertex of e;, you
are the terminal vertex of e;l = eiym if 1 < mor e[l = e;_m if © > m, due to the way
we've indexed our edges. This means that having a non-zero value in S; for example,
translates to having a non zero value at the same place in T5: we have T, = S, and by
the same argument Sy = T7. This proves the first two sets of equalities.

We now move on to compute:

2m
(ST")ij = > SuTjk

k=1

The terms of this sum are different from 0 whenever we find an edge e, such that
v; = i(e;) and v; = t(ex), in which case the corresponding term contributes 1 to the
sum. This is essentially equivalent to counting the number of edges of that type, as in
our definition of the adjacency matrix. We conclude ST! = A.
Moreover, we have:

2m

(557 =3 SuSi

k=1
Here, we are counting the number of edges ej such that i(e;) = v; = v;. Naturally
the second equality in this chain forces us to have a diagonal matrix: we are essentially
counting the number of edges starting with v;, which was our definition of degree of a
vertex. We conclude SS* = D. The same can be done for TT?, by remembering we
could have defined the degree of a vertex in terms of the number of edges ending with
that vertex: as we are in an unoriented graph, there is no distinction between the two
(in oriented graphs however, there is a need to define the in-degree and out-degree of a
vertex).
We will now proof the last set of equalities, linking these matrices to W, or rather Wy,
the edge matrix when all weights are put to 1 (instead of a complex variable u). We
have: .

(T*S)iy = > ThiSk;

k=1
Notice T};Sy; is different than 0 if edge e; ends with vertex v, and edge e; starts with
vertex vy. It is therefore different than 0 if e; feeds into e;. In that case, the sum is equal
to 1 as only one node can serve as terminal node for e; and initial node for e;. This gives
us the W) matrix with a few extra non-zero entries: we don’t disregard edges that are
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inverses of each other as we did in Definition 1.7. We therefore get the equality:
TS =Wy +J

Where the identity blocks of J correspond to edges inverses to one another and therefore
also feeding into each other. O]

We now have all the tools to prove an important determinant formula regarding the
Ihara zeta function. It was first proved by Hashimoto and Bass, we will give a version
of Bass’s proof, found in [1].

Theorem 2.6 (Determinant formula for the vertex zeta). Let X be an unoriented graph
with n nodes and m edges, with adjacency matriz A and degree matriz D. Then:

Cv(u, X))t = (1 —u*)" " det(l,, — Au + Qu?)

Where Q = D — 1I,.

Proof. Consider the following product of (n + 2m) x (n + 2m) matrices, we have:

I, 0 I,(1 —u?) Su (L(1—u?) Su
Tt Igm 0 Igm - Wlu - Tt(l - u2) TtSU + ]Qm - Wlu

Which gives us:

L, 0\ (L(1—u? Su (L1 —u?) Su (2.1)
Tt Iy 0 L — Wiu) — \T'(1 —u?) Iy, + Ju '

Now, consider this product:

I, — Au+ Qu? Su I, 0\ (I,—Au+ Qu?+ ST'u — SS™? Su
0 Iy, + Ju) \Tt — Stu I, ] Tt — Sty + JT' — JS™u? I, + Ju

Which further gives us:

I, — Au + Qu? Su I, 0
0 Iy, + Ju) \T" — Stu Iy,

I, — Au+ Qu? + Au — Du? Su
Tt — Sty + Jtu — Thu? Ly, + Ju

L(1 —u?) Su
TH1 —u?) Iy, + Ju

Combining this with Eq. (2.1) we get:

I, 0 L(1 —u?) Su (1, — Au+ Qu? Su I, 0
Tt _[2m 0 Igm — W1U o 0 Ign + Ju Tt — Stu Igm

31



Taking determinants we have:
1 x (1 —u?)"det(Ioy, — Wiu) = det(I, — Au + Qu?) det(Iy, + Ju) x 1 (2.2)

Which is very close to what we want. Now to compute det(/y, + Ju) notice:

I, 0 - I, 0 I, Lyu\  (In L,u
(-12nu 12n> Lom + Ju) = <—Ignu 12n> (Imu Im> - (o L(1 —u2)1>

And so det (I, + Ju) = (1 — u*)™. Plugging this into Eq. (2.2) we finally have:
det(Iy,, — Whiu) = (1 —u*)" " det(I, — Au + Qu?)

We conclude by noticing that (v (u, X) = (g(Wiu, X) and that the left hand side of the
equation corresponds to (y(u, X )~ by Theorem 1.12. ]

This is a handy formula that enables us to quite easily compute the Thara zeta function
of a graph, in no small part due to the fact the dimension of the matrices appearing in
the formula is relatively low compared to those of the edge zeta formula. As an example
take the dumbbell graph we’ve seen before:

()

Our formula tells us that its vertex zeta is given by:

— — 2 —
Gv(u, X)7 = (1 = w?)" " det (1 " jL_S) b 1 —2u+ ?3 - 1)u2>

= (1 —u?)(4u* — 8u® + Tu* — du + 1)
Which is a degree 6 polynomial, twice the number of edges in our graph. This isn’t a

coincidence, in fact as long as the graph we study is md2, the degree of (- (u, X)™! will

be equal to 2m. This is a consequence of the following property, found independently in
[5] and [7]:

Proposition 2.7. Let X be a graph with |E(X)| = m and V(X) = n then the degree of
Cv(u, X)~1 is less than or equal to 2m. Moreover, the coefficient of u®" is:

o = (—1)" H (1)

Where d; is the degree of vertex v;. In particular co,, # 0 if the graph is md2.
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Proof. By Theorem 2.6, the vertex zeta follows the formula:
Colu, X)™ = (1 —u?)™ " det(I — Au + Qu?)

The highest degree coefficient in the determinant is therefore produced by the product
of the u? on the diagonal of I — Au + Qu?. This means:

Gr(u, X)™h = (1 —u?)™ " (1 +...+ (ﬁ Qii) u2>

The highest power of u can then be obtained:
G, X) h=1+...+ ((—1)’”_” 11 (- 1)) w2
i=1
We deduce the degree of (y (u, X )_1 doesn’t exceed 2m, and ¢, can be written as stated

in the proposition. Il

A full discussion of the coefficients of (y(u, X)™! can be found in [8]. We can state a
rather direct consequence of the previous proposition:

Corollary 2.8. Let X be an md2 graph with m edges, then:

m — deg(CV(ua X)_1>
2

It turns out we can also deduce the number of vertices of an md2 graph when it is
connected, by looking at the multiplicity of 1 as a root of (y(u, X)~!. We will need to
use a result found in [9], as suggested in [5].

Proposition 2.9. Let X be a connected graph and k the multiplicity of 1 as a root of
Cv(u, X))t then:

V] = {n if Gy (u, X))t = (1 — u™)?

m—k+1 otherwise

With m being the number of edges of X.
Proof. By the determinant formula of Theorem 2.6 we have:
Co(u, X) ™t = (1 —u®)™ " det(, — Au + Qu?)

What we want to do is find the multiplicity of 1 as a root of det(I,, — Au + Qu?). If our
graph isn’t cyclic, theorem 5.26 of [9] essentially tells us that it is a simple root of that
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determinant and therefore:
k=m-n+1

We deduce that n =m —k+ 1. If X is md2 we can even compute this directly from the

vertex zeta: .
n — deg(gV(qu)_ )
2

—k+1

Now, suppose the graph is cyclic. We know therefore that its zeta function is of the
form:

Colu, X)) = (1 —u™)?

Where n is the number of vertices. It turns out that cycle graphs are the only ones
with these types of edge zeta. Indeed, by Proposition 2.7 we know that an md2 graph
associated to such a zeta has vertices of degree 2 (since ¢y, = 1). It is therefore made
of isolated cycles. It is then easy to see that our zeta function stems from one cycle of
length n. It therefore has n vertices. O

We are therefore able to find the number of edges from the vertex zeta function of an
md2 graph. Moreover, if this graph is connected, we are also able to deduce its number
of vertices.

The number of vertices cannot usually be retrieved using the vertex zeta, Czarneski gives
the following example of two non-isomorphic graphs with the same zeta function ([7]):

=y
RIESE

Not only do we overlook the number of vertices, in most cases we are unable to find the
number of connected components using the vertex zeta. We’ll continue our exploration
of the zeta function in the next two sections to retrieve more intricate properties of our
graph.
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2.2 Formal power series of the vertex zeta

We'll study the coefficients of the power series of (i (u, X') and see how we can use them
to better understand the structure of X.

Proposition 2.10. Let (a,)nen be the coefficients of the power series of Cy(u, X) such
that:

Cv(u, X) = i apu”
n=0

Then ag = 1 and for n > 0:

an = H(ki)ieN ikil([ﬂ]) = n with k; € NH

Where P; is a representative of a prime cycle, with every prime cycle represented once.

The indexation of prime cycles can be done because they are countable: the set of prime
cycles is the union of countably many countable sets (take the union of the sets of prime
cycles of all lengths). We’ll proof our proposition:

Proof. While the coefficients formula is quite hard to write down, it comes naturally

when we write down the vertex zeta function and use the power series of (1 — )~

-1
Cv(u, X) =TT (1= ') =TI +u'®) 2P 4 )
[P] [P]

We deduce that ¢y = 1, the other coefficients a,, are simply equal to the number of ways
we can get n as a sum of k;l([F]). O

We’ll now use this to detect bipartite graphs:

Definition 2.11. Let X be a graph and suppose there exists a partition of V(X) into
two sets Vi and Vy such that edges of E(X) only travel between those set. Then we say
X is bipartite.

There is a link between being bipartite and cycles, indeed:

Proposition 2.12. Let X be a graph then:

X s bipartite < X does not contain an odd cycle.
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Proof. Suppose X is bipartite, partitioned into Vi and V5. If there exists a cycle ¢ =
epey - - - e, starting, without loss of generality, in Vi, then whenever an edge e; leaves V;
to go to V5, e; 41 starts from V5 and goes back to Vi. The cycle ¢ therefore alternates
between leaving V) and coming back to V;. Since it is a cycle, we end up at the starting
vertex: there are as many edges coming back to Vi as leaving V;. The length of c¢ is
therefore even.

Suppose now that X does not contain an odd cycle. We define the distance between two
vertices in a same connected component as the length of the shortest path between the
two. Take a vertex v in our graph and look at the set of vertices V; at an odd distance
to v and the set V5 of vertices at an even distance to v. We observe vertices in a Vj
aren’t adjacent to each other: if two of those are adjacent it is quite easy to create an
odd cycle. Indeed, if two such vertices are adjacent, take the shortest path from v to
the first vertex, travel one edge to the other vertex, then take the shortest path back
to v: the resulting cycle will be odd. We deduce that all oriented edges starting in V;
go to V5, and vice versa: the connected component v is part of is bipartite, partitioned
into V7 and V5. We deduce that every connected component of X is bipartite, it is quite
easy to see that this implies that X is bipartite. Il

This gives us strong hopes that the Ihare zeta function still captures the bipartite prop-
erty of md2 graphs as it essentially encodes information regarding (prime) cycles. Indeed:

Proposition 2.13. Let X be an md2 graph.
X is bipartite < The coefficients a,, are zero for odd values of n.

Proof. If X is bipartite, every cycle is of even length, as well as prime cycles. Linear
combinations of I([F;]) are therefore also even: a,, = 0 for odd values of n.

Suppose now X is not bipartite: by our previous proposition there exists an odd cycle
C =eg...e,in X. Our goal is to find an odd prime cycle from it. We first take care
of backtracks by going through each edge one by one: if e;1; = e; ' remove both e; and
eir1- The resulting sequence is a cycle as i(e;) = t(e;11) (we don’t break the path), and
is of odd length as the number of edges removed is even. It has the advantage of being
backtrackless.

Now remove tails from this new cycle fy... fu: if f,, = f;' then remove both f, and
fn to get a new cycle (indeed, i(f1) = t(fo) = i(fn) = t(fu_1)). Repeat the operation
as much as necessary to remove tails. This operation also doesn’t change the parity of
the cycle length as we remove an even number of edges. We get a proper cycle of odd
length.
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Finally, if the cycle isn’t prime it means it is the multiple of another cycle: simply find
the edges being repeated in its sequence to get a prime cycle. It is of odd length since
its length has to divide the length of the odd proper cycle.

This means that if X is not bipartite we are able to find a prime cycle of odd length I:
a; > 0 and a,, is not zero for all odd values of n. O
Corollary 2.14. Let X be a graph. Then:

Cv(u, X)™! = P(u?) with P € C[X] & X is bipartite.

Proof. First of all the independent term of P is equal to 1 (see proof of Proposition 2.7),
which is invertible in C: P is therefore invertible in the ring of formal power series over
C. We therefore have a power series for P~ If (- (u, X)~! = P(u?), the power series of
Cv(u, X)~1 is the power series of 1/P(u?) : all powers of u in this power series are even
and the graph is therefore bipartite.

If X is bipartite, then the length of all prime cycles is even and since we have:

G, X))~ =TT (1 =)

[P]

The powers of u in the right hand side of the equation will all be even: therefore

Cv(u, X)™t = P(u?). O
More generally, we might be wondering what we can deduce from X if ¢y (u, X)™' =
P(uF) for some k € N. It turns out we can quite easily construct graphs with those

types of zeta functions if we inflate a graph:

Definition 2.15. Let X be a graph, and L € N. Then the inflated graph Xy, is obtained
by replacing each edge of X with a line of length L.

We can for example inflate a triangle with L = 3 to get:

Doing such an inflation multiplies the length of each cycle by L: we have (v (u, X1) =
Cv(u®, X). Therefore ¢y (u, Xr)™' = P(u”). It turns out this is the only way of getting
such a vertex zeta!

Proposition 2.16. Let X be an md2 non-bipartite graph let and L € N then:
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Cv(u, X)™t = P(u*) with P € C[X] < X is an inflated graph.

Proof. Suppose (v (u, X)™' = P(ul) then the coefficients of the power series of ¢y (u, X)
are non-zero only for degrees that are multiples of L. We deduce that the lengths of
prime cycles in our graph are multiples of L. Indeed, were that not the case, then a
prime cycle of length [ such that L t [ would exist and we would have a; > 0 (which
contradicts the assumption that ¢y (u, X)™! = P(ul)).

What we need to show is that the length of every line and closed line is a multiple of
L. If that is the case, we can replace lines/closed lines of length [ with {/L edges: our
initial graph is the inflated version of this reduced graphs.

Suppose we have a line e; ...¢;. Removing the unoriented edges associated to that line
keeps the graph md2 since the degrees of the border vertices are greater or equal to 3:

€11

€1 €2 €l
@ o o @@

These border vertices x and y are therefore still part of prime cycles after removing the
unoriented edges associated to the line e; ...¢;.

Take one such prime cycle starting at x and call it P,, take another starting at y and
call it P,. Then the path Pe; ... eleefl ...e7 " is a prime cycle. Its length is therefore
a multiple of L:

(Py)+1+1(P)+1=0 modL

And since the lengths of P, and P, are both multiples of L we deduce:
2l=0 mod L

Now, we assume X is not bipartite, therefore by Corollary 2.14, L must odd. We
therefore deduce that:
[=0 mod L

Which ends our proof: the length of lines and closed lines are multiples of L. n

In conclusion, if the degrees of u in (i (u, X1)™! are all even, the graph is bipartite, if they
are not all even but are multiples of a certain L, the graph is inflated.

2.3 Regular graphs

There is an interesting link between the Thara zeta function and the eigenvalues of its
adjacency matrix (its spectrum) when each of its connected components are regular. In
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this section we explore this link and see what additional information we can get in that
case.

Definition 2.17. Let X be a graph. It is d-reqular if each of its vertices is of degree d.

We first show that we are able to detect regularity, provided we know the number of
vertices [10]:

Proposition 2.18. Let X be a md2 graph with m = |E|, and suppose n = |V'| is known.
We are able to deduce whether or not it is a reqular graph, and if so, compute the degree
of its vertices.

Proof. Remember we have Theorem 2.6 telling us that:
Co(u, X)™h = (1 —u®)™ ™ det(1,, — Au + Qu?)

We will focus on the elements on the diagonal of (). Now, the arithmetic mean of these

elements is simply:
g — ?:1%': (d—l) 2m —n
n n n

And its geometric mean can be compute using Proposition 2.7:

G:@_@d—l el

By the inequality of arithmetic and geometric means, those two are equal if and only
if each of the terms ¢; are equal to each other i.e if the graph is regular. This can be
checked by computing the relevant quantities.

The vertex degrees are then obtained by computing:

_dﬂ 2m

This concludes the proof. Il

As an example take the dumbbell graph from before:

()

Cv(u, X))t = (1 —u?)(4u* — 8u® + 7Tu? — 4u + 1)
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The degree of its zeta function is 6: we deduce our graph has 6/2 = 3 edges. The root 1
has an algebraic multiplicity of 2, and since our graph is connected we can deduce that
the number of nodes is n =3 — 2+ 1 = 2. We compute S =2m/n—1=3—1=2 and
G = \/ lcom| = \/ | — 4] = 2. Since S = G we conclude our graph is regular, of vertex
degree 2m/n = 6/2 = 3.

We are therefore able to detect regularity of md2 graphs for which we know the number
of vertices! The number of vertices can be deduced when the graph is connected (see
Proposition 2.9).

It turns out that we can exploit this regularity property to get more information out of
our vertex zeta. We'll get to it in time but first, notice the following;:

Proposition 2.19. Let X be a graph, A its adjacency matriz and D its degree matriz.
Then:

A and Q = D — I commute < The connected components of X are reqular.

Proof. Order the connected components and index your vertices according to that or-
dering so that the adjacency matrix is a block diagonal matrix:

A 0 0

0 A2 0
A= :

0 0 ... A

If the connected components of X are regular with respective number of vertices n; then
the (Q matrix is of the form:

(dy — 1)1, 0 0

0 0 oo (di = DI,
We can see that A and ) commute.

Now suppose A and () commute. We can compute:
(AQ)ij = 2 AuQrj = Aij(d; = 1)
k=1

As well as:

(QA)i; = Zn: QikAg; = Aij(d; — 1)
k=1
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Since A and () commute, those two quantities are the same. If vertex i is adjacent to
vertex j, we have A;; # 0 and deduce d; — 1 = d; — 1 from the two previous equations.
This implies d; = d;: we’ve just shown that vertex ¢ and vertex j are of the same degree
if they are adjacent. Expanding this to the whole connected component, we deduce it
is regular. O

Why does the commutativity of A and () interest us? Because in that case A and ) are
simultaneously diagonalizable (in fact, two diagonalizable matrices are simultaneously
diagonalizable if and only if they commute), which enables us to obtain the following
result:

Proposition 2.20. Let X be a graph with k connected components. If those connected
components are reqular of respective vertex degrees d;:

k
Colu, X)™ = (1 —u?)™™ H H (1 — \u+ gu?)
1=1 Ae&spec(A;)
Where spec(A) is the spectrum of A, the multiset containing its eigenvalues, and where

g =d; —1

Proof. If the connected components of X are regular, A and ) commute, by Proposi-
tion 2.19. More specifically, A; commutes with (d; — 1),,,: they are therefore simul-
taneously diagonalizable (adjacency matrices of unoriented graphs are symmetric and
therefore diagonalizable). Collecting those simultaneous eigenvectors for each values of
i, we are able to construct simultaneous eigenvectors of A and @ (fill the remaining com-
ponents with 0). If s is such an eigenvector, obtained from the i-th connected component
and of eigenvalue A\, we can compute:

(I — Au+ Qu?)s = (1 — du + qu?)s

It is an eigenvector for the matrix I — Au + Qu? of eigenvalue 1 — A\u + qu®. The
determinant of I — Au+Qu? is the product of all these eigenvalues, we therefore deduce:

Co(u, X) ™t = (1 —u?)™ " det(I, — Au + Qu?)

=1-u)""]] I (O—Mu+gqu?)

1=1 Xespec(A;)

Which is what we wanted. O

Corollary 2.21. Let X be a (¢ + 1)-reqular graph, then:

Gu,X) ' =01=u)"" J[ @-Xu+qu?)

A€spec(A)
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Now, it turns out that we can retrieve all of the spectral information (information
regarding the eigenvalues of the adjacency matrix) of an md2 regular graph from its
vertex zeta and the number of vertices, an observation attributed to A. Mellein [11]:

Proposition 2.22. Let X be an md2 regular graph with m = |E| and n = |V| known.
Knowing its vertex zeta is equivalent to knowing its spectra.

Proof. If we have the vertex zeta of X, knowing the values of m and n enables us to
isolate:
det(I, — Au+Qu*) = [] (1—Au+qu?)
AEspec(A)
We have n complex roots for this determinant (with multiplicity). Take one and denote
it x. Our goal is to find the value of A associated to x. We first find the value of ¢ = d—1.
The degree d corresponds to the sum of degrees divided by n, which we can compute as

such:

2
g m
n

This then enables us to compute q. We therefore have a complex number x root of:
1 A 9

-———u+tu
q9 9

If we denote 2’ the other root of that polynomial we can solve:

Which gives us A = gz+1/x and 2’ = 1/qz. Knowing the roots of [Tycgpee(a)(1—Au+qu?)
then, enables us to find the root pairs as well as values of \. We are therefore able to
find the spectrum of X.

Suppose now we have the spectrum of X as well as the values of m and n: we find
q = 2m/n — 1 and compute the vertex zeta using Corollary 2.21. O

Knowing the number of vertices as well as the vertex zeta of an md2 regular graph there-
fore allows us to introduce all of the machinery of spectral graph theory to get back in-
formation on X. We are for example able to tell the number of connected components of
X it corresponds to the multiplicity of g+ 1 as an eigenvalue of A.

A more advanced result links Ramanujan graphs (a regular graph with certain conditions
on its eigenvalues) to the equivalent of the Riemann hypothesis for the vertex zeta.
It turns out those two conditions are equivalent: being Ramanujan is equivalent to
satisfying this Riemann hypothesis. See [1] for more information.
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2.4 Products of graphs

We end this chapter by applying what we know to products of unoriented simple graphs.
We’ll explore two types of graph products: the tensor product and the cartesian product.

Definition 2.23. A graph is said to be simple if there is no more than one edge con-
necting two adjacent vertices and if there are no loops.

We first treat the tensor product of two matrices:

Definition 2.24. Let X and Y be simple graphs. The tensor product X x Y is an
unoriented graph with set of vertices V.=V (X) x V(YY) such that:

(a1,b1) adjacent to (as,by) < ay adjacent to ay and by adjacent to by

We can quite easily compute a few important quantities for the tensor product of two
graphs. Let nx,ny be the number of vertices of X and Y respectively, and let mx, my
be the number of edges of X and Y respectively. Then:

e N = ‘V(X X Y)’ =NxNy

e m = 2m,m, because each pair in F(X) x E(Y) corresponds to 2 edges of X x Y.
If a; is adjacent to ay and by is adjacent to by: (ay,b;) adjacent to (ag,bs) and
(a1, b9) adjacent to (ag, by).

e The degree of (a,b) is d(a)d(b)

As for the adjacency matrix, we’ll need the Kronecker product of two matrices:

Definition 2.25. Let A and B be two matrices, of dimensions k x [ and m X n then:

AHB AlgB ce AllB

AnB AypB ... AyB
A® B = 2.1 2‘2 ' 2'l

Ale AkQ R Ale

Which is a km X ln matrix.

We can order the elements of V(X)) x V(Y') using the index of the first component then
the second, meaning (a;, b;) < (ax, b;) if i < k and (a;, b;) < (a;,b) if j < I. This ordering
gives us an indexation of vertices we’ll use to find the adjacency matrix. The adjacency
condition of the tensor product enables us to deduce that the adjacency matrix A of
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the tensor product of X and Y, whose respective adjacency matrices are Ax and Ay
is:

A=Ax ® Ay
We can use all of this information to compute the zeta function of tensor products of
two graphs.

It is usually complicated to find the zeta function of the tensor product using the zeta
functions of the two initial graphs. If both of them are regular however:

Proposition 2.26. Let X and Y be two simple reqular graphs with degrees dx and dy :

Cv(u,X X Y) = (1 — u2)2mxmyfnxny H (1 — Ax)\yu + (dxdy — 1)u2)

Ax Espec(Ax)
Ay Espec(Ay)

Where Ax, Ay are the adjacency matrices, myx,my the number of edges, nx,ny the
number of vertices, of X and 'Y respectively.

Proof. From the computations we’ve done previously we deduce that the tensor product
of two regular graphs is regular. We can therefore use Corollary 2.21, plugging in
the values of m and n in terms of myx,my,nx, and ny. Finally, the spectrum of the
Kronecker product of two matrices corresponds to the products of the eigenvalues of
those two matrices. Indeed, if v is an eigenvector of A and w is an eigenvector of B,
then:

nw

is an eigenvector of A ® B
VW

And a simple computation shows that its eigenvalue is the product of the eigenvalues of v
and w. Those eigenvectors are also independent (can be shown by using the independence
of the eigenvectors of A and the independence of the eigenvectors of B). O

Corollary 2.27. If X and Y are both regular, simple connected md2 graphs, the zeta
function of their tensor product can be computed from their zeta functions.

Proof. We can find the number of edges of an md2 graph using Proposition 2.7, its
number of vertices by using Proposition 2.9 and the fact it is connected, the values of
the degree of its vertices from Proposition 2.18, and its spectrum using Proposition 2.22.
Do this for both X and Y. We then plug all of those values in the formula we’ve just
found. O

We’ll now do the same for the cartesian product:

Definition 2.28. Let X and Y be simple graphs. The cartesian product XU1Y is an
unoriented graph with set of vertices V.=V (X) x V(Y') such that:
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a1 = as and by adjacent to by

a1, b1) adjacent to (aq,bs) < one of the two:
(a1,b1) adj (a2,b2) / {a1 adjacent to as and by = by

It is also sometimes called the "box product". A typical example would be the cartesian
product of two edges, which gives us a square.

As before, we compute:
o n=|V(X)x V()| =nxny.

e For each vertex in X that stays equal in the adjacency we have ny edges in X[1Y'.
This also holds if we swap X and Y. We deduce m = mxny + mynx.

e The degree of (a,b) is simply d(a) + d(b) (fix a and move using the edges of b, or
fix b and move using the edges of a).

As for the adjacency matrix, the two adjacency conditions translate into:
A=1,, Ay + Ax ® 1,,

We have all the information needed to compute the zeta function of cartesian products.
In the case of regular graphs:

Proposition 2.29. Let X and Y be two simple reqular graphs with degrees dy and ds:

Cv(u, XOY) = (1 —w?)mxmmmxnanys [T (1= (A + Ay)u + (di +dy — 1)u?)
Ax €Espec(Ax)
Ay Espec(Ay )
Where Ax, Ay are the adjacency matrices, myx,my the number of edges, nx,ny the
number of vertices, of X and'Y respectively.

Proof. As before, we use the result of our computations, which we plug into Corol-
lary 2.21. The eigenvalues of A correspond to the sums of the eigenvalues of Ax and
Ay. This is proved by seeing that if v is an eigenvector of Ax and w is an eigenvector
of Ayl
nw
is an eigenvector of A

Un

T

And a computation shows that its eigenvalue is the sum of the eigenvalues of v and w.
These constructed eigenvectors are independent, as explained previously. Il

Corollary 2.30. If X and Y are both regular, simple connected md2 graphs, the zeta
function of their cartesian product can be computed from their zeta functions.

Proof. Same as for Corollary 2.27. O
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Conclusion

In conclusion, zeta functions such as the edge zeta function and the vertex zeta function
provide different ways of understanding mathematical structures. They store quite a bit
of information and often enable us to understand concepts in a new way.

We’ve seen how properties such as being bipartite, inflated, or regular, are linked to the
vertex zeta function. As for the edge zeta, we've seen it holds much more information
about a graph’s structure than previously anticipated.

We’ve also explored ways of computing the edge zeta for more complicated graphs created
through standard operations.

I would like to thank my advisor Francois Thilmany, who encouraged me to continue
exploring the properties of these zeta functions. His guidance as well as our discussions
are what pushed me to go further than what I could find in articles.
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