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)✐♠❡ ❞✐%)❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✼✳✷✳✸✳✶✳✷ ❘❡%✉❧)% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✼✳✷✳✸✳✷ ❇❛❝❦ )♦ )❤❡ ❙✐❣♠♦✐❞ ❝♦♠♠✉)❡ )✐♠❡ ❦❡4♥❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✼✳✷✳✸✳✷✳✶ ❚4❛♥%♣♦%❡❞ %✐❣♠♦✐❞ ❝♦♠♠✉)❡✲)✐♠❡ ❦❡4♥❡❧ ❛♥❞ ❝♦4✲

4❡❝)❡❞ %✐❣♠♦✐❞ ❝♦♠♠✉)❡✲)✐♠❡ ❦❡4♥❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✼✳✷✳✸✳✷✳✷ ❘❡%✉❧)% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✼✳✸ ❙❡❝♦♥❞ ❡①♣❡4✐♠❡♥)❛❧ ♣4♦❝❡❞✉4❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✼✳✸✳✶ ◆❡✇ ♣❛4❛♠❡)❡4 )✉♥✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
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✼✳✸✳✷ ❊①♣❡(✐♠❡♥,- ✇✐,❤ ,❤❡ ♥❡✇ ♣❛(❛♠❡,❡(- ✈❛❧✉❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✼✳✹ ❈♦♠♣❛(✐-♦♥ ♦❢ ,❤❡ ,✇♦ ♣(♦❝❡❞✉(❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✽ ❙❡❝♦♥❞ (❡-❡❛(❝❤ ?✉❡-,✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✽✳✶ ❑❡(♥❡❧ B♦--✐❜✐❧✐-,✐❝ ❈✲♠❡❛♥- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✽✳✷ ❊①♣❡(✐♠❡♥,- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✽✳✸ ❉✐-❝✉--✐♦♥ ♦❢ ,❤❡ (❡-✉❧,- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✽✳✹ ❘❡✉♥✐,✐♥❣ ,❤❡ ,✇♦ (❡-❡❛(❝❤ ?✉❡-,✐♦♥- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
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✾ ■♠♣(♦✈✐♥❣ ,❤❡ B❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✾✳✶ B❈❆ ❛❧❣♦(✐,❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✾✳✶✳✶ ❉❡-❝(✐♣,✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✾✳✶✳✷ ❆❧❣♦(✐,❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✾✳✷ ❯♥-✉♣❡(✈✐-❡❞ B♦--✐❜✐❧✐-,✐❝ ❋✉③③② ❈❧✉-,❡(✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✾✳✷✳✶ ❉❡-❝(✐♣,✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✾✳✷✳✷ ❆❧❣♦(✐,❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✶✵ ❈♦♥❝❧✉-✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

❘❡❢❡(❡♥❝❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
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❲✐"❤ ❝♦♠♣❛♥✐❡+ ❢❛❝✐♥❣ ❛ ♣.❡++✉.❡ ❢♦. ♠♦.❡ ❡✣❝✐❡♥❝② ❛" ❧♦✇❡. ❝♦+"+ ❡✈❡.②❞❛② ❬✷✽❪✱

✇❡ +❛✇ "❤❡ ♥❡❡❞ ❢♦. ❛❝❝✉.❛❝② ❛♥❞ +♣❡❡❞ ✐♥ ❞❛"❛ ❛♥❛❧②+✐+ ❣.♦✇ ❡①♣♦♥❡♥"✐❛❧❧② ♦✈❡. "❤❡ ❧❛+"

②❡❛.+ ❬✶✻❪✳ ❚❤❡.❡❢♦.❡✱ ✜.♠+ .❡A✉✐.❡ +".♦♥❣ ❛♥❛❧②"✐❝❛❧ "♦♦❧+ "♦ ❣❛✐♥ ❛ ❝♦♠♣❡"✐"✐✈❡ ❛❞✈❛♥"❛❣❡

✐♥ ♠❛+"❡.✐♥❣ ❛♥❛❧②+✐+ "❡❝❤♥✐A✉❡+✳

❈❧✉+"❡.✐♥❣ ✜♥❞+ ✐"+ ♣❧❛❝❡ ❛♠♦♥❣ "❤♦+❡ "❡❝❤♥✐A✉❡+ ❛+ ✐" ❛❧❧♦✇+ ❝♦♠♣❛♥✐❡+ "♦ ❣.♦✉♣

❝✉+"♦♠❡.+ ✭♦. ❜✉+✐♥❡++ ✉♥✐"+✱ ♦. ❛++❡"+✱ ♦.✳✳✳✮ ❛❝❝♦.❞✐♥❣ "♦ ❞✐✛❡.❡♥" ❝❤❛.❛❝"❡.✐+"✐❝+✱ ❛♥❞

"♦ ❝✉+"♦♠✐③❡ ♦♥❡✬+ ❛♣♣.♦❛❝❤ ♦❢ ❛♥ ✐++✉❡✳ ■" ✐+ "❤❡.❡❢♦.❡ ♦❢ ✈✐"❛❧ ✐♠♣♦."❛♥❝❡ "♦ ✐♥❝♦.♣♦.❛"❡

❝❧✉+"❡.✐♥❣ "❡❝❤♥✐A✉❡+ ✐♥ "❤❡ ❜✉+✐♥❡++ ❛♥❛❧②"✐❝+✬ ✇♦.❧❞✳ ■" ✐+ ♥❛♠❡❧② ✉+❡❞ "♦ +"✉❞② +♦❝✐❛❧

♥❡"✇♦.❦+ ❛♥❞ ❣.❛♣❤+ ✭"❤✐+ ✐+ "❤❡ ❝❛+❡ ✇✐"❤ "❤✐+ "❤❡+✐+✮✱ ❛♥❞ ❛❧❧♦✇+ "♦ ❞❡"❡❝" ❞❡♥+❡ ❝♦♠✲

♠✉♥✐"✐❡+ ✐♥ "❤♦+❡ ❣.❛♣❤+ ❛♥❞ ♥❡"✇♦.❦+✳ ■" ✐+ ♣❛."✐❝✉❧❛.❧② ✉+❡❞ ✐♥ "❤❡ "❡❧❡❝♦♠+ ✐♥❞✉+".②✱

✇❤❡.❡ ❞❡♥+❡ ❝♦♠♠✉♥✐"✐❡+ ❛❧❧♦✇ "♦ ✐❞❡♥"✐❢② +✐♠✐❧❛. ❝♦♥+✉♠❡.+✬ ❜❡❤❛✈✐♦.+✱ ✐♥❝❧✉❞✐♥❣ "❤❡

♣.♦❜❛❜✐❧✐"② "♦ ❥♦✐♥ "❤❡ ❝♦♠♣❡"✐"✐♦♥✳

❈❧✉+"❡.✐♥❣ .❡❧❛"❡+ "♦ ❣.♦✉♣✐♥❣ ♦. +❡❣♠❡♥"✐♥❣ ❛ ❝♦❧❧❡❝"✐♦♥ ♦❢ ♦❜❥❡❝"+ ✐♥"♦ +✉❜+❡"+ ♦.

✧❝❧✉+"❡.+✧✱ ✇✐"❤ "❤❡ ❝❤❛.❛❝"❡.✐+"✐❝+ "❤❛" ♦❜❥❡❝"+ ✇✐"❤✐♥ ❡❛❝❤ ❝❧✉+"❡. ❛.❡ ♠♦.❡ ❝❧♦+❡❧② .❡❧❛"❡❞

"♦ ♦♥❡ ❛♥♦"❤❡. "❤❛♥ ♦❜❥❡❝"+ ❛++✐❣♥❡❞ "♦ ❞✐✛❡.❡♥" ❝❧✉+"❡.+ ❬✶✼❪✳ ❆ ❝❧✉+"❡.✐♥❣ "❡❝❤♥✐A✉❡ ✇✐❧❧

"❤❡.❡❢♦.❡ ♣.♦✈✐❞❡ ❛ ♣❛."✐"✐♦♥ ♦❢ "❤❡ +❡" ♦❢ ♦❜❥❡❝"+ ✭"❤❡ ❣.❛♣❤✱ "❤❡ ♥❡"✇♦.❦✮ ✐♥"♦ ❞✐+"✐♥❝"

❝❧❛++❡+✱ ❡❛❝❤ ❝♦♥"❛✐♥✐♥❣ ♦❜❥❡❝"+ .❡❧❛"✐✈❡❧② +✐♠✐❧❛. "♦ ♦♥❡ ❛♥♦"❤❡.✱ ✇❤✐❧❡ ♦❜❥❡❝"+ ❜❡❧♦♥❣✐♥❣

"♦ ❞✐✛❡.❡♥" ❝❧❛++❡+ ❛.❡ ❧❡++ +✐♠✐❧❛.✳

❉✐✛❡.❡♥" ❝❧✉+"❡.✐♥❣ "❡❝❤♥✐A✉❡+ ❡①✐+" "♦ ♣❡.❢♦.♠ "❤❛" ❦✐♥❞ ♦❢ ♣❛."✐"✐♦♥✳

• ❚❤❡ ✜.+" ♦♥❡ ■ ✇✐❧❧ +"✉❞② ✐+ "❤❡ ❞✐+"❛♥❝❡✲❜❛+❡❞ ❦✲♠❡❛♥+✱ ✇❤❡.❡ "❤❡ ❞✐+"❛♥❝❡ ❜❡"✇❡❡♥
"❤❡ ♥♦❞❡+ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉"❡❞✳ ■" ❜❛+✐❝❛❧❧② ❝♦..❡+♣♦♥❞+ "♦ ❛ ❦✲♠❡❛♥+✲❧✐❦❡ "✇♦✲+"❡♣+

✐"❡.❛"✐✈❡ ❛❧❣♦.✐"❤♠ ❜❛+❡❞ ♦♥ ❛ ❞✐+"❛♥❝❡ ✭♦. ❞✐++✐♠✐❧❛.✐"②✮ ♠❛".✐①✱ ✐♥+"❡❛❞ ♦❢ ❢❡❛"✉.❡+✳

❚❤❡ ❣♦❛❧ ✇✐❧❧ ❜❡ "♦ ♣❛."✐"✐♦♥ "❤❡ ♥♦❞❡+ ❜② ♠✐♥✐♠✐③✐♥❣ "❤❡ "♦"❛❧ ✇✐"❤✐♥ ❝❧✉+"❡. +✉♠

♦❢ ❞✐+"❛♥❝❡+ ❬✶✸❪✳

• ❚❤❡ +❡❝♦♥❞ ♦♥❡ ✐+ "❤❡ ❦❡.♥❡❧ ❦✲♠❡❛♥+✳ ❚❤❡ ♣.✐♥❝✐♣❧❡ .❡♠❛✐♥+ +✐♠✐❧❛. "♦ "❤❡ ❞✐+"❛♥❝❡✲
❜❛+❡❞ ❦✲♠❡❛♥+✱ ✇✐"❤ "❤❡ ❞✐✛❡.❡♥❝❡ "❤❛" ✇❡ ✇✐❧❧ ✉+❡ ❛ ❦❡.♥❡❧ ♠❛".✐① ✐♥+"❡❛❞ ♦❢ ❛

❞✐+"❛♥❝❡ ♠❛".✐①✳ ❚❤✐+ ❦❡.♥❡❧ ✇✐❧❧ ❜❡ ❝♦♠♣✉"❡❞ ✜.+" ✈✐❛ ❛ +✐♠♣❧❡ ".❛♥+❢♦.♠❛"✐♦♥

❦♥♦✇♥ ❛+ "❤❡ ✧❦❡.♥❡❧ ".✐❝❦✧✱ "❤❡♥ ✉+✐♥❣ ❛ ♠♦.❡ ❝♦♠♣❧✐❝❛"❡❞ ❦❡.♥❡❧✿ "❤❡ +✐❣♠♦✐❞
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$❛✐❧❡❞ ❡①♣❧❛♥❛$✐♦♥ ❛❜♦✉$ $❤❡ ❞✐✛❡)❡♥❝❡/ ❜❡$✇❡❡♥ ❦❡)♥❡❧ ♠❛$)✐❝❡/ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞

✐♥ /❡❝$✐♦♥ ✺✳✷✳✶✳

• ❚❤❡ $❤✐)❞ ❛❧❣♦)✐$❤♠ ■ ✇✐❧❧ /$✉❞② ✐/ ❦♥♦✇♥ ❛/ $❤❡ ✧▲♦✉✈❛✐♥ ▼❡$❤♦❞✧✱ ❛♥❞ ✇❛/ ❞❡✲

✈❡❧♦♣❡❞ ❜② ❱✐♥❝❡♥$ ❇❧♦♥❞❡❧ ✭F✉♦$❡❞ ✐♥ ❬✶✸❪ ✮✳ ❍❡)❡✱ $❤❡ ❝)✐$❡)✐♦♥ $♦ ♦♣$✐♠✐③❡ ✐/ $❤❡

♠♦❞✉❧❛)✐$② ✭❛ ♠❡❛/✉)❡ ♦❢ $❤❡ /$)✉❝$✉)❡ ♦❢ ❣)❛♣❤/✮✱ ❛♥❞ $❤❡ ❧♦❣✐❝ ♦❢ $❤❡ ❛❧❣♦)✐$❤♠ ✐♥

/❧✐❣❤$❧② ❞✐✛❡)❡♥$✱ ❛/ ✇❡ ✇✐❧❧ /$❛)$ ✇✐$❤ ❛ ♣❛)$✐$✐♦♥ ✇❤❡)❡ ❡❛❝❤ ♥♦❞❡ ✐/ ❛ ❝❧✉/$❡) ✐♥

✐$/❡❧❢ ❛♥❞ ❣)♦✉♣ $❤❡♠ ✐❢ $❤❡)❡ ✐/ ❛♥ ✐♠♣)♦✈❡♠❡♥$ ✐♥ ♠♦❞✉❧❛)✐$②✳

• ❋✐♥❛❧❧②✱ $❤❡ ❢♦✉)$❤ ♠❡$❤♦❞ $❤❛$ ■ ✇✐❧❧ ✉/❡ ✐/ $❤❡ ♣♦//✐❜✐❧✐/$✐❝ ❢✉③③② ❝✲♠❡❛♥/ ❛❧❣♦)✐$❤♠✱

❛♥❞ ✇❛/ ✐♠♣❧❡♠❡♥$❡❞ ❜② ♠②/❡❧❢✳ ❚❤❡ ✐♥$✉✐$✐♦♥ ❜❡❤✐♥❞ $❤✐/ ♠❡$❤♦❞ ✐/ $♦ ❛$$❛❝❤ $❤❡

♠❡♠❜❡)/❤✐♣/ ♦❢ $❤❡ ♥♦❞❡/ $♦ ❛♥ ✐❞❡❛ ♦❢ ♣)♦❜❛❜✐❧✐$②✱ ✇❤✐❧❡ ❛❜❛♥❞♦♥✐♥❣ $❤❡ $)❛❞✐$✐♦♥❛❧

❝♦♥/$)❛✐♥$ ♦❢ $❤❡ ❝✲♠❡❛♥/ ❛❧❣♦)✐$❤♠✳

❚❤✐/ $❤❡/✐/ ✐/ /$)✉❝$✉)❡❞ ✐♥ $❤)❡❡ ♣❛)$/✳

• ❚❤❡ ✜)/$ ♣❛)$ ✭✧❚❤❡♦)❡$✐❝❛❧ ❇❛❝❦❣)♦✉♥❞✧✮ ✇✐❧❧ ❞❡$❛✐❧ $❤❡ $❤❡♦)❡$✐❝❛❧ ❢♦✉♥❞❛$✐♦♥/ ♦❢

♠❛❝❤✐♥❡ ❧❡❛)♥✐♥❣✱ /✐♠✐❧❛)✐$② ♠❡❛/✉)❡/ ❛♥❞ ❝❧✉/$❡)✐♥❣ ✐♥ ♣❛)$✐❝✉❧❛)✳ ■ ✇✐❧❧ ♣)❡/❡♥$ $❤❡

♠♦/$ ♣♦♣✉❧❛) ❝❧✉/$❡)✐♥❣ $❡❝❤♥✐F✉❡/ ❝✉))❡♥$❧② ✉/❡❞ ✭❞✐/$❛♥❝❡✲❜❛/❡❞ ❦✲♠❡❛♥/✱ ❦❡)♥❡❧

❦✲♠❡❛♥/ ❛♥❞ ▲♦✉✈❛✐♥ ♠❡$❤♦❞✮✱ ❜❡❢♦)❡ ❞✐/♣❧❛②✐♥❣ ♠② ♦✇♥ ✐♠♣❧❡♠❡♥$❛$✐♦♥ ♦❢ ❛ ♥❡✇

❝❧✉/$❡)✐♥❣ ❛❧❣♦)✐$❤♠✿ $❤❡ ♣♦//✐❜✐❧✐/$✐❝ ❢✉③③② ❝✲♠❡❛♥/ ❛❧❣♦)✐$❤♠✳

• ❚❤❡ /❡❝♦♥❞ ♣❛)$ ✭✧❊①♣❡)✐♠❡♥$/✧✮ ✇✐❧❧ ❝♦♠♣❛)❡ $❤♦/❡ ❞✐✛❡)❡♥$ ❛❧❣♦)✐$❤♠/ ❛❝❝♦)❞✐♥❣

$♦ $❤)❡❡ ♣❡)❢♦)♠❛♥❝❡ ♠❡❛/✉)❡/✿ $❤❡ ◆▼■✱ $❤❡ ❆❞❥✉/$❡❞ ❘❛♥❞ ■♥❞❡① ❛♥❞ $❤❡ ❝❧❛//✐✜✲

❝❛$✐♦♥ )❛$❡✱ ❛♥❞ $)② $♦ ✐❞❡♥$✐❢② ✐❢ ♦♥❡ ♠❡$❤♦❞ ❣✐✈❡/ /✐❣♥✐✜❝❛♥$❧② ❜❡$$❡) )❡/✉❧$/ $❤❛♥

❛♥♦$❤❡)✳ ❋♦) $❤❛$ ♣✉)♣♦/❡✱ ■ ✇✐❧❧ ❧❛✉♥❝❤ ❡❛❝❤ ❛❧❣♦)✐$❤♠ ✺✵ $✐♠❡/ ✇❤✐❧❡ ♣)❡/❡)✈✐♥❣

$❤❡ ❛✈❡)❛❣❡ ◆▼■✱ ❆❘■ ❛♥❞ ❝❧❛//✐✜❝❛$✐♦♥ )❛$❡ ♦✈❡) $❤♦/❡ ✺✵ )✉♥/✱ $❤♦/❡ ♠❡❛♥/ /❡)✈✐♥❣

❛/ ❜❛/✐/ ❢♦) ♠② ❝♦♠♣❛)✐/♦♥✳ ❖♥❝❡ $❤✐/ F✉❡/$✐♦♥ ❛♥/✇❡)❡❞✱ ■ ✇✐❧❧ $)② $♦ ✐♠♣)♦✈❡ $❤❡

)❡/✉❧$/ ♦❜$❛✐♥❡❞ ✇✐$❤ $❤❡ ✜)/$ )❡/❡❛)❝❤ F✉❡/$✐♦♥ ❜② ✉/✐♥❣ ♦♥❡ ♦❢ $❤❡ ♠♦/$ ♣♦♣✉❧❛)

$♦♦❧/ ✐♥ ♠❛❝❤✐♥❡ ❧❡❛)♥✐♥❣✿ $❤❡ ❦❡)♥❡❧ ♠❛$)✐❝❡/✳
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▼② "❡$❡❛"❝❤ (✉❡$*✐♦♥$ ❛"❡ *❤❡"❡❢♦"❡ ✜"$*❧②✱ ✧❞♦❡$ *❤❡ ♣♦$$✐❜✐❧✐$*✐❝ ❢✉③③② ❝✲♠❡❛♥$ ✭:❋❈▼✮

❛❧❣♦"✐*❤♠ ❣✐✈❡ ❜❡**❡" ❝❧✉$*❡"✐♥❣ "❡$✉❧*$ *❤❛♥ *❤❡ ❞✐$*❛♥❝❡✲❜❛$❡❞ ❦✲♠❡❛♥$✱ *❤❡ ❦❡"♥❡❧ ❦✲

♠❡❛♥$✱ *❤❡ ❦❡"♥❡❧ ❢✉③③② ❝✲♠❡❛♥$ ❛♥❞ *❤❡ ▲♦✉✈❛✐♥ ♠❡*❤♦❞❄✧ ❛♥❞ $❡❝♦♥❞❧②✱ ✧❞♦❡$ ✉$✲

✐♥❣ ❛ ●❛✉$$✐❛♥ ❦❡"♥❡❧✲❜❛$❡❞ ♣♦$$✐❜✐❧✐$*✐❝ ❝✲♠❡❛♥$ ②✐❡❧❞ ❜❡**❡" "❡$✉❧*$ *❤❛♥ *❤❡ ✧"❡❣✉✲

❧❛"✧♣♦$$✐❜✐❧✐$*✐❝ ❝✲♠❡❛♥$❄✧✳ ❲❡ ✇✐❧❧ *❤❡"❡❢♦"❡ ❤❛✈❡ ❛ ✜"$* ♣❛"* ❞❡$✐❣♥❡❞ *♦ $✉♣♣♦"* *❤❡

❤②♣♦*❤❡$❡$✱ ❛♥❞ ❛ $❡❝♦♥❞ ♣❛"* *♦ *❡$* *❤❡♠✳

• ❚❤❡ *❤✐"❞ ♣❛"*✱ ✧❋✉"*❤❡" ✇♦"❦ ❛♥❞ ❝♦♥❝❧✉$✐♦♥$✧✱ ✇✐❧❧ ♣"❡$❡♥* $♦♠❡ ♣"♦$♣❡❝*✐✈❡ ❞❡✲
✈❡❧♦♣♠❡♥*$ ❛♥❞ ✈❛"✐❛*✐♦♥$ *❤❛* ❝♦✉❧❞ ❜❡ ✇♦"*❤ ✐♥✈❡$*✐❣❛*✐♥❣ ✐♥ *❤❡ ❢✉*✉"❡ ✐♥ ♦"❞❡"

*♦ ✐♠♣"♦✈❡ *❤❡ ♣❡"❢♦"♠❛♥❝❡ ♦❢ *❤❡ ❝❧✉$*❡"✐♥❣ *❡❝❤♥✐(✉❡$✳

❋✐♥❛❧❧②✱ ■ ✇✐❧❧ ❝♦✈❡" ✐♥ *❤✐$ *❤❡$✐$ $♦♠❡ ♣♦♣✉❧❛" ❛♣♣❧✐❝❛*✐♦♥$ ♦❢ ❝❧✉$*❡"✐♥❣ ✐♥ *❤❡

❜✉$✐♥❡$$ ✇♦"❧❞✱ ❛♥❞ ❡①♣❧❛✐♥ ❤♦✇ ♠❛$*❡"✐♥❣ *❤♦$❡ *❡❝❤♥✐(✉❡$ ❝❛♥ ✐♠♣"♦✈❡ ❛ ✜"♠✬$ ♣♦$✐*✐♦♥✳

■ ✐♠♠❡❞✐❛*❡❧② ♠✉$* ✇❛"♥ *❤❡ ♣"♦$♣❡❝*✐✈❡ "❡❛❞❡" *❤❛* *❤❡"❡ ❛"❡ ❛ ❧♦* ♦❢ ❝♦♥❝❡♣*$ ❛♥❞

*♦♦❧$ *♦ $✉♣♣♦"* ♠② ✇♦"❦✱ $♦♠❡ ♦❢ ✇❤✐❝❤ *❤❛* ♠✐❣❤* ❜❡ ❞✐✣❝✉❧* *♦ ✉♥❞❡"$*❛♥❞ ❢♦" ❛

♥❡✇❝♦♠❡" ✐♥ *❤❡ ✜❡❧❞ ♦❢ ❞❛*❛ ♠✐♥✐♥❣✳ ■ *❤❡"❡❢♦"❡ *"✐❡❞ *♦ ❡①♣❧❛✐♥ ♠② ✐❞❡❛$ ✐♥ *❤❡ $✐♠♣❧❡$*

✇❛② ♣♦$$✐❜❧❡✱ ❛♥❞ ✇✐❧❧ ♦✛❡" *❤❡ "❡❛❞❡" ❛ ❧♦* ♦❢ "❡❢❡"❡♥❝❡$ *♦ ❛$$✐$* ❤✐♠✴❤❡" ✐♥ ✉♥❞❡"$*❛♥❞✐♥❣

*❤❡ *❤❡♦"❡*✐❝❛❧ ❢♦✉♥❞❛*✐♦♥$ ♦❢ *❤❡ *❤❡$✐$✳

■♥ *❡"♠$ ♦❢ ❝♦♥*"✐❜✉*✐♦♥✱ ■ ✇❛♥*❡❞ *❤✐$ *❤❡$✐$ *♦ ❜❡ ❛$ ❝♦♠♣"❡❤❡♥$✐✈❡ ❛$ ♣♦$$✐❜❧❡✱

*♦ ♠❛❦❡ ❛ "❡❛❧ $*❡♣ ❢♦"✇❛"❞ ✐♥ *❤❡ ✜❡❧❞ ♦❢ ❝❧✉$*❡"✐♥❣✳ ■♥ ♣❛"*✐❝✉❧❛"✱ ■ ❤❛✈❡ ❝♦♥❝❡✐✈❡❞

❛♥❞ ✐♠♣❧❡♠❡♥*❡❞ ✐♥ ▼❛*❧❛❜ ❛ ♥❡✇ ❝❧✉$*❡"✐♥❣ ❛❧❣♦"✐*❤♠ ✭*❤❡ ♣♦$$✐❜✐❧✐$*✐❝ ❢✉③③② ❝✲♠❡❛♥$

❛❧❣♦"✐*❤♠✮ ❜❛$❡❞ ♦♥ ❛♥ ❡①*❡♥$✐✈❡ ❧✐*❡"❛*✉"❡ "❡✈✐❡✇✳ ■ ❛❧$♦ ✐♠♣❧❡♠❡♥*❡❞ ❛♥ ❛❞❛♣*❡❞ ✈❡"$✐♦♥

♦❢ *❤❡ ❦❡"♥❡❧ ❦✲♠❡❛♥$ *♦ $*✉❞② *❤❡ ❡✛❡❝* ♦❢ *❤❡ ❢✉③③✐♥❡$$ ♦❢ *❤❡ ♠❡♠❜❡"$❤✐♣ ✭*❤❡ ❦❡"♥❡❧

❢✉③③② ❝✲♠❡❛♥$ ❛❧❣♦"✐*❤♠✮✱ ❞❡✈❡❧♦♣❡❞ *❤❡ ❝♦❞❡ ❢♦" ❝❛❧❝✉❧❛*✐♥❣ *❤❡ ❝♦♠♠✉*❡✲*✐♠❡ ❞✐$*❛♥❝❡✱

*❤❡ ❝♦""❡❝*❡❞ ❝♦♠♠✉*❡✲*✐♠❡ ❞✐$*❛♥❝❡ ❛♥❞ *❤❡ ❝♦""❡❝*❡❞ $✐❣♠♦✐❞ ❝♦♠♠✉*❡✲*✐♠❡ ❦❡"♥❡❧✳ ■

✈❛❧✐❞❛*❡❞ ❛❧❧ ♠② "❡$✉❧*$ ✉$✐♥❣ ♥♦* ♦♥❡ ❜✉* *❤"❡❡ ♣❡"❢♦"♠❛♥❝❡ ♠❡❛$✉"❡$✳ ■ *"✐❡❞ *♦ ✐♠♣"♦✈❡

*❤♦$❡ "❡$✉❧*$ ❜② ✈❛"②✐♥❣ *❤❡ ❞✐✛❡"❡♥* ♣❛"❛♠❡*❡"$ ♦♥ ❛ ✇✐❞❡ "❛♥❣❡✱ *❤❡♥ ❜② *"②✐♥❣ ♦✉*

❞✐✛❡"❡♥* ❞✐$*❛♥❝❡ ♠❡❛$✉"❡$ ❛♥❞ ❦❡"♥❡❧ ♠❛*"✐❝❡$ *♦ ♠❛❦❡ $✉"❡ ■ ✇❛$ ♦❜*❛✐♥✐♥❣ *❤❡ ❜❡$*

♣♦$$✐❜❧❡ "❡$✉❧*$✳ ❋♦" ❡❛❝❤ ♠❡*❤♦❞✱ ■ ❧❛✉♥❝❤❡❞ *❤❡ ❛❧❣♦"✐*❤♠ ❛* ❧❡❛$* ✺✵ *✐♠❡$ *♦ ❛❧❧❡✈✐❛*❡

*❤❡ ♣♦$$✐❜❧❡ ❡✛❡❝*$ ♦❢ *❤❡ ✐♥✐*✐❛❧✐③❛*✐♦♥ ♣"♦❝❡❞✉"❡✳ ❋✐♥❛❧❧②✱ ■ $*✉❞✐❡❞ ♠② "❡$✉❧*$ ✇✐*❤ ❛
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❣❧♦❜❛❧ ♣❡'(♣❡❝*✐✈❡✱ ✉(✐♥❣ ❋'✐❡❞♠❛♥✬( *❡(* *♦ ❞❡*❡'♠✐♥❡ ✇❤❡*❤❡' *❤❡ ❞✐✛❡'❡♥❝❡( ✐♥ '❡(✉❧*(

✇❡'❡ (*❛*✐(*✐❝❛❧❧② (✐❣♥✐✜❝❛♥* ♦♥ ❛ ❜'♦❛❞❡' (❝❛❧❡✳ ❊❛❝❤ (*❡♣ ♦❢ *❤✐( *❤❡(✐( ✇❛( *❤✉( ❝'✐*✐❝✐③❡❞

❛❧♦♥❣ *❤❡ ✇❛② ❛♥❞ ❛❞❛♣*❡❞ *♦ ❡♥(✉'❡ ✐*( '♦❜✉(*♥❡((✳

❚❤❡'❡ ✐( ❛ ❧♦* ♦❢ ✇♦'❦ ❛♥❞ ✐♥*❡'♥❛❧ ✈❛❧✐❞❛*✐♦♥ ❜❡❤✐♥❞ *❤✐( *❤❡(✐(✱ *♦ ♠❛❦❡ (✉'❡ *❤❡

♣'♦❣'❡(( ♠❛❞❡ ✐♥ *❤❡ ❝❧✉(*❡'✐♥❣ *❡❝❤♥✐?✉❡( ❛'❡ *❡❝❤♥✐❝❛❧❧② ❛♥❞ *❤❡♦'❡*✐❝❛❧❧② (♦✉♥❞ ❛♥❞

'❡❧✐❛❜❧❡✳

■ ❤♦♣❡ *❤✐( *❤❡(✐( ✇✐❧❧ ♣'♦✈✐❞❡ *❤❡ '❡❛❞❡' ✇✐*❤ ❛ ❧♦* ♦❢ ✐♥(✐❣❤*( ✐♥*♦ *❤❡ ✇♦'❧❞ ♦❢

❝❧✉(*❡'✐♥❣ ❛♥❞ *'✐❣❣❡' ❛♥ ✐♥*❡'❡(* ❢♦' *❤❡ ✉(❡ ♦❢ ❝❧✉(*❡'✐♥❣ *❡❝❤♥✐?✉❡( ✐♥ *❤❡ ❜✉(✐♥❡((

❡♥✈✐'♦♥♠❡♥*✳
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 ❛"# ■✳ ❚❤❡♦"❡#✐❝❛❧ ❇❛❝❦❣"♦✉♥❞

✷ ▼❛❝❤✐♥❡ ❧❡❛)♥✐♥❣

✧▼❛❝❤✐♥❡ ❧❡❛)♥✐♥❣✧ ✱ ❛❧,♦ ❝❛❧❧❡❞ ✧❞❛/❛ ♠✐♥✐♥❣✧✱ ✐, /❤❡ ✜❡❧❞ ♦❢ /❤❡ ♠✉❧/✐✈❛)✐❛/❡ ,/❛/✐,/✐❝,

❛♣♣❧✐❡❞ /♦ ❝♦♠♣✉/❡) ,❝✐❡♥❝❡ ❛♥❞ ❡♥❣✐♥❡❡)✐♥❣✳ ■♥❞❡❡❞✱ ♠✉❧/✐✈❛)✐❛/❡ ,/❛/✐,/✐❝, ❛)❡ ❛ ✈❡)②

♣♦✇❡)❢✉❧ /♦♦❧✱ ✉,❡❞ ✐♥ ♠❛♥② ❞♦♠❛✐♥, ✭❜✐♦,/❛/✐,/✐❝,✱ ❡❝♦♥♦♠❡/)✐❝,✱✳✳✳✮✱ ❛♥❞ ✐/, ❛♣♣❧✐❝❛/✐♦♥

✐♥ /❤❡ ❝♦♠♣✉/❡) ,❝✐❡♥❝❡ ❞♦♠❛✐♥ ✭❞❛/❛ ♠✐♥✐♥❣✮ ✇✐❧❧ ❜❡ ❛/ /❤❡ ❝♦)❡ ♦❢ /❤✐, /❤❡,✐,✳

▼❛❝❤✐♥❡ ❧❡❛)♥✐♥❣ ❝❛♥ ❜❡ ❞❡,❝)✐❜❡❞ ❛, ❛ ,❡/ ♦❢ ♠❡/❤♦❞, /❤❛/ ❛✉/♦♠❛/✐❝❛❧❧② ❞❡/❡❝/ ♣❛//❡)♥,

✐♥ ❞❛/❛ ❛♥❞ ❛)❡ ❛❜❧❡ /♦ ✉,❡ /❤❡ ✉♥❝♦✈❡)❡❞ ♣❛//❡)♥, /♦ ♣)❡❞✐❝/ ❢✉/✉)❡ ❞❛/❛ ♦) /♦ ❛,,✐,/ ✐♥

/❤❡ ❞❡❝✐,✐♦♥ ♠❛❦✐♥❣ ♣)♦❝❡,,❡,✳ ❆ ❣♦♦❞ ♠♦❞❡❧ ✐, ❞❡✜♥❡❞ ❛, ♦♥❡ /❤❛/ ❝❛♥ ❛❝❝✉)❛/❡❧② ♣)❡❞✐❝/

❛♥ ♦✉/❝♦♠❡ ❬✸✼❪✳

❲❡ ,❡♣❛)❛/❡ ♠❛❝❤✐♥❡ ❧❡❛)♥✐♥❣ ✐♥/♦ /✇♦ /②♣❡,✿ /❤❡ ♣)❡❞✐❝/✐✈❡✴,✉♣❡)✈✐,❡❞ ❧❡❛)♥✐♥❣✱ ❛♥❞ /❤❡

❞❡,❝)✐♣/✐✈❡✴✉♥,✉♣❡)✈✐,❡❞ ❧❡❛)♥✐♥❣ ❛♣♣)♦❛❝❤✳

❚❤❡ ❣♦❛❧ ♦❢ /❤❡ ♣)❡❞✐❝/✐✈❡ ❛♣♣)♦❛❝❤ ✐, /♦ ❞❡)✐✈❡ ❛ ♠❛♣♣✐♥❣ ❢)♦♠ ❛♥ ✐♥♣✉/ x /♦ ❛♥ ♦✉/♣✉/

y ✱ ❣✐✈❡♥ /❤❡ ,❡/ ♦❢ ♣❛✐), D = (xi, yi), i = 1, . . . , N ✳ D ✐, ❝❛❧❧❡❞ /❤❡ /)❛✐♥✐♥❣ ,❡/ ❛♥❞ N ✐,

/❤❡ ♥✉♠❜❡) ♦❢ ❡①❛♠♣❧❡,✳ ❊❛❝❤ ✐♥♣✉/ xi ✐, ❛ ✈❡❝/♦) ♦❢ ♥✉♠❜❡), )❡♣)❡,❡♥/✐♥❣ ❝❤❛)❛❝/❡)✐,/✐❝,

✭❢♦) ✐♥,/❛♥❝❡ /❤❡ ❤❡✐❣❤/ ❛♥❞ ✇❡✐❣❤/ ♦❢ ❛ ♣❡),♦♥✮✳ ❚❤❡,❡ ❛)❡ ❝❛❧❧❡❞ ❢❡❛/✉)❡,✱ ♦) ❛//)✐❜✉/❡,✳

■♥ ❣❡♥❡)❛❧✱ xi ❝♦✉❧❞ ❜❡ ❛ ❝♦♠♣❧❡① ♦❜❥❡❝/✱ ,✉❝❤ ❛, ❛♥ ✐♠❛❣❡✱ ❛ ,❡♥/❡♥❝❡✱ ❛♥ ❡♠❛✐❧✱ ❛ /✐♠❡

,❡)✐❡ ❛♥❞ ,♦ ♦♥✳ ❙✐♠✐❧❛)❧②✱ /❤❡ ❢♦)♠ ♦❢ /❤❡ ♦✉/♣✉/ ❝❛♥ ✐♥ ♣)✐♥❝✐♣❧❡ ❜❡ ❛♥②/❤✐♥❣✳ ❍♦✇❡✈❡)✱

♠♦,/ ♠❡/❤♦❞, ❛,,✉♠❡ /❤❛/ yi ✐, ❡✐/❤❡) ❛ ❝❛/❡❣♦)✐❝❛❧ ♦) ♥♦♠✐♥❛❧ ✈❛)✐❛❜❧❡ ❢)♦♠ ,♦♠❡ ✜♥✐/❡

,❡/✱ yi ∈ 1, . . . , C ♦) /❤❛/ yi ✐, ❛ )❡❛❧✲✈❛❧✉❡❞ ,❝❛❧❛)✳ ❲❤❡♥ yi ✐, ❝❛/❡❣♦)✐❝❛❧✱ /❤❡ ♣)♦❜❧❡♠ ✐,

❦♥♦✇♥ ❛, ❝❧❛,,✐✜❝❛/✐♦♥✳ ❲❤❡♥ yi ✐, )❡❛❧✲✈❛❧✉❡❞✱ /❤❡ ♣)♦❜❧❡♠ ✐, ❦♥♦✇♥ ❛, )❡❣)❡,,✐♦♥ ❬✸✼❪✳

❚❤❡ ,❡❝♦♥❞ /②♣❡ ♦❢ ♠❛❝❤✐♥❡ ❧❡❛)♥✐♥❣ ✐, /❤❡ ❞❡,❝)✐♣/✐✈❡ ✭✉♥,✉♣❡)✈✐,❡❞✮ ❧❡❛)♥✐♥❣ ❛♣♣)♦❛❝❤✳

❍❡)❡✱ ✇❡ ❛)❡ ♦♥❧② ❣✐✈❡♥ ✐♥♣✉/, ❛♥❞ /❤❡ ❣♦❛❧ ✐, /♦ ❞❡/❡❝/ ♣❛//❡)♥, ✐♥ /❤❡ ❞❛/❛✳ ❚❤✐, ✐,

♦❜✈✐♦✉,❧② ❛ ♠✉❝❤ ❧❡,, ✇❡❧❧✲❞❡✜♥❡❞ ♣)♦❜❧❡♠ ,✐♥❝❡ ✇❡ ❛)❡ ♥♦/ /♦❧❞ ✇❤❛/ ,/)✉❝/✉)❡ /♦ ❧♦♦❦

❢♦)✳ ❚❤❡)❡❢♦)❡✱ ✐♥,/❡❛❞ ♦❢ ❧♦♦❦✐♥❣ ❢♦) ❦♥♦✇♥ ♣❛//❡)♥,✱ ✇❡ ✇✐❧❧ ❢♦)♠❛❧✐③❡ ♦✉) /❛,❦ ❛, ♦♥❡ ♦❢

❞❡♥,✐/② ❡,/✐♠❛/✐♦♥✳ ❚❤❛/ ✐,✱ ✇❡ ✇✐❧❧ /)② /♦ ❜✉✐❧❞ ♠♦❞❡❧, ♦❢ /❤❡ ❢♦)♠ p(xi | θ) ❬✸✼❪✳

❈❧✉,/❡)✐♥❣ ✐, ❛♥ ❡①❛♠♣❧❡ ♦❢ ✉♥,✉♣❡)✈✐,❡❞ ❝❧✉,/❡)✐♥❣✱ ❛♥❞ )❡❧❛/❡, /♦ ❣)♦✉♣✐♥❣ ♦) ,❡❣♠❡♥/✐♥❣

❛ ❝♦❧❧❡❝/✐♦♥ ♦❢ ♦❜❥❡❝/, ✐♥/♦ ,✉❜,❡/, ♦) ✧❝❧✉,/❡),✧✱ ✇✐/❤ /❤❡ ❝❤❛)❛❝/❡)✐,/✐❝, /❤❛/ ♦❜❥❡❝/,

✇✐/❤✐♥ ❡❛❝❤ ❝❧✉,/❡) ❛)❡ ♠♦)❡ ❝❧♦,❡❧② )❡❧❛/❡❞ /♦ ♦♥❡ ❛♥♦/❤❡) /❤❛♥ ♦❜❥❡❝/, ❛,,✐❣♥❡❞ /♦



✸ ❈❧✉$%❡'✐♥❣ ❛♥❞ ♠❛♥❛❣❡♠❡♥% ✾

❞✐✛❡$❡♥& ❝❧✉*&❡$* ❬✶✼❪✳

❲✐&❤ &❤❛& ✐♥ ♠✐♥❞✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡&❛✐❧ ❤♦✇ *✉❝❤ &❡❝❤♥✐7✉❡* ❝❛♥ ❜❡ ✈❛❧✉❛❜❧❡ ✐♥ ❛ ❜✉*✐♥❡**

❝♦♥&❡①&✳

✸ ❈❧✉$%❡'✐♥❣ ❛♥❞ ♠❛♥❛❣❡♠❡♥%

❈❧✉*&❡$✐♥❣ ❜❡❝♦♠❡* ♠♦$❡ ❛♥❞ ♠♦$❡ ♣$❡*❡♥& ✐♥ &❤❡ ❜✉*✐♥❡** ✇♦$❧❞✱ ❛* ✐& ❛❧❧♦✇* ❛ ♠♦$❡

♣$❡❝✐*❡ ❧❡❝&✉$❡ ❛♥❞ ❛♥❛❧②*✐* ♦❢ &❤❡ ❜✉*✐♥❡** ❡♥✈✐$♦♥♠❡♥&✳ ❍❡♥❝❡✱ &❤❡ ❣$❛❞✉❛&❡ ❜✉*✐♥❡**

❡♥❣✐♥❡❡$ ♠❛*&❡$✐♥❣ &❤♦*❡ *❦✐❧❧* ✇✐❧❧ ♣$♦✈❡ ❤✐♠*❡❧❢✴❤❡$*❡❧❢ ✈❛❧✉❛❜❧❡ &♦ ❛♥ ❡♥&❡$♣$✐*❡ ❛*

❤❡✴*❤❡ ✇✐❧❧ ❜❡ ❛❜❧❡ &♦ ✉*❡ &❤♦*❡ &♦♦❧* ✐♥ ✈❛$✐♦✉* ❞♦♠❛✐♥* ♦❢ &❤❡ ❝♦♠♣❛♥②✳ ❆* ❢♦$ &❤❡

♣$♦*♣❡❝&✐✈❡ ♠❛♥❛❣❡$✱ ❤❡✴*❤❡ ✇✐❧❧ ❜❡ ❛❜❧❡ &♦ $❡❝♦❣♥✐③❡ &❤❡ ♣♦&❡♥&✐❛❧ ♦❢ ❝❧✉*&❡$✐♥❣ ♠❡&❤♦❞*

✐♥ ❡✈❡$② ❜✉*✐♥❡** *❡❝&✐♦♥✱ ❛♥❞ &❤❡$❡❢♦$❡ ♣♦*✐&✐♦♥ ✐&* ❞❡♣❛$&♠❡♥& ✐♥ &❤❡ ❢$♦♥& ❧✐♥❡ ♦❢ &❤❡

❞❛&❛✲❞$✐✈❡♥ ❜✉*✐♥❡** ♠❛♥❛❣❡♠❡♥& ♠❡&❤♦❞*✳

❋✐♥❛❧❧②✱ ❝❧✉*&❡$✐♥❣ &❡❝❤♥✐7✉❡* ❛♣♣❡❛$ &♦ ♦✛❡$ ❛ ❝♦♠♣❡&✐&✐✈❡ ❡❞❣❡ ✐♥ ✈❛$✐♦✉* *❡❝&♦$* ♦❢ &❤❡
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✸✳✶ ❈❧✉$%❡'✐♥❣ ❛♥❞ ♠❛'❦❡%✐♥❣

❈❧✉*&❡$✐♥❣ ✜♥❞* *♦♠❡ ♦❢ ✐&* ♠♦*& ♣♦♣✉❧❛$ ❛♣♣❧✐❝❛&✐♦♥* ✐♥ ♠❛$❦❡&✐♥❣✳ ❚❤❡ ♠❛✐♥ ♦♥❡ ❬✻✹❪
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❝✉*&♦♠✐③❛&✐♦♥ ♦❢ &❤❡ ♦✛❡$✱ ✐♠♣$♦✈❡♠❡♥& ♦❢ &❤❡ ❝✉*&♦♠❡$✲$❡❧❛&✐♦♥*❤✐♣ ❛♥❞ *❛&✐*❢❛❝&✐♦♥
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❚❤❡*❡ ✇✐❧❧ ❛❧❧♦✇ ❛ ❝♦♠♣❛♥② &♦ ♠❛①✐♠✐③❡ &❤❡ $❡&✉$♥ ♦♥ ♠❛$❦❡&✐♥❣ ❛❝&✐♦♥* ❜② ❞❡*✐❣♥✲

✐♥❣ ❛ ❝✉*&♦♠✐③❡❞ ♦✛❡$ &❤❛& &❛$❣❡&* ❛ *♣❡❝✐✜❝ ❣$♦✉♣ ✭❝❧✉*&❡$✮ ♦❢ ❝❧✐❡♥&* *❤❛$✐♥❣ *✐♠✐❧❛$

❝❤❛$❛❝&❡$✐*&✐❝* ♦$ ❝♦♥*✉♠♣&✐♦♥ ❜❡❤❛✈✐♦$*✳ ❚❤❡② ✇✐❧❧ ❛❧*♦ ✐❞❡♥&✐❢② ❝❧✐❡♥&* ✇❤♦ ❛$❡ &❤❡

♠♦*& *✉*❝❡♣&✐❜❧❡ &♦ ❥♦✐♥ &❤❡ ❝♦♠♣❡&✐&♦$ ❛♥❞ ❣✐✈❡ $♦♦♠ ❢♦$ &❤❡ ❝$❡❛&✐♦♥ ♦❢ ❛❝&✐♦♥ ♣❧❛♥*

*♣❡❝✐✜❝❛❧❧② ❞❡*✐❣♥❡❞ &♦ $❡&❛✐♥ &❤♦*❡ ❢$❛❣✐❧❡ ❝✉*&♦♠❡$*✳ ❆❧❧ &❤♦*❡ ❛❝&✐♦♥* ✇✐❧❧ ✐♠♣$♦✈❡ &❤❡
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♦❢ ✧❝❧✉*&❡$* ♦❢ ♦♥❡✧✱ ❡❛❝❤ ❝❧✉*&❡$ ❝♦♠♣$✐*✐♥❣ ❛ *♦❧❡ ❝✉*&♦♠❡$✳ ❈✉$$❡♥& ❡✈♦❧✉&✐♦♥* ✐♥ ❡✲
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❜❛$❡$✱ ❛♥❞ $♦ ♦♥ ❬✺✺❪✳

❈❧✉$(❡1✐♥❣ (❡❝❤♥✐;✉❡$ ❛❧$♦ ❛♣♣❡❛1 ✐♥ (❤❡ ❛♥❛❧②$✐$ ♦❢ ❞❛(❛ ❡①(1❛❝(❡❞ ❢1♦♠ ♠❛1❦❡( 1❡✲

$❡❛1❝❤❡$✳❖♥❝❡ ❛ $✉1✈❡② ✐$ ❝♦♠♣❧❡(❡❞✱ ✐❢ $❡✈❡1❛❧ ;✉❡$(✐♦♥$ ❛1❡ ❢♦✉♥❞ (♦ ♠❡❛$✉1❡ (❤❡ $❛♠❡

❛$♣❡❝(✱ (❤♦$❡ ❢❛❝(♦1$ $❤♦✉❧❞ ❜❡ ❝♦♠❜✐♥❡❞ ❜❡❢♦1❡ ❛♥② ❢✉1(❤❡1 ❛♥❛❧②$✐$✳ ❆❢(❡1 (❤❡ ❞❛(❛ 1❡✲

❞✉❝(✐♦♥✱ (❤❡ ❝❧✉$(❡1 ❛♥❛❧②$✐$ ❝❛♥ ❜❡ ♣❡1❢♦1♠❡❞ $♦ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ❤♦✇ ♠❛♥② ❝❧✉$(❡1$ ❛1❡

❛♣♣1♦♣1✐❛(❡ ❢♦1 (❤❡ ♣✉1♣♦$❡ ♦❢ (❤❡ 1❡$❡❛1❝❤✳ ❈♦♠♣❛♥✐❡$ $❤♦✉❧❞ (❤❡1❡❢♦1❡ ❧♦♦❦ ❢♦1 ❞✐❢✲

❢❡1❡♥❝❡$ ✐♥ (❤❡ ♠❡❛♥$ ♦❢ ❢❛❝(♦1$ ❛♥❞ ♥❛♠❡ (❤❡ ❝❧✉$(❡1$ ❜❛$❡❞ ♦♥ (❤❡$❡ ❞✐✛❡1❡♥❝❡$ ❬✹✼❪✳

❚❤❡$❡ ❞✐✛❡1❡♥❝❡$ ❝❛♥ ❜❡ ❧❛(❡1 ✉$❡❞ (♦ ❞❡$✐❣♥ ♠❛1❦❡(✐♥❣ $(1❛(❡❣✐❡$ (♦ ❡♥$✉1❡ (❤❛( (❤❡ 1✐❣❤(

❝✉$(♦♠❡1$ ❛1❡ ❛♣♣1♦❛❝❤❡❞ ✇✐(❤ (❤❡ 1✐❣❤( ♣1♦❞✉❝( ✐♥ (❤❡ 1✐❣❤( ✇❛②✳

❈❧✉$(❡1✐♥❣ ❝❛♥ ❛❧$♦ ❜❡ ✉$❡❞ ✐♥ ♠♦1❡ ♥❛11♦✇❧② ❞❡✜♥❡❞ $❡❝(♦1$✱ ♥❛♠❡❧② (❤❛♥❦$ (♦ (❤❡ ❣1♦✇(❤

♦❢ $♦❝✐❛❧ ♥❡(✇♦1❦$✱ ✇❤❡1❡ ♣❡♦♣❧❡ $❤❛1❡ ✈✐❞❡♦✬$✱ ✐♠❛❣❡$ ❛♥❞ ✐♥(❡1❡$($✳ ❲❡ $❛✇ (❤❡ ❞❡✈❡❧✲

♦♣♠❡♥( ♦❢ ✐♠❛❣❡ ❝❧✉$(❡1✐♥❣ ❢♦1 ♠❛1❦❡(✐♥❣ ♣✉1♣♦$❡$ ❬✶❪✳❚❤❡ ✐❞❡❛ (❤❛( ✉♣❧♦❛❞❡❞ ✐♠❛❣❡$ ✐♥
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✈✐$✉❛❧ $♦❝✐♦❧♦❣②✱ ✇❤❡1❡ ✉$✉❛❧❧② ❢♦✉1 ❞✐✛❡1❡♥( $♦❝✐❛❧ 1❡❛$♦♥$ ❢♦1 $❤❛1✐♥❣ ♣✐❝(✉1❡$ ❤❛✈❡ ❜❡❡♥

✐❞❡♥(✐✜❡❞ ✭♥❛♠❡❧② ❜② ✈❛♥ ❍♦✉$❡ ❬✻✷❪✮✿ ✐♠❛❣❡$ ❛1❡ ✉♣❧♦❛❞❡❞ (♦ 1❡♠❡♠❜❡1 ❛♥❞ (♦ ❝♦♥$(1✉❝(
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1❡❛$♦♥✐♥❣ ❛♣♣❧✐❡$ ❢♦1 ❡✈❡1② ♣♦$$✐❜❧❡ ✐♥✈❡$(✐❣❛(✐♦♥ ✜❡❧❞✱ ❛$ (❤❡ ✐♠❛❣❡$ ❛1❡ ❛$$✉♠❡❞ (♦ ❝♦♥✲

(❛✐♥ ✈❛❧✉❛❜❧❡ ✈✐$✉❛❧ ✐♥❢♦1♠❛(✐♦♥✳ ❚❤❡ ♣1♦❜❧❡♠ ♦❢ ❝❧✉$(❡1✐♥❣ $✉❝❤ ✉♣❧♦❛❞❡❞ ✐♠❛❣❡$ ✐$ ♦❢(❡♥
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$②$(❡♠$ ❧✐❦❡ ▼❆❚▲❆❇ ♦1 ❘✱ ✐♠❛❣❡ ❝❧✉$(❡1✐♥❣ ✐$ ♦♥❧② ♣♦$$✐❜❧❡ ✇✐(❤ ❛❞❞✐(✐♦♥❛❧ ♣❛❝❦❛❣❡$✳
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(❡❝❤✐♥1✉❡$ ✐$ (❤❡ ❝❧✉$(❡*✐♥❣✲❜❛$❡❞ ❢♦*❡❝❛$(✐♥❣✳

❚*❛❞✐(✐♦♥❛❧❧②✱ (❤❡ ♠♦$( ❝♦♠♠♦♥ ❢♦*❡❝❛$(✐♥❣ (❡❝❤♥✐1✉❡$ ❛*❡ $(❛(✐$(✐❝❛❧ ♠❡(❤♦❞$✱ $✉❝❤ ❛$

♠✉❧(✐♣❧❡ *❡❣*❡$$✐♦♥ ♠♦❞❡❧$ ❛♥❞ (✐♠❡ $❡*✐❡$ ♠♦❞❡❧$✳ ❚❤❡$❡ ♠♦❞❡❧$ ✇❡*❡ ♣*♦✈❡♥ ✈❡*② ❡✛❡❝✲

(✐✈❡ ❢♦* ❞❛(❛ ✇✐(❤ $✐♠♣❧❡ (*❡♥❞ ❛♥❞ $❡❛$♦♥❛❧✐(② (❡♥❞❡♥❝②✳ ❍♦✇❡✈❡*✱ ✐♥ (❤❡ *❡❛❧ ✇♦*❧❞✱ (❤❡

*❡❧❛(✐♦♥$❤✐♣ ❜❡(✇❡❡♥ (❤❡ ❢❛❝(♦*$ ♦* (❤❡ ♣❛$( (✐♠❡ $❡*✐❡$ ❞❛(❛ ✭✐♥❞❡♣❡♥❞❡♥( ✈❛*✐❛❜❧❡$✮ ❛♥❞

(❤❡ $❛❧❡$ ✭❞❡♣❡♥❞❡♥( ✈❛*✐❛❜❧❡✮ ❛*❡ ♥♦♥❧✐♥❡❛* ❛♥❞ 1✉✐(❡ ❝❤❛♦(✐❝ ❬✺❪✳ ■♥❞❡❡❞✱ ❢❡✇ ✐(❡♠$ ✐♥ ❛

❝❧❛$$ ❝❛♥ ❧❡❛❞ (♦ ❧❛*❣❡ ❡**♦*$ ✐♥ ✐($ $❡❛$♦♥❛❧✐(② ❡$(✐♠❛(❡$✳ ❚❤❡*❡❢♦*❡✱ ❝♦**❡❝(❧② ✐❞❡♥(✐❢②✐♥❣

❝❧❛$$❡$ ✇✐❧❧ ✇♦*❦ ❛$ ❛ ❜✉✛❡* ♠❡❝❤❛♥✐$♠ ❛❣❛✐♥$( (❤✐$ ♣❤❡♥♦♠❡♥♦♥✱ ❛♥❞ ✇✐❧❧ ❛❧❧♦✇ (♦ ❤❛✈❡

❛ ❜❡((❡* ♣*❡❞✐❝(✐♦♥ ♦❢ (❤❡ ❞❡♠❛♥❞ ♣❡* ✐(❡♠✱ ❛♥❞ ♦❢ ✐($ ♣*✐❝❡ ❬✹✶❪✳

❈❧✉$(❡*✐♥❣ ❝❛♥ ❛❧$♦ ❜❡ ✉$❡❞ (♦ ❞❡(❡*♠✐♥❡ (❤❡ $❛❧❡$ ❢♦*❝❡ ❡✣❝✐❡♥❝②✳ ❚❤✐$ ✐❞❡❛ ✐$ ❞*✐✈❡♥ ❜②

(❤❡ ❤②♣♦(❤❡$✐$ (❤❛( ❛ ❣♦♦❞ ✐❞❡♥(✐✜❝❛(✐♦♥ ♦❢ ❝✉$(♦♠❡*K⑨➍$ $❡❣♠❡♥($ ✇✐❧❧ ❛❧❧♦✇ (❤❡ $❛❧❡$

(❡❛♠$ (♦ ❛❞❛♣( (❤❡✐* ♣*♦♠♦(✐♦♥ (♦♦❧$ ❛♥❞ ♠❡$$❛❣❡$ (♦ (❤❡ ❝❧✉$(❡* (❤❡② ❛*❡ (❛*❣❡(✐♥❣✳

❆❣❡♥❝② *❡❧❛(✐♦♥$❤✐♣ ✇✐❧❧ ❛❧$♦ ❜❡ ❜❡((❡* ❛$$❡$$❡❞ ✈✐❛ ❝❧✉$(❡*✐♥❣✳ ■♥❞❡❡❞✱ (❤❡ ♣*✐♥❝✐♣❛❧ ✇✐❧❧

❜❡ ❛❜❧❡ (♦ ❞✐✈✐❞❡ ✐($ ❛❣❡♥❝✐❡$ ❛❝❝♦*❞✐♥❣ (♦ (❤❡✐* ♣❡*❢♦*♠❛♥❝❡ ❧❡✈❡❧✱ (❛*❣❡(✲❣*♦✉♣$ ❛♥❞

❣♦❛❧$✱ ❛♥❞ ❞❡$✐❣♥ (❤❡ ❡✈❡♥(✉❛❧ ❝♦**❡❝(✐✈❡ ♠❡❛$✉*❡$ ♥❡❡❞❡❞✳

✸✳✸ ❈❧✉&'❡)✐♥❣ ❛♥❞ ✜♥❛♥❝❡

❋✐♥❛♥❝❡ ❞❡♣❛*(♠❡♥($ ✉$❡ ❝❧✉$(❡*✐♥❣ (❡❝❤♥✐1✉❡$ ❛$ ✇❡❧❧✳ ❇❛♥❦$✱ ✐♥$✉*❛♥❝❡ ❢✉♥❞$ ❛♥❞ ♦(❤❡*

✜♥❛♥❝✐❛❧ $❡*✈✐❝❡$ ❝♦♠♣❛♥✐❡$ ❛*❡ ❛❜❧❡ (♦ ❞❡✜♥❡ ❝❧✉$(❡*$ ♦❢ ❝❧✐❡♥($ ❜❡❛*✐♥❣ (❤❡ $❛♠❡ ♣♦(❡♥(✐❛❧

*✐$❦ ❛♥❞ (❤❡*❡❢♦*❡ ❞❡$✐❣♥ ❝✉$(♦♠✐③❡❞ ❝*❡❞✐( ❝♦♥❞✐(✐♦♥$✳ ❚❤❡② ❝❛♥ ❞❡✜♥❡ ❞✐✛❡*❡♥( ❣*♦✉♣$ ♦❢

❞✐$❛$(❡*$ ❜❛$❡❞ ♦♥ (❤❡✐* ❝❤❛*❛❝(❡*✐$(✐❝$ ❛♥❞ ❞❡$✐❣♥ ❛ *❡✐♠❜✉*$❡♠❡♥( ♣❧❛♥ ❢♦* ❡❛❝❤ (②♣❡ ♦❢

$✐♥✐$(❡*✳ ❋✐♥❛❧❧②✱ (❤❡② ✇✐❧❧ ❜❡ ❛❜❧❡ (♦ ✐❞❡♥(✐❢② $✉$♣✐❝✐♦✉$ ❝♦♠♣♦*(♠❡♥( ❛♥❞ ❣*♦✉♣ ❝✉$(♦♠❡*$

✇❤♦ ♠✐❣❤( ❜❡ ❛( *✐$❦ ♦❢ ❢*❛✉❞ ❬✹ ❛♥❞ ✸✸❪ ✳

❈❧✉$(❡*✐♥❣ ❛♥❛❧②$✐$ ❝❛♥ ❜❡ ✉$❡❞ (♦ $(✉❞② (❤❡ ❞❡♣❡♥❞❡♥❝✐❡$ ✐♥ (❤❡ ✜♥❛♥❝✐❛❧ (✐♠❡ $❡*✐❡$✳ ■♥

♠♦$( ❝❛$❡$✱ *❡(✉*♥$ ♦❢ ✜♥❛♥❝✐❛❧ (✐♠❡ $❡*✐❡$ $❤♦✇ ❡✈✐❞❡♥❝❡ ❛❣❛✐♥$( (❤❡ ♠✉❧(✐✈❛*✐❛(❡ ♥♦*♠❛❧

❞✐$(*✐❜✉(✐♦♥ ✭❊♠❜*❡❝❤($✱ ❋*❡② ❛♥❞ ▼❝◆❡✐❧ ✭✷✵✵✺✮✱ ❬✶✵❪✮✳ W*♦❢❡$$✐♦♥❛❧$ (❤❡*❡❢♦*❡ ♥❡❡❞ ♥❡✇

(♦♦❧$ (♦ ♠❡❛$✉*❡ (❤❡ ❞❡❣*❡❡ ♦❢ ❞❡♣❡♥❞❛♥❝❡✱ ❢♦* ✐♥$(❛♥❝❡ (♦ ❞❡(❡*♠✐♥❡ ✐❢ $❤❛*❡ ❝❧♦$✐♥❣ ♣*✐❝❡$



✸ ❈❧✉$%❡'✐♥❣ ❛♥❞ ♠❛♥❛❣❡♠❡♥% ✶✷

 ❤❛ ♠♦✈❡  ♦❣❡ ❤❡( ❝♦((❡*♣♦♥❞  ♦ ❝♦♠♣❛♥✐❡* ❜❡❧♦♥❣✐♥❣  ♦  ❤❡ *❛♠❡ ❡❝♦♥♦♠✐❝ *❡❝ ♦(✳ ■♥

*✉❝❤ *✐ ✉❛ ✐♦♥*✱ ❝❧✉* ❡(✐♥❣ ♠❡ ❤♦❞* ❝❛♥ ❜❡ ❛♣♣❧✐❡❞  ♦ ❛ ❞✐**✐♠✐❧❛(✐ ② ♠❛ (✐① ❝♦((❡*♣♦♥❞✐♥❣

 ♦  ❤❡ ❞❡❣(❡❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ❜❡ ✇❡❡♥  ❤❡ ❝♦♠♣❛♥✐❡*✳ ❚❤❡ ❝♦((❡❧❛ ✐♦♥* ❜❡ ✇❡❡♥ * ♦❝❦* ❛(❡

(❡❝♦(❞❡❞  ♦ ;✉❛♥ ✐❢②  ❤❡ ❞❡❣(❡❡ ♦❢ ❞✐**✐♠✐❧❛(✐ ② ❛♥❞ ❞❡(✐✈❡  ❤❡ ❞✐**✐♠✐❧❛(✐ ② ♠❛ (✐①✳ ❆❢ ❡(

❤❛✈✐♥❣ ❞❡ ❡(♠✐♥❡❞ ❝❧✉* ❡(* ♦❢ *❡❝ ♦(* ❜❛*❡❞ ♦♥  ❤❡ *❤❛(❡ ♣(✐❝❡*✱ ✐♥✈❡* ♦(* ❛♥❞ ✜♥❛♥❝✐❛❧

❞✐(❡❝ ♦(* ❝❛♥ ✐❞❡♥ ✐❢② *❡❝ ♦(✲(❡❧❛ ❡❞  (❡♥❞* ❛♥❞ ❞✐✈❡(*✐❢②  ❤❡✐( ♣♦( ❢♦❧✐♦ ✐❢ ♥❡❝❡**❛(② ❬✸✽❪✳

❚❤✐*  ❤❡♦(② ❝♦✉❧❞ ❜❡  ❛❦❡♥ ❢✉( ❤❡( ❛✇❛②✱ ❛♥❞ ✜♥❛♥❝❡ ❞❡♣❛( ♠❡♥ * ❝❛♥ ❡✈❡♥ ✉*❡ ❝❧✉* ❡(*  ♦

❞❡*❝(✐❜❡ ♠❛(❦❡ ❝②❝❧❡* ✐♥  ❡(♠* ♦❢ ❝❧✉* ❡(*✱ ❛♥❞  ♦ ✐♠♣(♦✈❡  ❤❡✐( ♣♦( ❢♦❧✐♦ ❞✐✈❡(*✐✜❝❛ ✐♦♥

✐❢ ❝❧✉* ❡(* ❛(❡ ♣(♦✈❡♥  ♦ ♣❡(❢♦(♠ ❜❡  ❡(  ❤❛♥ ✐♥❞✉* (✐❛❧ *❡❝ ♦(*✳ ■♥❞❡❡❞✱ * ✉❞✐❡* *❤♦✇❡❞

 ❤❛  ❤❡(❡ ✇❛* ❛ * (♦♥❣ ✭❛❧ ❤♦✉❣❤ ♥♦ ❝♦♠♣❧❡ ❡✮ *✐♠✐❧❛(✐ ② ❜❡ ✇❡❡♥ ❝❧✉* ❡(* ❛♥❞ ✐♥❞✉* (✐❛❧

*❡❝ ♦(* ❬✸✾❪✱ ❜✉  ❤❛ ✐♥ (❛✲❝❧✉* ❡( ♣❛  ❡(♥* ❛(❡ ♠♦(❡ (♦❜✉* ♦✈❡(  ✐♠❡  ❤❛♥ ✐♥ (❛*❡❝ ♦(*

❛♥❞ ❣❧♦❜❛❧ ♣❛  ❡(♥*✳ ❈❧✉* ❡(* *❤♦✇ ❤✐❣❤ ♣❡(*✐* ❡♥❝❡✱ ✇❤✐❧❡ ✐ * ♣❡(*✐* ❡♥❝❡ ✐* * (♦♥❣❧② ❧✐♥❦❡❞

 ♦  ❤❡ ✐♥❞✉* (✐❛❧ *❡❝ ♦( ✐ ♦✈❡(✲❡①♣(❡**❡*✳ ❍❡♥❝❡✱ ❛ ❝❧✉* ❡(✲❜❛*❡❞ ♣♦( ❢♦❧✐♦ ❞✐✈❡(*✐✜❝❛ ✐♦♥

✇♦✉❧❞ ❧❡❛❞  ♦ ❛ ❧♦✇❡( ✈♦❧❛ ✐❧✐ ②  ❤❛♥ ❛ *❡❝ ♦(✲❜❛*❡❞ ♦♥❡✳

❋✉( ❤❡(♠♦(❡✱ ✐ ✇♦✉❧❞ ❛❧❧♦✇  ♦ ✐❞❡♥ ✐❢② ✇❤✐❝❤ ✐♥❞✉* (✐❛❧ ❣(♦✉♣* ❤❛✈❡  ❤❡ ❣(❡❛ ❡* ✐♥✢✉❡♥❝❡

♦♥  ❤❡ ♣♦( ❢♦❧✐♦ ❬✻✻❪✱ ❛♥❞ ✐♥  ❤❡ ❢✉ ✉(❡✱ ✐❞❡♥ ✐❢② ✇✐ ❤✐♥ ❛ *❡❝ ♦(✱ ✇❤✐❝❤ ❝♦♠♣❛♥② ✐* ♠♦* 

❧✐❦❡❧②  ♦ ❜❡ ❛ ❣♦♦❞ ✐♥❞✐❝❛ ♦( ♦❢ ❢✉ ✉(❡ ✐♥❞✉* (②✲✇✐❞❡ ♠♦✈❡♠❡♥ ✳

✸✳✹ ❈❧✉&'❡)✐♥❣ ❛♥❞ ❧♦❣✐&'✐❝&

▲♦❣✐* ✐❝* ❛♥❞ *✉♣♣❧② ❝❤❛✐♥ ❢✉♥❝ ✐♦♥*  ❡♥❞  ♦ (❡❧② ♦♥ ❝❧✉* ❡(✐♥❣  ❡❝❤♥✐;✉❡*✳

■♥ *♦♠❡ ❝❛*❡*✱ ❝✉* ♦♠❡( *❡❣♠❡♥ ❛ ✐♦♥ ✐* ✐♠♣♦( ❛♥ ❢♦(  ❤❡ ❞❡✈❡❧♦♣♠❡♥ ♦❢ ❛❞✈❛♥❝❡❞ ❧♦✲

❣✐* ✐❝❛❧ ❞✐* (✐❜✉ ✐♦♥ * (❛ ❡❣✐❡* ✐♥ (❡*♣♦♥*❡  ♦  ❤❡ ❣(♦✇✐♥❣ ❝♦♠♣❧❡①✐ ② ✐♥ ❜✉*✐♥❡** ❧♦❣✐* ✐❝❛❧

♠❛(❦❡ *✳ ❈❧✉* ❡(✲❜❛*❡❞ (♦✉ ❡* ♠❛♣♣✐♥❣ *❤♦✉❧❞ ❜❡ ♣❡(❢♦(♠❡❞ ♣(✐♦(  ♦ ✈❡❤✐❝❧❡ ❞✐*♣❛ ❝❤✐♥❣

❛♥❞ (♦✉ ✐♥❣ ✐♥  ❤❡ ♣(♦❝❡** ❞✐* (✐❜✉ ✐♦♥✳ ❚❤❡ (❡*✉❧ ✐♥❣ *✉♣♣❧② ❝❤❛✐♥ ✇✐❧❧ ❜❡ ♠♦(❡ (❡*♣♦♥✲

*✐✈❡ ❛♥❞ ❝♦♥*✉♠❡(✲♦(✐❡♥ ❡❞ ✭✐♠♣(♦✈❡❞ ❧❡✈❡❧ ♦❢ *❡(✈✐❝❡ ❛♥❞  ✐♠❡✲ ♦✲❞❡❧✐✈❡(②✮✱ ❧❡❛❞✐♥❣ ❛❧*♦

 ♦ ❝♦* (❡❞✉❝ ✐♦♥ ✭❧✐♥❦❡❞  ♦  ❤❡ ❢✉❧❧ ❛♥❞ ❜❡  ❡( ❡①♣❧♦✐ ❛ ✐♦♥ ♦❢  ❤❡ (♦✉ ❡*✮ ❬✶✽❪✳

❚❤❡*❡ ❝❧✉* ❡(✐♥❣ ♣(♦❝❡❞✉(❡* ❢♦( (♦✉ ✐♥❣ ❛❧*♦ *❤♦✇❡❞ ❛ ❣(❡❛ ✐♥ ❡(❡* ✐♥  ❤❡ ❧❛* * ❛❣❡ ♦❢  ❤❡

*✉♣♣❧② ❝❤❛✐♥✱  ❤❡ *♦ ❝❛❧❧❡❞ ✧❧❛* ♠✐❧❡✧✱ ❛♥❞  ❤❡(❡❢♦(❡  ✉(♥❡❞ ♦✉  ♦ ❜❡ ❛ ❣(❡❛ ❛❞✈❛♥ ❛❣❡

✐♥ ❞✐*❛* ❡( *✐ ✉❛ ✐♦♥*✳ ❇❛❧❝✐❦ ❛♥❞ ❛❧✳ ❬✷❪ ❞❡✜♥❡  ❤❡ ❧❛* ♠✐❧❡ ❞✐* (✐❜✉ ✐♦♥ ♣(♦❜❧❡♠ ❛*

✧ ❤❡ ❧❛* * ❛❣❡ ♦❢ ❤✉♠❛♥✐ ❛(✐❛♥ ♦♣❡(❛ ✐♦♥*  ❤❛ ✐♥✈♦❧✈❡* ❞❡❧✐✈❡(② ❢(♦♠ ❧♦❝❛❧ ❞✐* (✐❜✉ ✐♦♥
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❝❡♥#❡$% ✭#❡$#✐❛$② ❤✉❜✮ ♦$ ❢$♦♠ ❝❡♥#$❛❧ ✇❛$❡❤♦✉%❡% ✭%❡❝♦♥❞❛$② ❤✉❜✮ #♦ ❛ ♣♦♣✉❧❛#✐♦♥ ✐♥ ♥❡❡❞

✭❜❡♥❡✜❝✐❛$✐❡%✮✧✳ ❲❡ ❝❛♥ ❡①#❡♥❞ #❤✐% ❞❡✜♥✐#✐♦♥ #♦ ❝❛❧❧ ✐# ✧#❤❡ ❧❛%# ♠✐❧❡ ❞❡❧✐✈❡$② ❛♥❞ ♣✐❝❦✉♣

♣$♦❜❧❡♠✧✱ ✇❤❡$❡ #❤❡ ❧❛%# ♠✐❧❡ ❞❡❧✐✈❡$② $❡❣❛$❞% ♠❛#❡$✐❛❧% #$❛♥%♣♦$#❡❞ ❢$♦♠ ✇❛$❡❤♦✉%❡% #♦

❛✛❡❝#❡❞ ❧♦❝❛#✐♦♥% ❛♥❞ #❤❡ ❧❛%# ♠✐❧❡ ♣✐❝❦✉♣ ✐% #❤❡ ❡✈❛❝✉❛#✐♦♥ ♦❢ ✐♥❥✉$❡❞ ♣❡♦♣❧❡✳ ❯%✐♥❣

❝❧✉%#❡$✐♥❣ ✭❜❛%❡❞ ♦♥ #❤❡ ❞❡♠❛♥❞ ❢♦$ ❡♠❡$❣❡♥❝② %✉♣♣❧✐❡% ❛♥❞ ♠❡❞✐❝❛❧ ❛✐❞✮✱ ✇❡ ❝❛♥ ✜♥❞ #❤❡

♦♣#✐♠❛❧ ❛❧❧♦❝❛#✐♦♥ ♦❢ ✇❛$❡❤♦✉%❡% ❛♥❞ ❤♦%♣✐#❛❧%✳ ❖♥❝❡ #❤❡ ❛❣❣$❡❣❛#❡ %♦❧✉#✐♦♥ ✐% ♦❜#❛✐♥❡❞✱

#❤❡ ❞❡#❛✐❧❡❞ $♦✉#✐♥❣ ♣$♦❜❧❡♠ ✇✐#❤✐♥ ❡❛❝❤ ❝❧✉%#❡$✬% %✉❜✲♥❡#✇♦$❦ ✐% %♦❧✈❡❞ ❜② ❧❡##✐♥❣ $❡❧❡✈❛♥#

♣❛$#% ♦❢ #❤❡ #♦♣ ❧❡✈❡❧ %♦❧✉#✐♦♥ ❜❡❝♦♠❡ ♣$♦❜❧❡♠ ♣❛$❛♠❡#❡$% ❬✹✷❪✳

❚❤❛# ✐❞❡❛✱ ♣$♦✈❡♥ ❡✣❝✐❡♥# ✐♥ ❡♠❡$❣❡♥❝② %✐#✉❛#✐♦♥%✱ ❝❛♥ ♦❢ ❝♦✉$%❡ ❜❡ #$❛♥%♣♦%❡❞ ✐♥ ♦#❤❡$

❝❛%❡% #♦ ❣❛✐♥ %#$❛#❡❣✐❝ ❛❞✈❛♥#❛❣❡ ✐♥ #❤✐% ❧❛%# ♠✐❧❡✳

✸✳✺ ❈❧✉&'❡)✐♥❣ ❛♥❞ ❜✉&✐♥❡&& ♣)♦❝❡&&❡&

■♥ ❛ ❜$♦❛❞❡$ ✈✐❡✇✱ ❝❧✉%#❡$✐♥❣ ✐% ✉%❡❞ #♦ %✉♣♣♦$# ❜✉%✐♥❡%% ♣$♦❝❡%%❡% ❛♥❞ ❜✉%✐♥❡%% ❞❡✈❡❧♦♣✲

♠❡♥#✳

❇✉%✐♥❡%% ♣$♦❝❡%%❡% ❛$❡ ❝♦♥%✐❞❡$❡❞ ♦♥❡ ♦❢ #❤❡ ❝♦$❡ ❜✉%✐♥❡%% ❛%%❡#% ♦❢ ❡♥#❡$♣$✐%❡%✱ ❧❡❛❞✐♥❣

%♦♠❡#✐♠❡% #♦ ❛ %✐❣♥✐✜❝❛♥# ❝♦♠♣❡#✐#✐✈❡ ❛❞✈❛♥#❛❣❡✳ ❚❤❡② ❛$❡ ♠♦$❡ ❛♥❞ ♠♦$❡ %#❛♥❞❛$❞✐③❡❞

❛♥❞ ❛✉#♦♠❛#❡❞ ✐♥ ♣$♦❝❡%%✲❛✇❛$❡ ✐♥❢♦$♠❛#✐♦♥ %②%#❡♠%✳ ❙✐♥❝❡ #❤♦%❡ %②%#❡♠% ❛$❡ ❝♦♥#✐♥✉✲

♦✉%❧② ❛❝❝✉♠✉❧❛#✐♥❣ ❜✉%✐♥❡%% ♣$♦❝❡%%❡%✱ %②%#❡♠❛#✐❝ ♠❡#❤♦❞% ♦❢ ❛♥❛❧②③✐♥❣ ❛♥❞ ✐♠♣$♦✈✐♥❣

#❤❡ ♣$♦❝❡%%❡% ❜❡❝♦♠❡ ❛ ♥❡❝❡%%✐#② ❬✷✷❪✳ ▲❛$❣❡ ❝♦♠♣❛♥✐❡% #❡♥❞ #♦ ❤❛✈❡ ❤✉♥❞$❡❞% ♦❢ ❜✉%✐✲

♥❡%% ♣$♦❝❡%%❡%✳ ❚❤❡$❡❢♦$❡✱ ❤✐❣❤❧✐❣❤#✐♥❣ %✐♠✐❧❛$✐#✐❡% ❛♥❞ ❞✐%%✐♠✐❧❛$✐#✐❡% ❛♠♦♥❣ #❤❡♠ ❝❛♥ ❜❡
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♠❡♥#❛#✐♦♥%✱ ❛♥❞ #❤❡ ❝♦♠♠♦♥❛❧✐#✐❡% ✐❞❡♥#✐✜❡❞ ✇✐❧❧ ❣✐✈❡ $♦♦♠ ❢♦$ ✐♠♣$♦✈❡♠❡♥#✱ ✐♥❝❧✉❞✐♥❣

♦♣♣♦$#✉♥✐#✐❡% ❢♦$ %#❛♥❞❛$❞✐③❛#✐♦♥ ❛♥❞ ❝♦♥%♦❧✐❞❛#✐♦♥✳ ❚❤✐% ♠✐❣❤# ❜❡❝♦♠❡ $❡❛❧❧② ❤❛♥❞②✱ ❢♦$

✐♥%#❛♥❝❡ ✐♥ #❤❡ ❝❛%❡ ♦❢ ♠❡$❣❡$% ❛♥❞ ❛❝P✉✐%✐#✐♦♥%✳ ❲❡ ❝❛♥ #❤❡$❡❢♦$❡ ❝❧✉%#❡$ #❤❡ ❜✉%✐♥❡%%

♣$♦❝❡%%❡% ❣✐✈❡♥ #❤❡✐$ #♦♣✐❝✱ %#$✉❝#✉$❡ ❛♥❞ %❡♠❛♥#✐❝ %✐♠✐❧❛$✐#✐❡%✱ ❛♥❞ ♠♦%# ✐♠♣♦$#❛♥#❧②✱

#❤❡✐$ %#$✉❝#✉$❛❧ ❝♦♠♣♦♥❡♥# ❬✹✾❪✳
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❬✺✽❪❀ ❍✉♠♣❤*❡② ❛♥❞ ❙❝❤♠✐3③ ✶✾✾✺ ❬✷✵❪✮✳ ❈❧✉=3❡*✐♥❣ ❛❧❧♦✇= 3♦ ❥♦✐♥3 ❛❝3✐♦♥= ❛♥❞ ✐♥❝*❡❛=❡

3❤❡ =❝♦♣❡ ♦❢ ♣*♦❥❡❝3=✳ ■♥ ❡✛❡❝3✱ ✐♥❞✐✈✐❞✉❛❧ ❡♥3❡*♣*✐=❡= ✐♥ ❛ ❝❧✉=3❡* ❝❛♥ ❣❛✐♥ ❝♦❧❧❡❝3✐✈❡

❡✣❝✐❡♥❝②✳ ❈❧♦=❡ ♣*♦①✐♠✐3② ❢❛❝✐❧✐3❛3❡= 3❤❡ ❡=3❛❜❧✐=❤♠❡♥3 ❜② ❡♥3❡*♣*✐=❡= ✐♥ 3❤❡ ❧♦❝❛❧✐3② ♦❢

✐♥❞✉=3*✐❛❧ ❧✐♥❦= ✇✐3❤♦✉3 =✉❜=3❛♥3✐❛❧ 3*❛♥=❛❝3✐♦♥ ❝♦=3= ♦* ❞✐✣❝✉❧3✐❡=✳

❍♦✇❡✈❡*✱ 3❤❡=❡ ❡❝♦♥♦♠✐❝ ❛❞✈❛♥3❛❣❡= ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ✐❢ 3❤❡ ❝❧✉=3❡* ❤❛= ✇❡❧❧✲❞❡✈❡❧♦♣❡❞

✐♥3❡*♥❛❧ ❛♥❞ ❡①3❡*♥❛❧ ♥❡3✇♦*❦=✳ ■♥3❡*♥❛❧ ♥❡3✇♦*❦= ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛= ❜✉=✐♥❡== ❝♦♦♣❡*❛3✐♦♥

♦* ❧✐♥❦= ❛♠♦♥❣ ❡♥3❡*♣*✐=❡= ✇✐3❤✐♥ 3❤❡ ❝❧✉=3❡*✳ ❊①3❡*♥❛❧ ♥❡3✇♦*❦= ❛*❡ ❜✉=✐♥❡== ❛♥❞ ♦3❤❡*

❢♦*♠= ♦❢ *❡❧❛3✐♦♥ ❜❡3✇❡❡♥ ❡♥3❡*♣*✐=❡= ✐♥=✐❞❡ 3❤❡ ❝❧✉=3❡* ❛♥❞ ❛❝3♦*= ♦✉3=✐❞❡ 3❤❡ ❝❧✉=3❡* =✉❝❤

❛= =✉♣♣❧✐❡*= ♦❢ ✐♥♣✉3=✱ ♣*♦✈✐❞❡*= ♦❢ ❜✉=✐♥❡== =❡*✈✐❝❡=✱ ❛♥❞ =♦ ♦♥✳ ❚❤❡*❡ ✐= ♦❢ ❝♦✉*=❡ ❛ *✐=❦

♦❢ ❢❛✐❧✉*❡ ❛==♦❝✐❛3❡❞ ✇✐3❤ 3❤❡ ✉=❡ ♦❢ ❝❧✉=3❡*= ❛= ❛ ❝❛3❛❧②=3 ❢♦* ❙▼❊✬= ❞❡✈❡❧♦♣♠❡♥3✳ ■♥

♠♦=3 ❢❛✐❧✉*❡ ❝❛=❡=✱ ♦♥❡ ♦* ♠♦*❡ ❝*✐3✐❝❛❧ =✉❝❝❡== ❢❛❝3♦*= ❢♦* =✉❝❝❡==❢✉❧ ❝❧✉=3❡* ❞❡✈❡❧♦♣♠❡♥3

✇❡*❡ ❡✐3❤❡* ♥♦3 ❡①✐=3✐♥❣ ♦* ♥♦3 ❛❞❞*❡==❡❞ ❝♦**❡❝3❧②✳ Q*❡*❡R✉✐=✐3❡ ❢♦* =✉❝❝❡==❢✉❧ ❝❧✉=3❡*

❞❡✈❡❧♦♣♠❡♥3 ✐= 3❤❡ ❝❧✉=3❡*✬= ♣♦3❡♥3✐❛❧ 3♦ ❛❝❝❡== ❣*♦✇✐♥❣ ♠❛*❦❡3=✳ ❍♦✇❡✈❡*✱ ❜❡❝❛✉=❡ ♦❢ 3❤❡

❤✐❣❤ ❧❡✈❡❧ ♦❢ ❝❡♥3*❛❧✐③❛3✐♦♥ ❛♥❞ =3❛♥❞❛*❞✐③❛3✐♦♥ ♦❢ 3❤❡ ✐♥=3*✉♠❡♥3= ✐♥ 3❤❡ ♣♦❧✐❝② ♠❛❦✐♥❣✱

3❤❡ ❝❧✉=3❡*✬= ❡①✐=3✐♥❣ ❛♥❞ ♣♦3❡♥3✐❛❧ ♠❛*❦❡3 ❧✐♥❦❛❣❡ ❤❛= ♦❢3❡♥ ❜❡❡♥ ♥❡❣❧❡❝3❡❞ ✐♥ ♣*♦❥❡❝3

❞❡=✐❣♥ ❬✺✼❪✳
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✹ ❈❧✉$%❡'✐♥❣

✹✳✶ ❈❧✉$%❡'✐♥❣ ♣'✐♥❝✐♣❧❡$

❈❧✉#$❡& ❛♥❛❧②#✐# ❤❛# ❛ ✈❛&✐❡$② ♦❢ ❣♦❛❧#✳ ❆❧❧ &❡❧❛$❡ $♦ ❣&♦✉♣✐♥❣ ♦& #❡❣♠❡♥$✐♥❣ ❛ ❝♦❧❧❡❝$✐♦♥ ♦❢

♦❜❥❡❝$# ✐♥$♦ #✉❜#❡$# ♦& ✧❝❧✉#$❡&#✧✱ ✇✐$❤ $❤❡ ❝❤❛&❛❝$❡&✐#$✐❝# $❤❛$ ♦❜❥❡❝$# ✇✐$❤✐♥ ❡❛❝❤ ❝❧✉#$❡&

❛&❡ ♠♦&❡ ❝❧♦#❡❧② &❡❧❛$❡❞ $♦ ♦♥❡ ❛♥♦$❤❡& $❤❛♥ ♦❜❥❡❝$# ❛##✐❣♥❡❞ $♦ ❞✐✛❡&❡♥$ ❝❧✉#$❡&# ❬✶✼❪✳

❆ ❝❧✉#$❡&✐♥❣ $❡❝❤♥✐@✉❡ ✇✐❧❧ $❤❡&❡❢♦&❡ ♣&♦✈✐❞❡ ❛ ♣❛&$✐$✐♦♥ ♦❢ $❤❡ #❡$ ♦❢ ♦❜❥❡❝$# ✐♥$♦ ❞✐#$✐♥❝$

❝❧❛##❡#✳ ❚❤✐# &❡@✉✐&❡# $❤❡ ❡①✐#$❡♥❝❡ ♦❢ $❤&❡❡ ❞✐✛❡&❡♥$ $♦♦❧#✿ ❛ ♠❡❛#✉&❡ ♦❢ ✭❞✐#✮#✐♠✐❧❛&✐$②

❜❡$✇❡❡♥ $❤❡ ♦❜❥❡❝$#✱ ❛ ❝&✐$❡&✐♦♥ ♠❡❛#✉&✐♥❣ $❤❡ @✉❛❧✐$② ♦❢ ❛ ♣❛&$✐$✐♦♥ ❛♥❞ ❛♥ ♦♣$✐♠✐③❛✲

$✐♦♥ $❡❝❤♥✐@✉❡ ❢♦& ❝♦♠♣✉$✐♥❣ ❤✐❣❤✲@✉❛❧✐$② ♣❛&$✐$✐♦♥✳ ❚❤❡ #✐♠✐❧❛&✐$② ♠❡❛#✉&❡ ❝♦✉❧❞✱ ❢♦&

✐♥#$❛♥❝❡✱ ❜❡ $❤❡ #✐♠✐❧❛&✐$② ♣&♦✈✐❞❡❞ ❜② ❛ ❦❡&♥❡❧ ✭#❡❡ #❡❝$✐♦♥ ✹✳✷✳✶✮ ♦♥ ❛ ❣&❛♣❤✱ ✇❤✐❧❡ $❤❡

❝&✐$❡&✐♦♥ ❝♦✉❧❞ ❜❡ $❤❡ $♦$❛❧ ✇✐$❤✐♥✲❝❧✉#$❡& ✐♥❡&$✐❛ ✭❛ ♠❡❛#✉&❡ ♦❢ ❤♦✇ ✐♥$❡&♥❛❧❧② ❝♦❤❡&❡♥$

❝❧✉#$❡&# ❛&❡✮ ✐♥❞✉❝❡❞ ❜② $❤❡ ❦❡&♥❡❧ ♦♥ ❛ ❣&❛♣❤ ✐♥ $❤❡ ❡♠❜❡❞❞✐♥❣ #♣❛❝❡✱ ❛# ✐♥ $❤❡ ❝❛#❡ ♦❢

#✐♠♣❧❡ ❦✲♠❡❛♥# ❝❧✉#$❡&✐♥❣ ❬✶✸❪✳

❚❤❡&❡ ❛&❡ $✇♦ ❦✐♥❞# ♦❢ ✐♥♣✉$# ✇❡ ♠✐❣❤$ ✉#❡ ✇❤❡♥ ♣❡&❢♦&♠✐♥❣ ❛ ❝❧✉#$❡&✐♥❣✳ ■♥ #✐♠✐❧❛&✐$②✲

❜❛#❡❞ ❝❧✉#$❡&✐♥❣✱ $❤❡ ✐♥♣✉$ ✐# ❛♥ N × N ❞✐##✐♠✐❧❛&✐$② ♠❛$&✐① ♦& ❞✐#$❛♥❝❡ ♠❛$&✐① D✳ ■♥

❢❡❛$✉&❡✲❜❛#❡❞ ❝❧✉#$❡&✐♥❣✱ $❤❡ ✐♥♣✉$ ✐# ❛♥ N×D ❢❡❛$✉&❡ ♠❛$&✐① ♠❛$&✐① X✳ ❙✐♠✐❧❛&✐$②✲❜❛#❡❞

❝❧✉#$❡&✐♥❣ ❤❛# $❤❡ ❛❞✈❛♥$❛❣❡ $❤❛$ ✐$ ❛❧❧♦✇# ❢♦& ❡❛#② ✐♥❝❧✉#✐♦♥ ♦❢ ❞♦♠❛✐♥✲#♣❡❝✐✜❝ #✐♠✐❧❛&✐$②

♦& ❦❡&♥❡❧ ❢✉♥❝$✐♦♥#✳ ❋❡❛$✉&❡✲❜❛#❡❞ ❝❧✉#$❡&✐♥❣ ❤❛# $❤❡ ❛❞✈❛♥$❛❣❡ $❤❛$ ✐$ ✐# ❛♣♣❧✐❝❛❜❧❡ $♦

✧&❛✇✧✱ ♣♦$❡♥$✐❛❧❧② ♥♦✐#② ❞❛$❛ ❬✸✼❪✳

▼♦&❡ ❢♦&♠❛❧❧②✱ $❤✐# ♠❡❛♥# $❤❛$✱ ❣✐✈❡♥ $❤❡ #❡$ V ♦❢ ♥♦❞❡ ✈❡❝$♦&#✱ $❤❡ ❤❛&❞ ♣❛&$✐$✐♦♥ ❦✲

❝❧✉#$❡&✐♥❣ ♦❢ V ✐# ❛ ♣❛&$✐$✐♦♥ ♦❢ V ✐♥$♦ k #❡$# ✭❝❧✉#$❡&#✮ C1, ..., Ck #♦ $❤❛$✿

• Ci 6= �✱ i = 1, ..., k

• ∪k
i=1Ci = V

• Ci

⋂

Cj = � ✱ i = j✱ i, j = 1, ..., k

✇❤❡&❡ ❡❛❝❤ ♥♦❞❡ ❜❡❧♦♥❣# $♦ ❛ #✐♥❣❧❡ ❝❧✉#$❡&✳ ❆♥ ❛❧$❡&♥❛$✐✈❡ ❞❡✜♥✐$✐♦♥ ❛❧❧♦✇# ♥♦❞❡# $♦

❜❡❧♦♥❣ $♦ ❛❧❧ ❝❧✉#$❡&# k ✇✐$❤ ❛ ❝❡&$❛✐♥ ❞❡❣&❡❡ ♦❢ ♠❡♠❜❡&#❤✐♣✱ ❝❛❧❧❡❞ uij ∈ [0, 1]✳ ■♥$&♦✲

❞✉❝❡❞ ❜② ❩❛❞❡❤ ❬✷✹❪ ✱ $❤✐# ✐# ❝❛❧❧❡❞ ❢✉③③② ❝❧✉#$❡&✐♥❣ ❛♥❞ #❛$✐#✜❡# $❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦♣❡&$✐❡#✿
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∑K

i=1 uij = 1 ∀j ❛♥❞ 0 <
∑N

j=1 uij < N ✱ ∀i ✇❤❡'❡ uij ✐) *❤❡ ♠❡♠❜❡')❤✐♣ ❝♦❡✣❝✐❡♥* ♦❢ *❤❡

jth ♦❜❥❡❝* ✐♥ *❤❡ ith ❝❧✉)*❡' ❬✽❪ ✳

❆❝❝♦'❞✐♥❣ *♦ ❋♦✉))✱ ❙❛❡'❡♥) ❛♥❞ ❙❤✐♠❜♦ ❬✶✸❪✱ *❤❡'❡ ❡①✐)* )❡✈❡'❛❧ ❞✐✛❡'❡♥* *②♣❡) ♦❢ ❝❧✉)✲

*❡'✐♥❣ ❛❧❣♦'✐*❤♠)✱ *❤❡ ♠♦)* ❝♦♠♠♦♥❧② ✉)❡❞ ❜❡✐♥❣ ✿

• ❚♦♣✲❞♦✇♥✱ ❞✐✈✐)✐✈❡ *❡❝❤♥✐F✉❡) ✭❛❧)♦ '❡❢❡''❡❞ ❛) )♣❧✐**✐♥❣ ♠❡*❤♦❞)✮✳ ❚❤❡)❡ ♣'♦❝❡❞✉'❡)

)*❛'* ❢'♦♠ ❛♥ ✐♥✐*✐❛❧ )✐*✉❛*✐♦♥ ✇❤❡'❡ ❛❧❧ *❤❡ ♥♦❞❡) ♦❢ *❤❡ ❣'❛♣❤ ❛'❡ ❝♦♥*❛✐♥❡❞ ✐♥ ♦♥❧②

♦♥❡ ❝❧✉)*❡' ❛♥❞ *❤❡♥ )♣❧✐* *❤❡ ❝❧✉)*❡' ✐♥*♦ ♣✐❡❝❡) ❜② ♠✐♥✐♠✐③✐♥❣ ❛ ❝'✐*❡'✐♦♥✳

• ❖♣*✐♠✐③❛*✐♦♥ *❡❝❤♥✐F✉❡) ♠❛①✐♠✐③✐♥❣ ❛ ❝'✐*❡'✐♦♥ ❛))❡))✐♥❣ *❤❡ F✉❛❧✐*② ♦❢ *❤❡ ♣❛'*✐✲

*✐♦♥✳ ❆ ♣♦♣✉❧❛' ❛❧❣♦'✐*❤♠ ♣❡'*❛✐♥✐♥❣ *♦ *❤✐) ❝❧❛)) ✐) *❤❡ ❦❡'♥❡❧ ❦✲♠❡❛♥)✱ ♦♣*✐♠✐③✐♥❣

*❤❡ ✇✐*❤✐♥✲❝❧✉)*❡' ✐♥❡'*✐❛✳

• ❇♦**♦♠✲✉♣ ❛❣❣❧♦♠❡'❛*✐✈❡ *❡❝❤♥✐F✉❡) *❤❛* )*❛'* ❢'♦♠ ❛ ♣❛'*✐*✐♦♥ ✇❤❡'❡ ❡❛❝❤ ♥♦❞❡ ✐)

❛ ❝❧✉)*❡' ❜② ✐*)❡❧❢✳ ❆ ❣'❡❡❞② ❛❧❣♦'✐*❤♠ ✐) *❤❡♥ ✉)❡❞ *♦ ♠❡'❣❡ *❤❡ )✐♠✐❧❛' ✭❂ ❤✐❣❤❧②

✐♥*❡'✲❝♦♥♥❡❝*❡❞✮ ♥♦❞❡)✴❝❧✉)*❡')✳

▲❡* ✉) ❜❡ ❛ ❜✐* ♠♦'❡ ♣'❡❝✐)❡ ✐♥ *❤♦)❡ ❞❡✜♥✐*✐♦♥)✳

❲❤❡♥ ❝❧✉)*❡'✐♥❣ ❞❛*❛ ✐♥*♦ ❣'♦✉♣)✱ *❤❡ ✐))✉❡ ♦❢ *❤❡ ❡①✐)*❡♥❝❡ ♦❢ ♠✉❧*✐♣❧❡ )✉❜❣'♦✉♣) ♠✐❣❤*

♦❝❝✉'✳ ▲❡* K '❡♣'❡)❡♥* *❤❡ ♥✉♠❜❡' ♦❢ ❝❧✉)*❡')✳ ❖✉' ✜')* ♦❜❥❡❝*✐✈❡ ✐) *♦ ❡)*✐♠❛*❡ *❤❡

❞✐)*'✐❜✉*✐♦♥ ♦✈❡' *❤❡ ♥✉♠❜❡' ♦❢ ❝❧✉)*❡')✱ p(K | D)✳ ❚❤✐) ✇✐❧❧ *❡❧❧ ✉) ✐❢ *❤❡'❡ ❛'❡ ❛♥② )✉❜✲

♣♦♣✉❧❛*✐♦♥) ✇✐*❤✐♥ *❤❡ ❞❛*❛✳❲❡ ❝❛♥ ❛♣♣'♦①✐♠❛*❡ *❤❡ ❞✐)*'✐❜✉*✐♦♥ p(K | D) ❜② ✐*) ♠♦❞❡✱

K∗ =❛'❣♠❛①kp(K | D) ✳ ❚❤❡ )❡❝♦♥❞ ❣♦❛❧ ✐) *♦ ❡)*✐♠❛*❡ ✇❤✐❝❤ ❝❧✉)*❡' ❡❛❝❤ ♣♦✐♥* ❜❡❧♦♥❣)

*♦✳ ■❢ zi ∈ 1, . . . , K '❡♣'❡)❡♥* *❤❡ ❝❧✉)*❡' *♦ ✇❤✐❝❤ ❞❛*❛ ♣♦✐♥* i ✐) ❛))✐❣♥❡❞✱ ✇❡ ❝❛♥ ✐♥❢❡'

✇❤✐❝❤ ❝❧✉)*❡' ❡❛❝❤ ❞❛*❛ ♣♦✐♥* ❜❡❧♦♥❣) *♦ ❜② ❝♦♠♣✉*✐♥❣ z∗i = ❛'❣♠❛①kp((zi = k | xi), D)

❬✸✼❪✳

✹✳✷ ▼❡❛&✉(✐♥❣ ✭❞✐&✮&✐♠✐❧❛(✐1② ❛♥❞ ♣(♦①✐♠✐1②

❆ ❞✐))✐♠✐❧❛'✐*② ♠❛*'✐① D ✐) ❛ N ×N ♠❛*'✐① ✇❤❡'❡ N ✐) *❤❡ ♥✉♠❜❡' ♦❢ ♦❜❥❡❝*) ❛♥❞ ❡❛❝❤

❡❧❡♠❡♥* dii′ '❡❝♦'❞) *❤❡ ♣'♦①✐♠✐*② ❜❡*✇❡❡♥ *❤❡ ith ❛♥❞ i′th ♦❜❥❡❝*)✳ ❚❤✐) ♠❛*'✐① ✐) *❤❡♥

♣'♦✈✐❞❡❞ ❛) ✐♥♣✉* *♦ *❤❡ ❝❧✉)*❡'✐♥❣ ❛❧❣♦'✐*❤♠✳ ❲❡ *❤✉) ❤❛✈❡ *❤❛* di,i = 0 ❛♥❞ di,j ≥ 0

✐) ❛ ♠❡❛)✉'❡ ♦❢ ❞✐)*❛♥❝❡ ❜❡*✇❡❡♥ ♦❜❥❡❝*) i ❛♥❞ j✳ ❯)✐♥❣ ❛ )✐♠✐❧❛'✐*② ♠❛*'✐① S✱ ✇❡ ❝❛♥
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❝♦♥✈❡%& ✐& &♦ ❛ ❞✐**✐♠✐❧❛%✐&② ♠❛&%✐① ❜② ❛♣♣❧②✐♥❣ ❛♥② ♠♦♥♦&♦♥✐❝❛❧❧② ❞❡❝%❡❛*✐♥❣ ❢✉♥❝&✐♦♥✱❡✳❣✳

D = max(S)− S ❬✸✼❪✳

❙♦♠❡&✐♠❡* &❤❡ ❞❛&❛ ✐* %❡♣%❡*❡♥&❡❞ ❞✐%❡❝&❧② ✐♥ &❡%♠* ♦❢ ♣%♦①✐♠✐&② ✭❛❧✐❦❡♥❡** ♦% ❛✣♥✐&②✮

❜❡&✇❡❡♥ ♣❛✐%* ♦❢ ♦❜❥❡❝&*✳ ❚❤❡*❡ ❝❛♥ ❜❡ ❡✐&❤❡% *✐♠✐❧❛%✐&✐❡* ♦% ❞✐**✐♠✐❧❛%✐&✐❡*✳ ❉✐**✐♠✐❧❛%✐&✐❡*

❝❛♥ ❜❡ ❝♦♠♣✉&❡❞ ❜② ❡✈❛❧✉❛&✐♥❣ ❤♦✇ ♠✉❝❤ ♦❜❥❡❝&* ❞✐✛❡% ❢%♦♠ ♦♥❡ ❛♥♦&❤❡%✳ ▼♦*& ♦❢&❡♥

✇❡ ❤❛✈❡ ♠❡❛*✉%❡♠❡♥&* xij ❢♦% i = 1, 2, . . . , N ✱ ♦♥ ✈❛%✐❛❜❧❡* j = 1, 2, . . . , p ✭❛❧*♦ ❝❛❧❧❡❞

✧❛&&%✐❜✉&❡*✧✮✳ ❙✐♥❝❡ ♠♦*& ♦❢ &❤❡ ♣♦♣✉❧❛% ❝❧✉*&❡%✐♥❣ ❛❧❣♦%✐&❤♠* &❛❦❡ ❛ ❞✐**✐♠✐❧❛%✐&② ♠❛&%✐①

❛* &❤❡✐% ✐♥♣✉&✱ ✇❡ ♠✉*& ✜%*& ❝♦♥*&%✉❝& ♣❛✐%✇✐*❡ ❞✐**✐♠✐❧❛%✐&✐❡* ❜❡&✇❡❡♥ &❤❡ ♦❜*❡%✈❛&✐♦♥*✳

❲❡ ✉*✉❛❧❧② ❞❡✜♥❡ ❛ ❞✐**✐♠✐❧❛%✐&② dj(xij, xi′j) ❜❡&✇❡❡♥ ✈❛❧✉❡* ♦❢ &❤❡ jth ❛&&%✐❜✉&❡✱ ❛♥❞ &❤❡♥

❞❡✜♥❡ D(xi, xi′) =
√

∑p

j=1 d
2
j(xij, xi′j) ❛* &❤❡ ❞✐**✐♠✐❧❛%✐&② ❜❡&✇❡❡♥ ♦❜❥❡❝&* I ❛♥❞ I ′✳ ❚❤❡

♠♦*& ❝♦♠♠♦♥ ❝❤♦✐❝❡ ✐* &❤❡ *I✉❛%❡❞ ❊✉❝❧✐❞❡❛♥ ❞✐*&❛♥❝❡✿ d2j(xij, xi′j) = (xij − xi′j)
2
❬✶✼❪✳

✹✳✸ #❡%❢♦%♠❛♥❝❡ ♠❡❛,✉%❡,

❉✐✛❡%❡♥& ♣❡%❢♦%♠❛♥❝❡ ♠❡❛*✉%❡* ❝❛♥ ❜❡ ✉*❡❞ &♦ ❞❡&❡%♠✐♥❡ &❤❡ I✉❛❧✐&② ♦❢ ❛ ♣❛%&✐&✐♦♥✳

❋♦% &❤❡ ♣✉%♣♦*❡ ♦❢ &❤✐* &❤❡*✐*✱ ✇❡ ✉*❡❞ &❤%❡❡ ♣❡%❢♦%♠❛♥❝❡ ♠❡❛*✉%❡*✿ &❤❡ ◆▼■ ✭◆♦%♠❛❧✐③❡❞

▼✉&✉❛❧ ■♥❢♦%♠❛&✐♦♥✮ *❝♦%❡✱ &❤❡ ❆❞❥✉*&❡❞ ❘❛♥❞ ■♥❞❡① ❛♥❞ &❤❡ ❝❧❛**✐✜❝❛&✐♦♥ %❛&❡ ✳

• ❚❤❡ ◆▼■ ❛❧❣♦%✐&❤♠ ❝♦♠♣❛%❡* &❤❡ ❝❧✉*&❡%* ❢♦✉♥❞ ❜② ♦✉% ❛❧❣♦%✐&❤♠* ✇✐&❤ &❤❡ %❡❛❧

❝❧✉*&❡%*✱ ❛♥❞ ❝♦♠♣✉&❡* &♦ ✇❤✐❝❤ ❧❡✈❡❧ &❤❡② *❤❛%❡ &❤❡ *❛♠❡ ✐♥❢♦%♠❛&✐♦♥ ❬✼✶❪✳ ❚❤✐*

✐* ❝♦♠♣✉&❡❞ ❢♦% ❛❧❧ ✺✵ ✐&❡%❛&✐♦♥*✱ ❛♥❞ &❤❡ ♠❡❛♥ ♦❢ &❤♦*❡ *❝♦%❡* ✐* %❡&✉%♥❡❞ ❢♦% ❡❛❝❤

❛❧❣♦%✐&❤♠✳ ❚❤❡ ♣❡%❢♦%♠❛♥❝❡ ♦❢ ❡❛❝❤ ❛❧❣♦%✐&❤♠ ❢♦% ❡✈❡%② ❞❛&❛*❡& ✐* &❤❡♥ ❡✈❛❧✉❛&❡❞

❜② ❝♦♠♣❛%✐♥❣ &❤❡ ♠❡❛♥* ♦❢ &❤❡ ◆▼■✳

• ❚❤❡ ❆❞❥✉*&❡❞ ❘❛♥❞ ■♥❞❡① ✐* ❛ *❡❝♦♥❞ ♣❡%❢♦%♠❛♥❝❡ ♠❡❛*✉%❡✳ ❈♦♥*✐❞❡% ❛ *❡& ♦❢

n ♦❜❥❡❝&* S = {O1, O2, ..., On} ❛♥❞ *✉♣♣♦*❡ &❤❛& U = {u1, u2, ..., uR} ❛♥❞ V =

{v1, v2, ..., vC} %❡♣%❡*❡♥& &✇♦ ❞✐✛❡%❡♥& ♣❛%&✐&✐♦♥* ♦❢ &❤❡ ♦❜❥❡❝&* ✐♥ S *✉❝❤ &❤❛& ∪R
i=1ui =

S = ∪C
j=1vj ❛♥❞ ui ∩ ui′ = φ = vj ∩ vj′ ❢♦% 1 ≤ i 6= i′ ≤ R ❛♥❞ 1 ≤ j 6= j′ ≤ C ✳

●✐✈❡♥ &✇♦ ♣❛%&✐&✐♦♥*✱ U ❛♥❞ V ✱ ✇✐&❤ R ❛♥❞ C *✉❜*❡&*✱ %❡*♣❡❝&✐✈❡❧②✱ ❛ ❝♦♥&✐♥❣❡♥❝②

&❛❜❧❡ ❝❛♥ ❜❡ ❢♦%♠❡❞ &♦ ✐♥❞✐❝❛&❡ &❤❡ ❣%♦✉♣ ♦✈❡%❧❛♣* ❜❡&✇❡❡♥ U❛♥❞ V ✳ ■♥ *✉❝❤ &❛❜❧❡✱

❛ ❣❡♥❡%✐❝ ❡♥&%② trc✱ %❡♣%❡*❡♥&* &❤❡ ♥✉♠❜❡% ♦❢ ♦❜❥❡❝&* &❤❛& ✇❡%❡ ❝❧❛**✐✜❡❞ ✐♥ &❤❡ rth

*✉❜*❡& ♦❢ ♣❛%&✐&✐♦♥ R ❛♥❞ ✐♥ &❤❡ cth *✉❜*❡& ♦❢ ♣❛%&✐&✐♦♥ C✳ ❋%♦♠ &❤❡ &♦&❛❧ ♥✉♠❜❡% ♦❢



✹ ❈❧✉$%❡'✐♥❣ ✶✾

♣♦""✐❜❧❡ ❝♦♠❜✐♥❛+✐♦♥" ♦❢ ♣❛✐-"





n

2





❢-♦♠ ❛ ❣✐✈❡♥ "❡+ ✇❡ ❝❛♥ -❡♣-❡"❡♥+ +❤❡ -❡"✉❧+"

✐♥ ❢♦✉- ❞✐✛❡-❡♥+ +②♣❡" ♦❢ ♣❛✐-" ❬✺✸❪✿

❛ ✲ ♦❜❥❡❝+" ✐♥ ❛ ♣❛✐- ♣❧❛❝❡❞ ✐♥ +❤❡ "❛♠❡ ❣-♦✉♣ ✐♥ U ❛♥❞ ✐♥ +❤❡ "❛♠❡ ❣-♦✉♣ ✐♥ V ❀

❜ ✲ ♦❜❥❡❝+" ✐♥ ❛ ♣❛✐- ♣❧❛❝❡❞ ✐♥ +❤❡ "❛♠❡ ❣-♦✉♣ ✐♥ U ❛♥❞ ✐♥ ❞✐✛❡-❡♥+ ❣-♦✉♣" ✐♥ V ❀

❝ ✲ ♦❜❥❡❝+" ✐♥ ❛ ♣❛✐- ♣❧❛❝❡❞ ✐♥ +❤❡ "❛♠❡ ❣-♦✉♣ ✐♥ V ❛♥❞ ✐♥ ❞✐✛❡-❡♥+ ❣-♦✉♣" ✐♥ U ❛♥❞❀

❞ ✲ ♦❜❥❡❝+" ✐♥ ❛ ♣❛✐- ♣❧❛❝❡❞ ✐♥ ❞✐✛❡-❡♥+ ❣-♦✉♣" ✐♥ U ❛♥❞ ✐♥ ❞✐✛❡-❡♥+ ❣-♦✉♣" ✐♥ V ✳

❚❤❡ ❘❛♥❞ ■♥❞❡① ❝❛♥ +❤❡♥ ❜❡ ❡❛"✐❧② ❝♦♠♣✉+❡❞ ❜②✿

RI =
a+ d

a+ b+ c+ d
❡!✳ ✹✳✶

❚❤❡-❡ ❛-❡ "♦♠❡ ❦♥♦✇♥ ♣-♦❜❧❡♠" ✇✐+❤ ❘■✱ "✉❝❤ ❛" +❤❡ ❢❛❝+ +❤❛+ +❤❡ ❡①♣❡❝+❡❞ ✈❛❧✉❡

♦❢ +❤❡ ❘■ ♦❢ +✇♦ -❛♥❞♦♠ ♣❛-+✐+✐♦♥" ❞♦❡" ♥♦+ +❛❦❡ ❛ ❝♦♥"+❛♥+ ✈❛❧✉❡ ✭"❛② ③❡-♦✮ ♦-

+❤❛+ +❤❡ ❘❛♥❞ "+❛+✐"+✐❝ ❛♣♣-♦❛❝❤❡" ✐+" ✉♣♣❡- ❧✐♠✐+ ♦❢ ✉♥✐+② ❛" +❤❡ ♥✉♠❜❡- ♦❢ ❝❧✉"+❡-"

✐♥❝-❡❛"❡"✳ ❲✐+❤ +❤❡ ✐♥+❡♥+✐♦♥ +♦ ♦✈❡-❝❛♠❡ +❤❡"❡ ❧✐♠✐+❛+✐♦♥" -❡"❡❛-❝❤❡-" ❤❛✈❡ ❝-❡❛+❡❞

"❡✈❡-❛❧ ❞✐✛❡-❡♥+ ♠❡❛"✉-❡"✱ ❛♠♦♥❣ +❤♦"❡ +❤❡ ❆❞❥✉"+❡❞ ❘❛♥❞ ■♥❞❡①✳ ❚❤❡ ❆❘■ ❝❛♥ ❜❡

❝♦♠♣✉+❡❞ ❜②✿

ARI =





n

2



 (a+ d)− [(a+ b)(a+ c) + (c+ d)(b+ d)]





n

2





2

− [(a+ b)(a+ c) + (c+ d)(b+ d)]

❡!✳ ✹✳✷

✇✐+❤ ❡①♣❡❝+❡❞ ✈❛❧✉❡ ③❡-♦ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡ ✶ ❬✺✸❪✳

• ❚❤❡ ❝❧❛""✐✜❝❛+✐♦♥ -❛+❡ "✐♠♣❧② -❡+✉-♥" +❤❡ ♣❡-❝❡♥+❛❣❡ ♦❢ ❝♦--❡❝+ ❝❧❛""✐✜❝❛+✐♦♥✳ ❍♦✇✲

❡✈❡-✱ +❤✐" ♠❛② ❧❡❛❞ +♦ "♦♠❡ ❡--♦♥❡♦✉" ❝♦♥❝❧✉"✐♦♥"✳ ❈♦♥"✐❞❡- +❤❡ ❝❛"❡ ♦❢ ❛ +✇♦✲❝❧❛""

♣-♦❜❧❡♠ ✇✐+❤ ♦♥❡ ❝❧❛"" ❤❛✈✐♥❣ ✾✵✪ ♦❢ +❤❡ ❝❛"❡"✳ ■❢ ❛❧❧ +❤❡ ♦✉+♣✉+" ♦❢ +❤❡ ❝❧❛""✐✜✲

❝❛+✐♦♥ ❛❧❣♦-✐+❤♠ ❛-❡ ❢-♦♠ +❤❡ ♠❛❥♦-✐+② ❝❧❛""✱ ✇❡ ✇✐❧❧ ❣❡+ ❛ ❈❘ ✈❛❧✉❡ ♦❢ ✾✵✪ +❤❛+

❝❛♥ ❜❡ ♠✐"❧❡❛❞✐♥❣ "♣❡❝✐❛❧❧② ✐❢ ♦♥❡ ✐♥+❡♥❞" +♦ ❞❡+❡❝+ ❛♥❞ ❝❧❛""✐❢② +❤❡ ♠✐♥♦-✐+② ❝❧❛""✳

❚❤❡-❡❢♦-❡ ♦♥❡ "❤♦✉❧❞ -❡♠❡♠❜❡- +❤❛+ "♣❡❝✐❛❧ ❝❛-❡ ♠✉"+ ❜❡ +❛❦❡♥ ✇❤❡♥ ✉"✐♥❣ ❈❘ ✐♥

♣-♦❜❧❡♠" ✇✐+❤ ❧♦✇ -❡♣-❡"❡♥+❛+✐✈❡ ❝❧❛""❡" ❬✺✸❪✳



✺ ❆❧❣♦%✐'❤♠* ✷✵

✺ ❆❧❣♦%✐'❤♠*

▲❡" ✉$ ♥♦✇ ❞❡$❝*✐❜❡ ✐♥ ❞❡"❛✐❧ "❤❡ ❞✐✛❡*❡♥" ❛❧❣♦*✐"❤♠$ ✇❡ ❛*❡ ❣♦✐♥❣ "♦ ✉$❡ ❢♦* ♦✉* ❝❧✉$"❡*✐♥❣

❡①♣❡*✐♠❡♥"$✳ ❚❤❡ ❞✐✛❡*❡♥" ❛❧❣♦*✐"❤♠$ ✇❡ ✇✐❧❧ $"✉❞② ❛*❡ "❤❡ ❞✐$"❛♥❝❡✲❜❛$❡❞ ❦✲♠❡❛♥$✱ "❤❡

❦❡*♥❡❧ ❦✲♠❡❛♥$✱ "❤❡ ▲♦✉✈❛✐♥ ♠❡"❤♦❞ ❛♥❞ "❤❡ ♣♦$$✐❜✐❧✐$"✐❝ ❢✉③③② ❝✲♠❡❛♥$✳❚❤❡ ❢♦❧❧♦✇✐♥❣

$❡❝"✐♦♥ ✐$ ❜❛$❡❞ ♦♥ "❤❡ ❜♦♦❦ ❜② ❋♦✉$$✱ ❙❛❡*❡♥$ ❛♥❞ ❙❤✐♠❜♦ ❬✶✸❪✳

✺✳✶ ❉✐*'❛♥❝❡✲❜❛*❡❞ ❦✲♠❡❛♥*

✺✳✶✳✶ ❉❡%❝'✐♣*✐♦♥

❆❝❝♦*❞✐♥❣ "♦ ❍❛$"✐❡ ❛♥❞ ❛❧✳ ❬✶✼❪✱ "❤❡ ❦✲♠❡❛♥$ ❛❧❣♦*✐"❤♠ ✐$ ♦♥❡ ♦❢ "❤❡ ♠♦$" ♣♦♣✉❧❛*

✐"❡*❛"✐✈❡ ❞❡$❝❡♥" ❝❧✉$"❡*✐♥❣ ♠❡"❤♦❞$✳ ■" ✐$ ✐♥"❡♥❞❡❞ ❢♦* $✐"✉❛"✐♦♥$ ✐♥ ✇❤✐❝❤ ❛❧❧ ✈❛*✐❛❜❧❡$ ❛*❡

♦❢ "❤❡ H✉❛♥"✐"❛"✐✈❡ "②♣❡✱ ❛♥❞ "❤❡ $H✉❛*❡❞ ❊✉❝❧✐❞❡❛♥ ❞✐$"❛♥❝❡ ✐$ ❝❤♦$❡♥ ❛$ "❤❡ ❞✐$$✐♠✐❧❛*✐"②

♠❡❛$✉*❡✳

■" ✐$ $✉♣♣♦$❡❞ "♦ ❜❡ ❛ $✐♠♣❧❡ ❛♥❞ $"*❛✐❣❤"❢♦*✇❛*❞ ♠❡"❤♦❞ ❢♦* ❝❧✉$"❡*✐♥❣ ❞❛"❛ ❬✺✹❪✳

❆ ❞✐$"❛♥❝❡✲❜❛$❡❞ ❦✲♠❡❛♥$ ❜❛$✐❝❛❧❧② ❝♦**❡$♣♦♥❞$ "♦ ❛ ❦✲♠❡❛♥$✲❧✐❦❡ "✇♦✲$"❡♣$ ✐"❡*❛"✐✈❡ ❛❧✲

❣♦*✐"❤♠ ❜❛$❡❞ ♦♥ ❛ ❞✐$"❛♥❝❡ ✭♦* ❞✐$$✐♠✐❧❛*✐"②✮ ♠❛"*✐①✱ ✐♥$"❡❛❞ ♦❢ ❢❡❛"✉*❡$ ✭✐" ✐$ ❛$$✉♠❡❞

"❤❛" ❛ $②♠♠❡"*✐❝ ❞✐$"❛♥❝❡ ♠❛"*✐①✱ D ✭❛❧$♦ ❞❡♥♦"❡❞ △✮✱ ❝♦♥"❛✐♥✐♥❣ "❤❡ ❞✐$"❛♥❝❡$ ❜❡"✇❡❡♥
❡✈❡*② ♣❛✐* ♦❢ ♥♦❞❡$✱ ❤❛$ ❜❡❡♥ ♣*❡✲❝♦♠♣✉"❡❞✮✳ ❚❤❡ ❣♦❛❧ ✇✐❧❧ ❜❡ "♦ ♣❛*"✐"✐♦♥ "❤❡ ♥♦❞❡$ ❜②

♠✐♥✐♠✐③✐♥❣ "❤❡ "♦"❛❧ ✇✐"❤✐♥ ❝❧✉$"❡* $✉♠ ♦❢ ❞✐$"❛♥❝❡$✳ ❋♦* "❤✐$ ❛❧❣♦*✐"❤♠✱ "❤❡ ♥✉♠❜❡* ♦❢

❝❧✉$"❡*$ m ❤❛$ "♦ ❜❡ ♣*♦✈✐❞❡❞ ❜② "❤❡ ✉$❡*✳ ❊❛❝❤ ❝❧✉$"❡* ✭k = 1, . . . ,m✮ ✐$ ❝❤❛*❛❝"❡*✐③❡❞

❜② ❛ ♣*♦"♦"②♣❡ ✭❝❤♦$❡♥ ❛♠♦♥❣ "❤❡ ♥♦❞❡$ ❜❡❧♦♥❣✐♥❣ "♦ "❤❡ ❝❧✉$"❡*✮✳ ❚❤✐$ ♣*♦"♦"②♣❡ ✐$ "❤❡

✧♠♦$" "②♣✐❝❛❧✧ ❡❧❡♠❡♥" ♦❢ "❤✐$ ❝❧✉$"❡*✱ ❛♥❞ ✇✐❧❧ ❜❡ ❝❤♦$❡♥ ❛$ "❤❡ ♠♦$" ❝❡♥"*❛❧ ♥♦❞❡ ♦❢ "❤❡

❝❧✉$"❡*✳ ❚❤❡ ✈❛*✐❛❜❧❡ ❝♦♥"❛✐♥✐♥❣ "❤❡ ✐♥❞❡① ♦❢ "❤❡ ♥♦❞❡ ❝❤♦$❡♥ ❛$ "❤❡ ♣*♦"♦"②♣❡ ♦❢ ❝❧❛$$ k

✇✐❧❧ ❜❡ ❞❡♥♦"❡❞ ❛$ qk✳ ❚❤❡ ✈❡❝"♦* ♦❢ ♣*♦"♦"②♣❡ ❧❛❜❡❧$ ✐$ "❤❡♥ q = [q1, q2, .., qm]
T
✳ ❲❡ ❞❡✜♥❡

"❤❡ ✇✐"❤✐♥✲❝❧✉$"❡* $✉♠✲♦❢✲❞✐$"❛♥❝❡$ ♦❢ ❝❧❛$$ k ❛$ Jk =
∑

j∈Ck

∆qkj ✇❤✐❝❤ ✐$ "❤❡ $✉♠ ♦❢ "❤❡

❞✐$"❛♥❝❡$ ❜❡"✇❡❡♥ "❤❡ ♥♦❞❡$ ♦❢ ❝❧✉$"❡* Ck "♦ "❤❡ ♣*♦"♦"②♣❡ ♦❢ "❤❡ ❝❧✉$"❡*✳ ■" H✉❛♥"✐✜❡$ "❤❡

❝♦♠♣❛❝"♥❡$$ ♦❢ "❤❡ ❝❧✉$"❡* ✭✐" ❡H✉❛❧$ ✵ ✇❤❡♥ ❛❧❧ ❡❧❡♠❡♥"$ ♦❢ "❤❡ ❝❧✉$"❡* ❛*❡ $✉♣❡*♣♦$❡❞✮✳

❚❤❡ ❝*✐"❡*✐♦♥ $❤♦✉❧❞ "❤❡*❡❢♦*❡ ❜❡ ❛$ ❧♦✇ ❛$ ♣♦$$✐❜❧❡ ❬✶✸❪✳

❚❤❡ "♦"❛❧ ✇✐"❤✐♥✲❝❧✉$"❡* $✉♠✲♦❢✲❞✐$"❛♥❝❡$ ✐$ "❤❡ $✉♠ ♦❢ "❤❡ ✇✐"❤✐♥✲❝❧✉$"❡* $✉♠✲♦❢✲❞✐$"❛♥❝❡$✿

J =
m
∑

k=1

Jk =
m
∑

k=1

∑

J∈Ck

△qkj ❡!✳ ✺✳✶
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▲❡" ✉$ ✐♥"'♦❞✉❝❡ "❤❡ ♠❡♠❜❡'$❤✐♣ ✈❛❧✉❡$ uik ✱ ✇❤✐❝❤ ❛'❡ ❡4✉❛❧ "♦ ✶ ✐❢ ♥♦❞❡ i ✐$ ❛$$✐❣♥❡❞

"♦ ❝❧✉$"❡' Ck ❛♥❞ "♦ ✵ ♦"❤❡'✇✐$❡✳ ❚❤❡ ♠❡♠❜❡'$❤✐♣$ ❛'❡ ❣❛"❤❡'❡❞ ✐♥ ❛ n ×m ♠❛"'✐① U ✳

❯$✐♥❣ "❤❡ ♠❡♠❜❡'$❤✐♣ ♠❛"'✐①✱ J ❜❡❝♦♠❡$✿

J =
n
∑

j=1

m
∑

k=1

ujk△qkj ❡!✳ ✺✳✷

❛♥❞ ♦✉' ♦❜❥❡❝"✐✈❡ ✐$ "♦ ♠✐♥✐♠✐③❡ "❤✐$ ❝'✐"❡'✐♦♥ ✇✐"❤ '❡$♣❡❝" "♦ "❤❡ ♣'♦"♦"②♣❡$ ❛♥❞ "❤❡

♠❡♠❜❡'$❤✐♣ ✈❛❧✉❡$✳ ❲❡ ♣'♦❝❡❡❞ ✐♥ "✇♦ $"❡♣$✳

❘❡✲❝♦♠♣✉,❛,✐♦♥ ♦❢ ,❤❡ ♣2♦,♦,②♣❡ 4,❡♣✳ ❋✐'$"✱ ✇❡ ♠✐♥✐♠✐③❡ "❤❡ "♦"❛❧ $✉♠✲♦❢✲❞✐$"❛♥❝❡$

❝'✐"❡'✐♦♥ ✇✐"❤ '❡$♣❡❝" "♦ "❤❡ ♣'♦"♦"②♣❡$ qk ✇❤✐❧❡ ♠❛✐♥"❛✐♥✐♥❣ "❤❡ ♠❡♠❜❡'$❤✐♣$ uik ❝♦♥✲

$"❛♥"✳ ❲❡ ♦❜$❡'✈❡ "❤❛" J ✐$ ♠✐♥✐♠❛❧ ✇❤❡♥ ❡❛❝❤ qk ♠✐♥✐♠✐③❡$
∑

j∈Ck
△qkj✳ ❚❤❡'❡❢♦'❡✱ ✇❡

♠✉$" ❝❤♦♦$❡ qk $✉❝❤ "❤❛" qk =❛'❣♠✐♥i∈Ck
{△ij} ✇❤✐❝❤ ❛✐♠$ "♦ ❝❤♦♦$❡✱ ❛$ ♣'♦"♦"②♣❡✱ "❤❡

♥♦❞❡ "❤❛" ✐$ ♠♦$" ❝❡♥"'❛❧ "♦ "❤❡ ❝❧✉$"❡' ❬✶✸❪✳

❘❡✲❛❧❧♦❝❛,✐♦♥ 4,❡♣✳ ❚❤❡ $❡❝♦♥❞ $"❡♣ ♠✐♥✐♠✐③❡$ J ✇✐"❤ '❡$♣❡❝" "♦ "❤❡ ❜✐♥❛'② ♠❡♠❜❡'$❤✐♣

✈❛❧✉❡$ uik ✇❤✐❧❡ ❦❡❡♣✐♥❣ "❤❡ ♣'♦"♦"②♣❡$ ❝♦♥$"❛♥"✳ ❲❡ $❛✇ "❤❛"

∑m

k=1 ujk△qkj $❤♦✉❧❞ ❜❡

♠✐♥✐♠❛❧ ❢♦' ❡❛❝❤ J ✳ ❙✐♥❝❡
∑m

k=1 ujk = 1✱ ∀j✱ ❛♥❞ "❤❡ ujk ❛'❡ ❜✐♥❛'②✱ "❤✐$ ✐$ ❛❝❤✐❡✈❡❞ ❜②

$❡""✐♥❣ ujk = 1 ❢♦' "❤❡ $♠❛❧❧❡$" ∆qkj ✱ ❛♥❞ ujk = 0 ❢♦' "❤❡ ❧❛'❣❡' ❞✐$"❛♥❝❡$✳ ■♥ ♦"❤❡' ✇♦'❞$✱

♥♦❞❡ j $❤♦✉❧❞ ❜❡ ❛$$✐❣♥❡❞ "♦ "❤❡ ❝❧✉$"❡' ❝♦''❡$♣♦♥❞✐♥❣ "♦ "❤❡ ❧♦✇❡$" ∆qkj ❬✶✸❪✳

❚❤✉$✱ "❤❡ ♦♣"✐♠❛❧ ❝❧✉$"❡' ❛❧❧♦❝❛"✐♦♥ k∗ ♦❢ ♥♦❞❡ j ✐$✿

k∗j =❛'❣♠✐♥k∈{1,...,m} {△qkj} ❡!✳ ✺✳✸

❚❤✐$ ❝❤♦✐❝❡ ❞❡❝'❡❛$❡$ "❤❡ ❝'✐"❡'✐♦♥ J ✳ ❇② ❞❡♥♦"✐♥❣ "❤❡ ❝❧✉$"❡' ❧❛❜❡❧ ♦❢ ♥♦❞❡ j ❛$ l(j)✱ ✇❡

❤❛✈❡ "♦ $❡" l(j) = k∗j ✳

❚❤❡'❡❢♦'❡✱ ✐"❡'❛"✐♥❣ "❤❡$❡ "✇♦ $"❡♣$ ❞❡❝'❡❛$❡$ "❤❡ ❝'✐"❡'✐♦♥ J ❛" ❡❛❝❤ ✐"❡'❛"✐♦♥ t ❜② ❛ ♥♦♥✲

♥❡❣❛"✐✈❡ ❛♠♦✉♥" δJ(t) = J(t− 1)− J(t) ≥ 0✳ ❙✐♥❝❡ J > 0 ❛♥❞ ❝❛♥♥♦" ❜❡❝♦♠❡ ♥❡❣❛"✐✈❡✱
∑∞

t=0 δJ(t) < J(0) $♦ "❤❛" δJ(t)→ 0 ❛♥❞ "❤❡ ♦❜❥❡❝"✐✈❡ ❢✉♥❝"✐♦♥ J(t) ❝♦♥✈❡'❣❡$ "♦ ❛ ❧♦❝❛❧

♠✐♥✐♠✉♠ ❬✶✸❪✳

❚❤❡ ❛❧❣♦'✐"❤♠ ✇✐❧❧ ❜❡ ❢✉'"❤❡' ❞❡"❛✐❧❡❞ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ $❡❝"✐♦♥ ✭$❡❡ ✜❣✉#❡ ✷ ✮✳

✺✳✶✳✷ ❆❧❣♦(✐*❤♠

❚❤❡ ❞✐$"❛♥❝❡✲❜❛$❡❞ ❦✲♠❡❛♥$ ♣❡'❢♦'♠$ ✐"$ ❝❧✉$"❡'✐♥❣ "❛$❦ ❣✐✈❡♥ ❛ ❝❡'"❛✐♥ ✐♥♣✉"✱ ❜❡❢♦'❡

❞❡❧✐✈❡'✐♥❣ "❤❡ ❞❡$✐'❡❞ ♦✉"♣✉"✿ "❤❡ ❝❧✉$"❡'✐♥❣ $♦❧✉"✐♦♥✳
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■♥♣✉$✿ ❚❤❡ n× n $②♠♠❡'(✐❝ ❞✐$'❛♥❝❡ ♠❛'(✐① ∆ ❝♦♥'❛✐♥✐♥❣ ❞✐$'❛♥❝❡$ ❜❡'✇❡❡♥ ♥♦❞❡$ ❛♥❞

'❤❡ ♥✉♠❜❡( ♦❢ ❝❧✉$'❡($ m✳

❖✉$♣✉$✿ ❚❤❡ ✜♥❛❧ n × m ❝❧✉$'❡( ♠❡♠❜❡($❤✐♣ ♠❛'(✐① U ✿ uik = 1 ✐❢ ♥♦❞❡ i ❜❡❧♦♥❣$ '♦

❝❧✉$'❡( k✱ ✵ ♦'❤❡(✇✐$❡✳

❋✐❣✉$❡ ✷✿ ❞✐)*❛♥❝❡✲❜❛)❡❞ ❦✲♠❡❛♥) ❛❧❣♦$✐*❤♠

■♥✐$✐❛❧✐③❛$✐♦♥✿ (❛♥❞♦♠❧② $❛♠♣❧❡ m ♣(♦'♦'②♣❡$ [q1, q2, . . . , qm]
T

❛♠♦♥❣ '❤❡ ♥♦❞❡$✳ ❍❡(❡✱

'❤❡ ✈❛(✐❛❜❧❡ qk ❝♦♥'❛✐♥$ '❤❡ ✐♥❞❡① ♦❢ '❤❡ ♥♦❞❡ ❝❤♦$❡♥ ❛$ kth ♣(♦'♦'②♣❡✳

U ← Zeros(n,m)

❘❡♣❡❛$

❋♦.i = 1 $♦ n ❞♦

k∗j ←❛(❣♠✐♥k∈{1,...,m} {△qkj}
l(j)← k∗j ✭l ✐$ '❤❡ ✈❡❝'♦( ♦❢ ❝❧✉$'❡( ❧❛❜❡❧$✮

❊♥❞ ❢♦.

❋♦. k = 1 $♦ m ❞♦

Ck ←④ ◆♦❞❡$ ✐♥❞❡①❡$ i : l(i) = k ⑥

qk ←❛(❣♠✐♥i∈Ck

{

∑

j∈Ck
△ij

}

❊♥❞ ❢♦.

J ←
∑m

k=1

∑

j∈Ck
△qkj

✉♥$✐❧ ❝♦♥✈❡(❣❡♥❝❡ ♦❢ '❤❡ ♦❜❥❡❝'✐✈❡ ❢✉♥❝'✐♦♥

❋♦.i = 1 $♦ n ❞♦

uil(i) ← 1

❊♥❞ ❢♦.

❘❡$✉.♥ U

 ♦✉#❝❡✿ ❛❞❛♣*❡❞ ❢#♦♠ ❋♦✉  ✱ ❙❛❡#❡♥ ❛♥❞ ❙❤✐♠❜♦ ❬✶✸❪✱ ✷✵✶✹✳



✺ ❆❧❣♦%✐'❤♠* ✷✸

✺✳✷ ❑❡%♥❡❧ ❦✲♠❡❛♥,

✺✳✷✳✶ ❚❤❡ ❦❡(♥❡❧+

❙♦♠❡ ♣%♦❜❧❡♠( ❝❛♥♥♦, ❜❡ ❡❛(✐❧② ❜❡ %❡♣%❡(❡♥,❡❞ ❜② ❛ ✜①❡❞✲(✐③❡ ❢❡❛,✉%❡ ✈❡❝,♦%✳ ❖♥❡ ❛♣✲

♣%♦❛❝❤ ,♦ (♦❧✈❡ ,❤✐( ♣%♦❜❧❡♠ ✐( ,♦ ❛((✉♠❡ ,❤❛, ✇❡ ❤❛✈❡ (♦♠❡ ✇❛② ♦❢ ♠❡❛(✉%✐♥❣ ,❤❡ (✐♠✐❧❛%✲

✐,② ❜❡,✇❡❡♥ ♦❜❥❡❝,( ,❤❛, ❞♦❡( ♥♦, %❡=✉✐%❡ ♣%❡♣%♦❝❡((✐♥❣ ,❤❡♠ ✐♥,♦ ❢❡❛,✉%❡ ✈❡❝,♦% ❢♦%♠❛,✳

▲❡, K(x, x′) ≥ 0 ❜❡ ❛ ♠❡❛(✉%❡ ♦❢ (✐♠✐❧❛%✐,② ❜❡,✇❡❡♥ ♦❜❥❡❝,( x, x′ ∈ X ✭X ❜❡✐♥❣ (♦♠❡

❛❜(,%❛❝, (♣❛❝❡✮✳ ❆ ❝♦♠♠♦♥❧② ✉(❡❞ (✐♠✐❧❛%✐,② ♠❡❛(✉%❡ ✐( ,❤❡ ✐♥♥❡% ♣%♦❞✉❝,✿ k(x, y) = xTy✱

✇❤❡%❡ x ❛♥❞ y ❛%❡ ❢❡❛,✉%❡ ✈❡❝,♦%( ✐♥ ,❤❡ (❛♠❡ ❡♠❜❡❞❞✐♥❣ (♣❛❝❡✳ ❚❤❡ ❢✉♥❝,✐♦♥ k(x, y) ✐(

❝❛❧❧❡❞ ❛ ❦❡%♥❡❧ ❢✉♥❝,✐♦♥✳ ■, ✐( ,❤✉( ❛ %❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝,✐♦♥ ♦❢ ,✇♦ ❛%❣✉♠❡♥,(✱ K(x, x′) ∈ R

❢♦% x, x′ ∈ X✳ ❚②♣✐❝❛❧❧②✱ ,❤✐( ❢✉♥❝,✐♦♥ ✐( ❛((✉♠❡❞ ,♦ ❜❡ (②♠♠❡,%✐❝ ✭K(x, x′) = K(x′, x)✮

❛♥❞ ♥♦♥✲♥❡❣❛,✐✈❡ ✭K(x, x′) ≥ 0✮✱ (♦ ✐, ❝❛♥ ❜❡ ✐♥,❡%♣%❡,❡❞ ❛( ❛ ♠❡❛(✉%❡ ♦❢ (✐♠✐❧❛%✐,② ❬✸✼❪✳

❑❡%♥❡❧( ❜❡♥❡✜, ❢%♦♠ (♦♠❡ ✐♠♣♦%,❛♥, ♣%♦♣❡%,✐❡(✳ ❋✐%(,❧②✱ ,❤❡② ❛❧❧♦✇ ,♦ ❝♦♠♣✉,❡ ,❤❡ ✐♥♥❡%

♣%♦❞✉❝,( ✐♥ ,❤❡ ❢❡❛,✉%❡ (♣❛❝❡✳ ❚❤❛, ✐(✱ ,❤❡② ♣%♦❥❡❝, ,❤❡ ❞❛,❛ ✐♥,♦ ❛ ❤✐❣❤❡% ❞✐♠❡♥(✐♦♥❛❧

(♣❛❝❡ ✇❤❡%❡ ,❤❡ ❝❧✉(,❡%( ❛%❡ ♠♦%❡ ❧✐❦❡❧② ,♦ ❜❡ ❧✐♥❡❛%❧② (❡♣❛%❛❜❧❡✳ ❆♥♦,❤❡% ✐♠♣♦%,❛♥, ♣%♦♣✲

❡%,② ✐( ,❤❛, ❞✐(,❛♥❝❡( ❝❛♥ ❜❡ ❡①,%❛❝,❡❞ ❢%♦♠ ❦❡%♥❡❧(✳❚❤❡ ❦❡%♥❡❧ ✐( ,❤❡%❡❢♦%❡ ❛ ✈❛❧✉❛❜❧❡ ,♦♦❧✱

❛❜❧❡ ,♦ ❝❛♣,✉%❡ ❛ ♠❡❛♥✐♥❣❢✉❧ (✐♠✐❧❛%✐,② ♠❡❛(✉%❡ ✇❤✐❧❡ %❡=✉✐%✐♥❣ ✈❡%② ❢❡✇ ❝♦♠♣✉,❛,✐♦♥( ✐♥

%❡❣❛%❞( ,♦ ❡①♣❧✐❝✐, ❡✈❛❧✉❛,✐♦♥ ♦❢ ,❤❡ ❡♥,✐%❡❧② ♠❛♣♣❡❞ ✐♥♣✉, (♣❛❝❡ ✐♥,♦ ❢❡❛,✉%❡ (♣❛❝❡ ❬✽❪✳

●✐✈❡♥ n ♦❜❥❡❝,( x1, x2, ..., xn ∈ Ω✱ ✇❡ ❝❛♥ ❝♦♠♣✉,❡ ,❤❡ ❦❡%♥❡❧ ❢✉♥❝,✐♦♥( ♦❢ ,❤❡ n× n ♣❛✐%(

♦❢ ♦❜❥❡❝,( i ✱ j✳ ❲❡ ♦❜,❛✐♥ ❛ (②♠♠❡,%✐❝ (n, n) ❦❡%♥❡❧ ♠❛,%✐① [K]ij = kij = k(xi, xj)✳ ❆( ✐,

✐( ♣♦(✐,✐✈❡ (❡♠✐✲❞❡✜♥✐,❡✱ ,❤❡ ❢♦❧❧♦✇✐♥❣ ♣%♦♣❡%,✐❡( ❛%❡ ❡♥(✉%❡❞ ❬✽❪✿

• zTKz ≥ 0 ❢♦% ❛❧❧ z ∈ Rn❀

• ❛❧❧ ,❤❡ ❡✐❣❡♥✈❛❧✉❡( ❛%❡ ♥♦♥✲♥❡❣❛,✐✈❡ ❀

• K ✐( ❛ ✐♥♥❡% ♣%♦❞✉❝, ♠❛,%✐①✿ [K]ij = kij = xT
i xj ❀

• K❝❛♥ ❜❡ ✇%✐,,❡♥ ❛( ❛ ❞✐❛❣♦♥❛❧ ♠❛,%✐①✿ K = UΛUT
✇❤❡%❡ U ✐( ❛♥ ♦%,❤♦❣♦♥❛❧ ♠❛,%✐①✱

❛♥❞ Λ ≥ 0 ✳

■♥ ,❤✐( ♣❛♣❡%✱ ✇❡ ✇✐❧❧ ❜❡ ✐♥,❡%❡(,❡❞ ✐♥ ,❤❡ ❦❡%♥❡❧( ♦♥ ❣%❛♣❤(✳

❆((✉♠✐♥❣ ,❤❡ ❣%❛♣❤ G✱ ✇❡ %❡♣%❡(❡♥, ❡❛❝❤ ♥♦❞❡ i ❜② ❛ ✈❡❝,♦% ✐♥ ,❤❡ r ❞✐♠❡♥(✐♦♥( ❊✉❝❧✐❞❡❛♥

(♣❛❝❡ xi ✳ K ✐( ❛ (❡♠✐✲❞❡✜♥✐,❡ ♣♦(✐,✐✈❡ ♠❛,%✐① ♦❢ (✐③❡ n × n ❛♥❞ %❛♥❦ r✱ ✇✐,❤ ♦%,❤♦♥♦%✲



✺ ❆❧❣♦%✐'❤♠* ✷✹

♠❛❧ ❡✐❣❡♥✈❡❝)♦+, ui ❛♥❞ ❡✐❣❡♥✈❛❧✉❡, λi✳ ❋+♦♠ )❤❡ ❢✉♥❞❛♠❡♥)❛❧ ,♣❡❝)+❛❧✲❞❡❝♦♠♣♦,✐)✐♦♥

)❤❡♦+❡♠✱ ✇❡ ❤❛✈❡ K = UΛUT
✱ ✇✐#❤ ❬✽❪✿

• U ✱ ❛♥ ♦,#❤♦♥♦,♠❛❧ ♠❛#,✐① ♦❢ 1✐③❡ n×r ✱ ✇✐#❤ ❛1 ❝♦❧✉♠♥1 #❤❡ ♥♦,♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝#♦,1

ui ♦❢ K✱

• Λ✱ #❤❡ ❞✐❛❣♦♥❛❧ ♠❛#,✐① ✇❤♦1❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥#1 ❛,❡ #❤❡ ❡✐❣❡♥✈❛❧✉❡1 λi ♦❢ K 1♦,#❡❞

❜② ❞❡❝,❡❛1✐♥❣ ✈❛❧✉❡✳ ■❢ X ✐1 ❛ n×r ♠❛#,✐① ✇❤♦1❡ ❝♦❧✉♠♥1✬ ❡❧❡♠❡♥#1 ❛,❡ #❤❡ ♣,♦❞✉❝#

♦❢ #❤❡ ♥♦,♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝#♦,1 ♦❢ K ❛♥❞ #❤❡ 1?✉❛,❡ ,♦♦# ❝♦,,❡1♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡

✐1

√
λiui✱ #❤❡♥ X = UΛ

1
2
✱ ❛♥❞ ✇❡ ♦❜#❛✐♥ K = UΛUT = (UΛ

1
2 )(UΛ

1
2 )T = XXT

✳ ■❢

xi ✐1 ❛ ✈❡❝#♦, ♥♦❞❡ ❝♦,,❡1♣♦♥❞✐♥❣ #♦ #❤❡ ❝♦❧✉♠♥1 ♦❢ XT
♦, #❤❡ ,♦✇1 ♦❢ X✱ #❤❡♥ #❤❡

❡❧❡♠❡♥# i ✱j ♦❢ K ❝❛♥ ❜❡ ✇,✐##❡♥ ❛1 [K]ij = kij = xT
i xj ❬✽❪✳

✺✳✷✳✶✳✶ ❉❡&✐✈✐♥❣ ❛ ❦❡&♥❡❧ ❢&♦♠ ❛ ❞✐23❛♥❝❡ ❛♥❞ ✈✐❝❡✲✈❡&2❛

▲❡#✬1 ♥♦✇ 1❡❡ ❤♦✇ #♦ ❞❡,✐✈❡ ❛ ❦❡,♥❡❧ ❢,♦♠ ❛ ❞✐1#❛♥❝❡ ♠❛#,✐①✳ ❇❡❢♦,❡ ✇❡ ♣,♦❝❡❡❞✱ ✇❡ ✜,1#

♥❡❡❞ #♦ ❤❛✈❡ ❛ ❧♦♦❦ ❛# #❤❡ ,❡✈❡,1❡❞ ❡?✉❛#✐♦♥ ❛♥❞ ❞❡,✐✈❡ #❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐1#❛♥❝❡1 ❢,♦♠ #❤❡

❦❡,♥❡❧✳ ❚❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐1#❛♥❝❡ ❜❡#✇❡❡♥ #✇♦ ♥♦❞❡1 i ❛♥❞ j ✐1 ❞❡✜♥❡❞ ❛1 ❬✽❪✿

△2
ij = [△]ij = ||xi − xj||2 = xT

i xi + xT
j xj − 2xT

i xj ❡!✳ ✺✳✹

❲❡ ❤❛✈❡ 1❡❡♥ ❡❛,❧✐❡, #❤❛# ❛ ❦❡,♥❡❧ ♠❛#,✐① ❝❛♥ ❜❡ ❡①♣,❡11❡❞ ❛1 #❤❡ ✐♥♥❡, ♣,♦❞✉❝#✿ kij =

[K]ij = xT
i xj✳ ❚❤❡,❡❢♦,❡✱ #❤❡ ❞✐1#❛♥❝❡1 ❝❛♥ ❜❡ ❡①♣,❡11❡❞ ❛1 ❛ ✐♥♥❡, ♣,♦❞✉❝# ❢✉♥❝#✐♦♥✿

△2
ij = kii + kjj − 2kij ❡!✳ ✺✳✺

❲❡ ❝❛♥ ,❡✇,✐#❡ #❤✐1 ❡①♣,❡11✐♦♥ ✐♥ ❛ ♠❛#,✐① ❢♦,♠ ✉1✐♥❣ #❤❡ ❝♦❧✉♠♥ ✈❡❝#♦, diag(K) ❝♦♥✲

#❛✐♥✐♥❣ #❤❡ kii✿ ✭#❤❡ ❡❧❡♠❡♥#1 ♦♥ #❤❡ ❞✐❛❣♦♥❛❧ ♦❢ ♠❛#,✐① K✮✳ ❚❤❡ ❞✐1#❛♥❝❡ ♠❛#,✐① D ✭♦,

△ ✮ ✐1 #❤❡♥✿

△(2) = diag(K) ∗ eT + e ∗ diag(K)T − 2K ❡!✳ ✺✳✻

✇❤❡,❡ e ✐1 ❛ ❝♦❧✉♠♥ ✈❡❝#♦, ♦❢ ♦♥❡1 ❛♥❞

[

△(2)
]

ij
= △2

ij✳ ❚❤❡ ,❡❝✐♣,♦❝❛❧ ,❡❧❛#✐♦♥ ❛❧❧♦✇1 #♦

❞❡,✐✈❡ #❤❡ ❦❡,♥❡❧ ❢,♦♠ #❤❡ ❞✐1#❛♥❝❡ ♠❛#,✐①✳ ❍♦✇❡✈❡,✱ #❤❡ ✐♥♥❡, ♣,♦❞✉❝# ❞❡♣❡♥❞1 ♦♥ #❤❡ ♦,✐✲

❣✐♥ ♦❢ #❤❡ 1②1#❡♠✳ ❚❤✐1 ♣,♦❜❧❡♠ ❝❛♥ ❡❛1✐❧② ❜❡ ✜①❡❞ ❜② 1❡##✐♥❣ #❤❡ ♦,✐❣✐♥ ♦❢ #❤❡ ❝♦♦,❞✐♥❛#❡

1②1#❡♠ ❛# #❤❡ ❝❡♥#,♦✐❞1 ♦❢ #❤❡ ❝❧♦✉❞ ♦❢ ♣♦✐♥#✳ ■♥❞❡❡❞✱ ✐♥ #❤❛# ❝❛1❡✱ #❤❡ 1✉♠ ♦❢ #❤❡ ✐♥♥❡,
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♣!♦❞✉❝&' ✐' ③❡!♦✳ ❚❤✉'✱ ✐❢

∑

i xi = 0 &❤❡♥

∑

i

kij =
∑

i

xT
i xj =

∑

i

xT
j xi= xT

j (
∑

i

xi) = 0

❬✽❪✳

■♥ ♠❛&!✐① ❢♦!♠✱ ✇❡ ✇❛♥& &♦ ❝❡♥&❡! K ❜② '❡&&✐♥❣ &❤❡ '✉♠ ♦❢ ❡❛❝❤ ♦❢ ✐&' ❧✐♥❡' ❛♥❞ ❝♦❧✉♠♥'

&♦ ③❡!♦✿ Ke = 0 ❛♥❞ eTK = 0✳ ❙✐♥❝❡ ✇❡ ❞❡!✐✈❡ K ❢!♦♠ &❤❡ ❞✐'&❛♥❝❡ ♠❛&!✐①✱ ✇❡ '&❛!& ❜②

❝❡♥&❡!✐♥❣ &❤❡ ❞✐'&❛♥❝❡ ♠❛&!✐① D ❜② ♠✉❧&✐♣❧②✐♥❣ ✐& ❢!♦♠ &❤❡ ❧❡❢& ❛♥❞ !✐❣❤& ❜② &❤❡ ♠❛&!✐①

H = (I − eeT

n
) ✇✐&❤ eT e = n✳ ❲❡ &❤✉' ❤❛✈❡ &❤❡ ❝❡♥&❡!❡❞ HDH ♠❛&!✐①✱ ✇✐&❤ &❤❡ '✉♠ ♦❢

✐&' !♦✇' ❛♥❞ ❝♦❧✉♠♥ ❡A✉❛❧ &♦ ③❡!♦✳ ❚❤❡ ❦❡!♥❡❧ ♠❛&!✐① ❛''♦❝✐❛&❡❞ &♦ &❤❡ ❞✐'&❛♥❝❡' ✐' ✜♥❛❧❧②

❢♦✉♥❞ ❬✶✸❪ ✿

K = −1
2
H∆(2)H ❡!✳ ✺✳✼

✺✳✷✳✶✳✷ ❙✐❣♠♦✐❞ ❝♦♠♠✉,❡✲,✐♠❡ ❦❡0♥❡❧

❚❤❡ '✐❣♠♦✐❞ ❝♦♠♠✉&❡✲&✐♠❡ ✐' ❛ ❦❡!♥❡❧✲❜❛'❡❞ '✐♠✐❧❛!✐&② ♠❡❛'✉!❡✳ ■& ✐' ✐' ❝♦♥'&!✉❝&❡❞ ✉'✐♥❣

&❤❡ '✐❣♠♦✐❞ &!❛♥'❢♦!♠❛&✐♦♥ ♦❢ &❤❡ ❝♦♠♠✉&❡✲&✐♠❡ ❦❡!♥❡❧✳ ■& ❝❛♥ ❡❛'✐❧② ❜❡ ❝♦♠♣✉&❡❞ ✇✐&❤

&❤❡ ♣'❡✉❞♦✲✐♥✈❡!'❡ L+
♦❢ &❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛&!✐① ❬✶✸❪ L✳

❲❡ ❦♥♦✇ &❤❛& &❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛&!✐① ♦❢ &❤❡ ❣!❛♣❤ ✐' L = D − A✱ ✇❤❡!❡ D = Diag(Ae)✳

❚❤❡ ❡❧❡♠❡♥&' aij ♦❢ &❤❡ ❛❞❥❛❝❡♥❝② ♠❛&!✐① A ♦❢ &❤❡ ❣!❛♣❤ ❛!❡ ❞❡✜♥❡❞ ❛' aij = wij ✐❢ ♥♦❞❡

i ✐' ❝♦♥♥❡❝&❡❞ &♦ ♥♦❞❡ j ❛♥❞ 0 ♦&❤❡!✇✐'❡✳ L ✐' ❛ '②♠♠❡&!✐❝ ❛♥❞ '❡♠✐✲❞❡✜♥✐&❡ ♠❛&!✐① ✇✐&❤

!❛♥❦ n− 1 ✳ ❚❤❡ ✇❡❧❧✲❦♥♦✇♥ ❝♦♠♠✉&❡✲&✐♠❡ ❞✐'&❛♥❝❡ ❝❛♥ ❜❡ ❝♦♥'✐❞❡!❡❞ ❛' &❤❡ ♥✉♠❜❡! ♦❢

'&❡♣' &❛❦❡♥ ✐♥ ❛ !❛♥❞♦♠ ✇❛❧❦ ❜❡&✇❡❡♥ ♥♦❞❡' i ❛♥❞ j ❛♥❞ ❜❛❝❦ ❬✽❪✿

n(i, j) = vg(ei − ej)
TL+(ej − ei) ❡!✳ ✺✳✽

✇❤❡!❡ vg ✐' &❤❡ ✈♦❧✉♠❡ ♦❢ &❤❡ ❣!❛♣❤ (vg =
∑n

i,j=1 aij) ❛♥❞ ei ❛!❡ &❤❡ ❜❛'✐' ✈❡❝&♦!' '&❛♥❞✐♥❣

❢♦! ❡❛❝❤ ♥♦❞❡ i ♦❢ &❤❡ ❣!❛♣❤ ✐♥ &❤❡ ❊✉❝❧✐❞❡❛♥ '♣❛❝❡ Rn
✳ L+

✐' &❤❡ ✐♥♥❡! ♣!♦❞✉❝&' ♠❛&!✐① ♦❢

&❤❡ ♥♦❞❡ ✈❡❝&♦!' ✐♥ &❤❡ ❊✉❝❧✐❞❡❛♥ '♣❛❝❡ ✇❤❡!❡ &❤❡'❡ ♥♦❞❡' ❛!❡ '❡♣❛!❛&❡❞ ❜② &❤❡ ❝♦♠♠✉&❡✲

&✐♠❡ ❞✐'&❛♥❝❡✳ ❚❤❡!❡❢♦!❡✱ ✐& ❝❛♥ ❜❡ !❡✇!✐&&❡♥ ❛' &❤❡ ❦❡!♥❡❧ ❬✶✸❪✿

KCT = L+
❡!✳ ✺✳✾

❚❤❡ ❡❧❡♠❡♥&' ♦❢ &❤❡ '✐❣♠♦✐❞ ❝♦♠♠✉&❡ &✐♠❡ ❦❡!♥❡❧ ❛!❡ &❤❡♥ ♦❜&❛✐♥❡❞ ❜② &❤❡ '✐❣♠♦✐❞

&!❛♥'❢♦!♠❛&✐♦♥ ♦♥ KCT ✿

kσCT
ij =

1

1 + exp(−αl+ij/σ)
❡!✳ ✺✳✶✵
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✇❤❡#❡ σ ✐% &❤❡ %&❛♥❞❛#❞ ❞❡✈✐❛&✐♦♥ ♦❢ L+
❛♥❞ α ✐% ❛ ♣❛#❛♠❡&❡# ♣#♦✈✐❞❡❞ ❜② &❤❡ ✉%❡# ❬✶✸❪✳

❍♦✇❡✈❡#✱ ❛&&❡♥&✐♦♥ ♠✉%& ❜❡ ♣❛✐❞ &♦ &❤❡ ❢❛❝& &❤❛& &❤❡ %✐❣♠♦✐❞ &#❛♥%❢♦#♠❛&✐♦♥ ♦❢ ❛ ❦❡#♥❡❧

♠❛&#✐① ✐& ✐% ♥♦& ♥❡❝❡%%❛#✐❧② ♣♦%✐&✐✈❡ %❡♠✐✲❞❡✜♥✐&❡✳ ❚❤✉%✱ %&#✐❝&❧② %♣❡❛❦✐♥❣✱ ✐& ✐% ♥♦& ❛

✈❛❧✐❞ ❦❡#♥❡❧ ♠❛&#✐①✳ ❲❡ ❝♦✉❧❞ &❤❡#❡❢♦#❡ ❛#❣✉❡ &❤❛& ✉%✐♥❣ %✉❝❤ %✐♠✐❧❛#✐&② ♠❛&#✐① ✐♥ ❦❡#♥❡❧

❦✲♠❡❛♥% ❛❧❣♦#✐&❤♠% ✐% &❡❝❤♥✐❝❛❧❧② ♥♦& ✇❡❧❧✲❢♦✉♥❞❡❞✳ ❚♦ ♦✈❡#❝♦♠❡ &❤✐% ❧✐♠✐&❛&✐♦♥✱ ❨❡♥

❛♥❞ ❛❧✳ ❬✼✶❪ ♣#♦✈✐❞❡ ❛#❣✉♠❡♥&% ✐♥ ❢❛✈♦# ♦❢ &❤❡ ✉%❡ ♦❢ &❤❡ %✐❣♠♦✐❞ CT ✿ ✜#%&❧②✱ ❛♥❞ ♠♦%&

✐♠♣♦#&❛♥&❧②✱ ❡✈❡♥ ✐❢ &❤❡ %✐♠✐❧❛#✐&② ♠❛&#✐① ✐% ♥♦& ♣♦%✐&✐✈❡ %❡♠✐✲❞❡✜♥✐&❡✱ &❤❡ ❝♦♥✈❡#❣❡♥❝❡ ♦❢

&❤❡ ❦❡#♥❡❧ ❦ ♠❡❛♥% ❛❧❣♦#✐&❤♠% &♦ ❛ ♠✐♥✐♠✉♠ ♦❢ &❤❡ ❝#✐&❡#✐♦♥ ❤❛% ❜❡❡♥ ♣#♦✈❡❞ ✭%❡❡ %❡❝&✐♦♥

✺✳✺✳✷✮✳ ❚❤❡ ❦❡#♥❡❧ ❦✲♠❡❛♥% &❤❡#❡❢♦#❡ ♠✐♥✐♠✐③❡% &❤✐% ❝#✐&❡#✐♦♥✱ ❡✈❡♥ ✐❢ ✐& ❜❡❝♦♠❡% ♥❡❣❛&✐✈❡✳

❙❡❝♦♥❞❧②✱ %②%&❡♠❛&✐❝ ❝♦♠♣❛#✐%♦♥% %❤♦✇ &❤❛& &❤❡ %✐❣♠♦✐❞ ❝♦♠♠✉&❡✲&✐♠❡ ❦❡#♥❡❧ ♣❡#❢♦#♠%

♠✉❝❤ ❜❡&&❡# &❤❛♥ &❤❡ ❝♦♠♠✉&❡✲&✐♠❡ ❦❡#♥❡❧✱ ❜❡❝❛✉%❡ &❤❡ #❛♥❣❡ ♦❢ ✈❛❧✉❡% ♦❢ &❤❡ ❝♦♠♠✉&❡✲

&✐♠❡ ❦❡#♥❡❧ ❤❛% K✉✐&❡ ❛ ❧❛#❣❡ %♣#❡❛❞✳ ❚❤✐% ❧❛#❣❡ %♣#❡❛❞ ♦❢ ✈❛❧✉❡% ❝❛✉%❡% &❤❡ ♣#❡%❡♥❝❡ ♦❢

❛ ♥✉♠❜❡# ♦❢ ♦✉&❧✐❡#% ❛♥❞ ♣❡#&✉#❜% &❤❡ ❦✲♠❡❛♥% ✇❤✐❝❤ ✐% ❦♥♦✇♥ &♦ ❜❡ K✉✐&❡ %❡♥%✐&✐✈❡ &♦

♦✉&❧✐❡#%✳ ❚❤✉%✱ &❛❦✐♥❣ ❛ %✐❣♠♦✐❞ &#❛♥%❢♦#♠❛&✐♦♥ ✭✇❤✐❝❤ ✐% #❡❞✉❝❡% &❤❡ %♣#❡❛❞✮ ❛♣♣❡❛#% &♦

❜❡ K✉✐&❡ ❜❡♥❡✜❝✐❛❧✳

✺✳✷✳✶✳✸ ❋&❡❡ ❡♥❡&❣② ❞✐-.❛♥❝❡ ❦❡&♥❡❧

❚❤❡ ❢#❡❡ ❡♥❡#❣② ❞✐%&❛♥❝❡ ✐% ❞❡✜♥❡❞ ❛% ❬✶✹❪✿

△φ
ij =

{

φ(i, j) + φ(j, i)
2

✐❢ i 6= j✱ 0 ✐❢ i = j ❡!✳ ✺✳✶✶

✇❤❡#❡ &❤❡ K✉❛♥&✐&② φ(i, j) ✐% ❡K✉❛❧ &♦✿ φ(i, j) = −1
θ
logzhij = −1

θ
log(

zij
zjj

) ✳ ■& ❝❛♥ ❜❡ ❞❡#✐✈❡❞

❢#♦♠ &❤❡ ♣#♦❜❛❜✐❧✐&② ❞✐%&#✐❜✉&✐♦♥ ♦❢ ❛ #❛♥❞♦♠ ✇❛❧❦ ❜❡&✇❡❡♥ &✇♦ ♥♦❞❡% &❤❛& ♠✐♥✐♠✐③❡%

&❤❡ ❍❡❧♠❤♦❧&③ ❢#❡❡ ❡♥❡#❣② ❬✹✹❪ ♦❢ ❛ &❤❡#♠♦❞②♥❛♠✐❝❛❧ %②%&❡♠✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡✜♥❡ &❤❡

&❡♠♣❡#❛&✉#❡ ✇✐&❤ T = 1/θ ❛♥❞ %&❛&❡ &#❛♥%✐&✐♦♥ ♣#♦❜❛❜✐❧✐&✐❡% Pij✱ &❤❡ ♠✐♥✐♠✐③❛&✐♦♥ ✐%

✇#✐&&❡♥ ❛% ❢♦❧❧♦✇% ❬✽❪✿

P (̺) = ❛#❣♠✐♥P̃ij(̺)

∑

̺∈Pij

Pij(̺)c̃(̺) +
1

θ

∑

̺∈Pij

Pij(̺)log(Pij(̺)/P
REF
ij (̺)) ❡!✳ ✺✳✶✷

%✳&✳

∑

̺∈Pij

Pij(̺) = 1

❚❤❡ ❢#❡❡ ❡♥❡#❣② ❞✐%&❛♥❝❡ ✐% &❤❡♥ ❣✐✈❡♥ &❤❛♥❦% &♦ &❤❡ &❤❡ ♠✐♥✐♠✉♠ ❢#❡❡ ❡♥❡#❣② ✿
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△FE
sij =

(φ(P FE
ij ) + φ(P FE

ij ))
2 ❡!✳ ✺✳✶✸

✇❤❡#❡ $❤❡ %✉❛♥$✐$② φ(P FE
ij ) ❝♦##❡-♣♦♥❞- $♦ ϕ(i, j) = −1

θ
logzhij ✳

❚❤❡ ❢#❡❡ ❡♥❡#❣② ❞✐-$❛♥❝❡ ❛♣♣❡❛#- $♦ ❜❡ ❛♥ ❛❞❡%✉❛$❡ ❞✐-$❛♥❝❡ ♠❡❛-✉#❡ ✇✐$❤ ✐♥$❡#❡-$✐♥❣

♣#♦♣❡#$✐❡-✳ ■♥❞❡❡❞✱ ✐$ ❝❛♥ ❜❡ ♣#♦✈❡♥ $❤❛$ ✐$ #❡-♣❡❝$- $❤❡ $#✐❛♥❣✉❧❛# ✐♥❡%✉❛❧✐$② ✭♣#♦♦❢ ✐♥

❬✶✹❪ ✮ ❛♥❞ ❡♥❥♦②- $❤❡ ❢♦❧❧♦✇✐♥❣ ♣#♦♣❡#$✐❡- ❬✽❪✿

• ■$ ✐- ❛ ❣❡♦❞❡$✐❝ ❞✐-$❛♥❝❡✿ △ϕ
ik = △ϕ

ij + △ϕ
jk ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡#② ♣❛$❤ ❢#♦♠ ✐ $♦ ❦

♣❛--❡- $❤#♦✉❣❤ ❥ ❬✻❪✳

• ■♥ ❛♥ ✉♥❞✐#❡❝$❡❞ ❣#❛♣❤ G✱ $❤❡ ❞✐-$❛♥❝❡ △ϕ
ij ❝♦♥✈❡#❣❡- $♦ $❤❡ ❝♦♠♠✉$❡✲❝♦-$ ❞✐-$❛♥❝❡

✇❤❡♥ θ ❜❡❝♦♠❡- -♠❛❧❧✱ θ → 0+✳

• ■♥ ❛♥ ✉♥❞✐#❡❝$❡❞ ❣#❛♣❤ G✱ $❤❡ ❞✐-$❛♥❝❡△ϕ
ij ❝♦♥✈❡#❣❡- $♦ $❤❡ -❤♦#$❡-$ ♣❛$❤ ❞✐-$❛♥❝❡

✇❤❡♥ θ ❜❡❝♦♠❡- ❧❛#❣❡✱ θ →∞✳

✺✳✷✳✷ ❉❡%❝'✐♣*✐♦♥

❚❤❡ ❦❡#♥❡❧ ❦✲♠❡❛♥- ❛❧❣♦#✐$❤♠ ❛--✉♠❡- $❤❛$ ❛ ❦❡#♥❡❧ ♠❛$#✐① K ❝♦♥$❛✐♥✐♥❣ -✐♠✐❧❛#✐$✐❡-

❜❡$✇❡❡♥ $❤❡ ♥♦❞❡- ♦❢ $❤❡ ❣#❛♣❤ G ❤❛- ❜❡❡♥ ♣#❡✲❝♦♠♣✉$❡❞✳

❲❡ ♠✉-$ ✐♥-✐-$ $❤❛$ $❤✐- -❡❝$✐♦♥ ✐- %✉✐$❡ $❡❝❤♥✐❝❛❧ ❛♥❞ #❡❧✐❡- ♦♥ -♦♠❡ ❡❧❛❜♦#❛$❡❞ ♠❛$❤❡✲

♠❛$✐❝❛❧ ♣#✐♥❝✐♣❧❡-✳ ■$ ♠✐❣❤$ ❜❡ ❞✐✣❝✉❧$ ❢♦# $❤❡ #❡❛❞❡# $♦ ✉♥❞❡#-$❛♥❞ ✐$ ✐♠♠❡❞✐❛$❡❧②✳ ❲❡

$❤❡#❡❢♦#❡ -✉❣❣❡-$ $♦ ❝♦♠♣❧❡$❡ $❤❡ #❡❛❞✐♥❣ ♦❢ $❤✐- $❤❡-✐- ✇✐$❤ ❛ ❢❡✇ #❡-♦✉#❝❡- ✭♥❛♠❡❧② ❬✶✸❪

❛♥❞ ❬✼✶❪✮ $♦ ❤❡❧♣ $❤❡ #❡❛❞❡# ✉♥❞❡#-$❛♥❞ $❤✐- ❝❤❛♣$❡# ♠♦#❡ ❡❛-✐❧②✳ ❋✉#$❤❡#♠♦#❡✱ ❛- $❤❡

♣#✐♥❝✐♣❧❡ ♦❢ $❤❡ ❛❧❣♦#✐$❤♠ #❡♠❛✐♥- -✐♠✐❧❛# $♦ $❤❡ ❞✐-$❛♥❝❡✲❜❛-❡❞ ❦✲♠❡❛♥- ✭-❡❡ -❡❝$✐♦♥ ✺✳✶✮✱

✐♥ ❝❛-❡ ♦❢ ❞✐✣❝✉❧$✐❡- ✐♥ ✉♥❞❡#-$❛♥❞✐♥❣ $❤❡ $❤❡♦#❡$✐❝❛❧ ❢♦✉♥❞❛$✐♦♥-✱ $❤❡ #❡❛❞❡# -❤♦✉❧❞ ♥♦$

❤❡-✐$❛$❡ $♦ -❦✐♣ $❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡- $♦ ❣♦ ✐♠♠❡❞✐❛$❡❧② $♦ $❤❡ ❛❧❣♦#✐$❤♠ ✭-❡❝$✐♦♥ ✺✳✷✳✸✮✱

♠♦#❡ ✐♥$✉✐$✐✈❡✳

❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐$❤ ❦❡#♥❡❧ ❝❧✉-$❡#✐♥❣✱ $❤#❡❡ ❞✐✛❡#❡♥$ -♣❛❝❡- ❛#❡ ❞❡✜♥❡❞ ❜② ❋♦✉-- ❛♥❞ ❛❧✳

❬✶✸❪ ✿

• ❚❤❡ ✐♥♣✉$ -♣❛❝❡ ✐- $❤❡ ✐♥✐$✐❛❧ -♣❛❝❡ ✐♥ ✇❤✐❝❤ $❤❡ ❞❛$❛ ❛#❡ ❞❡✜♥❡❞✳ ■$ ✐- ✐##❡❧❡✈❛♥$ ✐♥
♦✉# ❝❛-❡ -✐♥❝❡ ✇❡ ❛#❡ ❞✐#❡❝$❧② ✇♦#❦✐♥❣ ♦♥ ❛ ❣#❛♣❤ -$#✉❝$✉#❡✳
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• ❚❤❡ ❡♠❜❡❞❞✐♥❣ )♣❛❝❡✱ ❝♦//❡)♣♦♥❞✐♥❣ 0♦ 0❤❡ ✐♠❛❣❡ ♦❢ 0❤❡ ✐♥♣✉0 )♣❛❝❡ 0❤/♦✉❣❤ 0❤❡
♠❛♣♣✐♥❣✳ ❍❡/❡✱ 0❤❡ ❡♠❜❡❞❞✐♥❣ )♣❛❝❡ ❝♦//❡)♣♦♥❞) 0♦ 0❤❡ )♣❛❝❡ ♣/❡)❡/✈✐♥❣ 0❤❡ ✐♥♥❡/

♣/♦❞✉❝0) ❜❡0✇❡❡♥ 0❤❡ ♥♦❞❡ ✈❡❝0♦/) ♦❢ 0❤❡ ❣/❛♣❤✱ ❛) ❞❡✜♥❡❞ ❜② 0❤❡ ❦❡/♥❡❧ ♠❛0/✐①✳

❚❤✉)✱ ❡❛❝❤ ♥♦❞❡ ♦❢ 0❤❡ ❣/❛♣❤ ❝♦//❡)♣♦♥❞) 0♦ ❛ ✈❡❝0♦/ ✐♥ 0❤✐) ❡♠❜❡❞❞✐♥❣ )♣❛❝❡✳ ❚❤❡

❞✐♠❡♥)✐♦♥❛❧✐0② ♦❢ 0❤✐) )♣❛❝❡ ♠❛0❝❤❡) 0❤❡ /❛♥❦ ♦❢ 0❤❡ ❦❡/♥❡❧ ♠❛0/✐①✳

• ❚❤❡ )❛♠♣❧❡ )♣❛❝❡✱ ❝♦//❡)♣♦♥❞✐♥❣ 0♦ 0❤❡ ❊✉❝❧✐❞❡❛♥ )♣❛❝❡ ❤❛✈✐♥❣✱ ❛) ❞✐♠❡♥)✐♦♥❛❧✐0②✱
0❤❡ ♥✉♠❜❡/ ♦❢ ❞❛0❛ )❛♠♣❧❡)✳ ■♥ 0❤❡ ♣/❡)❡♥0 ❝❛)❡✱ 0❤✐) ✐) 0❤❡ ♥✉♠❜❡/ ♦❢ ♥♦❞❡) ♦❢ 0❤❡

❣/❛♣❤✳

❚❤❡ ❦❡/♥❡❧ ❦✲♠❡❛♥) /❡❧✐❡) ♦♥ 0❤❡ ❢♦✉/ ❢♦❧❧♦✇✐♥❣ )0❡♣)✱ ❞❡)❝/✐❜❡❞ ❜② ❋♦✉))✱ ❙❛❡/❡♥) ❛♥❞

❙❤✐♠❜♦ ❬✶✸❪✿

✶✳ ❚❤❡ ❝♦♠♣✉0❛0✐♦♥ ♦❢ ❛ ♠❡❛♥✐♥❣❢✉❧ ❦❡/♥❡❧ ♦♥ 0❤❡ ❣/❛♣❤✳

✷✳ ❚❤❡ ❞❡✜♥✐0✐♦♥ ♦❢ ❛ ❝/✐0❡/✐♦♥✱ 0②♣✐❝❛❧❧② 0❤❡ )✉♠ ♦❢ ✇✐0❤✐♥✲❝❧✉)0❡/ ✐♥❡/0✐❛✱ ❞❡♣❡♥❞✐♥❣

♦♥ ✭✐✮ ♣/♦0♦0②♣❡ ✈❡❝0♦/) ✐♥ 0❤❡ ❡♠❜❡❞❞✐♥❣ )♣❛❝❡ ✭❞❡♥♦0❡❞ ❛) gk✮ ❛♥❞ ♦♥ ✭✐✐✮ ♠❡♠❜❡/)❤✐♣

✈❛❧✉❡) ✐♥❞✐❝❛0✐♥❣ 0❤❡ ♠❡♠❜❡/)❤✐♣ ♦❢ ❡❛❝❤ ♥♦❞❡ 0♦ 0❤❡ ❝❧✉)0❡/ ✭❞❡♥♦0❡❞ ❛) uik✮✳

✸✳ ❚❤❡ ❡①♣/❡))✐♦♥ 0❤❡ ♣/♦0♦0②♣❡ ✈❡❝0♦/) ✐♥ 0❤❡ ❡♠❜❡❞❞✐♥❣ )♣❛❝❡ ✐♥ 0❡/♠) ♦❢ 0❤❡ ♣/♦0♦0②♣❡

✈❡❝0♦/) ✐♥ 0❤❡ )❛♠♣❧❡ )♣❛❝❡✳

✹✳ ❚❤❡ ♦♣0✐♠✐③❛0✐♦♥ ♦❢ 0❤❡ ❝/✐0❡/✐♦♥ ✇✐0❤ /❡)♣❡❝0 0♦ 0❤❡ ♣/♦0♦0②♣❡ ✈❡❝0♦/)✱ hk ✱ ❛) ✇❡❧❧

❛) 0❤❡ ♠❡♠❜❡/)❤✐♣ ✈❛❧✉❡)✱ uik ✳ ❚♦ 0❤✐) ❡♥❞✱ 0❤❡ )0❛♥❞❛/❞ 0✇♦✲)0❡♣ ❛❧❣♦/✐0❤♠ ✉)❡❞ ✐♥

❦✲♠❡❛♥) ❝❧✉)0❡/✐♥❣ ❛♥❞ ✈❛/✐❛♥0) ✐) ❛♣♣❧✐❡❞ ✭)❡❡ )❡❝0✐♦♥ ✹✳✶✳✶✮✳

■♠❛❣✐♥❡ 0❤❛0 ✇❡ ❛/❡ ❧♦♦❦✐♥❣ ❢♦/ ❛ ♣❛/0✐0✐♦♥ ✐♥ m ❝❧✉)0❡/) ✐♥ 0♦0❛❧ ✭♥✉♠❜❡/ ✜①❡❞ ❛ ♣/✐♦/✐ ❜②

0❤❡ ✉)❡/✮✳ ❚❤❡ ❣♦❛❧ ✐) 0♦ ❞❡)✐❣♥ ❛♥ ✐0❡/❛0✐✈❡ ❛❧❣♦/✐0❤♠ ❛✐♠✐♥❣ 0♦ ♠✐♥✐♠✐③❡ ♦✉/ ♦❜❥❡❝0✐✈❡

❢✉♥❝0✐♦♥✲✇❤✐❝❤✱ ✐♥ 0❤❡ ❝❛)❡ ♦❢ )0❛♥❞❛/❞ ❦✲♠❡❛♥)✱ ✐) 0❤❡ 0♦0❛❧ ✇✐0❤✐♥✲❝❧✉)0❡/ ✐♥❡/0✐❛✿

J(g1, . . . , gm) =
m
∑

k=1

∑

i∈Ck

‖xi − gk‖2 ❡!✳ ✺✳✶✹

✇❤❡/❡ 0❤❡ ✜/)0 )✉♠ ✐) 0❛❦❡♥ ♦✈❡/ 0❤❡ m ❝❧✉)0❡/) ✇❤✐❧❡ 0❤❡ )❡❝♦♥❞ )✉♠ ✐) 0❛❦❡♥ ♦♥ 0❤❡

♥♦❞❡) i ❜❡❧♦♥❣✐♥❣ 0♦ ❝❧✉)0❡/ k✱ i ∈ Ck✳ xi ✐) 0❤❡ ♥♦❞❡ ✈❡❝0♦/ ❝♦//❡)♣♦♥❞✐♥❣ 0♦ ♥♦❞❡ i

❛♥❞ gk ✐) ❛ ♣/♦0♦0②♣❡ ✈❡❝0♦/ ♦❢ ❝❧✉)0❡/ k ✐♥ 0❤❡ ❡♠❜❡❞❞✐♥❣ )♣❛❝❡✱ ✇❤✐❧❡ ‖xi − gk‖ ✐) 0❤❡
❊✉❝❧✐❞❡❛♥ ❞✐)0❛♥❝❡ ❜❡0✇❡❡♥ 0❤❡ ♥♦❞❡ ✈❡❝0♦/ ❛♥❞ 0❤❡ ❝❧✉)0❡/ ♣/♦0♦0②♣❡ ✐0 ❜❡❧♦♥❣) 0♦✳ ❚❤❡

❝/✐0❡/✐♦♥✬) ✈❛❧✉❡ ✭0❤❡ )✉♠ ♦✈❡/ ❛❧❧ ❝❧❛))❡) ♦❢ 0❤❡ ✇✐0❤✐♥✲❝❧✉)0❡/ ✐♥❡/0✐❛✮ )❤♦✉❧❞ ❜❡ ❛) ❧♦✇

❛) ♣♦))✐❜❧❡✳ ❚❤❡ ♣/♦0♦0②♣❡ ✈❡❝0♦/ gk ♦❢ ♦♥❡ ❝❧✉)0❡/ ✐) ❞❡✜♥❡❞ ❛) ❛ /❡♣/❡)❡♥0❛0✐✈❡ ♦❢ 0❤✐)



✺ ❆❧❣♦%✐'❤♠* ✷✾

❝❧✉#$❡& k ✳ ❲❡ ❞❡♥♦$❡ ❜② X $❤❡ n×p ✭p ✐# $❤❡ ♥✉♠❜❡& ♦❢ ❢❡❛$✉&❡# ✐♥ $❤❡ ❡♠❜❡❞❞✐♥❣ #♣❛❝❡✮

❞❛$❛ ♠❛$&✐① ❝♦♥$❛✐♥✐♥❣ $❤❡ $&❛♥#♣♦#❡❞ ♥♦❞❡ ✈❡❝$♦&# ❛# &♦✇#❀ $❤❛$ ✐#✱ X = [x1, x2, . . . , xn]
T

❬✶✸❪✳

▲❡$ ✉# ♦♣❡&❛$❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ♣❛&❛♠❡$❡&✿ gk → XThk ✱ ❝♦&&❡#♣♦♥❞✐♥❣ $♦ $❤❡

❦❡&♥❡❧ $&✐❝❦✳ ▲❡$ ✉# ♥♦✇ &❡❝♦♠♣✉$❡ $❤❡ ✇✐$❤✐♥✲❝❧❛## ✐♥❡&$✐❛ ✐♥ $❡&♠# ♦❢ $❤❡ hk ❛♥❞ $❤❡

✐♥♥❡& ♣&♦❞✉❝$# ❬✶✸❪✿

J(h1, ..., hm) =
m
∑

k=1

∑

i∈Ck

(xi − gk)
T (xi − gk)

=
m
∑

k=1

∑

i∈Ck

(xT
i xi − 2xT

i gk + gTk gk)

=
m
∑

k=1

∑

i∈Ck

(kii − 2kT
i hk + hT

kKhk)

=
m
∑

k=1

∑

i∈Ck

(ei − hk)
TK(ei − hk) ❡!✳ ✺✳✶✺

✇❤❡&❡ K = XXT
✱ kii = [K]ii = xT

i xi✱ ki = Xxi = coli(K) = Kei ✳

❇② ✐♥$&♦❞✉❝✐♥❣ $❤❡ ♠❡♠❜❡&#❤✐♣ ♠❛$&✐① uik✱ J ❝❛♥ ❜❡ &❡✇&✐$$❡♥ ❛#

J(h1, . . . , hm) =
n
∑

i=1

m
∑

k=1

uik(hk − ei)
TK(hk − ei) ❡!✳ ✺✳✶✻

✇❤❡&❡ uik ✐# ❡E✉❛❧ $♦ 1 ✐❢ ♥♦❞❡ i ✐# ❝✉&&❡♥$❧② ❛##✐❣♥❡❞ $♦ ❝❧✉#$❡& Ck ❛♥❞ $♦ 0 ♦$❤❡&✇✐#❡✳ ❚❤❡

❦✲♠❡❛♥# ✐$❡&❛$✐✈❡❧② ♠✐♥✐♠✐③❡# J ✱ ✜&#$ ❜② &❡✲❛❧❧♦❝❛$✐♥❣ $❤❡ ♥♦❞❡ ✈❡❝$♦&# ✭❞❡$❡&♠✐♥❛$✐♦♥ ♦❢

$❤❡ uik ✮ ✇❤✐❧❡ ❦❡❡♣✐♥❣ $❤❡ ♣&♦$♦$②♣❡ ✈❡❝$♦&# ✜①❡❞✱ ❛♥❞ #❡❝♦♥❞❧② ❜② &❡✲❝♦♠♣✉$✐♥❣ $❤❡

♣&♦$♦$②♣❡ ✈❡❝$♦&#✱ hk ✱ ✇❤✐❧❡ ♠❛✐♥$❛✐♥✐♥❣ $❤❡ ❝❧✉#$❡& ❧❛❜❡❧# ✜①❡❞ ❬✶✸❪✳

❘❡✲❛❧❧♦❝❛,✐♦♥ /,❡♣✳ ▲❡$ ✉# ✜&#$ ❝♦♥#✐❞❡& $❤❛$ $❤❡ ♣&♦$♦$②♣❡ ✈❡❝$♦&# ❛&❡ ✜①❡❞✳ ❚❤❡ uik

❢♦& ❡❛❝❤ ♥♦❞❡ i ❝❛♥ ❜❡ ♦♣$✐♠✐③❡❞ ✐♥❞❡♣❡♥❞❡♥$❧② ✐♥ $❤❡ #✉♠ ♦❢ ❡E✉❛$✐♦♥

J(h1, ..., hm) =
n
∑

i=1

m
∑

k=1

uik(hk − ei)
TK(hk − ei) ❡!✳ ✺✳✶✼

#♦ $❤❛$ $❤❡ ❜❡#$ ❝❧✉#$❡& ❛❧❧♦❝❛$✐♦♥ ❢♦& ❛ ♥♦❞❡ i ✐# $♦ ❛##✐❣♥ $❤❡ ♥♦❞❡ $♦ $❤❡ ❝❧✉#$❡& ❢♦&

✇❤✐❝❤ (hk− ei)
TK(hk− ei) ✐# ❛ ♠✐♥✐♠✉♠✳ ❚❤❡&❡❢♦&❡✱ $❤❡ &❡✲❛❧❧♦❝❛$✐♦♥ #$❡♣ ♠✐♥✐♠✐③✐♥❣ J

✐#
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k∗i =❛!❣♠✐♥k∈{1,..,m}
{

(hk − ei)
TK(hk − ei)

}

❡!✳ ✺✳✶✽

✇❤❡!❡ )❤❡ ✈❛!✐❛❜❧❡ k∗i ❝♦♥)❛✐♥/ )❤❡ ♦♣)✐♠❛❧ ❧❛❜❡❧ ♦❢ ♥♦❞❡ i ✳ ❚❤❡!❡❢♦!❡✱ )❤❡ ❡❧❡♠❡♥)/ ♦❢

)❤❡ i )❤ !♦✇ ♦❢ )❤❡ ♠❡♠❜❡!/❤✐♣ ❢✉♥❝)✐♦♥ ❜❡❝♦♠❡ ui,k∗i
= 1 ✱ ❛♥❞ uik = 0 ❢♦! k 6= k∗i ❬✶✸❪✳

❘❡✲❝♦♠♣✉-❛-✐♦♥ ♦❢ -❤❡ ♣3♦-♦-②♣❡5✳ ❋♦! )❤❡ ❝♦♠♣✉)❛)✐♦♥ ♦❢ )❤❡ ♣!♦)♦)②♣❡ ✈❡❝)♦!✱

)❛❦✐♥❣ )❤❡ ❣!❛❞✐❡♥) ♦❢ J ✇✐)❤ !❡/♣❡❝) )♦ hk ❛♥❞ /❡))✐♥❣ )❤❡ !❡/✉❧) ❡>✉❛❧ )♦ 0 ②✐❡❧❞/

Khk =
1

nk

∑

i∈Ck

Kei = K
1

nk

∑

i∈Ck

ei ❡!✳ ✺✳✶✾

✇❤❡!❡ nk ✐/ )❤❡ ♥✉♠❜❡! ♦❢ ♥♦❞❡/ ❜❡❧♦♥❣✐♥❣ )♦ ❝❧✉/)❡! ✳ ❲❡ ✐♠♠❡❞✐❛)❡❧② ♦❜/❡!✈❡ ❢!♦♠ )❤❡

❧❡❢)✲❤❛♥❞ /✐❞❡ )❤❛) Khk ✐/ ❛ ❧✐♥❡❛! ❝♦♠❜✐♥❛)✐♦♥ ♦❢ )❤❡ ki ✱ ✇❤✐❧❡ )❤❡ !✐❣❤)✲❤❛♥❞ /✐❞❡ ✐/

❛❧/♦ ❛♥ ✉♥❦♥♦✇♥ ❧✐♥❡❛! ❝♦♠❜✐♥❛)✐♦♥ ♦❢ )❤❡ ki✳ ❚❤❡!❡❢♦!❡✱ ♦♥❡ ♣❛!)✐❝✉❧❛! /♦❧✉)✐♦♥ )♦ )❤✐/

/②/)❡♠ ♦❢ ❧✐♥❡❛! ❡>✉❛)✐♦♥ ✐/ hk =
1
nk

∑

i∈Ck
ei✳ ■♥ ♦)❤❡! ✇♦!❞/✱ hk ❝♦♥)❛✐♥/

1
nk

✐❢ i ∈ Ck ❛♥❞

0 ♦)❤❡!✇✐/❡❀ ✐) ❝♦!!❡/♣♦♥❞/ )♦ ❛ ♣!♦)♦)②♣❡ ✈❡❝)♦! ❞❡✜♥❡❞ ❢♦! ❡❛❝❤ ❝❧✉/)❡! ✐♥ )❤❡ /❛♠♣❧❡

/♣❛❝❡ ❬✶✸❪✳

❚❤❡!❡❢♦!❡✱ )❤❡ ♣!♦)♦)②♣❡ !❡✲❝♦♠♣✉)❛)✐♦♥ /)❡♣ ✐/✿

hki = [hk]i =











1
nk

✐❢ ♥♦❞❡ i∈Ck

0 ♦)❤❡!✇✐/❡

❡!✳ ✺✳✷✵

❚❤✐/ ✐/ ❛ ♥❛)✉!❛❧ !❡/✉❧) /✐♥❝❡ XThk ❝♦!!❡/♣♦♥❞/ ❡①❛❝)❧② )♦ )❤❡ ❝❡♥)❡! ♦❢ ❣!❛✈✐)② ♦❢ )❤❡

❝❧✉/)❡! k ✐♥ )❤❡ ❡♠❜❡❞❞✐♥❣ /♣❛❝❡ ❬✶✸❪✳

✺✳✷✳✸ ❆❧❣♦(✐*❤♠

❚❤❡ ❦❡!♥❡❧ ❦✲♠❡❛♥/ ❛❧❣♦!✐)❤♠ ✐/ ❡①♣!❡//❡❞ ❛/ ❢♦❧❧♦✇/ ✭❛♥❞ !❡♣!❡/❡♥)❡❞ ✐♥ ✜❣✉#❡ ✸ ✮✳

■♥♣✉-✿

✲❆ ✇❡✐❣❤)❡❞ ❞✐!❡❝)❡❞ ❣!❛♣❤ G ❝♦♥)❛✐♥✐♥❣ ♥ ♥♦❞❡/✳

✲K✿ ❛ n× n /②♠♠❡)!✐❝ /✐♠✐❧❛!✐)② ♠❛)!✐① ❛//♦❝✐❛)❡❞ )♦ G

✲ ❚❤❡ ❞❡/✐!❡❞ ♥✉♠❜❡! ♦❢ ❝❧✉/)❡!/✱ m✳

❖✉-♣✉-✿

✲ ❚❤❡ n×m ♠❡♠❜❡!/❤✐♣ ♠❛)!✐① U ❝♦♥)❛✐♥✐♥❣ )❤❡ ♠❡♠❜❡!/❤✐♣ ♦❢ ❡❛❝❤ ♥♦❞❡ i )♦ ❝❧✉/)❡!

k✱ uik
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❋✐❣✉$❡ ✸✿ ❚❤❡ ❦❡$♥❡❧ ❑✲♠❡❛♥1 ❛❧❣♦$✐3❤♠

■♥✐#✐❛❧✐③❛#✐♦♥✿ ❝❤♦♦$❡ m ♣'♦(♦(②♣❡ ♥♦❞❡$ ✇✐(❤ ✐♥❞✐❝❡$ q1, q2, . . . , qm ❛( '❛♥❞♦♠ ❛♥❞ $❡(

hk = eqk, k = 1 . . .m✱ ✇❤❡'❡ ei ✐$ ❛ n × 1 ❜❛$✐$ ❝♦❧✉♠♥ ✈❡❝(♦' ✭❝♦♥(❛✐♥$ 0✬$ ❡✈❡'②✇❤❡'❡

❡①❝❡♣( ❛( ♣♦$✐(✐♦♥ i ✇❤❡'❡ ✐( ❝♦♥(❛✐♥$ ❛ 1✮

❘❡♣❡❛#

U ← Zeros(n,m)

❋♦,i = 1 #♦ n ❞♦

k∗ ← ❛'❣♠✐♥k∈{1,...,m}
{

(hk − ei)
TK(hk − ei)

}

uik∗ ← 1

❊♥❞ ❢♦,

❋♦, k = 1 #♦ m ❞♦

nk ←
∑n

i=1 uik

hk ←
colk(U)

nk

❊♥❞ ❢♦,

✉♥#✐❧ (❤❡ ❛❧❧♦❝❛(✐♦♥ ♦❢ (❤❡ ♥♦❞❡$ ❞♦❡$ ♥♦( ❝❤❛♥❣❡ ❛♥② ♠♦'❡

❘❡#✉,♥ U

 ♦✉#❝❡✿ ❛❞❛♣*❡❞ ❢#♦♠ ❋♦✉  ✱ ❙❛❡#❡♥ ❛♥❞ ❙❤✐♠❜♦ ❬✶✸❪✱ ✷✵✶✹✳

❚❤✐$ ♣'♦❝❡❞✉'❡ ✐$ ✐(❡'❛(❡❞ ✉♥(✐❧ ❝♦♥✈❡'❣❡♥❝❡ ♦❢ (❤❡ ❝'✐(❡'✐♦♥✳

✺✳✸ ❚❤❡ ▲♦✉✈❛✐♥ ♠❡.❤♦❞

❚❤❡ ▲♦✉✈❛✐♥ ♠❡(❤♦❞ ✐$ ❛ ❝❧✉$(❡'✐♥❣ (❡❝❤♥✐>✉❡ ❞❡✈❡❧♦♣❡❞ ❜② ❱✐♥❝❡♥( ❇❧♦♥❞❡❧ ✭>✉♦(❡❞ ✐♥

❬✶✸❪✮✱ ❞❡$❝'✐❜❡❞ ❛$ ❢♦❧❧♦✇$✳

✺✳✸✳✶ ▼♦❞✉❧❛*✐,②

▼♦❞✉❧❛'✐(② ✐$ ❛ ♠❡❛$✉'❡ ♦❢ (❤❡ $('✉❝(✉'❡ ♦❢ ❣'❛♣❤$✳ ■( ✇❛$ ❞❡$✐❣♥❡❞ (♦ ♠❡❛$✉'❡ (❤❡

$('❡♥❣(❤ ♦❢ ❞✐✈✐$✐♦♥ ♦❢ ❛ ♥❡(✇♦'❦ ✐♥(♦ ♠♦❞✉❧❡$ ✭♦' ❝❧✉$(❡'$✮✳ ◆❡(✇♦'❦$ ✇✐(❤ ❤✐❣❤ ♠♦❞✉✲

❧❛'✐(② ❤❛✈❡ ❞❡♥$❡ ❝♦♥♥❡❝(✐♦♥$ ❜❡(✇❡❡♥ (❤❡ ♥♦❞❡$ ✇✐(❤✐♥ ♠♦❞✉❧❡$ ❜✉( $♣❛'$❡ ❝♦♥♥❡❝(✐♦♥$



✺ ❆❧❣♦%✐'❤♠* ✸✷

❜❡"✇❡❡♥ ♥♦❞❡' ✐♥ ❞✐✛❡*❡♥" ♠♦❞✉❧❡'✳ ▼♦❞✉❧❛*✐"② ✐' ♦❢"❡♥ ✉'❡❞ ❢♦* ❞❡"❡❝"✐♥❣ ❝♦♠♠✉♥✐"②

'"*✉❝"✉*❡ ✐♥ ♥❡"✇♦*❦'✳ ❍♦✇❡✈❡*✱ ✐" ❤❛' ❜❡❡♥ '❤♦✇♥ "❤❛" ♠♦❞✉❧❛*✐"② '✉✛❡*' ❛ *❡'♦❧✉"✐♦♥

❧✐♠✐" ❛♥❞✱ "❤❡*❡❢♦*❡✱ ✐" ✐' ✉♥❛❜❧❡ "♦ ❞❡"❡❝" '♠❛❧❧ ❝♦♠♠✉♥✐"✐❡' ❬✶✸❪✳

❚❤❡ ♠♦❞✉❧❛*✐"② ❝❛♥ ❜❡ ❝♦♠♣✉"❡❞ ❜②✿

Q(u1, u2, ..., um) =
1

vol(G)

m
∑

k=1

uT
kQuk ❡!✳ ✺✳✷✶

✇❤❡#❡ Q ✐% &❤❡ ♠♦❞✉❧❛#✐&② ♠❛&#✐①✱ Q = (A− dod
T
i

vol(G)
)✱ ❛♥❞ uk = Uek ✐% ❛ ❜✐♥❛#② ♠❡♠❜❡#%❤✐♣

✈❡❝&♦# ❝♦♥&❛✐♥✐♥❣ ❛ 1 ✐♥ ♣♦%✐&✐♦♥ i ✐❢ ♥♦❞❡ i ❜❡❧♦♥❣% &♦ ❝❧✉%&❡# k ❛♥❞ 0 ♦&❤❡#✇✐%❡✳

✺✳✸✳✷ ❉❡&❝(✐♣+✐♦♥

❚❤❡ ▲♦✉✈❛✐♥ ♠❡&❤♦❞ ✐% ❛ ❣#❡❡❞② ❜♦&&♦♠✲✉♣ ♠✉❧&✐✲❧❡✈❡❧ ❛❧❣♦#✐&❤♠ ❢♦# ♠❛①✐♠✐③✐♥❣ &❤❡

♠♦❞✉❧❛#✐&② ♦❢ ❛ ✇❡✐❣❤&❡❞ ✉♥❞✐#❡❝&❡❞ ❣#❛♣❤✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐% &♦ ♣❡#❢♦#♠ ❛♥ ✐&❡#❛&✐✈❡

❧♦❝❛❧ ♦♣&✐♠✐③❛&✐♦♥ ❢♦# %❡❡❦✐♥❣ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ♦❢ &❤❡ ♠♦❞✉❧❛#✐&②✳ ■♥ ❛ %❡❝♦♥❞ %&❡♣✱ ❛

♥❡✇ ❣#❛♣❤ ✐% ❜✉✐❧& ✇❤♦%❡ ♥♦❞❡% ❛#❡ &❤❡ ❝❧✉%&❡#% ❢♦✉♥❞ ✐♥ &❤❡ ✜#%& %&❡♣✳ ❚❤❡ ✐&❡#❛&✐♦♥% ❛#❡

#❡♣❡❛&❡❞ ♦♥ &❤❡ ♥❡✇ ❣#❛♣❤ ✉♥&✐❧ ♥♦ ❢✉#&❤❡# ✐♠♣#♦✈❡♠❡♥& ❝❛♥ ❜❡ ♦❜&❛✐♥❡❞✳ ❚❤✐% #❡%✉❧&% ✐♥

❛ ❝❧✉%&❡#✐♥❣ ♦❢ &❤❡ ❣#❛♣❤ ✇✐&❤♦✉& ❤❛✈✐♥❣ &♦ %♣❡❝✐❢② ❛ ♣#✐♦#✐ &❤❡ ♥✉♠❜❡# ♦❢ ❝❧✉%&❡#%✱ ❛♥❞

✐♥ ❛ ❤✐❡#❛#❝❤② ♦❢ ❝❧✉%&❡#✐♥❣ %♦❧✉&✐♦♥% ❛& ❞✐✛❡#❡♥& ❧❡✈❡❧% ♦❢ ❛❣❣#❡❣❛&✐♦♥ ❬✶✸❪✳

❚❤❡ ▲♦✉✈❛✐♥ ♠❡&❤♦❞ ❝♦♥%✐%&% ✐♥ ❛ %✉❝❝❡%%✐♦♥ ♦❢ %&❡♣%✳ ■♥✐&✐❛❧❧②✱ ❡❛❝❤ ♥♦❞❡ ✐% ❛ ❝❧✉%&❡# ✐♥

✐&% ♦✇♥✳ ❍❡♥❝❡✱ &❤❡#❡ ❛#❡ ❛% ♠❛♥② ❝❧✉%&❡#% ❛% ♥♦❞❡%✱✐✳❡✳✱ n ❝❧✉%&❡#% ✐♥ &♦&❛❧✳ ❆❢&❡# &❤❡

✐♥✐&✐❛❧✐③❛&✐♦♥✱ &❤❡ ✜#%& ♣❤❛%❡ ✭❝❛❧❧❡❞ &❤❡ ❧♦❝❛❧ ♦♣&✐♠✐③❛&✐♦♥ %&❡♣✮ ✐% ❝♦♥❞✉❝&❡❞ ✉♥&✐❧ ❛ ❧♦❝❛❧

♦♣&✐♠✉♠ ♦❢ &❤❡ ♠♦❞✉❧❛#✐&② ✐% #❡❛❝❤❡❞✳ ❚❤❡♥✱ &❤❡ %❡❝♦♥❞ ♣❤❛%❡✱ ❝❛❧❧❡❞ &❤❡ ❝♦❛#%❡♥✐♥❣ %&❡♣

✭✇❤♦%❡ ♣✉#♣♦%❡ ✐% &♦ ❜✉✐❧❞ ❛ ♥❡✇ ❛❣❣❧♦♠❡#❛&❡❞ ❣#❛♣❤✮ ✐% ♣❡#❢♦#♠❡❞✳ ❍♦✇❡✈❡#✱ &❤❡ %❡❝♦♥❞

%&❡♣ ✇✐❧❧ ♥♦& ❜❡ ❞❡&❛✐❧❡❞ ✐♥ &❤✐% ♣❛♣❡#✱ ❛% ✐& ✐% ✉%❡❞ ❢♦# ❤✐❡#❛#❝❤✐❝❛❧ ❝❧✉%&❡#✐♥❣ ❬✶✸❪✳

❚❤✐% %❤♦#& ✐♥&#♦❞✉❝&✐♦♥ %❤♦✉❧❞ ❜❡ %✉✣❝✐❡♥& ❢♦# &❤❡ #❡❛❞❡# &♦ ✉♥❞❡#%&❛♥❞ &❤❡ ❜❛%✐❝ ❧♦❣✐❝

♦❢ &❤❡ ❛❧❣♦#✐&❤♠✳ ■❢ ❝♦♥❢#♦♥&❡❞ ✇✐&❤ ❞✐✣❝✉❧&✐❡% ✐♥ ✉♥❞❡#%&❛♥❞✐♥❣ &❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛#❛❣#❛♣❤%✱

&❤❡ #❡❛❞❡# %❤♦✉❧❞ ♥♦& ❤❡%✐&❛&❡ &♦ ✐♠♠❡❞✐❛&❡❧② ❥✉♠♣ &♦ &❤❡ %✐♠♣❧✐✜❡❞ ♣#❡%❡♥&❛&✐♦♥ ♦❢ &❤❡

❛❧❣♦#✐&❤♠ ✭%❡❝&✐♦♥ ✺✳✸✳✸✮✳ ▼♦#❡ ✐♥❢♦ ♦♥ &❤❡ ▲♦✉✈❛✐♥ ♠❡&❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸❪✳

▲♦❝❛❧ ♦♣,✐♠✐③❛,✐♦♥ 1,❡♣✿ ❞✉#✐♥❣ &❤✐% ✜#%& ♣❤❛%❡✱ ❡❛❝❤ ♥♦❞❡ ♦❢ G ✐% ❝♦♥%✐❞❡#❡❞ ✐♥

#❛♥❞♦♠ ♦#❞❡#✱ ❛♥❞ &❡♥&❛&✐✈❡❧② ♠♦✈❡❞ &♦ ❛♥♦&❤❡# ✭♥❡✐❣❤❜♦#✐♥❣✮ ❝❧✉%&❡#✱ ✇❤✐❧❡ &❤❡ ❞✐✛❡#❡♥❝❡
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✐♥ ♠♦❞✉❧❛(✐)② ✐+ ❝♦♠♣✉)❡❞✳ ❚❤✉+✱ ❢♦( ❡❛❝❤ ♥♦❞❡ i ✱ ✇❡ ✜(+) ✐❞❡♥)✐❢② ❛❧❧ )❤❡ ♥❡✐❣❤❜♦(✐♥❣

❝❧✉+)❡(+ Nc(i)✱ )❤❛) ✐+✱ ❝❧✉+)❡(+ ❝♦♥)❛✐♥✐♥❣ ❛) ❧❡❛+) ♦♥❡ ♥❡✐❣❤❜♦( j ♦❢ ♥♦❞❡ i ✭j ∈ N(i)✮✱

❛♥❞ l(i) 6= l(j) ✭)❤❡ ❝❧✉+)❡( ❧❛❜❡❧ ♦❢ i✱ l(i) ✐+ ❞✐✛❡(❡♥) ❢(♦♠ )❤❡ ❝❧✉+)❡( ❧❛❜❡❧ ♦❢ j✱ l(i) ✮ ❬✶✸❪✳

❚❤❡ +❡) ♦❢ ❛❧❧ ♥❡✐❣❤❜♦(✐♥❣ ❝❧✉+)❡(+ ♦❢ ♥♦❞❡ i ✐+ ❞❡♥♦)❡❞ ❜②

Nc(i) = Ck | ∃j : (j ∈ N(i)) ∧ (l(j) = k) ∧ (l(j) 6= l(i)) ❡!✳ ✺✳✷✷

✭)❤❡ +✉❜+❝(✐♣) C ♠❡❛♥+ )❤❛) ✐) (❡)✉(♥+ ❛ +❡) ♦❢ ❝❧✉+)❡(+✱ ♥♦) ♥♦❞❡+✮✳

❚❤❡ ♠♦✈❡ ❧❡❛❞✐♥❣ )♦ )❤❡ ❧❛(❣❡+) ✐♥❝(❡❛+❡ ✐♥ ♠♦❞✉❧❛(✐)② ✐+ ❝♦♥✜(♠❡❞✱ ❜✉) ♦♥❧② ✐❢ )❤❡

❞✐✛❡(❡♥❝❡ ✐♥ ♠♦❞✉❧❛(✐)② ✐+ +)(✐❝)❧② ♣♦+✐)✐✈❡✳ ▼♦(❡♦✈❡(✱ ✐❢ )❤❡ ♠♦✈❡❞ ♥♦❞❡ ✇❛+ ❛❧♦♥❡ ✐♥

✐)+ ❝❧✉+)❡( ❛♥❞ ✐) ✐+ ♠♦✈❡❞✱ )❤❡ ♦(✐❣✐♥❛❧ ❝❧✉+)❡( ❞✐+❛♣♣❡❛(+✳ ■)❡(❛)✐♦♥+ ❛(❡ ♣❡(❢♦(♠❡❞ ✉♥)✐❧

♥♦ ♠♦✈❡ ✐♠♣(♦✈❡+ )❤❡ ♠♦❞✉❧❛(✐)② ❛♥② ♠♦(❡ ❞✉(✐♥❣ )❤❡ ✇❤♦❧❡ ✐)❡(❛)✐♦♥✳ ❚❤❡ (❡+✉❧) ✐+ ❛

♣❛()✐)✐♦♥ ♦❢ G ✐♥)♦ ❝❧✉+)❡(+ ✭+♦♠❡ ♦❢ )❤❡♠ ♠✐❣❤) ❝♦♥)❛✐♥ ♦♥❧② ♦♥❡ +✐♥❣❧❡ ♥♦❞❡✮ ❬✶✸❪✳

✺✳✸✳✸ ❆❧❣♦'✐)❤♠

❚❤❡ ❞✐✛❡(❡♥) +)❡♣+ ♦❢ )❤❡ ❛❧❣♦(✐)❤♠+ ❛(❡ ❞❡)❛✐❧❡❞ ❛+ ❢♦❧❧♦✇+ ❛♥❞ (❡♣(❡+❡♥)❡❞ ✐♥ ✜❣✉#❡ ✹✳

■♥♣✉)✿

❆ ✇❡✐❣❤)❡❞ ✉♥❞✐(❡❝)❡❞ ❣(❛♣❤ G ❝♦♥)❛✐♥✐♥❣ n ♥♦❞❡+✳

Q✿ )❤❡ n× n ♠♦❞✉❧❛(✐)② ♠❛)(✐① ❛++♦❝✐❛)❡❞ )♦ G✳

❖✉)♣✉)✿

U ✿ )❤❡ n × n ♠❛)(✐① ❝♦♥)❛✐♥✐♥❣ ❡❧❡♠❡♥)+ uik = 1 ✐❢ ♥♦❞❡ i ❜❡❧♦♥❣+ )♦ ❝❧✉+)❡( k ❛♥❞ 0

♦)❤❡(✇✐+❡✳ ❚❤❡ kth ❝♦❧✉♠♥ ♦❢ U ✐+ uk
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❋✐❣✉$❡ ✹✿ ❆ ❧♦❝❛❧ ♦♣.✐♠✐③❛.✐♦♥ ♣$♦❝❡❞✉$❡ ❢♦$ ❝❧✉4.❡$✐♥❣ .❤❡ ♥♦❞❡4 ♦❢ ❛ ❣$❛♣❤ ● ❜❛4❡❞ ♦♥

♠♦❞✉❧❛$✐.② ✭.❤❡ ▲♦✉✈❛✐♥ ♠❡.❤♦❞✮✳

■♥✐#✐❛❧✐③❛#✐♦♥✿ m← n {!❤❡ ✐♥✐!✐❛❧ ♥✉♠❜❡+ ♦❢ ❝❧✉/!❡+ ✐/ ❡0✉❛❧ !♦ ♥ }
❙❡! !❤❡ ❜✐♥❛+② ♠❡♠❜❡+/❤✐♣ ✈❡❝!♦+ {uk = ek}mk=1✱ ✇❤❡+❡ ek ✐/ ❛n × 1 ❜❛/✐/ ❝♦❧✉♠♥ ✈❡❝!♦+

✭0✬/ ❡✈❡+②✇❤❡+❡ ❡①❝❡♣! ❛! ♣♦/✐!✐♦♥ k ✇❤❡+❡ ✐! ❝♦♥!❛✐♥/ ❛ 1✮✳ ▼♦+❡♦✈❡+✱ /❡! !❤❡ ❝❧✉/!❡+

❧❛❜❡❧ ♦❢ ❡❛❝❤ ♥♦❞❡ i !♦ {l(i) = i}ni=1 ✭❡❛❝❤ ♥♦❞❡ ✐/ ❛ ❝❧✉/!❡+✮✳

❘❡♣❡❛#

numberMoves← 0

❋♦, i = 1 #♦ n ❞♦

❈♦♠♣✉!❡ !❤❡ /❡! ♦❢ ❛❧❧ ♥❡✐❣❤❜♦+✐♥❣ ❝❧✉/!❡+/ ♦❢ ♥♦❞❡ i✿ NC(i) ←
{Cl | ∃j : (j∈N(i))∧(l(j) = l)∧(l(j) 6=l(i))}

❋♦, ❛❧❧ Cl ∈ NC(i) ❞♦

△Q(i, Cl)← 2
vol(G)

(ei + ul − ul(i))
TQei

❡♥❞ ❢♦,

Cl∗ = ❛+❣♠❛①Cl∈NC(i)△Q(i, Cl)

✐❢ △Q(i, Cl∗) > 0 #❤❡♥

uil(i) ← 0

l(i)← l∗ ❀ uil∗ ← 1

numberMoves← numberMoves+ 1

❡♥❞ ✐❢

❊♥❞ ❢♦,

❉❡❧❡!❡ !❤❡ ③❡+♦ ❝♦❧✉♠♥/ ♦❢ ♠❛!+✐① U

❘❡❝♦♠♣✉!❡ ❛❝❝♦+❞✐♥❣❧② !❤❡ ❧❛❜❡❧/✱ {l(i)← ❛+❣♠❛①l(uil)}
n

i=1

✉♥#✐❧ numberMoves = 0

❘❡#✉,♥ U

 ♦✉#❝❡✿ ❛❞❛♣*❡❞ ❢#♦♠ ❋♦✉  ✱ ❙❛❡#❡♥ ❛♥❞ ❙❤✐♠❜♦ ❬✶✸❪✱✷✵✶✹✳

✺✳✹ #♦%%✐❜✐❧✐%)✐❝ ❢✉③③② ❝✲♠❡❛♥% ❝❧✉%)❡4✐♥❣

❚❤✐/ /❡❝!✐♦♥ ✐/ ♥♦! ♥❡❝❡//❛+✐❧② /!+❛✐❣❤!❢♦+✇❛+❞ ❢♦+ ❛ ❜❡❣✐♥♥❡+ ✐♥ /!❛!✐/!✐❝/✱ ✐! +❡❧✐❡/ ♦♥

/♦♠❡ ✐♠♣♦+!❛♥! ♠❛!❤❡♠❛!✐❝❛❧ ♣+✐♥❝✐♣❧❡/✳ ■! ♠✐❣❤! ❜❡ ❞✐✣❝✉❧! ❢♦+ !❤❡ +❡❛❞❡+ !♦ ✉♥❞❡+✲
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 !❛♥❞ ✐! ✐♠♠❡❞✐❛!❡❧②✳ ❲❡ !❤❡-❡❢♦-❡  ✉❣❣❡ ! !♦ ❝♦♠♣❧❡!❡ !❤❡ -❡❛❞✐♥❣ ♦❢ !❤✐ !❤❡ ✐ ✇✐!❤

❛ ❢❡✇ -❡ ♦✉-❝❡ ✭♥❛♠❡❧② ❬✷✺❪ ❛♥❞ ❬✹✸❪✮ !♦ ❤❡❧♣ !❤❡ -❡❛❞❡- ✉♥❞❡- !❛♥❞ !❤✐ ❝❤❛♣!❡- ♠♦-❡

❡❛ ✐❧②✳ ❋✉-!❤❡-♠♦-❡✱ ❛ !❤❡ ♣-✐♥❝✐♣❧❡ ♦❢ !❤❡ ❛❧❣♦-✐!❤♠ -❡♠❛✐♥  ✐♠✐❧❛- !♦ !❤❡ ❞✐ !❛♥❝❡✲

❜❛ ❡❞ ❦✲♠❡❛♥ ✭ ❡❡  ❡❝!✐♦♥ ✺✳✶✮✱ ✐♥ ❝❛ ❡ ♦❢ ❞✐✣❝✉❧!✐❡ ✐♥ ✉♥❞❡- !❛♥❞✐♥❣ !❤❡ !❤❡♦-❡!✐❝❛❧

❢♦✉♥❞❛!✐♦♥ ✱ !❤❡ -❡❛❞❡-  ❤♦✉❧❞ ♥♦! ❤❡ ✐!❛!❡ !♦  ❦✐♣ !❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡ !♦ ❣♦ ✐♠♠❡❞✐❛!❡❧②

!♦ !❤❡ ❞❡ ❝-✐♣!✐♦♥ ♦❢ !❤❡ ❛❧❣♦-✐!❤♠ ✭ ❡❝!✐♦♥ ✺✳✹✳✷✮✱ ♠♦-❡ ✐♥!✉✐!✐✈❡✳

❋✉③③② ❝❧✉ !❡-✐♥❣ ❤❛ ❜❡❡♥  ❤♦✇♥ !♦ ❜❡ ❛❞✈❛♥!❛❣❡♦✉ ♦✈❡- ❝-✐ ♣ ❝❧✉ !❡-✐♥❣ ✐♥ !❤❛! !♦!❛❧

❝♦♠♠✐!♠❡♥! ♦❢ ❛ ✈❡❝!♦- !♦ ❛ ❣✐✈❡♥ ❝❧❛  ✐ ♥♦! -❡F✉✐-❡❞ ✐♥ ❡❛❝❤ ✐!❡-❛!✐♦♥✳

❍♦✇❡✈❡-✱ !❤❡ ❢✉③③② ❝✲♠❡❛♥ ✭❋❈▼✮ ❝❧✉ !❡-✐♥❣ ✐  ❡♥ ✐!✐✈❡ !♦ ♥♦✐ ❡ ❛♥❞ ♦✉!❧✐❡- ❜❡❝❛✉ ❡

♦❢ !❤❡ ♣-♦❜❛❜✐❧✐ !✐❝ ❝♦♥ !-❛✐♥!✳ ❚❤❡-❡❢♦-❡✱ ❑-✐ ❤♥❛♣✉-❛♠ ❛♥❞ ❑❡❧❧❡- ❬✷✺❪ ♣-♦♣♦ ❡❞ !❤❡

♣♦  ✐❜✐❧✐ !✐❝ ❝✲♠❡❛♥ ❛❧❣♦-✐!❤♠ ✭L❈▼✮ ❜② ❛❜❛♥❞♦♥✐♥❣ !❤❡ ♣-♦❜❛❜✐❧✐ !✐❝ ❝♦♥ !-❛✐♥! !♦  ♦❧✈❡

!❤❡ ♥♦✐ ❡  ❡♥ ✐!✐✈✐!②✳

❚❤❡✐- ♠♦❞❡❧ ❝❛♥ ❜❡ ❢✉-!❤❡- ❡①!❡♥❞❡❞ !♦ !❤❡ ♣♦  ✐❜✐❧✐ !✐❝ ❢✉③③② ❝✲♠❡❛♥ ❝❧✉ !❡-✐♥❣ ✭L❋❈▼✱

 ❡❡ L❛❧ ❛♥❞ ❛❧✳ ✐♥ ❬✹✸❪✮✳ L❧❛②✐♥❣ ✇✐!❤ !❤❡ ❞✐✛❡-❡♥! ♣❛-❛♠❡!❡- ❛❧❧♦✇ ✉ !♦ ❢❛✈♦- ♦♥❡ ♠♦❞❡❧

✭❋❈▼✮ ♦✈❡- !❤❡ ♦!❤❡- ✭L❈▼✮ ❛♥❞ !♦ ❦❡❡♣ !❤❡ ♦♣♣♦-!✉♥✐!② !♦ ♠♦✈❡ ❢-♦♠ ❜❡!✇❡❡♥ ♠♦❞❡❧ ✱

❛♥❞ ❦❡❡♣ !❤❡✐-  ♣❡❝✐✜❝✐!✐❡ ✳

✺✳✹✳✶ ❉❡&❝(✐♣+✐♦♥

❚❤❡ L❈▼ ❛❧❣♦-✐!❤♠ ✐ ❞❡-✐✈❡❞ ❢-♦♠ !❤❡ ❋❈▼ ❛❧❣♦-✐!❤♠ ❜② -❡❧❛①✐♥❣ !❤❡ ❝♦♥ !-❛✐♥! ♦♥ ✐! 

♦❜❥❡❝!✐✈❡ ❢✉♥❝!✐♦♥✳ ■♥❞❡❡❞✱ !❤❡ ❋❈▼ ♦❜❥❡❝!✐✈❡ ❢✉♥❝!✐♦♥ ✐ ❣✐✈❡♥ ❜② ❬✷✺❪✿

J(L,U) =
∑C

i=1

∑N

j=1(uij)
md2ij ❡!✳ ✺✳✷✸

 ✉❜❥❡❝! !♦

∑C

i=1 uij = 1 ❢♦- ❛❧❧ j✳ ■♥ !❤❛! ❢✉♥❝!✐♦♥✱ L = (β1, ..., βC) ✐ ❛ ❈✲!✉♣❧❡ ♦❢

♣-♦!♦!②♣❡ ✱ d2ij ✐ !❤❡ ❞✐ !❛♥❝❡ ♦❢ ❢❡❛!✉-❡ ♣♦✐♥! xj !♦ ♣-♦!♦!②♣❡ βi✱ ◆ ✐ !❤❡ !♦!❛❧ ♥✉♠❜❡-

♦❢ ❢❡❛!✉-❡ ✈❡❝!♦- ✱ C ✐ !❤❡ ♥✉♠❜❡- ♦❢ ❝❧❛  ❡ ✱ ❛♥❞ U = [uij] ✐ ❛ C ×N ♠❛!-✐①✱ ❝❛❧❧❡❞ !❤❡

❢✉③③② ❈✲♣❛-!✐!✐♦♥ ♠❛!-✐①✳ uij ✐ !❤❡ ❣-❛❞❡ ♦❢ ♠❡♠❜❡- ❤✐♣ ♦❢ !❤❡ ❢❡❛!✉-❡ ♣♦✐♥! xj ✐♥ ❝❧✉ !❡-

βi✱ ❛♥❞ m ∈ [1,∞] ✐ ❛ ✇❡✐❣❤!✐♥❣ ❡①♣♦♥❡♥! ❝❛❧❧❡❞ !❤❡ ❢✉③③✐✜❡-✳ ❖✉- ♦❜❥❡❝!✐✈❡ ✐ !♦ ❤❛✈❡ !❤❡

♠❡♠❜❡- ❤✐♣ ❢♦- -❡♣-❡ ❡♥!❛!✐✈❡ ❢❡❛!✉-❡ ♣♦✐♥! ❛ ❤✐❣❤ ❛ ♣♦  ✐❜❧❡✱ ✇❤✐❧❡ ✉♥-❡♣-❡ ❡♥!❛!✐✈❡

♣♦✐♥!  ❤♦✉❧❞ ❤❛✈❡ ❧♦✇ ♠❡♠❜❡- ❤✐♣ ✐♥ ❛❧❧ ❝❧✉ !❡- ✳ ❚❤❡ ♥❡✇ L❈▼ ♦❜❥❡❝!✐✈❡ ❢✉♥❝!✐♦♥

 ❛!✐ ❢②✐♥❣ !❤♦ ❡ -❡F✉✐-❡♠❡♥! ❜❡❝♦♠❡ ❬✷✺❪✿
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Jm(L,U) =
∑C

i=1

∑N

j=1(uij)
md2ij +

∑C

i=1 ηi
∑N

j=1(1− uij)
m

❡!✳ ✺✳✷✹

✇❤❡#❡ ηi ❛#❡ %✉✐(❛❜❧❡ ♣♦%✐(✐✈❡ ♥✉♠❜❡#%✳ ❚❤❡ ✜#%( (❡#♠ ♦❢ (❤❡ ❡4✉❛(✐♦♥ ❞❡♠❛♥❞% (❤❛( (❤❡

❞✐%(❛♥❝❡% ❢#♦♠ (❤❡ ❢❡❛(✉#❡% ✈❡❝(♦#% (♦ (❤❡ ♣#♦(♦(②♣❡% ❜❡ (❤❡ ❧♦✇❡%(✱ ✇❤❡#❡❛% (❤❡ %❡❝♦♥❞

(❡#♠ ❢♦#❝❡% (❤❡ uij (♦ ❜❡ ❛% ❧❛#❣❡ ❛% ♣♦%%✐❜❧❡✱ ❛✈♦✐❞✐♥❣ (❤❡ (#✐✈✐❛❧ %♦❧✉(✐♦♥✳❚❤✉%✱ ✐♥ ❡❛❝❤

✐(❡#❛(✐♦♥✱ (❤❡ ✉♣❞❛(❡❞ ✈❛❧✉❡ ♦❢ uij ❞❡♣❡♥❞% ♦♥❧② ♦♥ (❤❡ ❞✐%(❛♥❝❡ ♦❢ xj ❢#♦♠ βi ❬✷✺❪✳

❚❤❡ ✐♥(✉✐(✐♦♥ ❜❡❤✐♥❞ (❤❡ (❡#♠

∑N

j=1(1 − uij)
m
✐% (♦ #❡❧❡❛%❡ (❤❡ (#❛❞✐(✐♦♥❛❧ ❝♦♥%(#❛✐♥( ♦♥

(❤❡ ♠❡♠❜❡#%❤✐♣ ✭

∑

i uij = 1✮ (♦ ❣✐✈❡ %♦♠❡ ✢❡①✐❜✐❧✐(② (♦ (❤❡ ♠♦❞❡❧✱ ✇❤✐❧❡ ❛✈♦✐❞✐♥❣ ❤❡

(#✐✈✐❛❧ %♦❧✉(✐♦♥ ✭(❤❡ ♥✉❧❧ %♦❧✉(✐♦♥✮✳

❚❤❡ ✈❛❧✉❡ ♦❢ ηi ❞❡(❡#♠✐♥❡% (❤❡ ❞✐%(❛♥❝❡ ❛( ✇❤✐❝❤ (❤❡ ♠❡♠❜❡#%❤✐♣ ✈❛❧✉❡ ♦❢ ❛ ♣♦✐♥( ✐♥ ❛

❝❧✉%(❡# ❜❡❝♦♠❡% ✵✳✺✳ ■( ♥❡❡❞% (♦ ❜❡ ❝❤♦%❡♥ ❞❡♣❡♥❞✐♥❣ ♦♥ (❤❡ ❞❡%✐#❡❞ ✧❜❛♥❞✇✐❞(❤✧ ♦❢ (❤❡

♣♦%%✐❜✐❧✐(② ✭♠❡♠❜❡#%❤✐♣✮ ❞✐%(#✐❜✉(✐♦♥ ❢♦# ❡❛❝❤ ❝❧✉%(❡#✳ ❚❤❡#❡❢♦#❡✱ (❤✐% ✈❛❧✉❡ ✐% (❤❡ %❛♠❡

❢♦# ❛❧❧ ❝❧✉%(❡#% ✐❢ (❤❡② ❛#❡ ❡①♣❡❝(❡❞ (♦ ❜❡ %✐♠✐❧❛#✳ ■( ❛❧%♦ ❞❡(❡#♠✐♥❡% (❤❡ ❞❡❣#❡❡ (♦ ✇❤✐❝❤

(❤❡ %❡❝♦♥❞ (❡#♠ ✐♥ (❤❡ ♦❜❥❡❝(✐✈❡ ❢✉♥❝(✐♦♥ ✐% ❢❛✈♦#❡❞ ❝♦♠♣❛#❡❞ ✇✐(❤ (❤❡ ✜#%(✳ ■♥ ♣#❛❝(✐❝❡✱

(❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐(✐♦♥ ✇♦#❦% ✇❡❧❧ ❬✷✺❪✿

ηi = K

N
∑

j=1

um
ijd

2
ij

N
∑

j=1

um
ij

❡!✳ ✺✳✷✺

❲❡ ♦❜%❡#✈❡ (❤❛( (❤✐% ♠❛❦❡% ηi ♣#♦♣♦#(✐♦♥❛❧ (♦ (❤❡ ❛✈❡#❛❣❡ ❢✉③③② ✐♥(#❛✲❝❧✉%(❡# ❞✐%(❛♥❝❡ ♦❢

(❤❡ ❝❧✉%(❡# βi✳ ❑ ✐% (②♣✐❝❛❧❧② ❝❤♦%❡♥ (♦ ❜❡ ✶ ❬✷✺❪ ✳

❚❤✐% ♠♦❞❡❧ ❝❛♥ ❜❡ ❡①(❡♥❞❡❞ (♦ ❦❡❡♣ (#❛❝❦ ♦❢ ✐(% ✧❢✉③③②✧ ♦#✐❣✐♥✳ ■♥❞❡❡❞✱ (❤❡ ❋❈▼ ❤❛%

♣#♦❜❧❡♠% ❞❡❛❧✐♥❣ ✇✐(❤ ♥♦✐%❡ ❛♥❞ ♦✉(❧✐❡#%✱ (❤❡ P❈▼ ❤❛% (❤❡ ♣#♦❜❧❡♠ ♦❢ ❝♦✐♥❝✐❞❡♥( ❝❧✉%(❡#%

❛♥❞ (❤❡ ❋P❈▼ ✭❋✉③③② P♦%%✐❜✐❧✐%(✐❝ ❈✲♠❡❛♥%✮ ❤❛% ❞✐✣❝✉❧(✐❡% ❞❡❛❧✐♥❣ ✇✐(❤ ❜✐❣ ❞❛(❛%❡(%

❜❡❝❛✉%❡ (❤❡ (②♣✐❝❛❧✐(② ✈❛❧✉❡% ❛#❡ ✐♥ (❤❛( ❝❛%❡ ✈❡#② %♠❛❧❧✳ ❚❤❡ ❛♣♣❛#❡♥( ♣#♦❜❧❡♠ ♦❢ ❋P❈▼

✐% (❤❛( ✐( ✐♠♣♦%❡% ❛ ❝♦♥%(#❛✐♥( ♦♥ (❤❡ (②♣✐❝❛❧✐(② ✈❛❧✉❡% ✭(❤❡ %✉♠ ♦❢ (❤❡ (②♣✐❝❛❧✐(✐❡% ♦✈❡#

❛❧❧ ❞❛(❛ ♣♦✐♥(% (♦ ❛ ♣❛#(✐❝✉❧❛# ❝❧✉%(❡# ✐% ✶✮✳ ❲❡ ❝❛♥ #❡❧❛① (❤❡ ❝♦♥%(#❛✐♥( ♦♥ (❤❡ (②♣✐❝❛❧✐(②

✈❛❧✉❡% ❜✉( ♠❛✐♥(❛✐♥ (❤❡ ❝♦♥%(#❛✐♥( ♦♥ (❤❡ ♠❡♠❜❡#%❤✐♣%✳ ❲❡ ♦❜(❛✐♥ ❛ ♥❡✇ ❛❧❣♦#✐(❤♠✿ (❤❡

P❋❈▼ ✭P♦%%✐❜✐❧✐%(✐❝ ❋✉③③② ❈✲♠❡❛♥%✮✳ ■( ✐% ❛ ❤②❜#✐❞✐③❛(✐♦♥ ♦❢ P❈▼ ❛♥❞ ❋❈▼ (❤❛( ❛✈♦✐❞%

(❤❡ #❡❝✉##✐♥❣ ♣#♦❜❧❡♠% ♦❢ P❈▼✱ ❋❈▼ ❛♥❞ ❋P❈▼ ❬✹✸❪✳
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❍❡♥❝❡✱ %❤❡ ♠♦❞✐✜❡❞ ♦❜❥❡❝%✐✈❡ ✐/ %♦ ♠✐♥✐♠✐③❡ %❤❡ ❢♦❧❧♦✇✐♥❣ ❡5✉❛%✐♦♥✿

Jm,η(U, T, V,X) =
n
∑

k=1

c
∑

i=1

(aum
ik + btηik)× ‖xk − vi‖2A +

c
∑

i=1

γi

n
∑

k=1

(1− tik)
η

❡!✳ ✺✳✷✻

/✉❜❥❡❝% %♦ %❤❡ ❝♦♥/%9❛✐♥%/

∑c

i=1 uik = 1∀k✱ ❛♥❞ 0 ≤ uik, tik ≤ 1✳ ❍❡9❡ a > 0✱ b > 0✱ m > 1✱

η > 1 ❛♥❞ Jm,η ✐/ %❤❡ ♦❜❥❡❝%✐✈❡ ❢✉♥❝%✐♦♥✳ U ✐/ %❤❡ ♣❛9%✐%✐♦♥ ♠❛%9✐①✱ T ✐/ %❤❡ %②♣✐❝❛❧✐%②

♠❛%9✐①✱ V ✐/ ❛ ✈❡❝%♦9 ♦❢ ❝❧✉/%❡9 ❝❡♥%❡9/✱ X ✐/ %❤❡ /❡% ♦❢ ❛❧❧ ❞❛%❛ ♣♦✐♥%/✱ x 9❡♣9❡/❡♥%/ ❛

/✐♥❣❧❡ ❞❛%❛ ♣♦✐♥%✱ n ✐/ %❤❡ ♥✉♠❜❡9 ♦❢ ❞❛%❛ ♣♦✐♥%/ ❛♥❞ c ✐/ %❤❡ ♥✉♠❜❡9 ♦❢ ❝❧✉/%❡9 ❝❡♥%❡9/✳

‖xk − vi‖A ✭❛❧/♦ 9❡♣9❡/❡♥%❡❞ ❛/ DikA✮ 9❡♣9❡/❡♥%/ ❛♥② ♥♦9♠ ✉/❡❞ %♦ ❝❛❧❝✉❧❛%❡ %❤❡ ❞✐/%❛♥❝❡

❜❡%✇❡❡♥ i %❤ ❝❧✉/%❡9 ❝❡♥%❡9 ❛♥❞ k %❤ ❞❛%❛ /❡% ✭❤❡9❡ %❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐/%❛♥❝❡✮✳ ❲❡ ♥♦%❡ %❤❛%

‖x‖A =
√
xtAx ✐/ ❛♥② ✐♥♥❡9 ♣9♦❞✉❝% ♥♦9♠ ❬✹✸❪✳

❚❤❡ ❝♦♥/%❛♥%/ a ❛♥❞ b ❞❡✜♥❡ %❤❡ 9❡❧❛%✐✈❡ ✐♠♣♦9%❛♥❝❡ ♦❢ ❢✉③③② ♠❡♠❜❡9/❤✐♣ ❛♥❞ %②♣✐❝❛❧✐%②

✈❛❧✉❡/ ✐♥ %❤❡ ♦❜❥❡❝%✐✈❡ ❢✉♥❝%✐♦♥✳ ■❢ ✇❡ ✐♥❝9❡❛/❡ %❤❡ ✐♠♣♦9%❛♥❝❡ ✭✇❡✐❣❤%✮ ♦❢ %❤❡ ♠❡♠❜❡9/❤✐♣✱

✐% ♥❡❝❡//❛9✐❧② ❢♦9❝❡/ ✉/ %♦ 9❡❞✉❝❡ %❤❡ ✐♠♣♦9%❛♥❝❡ ♦❢ %②♣✐❝❛❧✐%② ❜② %❤❡ /❛♠❡ ❛♠♦✉♥%✳ ❲❡

❝❛♥ ❛❧/♦ ❞✐/❝✉// %❤❡ ✐♠♣♦9%❛♥❝❡ %❤❡ ♣❛9❛♠❡%❡9/ a ❛♥❞ b✳ ❇② ❝♦♥/%9❛✐♥✐♥❣ a + b = 1✱

✇❡ ❧♦/❡ ♠♦❞❡❧✐♥❣ ✢❡①✐❜✐❧✐%②✳ ■❢ b = 0 ✱ ❛♥❞ γi = 0 ❢♦9 ❛❧❧ i✱ %❤❡ ♦❜❥❡❝%✐✈❡ ❢✉♥❝%✐♦♥ ✐/

9❡❞✉❝❡❞ %♦ ❛ ❋❈▼ ♦♣%✐♠✐③❛%✐♦♥ ♣9♦❜❧❡♠✳ ❋♦❧❧♦✇✐♥❣ %❤❡ ✉/✉❛❧ ❝♦♥❞✐%✐♦♥/ ♣❧❛❝❡❞ ♦♥ ❝✲

♠❡❛♥/ ♦♣%✐♠✐③❛%✐♦♥ ♣9♦❜❧❡♠/✱ ✇❡ ❣❡% %❤❡ ✜9/%✲♦9❞❡9 ❝♦♥❞✐%✐♦♥/ ❢♦9 ❡①%9❡♠❛ ♦❢ Jm,n ❬✷✻❪✿

uik =

(

c
∑

j=1

(

DikA

DjkA

) 2
m−1

)−1

❛♥❞ 1 ≤ i ≤ c, 1 ≤ k ≤ n ❡!✳ ✺✳✷✼

tik =
1

1 +
(

b
γi
D2

ikA

) 1
(η−1)

❛♥❞ 1 ≤ i ≤ c, 1 ≤ k ≤ n ❡!✳ ✺✳✷✽

vi =

∑n

k=1(au
m
ik + btηik)xk

∑n

k=1(au
m
ik + btηik)

❛♥❞ 1 ≤ i ≤ c ❡!✳ ✹✳✷✾

P❋❈▼ ❜❡❤❛✈❡/ ❧✐❦❡ ❋❈▼ ❛/ %❤❡ ❡①♣♦♥❡♥%/ ❣9♦✇✳ ❚❤❛% ✐/✱ ✐99❡/♣❡❝%✐✈❡ ♦❢ %❤❡ ✈❛❧✉❡/ ♦❢ %❤❡

❝♦♥/%❛♥%/ a ❛♥❞ b✱ %❤❡ c ❝❡♥%9♦✐❞/ ❛♣♣9♦❛❝❤ %❤❡ ♦✈❡9❛❧❧ ♠❡❛♥ ❛/ m→∞ ❛♥❞ η →∞✳
❚♦ 9❡❞✉❝❡ %❤❡ ❡✛❡❝% ♦❢ ♦✉%❧✐❡9/✱ ✇❡ /❤♦✉❧❞ ✉/❡ ❛ ❤✐❣❤❡9 ✈❛❧✉❡ ❢♦9 b %❤❛♥ a✳ ❙✐♠✐❧❛9 ❡✛❡❝%/

❝❛♥ ❛❧/♦ ❜❡ ♦❜%❛✐♥❡❞ ❜② ❝♦♥%9♦❧❧✐♥❣ %❤❡ ❝❤♦✐❝❡ ♦❢ η ❬✷✻❪✳
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✺✳✹✳✷ ❆❧❣♦(✐*❤♠

 ✐❧✐♥❣ ♦♥ &❤❡ ♣*❡✈✐♦✉- *✉❧❡- ❛♥❞ ❝♦♥-&*❛✐♥&-✱ ✇❡ ❝❛♥ ❡-&❛❜❧✐-❤ ❛ ❢❛♠✐❧② ♦❢ ♣♦--✐❜✐❧✐-&✐❝

❝❧✉-&❡*✐♥❣ ❛❧❣♦*✐&❤♠- ✇❤♦-❡ ❣❡♥❡*❛❧ ❢♦*♠ ✐- ♣*❡-❡♥&❡❞ ✐♥ ✜❣✉#❡ ✺✳

■♥♣✉$✿

✲❆ ✇❡✐❣❤&❡❞ ❞✐*❡❝&❡❞ ❣*❛♣❤ G ❝♦♥&❛✐♥✐♥❣ ♥ ♥♦❞❡-✳

✲ ❚❤❡ ❞❡-✐*❡❞ ♥✉♠❜❡* ♦❢ ❝❧✉-&❡*-✱ m✳

❖✉$♣✉$✿

✲ ❚❤❡ n×m ♠❡♠❜❡*-❤✐♣ ♠❛&*✐① U ❝♦♥&❛✐♥✐♥❣ &❤❡ ♠❡♠❜❡*-❤✐♣ ♦❢ ❡❛❝❤ ♥♦❞❡ i &♦ ❝❧✉-&❡*

k✱ uik

❋✐❣✉#❡ ✺ ✿ ❚❤❡ ♣♦--✐❜✐❧✐-0✐❝ ❝❧✉-0❡#✐♥❣ ❛❧❣♦#✐0❤♠

❋✐① &❤❡ ♥✉♠❜❡* ♦❢ ❝❧✉-&❡*- ❈❀ ✜① ♠✱ ✶❁♠❁∞ ❀

❙❡& ✐&❡*❛&✐♦♥ ❝♦✉♥&❡* l = 1❀

■♥✐&✐❛❧✐③❡ &❤❡ ♣♦--✐❜✐❧✐-&✐❝ ❈✲♣❛*&✐&✐♦♥ U (0)
❀

❊-&✐♠❛&❡ ηi ❀

❘❡♣❡❛$

❯♣❞❛&❡ &❤❡ ♣*♦&♦&②♣❡- ✉-✐♥❣ U (l)
✱ ❛- ✐♥❞✐❝❛&❡❞ ❜❡❧♦✇❀

❈♦♠♣✉&❡ U (l+1)
❀

■♥❝*❡♠❡♥& l ❀

❯♥$✐❧ ✭

q
U (l−1) − U (l)

y
< ε ✮❀

④❚❤❡ *❡♠❛✐♥✐♥❣ ♣❛*& ♦❢ &❤❡ ❛❧❣♦*✐&❤♠ ✐- ♦♣&✐♦♥❛❧ ❛♥❞ ✐- &♦ ❜❡ ✉-❡❞ ♦♥❧② ✇❤❡♥ &❤❡ ❛❝&✉❛❧

-❤❛♣❡ ♦❢ &❤❡ ❣❡♥❡*❛&❡❞ ♣♦--✐❜✐❧✐&② ✐- ✐♠♣♦*&❛♥&⑥

❘❡✲❡-&✐♠❛&❡ ηi ✉-✐♥❣ ηi =

∑
xj∈(

∏
i)α

d2ij

‖(∏i)α‖ ❀

❘❡♣❡❛$

❯♣❞❛&❡ &❤❡ ♣*♦&♦&②♣❡- ✉-✐♥❣ U (l)
❀

❈♦♠♣✉&❡ U (l+1)
❀

■♥❝*❡♠❡♥& l ❀

❯♥$✐❧

(q
U (l−1) − U (l)

y
< ε
)

❀

 ♦✉#❝❡✿ ❛❞❛♣*❡❞ ❢#♦♠ ❑#✐ ❤♥❛♣✉#❛♠ ❛♥❞ ❑❡❧❧❡# ❬✷✺❪✱ ✶✾✾✸✳
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❚❤❡ ✉♣❞❛'✐♥❣ ♦❢ '❤❡ ♣-♦'♦'②♣❡/ ❞❡♣❡♥❞/ ♦♥ '❤❡ ❞✐/'❛♥❝❡ ♠❡❛/✉-❡ ❝❤♦/❡♥ ❬✷✺❪✳ ■❢ '❤❡

❞✐/'❛♥❝❡ ✐/ ❛♥ ✐♥♥❡- ♣-♦❞✉❝' ✐♥❞✉❝❡❞ ♥♦-♠ ♠❡'-✐❝ ❛/ ✐♥ '❤❡ ❝❛/❡ ♦❢ '❤❡ ❋❈▼ ❛❧❣♦-✐'❤♠✱

✐✳❡✳ ✐❢

d2ij = (xj − ci)
TAi(xj − ci) ❡!✳ ✺✳✸✵

✇❤❡-❡ ci ✐/ '❤❡ ❝❡♥'❡- ♦❢ ❝❧✉/'❡- βi ❛♥❞ Ai ✐/ '❤❡ ♠❛'-✐① ❛//♦❝✐❛'❡❞ '♦ ❝❧✉/'❡- i ✱ ✉♣❞❛'✐♥❣

'❤❡ ♣-♦'♦'②♣❡ ✐/ ❛❝❤✐❡✈❡❞ ❜② ✉/✐♥❣ ❡!✳ ✺✳✷✾ ❬✷✺❪✳



✹✵

 ❛"# ■■✳ ❊①♣❡"✐♠❡♥#-

◆♦✇ #❤❛# #❤❡ #❤❡♦'❡#✐❝❛❧ ❢'❛♠❡✇♦'❦ ✐. .❡#✱ ✇❡ ❝❛♥ ❞❡.✐❣♥ #❤❡ ❡①♣❡'✐♠❡♥#. #♦ ❛♥.✇❡' ♦✉'

✜'.# '❡.❡❛'❝❤ 7✉❡.#✐♦♥✿ ❞♦❡# $❤❡ ♣♦##✐❜✐❧✐#$✐❝ ❢✉③③② ❝✲♠❡❛♥# ✭4❋❈▼✮ ❛❧❣♦:✐$❤♠

❣✐✈❡ ❜❡$$❡: ❝❧✉#$❡:✐♥❣ :❡#✉❧$# $❤❛♥ $❤❡ ❞✐#$❛♥❝❡✲❜❛#❡❞ ❦✲♠❡❛♥#✱ $❤❡ ❦❡:♥❡❧ ❦✲

♠❡❛♥#✱ $❤❡ ❦❡:♥❡❧ ❢✉③③② ❝✲♠❡❛♥# ❛♥❞ $❤❡ ▲♦✉✈❛✐♥ ♠❡$❤♦❞❄ ❲❡ ✇✐❧❧ ❝♦♥❢'♦♥#

#❤❡ ♣❡'❢♦'♠❛♥❝❡ ♦❢ #❤❡ ;❋❈▼ ❛❣❛✐♥.# #❤❛# ♦❢ #❤❡ ❞✐.#❛♥❝❡✲❜❛.❡❞ ❦✲♠❡❛♥.✱ ❦❡'♥❡❧ ❦✲

♠❡❛♥. ✭✉.✐♥❣ ❜♦#❤ ❛ ❦❡'♥❡❧ ❣❡♥❡'❛#❡❞ ❜② #❤❡ ✧❦❡'♥❡❧ #'✐❝❦✧ ♦♥ ❛ ❢'❡❡ ❡♥❡'❣② ❞✐.#❛♥❝❡

♠❛#'✐① ❛♥❞ ❛ .✐❣♠♦✐❞ ❝♦♠♠✉#❡✲#✐♠❡ ❦❡'♥❡❧✮ ❛♥❞ ▲♦✉✈❛✐♥ ♠❡#❤♦❞✳ ❲❡ ✇✐❧❧ .#❛'# ❜②

#✉♥✐♥❣ ♦✉' ♣❛'❛♠❡#❡'. ✭❛. #❤❡ ❞✐.#❛♥❝❡ ♠❡❛.✉'❡. ❛♥❞ ❦❡'♥❡❧. ♣'❡.❡♥#❡❞ ❛❜♦✈❡ '❡❧② ♦♥

❞✐✛❡'❡♥# ♣❛'❛♠❡#❡'.✮✱ #❤❡♥ '✉♥ ❡❛❝❤ ❛❧❣♦'✐#❤♠ ♦♥ #❤❡ ❞✐✛❡'❡♥# ❞❛#❛.❡#.✱ ❛♥❞ ❝♦♠♣❛'❡

#❤❡✐' .♦❧✉#✐♦♥ ✐♥ #❤❡ ❧✐❣❤# ♦❢ #❤'❡❡ ♣❡'❢♦'♠❛♥❝❡ ♠❡❛.✉'❡.✿ #❤❡ ◆▼■✱ #❤❡ ❆❞❥✉.#❡❞ ❘❛♥❞

■♥❞❡① ❛♥❞ #❤❡ ❝❧❛..✐✜❝❛#✐♦♥ '❛#❡✳ ▲❡# ✉. ✜'.# ❞❡.❝'✐❜❡ #❤❡ ❞✐✛❡'❡♥# ❞❛#❛.❡#.✳

✻ ❚❤❡ ❞❛&❛'❡&'

✻✳✶ ◆❡✇'❣-♦✉♣ ❞❛&❛'❡&'

❚❤❡ ♥❡✇.❣'♦✉♣ ❞❛#❛.❡# ✐. ❢♦'♠❡❞ ❜② #❤❡ ❝♦❧❧❡❝#✐♦♥ ♦❢ ❛❜♦✉# ✷✵✱✵✵✵ ✉♥.#'✉❝#✉'❡❞ ❞♦❝✉✲

♠❡♥#.✱ #❛❦❡♥ ❢'♦♠ ✷✵ ❞✐.❝✉..✐♦♥ ❣'♦✉♣. ✭#❤❡ ♥❡✇.❣'♦✉♣.✮ ♦❢ #❤❡ ❯.❡'♥❡# ❞✐✛✉.✐♦♥ ❧✐.#✳ ❋♦'

♦✉' ❡①♣❡'✐♠❡♥#.✱ ♥✐♥❡ .✉❜.❡#. '❡❧❛#❡❞ #♦ ❞✐✛❡'❡♥# #♦♣✐❝. ❛'❡ ❡①#'❛❝#❡❞ ❢'♦♠ #❤❡ ♦'✐❣✐♥❛❧

❞❛#❛❜❛.❡✱ ❛. ❧✐.#❡❞ ✐♥ ✜❣✉#❡ ✻ ❬✼✶❪✳

❋✐❣✉#❡ ✻✿ ◆❡✇+❣#♦✉♣+ ❞❛0❛+❡0+ ❞❡+❝#✐♣0✐♦♥

 ♦✉#❝❡✿ ❨❡♥ ❛♥❞ ❛❧ ❬✼✶❪✱✷✵✵✾✳
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❋♦" ❡❛❝❤ '✉❜'❡*✱ ✷✵✵ ❞♦❝✉♠❡♥*' ❛"❡ '❛♠♣❧❡❞ ❢"♦♠ ❞✐✛❡"❡♥* ♥❡✇'❣"♦✉♣'✳ ❚❤✉'✱ *❤❡ ✜"'*

*❤"❡❡ '✉❜'❡*' ✭●✲✷❝❧✲❆✱ ●✲✷❝❧✲❇✱ ●✲✷❝❧✲❈✮ ❝♦♥*❛✐♥ ✭✷ ❝❧❛''❡'✯✷✵✵ ❞♦❝✉♠❡♥*' ❂✮ ✹✵✵ ❞♦❝✲

✉♠❡♥*' '❛♠♣❧❡❞ ❢"♦♠ *✇♦ ♥❡✇'❣"♦✉♣' *♦♣✐❝'✳ ❚❤❡ ♥❡①* *❤"❡❡ '✉❜'❡*' ✭●✲✸❝❧✲❆✱ ●✲✸❝❧✲❇✱

●✲✸❝❧✲❈✮ ❝♦♥*❛✐♥ ✭✸✯✷✵✵ ❂✮ ✻✵✵ ❞♦❝✉♠❡♥*' '❛♠♣❧❡❞ ❢"♦♠ *❤"❡❡ *♦♣✐❝' ❛♥❞ *❤❡ ❧❛'* *❤"❡❡

'✉❜'❡*' ✭●✲✺❝❧✲❆✱ ●✲ ✺❝❧✲❇✱ ●✲✺❝❧✲❈✮ ❝♦♥*❛✐♥ ✭✺✯✷✵✵ ❂ ✮✶✵✵✵ ❞♦❝✉♠❡♥*' '❛♠♣❧❡❞ ❢"♦♠ ✜✈❡

*♦♣✐❝'✳ ❋✐♥❛❧❧②✱ *❤❡ ❛❞❥❛❝❡♥❝② ♠❛*"✐① ❝♦♠♣"✐'✐♥❣ *❤❡ ❧✐♥❦' ❜❡*✇❡❡♥ ❞♦❝✉♠❡♥*' ✐' ❣✐✈❡♥ ❜②

*❤❡ '✉♠ ♦❢ ❛❧❧ ❞♦❝✉♠❡♥*✲*❡"♠✲❞♦❝✉♠❡♥* ♣❛*❤' ❝♦♥♥❡❝*✐♥❣ ❛❧❧ ♣❛✐"' ♦❢ ❞♦❝✉♠❡♥*' *❤"♦✉❣❤

*❤❡ *❡"♠' *❤❡② ❤❛✈❡ ✐♥ ❝♦♠♠♦♥✳ ❖✉" ❝❧✉'*❡"✐♥❣ ❡①♣❡"✐♠❡♥*' ✇✐❧❧ ❛✐♠ ❛* "❡*"✐❡✈✐♥❣ *❤❡

❝♦""❡❝* ♣❛"*✐*✐♦♥ ♦❢ ♥♦❞❡' ❢♦" ❡❛❝❤ ♥❡✇'❣"♦✉♣ ✭*❤❛* ✐'✱ ❝❧❛''✐❢②✐♥❣ *❤❡ ❞♦❝✉♠❡♥*' ✐♥*♦ *❤❡

"✐❣❤* *♦♣✐❝'✮✳

✻✳✷ ❩❛❝❤❛'② ❞❛*❛+❡*

❚❤✐' ♥❡*✇♦"❦ "❡♣"❡'❡♥*' *❤❡ '♦❝✐❛❧ ❝♦♥♥❡❝*✐♦♥' ❜❡*✇❡❡♥ *❤❡ ✸✹ ♠❡♠❜❡"' ♦❢ ❛♥ ❆♠❡"✐❝❛♥

✉♥✐✈❡"'✐*② ❦❛"❛*❡ ❝❧✉❜✳ ❚❤❡ ❝❧✉❜ ✐*'❡❧❢ ✐' ❞✐✈✐❞❡❞ ✐♥*♦ *✇♦ ❞✐✛❡"❡♥* ❡♥*✐*✐❡' ❛♥❞ ♦✉" ❛❧❣♦✲

"✐*❤♠' ❛"❡ '❡* *♦ ✐❞❡♥*✐❢② ✇❤✐❝❤ ❝❧✉❜ ♠❡♠❜❡"' ❜❡❧♦♥❣ *♦ *❤❡ ✜"'* ❣"♦✉♣✱ ❛♥❞ ✇❤✐❝❤ ❜❡❧♦♥❣

*♦ *❤❡ '❡❝♦♥❞ ♦♥❡✳

✻✳✸ .♦❧✐*✐❝❛❧ ❜♦♦❦+ ❞❛*❛+❡*

❚❤✐' ✉♥✇❡✐❣❤*❡❞ ♥❡*✇♦"❦' ✐' ❛ ♥❡*✇♦"❦ ♦❢ ❜♦♦❦' ❛❜♦✉* ❯❙ ♣♦❧✐*✐❝' ♣✉❜❧✐'❤❡❞ ❛"♦✉♥❞ *❤❡

*✐♠❡ ♦❢ *❤❡ ✷✵✵✹ ♣"❡'✐❞❡♥*✐❛❧ ❡❧❡❝*✐♦♥✳ ❚❤❡ ♥♦❞❡' ❛"❡ ❧✐♥❦❡❞ ✇❤❡♥ *❤❡ ❜♦♦❦' ❛"❡ ❢"❡Q✉❡♥*❧②

❜❡✐♥❣ ❜♦✉❣❤* ❜② *❤❡ '❛♠❡ "❡❛❞❡"' ♦♥ *❤❡ ❆♠❛③♦♥ ♦♥❧✐♥❡ ❜♦♦❦'*♦"❡✳ ❚❤❡ ✶✵✺ ❜♦♦❦' ❛"❡

❝❧❛''✐✜❡❞ ✐♥*♦ ✸ ❣"♦✉♣' ❛❝❝♦"❞✐♥❣ *♦ ✇❤❡*❤❡" *❤❡✐" ♣♦❧✐*✐❝❛❧ ♦"✐❡♥*❛*✐♦♥ ✐' ❝♦♥'❡"✈❛*✐✈❡✱

❧✐❜❡"❛❧✱ ♦" ♥❡✉*"❛❧ ❬✹✵❪✳ ❚❤❡ ❞✐✛❡"❡♥* ❝❧✉'*❡"✐♥❣ ❛❧❣♦"✐*❤♠' '❤♦✉❧❞ ❜❡ ❛❜❧❡ *♦ ❝❛♣*✉"❡

✭❢"♦♠ *❤❡ ❣"❛♣❤ '*"✉❝*✉"❡✮ *❤❡ *"✉❡ ❝❧❛'' ❢♦" ❡❛❝❤ ❜♦♦❦✳

✻✳✹ ❋♦♦*❜❛❧❧ ❞❛*❛+❡*

❚❤✐' ❞❛*❛'❡* ❞✐'♣❧❛②' ✶✶✺ ♦❜'❡"✈❛*✐♦♥'✱ "❡♣"❡'❡♥*✐♥❣ ❉✐✈✐'✐♦♥ ■✲❆ ❯❙ ❝♦❧❧❡❣❡ ❢♦♦*❜❛❧❧

❣❛♠❡'✳ ❊❞❣❡' ❝♦""❡'♣♦♥❞ *♦ ❣❛♠❡' ♣❧❛②❡❞ ❜② *❤❡ *❡❛♠' ❛❣❛✐♥'* ❡❛❝❤ ♦*❤❡" ❞✉"✐♥❣ *❤❡

"❡❣✉❧❛" '❡❛'♦♥ ♦❢ ❢❛❧❧ ✷✵✵✵✳ ❲❡ ✇✐❧❧ ❤❡"❡ ❞✐'*✐♥❣✉✐'❤ ✶✷ *❡❛♠' ✭❤❡♥❝❡✱ ✶✷ ❝❧✉'*❡"' *♦ ❜❡

❢♦✉♥❞✮✳



✻ ❚❤❡ ❞❛&❛'❡&' ✹✷

✻✳✺ ▲❋❘ ❞❛(❛)❡()

❚❤❡ ▲❋❘ ❞❛(❛)❡( ❝♦♥(❛✐♥) (✇♦ ❣0❛♣❤) ❝♦♠♣✉(❡❞ ❛❝❝♦0❞✐♥❣ (♦ ✧❉✐0❡❝(❡❞✱ ✇❡✐❣❤(❡❞ ❛♥❞

♦✈❡0❧❛♣♣✐♥❣ ❜❡♥❝❤♠❛0❦ ❣0❛♣❤) ❢♦0 ❝♦♠♠✉♥✐(② ❞❡(❡❝(✐♦♥ ❛❧❣♦0✐(❤♠)✧✱ ✇0✐((❡♥ ❜② ❆♥❞0❡❛

▲❛♥❝✐❝❤✐♥❡((✐ ❛♥❞ ❙❛♥(♦ ❋♦0(✉♥❛(♦✳ ❚❤✐) ♣0♦❣0❛♠ ♣0♦❞✉❝❡) ❜✐♥❛0② ♥❡(✇♦0❦) ✇✐(❤ ♦✈❡0✲

❧❛♣♣✐♥❣ ♥♦❞❡)✳

▲❋❘✶ ✐) ❝♦♠♣♦)❡❞ ♦❢ ✻✵✵ ♥♦❞❡) ❛♥❞ ✻✶✹✷ ❡❞❣❡)✱ ❞✐✈✐❞❡❞ ✐♥ ✸ ❝❧❛))❡)✳

▲❋❘✸ ✐) ❝♦♠♣♦)❡❞ ♦❢ ✻✵✵ ♥♦❞❡) ❛♥❞ ✺✷✸✸ ❡❞❣❡)✱ ❞✐✈✐❞❡❞ ✐♥ ✻ ❝❧❛))❡)✳

✻✳✻ ❙❝❤♦♦❧ ❞❛(❛)❡(

❚❤❡ )❝❤♦♦❧ ❞❛(❛)❡( ❝♦♠♣0✐)❡) ✐♥❢♦0♠❛(✐♦♥ ❛❜♦✉( ❛ )❝❤♦♦❧ ✇❤❡0❡ )(✉❞❡♥() ❛♥❞ (❡❛❝❤❡0)

❞✐✈✐❞❡❞ ✐♥ ❞✐✛❡0❡♥( ❝❧❛))❡)✳

❚❤❡ )❝❤♦♦❧❴✶✶❴❝❧❛))❡) ❞❛(❛)❡( ❝♦♠♣0✐)❡) ✶✵ ❝❧❛))❡) ✭(✇♦ ❝❧❛))❡) ♣❡0 ❡❞✉❝❛(✐♦♥ ②❡❛0✱ ❢0♦♠

(❤❡ ✶)( ②❡❛0 (♦ (❤❡ ✺(❤ ✮ ❛♥❞ ✶ ❣0♦✉♣ ♦❢ (❡❛❝❤❡0✳

❚❤❡ )❝❤♦♦❧❴✻❴❝❧❛))❡) ✐) (❤❡ )❛♠❡ ❞❛(❛)❡( ✇❤❡0❡ ✇❡ ❤❛✈❡ ❣0♦✉♣❡❞ (❤❡ ❝❧❛))❡) ❛❝❝♦0❞✐♥❣ ❜②

②❡❛0 ✭ ❢♦0 ✐♥)(❛♥❝❡✱ (❤❡ ❝❧❛))❡) ✹❆ ❛♥❞ ✹❇ ❛0❡ ♥♦✇ ✉♥✐(❡❞ ✐♥(♦ ♦♥❡ ❝❧❛))❡✲✹✲ 0❡♣0❡)❡♥(✐♥❣

❛ ❧❡✈❡❧ ♦❢ ❡❞✉❝❛(✐♦♥✮✱ ❧❡❛❞✐♥❣ (♦ ✺ ❝❧❛))❡) ♦❢ )(✉❞❡♥() ❛♥❞ ✶ ❝❧❛)) ♦❢ (❡❛❝❤❡0)✳



✼ ❋✐#$% #❡$❡❛#❝❤ *✉❡$%✐♦♥ ✹✸

✼ ❋✐#$% #❡$❡❛#❝❤ *✉❡$%✐♦♥

✼✳✶ ❋✐#$% ❡①♣❡#✐♠❡♥%❛❧ ♣#♦❝❡❞✉#❡

❲❡ ✇✐❧❧ ♥♦✇ ❞❡(✐❣♥ *❤❡ ✜-(* ❡①♣❡-✐♠❡♥*❛❧ ♣-♦❝❡❞✉-❡ *♦ ❛♥(✇❡- *❤❡ ✜-(* -❡(❡❛-❝❤ 4✉❡(*✐♦♥✳

✼✳✶✳✶ ❚✉♥✐♥❣ ♦❢ *❤❡ ♣❛/❛♠❡*❡/1

❚❤❡ ♣-❡❧✐♠✐♥❛-② (*❡♣ *♦ *❤❡ ❡①♣❡-✐♠❡♥*( ✐( *♦ ♦♣*✐♠✐③❡ *❤❡ ♣❛-❛♠❡*❡-( ❢♦- ❡❛❝❤ ❛❧❣♦-✐*❤♠✳

❲❡ ✐(♦❧❛*❡❞ ♦♥❡ ♦❢ *❤❡ *❡♥ ❞❛*❛(❡*( ❢-♦♠ *❤❡ ♥❡✇(❣-♦✉♣ ❞❛*❛(❡*( ✭❛ ♥❡✇(❣-♦✉♣ ✇✐*❤ ✸

❝❧❛((❡(✮ ❛♥❞ ✉(❡❞ ✐* ❢♦- *❤❡ (♦❧❡ ♣✉-♣♦(❡ ♦❢ *❤❡ ♦♣*✐♠✐③❛*✐♦♥ ♦❢ *❤❡ ♣❛-❛♠❡*❡-( ✭❢♦- ❛❧❧

♠❡❛(✉-❡( ❛♥❞ ❛❧❣♦-✐*❤♠( *❡(*❡❞✮✳ ❲❡ ✇✐❧❧ ❤❡-❡ ❛((✉♠❡ *❤❛* *❤❡ ♣❛-❛♠❡*❡-( (❡❧❡❝*❡❞ ♦♥ *❤✐(

(✉❜(❡* ✇✐❧❧ -❡♠❛✐♥ ♦♣*✐♠✐③❡❞ ❢♦- ❛❧❧ ♦*❤❡- ❞❛*❛(❡*(✳ ❍❡♥❝❡✱ *❤❡ ♦♣*✐♠✐③❛*✐♦♥ ❝♦♠♣✉*❛*✐♦♥(

❛-❡ *♦ ❜❡ ❞♦♥❡ ♦♥❧② ♦♥❝❡✳

❋♦- ❡❛❝❤ ❛❧❣♦-✐*❤♠ ❛♥❞ ❢♦- ❡❛❝❤ ♣❛-❛♠❡*❡- ✈❛❧✉❡✱ ✇❡ ❤❛✈❡ ❝♦♠♣✉*❡❞ *❤❡ ❛✈❡-❛❣❡ ◆▼■

(❝♦-❡ ♦♥ ✺✵ -✉♥( ♦❢ *❤❡ ❛❧❣♦-✐*❤♠ ❛♥❞ ❦❡♣* *❤❡ ❜❡(* ♦♥❡ ❛( *❤❡ ♦♣*✐♠❛❧ ♣❛-❛♠❡*❡-✳

• ❲❤❡♥ ✇♦-❦✐♥❣ ✇✐*❤ *❤❡ ❞✐(*❛♥❝❡✲❜❛(❡❞ ❦✲♠❡❛♥(✱ ✇❡ ✉(❡ *❤❡ ❢-❡❡ ❡♥❡-❣② ❞✐(*❛♥❝❡
✭*❤❛* ❞❡♣❡♥❞( ♦♥ *❤❡ ♣❛-❛♠❡*❡- ✈❛❧✉❡ θ✮ ❛( ❞✐(*❛♥❝❡ ♠❡❛(✉-❡✳ ❲❡ *❤❡-❡❢♦-❡ ❝♦♠✲

♣✉*❡❞ *❤❡ ❛✈❡-❛❣❡ ◆▼■ (❝♦-❡ ♦♥ ✺✵ -✉♥( ❢♦- θ ✈❛❧✉❡( -❛♥❣✐♥❣ ❢-♦♠ 10−6 *♦ 103 ❛♥❞

❦❡♣* *❤❡ ❜❡(* ♦♥❡ ❢♦- *❤❡ -❡(* ♦❢ ♦✉- ❡①♣❡-✐♠❡♥*(✳

• ❋♦- *❤❡ ❦❡-♥❡❧ ❦✲♠❡❛♥( ✉(✐♥❣ *❤❡ ❦❡-♥❡❧ *-✐❝❦✱ ✇❡ ❤❛✈❡ *♦ ❧♦♦❦ ❛* *❤❡ ❛((♦❝✐❛*✐♦♥
❜❡*✇❡❡♥ *❤❡ θ ✈❛❧✉❡ ♦❢ *❤❡ ❞✐(*❛♥❝❡ ♠❡❛(✉-❡ ✭❛❣❛✐♥✱ *❤❡ ❢-❡❡ ❡♥❡-❣② ❞✐(*❛♥❝❡✮✱ ❛♥❞

*❤❡ ❡①♣♦♥❡♥* ♦❢ *❤❡ ❦❡-♥❡❧ *-✐❝❦✳ ❲❡ *❤❡-❡❢♦-❡ ❝♦♠♣❛-❡❞ *❤❡ ❛✈❡-❛❣❡ ◆▼■ (❝♦-❡(

❢♦- ❛❧❧ *❤❡ ♣♦((✐❜❧❡ ❝♦♠❜✐♥❛*✐♦♥( ♦❢ θ ✭-❛♥❣✐♥❣ ❢-♦♠ 10−6 *♦ 103✮ ❛♥❞ exponent ✭❛❧(♦

-❛♥❣✐♥❣ ❢-♦♠ 10−6 *♦ 103✮✳ ■♥❞❡❡❞✱ ❛( (*❛*❡❞ ♣-❡✈✐♦✉(❧②✱ *❤❡ ❦✲♠❡❛♥( ❛❧❣♦-✐*❤♠

(*❛-*( ❜② (❡❧❡❝*✐♥❣ (♦♠❡ ✐♥✐*✐❛❧ ♥♦❞❡( ❛( ♣-♦*♦*②♣❡ ✈❡❝*♦-(✳ ❚❤❡ ✐♥✐*✐❛❧ ✈❡❝*♦- ♥♦❞❡(

❛-❡ *❤✉( -❛♥❞♦♠❧② (❡❧❡❝*❡❞✳ ❙✐♥❝❡ *❤❡ ✜♥❛❧ -❡(✉❧*( ❞❡♣❡♥❞ ♦♥ *❤❡ ✐♥✐*✐❛❧ ✈❡❝*♦-(✱ ❛

❜❛❞ ♣✐❝❦ ♦♥ *❤❡ ✐♥✐*✐❛❧ ✈❡❝*♦-( ♠❛② -❡(✉❧* ✐♥ ❛ ❜❛❞ ❝❧✉(*❡- ♣❡-❢♦-♠❛♥❝❡✳ ❍❡♥❝❡✱ *❤❡

♣-♦❝❡❞✉-❡ ✇❛( -❡♣❡❛*❡❞ ✺✵ *✐♠❡( *♦ ❡♥(✉-❡ ❜❡**❡- ❝❤❛♥❝❡( ♦❢ ✜♥❞✐♥❣ *❤❡ ❜❡(* -❡(✉❧*

❛♥❞ ❛❧❧❡✈✐❛*✐♥❣ *❤❡ -❛♥❞♦♠✐③❛*✐♦♥ ✐♠♣❛❝* ♦♥ *❤❡ ❝❧✉(*❡-✐♥❣ -❡(✉❧*( ❡✈❛❧✉❛*✐♦♥✳

• ❚❤❡ (✐❣♠♦✐❞ ❝♦♠♠✉*❡✲*✐♠❡ ✭❙❈❚✮ ❦❡-♥❡❧ -❡❧✐❡( ♦♥ ❛♥ α ♣❛-❛♠❡*❡-✳ ❲❡ *❤❡-❡❢♦-❡
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♣❡"❢♦"♠❡❞ ✺✵ "✉♥+ ♦❢ ,❤❡ ❙❈❚ ❑❡"♥❡❧ ❑✲♠❡❛♥+ ❝❧✉+,❡"✐♥❣ ❛❧❣♦"✐,❤♠ ✇❤✐❧❡ ✈❛"②✐♥❣

,❤❡ α ♣❛"❛♠❡,❡" ❜❡,✇❡❡♥10−6 ,♦ 103✳

• ❋✐♥❛❧❧②✱ ,❤❡ ♣♦++✐❜✐❧✐+,✐❝ ❢✉③③② ❝✲♠❡❛♥+ ❝❧✉+,❡"✐♥❣ ❞❡♣❡♥❞+ ♦♥ ,❤❡ ♣❛"❛♠❡,❡" φ✱ ❝❛❧❧❡❞

✧❢✉③③✐✜❡"✧✱ "❡✢❡❝,✐♥❣ ,❤❡ ❞❡❣"❡❡ ♦❢ ❢✉③③✐♥❡++ ♦❢ ,❤❡ ❝❧✉+,❡"+✳ ❆❣❛✐♥✱ ✇❡ ✈❛"✐❡❞ ✐,+

✈❛❧✉❡ ❛❧♦♥❣ ,❤❡ [10−6 − 103] +❝❛❧❡ ❛♥❞ ❦❡♣, ,❤❡ ❜❡+, ♦♥❡ ✭❤✐❣❤❡+, ❛✈❡"❛❣❡ ◆▼■ +❝♦"❡

♦♥ ✺✵ "✉♥+✮ ♦❢ ,❤❡♠✳

❚❤❡ ❝❤♦+❡♥ ♣❛"❛♠❡,❡" ✈❛❧✉❡+ ❦❡♣, ❢♦" ,❤❡ ❡①♣❡"✐♠❡♥,+ ❛"❡ ❣✐✈❡♥ ✐♥  ❛❜❧❡ ✶ ✿

❚❛❜❧❡ ✶✿ (❛)❛♠❡ ❡)+ ✈❛❧✉❡ ❝❤♦+❡♥✲✜)+  ✉♥✐♥❣ ♣)♦❝❡❞✉)❡✱ ✜)+ )❡+❡❛)❝❤ 9✉❡+ ✐♦♥

❆❧❣♦"✐,❤♠ L❛"❛♠❡,❡"

❉✐+,❛♥❝❡✲❜❛+❡❞ ❑✲♠❡❛♥+ θ = 3
❑❡"♥❡❧ ,"✐❝❦✴❑❡"♥❡❧ ❑✲♠❡❛♥+ θ = 0.1 ❛♥❞ exponent = 2

❑❡%♥❡❧ ❋✉③③② ❈✲♠❡❛♥. φ = 6
❙✐❣♠♦✐❞ ❝♦♠♠✉4❡✲4✐♠❡✴❑❡%♥❡❧ ❑✲♠❡❛♥. α = 7

6♦..✐❜✐❧✐.4✐❝ ❋✉③③② ❈✲♠❡❛♥. φ = 2

✼✳✶✳✷ ❈❧✉'(❡*✐♥❣ (❛'❦

❲❡ ✉.❡❞ 4❤❡ .❡❧❡❝4❡❞ ♣❛%❛♠❡4❡%. ❢♦% ❛ ❝❧✉.4❡%✐♥❣ 4❛.❦ ♦♥ ❡❛❝❤ ♦❢ 4❤❡ ♥❡✇.❣%♦✉♣. ❞❛4❛.❡4.

❛. ✇❡❧❧ ❛. ♦♥ 4❤❡ ❩❛❝❤❛%② ❞❛4❛.❡4✱ 4❤❡ ❢♦♦4❜❛❧❧ ❞❛4❛.❡4✱ 4✇♦ ▲❋❘ ❞❛4❛.❡4.✱ 4❤❡ ♣♦❧✐4✐❝❛❧

❜♦♦❦. ❞❛4❛.❡4. ❛♥❞ 4❤❡ .❝❤♦♦❧ ❞❛4❛.❡4✳ ❚❤❡ ♣%♦❝❡❞✉%❡ ❢♦❧❧♦✇❡❞ ✐. ❢❛✐%❧② .✐♠✐❧❛% 4♦ 4❤❡

4✉♥✐♥❣ ♣❤❛.❡✳ ❲❡ ✜%.4 ♣❡%❢♦%♠❡❞ ✺✵ ❝❧✉.4❡%✐♥❣ ❡①♣❡%✐♠❡♥4.✱ %❡4✉%♥✐♥❣ ❢♦% ❡❛❝❤ ❞❛4❛.❡4

❛♥❞ ❡❛❝❤ ❛❧❣♦%✐4❤♠ 4❤❡ ♠❡❛♥ ◆▼■ .❝♦%❡✳❲❡ 4❤❡♥ %❡♣❡❛4❡❞ 4❤✐. .4❡♣✱ 4❤✐. 4✐♠❡ ❝♦♠♣✉4✐♥❣

4❤❡ ♠❡❛♥ ❆❞❥✉.4❡❞ ❘❛♥❞ ■♥❞❡① ❛♥❞ 4❤❡ ♠❡❛♥ ❝❧❛..✐✜❝❛4✐♦♥ %❛4❡✳

✼✳✶✳✸ 1❡*❢♦*♠❛♥❝❡ ❡✈❛❧✉❛(✐♦♥

❆. ♣%❡✈✐♦✉.❧② ♠❡♥4✐♦♥❡❞ ✐♥ .❡❝4✐♦♥ ✹✳✸✱ ✇❡ ✇✐❧❧ ❛..❡.. 4❤❡ P✉❛❧✐4② ♦❢ 4❤❡ ❝❧✉.4❡%✐♥❣ 4❛.❦

✉.✐♥❣ 4❤%❡❡ ♣❡%❢♦%♠❛♥❝❡ ♠❡❛.✉%❡.✿ 4❤❡ ◆▼■ ✭◆♦%♠❛❧✐③❡❞ ▼✉4✉❛❧ ■♥❢♦%♠❛4✐♦♥✮ .❝♦%❡✱ 4❤❡

❆❞❥✉.4❡❞ ❘❛♥❞ ■♥❞❡① ❛♥❞ 4❤❡ ❝❧❛..✐✜❝❛4✐♦♥ %❛4❡✳ ❇❡❧♦✇ ✐. ❛ .❤♦%4 %❡♠✐♥❞❡% ♦❢ 4❤♦.❡

♠❡❛.✉%❡.✳

• ❚❤❡ ◆▼■ ❛❧❣♦%✐4❤♠ ❝♦♠♣❛%❡. 4❤❡ ❝❧✉.4❡%. ❢♦✉♥❞ ❜② ♦✉% ❛❧❣♦%✐4❤♠. ✇✐4❤ 4❤❡ %❡❛❧

❝❧✉.4❡%.✱ ❛♥❞ ❝♦♠♣✉4❡. 4♦ ✇❤✐❝❤ ❧❡✈❡❧ 4❤❡② .❤❛%❡ 4❤❡ .❛♠❡ ✐♥❢♦%♠❛4✐♦♥ ❬✼✶❪✳
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• ❚❤❡ ❆❞❥✉'(❡❞ ❘❛♥❞ ■♥❞❡① ✐' ❛ '❡❝♦♥❞ ♣❡2❢♦2♠❛♥❝❡ ♠❡❛'✉2❡ ❝2❡❛(❡❞ (♦ ❡❧✐♠✐♥❛(❡
(❤❡ ♣2♦❜❧❡♠' 2❡❧❛(❡❞ (♦ (❤❡ ❘❛♥❞ ■♥❞❡①✱ '✉❝❤ ❛' (❤❡ ❢❛❝( (❤❛( (❤❡ ❡①♣❡❝(❡❞ ✈❛❧✉❡

♦❢ (❤❡ ❘■ ♦❢ (✇♦ 2❛♥❞♦♠ ♣❛2(✐(✐♦♥' ❞♦❡' ♥♦( (❛❦❡ ❛ ❝♦♥'(❛♥( ✈❛❧✉❡ ✭'❛② ③❡2♦✮ ♦2

(❤❛( (❤❡ ❘❛♥❞ '(❛(✐'(✐❝ ❛♣♣2♦❛❝❤❡' ✐(' ✉♣♣❡2 ❧✐♠✐( ♦❢ ✉♥✐(② ❛' (❤❡ ♥✉♠❜❡2 ♦❢ ❝❧✉'(❡2'

✐♥❝2❡❛'❡'✳

• ❚❤❡ ❝❧❛''✐✜❝❛(✐♦♥ 2❛(❡ '✐♠♣❧② 2❡(✉2♥' (❤❡ ♣❡2❝❡♥(❛❣❡ ♦❢ ❝♦22❡❝( ❝❧❛''✐✜❝❛(✐♦♥✳

✼✳✷ ❘❡%✉❧(% ❛♥❛❧②%✐%

◆♦✇ (❤❛( ✇❡ ❤❛✈❡ (✉♥❡❞ ♦✉2 ♣❛2❛♠❡(❡2' ❛♥❞ ❞❡✜♥❡❞ ♦✉2 ♣❡2❢♦2♠❛♥❝❡ ♠❡❛'✉2❡'✱ ✇❡ ❝❛♥

❧♦♦❦ ❛( (❤❡ 2❡'✉❧(' ♦❢ ♦✉2 ❡①♣❡2✐♠❡♥('✳

❍❡2❡✉♥❞❡2 ❛2❡ (❤❡ (❤❡ ❛✈❡2❛❣❡ ◆▼■ '❝♦2❡✱ ❆❞❥✉'(❡❞ ❘❛♥❞ ■♥❞❡① ❛♥❞ ❈❧❛''✐✜❝❛(✐♦♥ ❘❛(❡

❢♦2 ❡❛❝❤ ❞❛(❛'❡( ❛♥❞ ❢♦2 (❤❡ ❞✐✛❡2❡♥( ♠❡(❤♦❞'✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❜2✐❡❢ ❞✐'❝✉''✐♦♥ ♦❢ (❤♦'❡

2❡'✉❧('✳

✼✳✷✳✶ ❘❡&✉❧)&

❚♦ ❢❛❝✐❧✐(❛(❡ (❤❡ 2❡❛❞❡2✬' ✐♥(❡2♣2❡(❛(✐♦♥ ♦❢ (❤❡ 2❡'✉❧('✱  ❛❜❧❡ ✷ ♦✛❡2' ❛ H✉✐❝❦ 2❡♠✐♥❞❡2 ♦❢

(❤❡ ❞✐✛❡2❡♥( ❝❧✉'(❡2✐♥❣ (❡❝❤♥✐H✉❡'✳

❚❛❜❧❡ ✷ ✿ ❘❡♠✐♥❞❡- ♦❢  ❤❡ ❞✐✛❡-❡♥ ❝❧✉4 ❡-✐♥❣  ❡❝❤♥✐6✉❡4

▼❡"❤♦❞ ❉❡'❝)✐♣"✐♦♥

❉❇ ❑✲♠❡❛♥' ❆ ❦✲♠❡❛♥' ❛❧❣♦)✐"❤♠ ❜❛'❡❞ ♦♥ ❛ ❢)❡❡ ❡♥❡)❣② ❞✐'"❛♥❝❡ ♠❛")✐①

Ktrick ❆ ❦✲♠❡❛♥' ❜❛'❡❞ ♦♥ ❛ ❦❡)♥❡❧ ♦❜"❛✐♥❡❞ ✉'✐♥❣ "❤❡ ❦❡)♥❡❧ ")✐❝❦ ♦♥ ❛ ❢)❡❡ ❡♥❡)❣② ❞✐'"❛♥❝❡ ♠❛")✐①

KS
CT ❆ ❦✲♠❡❛♥' ❛❧❣♦)✐"❤♠ ❜❛'❡❞ ♦♥ ❛ '✐❣♠♦✐❞ ❈❚ ❦❡)♥❡❧ ♠❛")✐①

❑❋❈▼ ❆ ❦✲♠❡❛♥' ❜❛'❡❞ ♦♥ ❛ ❦❡)♥❡❧ ")✐❝❦ ♠❛")✐① ✇✐"❤ ❢✉③③② ♠❡♠❜❡)'❤✐♣'

▲♦✉✈❛✐♥ ▼❡"❤♦❞ ❆ ❣)❡❡❞② ❛❧❣♦)✐"❤♠ "❤❛" ♣)♦❣)❡''❡' ❜② '"✉❞②✐♥❣ "❤❡ ✈❛)✐❛"✐♦♥ ✐♥ ♠♦❞✉❧❛)✐"②

B❋❈▼ ❆ ♣♦''✐❜✐❧✐'"✐❝ ❛❧❣♦)✐"❤♠ ✇✐"❤ ❢✉③③② ♠❡♠❜❡)'❤✐♣'

❚♦ ♣2❡'❡♥( (❤❡ 2❡'✉❧('✱ ❢♦2 ❡❛❝❤ ❞❛(❛'❡(✱ ✇❡ ❤❛✈❡ (❛❜✉❧❛(❡❞ (❤❡ ❛✈❡2❛❣❡ ♣❡2❢♦2♠❛♥❝❡ ♠❡❛✲

'✉2❡ ❢♦2 ♦✉2 ❞✐✛❡2❡♥( ♠❡(❤♦❞'❀ (❤❡ ❉✐'(❛♥❝❡✲❇❛'❡❞ ❑✲♠❡❛♥' ✭✧❉❇ ❑✲♠❡❛♥'✧✮✱ ❑❡2♥❡❧✲

❚2✐❝❦ ❑✲♠❡❛♥' ✭Ktrick✮✱ (❤❡ ❙✐❣♠♦✐❞ ❈♦♠♠✉(❡✲(✐♠❡ ❑❡2♥❡❧ ✭K
S
CT ✮✱ (❤❡ ❑❡2♥❡❧ ❋✉③③② ❈✲
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♠❡❛♥$ ✭✧❑❋❈▼✧✮ ,❤❡ ▲♦✉✈❛✐♥ ▼❡,❤♦❞ ❛♥❞ ,❤❡ 4♦$$✐❜✐❧✐$,✐❝ ❋✉③③② ❈✲♠❡❛♥$ ✭✧4❋❈▼✧✬✮✳

• ◆❡✇#❣%♦✉♣ ❞❛+❛#❡+# ✭ !❛❜❧❡ ✸✮

❚❛❜❧❡ ✸✿ ❈❧✉,!❡-✐♥❣ -❡,✉❧!, ❢♦- !❤❡ ◆❡✇,❣-♦✉♣ ❉❛!❛,❡!

❋✐-,! !✉♥✐♥❣ ♣-♦❝❡❞✉-❡✱ ✜-,! -❡,❡❛-❝❤ =✉❡,!✐♦♥
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❚❤❡ ❛✈❡%❛❣❡ ❝♦♠♠✉+❡ +✐♠❡ ✐- ❛ ❞✐-+❛♥❝❡ ♠❡❛-✉%❡ ❜❡+✇❡❡♥ ♥♦❞❡- ❞❡✜♥❡❞ ❛- ✭❢♦% ❛♥② ♥♦❞❡-

i, j ✮ ❬✶✸❪✿







































n(i, j) ≥ 0

n(i, j) = 0 ✐❢ ❛♥❞ ♦♥❧② i = j

n(i, j) = n(j, i)

n(i, j) ≤ n(i, k) + n(k, j) ❢♦% ❛❧❧ k

❚❤❡%❡❢♦%❡✱ +❤❡ ♠❛+%✐① ❝♦♥+❛✐♥✐♥❣ +❤❡ ❛✈❡%❛❣❡ ❝♦♠♠✉+❡✲+✐♠❡ ❞✐-+❛♥❝❡- ✐- ❝♦♠♣✉+❡❞ ❜②✿

△CT = vol(G)(diag(L+) ∗ eT + e ∗ (diag(L+))T − 2L+
❡!✳ ✼✳✶

✇✐+❤ vol(G) ❜❡✐♥❣ +❤❡ ✈♦❧✉♠❡ ♦❢ +❤❡ ❣%❛♣❤✳

❚❤✐- ❞✐-+❛♥❝❡ ♠❛+%✐① ❝❛♥ ❜❡ ❢✉%+❤❡% ❞❡✈❡❧♦♣❡❞ +♦ ♦❜+❛✐♥ +❤❡ ❝♦%%❡❝+❡❞ ❝♦♠♠✉+❡ +✐♠❡

❞✐-+❛♥❝❡ ❬✶✸❪✿

△CCT =

△CT−vol(G)[D−1eeT+eeTD−1+diag(D−1AD−1)∗eT+e∗diag(D−1AD−1)T−2D−1AD−1]

❡!✳ ✼✳✷

✼✳✷✳✸✳✶✳✷ ❘❡.✉❧).

❚❤❡ ❝♦♠♣❛%✐-♦♥ ♦❢ +❤❡ %❡-✉❧+- ♦❢ +❤❡ ❝❧✉-+❡%✐♥❣ ❜❛-❡❞ ♦♥ +❤❡ ❢%❡❡ ❡♥❡%❣② ❞✐-+❛♥❝❡✱ +❤❡

❝♦♠♠✉+❡✲+✐♠❡ ❞✐-+❛♥❝❡ ✭❈❚✮ ❛♥❞ +❤❡ ❝♦%%❡❝+❡❞ ❝♦♠♠✉+❡✲+✐♠❡ ✭❈♦%%❡❝+❡❞ ❈❚✮ ❞✐-+❛♥❝❡

❛%❡ ❞✐-♣❧❛②❡❞ ✐♥  ❛❜❧❡ ✾✳

❚❛❜❧❡ ✾✿ ❈❧✉* ❡+✐♥❣ +❡*✉❧ * ❢♦+  ❤❡ ❋+❡❡ ❊♥❡+❣②✱ ❈❚ ❛♥❞ ❈❈❚ ❞✐* ❛♥❝❡*

❋✐+* +❡*❡❛+❝❤ 8✉❡* ✐♦♥
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◆▼■ ✵✳✽✺✺✼ ✵✳✸✸✸✼ ✵✳✵✷✵✵

❆❘■ ✵✳✽✷✻✼ ✵✳✸✹✹✵ ✵✳✵✷✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✽✽✵✵ ✵✳✼✶✶✷ ✵✳✺✺✼✻

❋♦♦"❜❛❧❧

◆▼■ ✵✳✼✷✶✾ ✵✳✼✻✹✺ ✵✳✵✽✾✹

❆❘■ ✵✳✺✺✼✼ ✵✳✺✽✻✹ ✵✳✵✶✾✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✻✺✻✺ ✵✳✻✽✷✻ ✵✳✶✷✷✽

▲❋❘✶

◆▼■ ✵✳✶✸✾✸ ✵✳✵✷✺✵ ✵✳✵✵✵✵

❆❘■ ✵✳✶✺✷✸ ✵✳✵✵✻✶ ✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✺✶✽✷ ✵✳✸✸✽✸ ✵✳✸✸✸✸

▲❋❘✸

◆▼■ ✵✳✹✾✵✶ ✵✳✵✹✻✹ ✵✳✵✵✵✵

❆❘■ ✵✳✹✽✷✼ ✵✳✵✵✷✼ ✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✻✸✽✻ ✵✳✷✼✼✺ ✵✳✷✼✹✺

◆❡✇#❣&♦✉♣✲✷❝❧✲❆

◆▼■ ✵✳✸✶✺✾ ✵✳✵✶✺✽ ✵✳✵✵✵✵

❆❘■ ✵✳✸✻✽✺ ✵✳✵✵✵✵ ✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✼✽✵✵ ✵✳✺✵✷✺ ✵✳✺✵✵✵

◆❡✇#❣&♦✉♣✲✷❝❧✲❇

◆▼■ ✵✳✸✷✹✸ ✵✳✵✶✺✻ ✵✳✵✵✵✵

❆❘■ ✵✳✸✻✶✽ ✹✳✸✵✷✯e−6
✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✼✾✵✽ ✵✳✺✵✷✼ ✵✳✺✵✷✺

◆❡✇#❣&♦✉♣✲✷❝❧✲❈

◆▼■ ✵✳✺✺✻✶ ✵✳✵✺✼✵ ✵✳✵✵✵✵

❆❘■ ✵✳✻✽✺✺ ✻✳✾✼✾✻✯e−4
✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✽✾✶✺ ✵✳✺✵✷✾ ✵✳✺✵✶✸

◆❡✇#❣&♦✉♣✲✸❝❧✲❆

◆▼■ ✵✳✹✷✶✾ ✵✳✵✷✷✹ ✸✳✶✺✶✻✯e−4

❆❘■ ✵✳✹✹✻✹ ✷✳✶✸✾✹✯e−6
✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✼✷✽✵ ✵✳✸✸✻✷ ✵✳✸✸✸✸

◆❡✇#❣&♦✉♣✲✸❝❧✲❇

◆▼■ ✵✳✷✵✾✾ ✵✳✵✷✷✽ ✵✳✵✵✵✵

❆❘■ ✵✳✷✹✽✼ ✼✳✽✺✾✷✯e−6
✵✳✵✵✵✵

❈❧❛..✐✜❝❛2✐♦♥ ❘❛2❡ ✵✳✺✾✵✾ ✵✳✸✸✼✶ ✵✳✸✸✹✹

◆❡✇#❣&♦✉♣✲✸❝❧✲❈

◆▼■ ✵✳✷✽✷✾ ✵✳✵✷✷✹ ✵✳✵✵✵✵

❆❘■ ✵✳✸✶✼✵ ✲✺✳✵✼✾✽✯e−6
✵✳✵✵✵✵
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◆❡✇(❣*♦✉♣✲✺❝❧✲❆

◆▼■ ✵✳✷✾✺✾ ✵✳✵✷✽✼ ✵✳✵✵✵✵

❆❘■ ✵✳✷✼✺✸ ✲✸✳✺✹✺✾✯e−7
✵✳✵✵✵✵
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◆▼■ ✵✳✷✸✼✻ ✵✳✵✷✽✻ ✵✳✵✵✵✵

❆❘■ ✵✳✷✵✾✼ ✶✳✷✺✵✵✯e−2
✵✳✵✵✵✵
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◆❡✇*❣,♦✉♣✲✺❝❧✲❈
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❡!✳ ✼✳✸
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s
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T
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❆❘■ ✵✳✼✹✸✷ ✵✳✼✷✽✸ ✵✳✼✶✷✸

❈❧❛00✐✜❝❛4✐♦♥ ❘❛4❡ ✵✳✽✽✻✽ ✵✳✽✾✵✽ ✵✳✽✹✺✽

◆❡✇#❣&♦✉♣✲✸❝❧✲❈ ◆▼■ ✵✳✻✽✾✷ ✵✳✺✾✸✼ ✵✳✼✷✵✸

❆❘■ ✵✳✼✹✸✷ ✵✳✻✷✽✸ ✵✳✼✸✼✶
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◆❡✇(❣*♦✉♣✲✺❝❧✲❆ ◆▼■ ✵✳✺✼✾✺ ✵✳✺✼✻✹ ✵✳✺✾✵✷

❆❘■ ✵✳✹✽✼✺ ✵✳✹✺✹✻ ✵✳✹✾✷✹

❈❧❛##✐✜❝❛'✐♦♥ ❘❛'❡ ✵✳✼✵✽✻ ✵✳✻✾✻✷ ✵✳✼✷✵✷

◆❡✇(❣*♦✉♣✲✺❝❧✲❇ ◆▼■ ✵✳✺✹✽✼ ✵✳✺✸✸✻ ✵✳✺✷✻✷

❆❘■ ✵✳✹✹✺✷ ✵✳✹✸✾✼ ✵✳✹✸✹✹

❈❧❛##✐✜❝❛'✐♦♥ ❘❛'❡ ✵✳✻✺✻✵ ✵✳✻✶✾✽ ✵✳✻✷✵✶

◆❡✇(❣*♦✉♣✲✺❝❧✲❈ ◆▼■ ✵✳✺✹✶✼ ✵✳✺✷✻✷ ✵✳✺✶✷✵

❆❘■ ✵✳✹✾✸✷ ✵✳✹✻✸✻ ✵✳✹✺✷✶

❈❧❛##✐✜❝❛'✐♦♥ ❘❛'❡ ✵✳✻✾✵✸ ✵✳✻✺✻✵ ✵✳✻✼✹✼

:♦❧✐<✐❝❛❧ ❇♦♦❦( ◆▼■ ✵✳✺✻✾✼ ✵✳✻✶✶✻ ✵✳✺✼✶✼

❆❘■ ✵✳✻✼✶✾ ✵✳✼✷✵✵ ✵✳✻✻✻✻

❈❧❛##✐✜❝❛'✐♦♥ ❘❛'❡ ✵✳✽✸✽✼ ✵✳✽✻✾✾ ✵✳✽✹✶✵

❙❝❤♦♦❧✲✶✶✲❝❧❛((❡( ◆▼■ ✵✳✸✵✺✾ ✵✳✷✽✵✵ ✵✳✸✵✼✼

❆❘■ ✵✳✶✷✼✸ ✵✳✶✶✷✽ ✵✳✶✸✵✶

❈❧❛##✐✜❝❛'✐♦♥ ❘❛'❡ ✵✳✸✹✷✸ ✵✳✸✶✼✺ ✵✳✸✹✵✸

❙❝❤♦♦❧✲✻✲❝❧❛((❡( ◆▼■ ✵✳✶✶✾✻ ✵✳✶✺✼✵ ✵✳✶✶✺✹

❆❘■ ✵✳✵✺✼✷ ✵✳✵✻✸✼ ✵✳✵✺✺✺

❈❧❛##✐✜❝❛'✐♦♥ ❘❛'❡ ✵✳✸✶✶✹ ✵✳✷✺✽✷ ✵✳✸✶✼✼

❲❡ ❝❛♥ ♦❜'❡(✈❡ ❤❡(❡ +❤❛+ +❤❡ (❡'✉❧+' ❛(❡ (❛+❤❡( ❝❧♦'❡ ❜❡+✇❡❡♥ ♦✉( ❞✐✛❡(❡♥+ ❦❡(♥❡❧'✳❲❡

✇✐❧❧ ❝♦♥+✐♥✉❡ +♦ ✉'❡ +❤❡ ✧(❡❣✉❧❛(✧ '✐❣♠♦✐❞ ❝♦♠♠✉+❡✲+✐♠❡ ❦❡(♥❡❧ ❢♦( +❤❡ (❡'+ ♦❢ ♦✉(

❡①♣❡(✐♠❡♥+'✱ ❛' +❤✐' ♠❡+❤♦❞ ❣✐✈❡' ✉' +❤❡ ❜❡'+ (❡'✉❧+'✱ ❛' +❤❛+ ✐' +❤❡ ❝(✐+❡(✐❛ ✇❡ ❤❛✈❡

❞❡❝✐❞❡❞ +♦ ♣✉('✉❡✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ +❤❛+ ❜♦+❤ +❤❡ ❝♦((❡❝+❡❞ '✐❣♠♦✐❞ ❝♦♠♠✉+❡✲+✐♠❡

❦❡(♥❡❧ ❛♥❞ +❤❡ ❝♦♠❜✐♥❡❞ Ks
CT✯K

s
CT

T
❣✐✈❡ ✉' ♠♦(❡ ✈❛❧✐❞ (❡'✉❧+' ✭✐♥ +❤❡ '❡♥'❡ +❤❛+ +❤❡

❦❡(♥❡❧' ✇✐❧❧ ❜❡ ♣♦'✐+✐✈❡ '❡♠✐✲❞❡✜♥✐+❡✮✳ ❍♦✇❡✈❡(✱ ❛' ♠❡♥+✐♦♥❡❞ ✐♥ '❡❝+✐♦♥ ✺✳✷✳✶✳✷✱ ✇❡ ❝❛♥

♥❡❣❧❡❝+ +❤❛+ ❡✛❡❝+✳

✼✳✸ ❙❡❝♦♥❞ ❡①♣❡+✐♠❡♥.❛❧ ♣+♦❝❡❞✉+❡

❲❡ ♥♦+✐❝❡❞ +❤(♦✉❣❤ ❛❧❧ +❤♦'❡ ❡①♣❡(✐♠❡♥+' +❤❛+ +❤❡ (❡'✉❧+' '+(♦♥❣❧② ❞✐✛❡(❡❞ ❢(♦♠ ♦♥❡

❞❛+❛'❡+ +♦ +❤❡ ♦+❤❡(✳ ❚❤✐' ♠✐❣❤+ ✐♥❞✐❝❛+❡ +❤❡ ♣(❡'❡♥❝❡ ♦❢ ❛ ❜✐❛' ✐♥ ♦✉( +✉♥✐♥❣ ♣(♦❝❡❞✉(❡✳
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0❤❡ ❛❧❣♦#✐0❤♠* ❛❢0❡# 0✉♥✐♥❣ ❡❛❝❤ ♣❛#❛♠❡0❡# ♦♥ ❡❛❝❤ ❞❛0❛*❡0✳ ❚❤✐* 0✐♠❡✱ ✇❡ ✇✐❧❧ ✈❛#②

0❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♣❛#❛♠❡0❡# ❢♦# ❡❛❝❤ ❞❛0❛*❡0 ❛♥❞ ❛❧❣♦#✐0❤♠✱ ❛♥❞ ❦❡❡♣ ❛* #❡❢❡#❡♥❝❡ ✈❛❧✉❡

0❤❡ ♣❛#❛♠❡0❡# ❣✐✈✐♥❣ 0❤❡ ❤✐❣❤❡*0 ◆▼■ *❝♦#❡ ❢♦# ❛ ❣✐✈❡♥ ❞❛0❛*❡0 ❛♥❞ ❛ ❣✐✈❡♥ ❝❧✉*0❡#✐♥❣

❛❧❣♦#✐0❤♠✳ ❚❤✐* ✇✐❧❧ ❛❧❧♦✇ ✉* 0♦ ❝♦♠♣❛#❡ ♦✉# ❞✐✛❡#❡♥0 ❛❧❣♦#✐0❤♠* ❜❛*❡❞ ♦♥ 0❤❡✐# ❜❡*0

#❡*✉❧0 ♦❜0❛✐♥❡❞ ❛❢0❡# ❛♥ ♦♣0✐♠❛❧ ❛♥❞ ❛❞❛♣0❡❞ 0✉♥✐♥❣✳

✼✳✸✳✶ ◆❡✇ ♣❛)❛♠❡+❡) +✉♥✐♥❣

❲❡ ✇✐❧❧✱ ❢♦# ❡❛❝❤ ❞❛0❛*❡0✱ #✉♥ ✺✵ 0✐♠❡* ❡❛❝❤ ❛❧❣♦#✐0❤♠ ✇❤✐❧❡ ✈❛#②✐♥❣ 0❤❡ ♣❛#❛♠❡0❡# ✈❛❧✉❡✱

❛* ✇❡ ❞✐❞ ✐♥ 0❤❡ ✜#*0 ❡①♣❡#✐♠❡♥0✳ ❲❡ ✇✐❧❧ ❦❡❡♣ ❛* ♦♣0✐♠❛❧ ♣❛#❛♠❡0❡# 0❤❡ ♦♥❡ ❧❡❛❞✐♥❣ 0♦

0❤❡ ❤✐❣❤❡*0 ✈❛❧✉❡ ♦❢ ◆▼■ *❝♦#❡✳ ❚❤❡ #❡*✉❧0* ♦❢ 0❤✐* ✧♥❡✇ 0✉♥✐♥❣✧ ✐* ❣✐✈❡♥ ✐♥  ❛❜❧❡ ✶✶ ✿

❚❛❜❧❡ ✶✶✿ ◆❡✇ ♣❛+❛♠❡ ❡+ ✈❛❧✉❡/

❙❡❝♦♥❞  ✉♥✐♥❣ ♣+♦❝❡❞✉+❡✱ ✜+/ +❡/❡❛+❝❤ :✉❡/ ✐♦♥

❉❇ ❑♠❡❛♥' ❑❡(♥❡❧ ❑♠❡❛♥' ❙❈❚ ❑♠❡❛♥' ❑❋❈▼ /❋❈▼

❩❛❝❤❛(② θ = 9 θ = 9✱ ❡①♣♦ = 5 α = 8 φ = 7 φ = 9

❢♦♦6❜❛❧❧ θ = 10−1 θ = 10−1
✱ ❡①♣♦ = 6 α = 3 φ = 10 φ = 10−1

▲❋❘✶ θ = 7 θ = 7✱ ❡①♣♦ = 10 α = 7 φ = 10 φ = 7

▲❋❘✸ θ = 2 θ = 2✱ ❡①♣♦ = 10 α = 7 φ = 9 φ = 9

♥❡✇'✷❝❧✶ θ = 2 θ = 2✱ ❡①♣♦ = 4 α = 5 φ = 4 φ = 9

♥❡✇'✷❝❧✷ θ = 5 θ = 5✱ ❡①♣♦ = 2 α = 4 φ = 8 φ = 5

♥❡✇'✷❝❧✸ θ = 10−1 θ = 10−1
✱ ❡①♣♦ = 1 α = 10 φ = 4 φ = 9

♥❡✇'✸❝❧✶ θ = 6 θ = 6✱ ❡①♣♦ = 9 α = 7 φ = 2 φ = 10

♥❡✇'✸❝❧✷ θ = 9 θ = 9✱ ❡①♣♦ = 1 α = 8 φ = 10−1 φ = 9

♥❡✇'✸❝❧✸ θ = 7 θ = 7✱ ❡①♣♦ = 6 α = 10 φ = 5 φ = 9

♥❡✇'✺❝❧✶ θ = 10 θ = 10✱ ❡①♣♦ = 7 α = 10 φ = 9 φ = 3

♥❡✇'✺❝❧✷ θ = 3 θ = 3✱ ❡①♣♦ = 4 α = 3 φ = 3 φ = 2

♥❡✇'❝❧✺✸ θ = 10−2 θ = 10−2
✱ ❡①♣♦ = 7 α = 5 φ = 3 φ = 3

♣♦❧❜♦♦❦' θ = 10−2 θ = 10−2
✱ ❡①♣♦ = 3 α = 1000 φ = 10−6 φ = 10

❙❝❤♦♦❧✶✶❝❧ θ = 10 θ = 10✱ ❡①♣♦ = 3 α = 9 φ = 8 φ = 10−2

❙❝❤♦♦❧✻❝❧ θ = 10 θ = 10✱ ❡①♣♦ = 3 α = 10 φ = 10 φ = 10−2
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❲❡ ❛#❡ ♥♦✇ ❛❜❧❡ 0♦ #❡✲❧❛✉♥❝❤ ♦✉# ❛❧❣♦#✐0❤♠*✱ ✉*✐♥❣ 0❤❡ *❛♠❡ ♣#♦❝❡❞✉#❡ ❛* ❜❡❢♦#❡ ❜✉0 ✇✐0❤

0❤❡ ♥❡✇ ♣❛#❛♠❡0❡# ✈❛❧✉❡✳ ❆❣❛✐♥✱ ✇❡ ❝♦♠♣✉0❡❞ ❢♦# ❡❛❝❤ ❞❛0❛*❡0 0❤❡ ❛✈❡#❛❣❡ ◆▼■ *❝♦#❡✱
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Jm(U, V ) =
∑c

i=1

∑n

k=1 u
m
ik Jφ(xk)− φ(vi)K2 +

∑c

i=1 ηi
∑n

k=1(1− uik)
m
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✐♥ ❝❧❛%% i ✱ m &❤❡ ❢✉③③✐✜❡$ ❛♥❞ V &❤❡ %❡& ♦❢ ♣$♦&♦&②♣❡%✳ ❋✐♥❛❧❧②✱ K(x, y) = φ(x)Tφ(y) ✐%
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uik =
1

1 + (2(1−K(xk, vi))/ηi)
1

(m−1)
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❚❤❡ ✉♣❞❛&✐♥❣ ♦❢ vi ✐% ❝♦♠♣✉&❡❞ ❛%

vi =

n
∑

k=1

um
ikK(xk, vi)xk

n
∑

k=1

um
ikK(xk, vi)
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ηi =K

n
∑

k=1

um
ik2(1−K(xk, vi))

n
∑

k=1

um
ik
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❋✐① c✱ tmax✱ m > 1 ❛♥❞ ε > 0 ❢♦# &♦♠❡ ♣♦&✐)✐✈❡ ❝♦♥&)❛♥)❀

■♥✐)✐❛❧✐③❡ u0
ik ✉&✐♥❣ ❑❋❈▼ ❛❧❣♦#✐)❤♠❀

❊&)✐♠❛)❡ ηi ❀

❋♦" t = 1, 2, ..., tmax ❞♦

❯♣❞❛)❡ ❛❧❧ ♣#♦)♦)②♣❡& vti ❀

❯♣❞❛)❡ ❛❧❧ ♠❡♠❜❡#&❤✐♣& ut
ik ❀

❈♦♠♣✉)❡ Et = ♠❛①i,k

∣

∣ut
ik − ut−1

ik

∣

∣

❀

t = t+ 1❀

❯♥&✐❧ Et ≤ ε ❀
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❛♥❞ .❡❡ ✐❢ .♦♠❡ ❞✐✛❡1❡♥❝❡. ❛1❡ 1❡❛❧❧② .✐❣♥✐✜❝❛♥ ✳

▼♦1❡ ♣1❡❝✐.❡❧②✱  ♦ ❣♦ ❜❛❝❦ ♦♥ ♦✉1 1❡.❡❛1❝❤ 9✉❡. ✐♦♥.✱ ✇❡ ✇✐❧❧  1②  ♦ ❞❡ ❡1♠✐♥❡ ✐❢  ❤❡ #❋❈▼

✐. .✐❣♥✐✜❝❛♥ ❧② ❞✐✛❡1❡♥ ❢1♦♠  ❤❡ ♦ ❤❡1  ❡❝❤♥✐9✉❡.✱ ❛♥❞ ✐❢  ❤❡ ❑#❋❈▼ ✐. .✐❣♥✐✜❝❛♥ ❧②

❞✐✛❡1❡♥ ❢1♦♠  ❤❡ #❋❈▼ ♦♥ ❛ ❣❧♦❜❛❧ .❝❛❧❡✳ ❚❤❡ 1❡.✉❧ . ♦❢  ❤♦.❡  ❡. . ❛1❡ ❞✐.♣❧❛②❡❞ ✐♥

✜❣✉#❡ ✶✶ ✭❢♦1  ❤❡ ◆▼■ ♦♥❧②✱ ❢♦1 ♦✉1 ♦ ❤❡1 ♣❡1❢♦1♠❛♥❝❡ ♠❡❛.✉1❡.✱ .❡❡ ❛♣♣❡♥❞✐❝❡, ■■✳■ ❛♥❞

■■✳■■ ✮✳
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❋✐❣✉$❡ ✶✶✿ ❈♦♠♣❛$✐-♦♥ ♦❢ 0❤❡ ❝❧✉-0❡$✐♥❣ 0❡❝❤♥✐4✉❡- ✭◆▼■✮ ♦✈❡$ ❛❧❧ ❞❛0❛-❡0-

❈❧✉#$❡&✐♥❣ $❡❝❤♥✐,✉❡# ❛&❡ ❝♦♥#✐❞❡&❡❞ #✐❣♥✐✜❝❛♥$❧② ❞✐✛❡&❡♥$ ❢&♦♠ ♦♥❡ ❛♥♦$❤❡& ✐❢ $❤❡ ♠❡❛♥

&❛♥❦ ✭$❤❡ ✧❜✉❧❧❡$✧ ♦♥ $❤❡ ❣&❛♣❤✮ ♦❢ $❤❡ ✜&#$ ♦♥❡ ✐# ❧♦❝❛$❡❞ ♦✉$#✐❞❡ $❤❡ ❝&✐$✐❝❛❧ ❞✐✛❡&❡♥❝❡

❧✐♠✐$ ✭$❤❡ ✧✇❤✐#❦❡&#✧✮ ♦❢ $❤❡ ♦$❤❡&✳

■♥ ♦✉& ✜❣✉&❡✱ ✐$ ✐# $❤❡&❡❢♦&❡ ♣&❡$$② ❝❧❡❛& $❤❛$ $❤❡ ❦❡&♥❡❧ $&✐❝❦ ❛♥❞ #✐❣♠♦✐❞ ❈❚ ❦❡&♥❡❧

❦✲♠❡❛♥# ♣❡&❢♦&♠  ✐❣♥✐✜❝❛♥'❧② ❜❡''❡, $❤❛♥ ❛❧❧ $❤❡ ♦$❤❡& ❛❧❣♦&✐$❤♠# ✭♦✈❡& ❛❧❧ ❞❛$❛#❡$#✮✱

✐♥❝❧✉❞✐♥❣ $❤❡ B❋❈▼ ❛♥❞ $❤❡ ❑B❋❈▼✳ ❲❡ ❝❛♥ ❛❧#♦ #❡❡ $❤❛$ $❤❡&❡ ✐# ♥♦  ✐❣♥✐✜❝❛♥'

❞✐✛❡,❡♥❝❡ ❜❡$✇❡❡♥ $❤❡ B❋❈▼ ❛♥❞ $❤❡ ❑B❋❈▼✳❚❤✐# ✐♥❢♦&♠❛$✐♦♥ $❤✉# ❝♦♥✜&♠# ✇❤❛$ ♦✉&

$❡#$# ❞❛$❛#❡$# ♣❡& ❞❛$❛#❡$# ❛❧&❡❛❞② ❡#$❛❜❧✐#❤❡❞✱ ❛♥❞ ♦✉& &❡#❡❛&❝❤ ,✉❡#$✐♦♥# ❛&❡ ❞❡✜♥✐$❡❧②

❝❧♦#❡❞✳

❙♦♠❡ &❡#✉❧$# ❛&❡ ♣❛&$✐❝✉❧❛&❧② ✐♥$❡&❡#$✐♥❣✳ ❚❤❡ ✜&#$ ♦♥❡ ✐# $❤❡ ❞♦♠✐♥❛♥❝❡ ♦❢ $❤❡ ❢&❡❡ ❡♥❡&❣②

❞✐#$❛♥❝❡ ♦✈❡& ♦$❤❡& ❞✐#$❛♥❝❡ ♠❡❛#✉&❡#✳ ❚❤❡ #❡❝♦♥❞ ♦♥❡ ✐# ❧✐♥❦❡❞ $♦ $❤❡ ❦❡&♥❡❧ ❦✲$&✐❝❦✳

❚❤❡ &❡#✉❧$# ♦❢ $❤❡ ❦✲$&✐❝❦ ❦❡&♥❡❧ ❦✲♠❡❛♥# ❛&❡ ❡①$&❡♠❡❧② ✐♥$❡&❡#$✐♥❣✳ ■♥❞❡❡❞✱ ✐$ ❣✐✈❡# ✈❡&②

❣♦♦❞ &❡#✉❧$# ❛♥❞ ✇❛# ♦❜✈✐♦✉#❧② ✐♠♣&♦✈❡❞ ❜② $❤❡ #✇✐$❝❤ $♦✇❛&❞# ❛ ♥❡✇ $✉♥✐♥❣ ♣&♦❝❡❞✉&❡✳

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ $❤❛$ $❤❡ ♣❛&❛♠❡$❡& θ ♣❧❛②❡❞ ❛♥ ✐♠♣♦&$❛♥$ &♦❧❡ ✭❛# ✐$ ✐# $❤❡ ♦♥❧② ❝❤❛♥❣❡
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❜!♦✉❣❤& &♦ &❤❡ &✉♥✐♥❣ ♣!♦❝❡❞✉!❡✮✱ ❛♥❞ ✐0 ♣!♦❜❛❜❧② 3✉✐&❡ 0❡♥0✐&✐✈❡ &♦ &❤❡ 0✐③❡ ♦❢ &❤❡ ❣!❛♣❤✳

❲❡ ❝♦✉❧❞ ❡①♣❧♦✐& &❤✐0 ✐♥&✉✐&✐♦♥ ❜② ♥♦!♠❛❧✐③✐♥❣ ❛♥❞ ❞✐✈✐❞✐♥❣ &❤❡ ❞❛&❛ ❜② &❤❡ ❛✈❡!❛❣❡ ♦❢

&❤❡ ❝♦0&0✳ ❚❤❛& ✇❛②✱ &❤✐0 0✐③❡✲0❡♥0✐&✐✈✐&② ✇♦✉❧❞ ❞✐0❛♣♣❡❛!✳

❆♥♦&❤❡! ♥♦&✐❝❡❛❜❧❡ !❡0✉❧& ✐0 &❤❛& ✇❡ ♦❜0❡!✈❡ ❣♦♦❞ !❡0✉❧&0 ❢!♦♠ ❞✐✛❡!❡♥& ❛❧❣♦!✐&❤♠0 ✐♥

✈❡!② ❞✐✛❡!❡♥& ❞❛&❛0❡&0 ✭❡✳❣✳✿ &❤❡ ♥❡✇0❣!♦✉♣0 ❞❛&❛0❡&0 ❛!❡ ✈❡!② 0♣❛!0❡✱ ✇❤✐❧❡ &❤❡ ▲❋❘ ❛!❡

✧❛!&✐✜❝✐❛❧✧ ♥❡&✇♦!❦0✱ ❝♦♥0&!✉❝&❡❞ ❞✐✛❡!❡♥&❧②✮✳ ❚❤✐0 ❜!✐♥❣0 ✉0 ❝❧♦0❡! &♦ &❤❡ ✐❞❡❛ &❤❛& ✐&

❝♦✉❧❞ ❜❡ ♣♦00✐❜❧❡ &♦ ✐❞❡♥&✐❢② ✇❤✐❝❤ ♠❡&❤♦❞ &♦ ✉0❡ ❞❡♣❡♥❞✐♥❣ ♦♥ &❤❡ ❝❤❛!❛❝&❡!✐0&✐❝0 ♦❢ &❤❡

❣!❛♣❤✳ ❚❤❡ ❡①✐0&❡♥❝❡ ♦❢ ❛ ✉♥✐✜❡❞ ✧✐❞❡❛❧✧ 0♦❧✉&✐♦♥ ✭✐✳❡✳ ❛ ❝❧✉0&❡!✐♥❣ ❛❧❣♦!✐&❤♠ &❤❛& ✇♦✉❧❞

♦✉&♣❡!❢♦!♠ &❤❡ ♦&❤❡!0 ♦♥ ❡✈❡!② ❞❛&❛0❡&✮ ❜❡✐♥❣ !❡❥❡❝&❡❞ 0♦ ❢❛! ❜② &❤❡ ❡①♣❡!✐♠❡♥&0✱ ✇❡ ❝♦✉❧❞

✐♥✈❡0&✐❣❛&❡ &❤✐0 ✧&❛✐❧♦!❡❞✧ ❛♣♣!♦❛❝❤ ✭❝❤♦♦0✐♥❣ &❤❡ ♠❡&❤♦❞ ❜❛0❡❞ ♦♥ &❤❡ ❝❤❛!❛❝&❡!✐0&✐❝0 ♦❢

&❤❡ ❞❛&❛0❡&0✮✳
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■❢ ♦✉$ ❡①♣❡$✐♠❡♥+, ❞✐❞ ♥♦+ ♣$♦✈❡ +❤❡ ,✉♣❡$✐♦$✐+② ♦❢ +❤❡ ♣♦,,✐❜✐❧✐,+✐❝ ❢✉③③② ❝✲♠❡❛♥,✱ +❤❡$❡

❛$❡ ,❡✈❡$❛❧ +$❛❝❦, +❤❛+ ♠✐❣❤+ ❣✐✈❡ ✉, $♦♦♠ ❢♦$ ✐♠♣$♦✈❡♠❡♥+✳

❚❤❡ ✜$,+ ♦♥❡ ✐, +♦ +$② +♦ ❞❡$✐✈❡ ❛♥♦+❤❡$ ❦❡$♥❡❧✲❜❛,❡❞ ♣♦,,✐❜✐❧✐,+✐❝ ❛❧❣♦$✐+❤♠ ✭❢♦$ ✐♥,+❛♥❝❡✱

+❤❡ ,✐❣♠♦✐❞ ❝♦♠♠✉+❡✲+✐♠❡ ❦❡$♥❡❧ ♣$♦✈❡♥ ✈❡$② ,✉❝❝❡,,❢✉❧✮✱ ❡✈❡♥ +❤♦✉❣❤ +❤❡$❡ ✐, ❧✐++❧❡ ❧✐+✲

❡$❛+✉$❡ ♦♥ +❤❡ ✉,❡ ♦❢ ♦+❤❡$ ❦❡$♥❡❧ ❢✉♥❝+✐♦♥, +❤❛♥ +❤❡ ●❛✉,,✐❛♥ ❦❡$♥❡❧✳

❖+❤❡$ ❧❡❛❞, ✇♦✉❧❞ ❞✐$❡❝+❧② +❛❝❦❧❡ +❤❡ +❤❡♦$❡+✐❝❛❧ ❢♦✉♥❞❛+✐♦♥ ♦❢ +❤❡ B❈▼ ❛, ♣$♦♣♦,❡❞ ❜②

❑$✐,❤♥❛♣✉$❛♠ ❛♥❞ ❑❡❧❧❡$✳ ❲❡ ✇✐❧❧ ❞✐,❝✉,, +❤❡,❡ ✐♥ +❤❡ ❢♦❧❧♦✇✐♥❣ ,❡❝+✐♦♥✳

✾ ■♠♣$♦✈✐♥❣ *❤❡ -❈▼

❚❤❡ B❈▼ ❛♣♣$♦❛❝❤ ♣$♦♣♦,❡❞ ❜② ❑$✐,❤♥❛♣✉$❛♠ ❛♥❞ ❑❡❧❧❡$ ✇❛, ♣$♦✈❡♥ ❡✛❡❝+✐✈❡✳ ❍♦✇❡✈❡$✱

+❤❡✐$ ♠❡+❤♦❞ ,+✐❧❧ $❡❧✐❡, ♦♥ ❋❈▼ +♦ ❝❛❧❝✉❧❛+❡ +❤❡ ♣❛$❛♠❡+❡$ ηi ✳❨❛♥❣ ❛♥❞ ❲✉ ❬✼✵❪ ♣$♦♣♦,❡❞

+♦ ✐♠♣$♦✈❡ +❤❛+ ❛❧❣♦$✐+❤♠ ❜② ❝♦♠♣✉+✐♥❣ ❞✐$❡❝+❧② +❤❡ +②♣✐❝❛❧✐+② ✈❛❧✉❡, ❛♥❞ ❛✈♦✐❞ $✉♥♥✐♥❣

+❤❡ ❋❈▼ ❜❡❢♦$❡❤❛♥❞ +♦ ❝♦♠♣✉+❡ +❤❡ ♣❛$❛♠❡+❡$, ηi ✳ ❚❤❡② ✐♥+$♦❞✉❝❡❞ ❛ ♥❡✇ B♦,,✐❜✐❧✐,+✐❝

❈❧✉,+❡$✐♥❣ ❆❧❣♦$✐+❤♠ ✿ +❤❡ B❈❆✳ ❆❢+❡$ +❤❡♠✱ ❲✉ ❛♥❞ ❛❧✳ ❬✻✼❪ $❡❛❧✐③❡❞ +❤❛+ +❤❡ B❈❆ ✇❛,

✈❡$② ,❡♥,✐+✐✈❡ +♦ +❤❡ ✐♥✐+✐❛❧✐③❛+✐♦♥ ♣$♦❝❡❞✉$❡ ❛♥❞ ,♦♠❡+✐♠❡, ❣❡♥❡$❛+❡❞ ❝♦✐♥❝✐❞❡♥+ ❝❧✉,+❡$,✳

❚❤❡② +❤❡$❡❢♦$❡ ♣$♦♣♦,❡❞ ❛♥ ❯♥,✉♣❡$✈✐,❡❞ B♦,,✐❜✐❧✐,+✐❝ ❋✉③③② ❈❧✉,+❡$✐♥❣ ✭❯B❋❈✮ +♦ ,♦❧✈❡

+❤❡ ♣$♦❜❧❡♠✱ ❝♦♠❜✐♥✐♥❣ ❢❡❛+✉$❡, ❢$♦♠ +❤❡ B❈❆ ❛♥❞ +❤❡ ❋❈▼✳

✾✳✶ -❈❆ ❛❧❣♦$✐*❤♠

✾✳✶✳✶ ❉❡%❝'✐♣*✐♦♥

❚❤❡ ♠❛❥♦$ ❝$✐+✐T✉❡ ❛❞❞$❡,,❡❞ +♦ ❑$✐,❤♥❛♣✉$❛♠ ❛♥❞ ❑❡❧❧❡$✬, ❛♣♣$♦❛❝❤ ✐, +❤❛+ ✐+ ❞❡♣❡♥❞,

❤❡❛✈✐❧② ♦♥ ✐+, ♣❛$❛♠❡+❡$,✳ ❚❤❡$❡❢♦$❡✱ ❨❛♥❣ ❛♥❞ ❲✉ ❬✼✵❪ ,✉❣❣❡,+❡❞ ❛♥♦+❤❡$ ♣♦,,✐❜✐❧✐,+✐❝

❝❧✉,+❡$✐♥❣ ❛♣♣$♦❛❝❤ ✭B❈❆✮ ❜❛,❡❞ ♦♥ +❤❡ ❋❈▼ ♦❜❥❡❝+✐✈❡ ❢✉♥❝+✐♦♥✱ +❤❡ ♣❛$+✐+✐♦♥ +♦ ♥♦✐,❡

❛♥❞ ♦✉+❧✐❡$,✳ ❚❤❡ $❡,✉❧+✐♥❣ ♠❡♠❜❡$,❤✐♣ ❢✉♥❝+✐♦♥ ❜❡❝♦♠❡, ❛♥ ❡①♣♦♥❡♥+✐❛❧ ❢✉♥❝+✐♦♥ ✭+♦

❣❛✐♥ $♦❜✉,+♥❡,,✮✱ ♦$ ❛ ♠♦✉♥+❛✐♥ ❢✉♥❝+✐♦♥ ✭,♦ +❤❛+ +❤❡ ♣$♦+♦+②♣❡, ❝❛♥ ❜❡ ❡❛,✐❧② ❤❛♥❞❧❡❞✮✳

❚❤❡ B❈❆ ✇✐❧❧ +❤❡$❡❢♦$❡ ✉,❡ ❛♥ ♦❜❥❡❝+✐✈❡ ❢✉♥❝+✐♦♥ ❜❛,❡❞ ♦♥ +❤❡ ♣❛$+✐+✐♦♥ ❝♦❡✣❝✐❡♥+ ✭B❈✮

❛♥❞ ♣❛$+✐+✐♦♥ ❡♥+$♦♣② ✭B❊✮ ✈❛❧✐❞✐+② ✐♥❞❡①❡,✳
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❚❤❡ ✜$%& ✈❛❧✐❞✐&② ✐♥❞❡① ❛%%♦❝✐❛&❡❞ ✇✐&❤ ❋❈▼ ✐% &❤❡ ♣❛$&✐&✐♦♥ ❝♦❡✣❝✐❡♥& ✭8❈✮✱ ❞❡✜♥❡❞

❛%

PC(c) = 1
n

∑c

i=1

∑n

j=1 µ
2
ij ❡!✳ ✾✳✶

✇❤❡$❡ &❤❡ ♠❡♠❜❡$%❤✐♣ ❢✉♥❝&✐♦♥% µi ❛$❡ ❞❡✜♥❡❞ ❛% µij = µi(xj)✳ ❲❡ ♦❜&❛✐♥ &❤❛&
1
c
≤

PC(c) ≤ 1 ✳

❚❤❡ %❡❝♦♥❞ ✈❛❧✐❞✐&② ✐♥❞❡①✱ &❤❡ ♣❛$&✐&✐♦♥ ❡♥&$♦♣② ✭8❊✮✱ ✐% ❞❡✜♥❡❞ ❛%

PE(c) = − 1
n

∑c

i=1

∑n

j=1 µijlog2µij ❡!✳ ✾✳✷

✇❤❡$❡ 0 ≤ PE(c) ≤ log2µij ✳

❲✐&❤ &❤❛& ✐♥ ♠✐♥❞✱ ✇❡ ❝❛♥ ❝♦♥%&$✉❝& ❛ ♥❡✇ ♦❜❥❡❝&✐✈❡ ❢✉♥❝&✐♦♥ ❢♦$ &❤❡ 8❈❆✿

JPCA(µ, a) =
∑c

i=1

∑n

j=1 µ
m

ij Jxj − aiK2 + β

m2
√
c

∑c

i=1

∑n

j=1(µ
m
ij logµ

m
ij − µm

ij ) ❡!✳ ✾✳✸

✇❤❡$❡ β,m ❛♥❞ c ❛$❡ ❛❧❧ ♣♦%✐&✐✈❡✳ ❚❤❡ ✜$%& &❡$♠ ✐% ❡E✉✐✈❛❧❡♥& &♦ &❤❡ ❋❈▼ ♦❜❥❡❝&✐✈❡ ❢✉♥❝✲

&✐♦♥ ❛♥❞ &❤❡ %❡❝♦♥❞ &❡$♠ ✐% ❝♦♥%&$✉❝&❡❞ ❜② ❛♥ ❛♥❛❧♦❣ ♦❢ &❤❡ 8❊ ✈❛❧✐❞✐&② ✐♥❞❡① ✭µm
ij logµ

m
ij ✮✱

❛♥❞ ❛♥ ❛♥❛❧♦❣ ♦❢ &❤❡ 8❈ ✈❛❧✐❞✐&② ✐♥❞❡① ✭µm
ij ✮✳

❲❡ ❞❡❞✉❝❡ &❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛&❡ ❡E✉❛&✐♦♥%✿

µij = exp(−m
√
c Jxj − aiK2

β
) ❡!✳ ✾✳✹

❛♥❞

ai =

n
∑

j=1

µm
ijxj

n
∑

j=1

µm
ij

❡!✳ ✾✳✺

✇✐&❤ i = 1, ..., c ❛♥❞ J = 1, ..., c✳

❲❤❡♥ ♠✐♥✐♠✐③✐♥❣ &❤❡ ♦❜❥❡❝&✐✈❡ ❢✉♥❝&✐♦♥✱ ✇❡ ♦❜&❛✐♥ &❤❛& J
′

PCA(µ) = − β

m2
√
c

∑c

i=1

∑n

j=1 µ
m
ij ✳

❲❡ ❝❛♥ &❤❡$❡❢♦$❡ %❡❡ &❤❛& &❤❡ ♦❜❥❡❝&✐✈❡ ♦❢ JPCA ✐% &♦ ✜♥❞ ♣$♦&♦&②♣❡% %✉❝❤ &❤❛& &❤❡ %✉♠ ♦❢

&❤❡ ♠❡♠❜❡$%❤✐♣ ❢✉♥❝&✐♦♥% ✐% ♠❛①✐♠✐③❡❞✳ ❚❤❡$❡❢♦$❡✱ &❤❡ ❝❧✉%&❡$ ❝❡♥&❡$% ♦❜&❛✐♥❡❞ ❜② 8❈❆
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❝♦""❡$♣♦♥❞ (♦ (❤❡ ♣❡❛❦$ ♦❢ (❤❡ ♣♦(❡♥(✐❛❧ ❢✉♥❝(✐♦♥✳ ❙✐♥❝❡ (❤❡ ♣♦(❡♥(✐❛❧ ❢✉♥❝(✐♦♥ ❝❛♥ ❜❡

❝♦♥$✐❞❡"❡❞ ❛$ ❛ ❞❡♥$✐(② ❢✉♥❝(✐♦♥✱ (❤❡ ♣"♦(♦(②♣❡$ ♦❢ 5❈❆ ❛"❡ ❡8✉✐✈❛❧❡♥( (♦ (❤❡ ♠♦❞❡$ ♦❢

(❤❡ ❡$(✐♠❛(❡❞ ❞❡♥$✐(② ❬✼✵❪✳

❚❤❡ ♣❛"❛♠❡(❡" β ✐$ ❛ ♥♦"♠❛❧✐③❛(✐♦♥ (❡"♠ ♠❡❛$✉"✐♥❣ (❤❡ ❞❡❣"❡❡ ♦❢ $❡♣❛"❛(✐♦♥ ♦❢ (❤❡ ❞❛(❛

$❡(✱ ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ ✐( ❛$ (❤❡ $❛♠♣❧❡ ❝♦✲✈❛"✐❛♥❝❡✳ ❚❤❛( ✐$ β =
∑n

j=1Jxj−x̄K2

n
✳

❚❤❡ $♦❧❡ ♦❢ (❤❡ ♣❛$❛♠❡(❡$ m ❝♦$$❡-♣♦♥❞- (♦ (❤❡ ❢✉③③✐✜❡$ m ✐♥ ❋❈▼✳ ■❢ m (❡♥❞- (♦ ③❡$♦✱

limm→0µij = 1 ❛♥❞ limm→0ai = x̄ ❢♦$ ❛❧❧ i, j ✳ ■♥ (❤✐- ❝❛-❡✱ (❤❡ -❛♠♣❧❡ ♠❡❛♥ ✇✐❧❧ ❜❡ (❤❡

✉♥✐;✉❡ ♦♣(✐♠✐③❡$ ♦❢ (❤❡ ❢✉♥❝(✐♦♥ ❛♥❞ ♥♦ ❝❧✉-(❡$- ✇✐❧❧ ❜❡ ❢♦✉♥❞ ✭♦$✱ ❛❧(❡$♥❛(✐✈❡❧②✱ (❤❡ c

❝❧✉-(❡$- ❝♦✐♥❝✐❞❡ (♦ ♦♥❡ ❝❧✉-(❡$ ✮✳ ■❢ m (❡♥❞- (♦ ✐♥✜♥✐(②✱ ♠♦-( ❞❛(❛ ♣♦✐♥(- ✇✐❧❧ ❤❛✈❡ ✈❡$②

-♠❛❧❧ ♠❡♠❜❡$-❤✐♣ ✈❛❧✉❡- ❡✈❡♥ ✐❢ (❤❡② ❛$❡ ✈❡$② ❝❧♦-❡ (♦ ♦♥❡ ♦❢ (❤❡-❡ c ❝❧✉-(❡$- ❝❡♥(❡$- ❬✼✵❪✳

✾✳✶✳✷ ❆❧❣♦(✐*❤♠

●✐✈❡♥ (❤❡ ❝♦♥-($❛✐♥(- ❛♥❞ ♦❜❥❡❝(✐✈❡- ❣✐✈❡♥ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❝♦♥-($✉❝( ❛ ♥❡✇ ♣♦--✐❜✐❧✐-(✐❝

❝❧✉-(❡$✐♥❣ ❛❧❣♦$✐(❤♠✱ ❛- ❣✐✈❡♥ ✐♥ ✜❣✉#❡ ✶✷✳

❋✐❣✉#❡ ✶✷✿ ❚❤❡ ♣♦..✐❜✐❧✐.1✐❝ ❝❧✉.1❡#✐♥❣ ❛❧❣♦#✐1❤♠✲7❈❆

■♥✐(✐❛❧✐③❡ a
(0)
i ✱ i = 1, ..., c ❛♥❞ -❡( ε > 0❀

❙❡( ✐(❡$❛(✐♦♥ ❝♦✉♥(❡$ l = 0❀

❘❡♣❡❛$

❙(❡♣ ✶✳ ❈♦♠♣✉(❡ µ
(l+1)
ij ❀

❙(❡♣ ✷✳ ❈♦♠♣✉(❡ a
(l+1)
i ❀

■♥❝$❡♠❡♥( l❀

❯♥$✐❧ maxi

r
a
(l+1)
i − a

(l)
i

z
< ε

 ♦✉#❝❡✿ ❛❞❛♣*❡❞ ❢#♦♠ ❨❛♥❣ ❛♥❞ ❲✉ ❬✼✵❪✱ ✷✵✵✻✳

✾✳✷ ❯♥%✉♣❡)✈✐%❡❞ -♦%%✐❜✐❧✐%1✐❝ ❋✉③③② ❈❧✉%1❡)✐♥❣

✾✳✷✳✶ ❉❡/❝(✐♣*✐♦♥

❯L❋❈ ❬✻✼❪ ✐- ❛♥ ❡①(❡♥-✐♦♥ ♦❢ L❈❆✱ ❜✉( ✐♥(❡❣$❛(❡- (❤❡ ❜❡♥❡✜(- ♦❢ ❋❈▼ ❛♥❞ L❈❆✳ ■(- ♦❜✲

❥❡❝(✐✈❡ ✐- (♦ ♠✐♥✐♠✐③❡ (❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝(✐✈❡ ❢✉♥❝(✐♦♥ ✭❢♦$ ❛ -❡( ♦❢ l ♣♦✐♥(- ✐♥ p ❞✐♠❡♥-✐♦♥❛❧
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 ♣❛❝❡✮✿

JUPFC(u, v) =
∑c

i=1

∑l

j=1(au
m
ij,FCM + bun

ij,PCA) Jxj − viK2 + β

n2
√
c

∑c

i=1

∑l

j=1(u
n
ij,PCAlogu

n
ij,PCA− un

ij,PCA)

❡!✳ ✾✳✻

✇❤❡)❡ *❤❡ um
ij,FCM ❛)❡ *❤❡ ♠❡♠❜❡) ❤✐♣ ✈❛❧✉❡ ♦❢ xj ✐♥ ❝❧❛  i ❛♥❞ *❤❡ um

ij,PCA ❛)❡ *❤❡

♣♦  ✐❜✐❧✐ *✐❝ ✈❛❧✉❡ ♦❢ xj ✐♥ ❝❧❛  i✳

❲❡ ♦❜*❛✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛*✐♥❣ ❡8✉❛*✐♦♥ ❜②  ♦❧✈✐♥❣ *❤❡ ▲❛❣)❛♥❣✐❛♥ ❢✉♥❝*✐♦♥✿

uij,FCM =

[

c
∑

k=1

(
Jxj − viK
Jxj − vkK

)
2

m−1

]−1

, ∀i, j ❡!✳ ✾✳✼

uij,PCA = exp(−bn
√
c Jxj − viK2

β
), ∀i, j ❡!✳ ✾✳✽

vi =

∑l

j=1(au
m
ij,FCM + bun

ij,PCA)xj
∑l

j=1(au
m
ij,FCM + bun

ij,PCA)
,∀i ❡!✳ ✾✳✾

❛♥❞ *❤❡ ♣❛)❛♠❡*❡) β ✐ ❝❛❧❝✉❧❛*❡❞ ✐♥ *❤❡  ❛♠❡ ✇❛② ❛ ✐♥ *❤❡ ;❈❆ ❛♣♣)♦❛❝❤✳

✾✳✷✳✷ ❆❧❣♦'✐)❤♠

❲✐*❤ *❤❛* ✐♥ ♠✐♥❞✱ ✇❡ ❝❛♥ ❡ *❛❜❧✐ ❤ ✭ ❡❡ ✜❣✉#❡ ✶✸ ✮ ❛♥ ❛❧❣♦)✐*❤♠ ❢♦) *❤❡ ❯;❋❈✳
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❋✐❣✉$❡ ✶✸✿ ❯♥+✉♣❡$✈✐+❡❞ /♦++✐❜✐❧✐+3✐❝ ❋✉③③② ❈❧✉+3❡$✐♥❣

❙!❡♣ ✶ ■♥✐#✐❛❧✐③❛#✐♦♥

✶✮ ❋✐① c,m, n, a ❛♥❞ b✱ 1 < c <l ✱ m,n > 1 ❛♥❞ .❡# ε > 0 ❛♥❞ ✐#❡0❛#✐♦♥ ❝♦✉♥#❡0 r = 1 ❛♥❞

✐#❡0❛#✐♦♥ ❝♦✉♥#❡0 rmax❀

✷✮ ■♥✐#✐❛❧✐③❡ v
(0)
i ✱ i = 1, ..., c ❀

✸✮ ❈♦♠♣✉#❡ ♣❛0❛♠❡#❡0 β ❀

❙!❡♣ ✷ ❘❡♣❡❛!

✶✮❯♣❞❛#❡ ur+1
ij,FCM ❛♥❞ ur+1

ij,PCA ❀

✷✮ ❯♣❞❛#❡ vr+1
i ❀

✸✮ ■♥❝0❡❛.❡ r ❀

❙!❡♣ ✸ ❯♥!✐❧ ✭

q
vr+1
i − vri

y
< ε) ♦0 (r > rmax)

 ♦✉#❝❡✿ ❛❞❛♣*❡❞ ❢#♦♠ ❲✉ ❛♥❞ ❛❧✳ ❬✻✼❪✱ ✷✵✶✵✳

❆❧❧ #❤❡.❡ #❤❡♦0✐❡.✱ ②❡# #♦ ❜❡ #❡.#❡❞✱ ❝0✐#✐❝✐③❡❞ ❛♥❞ ♠♦0❡ ❞❡#❛✐❧❡❞ ✐♥ #❤❡ ❧✐#❡0❛#✉0❡✱ ✇✐❧❧

♣0♦❜❛❜❧② ❧❡❛❞ #❤❡ ❢✉#✉0❡ ✐♥ ♣♦..✐❜✐❧✐.#✐❝ ❝❧✉.#❡0✐♥❣ #❡❝❤♥✐B✉❡.✳
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❚❤✐# $❤❡#✐# ✜♥❞# ✐$# ♣❧❛❝❡ -✐❣❤$ ❛$ $❤❡ ✐♥$❡-#❡❝$✐♦♥ ❜❡$✇❡❡♥ $❤❡ #❝✐❡♥$✐✜❝ ✇♦-❧❞ ❛♥❞ $❤❡

♠❛♥❛❣❡-✐❛❧ ✇♦-❧❞✳ ■♥❞❡❡❞✱ ■ ✇❛# ❛❜❧❡ $♦ ♣-♦❞✉❝❡ ❛ ♥❡✇ ✇❛② ♦❢ ❝❧✉#$❡-✐♥❣ ❞❛$❛✱ $❡#$ ✐$✱

✐♠♣-♦✈❡ ✐$ ❛♥❞ ❛♥❛❧②③❡ $❤❡ -❡#✉❧$# ❢-♦♠ ❛ ❝-✐$✐❝❛❧ ♣♦✐♥$ ✈✐❡✇✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ $❤❡

❜✉#✐♥❡## ✐♠♣❧✐❝❛$✐♦♥# ✐$ ❝♦✉❧❞ $-✐❣❣❡-✳

■ ✜-#$ ✐♥$-♦❞✉❝❡❞ $❤❡ ❜❛#✐❝ ♥♦$✐♦♥# ♦❢ ♠❛❝❤✐♥❡ ❧❡❛-♥✐♥❣ #✉❝❤ ❛# ❝❧✉#$❡-✐♥❣✱ #✐♠✐❧❛-✐$✐❡# ❛♥❞

❞✐##✐♠✐❧❛-✐$✐❡#✱ ❦❡-♥❡❧ ♠❛$-✐❝❡# ❛♥❞ #♦ ♦♥✳ ■ $❤❡♥ ❡①♣❧♦-❡❞ $❤❡ ❝✉--❡♥$ $❡❝❤♥✐=✉❡# ✉#❡❞

❢♦- ❝❧✉#$❡-✐♥❣✱ ❞✐#♣❧❛②✐♥❣ $❤❡ ❞✐✛❡-❡♥$ ❛❧❣♦-✐$❤♠# ■ ✇❛# ❣♦✐♥❣ $♦ $❡#$✿ $❤❡ ❞✐#$❛♥❝❡✲❜❛#❡❞

❦✲♠❡❛♥#✱ ❦❡-♥❡❧ ❦✲♠❡❛♥#✱ ▲♦✉✈❛✐♥ ♠❡$❤♦❞ ❛♥❞ ♣♦##✐❜✐❧✐#$✐❝ ❝❧✉#$❡-✐♥❣✳

■ $❛❝❦❧❡❞ $❤❡ ❡①♣❡-✐♠❡♥$❛$✐♦♥ ♣❛-$✱ ❛❢$❡- $✉♥✐♥❣ ♦✉- ❞✐✛❡-❡♥$ ♣❛-❛♠❡$❡-#✱ $-②✐♥❣ $♦ ❜❡ ❛#

❝-✐$✐❝❛❧ ❛# ♣♦##✐❜❧❡ ✐♥ -❡❣❛-❞ $♦ $❤❡ ❡✈❛❧✉❛$✐♦♥ ❛♥❞ ✈❛❧✐❞❛$✐♦♥ ♦❢ $❤❡ -❡#✉❧$#✳ ■ $❤❡-❡❢♦-❡ ❞✐❞

♥♦$ ❤❡#✐$❛$❡ $♦ ❝❤❛♥❣❡ $❤❡ $✉♥✐♥❣ ♣-♦❝❡❞✉-❡✱ $♦ ✉#❡ ❞✐✛❡-❡♥$ ❞✐#$❛♥❝❡ ♠❡❛#✉-❡# ♦- ❞✐✛❡-❡♥$

❦❡-♥❡❧ ♠❛$-✐❝❡#✳ ❆❧❧ $❤♦#❡ ♣-❡❝❛✉$✐♦♥# ❛❧❧♦✇❡❞ ♠❡ $♦ ❞-❛✇ ✈❛❧✐❞ ❛♥❞ #♦✉♥❞ ❝♦♥❝❧✉#✐♦♥#

❢-♦♠ $❤♦#❡ ❡①♣❡-✐♠❡♥$#✳

■ ✜♥✐#❤❡❞ ❜② ♦✛❡-✐♥❣ #♦♠❡ ♣♦$❡♥$✐❛❧ ✐♠♣-♦✈❡♠❡♥$# $❤❛$ ❝♦✉❧❞ ❜❡ ❜-♦✉❣❤$ $♦ $❤❡ ♣♦##✐✲

❜✐❧✐#$✐❝ ❝❧✉#$❡-✐♥❣ ❛❧❣♦-✐$❤♠ ❛# ✐$ ✐# ♥♦✇✱ ❛♥❞ ❜② #$❛$✐♥❣ ❞✐✛❡-❡♥$ ❛♣♣❧✐❝❛$✐♦♥# ♦❢ ❝❧✉#$❡-✐♥❣

✐♥ $❤❡ ❜✉#✐♥❡## ✇♦-❧❞✳

❲✐$❤ $❤✐# ♣❛♣❡-✱ ■ ❤❛✈❡ #❤♦✇♥ $❤❛$ $❤❡ ♣♦##✐❜✐❧✐#$✐❝ ❢✉③③② ❝✲♠❡❛♥# ❝❧✉#$❡-✐♥❣ ♦✛❡-# ✐♥✲

$❡-❡#$✐♥❣ -❡#✉❧$#✳ ■♥❞❡❡❞✱ ❢♦- #♦♠❡ ❞❛$❛#❡$#✱ ✐$ ❣❛✈❡ ♠❡ $❤❡ ❜❡#$ ❝❧✉#$❡-✐♥❣ -❡#✉❧$# ✭♦-

❝❧♦#❡ $♦ $❤❡ ❜❡#$✮✳ ❖♥ ♦$❤❡- ❞❛$❛#❡$#✱ ❤♦✇❡✈❡-✱ ✐$ ❞✐❞ ♥♦$ ♦✉$♣❡-❢♦-♠ $❤❡ ❡①✐#$✐♥❣ ❛❧✲

❣♦-✐$❤♠#✳ ■ ✇❛# ❛❜❧❡ $♦ ❤✐❣❤❧✐❣❤$ $❤❡ ♦♣♣♦-$✉♥✐$✐❡# ❧✐♥❦❡❞ $♦ $❤❡ ✉#❡ ♦❢ ❦❡-♥❡❧#✳ ❊✈❡♥

$❤♦✉❣❤ ♠② ❡①♣❡-✐♠❡♥$# #❤♦✇❡❞ ✐♥ $❤❡ ❡♥❞ $❤❛$ $-❛♥#❢♦-♠✐♥❣ $❤❡ H❋❈▼ ✐♥$♦ $❤❡ ❑H❋❈▼

✭✉#✐♥❣ ❛ ●❛✉##✐❛♥ ❦❡-♥❡❧ $-❛♥#❢♦-♠❛$✐♦♥✮ ❞✐❞ ♥♦$ ♠❛❦❡ ❛ #✐❣♥✐✜❝❛♥$ ❞✐✛❡-❡♥❝❡✱ $❤❡ ♦❜✲

✈✐♦✉# #✉♣-❡♠❛❝② ♦❢ $❤❡ ❦❡-♥❡❧✲❜❛#❡❞ ♠❡$❤♦❞# #$-♦♥❣❧② ❡♥❝♦✉-❛❣❡ $♦ ♣✉-#✉❡ $❤❡ ✇♦-❦ ✐♥

$❤✐# ❞✐-❡❝$✐♦♥✱ ❛♥❞ $♦ $❡#$ ♦$❤❡- ❦❡-♥❡❧ ❢♦-♠# ♦❢ $❤❡ ♣♦##✐❜✐❧✐#$✐❝ ❝❧✉#$❡-✐♥❣ ❛❧❣♦-✐$❤♠✳ ❆♥✲

♦$❤❡- ♥♦$✐❝❡❛❜❧❡ -❡#✉❧$ ✇❛# $❤❛$ ✇❡ ♦❜#❡-✈❡❞ ❣♦♦❞ -❡#✉❧$# ❢-♦♠ ❞✐✛❡-❡♥$ ❛❧❣♦-✐$❤♠# ✐♥ ✈❡-②

❞✐✛❡-❡♥$ ❞❛$❛#❡$# ✭❡✳❣✳✿ $❤❡ ♥❡✇#❣-♦✉♣# ❞❛$❛#❡$# ❛-❡ ✈❡-② #♣❛-#❡✱ ✇❤✐❧❡ $❤❡ ▲❋❘ ❛-❡ ✧❛-✲

$✐✜❝✐❛❧✧ ♥❡$✇♦-❦#✱ $❤✉# ❝♦♥#$-✉❝$❡❞ ❞✐✛❡-❡♥$❧②✮✳ ❚❤✐# ❜-✐♥❣# ✉# ❝❧♦#❡- $♦ $❤❡ ✐❞❡❛ $❤❛$ ✐$

❝♦✉❧❞ ❜❡ ♣♦##✐❜❧❡ $♦ ✐❞❡♥$✐❢② ✇❤✐❝❤ ♠❡$❤♦❞ $♦ ✉#❡ ❞❡♣❡♥❞✐♥❣ ♦♥ $❤❡ ❝❤❛-❛❝$❡-✐#$✐❝# ♦❢ $❤❡
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❣!❛♣❤✳ ❚❤❡ ❡①✐*+❡♥❝❡ ♦❢ ❛ ✉♥✐✜❡❞ ✧✐❞❡❛❧✧ *♦❧✉+✐♦♥ ✭✐✳❡✳ ❛ ❝❧✉*+❡!✐♥❣ ❛❧❣♦!✐+❤♠ +❤❛+ ✇♦✉❧❞

♦✉+♣❡!❢♦!♠ +❤❡ ♦+❤❡!* ♦♥ ❡✈❡!② ❞❛+❛*❡+✮ ❜❡✐♥❣ !❡❥❡❝+❡❞ *♦ ❢❛! ❜② ♠② ❡①♣❡!✐♠❡♥+*✱ ✇❡ ❝♦✉❧❞

✐♥✈❡*+✐❣❛+❡ +❤✐* ✧+❛✐❧♦!❡❞✧ ❛♣♣!♦❛❝❤ ✭❝❤♦♦*✐♥❣ +❤❡ ♠❡+❤♦❞ ❜❛*❡❞ ♦♥ +❤❡ ❝❤❛!❛❝+❡!✐*+✐❝* ♦❢

+❤❡ ❞❛+❛*❡+*✮✳

■ *+!♦♥❣❧② ❛❞✈✐*❡ +♦ ❝♦♥+✐♥✉❡ +❤✐* +❤❡*✐*✬* ✇♦!❦ ❜② ✐♥+❡❣!❛+✐♥❣ +❤❡ ♥❡✇❡*+ +❤❡♦!✐❡* ♦♥

♣♦**✐❜✐❧✐*+✐❝ ❝✲♠❡❛♥* ❛❧❣♦!✐+❤♠*✱ ❡①♣❧♦!✐♥❣ ❞✐✛❡!❡♥+ ❦❡!♥❡❧ ♦♣♣♦!+✉♥✐+✐❡* ❛♥❞ ♣✉!*✉❡ +❤✐*

✐❞❡❛ ♦❢ *❡❧❡❝+✐♥❣ +❤❡ ❝❧✉*+❡!✐♥❣ ♠❡+❤♦❞ ❜❛*❡❞ ♦♥ +❤❡ ❝❤❛!❛❝+❡!✐*+✐❝* ♦❢ +❤❡ ❣!❛♣❤✳

■ ✇♦✉❧❞ ❛❧*♦ ❧✐❦❡ +♦ ❝♦♠❡ ❜❛❝❦ ♦♥ +❤❡ *❦✐❧❧* ■ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ +♦ *+❛!+✱ ❝♦♥*+!✉❝+ ❛♥❞ ✜♥✐*❤

+❤✐* +❤❡*✐*✳

❚❤❡ ✜!*+ ❝❤❛❧❧❡♥❣❡ ✇❛* +♦ ❞✐*❝♦✈❡! +❤❡ ✇♦!❧❞ ♦❢ ❝❧✉*+❡!✐♥❣✱ ❛♥❞ ✉♥❞❡!*+❛♥❞ +❤❡ ❧♦❣✐❝ ❛♥❞

❧❛♥❣✉❛❣❡ ♦❢ ❝❧✉*+❡!✐♥❣ ❛❧❣♦!✐+❤♠*✳ ●❡++✐♥❣ ❢❛♠✐❧✐❛! ✇✐+❤ ❛♥❞ ♠❛*+❡! ♣!❡✈✐♦✉* !❡*❡❛!❝❤❡!✬*

❝♦❞❡* ❛♥❞ ❛❧❣♦!✐+❤♠ ✇❛* ❛♥♦+❤❡! ❝♦♠♣❧✐❝❛+❡❞ *+❡♣✳ ■ ❤❛❞ +♦ +!❛♥*❧❛+❡ +❤❡ +❤❡♦!✐❡* ✐♥+♦

❛ ❧♦❣✐❝❛❧ ♥❡✇ ❛❧❣♦!✐+❤♠✳ ❚❤❡♥ ❝❛♠❡ +❤❡ ❢♦✉!+❤ ❛♥❞ ❜✐❣❣❡*+ ❝❤❛❧❧❡♥❣❡✿ ✐♠♣❧❡♠❡♥+✐♥❣

+❤♦*❡ ❛❧❣♦!✐+❤♠*✳ ■ ❤❛❞ +♦ ❞✐*❝♦✈❡! ▼❛+❧❛❜ F⑨➍* ✉♥✐✈❡!*❡ ❛♥❞ ❝♦❞❡ ❛❧❣♦!✐+❤♠* ❢♦! +❤❡

✜!*+ +✐♠❡✳ ❆❢+❡! ✐♠♣❧❡♠❡♥+✐♥❣ +❤♦*❡ ❛❧❣♦!✐+❤♠*✱ +❤❡ ❞✐✣❝✉❧+② ✇❛* +♦ ❞❡+❡!♠✐♥❡ ❤♦✇ +♦

❡*+✐♠❛+❡ +❤❡✐! ✈❛❧✐❞✐+②✳ ❋✐♥❛❧❧②✱ ✈✉❧❣❛!✐③✐♥❣ ❛ ❤✐❣❤❧② +❡❝❤♥✐❝❛❧ ❝♦♥+❡♥+✱ ❛♥❞ ❞✐✈✐♥❣ ✐♥+♦ +❤❡

▲❆❚❊❳ ❡♥✈✐!♦♥♠❡♥+ ✇❛* ❛❧*♦ ❛ ♥♦✈❡❧+② ❢♦! ♠❡✳

❆❧❧ +❤♦*❡ *❦✐❧❧* ■ ❞❡✈❡❧♦♣❡❞ ❛!❡ P✉✐+❡ ✉♥✉*✉❛❧ ❢♦! ❛ ❜✉*✐♥❡** ❡♥❣✐♥❡❡!✱ ❜✉+ ■ +❡♥❞ +♦ +❤✐♥❦

+❤❛+ +❤❡② ❛!❡ ❡①+!❡♠❡❧② ✉*❡❢✉❧✱ ❛♥❞ ✈❛❧✉❡❞ ❜② ❝♦♠♣❛♥✐❡*✳ ❚❤❡!❡❢♦!❡✱ ■ ✇♦✉❧❞ ❛❞✈✐❝❡ ❛♥②

*+✉❞❡♥+ ✇✐+❤ ❛♥ ✐♥+❡!❡*+ ✐♥ ✐♥❢♦!♠❛+✐♦♥ *②*+❡♠* +♦ +❛❝❦❧❡ +❤✐* ❦✐♥❞ ♦❢ ♣!♦❥❡❝+✳ ❇❡✐♥❣

❛❜❧❡ +♦ ❞❡❞✉❝❡ ❛ ❧♦❣✐❝ ❛♥❞ ❛ *✉❝❝❡**✐♦♥ ♦❢ *+❡♣* ❢!♦♠ ❛ +❤❡♦!❡+✐❝❛❧ ♣❛♣❡!✱ +♦ ❜❡ ✢❡①✐❜❧❡
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