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1 Introduction

With companies facing a pressure for more efficiency at lower costs everyday [28|,
we saw the need for accuracy and speed in data analysis grow exponentially over the last
years [16]. Therefore, firms require strong analytical tools to gain a competitive advantage

in mastering analysis techniques.

Clustering finds its place among those techniques as it allows companies to group
customers (or business units, or assets, or...) according to different characteristics, and
to customize one’s approach of an issue. It is therefore of vital importance to incorporate
clustering techniques in the business analytics’” world. It is namely used to study social
networks and graphs (this is the case with this thesis), and allows to detect dense com-
munities in those graphs and networks. It is particularly used in the telecoms industry,
where dense communities allow to identify similar consumers’ behaviors, including the
probability to join the competition.

Clustering relates to grouping or segmenting a collection of objects into subsets or
"clusters", with the characteristics that objects within each cluster are more closely related
to one another than objects assigned to different clusters [17]. A clustering technique will
therefore provide a partition of the set of objects (the graph, the network) into distinct
classes, each containing objects relatively similar to one another, while objects belonging
to different classes are less similar.

Different clustering techniques exist to perform that kind of partition.

e The first one I will study is the distance-based k-means, where the distance between
the nodes have been computed. It basically corresponds to a k-means-like two-steps
iterative algorithm based on a distance (or dissimilarity) matrix, instead of features.
The goal will be to partition the nodes by minimizing the total within cluster sum

of distances [13].

e The second one is the kernel k-means. The principle remains similar to the distance-
based k-means, with the difference that we will use a kernel matrix instead of a
distance matrix. This kernel will be computed first via a simple transformation

known as the "kernel trick", then using a more complicated kernel: the sigmoid
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commute-time kernel. The intuition residing behind the use of kernels and a de-
tailed explanation about the differences between kernel matrices will be developed

in section 5.2.1.

e The third algorithm I will study is known as the "Louvain Method", and was de-
veloped by Vincent Blondel (quoted in [13] ). Here, the criterion to optimize is the
modularity (a measure of the structure of graphs), and the logic of the algorithm in
slightly different, as we will start with a partition where each node is a cluster in

itself and group them if there is an improvement in modularity.

e Finally, the fourth method that I will use is the possibilistic fuzzy c-means algorithm,
and was implemented by myself. The intuition behind this method is to attach the
memberships of the nodes to an idea of probability, while abandoning the traditional

constraint of the c-means algorithm.

This thesis is structured in three parts.

e The first part ("Theoretical Background") will detail the theoretical foundations of
machine learning, similarity measures and clustering in particular. I will present the
most popular clustering techniques currently used (distance-based k-means, kernel
k-means and Louvain method), before displaying my own implementation of a new

clustering algorithm: the possibilistic fuzzy c-means algorithm.

e The second part ("Experiments") will compare those different algorithms according
to three performance measures: the NMI, the Adjusted Rand Index and the classifi-
cation rate, and try to identify if one method gives significantly better results than
another. For that purpose, I will launch each algorithm 50 times while preserving
the average NMI, ARI and classification rate over those 50 runs, those means serving
as basis for my comparison. Once this question answered, I will try to improve the
results obtained with the first research question by using one of the most popular

tools in machine learning: the kernel matrices.
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My research questions are therefore firstly, "does the possibilistic fuzzy c-means (PFCM)
algorithm give better clustering results than the distance-based k-means, the kernel k-
means, the kernel fuzzy c-means and the Louvain method?" and secondly, "does us-
ing a Gaussian kernel-based possibilistic c-means yield better results than the "regu-
lar"possibilistic c-means?". We will therefore have a first part designed to support the

hypotheses, and a second part to test them.

e The third part, "Further work and conclusions", will present some prospective de-
velopments and variations that could be worth investigating in the future in order

to improve the performance of the clustering techniques.

Finally, I will cover in this thesis some popular applications of clustering in the

business world, and explain how mastering those techniques can improve a firm’s position.

I immediately must warn the prospective reader that there are a lot of concepts and
tools to support my work, some of which that might be difficult to understand for a
newcomer in the field of data mining. I therefore tried to explain my ideas in the simplest
way possible, and will offer the reader a lot of references to assist him/her in understanding

the theoretical foundations of the thesis.

In terms of contribution, I wanted this thesis to be as comprehensive as possible,
to make a real step forward in the field of clustering. In particular, I have conceived
and implemented in Matlab a new clustering algorithm (the possibilistic fuzzy c-means
algorithm) based on an extensive literature review. I also implemented an adapted version
of the kernel k-means to study the effect of the fuzziness of the membership (the kernel
fuzzy c-means algorithm), developed the code for calculating the commute-time distance,
the corrected commute-time distance and the corrected sigmoid commute-time kernel. I
validated all my results using not one but three performance measures. I tried to improve
those results by varying the different parameters on a wide range, then by trying out
different distance measures and kernel matrices to make sure I was obtaining the best
possible results. For each method, I launched the algorithm at least 50 times to alleviate

the possible effects of the initialization procedure. Finally, I studied my results with a
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global perspective, using Friedman’s test to determine whether the differences in results
were statistically significant on a broader scale. Each step of this thesis was thus criticized
along the way and adapted to ensure its robustness.

There is a lot of work and internal validation behind this thesis, to make sure the
progress made in the clustering techniques are technically and theoretically sound and
reliable.

I hope this thesis will provide the reader with a lot of insights into the world of
clustering and trigger an interest for the use of clustering techniques in the business

environment.



Part |I. Theoretical Background

2 Machine learning

"Machine learning" , also called "data mining", is the field of the multivariate statistics
applied to computer science and engineering. Indeed, multivariate statistics are a very
powerful tool, used in many domains (biostatistics, econometrics,...), and its application
in the computer science domain (data mining) will be at the core of this thesis.

Machine learning can be described as a set of methods that automatically detect patterns
in data and are able to use the uncovered patterns to predict future data or to assist in
the decision making processes. A good model is defined as one that can accurately predict
an outcome |37|.

We separate machine learning into two types: the predictive /supervised learning, and the

descriptive/unsupervised learning approach.

The goal of the predictive approach is to derive a mapping from an input z to an output
y , given the set of pairs D = (z;,v;),i = 1,..., N. D is called the training set and N is
the number of examples. Each input z; is a vector of numbers representing characteristics
(for instance the height and weight of a person). These are called features, or attributes.
In general, x; could be a complex object, such as an image, a sentence, an email, a time
serie and so on. Similarly, the form of the output can in principle be anything. However,
most methods assume that g; is either a categorical or nominal variable from some finite
set, y; € 1,...,C or that y; is a real-valued scalar. When y; is categorical, the problem is

known as classification. When y; is real-valued, the problem is known as regression [37].

The second type of machine learning is the descriptive (unsupervised) learning approach.
Here, we are only given inputs and the goal is to detect patterns in the data. This is
obviously a much less well-defined problem since we are not told what structure to look
for. Therefore, instead of looking for known patterns, we will formalize our task as one of

density estimation. That is, we will try to build models of the form p(z; | ) [37].

Clustering is an example of unsupervised clustering, and relates to grouping or segmenting
a collection of objects into subsets or "clusters", with the characteristics that objects

within each cluster are more closely related to one another than objects assigned to
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different clusters |17].
With that in mind, we can now detail how such techniques can be valuable in a business

context.

3 Clustering and management

Clustering becomes more and more present in the business world, as it allows a more
precise lecture and analysis of the business environment. Hence, the graduate business
engineer mastering those skills will prove himself/herself valuable to an enterprise as
he/she will be able to use those tools in various domains of the company. As for the
prospective manager, he/she will be able to recognize the potential of clustering methods
in every business section, and therefore position its department in the front line of the
data-driven business management methods.

Finally, clustering techniques appear to offer a competitive edge in various sectors of the

business life. We will cover some of them below.

3.1 Clustering and marketing

Clustering finds some of its most popular applications in marketing. The main one |64|
remains the market segmentation, leading to the targeting of customers, retaining of those,
customization of the offer, improvement of the customer-relationship and satisfaction
studies [33].

These will allow a company to maximize the return on marketing actions by design-
ing a customized offer that targets a specific group (cluster) of clients sharing similar
characteristics or consumption behaviors. They will also identify clients who are the
most susceptible to join the competitor and give room for the creation of action plans
specifically designed to retain those fragile customers. All those actions will improve the

customer-relationship.

Market segmentation techniques aim at identifying groups of customers sharing simi-
lar requirements and taste. The ultimate refinement of this approach is the formation
of "clusters of one", each cluster comprising a sole customer. Current evolutions in e-

commerce suggest that this may one day be possible. Such clustering can be performed
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on a consumption-basket base, but also on geographical, time-of-purchase, behavioral

bases, and so on [55].

Clustering techniques also appear in the analysis of data extracted from market re-
searches.Once a survey is completed, if several questions are found to measure the same
aspect, those factors should be combined before any further analysis. After the data re-
duction, the cluster analysis can be performed so we can decide how many clusters are
appropriate for the purpose of the research. Companies should therefore look for dif-
ferences in the means of factors and name the clusters based on these differences [47].
These differences can be later used to design marketing strategies to ensure that the right

customers are approached with the right product in the right way.

Clustering can also be used in more narrowly defined sectors, namely thanks to the growth
of social networks, where people share video’s, images and interests. We saw the devel-
opment of image clustering for marketing purposes [1|.The idea that uploaded images in
social networks reflect consumeraAZs activities, interests and opinions finds its roots in
visual sociology, where usually four different social reasons for sharing pictures have been
identified (namely by van House [62]): images are uploaded to remember and to construct
narratives of one’s live and a sense of identity, to maintain relationships with others, to
ensure that others see one as one wishes to be seen and for self-expression’s purposes.
Therefore, instead of asking consumers whether they like to go to skiing or sun-bathing,
one could ask them to upload a picture of their favorite holiday destination. The same
reasoning applies for every possible investigation field, as the images are assumed to con-
tain valuable visual information. The problem of clustering such uploaded images is often
to figure out how to organize the search results in order to facilitate the user’s image
retrieval.

The automatic clustering of images according to similar low-level features (e.g. based on
extracted color distributions, textures, or forms) seems to be promising in specific domains
of applications . However, most statistical software packages (especially SAS or SPSS)
for image feature extraction and clustering are not available |1|. Even in more flexible
systems like MATLAB or R, image clustering is only possible with additional packages.
This field is thus still to be developed.
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3.2 Clustering and sales

Sales is another big consumer of clustering techniques. One of the most widely recognized
techinques is the clustering-based forecasting.

Traditionally, the most common forecasting techniques are statistical methods, such as
multiple regression models and time series models. These models were proven very effec-
tive for data with simple trend and seasonality tendency. However, in the real world, the
relationship between the factors or the past time series data (independent variables) and
the sales (dependent variable) are nonlinear and quite chaotic [5]. Indeed, few items in a
class can lead to large errors in its seasonality estimates. Therefore, correctly identifying
classes will work as a buffer mechanism against this phenomenon, and will allow to have

a better prediction of the demand per item, and of its price [41].

Clustering can also be used to determine the sales force efficiency. This idea is driven by
the hypothesis that a good identification of customeraAZs segments will allow the sales
teams to adapt their promotion tools and messages to the cluster they are targeting.

Agency relationship will also be better assessed via clustering. Indeed, the principal will
be able to divide its agencies according to their performance level, target-groups and

goals, and design the eventual corrective measures needed.

3.3 Clustering and finance

Finance departments use clustering techniques as well. Banks, insurance funds and other
financial services companies are able to define clusters of clients bearing the same potential
risk and therefore design customized credit conditions. They can define different groups of
disasters based on their characteristics and design a reimbursement plan for each type of
sinister. Finally, they will be able to identify suspicious comportment and group customers

who might be at risk of fraud |4 and 33| .

Clustering analysis can be used to study the dependencies in the financial time series. In
most cases, returns of financial time series show evidence against the multivariate normal
distribution (Embrechts, Frey and McNeil (2005), [10]). Professionals therefore need new

tools to measure the degree of dependance, for instance to determine if share closing prices
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that move together correspond to companies belonging to the same economic sector. In
such situations, clustering methods can be applied to a dissimilarity matrix corresponding
to the degree of dependence between the companies. The correlations between stocks are
recorded to quantify the degree of dissimilarity and derive the dissimilarity matrix. After
having determined clusters of sectors based on the share prices, investors and financial
directors can identify sector-related trends and diversify their portfolio if necessary |38|.
This theory could be taken further away, and finance departments can even use clusters to
describe market cycles in terms of clusters, and to improve their portfolio diversification
if clusters are proven to perform better than industrial sectors. Indeed, studies showed
that there was a strong (although not complete) similarity between clusters and industrial
sectors [39], but that intra-cluster patterns are more robust over time than intrasectors
and global patterns. Clusters show high persistence, while its persistence is strongly linked
to the industrial sector it over-expresses. Hence, a cluster-based portfolio diversification
would lead to a lower volatility than a sector-based one.

Furthermore, it would allow to identify which industrial groups have the greatest influence
on the portfolio [66], and in the future, identify within a sector, which company is most

likely to be a good indicator of future industry-wide movement.

3.4 Clustering and logistics

Logistics and supply chain functions tend to rely on clustering techniques.

In some cases, customer segmentation is important for the development of advanced lo-
gistical distribution strategies in response to the growing complexity in business logistical
markets. Cluster-based routes mapping should be performed prior to vehicle dispatching
and routing in the process distribution. The resulting supply chain will be more respon-
sive and consumer-oriented (improved level of service and time-to-delivery), leading also

to cost reduction (linked to the full and better exploitation of the routes) [18].

These clustering procedures for routing also showed a great interest in the last stage of the
supply chain, the so called "last mile", and therefore turned out to be a great advantage
in disaster situations. Balcik and al. [2| define the last mile distribution problem as

"the last stage of humanitarian operations that involves delivery from local distribution
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centers (tertiary hub) or from central warehouses (secondary hub) to a population in need
(beneficiaries)". We can extend this definition to call it "the last mile delivery and pickup
problem", where the last mile delivery regards materials transported from warehouses to
affected locations and the last mile pickup is the evacuation of injured people. Using
clustering (based on the demand for emergency supplies and medical aid), we can find the
optimal allocation of warehouses and hospitals. Once the aggregate solution is obtained,
the detailed routing problem within each cluster’s sub-network is solved by letting relevant
parts of the top level solution become problem parameters [42].

That idea, proven efficient in emergency situations, can of course be transposed in other

cases to gain strategic advantage in this last mile.

3.5 Clustering and business processes

In a broader view, clustering is used to support business processes and business develop-
ment.

Business processes are considered one of the core business assets of enterprises, leading
sometimes to a significant competitive advantage. They are more and more standardized
and automated in process-aware information systems. Since those systems are continu-
ously accumulating business processes, systematic methods of analyzing and improving
the processes become a necessity [22]. Large companies tend to have hundreds of busi-
ness processes. Therefore, highlighting similarities and dissimilarities among them can be
useful, namely for process management and maintenance. Commonly occurring activities
will be managed more efficiently, similar processes will be reused for other projects imple-
mentations, and the commonalities identified will give room for improvement, including
opportunities for standardization and consolidation. This might become really handy, for
instance in the case of mergers and acquisitions. We can therefore cluster the business
processes given their topic, structure and semantic similarities, and most importantly,
their structural component [49].

The business processes retrieval procedure is structured as detailed in figure 1.
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Figure 1: Business Process Retrieval procedure using clustering techniques
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Other clustering techniques supporting business processes management rely on the trans-
formation of business process models into vector models based on their structures such
as activities and transitions, and the vectors are compared by Cosine similarity measure.
Finally, they are clustered by the agglomerative hierarchical clustering algorithm. The
results of the clustering experiments can be utilized to re-engineer the process models or

support new process design by extracting their common patterns [22].

SME’s can take a great advantage from clustering. Through clustering, enterprises can ad-
dress problems related to their size, production process, marketing, procurement, market
information and risks associated with demand fluctuations. They can also improve their
competitive position. Once united in a cluster, they may take advantage of external play-
ers: presence of suppliers of raw materials, components, machinery and parts, presence
of workers with sector-specific skills and so on. Furthermore, with clustering of enter-
prises, it becomes easier for government, universities, and other development supporting
agencies to provide services. Indeed, the services and facilities would be very costly for

the providers if given to individual enterprises in dispersed locations (Tambunan 2000
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[58]; Humphrey and Schmitz 1995 [20]). Clustering allows to joint actions and increase
the scope of projects. In effect, individual enterprises in a cluster can gain collective
efficiency. Close proximity facilitates the establishment by enterprises in the locality of
industrial links without substantial transaction costs or difficulties.

However, these economic advantages can only be achieved if the cluster has well-developed
internal and external networks. Internal networks can be defined as business cooperation
or links among enterprises within the cluster. External networks are business and other
forms of relation between enterprises inside the cluster and actors outside the cluster such
as suppliers of inputs, providers of business services, and so on. There is of course a risk
of failure associated with the use of clusters as a catalyst for SME’s development. In
most failure cases, one or more critical success factors for successful cluster development
were either not existing or not addressed correctly. Prerequisite for successful cluster
development is the cluster’s potential to access growing markets. However, because of the
high level of centralization and standardization of the instruments in the policy making,
the cluster’s existing and potential market linkage has often been neglected in project

design [57].
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4  Clustering

4.1 Clustering principles

Cluster analysis has a variety of goals. All relate to grouping or segmenting a collection of
objects into subsets or "clusters", with the characteristics that objects within each cluster
are more closely related to one another than objects assigned to different clusters [17].

A clustering technique will therefore provide a partition of the set of objects into distinct
classes. This requires the existence of three different tools: a measure of (dis)similarity
between the objects, a criterion measuring the quality of a partition and an optimiza-
tion technique for computing high-quality partition. The similarity measure could, for
instance, be the similarity provided by a kernel (see section 4.2.1) on a graph, while the
criterion could be the total within-cluster inertia (a measure of how internally coherent
clusters are) induced by the kernel on a graph in the embedding space, as in the case of
simple k-means clustering [13].

There are two kinds of inputs we might use when performing a clustering. In similarity-
based clustering, the input is an N x N dissimilarity matrix or distance matrix D. In
feature-based clustering, the input is an N x D feature matrix matrix X. Similarity-based
clustering has the advantage that it allows for easy inclusion of domain-specific similarity
or kernel functions. Feature-based clustering has the advantage that it is applicable to

"raw", potentially noisy data [37].

More formally, this means that, given the set V of node vectors, the hard partition k-

clustering of V' is a partition of V into k sets (clusters) C1, ..., Cy so that:
e O£ i=1,..k
o UF C;=V
e CNCi=0,i=j,ij=1,..k

where each node belongs to a single cluster. An alternative definition allows nodes to
belong to all clusters k with a certain degree of membership, called u;; € [0,1]. Intro-

duced by Zadeh |24] , this is called fuzzy clustering and satisfies the following properties:
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Zfil u;; =1Vjand 0 < Zjvzl u;; < N, Vi where w;; is the membership coefficient of the
Jjth object in the ith cluster [8] .

According to Fouss, Saerens and Shimbo [13], there exist several different types of clus-

tering algorithms, the most commonly used being :

e Top-down, divisive techniques (also referred as splitting methods). These procedures
start from an initial situation where all the nodes of the graph are contained in only

one cluster and then split the cluster into pieces by minimizing a criterion.

e Optimization techniques maximizing a criterion assessing the quality of the parti-
tion. A popular algorithm pertaining to this class is the kernel k-means, optimizing

the within-cluster inertia.

e Bottom-up agglomerative techniques that start from a partition where each node is
a cluster by itself. A greedy algorithm is then used to merge the similar (= highly

inter-connected) nodes/clusters.

Let us be a bit more precise in those definitions.

When clustering data into groups, the issue of the existence of multiple subgroups might
occur. Let K represent the number of clusters. Our first objective is to estimate the
distribution over the number of clusters, p(K | D). This will tell us if there are any sub-
populations within the data.We can approximate the distribution p(K | D) by its mode,
K* =argmax;p(K | D) . The second goal is to estimate which cluster each point belongs
to. If z; € 1,..., K represent the cluster to which data point ¢ is assigned, we can infer
which cluster each data point belongs to by computing z! = argmaxgp((z; = k | x;), D)

37].

4.2 Measuring (dis)similarity and proximity

A dissimilarity matrix D is a N x N matrix where N is the number of objects and each
element d;; records the proximity between the ith and i'th objects. This matrix is then
provided as input to the clustering algorithm. We thus have that d;; = 0 and d; ; > 0

is a measure of distance between objects ¢« and j. Using a similarity matrix S, we can
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convert it to a dissimilarity matrix by applying any monotonically decreasing function,e.g.

D = max(S) — S [37].

Sometimes the data is represented directly in terms of proximity (alikeness or affinity)
between pairs of objects. These can be either similarities or dissimilarities. Dissimilarities
can be computed by evaluating how much objects differ from one another. Most often
we have measurements z;; for ¢ = 1,2,..., N, on variables j = 1,2,...,p (also called
"attributes"). Since most of the popular clustering algorithms take a dissimilarity matrix
as their input, we must first construct pairwise dissimilarities between the observations.

We usually define a dissimilarity d;(x;;, z;;) between values of the jth attribute, and then

define D(x;, zy) \/ZJ ) ] (xi;, ) as the dissimilarity between objects I and I’. The

most common choice is the squared Euclidean distance: dj (24, wirg) = (235 — 2ir;)* [17].

4.3 Performance measures

Different performance measures can be used to determine the quality of a partition.
For the purpose of this thesis, we used three performance measures: the NMI (Normalized

Mutual Information) score, the Adjusted Rand Index and the classification rate .

e The NMI algorithm compares the clusters found by our algorithms with the real
clusters, and computes to which level they share the same information [71]. This
is computed for all 50 iterations, and the mean of those scores is returned for each
algorithm. The performance of each algorithm for every dataset is then evaluated

by comparing the means of the NMI.

e The Adjusted Rand Index is a second performance measure. Consider a set of
n objects S = {01,0s,...,0,} and suppose that U = {uy,us,...,ug} and V =
{v1,va, ..., vc } represent two different partitions of the objects in S such that UE ju; =
S:Ujo:lvjanduiﬂui/:gbzvjﬁvj/forl§i7éi’§Rand1§j7éj’§C.
Given two partitions, U and V, with R and C subsets, respectively, a contingency
table can be formed to indicate the group overlaps between Uand V. In such table,
a generic entry t,., represents the number of objects that were classified in the rth

subset of partition R and in the cth subset of partition C. From the total number of
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n
possible combinations of pairs from a given set we can represent the results

in four different types of pairs [53]:

a - objects in a pair placed in the same group in U and in the same group in V ;
b - objects in a pair placed in the same group in U and in different groups in V' ;
¢ - objects in a pair placed in the same group in V' and in different groups in U and;
d - objects in a pair placed in different groups in U and in different groups in V' .

The Rand Index can then be easily computed by:

a+d
[=— — . 4.1
at+b+c+d °d

There are some known problems with RI, such as the fact that the expected value
of the RI of two random partitions does not take a constant value (say zero) or
that the Rand statistic approaches its upper limit of unity as the number of clusters
increases. With the intention to overcame these limitations researchers have created
several different measures, among those the Adjusted Rand Index. The ARI can be

computed by:

(a+d)—[(a+b)a+c)+ (c+d)(b+d)
ARI = 5 eq. 4.2

—[(a+b)(a+c)+ (c+d)(b+d)]

with expected value zero and maximum value 1 [53].

e The classification rate simply returns the percentage of correct classification. How-
ever, this may lead to some erroneous conclusions. Consider the case of a two-class
problem with one class having 90% of the cases. If all the outputs of the classifi-
cation algorithm are from the majority class, we will get a CR value of 90% that
can be misleading specially if one intends to detect and classify the minority class.
Therefore one should remember that special care must be taken when using CR in

problems with low representative classes [53].
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5 Algorithms

Let us now describe in detail the different algorithms we are going to use for our clustering
experiments. The different algorithms we will study are the distance-based k-means, the
kernel k-means, the Louvain method and the possibilistic fuzzy c-means.The following

section is based on the book by Fouss, Saerens and Shimbo [13].

5.1 Distance-based k-means
5.1.1 Description

According to Hastie and al. [17|, the k-means algorithm is one of the most popular
iterative descent clustering methods. It is intended for situations in which all variables are
of the quantitative type, and the squared Fuclidean distance is chosen as the dissimilarity
measure.

[t is supposed to be a simple and straightforward method for clustering data |54].

A distance-based k-means basically corresponds to a k-means-like two-steps iterative al-
gorithm based on a distance (or dissimilarity) matrix, instead of features (it is assumed
that a symmetric distance matrix, D (also denoted A), containing the distances between
every pair of nodes, has been pre-computed). The goal will be to partition the nodes by
minimizing the total within cluster sum of distances. For this algorithm, the number of
clusters m has to be provided by the user. Each cluster (k = 1,...,m) is characterized
by a prototype (chosen among the nodes belonging to the cluster). This prototype is the
"most typical" element of this cluster, and will be chosen as the most central node of the
cluster. The variable containing the index of the node chosen as the prototype of class k
will be denoted as g;. The vector of prototype labels is then ¢ = [q1, go, .., gm|T - We define
the within-cluster sum-of-distances of class k£ as J, = Z Ag,; which is the sum of the
distances between the nodes of cluster C}, to the prototyJ;eCkof the cluster. It quantifies the
compactness of the cluster (it equals 0 when all elements of the cluster are superposed).
The criterion should therefore be as low as possible [13].

The total within-cluster sum-of-distances is the sum of the within-cluster sum-of-distances:

J=>J=Y_ Y A, eq 5.1
k=1

k=1 JeC}
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Let us introduce the membership values wu;;, , which are equal to 1 if node ¢ is assigned
to cluster C}; and to 0 otherwise. The memberships are gathered in a n x m matrix U.
Using the membership matrix, J becomes:
n m
J = Z ZujkA(Ik]' eq. 5.2
j=1 k=1
and our objective is to minimize this criterion with respect to the prototypes and the

membership values. We proceed in two steps.

Re-computation of the prototype step. First, we minimize the total sum-of-distances
criterion with respect to the prototypes g while maintaining the memberships w;; con-
A

stant. We observe that J is minimal when each ¢, minimizes ) Therefore, we

j€Ck qrJ*
must choose g, such that g, =argmin;ec, {A;;} which aims to choose, as prototype, the

node that is most central to the cluster [13].

Re-allocation step. The second step minimizes J with respect to the binary membership
values wu;;, while keeping the prototypes constant. We saw that Z?:l ujp g, ; should be
minimal for each J. Since Y ", ujx = 1, Vj, and the uj; are binary, this is achieved by

setting u;;, = 1 for the smallest A and uj; = 0 for the larger distances. In other words,

dkj

node j should be assigned to the cluster corresponding to the lowest A, - [13].

Thus, the optimal cluster allocation k&* of node j is:
k; =argmingeqi . m) {Lg,} eq. 5.3

This choice decreases the criterion J. By denoting the cluster label of node j as I(j), we

have to set [(j) = k;.

Therefore, iterating these two steps decreases the criterion J at each iteration ¢ by a non-

negative amount 0.J(t) = J(t — 1) — J(¢) > 0. Since J > 0 and cannot become negative,
o0 0J(t) < J(0) so that §J(t) — 0 and the objective function .J(t) converges to a local

minimum [13].

The algorithm will be further detailed in the following section (see figure 2).

5.1.2 Algorithm

The distance-based k-means performs its clustering task given a certain input, before

delivering the desired output: the clustering solution.
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Input: The n x n symmetric distance matrix A containing distances between nodes and
the number of clusters m.
Output: The final n x m cluster membership matrix U : u; = 1 if node ¢ belongs to

cluster k, 0 otherwise.

Figure 2: distance-based k-means algorithm

Initialization: randomly sample m prototypes [qi, qo, - .., ¢n]? among the nodes. Here,
the variable ¢, contains the index of the node chosen as kth prototype.
U+ Zeros(n,m)
Repeat
For: =1 ton do
K; <—argmingeqn,..my {Dqkj}
I(j) < K} (I is the vector of cluster labels)
End for
For k£ =1 to m do
Cy <{ Nodes indexes i : (i) =k }
qr <—argmin;ec, {ZjeCk Aij}
End for
J ZZL:1 ZjeCk Ak
until convergence of the objective function
For:i =1 ton do
iy < 1
End for
Return U

source: adapted from Fouss, Saerens and Shimbo [13], 2014.
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5.2 Kernel k-means
5.2.1 The kernels

Some problems cannot be easily be represented by a fixed-size feature vector. One ap-
proach to solve this problem is to assume that we have some way of measuring the similar-
ity between objects that does not require preprocessing them into feature vector format.
Let K(z,2') > 0 be a measure of similarity between objects z,2’ € X (X being some
abstract space). A commonly used similarity measure is the inner product: k(z,y) = a7y,
where x and y are feature vectors in the same embedding space. The function k(z,y) is
called a kernel function. It is thus a real-valued function of two arguments, K(x,z') € R
for z, 2" € X. Typically, this function is assumed to be symmetric (K (z,2') = K(2/,x))
and non-negative (K (x,z’) > 0), so it can be interpreted as a measure of similarity [37].
Kernels benefit from some important properties. Firstly, they allow to compute the inner
products in the feature space. That is, they project the data into a higher dimensional
space where the clusters are more likely to be linearly separable. Another important prop-
erty is that distances can be extracted from kernels.The kernel is therefore a valuable tool,
able to capture a meaningful similarity measure while requiring very few computations in
regards to explicit evaluation of the entirely mapped input space into feature space [8§].

Given n objects x1, xa, ..., z, € (), we can compute the kernel functions of the n x n pairs
of objects i , j. We obtain a symmetric (n,n) kernel matrix [K];; = k;; = k(x;, x;). As it

is positive semi-definite, the following properties are ensured [8]:

2Kz >0 forall z € R,;

all the eigenvalues are non-negative ;
e K is a inner product matrix: [K];; = ki = al ; ;

Kcan be written as a diagonal matrix: K = UAUT where U is an orthogonal matrix,

and A >0 .

In this paper, we will be interested in the kernels on graphs.
Assuming the graph G, we represent each node 7 by a vector in the r dimensions Euclidean

space x; . K is a semi-definite positive matrix of size n x n and rank r, with orthonor-
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mal eigenvectors u; and eigenvalues );. From the fundamental spectral-decomposition

theorem, we have K = UAUT, with [§]:

e U, an orthonormal matrix of size n xr , with as columns the normalized eigenvectors

u; of K,

e A, the diagonal matrix whose diagonal elements are the eigenvalues \; of K sorted
by decreasing value. If X is a n X r matrix whose columns’ elements are the product
of the normalized eigenvectors of K and the square root corresponding eigenvalue
is v/ A, then X = UA2, and we obtain K = UAUT = (UA2)(UA2)T = XXT. If
x; is a vector node corresponding to the columns of X7 or the rows of X, then the

element i ,j of K can be written as [K];; = ki; = 2l z; [8].

5.2.1.1 Deriving a kernel from a distance and vice-versa
Let’s now see how to derive a kernel from a distance matrix. Before we proceed, we first
need to have a look at the reversed equation and derive the Euclidean distances from the

kernel. The Euclidean distance between two nodes i and j is defined as [8]:

We have seen earlier that a kernel matrix can be expressed as the inner product: k;; =

(K]i; = [ETZL‘j. Therefore, the distances can be expressed as a inner product function:

A?j = /{?“ + k?j' — ka eq. 5.5

We can rewrite this expression in a matrix form using the column vector diag(K) con-
taining the k;;: (the elements on the diagonal of matrix K). The distance matrix D (or

A\ ') is then:
A® = diag(K) x e + e x diag(K)T — 2K eq. 5.6

where e is a column vector of ones and [A(2)Lj = Afj. The reciprocal relation allows to
derive the kernel from the distance matrix. However, the inner product depends on the ori-
gin of the system. This problem can easily be fixed by setting the origin of the coordinate

system at the centroids of the cloud of point. Indeed, in that case, the sum of the inner
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products is zero. Thus, if ) z; = 0 then Z ki; = leT:c] = ijT:cZ: xJT(Z z;) =0
8] - Z Z

In matrix form, we want to center K by setting the sum of each of its lines and columns
to zero: Ke = 0 and e’ K = 0. Since we derive K from the distance matrix, we start by
centering the distance matrix D by multiplying it from the left and right by the matrix
H=(I- %) with efe = n. We thus have the centered HDH matrix, with the sum of

its rows and column equal to zero. The kernel matrix associated to the distances is finally

found [13] :

5.2.1.2 Sigmoid commute-time kernel

The sigmoid commute-time is a kernel-based similarity measure. It is is constructed using
the sigmoid transformation of the commute-time kernel. It can easily be computed with
the pseudo-inverse Lt of the Laplacian matrix [13]| L.

We know that the Laplacian matrix of the graph is L = D — A, where D = Diag(Ae).
The elements a,; of the adjacency matrix A of the graph are defined as a;; = w;; if node
¢ is connected to node 7 and 0 otherwise. L is a symmetric and semi-definite matrix with
rank n — 1 . The well-known commute-time distance can be considered as the number of

steps taken in a random walk between nodes i and j and back [8]:

n(l,j) = vg(ei - €j>TL+(€j — 61) eq. 5.8

where v, is the volume of the graph (v, = 2?3:1 aij) and e; are the basis vectors standing
for each node i of the graph in the Euclidean space R™. L™ is the inner products matrix of
the node vectors in the Euclidean space where these nodes are separated by the commute-

time distance. Therefore, it can be rewritten as the kernel [13]:
KC’T =LT €q. 5.9

The elements of the sigmoid commute time kernel are then obtained by the sigmoid

transformation on Keop:

1
koCT = eq. 5.10
" 1+ exp(—alf /o) d
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where o is the standard deviation of Lt and « is a parameter provided by the user [13].
However, attention must be paid to the fact that the sigmoid transformation of a kernel
matrix it is not necessarily positive semi-definite. Thus, strictly speaking, it is not a
valid kernel matrix. We could therefore argue that using such similarity matrix in kernel
k-means algorithms is technically not well-founded. To overcome this limitation, Yen
and al. |[71| provide arguments in favor of the use of the sigmoid CT : firstly, and most
importantly, even if the similarity matrix is not positive semi-definite, the convergence of
the kernel k means algorithms to a minimum of the criterion has been proved (see section
5.5.2). The kernel k-means therefore minimizes this criterion, even if it becomes negative.
Secondly, systematic comparisons show that the sigmoid commute-time kernel performs
much better than the commute-time kernel, because the range of values of the commute-
time kernel has quite a large spread. This large spread of values causes the presence of
a number of outliers and perturbs the k-means which is known to be quite sensitive to
outliers. Thus, taking a sigmoid transformation (which is reduces the spread) appears to

be quite beneficial.

5.2.1.3 Free energy distance kernel

The free energy distance is defined as [14]:

A {¢(Z¥j>j¢(%i) ifi£j 0ifi=j  eq. 5.11

where the quantity ¢(i, j) is equal to: ¢(i,j) = —5logzls = log(z”) . Tt can be derived
from the probability distribution of a random walk between two nodes that minimizes
the Helmholtz free energy [44] of a thermodynamical system. Indeed, if we define the

temperature with 7" = 1/0 and state transition probabilities P;;, the minimization is

AR

written as follows [8]:

P(o) = argminp, Z Pii(o)e( Z 0)log(Pi;(0)/ P (o)) eq. 5.12

o€ P;; QEPZ]

The free energy distance is then given thanks to the the minimum free energy :
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arp — OPEE) +0(PE)

s1j

eq. 5.13

where the quantity ¢(P£E) corresponds to ¢(i,7) = —%logzzhj .
The free energy distance appears to be an adequate distance measure with interesting
properties. Indeed, it can be proven that it respects the triangular inequality (proof in

[14] ) and enjoys the following properties |8]:

e It is a geodetic distance: A} = Af + A% if and only if every path from i to k
passes through j [6].

e In an undirected graph G, the distance A;’} converges to the commute-cost distance

when 6 becomes small, § — 0%.

e In an undirected graph G, the distanceAz’} converges to the shortest path distance

when 6 becomes large, § — oc.

5.2.2 Description

The kernel k-means algorithm assumes that a kernel matrix K containing similarities
between the nodes of the graph G has been pre-computed.

We must insist that this section is quite technical and relies on some elaborated mathe-
matical principles. It might be difficult for the reader to understand it immediately. We
therefore suggest to complete the reading of this thesis with a few resources (namely [13]
and [71]) to help the reader understand this chapter more easily. Furthermore, as the
principle of the algorithm remains similar to the distance-based k-means (see section 5.1),
in case of difficulties in understanding the theoretical foundations, the reader should not
hesitate to skip the following lines to go immediately to the algorithm (section 5.2.3),

more intuitive.
When dealing with kernel clustering, three different spaces are defined by Fouss and al.

[13] :

e The input space is the initial space in which the data are defined. It is irrelevant in

our case since we are directly working on a graph structure.



5 Algorithms 28

e The embedding space, corresponding to the image of the input space through the
mapping. Here, the embedding space corresponds to the space preserving the inner
products between the node vectors of the graph, as defined by the kernel matrix.
Thus, each node of the graph corresponds to a vector in this embedding space. The

dimensionality of this space matches the rank of the kernel matrix.

e The sample space, corresponding to the Euclidean space having, as dimensionality,
the number of data samples. In the present case, this is the number of nodes of the

graph.

The kernel k-means relies on the four following steps, described by Fouss, Saerens and
Shimbo [13]:

1. The computation of a meaningful kernel on the graph.

2. The definition of a criterion, typically the sum of within-cluster inertia, depending
on (i) prototype vectors in the embedding space (denoted as g) and on (ii) membership
values indicating the membership of each node to the cluster (denoted as w;y).

3. The expression the prototype vectors in the embedding space in terms of the prototype
vectors in the sample space.

4. The optimization of the criterion with respect to the prototype vectors, hy , as well
as the membership values, u;, . To this end, the standard two-step algorithm used in
k-means clustering and variants is applied (see section 4.1.1).

Imagine that we are looking for a partition in m clusters in total (number fixed a priori by
the user). The goal is to design an iterative algorithm aiming to minimize our objective

function-which, in the case of standard k-means, is the total within-cluster inertia:

T gm) =YY llwi—gl®  eq. 5.14

k=1 1i€Cy,

where the first sum is taken over the m clusters while the second sum is taken on the
nodes ¢ belonging to cluster k, ¢+ € C%. x; is the node vector corresponding to node ¢
and gy, is a prototype vector of cluster k in the embedding space, while ||z; — gi|| is the
Euclidean distance between the node vector and the cluster prototype it belongs to. The
criterion’s value (the sum over all classes of the within-cluster inertia) should be as low

as possible. The prototype vector g, of one cluster is defined as a representative of this
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cluster £ . We denote by X the n x p (p is the number of features in the embedding space)

data matrix containing the transposed node vectors as rows; that is, X = [z1,Zo,...,z,]"

[13].
Let us operate the following change of parameter: ¢, — X7'h; , corresponding to the
kernel trick. Let us now recompute the within-class inertia in terms of the hj; and the

inner products [13]:

D (e =22l g+ gior)
k=1

= (ki — 2k, hy, + W Khy)
k=1

(e; — hi) ' K (e; — hy) eq. 5.15

Eonl
Il
-
.
m
Q
BN

Where K = XXT s k’u = [K]” = .CE;«T.TZ', kl = X.TZ = COZAK) = K@i .

By introducing the membership matrix wu;;, J can be rewritten as

T(ha, o) = ug(hy, — €)' K(hy —e;)  eq. 5.16

i—1 k=1
where u;;, is equal to 1 if node i is currently assigned to cluster C} and to 0 otherwise. The
k-means iteratively minimizes J, first by re-allocating the node vectors (determination of
the u;, ) while keeping the prototype vectors fixed, and secondly by re-computing the

prototype vectors, hy , while maintaining the cluster labels fixed [13].

Re-allocation step. Let us first consider that the prototype vectors are fixed. The u;

for each node i can be optimized independently in the sum of equation

T(hay oo hn) = > Y wi(he — €)' K(hy — ;) eq. 5.17

1=1 =1
so that the best cluster allocation for a node 7 is to assign the node to the cluster for
which (hy, — e;)T K (hy — €;) is a minimum. Therefore, the re-allocation step minimizing .J

is
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ki =argmingeqy, my {(he — €)" K (hy —€;)} eq. 5.18

where the variable & contains the optimal label of node ¢ . Therefore, the elements of

the 7 th row of the membership function become w; s = 1, and uy = 0 for k # kj [13].

Re-computation of the prototypes. For the computation of the prototype vector,

taking the gradient of J with respect to hj and setting the result equal to 0 yields

1 1
Kh, = — Ke, = K— i . 5.19
L DL

i€C, 1€Cl

where ny is the number of nodes belonging to cluster . We immediately observe from the
left-hand side that Khy is a linear combination of the k; , while the right-hand side is
also an unknown linear combination of the k;. Therefore, one particular solution to this
system of linear equation is h, = % ZiGCk e;. In other words, h; contains % if i € C), and
0 otherwise; it corresponds to a prototype vector defined for each cluster in the sample

space [13].

Therefore, the prototype re-computation step is:

ni if node i€C},
hii = [hk]z = ¥ eq. 5.20

0  otherwise

This is a natural result since X7hy, corresponds exactly to the center of gravity of the

cluster k in the embedding space [13].

5.2.3 Algorithm

The kernel k-means algorithm is expressed as follows (and represented in figure 3).
Input:

-A weighted directed graph G containing n nodes.

-K: a n x n symmetric similarity matrix associated to GG

- The desired number of clusters, m.

Output:

- The n x m membership matrix U containing the membership of each node 7 to cluster

k: Uik



5 Algorithms 31

Figure 3: The kernel K-means algorithm

Initialization: choose m prototype nodes with indices ¢y, o, ..., ¢, at random and set
hi, = eg,k = 1...m, where e; is a n x 1 basis column vector (contains 0’s everywhere
except at position ¢ where it contains a 1)
Repeat
U < Zeros(n,m)
Fori =1 ton do
k* < argmingeqn oy { (e — €)TK (hi, — €;) }
Wi < 1
End for
For k=1 to m do

n
Mg <= D iy Uik

coly, (U)
ng

hk —
End for
until the allocation of the nodes does not change any more

Return U

source: adapted from Fouss, Saerens and Shimbo [13], 201}.

This procedure is iterated until convergence of the criterion.

5.3 The Louvain method

The Louvain method is a clustering technique developed by Vincent Blondel (quoted in
[13]), described as follows.

5.3.1 Modularity

Modularity is a measure of the structure of graphs. It was designed to measure the
strength of division of a network into modules (or clusters). Networks with high modu-

larity have dense connections between the nodes within modules but sparse connections
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between nodes in different modules. Modularity is often used for detecting community
structure in networks. However, it has been shown that modularity suffers a resolution
limit and, therefore, it is unable to detect small communities [13].

The modularity can be computed by:

1

Q(ur, g, ..oy Uyy,) = 20l(G) ;quuk eq. 5.21

T
where @ is the modularity matrix, @ = (A— i‘z—?é)), and uy, = Uey, is a binary membership

vector containing a 1 in position ¢ if node 7 belongs to cluster k£ and 0 otherwise.

5.3.2 Description

The Louvain method is a greedy bottom-up multi-level algorithm for maximizing the
modularity of a weighted undirected graph. The main idea is to perform an iterative
local optimization for seeking a local maximum of the modularity. In a second step, a
new graph is built whose nodes are the clusters found in the first step. The iterations are
repeated on the new graph until no further improvement can be obtained. This results in
a clustering of the graph without having to specify a priori the number of clusters, and
in a hierarchy of clustering solutions at different levels of aggregation |13].

The Louvain method consists in a succession of steps. Initially, each node is a cluster in
its own. Hence, there are as many clusters as nodes,i.e., n clusters in total. After the
initialization, the first phase (called the local optimization step) is conducted until a local
optimum of the modularity is reached. Then, the second phase, called the coarsening step
(whose purpose is to build a new agglomerated graph) is performed. However, the second
step will not be detailed in this paper, as it is used for hierarchical clustering [13].

This short introduction should be sufficient for the reader to understand the basic logic

of the algorithm. If confronted with difficulties in understanding the following paragraphs,
the reader should not hesitate to immediately jump to the simplified presentation of the

algorithm (section 5.3.3). More info on the Louvain method can be found in [13].

Local optimization step: during this first phase, each node of G is considered in

random order, and tentatively moved to another (neighboring) cluster, while the difference
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in modularity is computed. Thus, for each node ¢ , we first identify all the neighboring
clusters N.(7), that is, clusters containing at least one neighbor j of node ¢ (j € N(i)),

and [(z) # [(j) (the cluster label of 4, [(7) is different from the cluster label of j, [(7) ) [13].
The set of all neighboring clusters of node ¢ is denoted by

Ne(i) = Ci [ 37 : (5 € N(@) NG = k) A (UG #13)  eq. 5.22

(the subscript C' means that it returns a set of clusters, not nodes).

The move leading to the largest increase in modularity is confirmed, but only if the
difference in modularity is strictly positive. Moreover, if the moved node was alone in
its cluster and it is moved, the original cluster disappears. Iterations are performed until
no move improves the modularity any more during the whole iteration. The result is a

partition of G into clusters (some of them might contain only one single node) [13].

5.3.3 Algorithm

The different steps of the algorithms are detailed as follows and represented in figure /.
Input:

A weighted undirected graph G containing n nodes.

@: the n x n modularity matrix associated to G.

Output:

U: the n X n matrix containing elements u;, = 1 if node ¢ belongs to cluster £ and 0

otherwise. The kth column of U is uy
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Figure 4: A local optimization procedure for clustering the nodes of a graph G based on

modularity (the Louvain method).

Initialization: m < n {the initial number of cluster is equal ton }
Set the binary membership vector {uy = ey },.,, where e is an x 1 basis column vector
(0’s everywhere except at position k where it contains a 1). Moreover, set the cluster
label of each node ¢ to {I(i) =i}, (each node is a cluster).
Repeat
number Moves < 0
For i =1 tondo
Compute the set of all neighboring clusters of node i: Ng(i) <
[C1 135 : GENGNAUG) = DAUG)A))}
For all C; € N¢(i) do
AQ(i,C)) + #(G)(ei + u — )T Qe
end for
Ci. = argmaxc,en, (i) AQ (7, Cr)
if AQ(i,Cj) > 0 then
wiy <= 0
1(i) = Ik 5 uge < 1
number M oves < number M oves + 1
end if
End for
Delete the zero columns of matrix U
Recompute accordingly the labels, {I(i) < argmax;(uy)};_,
until number Moves = 0

Return U

source: adapted from Fouss, Saerens and Shimbo [13],2014.

5.4 Possibilistic fuzzy c-means clustering

This section is not necessarily straightforward for a beginner in statistics, it relies on

some important mathematical principles. It might be difficult for the reader to under-
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stand it immediately. We therefore suggest to complete the reading of this thesis with
a few resources (namely [25] and [43]) to help the reader understand this chapter more
easily. Furthermore, as the principle of the algorithm remains similar to the distance-
based k-means (see section 5.1), in case of difficulties in understanding the theoretical
foundations, the reader should not hesitate to skip the following lines to go immediately
to the description of the algorithm (section 5.4.2), more intuitive.

Fuzzy clustering has been shown to be advantageous over crisp clustering in that total
commitment of a vector to a given class is not required in each iteration.

However, the fuzzy c-means (FCM) clustering is sensitive to noise and outliers because
of the probabilistic constraint. Therefore, Krishnapuram and Keller [25| proposed the
possibilistic c-means algorithm (PCM) by abandoning the probabilistic constraint to solve
the noise sensitivity.

Their model can be further extended to the possibilistic fuzzy c-means clustering (PFCM,
see Pal and al. in |43]). Playing with the different parameters allows us to favor one model
(FCM) over the other (PCM) and to keep the opportunity to move from between models,

and keep their specificities .

5.4.1 Description

The PCM algorithm is derived from the FCM algorithm by relaxing the constraint on its
objective function. Indeed, the FCM objective function is given by |25]:

J(L,U) =30 S0 (uy)mds, eq. 5.23

subject to Zf’;l u;; = 1 for all j. In that function, L = (f4,...,5c) is a C-tuple of
prototypes, d?j is the distance of feature point x; to prototype 3;, N is the total number
of feature vectors, C' is the number of classes, and U = [u;;] is a C' x N matrix, called the
fuzzy C-partition matrix. w;; is the grade of membership of the feature point x; in cluster
Bi, and m € [1,00] is a weighting exponent called the fuzzifier. Our objective is to have the
memberships for representative feature points as high as possible, while unrepresentative
points should have low membership in all clusters. The new PCM objective function

satisfying those requirements becomes |25]:
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T L,U) = S0 S0 ()™ + S m Yo (L —uy)™  eq. 5.24

where 7); are suitable positive numbers. The first term of the equation demands that the
distances from the features vectors to the prototypes be the lowest, whereas the second
term forces the u;; to be as large as possible, avoiding the trivial solution.Thus, in each
iteration, the updated value of u;; depends only on the distance of z; from f; [25].

The intuition behind the term Z;.Vzl(l — u;;)™ is to release the traditional constraint on
the membership ( > . w;; = 1) to give some flexibility to the model, while avoiding he
trivial solution (the null solution).

The value of n; determines the distance at which the membership value of a point in a
cluster becomes 0.5. It needs to be chosen depending on the desired "bandwidth" of the
possibility (membership) distribution for each cluster. Therefore, this value is the same
for all clusters if they are expected to be similar. It also determines the degree to which
the second term in the objective function is favored compared with the first. In practice,

the following definition works well [25]:

N
§ m 32

=1
n;, = K]N— €q. 5.25

E m

J=1

We observe that this makes 7; proportional to the average fuzzy intra-cluster distance of

the cluster §;. K is typically chosen to be 1 [25] .

This model can be extended to keep track of its "fuzzy" origin. Indeed, the FCM has
problems dealing with noise and outliers, the PCM has the problem of coincident clusters
and the FPCM (Fuzzy Possibilistic C-means) has difficulties dealing with big datasets
because the typicality values are in that case very small. The apparent problem of FPCM
is that it imposes a constraint on the typicality values (the sum of the typicalities over
all data points to a particular cluster is 1). We can relax the constraint on the typicality
values but maintain the constraint on the memberships. We obtain a new algorithm: the
PFCM (Possibilistic Fuzzy C-means). It is a hybridization of PCM and FCM that avoids
the recurring problems of PCM, FCM and FPCM |[43].



5 Algorithms 37

Hence, the modified objective is to minimize the following equation:

Tona(U TV, X) =3 (auy +bt5) x [lzg —vill 3+ > %> (1—tx)"  eq. 5.26

k=1 i=1 i=1 k=1

subject to the constraints Y ;| uy, = 1Vk, and 0 < wg, t;x < 1. Here a > 0,b >0, m > 1,
n > 1 and J,,, is the objective function. U is the partition matrix, 7" is the typicality
matrix, V' is a vector of cluster centers, X is the set of all data points, = represents a
single data point, n is the number of data points and ¢ is the number of cluster centers.
|z, — v;i|| 4 (also represented as D;j4) represents any norm used to calculate the distance
between i th cluster center and k th data set (here the Euclidean distance). We note that
2|, = V&t Az is any inner product norm [43].

The constants a and b define the relative importance of fuzzy membership and typicality
values in the objective function. If we increase the importance (weight) of the membership,
it necessarily forces us to reduce the importance of typicality by the same amount. We
can also discuss the importance the parameters a and b. By constraining a + b = 1,
we lose modeling flexibility. If b = 0 , and v, = 0 for all 7, the objective function is
reduced to a FCM optimization problem. Following the usual conditions placed on c-

means optimization problems, we get the first-order conditions for extrema of .J,,, [26]:

_2

-1
¢ DZ m—1
uik:<Z(Dj’;2> > and1<i<el<k<n  eq. 5.27

1
ti = —and 1 <1<, 1 <k<n eq. 5.28

=1
1+ (%kaA> !

_ Zzzl(auz;‘ + bt?k)xk
22:1(6“42 + bt?k)

V; and 1 < <c¢ eq. 4.29

PFCM behaves like FCM as the exponents grow. That is, irrespective of the values of the
constants a and b, the ¢ centroids approach the overall mean as m — oo and n — oo.
To reduce the effect of outliers, we should use a higher value for b than a. Similar effects

can also be obtained by controlling the choice of 7 [26].
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5.4.2 Algorithm

Piling on the previous rules and constraints, we can establish a family of possibilistic
clustering algorithms whose general form is presented in figure 5.

Input:

-A weighted directed graph G containing n nodes.

- The desired number of clusters, m.

Output:

- The n x m membership matrix U containing the membership of each node 7 to cluster

ka Uk

Figure 5 : The possibilistic clustering algorithm

Fix the number of clusters C; fix m, 1<m< 00 ;

Set iteration counter [ = 1;

Initialize the possibilistic C-partition U(®);

Estimate n; ;

Repeat

Update the prototypes using U, as indicated below;
Compute UHD;

Increment [ ;

Until (JUD —UO] <e);

{The remaining part of the algorithm is optional and is to be used only when the actual
shape of the generated possibility is important}
Re-estimate n; using n; = Zlﬁ%):ﬁd%,

Repeat

Update the prototypes using U®;

Compute UHD ;

Increment [ ;

Until ([U) —UD] <e);

source: adapted from Krishnapuram and Keller [25], 1993.




5 Algorithms 39

The updating of the prototypes depends on the distance measure chosen [25|. If the
distance is an inner product induced norm metric as in the case of the FCM algorithm,

ie. if
dfj = (z; — Ci)TAi(ij —¢) eq. 5.30

where ¢; is the center of cluster §; and A; is the matrix associated to cluster 7 , updating

the prototype is achieved by using eq. 5.29 |25].
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Part Il. Experiments

Now that the theoretical framework is set, we can design the experiments to answer our
first research question: does the possibilistic fuzzy c-means (PFCM) algorithm
give better clustering results than the distance-based k-means, the kernel k-
means, the kernel fuzzy c-means and the Louvain method? We will confront
the performance of the PFCM against that of the distance-based k-means, kernel k-
means (using both a kernel generated by the "kernel trick" on a free energy distance
matrix and a sigmoid commute-time kernel) and Louvain method. We will start by
tuning our parameters (as the distance measures and kernels presented above rely on
different parameters), then run each algorithm on the different datasets, and compare
their solution in the light of three performance measures: the NMI, the Adjusted Rand

Index and the classification rate. Let us first describe the different datasets.

6 The datasets

6.1 Newsgroup datasets

The newsgroup dataset is formed by the collection of about 20,000 unstructured docu-
ments, taken from 20 discussion groups (the newsgroups) of the Usernet diffusion list. For
our experiments, nine subsets related to different topics are extracted from the original

database, as listed in figure 6 |71].

Figure 6: Newsgroups datasets description

Topic Size Topic Size Topic Size
G-2cl-A G-2cl-B G-2d-C

Politics /general 200 Computer|graphics 200 Space [general 200
Sport/baseball 200 Motor/motorcycles 200 Politics/ mideast 200
G-3d-A G-3c-B G-3d-C

Sport/baseball 200 Computer/ windows 200 Sport/hockey 200
Space/general 200 Motor/autos 200 Religion/atheism 200
Politics/mideast 200 Religion/general 200 Medicine /general 200
G-5c-A G-5c-B G-5d-C

Computerjwindowsx 200 Computer|graphics 200 Computer/machardware 200
Cryptography /general 200 Computer|pchardware 200 Sport{hockey 200
Politics/mideast 200 Motor/autos 200 Medicine /general 200
Politics /guns 200 Religionfatheism 200 Religion/general 200
Religion/christian 200 Politics/mideast 200 Forsale/general 200

source: Yen and al [71],2009.
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For each subset, 200 documents are sampled from different newsgroups. Thus, the first
three subsets (G-2cl-A, G-2¢l-B, G-2¢l-C) contain (2 classes*200 documents =) 400 doc-
uments sampled from two newsgroups topics. The next three subsets (G-3cl-A, G-3cl-B,
G-3cl-C) contain (3200 —) 600 documents sampled from three topics and the last three
subsets (G-5¢cl-A, G- 5¢l-B, G-5¢l-C) contain (5*200 = )1000 documents sampled from five
topics. Finally, the adjacency matrix comprising the links between documents is given by
the sum of all document-term-document paths connecting all pairs of documents through
the terms they have in common. Our clustering experiments will aim at retrieving the
correct partition of nodes for each newsgroup (that is, classifying the documents into the

right topics).

6.2 Zachary dataset

This network represents the social connections between the 34 members of an American
university karate club. The club itself is divided into two different entities and our algo-
rithms are set to identify which club members belong to the first group, and which belong

to the second one.

6.3 Political books dataset

This unweighted networks is a network of books about US politics published around the
time of the 2004 presidential election. The nodes are linked when the books are frequently
being bought by the same readers on the Amazon online bookstore. The 105 books are
classified into 3 groups according to whether their political orientation is conservative,
liberal, or neutral [40]. The different clustering algorithms should be able to capture

(from the graph structure) the true class for each book.

6.4 Football dataset

This dataset displays 115 observations, representing Division I-A US college football
games. Edges correspond to games played by the teams against each other during the
regular season of fall 2000. We will here distinguish 12 teams (hence, 12 clusters to be

found).
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6.5 LFR datasets

The LFR dataset contains two graphs computed according to "Directed, weighted and
overlapping benchmark graphs for community detection algorithms", written by Andrea
Lancichinetti and Santo Fortunato. This program produces binary networks with over-
lapping nodes.

LFR1 is composed of 600 nodes and 6142 edges, divided in 3 classes.

LFR3 is composed of 600 nodes and 5233 edges, divided in 6 classes.

6.6 School dataset

The school dataset comprises information about a school where students and teachers
divided in different classes.

The school 11 classes dataset comprises 10 classes (two classes per education year, from
the 1st year to the 5th ) and 1 group of teacher.

The school 6 classes is the same dataset where we have grouped the classes according by
year ( for instance, the classes 4A and 4B are now united into one classe-4- representing

a level of education), leading to 5 classes of students and 1 class of teachers.
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7 First research question

7.1 First experimental procedure

We will now design the first experimental procedure to answer the first research question.

7.1.1 Tuning of the parameters

The preliminary step to the experiments is to optimize the parameters for each algorithm.
We isolated one of the ten datasets from the newsgroup datasets (a newsgroup with 3
classes) and used it for the sole purpose of the optimization of the parameters (for all
measures and algorithms tested). We will here assume that the parameters selected on this
subset will remain optimized for all other datasets. Hence, the optimization computations
are to be done only once.

For each algorithm and for each parameter value, we have computed the average NMI

score on 50 runs of the algorithm and kept the best one as the optimal parameter.

e When working with the distance-based k-means, we use the free energy distance
(that depends on the parameter value ¢) as distance measure. We therefore com-
puted the average NMI score on 50 runs for  values ranging from 107¢ to 103 and

kept the best one for the rest of our experiments.

e For the kernel k-means using the kernel trick, we have to look at the association
between the @ value of the distance measure (again, the free energy distance), and
the exponent of the kernel trick. We therefore compared the average NMI scores
for all the possible combinations of 6 (ranging from 107° to 10?) and exponent (also
ranging from 107¢ to 10%). Indeed, as stated previously, the k-means algorithm
starts by selecting some initial nodes as prototype vectors. The initial vector nodes
are thus randomly selected. Since the final results depend on the initial vectors, a
bad pick on the initial vectors may result in a bad cluster performance. Hence, the
procedure was repeated 50 times to ensure better chances of finding the best result

and alleviating the randomization impact on the clustering results evaluation.

e The sigmoid commute-time (SCT) kernel relies on an « parameter. We therefore
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performed 50 runs of the SCT Kernel K-means clustering algorithm while varying

the o parameter between10% to 103.

e Finally, the possibilistic fuzzy c-means clustering depends on the parameter ¢, called
"fuzzifier", reflecting the degree of fuzziness of the clusters. Again, we varied its
value along the [107% — 10°] scale and kept the best one (highest average NMI score

on 50 runs) of them.

The chosen parameter values kept for the experiments are given in table 1:

Table 1: Parameters value chosen-first tuning procedure, first research question

Algorithm Parameter
Distance-based K-means =3
Kernel trick/Kernel K-means = 0.1 and exponent = 2
Kernel Fuzzy C-means p=26
Sigmoid commute-time/Kernel K-means oa=7T
Possibilistic Fuzzy C-means ¢ =2

7.1.2 Clustering task

We used the selected parameters for a clustering task on each of the newsgroups datasets
as well as on the Zachary dataset, the football dataset, two LFR datasets, the political
books datasets and the school dataset. The procedure followed is fairly similar to the
tuning phase. We first performed 50 clustering experiments, returning for each dataset
and each algorithm the mean NMI score.We then repeated this step, this time computing

the mean Adjusted Rand Index and the mean classification rate.

7.1.3 Performance evaluation

As previously mentioned in section 4.3, we will assess the quality of the clustering task
using three performance measures: the NMI (Normalized Mutual Information) score, the
Adjusted Rand Index and the classification rate. Below is a short reminder of those

measures.

e The NMI algorithm compares the clusters found by our algorithms with the real

clusters, and computes to which level they share the same information |71].
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e The Adjusted Rand Index is a second performance measure created to eliminate
the problems related to the Rand Index, such as the fact that the expected value
of the RI of two random partitions does not take a constant value (say zero) or
that the Rand statistic approaches its upper limit of unity as the number of clusters

ncreases.

e The classification rate simply returns the percentage of correct classification.

7.2 Results analysis

Now that we have tuned our parameters and defined our performance measures, we can
look at the results of our experiments.

Hereunder are the the average NMI score, Adjusted Rand Index and Classification Rate
for each dataset and for the different methods, followed by a brief discussion of those

results.

7.2.1 Results

To facilitate the reader’s interpretation of the results, table 2 offers a quick reminder of
the different clustering techniques.

Table 2 : Reminder of the different clustering techniques

Method Description
DB K-means A k-means algorithm based on a free energy distance matrix
Kirick A k-means based on a kernel obtained using the kernel trick on a free energy distance matrix
KgT A k-means algorithm based on a sigmoid CT kernel matrix
KFCM A k-means based on a kernel trick matrix with fuzzy memberships
Louvain Method | A greedy algorithm that progresses by studying the variation in modularity
PFCM A possibilistic algorithm with fuzzy memberships

To present, the results, for each dataset, we have tabulated the average performance mea-
sure for our different methods; the Distance-Based K-means ("DB K-means"), Kernel-

Trick K-means (Kjix), the Sigmoid Commute-time Kernel (K2;), the Kernel Fuzzy C-

3
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means ("KFCM") the Louvain Method and the Possibilistic Fuzzy C-means ("PFCM").

e Newsgroup datasets ( table 3)

Table 3: Clustering results for the Newsgroup Dataset

First tuning procedure, first research question

Newsgroup-2cl-A | DB K-means Kernel trick Kg’T KFCM  Louvain PFCM
NMI 0.3159 0.8035 0.7919  0.4324 0.5246 0.6799
ARI 0.3685 0.8884 0.8167  0.4569 0.4749 0.7351
Classification Rate 0.7800 0.9706 0.9620  0.8183 0.6675 0.9248
Newsgroup-2cl-B | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.3243 0.5909 0.5902  0.4053 0.3681 0.5587
ARIT 0.3618 0.6987 0.6538  0.4559 0.2960 0.6641
Classification Rate 0.7908 0.9185 0.9060  0.8287 0.5214 0.8946
Newsgroup-2cl-C | DB K-means  Kernel trick Kg,T KFCM  Louvain PFCM
NMIT 0.5561 0.8074 0.7380  0.4341 0.5607 0.6991
ARI 0.6855 0.8825 0.8109  0.4997 0.4808 0.7772
Classification Rate 0.8915 0.9695 0.9579  0.8202 0.6636 0.9407
Newsgroup-3cl-A | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMT 0.4219 0.7527 0.6880  0.4586 0.6700 0.5350
ARI 0.4464 0.7838 0.7164  0.3536 0.6974 0.5196
Classification Rate 0.7280 0.9098 0.8458  0.6374 0.7829 0.7407
Newsgroup-3cl-B | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.2099 0.7745 0.7135  0.4590 0.6157 0.5429
ARI 0.2487 0.8320 0.7432  0.3990 0.6176 0.4868
Classification Rate 0.5909 0.9158 0.8868  0.6899 0.7511 0.7054
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Newsgroup-3¢cl-C | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMI 0.2829 0.7517 0.6892  0.4116 0.6204 0.5068
ARI 0.3170 0.8064 0.7432  0.4121 0.6518 0.4659
Classification Rate 0.6399 0.9154 0.8455  0.6772 0.7891 0.7121
Newsgroup-5cl-A | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMT 0.2959 0.6512 0.5795  0.3684 0.6618 0.3203
ARI 0.2753 0.6797 0.4875  0.2870 0.6467 0.2589
Classification Rate 0.5359 0.7941 0.7086  0.5338 0.7121 0.4963
Newsgroup-5cl-B | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.2376 0.6240 0.5487  0.3752 0.6072 0.3863
ARI 0.2097 0.5767 0.4452  0.2745 0.5469 0.2701
Classification Rate 0.4764 0.7635 0.6560  0.4690 0.7010 0.4105
Newsgroup-5c¢l-C | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMI 0.1558 0.5771 0.5417  0.4017 0.5276 0.4379
ARI 0.1276 0.5479 0.4932  0.3324 0.5194 0.3505
Classification Rate 0.4146 0.7359 0.6903  0.5439 0.7140 0.5265

As we can see from the tabs above, for each performance measure and almost every news-

group subset, the Kernel trick/Kernel K-means method gives the best results. We can

also see that the performance levels reached are higher with smaller datasets and a smaller

number of classes.

e Zachary dataset (table 4)

Table 4: Clustering results for the Zachary Dataset

First tuning procedure, first research question

Zachary DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.8557 0.5567 0.9809  0.3493 0.7368 0.9935

ARI 0.8267 0.6206 0.9799  0.4310 0.7273 0.9801
Classification Rate 0.8800 0.8112 0.9824  0.7324 0.8529 0.9994
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On this smaller dataset, with only two classes, the possibilistic fuzzy c-means clustering

algorithm gives the best results according to our different performance measures.

e Political Books dataset (table 5)

Table 5: Clustering results for the Political Books Dataset

First tuning procedure, first research question

PolBooks DB K-means  Kernel trick Kg'T KFCM  Louvain PFCM
NMT 0.4918 0.5732 0.5697 0.4172 0.5130 0.6069

ARI 0.4869 0.6429 0.6719  0.4722 0.6168 0.6671
Classification Rate 0.7644 0.8055 0.8387 0.7160 0.8048 0.8480

On the political books dataset, the possibilistic clustering algorithm gives again the
best results according to our performance measures (except for the ARI, for which
the sigmoid commute-time kernel gives slightly better results). We also observe that

the K2, and PFCM yield highly similar results.

e Football dataset (table 6)

Table 6: Clustering results for the Football Dataset

First tuning procedure, first research question

Football DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.7219 0.8508 0.8590  0.7467 0.6306 0.6014

ARI 0.5577 0.7223 0.7893  0.5713 0.3426 0.2892
Classification Rate 0.6565 0.3167 0.8153  0.6630 0.4593 0.4292

Here, we have a dataset with a large number of classes (12, for only 115 observa-
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tions), and the sigmoid commute-time kernel gives us the best results.

e LFR dataset (table 7)

Table 7: Clustering results for the LFR Dataset

First tuning procedure, first research question

LFR1 DB K-means  Kernel trick KESJT KFCM  Louvain PFCM

NMI 0.1393 0.5286 0.9423  0.1644 0.9165 0.1087

ARI 0.1523 0.5174 0.9270 0.1562 0.9432 0.0687
Classification Rate 0.5182 0.6598 0.9586 0.4906 0.9823 0.4325
LFR3 DB K-means  Kernel trick KgT KFCM  Louvain PFCM

NMI 0.4901 0.8569 0.9390 0.5621 0.7706 0.4824

ARI 0.4827 0.7385 0.8864  0.4448 0.796 0.3901
Classification Rate 0.6386 0.8299 0.8899  0.6241 0.8586 0.5903

On those datasets, we clearly observe that the sigmoid commute-time kernel and

the Louvain method perform better than the other clustering algorithms.

e School dataset (table 8)



7 First research question 50

Table 8: Clustering results for the School Dataset

First tuning procedure, first research question

School 11-cl DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.2307 0.2922 0.3059  0.2036 0.2097 0.1577

ARI 0.0801 0.1185 0.1273  0.0676 0.0944 0.0597
Classification Rate 0.2883 0.3368 0.3423  0.2521 0.2619 0.1775
School 6-cl DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.0713 0.1115 0.1196  0.0619 0.0986 0.0247

ARI 0.0221 0.0546 0.0572  0.0176 0.0506 0.0041
Classification Rate 0.291 0.3124 0.3114 0.2759 0.3225 0.2393

On those datasets, we clearly observe that the sigmoid commute-time kernel method
performs better than the other clustering algorithms, even though we obtain overall

very poor results (below 40%).

7.2.2 Discussion

The discussion of those results can be intuitively lead by a quick look at the clustering
results (first in the case of a homogenous successful clustering result among all techniques-
as for instance, in the case of the Zachary dataset- , then dissimilar results among the
techniques-for instance the political books dataset) as in figure 7. We have plot here the
different kernel matrices used for the clustering (kernel matrix for the kernel trick, ker-
nel matrix for the sigmoid commute-time and modularity for Louvain method), and the
clusters retrieved by the algorithm can be observed as they are aggregated into "blocks"

along the diagonal.
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Zachary

Figure 7: comparison of the clustering results via heatmaps on the Zachary and

PolBooks datasets

PolBooks

Kernel (Kernel Trick ) matrix

Heat Map of kemel using pradicted classes

Kernel (Kernel Trick ) matrix

Heat Map of kermel using predicted classes

Kernel (Sigmoid commute-time) matrix

Heat Map of kermel using predicted classes

Kernel (Sigmoid commute-time) matrix

Heat Map of kernel using predicted classes

Modularity matrix

Heat Map of kerel using predicted classes

50 B0 70 80 S0 100
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Modularity matrix

We distinctly observe that on the left-hand side (Zachary dataset), we have obtained 2

well-separated clusters (two visible squares on the diagonal), especially in the case of the

sigmoid commute-time kernel. This reflects the good clustering results obtained during




7 First research question 52

our experiments. On the right-hand side (Political books dataset), however, we see that
the different data points are not as well separated into the three classes, even though we
can still distinguish 3 classes on the diagonal. We clearly see a lot of differences between
the measures, and a more obvious separation of the points for the sigmoid commute-time

kernel compared to the other measures.

We can discuss those results by going back to our research question ("Does the PFCM
give better clustering results than the distance-based k-means,the kernel k-means and the
Louvain method?"). Our experiments clearly indicate that is not consistently the case.
The PFCM gave us outstanding results on the small datasets, but fails to compare with
the kernel-based methods when the size of the datasets or the number of classes increases.
However, me must also notice that, compared to the only other distance-based algorithm

("DB K-means"), it offers superior results.

That leads us to the intuition that modifying the PFCM in order to obtain a kernel
based form of possibilistic algorithm might result in an algorithm that would outperform
the algorithms presented above. This will be discussed in section 8 ("second research

question").

7.2.3 Deepening the experiments

We noticed strong differences between the different techniques, namely with poorer re-
sults for the distance-based k-means. We will see if using another distance measure (the
commute-time distance and corrected commute-time distance) could improve those re-
sults. We will also go back on the sigmoid commute-time kernel to test if using a variant

of the commute-time distance could improve its performance.

7.2.3.1 Back to the distance-based k-means

Given the really weak results obtained with the distance-based k-means, we will see if its
performance can be improved by using the commute-time distance, and, in a second step,
by using the corrected commute-time distance. We will apply the exact same procedure

as before, using three performance measures and 50 runs.
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7.2.3.1.1 Commute-time distance and corrected commute-time distance

The average commute time is a distance measure between nodes defined as (for any nodes
i,j ) [13]:

)
n(i,j) = 0

n(i,j) =0 if and only @ = j

n(i, j) = n(j, i)

n(i, j) < n(i, k) +n(k,j) for all k

\

Therefore, the matrix containing the average commute-time distances is computed by:

Acr = vol(G)(diag(LT) * el + e x (diag(L™))T — 2L* eq. 7.1

with vol(G) being the volume of the graph.

This distance matrix can be further developed to obtain the corrected commute time

distance [13]:

Acer =
Acr—vol(G)[D7teel +ee D' +diag(D ' ADV)xel +exdiag(D*AD )T —2D"tAD™!]
eq. 7.2

7.2.3.1.2 Results

The comparison of the results of the clustering based on the free energy distance, the
commute-time distance (CT) and the corrected commute-time (Corrected CT) distance

are displayed in table 9.

Table 9: Clustering results for the Free Energy, CT and CCT distances

First research question
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Dataset Performance Eval. | FreeEnergy CT Corrected CT
NMI 0.8557 0.3337 0.0200
Zachary ARI 0.8267 0.3440 0.0200
Classification Rate 0.8800 0.7112 0.5576
NMI 0.7219 0.7645 0.0894
Football ARI 0.5577 0.5864 0.0190
Classification Rate 0.6565 0.6826 0.1228
NMT 0.1393 0.0250 0.0000
LFR1 ARI 0.1523 0.0061 0.0000
Classification Rate 0.5182 0.3383 0.3333
NMI 0.4901 0.0464 0.0000
LFR3 ARI 0.4827 0.0027 0.0000
Classification Rate 0.6386 0.2775 0.2745
NMI 0.3159 0.0158 0.0000
Newsgroup-2cl-A ARI 0.3685 0.0000 0.0000
Classification Rate 0.7800 0.5025 0.5000
NMI 0.3243 0.0156 0.0000
Newsgroup-2cl-B ARI 0.3618 4.302%e=6 0.0000
Classification Rate 0.7908 0.5027 0.5025
NMI 0.5561 0.0570 0.0000
Newsgroup-2cl-C ARI 0.6855 6.9796%¢ =4 0.0000
Classification Rate 0.8915 0.5029 0.5013

NMI 0.4219 0.0224 3.1516% 4

Newsgroup-3cl-A ARI 0.4464 2.1394%¢—6 0.0000
Classification Rate 0.7280 0.3362 0.3333
NMI 0.2099 0.0228 0.0000
Newsgroup-3cl-B ARI 0.2487 7.8592%¢ 6 0.0000
Classification Rate 0.5909 0.3371 0.3344
NMI 0.2829 0.0224 0.0000
Newsgroup-3cl-C ARI 0.3170 -5.0798%¢~6 0.0000
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Classification Rate 0.6399 0.3371 0.3361

NMI 0.2959 0.0287 0.0000

Newsgroup-5cl-A ARI 0.2753 -3.5459%¢~7 0.0000
Classification Rate 0.5359 0.2032 0.2004

NMI 0.2376 0.0286 0.0000

Newsgroup-5cl-B ARI 0.2097 1.2500*e~2 0.0000
Classification Rate 0.4764 0.2030 0.2002

NMI 0.1558 0.0296 0.0000

Newsgroup-5¢l-C ARI 0.1276 1.5100%e~1 0.0000
Classification Rate 0.4146 0.2036 0.2006

NMI 0.4918 0.5839 0.0000

Political Books ARI 0.4869 0.6132 0.0000

Classification Rate 0.7644 0.8034 0.4667

NMT 0.2307 0.1300 0.0000

School-11-classes ARI 0.0801 0.0026 0.0000
Classification Rate 0.2883 0.1378 0.1059

NMIL 0.0713 0.0735 0.0000

School-6-classes ARI 0.0221 4.5763%e—4 0.0000
Classification Rate 0.291 0.2169 0.2076

We distinctly observe that the free energy distance gives us the overall best results.
We will therefore continue to use is as the reference measure for the rest of our experi-
ments. Furthermore, the results obtained with the commute-time distance and corrected
commute-time are very surprising and highly irregular, with very low scores for some
datasets and quite high for others. We will in this case have to conclude that this might
result from a bug in Matlab. While this might require further investigation, as this ex-
periment was not one of the core questions of this thesis, and given the time and space

constraints, we will not push this question further.

7.2.3.2 Back to the Sigmoid commute time kernel

In order to reach the best possible results, we will also test variations on the sigmoid
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commute-time kernel. As the kernel matrix computed for our experiments might not
meet the conditions of non-negativity, we will first observe the results by multiplying it
by its transposed (to force the condition of non-negativity), and secondly we will use the
corrected sigmoid commute-time kernel matrix. We will compare those results to the

ones obtained in our experiments.

7.2.3.2.1 Transposed sigmoid commute-time kernel and corrected sigmoid commute-time
kernel
Our first improved kernel is just the multiplication of the commute-time kernel by its

transposed, to force the non-negativity condition. We obtain the following Kernel:
KTSCT = Kg’T * (KgT)T eq. 7.3

Our second attempt to improve our kernel relies on the corrected commute-time. For large
graphs, the commute-time distance tends to depend only on the degrees of the starting
and ending nodes. In order to alleviate this drawback, von Luxburg and al. [32]| proposed
to introduce a correction term, leading to the corrected commute-time distance CCT (see

eq. 7.2). Consequently, we can use the following equation:
Keor = Lt +HD'AD'H eq. 7.4

where H is the centering matrix, and we will apply afterward the sigmoid transformation

to obtain the corrected sigmoid commute-time kernel [13].

7.2.3.2.2 Results
The results of our experiments using the sigmoid commute time kernel, the sigmoid
commute-time kernel multiplied by its transposed and the corrected kernel sigmoid commute-

time are given in table 10:

Table 10: Clustering results for the K&p, Kip* K and Corrected Kiop

First research question
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Dataset Performance Eval. Kéop KéT*KéTT Corrected K/,
Zachary NMI 0.9809 0.9916 0.9820
ARI 0.9799 0.9914 0.9754
Classification Rate 0.9824 1.0000 0.9894
Football NMI 0.8590 0.8005 0.8562
ARI 0.7893 0.6642 0.7812
Classification Rate 0.8153 0.7176 0.8214
LFR1 NMT 0.9423 0.3172 0.9356
ARI 0.9270 0.2227 0.9265
Classification Rate 0.9586 0.5578 0.9138
LFR3 NMI 0.9390 0.9117 0.9363
ARI 0.8864 0.7840 0.8796
Classification Rate 0.8899 0.8472 0.8752
Newsgroup-2cl-A NMI 0.7919 0.8067 0.7655
ARI 0.8167 0.7724 0.8390
Classification Rate 0.9620 0.9215 0.9351
Newsgroup-2cl-B NMI 0.5902 0.5145 0.5926
ARI 0.6538 0.6237 0.6747
Classification Rate 0.9060 0.8802 0.8996
Newsgroup-2cl-C NMI 0.7380 0.7733 0.7113
ARI 0.8109 0.8572 0.8134
Classification Rate 0.9579 0.9635 0.9581
Newsgroup-3cl-A NMIT 0.6880 0.7518 0.7032
ARI 0.7164 0.8204 0.7224
Classification Rate 0.8458 0.8910 0.8685
Newsgroup-3cl-B NMI 0.7135 0.6932 0.7041
ARI 0.7432 0.7283 0.7123
Classification Rate 0.8868 0.8908 0.8458
Newsgroup-3cl-C NMI 0.6892 0.5937 0.7203
ARI 0.7432 0.6283 0.7371
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Classification Rate 0.8455 0.7898 0.8711

Newsgroup-5cl-A NMI 0.5795 0.5764 0.5902
ARI 0.4875 0.4546 0.4924

Classification Rate 0.7086 0.6962 0.7202

Newsgroup-5cl-B NMI 0.5487 0.5336 0.5262
ARI 0.4452 0.4397 0.4344

Classification Rate 0.6560 0.6198 0.6201

Newsgroup-5cl-C NMI 0.5417 0.5262 0.5120
ARI 0.4932 0.4636 0.4521

Classification Rate 0.6903 0.6560 0.6747

Political Books NMI 0.5697 0.6116 0.5717

ARI 0.6719 0.7200 0.6666

Classification Rate 0.8387 0.8699 0.8410

School-11-classes NMT 0.3059 0.2800 0.3077
ARI 0.1273 0.1128 0.1301

Classification Rate 0.3423 0.3175 0.3403

School-6-classes NMI 0.1196 0.1570 0.1154

ARI 0.0572 0.0637 0.0555

Classification Rate 0.3114 0.2582 0.3177

We can observe here that the results are rather close between our different kernels.We
will continue to use the "regular" sigmoid commute-time kernel for the rest of our
experiments, as this method gives us the best results, as that is the criteria we have
decided to pursue, keeping in mind that both the corrected sigmoid commute-time
kernel and the combined K& * K& give us more valid results (in the sense that the
kernels will be positive semi-definite). However, as mentioned in section 5.2.1.2, we can

neglect that effect.

7.3 Second experimental procedure

We noticed through all those experiments that the results strongly differed from one

dataset to the other. This might indicate the presence of a bias in our tuning procedure.
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Therefore, we also will come back to our tuning procedure, and compare once again
the algorithms after tuning each parameter on each dataset.
the value of each parameter for each dataset and algorithm, and keep as reference value
the parameter giving the highest NMI score for a given dataset and a given clustering

algorithm. This will allow us to compare our different algorithms based on their best

result obtained after an optimal and adapted tuning.

7.3.1 New parameter tuning

We will, for each dataset, run 50 times each algorithm while varying the parameter value,
as we did in the first experiment. We will keep as optimal parameter the one leading to

the highest value of NMI score. The results of this "new tuning" is given in table 11:

Table 11: New parameter values

This time, we will vary

Second tuning procedure, first research question

DB Kmeans Kernel Kmeans SCT Kmeans KFCM PFCM
Zachary 0=9 0 =9, expo=>5 a=38 p=T7 ¢ =
football 6=10"" 0=10"1,expo=6 a=3 ¢ =10 ¢=10"1
LFR1 0=" 0 =17, expo =10 a="7 ¢ =10 =T
LFR3 0=2 0 = 2, expo = 10 a="T7 ¢=9 ¢=9
news2cll 0=2 0 =2, expo=14 a=>5 ¢=4 ¢ =
news2cl2 0=5 0 =5, expo =2 a=4 ¢ = ¢ =
news2cl3 | =101 0=10"1, expo=1 a=10 ¢ = ¢ =
news3cll 0=6 0 =06, expo=29 a=7 ¢ = ¢ =10
news3cl2 | §=9 0 =09, expo=1 a=38 p=10"1 ¢=
news3cl3 0="17 0=17,expo=26 a=10 ¢ = ¢=9
news5cll 0 =10 0 =10, expo =7 a=10 ¢=9 ¢=3
news5cl2 0=3 0 =3, expo=4 a=3 ¢=3 ¢=2
newscl53 | 6 =102 0=10"2,expo=7 a=5 =3 =3
polbooks | 6 =102 0 =10"2,expo=3 o« = 1000 $p=10"6 =10
Schoolllel | 6 =10 0 = 10, expo = 3 a=9 ¢ =38 ¢=10"2
School6cel 0 =10 0 = 10, expo = 3 a=10 ¢ =10 ¢ =102

7.3.2 Experiments with the new parameters values

We are now able to re-launch our algorithms, using the same procedure as before but with

the new parameter value. Again, we computed for each dataset the average NMI score,
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Adjusted Rand Index and Classification rate for the 50 trial runs. Here are the results for

each dataset.

e Newsgroup datasets (table 12)

Table 12: Clustering results for the Newsgroup Dataset

Second tuning procedure, first research question

Newsgroup-2cl-A | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.3447 0.932 0.7878 0.5061 0.5232 0.9080

ARI 0.3265 0.7469 0.7809  0.5089 0.4696 0.5727
Classification Rate 0.7698 0.9321 0.9443 0.8515 0.6648 0.8662
Newsgroup-2cl-B | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.3452 0.8933 0.5883 0.4232 0.3762 0.8904

ARI 0.3691 0.6175 0.6201  0.3388 0.2835 0.5996
Classification Rate 0.8337 0.8931 0.8713 0.8328 0.5199 0.8865
Newsgroup-2c¢l-C | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMT 0.6449 0.9707 0.8139  0.5127 0.5554 0.9209

ARI 0.6708 0.8784 0.8465  0.5264 0.4789 0.7205
Classification Rate 0.9088 0.9683 0.9585  0.8393 0.6636 0.9244
Newsgroup-3cl-A | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMI 0.4178 0.9213 0.7005  0.4692 0.6719 0.7156

ARI 0.4719 0.7595 0.7106  0.3310 0.6950 0.4571
Classification Rate 0.7299 0.8906 0.8689  0.6399 0.7836 0.7051
Newsgroup-3cl-B | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.2472 0.8799 0.7326 0.4783 0.6252 0.7402

ARI 0.2313 0.6411 0.7182  0.4075 0.6153 0.4755
Classification Rate 0.6114 0.8416 0.9049  0.7047 0.7404 0.7292
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Newsgroup-3cl-C | DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMI 0.3232 0.9000 0.7397 0.4273 0.6293 0.7326

ARI 0.3148 0.6978 0.7306  0.4005 0.6422 0.4424
Classification Rate 0.6736 0.9000 0.8793 0.6815 0.7802 0.7089
Newsgroup-5cl-A | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.3048 0.8530 0.6061  0.3913 0.6644 0.5276

ARI 0.2956 0.6663 0.5238  0.3046 0.6485 0.2711
Classification Rate 0.5441 0.8579 0.7149  0.5737 0.7422 0.5085
Newsgroup-5cl-B | DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMT 0.2578 0.7269 0.5644  0.3850 0.6079 0.4374

ARI 0.2022 0.5585 0.4656  0.2528 0.5443 0.2527
Classification Rate 0.4980 0.7363 0.6244  0.4667 0.7014 0.4280
Newsgroup-5cl-C | DB K-means Kernel trick Kg‘T KFCM  Louvain PFCM
NMI 0.1966 0.7275 0.5451  0.4055 0.5286 0.5498

ARI 0.1293 0.5466 0.4824  0.3139 0.5253 0.3362
Classification Rate 0.4064 0.7173 0.6970  0.5283 0.6938 0.5325

As we can see from the tabs above, for each performance measure and almost every

newsgroup subset, the kernel-based methods give the best results.

e Zachary dataset (table 13)

Table 13: Clustering results for the Zachary Dataset

Second tuning procedure, first research question

Zachary DB K-means Kernel trick KgT KFCM  Louvain PFCM
NMI 0.9260 0.9982 0.9770 0.5984 0.7992 0.9429

ARI 0.8999 0.9804 0.9914  0.2628 0.7260 0.9429
Classification Rate 0.8894 0.9759 0.9794  0.7741 0.8141 0.9424
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On this smaller dataset, the sigmoid commute-time kernel algorithm gives the best

results.

e Political Books dataset (table 14)

Table 14: Clustering results for the Political Books Dataset

Second tuning procedure, first research question

PolBooks DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.6531 0.8131 0.5889 0.6095 0.5317 0.8470

ARI 0.6613 0.6425 0.6841 0.0000 0.5990 0.6604
Classification Rate 0.8894 0.9759 0.9794  0.4667 0.8141 0.9424

On the political books dataset, we observe very different results depending on the

performance measure chosen. We can also observe that the PFCM offers interesting

results.

e Football dataset (table 15)

Table 15: Clustering results for the Football Dataset

Second tuning procedure, first research question

Football DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.7757 0.8397 0.8847  0.7288 0.6316 0.5200

ARI 0.5846 0.7992 0.7689 0.5705 0.3585 0.3987
Classification Rate 0.6883 0.8417 0.8323 0.6830 0.4593 0.5217

On this dataset with 12 classes, the kernel-based methods give us the best results.
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e LFR dataset (table 16)

Table 16: Clustering results for the LFR Dataset

Second tuning procedure, first research question

LFR1 DB K-means  Kernel trick KgT KFCM  Louvain PFCM

NMI 0.1744 0.9794 0.9428  0.5540 0.9187 0.7339

ARI 0.1847 0.9320 0.8622  0.1307 0.9497 0.3198
Classification Rate 0.5786 0.9744 0.9020  0.5123 0.9798 0.6979
LFR3 DB K-means  Kernel trick KgT KFCM  TLouvain PFCM

NMI 0.5310 0.9954 0.9401  0.6452 0.7711 0.6984

ARI 0.4885 0.9748 0.8447  0.4603 0.7762 0.5671
Classification Rate 0.6504 0.9900 0.8843  0.6026 0.8603 0.7007

On those datasets, we clearly observe that the kernel-trick /k-means algorithm and

the Louvain method perform better than the other clustering algorithms.

e School dataset (table 17)
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Table 17: Clustering results for the School Dataset

Second tuning procedure, first research question

School 11-cl DB K-means  Kernel trick Kg‘T KFCM  Louvain PFCM
NMI 0.2928 0.3417 0.3087 0.1867 0.2104 0.2202

ARI 0.0847 0.1279 0.1315  0.0733 0.0911 0.0638
Classification Rate 0.2793 0.3396 0.3473  0.2525 0.2619 0.2189
School 6-cl DB K-means  Kernel trick KgT KFCM  Louvain PFCM
NMI 0.2940 0.3223 0.1198  0.0518 0.0981 0.2599

ARI 0.0270 0.0596 0.0589  0.0216 0.0529 0.0089
Classification Rate 0.2853 0.3217 0.3195  0.2779 0.3197 0.2609

On those datasets, we clearly observe that the kernel-based methods perform better than

the other clustering algorithms.

7.4 Comparison of the two procedures

We can now compare the results obtained with the different tuning procedures.
First, let us observe the highest level of performance for each dataset using the NMI as
performance measure (the results for the ARI and the classification rate are in the ap-

pendix, respectively LIILI and LIILIT), as given in figure 8.
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Figure 8 :Comparison of the NMI scores for both tuning procedures
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We can easily observe that our new tuning method gives overall higher results. We will
therefore continue to use the parameters values yielding the highest possible result for the
NMI score.

We also observe that the SCT K-means gives us the best results, just before the kernel
k-means. This seems to indicate a superiority of the kernel-based methods, leading to our
second research question: does using a Gaussian kernel-based possibilistic c-means yield

better results than the "regular" possibilistic c-means?
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8 Second research question

The first research question convinced us of the interest residing with the Kernel-based
methods. Therefore, we should now try to establish whether turning the possibilistic c-
means into a kernel possibilistic c-means significantly improves its performance. This idea
leads us to our second research question: does using a Gaussian kernel-based possibilistic

c-means yield better results than the "regular"possibilistic c-means?

8.1 Kernel Possibilistic C-means

Let us derive an algorithm from the kernel fuzzy clustering algorithm and develop a kernel
possibilistic c-means algorithm. As in the kernel fuzzy c-means clustering (KFCM), we
adopt a Gaussian kernel function.

We obtain a new objective function |76]:

Tn(U, V) = 30 ST ugt [o(m) — ¢(0)]* + S mi >op_ (1 —ug)™  eq. 8.1

where ¢ is the number of clusters, n the number of data points, u;, the membership of x
in class ¢ , m the fuzzifier and V the set of prototypes. Finally, K (z,y) = ¢(z)T¢(y) is
an inner product kernel function.

Under those circumstances, the updating of membership is achieved using [76]:

= 1 —— eq. 8.2
1+ (2(1 = K(xp, v)) /) &0

The updating of v; is computed as

n
Z up K (zg, v;)xg
k=1

V; = eq. 8.3
Z uip K (g, v;)
k=1
and the 7n; are estimated using
> ul2(1 = K (xp, v;))
n; =K k=1 eq. 8.4

n
m
E WU
k=1
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where K is often chosen to be 1 |76].
With that in mind, we can establish (see figure 9) a new algorithm for the Kernel Possi-

bilistic Fuzzy C-means (KPFCM):

Figure 9: the kernel possibilistic fuzzy-means algorithm-KPFCM

Fix ¢, taz, m > 1 and € > 0 for some positive constant;
Initialize ) using KFCM algorithm;
Estimate 7; ;
Fort=1,2,... t,. do
Update all prototypes v! ;
Update all memberships uf, ;
Compute E' = max;y, |ul), — ul '] ;
t=1t+1;
Until Ef < ¢ ;

source: adapted from Zhang and Chen [76], 2003.

8.2 Experiments

We can now compare, again with our three performance criteria, the efficacy of the
KPFCM versus that of the PFCM (see table 18). The experimental procedure remains
unchanged (50 runs on each algorithm to find the best parameter values, and an extra 50

runs to find the mean performance measure).

Table 18: Comparison of clustering results - PFCM vs. KPFCM

Second research question

Dataset Performance Eval. | PFCM | KPFCM
NMI 0.9935 0.735
Zachary ARI 0.9801 0.5397

Classification Rate 0.9994 0.8712
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NMI 0.6014 0.6594
Football ARI 0.2892 0.4537
Classification Rate 0.4292 0.5663

NMI 0.1087 0.5392

LFR1 ARI 0.0687 0.000
Classification Rate 0.4325 0.3333

NMI 0.4824 0.457

LFR3 ARI 0.3901 0.6436
Classification Rate 0.5903 0.7392

NMI 0.6799 0.4962

Newsgroup-2cl-A ARI 0.7351 0.5564
Classification Rate 0.9248 0.8309

NMI 0.5587 0.4409

Newsgroup-2cl-B ARI 0.6641 0.4642
Classification Rate 0.8946 0.7983

NMI 0.6991 0.569

Newsgroup-2cl-C ARI 0.7772 0.5687
Classification Rate 0.9407 0.8871

NMI 0.535 0.5157

Newsgroup-3cl-A ARI 0.5196 0.4076
Classification Rate 0.7407 0.7138

NMT 0.5429 0.5186

Newsgroup-3cl-B ARI 0.4868 0.4653
Classification Rate 0.7054 0.7202

NMI 0.5068 0.467

Newsgroup-3cl-C ARI 0.4659 0.4269
Classification Rate 0.7121 0.7291

NMI 0.3203 0.3939

Newsgroup-5cl-A ARI 0.2589 0.2935
Classification Rate 0.4963 0.5574
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NMI 0.3863 0.3996

Newsgroup-5cl-B ARI 0.2701 0.2832

Classification Rate 0.4105 0.4890

NMI 0.4379 0.4265

Newsgroup-5cl-C ARI 0.3505 0.3433
Classification Rate 0.5265 0.559

NMI 0.6069 0.6108

Political Books ARI 0.6671 0.0000

Classification Rate 0.8480 0.4667

NMI 0.1577 0.1693

School-11-classes ARI 0.0597 0.0709

Classification Rate 0.1775 0.2594

NMIT 0.0247 0.0611

School-6-classes ARI 0.0041 0.0136

Classification Rate 0.2393 0.2755

8.3 Discussion of the results

We can compare the two methods in a very visual way (see figure 10), firstly by looking

at their performance level for each dataset .

Figure 10: comparison of the NMI score for PFCM and KPFCM
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From the graphic above, we cannot deduce that the KPFCM yields better results than
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the PFCM, even though they seem to be more consistent. We can thus answer our
second research question and state that using a Gaussian kernel-based possibilistic
c-means does not yield significant better results than the "regular"possibilistic
c-means. Of course, using a different kernel method might change that statement, but
little theory is yet available on the use of other kernel functions for possibilistic clustering,

or on the necessary adaptations of the objective functions and variables.

8.4 Reuniting the two research questions

We can finally summarize our findings to generalize our conclusions at a broader level,

that is, compare our techniques over all datasets.

For that purpose, we will start by assigning points to each clustering technique (distance-
based k-means, kernel-trick k-means, sigmoid-commute-time kernel k-means, Louvain
method, PFCM and KPFCM). We will give 6 points for the technique yielding the highest
result, and 1 for the technique leading to the lowest one. We will repeat this step for each
dataset. That will give us a mean rank for each clustering algorithm over all datasets.
We will then compare them using Friedman’s test. Friedman’s test is similar to a classical
balanced two-way ANOVA, but it tests only for column (= the techniques) effects after
adjusting for possible row (= the datasets) effects. We will then use a multiple comparison
test to obtain the critical difference measures (the point at which the differences between
our elements become significant).

In other words, we will now compare our different techniques based on their mean rank,
and see if some differences are really significant.

More precisely, to go back on our research questions, we will try to determine if the PFCM
is significantly different from the other techniques, and if the KPFCM is significantly
different from the PFCM on a global scale. The results of those tests are displayed in
figure 11 (for the NMI only, for our other performance measures, see appendices II.I and

ILI1).
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Figure 11: Comparison of the clustering techniques (NMI) over all datasets
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Clustering techniques are considered significantly different from one another if the mean
rank (the "bullet" on the graph) of the first one is located outside the critical difference
limit (the "whiskers") of the other.

In our figure, it is therefore pretty clear that the kernel trick and sigmoid CT kernel
k-means perform significantly better than all the other algorithms (over all datasets),
including the PFCM and the KPFCM. We can also see that there is no significant
difference between the PFCM and the KPFCM.This information thus confirms what our
tests datasets per datasets already established, and our research questions are definitely

closed.

Some results are particularly interesting. The first one is the dominance of the free energy
distance over other distance measures. The second one is linked to the kernel k-trick.

The results of the k-trick kernel k-means are extremely interesting. Indeed, it gives very
good results and was obviously improved by the switch towards a new tuning procedure.

We can conclude that the parameter 6 played an important role (as it is the only change
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brought to the tuning procedure), and is probably quite sensitive to the size of the graph.
We could exploit this intuition by normalizing and dividing the data by the average of

the costs. That way, this size-sensitivity would disappear.

Another noticeable result is that we observe good results from different algorithms in
very different datasets (e.g.: the newsgroups datasets are very sparse, while the LFR are
"artificial" networks, constructed differently). This brings us closer to the idea that it
could be possible to identify which method to use depending on the characteristics of the
graph. The existence of a unified "ideal" solution (i.e. a clustering algorithm that would
outperform the others on every dataset) being rejected so far by the experiments, we could
investigate this "tailored" approach (choosing the method based on the characteristics of

the datasets).
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Part Ill. Further work and conclusions

If our experiments did not prove the superiority of the possibilistic fuzzy c-means, there
are several tracks that might give us room for improvement.

The first one is to try to derive another kernel-based possibilistic algorithm (for instance,
the sigmoid commute-time kernel proven very successful), even though there is little lit-
erature on the use of other kernel functions than the Gaussian kernel.

Other leads would directly tackle the theoretical foundation of the PCM as proposed by

Krishnapuram and Keller. We will discuss these in the following section.

9 Improving the PCM

The PCM approach proposed by Krishnapuram and Keller was proven effective. However,
their method still relies on FCM to calculate the parameter 7; .Yang and Wu [70| proposed
to improve that algorithm by computing directly the typicality values and avoid running
the FCM beforehand to compute the parameters 7; . They introduced a new Possibilistic
Clustering Algorithm : the PCA. After them, Wu and al. |67| realized that the PCA was
very sensitive to the initialization procedure and sometimes generated coincident clusters.
They therefore proposed an Unsupervised Possibilistic Fuzzy Clustering (UPFC) to solve
the problem, combining features from the PCA and the FCM.

9.1 PCA algorithm
9.1.1 Description

The major critique addressed to Krishnapuram and Keller’s approach is that it depends
heavily on its parameters. Therefore, Yang and Wu |70] suggested another possibilistic
clustering approach (PCA) based on the FCM objective function, the partition to noise
and outliers. The resulting membership function becomes an exponential function (to
gain robustness), or a mountain function (so that the prototypes can be easily handled).
The PCA will therefore use an objective function based on the partition coefficient (PC)

and partition entropy (PE) validity indexes.
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The first validity index associated with FCM is the partition coefficient (PC), defined

as

PC(c)=+>0 > gy eq. 9.1

where the membership functions fp; are defined as p;; = p;(z;). We obtain that % <

PC(c)<1.

The second validity index, the partition entropy (PE), is defined as

PE(c) = =+ 30 X0y jlogap;  eq. 9.2

where 0 < PE(c) < logaj;j -

With that in mind, we can construct a new objective function for the PCA:

c n m 2 c n m m m
Jpca(p,a) = Z¢:1 Zj:l Hij [[xj —a;]” + %E Zi:1 Zj:1(/~%jlagﬂij - Mz‘j) eq. 9.3

where 5, m and c are all positive. The first term is equivalent to the FCM objective func-
tion and the second term is constructed by an analog of the PE validity index (,ugflogu?}),
and an analog of the PC validity index (u7}).

We deduce the following update equations:

iy = eap(—YC [[xé —al’y g 0.4

and

n
m
E M5 T
_J=1
- n
m
E Hij
j=1

a; eq. 9.5

withe=1,...,cand J =1,...,c.

When minimizing the objective function, we obtain that Jp (1) = _%ﬁ Dim1 g HI-
We can therefore see that the objective of Jpc4 is to find prototypes such that the sum of

the membership functions is maximized. Therefore, the cluster centers obtained by PCA
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correspond to the peaks of the potential function. Since the potential function can be
considered as a density function, the prototypes of PCA are equivalent to the modes of
the estimated density [70].

The parameter 3 is a normalization term measuring the degree of separation of the data

Z?:1 [ _j]]2

set, and we can define it as the sample co-variance. That is § = —

The role of the parameter m corresponds to the fuzzifier m in FCM. If m tends to zero,
ltmym—ops; = 1 and limy,_0a; = T for all 4,7 . In this case, the sample mean will be the
unique optimizer of the function and no clusters will be found (or, alternatively, the ¢
clusters coincide to one cluster ). If m tends to infinity, most data points will have very

small membership values even if they are very close to one of these ¢ clusters centers |70].

9.1.2 Algorithm

Given the constraints and objectives given above, we can construct a new possibilistic

clustering algorithm, as given in figure 12.

Figure 12: The possibilistic clustering algorithm-PCA

(0)

Initialize a; ’, ¢ =1, ...,c and set € > 0;

Set iteration counter [ = 0;

Repeat

(1+1),
i )
(1+1),

7 I

Step 1. Compute p
Step 2. Compute a
Increment [;

Until max; [[al(-lﬂ) - al(-l)]] <e

source: adapted from Yang and Wu [70], 2006.

9.2 Unsupervised Possibilistic Fuzzy Clustering
9.2.1 Description

UPFC [67] is an extension of PCA, but integrates the benefits of FCM and PCA. Its ob-

jective is to minimize the following objective function (for a set of [ points in p dimensional
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space):

Juprc(u,v) =
I 2 !
> i1 Zj:l(au;‘?,FC’M +bu; poa) [ — vi]” + nzli/g > e Zj:l(u?j,PCAlogu?j,PCA — U poa)

eq. 9.6

where the u}j o), are the membership values of z; in class ¢ and the uj po, are the
possibilistic values of z; in class i.

We obtain the following updating equations by solving the Lagrangian function:

c

1
Tj— Ui 2 .
Uij FCM = [Z(—[[ J H)m2—1] Vi, g eq. 9.7

[ — il

/el — vl
B

Ui poa = exp(— ),Vi,j  eq. 9.8
! " .
B > (@l pong + 0l poa)T;

; Vi eq. 9.9
> i (au ponr + 0Ul poa)

and the parameter [ is calculated in the same way as in the PCA approach.

9.2.2 Algorithm

With that in mind, we can establish (see figure 13) an algorithm for the UPFC.



9 Improving the PCM 7

Figure 13: Unsupervised Possibilistic Fuzzy Clustering

Step 1 Initialization
1) Fix ¢,;m,n,a and b, 1 < ¢ <l , m,n > 1 and set ¢ > 0 and iteration counter r = 1 and

iteration counter 7,,4z;
(0)

2) Initialize v; ’ ,i=1,...,c;
3) Compute parameter [3 ;
Step 2 Repeat

1)Update uf; pop, and ulpe y
2) Update v) ™ ;

3) Increase r ;

Step 3 Until ([vj™" — ] <¢) or (r > ryna.)

source: adapted from Wu and al. [67], 2010.

All these theories, yet to be tested, criticized and more detailed in the literature, will

probably lead the future in possibilistic clustering techniques.
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10 Conclusion

This thesis finds its place right at the intersection between the scientific world and the
managerial world. Indeed, 1 was able to produce a new way of clustering data, test it,
improve it and analyze the results from a critical point view, while keeping in mind the
business implications it could trigger.

I first introduced the basic notions of machine learning such as clustering, similarities and
dissimilarities, kernel matrices and so on. I then explored the current techniques used
for clustering, displaying the different algorithms I was going to test: the distance-based
k-means, kernel k-means, Louvain method and possibilistic clustering.

I tackled the experimentation part, after tuning our different parameters, trying to be as
critical as possible in regard to the evaluation and validation of the results. I therefore did
not hesitate to change the tuning procedure, to use different distance measures or different
kernel matrices. All those precautions allowed me to draw valid and sound conclusions
from those experiments.

I finished by offering some potential improvements that could be brought to the possi-
bilistic clustering algorithm as it is now, and by stating different applications of clustering

in the business world.

With this paper, I have shown that the possibilistic fuzzy c-means clustering offers in-
teresting results. Indeed, for some datasets, it gave me the best clustering results (or
close to the best). On other datasets, however, it did not outperform the existing al-
gorithms. I was able to highlight the opportunities linked to the use of kernels. Even
though my experiments showed in the end that transforming the PFCM into the KPFCM
(using a Gaussian kernel transformation) did not make a significant difference, the ob-
vious supremacy of the kernel-based methods strongly encourage to pursue the work in
this direction, and to test other kernel forms of the possibilistic clustering algorithm. An-
other noticeable result was that we observed good results from different algorithms in very
different datasets (e.g.: the newsgroups datasets are very sparse, while the LFR are "ar-
tificial" networks, thus constructed differently). This brings us closer to the idea that it

could be possible to identify which method to use depending on the characteristics of the
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graph. The existence of a unified "ideal" solution (i.e. a clustering algorithm that would
outperform the others on every dataset) being rejected so far by my experiments, we could
investigate this "tailored" approach (choosing the method based on the characteristics of
the datasets).

I strongly advise to continue this thesis’s work by integrating the newest theories on
possibilistic c-means algorithms, exploring different kernel opportunities and pursue this

idea of selecting the clustering method based on the characteristics of the graph.

I would also like to come back on the skills T have developed to start, construct and finish
this thesis.

The first challenge was to discover the world of clustering, and understand the logic and
language of clustering algorithms. Getting familiar with and master previous researcher’s
codes and algorithm was another complicated step. I had to translate the theories into
a logical new algorithm. Then came the fourth and biggest challenge: implementing
those algorithms. I had to discover Matlab 4AZs universe and code algorithms for the
first time. After implementing those algorithms, the difficulty was to determine how to
estimate their validity. Finally, vulgarizing a highly technical content, and diving into the
LATEX environment was also a novelty for me.

All those skills I developed are quite unusual for a business engineer, but I tend to think
that they are extremely useful, and valued by companies. Therefore, I would advice any
student with an interest in information systems to tackle this kind of project. Being
able to deduce a logic and a succession of steps from a theoretical paper, to be flexible
regarding the tools to use, and the ability to program are without a doubt great additions

to a management background, as it will form a complete multitasking profile.

The need for outstanding clustering techniques and professional data miners will only
grow in the future, and spread to all areas of the business world; from marketing to
sales, supply chain to finance, to allow smoother mergers and acquisitions procedures,
or business process re-engineering. The data mining fever will spread fast through the

business world, and clustering will find its place in the core of this movement.
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Appendix I : tuning procedures

L.I Results of the first tuning procedure

1.1.I Ktrick
Ktrick exponent
theta 10™-6 10~-2 10~-1 1 2 3 4 5 6 7 8 9 10 1000
10~-6 0.0333 0.0255 0.0388 0.0286 0.029 0.0275 0.0262 0.0265 0.0153 0.0054 0.0014 0.0025 0.0035 0,00000
10~-2 0.1214 0.1138 0.4786 0.5191 0.5425 0.5609 0.5414 0.5547 0.5473 0.5057 0.502 0.4661 0.427 0,00000
10~-1 0.1051 0.1089 0.3322 0.6386 0.6828 0.6753 0.6705 0.6817 0.6741 0.6543 0.6516 0.6159 0.6095 0,00000
0.5 0.0955 0.0954 0.3532 0.609 0.6391 0.6303 0.6286 0.5971 0.6109 0.612 0.6174 0.6212 0.5961 0,00000
1 0.0926 0.1092 0.3884 0.5952 0.5755 0.5885 0.5976 0.5914 0.5931 0.6077 0.6137 0.6078 0.5904 0,00000
3 0.0994 0.092 0.3757 0.5489 0.5398 0.579 0.5735 0.5563 0.5852 0.6024 0.5777 0.5884 0.5832 0,00000
10 0.0888 0.0978 0.3252 0.5221 0.5363 0.5618 0.5611 0.5644 0.567 0.5745 0.5789 0.5837 0.5464 0,00000
1000 / / / / / / / / / / / / / /
1.1.1II Distance-based k-means
theta 10~-6 10~-2 10~-1 1 2 3 4 5 6 7 8 9 10 1000
DBased 0.0225 0.1255 0.1479 0.1504 0.1437 0.1694 0.1468 0.1359 0.1387 0.1544 0.1509 0.1403 0.1394 /
L.LIIIT Possibilistic clustering
phi 107-6 107-2 10~-1 2 3 4 5 6 7 8 9 10 1000
Possib 0.3593 0.3479 0.3521 0.3532 0.3496 0.3497 0.3504 0.351 0.3397 0.3401 0.3524 0.3463 0.3458
LIIV SCT Kernel
alpha ‘ 10~-6 10~-2 10~-1 6 1000

SCT ‘ 0.0337 0.0264 0.0319 0.3937 0.4246 0.4543 0.4737 0.492 0.5068 0.5147 0.5111 0.4897 0.5142 0.4855
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L.IT Results of the second tuning procedure

LII.I Ktrick

Ktrick

exponent

dataset 10~-6 10~-2 10~-1 1 2 3 4 5 6 7 8 9 10 1000
zach 0.7324 0.7588 0.74 0.9247 0.97 0.9824 0.9871 0.9982 0.9559 0.9388 0.9265 0.9029 0.8582 0.5294
foot 0.603 0.5962 0.6172 0.736 0.7842 0.8073 0.8063 0.823 0.8397 0.832 0.8162 0.7677 0.7073 0.113

LFR1 0.4869 0.4768 0.6097 0.9742 0.9632 0.9716 0.9783 0.9771 0.9633 0.9641 0.9582 0.9744 0.9794 0.3333

LFR3 0.5454 0.5278 0.7111 0.9453 0.9654 0.9749 0.9682 0.9867 0.9759 0.9941 0.9747 0.9869 0.9954 0.27
N2A 0.6304 0.649 0.8463 0.923 0.9315 0.9253 0.932 0.9302 0.9296 0.9273 0.9229 0.9038 0.8147 0.5
N2B 0.6468 0.6289 0.8152 0.888 0.8933 0.8863 0.8874 0.893 0.8888 0.8924 0.8918 0.8906 0.8894 0.5025
N2C 0.7353 0.7141 0.9205 0.9707 0.9697 0.9676 0.9684 0.9689 0.9607 0.9699 0.9699 0.9682 0.965 0.5013
N3A 0.5749 0.565 0.8299 0.854 0.8986 0.8967 0.8973 0.8734 0.9128 0.8878 0.9008 0.9213 0.8985 0.3333
N3B 0.5073 0.507 0.7334 0.8799 0.8459 0.8592 0.8764 0.8676 0.8537 0.8512 0.8417 0.8097 0.6037 0.3344
N3C 0.5496 0.5347 0.7963 0.8979 0.8834 0.8917 0.8916 0.8898 0.9 0.8902 0.8483 0.6568 0.6274 0.3361
N5A 0.4459 0.4509 0.7241 0.795 0.8097 0.7997 0.7851 0.8232 0.847 0.8530 0.8337 0.7975 0.6275 0.2004
N5B 0.4117 0.4293 0.6273 0.7086 0.7232 0.7012 0.7269 0.724 0.7265 0.7137 0.6575 0.5554 0.4876 0.2002
N5C 0.4156 0.4219 0.4693 0.6732 0.6984 0.7188 0.6911 0.707 0.7040 0.7275 0.7244 0.7246 0.6985 0.2006
PolB 0.7484 0.7333 0.6958 0.8181 0.8063 0.8131 0.8097 0.8017 0.7910 0.8074 0.7853 0.7530 0.7573 0.4667
sc.11 0.2684 0.2654 0.269 0.3358 0.3395 0.3417 0.3390 0.3386 0.3391 0.3379 0.3396 0.3351 0.3397 0.1059
sc.6 0.2809 0.2777 0.2847 0.3184 0.3180 0.3223 0.3199 0.3157 0.3175 0.3141 0.3170 0.3063 0.3022 0.2076
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1.11.1I Distance-based k-means

DBKmeans theta

dataset 10--6 10~-2 10--1 1 2 3 4 5 6 7 8 9 10 1000
zach 0.1187 0.2185 0.4571 0.5989 0.7272 0.7555 0.9096 0.9255 0.7779 0.87 0.9072 0.926 0.7208 /
foot 0.7477 0.7707 0.7757 0.7281 0.736 0.7311 0.732 0.7513 0.7291 0.7385 0.7373 0.7264 0.7291 /
LFR1 0.0297 0.022 0.0306 0.1233 0.1444 0.1606 0.1605 0.1641 0.1613 0.1744 0.1624 0.1568 0.1608 /
LFR3 0.3913 0.0696 0.2445 0.4802 0.5310 0.4866 0.4776 0.4953 0.4960 0.4840 0.4914 0.4768 0.4937 /
N2A 0.0158 0.1676 0.3127 0.3053 0.3447 0.3219 0.3219 0.3534 0.3087 0.2939 0.3054 0.276 0.3443 /
N2B 0.0302 0.1152 0.2179 0.2192 0.2834 0.2945 0.3332 0.3452 0.3218 0.3316 0.3261 0.2913 0.2951 /
N2C 0.0159 0.3629 0.6449 0.6279 0.5503 0.5739 0.5402 0.5406 0.5038 0.4827 0.5616 0.5385 0.4861 /
N3A 0.0223 0.2245 0.3133 0.4053 0.4137 0.4097 0.4300 0.4380 0.4178 0.4325 0.4275 0.4097 0.3877 /
N3B 0.0336 0.1639 0.2682 0.1881 0.2101 0.2191 0.2156 0.2084 0.2041 0.2171 0.2232 0.2472 0.2197 /
N3C 0.0286 0.2412 0.315 0.2888 0.3002 0.3041 0.3052 0.3077 0.3048 0.3232 0.3106 0.3047 0.3012 /
NBA 0.0282 0.2309 0.2469 0.2578 0.2714 0.272 0.2831 0.2981 0.2871 0.3016 0.2967 0.3008 0.3048 /
N5B 0.0289 0.1991 0.2030 0.2401 0.2388 0.2578 0.2493 0.2528 0.2384 0.2535 0.252 0.2479 0.2468 /
N5C 0.0287 0.1966 0.1824 0.1783 0.168 0.1671 0.1615 0.1771 0.17 0.1819 0.1598 0.1567 0.1713 /
PolB 0.259 0.6531 0.5678 0.5109 0.5074 0.5023 0.5002 0.4890 0.4900 0.488 0.4814 0.4843 0.4974 /
sc.11 0.2118 0.2381 0.2675 0.2916 0.2905 0.2836 0.2797 0.2871 0.2894 0.2871 0.2930 0.2892 0.2928 /
sc.6 0.2297 0.2446 0.2881 0.2948 0.2924 0.2868 0.2962 0.2896 0.2898 0.2879 0.2926 0.2829 0.294 /
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LILIII Possibilistic clustering

Possibilistic phi

datasets 10--6 107-2 107-1 1 2 3 4 5 6 7 8 9 10 1000
zach 0.5294 0.7576 0.8171 0.5294 0.9412 0.9412 0.9412 0.9418 0.9412 0.9412 0.9418 0.9429 0.9394 0.6524
foot 0.113 0.5052 0.5200 0.113 0.4402 0.4607 0.4784 0.4809 0.5017 0.5037 0.4892 0.5136 0.4918 0.113
LFR1 0.3502 0.496 0.4405 0.3333 0.6847 0.7038 0.7179 0.7112 0.6971 0.7339 0.7196 0.7149 0.7061 0.3889
LFR3 0.27 0.6026 0.6128 0.27 0.6855 0.654 0.638 0.6445 0.6326 0.6649 0.6901 0.6984 0.6876 0.301
N2A 0.5 0.8252 0.8701 0.5 0.8299 0.8819 0.876 0.8807 0.9007 0.8948 0.9041 0.908 0.9016 0.8357
N2B 0.5025 0.8659 0.8353 0.5025 0.8859 0.8977 0.8701 0.8904 0.8688 0.8724 0.8779 0.8843 0.8477 0.7438
N2C 0.5013 0.8722 0.8754 0.5013 0.8598 0.8972 0.9084 0.9032 0.9189 0.9204 0.9204 0.9209 0.9162 0.8625
N3A 0.3487 0.6366 0.6072 0.3333 0.5806 0.6280 0.6492 0.6453 0.6813 0.6989 0.7090 0.6928 0.7156 0.4439
N3B 0.3469 0.6749 0.6997 0.3344 0.67 0.6987 0.7141 0.7312 0.7181 0.7080 0.7141 0.7402 0.7048 0.4464
N3C 0.3506 0.6798 0.6831 0.3361 0.6858 0.6999 0.7078 0.7158 0.7164 0.6978 0.6857 0.7326 0.7036 0.439
N5A 0.2137 0.4968 0.4957 0.2004 0.5118 0.5276 0.5145 0.5012 0.4863 0.4960 0.4818 0.4913 0.4895 0.2975
N5B 0.2102 0.4214 0.4129 0.2002 0.4374 0.4378 0.4272 0.4102 0.3994 0.4038 0.4077 0.4035 0.3987 0.2732
N5C 0.2100 0.5235 0.4972 0.2006 0.5134 0.5498 0.5471 0.534 0.5445 0.5223 0.5442 0.5477 0.5397 0.2605
PolB 0.4682 0.8225 0.8398 0.4667 0.8459 0.8448 0.8423 0.8480 0.8457 0.845 0.8450 0.8465 0.847 0.5808
sc.11 0.1192 0.2202 0.2172 0.1059 0.1875 0.1923 0.1973 0.1965 0.1944 0.1982 0.1973 0.2 0.1986 0.1059
sc.6 0.2076 0.2599 0.2592 0.2076 0.241 0.2455 0.2448 0.2496 0.2502 0.2496 0.2467 0.2486 0.2488 0.2076
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LII.IV SCT Kernel

SCTKernel alpha
datasets 10°-6 10~-2 10--1 1 2 3 4 5 6 T 8 9 10 1000

zach 0.2916 0.2884 0.2505 0.6656 0.9273 0.8727 0.9087 0.9820 0.9406 0.964 0.977 0.957 0.8819 0.8458
foot 0.747 0.7351 0.7528 0.8492 0.8722 0.8847 0.8700 0.8764 0.8681 0.8759 0.8507 0.8543 0.8636 0.7109
LFR1 0.022 0.0216 0.0271 0.3291 0.8123 0.8872 0.9199 0.9107 0.8854 0.9428 0.9234 0.9296 0.9334 0.4416
LFR3 0.0603 0.0556 0.0924 0.8359 0.9211 0.9155 0.9383 0.9295 0.9263 0.9401 0.9310 0.9293 0.9173 0.8969
N2A 0.0194 0.0203 0.0314 0.5733 0.676 0.7315 0.7021 0.7878 0.7707 0.7580 0.7705 0.7543 0.7697 0.5609
N2B 0.0218 0.0239 0.0225 0.4158 0.4988 0.5511 0.5883 0.5680 0.5744 0.5822 0.5638 0.5809 0.5782 0.4565
N2C 0.0178 0.0206 0.0288 0.6266 0.6135 0.682 0.7028 0.7670 0.7865 0.7473 0.7872 0.7812 0.8139 0.5604
N3A 0.027 0.0393 0.0336 0.5997 0.6775 0.6363 0.6687 0.6603 0.6755 0.7005 0.6829 0.6928 0.6840 0.6746
N3B 0.0345 0.0382 0.0435 0.6061 0.6234 0.7018 0.6706 0.7103 0.7135 0.7082 0.7326 0.7098 0.6961 0.5159
N3C 0.0349 0.0273 0.0452 0.5072 0.5789 0.6335 0.6538 0.6774 0.6754 0.7096 0.7024 0.7216 0.7397 0.6356
N5A 0.0378 0.0393 0.0444 0.5347 0.5556 0.5691 0.5762 0.5741 0.5846 0.5971 0.5917 0.5992 0.6061 0.5898
N5B 0.0381 0.0362 0.0429 0.4918 0.5352 0.5644 0.5606 0.5572 0.5553 0.5597 0.5515 0.5554 0.5409 0.4730
N5C 0.0415 0.0455 0.0415 0.4865 0.5291 0.5314 0.5332 0.5451 0.5439 0.5412 0.5402 0.544 0.5371 0.4913
PolB 0.4683 0.4502 0.4636 0.5739 0.5763 0.5707 0.5714 0.5678 0.5684 0.5687 0.5713 0.5744 0.5715 0.5889
sc.11 0.1367 0.1413 0.1384 0.2829 0.2967 0.3013 0.303 0.3036 0.3073 0.3027 0.3051 0.3087 0.3065 0.2921
sc.6 0.0692 0.0702 0.0733 0.1097 0.1152 0.1170 0.1187 0.118 0.1195 0.1197 0.1186 0.1190 0.1198 0.1173




LIIT Comparison of the two tuning procedures

LIILI Comparison on the ARI
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Appendix II : comparison of methods

I1.T Comparison of the ARI over all datasets _

IT.IT Comparison of the classification rate over all datasets




