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Abstract

The class of Least Change Secant Update Quasi-Newton (LCSU QN) methods is often used for
root finding or for optimization problems.

The particularity of these methods is that the estimated Jacobian of the system is chosen
satisfying a secant equation and such that it is the closest possible to the previous Jacobian.

In this study, we start from a particular LCSU QN method, Quasi-Newton Least Squares
(QN-LS), which has been widely used to solve interaction problems recast as a root finding
problem f(x) = 0. This method imposes that multiple secant equations are respected.

We turn our attention to the use of QN-LS on a new problem:min g(x). If f(x) is the gradient of
g(x) then the problem again becomes that of solving f(x) = 0. The Jacobian of f(x), i.e. Hessian
of g(x), is now symmetrical, something that is not taken in consideration in the original QN-LS
method.

Given that QN-LS has similarities with Broyden’s methods and given that Broyden’s methods
have been developed for symmetrical Jacobians, we consider the possibilities of developing a
symmetrical variant of QN-LS.

We prove that this symmetrical variant only exists under limited conditions. We will therefore
explore three different strategies in order to find an update formula for the estimated Jacobian,
which fulfills as much as possible the symmetry and the multiple secants conditions.
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Chapter 1

Introduction and problem
statement

The evolution of numerical methods, the development of specific tools and the increasing compu-
tation power make it possible to solve heavier and more complex problems in multiple domains.

Being able to solve a given complex problem often leads to a new question: which value
of the variables should we take in order to optimize some objective function?

Solving such an optimization problem corresponds to solving multiple instances of the origi-
nal problem with different values of the variables. If the problem is heavy and complex, its
optimization is therefore also far heavier and more complex.

Example 1.1. Let’s take the example of the calculation of a blade (helicopter or drone
blade, plane propeller, part of a turbine or a compressor...). We want to compute the value
of a given property (strains, noise, turbine flow...).

The shape of the blade is determined by geometrical variables (for instance, a finite elements
grid). Knowing this geometry, a specific solver can compute the air flow around the blade.
Thanks to this air flow, the solver (probably another one), can compute the forces on the
blade. Thanks to the forces, it is possible to compute the deformation of the blade (typically
with a finite elements software). The deformation changes the geometry which impacts the
air flow, and so on. The three calculation steps have to be executed multiple times in order
to find the equilibrium, i.e. a combination of data such that the loop through the three
solvers keeps the data unchanged.

Finally, at the equilibrium, we can compute the value of the objective function.

As we see, we have a high-dimensional complex problem.

For the optimization (e.g.: the minimization of the noise), this complex equilibrium calcu-
lation must be done at each iteration point of the optimization path. Intuitively, we can
estimate that the choice of the best direction leads to n different equilibrium calculations,
where n is the number of variables. As the variables are the coordinates of the points of
the finite equilibrium grid, the problem leads to approximately n equilibrium evaluation for
each step on the iteration path. It becomes a very huge calculation problem.
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1.1 Optimization methods

There exists a lot of different methods to solve optimization problems.
The simplex algorithm (and its variants) is well known for linear programming (or some specific ap-
plications such as quadratic programming). But for complex problems, the algorithm is not usable.

For nonlinear programming, we use iterative methods. These methods move iteratively to-
ward an optimal solution by evaluating or approximating the Hessians (or the gradients or only
the function values), choosing a direction and a step length.

The method stops when one given convergence criterion is reached.

Basically, to minimize (or maximize) the function g(x), the iterative methods try to reach
the zeros of the gradient f(x) = Vg(x). The optimization problem becomes thus a root finding
problem on the gradient of the function.

1.2 Newton’s method

The classical method for finding one root of a real function, f(x) =0 for f: R — R, is Newton’s
method (also called Newton-Raphson’s method). The function is approximated by its tangent in
a given point!:

f(@) = f(zo) + f'(x0) (2 — o)

The algorithm then takes the intersection of the tangent with the z-axis as a new approximation
of the root and the point for the next iteration of the algorithm.
This can be written as':

f(z:)
f(z:)

Tipl = Tj —

The method can also be generalized for n equations, i.e. to solve f(x) = 0 for f: R” — R". We
then have:
xip1 = xi — J; ' (xi)E(xi)

where J¢(x) is the Jacobian:

9h ... Oh
ox1 O0Tn
Je(x) =] .
Ofn .. Ofn
o0x1 0Tn

This method is very efficient, but because of some practical problems, it is unusable in a lot of
applications.

First, if the starting point is too far from the searched root, the algorithm can fall in a loop and
never reach the solution, or even diverge!

A second even more important problem is that the Jacobian has to be calculated. Indeed, in a
lot of applications, it is impossible to calculate this matrix. For instance, when we do not know f
explicitly, the Jacobian has to be estimated. If the size of the system is too high, the calculation
of the Jacobian (or the estimation of its value) takes too much time.

!'Note that for this equation, we don’t follow the convention defined in Chapter 2. Indeed, z; is here the i-th
element of a sequence of points z and not the i-th entry of a vector x.
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Next to that, the inversion of the Jacobian is also a costly operation. So Newton’s method is not
applicable in many situations.

1.3 Quasi-Newton method

To avoid calculating the Jacobian, Quasi-Newton methods replace it by a matrix B easier to
compute. The relation is then basically:

Xi4+1 = X4 — Bi_lf(xi)

In this formulation, it is still needed to invert the matrix B which can still be a costly operation.
Some methods avoid this inversion by directly considering the inverse of the Jacobian H = B~!.
This leads to the formula:

X1 = x; — Hif(x;)

A given method often exists in both its direct (B;) or “inverse” (H;) version. B; (resp. H;) is an
approximation that needs to be iteratively updated:

Bit1 = B; + F(Bi,xi,Xi—1, ... ,X0)

There exists a lot a Quasi-Newton methods, the differences come mainly from the criteria used to
calculate the update of B (resp. H). We will list some of these criteria in the next subsections.
Note that next to these criteria, each Quasi-Newton method can also contain some parameters
which leads to families of methods with variating parameters.

1.3.1 Small rank update

Having a small rank update of the Jacobian (or its inverse) should ensure a limited calculation
time for the update.

1.3.2 Least change update

To ensure that the Jacobian does not change too much between two successive iterations, one of
the criteria is to ensure that the approximate Jacobian at the new iteration is the “closest” to
the approximate Jacobian of the previous found iteration.

Therefore, we need to define the distance between matrices. There are different possibilities to
define the norm of the difference between two matrices. In this study, we will use the Frobenius
norm (||B; — Bi—1||,) to calculate this distance.

1.3.3 Secant equation

In one dimension, a simple variation of the Newton’s method is the secant method. The idea
behind this method is to stop using the exact tangent of the linear approximation, and that
point z;_1 should belong to the linear approximation of f(x) in point x;. In this method, the
derivative of the function is approximated by?:

f(l“z) - f(xifl)

Ti — Tj—1

fl(w;) =

2Note that for this equation, we don’t follow the convention defined in Chapter 2. Indeed, z; is here the i-th
element of a sequence of points z and not the i-th entry of a vector x.
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This is a Quasi-Newton method. In one dimension, the derivative is uniquely defined.
In n dimension, the secant equation is:

Bi(xi — Xi—l) = f(Xz) — f(Xz'—l) (11)

There are an infinite number of matrices B; that respect this equation as B; is a n X n matrix
while equation (1.1) only defines n scalar equations.
Working on the inverse of B;, H;, we have:

Hl(f(xl) — f(Xi_l)) =X; — X;-1

1.3.4 Multiple secant equations

The principle of the secant equation can be generalized to multiple secant equations. In n
dimensions, we can force the linear approximation of the function in z; to pass exactly through
m preceding points (m smaller or equal to n). The equation is then:

Bi [AX@HAX@Q’. .. |AX7;7m] = [Afi71 ‘Afzjg‘ .. |Afl7m]

where:

o AX; = [Ax;1|AX;2]. .. |AX; ] is a matrix n x m formed by the juxtaposition of m vectors.

APF; is built on the same way.

AX; ) = X; — Xi—k

Afijk = f(XZ) — f(Xi,k)

e m < n the number of satisfied secant equations.

This is called the m secant equations condition.

1.3.5 Symmetry

In optimization, the problem is to find an optimum of a scalar function g. This is usually done
by searching the root of the derivative (Jacobian) of the function f = Vg.

What we until now called the Jacobian of the vector function f is then, in fact, the derivative of
the Jacobian of the function g. This is the Hessian matrix:

29 .. _9%
Ox3 0x10Tn
B g . . .
g ... 9y
0zx10Tn ox2

This matrix is symmetric. In the context of optimization, it could be interesting to have a matrix
B (resp. H) being symmetric.

1.3.6 Semi-definite positiveness

To ensure to have an optimum and not a saddle point, the Hessian matrix should be positive
(or negative definite). This is the case for a matrix M when for every x # 0, x Mx > 0 (resp
x'Mx < 0).

In optimization, it makes sense to ensure that the Hessian is positive (resp. negative) defi-
nite.
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1.4 Problem-statement

1.4.1 Context

Within this study, we’ll try to develop a method to solve high dimensional, costly computational
optimization problems where the algebraic expression of the Hessian matrix isn’t available. We
explain the different terms:

e High dimensional means that there are a large number of variables.

e Costly computational is related to the fact that it takes a lot of time to compute one value
of the objective function.

— An obvious consequence is that the value of the gradient of the function is also costly
to compute.

— Note that if the algebraic expression of the gradient of the function isn’t available
(and it is obviously the case when there isn’t any algebraic form for the function itself),
it has to be approximated by means of multiple function calls.

e The algebraic expression of the Hessian matrix isn’t available. So it has to be estimated in
the scope of a Quasi-Newton Method.

Due to the cost of the gradient calls, our objective is to minimize the number of gradient calls
during the optimization. Therefor we’ll aim to maximize the amount of information that is used
for the creation of the estimate of the Hessian matrix.

1.4.2 Scope of the study

The methods that we consider in this work are called "Least Change Secant Update" (LCSU).
They are based on two properties:

1. m secant equations where m = min(i,0), o being a parameter € [1,n] that has to be
chosen, ¢ being the present iteration.

2. Least change update.

In [10], a method was developed for ¢ = n. The estimated Jacobian was created as a least squares
approximation of the real Jacobian. This method has been called Quasi-Newton Least-Squares
(QN-LS). Directly working on the inverse of the Jacobian instead of the Jacobian itself leads to
QN-ILS (Inverse Least Squares)

QN-LS and QN-ILS, which we regroup under the abbreviation QN-(I)LS, have been widely used
to solve interaction problems recast as a root finding problem f(x) = 0 [10].

However, we turn our attention to a new problem: min|g(x)|. If f is the gradient of g, then the
problem becomes solving f(x) = 0. The gradient of f (i.e. Hessian of g) is now symmetrical. This
was not taken in consideration in the original QN(I)-LS method.

The goal of this study is to develop a symmetric version of QN-(I)LS. This can be written
as:

“Find B; € U = {A € R™": AAX; = AF; and A = AT} (1.2)

that minimizes ||B; — Bi—1||p, with o =n.
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The symmetric version of QN-ILS should also be developed, which leads to:

“Find H; € V = {A € R™": AAF, = AX; and A= A"} (1.3)

that minimizes ||H; — H;—1| p, with o =n.

1.5 QOutline of the study

In Chapter 2, we give the conventions, the important definitions, and some general theorems
that will be used within this study.

Chapter 3 gives an overview of existing LCSU methods such a Symmetric Rank 1 (SR1), Broyden’s
Good and Bad Method, Powell-Symmetric-Broyden (PSB) and QN-LS.

In Chapter 4, we will develop the symmetric version of QN-LS and find out that it exists only
under specific conditions. These conditions will be defined and analyzed in order to understand
this phenomenon and how to take it into account in a generalization of the formula when the
conditions aren’t fulfilled.

In Chapter 5, we expose some of the existing strategies for this generalization, which we will
try to tune up. We will then develop our own strategy for the generalization of the formula: a
Symmetric LOSU with penalized older secants.

Finally, we will test, in Chapter 6, the methods exposed in Chapters 3 to 5 on multiple standard
problems in order to compare their performances.



Chapter 2

Definitions and general theorems

2.1

Conventions

2.1.1 Notations

Unless otherwise formulated, we use the following conventions:

Scalars are represented by small letters without subscript.

Vectors are represented by bold small letters (e.g.: v). By convention, a vector has one
column and multiple rows.

Matrices are represented by capital letters (e.g.: M).

We use the following notation for a subset or a transformation of a matrix:

Entries of a vector are given by the same letter with one subscript (e.g.: v;).

Entries of a matrix are given by the corresponding small letter and two subscripts (e.g.:

Alternatively, in particular if there are already subscripts for a matrix or a vector, we use
the following notation: m; ; = [M], ;
Column 4 of matrix M: m, ;.

The transposed matrix A is written A”. In the same way, the transposed vector u, is the

row vector u’.

The conjugate transposed matrix of A is noted A* = (A)T = AT, where A denote the
matrix A with complex conjugated entries. The complex conjugate of a + bi, where a and
b are reals, is a — bi.

Subscripts will also be used in case of iterations. For example, v; and B; are the i-th iteration of
v and B. When the right subscript is already used, the iteration subscript will be put on the
left: jw; is the i-th iterate of w;, which itself is the j-th component of w.

In the present study, unless stated otherwise, all functions, matrices, vectors, and scalars are

real.
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2.1.2 Products & norms

e For the scalar product (also called the inner product), we use: (u,v) = v*u. As we are

working with real vectors, we have (u,v) = v u.

e For the norm of a matrix, we use the Frobenius norm: | M||, =

e For the norm of a vector, we use the 2-norm: ||v||,.

2.1.3 Vectorisation, juxtaposition

e The vectorization of a matrix converts the matrix into a column vector. For a m X n matrix
A:

T X
vec(A) = (@11, s Qm,1,01,2, -, Gm2y -y Ay - Q) € RV,

e We define the juxtaposition of multiples vectors x; as the matrix containing in its column
the different vectors x;. It is written:

X = [x1|xa]. .. |%4]

2.2 Definitions

2.2.1 Span and rank

e The span Cg of a set of vectors S is the set of all finite linear combinations of the vectors.
e The rank of a matrix is the dimension of the span of the set of its columns.

e If the rank of a matrix M € R™*"™ is equal to n, the matrix is “full-rank”.

2.2.2 Special matrices
2.2.2.1 Normal matrix

A normal matrix A is a complex square matrix that commutes with its conjugate transposed:

A*A = AA*
One can prove that a matrix A is normal if and only if there exists a diagonal matrix A and a
unitary matrix U such that A = UAU * [22]. The diagonal entries of A are the eigenvalues of

A, and the columns of U are the eigenvectors of A. The matching eigenvalues in A come in the
same order as the eigenvectors in the columns of U.

2.2.2.2 Skew-symmetric matrix

A skew-symmetric matrix is a square matrix whose transpose is its negation.

A=—AT
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2.2.2.3 Row swapping matrix

A row swapping is an operation on a matrix A that switches all matrix elements on row ¢ with
their counterparts on row j.

The operation can be done by pre-multiplying the matrix A by a elementary swapping matrix.
This elementary matrix P is obtained by swapping row ¢ and row j of the identity matrix.

Swapping multiple rows is done by multiplying by multiple elementary swapping matrices:

P.Pi_y... PP A

2.2.2.4 Projection

A projection is a linear transformation P from a vector space to itself such that P> = P. The
matrix P is called a projection matrix.

2.2.3 Moore-Penrose pseudoinverse

The pseudoinverse of matrix A € C™*" is a matrix AT € C"*™ such that:
e AATA=A
o ATAAT = A"
o (AAT)* = AAT
o (ATA*=ATA

AT exists for any matrix A. In particular, when A has linearly independent columns, A* can be
computed as:

AT = (A*A)tAr
This particular pseudoinverse constitutes a “left inverse”, since, in this case, ATA = I.

Of course as we work with 4 € R™*" we have AT = (AT A)~1AT.

2.2.4 Multidimensional derivatives
2.2.4.1 Gradient

The gradient is a multi-variable generalization of the derivative.
Let g(x) be a function of several variables. The gradient is defined as:

s 0 g
Ox1 Oxo’ ~ Ozy,

2.2.4.2 Jacobian

The Jacobian is the matrix of all first-order partial derivatives of a vector-valued function.
Let f(x) be a vectorial function of several (possibly one single) variables. The Jacobian is defined
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as:
of . 9h
of of 0 O
J=|— ... —| =] : U
Ori 0wl ar o,
o1 Oz,

2.2.4.3 Hessian

The Hessian matrix or Hessian is a square matrix of second-order partial derivatives of a scalar-
valued function. It is the Jacobian matrix of the gradient of a multi-variable function.
Let g(x) be a function of several variables. The Hessian is defined as:

[ 9% 0%g 0%g ]
8733% 0x1 0x9 o 0x1 Oxy,
0%g 0%g 0%g
H = 81‘2 81‘1 871'% o GI‘Q al’n
0%g 0%g 0%g
| 0z, 01 Oxy 022 o 8795,21 ]

This matrix is symmetric when the second partial derivatives are continuous.

2.3 Theorems and Lemmas

2.3.1 Rank on matrix

Lemma 2.1. Let A € R™*"™ rank(A) = 1 if and only if there exists u € R” and v € R™
such that A = uv”

Proof
If we suppose A = uv’. If w € R™, then Aw = uv
in R to a multiple of v, so rank(A) = 1.

T T

w = (v’ w)u. Thus, A maps every vector

On the other hand, if rank(A) = 1, then for all w € R™, Aw = ku for some fixed u € R". In
particular, this is true for the basis vectors of R, so every column of A is a multiple of u. That

is, A = [viu|vau]...|v,u] = ulvi|ve|. .. |vm] = uvl.

QED

(Lemma 2.2. Let A and B € R™*", rank(A + B) <rank(A)+rank(B) )

Proof Let Cy (resp. Cp, Ca+p) be the span of columns of A (resp. B, A+ B).
rank(A + B) = dim(Ca4+p) < dim(C4) + dim(Cp) = rank(A) + rank(B)

QED
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(Lemma 2.3. The rank of a sum of k& matrices A; € R™*", such that rank(4;) =1 is at)
most k.

Proof By direct recursive application of Lemma 2.2 on rank-1 matrices.

QED
(Lemma 2.4. The rank of a skew-symmetric real matrix is even. )
Proof Let A = —A” a real skew-matrix.
A is a normal matrix. Indeed, as A is a real matrix, A* = AT. We have then:
A*A = ATA = (—A)(—AT) = 44T = AA*
Then A can be diagonalized in a matrix A whose entries are the eigenvalues of A.
The rank of A is equal to the rank of A which is the number of non-zero eigenvalues of A.
The eigenvalues of A are found by solving Au = Au. Taking the scalar product with u

gives:

AMu,u) = (Au,u) = (Au, u) = (u, —Au) = (u, —Au) = —\(u,u)

with X is the complex conjugate of A. So the eigenvalues are purely imaginary.
As the complex eigenvalues of a real matrix always comes in conjugate pairs, the number of
eigenvalues different from zero is even and so is the rank of the matrix.

QED

2.3.2 Row swapping matrices

(Lemma 2.5. Let P be a row swapping matrix, P~! = PT. )

Proof Let P be an elementary swapping matrix. We then have PPT = I, i.e. P is orthogonal.
This is easy to check because when we multiply P with PT the only times the one in the row
matches with the one in a column is when the row and column number match, so PT = P~

If P swaps multiple rows, we can decompose P = Py Pj,_1 ... PPy and:

PPT = P,P._,... PP, (PyPy_,... P,P)T
= P.P.,..PPPP].. PP
= I

QED
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2.3.3 Equivalence of sets of differences of vectors

[ Lemma 2.6. Let x; and f; e R” fori =0,1,...,m < n. )
We define:

[ AX“C =X; — X;—k and Afi,k = fi — f,‘_k for k = 1, PN ,i.

o AX = [AXyy 1|A%p2]. . . |AXpy, m], @ matrix n x m formed by the stacking of m vectors.
AF is built on the same way

s, =x;—X;1andy, = —f;_
o S =si|s2]...|sm] and Y is built on the same way

Then

Proof We define the matrix 7T

[0 0 o0 0 —1 1|
0 0 1 10
T = :
0 -1 1
1 1 0 ...
1 0 0 .. 0 0 0]

We have then AXT = S and AFT =Y. By right multiplying the equation by 7" we have:
AAXT = AFT < AS=Y

QED

2.3.4 Inverse of matrix
2.3.4.1 Sherman-Morrison formula

The formula of Sherman-Morrison [21] can be used to express the inverse of a rank-one correction
of a matrix for which we already know the inverse. The formula is:

Lemma 2.7. L
A 'uvt A~
A T\—1 — A—l _
(A+uv?) 1+vIlA-1u

Where A is a n x n regular matrix.

The proof of the formula is given in [21] or [24].

We note that it is possible that (A 4+ uv’)~! exists, but that the formula cannot be applied. It
is the case if A is singular, but (4 + uv?’) is regular.
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2.3.4.2 Woodbury matrix identity

The Woodbury matrix identity [26] is an extension of the Sherman-Morrison formula.

Lemma 2.8. For A a n X n regular matrix, U a n x k matrix, C' a k X k regular matrix,
and V a k x n matrix, we have:

(A+UCV) = AT - AT (e yvaTr) vaT (2.1)

The proof of the identity can be found on [25].
This formula makes it possible to inverse a matrix corrected by multiple rank-one updates.
Therefore, we must take:
e C=1.
e U is built as the stacking of column vector u.
e V is built as the vertical stacking of line vector v’
For a sum of 2 rank 1 updates, this expression can be developed as:

ng_luZ)ulv,{Afl _ Afl (V%WA_lul)uzvterfl
A A

(A+wvl +ugvi) =414t (

_ A—l (V{AiluQ)ulng—l _A—l (V,{Ailul)uQV%ﬂA—l
A A
LoAmTVE ger g ger Ve e
A A

where A = 14+ v A7 lay +vEA  uy + v A Twy vl A= uy — vi A ugvl A,

This form involves a lot of terms so, it is better to use the standard form (2.1) or to apply the
Sherman-Morrison formula multiple times.
Note that for Woodbury, we still need to inverse a k x k matrix.

2.3.5 Identities involving pseudoinverse

Let X € R*™™™ Y € R™"™ and x = X, ,, the last column of X, we give here some interesting
results.

Lemma 2.9. Let X € R"™™, and x = X, ,, the last column of X, then:
XXtx=x

XT(X+)TXT _ XT

Proof

X X Tx is the last column of XXX, but XXX = X. So XX x is the last column of X which
is x.

The second form is simply the transposed expression.

QED
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Lemma 2.10. Let X € R"*™, and x = X, ,, the last column of X, then:
xI XX+t =xT

(XHTxTx =x

Proof

xT X X* is the last row of X7 XX+, But XTXX+ = XTX(XTX)"1XxT = XT. Sox"XX™ is
the last row of X7 which is x”.

The second form is simply the transposed expression.

QED

Lemma 2.11. Let X € R"*™ Y € R"™" x = X, ,, the last column of X, and y = Y, ,
the last column of Y, then:
YXtx=y

XT(X+)TYT _ yT

Proof
Y X Tx is the last column of Y XTX. But YXTX =Y. So YXTx is the last column of Y which

isy.
The second form is simply the transposed expression.

QED

2.4 Standard formulation of problem statement

2.4.1 Standard parameters and variables

From now on, we will use the following definitions:
e n: the dimension of the problem to solve, the dimension of the space we work in.
e m: the number of secant equations that we will fulfill.

e x; € R™: an iteration point in the Quasi-Newton process. The starting point is xg.

g(x;): The objective function to optimize evaluated in x;.

f(x;) = Vg(x;): the gradient of the objective function evaluated in x;.

B; ~ B(x;) = V?g(x;) € R™™: the approximated Hessian of the objective function in x;.
If no specific subscript, it is the last calculated Hessian.

e S € R™™: the stacking of m column vectors s; = x; —x;_1 for j=1,...,m.

e Y € R™™: the stacking of m column vectors y; = f(x;) — f(x;-1) j=1,...,m.
® s =S5, ,,: the last column of §.

® Y=Y, thelast column of Y.

e W=Y-BS

e w=y—DBs
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e H = B~!: Approximation of the inverse of the Hessian.
o V=HY -5
e v=Hy—s

For matrices and vectors of the list above, an additional subscript can be added to indicate at
which iteration of the QN process we are (e.g.: S; or s;). If omitted, the matrix or vector is the
one corresponding to the present iteration of the QN process.

2.4.2 General hypothesis

S is a full rank matrix. If S is not full-rank, it is possible to filter S by deleting some columns
such that it becomes full ranked. The corresponding columns of Y are then deleted, too.

Note that when working directly on the inverse Hessian (H;), Y has to be full-rank.

2.4.3 Quasi-Newton steps
The Quasi-Newton optimization process starts with xg as starting point and By as an estimation

of the Hessian matrix at point xg.
A first point x; is chosen, basically by applying:

x1 = (1 — w)xg — wBy 'f(xq)

Or
x1 = (1 — w)xo — wHof(x0)

The use of a small w > 0 ensures x; not to be too far away from xg.

The next points are calculated thanks to the optimization step, for i =1,2,...:

Xi4+1 = X4 — Bl_lf(Xl)
Xi+1 = x; — Hif(x;)
We are looking for methods to calculate B; (resp. H;).

2.4.4 Problem statement

The problem expressed in (1.2) is then:

Given B; € R™" S;, and Y; € R™™ where m = min(i,n), we search

argmin 1 || B; — Bit1ll7, (2.2)
Bit1

such that Bi1S; - Y; =0 (2.3)

Biy1—BL, =0 (2.4)

Working on the inverse of the Hessian, as stated in (1.3), we have a second problem, which we
call the dual form:



16 Chapter 2

Given H; € R™" S; and Y; € R™ ™ where m = min(i,n), we search

argmin 1 [|H; — Hiy1|/%, (2.5)
H;q
such that H; 1Y, — S; =0 (2.6)
Hin—HI, =0

Equations (2.2) and (2.5) represent the least change property.

Equations (2.3) and (2.6) are the mutliple secant equations to fulfill, the use of S and Y instead
of AX and AF is possible thanks to Lemma 2.6.

Equations (2.4) and (2.7) are the symmetrical.
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Existing methods

In this chapter, we give a small overview of existing methods. We start with rank-one updates
and then move to more complicated models deriving from them.

For each existing method, we will check the desired properties (LCSU, multiple secant equations
and symmetric). However, none of the formula combine all of the properties.

3.1 Quasi-Newton Algorithms

The algorithm consists in two main phases: the calculation of the new estimate of the Jacobian
and the calculation of the new point. Different methods for updating the Jacobian B or its
inverse H are exposed later in this chapter.

The calculation of a new point is typically done thanks to formulas:

Xi+1 = X§ — pZBflf(Xz) (31)

resp.
Xi+1 = X§ — szlf(Xl) (32)

Within the framework of this study, we will only work with p; = 1. Indeed, the selection of the
most efficient value of p; can be handled as a separate problem. Our goal is to compare methods
to estimate B;. We will avoid testing multiple sets of parameters.

To initialize the method, we first have to choose a starting point, xg, and a first estimation of
the Jacobian, By.

However, it is often not sufficient. In most of the methods that we will list, the update is a
function of s; = x; — x;_1 and y; = f(x;) — f(x;-1). So, we also need a second point x;.
Choosing the second point can also be seen as a separate problem. Here again, we will not
discuss the choice of x; to avoid testing multiple parameters.

3.2 Rank-one updates

The majority of rank-one Quasi-Newton methods follow the standard form:

. _ B:s:)el T
Biy1 = Bi + w — B + i (3.3)
C, S; C; S

17
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resp.

(SZ‘ — Hly)dT VZ‘dT
H4+1:H.+#:H.+ ? (3'4)
' ' d?yz‘ ' dzTyi

The choice of one of the two formulations and the particular value of vector ¢ or d defines the
method.

3.2.1 Symmetric rank-one update (SR1)

This method uses the unique update that is (1) rank-one, (2) symmetric, and (3) that respects
the last secant equation.

Using (3.3), we already have a rank-one method. Defining ¢ = w =y, — B;s;, we force

the symmetry of B;. So, if this is enough to ensure the last secant equation, we have the
formulation of SR1.

(y; — Bisi)wi!

Biyisi = Bisi+ ———F ——Si
Wi 8
Bisi + (y; — Bisi)
= Y

which proves that the update for SR1 is given by:

[ Formula 3.1 (SR1 - Direct Form). Let B; € R™" y, and s; € R"*1. Let B;;1 such that: )
e rank(B;11 — B;) =1

e Biy1 =B,

® Biyisi =y;

Then, B;1; is given by:

T

W, 8;

(vi — Bisi)(y; — Bisi)"
(y; — Bisi)Ts;

Bit1 =B + =B+

\. y,

Applying Lemma 2.7 and using the fact that H; is already symmetric, we can express the inverse
form of the formula.

We can also express the dual formula of SR1, the problem stated in (1.3).

We observe that both forms are the same:

Formula 3.2 (SR1 - Inverse Form). Let H; € R"*" y. and s; € R™¥L. Let H;.1 such
(3
that:

[} rank(Hi+1 — Hl) =1
o Hi1=HY,
® Hit+1y; = Si

Then, H;y; is given by:

Hv. —s ) (Hv: —s:)T T
Hipy = H; + i S)Hy, = 80" _ gy ViV
\ ( A SZ) Yi Vi Yi J
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This formula is a Secant Update, it is symmetric but it isn’t, strictly speaking a Least Change
update as the least change condition has not be imposed. However, the fact that the update
formula is unique leads, de facto, to the fulfilling of the Least Change property.

Fially, it is, of course, a rank one update.

3.2.2 Broyden’s first or “good” method (BG)

This method uses an update that is (1) rank-one, (2) that respects the last secant equation, and
(3) such that the new Hessian is the closest to the previous one in the norm of Frobenius.

The formula has been proposed by Broyden in 1965 [6].

( Formula 3.3 (BG - Direct Form). Let B; € R"™*" y, and s; € R™*1. Let B;;; such that:
e rank(B;11 — B;) =1

® Biyis; =y;

e |[|Bit1 — Bil| p, is minimal

Then, B;1; is given by:

. _ B:s: =l
Biy1 = B; + bi = S)s B; W}S’
S; 8; S; 8
\. J

We see that the Formula 3.3 is a rank-one update.
The formula should therefor respect the properties (2) and (3). We give here our version
of the proof:

Proof For more readability and to avoid to handle too many subscripts, we lightly change the
notation in this development. We note:

e B=D;
o A= Bi+1
We start with the following optimization problem:
1 2
argmin 5 |A — Bl%,

such that As—y =0

We take the Lagrangian of the system:

1
L(A,A) = 5 JA = B|7 + 3 N0~ Aiesk — i)
i k

We now take the partial derivative in function of A; ;. We first note that:
0
—— > XD Aigsk — yi) = Nisj
8141‘7]' p "

We find:

oL

R
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The system can thus be written as:

A-B+xslT =0 (3.5)
As—y =0 (3.6)
Putting (3.5) into (3.6), we find:
As—y = 0
Bs—Xsls—y = 0
Xs’s = Bs—y
Bs—y
A =
sT's

Putting this back into (3.5), we have:

which is the same form as Formula 3.3.
QED

This formula is a Least Change Secant Update, but it is not symmetric. Obviously, it is a rank
one update.

Broyden also proposed to avoid inverting B by using the formula of Sherman-Morrison (Lemma
2.7). This leads to the inverse form:

(Formula 3.4 (BG - Inverse Form). Let H; € R"*" y, and s; € R"*!. Let H;, such that:\
. ramk(Hi;l1 -HH=1

® [1;11yY; = Si

1 1 . s
‘Hi-i-l — H; HFT is minimal

Then, H;y; is given by:

si — Hiy,;)s! H; —H 4 vis] H;

(
Hii1 = Hi+
‘ ‘ s'H;y, " sl Hy,;

3.2.3 Broyden’s second or “bad” method (BB)

The second Broyden’s method is similar to the first one. Conditions (1) and (2) are kept. For
the third condition, we take (3) the inverse of the Jacobian which is the closest to the previous
one in the norm of Frobenius. It is the dual formula of Broyden’s “good” method.

The formula is built in the same way as for Broyden’s first method. This gives:
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( Formula 3.5 (BB - Inverse Form). Let H; € R™" y. and s; € R"*!. Let H;,; such that:\
o rank(H; 11 — H;) =1
o Hip1y; =si
e ||[Hi11 — H||p, is minimal

Then, H;y; is given by:

. Hv )vT
Hi+1 — HZ + (Sl ZYZ)y’L

T
Viy;

vly;

= H; +

y,

The name “good” and “bad” initially comes from Broyden, because the first one seemed to give

better results [5]. However, depending on the problem, the “bad” method can give better results
than the “good” one. Both are used in more recent applications.

Note also that the inverse form of Broyden’s first method isn’t equivalent to the direct form of
Broyden’s second method as condition (3) is different.

3.3 Higher rank updates

3.3.1 Powell Symmetric Broyden (PSB)

In [17], Powell develops a symmetric version of Broyden’s first method. This method thus
combines the following properties:

(1) Symmetric;

(2) Respects the last secant equation;

(3) Such that the new Jacobian is the closest to the previous one in the norm of Frobenius.

The formula is:

[ Formula 3.6 (PSB). Let B; € R™" y, and s; € R"*!. Let B;;1 such that: R
e Biy1=BL,
® Biyis; =y;
¢ ||Bit1 — Bil| p, is minimal
Then, B;1; is given by:
w;sT T T

; S; W W, S; T
Biv1=Bi+ 7+ -7 — 7555
L S; S s;s;  (s;s;)

y,

In his article [17], Powell writes about “straightforward algebra” that leads to his formula. As

we will use a similar development multiple times, we give here his proof and give more details
about the development of this formula.

Proof The conditions (2) and (3) are fulfilled by the Broyden’s good method (Formula 3.3).
The condition (1) can be created by simply taking:

B= %(B + B7) (3.7)
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Powell proposed to build a sequence of matrices by alternating the two formulas: Formula 3.3
and formula (3.7) [17]. We start from a given matrix, apply the first formula, then apply the
second formula to the result, then the first formula again and so on.

This recursive application of the two formulas is not detailed by Powell who simply calls it
“straightforward algebra”. We give here the full development.

We note ;B (resp. ;B) the j-th element of the sequence of B (resp. B). We define jw =y — ; Bs
and ;w =y — ;Bs. We start with ¢B symmetric and we develop:

- = T
B = oB+22
sT's
_ 1
1B = 5(13 +1B7)
1, -  ows’ _ows?
- B+ 4 (B
2(0 + Ts + (0B + sTs) )
1, - O\TVST — 7 sowT
= —(¢oB B
2(0 + sT's + + sT's )
_ 5.l ows” +sow’
-0 2 sT's
~ — T
2B = B+ l“;s
sTs
- (y—1Bs)s”
— B _—
15+ TS
T T
_ ss ys
— BU-Z 4
1B( sTs> + sT's
B B+10WST+SO\7VT ( B+10\TVST+SO\7VT)(SST)+yST
-0 2 sT's 0 ~ 2 sT's sT's sT's
_ B4+ 1 ows? +sow’ (OBSST 1owslss? 1 SO\TVTSST) ys?
-0 2 sT's sT's 2 (sT's)? 2 (sT's)? sT's
_ B+ OWST SOWT B OBSST B OWSTSST B SOWTSST ysT
-0 2sTs = 2sTs sT's 2(sT's)? 2(sTs)2  sTs
_ B+ OWST S()WT 0\7VST SOXTVTSST 0\7VST
-0 2sTs  28Ts  28Ts  2(sTs)? sT's
_ ()B i OV_VST S()V_VT _ ()V_VTS SST
sT's 2sTs  2(sT's)?
— — 3 OWST + SQWT 1 OWTS T
B = oB+° _
2 0B+ sT's 2 (STS)QSS
= T =T — T
_ 3 3
3B _ OB—I—OWS 7S()W 70W SSST

Ts 4 sTs  4(sTs)?
Going on in the same way, leads to:

_ _ (2" = 1) owsT +sowl 27l -1 owls

B = B - Ss
" T sT's on—1 - (gT'g)2
<l n =1 n -
_ WS 2" — 1 sgw 2" =1 ogw's
B = (B _
il 0Bt s T T T 2n (STS)2SS

Taking the limit to infinity, we see that the sequence converges to:

=T ~T =T
WS SoW oW 8
+ - ssT

D >, 0
B =B =yB
o] o] 0 + STS (STS)2

sT's
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So, if B; is symmetric and we want a symmetric LCSU, the update formula must be:

T T T

W;S; S; W -

Biy1=B; + TZ + TZ — Tl 5 SiS;
s; S sisi  (s;s;)

QED

Note that, in fact, Powell used in the proof above the principle of alternating projections. This
principle will be explained more in details and used in Chapter 4.

3.3.2 Inverse PSB

Applying the same development as in previous section but using H; = B, ! instead of B; leads
to the dual version of PSB.

To our knowledge, this formula has never been published. However, as the formula comes immedi-
ately from the development of the previous section, we give the formula here:

[ Formula 3.7 (IPSB). Let H; € R™", y, and s; € R"™*!. Let Hi.1 such that: R
o Hiy=HY,
® [1i+1Y; = S;
e ||[Hit1 — H||p, is minimal
Then, H;; is given by:
Hip = H; + viTyZ + yf;pv; - ngiQYiy?
Q Yi¥i Yiyi (¥iyi) )

3.3.3 Quasi-Newton-Least Square (QN-LS)
This method, developed in [10], fulfills 2 conditions: (1) it respects multiple secant equations
and (2) the new Jacobian is the closest to the previous one in the norm of Frobenius.

The formula is based on B; respecting the ¢ — 1 preceding secant equations. B;y; must then
additionally respect the ¢-th secant equation.

( Formula 3.8 (QN-LS). Let B; € R™"™ Y; and S; € R with m < n and S; full-ranked. |
Let B;41 such that:

e Bi1Si=Y;
e |Bit1 — Bi||p, is minimal
Then, B;1; is given by:

(yi — Bisi) (I — Li—1 L 1)sg)" wis; (I — Li—1 L))

Bii1=Bi + — B+
o s{ (I = Li-a L y)si CosT(I = Liaa Ll )si

kV\/here L; 1 € R™"™ contains in its columns a orthogonal basis of the range of AX; ;. )

The proof of the LCSU property is given in [10].
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The multisecant proprety is easily verified.
Proof For j =, we have:

WZS?(I — Li_lell)Si

Bii1s: — Bis:
i+154 iSi + SIT(I — LiflL?_l)Si

= Bis; + w; = Bis; +y; — Bisi = y;

For j =1,...,1—1, we know that B;s; =y;. We also note the following:
e As L; 1 is orthogonal, LZ.__I1 = LiT_l.

e L, 1LT | is a projection matrix. Indeed,

(LiaLi1)? = Lia L Li o Ly = Li 1 L,

e As L;_1 is orthogonal, u; = L;llvj is a change of basis. v; are the coordinates in the
canonical basis and u; are the coordinates in new basis. On the same way w; = L;_ju; is
the change of basis back to the original space.

e The size of the intermediate space, the one with coordinates u;, is ¢ —1 < n. The change
of basis is also a projection in a new smaller space. In fact, Li,lL;ll is a mapping from a
space of dimension n to a space of dimension 7 — 1.

e s; belongs the image of L;_1 (it is a direct consequence of the way L;_1 has been constructed).
So, Li__l1 maps s; to itself in the new basis and Li_lLi__llsj =sj.

Applying this to the formula gives:

wis] (I - Lia L 1)s; _ B + wis! (sj —s))
s (I = Li L )si s (I = Liaa L y)si

Bi+1Sj = BiSj + =Y;

QED

The name “Least Squares” comes from the fact that the formula can be built by trying to
construct the approximate Hessian using a Least Squares approach based on known input-output
pairs of the Jacobian.

The method is a LCSU, it respects multiple secant equations but it is not symmetric.

3.3.4 QN-ILS

This method is equivalent to QN-LS but, it is using H = B~! instead of B.

(Formula 3.9 (QN-ILS). Let H; € R™"™ Y; and S; € R"*™, with m < n and S; full—ranked.\
Let H;y1 such that:

e H1YV;=S5;
e ||[Hit1 — H||p, is minimal
Then, H;y; is given by:

(si — Hiy,)((I — Ki 1K ))y,)"
yi(I - Ki KE))y;

viyl (I — K1 KE )

Hiyn=H; +
‘ ‘ yi(I - K KE )y,

=H; +

kWhere K; 1 contains in its columns a orthogonal basis of the range of AF; ;.
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3.3.5 Other methods

In this section, we list some methods that are out of the scope of the study. Indeed, they all fulfill
the definite positiveness condition for the Hessian. This is not what we impose and, therefore,
these methods are outside the scope of our study.

3.3.5.1 Davidon—Fletcher—Powell (DFP)

This formula provides new estimate of the Hessian that is (1) symmetric, (2) positive definite,
and (3) closest to the previous approximate value of the Hessian.
For B; already positive definite, the update is given by:

rFormula 3.10 (DFP - Direct Form). Let B; € R™" y, and s; € R"*!. Let B; 1 such\
that:

® Bit1= Bij:H

e ;.1 is positive definite

® Bitisi =y;

e ||Bit1 — Bi|| p, is minimal

Then, B;1; is given by:

B (] yisi B(I siyi\ | Yy B, visi Bi  Bisiy] | yis{ Bisiyl | viyi
i1 = = Zp ) Bill = =)+ - = Bi = Top— — —p -+ Tg.\2 T
\ Yi Si Yi Si Y; Si Y; Si Y; Si (v; si) YiSi y

Using the formula of Sherman-Morrison (Lemma 2.7), we can also express the inverse form:

[ Formula 3.11 (DFP - Inverse Form). Let H; € R™*", y, and s; € R™*!. Let H; such )
that:

-1 _ (gg—-1\T
o Hipy = (Hi)
° l.jrll is positive definite
® [i+1y; = Si

1 1 . s
‘Hi—',-l - H; HFT is minimal
Then, H;y; is given by:

Hiyz'szHi 4 SZ'ST

)

Hiv1=H; —
N yiHiy;  yisi y

3.3.5.2 Broyden—Fletcher—Goldfarb—Shanno (BFGS)

This formula provides new estimate of the inverse of the Hessian that is (1) symmetric, (2)
positive definite, and (3) closest to the previous approximate value of the inverse of the Hessian.
This is the dual form of DFP.

For H; already positive definite, the update is given by:
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(Formula 3.12 (BFGS - Direct Form). Let H; € R™*" y, and s; € R™*!. Let H;q such\
that:

e Hi1=Hl,
e H;.; is positive definite

e Hi1y, =s;

|H;4+1 — Hi| p, is minimal

Then, H;; is given by:

Hoo = (] Siyy (1 yisi | sisp I siyi Hi  Hiyy;s? | siyi Hiy;s] | sis)
i1 = — T ) i( - T ) t g =i~ —7 T Ty )2 T
\ S; Y S; Yi S; Yi 8, Y; S Yi (siyi) S, Yi y

This update formula is currently widely used in optimization.

3.4 Conclusion

In this chapter, we gave an overview of some existing methods which are related to our problem.
We give a summary of these methods and their properties in Table 3.1.

However, none of the existing methods combine all the desired properties (LCSU, multiple secant
equations and symmetric). So, in the next chapter, we will combine some of the existing methods
in order to create a new one fulfilling all the conditions.

Least Secant Other Symmetry
Change Update Secants
- R

= @ = g S =
% g m; i £ § 2 iﬂj é g Other
- 2 ©) ©) % £ & a properties
SR1 3.1 X X X Rank 1
BG 3.3 X X X X
BB 3.5 X X X X
PSB 3.6 X X X X
IPSB 3.7 X X X X
QN-LS 3.8 X X X X
QN-ILS 3.9 X X X X
DFP 3.10 X X X X Positive Definite
BFGS 3.12 X X X X Positive Definite

Table 3.1: Summary table of the existing methods discussed in this chapter.
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Toward Symmetric Quasi-Newton
Least Square

We will now try to develop an update formula that satisfies the following properties:
(1) Symmetric;
(2) satisfies multiple secant equations;
(3) The new estimate of the Hessian is the closest to the previous one.

As the dimension of the problem is n, the Hessian matrix contains n? entries. So, for the
determination of the new Hessian matrix, we have n? scalar entries.

Each vectorial secant equation defines n different scalar equations. So m secant equations define
n x m scalar equations. The symmetry condition adds m=n jew equations. We have in total
n(m+ 251) equations.

When n? > n(m + "771) or more easily n + 1 > 2m, the system is under-determined. The
under-determinacy can be reduced by imposing the least change condition. So, the problem
seems to be easy to solve.

However, we will see that this solution doesn’t exist unless Y7'.S = S7Y i.e. YTS is symmetric.

In this chapter, we will use a simple approach to find the wanted formula. This method
called the alternating projection will be explained in Section 4.1.

This method will be applied in Section 4.2 to find a symmetric version of QN-LS.

We will then prove (in Section 4.3) that this formula only exists under specific conditions. We
will define the necessary and sufficient conditions for the existence of the formula, and analyze
the reason why the formula exists only under specific conditions, which is against the conclusion
of the easy reasoning above.

Finally, observing that the results in Section 4.2 don’t fully include the Secant Update property,
we will try to improve our results in Section 4.4. possib

4.1 Alternating projections

We will use the principle of alternating projections. This method is based on the successive
projections P; of a point z on different subspaces (K;). The projection is the map that associates
the point = to the point Pz € Kj, the closest to .

In [7] and [4], it is proven that, if K; and K3 are closed convex sets in a Hilbert space, the
alternating projection converges to a fixed point that belongs to the intersection of K; and Ks.

27
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In our case, working with matrices, we have to project on closed convex subsets in R®*™, R"*"
is a Euclidean space, which is a special case of a Hilbert space.

4.1.1 Closed convex sets

In this chapter, we will basically project on 3 sets:
o Kg= {A eER™M™: A= AT}: The set of symmetric matrices.

o Kys = {AeR"™™: AS; =Y;}: The set of matrices satisfying multiple given secant
equations (we call them multisecant matrices).

o Kgy ={AcR"™": As; =y,;}: The set of matrices satisfying one given secant equation
(we call them SU matrices). Note that K¢ C Kgy.

We prove now that these sets are closed and convex.

(Lemma 4.1. The set of symmetric matrices is a closed convex set. )

Proof

e Closed: The set of symmetric matrices is closed under the operation of forming linear
combinations, so it is a subspace [1]. Indeed, let A and B be two symmetrical matrices.
We have, VA:

AA+(1-2)B)" = DA +(1-NB)T = AAT+(1-0)BT = MA+(1-))B = (A\A+(1-)\)B)
We have a finite dimensional subspace in a Hilbert space, so it is closed.

e Convex: We simply apply the equations used for the closed part VA € [0, 1].
QED

(Lemma 4.2. The set of multisecant matrices is a closed convex set. )

Proof

e Closed: The system AS =Y can be rewritten as Speyvec(A) = Fhey by simply writing
the scalar equations of AS =Y under each other. This system can also we written as the
combination of inequalities: Speyvec(A) < Fpey and Speyvec(A) > Fpey.

The set P = {w cR" . Snev® < Fpew and Speut > Fnew} is a polyhedron in R™. But this
polyhedron contains all its limit points, so it is closed.

e Convex: Let A and B € R™*" such that AS =Y and BS =Y for S and Y € R™™ given.
We have, VA € [0,1]:

A+ (1=NB)S=MS+(1-ANBS=AY +(1-\)Y =Y

QED

(Lemma 4.3. The set of SU matrices is a closed convex set. )

Proof This is an application of Lemma 4.2 where we only take one column of S and Y.

QED
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4.1.2 Projections

The alternating projection creates a sequence of matrices, alternatively one matrix belonging to
K7 and then one belonging to K. We note ; B, the j-th projection of B on one of the loci Kj.
We will sometimes add an extra subscript or another indication to indicate the locus onto we
project (e.g. jBk, for the projection on K, ;Byss for the projection on multisecant matrices,
JB for the projection on symmetric matrices...).

In the same way, we define ;W =Y — ;BS.

The sequence of projection is thus:

OB — 1BK1 — 1BK2 — QBKl — 23[{2 — 3BK1 — 3BK2 Ce

We give in the following subsections three different projections that we will use in this chap-
ter.

4.1.2.1 Projection on the set of symmetric matrices

In [14], it is shown that the minimal projection onto the space of symmetric matrices is given by

P(A) = A+2AT, if the norm is symmetric (which is the case for the Frobenius norm). This is the

projection on Kg:

_
B =35GB +;B") (4.1)

We also define jW =Y — jBS.

4.1.2.2 Projection on the set of SU matrices

For the projection on Kgi7, we need a projection on the set of matrices satisfying one secant
equation and minimizing the Frobenius norm. This is by definition the formula of Broyden’s
“good” method (Formula 3.3).

4.1.2.3 Projection on the set of multisecant matrices

The last projection must ensure the multiple secant equations. We need to use the QN-LS update,
which is the projection, closest to the previous estimate in the Frobenius norm, that satisfies
multiple secant equations [10].

We cannot use Formula 3.8 because it projects onto the space of matrices satisfying n secant
equations but only from the subspace of matrices satisfying n — 1 secant equations. This will
generally not be the case.

For this reason, we need to develop another update formula.

The formula for the projection on Kjsg is:
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(Formula 4.1 (QN-LS - General Form). Let B; € R™*"Y; and S; € R™™ with m < n\
and S; full-rank. Let B;i1 such that:

e B 15 =Y;
e ||Bit1 — Bi|| p, is minimal

Then, B;1; is given by:

L Biy1 = Bi+ (Y — B;Si)(S] 8;) 717 )

Proof For more readability and to avoid to handle too many subscripts, we lightly change the
notation in this development. We note:

e A=B;
e B=5B;
e We omit the subscript ¢ for S and Y.
e j, k the scalar coordinates within a vector or a matrix (j-th row, k-th column).
We start with the following optimization problem:
argmjn 34— B3,
such that AS -Y =0

We take the Lagrangian of the system:

1
L(AN) == A= B3, + > 8O A4Sk — Yir)
2
ik I

We now take the partial derivative in function of A;;. We first note that:

Mik jzk: Aj,k(zl: AjiSik —Yik) = (Wi,k JZ:M A Aj1Sik
0
= 94, j%:kAj’lAj’kSM
= > AjiSk
l
= (AST)n
We find: oc
DA ; Ajj =B+ (AST)jr =0
The system can thus be written as:
{A—B+AST =0 (4.2)
AS—Y =0 (4.3)
Putting (4.2) into (4.3), we find:
AS-Y =0

BS—ASTS—-Y = 0
ASTS = BS-Y
A = (BS-Y)(STs)™!



Chapter 4 31

Putting this back into (4.2), we have a new update formula:
A=B+ (Y —BS)(sTs)"1sT

Biv1 = B+ (Y; — B;S:) (S} S)ts]

Formulas 3.8 and 4.1 (QN-LS) are both from the same optimization problem. This problem is
convex: the norm is strictly convex by property and there are only affine constraints. Therefor,
the problem has only one solution and the two formulas are equivalent.

QED

The form of Formula 4.1 (QN-LS) is very similar to the Broyden’s “good” method (Formula 3.3).
We can see it as a generalized version of Broyden’s method (we project onto K¢ instead of
Ksu).

As PSB projects onto Kgy N Kg and the symmetric QN-LS formula we are looking for, must
project onto K9 N Kg, it can be seen as a generalized version of PSB. From now on we will
call it generalized PSB (gPSB).

4.2 Generalized PSB

4.2.1 PSB
We can now justify the method used by Powell for the development of PSB (Section 3.3.1).
He used a alternating projection with:
e Broyden’s “good” method (Formula 3.3) for the projection on the set of SU matrices (Kgrr).

e Equation (4.1) for the projection on the set of symmetric matrices (Kg).

4.2.2 Alternating projection to generalized PSB

We are now looking for the formula of generalized PSB. The problem can be expressed as:

Let B; € R™" Y; and S; € R™"™ with m < n and 5; full-rank. We search for B;;; such
that:

e Bi1S; =Y,
e Biy1 =Bl

To find the formula of gPSB, we will now project alternatively on the locus of multisecant
matrices (Kjsg) and on the locus of symmetric matrices (Kg). We use thus:

e Kjrs: The QN-LS formula, Formula 4.1 (QN-LS), for the projection on the set of multisecant
matrices. We call the projection ;B.

e Kg: Equation (4.1) for the projection on the set of symmetric matrices. We call the
projection ;B.

We recall that (ST.9)71ST = S+ (See Section 2.2.3). We start with ¢B and we develop:
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1B = ¢B—oBSST+Yst

- 1B BT

B = — 4=

! 5 T3
0BT B oBSST (SH)TST BT +(S+)TYT+YS+
2 2 2 2 2 2

After those two first projections, we go on:

9B=1B—1BSSt+YS*
oBT  oBTSSt B oBSSt (STHTST,BT

2 2 2 2 2
-\7T TBT + —i—TyT +TyT +
+(S)820 SS +(S)2 _(S)QSS Lyst

_ 1
oB = 5(23 +,BT)

BT 1 B oBSST (ST)TST,BT 1 1
_ 0 L pTgog+ 02 0 . 0 Lio\T ol pTaoo+ _ *ra-\TaT
== 4oBSS—I—2 5 5 +4(S)SOBSS 4(5)503
+ E(SﬂTSToBSS* - i(SJF)TSTYS* - Z(SﬂTYT - i(SJF)TYTSS* + %YS+

0BT oBTSS* 0B oBSSt (SH)TSTeBT | (57T BTSS*

3B = 2 5 7 T2 2 2
(S+)TST B+ - (S+)TST BSSt + (s*)TYT — Z(SﬂTyTss* +vst
_ o BT 3 B oBSSt (SHTsST,BT 3 3
_0P 2 pTgog+ 02 0 _ 0 O o\ T ol npT oo+ _ °2(a\ToT
3B ="5-—oB'S5T+ 5 5 5 S (STTSToBTSSt - 2(57)TST0B
+ %(SﬂTSToBSS* - 2(5+)TSTYS+ - g(SﬂTYT — g(s+)TYTSS+ + £Y5+
B — oBT ¢BTSSt (B (BSSt (ST)TST BT N (SH)TSTyBTSS*

2 SR 7 2 2 2
(S+)TST B42 (S+)TST BSS* + (s+)TYT - g(s+)TYTSS+ +yst

Going on on the same way leads to:

0BT oBTSST 0B oBSS*t (SY)'SToBT | (S1)7SToBTSS*

iB= -5 = -
2 2 2 2 2 2
23'*2 272 _
T (S+)TST B+ (S+)TST BSST
271 1 23*1
i1 (sHTyT — e (S+)TYTSS+ +YSt
B BT 2j71 -1 B B + +\T QT BT
jB:02 -~ oBTSS++%—° iS —(S)‘;O
j—1_1 J—1_1 J—1_1
42 o (sHTsT,BTSST — 27.(S+)TST0B + 27.(S+)TSTOBSS+
Jj—1 J _ Jj—1 _ J
S lgnyrgrygr p 2o L gryryr 2T Z L gryryrger 2 1y gr

27 2J
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Taking the limit to infinity, we see that the sequences converge to 2 different formulas.
On one side, we have lim ;B, the (1) symmetric formula (2) closest to the space of matrices
Jj—oo

satisfying multiple secant equations:

[ Formula 4.2 (¢PSB Sym). Let B; € R™", Y; and S; € R™™, with m < n and S; full-rank. )
Let Kgcprs be the set of matrices B such that:

e B is symmetric
e B is the closest to the set Ky g = {4 € R"*": AS;, =Y;}

Then, Bi11 € Ksems such that ||Bijp1 — Bjl| , is minimal is given by:

B  BISiSf  Bi  BiSiS  (SHTSIBI | (SH)TSIBISiSH  (Si)TS!Bi

Bi=" "% 13 2 2 i 2 T2
NTST R, S; S+ NTSTy, S+ NTYTs, S+
+(Sl) S@Q SSz _(Sz) *gz Sz +(SZ+)TY;T—(51) 21 SSz —|—Y;SZ+
\ J

The second formula, ]lgélo ;B, gives the matrix (1) satisfying multiple secant equations and (2)

being the closest to the symmetric matrix:

rFormula 4.3 (gPSB MS). Let B; € R™*" Y, and S; € R™", with m < n and S; full—rank.\
Let Kjsscs be the set of matrices B such that:

e BS;, =Y,
e B is the closest to the set Kg = {A e R™": A= AT}

Then, Bi11 € Kyses such that ||Bijp1 — B;l| , is minimal is given by:

2 2 2 2 2 2
T T 3. NTI'eT B.G. g+
S 5B (S0 8BS (gTyT _ (sHTYESSE +Yist
L Y,

= BF BIS;S" B, B;S:S¢ (S7)ESiBY N () SFBLS;S;
i+1 = - T 5

This two formulas are different. This means that the loci don’t have any point in common (see
illustration on Figure 4.1).

4.2.3 Dual forms

We can, of course, express the dual formulas. We apply the same development as in the previous
section but we work with H = B~! instead of B and we invert S; and Y;. The “inversed” sets
need to be defined: for instance, Kryrg = {A € R : AY; = S;}. Krys (Inverse MultiSecant)
is the equivalent of Kjsg where .S; and Y; have been inverted.
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Kl\/IScS

Figure 4.1:

Above: Intersection of loci Kg and Kjsg.

Below: As the loci don’t have any point in common, the alternating projection converge to two different
sets Kgenrs and Kprses. The two sets are projected onto each other.

rFormula 4.4 (IgPSB Sym). Let H; € R™" Y, and S; € R™™, with m < n and Y;\
full-rank. Let Krseprs be the set of matrices H such that:

e [ is symmetric
e H is the closest to the set Kjyg = {A € R™*" : AY; = S;}

Then, H;y1 € Kisems such that ||[Hipy — Hil|p, is minimal is given by:

Hf HIYY" H HYY" (O)'VTHT

Hi =
2 2 2 2 2
Y'Y H Y (V)TYTH; o Y'Y HYY"
2 2 2
YTy TS,y yHTSTy,y:+
k _(z) 27, g +(}/i+)TS;T—(Z)2Z L4 +S¢Y;+ J

[ Formula 4.5 (IgPSB MS). Let H; € R™", Y; and §; € R™™, with m < n and Y; full-rank. )
Let Kjprses be the set of matrices H such that:

o HY, = S;
e H is the closest to the set Kg = {A e R™ " A= AT}

Then, Hiy1 € Krpmses such that |H;41 — H;l| p, is minimal is given by:

., - HL_HIYGYE CHHYYE (G)TYTHT ()T HIYY
2 2 2 2 2 5
YTy TH. YyHTYyT .y, v+
SR A ) BRI rySE - (5TSTYY + ST
\ J
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4.3 Impossibility of problem-statement

In 1983, Schnabel gave a formula for the gPSB [20]:

Biy1 = B;i+Y;S; — B;S;Sf +(S)Y;— (SHTSI B —(S;H)TY1 S8 + (ST ST Bl S8 (4.4)

This formula is equivalent to Formula 4.3 (gPSB MS) when B; is symmetric. In the same
publication, he proved that his formula only exists if YiTSi is symmetric.

We give a more general theorem about the necessary and sufficient conditions of the exis-
tence of gPSB. We develop two different proofs. The first one comes directly from formulas
4.2 (gPSB Sym) and 4.3 (gPSB MS). The second one aims to explain the apparent paradox of
the impossibility of solving a system that seems under-determined (having more variables than
equations).

rTheorem 4.1. Let Y; and S; € R™™_ with m < n and S; full-rank. There exists\
B;11 € R™™ such that:

e B 115 =Y;

e ;.1 is symmetric

if and only if Y;7'S; is symmetric.

.

Proof 1 - Based on formulas 4.2 (gPSB Sym) and 4.3 (gPSB MS)
= If the solution B, exists, there is an intersection between the locus of matrices satisfying
multiple secant equations and the locus of symmetric matrices. The alternating projections
should converge to an unique formula. We equalize the 2 formulas and simplify terms appearing
on both sides, we have then:

(SHTstvist (ST SiS

— — = —(SHTyTs. s+
- X (SHTYTS;S;

This last equation must be for every S; and Y;. This leads to the conditions S} Y; = Y,I'S;

< If Y;I'S; is symmetric, the formulas 4.2 (gPSB Sym) and 4.3 (gPSB MS) are equal. Both forms
are symmetric and satisfy multiple secant equations, so there is a solution to the problem.

QED

Proof 2 - Linear dependence
We are looking for B € R"*" : BS =Y and B = BT with S and Y € R**™,

Step 1: construction of SSYst
We notice that Bs,1 =y, ; can be expressed as S'b = ¥.,1 where

e b =vec(B), a column vector containing every elements of B.

e S' a block diagonal n x n?

diagonal.

matrix containing the line vector S*T71 in each block of the

e y, 1 still being a column vector containing the first column of Y.

We create S* and Y., on the same way for the following columns of S and Y.

We now express the symmetry condition on the same form: ¥b = 0.
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Yis a n("2_1) x n? matrix. For each couple {b;j,b;i} (1 <i<n-—1,i+1<j<n), we have a

line containing 0 everywhere but at the place corresponding to b;; and bj; where the value is
respectively 1 and —1.

Applying the 2 conditions BS =Y and B = B” together, we have thus:

[(SHTIS®) T (S™)TIZ]T D = [ysalyial- - [yiml0]"
Ssystb =y
See illustration on Example 4.1.

Step 2: Linear dependence for m = 2
Let’s build S3Y5¢ for m = 2. We apply then the following linear combination:

e We multiply the n first rows by the coefficients of s, ».
e We multiply the n following rows by the coefficient of —s, ;.

e For the column corresponding to b;;, the linear combination of the rows is then equal to
zero. There are only zeros in the rows of 3 for these columns.

e For the columns corresponding to b;; with ¢ # j, the linear combination on the 2n first
rows gives a value d;;.

— We notice that d;; = —d;;.

— But for these columns, there is a single row of ¥ having 1 in the column corresponding
to bsj (i < j), —1 in the column of bj; and 0 every where else.

— No other row of ¥ has an non-zero value under the column of b;; or bj;.

— So we multiply this rows by —d;; and the linear combination gives 0 for this columns,
too.

See Example 4.2 for an illustration.

Example 4.1. For instance, for n = 3 and m = 2, we have:

s11 s21 s O O O O O O
0 0 0 S11 S21  S31 0 0 0
0 0 0 0 0 0 S$11  S21  S31

S12 S22 s 0 0 0O 0 0 O

ASSYSt = 0 0 0 S12 S22 S32 0 0 0
0 0 0 0 0 0 S12 S22 S32
0 1 0O -1 0 0 0 0
0 0 1 0 0 0O -1 0 0
0 0 0 0 0 1 0O -1 0

Example 4.2. For our example with n = 3, the coefficients are:

{812, 522, 832, —S11, —S21, —S31, $22511 — $21512, $32511 — S31512, $32521 — 831822}

We can easily check that this combination leads to 0.
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So there is at least one linear dependence between the rows of S%Y%*. The rank of matrix SVs*
is at least one less than its number of lines.

Step 3: Existence conditions for m = 2

= If BS = Y has a solution, then S*'b = y has also a solution. In this case, the linear
combination of the lines of matrix S%Y5* also holds for y.
This linear combination applied to y gives:

S:{,QY*,l + (—S:?F,l)y*g +0=0

< On the other side, if s£2y*71 + (—s*TJ)y*,g = 0, then applying the linear combination on y
gives 0. The linear combination of S%Y5* also holds for y, so S¥'b = y has a solution which is
then also the case for BS =Y.

Step 4: Conditions for m > 2
Extending to higher value of m, for each pair ¢, j of the columns of S and Y, we have a solution
if and only if szﬂﬂ-y*vj = Sz,jy*,i = yzﬂ-s*,j. For the second, equality we used the fact that the

= [YTS} _which leads

transposed of a scalar is the scalar itself. This is equivalent to [STY}
/[/7]

to STy =v7Tgs.

2]

QED

The last proof showed that there is at least one linear dependencies for the system BS =Y and
B = BT when m = 2. We can now try to count the number of linear dependency for higher
value of m. The following theorem is an extension of Theorem 4.1.

rTheorem 4.2. Let Y, and S,,, € R™™"™, with "T‘H <m <n and S; full-rank. We consider1
the system of n(m+ "T_l) equations with n? unknowns resulting from the problem of finding
B € R™" such that:

BS,, = Y.,
B = BT

This system has m(’z_l) equations that can be expressed as a linear combination of the

kother equations. So for m > 1, the system is not full-rank. D

Proof Step 0: Linear dependences for m = 2
This has been shown above in the second proof of Theorem 4.1. By reasoning column by column,
we have found one single linear combination involving all the rows.

Step 1: Linear dependences for m = 3

For m = 3, we have 537" = [S7|ST|ST|%]”" (see previous demo for detail about the construction
of this matrix). Thanks to step 0, we know that we have 3 linear combinations (one of each
couple of columns of the matrix S). However, those linear combinations can be equivalent, as
one of them could be a combination of the other two. We have to prove that those combinations
are different.

We will proceed by contradiction: say that such a linear combination exists and prove that this
is only possible if S is not full-rank.

We define S57°° = [ST|53 %)

The following facts are noted:
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1. As m = min(i,n) by hypothesis, we have n > 3.

2. The dimension of S;ySt is n(n2+3)

of columns.

x n?. The number of rows is less or equal to the number

. syst . . . . . .
3. As we proved that, in S57°", there is only one linear combination involving every rows, we

can take a subset of w

the system.

— 1 rows without losing information nor reducing the rank of

4. There are at least n 4+ 1 independent rows in SSYSt. We have indeed n independent rows

in S7 and at least one extra independent row in Sy because S is full-rank. Therefore, the
dimension of span of its rows is at least n + 1.

5. The dimension of the span of the rows of S5 is at most n.

This leads us to the following conclusion: If the span of S3 is included in the span of SQSySt, then
there is only one linear combination in S;ys't. Otherwise, there are 3 distinct linear combinations.

For the proof by contradiction, we assume that the span of S3 is included in the span of
S5Y*. Then, for each row of S3, there exists a linear combination of the rows of S5”*° that is
equal to it.

Thanks to point 3 above, we know that we can remove one row of S;ySt. We start thus by

replacing the first row of S3 (See Example 4.3).

Example 4.3. For the case n = 3, we have then:

s13 s23 s3z3 O 0 0 0 0 0
0 0 0 s11 s21 s31 O 0 0
0 0 0 0 0 0 S11 S21 831

S12 S22 S32 0 0 0 0 0 0

0 0 0 s12 S22 s32 O 0 0
0 0 0 0 0 0 s12 s22 832
0 1 O -1 0 0 0 O

0 O 1 O o0 0 -1 0

0o o0 0 0 0 1 0 -1 0

We apply then the following linear combination:
e We multiply the n first rows by the coefficients of s, .
e We multiply the n + 1-th row by —sq 3.
e We multiply the n — 1 following rows by the coefficient of —s, ;.

e For the column corresponding to b;;, the linear combination of the rows is then equal to
zero (there are only zeros in the rows of ¥ for these columns).

e For the columns corresponding to b;; with ¢ # j and 7, j # 1, the linear combination on the
2n first rows gives a value 9d;;.

— We notice that d;; = —d;;.

— But for these columns, there is a single row of ¥ having 1 in the column corresponding
to bsj (i < j), —1 in the column of bj; and 0 every where else.

— No other row of X has an non-zero value under the column of b;; or bj;.
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— So we multiply this rows by —d;; and the linear combination gives 0 for this columns,

too.
e For the columns corresponding to by; and b;; with ¢ £ 1, we should also have §;; = —d;1, but
the equation is not automatically satisfied. This gives us n—1 equations (fori =2,...,n—1):

51,2843 — $;4,281,3 = 81,28;,1 — $;,281,1 (4-5)
Applying the same reasoning but after replacing the n + 1-th row of SSYSt by the first row of S3
leads to another n + 1 equations:

$1,18i,3 — Si,181,3 = S1,18;,2 — ${,1S1,2 (4.6)

Combining (4.5) and (4.6) leads to:

$1,284,3 — S4,281,3 = S;,181,3 — S1,158;,3

S1,3 _ S1,2 +s1,1
Si,3 Si,2 + Si1
We can now apply the same process but starting with replacing successively the i-th and n + i-th

rows of SSYSt by the i-th row of Ss, for i = 2,...,n. This leads to the general equations:

5,3

—>= =k fori=1,...,n where k is a constant
Si2 +8i1

The consequence is sy 3 = k(84,1 + 84 2). S is then not full-rank which is in contradiction with
our hypothesis.

So the span of S5 is not included in the span of S;y“ and, for m = 3, we have 3 distinct linear
combinations.

Step 2: Linear dependences for m > 3
The proof extends to higher value of m by applying Step 3 on every combination of 3 submatrices

Si. So each additional column of S adds one new linear combination with every other column.

In general, for n and m given, we have a system of mn + ”2; " equations with n? variables, but

the rank of the matrix is only mn + ”27_” — mZT_m

QED

We have tried to develop an update formula such that the new estimate of the Hessian is
symmetric and satisfies multiple secant equations. We found out that this formula only exists if
YTS = STY. If the condition is not fulfilled, we have two different update formulas: a symmetric
one closest to the multisecant matrices and a multisecant formula closest to the symmetric
matrices. We’ve proved that the limitation comes from the fact that the addition of a second
secant equation adds n new scalar equations but one of these equations is linearly independent of
the other ones. We finally were able to extend the result to higher numbers of secant equations.

In the next section, we will apply the same technique but we will add one extra condition:
every update formula must be a secant update, which was not the case with gPSB Sym (Formula
4.2).

4.4 Secant Update generalized PSB

Formula 4.2 (gPSB Sym) and Formula 4.3 (gPSB MS) only conditional converge to one unique
form which would force us to choose between both, respectively satisfying symmetry or multi-
secant equations. Next to the only conditional convergence of the formulas, there is another
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problem: Formula 4.2 (gPSB Sym) doesn’t satisfy any secant equation (it is, indeed, as close as
possible to the set of matrices, which satisfy secant equation, but not inside. So it isn’t a Secant
Update formula. We can try to do better and enforce the secant update property.

For gPSB Sym (Formula 4.2), we will add the requirement that the last secant equation needs to
be satisfied exactly. This will lead to Formula 4.7 (SUgPSB Sym).

For gPSB Sym (Formula 4.3), we will add the requirement that the approximate Hessian needs
to be closest to the set of symmetric matrices satisfying the last secant equation exactly, in-
stead of to be closest to the set of symmetric matrices. This will lead to Formula 4.8 (SUgPSB MS).

To do this, we will alternatively project on the set of symmetrical matrices satisfying the
last secant equation and on the set of matrices satisfying multiple secant equations. For the
latter, we even have two choices, which should lead to the same result, as will be explained in
the next paragraphs.

We will also show that under certain conditions SUgPSB Sym and SUgPSB MS will be identical.
In Subsection 4.4.1, we define the projections we will use within this section. How we will use
this projections will be explained in Subsection 4.4.2.

In Subsection 4.4.3 and Subsection 4.4.4, we make the same developments but with two different
projections for the Multisecant property.

4.4.1 Projections to be used
4.4.1.1 Symmetric Secant update projection

Projection on the set of symmetrical matrices satisfying last secant equation

The projection on the set of symmetrical matrices satisfying last secant equation (Kg N Kgr) is
PSB. But as in Section 4.1.2.3, we have a problem with the standard formulation of PSB (Formula
3.6) because it only works from already symmetric matrices. So we need a new formulation.

We will apply the method of alternating projection with:

e Kg: (4.1) for the symmetrical projection, giving ; B
e Kgy: Broyden “good” (Formula 3.3) for the secant update projection, giving ;B

Let’s start with ¢B. We first project onto the set of symmetric matrices. For more readability
and as we work within one step of the QN process, we omit the subscripts ¢ which refers to the
step of the QN process. We have:

5 _ B+oB”
2
oW = y—oBs
B oBS+OBTS
= i e—
_ ws!  sow! wls
1B = OB+OSTSZ- T Z{s - (OSTS)QSST

We should now project on symmetric matrices again. But 1 B is already symmetric. So the alter-
nating projection has already converged. This results to the following formula:
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rFormula 4.6 (PSB - Direct Form from non symmetric matrix). Let B; € R"*" y, and\
s; € R™! and S; full-rank. Let B;,1 such that:

® Biyisi =y;
e ||Bit1 — Bi|| p, is minimal

Then, B;1; is given by:

~ T —T ~T
Bi+1 = BZ aF W}Si arF Si;Vi - v;} S SiS;-F
s!'S; s;si  (sls;)?
With
. BZ _ Bi—;B
. ° w; =y; — Bisi y

We note that Formula 4.6 (PSB with non-symmetrical start) can be computed as the successive
application of

1. One symmetrical projection, equation (4.1)

2. One Broyden “good” update (Formula 3.3)

4.4.1.2 Multisecant projection

Projection on the set of matrices satisfying multiple secant equations

For the multisecant projection, we can reuse the Formula 4.1 (QN-LS) (projection on Kjyg).
However, we now have a new possibility: the Formula 4.3 (gPSB MS).

Indeed, the only difference is that the property “closest to a symmetric matrix” is already
included in Formula 4.3 (gPSB MS). We can see this last formula as the projection onto:

Kprses = {A € R™™ : AS; =Y, and A is the closest to Kg}

We have thus the choice between two formulas:
e Formula 4.1 (QN-LS) which will be used in Section 4.4.3.
e Formula 4.3 (gPSB MS) which will be used in Section 4.4.4.

Both formulas should lead to the same target formula. We will check this at the end of Section
4.4.4.

4.4.1.3 Symmetric projection

Projection on the set of symmetric matrices

As mentioned in Section 4.4.1.1, we will split the projection on the set of symmetrical matrices
satisfying last secant equation into two successive projections.

The first projection will be a projection on the set of symmetric matrices: equation (4.1).

This projection will be systematically followed by a projection on the set of symmetrical matrices
satisfying last secant equation: the Broyden “good” update (Formula 3.3).
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4.4.2 SU generalized PSB

As Formula 4.6 (PSB with non-symmetrical start) is in fact the direct application of two update
formulas, one symmetrical projection, equation (4.1), and one Broyden “good” update (Formula
3.3). Our alternating projections will be the sequence of three projections:

1. The projection on the set of matrices satisfying multiple secant equations:
e Formula 4.1 (QN-LS), in Section 4.4.3
e Or 4.3 (gPSB MS), in Section 4.4.4.
We call this step MS for multisecant.

2. The projection on symmetric matrices: equation (4.1). This is called MSS for Symmetrical
projection from Multisecant formula.

3. The projection on symmetric SU matrices, Formula 4.6 (PSB with non-symmetrical start).
We call this SSU for Symmetric Secant Update.

We will develop the formula using the two different projections listed in point 1 above, respectively
in Section 4.4.3 and Section 4.4.4. Figure 4.2 illustrates the two sequences of projections.

( ) e
KMS KMS
T
. J \_
lMSS H MSS
nssu

<

s N % s ;f
s 2 K
» <

. J \_ ©

SSuU

s
N
[ Ksu [Ksu )
J J
Figure 4.2:

Left: Projection sequence with QN-LS as MS projection (Section 4.4.3).
Right: Projection sequence with gPSB MS as MS projection (Section 4.4.4). Kjss.s is a subset of K/ S.

4.4.2.1 Difficulty of the method

The main difficulty of this approach is the number of involved terms. Indeed, SSU formula
applied to a k terms expression creates 4k + 3 terms. The MS step takes a k term expression
and makes a 2k + 1-term or 4k + 3-term expression depending of the used formula, Formula 4.1
(QN-LS) or 4.3 (gPSB MS). For the MSS step, the number of terms is doubled. Luckily, several

simplifications are possible.

In front of such a, a priori simple, distribution-simplification problem involving a lot of terms, we
tried to use symbolic computer solvers, but none of the solvers we tried (Mathematica, MatLab,
Python-SymPy) were able to handle the simplifications.

We finally used a mix of Excel string handling formulas, macro’s and manual copy-paste to
extract the wanted symbolic update formulas.
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4.4.2.2 Simplifications
In the following sections, we will apply the following simplifications (and their transposed
version):

e s’y = yT's because the transposed of a scalar is the same scalar.

e STS =TI by definition of the Moore-Penrose pseudoinverse (Section 2.2.3)

e §S5Ts = s from Lemma 2.9

e 55957 = s from Lemma 2.10

e YSts =y from Lemma 2.11

4.4.3 Development of SUgPSB using Multisecant Equation
We will now apply the alternating projection method in order to find a SUgPSB. The following
projections will be used:

e MS: Formula 4.1 (QN-LS) for the projection on the set on multisecant matrices, written
Bpgj. It is the projection onto Kjyg.

e MSS: The projection on symmetric matrices, equation (4.1), written Bysgg;. It is the
projection onto Kg.

e SSU: The projection on symmetric SU matrices, Formula 4.6 (PSB with non-symmetrical
start), written Bggsy;. It is the projection onto Kg N Kgy.

We start with a matrix B and we apply recursively the formulas:

MS — MSS —-SSU —-MS — MSS — SSU —- MS ...

This gives up:
Bysi = B—BSST+vYst

BT B BSST (51)'STBT  (s)'YT  vS*
2 2 2 2 2 2

Brsst =

In order to give an easier overview of the successive steps, we give the terms and their coefficients
in Table 4.1.

We are then able to write a generic form for the j-th step. We can easily check that the
application of update formulas MS, MSS and SSU on these forms gives the right following form.
E.g. Applying MSS formula to equation (4.7) gives equation (4.8).

g _ BT B'SST B BSst (s1)'S'BT (sH)TSTBTSS' 20?1

MS; =79 2 2 2 2 2 2i-1
—1 \reor L Y o 2T 1 TG

e (STTSTBSS 4 S ($HTYT - S (8M)TY TS (4.7)

1 ss'B 1 ss"BSS* 1 sy’ 1 sylss+ N

(sHTsTB

9j—2 i—1

T 9j—1 T 1 T i—1 T 1 T vs*
21—1 gls 21— sts 21—l sl's 21— s's
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Step 1 Step 2 Step 3 Step 4
MS MSS SSU MS MSS SSU MS MSS SSU MS MSS SSU
BT 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2
BTss” _1 1 1 1 1 _1 1
sTs 2 4 4 8 8 16 16
T Ga+ 1 1 _1 _1 _3 _3 _1 _1 _71
B SS 2 4 4 2 8 8 2 16 16
1 1 1 1 1 1 1 1 1 1 1
B 1 2 2 2 2 2 2 2 2 3 2 2
+ } 1 .1 _1 1 _1 _1 1 _1 _1 _1 _1
BSS 1 2 2 2 2 2 2 2 2 2 2 2
T oT RT _1 _1 1 _1 1 1 _1 1 1 _1 _1
<S ) S B 2 2 2 2 2 2 2 2 2 2 2
(sH)'sTBTss” 1 1 1 1 1 1 1
sTs 2 4 4 8 8 16 16
T T BT ¢ g+ 1 1 1 1 3 3 1 7 7
<S ) S B SS 2 4 4 2 8 8 2 16 16
T QT 1 1 _1 _3 _3 _3 _1 _1
(S ) S B 4 4 4 8 8 8 16 16
H\T T + 1 1 1 3 3 3 7 7
(S ) S BSS 4 4 4 8 8 8 16 16
(5sHTsTys” _1 1 1 3 1 7
sTs 4 4 8 8 16 16
-\T QT + _1 _1 _3 _3 7 _T7
<S ) S YS 4 4 8 8 16 16
Ty T 1 1 1 3 3 3 7 7 7 15 15
(S ) Y 2 2 2 4 4 4 8 8 8 16 16
sHTyTss” _1 _1 _1 _1
sTs 2 2 2 2
N\TVT Qo+ .1 _1 _1 _3 _3 _3 _1 _1 _71
(S ) Y SS 2 4 4 4 8 8 8 16 16
ss”B 1 1 1 _1 _1 1 _1 _1 _1 _1
sTs 2 2 4 4 4 8 8 8 16 16
ss”BSS+ 1 1 1 1 1 1 1 1 1 1
sTs 2 2 4 4 4 8 8 8 16 16
ssTy S+ _1 _1 _1 _1
sTs 2 2 2 2
sy” 1 1 1 1 1 1 1 1 1 1
sT's 2 2 4 4 4 8 8 8 16 16
sy’sst 1 1 1 1 1 3 1 _ 1 7
sTs 2 4 4 4 8 8 8 16 16
ys” 1 1 1 1 1 1 1
sTs 2 4 4 8 8 16 16
+ 1 1 3 3 7 7 15 15
YS 1 2 2 1 4 4 1 8 8 1 16 16

Table 4.1: Coeflicients of the different terms for the successive steps of the sequence.
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B :iT_iBTssT_29'*1—1BTSS++§_BSS+_(S*)TSTBT
MSS: = 9" T 26T 2 2 2 2
1 (SHTSTBTssT 271 1 2i-1_1
NG B E T (sh)IsTRTsst — T T (sh ST
27 sts 27 27 (4.8)
2i—-1 _1 1 (S+)TSTyST 9i-1 _q
——(sHTsTBSST — — : sty s+
+—; (sH1st'BsSsS 5 T 57 (sHtstys
2 -1 -1 _1 1ss'B
——(sHIyt - ———(sH)TyTsst — —
+ 27 (57) 27 (57) 27 sT's
1ss'BSST 1sy” 1sy’sSst 1ys” N 2 — 1Y ot
27 §Ts 2isTs 27 gTs 27 sT's 27
B _ BT 1 BTss" 27— 1 pr oot N B BSSt (sH)Ts'BT
S5U; = 797 T 91 4T 2 2 2 2
1 (SH)TSTBTss” 271 -1 271 1
— ——(sHTsTpTsst - —— —(sHTsTRB
27 sts + 27 (57) 27 (57)
2071 -1 20=1 1 (ST STyst 211
+—; (SH'ST'BSST + 5 s 5 (sHstys
27 —1 1(SH)TyTsst 2071 -1 1ss'B
——(sHTyT - = - ——(SHTyTsst — —
* 2J (57) 2 sT's 2J (57) 27 sTs
1 ss"’BSST 1ss’YsSt 1sy? 2071 —1sy?SST 1 ysT 27— 1YS+
27 &Ts 2 sTs 27 sTs 27 sTs 27 sT's 27
(4.9)

Taking the limit for j — oo of equation (4.9), we have the SU gPBS symmetric the closest to
multisecant:

( Formula 4.7 (SUgPSB Sym). Let B; € R"*", Y; and S; € R™™ with m < n, s = s, — )
(Si)esms ¥ = Yam = (Yi)xm and S; full-rank. Let Kgsyems be the set of matrices B such
that:

e [ is symmetric
e Bs=y
e B is the closest to the set Kyg = {A € R"*": AS, =Y}

Then, Bit1 € Kssuems, such that || Biy1 — B, is minimal, is given by:

B BISS;  B;  BiSiSf  (SH)TSTBY  (S)TSI'BIS:S;

Biv1 = 2 22 2 2
CTSB | (SHTSTBSST | (SHTSTysT  (SHTSTvs!
2 2 2sl's; 2
n (S;_)TY;T _ (S:‘)T?Tsis? - (SZ"')TYZTSZS;— _ SzSZTZ;Sj— szyffsz i Y@Sj_
L 2s; s; 2 2s; s; 2s; s; )

On the other side, taking the limit for equation (4.7), we have the gPBS multisecant the closest
to the symmetric SU:
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(Formula 4.8 (SUgPSB MS). Let B; € R™™, Y; and S; € R™™™ with m < n, s = s, )

(Si)esms Y = Yum = (Yi)xm and S; full-rank. Let Kpscssu be the set of matrices B such
that:

e Bi1Si=Y;
e B, is the closest to the set (Kgy N Kg) = {A ER™™: As=y and A = AT}

Then, B;11 € Kysessu, such that || Bit1 — B, is minimal, is given by:

2

2 2 2 2 2 2
NTSTp, ST RB;S; S+
— (Sz )QSZ Bl + (Sz ) SZQBZSZSz 4 (S:_)TY;T _ (S:—)TY;TSZSj_ —{-Y;S:—
J

BT BTS;Sf By BS:S (SHTSFBI (S;)TSIBIsS;S;
Biy1 = -+ - — +

4.4.3.1 Necessary and sufficient condition of convergence

We can now verify that Formulas 4.7 (SUgPSB Sym) and 4.8 (SUgPSB MS) are equal if and
only if S’iY;T = YiS’;‘F . This is in fact another alternative proof for Theorem 4.1.

Proof < If B;; is symmetric and multisecant, formulas 4.7 (SUgPSB Sym) and 4.8 (SUgPSB
MS) must be equal. Keeping only the differences between the formulas, we have:

(ST STyst  (SHTSTYiST  (S)TYisis]  (SO)TYSiSE  sislYiS) | syl SiS
QSZTSZ' 2 QSZTSZ' 2 QSZTSi ZSlTSZ'

= —(SHTY S

As the equation must be true for every value of s, we must have:

T gTy g+ H\TyTg g+
LTSNS, SRS - (5H)TYT ST
(SHTSTysT — (SHTYTs;sl — ssTY;S + iyl SiSH =0
The first condition leads to Y;1'.S; = S]'Y; which is enough to fulfill the second condition.

= If Y1'S; = SI'Y;, we have also y!'S; = s!'Y; (the last line of Y;1'S;) and S]y, = YI's; (its last
column). Replacing this in Formula 4.7 (SUgPSB Sym) gives Formula 4.8 (SUgPSB MS).

QED

4.4.3.2 Dual forms

Here again, we can develop the dual formulas by replacing B; by H; = B, ! and inverting S;
and Y;.
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rFormula 4.9 (ISUgPSB Sym). Let H; € R™*™, Y; and S; € R™™ with m < n, s = s, = )
(Si)ssms Y = Yim = (Yi)wm and Y; full-rank. Let Kigssuens be the set of matrices H such
that:

e H is symmetric
e Hy =s
e H is the closest to the set Kryrg = {A € R™" : AY; = S;}

Then, Hiy1 € Krssuems, such that |H; 1 — H;||p, is minimal, is given by:

HY HIYY] Hi HYYS  (VOUYTHD O (VO)TYTHTYYE

Hip =

2 2 2 2 2 2
_OOYTE | (GOTYEYYE 0)Y syl (60T S
2 2 2}’?}’1‘ 2
+ (Yi-i-)TSiT _ (Y@'Jr)Tgéryz'YiT . (YiJr)TSz‘TYiYiJr _ yﬂffﬂT yiSiT;/iYiJr = SiY;Jr
. 2y!y: 2 V¥ WY J

[ Formula 4.10 (ISUgPSB MS). Let H; € R"*", Y; and S; € R™"™ with m < n, s = s, = A
(Si)sm» ¥ = Y = (Yi)xm and Y; full-rank. Let Kjysessu be the set of matrices H such
that:

o HY; = 5;
e H is the closest to the set (Krsy N Kg) = {A e R : Ay =sand A = AT}

Then, Hit1 € Kusessu, such that ||Hip1 — Hil| g, is minimal, is given by:

o H'  HIYYS H  HYYS  O'YTH N YHIY HI Y
A 2 2 2 2 2
.-‘r T ‘T 5 .-‘r T ‘T 5 'Y+
— (Yz- )2}/; H; + (Yz- ) Y;QHlytt iy (Y'Z+)TSZT _ (}/Z—F)TS;TY;}/Z—F 4 SzY;+
\_ Yy

4.4.4 Development of SUgPSB using Multisecant equation closest to Sym-
metric

In this second approach, we will use another projection of the MS-projection. This difference
could lead to a possibly different form for the update formula. We use the now following
projections:

e MS: Formula 4.3 (gPSB MS) for the projection on the set on multisecant matrices, written
Birsj. This differs from previous section (Section 4.4.3) as the new matrix Bjsg; has one ad-
ditional property: being the closest to the set (KsyNKg) = {A ER™™: As =y and A = AT}.
It is in fact the projection onto:

Kysessu = {A € R™™ : AS; =Y; and A is the closest to (Ks N Ksy)}

e MSS: The same as in the previous section, the projection on symmetric matrices (4.1),
written Bsss;.

e SSU: The same as in the previous section, the projection on symmetric SU matrices,
Formula 4.6 (PSB with non-symmetrical start), written Bgsy;.
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Busi =B+ (STIYT +vST - BSST — (SHTSTBT — (sH)TyTssT + (SHTSTBTSST

BT B +\T TBT + +\T TB +
Bussi =~ + 5 — BSST — (SHTSTBT + (57) 52 55 + (57) S2 55
+\1T' QT + \NTy T +
SISV guyryr (SOTVISST oy
BT BTgsT B Bsst
2 25T + 2 + 2sTs BSST ~ (S+)TSTBT + ( 2sT's
(SHTSTBTSS+ B (SHTSTBssT  (SH)TSTBSST  (ST)TSsTysT
2 2sT's 2 2sT's
B (SHTSTy s+ L (STYYT - (ST Ty TssT B (SHTYTsst  ssTBT
25T 2 25T

2
+YSt

SHTST BT ssT

Bssy1 =

ssTBTSST ssT'B  ss'BSStT  ssTYSt  sy’'SST
2sT's 2575 2sT's 2575 2575

B, BT BTSS* B BSST (SHTSTBT  (5%)TSTBTSS
MS2 = =5~ 5 5 5 9 5 (4.10)
HNTeT R HT'eTBRgS+
o (S )25 + (S ) S2 S5 + (S+)TYT _ (S+)TYTSS+ +YS+

5 ~ BT BTSst LB BSS*  (ST)TSTBT . (ST)TSTBTSST  (SH)TSTB
M85z = 75 2 2 2 2 2 2
+\T oT + +\T oTv o+ NTyvT oot
L (sh) SQBSS (51 g Y8t ghyryr_ (58Y) 52f S5 | yor

B, BT _BTSS* B BSSt (SHTSTBT ($H)TSTBTSS*
5802 = 7y 2 2 2 2 2
(SHTSTB  (SH)TSTBSST (SH)TSTysT  (S+)TSTY S+ (4.11)
+ —
2 2 2sT's 2
TyT (SH)TyTssT B (SHTYTss+ B ssTY ST  syl'ss+

2sT's 2 2sT's 2sTg

+(S™)

ho. BT B'SST B BSST (SHTSTBT (5%)'STBTSS*
MS3= 5 — 5 T o T T~ 2 + 5 (4.12)
-\T TB -\7T TB -+
- (S )25 + (S ) 52 S5 + (SJr)TyT _ <S+)TyTSS+ —I—YSJF

We find out that MS3 (4.10) is equal to MS2 (4.12). We already have a convergence.

The equations (4.10) and (4.11) are equal respectively to the formulas 4.8 (SUgPSB MS)
and 4.7 (SUgPSB Sym), the two methods give thus the same result.
Note that the results can easily be extended to the dual formulas.
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4.5 Condition of equivalence gPSB and SUgPSB

We have developed 2 pairs of formulas:
1. gPSB:
e gPSB Sym € Kg = {A ERVM A= AT}, Formula 4.2 (gPSB Sym)
e ¢gPSB MS € Kjs = {A € R"" : AS; =Y}, Formula 4.3 (gPSB MS)
being the closest to each other.
2. SUgPSB:

e SUgPSB Sym € (Kgy N Kg) = {A eR™": Ay =sand A = AT}, Formula 4.7
(SUgPSB Sym)
e SUgPSB MS € Kjg = {4 € R"™" : AS; =Y}, Formula 4.8 (SUgPSB MS)
being the closest to each other.

We will now compare them.

First, we can note that the formulas 4.3 (gPSB MS) and 4.8 (SUgPSB MS) are identical.
This is logical as the multisecant formula the closest to the SU symmetric is already a secant
update. So forcing the fact that the formula should be the closest to a secant update has no impact.

We've already seen that gPSB exists if and only if Y;I'S; is symmetric. Indeed, then For-
mulas 4.2 (gPSB Sym) and 4.3 (gPSB MS) are equal.

We’ve also seen the same for SUgPSB using Formula 4.7 (SUgPSB Sym) instead of Formula 4.2
(gPSB Sym). We now look for equality conditions for the symmetric update formulas.

Theorem 4.3. The formulas 4.2 (gPSB Sym) and 4.7 (SUgPSB Sym) are equal if and only
if the last column of S!'Y; is equal to the last column of Y;I'S;.

Proof
= If both formulas are equal, we compare Formula 4.2 (gPSB Sym) and Formula 4.7 (SUgPSB
Sym). After simplification of identical terms, we have:

(SH)"Slysst  (SH)"Ysis]  sis]YiS; | siyl SiS;
2S;TFS¢ 2siTsi 2siTsi 2s?si

= (SO Syt — (SHTY ! 'sis] — s8] ;S + siy] SiS;

= Slys S — Y sis] S — S]'sis] Vi + S]'siy! S;

= (S]y; = Yi"si)s! Si+ S]'si(yi Si — s{ V)

= (STy; = Yi'si)s! Si+ (ST y; — Yi''si)s{ Si)"

0=

(Sly, — Y's;)sT'S; is skew-symmetric, so by Lemma 2.4, its rank must be even.

But (S1y; — Y;I's;)sI'S; has the form of uv’. By Lemma’s 2.1 and 2.2, its rank is at most 1.
We deduce that its rank must be 0 which is only possible if u =0 or v =0.

s!'S; cannot be null because by hypothesis S; is full-rank (See section 2.4.2). So we have:

SiTYi - Yz’TSi =0

This is equivalent to say that the last column of S7'Y; is equal to the last column of Y;7'S;.
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< If the last column of S]Y; is equal to the last column of Y;7'S;, we have S]y, = Y;I's; and
vy} S; = s!'Y;. The equality is then quickly verified.

QED

The equality condition is obviously fulfilled when Y;'S; = S7'Y;. Then formulas 4.3 (gPSB MS),
4.2 (gPSB Sym) and 4.7 (SUgPSB Sym) are identical. This is then our gPSB formula.

4.6 Conclusion

In this chapter, we were looking for a symmetric update matrix that satisfy multiple secant
equations. we have found the formula we were looking for. This formula only exists under specific
conditions, only if Y7'S§ = STY.

We have also found found some formulas that are in some ways the closest to our wanted formula.
Table 3.1 was updated with these new formulas. The new summary is given in Table 4.2.

In the next chapter, we will look for other alternatives and strategies to approach the wanted
formula.
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Other strategies

In the previous chapter, we saw that the formula of pPSB only exists if S!Y; = Y.I'S;, i.e.
when S7Y; is symmetric. In order to find an update formula for the Hessian matrix even if
the condition is not fulfilled, we developed formulas that satisfy only a limited number of the
constraints but are the closest to the wanted formula.

In this chapter, we will try other strategies.

In Section 5.1, the idea is to correct Y; (or S;) in order to have S!'Y; = Y;I'S; and be able
to apply the formula of generalized PSB (one of the Formulas 4.2, 4.3 or 4.7 as they are then all
equal).

In Section 5.2, we try another strategy. As it is impossible to fulfill at the same time the

symmetry and the multisecant conditions, we will only enforce the symmetry and penalize the
non-fulfilling of the multisecant condition.

5.1 Correction of data

In 1983, after having proved that the generalized PSB formula only exists if and only if
STy, = YI'S;, Schnabel gave two strategies to still be able to apply the formula [20]. The
idea is to modify Y; by adding 0Y; such that S (Y; +0Y;) = (Y; +0Y;)T'S,;.

In the next subsections, we describe his two strategies. We will only make some light changes in

relation to the original paper: Schnabel added new columns to matrices S; and Y; by appending
them on the left whereas we append the matrices on the right.

5.1.1 Triangular decomposition

We observe that if STY; # Y;I'S;, then Y;I'S; — STY; is a skew-symmetric matrix. We can then
define L;, a lower triangular matrix, such that:

V'S —StY; = —L; + LT
Note that the diagonal of L; is zero.

The first strategy of Schnabel is to define §Y; such that 6Y;1'S; = —LT. This is possible if

93
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§Y; = —S;(SFS;)~'L;. Indeed, we have then:
SI(Yi+6Y;) = SIYi—=S]Si(S/S) ' Li=8Y;—Li=(Y,"Si+ Li— L) - Li =Y;"S; — L]
(Vi + oY), = visT - LF ((s7s)™) sTsi = visT — LT ((s7s)") " ST,

= visT 1T (s7s)  sTsi=vist — Lf

We used the fact that (A7)~ = (A=HT.

As L; is a lower triangular matrix with zeros on its diagonal, the last column of §Y; con-
tains only zeros. This means that the last secant equation is still respected.

We can write it in the same form as the other formula. We call this formula “PSB - Schnabel 1”
in reference to the paper of Schnabel [20]. We also give the formula for the dual problem.

( Formula 5.1 (PSB-S1). Let B; € R™*" Y, and S; € R™"™ with m < n and S; full-ranked. )
Let 0Y; € R™*™ such that S (Y; +6Y;) = (Y; +0Y;)TS; and B; 1 € R™*" such that:

e Bi1S; = (Vi +0Y;)
® Bit1 = B@'TJA
¢ ||Bit1 — Bil| p, is minimal
We set 0Y; = —Si(SZTSi)_lLi where L; is the lower triangular part of SiTY; — YiTSi.

B;41 is then given by:

B  BI'SiSf  Bi  BiSiST  (SHTSIBI | (SH)TSIBISiSH  (S)TS!Bi

TSI B:S: S,
L 4 ) 512 557 | (SHT(; + 6Y;)T — (SHT(Y; + 6Y;)TSiSi + (Y; + 6Y5) S5 )

[ Formula 5.2 (IPSB-S1). Let H; € R™™, Y; and S; € R™™, with m < n and Y; full- )
ranked.

Let 6.9; € R™ ™ such that YT (S; +65;) = (S; + 85;)TY; and H;11 € R™*" such that:
o Hi1Y; = (S;+45;)
e Hiy1 =HL,
o ||[Hit1 — H;||p, is minimal

We set 69; = —Y;(Y1'Y;)71L; where L; is the lower triangular part of Y;'S; — S1Y;.

H; 1 is then given by:

HI HIYY' B HYY'  (G)'YTH]

Hinn == 2 2 2 2
YO H'YvY (vOTYH | (Y OTYHYY
+ —
2 2 2
L + (DTS +65)T — (V) T(Si +65:) 7YYt + (Si +65)Y; )
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As the formula is built on a triangular decomposition of a matrix, we can think that the solution
will depend on the order of the rows, i.e. the order in which the dimensions are defined. This
is however not the case. Thanks to the following lemma, we know that Y;1'S; — ST'Y; is kept
unchanged after a row swapping, so L; is uniquely defined.

Lemma 5.1. Let U and V € R™*™. The value of UTV is not dependent of a row swapping
applied identically on both U and V.

Proof A row swapping can be done by multiplying by a sequence of permutation matrix.
Swapping the rows of U is then done thanks to: PyPx_1... PP U.

(PpPy_1... PB,PU)' PPy ... PoP\V = UTPIP] .. Pl \PIP.P._,... PV
= UT'P'Pyt . P P PPy .. PPV
= Ulv
QED

5.1.2 Successive corrections

The second idea of Schnabel is to successively change the columns of Y; beginning with the most
recent (the columns on the right, for us) in order to respect S;‘F Y, = Y;TSi.

As the correction is applied recursively, we express it as an algorithm. We call this formula “PSB
- Schnabel 2” in reference to the paper of Schnabel [20].

[ Formula 5.3 (PSB-S2). Let B; € R™", Y; and §; € R™™, with m < n and S; full-ranked. )
Let 0Y; € R™*™ such that S (Y; +6Y;) = (Y; +0Y;)TS; and B; 1 € R™*" such that:

o Bi11S; = (Y; +0Y;)

e Biy1 =BL,

e |Bit1 — Bi||p, is minimal
We build dY; thanks to the following algorithm.
1. Set [0Yi]lsm =0
2. For j=m—1,...,1:

2.1. Solve for x € R"

arg rjn [

ot ([ +%) 1S = (ST, (Wl + B¥s) k=, j+1

2.2. Set [§Y]um = x

B;41 is then given by:

Bl BISS” B BSST (S)TS/BI | (S))'SIBISS” (57)TS/Bi
A e R 2 T2

ST B,S; S5
(57) 522 D50 | (ST (Y + 6Y)T — (ST (Y; + SV)TS;SF + (Vi + 6Y)S;
\ J
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[ Formula 5.4 (IPSB-S2). Let H; € R™", Y; and S; € R*™*™, with m < n and Y; full- )
ranked.

Let 6.5; € R"™*™ such that YZ-T(SZ- +85;) = (S; +08;)TY; and H; 1 € R™ " such that:
e HipYi=(Si+45;)
[} i+l = HZT-;-].
o ||[Hit1 — Hj||p, is minimal
We build 45; thanks to the following algorithm.
1. Set [(551]*’7,1 =0
2. Forj=m-—1,...,1:
2.1. Solve for x € R"
arg min x|

st (1Siy +%) Wilag = 617, (1Sig + 0Sie) k=m,...j+1

2.2. Set [05;]s«m =%

H;.1 is then given by:

Hf HYY H  HYY (YVO)TYTHS

Hiv1 == 2 2 2 2
YOy H'YY  vH'YH | (V)T HYY
9 9 9
L + (V)T(S: 4 6507 — (%) (Si + 8S) TVt + (S + 0S¥+ )

The two propositions of Schnabel make possible it to use a symmetric multisecant update formula.
They both keep the last secant equation unchanged. Indeed, for S2, we set [0Y;]«» = 0 and, for
S1, the correction is a lower triangular matrix with zeros on its diagonal, so the last column is
empty.

The main difference between them is that S1 applies its correction at once while S2 apply
successive correction. The correction of S2 should therefore be limited compared to the correction
of S1.

The main disadvantage of S1 is the fact that the correction doesn’t ensure that the correction
on the most recent secants is minimal (the triangular decomposition ensure however that the
correction is limited). On the other hand, S2 ensures that the correction is minimal for recent
secants, but it requires m — 1 minimizations, which increases the computation time.

We don’t go further with the corrected versions of PSB and will now have a look at a new
strategy which we will call penalized PSB.
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5.2 Penalized PSB

We recall the system we are trying to solve.

Given B; € R™*" S; and Y; € R™™ where m = min(i,n), we search

argmin 3 ||B; — B[,
Bi1
such that Bii1S; - Y; =0
Biy1—BL, =0
Instead of solving this system, the second strategy is to solve a slightly different system be-
ing:

Given B; € R™*" S, and Y; € R™™ where m = min(¢,n)
and wy a positive real scalar for k = 1,...,m, we search

m
argmin 1 ||B; — Bi+1||2F,, + 3 > wi || Biyisk — Yng
Bit1 k=1

such that Biy1— Bl =0

The solution to this new system has been developed by Gratton, Malmedy and Toint [9], we give
here their formula.

rFormula 5.5 (pPSB). Let B; € R™*", Y; and S; € R™*™ with m <n, s; =s,; = (Si)*,l,\
Y1 = Y., = (Yi)s; and S; full-ranked. Let w; positive scalar weight parameters for | =
1,...,m — 1. Let B;;; such that:

2 ae 2. ..
o |B; — Biyillp, + lz wi || Bix1s; — y;l5 is minimal
=1
Then, B;1; is given by:
Biy1 = Bi+ W2 + 8787187 + 52071 + STS) W7 + Q2 X,Q2. 57
where X9 solves
(I +9257802) X, + Xo(I +Q2578Q2) = —Q25TWQ2 X, — X1Q:WTSQz

with
e W =Y - BS

e O = diag(wy), a diagonal matrix having wy as elements

o Xi = (2 +Q2578Q2)"!

\. y,

Once again, we can express the formula for the dual problem, using H = B~! and switching S
and Y.
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rFormula 5.6 (IpPSB). Let H; € R™", Y; and S; € R™*™ with m <n, s; =s,; = (Si)*,l,\
Vi =Yu = (Yi)+; and Y; full-ranked. Let w; positive scalar weight parameters for [ =
1,...,m —1. Let H;;1 such that:

® 141 = H£.1
2 It 2 . ..
o |Hi— Hit1||5, + lz wi ||[Hi+1y; — si||5 is minimal
—1

Then, H;y; is given by:

Hipy = Hi+ V! +YTY) YT + Y20 ' + YTY) VT + YQ2 X,Q2 YT
where X9 solves

(I+Q:YTYQ2) Xy + Xo(I +Q2YTYQ2) = —Q2VTVQ2 X, — X;Q2:VTY Qs

with
o V=5—-HY
e () = diag(wy), a diagonal matrix having wy as elements

o X; = (2 +Q2YTYQ2)!

\.

5.2.1 Improving penalized PSB

Formula 5.5 and Formula 5.6 have several disadvantages:
e There are two m x m matrices that have to be inverted: (2I+Q%STSQ%) and (201 +57S)
e For the calculation of X5, we have to solve a Lyapunov equation.
e The formula is not a Secant Update formula

In the next section we will deal with the first problem, the matrix inversion.

5.2.2 Avoiding the matrix inversion

In ordef to colmpute a numerical value with Formula 5.5, we have to invert 2 matrices:
(21 +Q257802) and (207! + STS).

In the iterations of the QN process, the number of secant equations that are satisfied in-
creases (one for the first step, two for the second step...). Between each step, we add a new
column to the matrices S and 2. We also possibly delete the first column of the matrices when
they reach the maximum dimension n x n. Finally, we can change the weights (elements of
matrix 2).

The particular form of those changes to the matrices makes possible to compute the value of a
matrix at step ¢ + 1 based on the value of the matrix at step i. We will treat those modifications
one by one.
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5.2.2.1 Adding a column

In this subsection, we start from the matrices S and 2 and we add a column on the right side.
We want to take advantage of the knowledge of S and €2 to avoid the matrix inversion.

We begin with a lemma, inspired from [12]:

[ Lemma 5.2. Let X be a matrix of size n x p and Y be a diagonal n x n matrix. Given )
M = (XTX +Y)™ ! if we add a column x to X so that X = [X x] and an element y to
Y such that Y = diag(Y,y), then we have,

with:

o A= M- XTxcT) e b=-MXTxd

o ¢l — xT XM o d_ )
\_ XTXMXTX—y—XIX y+XTX-—XTXMXTX )

Proof We begin by developing M 1.

XT

J\Z—l:lXTMX x |+

Y o| [XTX+Y XTx
Y B x'X xI'x +y

We express now the product of M~ by M as given in Lemma 5.2.

XTX+y X'x
xT' X xI'x +y

Ab]

(XTX +Y)A+ XTxe! (XTX +Y)b+ XTxd
cl d

x'XA+ (xTx+y)e!  xT'Xb+ (xTx+y)d

We compute now each block:

(XTX +YV)A+ XTxc" = (XTX+Y)M(I - XTxc”) + XTxc”
= T — XTxct + XTxcT
= 1
xI XA+ (xTx+y)c? = xTXMI - XTxch) + (xI'x +y)ct

= xTXM - (xI'XMXTx —xTx —y)cT
(xTXMXTx —xTx —y)xT" XM

T
= x'XM —
x xTXMXTx —y—xTx
— o7
(XTX+Y)Db+XTxd = —(XTX+Y)MXTxd+ XTxd
= XTxd+ X"xd
=0

x' Xb + (x"'x + y)d —xIXMXTxd + (x"x +y)d
= (—x"XMXTx+x"x +y)d
—xTXMXTx +xTx +y
y+xI'x —xTXMXTx
=1
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We have finally
XT'x+vy Xx'x
xI'X xI'x +y

[?f Z]:lOIT (1)]

We easily see that (27 + Q%STSQ%) and (207! 4+ STS) are in the form (Y + X7 X).

At the first step of the QN iteration, the dimension of X is n x 1. The dimension of (Y + X7 X)
is 1 x 1. The inversion is easy to compute.

For the next steps, we can work recursively. Applying Lemma 5.2 allow us to avoid matrix
inversion (the denominator of terms ¢’ and d is a scalar).

QED

Next to the advantage of avoiding matrix inversion, Lemma 5.2 gives another interesting
advantage: the computation complexity is lower than the one for a standard matrix inversion.
We recall that the complexity of computing product AB with A € RP*? and B € R?*" is O(pgqr).
If the dimension of X is n x m, we have x7 X is O(mn).

By rightly choosing the order of the multiplications when computing the value of the elements
of matrix M in Lemma 5.2, we can restrict the calculation to vector-matrix products and no
matrix-matrix product. The complexity is then limited up to O(mn) whereas the complexity of
standard matrix inversion is O(m?37) [23].

So, for m high enough, the formula has a second advantage, it reduces the complexity of the
inversion step.

5.2.2.2 Delete a column

We start from the matrices S and 2 and we delete a column on the left. We want to take
advantage of the knowledge of S and €2 to avoid the matrix inversion.

For this step, we establish a corollary of Lemma 5.2.

rLemma 5.3. Let M~ = (XTX) where X =[x X] with X a n X p matrix and x a n x 11

vector. Given
- [ a bl ]
c D

We have M = (XTX)"! = D —cb’ Ja

\. J

Proof The proof is based on the result of Lemma 5.2. Using the same reasoning as in Lemma
5.2, we find the following values for the blocks of M:
e D=MI-XTxbT) o c=—-MX"xa

b bT = XTXM o = 1
XTXMXTX-XTX XTX-XTXMXTX

We can now compute the value of D — cb” /a.

XM
D—cbT/a = MI—XTxbT)+ MxT X
cb’/a ( xbT) + a (xTXMXTx —xTx)a
xIT'X M xT' X M
= M-MXT MXxT
XXTXMXTX—XTX * XXTXMXTX—XTX

= M
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QED

Here again, as in the previous subsection, we have an easy formula to avoid the matrix inver-
sion. This formula also combines the second advantage of previous subsection: a complexity
O(mn).

5.2.2.3 Modify the weights

A last possible modification would be to modify the weights of the secant equations.
It would be logical to shift the weights step after step in order to apply the same weight for the
latest secant equation (see following example).

Example 5.1. For our example, n = 4.
At the first step of the QN process, we are looking for:

argmin || By — B3, +1w1 | Bist — y1l3
1
At the second step, we have:
argmin || By — B |5, + 2w2 || Basa — ya 15 + 2wt || Bast — y4|[5 2
2

We will impose ows = 1wy as it is the weight applied to the last secant equation.
The third step is:

argmin || By — Bs|| %, + sws || Bsss — y313 + swa || Bssa — yall3 + swi | Bast — v I3

3

We have sws = sw9 as it is the weight applied to the last secant equation, and swo = sw; as
it is the weight applied to the last but one secant equation.

For the fourth step, we have then:

argmin || B — Byl + awa | Bass — y4ll3 + aws || Bass — ysl5 + aws | Bis2 — yolf3
4

We have qw4 = w3, 4w3 = 3wo, and 4w = 3w1.

Term 1: 2Q~1 4+ ST§

We begin with M = (227! + ST'S) where S is fixed (or has already been changed by the method
developed in the previous subsections). We first note that the weights are only on the diagonal.
The modification of the weights can be done thanks to Lemma 2.7.

Defining e; a column vector with 1 as i-th element and 0 otherwise, w; o1q and wj new respectively
the old and the new weight corresponding to the ¢-th row and column, we apply the lemma:

-1
-1 - T -
<M+2(wi,new_wi,olld)eiei> = M
C ol ) M~ te;el M1 (5.1)
Wi new — Wiold 1+ 92w L 1 VT N~ 1e, )
+ (wi,new_wi,old)ei €i

This formula makes possible to change one weight in O(m?) and to avoid the matrix inversion.
However, if we have to change m weights, the complexity rises to O(m?).

Term 2: 21 + Q357503 1 1
Let’s now work with N = (2 + Q257.5Q072) where S is fixed. After adapting the weights, the
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1 1
matrix is Nyew = (21 + QﬁeWSTSQr%eW).
We define Q. = Quew Q! and apply the Woodbury’s formula (Lemma 2.8).

1 1
Nph = (21 + Q2w ST8020) ™!

1 1
= (2 +0203:5750202)7
— 11 ek (wtsmsabyty akal) "l
N 2I 4QC <(QQS SQQ) +2Qch 02
_ 1 1 % 1.7 1.4 1 )—1 %
N §I ZQC <(Q2S SQQ) +§Qc Qc

We develop:
1 -1 -1
(290 + (QéSTSQé)—1> = 207 4071 (0257808 +2071) Q!

Which leads to:

1 1 1 -1 1
Noow = 51—792 (29;1 — 40! (Q%STSQ% + 290—1) le> 02
1 1 1 1 1 1 1 1
= SI- 502207107 + 002401 (0257507 +20.1) 0102
2° 1 4
_ 1 1 =3 (0l T ol 1\ o3
= SI-5I+% (Q287s0z +2071) Q
_1 -1 _1
= .2 (0287503 +2071) Q.
_1 -1 _1
= 2 (0287803 42l 120 - 1)) O
_1 17 1 1 -1 _1
= Q2 (228750 +20) + 2000, - 1)) Q2

For this last expression, we see that 2(QQ,L — I) is a diagonal matrix and (Q%STSQ% +2I) is

new
known from the previous QN step. So we can reuse the equation (5.1) multiple times for every

single weight correction, every non-zero value of 2(QL — I).

So for this term again, it is possible to avoid the matrix inversion and the complexity is
still O(m?).

5.2.3 Open problems
In the previous subsections, we have found a method to avoid inverting the matrices. Even with
this improvement, Formula 5.5 still has several disadvantages:

e The inversion of (21 + Q%STSQ%) and (2Q~1 4 ST9) is still O(m3) if the weights must be
adapted at each step.

e For the calculation of X5, we still have to solve a Lyapunov equation.
e The formula is not a Secant Update formula.

For this last reason, we will, in the next section, develop a new formula, based on the penalized
PSB but enforcing the Secant Update condition.
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5.3 SU penalized PSB

Using penalized PSB as defined in Section 5.2 doesn’t ensure that the new approximation of
the Hessian to satisfy the last secant equation. The method isn’t strictly a LCSU method. By
setting a very huge value for w;, we can numerically force the respect of this equation. However,
respecting this condition analytically could lead to a different formula which can possibly solve
some of the problems encountered with penalized PSB.

5.3.1 Development of SUpPSB
In this section, we will develop a version of penalized PSB that respects secant update (SUpPSB).

For more readability and to avoid to handle too many indices, we lightly change the nota-
tion in this section. We note:

o A= Bi+1
e B= Bz
e s; is the k-th column of matrix S;.

Sm is the last column of S; (the secant equation we want to respect).

J, k the scalar coordinates within a vector or a matrix (j-th row, k-th column).
e w; positive scalar weight parameters for [ =1,...,m —1

We start with the following optimization problem:

i LB—A2, +1 w4 2

argmin |B—All%, + 5 I;L wi [[As; = yill5
such that A— AT =0
ASm — Vm =0

We take the Lagrangian of the system:

1 1 m—1
LANM) =SB~ Al + B S willAsi = yills + AT (Asm — yo) + D wi(Ajk — Aj)
=1 j<k

We now take the partial derivative in function of A;;. We first note that:

> A [sil; — [vily i

0 o 0 .
8Aj7k ||ASl - YI” - 814]7]9 .
> Ani[si); = il
i 2
3 2
e A —
Ak Zk: (Zz: ki ol bllh)

= 2 <Z Ajk (sl — [Yl]k> (s
k
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We find the following system:

8L m—1 T
oL
— = [(As;, — =0
oy, = [(4sm ~,0),
oL
— A — A=
OM; ; i~ 43i=0
With:
Pij 1<]
Mij=1q —wji j<i
0 1=
This is equivalent to:
m—1
A—B+ > w(As;—y)s{ +Asf, + M =0 (5.2)
=1
Asp, —y,, =0
A-AT=0

Combining (5.2) and (5.4) gives (using M = —M7T):

0 = A-AT
m—1 m—1
= —B+ Z wi(As; —y,)sf + sk + M + BT — Z wisi(sf AT —yIy — s, AT — MT
=1 =

m—1 m
9M = —-B+ Z wi(As; —y,)st + sk + BT — Z wisi(sf AT = yi ) — s AT
=1 =
B— m—1 AT—y) (As; —y))s! s AT — \sT
v - I 1)S; m m
1 T
_ B — + = ) YISZ SlYl i SmAT — AS%

2

~

=1

For the last step, we used the fact that slslT and A are both symmetric and that their product is
commutative.

We replace then M in (5.2):

3

-1 . .
B - AT A
A = B- wi(As; —y,)st — Ask — _ Z wlylsl sy} _ Sm . Sr,
=1

N N P V- A
_ B ﬂ sz<Aslsl W) (5.5)

2
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We used B = B+TBT.
We know use equation (5.3) pre-multipled by sz;

Sm¥m = SmAsm
_ smAT + As? ml st + syt
= s! Bs,, —sl "~ m ;_ S — Zwl sﬁAslslT—sﬁiyl L ;— i Sm
_ m—1
= shBsy — (shsn)ATsn) = > wi (Yhsis! sm — (sh,y) (5T sm))
1=1
We can now extract (AL's,):
3 m—1
(ngsm)(’\Tsm) = _Sﬁ}’m + SZnBSm - Z wi (ygﬁbslsgfsm - (SgYI)(SlTSm))
=1
5 —1
N ) — _SmYm  SmBsm X YmSS] Sm_ (S¥1)(S] Sm)
A'sm) = —F =+ 7 - w T - T
s sm st sm poet sT's s

T T
Si.Sm Sy,

sT W, m_lwl <y%slslfsm (Sﬁm)(SzTSm)>

Equations (5.2) and (5.3) can also be combined as AT's,, = y,,. We reuse the next result to
replace AT's,, and equation (5.5) to replace A.

Vi = ATsm

T T m—1 T T
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= BTS —_ )\S%ﬂ + Sﬂ (S Wm Z W <ymslsl Sm _ ( mYI)(Sl Sm)))
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m—1
T Slyl Sm + ylsl Sm
- Z Wi | SIS Ym —
=1

A(sEsm) _ 1 Sy [ shw Wi — Tsist'sm  (shy)(sf'sm)
#:_YWA—B Smt s? Z B msTs
mem

T
m =1 Sm

—1
ke T Slyl Sm + .Ylsl Sm
- Z Wi | Si1Sp Ym —
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5 _ ~1
= 2y, N 2BTs,, 4 Sm (sﬁwm +mz: o <y%slslTsm (s sl y,)(s] Sm)))

T T T T T T
S7Sm SrSm SmSm \ SmSm 1 SrSm S7,Sm

m—1 T T T
2Slsl Ym S1Yj Sm + ¥iS; Sm
— wy T — T
SmSm SmSm

— T —
2w, SmS;,Wm,

n sTsy  (sTs,)?
SmYmSlSl Sm Sm<S£YZ)(SlTSm) QSZSZTYm SlleSm + YZSlTsm
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(sl sm) (shsm) sk sm Sl Sm

Finally, we can express equation (5.2) with only known variables, starting from form (5.5):

smAT  AsT s +s
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Simplifying and putting terms together gives finally:
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On the right side, we have the sum of nine rank 1 matrices as each term has the form of uv’. To

m—1
see this, let’s take a generic term Z wiwvl. We define w = Z Vo and z7' = 3 Jwvl
I=1 =1

We have then wz?.

The rank is thus 1 thanks to Lemma 2.1.

m—1
On the left side, we have the term (I + > wlslslT> that still should be inverted. Apply-
I=1

m—1
ing Lemma 2.7, we see that it is a regular n X n matrix if 1 + lz wlsrfsl = (. This is always the
=1
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case as w; > 0 and slTsl > 0. So the term can be inverted.

We can now finally express the formula for Secant Update Penalized PSB. And once again, we
can work with H; 1 = Bi;ll instead of B;y1 and switching Y; and S; which will give the dual
formula.

[ Formula 5.7 (SUpPSB). Let B; € R™*™, Y; and S; € R™*™ withm < n, s; =s,; = (S’i)*,l,1
v; = Y., = (Yi)s; and S; full-ranked. Let wj positive scalar weight parameters for

)

k=1,...,m —1. Let B;;1 such that:

[ B'+1S =Yy met
¢ [ m ° HB’L = Bi+1||%‘r+ 121 Wi ||Bi+1sl - YZHS

® Bii1 = B;ﬂl is minimal

vspace-0.5cm Then, B;y; is given by:

m—1 -1
B, =X <I+ Z wlSlSlT>

=1

_ _ —il
Smwﬁ + WS, Z YISZ + lel _ mz: w (S%SZ)SmYZT + (SlTSm)YISZz
sl's 2 = ! 2sT s,

1
m-l ((2<y£sl><smyl>)smsl (2T ym) - <y?sm>)sls§)

2sT s

m) + (STWm)S 7
2(shsm)? e

S l(<s%sl><s?ym>—<s5y,><s?’sm>>SmST (Whs

(sL,5m)? -

BT _ =
—=—+ and w; =y; — B;s;

v,

[ Formula 5.8 (ISUpPSB). Let H; € R™™™, S; and Y¥; € R™™ with m < n, y; = y*J,1
s; = s, and Y; full-ranked. Let wj, positive scalar weight parameters for k =1,...,m — 1.
Let H;11 such that:

e Hii1y,, =S m—1
em e . HHz'—HiHH%ﬁZZI wi | Hit1y; — sill

. T . . .
e Hiy1 =H; is minimal

Then, H;y; is given by:

m—1 -1
Hi =X <I 4F Z wlyly;f>

=1
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vl + v + st s + (yI'y syl
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md m =1 =1 md m
mt ([ (2sTy) = (v5s) yuYT + (207sm) — (5Tym)) vivE,
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— . T —
with H; = Hl—;Hi and v; =s; — Hyy;

.
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5.4 Weights definition

One of the difficulties with the penalized method is that we have to define the weights. There
exists plenty of methods to define them. A deep analysis of the possibilities and their results
would bring us way too far out of the scope of the present study.

In order to be able to simply define the weights for our application, we develop a heuristic
reasoning.

We begin with the SUpPSB (Formula 5.7). The m-th secant equation is fulfilled by defini-
tion. For the (m — 1)-th secant equation, we have seen (see Theorem 4.2) that this equation
imposes that one scalar equation is linearly dependent of the other and, in most of the cases,
impossible to satisfy.

We can then impose that all but one scalar equation are satisfied and define a maximum tolerance
e for the last one. Let’s state that Bi{1Sm—1; = ym—1,; is true for j = 1,..,n but j # k and
Bit1Sm—1% = Ym—1, + €. The norm of || Bit18m—1 — ym_1||; = 2.

For the (m — 2)-th secant equation, we have 2 scalar equations that cannot be respected. Let’s
state that:

® Bit15m—2j = Ym, is true for j =1,..,n but j # ki, ks
® Bit1Sm—2k = Ym—2; T €1
® Bit1Sm—2ky = Ym—2k—2 + €2

The norm of HBiHsm,Q — ym72||§ = e% + e% ~ 262

The error grows linearly. It could be a good idea to let the weight decrease to compensate it:
Wm—j = % where C still must be defined. This has a consequence that every weighted term
in the objective function of the optimization would have the same order of magnitude. The
advantage of this choice is that the weights w; are constant for each QN step.

To define C, we have a look at ||Bit1 — Bil|5, = ((Big1)jk — (Bi)jk)2. Let’s state we tolerate
k

J
an error 0;; on each term: |(Bjt1);x — (Bi)jk| = dij. We have then:
IBis1 — Bill 3 = > (Bis1)ji — (Bi)jr)* < n?6
kj

where § = max d;;.

This can help us for the choice of the constant C"

e If C' = n?, respecting each secant equation is as important as having a Hessian close to the
previous one.

e If C' > n?, respecting each secant equation is more important than to be close to the
previous Hessian.

e On the other side, if C' < n?, the satisfying of secant equations is not so important, but
the Hessian must be as close as possible to the previous one.

We now try to apply the same reasoning for pPSB (Formula 5.5).
For the first step, we have only one secant equation. We know this secant equation can be
satisfied. As we will have ||Bys; — yng = 0, the value of the weight parameter has no impact.

m(m—1)
2

For the next steps, we have m secant equations and we know that there are scalar

equations we cannot satisfy.
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We could take w; = 400, but this would lead numerically to the same result as SUpPSB (above)

which we want to avoid. We will also try to keep the same kind of relation between the weights.
For SUpPSB, we had two properties for wy,—; = %
e The denominators follow an arithmetic progression.

e The sum of the denominators is equal to the number of scalar equations that are linearly
dependent of the other ones.

m—1
Following these principles for pPSB, we have wy,—; = #jd and Y (a+ jd) = (m;l)m'
§=0

m—1

S (a+jd) = (m—21)m

§=0

(m—1)md  (m—1)m
ma + 5 = 5

We choose to take d = % We have then:

We express now wy,—;:

Wm=j a+ jd
¢
o
C
(m=1)2+25

2m

2mC
(m—1)2 +2;

We note that the weights change from QN step to QN step.
The value of C' can be chosen in the same way as for SUpPSB above.

Example 5.2. This weight definition leads to the following weights:

e m = 1: w; = +00. But as we have already written, every value of w; would lead to
the same solution.

e m=2 wy=4, w =

e m =J: W3:%,WQ:

o m =4 W4:%,W3:§,wQ:§ W=

5.5 Conclusion

In this chapter, we worked on two alternative strategies to approximate the Hessian matrix by a
symmetric matrix that satisfies as much as possible multiple secant equations.
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We have exposed the two methods of Schnabel. The strategy there is to correct Y; in or-
der to force the multisecant property.

The second strategy was to penalize the non-respect of the multiple secant equations. We
have first penalized every equation but the solution wasn’t a LCSU formula. We have then
penalized all but the last secant equation. This last formula is quite interesting, because it is a
limited rank update.

We now have a lot of update formulas at our disposal. We give the summary in Table 5.1. In
the next chapter, we will perform some numerical experiments in order to test their perfor-
mances.
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Chapter 6

Numerical tests

Our objective was to develop a least squares update formula which satisfies multiple secant
equations and is symmetric.

In Chapter 3, we have exposed some existing methods. None of the existing methods satisfied all
the properties we wanted at once.

In Chapter 4, we have worked on generalized PSB formulas, trying to keep a maximum number
of properties and being as close as possible to the other ones. We saw it is only possible to
respect all the properties at once under specific conditions.

In Chapter 5, we first exposed the solutions of Schnabel [20]. The idea is to correct the data in
order to be able to apply the formula of generalized PSB. In the second part of that chapter, we
worked on penalized PSB. The idea there was to penalized the non-respect of secant equations
instead of trying to avoid it.

We have in total 23 different formulas (see Table 5.1). In fact, we have even more formu-
las as penalized PSB includes the choice of, at least, one parameter (see our weight definition in
Section 5.4). Each parameter variation can be seen as a new formula.

The theoretical work of developing those formulas is not a goal by itself. It is only one step of
the development of a Quasi-Newton method that should be used to solve optimization problems.
In this chapter, we will test our formulas to check their performances. A deep analysis of the
performances of one formula is a complex study which we should do on each of the formulas
we’ve listed in Table 5.1. This is out of the scope of the present study.

However, within the frame of our study, in order to have a first idea of the interest of the formulas
we developed, we will perform a limited sequence of tests.

6.1 Testing the methods

We chose to use the testing method proposed by Moré, Burton and Garbow [16]. The idea is to
test the reliability and the robustness of an algorithm by testing it on multiple problems.

The purpose of this testing is to prove that the tested algorithm works and that it works better
than other algorithms for the same kind of problems. If the algorithm is only tested on a
small number of tests functions, we prove its efficiency within a limited problem area. The gen-
eralization of the good performances outside the test domain is unwarranted or at least not proven.

Moré proposed a relatively large collection of test problems to optimize. Each problem can be

73
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rewritten as:
“Given f; :R" - Rfori=1,...,m with m > n, solve

min {i fAx):x € R”} K
i=1

There are in total 35 different functions in the collection.

For each problem, the global optima, and possibly local optima, are known which makes it
possible to control the quality of the solution given by the tested algorithm. Moré’s test procedure
also includes standard calculation of the function value, its gradient or its Hessian.

The procedure makes it possible to apply a scale parameter in order to flatten down or to stretch
up the function. This option can be used to check if the algorithm performs on the same way if
the slopes are gentle or steep. It is like searching the highest point in plains or in mountains.
Finally, a standard starting point is defined. It is possible to change this starting point in order
to estimate the performances, if we start farther away from the optimum.

We have used an existing MATLAB library! containing 33 of the 35 problems [27]. The
two missing problems are:

e Problem 27: Brown almost-linear function

e Problem 35: Chebyquad function

6.2 Implementation

To test our formulas, we needed a collection of test functions, had to build an algorithm using
the formula, and define some parameters. We list here the specifications of our experimental test
procedure.

1. Algorithm:

(a) We used the update formulas given or developed in the previous chapters. If we have
developed an update formula for the inverse Hessian (H;), we have used this formula
instead of the update formula of B;. For instance, we use Formulas 3.4 instead of 3.3.

(b) If we do have not developed an update expression for H;, we update B;. However, in
order to avoid to invert B;, we’'ve used the MATLAB function gmres which solves the
system Ax = b. Note that we haven’t used gmres for the formulas directly giving H;,
this could have an impact on the results of the direct formulas (B;) compared to the
inverse formulas (H;).

(c) Taking x¢ as starting point, we define x; = (1 — w)xo — wHof(xg) with w = 1073.
(d) The initialization of the Hessian is By = Hy = I.

(e) To reduce numerical instability when computing ST, we used a simple filtering

technique. If HSTS‘ L <1071, we excluded the left column of S until HSTS -

107'°, Y is then corrected to have the same number of columns as S. The filter
applies of course to S and Y exchanged if we need to compute Y.

This filter is not optimized. For example, if the last two secants are linearly dependent,
the filter will only keep the very last secant and forget all previous points. There
exists more complex filters that exclude only the linearly dependent column of the
matrix. The use of such filters is a possible improvement to our algorithm.

'We had however to fix a small bug within the library.
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(f) Based on the hypothesis that f(x;) is very costly to compute, we’ve tried to minimize
the number of function evaluations. So we did not implement a step size optimization
(such as a line search) in our algorithm. This has a clear impact on the performance
of the algorithm. A quick comparison of our results with [28] (which uses line search
BFGS and SR1) shows that our algorithm diverges more often and reaches the optimum
in more iterations when it converges.

2. Stopping criteria:
(a) OR When the steps are too small W <1076,
ill2

(b) OR When the gradient is too small ||f(x;)||], < 107S.

(¢) OR When maximum number of iterations is reached ¢ > 5000.
3. Test functions:

(a) We used the standard starting point of the test functions.

(b) We used no scale factor for the test functions.
4. Remarks on tested formulas:

(a) For QN-LS, we used Formula 4.1 instead of Formula 3.8. For QN-ILS, we use the dual
form of Formula 4.1.

(b) For the (SU) penalized PSB formula, we used the weight definition we developed
in Section 5.4. We have considered three choices for the parameter C: 103, 1 and
1073, We will refer to these formulas by adding 3, 0 or —3 after the abbreviation we
used until now. For instance, the Inverse Secant Update penalized PSB with weight
constant C' = 1073 is called ISUpPSB -3; the penalized PSB with weight constant
C =1 is called pPSB 0.

(c) For the Formula 5.5 and Formula 5.6, we did not implement the methods developed
in Chapter 5, to avoid matrix inversion.

(d) For the resolution of the Lyapunov equations for pPSB, we used the MATLAB
function lyap. In some cases, we got an error telling that the solution didn ot exist
or was not unique. This happened when some elements of the matrices took infinite
values, but also when the eigenvalues o; of A and 3; of B didn’t satisfy «; + 5; # 0
for all pairs (4, ). We did not investigate this in detail, we simply catch the exception
and stop the algorithm for this combination of tested formula and test problem.

6.3 Comparing methods

In total, we have tested 31 formulas (23 basic formulas but 3 parametric variations for four of
them) on 33 problems. This is 31 x 33 = 1023 different results to analyze and 31 x 30 x 33 = 30690
pairs of formulas applied to a test problem to compare. This is way too much to be done without
an aggregation method.

To aggregate the results, we will find inspiration from the the sport world vocabulary. We
will compare the formulas in a pairwise manner which we will call a “match”. The match consists
of multiple “rounds”, each being the comparison of the results between the two tested formulas
on one single test. We will then aggregate the results of the matches into something similar to a
“championship table”.
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6.3.1 Round

To decide which of the two formulas wins a match, we first have to validate the solution found
by the algorithm. Did the algorithm converge to the solution, did it diverge or did it stop too far
away from the optimum? If the algorithm has converged and if there are multiple known local
optima, we should also determine which optimum has been reached.

The divergence is easy to determine. For the convergence, it’s a little more difficult. We
have considered that the optimum is reached:

e If the value of the function is smaller than 1 for known optimum equal to zero.

|9(x)|< Tif g(xopt) =0

e If the value of the known optimum is different to zero, a relative error smaller than 1.

9(x) — g(Xopt) | _ . .

| 9(Xopt) |< 1if g(Xopt) # 0
We know that these conditions are quite loose. Due to the form of the test functions and, possibly,
to the limitation not to use step optimization like line search, we do not observe convergence very
frequently. Keeping a loose criterion is a way to consider that the algorithm has lead us close
enough to the optimum for a given application, so we can stop; or to consider that the algorithm
has lead us close enough such that we can use another more costly optimization algorithm for
the last steps.

As in our hypothesis, we stated that the most costly part of the algorithm is the calcula-
tion of the value of the function. We compare the efficiency of two formulas only on the number
of function calls.

The “victory” conditions are then:

1. If none of the formulas converges (following the conditions mentioned above), no one wins
the round.

2. If only one of the formulas converges, it wins the round.
3. If both converge to different optima, no one wins the round.

4. If both converge to the same optimum, the one with the smallest number of iterations wins
the round. If the number of iterations is equal, it’s a tie, no one wins.

6.3.2 Match

A match is the result of the 33 rounds between two formulas. We simply count the number of
rounds won by each formula.

6.3.3 Championship table

To aggregate the matches, we give the formula 2 points for each won match and 1 point in case
of tie.

It is then possible to sort the formulas on the number of earned points. In case of equal number
of points, it is possible to use the number of won matches to distinguish dead heats.
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6.4 Results

We give the resuts in Tabel 6.1 and have represented them in Figure 6.1. On the horizontal axis,
we have the number of points each formula’s earned. On the vertical axis, it is the total number
of row victories. The link between the formula abbreviation, its properties, and frame wherein
we have given its expression are given in Table 5.1.

The general correlation and linear trend observed is logical, as winning a lot of rounds ensures to
win more matches and so earn more points.

We will analyze the results first generally and then with a closer look at the generalized PSB
formulas and the penalized PSB formulas.

6.4.1 Generalities

We see a convergence in only about 20% of the cases. In comparison, Zhang and Xu [28] have
tested SR1 and BFGS for 19 of the problems, only adding a line search to the algorithm, and
saw no divergences.

With our method, we have respectively 21 and 15 convergence for SR1 and BFGS. The difference
cannot only be explained by a judicious choice of the test functions by Zhang and Xu as they
have a convergence for Powell badly scale function and Brown badly scale function that we do
not have.

The use of line search clearly is an interesting feature that we miss, which has a negative impact
on our results.

We would like to draw attention to the fact that the functions collection of Moré contains
almost only difficult functions with steep slopes or almost flat parts. The fact that a formula
does not solve a lot of Moré’s problems does not mean that the formula will be totally useless. It
only shows that the reliability and the robustness of the method is not very good. It is however
possible that the algorithm exhibits very good performances in some specific application.

Another observation is that classical formulas (SR1, Broyden, PSB, QN-LS...) score very
well. There are 6 classical methods in our top 10. It is interesting to see that the simplest method
(SR1) is the one that overrules the other ones.

Comparing the direct or dual version of the formulas, we observe that we have in general
better results for the direct variant. However, we recall that Broyden called his second formula
the “bad” one. This was based on the results and that later results showed that the performances
are problem related. So we won’t conclude that the direct formulas are better in all cases.
Moreover, we have a small difference between our direct (B;) and our inverse (H;) algorithms.
Indeed, we used gmres for the direct formulas and matrix multiplication for the inverse formulas.
This difference within the calculation of the iteration points could have had an impact on the
results.

6.4.2 (Generalized PSB

In our examples, we have the same hierarchy between the symmetric, multisecant, and secant
update symmetric version of the generalized PSB formula for the direct and the inverse formulas.
The multisecant version seems to be better than the symmetric version. however, the secant
update symmetric formula, (I)SUgPSB, dominates the other two.

We also note that SUpPSB scores quite well compared to the classical formula.
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Algo Won Tide Score Rounds won
SR1 30 0 60 481
SUgPSB Sym 28 0 56 355
QN-ILS 27 0 54 309
gPSB MS 25 1 51 304
PSB-S2 25 1 51 292
QN-LS 25 0 50 281
BFGS 24 1 49 272
gPSB Sym 20 4 44 255
DFP 20 3 43 321
BG 20 3 43 281
PSB 20 2 42 283
PSB-S1 19 3 41 259
ISUgPSB Sym 18 4 40 306
IPSB 15 2 32 194
BB 15 1 31 170
IgPSB MS 13 3 29 172
IPSB-S2 13 3 29 172
pPSB 0 12 3 27 197
pPSB 3 11 1 23 171
IgPSB Sym 11 1 23 127
IPBS-S1 11 0 22 122
SUpPSB -3 8 1 17 101
IpPSB 3 6 3 15 93
ISUpPSB 0 4 4 12 65
SUpPSB 3 4 4 12 63
SUpPSB 0 5 2 12 53
ISUpPSB 3 4 2 10 41
pPSB -3 2 1 5 46
ISUpPSB -3 1 2 4 16
IpPSB -3 1 1 3 38
IpPSB 0 0 0 0 43

Table 6.1: Results of the tests
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This is encouraging. It seems to corroborate the hypothesis at the origin of this study: developing
a method that combines the advantages of symmetric methods and multisecant methods should
prove beneficial.

6.4.3 Penalized PSB

Both (I)pPSB and (I)SUpPSB score badly. We could conclude that the method is not adequate
for solving problems. We recall however that we didn’t execute a deep analysis of the best way
to define the weights. More work in this direction is needed to completely discard this method or
to find the optimal way to define the weights.

We are already able to observe that the use of a greater weight constant C' seems to have a good
influence on the final result. This could be an interesting first step for the analysis.

Despite the bad score, we see that the results of pPSB and SUpPSB are comparable. Re-
calling that pPSB is quite difficult to compute, due to the Lyapunov equation and the matrix
inversions, is a first argument in favor of the use of SUpPSB instead of pPSB. If two methods
seem to give the same results, it’s better to use the one that is the simplest to run.

6.5 Conclusion

This chapter was a first step in the validation of the formulas we have listed, improved or
developed in the previous three chapters. Even if our approach was mainly theoretical, the
development of optimization methods has no sense if the methods are not used on practical
problems.
The formulas have been used within a simple algorithm and tested on 33 different optimization
problems.

The results for the generalized PSB are quite good. The improvement we tried by devel-
oping a secant update version of the formulas shows encouraging results. The SU formula seems
to be quite competitive.

The results on penalized PSB are not so good compared to the other methods. This should lead
to a deeper analysis in order to confirm this result or to improve the performance.

Regardless the general bad results compared to other methods, the Secant Update version we
have developed keeps being interesting as it performs in a comparable way to the original method,
while being much easier to compute.

These first results open multiple doors for further studies. We will give some of them in
our final conclusion in the next chapter.



Chapter 7

Conclusions and possible
way-ahead

In Chapter 1, we shortly explained the principle of Quasi-Newton optimization methods. We
exposed several possible properties of the estimated Hessian, in particular, the secant update
property, the multisecant proprety, and symmetry. We stated that we were looking for an update
formula that was, at the same time, symmetric and multisecant. The problem has been fully
mathematically stated at the end of Chapter 2.

In Chapter 3, we exposed existing methods that exhibit some of the wanted properties. We also
systematically exposed the dual form of the formula, the update of the inverse of the Hessian
instead of the Hessian itself.

In Chapter 4, we developed a generalized PSB formula that is a Least Squares Secant Up-
date Symmetric Multisecant Update formula. We proved that this formula only exists under
specific conditions. If this condition is not fulfilled, the formula splits into a multisecant and a
symmetric version.

We were able to explain the phenomenon that leads to this impossibility which we found nowhere
in the literature.

Finally, a Secant Update version of the symmetric formula we found before, has been developed.
If some existing results are close enough to Formula 4.2 and Formula 4.3 to make us think
that the results were already known (but not published), we found nowhere indications of the
development of a SUgPSB Sym (Formula 4.7). We conclude that this is, if not a new, at least a
less explored track.

Chapter 5 contains some alternative to the generalized PSB. The first idea was to correct
the value in order to being able to apply the gPSB. We simply exposed these strategies.

The second idea was to penalize the non-respect of secant equation instead of imposing them.
This leads to the formula, which we called penalized PSB. We gave a published formula and
tried to improve it, but we couldn’t solve some of the exhibited shortcomings of the formula.
We then developed a Secant Update version of the penalized PSB. This formula was surprisingly
simpler.

Publications we found about pPSB are quite recent and we found no indication of a SU version
of the formula. Here again, the track is at least less explored, and maybe new.

Finally, in Chapter 6, we have tested the different formulas on multiple standard problems

in order to compare their performances.
The results for the generalized PSB are quite encouraging. As we have included the formula in a
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simple algorithm. We should test it within more sophisticated algorithms, including line search,
to see if the performance still increases.

The results for penalized PSB are not so good, but the weight definition has not been analyzed
in detail. A deeper study is needed in order to discard the method or to find the best way to
define the weights.

In conclusion, we have found some interesting new update formulas for the Quasi-Newton
method. However, our work was mainly theoretical and there is still work to do to test the
formulas. Next to the tests, there is some place for improvement and some open problems.

We finish our study by giving some way-ahead ideas to expand the present study:

e In general, the different formulas should be tested within a more complex algorithm (better
filtering of the matrix S, better convergence criteria, use of gmres also for the inverse
formulas, better choice of By...). We should also potentially permit some step optimization
of the step (for instance with line search when the steps start becoming too small).

e We should use the possibility given by Moré’s procedure to test the formulas on flat function,
on function with steep slopes and with starting point being farther away of the optimum
point. This would give us a much better idea of the reliability and the robustness of the
update formulas.

e The inversion of STS in generalized PSB could lead to numerical problems and be a
time consuming operation. Finding a way to avoid this inversion is maybe possible. The
existence of Formula 3.8 and the work we have done in Section 5.2.2 are two examples of a
similar situation where there is a way to avoid matrix inversion.

e The performance of penalized PSB should be analyzed in more details. The weights
definition has probably an impact on the result. Different weights combinations should be
tested in order to find the best one.

e The whole study could be adapted to positive definite matrices instead of symmetric
matrices.

e A test on a real application will be a nice proof of the performances of the formulas.
e Theoretical proofs of convergence of the different formulas could be developed.

e The observed asymptotic rate of convergence (superlinear or not) of the different algorithms
could also be defined.

e Instead of trying to satisfy every secant equations, we can also try to limit to a small
number of the latest secants (2, 3, 5, 10 ...). This could be a good trade-off between
the satisfying of the multisecant and symmetric properties on the one side, and a lower
computation complexity and limited memory on the other side.
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