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Abstract

This master thesis analyzes and improves the exact worst-case performance of iterative
black-box first-order methods for unconstrained optimization of smooth strongly convex
functions.
To characterize and compare optimization methods, we evaluate the exact worst-case per-
formance of their solutions based on performance measures using the toolbox PESTO.
This toolbox allows resolving instances of the performance estimation problem by resolv-
ing a semidefinite program.
In this master thesis, we focus on the gradient method and the fast gradient method
developed by Nesterov. Using PESTO, we observe that, unlike the gradient method,
the fast gradient method derives little benefits from the strong convexity property. To
overcome this, several versions of the fast gradient method specifically designed for smooth
strongly convex functions exist but these are non-robust to wrong estimate of the strong
convexity parameter. It is therefore necessary to find versions of the fast gradient method
that improve the performance of the classical fast gradient method for smooth strongly
convex functions but that either do not depend on the strong convexity parameter or
are robust to a wrong estimation of this parameter. To this end, the restart has been
introduced: applying a restart consists of stopping the algorithm, erasing the memory
and taking the last iterate as new initial point.
This master thesis implements three restarting schemes: the fixed restart which consists
of applying a restart after a fixed number of iterations, the adaptive restart which consists
of applying a restart when a certain restarting condition is satisfied and the soft restart
which consists of applying a fraction of restart at each iteration. First, by using an optimal
restarting interval, we show that the fixed restart improves the performance of the fast
gradient method by 32% to 60% and is robust especially to underestimation of the strong
convexity parameter. Then, we show that the adaptive restart does not improve the
worst-case performance of the fast gradient method. Finally, we design several strategies
of soft restart. One of them improves by 12% to 25% the performance of the fast gradient
method with the optimal restarting interval and is also robust to wrong estimations of
the strong convexity parameter.
Key Words: Worst-case performance, Optimization, First-order methods, Fixed restart,
Adaptive restart, Soft restart, Fast gradient method.
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1 Introduction

Optimization problems arise in almost all applications across sciences, whether for im-
portant power system planning or for delivering packages in shipping companies, airline
reservations systems, image processing, etc. Thanks to the growth of computational capa-
bilities, optimization has become a powerful tool for making or even anticipating decisions
in diverse areas: medicine (e.g., optimizing the mix of screening and vaccination strategies
for the prevention of cervical cancer), manufacturing (e.g., optimizing a company’s pro-
duction plan by maximizing their profit), economy (e.g., prediction of individual behavior
by assuming the individuals maximize their utilities), biology (e.g., modelling Darwin’s
theory of evolution favoring survival of individuals with most beneficial traits), etc.
More formally, an optimization problem searches the decision variables x within a set X

which minimize - or maximize - an objective function f :

min
xœX

f(x) (Optimization Problem)

In daily life, almost every practical application can be modelled using this optimization
framework. However, there are relatively few instances that can be actually solved in
practice within a reasonable time. Therefore, as there is no strong guarantee for solving
(Optimization Problem) in general, optimizers add several assumptions on both X and
f , e.g., di�erentiability of f . This allows implementing algorithms with working certifica-
tions, i.e., guarantees on the solution obtained from specific algorithms. Those assump-
tions should facilitate the implementation of e�cient algorithms for solving (Optimization Problem)
while maintaining a su�ciently rich class of problems including as many applications as
possible.
In this master thesis, we consider the following assumptions: optimization problems that
are continuous, i.e., whose variables take values within a continuum. More precisely, we
assume an unconstrained (Optimization Problem), i.e., X = Rd, and a smooth (strongly)
convex objective function f . There exist parameters that can describe the smoothness
and the strong convexity of the function f : we call them respectively L and µ and we say
that a function is L-smooth µ-strongly convex. Intuitively, the parameter L is a measure
of how fast the function can change and a µ-strongly convex function means that there
exists a quadratic lower bound on the growth of the function. The smaller the L and/or
the higher the µ, the better the function f is conditioned. These notions are properly

1



CHAPTER 1. INTRODUCTION 2

defined in Chapter 2.
Moreover, many methods allow solving (Optimization Problem). In this master thesis, we
focus on iterative black-box first-order optimization methods. First, an iterative method
proceeds by iterations during which it determines a sequence of refined approximate solu-
tions, called the iterates, (see red points in Figure 1.1) that gradually approach the target
solution (see green point in Figure 1.1). Then, a black-box method can only evaluate val-
ues and some information of the function f at given points, e.g., at a sequence of iterates,
without having direct access to the function. Finally, a first-order method only exploits
information on values and gradient of the function f .

Figure 1.1: Example of an iterative method that reaches the minimum of a function f .

Particularly, we will study two specific iterative black-box first-order optimization meth-
ods: the gradient method, noted GM, and the fast gradient method, noted FGM. The
gradient method moves the iterates by a fixed step size in the direction of the steepest
slope at each iteration: the size of this step often depends on the parameter L. The fast
gradient method accelerates the gradient method by using a momentum term. These two
methods therefore take into account the parameter L but not the parameter µ. These
methods are described more in detail in Chapter 2.
To compare several optimization methods and to determine the most appropriate for
solving (Optimization Problem), one can evaluate the performance of these methods.
Indeed, we want to obtain guarantees and to characterize how far from the true minimum
a solution obtained with a specific method will be after a fixed number of iterations.
Thus, guarantees on some performance criteria for specific optimization methods could
be obtained.
There are many performance criteria to choose from: the distance between the last iterate
and the solution, the di�erence between the function values at the last iterate and at the
solution, etc.
Moreover, several approaches exist to compute the performance. For example, one could
look at the performance in the best, the average or the worst case: the best case describes
an algorithm behavior under optimal conditions but is rarely considered in practice, the
average case allows to be close to the reality but implies complicated statistical calculations
and the worst case gives a safe analysis (the worst case is never underestimated) but can
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be overly pessimistic. In this master thesis, we focus on worst-case performance, which
is the most common choice in the literature. To compute the worst-case performance
of first-order algorithms, one approach is to compute theoretical upper bounds on the
performance but these bounds are usually not assessed precisely. Then, if a method has
a poor performance bound, we cannot conclude that this method does not work well or is
less appropriate than another one since this upper bound is not necessarily exact. In this
master thesis, to compute the worst-case performance, we use a toolbox called PESTO
[THG17a]. This toolbox was recently developed by Adrien Taylor during his thesis [Tay17]
and provides an answer to a question that could not be easily answered before:

What is the exact worst-case performance of a given first-order optimization method?

Indeed, the toolbox PESTO allows computing automatically tight worst-case perfor-
mance for a wide class of iterative first-order optimization methods. Therefore, PESTO
is a powerful tool to analyze, compare and choose the appropriate method for solving
(Optimization Problem). For example, with this tool, one can analyze the performance
of the gradient method and the fast gradient method. More details about the working
and the use of this toolbox are explained in Chapter 3.
Ideally, the worst-case performance of an optimization method should be better when
the function f that we want to minimize is better conditioned, e.g., when the function
f is a L-smooth µ-strongly convex function with a high value of µ or a small value of
L. However, in some situations, the fast gradient method derives no or little benefit if
the function f turns out to be better conditioned. This will be shown in Chapter 4. To
tackle this issue, there exist improved versions of the fast gradient method which take
into account these function parameters.
However, these improved methods work very well only when the function parameters are
known exactly but in practice, these parameters are generally not known and are di�cult
to estimate. Then, using wrong estimates of the parameters L and/or µ leads to significant
performance losses.
An example of such an improved method is the version of the fast gradient method for
smooth strongly convex functions, i.e., a version of the fast gradient method that involves
both parameters L and µ in its implementation. This method is denoted as FGM-µ and
its implementation is given in Chapter 5.
Then, let us visualize the performance losses of FGM-µ due to wrong estimates of the
parameter µ. To this end, we solve the (Optimization Problem) for the class of 1-
smooth µú-strongly convex functions f and, using the toolbox PESTO, we compare
the exact worst-case performance of the classical fast gradient method, i.e., FGM, and
its improved version, i.e., FGM-µ, with the exact parameter µú and estimates of µú:
µ œ {

µú
5 ,

µú
2 , µú, 2µú, 5µú}. In other words, we apply FGM-µ on the class of 1-smooth

µú-strongly convex functions but with wrong estimates of µú. We have considered the dis-
tance between the last iterate and the solution as performance criterion and the distance
between the starting point and the solution is bounded to 1. The results are in Figure
1.2.
As expected, FGM-µú significantly improves the worst-case performance of FGM. For
example, after 50 iterations, using FGM-µú gives a performance that is about 500 times
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better than the one obtained with FGM. However, the performance of the improved
version FGM-µ su�ers a lot from a wrong parameter estimation. For a small number of
iterations, it is better to overestimate the µú parameter than underestimate it. On the
contrary, it is better to underestimate µú when the number of iterations increases.

Figure 1.2: Comparison between the performance evolution of FGM and FGM-µ for
several values of µ obtained using the toolbox PESTO for the distance between the last
iterate and the solution as performance criterion, the distance between the starting point
and the solution bounded to 1, L = 1 and µú = 0.05.

Therefore, the goal of this master thesis will be to derive and study versions of the fast
gradient method that does not su�er from these drawbacks. More precisely, we want
to determine a version of the fast gradient method which takes advantage of the strong
convexity but which does not depend on the strong convexity parameter µ or which
is robust even when the estimation of µ is not accurate. To this end, we will use a
surprising trick: the restart. The restart was previously introduced and studied in the
literature. Applying a restart consists of stopping the algorithm, erasing the memory and
taking the last iterate as new initial point. The motivation of this surprising trick will
be explained in Chapter 5. Then, several strategies of restart will be implemented and
analyzed in Chapter 7, 8 and 9: we will show that some strategies significantly improve
the performance of FGM while others give worst performance than FGM.



2 Problem statement

Let us recall that the goal of this master thesis is to evaluate the performance of methods
that solve (Optimization Problem) using some assumptions on the function f . This chap-
ter first defines the problem of finding the worst-case performance. Then, it gives and
defines those assumptions and finally describes the methods used in this master thesis
along with convergence properties.

2.1 Worst-case performance analysis

To evaluate the performance of a first-order optimization method, one wants to estimate
the accuracy of solutions computed by this method. To this end, one usually seeks to
analyze the worst-case behavior. More precisely, given a class of problems and a first-
order method, the idea is to calculate the worst-case accuracy of solutions for a specific
performance criterion that can be obtained after a given number of iterations N . Once
identified, this worst-case provides guarantees on the performance of the method. Note
that a worst-case performance is exact or tight if there exists a function that achieves the
worst-case on the considered performance criterion.
During this thesis, three performance criteria were used to analyze the worst-case perfor-
mance of the methods, with xN the last iterate and xú an optimal solution.

I The function value accuracy f(xN) ≠ f(xú),
II The distance to the optimal solution ÎxN ≠ xúÎ

2
2,

III The residual gradient norm ÎÒf(xN)Î2
2.

The smaller these performance criteria are, the more accurate the method is since the last
iterate xN is closer to the optimal solution xú when the performance criterion is small.
In the literature, many first-order algorithms for smooth (strongly) convex functions exist
and, usually, for these algorithms, lower or upper bounds on the worst-case performance
are provided but these bounds are usually not assessed precisely. Therefore, the exact
numerical value of the worst-case performance of a specific method is generally unknown.
However, thanks to the PESTO toolbox, computing the exact worst-case performance
becomes feasible in some situations. Therefore, in this master thesis, we focus on the

5
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computation of the exact worst-case performance of a given first-order black-box method,
on a given class of functions, after a given number of iterations. This will be further
explained in Chapter 3.

2.2 Assumptions

In this master thesis, the following assumptions are made to consider only a specific class
of problems more easily solvable using specific algorithms.
Firstly, we focus on the class of first-order optimization algorithms which only require
evaluation of the objective function f and its gradient at a sequence of iterates. In recent
years, there has been a resurgence of interest in first-order methods as they proved to
be successful to solve very large problem instances, i.e., when the decision space is high-
dimensional (see e.g., in [Sun+20; PE10; Yan+19; BB08]). This is due to their low
iteration cost since the computational expense of first-order methods depends only mildly
on the problem dimension and also due to the development of extremely e�cient automatic
di�erentiation software computing gradients automatically.
Secondly, we consider unconstrained optimization problems and thus, the decision
variables x are within the set X = Rd. Moreover, we focus on L-smooth µ-strongly

convex optimization problems, i.e., optimization problems with µ-strongly convex
objective function f having a Lipschitz continuous gradient with positive constant L on
the convex set Rd. Therefore, in this thesis, the objective function f belongs to the
class Fµ,L(Rd) of µ-strongly convex and L-smooth functions. Those assumptions allow
to have strong theoretical guarantees and, therefore, ensure an adequate behavior of the
algorithms on these problems.

2.2.1 Definitions

Let us describe in detail the properties of the class Fµ,L(Rd).

Convexity

I Convex set
From an intuitive perspective, a convex set is a set that should entirely contain the
line segment between any two points in that set.
Definition 2.1 (convex set). A set Q ™ Rd is convex if for any x, y œ Q and for
any ⁄ œ [0, 1]:

⁄x + (1 ≠ ⁄)y œ Q.

In this master thesis, we assume an unconstrained (Optimization Problem) and
therefore, our set is equal to Q = Rd and is convex. Moreover, we focus on non-
empty closed convex sets. It is very convenient to work with closed sets because non-
closed sets may turn simple problems into ill-defined ones, e.g., when the minimum
is not attained.
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II Convex function
From an intuitive perspective, a convex function is such that the tangent at any
point of the function is always below the functional value, as shown in Figure 2.1a.
Definition 2.2 (convex function). A di�erentiable function f : Rd

æ R is convex

if for any x, y œ Rd:

f(y) Ø f(x) + Òf(x)T (y ≠ x).

The above definition only works for di�erentiable functions but since this master
thesis only focuses on di�erentiable optimization problems, it is su�cient to consider
this less general definition.
Another definition of convexity for twice di�erentiable functions can be established
as follows. Intuitively, this definition means that the curvature of the function must
be at least 0.
Definition 2.3 (convex function). A twice di�erentiable function f : Rd

æ R is
convex if for all x œ Rd, we have:

Ò
2
f(x) ≤ 0,

where Ò
2
f(x) is the Hessian matrix.

In optimization theory, the minimization of a convex objective function over a con-
vex feasible set ensures that all local optima are global optima. Without convexity,
there is a risk to get stuck into a suboptimal solution. Therefore, convex functions
give a huge advantage for solving optimization problems as they allow local search
algorithms to guarantee global optimal solutions.
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(a) Convexity
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(b) Strong convexity
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(c) Smoothness

Figure 2.1: Representation of properties of convexity, strong convexity and smoothness.

µ-strong convexity

From an intuitive perspective, a µ-strongly convex function means that there exists a
quadratic lower bound on the growth of the function as can be seen in Figure 2.1b.
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Definition 2.4 (strongly convex function). A di�erentiable function f : Rd
æ R is

µ-strongly convex with µ Ø 0 if for any x, y œ Rd, we have:

f(x) Ø f(y) + Òf(y)T (x ≠ y) + µ

2 Îx ≠ yÎ
2
2.

As for the convex property, another definition of strong convexity for twice di�erentiable
functions can be established as follows. Intuitively, the following definition means that
the curvature of the function must be at least µ.
Definition 2.5 (strongly convex function). A twice di�erentiable function f : Rd

æ R is
µ-strongly convex with µ Ø 0 if for all x œ Rd, we have:

Ò
2
f(x) ≤ µI,

where Ò
2
f(x) is the Hessian matrix and I is the identity matrix.

In optimization, strong convexity plays a huge role as it guarantees a linear convergence
rate of many gradient descent based algorithms. To be noted that by taking µ = 0 in Def-
inition 2.4 (respectively in Definition 2.5), one comes back to Definition 2.2 (respectively
to Definition 2.3), that is the function is convex.
Remark 2.6. By taking y = xú as any minimizer of f in Definition 2.4, knowing that
Òf(xú) = 0 for unconstrained minimization problem and using the quadratic lower bound
on the function from [Gli19b], the following inequalities can be established for any µ-
strongly convex function f :

µ

2 Îx ≠ xúÎ
2
2 Æ f(x) ≠ f(xú) Æ

1
2µ

ÎÒf(x)Î2
2.

L-smoothness

A way of defining smoothness is to require the function to be upper bounded by its
first-order development plus a quadratic term as shown in Figure 2.1c. Intuitively, the
Lipschitz constant L is a measure of how fast the function can change.
Definition 2.7 (smooth function). A di�erentiable function f : Rd

æ R is L-smooth

with L > 0 if for any x, y œ Rd, we have:

f(x) Æ f(y) + Òf(y)T (x ≠ y) + L

2 Îx ≠ yÎ
2
2.

Another definition of smoothness for twice di�erentiable functions can be established as
follows. Intuitively, the following definition means that the curvature of the function must
be at most L.
Definition 2.8 (smooth function). A twice di�erentiable function f : Rd

æ R is L-smooth

with L > 0 if for all x œ Rd, we have:

Ò
2
f(x) ∞ LI,

where Ò
2
f(x) is the Hessian matrix and I is the identity matrix.
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Remark 2.9. By taking y = xú as any minimizer of f in Definition 2.7, knowing that
Òf(xú) = 0 for unconstrained minimization problem and using the quadratic upper bound
on the function from [Gli19a], the following inequalities can be established:

1
2L

ÎÒf(x)Î2
2 Æ f(x) ≠ f(xú) Æ

L

2 Îx ≠ xúÎ
2
2.

Finally, let us properly define the class of functions considered in this master thesis.
Definition 2.10 (Fµ,L(Rd)). A function f : Rd

æ R belongs to the class Fµ,L(Rd) if f is
a L-smooth and µ-strongly convex function with 0 Æ µ < L < +Œ.

2.3 Standard first-order optimization methods

We focus on algorithms based on gradient information as it proved to be e�ective for
smooth strongly convex optimization problems, especially the gradient method (GM) and
the classical fast gradient method (FGM). To analyze these methods, we can evaluate the
convergence rate for some performance criteria.
The rate of convergence is a measure of how fast the di�erence between the solution and
its estimates goes to zero.
Definition 2.11 (convergence rate). A sequence (aN) that converges to aú, i.e., such that
ÎaN ≠ aúÎ æ 0, is said to have a rate of convergence ‹ œ [0, 1] if

lim
NæŒ

ÎaN+1 ≠ aúÎ

ÎaN ≠ aúÎ
= ‹.

Di�erent values of ‹ give di�erent rates of convergence:
1. If ‹ = 0, it is a superlinear rate.
2. If ‹ œ (0, 1), it is a linear rate.
3. If ‹ = 1, it is a sublinear rate.

In order to observe the speed of convergence of the superlinear, linear and sublinear rates,
three sequences xN have been plotted on Figure 2.2. It is easy to deduce that the linear
convergence is slower at first but later becomes better than the sublinear convergence
after a certain number of iterations. On the semi-logarithmic scale Figure 2.2b, the blue
line has indeed a linear convergence rate since it corresponds to a line. Then, we can
observe that the green line tends much faster to zero: a sequence that has a superlinear
rate converges faster than a sequence that has a linear rate.
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(a) Linear scale (b) Semi-logarithmic scale

Figure 2.2: Comparison of sequences converging in O(c–N ) with a superlinear rate, in
O(cN) with a linear rate and in O( 1

N— ) with a sublinear rate with c œ (0, 1), – > 1 and
— > 0.

2.3.1 Gradient method - GM

The gradient method, also called gradient descent, is an iterative optimization algorithm
for finding a local minimum of a di�erentiable function f . At each iteration, the current
point xi is moved in the direction opposite to the gradient of the objective function f at
this point, which is the direction of the steepest descent. The method follows the direction
of the slope downhill until reaching a local minimum.
The gradient descent algorithm is described in the following and is applied to a function
belonging to the class of smooth (strongly) convex functions Fµ,L(Rd).

GM

Input: f œ Fµ,L(Rd), x0 œ Rd, 0 Æ h Æ
2
L

For i = 0, · · · , N ≠ 1
xi+1 = xi ≠ hÒf(xi)

Proposition 2.12 (Descent Lemma, [Gli19a]). Suppose the L-smooth function f : Rd
æ

R and the initial point x œ Rd
. Then if x+ is given by a gradient step with a fixed step

size 0 Æ h Æ
2
L from x, i.e., x+ = x ≠ hÒf(x), the decrease of the function in x+ satisfies

f(x) ≠ f(x+) Ø
h

2ÎÒf(x)Î2
2.

This Descent Lemma guarantees the decrease of the gradient step at each iteration and
hence, ensures a convergence to a minimum local. When the function f and the feasible
set are convex, all local minima are also global minima and thus, the gradient descent is
guaranteed to converge to a global solution.
In what follows, the constant step size h of the gradient method is chosen as 1

L , i.e.,
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inversely proportional to the Lipschitz constant L. Therefore, we study the convergence
rates of the gradient method by considering h = 1

L .

Convergence rates for smooth convex functions

Theorem 2.13 ([DT12, Theorem 3.1]). Suppose that f : Rd
æ R is a L-smooth convex

function. Then the iterate xN of GM with a fixed step size
1
L satisfies

f(xN) ≠ f(xú) Æ
L

4N + 2Îx0 ≠ xúÎ
2
2,

where xú is any optimal solution.

Theorem 2.14 ([Nes12]). Suppose that f : Rd
æ R is a L-smooth convex function. Then

the iterates xk for 0 Æ k Æ N of GM with a fixed step size
1
L satisfies

min
0ÆkÆN

ÎÒf(xk)Î2
2 Æ

16L
2

(N2 + 8N)Îx0 ≠ xúÎ
2
2,

where xú is any optimal solution.

Theorems 2.13 and 2.14 guarantee that the gradient descent for smooth convex func-
tions converges in O( 1

N ) for the performance criteria f(xN) ≠ f(xú) and in O( 1
N2 ) for

min0ÆkÆN ÎÒf(xk)Î2
2. This means that to achieve a performance guarantee of f(xN) ≠

f(xú) Æ ‘, O(1
‘ ) iterations of the gradient descent must be performed and to achieve a per-

formance guarantee of min0ÆkÆN ÎÒf(xk)Î2
2 Æ ‘, O( 1Ô

‘) iterations of the gradient descent
must be performed. For these performance criteria, the convergence rate is sublinear

since ‹ = 1.
Remark 2.15 ([Nes18, Theorem 2.1.14]). The best guarantee on the performance crite-
rion ÎxN ≠ xúÎ

2
2 for smooth convex functions is

ÎxN ≠ xúÎ
2
2 Æ Îx0 ≠ xúÎ

2
2,

where xN is the last iterate of GM with a fixed step size 1
L and xú is any optimal solution.

Indeed, we require that the function is L-smooth convex and, therefore, the worst possible
situation is that the worst-case function corresponds to a horizontal line: the gradient of
this function is thus null at each iteration and we have xi+1 = xi leading to a stagnation
in the gradient descent. Note that Remark 2.15 gives an upper bound on the performance
criterion ÎxN ≠ xúÎ

2
2 and, therefore, the method could work better in practice.

Thus, for this performance criterion, the convergence rate is also sublinear since ‹ = 1
but there is no guarantee on the number of iterations of the gradient method to be
performed in order to reach a performance guarantee of ÎxN ≠ xúÎ

2
2 Æ ‘.

Convergence rates for smooth strongly convex functions

Theorem 2.16 ([Gli19b]). Suppose that f : Rd
æ R is a L-smooth µ-strongly convex

function. Then the iterate xN of GM with a fixed step size
1
L satisfies

f(xN) ≠ f(xú) Æ c
N(f(x0) ≠ f(xú)),
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where xú is any optimal solution, 0 < c < 1 and c = e
≠ 1

e
µ
L .

Theorem 2.17 ([Gli19b]). Suppose that f : Rd
æ R is a L-smooth µ-strongly convex

function. Then the iterate xN of GM with a fixed step size
1
L satisfies

ÎxN ≠ xúÎ
2
2 Æ c

N
Îx0 ≠ xúÎ

2
2,

where xú is any optimal solution, 0 < c < 1 and c = e
≠ 1

e
µ
L .

Theorem 2.18 ([Gli19b]). Suppose that f : Rd
æ R is a L-smooth µ-strongly convex

function. Then the iterate xN of GM with a fixed step size
1
L satisfies

ÎÒf(xN)Î2
2 Æ d

N
ÎÒf(x0)Î2

2,

where 0 < d < 1 and d = e
≠ 1

e
µ2
L2

Remark 2.19. In this master thesis, the ratio 1
e

µ
L is always much smaller than one and

therefore, one can approximate the constant c in Theorems 2.16, 2.17 and d in Theorem
2.18 respectively as c = (1 ≠

1
e

µ
L) and d = (1 ≠

1
e

µ2

L2 ) since e
x

¥ 1 + x for x π 1.
Theorems 2.16, 2.17 and 2.18 guarantee that the gradient descent for smooth strongly
convex functions converges in O(–N) with 0 < – < 1 for the three performance criteria
considered. This means that to achieve a performance guarantee of f(xN) ≠ f(xú) Æ ‘

or ÎxN ≠ xúÎ
2
2 Æ ‘, O(L

µ log 1
‘ ) iterations of the gradient descent must be performed since

– = c in that case and to achieve a performance guarantee of ÎÒf(xN)Î2
2 Æ ‘, O(L2

µ2 log 1
‘ )

iterations of the gradient descent must be performed since – = d in that case. For
these performance criteria, the convergence rate is linear since ‹ œ (0, 1). Therefore, the
convergence rate of the gradient method is better for smooth strongly convex functions
than for smooth convex functions.
Finally, the performance bounds from Theorems 2.16, 2.17 and 2.18 are for the classical
GM on L-smooth µ-strongly convex functions, which are better conditioned functions
than the algorithm was designed for, i.e., L-smooth convex functions. A more adapted
version of the gradient method for L-smooth µ-strongly convex functions is to take the
step size h = 2

µ+L but this version requires the knowledge of µ which is complicated to
estimate in practice. [Nes18, Section 1.2.3]

2.3.2 Fast gradient method - FGM

There exist many versions of the fast gradient method, also called the fast gradient descent.
We have chosen to implement the fast gradient method introduced by Nesterov in the mid
80s [Nes83]: this method accelerates the gradient method by using a momentum parameter
◊. The algorithm is very similar to a standard gradient method, the only di�erence is
that the gradient is taken at a point xi that is an extrapolation of the iterate yi along the
direction yi ≠ yi≠1: the point xi is then a ◊-combination of the points yi and yi≠1. The
iteration rule of the fast gradient method is represented in Figure 2.3.
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Figure 2.3: xi is an extrapolation of yi along the direction yi ≠ yi≠1. The gradient of f is
evaluated at xi and the new iterate yi+1, i.e., the red point, is defined as xi ≠

1
LÒf(xi).

Unlike the gradient method, the iterates of the fast gradient method are not monotone and
thus, the function values can increase during several iterations before decreasing again.
The algorithm is implemented as follows.

FGM

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd and ◊0 = 1
For i = 0, · · · , N ≠ 1

yi+1 = xi ≠
1
L

Òf(xi)

◊i+1 =
1 +

Ò
4◊

2
i + 1

2
xi+1 = yi+1 + ◊i ≠ 1

◊i+1
(yi+1 ≠ yi)

Convergence rates for smooth convex functions

Theorem 2.20 ([KF15, theorem 1]). Suppose that f : Rd
æ R is a L-smooth convex

function. Then the iterate xN of FGM satisfies

f(xN) ≠ f(xú) Æ
2L

(N + 2)2 Îx0 ≠ xúÎ
2
2,

where xú is any optimal solution.

From previous Theorem 2.20 and using the Descent Lemma 2.12, the following theorem
can be established.
Theorem 2.21. Suppose that f : Rd

æ R is a L-smooth convex function. Then the

iterate xN of FGM satisfies

ÎÒf(xN)Î2
2 Æ

4L
2

(N + 2)2 Îx0 ≠ xúÎ
2
2,

where xú is any optimal solution.

Theorems 2.20 and 2.21 guarantee that the fast gradient descent for smooth convex func-
tions converges in O( 1

N2 ) for the two performance criteria f(xN) ≠ f(xú) and ÎÒf(xN)Î2
2.
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This means that to achieve a performance guarantee of f(xN)≠f(xú) Æ ‘ or ÎÒf(xN)Î2
2 Æ

‘, O( 1Ô
‘) iterations of the fast gradient descent must be performed. For these performance

criteria, the convergence rate is sublinear since ‹ = 1.
Then, Remark 2.15 also applies to the convergence rate of smooth convex functions for
the fast gradient descent. Therefore, only a weak guarantee can be provided for the
performance criterion ÎxN ≠ xúÎ

2
2 for smooth convex functions. The convergence rate for

this performance criterion is also sublinear since ‹ = 1 but there is no guarantee on
the number of iterations of the fast gradient method to be performed in order to reach a
performance guarantee of ÎxN ≠ xúÎ

2
2 Æ ‘.

Convergence rates for smooth strongly convex functions

By combining Remark 2.6 for strongly convex functions and Theorem 2.20, the two fol-
lowing theorems can be obtained.
Theorem 2.22. Suppose that f : Rd

æ R is a L-smooth µ-strongly convex function.

Then the iterate xN of FGM satisfies

f(xN) ≠ f(xú) Æ
4L

µ(N + 2)2 (f(x0) ≠ f(xú)),

where xú is any optimal solution.

Theorem 2.23. Suppose that f : Rd
æ R is a L-smooth µ-strongly convex function.

Then the iterate xN of FGM satisfies

ÎxN ≠ xúÎ
2
2 Æ

4L

µ(N + 2)2 Îx0 ≠ xúÎ
2
2,

where xú is any optimal solution.

By combining Remark 2.6 for strongly convex functions and Theorem 2.21, the following
theorem can be obtained:
Theorem 2.24. Suppose that f : Rd

æ R is a L-smooth µ-strongly convex function.

Then the iterate xN of FGM satisfies

ÎÒf(xN)Î2
2 Æ

4L
2

µ2(N + 2)2 ÎÒf(x0)Î2
2.

Theorems 2.22, 2.23 and 2.24 guarantee that the fast gradient descent for smooth strongly
convex functions converges in O( 1

N2 ) for the three performance criteria considered. This
means that to achieve a performance guarantee of f(xN) ≠ f(xú) Æ ‘ or ÎxN ≠ xúÎ

2
2 Æ ‘

or ÎÒf(xN)Î2
2 Æ ‘, O( 1Ô

‘) iterations of the fast gradient descent must be performed. For
these performance criteria, the convergence rate is sublinear since ‹ = 1. Therefore,
the convergence rate of the fast gradient method is the same for smooth strongly convex
functions as for smooth convex functions.
Moreover, we can observe that the performance bounds for smooth strongly convex func-
tions are better for the gradient method (Theorems 2.16, 2.17 and 2.18) than for the fast
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gradient method (Theorems 2.22, 2.23 and 2.24). Then, the convergence rate for the gra-
dient method is linear while it is sublinear for the fast gradient method. However, since
the performance bounds are upper bounds, a method can have a poor performance bound
but can work very well in practice. Thus, the performance bounds or the convergence
rates do not allow to determine which method performs better.
Finally, the performance bounds from Theorems 2.22, 2.23 and 2.24 are for the classical
FGM on L-smooth µ-strongly convex functions, which are better conditioned functions
than the algorithm was designed for, i.e., L-smooth convex functions. A more adapted
fast gradient method for L-smooth µ-strongly convex functions with better convergence
rate will be examined in Chapter 5 but this method requires the knowledge of µ which is
complicated to estimate in practice.

2.4 Conclusion

To conclude this chapter, we have seen that by assuming that the function f is L-smooth
µ-strongly convex, i.e., f œ Fµ,L(Rd), we can obtain guarantee on the worst-case perfor-
mance of the gradient method and the fast gradient method for the three performance
criteria considered in this master thesis. One notices that the performance bounds and
the convergence rates are really helpful to evaluate the performance of optimization meth-
ods. However, a poor rate of convergence does not mean that the methods do not work
properly or do not converge fast. Indeed, performance bounds are upper bounds and so
the methods could converge much faster in practice than their theoretical upper bounds.
Therefore, to better evaluate the worst-case performance of methods, we can use the tool-
box PESTO that computes the exact worst-case performance of first-order optimization
methods.
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3 Performance estimation problems

This chapter presents the performance estimations problems based on the thesis of Adrien
Taylor [Tay17] and his articles [THG16] and [THG17b] written with Julien Hendrickx and
François Glineur. The performance estimation approach allows computing automatically
the exact worst-case of fixed-step first-order methods for smooth convex (possibly strongly
convex) unconstrained optimization. This approach can also be used to compare first-
order optimization methods and to determine the best one in a more precise way than
with performance bounds. Indeed, as mentioned in Chapter 2, if a method has a bad
performance bound, it does not mean that this method does not work well or converges
slowly.
Throughout this chapter, we will use a simple example to illustrate and motivate the
theoretical concepts of performance estimation problems: obtaining the worst-case guar-
antees of a single gradient step on a smooth strongly convex function. This example is
based on the article [THG17a].

3.1 Introduction to performance estimation

Let us remind that we want to solve the following unconstrained minimization problem

min
xœRd

f(x),

with f a smooth (strongly) convex function using iterative first-order black-box methods.
Then a central question is «how well does a first-order method perform? ». As explained
in Chapter 2, to answer this question, an approach is to study what happens in the
worst-case: the goal is to determine the worst-case performance of solutions obtained
with a specific first-order method for a given class of problems, after a given number of
iterations. Then, the exact numerical value of the worst-case performance of a specific
method is generally unknown since most of the papers focus on bounds on the worst-case
performance which are usually not assessed precisely.
The performance estimation problem is a di�erent approach that is focused on the com-
putation of exact worst-case performance of a given first-order black-box method, on a
given class of functions, after a given number of iterations.

17
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To compute the exact worst-case performance, the problem of finding the worst-case
performance of a black-box first-order method is expressed as an optimization problem
over a set of smooth (strongly) convex functions and initial conditions. This approach was
pioneered by Drori and Teboulle [DT12] who named it «performance estimation problem»
and it was then developed by Adrien Taylor [Tay17]. Several papers were inspired by this
approach, e.g., in [KGT17; Faz+18; KF15; LRP16; WRJ18], and it is therefore a rapidly
developing field.

Formal definition

In order to formulate the problem of finding the exact worst-case performance as an
optimization problem, we consider the following notations:

• Of is an oracle that returns first-order information about specific points: in our
case, we have Of (x) = {f(x), Òf(x)}.

• M is a first-order black-box method which only uses first-order information about
the objective function with the oracle Of .
Mi outputs the iterate after the ith iteration of M.

• N is the number of iterations.
• xú œ Rd is an optimal solution, i.e., a minimizer of f .
• {x0, x1, · · · , xN} œ Rd◊(N+1) are the iterates with x0 the initial point. They are

given by

x1 = M1(x0, Of (x0)),
x2 = M2(x0, Of (x0), Of (x1)),

...
xN = MN(x0, Of (x0), · · · , Of (xN≠1)).

• P is the performance criterion to be minimized: this criterion allows to mea-
sure the performance of a given method M on a specific function f with a spe-
cific starting point. It depends only on the function f , the sequence of iterates
{x0, x1, · · · , xN} generated by the method M and the optimal solution xú: there-
fore, we have P(Of , x0, · · · , xN , xú).
As previously mentioned in Chapter 2, the objective function accuracy f(xN) ≠

f(xú), the norm of the gradient ÎÒf(xN)Î2
2 or the distance to the optimal solution

ÎxN ≠ xúÎ
2
2 are examples of performance criteria.

• F is a given class of smooth (strongly) convex functions over which we want
to estimate the worst-case performance of the method M.

• R is a normalization parameter used in the initial condition. Note that it is
necessary to add an initial condition because, in most situations, the performance of
a first-order method cannot be sensibly assessed without such a constraint. Indeed,
without an initial condition, the worst-case could be unbounded. A bound on the
objective function accuracy at the initial point f(x0)≠f(xú) Æ R or on the distance
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between the initial point and the optimal solution Îx0 ≠ xúÎ2 Æ R or on the gradient
norm at the initial point ÎÒf(x0)Î2 Æ R are examples of initial conditions. In this
master thesis, we mostly consider the second initial condition.

Then, knowing all these notations, we can write the optimization problem that we have
to solve in order to find the exact worst-case performance. Since the methods considered
try to minimize the performance criterion P , their worst-case performance is obtained by
maximizing this performance criterion P over functions in F :

sup
f,x0,··· ,xN ,xú

P(Of , x0, · · · , xN , xú) (PEP)

such that f œ F ,

xú is optimal for f,

x1, · · · , xN is generated from x0 by the method M with Of ,

Îx0 ≠ xúÎ2 Æ R.

Finite dimensional reformulation using interpolation

In the problem (PEP), we can see that there is an unknown function f as a variable and
the problem (PEP) is therefore infinite-dimensional. In order to deal with this issue, one
can observe that only the output of the oracle Of at the iterates {x0, x1, · · · , xN} and at
xú is needed.
By defining a set I = {0, 1, · · · , N, ú} corresponding to the indices of the iterates and
Of (xi) = {fi, gi} corresponding to the output of the oracle at each iterate xi, we can
reformulate the problem (PEP) by considering only the iterates {xi}iœI , their function
values {fi}iœI and their gradients {gi}iœI :

sup
{xi,fi,gi}iœI

P({xi, fi, gi}iœI) (f-PEP)

such that ÷ f œ F with Of = {fi, gi} ’i œ I,

gú = 0,

x1, · · · , xN is generated from x0 by the method M with {fi, gi}iœ{0,··· ,N≠1},

Îx0 ≠ xúÎ2 Æ R.

where optimality of xú and constraint gú = 0 are equivalent since the (Optimization
Problem) is unconstrained.
This problem is therefore finite but there is still an issue: we need to cope with the first
constraint. This constraint can be understood as requiring that the points {xi, fi, gi}iœI

must be interpolable by a function belonging to the class F . Thus, this constraint ensures
that the optimal values of (PEP) and (f-PEP) are equal. Indeed, any solution of the
problem (PEP) can be converted into a feasible solution for (f-PEP) and inversely. This
issue will be solved in the next section.
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Toy example: worst-case analysis of a gradient step - Part 1

Let us apply the theory described in this chapter to a simple example: a single gradient
step. We want to answer the following question:
Let f be a L-smooth µ-strongly convex function, i.e., let f œ Fµ,L(Rd); what can we exactly

guarantee on ÎÒf(x1)Î2
2 when x1 was obtained from a gradient step x1 = x0 ≠

1
LÒf(x0)

and when ÎÒf(x0)Î2
2 Æ R

2
?

In this case, the problem (PEP) can be written as

sup
f,x0,x1

ÎÒf(x1)Î2
2 (gradient-PEP)

such that f œ Fµ,L(Rd) Functional class,

x1 = x0 ≠
1
L

Òf(x0) Method,

ÎÒf(x0)Î2
2 Æ R

2 Initial condition.

An interesting observation is that this example does not include the solution xú which
is not computable in practice. Then, from this example (gradient-PEP), it is clear that
the initial condition is crucial in order to avoid an unbounded solution. However, as
explained above, this problem is infinite-dimensional. Therefore we need to reformulate it
by considering only the points {xi, fi, gi}iœ{0,1} in order to make it finite, which corresponds
to the problem (f-PEP)

sup
{xi,fi,gi}iœ{0,1}

Îg1Î
2
2 (gradient-f-PEP)

such that ÷ f œ Fµ,L(Rd) : fi = f(xi) and gi = Òf(xi) for i œ {0, 1},

x1 = x0 ≠
1
L

g0,

Îg0Î
2
2 Æ R

2
.

In the problem (gradient-f-PEP), it is easier to notice that the first constraint indeed re-
quires that the function f in the class Fµ,L(Rd) can interpolate the points {x0, f0, g0, x1, f1, g1}.

3.2 Smooth strongly convex interpolation

In this section, we will give a necessary and su�cient condition that ensures that the set
of values {xi, fi, gi}iœI can be interpolated by a function belonging to a class F . More
precisely, we focus on proper closed convex functions (i.e., whose epigraphs1 are non-
empty closed convex sets) belonging to Fµ,L(Rd) with 0 Æ µ < L < +Œ. Then, this
condition will allow us to transform the problem (f-PEP) into a tractable one.
First, let us remind what interpolation is with the following definition and graphical
examples on Figure 3.1.

1
The epigraph of a function f : X æ R is the set {(x, t) œ X ◊ R : f(x) Æ t and x œ dom f}.
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Definition 3.1 (Fµ,L-interpolation). Let I be an index set and consider the set of triples
S = {(xi, fi, gi)}iœI where xi, gi œ Rd and fi œ R for all i œ I. The set S is Fµ,L-

interpolable if there exists a function f œ Fµ,L(Rd) such that we have both fi = f(xi) and
gi = Òf(xi) for all i œ I.

(a) Impossible interpolation: the set

of triples {x1, f1, g1} = {2, 2, ≠2} and

{x2, f2, g2} = {5, 1, ≠
1
3} cannot satisfy

both the smoothness and the convexity re-

quirements.

(b) Possible interpolation: the set

of triples {x1, f1, g1} = {3, 3, ≠1} and

{x2, f2, g2} = {7, 1, 0} can be interpolated

by a smooth convex function, actually by a

quadratic function.

Figure 3.1: Examples of a set of triples that cannot or can be interpolated by a L-smooth
µ-strongly convex function.

Then, the necessary and su�cient condition that ensures a smooth strongly convex inter-
polation is given by the following theorem.
Theorem 3.2 (Fµ,L-interpolability). Set {xi, fi, gi}iœI is Fµ,L-interpolable if and only if

the following set of conditions holds for every pair of indices i œ I and j œ I

fi ≠fj ≠g
€
j (xi ≠xj) Ø

1
2(1 ≠ µ/L)

3 1
L

Îgi ≠ gjÎ
2
2 + µÎxi ≠ xjÎ

2
2 ≠ 2µ

L
(gj ≠ gi)€(xj ≠ xi)

4
.

(3.1)

More details about how this condition was achieved and proofs are available in [Tay17].
From this theorem, one can reformulate the problem (f-PEP). In order to simplify the
derivations, we can assume that xú = 0 and fú = 0 without loss of generality since
we consider the class of function Fµ,L(Rd) and first-order methods that are invariant to
additive shifts in the function values and translations in their domain. Therefore, the
following problem (d-PEP) can be defined.

sup
{xi,fi,gi}iœIœ(Rd◊Rd◊R)N+2

P({xi, fi, gi}iœI) (d-PEP)

such that {xi, fi, gi}iœI is Fµ,L-interpolable,

{xú, fú, gú} = {0, 0, 0},

x1, · · · , xN is generated from x0 by the method M with {fi, gi}iœ{0,··· ,N≠1},

Îx0 ≠ xúÎ2 Æ R.
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The problem (d-PEP) is thus a particular case of (f-PEP) where the function class F is
set to Fµ,L(Rd).
However, there is still an issue with this formulation: the problem (d-PEP) is not convex
since it contains some non-convex quadratic constraints (e.g., g

€
j xi is not convex in the

interpolation condition (3.1)). As the class of non-convex problems is in general NP-
hard, some tricks will be needed to resolve this issue: the next section will explain how
to transform this problem into a convex one for a certain class of first-order black-box
methods.

Toy example: worst-case analysis of a gradient step - Part 2

Let us come back to our example: we want to compute the worst-case performance of a
single gradient step for a L-smooth µ-strongly convex function. Using the smooth strongly
convex interpolation Theorem (3.2), the problem (gradient-f-PEP) becomes:

sup
{xi,fi,gi}iœ{0,1}

Îg1Î
2
2 (gradient-d-PEP)

such that interpolation constraints (3.1) hold for all i, j œ {0, 1},

x1 = x0 ≠
1
L

g0,

Îg0Î
2
2 Æ R

2
.

3.3 Convex formulation for performance estimation

In order to obtain a convex formulation of the problem (d-PEP), we restrict ourselves to
the class of fixed-step first-order methods.
Definition 3.3 (fixed-step method). A method M is a fixed-step method if its iterates
are computed according to

xi = x0 ≠

i≠1ÿ

k=0
hi,kgk,

where hi,k is a scalar coe�cient.
A fixed-step method applying N steps is thus entirely defined by the lower triangular
matrix H = {hi,k}1ÆiÆN,0ÆkÆN≠1 œ RN◊N (where hi,k is equal to zero if k Ø i). The
gradient method and the fast gradient method are included in this class of methods.
Then, let us define some notations:

• P = [g0 g1 · · · gN x0] œ Rd◊N+2.
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• G = P
€

P œ SN+2 is the Gram matrix 2, which is equivalent to

G = {Gi,j}0Æi,jÆN+1 with

Y
___]

___[

Gi,j = g
€
i gj for any 0 Æ i, j Æ N,

GN+1,j = x
€
0 gj for any 0 Æ j Æ N,

Gi,N+1 = g
€
i x0 for any 0 Æ i Æ N,

GN+1,N+1 = x
€
0 x0.

This Gram matrix has the following characteristics.
– The constraints in the problem (d-PEP) can be entirely formulated in terms of

the entries of the Gram matrix G and the function values fi since all iterates
can be obtained from x0 using Definition 3.3.

– G ≤ 0, i.e., the Gram matrix G is a positive semidefinite matrix.
– rank G Æ d since its elements are computed from vectors x0 and gi that all

belong to Rd.
• hi œ RN+2 for any i œ {0, · · · , N ≠ 1} and hú œ RN+2

h
€
i = [≠hi,0 ≠ hi,1 · · · ≠ hi,i≠1 0 · · · 1] and h

€
ú = [0 · · · 0],

such that xi = Phi (see Definition 3.3).
• ui = ei+1 œ RN+2 are the canonical basis vectors and uú œ RN+2 is the vector of

zeros.
These notations allow us to rewrite the interpolation constraints (3.1) from Theorem (3.2)
as follows for all i, j œ I:

fi Øfj + L

L ≠ µ
(u€

j Ghi ≠ u
€
j Ghj) + 1

2(L ≠ µ)(ui ≠ uj)€
G(ui ≠ uj)

+ µ

L ≠ µ
(u€

i Ghj ≠ u
€
i Ghi) + Lµ

2(L ≠ µ)(hi ≠ hj)€
G(hi ≠ hj).

These constraints as well as the initial condition Îx0 ≠ xúÎ2 Æ R can also be formulated
using the trace operator. To this end, we define the matrices Aij for all i, j œ I and AR

as follows:

2Aij = L

L ≠ µ

1
uj(hi ≠ hj)€ + (hi ≠ hj)u€

j

2
+ 1

L ≠ µ
(ui ≠ uj)(ui ≠ uj)€

+ µ

L ≠ µ

1
ui(hj ≠ hi)€ + (hj ≠ hi)u€

i

2
+ Lµ

L ≠ µ
(hi ≠ hj)(hi ≠ hj)€

,

AR = uN+1u
€
N+1. (3.2)

Then, we can rewrite all the constraints of the problem, i.e., the interpolation constraints,
the initial condition and the constraints on G, into a compact form:

fj ≠ fi + Tr(GAij) Æ 0 for all i, j œ I,

Tr(GAR) ≠ R
2

Æ 0,

G ≤ 0,

rank G Æ d.

2Sn
is the set of symmetric matrices of size n ◊ n.
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Note that all these constraints except the rank constraint are linear in their variables f œ

RN+1 and G œ SN+2. Therefore, if we consider a performance criterion P that is a concave
semidefinite-representable function in G and f , the worst-case estimation problem can be
cast into a convex semidefinite optimization problem plus a rank constraint. In particular,
classical performance criteria such as f(xN)≠f(xú), ÎxN ≠ xúÎ

2
2 and ÎÒf(xN)Î2

2 are linear
in f and G and thus are suitable.
In this section, we will focus on linear performance criterion:

P = b
€

f + Tr(CG)

where b œ RN+1 and C œ SN+2. But other concave performance criteria could be used.
More precisely, the following proposition states the condition for which a performance
estimation problem can be formulated as a semidefinite program (sdp).
Proposition 3.4 ([THG17b], proposition 2.6). Let F be a class of functions for which

the interpolations constraints (3.1) can be formulated using a finite number of convex

constraints involving only G and f . Let M be a first-order method, P be a performance

criterion and I be an initial condition such that these objects can be expressed finitely in

terms of G and f . In brief, all objects F , M, P and I are said to be Gram-representable.

Then, computing the worst-case performance P of a method M after N iterations on a

function belonging to class F with an initial condition I can be formulated as a sdp with

G and f as variables.

Finally, let us consider the class Fµ,L(Rd) of L-smooth µ-strongly convex functions with
0 Æ µ < L < +Œ, a fixed-step first-order method M that performs N steps described
by the matrix H œ RN◊N and a performance criterion P that depends linearly on the
function values at the iterates and quadratically on these iterates and their gradients.
Then, the worst-case performance after N iterations of the method M is obtained by
resolving the following rank-constrained semidefinite program:

sup
GœSN+2,fœRN+1

b
€

f + Tr(CG) (sdp-PEP(d))

such that fj ≠ fi + Tr(GAij) Æ 0, i, j œ I

Tr(GAR) ≠ R
2

Æ 0,

G ≤ 0,

rank G Æ d.

Note that since G has a size N + 2, it has a rank at most equal to N + 2. Therefore,
if N + 2 Æ d, the optimal value of (sdp-PEP(d)) is equal to the optimal value of the
following convex semidefinite program:
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sup
GœSN+2,fœRN+1

b
€

f + Tr(CG) (sdp-PEP)

such that fj ≠ fi + Tr(GAij) Æ 0, i, j œ I

Tr(GAR) ≠ R
2

Æ 0,

G ≤ 0.

Solving this convex relaxation allows obtaining worst-case guarantees independently of
the value of d. Moreover, we have the guarantee that the optimal value of (sdp-PEP)
can be achieved by a L-smooth µ-strongly convex function of dimension at most N + 2.
Therefore, if by solving (sdp-PEP), we obtain a function of dimension d

Õ
Æ N + 2, the

resulting optimal value corresponds to the exact worst-case performance for all functions of
dimensions greater or equal than d

Õ and is an upper bound for the functions of dimensions
smaller than d

Õ. Hence, the best possible guarantee with no dependence on d is given by
the optimal value of (sdp-PEP) which is valid for any value of d.
Thanks to this convex formulation, we are now finally able to solve numerically the prob-
lem (sdp-PEP) and achieve global optimality.

Toy example: worst-case analysis of a gradient step - Part 3

Finally, let us find the worst-case performance of our example: a single gradient step. The
gradient step is indeed a fixed-step method where h1,0 = 1

L in our example (see Definition
3.3).

• The variable x1 can be expressed using the variables x0 and g0: x1 = x0 ≠
1
Lg0.

• The gram matrix is given by

G =

Q

ca
Èg0, g0Í Èg0, g1Í Èg0, x0Í
Èg1, g0Í Èg1, g1Í Èg1, x0Í
Èx0, g0Í Èx0, g1Í Èx0, x0Í

R

db ≤ 0.

The problem (gradient-d-PEP) can then be reformulated as an equivalent rank-constrained
semidefinite program:

sup
GœS3,fœR2

G1,1 (gradient-sdp-PEP(d))

such that fj ≠ fi + Tr(GAij) Æ 0, i, j œ {0, 1},

G0,0 ≠ R
2

Æ 0,

G ≤ 0,

rank G Æ d.

where the matrices Aij and AR are given above by the formulas (3.2). In order to solve
numerically the problem (gradient-sdp-PEP(d)), we solve the convex relaxation which is
independent of the value of d:
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sup
GœS3,fœR2

G1,1 (gradient-sdp-PEP)

such that fj ≠ fi + Tr(GAij) Æ 0, i, j œ {0, 1},

G0,0 ≠ R
2

Æ 0,

G ≤ 0.

Note that (gradient-sdp-PEP) is equivalent to (gradient-sdp-PEP(d)) if d Ø 3. Moreover,
we have the guarantee that the optimal value will be achieved by a function of dimension
at most 3.
Finally, since the one step gradient is a quite simple method, it is possible to derive an
analytical optimal value which is given by

max{ÎÒf(x1)Î2
2} = (1 ≠

µ

L
)2

R
2 [THG20a]. (3.3)

As can be seen on Table 3.1, this theoretical result corresponds to the optimal value
obtained from (gradient-sdp-PEP).

Table 3.1: Comparison between the theoretical value from (3.3) and the numerical value
obtained by solving (gradient-sdp-PEP) with L = 1 and R = 1.

µ Theoretical value Numerical value
0.1 0.81 0.8100
0.01 0.9801 0.9801
0.001 0.9980 0.9980

The relaxation of the rank constraint had therefore no impact in this case. In addition,
the corresponding worst-case functions are f(x) = µ

2 |x|
2 and f(x) = L

2 |x|
2. Since these

functions are 1-dimensional, the worst-case performance is exact for any value of d.

3.4 PESTO toolbox

The performance estimation problem explained in the previous sections is implemented
in PESTO, a MATLAB toolbox. This toolbox provides a framework in which the methods
can be described quite easily and then, PESTO takes care of the worst-case analysis and
computation based on the performance estimation approach. More explanation, details
and examples about the working procedure of PESTO are available in [THG20b] and
more concisely in [THG17a].
Let us quote the advantages and disadvantages of this toolbox.

Benefits

On the one hand, this toolbox is quite easy to use and very intuitive: the user can
describe the algorithms nearly as he would have implemented it instead of performing
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potentially complicated and demanding semidefinite program modelling steps required by
the performance estimation approach. It is therefore quite easy to obtain exact worst-
case performance for a wide class of fixed-step first-order optimization methods and these
worst-case guarantees can thus not be improved. This allows to ease the analysis of these
methods: for example, proofs that could barely be obtained by hand can be reached
thanks to PESTO.

Drawbacks

On the other hand, this toolbox has some disadvantages.
First, although PESTO can calculate the worst-case performance of a large class of first-
order methods, not all methods can be implemented with PESTO. More precisely, meth-
ods whose step size depends on the variables, i.e., on the iterates, the function and the
gradient values at those iterates, cannot be implemented with PESTO since these meth-
ods do not have a fixed step (see Definition (3.3)). Thus, PESTO cannot deal with If
conditions on variables that influence the step size.
Moreover, PESTO cannot deal either with strict constraints. Indeed, the set on which we
minimize our optimization problem must be closed and this is not possible with a strict
condition.

Figure 3.2: Computational time needed by PESTO to solve the performance estima-
tion problem using FGM for N iterations with ÎxN ≠ xúÎ

2
2 as performance criteria,

Îx0 ≠ xúÎ
2
2 Æ R

2 as initial condition, L = 1, R = 1 and µ = 0.001.

Then, when the number of iterations N increases, the problem to solve quickly becomes
quite large. Indeed the number of constraints increases quadratically with the number
of iterates N because of the constraint (3.1). Therefore, the computational time also
increases quickly with N as can be seen in Figure 3.2. We can observe that the computa-



CHAPTER 3. PERFORMANCE ESTIMATION PROBLEMS 28

tional time evolution is close to a line on a semi-logarithmic plot. This means that there
is an exponential relation between the time and N , i.e., time = – · —

“N . With – = 2,
— = 1.05 and “ = 1, we obtain a line close to the computational time. Moreover, because
of memory limitation, we cannot solve a problem with more than 150 iterations with our
computers. It is possible to solve this problem for a higher number of iterations by using
a computer or a server with more memory. However, even by using a server, we consider
a maximum of 200 iterations due to the computational time limit.
Finally, even if we have the exact worst-case performance, proofs and analytical analysis
might be hard to intuit or to generalize.

3.5 Conclusion

In this chapter, we have seen that the problem of finding the exact worst-case performance
of a black-box first-order optimization method can be formulated as an optimization
problem over a set of smooth (possibly strongly) convex functions and initial conditions
for some specific performance criterion. Then, by using several tricks, we have shown
that this problem can be expressed in a convex semidefinite program which can be solved
numerically but only for fixed-step first-order methods. This approach is implemented in
the toolbox PESTO that provides a framework in which methods can be described quite
easily. However, this toolbox cannot deal with If conditions on variables that influence
the step size or strict inequalities. Moreover, the time for solving the problem of finding
the worst-case performance using PESTO increases exponentially with the number of
iterations applied by the method considered.



4 Motivation

The main goal of this chapter is to study the performance and convergence of the gradient
method (GM) and the fast gradient method (FGM) and to determine whether the prop-
erty of strong convexity improves the performance and the convergence of these methods
although they are not designed for strongly convex functions.
In Chapter 2, we have seen from a theoretical point of view that for smooth strongly
convex functions, the performance bounds and the convergence rates are better for the
gradient method than for the fast gradient method. However, the theoretical performance
bounds do not allow to decide whether a method is better than another method since these
bounds are not necessarily tight. Therefore, to determine whether the gradient method
or the fast gradient method benefits from the strong convexity property, we compare
the exact worst-case performance and convergence of these methods using the toolbox
PESTO for smooth convex functions, i.e., µ = 0, and smooth strongly convex functions,
i.e., µ > 0.
To evaluate and analyze the convergence of these methods, we calculate the ratio between
the performance criterion at one iteration and the performance criterion at the previous
iteration: more precisely, we compute f(xN )≠f(xú)

f(xN≠1)≠f(xú) ,
ÎxN ≠xúÎ2

2
ÎxN≠1≠xúÎ2

2
and ÎÒf(xN )Î2

2
ÎÒf(xN≠1)Î2

2
. Therefore,

as N increases, these ratios tend respectively to the convergence rate ‹ for the perfor-
mance criterion f(xN) ≠ f(xú) and to the square of the convergence rate ‹

2 for the two
performance criteria ÎxN ≠ xúÎ

2
2 and ÎÒf(xN)Î2

2 (see Definition 2.11).
In this master thesis, we consider the class of 1-smooth µ-strongly convex functions and
the initial condition Îx0 ≠ xúÎ

2
2 Æ 1. Moreover, in this chapter, results are shown for the

two performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ
2
2. The same kind of results are

observed for the performance criterion ÎÒf(xN)Î2
2, as shown in Appendix 4.A.

4.1 Worst-case performance and convergence of GM

First, it can be seen on Figures 4.1b and 4.2b that the convergence rate of GM is linear
for smooth strongly convex functions since the ratio f(xN )≠f(xú)

f(xN≠1)≠f(xú) or ÎxN ≠xúÎ2
2

ÎxN≠1≠xúÎ2
2

tends
to a constant belonging to (0, 1) (see Definition 2.11). This confirms the theoretical
convergence rate we derived from Theorems 2.16 and 2.17. However, when the function is

29
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convex, i.e., when µ = 0, these ratios tend to or are equal to 1 for all performance criteria.
It confirms the theoretical convergence rate we derived from Theorem 2.13 and Remark
2.15: the convergence rate of GM is sublinear for smooth convex functions. Thus, the
strong convexity property significantly improves the convergence of the gradient method.
Moreover, Figures 4.1a and 4.2a show that the bigger the µ, the better the worst-case
performance is. Similarly, we can see in Figures 4.1b and 4.2b that the biggest µ provides
the lower rate of convergence, which means that functions with a high µ converge more
quickly. Therefore, it shows that the gradient method takes advantage of the strong
convexity parameter.

(a) Worst-case performance for several µ (b) Convergence for several µ

Figure 4.1: Comparison of the worst-case performance and the convergence of GM for
1-smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with f(xN) ≠ f(xú) as performance criterion.

(a) Worst-case performance for several µ (b) Convergence for several µ

Figure 4.2: Comparison of the worst-case performance and the convergence of GM for
1-smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with ÎxN ≠ xúÎ

2
2 as performance criterion.
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Note that for larger µ, i.e., for µ = 0.1, and after a certain number of iterations, i.e.,
after 60 iterations, we observe in Figures 4.1a and 4.2a that the worst-case performance
stagnates by oscillating around a certain value due to numerical errors. Indeed, in these
cases, the performance is close to zero, i.e., is less than 10≠6, and the accuracy of the
solver is then reached which causes the appearance of numerical errors. Thus, the ratios
explode after 60 iterations as shown in Figures 4.1b and 4.2b.
Afterwards, for the performance criterion ÎxN ≠ xúÎ

2
2, the performance in Figure 4.2a

and the ratios in Figure 4.2b are constant for µ = 0. Indeed, this confirms Remark 2.15:
the worst-case function can be a horizontal line and at each iteration, we have xi+1 = xi

leading to a stagnation in the gradient descent. Thus, the worst-case performance is given
by ÎxN ≠ xúÎ

2
2 = Îx0 ≠ xúÎ

2
2 = 1 for smooth convex functions.

4.2 Worst-case performance and convergence of FGM

Figures 4.3a and 4.4a show that the worst-case performance of the fast gradient method
starts by decreasing rapidly and then, more slowly until it stagnates after a certain number
of iterations. For example, for f(xN) ≠ f(xú) and µ = 0.1, the performance starts by
decreasing rapidly until 20 iterations and then, more slowly until it stagnates after 50
iterations. It leads to a ratio f(xN )≠f(xú)

f(xN≠1)≠f(xú) or ÎxN ≠xúÎ2
2

ÎxN≠1≠xúÎ2
2

that varies and oscillates much
more, especially for big µ, but seems to tend on average towards 1, as observed in Figures
4.3b and 4.4b. This means that the convergence rate of the fast gradient method is
sublinear both for strongly convex and non strongly convex functions for all considered
performance criteria. This confirms the theoretical convergence rates we derived from
Theorems 2.20, 2.22, 2.23 and Remark 2.15 given in Chapter 2.

(a) Worst-case performance for several µ (b) Convergence for several µ

Figure 4.3: Comparison of the worst-case performance and the convergence of FGM for
1-smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with f(xN) ≠ f(xú) as performance criterion.

Therefore, the strong convexity property does not improve much the performance and
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the convergence of the fast gradient method. This could come from the fact that, unlike
the gradient descent, fast gradient methods are not guaranteed to be monotone in the
objective function values since there is no guarantee such as the Descent Lemma 2.12 for
the fast gradient method. That is the function values may increase for a couple of iterates,
before decreasing again and thus, oscillations of the iterates appear around the solution.
This could lead to slower convergence. [GB14]
Then, in Figure 4.4a, we can see that rebounds occur in the worst-case performance
evolution which can also significantly slow down the convergence of the fast gradient
method.

(a) Worst-case performance for several µ (b) Convergence for several µ

Figure 4.4: Comparison of the worst-case performance and the convergence of FGM for
1-smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with ÎxN ≠ xúÎ

2
2 as performance criterion.

Moreover, as previously mentioned, Figures 4.3b and 4.4b show that the ratio starts to
explode after a certain number of iterations: for example, for f(xN) ≠ f(xú) and µ = 0.1,
the ratio f(xN )≠f(xú)

f(xN≠1)≠f(xú) starts to explode after 40 iterations. This can be explained by the
fact that the worst-case performance, as observed in Figures 4.3a and 4.4a, is close to zero
and thus, numerical errors can occur.

4.3 Comparison between GM and FGM

In this section, let us compare the performance of both the gradient method and the fast
gradient method for several values of the parameter µ.
In a general way, we observe in Figure 4.5a that for smooth convex functions, the fast
gradient method is better than the gradient method. However, Figures 4.5a and 4.5b show
that the gradient method for strongly convex functions is better than the fast gradient
method after a certain number of iterations for both performance criteria. Indeed, for
smooth strongly convex functions, the convergence rate of the gradient method is linear
while the convergence rate of the fast gradient method is sublinear and as illustrated in
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Figure 2.2 from Chapter 2, the linear convergence is slower at first but later becomes
better than the sublinear convergence.
Moreover, we can see that the higher the µ, the quicker the gradient method becomes
better than the fast gradient method. For example, we observe in Figure 4.5a that for
µ = 0.1, FGM becomes better than GM after 50 iterations but for the other values of µ,
the overrun is beyond 80 iterations and is therefore not visible on the plot.
Therefore, it is clear that the fast gradient method does not take advantage of the property
of strong convexity unlike the gradient method.

(a) Performance criterion f(xN ) ≠ f(xú) (b) Performance criterion ÎxN ≠ xúÎ
2
2

Figure 4.5: Comparison of the worst-case performance between GM and FGM for 1-
smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with f(xN) ≠ f(xú) or ÎxN ≠ xúÎ

2
2 as performance criterion.

4.4 Conclusion

In this chapter, we have seen that, unlike the gradient method, the fast gradient method
derives little benefits from the strong convexity property. Therefore, the goal of this
master thesis is to improve the performance of this method for strongly convex functions.
To this end, we will implement and analyze several versions of the fast gradient method.
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4.A Worst-case performance and convergence for ÎÒf (xn)Î2
2

as performance criterion

4.A.1 Worst-case performance and convergence of GM

(a) Worst-case performance for several µ (b) Convergence for several µ

Figure 4.6: Comparison of the worst-case performance and the convergence of GM for
1-smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with ÎÒf(xN)Î2

2 as performance criterion.

4.A.2 Worst-case performance and convergence of FGM

(a) Worst-case performance for several µ (b) Convergence for several µ

Figure 4.7: Comparison of the worst-case performance and the convergence of FGM for
1-smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with ÎÒf(xN)Î2

2 as performance criterion.
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4.A. WORST-CASE PERFORMANCE AND CONVERGENCE FOR ÎÒF (XN)Î2

2 AS
PERFORMANCE CRITERION

4.A.3 Comparison between GM and FGM

Figure 4.8: Comparison of the worst-case performance between GM and FGM for 1-
smooth convex functions (µ = 0) and for 1-smooth strongly convex functions (µ > 0)
with ÎÒf(xN)Î2

2 as performance criterion.
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5 State-of-the-art

In Chapter 4, we have seen that the goal of this master thesis is to improve the performance
of the fast gradient method since this method does not exploit well the strong convexity
property. The purpose of this chapter is therefore to provide a preamble on accelerated
first-order methods introduced in the literature in the context of continuous unconstrained
optimization. The implementation and the convergence rate of these schemes are detailed
in the following.

5.1 Accelerated first-order methods

The accelerated first-order methods solving (Optimization Problem) were first developed
by Yuri Nesterov in 1983 [Nes83]. He demonstrated that a slight modification of the
gradient descent could obtain provably optimal performance for the class of first-order
algorithms applied to minimize smooth convex functions. One of the most popular accel-
erated schemes is the fast gradient method that accelerates the gradient method using a
momentum term —i(yi+1 ≠ yi) without additional computation. The general form of the
fast gradient method is given by the following algorithm [KF15]:

FGM (general form)

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd

For i = 0, · · · , N ≠ 1
yi+1 = xi ≠ –Òf(xi)
xi+1 = yi+1 + —i(yi+1 ≠ yi)

In this method, the parameters (–, —i) must be properly selected to ensure a successful
behavior of the algorithm. There are many accelerated schemes, e.g., in [CC19; BT09;
KF15]. Table 5.1 summarizes some choices of the parameters and the convergence rates
for the fast gradient methods FGM and FGM-q for smooth (possibly strongly) convex
functions and the fast gradient method FGM-µ for smooth strongly convex functions.
For these three methods, a step size of – = 1

L is considered.

37
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Table 5.1: Momentum coe�cient convergence rates for several versions of the fast gradient
method.

Method Momentum coe�cient —i Convergence rate

FGM —i =
◊i≠1
◊i+1

,

Y
__]

__[

◊i+1 =
1+

Ô
4◊2

i +1
2

◊0 = 1

f(xN ) ≠ f(xú) Æ
2LÎx0≠xúÎ2

2
(N+2)2 [KF15]

FGM-q —i =
ti(1≠ti)
t2

i +ti+1
,

Y
__]

__[

t2
i+1 = (1 ≠ ti+1)t2

i + qti+1

t0 = 1

, q œ [0, 1]

f(yN ) ≠ f(xú) Æ
4LÎx0≠xúÎ2

2
(N+2)2 if q = 0

f(yN ) ≠ f(xú) Æ L
!
1 ≠

Ô
q
"N

Îx0 ≠ xúÎ
2
2 if q =

µ
L

[OC15]

FGM-µ —i =
1≠

Ô
µ
L

1+
Ô

µ
L

’i f(xN ) ≠ f(xú) Æ L(1 ≠
 µ

L )
N

Îx0 ≠ xúÎ
2
2 [Nes04]

Note that, when q = µ
L , the momentum coe�cient —i of FGM-q becomes closer to the

momentum coe�cient —i of FGM-µ as i increases [OC15].
The convergence rate of FGM is referred to as sublinear while the convergence rate of
FGM-µ is referred to as linear. Moreover, the FGM-q has also a linear convergence when
q = µ

L . Therefore, for smooth strongly convex functions where the strong convexity
parameter is known in advance, the accelerated schemes FGM-µ and FGM-q improve the
worst-case performance by enhancing the convergence rate.
However, these convergence rates are only guaranteed when the function parameters µ

and L are known exactly. Therefore, methods for estimating these parameters have been
implemented in the literature and some are presented below.

I Estimation of the Lipschitz constant

To estimate the Lipschitz constant, several e�cient backtracking rules exist. Exam-
ples of these backtracking rules are available in [CC19; BT09; BCG10].

II Estimation of the strong convexity parameter

Estimating the strong convexity parameter is more complicated than estimating the
Lipschitz constant [OC15]. To estimate this strong convexity parameter, Nesterov
proposed a method to bound µ, which is similar to the backtracking scheme to
estimate the Lipschitz constant [Nes13]. However, this scheme results in a slower
convergence rate than FGM-µ and FGM-q.
In practice, many applications assume that µ is zero, which is equivalent to setting
q = 0 in FGM-q. Indeed, many accelerated methods do not even include a q term,
as FGM for example. But this choice significantly slows down the convergence of
the iterates as can be seen in Table 5.1 for FGM-q.
Figure 5.1 shows the implementation of the accelerated scheme FGM-q on a positive
definite quadratic function with the optimal choice of q being q

ú = µú
Lú

= 4.1 ◊ 10≠5.
Each line on the figure represents di�erent values of q = µ

L , i.e., we suppose that
Lú is perfectly known and we test di�erent estimates of the exact strong convexity
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parameter µ
ú. Over- or underestimating the optimal value q

ú decreases the rate of
convergence of the accelerated scheme. Moreover, the underestimation of q

ú leads to
the appearance of regular ripples while the overestimation of q

ú leads to a monotonic
convergence.

Figure 5.1: Convergence of FGM-q for several values of q. Reprinted with permission
from [OC15].

Figure 5.2: Sequence trajectories under FGM-q and with adaptive restart (see section
5.3). Reprinted with permission from [OC15].

Overestimating q
ú is equivalent to underestimate the amount of momentum required

since —i decreases as q increases and thus, it leads to a slower convergence. However,
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we overestimate more often the momentum coe�cient because q is generally set to 0,
in which case —i tends to 1. This causes a rippling behavior in the objective function
values (see Figure 5.1). To understand the appearance of these ripples, one can look
in Figure 5.2 at the trajectories of the sequence generated by FGM-q minimizing a
two-dimensional positive definite quadratic function and compare these trajectories
for q = q

ú, i.e., the optimal choice, and q = 0. We can observe that considering a
high momentum coe�cient, i.e., setting q = 0, leads to the trajectory overshooting
the minimum and oscillating around it, which causes these ripples and significantly
slows down the convergence.
Also, it is important to note that L and µ are global parameters and the function
might be locally better conditioned in the region around the optimum. Outside
this region, the optimal choice q

ú is appropriate but inside this region, ripples are
expected to emerge, despite the optimal choice of q.

To conclude, FGM-q or FGM-µ improve the performance of FGM for smooth strongly
convex functions when the function parameters are known exactly. However, if the func-
tion is known to be strongly convex, tuning FGM-q or FGM-µ based on too conservative
estimates of the strong convexity parameter leads to a slow down of the convergence and
to a rippling behavior which makes the convergence even worse while tuning FGM-q or
FGM-µ based on overestimates of the strong convexity parameter leads to monotonic but
also slower convergence. Therefore, the accelerated schemes have been shown dramatically
non-robust to the estimation of the µ parameter.
To address this, restart schemes have been introduced and studied in the literature: the
fixed restart and the adaptive restart. These schemes are explained in the two following
sections.

5.2 Fast gradient methods with fixed restart - FGM-

FR

To improve the convergence of accelerated gradient schemes such as FGM, a fixed restart
scheme has been introduced and studied in [Nem94; Nes13]. The following FGM-FR al-
gorithm describes the procedure of the fast gradient method with fixed restart.

FGM-FR

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd and restarting interval k Ø 1
For i = 0, 1, ... do

Running Algorithm (FGM) for k steps
Set x0 = xk, y0 = xk and ◊0 = 1

The idea of the fixed restart scheme is to restart the fast gradient method after a fixed
number of iterations k, by taking as starting point the last point produced by the al-
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gorithm. It means that all previous iterations are erased from the memory and the
momentum coe�cient — is reset to zero. Indeed, the momentum parameter ◊ is set to 1
at each restart and thus, —i = ◊i≠1

◊i+1
= 0. To optimize the method and therefore have a

better convergence, it is possible to determine the optimal restarting interval k based on
the theoretical convergence rate as explained in the following subsection.

5.2.1 Optimal restarting interval k

Several authors such as [OC15; NNG16; KF15] have derived the optimal restarting inter-
val, i.e., the optimal number of iterations between each restart, from theoretical upper
bounds allowing to guarantee a global linear convergence for convex optimization prob-
lems.
Let us consider that we want to solve (Optimization Problem) for L-smooth µ-strongly
convex functions using the fast gradient method with fixed restart. In other words, we
restart FGM every k inner iterations by initializing the (j +1)th outer iteration as xj+1,0 =
xj,k where xj,i is an iterate at the j

th outer iteration and i
th inner iteration. The goal

is to find the optimal restarting interval k that minimizes the performance bounds from
theorems in Subsection 2.3.2 for each performance criterion.

Optimal interval for f(xN ) ≠ f(xú)

Let us detail the computation of the optimal restarting interval, denoted kú, with f(xN)≠

f(xú) as performance criterion.
From Theorem 2.22, the performance bound for each outer iteration j is given by:

f(xj,k) ≠ f(xú) Æ
4L

µ(k + 2)2 (f(xj,0) ≠ f(xú)) Æ
4L

µk2 (f(xj,0) ≠ f(xú)) Æ c(f(xj,0) ≠ f(xú)),

(5.3)

where c is defined as c = 4L
µk2 .

Then, considering that we apply j restarts every k iterations, the following bound is
obtained:

f(xj,0) ≠ f(xú) = f(xj≠1,k) ≠ f(xú) (xj+1,0 = xj,k)
Æ c(f(xj≠1,0) ≠ f(xú)) (inequality (5.3))
= c(f(xj≠2,k) ≠ f(xú)) (xj+1,0 = xj,k)
Æ c

2(f(xj≠2,0) ≠ f(xú)) (inequality (5.3))
...
Æ c

j(f(x0,0) ≠ f(xú)) = c
j(f(x0) ≠ f(xú)).

Afterwards, by taking N = jk as the total number of iterations and denoting xN = xj,0,
the above inequality becomes:

f(xN) ≠ f(xú) Æ (c 1
k )N(f(x0) ≠ f(xú)). (5.4)
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By minimizing the rate (c 1
k )N according to the number of iterations k and using the

monotonic logarithmic function to facilitate the minimization, as follows:

min
k

c
1
k … min

k

1
k

log c … min
k

1
k

log 4L

µk2 ,

the following optimal restarting interval is obtained

kú = 2e

Û
L

µ
= 2e

Ô
Ÿ and c = e

≠2
,

where e = 2.71828 is the Euler’s number and Ÿ is the condition number Ÿ = L
µ .

Optimal interval for ÎxN ≠ xúÎ2
2

Then, let us find the optimal restarting interval for the performance criterion ÎxN ≠ xúÎ
2
2.

From Theorem 2.23, the performance bound is given by:

Îxj,k ≠ xúÎ
2
2 Æ

4L

µ(k + 2)2 Îxj,0 ≠ xúÎ
2
2 Æ

4L

µk2 Îxj,0 ≠ xúÎ
2
2,

and the constant c = 4L
µk2 is the same as for the performance criterion f(xN) ≠ f(xú).

Therefore, the optimal restarting interval is the same for both performance criteria.

Optimal interval ÎÒf(xN )Î2
2

Finally, from Theorem 2.24, the performance bound for the performance criterion ÎÒf(xN)Î2
2

is given by:

ÎÒf(xj,k)Î2
2 Æ

4L
2

µ2(k + 2)2 ÎÒf(xj,0)Î2
2 Æ

4L
2

µ2k2 ÎÒf(xj,0)Î2
2,

and the constant c = 4L2

µ2k2 . By applying a similar reasoning as the one for the two previous
performance criteria, the optimal restarting interval can be determined as:

kú = 2e
L

µ
= 2eŸ,

where e = 2.71828 is the Euler’s number and Ÿ is the condition number Ÿ = L
µ .

5.2.2 Convergence rate of FGM-FR

By replacing k by the optimal restarting interval kú and c by e
≠2 in (5.4), we can bound

the performance of (FGM-FR) with kú as restarting interval:

f(xN) ≠ f(xú) Æ (e≠ 1
e

Ô
Ÿ )N(f(x0) ≠ f(xú)) [Nes13].
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An exponential can be expressed as e
a = 1 + a when a is close to 0. Since 1

e
Ô

Ÿ is close to
zero, it leads to:

f(xN) ≠ f(xú) Æ

3
e

≠ 1
e

Ô
Ÿ

4N

(f(x0) ≠ f(xú)) ¥

A

1 ≠
1

e
Ô

Ÿ

BN

(f(x0) ≠ f(xú)).

Therefore, to achieve a bound of f(xN) ≠ f(xú) Æ ‘, at most O(e
Ô

Ÿ log (1
‘ )) iterations of

the fast gradient descent with fixed restart must be performed. The convergence rate of
FGM-FR with k = kú is therefore linear since ‹ œ (0, 1) for the performance criterion
f(xN)≠f(xú). A similar reasoning can be applied for the performance criteria ÎxN ≠ xúÎ

2
2

and ÎÒf(xN)Î2
2 and thus, we can show that the convergence rate of FGM-FR with k = kú

is linear for all performance criteria considered.
In theory, the more the function is strongly convex, the more the optimal restarting
interval kú decreases. This seems logical because for FGM, the more µ increases, the
faster the worst-case performance decreases at the beginning and then stagnates as seen
in Chapter 4. Therefore, it is more optimal to apply the restart at the beginning of the
process so that the worst-case performance continues to decrease rapidly.
However, the drawback of FGM-FR is that it requires prior knowledge of the condition
number Ÿ and particularly the strong convexity parameter µ which are not easily available
in most practical cases. It would therefore be interesting to analyze the robustness of
FGM-FR in order to determine whether the performance of FGM-FR is strongly impacted
by a wrong estimation of the µ parameter. The robustness of FGM-FR will be analyzed
in Chapter 7.

5.3 Fast gradient methods with adaptive restart -

FGM-AR

To overcome the drawbacks of the fixed restart, Candès and O’Donoghue suggested an-
other restarting strategy in [OC15] to improve the convergence of accelerated schemes by
reducing the ripples in the function values: the adaptive restart scheme. This scheme con-
sists of stopping the method when a certain restarting criterion on the objective function
value or gradient is satisfied and then, restarting it using the last value provided by the
algorithm as the new initial condition. One advantage of this scheme is that it does not
require prior knowledge of µ. The procedure of the fast gradient method with adaptive
restart FGM-AR is as follows:

FGM-AR

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd

For i = 0, 1, ... do
Running Algorithm (FGM)
If a condition is respected

Set x0 = xk, y0 = xk and ◊0 = 1



CHAPTER 5. STATE-OF-THE-ART 44

Candès and O’Donoghue were looking for conditions that decide whether or not to restart
based on some computationally cheap observations. Two adaptive restart schemes (FS)
and (GS) for FGM-AR have been proposed in [OC15]:

• Function scheme: restart whenever

f(yi+1) > f(yi). (FS)

To justify roughly this scheme, the adaptive restart is applied at the bottom of
the troughs as in Figure 5.1, i.e., when the function value increases, which makes it
possible to avoid wasted iterations where the iterate moves away from the optimum.
Therefore, the function scheme allows reducing the rippling behavior.

• Gradient scheme: restart whenever

ÈÒf(xi), yi+1 ≠ yiÍ > 0. (GS)

The restart is applied when the momentum term seems to bring the iterate in a bad
direction, i.e., when the momentum term and the negative gradient are making an
obtuse angle.

The gradient scheme has two advantages over the function scheme. First, all quantities
involved in the gradient scheme are already computed in the accelerated schemes, so no
extra computation is required. Secondly, the gradient scheme is numerically more stable
since Òf(xi)yi+1 tends to 0 when we approach the minimum while f(yi) gets closer to
f(xú) which could cause possible cancellation error when evaluating f(yi+1) ≠ f(yi).
Then, Candès and O’Donoghue observed that, empirically, both schemes perform similarly
well and improve the convergence performance of accelerated gradient schemes for smooth
convex optimization. In [OC15], they have also provided a heuristic analysis to show that
applying an adaptive restart allows recovering the optimal linear rate of convergence in
many cases with no prior knowledge of function parameters.
Other restarting schemes have been implemented in the literature as in [GB14] where
three restarting schemes (FS), (GMS) and (NMS) have been implemented :

• Gradient-mapping based scheme: restart whenever

ÈL(xi ≠ yi+1), yi+1 ≠ yiÍ > 0. (GMS)

• Non-monotonicity implying scheme: restart whenever

ÈL(xi≠1 ≠ yi), yi+1 ≠
1
2(yi + xi≠1)Í > 0. (NMS)

When the restarting schemes described above and the (FS) scheme are applied to a lasso
problem, they all perform similarly. More details are available in [GB14].
Therefore, it would be interesting to determine if the adaptive restart can improve the con-
vergence of accelerated methods for the whole class of smooth (strongly) convex functions
and not only in some particular cases. This is the focus of Chapter 8.
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5.4 Conclusion

To conclude, in this chapter, we have seen that there exist several versions of FGM,
such as FGM-q with q = qú or FGM-µ, that improve significantly the performance of
FGM for smooth strongly convex functions when the function parameters are known
exactly. However, under- or overestimating the momentum coe�cient can have severe
detrimental e�ects on the convergence of these accelerated gradient schemes. Therefore,
tuning accelerated gradient methods designed for smooth strongly convex functions based
on wrong estimates of µ leads to a significant slow down of the convergence: these methods
are thus non-robust to wrong estimations of the parameter µ. Then, the restart scheme
has been introduced to improve the convergence of accelerated gradient schemes such as
the fast gradient method. More precisely, two strategies of restart have been introduced
in the literature: the fixed restart and the adaptive restart.
On the one hand, the fixed restart consists of restarting the method after a fixed number
of iterations k. For FGM-FR, it is possible to derive an optimal restarting interval kú by
minimizing the theoretical upper bounds on the di�erent performance criteria. Using kú
requires the prior knowledge of the condition number and thus, of the strongly convex
parameter which cannot be easily and precisely estimated in most practical cases.
On the other hand, the adaptive restart consists of restarting the method when a cer-
tain restarting criterion on the objective function value or gradient is satisfied. Several
restarting criteria have been implemented in the literature and empirically, the adaptive
restarting schemes seem to significantly improve the performance of accelerated gradient
methods on specific problem instances without prior knowledge of function parameters.
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6 Contribution

From Chapter 4, we have seen that the general purpose of this master thesis is to improve
the fast gradient method for strongly convex functions since the classical fast gradient
method derives little benefits if the function turns out to be strongly convex. Moreover,
from previous Chapter 5, we have concluded that we are looking for methods that do not
depend on the strong convexity parameter µ or methods that are robust even when the
estimation of µ is not accurate.
Several improvements of the fast gradient method are going to be proposed to enhance
its performance for strongly convex functions. More precisely, we focus on improvement
using a restart scheme. As mentioned in Chapter 5, restarting an algorithm means taking
the current iterate as the new starting point after a certain number of iterations or when
some restarting condition is satisfied. This erases the memory of previous iterations and
resets the momentum parameter back to one.
To improve the convergence rate of fast gradient schemes for strongly convex functions,
we focus on the implementation of three restarting procedures.

I Fixed restart - Chapter 7 will evaluate and analyze the performance of the fast
gradient method with fixed restart, i.e., FGM-FR. The idea is to restart periodically
the algorithm every k iterations, taking as a starting point the last point produced
by the algorithm and resetting the momentum parameter ◊ to one. First, for each
of the three performance criteria, the optimal restarting interval based on a specific
criterion will be determined and compared to the theoretical restarting interval
found in Chapter 5. From this optimal restarting interval, we will derive an optimal
restarting interval formula. Then, the relative gain on the performance of FGM-
FR depending on the choice of the restarting interval will be analyzed. Finally, we
will evaluate and compare the robustness of FGM-FR using the optimal restarting
interval formula and the version of the fast gradient method for strongly convex
functions, i.e., FGM-µ, when the estimation of the strong convexity parameter µ is
not accurate.

II Adaptive restart - Chapter 8 will try to implement and evaluate the performance
of the fast gradient method with adaptive restart, i.e., FGM-AR. The idea is to
restart the algorithm when a certain restarting condition on the objective function
value or gradient is met. More precisely, we will consider two restarting conditions.

47
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The first objective of this chapter will be to implement this method by dealing with
the restarting condition which is strict and depends on the variables. Indeed, as
explained in Chapter 3, PESTO cannot deal with the If conditions on variables
neither with the strict conditions and therefore, some tricks will be required. Then,
the worst-case performance of FGM-AR with the two restarting conditions will be
analyzed. Finally, by considering a specific case of FGM-AR, we will show that
the adaptive restart does not improve the performance of the classical fast gradient
method.

III Soft restart - Chapter 9 will implement and evaluate the performance of the fast
gradient method with soft restart, i.e., FGM-SR. The idea is to apply a fraction of
restart at each iteration by controlling the evolution of the momentum parameter ◊

instead of applying a full restart after a certain number of iterations. First, several
strategies of soft restart will be described and analyzed. Secondly, the promising
strategy(ies) will be explored more in detail for each performance criterion consid-
ered and we will show that one strategy improves the performance of FGM-FR. This
strategy depends on a parameter called the restarting factor: we will determine the
optimal restarting factor based on the same criterion as for the fixed restart. Then,
from this optimal restarting factor, we will find an optimal restarting factor formula.
Afterwards, the relative gain on the performance of FGM-SR using this strategy de-
pending on the choice of the restarting factor will be analyzed. Finally, we will
evaluate and compare the robustness of FGM-SR using the optimal restarting fac-
tor formula, FGM-FR using the optimal restarting interval formula and FGM-µ,
i.e., the version of the fast gradient method for strongly convex functions when the
estimation of the strong convexity parameter µ is not accurate.

As already mentioned in Chapter 4, in this master thesis, all numerical results are com-
puted for the class of 1-smooth µ-strongly convex functions and with the initial condition
Îx0 ≠ xúÎ

2
2 Æ 1. Therefore, the only parameter from the performance estimation problem

that is going to be modified is µ.



7 Fast gradient method with fixed restart

This chapter first explains the fast gradient method with fixed restart and analyzes the
performance of this method. Then, this chapter determines a strategy to find the optimal
restarting interval and derives an accurate formula to estimate this optimal restarting
interval for the criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2. Finally, this chapter evaluates the

gain of the method depending on the choice of the restarting interval and the robustness
according to errors in the estimation of µ.

7.1 Method

As explained in Chapter 5, the idea of the fast gradient method with fixed restart is to
restart periodically the fast gradient algorithm after a constant number of iterations k,
by taking as starting point the last point produced by the algorithm and resetting the
momentum parameter ◊ to one, i.e., setting x0 = xk, y0 = xk and ◊0 = 1 as described in
Algorithm (FGM-FR). The fast gradient method with fixed restart is fully described in
the following FGM-FR algorithm.

FGM-FR

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd, ◊0 = 1 and restarting interval k Ø 1
For i = 0, · · · , N ≠ 1

yi+1 = xi ≠
1
L

Òf(xi)

◊i+1 =
1 +

Ò
4◊

2
i + 1

2
xi+1 = yi+1 + ◊i ≠ 1

◊i+1
(yi+1 ≠ yi)

If (i + 1) mod k == 0
◊i+1 = 1

In practice, applying a fixed restart amounts to fixing the momentum parameter ◊ to 1
every k iterations. Indeed, x0 = xk is equivalent to considering xk to calculate yk+1 and
when ◊ is set to 1, the momentum coe�cient —k = ◊k≠1

◊k+1
is equal to 0 at the next iteration

49
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and therefore, setting y0 = xk is not necessary since it will be multiplied by — = 0.
Note that when the restarting interval k is set to 1, the fast gradient method with fixed
restart corresponds actually to the gradient method since

k = 1 … ◊i+1 = 1 ’i …
◊i ≠ 1
◊i+1

= 0 ’i … xi+1 = yi+1 ’i … xi+1 = xi ≠
1
L

Òf(xi) ’i.

Moreover, Chapter 5 has shown that accelerated schemes su�er from a rippling behavior
in the objective function values when the momentum coe�cient — is overestimated and
this behavior significantly slows down the convergence of these schemes. Then, the restart
has been introduced to improve their convergence. To understand how the restart impacts
the convergence of the fast gradient method, let us analyze what happens after a restart
at iteration i:

iteration i yi = xi≠1 ≠
1
LÒf(xi≠1)

xi = yi + ◊i≠1≠1
◊i

(yi ≠ yi≠1)

◊i = 1 Restart

iteration i + 1 yi+1 = xi ≠
1
LÒf(xi)

xi+1 = yi+1 = xi ≠
1
LÒf(xi) Usual gradient step

iteration i + 2 yi+2 = yi+1 ≠
1
LÒf(yi+1) Usual gradient step

xi+2 = yi+2 + ◊i+1≠1
◊i+2

(yi+2 ≠ yi+1)

iteration i + 3 yi+3 = xi+2 ≠
1
LÒf(xi+2)

xi+3 = yi+3 + ◊i+2≠1
◊i+3

(yi+3 ≠ yi+2)
...

Note that usual gradient step means that a gradient step is applied from the same variable,
i.e., yi+1 = yi ≠

1
LÒf(yi) or xi+1 = xi ≠

1
LÒf(xi).

We can see that one iteration after a restart (respectively two iterations after a restart),
there is a usual gradient step and therefore, thanks to the Descent Lemma 2.12, we know
that the function value in x (respectively in y) must decrease at this iteration. Thus,
applying a restart can help to reduce the oscillatory behavior of accelerated schemes and
to improve the convergence of FGM.

7.2 Worst-case performance analysis

In this section, we analyze the worst-case performance of FGM-FR using the toolbox
PESTO for the three performance criteria considered in this master thesis. To visualize
how FGM-FR behaves in a general way, we compute the performance of FGM-FR for
several values of k and several values of µ. The number of iterations is limited to 80
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since more iterations would require much more computational time, as explained in the
drawbacks of Section 3.4.
In the following figures, the number of iterations between each restart, i.e., the restarting
intervals, are chosen as k œ {5, 10, 20, 30, 60, 80, kthe} where kthe corresponds to the theo-
retical restarting interval rounded to the nearest integer and is provided in the literature
by minimizing the performance bounds, as explained in Section 5.2.1. More precisely, we
have kthe = round

1
2e

Ò
L
µ

2
for the performance criteria f(xN)≠f(xú) and ÎxN ≠ xúÎ

2
2 and

kthe = round
1
2e

L
µ

2
for the performance criterion ÎÒf(xN)Î2

2. Then, the case k = 80 cor-
responds to a classical FGM without restart since the total number of iteration is N = 80.
Note that the theoretical restarting intervals for which the value of kthe is bigger than the
total number of iterations N = 80 are not displayed in the figures. Indeed, in these cases,
the algorithm will not have the opportunity to do a restart yet and the performance will
be the same as the classical FGM.
First, in a general way, for the performance criteria f(xN)≠f(xú) and ÎxN ≠ xúÎ

2
2, we ob-

serve in Figures 7.1 and 7.2 that the larger the µ, the better the impact of the restart is and
the faster the performance can be improved. Indeed, for small µ, applying a restart gives
worse, i.e., bigger, performance than the classical FGM when the number of iterations
N is limited to 80. But for large µ, some restarting intervals improve considerably the
performance of FGM. For the performance criterion ÎÒf(xN)Î2

2, Figure 7.3 shows that
every restarting intervals k significantly improves the worst-case performance of FGM,
even for small values of µ.
Therefore, the restart allows the fast gradient method to better exploit the strong con-
vexity property for all performance criteria considered.
Afterwards, as mentioned in Chapter 4, numerical errors appear after a certain number of
iterations when the worst-case performance is close to zero, i.e., less than 10≠6 and then,
the worst-case performance stagnates by oscillating around a certain value.
Moreover, in Figures 7.1, 7.2 and 7.3, we notice that applying a restart every k iterations
produces similar rebounds of size k in the performance evolution for the criteria f(xN) ≠

f(xú) and ÎxN ≠ xúÎ
2
2 and it produces a similar pattern of size k in the performance

evolution for the criterion ÎÒf(xN)Î2
2 (without considering numerical errors). For the

performance criteria f(xN)≠f(xú) and ÎxN ≠ xúÎ
2
2, these rebounds are always decreasing

while for the criterion ÎÒf(xN)Î2
2, the restart allows decreasing sharply the performance

at the beginning of the restart but then increases the performance until the next restart.
For example, in Figure 7.3a for a restarting interval k = 10, the performance starts
decreasing at the iteration 10 to then increasing from the iteration 14 until the next
restart, i.e., until the iteration 20. Then, the same pattern starts again. Surprisingly,
regardless of the value of the restarting interval k and the value of µ, the restart improves
the worst-case performance only during 4 iterations and then worsens it until the next
restart. However, even if it increases, the worst-case performance using a restart remains
better than the one using no restart.
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(a) µ = 0.001 (b) µ = 0.01 (c) µ = 0.05

Figure 7.1: Comparison of the worst-case performance of FGM-FR for several restarting
intervals k, for 1-smooth µ-strongly convex functions and f(xN) ≠ f(xú) as performance
criterion.

(a) µ = 0.001 (b) µ = 0.01 (c) µ = 0.05

Figure 7.2: Comparison of the worst-case performance of FGM-FR for several restarting
intervals k, for 1-smooth µ-strongly convex functions and ÎxN ≠ xúÎ

2
2 as performance

criterion.

(a) µ = 0.001 (b) µ = 0.01 (c) µ = 0.05

Figure 7.3: Comparison of the worst-case performance of FGM-FR for several restarting
intervals k, for 1-smooth µ-strongly convex functions and ÎÒf(xN)Î2

2 as performance
criterion.
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Next, we can see that, especially for high values of µ, the convergence rate seems to
be linear for each restart interval k, for the performance criteria f(xN) ≠ f(xú) and
ÎxN ≠ xúÎ

2
2. Indeed, even if some rebounds appear in the performance evolution for these

performance criteria, the performance evolution could be interpolated by a straight line
which confirms the linear convergence rate. For the performance ÎÒf(xN)Î2

2, it is more
subtle to evaluate the convergence rate but the performance evolution seems to go in the
same direction as a linear shape, especially for high values of µ. Thus, this confirms that
the convergence rate of the fast gradient method with fixed restart is linear, as shown in
Chapter 5 for k = kthe.
Then, the optimal restarting interval k, i.e., the one giving the best worst-case perfor-
mance, seems to be inversely proportional to µ for the performance criteria f(xN)≠f(xú)
and ÎxN ≠ xúÎ

2
2. For example, for the criterion ÎxN ≠ xúÎ

2
2, we can see on Figure 7.2b that

the best restarting interval is around k = 30 for µ = 0.01 and Figure 7.2c shows that the
best restarting interval is around k = 10 for µ = 0.05. Therefore, the optimal restarting
interval k seems to increase as µ decreases. For the criterion ÎÒf(xN)Î2

2, determining
the optimal restarting interval k is more complicated because the worst-case performance
oscillates a lot by decreasing and increasing after each restart. Indeed, in Figure 7.3c, we
can observe that the best restarting interval seems to be k = 10 for µ = 0.05 but it is
much more di�cult to determine which restarting interval is optimal for µ = 0.001 on
Figure 7.3a. To determine objectively the optimal restarting interval, a specific criterion
will be defined in the next section.
Finally, it also appears that the theoretical restarting interval kthe found in the literature
does not correspond to the optimal restarting interval for the three performance criteria
considered. For example, Figure 7.1c shows that for µ = 0.05, the optimal restarting
interval seems to be close to 10 rather than close to kthe = 24. For the performance
criterion ÎÒf(xN)Î2

2, Figure 7.3 does not even display the worst-case performance for the
restarting interval kthe since kthe is greater than 80 for all values of µ considered: kthe is
equal to 103, 542 and 5437 respectively for µ equal to 0.05, 0.01 and 0.001. This means
that the theoretical performance bounds from Theorems 2.22, 2.23 and 2.24 are not tight,
especially for the performance criterion ÎÒf(xN)Î2

2, since these upper bounds are used
to determine kthe which does not seem to be the optimal restarting interval. Therefore,
to determine the «true » optimal restarting interval kopt, the next section implements an
automatic strategy based on an objective criterion and try to determine a more accurate
formula.

7.3 Optimal restarting interval

In this section, a strategy based on a specific criterion is explained and implemented in
order to determine the optimal restarting interval. Then, the optimal restarting interval
is compared to the theoretical restarting interval found in the literature.
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7.3.1 Strategy

To find a more accurate formula than the theoretical restarting interval kthe, we need
to define a criterion that allows us determining objectively the best restarting interval
for each value of µ. The criterion chosen to identify the best restarting interval is the
following one.
Definition 7.1 (Criterion Nµ,‘(k)). The criterion Nµ,‘(k) is the smallest number of iter-
ations needed for FGM-FR with the restarting interval k to reach a specific precision ‘

on the worst-case performance for 1-smooth µ-strongly convex functions.
Then, the best restarting interval kopt corresponds to the restarting interval k that mini-
mizes Nµ,‘(k) for a specific value of µ and a precision ‘:

kopt(µ, ‘) = arg min
k

Nµ,‘(k).

In practice, to compute this criterion for given values of µ, ‘ and k and for a specific
performance criterion, the idea is to evaluate the worst-case performance of FGM-FR for
1-smooth µ-strongly convex functions with the restarting interval k for every number of
iterations from 1 until the performance is less than or equal to ‘: the last number of
iterations considered corresponds then to Nµ,‘(k).
Moreover, to save time, for the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2 which

decrease monotonically according to N for FGM-FR, we compute the precision reached by
FGM-FR every 10 iterations until the desired precision is reached. Therefore, the exact
number of iterations Nµ,‘ is either this iteration or one of the nine previous ones and to
find it, we inspect every iteration in this interval until the desired accuracy is reached.
Afterwards, to determine the optimal restarting interval kopt, we have applied the following
strategy based on three points: the choice of a precision ‘, the choice of an initial searching
space for the values of k and the limitation of the calculation of Nµ,‘(k) to a maximum
number of iterations.

I Precision - We limit ourselves to a minimum precision of ‘min = 10≠5 since
numerical errors appear from a precision of 10≠6 and the precision ‘ is adjusted
according to the value of µ. Indeed, as previously mentioned in Section 3.4, since
we restrict ourselves to a maximum number of iterations Nmax = 200 1, according
to the value of µ and the performance criterion, the performance may not reach a
precision of 10≠5 after 200 iterations. Therefore, for the two performance criteria
f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2, to determine the precision, we calculate the worst-

case performance of FGM-FR with the theoretical restarting interval kthe after Nmax

iterations for 1-smooth µ-strongly convex functions. If the computed performance
is lower than 10≠5, then the precision is set as ‘ = ‘min = 10≠5. Otherwise, the
precision ‘ is set as the order of precision of the worst-case performance calculated
for the theoretical restarting interval kthe.

1
We were able to solve problems for 200 iterations using the server but after an update, memory

problems appeared and therefore, we considered Nmax = 150 after this update. The results obtained

with this Nmax are marked in red in the following tables.
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For the performance criterion ÎÒf(xN)Î2
2, since kthe is too high, the performance

of the classical FGM reaches the precision ‘ = 10≠5 for a number of iterations
N < kthe and therefore, no restart is triggered. Thus, we do not consider kthe for
this performance criterion and the precision is simply set to 10≠5.
The following table resumes the precision thresholds according to the di�erent values
of µ and according to the performance criteria. For example, we can observe that
for the performance criterion ÎxN ≠ xúÎ

2
2, a lower precision is considered for small

µ, i.e., µ < 0.01, since for these values of µ, the wort-case performance does not
reach an accuracy smaller than 10≠5 after Nmax iterations.

Table 7.1: Precision according to the value of µ and the performance criterion1.

ÎxN ≠ xúÎ
2
2 f(xN) ≠ f(xú) ÎÒf(xN)Î2

2
µ œ [0.2, 0.01] 10≠5 10≠5 10≠5

µ = 0.007 2 · 10≠5 10≠5 10≠5

µ = 0.005 5 · 10≠4 10≠5 10≠5

µ = 0.002 2 · 10≠2 10≠5 10≠5

µ œ [0.001, 0.0001] / / 10≠5

II Searching space - The goal is to find the restarting interval k that minimizes
Nµ,‘(k). However, it would require too much computational time to compute the
criterion Nµ,‘(k) for every possible restarting interval k. Indeed, to determine Nµ,‘(k)
for one value of k, we need to compute the worst-case performance for every number
of iterations N Æ Nµ,‘(k) which takes a lot of time, especially when the criterion
Nµ,‘(k) is high (see Section 3.4).
Therefore, the strategy is to determine an initial searching space K depending on
the values of µ and ‘ which corresponds to the first values of restarting intervals k to
be tested and then, we refine our search around the local minima. For a given µ, the
highest restarting interval kmax considered is the minimum between the maximum
number of iterations, i.e., Nmax = 200 1, and the number of iterations needed to
reach a precision of ‘ for FGM, i.e., Nµ,‘(200). Indeed, if, for example, the classical
FGM requires 20 iterations to reach an accuracy of ‘, there is no need to test a
restarting interval of 25 since the accuracy will be reached before the restart is
triggered. Therefore, we have

kmax(µ, ‘) = min(200, Nµ,‘(200)).

Then, when kmax is small, we can consider a small interval between each value of
k in the initial searching space by keeping a computational time relatively low. As
kmax increases, we consider a larger interval between each value of k in the initial
searching space. The searching space according to the value of kmax is described
in Table 7.2. Note that the smallest restarting interval considered is 2 since the
restarting interval equal to 1 corresponds to the gradient method, as explained
above in Section 7.1.
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Table 7.2: Initial searching space K according to the value of kmax.

Searching space K

1 Æ kmax Æ 60 K = {2, 5, 10, 15, 20, 25, · · · , kmax}

60 < kmax Æ 100 K = {10, 20, 30, 40, 50, · · · , kmax}

100 < kmax Æ 200 K = {10, 20, 40, 60, 80, · · · , kmax}

Afterwards, once the criterion Nµ,‘(k) is computed for all k œ K, we focus on the
most promising local minima and refine our search around them. A restarting in-
terval ki œ K is a local minimum if Nµ,‘(ki≠1) Ø Nµ,‘(ki) and Nµ,‘(ki) Æ Nµ,‘(ki+1).
More precisely, we consider the smallest local minimum found and other local min-
ima whose values are at most 10% higher than the smallest local minimum if there
are any. In the further explanation, the set of considered local minima, i.e., the
smallest one and the 10% higher ones, is denoted as Kú and is given by:

Kú = {k such that Nµ,‘(k) Æ 1.1 · min
k

Nµ,‘(k) ’k œ K}.

Then, we refine our search by computing the criterion Nµ,‘ for every 10 restarting
intervals around the k œ Kú, i.e., for {k ≠ 10, k + 10} with k œ Kú, and Kú is
updated. After, we compute the criterion for every 5 restarting intervals around
the k œ Kú, i.e., for {k ≠ 5, k + 5} with k œ Kú, and Kú is updated again. Finally,
we compute the criterion for every restarting interval around the k œ Kú, i.e., for
{k ≠ 4, · · · , k ≠ 1, k + 1, · · · , k + 4} with k œ Kú, and we can determine kopt. In
the case where the number of iterations Nµ,‘ for one restarting interval is already
computed in the initial searching space, the result is stored to avoid recalculating it
again. For example, for a value of 60 < kmax Æ 100, the criterion Nµ,‘ is computed
for every k in the initial searching space K and then, for every 5 restarting intervals
around all k in the set Kú (and not for every 10 restarting intervals since these
are already computed in the initial searching space K) and finally, the criterion is
computed for every restarting interval around the new set Kú.

III Limited number of iterations - Since the goal is to find the smallest criterion
Nµ,‘(k), for a given k, we can stop the computation as soon as the current minimum
number of iterations has been exceeded. Therefore, we stop the calculation of the
number of iterations after a maximum number of iterations Nlim such that

Nlim = min(Nmax, Á1.15 · NminË),

where Nmin is the current smallest number of iterations needed to reach an ‘ pre-
cision and is initialized to Nmax = 200 1. The factor 1.15 allows to detect any
potential promising local minimum.

7.3.1.1 Example

In order to have a good understanding of the strategy, let us apply it to an example:
find the optimal restarting interval kopt of FGM-FR for 1-smooth 0.07-strongly convex
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functions with the performance criteria ÎxN ≠ xúÎ
2
2. Figure 7.4 displays the several steps

applied.
First, we need to determine the precision threshold for µ = 0.07 and thus, we first
calculate the worst-case performance of FGM-FR with the theoretical restarting interval
kthe = round

1
2e

Ò
L
µ

2
= 21 at the maximum number of iterations Nmax = 200. Since this

performance is lower than ‘min = 10≠5, the precision threshold is set to ‘ = 10≠5.
Then, to determine the initial searching space, we need to compute the highest restart-
ing interval considered kmax as follows:

kmax(0.07, 10≠5) = min(200, N0.07,10≠5(200)) = min(200, 87) = 87.

Therefore, the initial search space is defined as K = {10, 20, 30, 40, 50, · · · , 80, 87} (see
Table 7.2).

(a) Step 1: exploration in the

initial searching space K =

{10, 20, · · · , 80, 87}. The set of

local minima is Kú = 10.

(b) Step 2: search every 5

restarting intervals around the

local minimum k = 10, i.e.,

compute the criterion for k œ

{5, 15}. The set of local min-

ima is Kú = 10.

(c) Step 3: search every

restarting interval around the

local minimum k = 10, i.e.,

compute the criterion for k œ

{6, 7, 8, 9, 11, 12, 13, 14}. The

optimal k is kopt œ {9, 10}.

Figure 7.4: Implementation of the strategy to determine the optimal restarting interval(s)
kopt for 1-smooth 0.07-strongly convex functions on the performance criterion ÎxN ≠ xúÎ

2
2

and using a precision threshold of ‘ = 10≠5.

Afterwards, the first step computes the criterion for every restarting interval k œ K as
observed in Figure 7.4a, where the red points correspond to the searching points. Then,
the first local minimum is found and the set Kú is initialized as Kú = {10}.
Note that, as explained previously, the calculation of the number of iterations is stopped
when the limited number of iterations Nlim is reached. In our example, after the
computation of the first k in K, i.e., for k = 10, we have:

Nlim = min(200, Á1.15 · NminË) = min(200, Á1.15 · N0.07,10≠5(10)Ë) = 41.

In the second step, the search is restricted to every 5 restarting intervals around the
restarting interval k in the set Kú = {10}. Therefore, we compute the criterion for k = 5
and k = 15 as illustrated in Figure 7.4b. The set of local minima Kú remains the same.
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The third step searches every restarting interval around the local minima belonging to the
set Kú, i.e., around k = 10, and thus, we compute the criterion for every restarting interval
k œ {6, 7, 8, 9, 11, 12, 13, 14}. As observed in Figure 7.4c, the search detects two more local
minima: Kú = {9, 10, 14}. Since we have already searched around these local minima, we
can conclude that the optimal restarting interval of FGM-FR for 1-smooth 0.07-strongly
convex functions with the performance criteria ÎxN ≠ xúÎ

2
2 is given by kopt œ {9, 10}.

7.3.2 Analytical results

The above strategy is applied for all performance criteria considered and for di�erent
values of µ from 0.002 to 0.2 for the performance criteria ÎxN ≠ xúÎ

2
2 and f(xN) ≠ f(xú)

and from 0.0001 to 0.2 for the performance criterion ÎÒf(xN)Î2
2.

On the one hand, the bigger the value of µ the better the function is already well-
conditioned and therefore, FGM already works very well and converges fast, even without
restart. This is why we do not consider µ bigger than 0.2.
On the other hand, the smallest value of µ considered is 0.002 for the performance criteria
ÎxN ≠ xúÎ

2
2 and f(xN)≠f(xú). Indeed, we want to compare the optimal restarting interval

with the theoretical one and since kthe is too high for smaller values of µ, it would give
same results than kmax: kthe = 172 > Nmax = 150 for µ = 0.001 1. For the performance
criterion ÎÒf(xN)Î2

2, we do not consider kthe because it is too high and thus, the smallest
value of µ considered is 0.0001.
The following tables show the results for all performance criteria and several values of µ.

Table 7.3: Comparison between the optimal restarting interval kopt and the theoretical
restarting interval kthe for the performance criteria ÎxN ≠ xúÎ

2
2 and f(xN) ≠ f(xú) and

several values of µ
1.

µ kthe kopt kopt

ÎxN ≠ xúÎ
2
2 f(xN) ≠ f(xú)

0.2 12 5 5
0.17 13 5-6 5
0.15 14 6 5-6
0.12 16 7 6-7
0.1 17 7-8 7
0.07 21 9-10 9
0.05 24 11-12 10
0.02 38 19-20 17
0.01 54 27-28 24-27
0.007 65 32 28
0.005 77 37-38 33-39
0.002 122 58-59 61

First, Table 7.3 shows that the optimal restarting interval kopt is inversely proportional
to µ for both performance criteria, which confirms the observations from Section 7.2.
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Indeed, the lower the value of µ, the bigger the optimal restarting interval is. Then,
we can see that the optimal restarting interval kopt follows the same evolution for both
performance criteria. This is rather interesting since it means that choosing k as kopt for
f(xN) ≠ f(xú) also minimizes the number of iterations needed to reach a certain accuracy
for the performance criterion ÎxN ≠ xúÎ

2
2 and inversely. Another observation is that the

theoretical restarting formula kthe = round
1
2e

Ò
L
µ

2
does not seem to fit with the values

of the optimal restarting intervals kopt: by analyzing the values in the table, it seems that
for both performance criteria, kthe is more or less the double of kopt.
Then, Table 7.4 confirms that the theoretical restarting formula kthe found in the literature
for the performance criterion ÎÒf(xN)Î2

2 does not match at all with the optimal values
kopt. Then, we observe that the optimal restarting interval starts to stagnate for small
values of µ, i.e., for µ Æ 0.01. These results could be explained by the fact that for
this performance criterion, we have seen in Section 7.2 that all the restarting intervals k

help to improve significantly the performance of FGM for all values of µ. Therefore, it is
better to apply a restart fast, i.e., to consider a relatively small restarting interval k, in
order to quickly improve the performance. Thus, the optimal restarting interval for the
performance criterion ÎÒf(xN)Î2

2 does not appear to be inversely proportional to µ and
seems to converge to a range of values around 19.

Table 7.4: Comparison between the optimal restarting interval kopt and the theoretical
restarting interval kthe for the performance criterion ||Òf(xN)||22.

µ kthe kopt

||Òf(xN)||2
0.2 27 4-5
0.17 32 5
0.15 36 6
0.12 45 7
0.10 54 6-8
0.07 78 7
0.05 109 8
0.02 272 12
0.01 544 16
0.007 777 19
0.005 1087 21
0.002 2718 16-20
0.001 5437 18
0.0005 10873 19
0.0001 54366 17

To conclude, we observe that globally, for all the performance criteria, the optimal restart-
ing intervals do not match with the theoretical restarting intervals: indeed, the theoretical
optimal restarting intervals are greater than the empirical optimal ones. This means that
the upper bounds on the performance found in the literature are not tight and better
approximations could be derived to determine the restarting interval k.
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7.4 Optimal restarting interval formula

In Subsection 7.3.2, we observed that the optimal restarting interval kopt does not corre-
spond to the theoretical one found in the literature. Therefore, it would be relevant to
determine an optimal formula that better fits the optimal restarting intervals found in
Tables 7.3 and 7.4 for each performance criterion.
For the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2, Table 7.3 shows that there

is a ratio of approximately two between the restarting intervals kthe and kopt. Thus,
we wanted to explore if the formula ‚kopt = round

1
e

Ò
L
µ

2
matched the values of optimal

restarting intervals kopt. Figure 7.5 displays the formula ‚kopt and compares it to the op-
timal restarting interval kopt and the theoretical restarting interval kthe = round

1
2e

Ò
L
µ

2
.

As expected, ‚kopt seems to fit with kopt for a large range of values of µ. Therefore, the
formula to approximate the optimal restarting interval is ‚kopt = round

1
e

Ò
L
µ

2
for both

performance criteria f(xN) ≠ f(xú) or ÎxN ≠ xúÎ
2
2.

Figure 7.5: Comparison between the op-
timal restarting intervals kopt, the the-
oretical restarting interval formula kthe

and the optimal restarting interval for-
mula ‚kopt for the performance criteria
f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2.

Figure 7.6: Optimal restarting inter-
vals kopt for the performance criterion
ÎÒf(xN)Î2

2.

For ÎÒf(xN)Î2
2, Figure 7.6 displays the optimal restarting intervals kopt resulting from

Strategy 7.4. We can observe that kopt evolves according to several regimes: for large
values of µ, i.e., when

Ò
L
µ is small, kopt increases rapidly as a function of

Ò
L
µ , then more

slowly and finally stagnates when
Ò

L
µ Ø 15. Moreover, even if we find a formula to

approximate the three regimes, the k obtained with this formula could not perform well
if they do not fit perfectly with kopt. Indeed, since the performance of FGM-FR oscillates
a lot by decreasing and then increasing after each restart as seen in Section 7.2, even if
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the criterion Nµ,‘(k) is small for a restarting interval k, it could be much higher for the
restarting interval k +1. So, the performance of FGM-FR with k +1 as restarting interval
could increase before reaching an ‘ precision and we could have Nµ,‘(k) π Nµ,‘(k + 1).
Therefore, finding a formula for the performance criterion ÎÒf(xN)Î2

2 that gives good
results is complicated and we did not find a formula.
Finally, Table 7.5 compares the theoretical restarting formula and the optimal restarting
interval formula for each performance criterion.

Table 7.5: Comparison between the optimal restarting interval formula ‚kopt and the the-
oretical restarting formula kthe for each performance criterion.

Performance criterion f(xN) ≠ f(xú) ÎxN ≠ xúÎ
2
2 ÎÒf(xN)Î2

2

kthe round
1
2e

Ò
L
µ

2
round

1
2e

Ò
L
µ

2
round

1
2e

L
µ

2

‚kopt round
1
e

Ò
L
µ

2
round

1
e

Ò
L
µ

2
◊

7.5 Gain

To determine whether the fast gradient method with fixed restart allows to really improve
the worst-case performance of the classical FGM, we compute and compare the criterion
Nµ,‘(k) for k œ {kopt,

‚kopt, kthe, kmax}, for the same values of µ and for each performance
criterion. Note that k = kmax corresponds to the classical FGM since no restart is applied
for this restarting interval.
To this end, the precision is adjusted according to the value of µ and the performance
criterion as in Table 7.1. Therefore, for the performance criterion ÎxN ≠ xúÎ

2
2, the criterion

Nµ,‘(k) for the smallest values of µ, i.e., µ Æ 0.007, is calculated for a higher precision than
10≠5 while for the other performance criteria, ‘ = 10≠5 for all values of µ is considered.
Tables 7.6, 7.7, 7.8 display the results and Figures 7.7, 7.8, 7.9 plot the criterion Nµ,‘(k)
only for the same precision ‘ = 10≠5 in order to display comparable results. Thus, for
the performance criterion ÎxN ≠ xúÎ

2
2, Figure 7.8 displays the results only for µ Ø 0.01.

Moreover, since the maximum number of iterations is Nmax = 200 (or Nmax = 150 after
the update of the server), Nµ,‘(k) can be bigger than Nmax for some values of µ when
k = kmax. Therefore, on Figures 7.7, 7.8 and 7.9, the unfilled points correspond to a
number of iterations strictly greater than Nmax.
Then, we also analyze the relative gain depending on the choice of the restarting intervals
k = {kopt,

‚kopt, kthe, kmax}. The gain is calculated as the di�erence between the number
of iterations required to reach some precision for two restarting intervals. Therefore, the
relative gain is defined as follows:
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Gµ,‘(k1, k2) = Nµ,‘(k2) ≠ Nµ,‘(k1)
Nµ,‘(k2)

.

The relative gain corresponds to the percentage of iterations we gain to reach a certain
precision if we use k1 instead of k2. Note that this formula cannot be used when Nµ,‘(k) >

Nmax but only when Nµ,‘(k) is known exactly.

Table 7.6: Comparison of Nµ,10≠5(k)
for di�erent values of µ and k with
f(xN)≠f(xú) as performance crite-
rion.

µ kopt
‚kopt kthe kmax

0.2 13 14 16 19
0.17 14 17 18 22
0.15 16 17 19 24
0.12 18 20 22 28
0.1 20 22 24 31
0.07 25 26 30 39
0.05 30 32 36 48
0.02 50 51 58 80
0.01 71 71 81 116
0.007 84 85 95 135
0.005 98 99 109 156
0.002 143 143 167 198

Figure 7.7: Evolution of the crite-
rion Nµ,10≠5(k) according to µ for k œ

{kopt,
‚kopt, kmax, kthe} with f(xN)≠f(xú)

as the performance criterion.

Table 7.7: Comparison of Nµ,‘(k)
for di�erent values of µ and k

with ÎxN ≠ xúÎ
2
2 as performance

criterion1.

µ kopt
‚kopt kthe kmax

0.2 15 17 20 25
0.17 18 19 23 30
0.15 19 20 25 34
0.12 23 24 30 40
0.1 27 29 33 53
0.07 35 35 49 87
0.05 43 44 54 > 200
0.02 76 76 92 > 200
0.01 122 122 172 > 200
0.007 136 142 196 > 200
0.005 116 124 147 > 150
0.002 116 118 150 > 150

Figure 7.8: Evolution of the crite-
rion Nµ,10≠5(k) according to µ for k œ

{kopt,
‚kopt, kmax, kthe} with ÎxN ≠ xúÎ

2
2 as

the performance criterion.
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Table 7.8: Comparison of Nµ,10≠5(k)
for di�erent values of µ and k with
ÎÒ(xN)Î2

2 as performance criterion.

µ kopt kthe or kmax

0.2 13 21
0.17 13 23
0.15 15 25
0.12 17 30
0.1 20 34
0.07 23 43
0.05 27 53
0.02 40 92
0.01 52 134
0.007 61 163
0.005 67 193
0.002 84 >200
0.001 94 >200
0.0005 99 >200
0.0001 106 >200

Figure 7.9: Evolution of the crite-
rion Nµ,10≠5(k) according to µ for k œ

{kopt,
‚kopt, kmax, kthe} with ÎÒ(xN)Î2

2 as
the performance criterion.

Before analyzing the results, let us specify that when k increases, the number of restarts
applied up to Nmax = 200 (or Nmax = 150 after the update of the server) iterations
decreases. For example, when kthe = 122, only one restart is applied and thus, the restart
does not have the opportunity to improve a lot the performance. Therefore, the results
should be considered with less credit for high values of k and thus low values of µ.
First, for all performance criteria, the fast gradient method with the optimal restarting
interval kopt requires fewer iterations to achieve the desired precision compared to other
choices of restarting interval and this makes perfect sense since this restarting interval
minimizes the criterion Nµ,‘(k).
Afterwards, compared to the classical fast gradient method, that is by taking as restarting
interval kmax, the optimal restarting interval kopt improves significantly the worst-case per-
formance for all values of µ considered: the relative gain Gµ,‘(kopt, kmax) is 36% on average
for the performance criterion f(xN)≠f(xú). For the performance criteria ÎxN ≠ xúÎ

2
2 and

ÎÒf(xN)Î2
2, the relative gain varies more according to the values of µ and it increases

respectively from 40% to 65% and from 38% to 65% as µ decreases. Indeed, on Figures
7.8 and 7.9, the relative di�erence between Nµ,‘(kopt), i.e., the red line, and Nµ,‘(kmax),
i.e., the blue line, increases as µ decreases. Therefore, FGM-FR with the restarting in-
terval kopt improves significantly the classical fast gradient method for strongly convex
functions.
Moreover, taking k = kthe also allows to improve the performance of FGM. Indeed, the
relative gain Gµ,‘(kthe, kmax) increases from 16% to 30% for f(xN) ≠ f(xú) and from 20%
to 44% for ÎxN ≠ xúÎ

2
2 as µ decreases. Thus, even by not taking the optimal value for the
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restarting interval, using a restart helps to enhance the performance of the classical FGM.
Note that for ÎÒf(xN)Î2

2, the theoretical restarting interval is so bad that the number of
iterations needed Nµ,‘(kthe) is equivalent to the one for FGM, that is Nµ,‘(kmax). For this
criterion, the relative gain Gµ,‘(kthe, kmax) is therefore zero for all values of µ.
Finally, Figures 7.7 and 7.8 show that for the performance criteria f(xN) ≠ f(xú) and
ÎxN ≠ xúÎ

2
2, the criteria Nµ,‘(kopt) and Nµ,‘(‚kopt) are very close for all values of µ. This

means that the optimal restarting interval formula ‚kopt in Table 7.5 approximates ef-
ficiently the optimal restarting interval kopt. Therefore, using ‚kopt also allows to con-
siderably improve the performance of the classical FGM for strongly convex functions:
Gµ,‘(‚kopt, kmax) is equal to 32% on average for the performance criterion f(xN) ≠ f(xú)
and it increases from 32% to 60% as µ decreases for the performance criterion ÎxN ≠ xúÎ

2
2.

Moreover, by choosing ‚kopt instead of the theoretical restarting interval kthe, the relative
gain Gµ,‘(‚kopt, kthe) is on average respectively 10% and 20% for the performance criteria
f(xN)≠f(xú) and ÎxN ≠ xúÎ

2
2. This confirms that our optimal restarting interval formula

‚kopt improves the performance of FGM more than kthe.

7.6 Robustness

As a reminder, we have seen in Chapters 4 and 5 that the goal of our master thesis
is to determine methods that improve the performance of the fast gradient method for
strongly convex functions and which are robust when the estimation of the parameter
µ is not accurate. In the previous section, we have seen that FGM-FR with ‚kopt as
restarting interval allows to significantly improve the performance of FGM for strongly
convex functions. In this section, we will analyze and compare the robustness depending
on the estimation of µ of FGM-FR using ‚kopt = round

1
e

Ò
L
µ

2
as restarting interval and

FGM-µ, a version of the fast gradient method adapted to L-smooth µ-strongly convex
functions but which is not robust to wrong estimations of the parameter µ. Note that we
only consider the performance criteria f(xN)≠f(xú) and ÎxN ≠ xúÎ

2
2 since we do not have

derived any optimal restarting interval formula for the performance criterion ÎÒf(xN)Î2
2.

To this end, we fix the number of iterations N and then, compare the precision reached
after this number of iterations. The first step is to choose N which depends on the value of
µ. Indeed, for high values of µ, the performance stagnates quite quickly due to numerical
errors when the performance is less than 10≠6 and thus, taking a too high number of
iterations could lead to small di�erences in the performance. However, if we consider
a too small number of iterations, there will not be a significant di�erence between the
performance of FGM-FR and FGM-µ. Therefore, we consider the number of iterations
N = Nµ,‘(‚kopt) since the performance after this number of iterations is less than 10≠5

which is small enough while remaining greater than 10≠6 to avoid a stagnation of the
performance.
Moreover, we compute the performance of FGM-FR and FGM-µ using several estimations
µ of the exact strong convexity parameter µú. More precisely, we consider the following
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under- and overestimation of µú:

µ œ

;
µú

10 ,
µú

5 ,
µú

2 , µú, 2µú, 5µú, 10µú

<
.

Figures 7.10 and 7.11 show the comparison between the robustness of the two methods
FGM-FR and FGM-µ.
First, we observe similar results for both performance criteria: for all values of µú con-
sidered, FGM-FR is more robust than FGM-µ for large underestimates, i.e., for µ Æ

µú
5 ,

and for all overestimates of µú, i.e., for µ Ø 2µú. Indeed, the performance of FGM-FR
is always below the performance of FGM-µ for these values of µ. However, under-or
overestimating µú does not have the same impact on the performance.

(a) N = 71 and µú = 0.01 (b) N = 32 and µú = 0.05 (c) N = 22 and µú = 0.1

Figure 7.10: Comparison of the performance of FGM-FR with k = ‚kopt and FGM-µ after
N = Nµ,‘(‚kopt) iterations for 1-smooth µú-strongly convex functions for several estimations
of µú and f(xN) ≠ f(xú) as performance criterion.

(a) N = 122 and µú = 0.01 (b) N = 44 and µú = 0.05 (c) N = 29 and µú = 0.1

Figure 7.11: Comparison of the performance of FGM-FR with k = ‚kopt and FGM-µ after
N = Nµ,‘(‚kopt) iterations for 1-smooth µú-strongly convex functions for several estimations
of µú and ÎxN ≠ xúÎ

2
2 as performance criterion.

On the one hand, overestimating the parameter µú, for FGM-FR leads to significant
performance losses especially for small values of µú, i.e., µú Æ 0.05 even if the performance
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is slightly better than for FGM-µ. For example, for FGM-FR with µú = 0.01 and the
performance criterion ÎxN ≠ xúÎ

2
2, taking µ = 10µú gives a performance that is about 600

times worse than with the exact value of µú and that is almost equal to the performance
obtained with FGM-10µú (see Figure 7.11a).
On the other hand, strongly underestimating the value µú seems much more robust than
overestimating it, especially for small values of µú. For example, for FGM-FR with µú =
0.01 and the performance criterion f(xN) ≠ f(xú), taking µ = µú

10 gives a performance
that is only about 5 times worse than with the exact value of µú but is about 90 times
better than the performance obtained with FGM-µú

10 (see Figure 7.10a). This allows using
conservative estimates when µú is unknown without too much impact on the performance
which is quite interesting since users tend to use too conservative estimates. However, if
the underestimation of µú is small, i.e., µ = µú

2 , FGM-µ gives slightly better performance
for µú Ø 0.05. Moreover, if the function is better conditioned around the minimum,
FGM-FR will take advantage of this better conditioning and work better around the
minimum. Indeed, if the function is better conditioned around the minimum, it amounts
to underestimate locally µú and since FGM-FR is robust to underestimation of µú, FGM-
FR will work better close to the minimum.
Finally, we can see that FGM-µ performs better than FGM-FR when µú is known ex-
actly, except for µú = 0.01 and f(xN) ≠ f(xú) as performance criterion but in this case,
the performance of both methods is close. This is logical since FGM-µ was specifically
designed for strongly convex functions.
To conclude, in a general way, FGM-FR with ‚kopt allows to improve the performance
of FGM-µ for wrong estimations of the exact value of the strong convexity parameter,
especially for large underestimations, but FGM-µ works better when the estimation of
the parameter µú is exact. It is, therefore, better to use FGM-FR with ‚kopt when µú is
not known, especially when a conservative estimate of µ is used, and it is better to use
FGM-µ when µú is known exactly.

7.7 Conclusion

To conclude, we have first observed in this chapter that the fast gradient method with fixed
restart helps to improve the worst-case performance of the classical fast gradient method
for strongly convex functions when the restarting interval is well chosen. Afterwards,
we have evaluated the optimal restarting interval kopt, i.e., the value of the restarting
interval k which gives the best worst-case performance, for a large range of values of µ

based on a specific criterion Nµ,‘(k) for the three performance criteria considered. Then,
we have derived a formula ‚kopt depending on L and µ that allows estimating kopt for the
performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2: ‚kopt = round

1
e

Ò
L
µ

2
. However, we

did not find a formula for the performance criterion ÎÒf(xN)Î2
2.

Afterwards, the relative gain has been analyzed: compared to the classical FGM, FGM-
FR with k = ‚kopt reduces the number of iterations needed to reach a specific precision by
on average 32% for the performance criterion f(xN) ≠ f(xú) and from 32% to 60% as µ



67 7.7. CONCLUSION

decreases for the performance criterion ÎxN ≠ xúÎ
2
2, which is quite a significant improve-

ment.
Finally, the robustness of FGM-FR with k = ‚kopt has been analyzed for under- or over-
estimates of the exact strong convexity parameter µú and compared with the robustness
of FGM-µ. We have observed that in addition to improving performance, FGM-FR with
k = ‚kopt is also robust when the estimation of the strong convexity parameter µú is not
accurate, especially for large underestimations of µú. Unfortunately, if the µú is overesti-
mated, there will be some performance losses for FGM-FR but not as many as for FGM-µ.
It is nevertheless better to use FGM-µ when µú is known exactly.
Therefore, we have found a version of the fast gradient method that takes advantage of
the strong convexity for the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2 and that

is robust even for wrong estimations of the strong convexity parameter.
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8 Fast gradient method with adaptive restart

This chapter first explains the fast gradient method with adaptive restart, then details
how this method can be implemented using the toolbox PESTO and analyzes the worst-
case performance of this method. Finally, considering a particular case of the fast gradient
method with adaptive restart, we show that this method does not improve the performance
of the classical fast gradient method.

8.1 Method

As explained in Chapter 5, Candès and O’Donoghue proposed another strategy of restart:
the adaptive restart. This strategy consists of applying a restart when the function does
not evolve su�ciently according to a certain criterion: for example, when the function
value starts to increase or when the momentum is in the « wrong » direction. In practice,
the adaptive restart sets the parameter ◊i+1 = 1 when a specific restarting condition is
met. The algorithm of the fast gradient method with adaptive restart, i.e., FGM-AR, can
be described as follows.

FGM-AR

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd and ◊0 = 1
For i = 0, · · · , N ≠ 1

yi+1 = xi ≠
1
L

Òf(xi)

◊i+1 =
1 +

Ò
4◊

2
i + 1

2
xi+1 = yi+1 + ◊i ≠ 1

◊i+1
(yi+1 ≠ yi)

If a restarting condition holds
◊i+1 = 1

In this master thesis, we have implemented the two following restarting conditions:

69
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• Function scheme: restart whenever

f(yi+1) > f(yi). (FS)

• Gradient scheme: restart whenever

ÈÒf(xi), yi+1 ≠ yiÍ > 0. (GS)

As mentioned in Chapter 5, these schemes were both introduced by Candès and O’Donoghue
in [OC15].
These two restarting schemes are linked by the following proposition.
Proposition 8.1. Suppose the convex function f: Rd

æ R and the iterates xi, yi and yi+1
of FGM-AR. If xi = yi, then we have

If (GS) holds ∆ (FS) holds.

Proof. If xi = yi, (GS) can be written as ÈÒf(xi), yi+1 ≠ yiÍ = ÈÒf(yi), yi+1 ≠ yiÍ and
thus, if (GS) is satisfied, we know that:

ÈÒf(yi), yi+1 ≠ yiÍ > 0.

Then, by using Definition 2.2 of a convex function, we can find that:

f(yi+1) Ø f(yi) + Òf(yi)T (yi+1 ≠ yi)
… f(yi+1) ≠ f(yi) Ø ÈÒf(yi), yi+1 ≠ yiÍ > 0

Therefore, (FS) is satisfied.

Proposition 8.1 demonstrates that when xi = yi, if the gradient scheme (GS) condition
holds, then the function scheme (FS) condition also holds. On the contrary, when xi = yi,
if (FS) is not satisfied, then (GS) will not be satisfied either.

8.2 Implementation

The FGM-AR algorithm cannot directly be implemented in PESTO because of the restart-
ing conditions (FS) and (GS). Indeed, as Section 3.4 mentioned, PESTO cannot handle
the strict inequalities nor the If conditions on variables. Therefore, we need to find a way
to overcome these issues.

8.2.1 If condition

Since the If condition on variables cannot be applied with PESTO, we need to find a trick
to remove this condition. A way is to compute the result for all possible outcomes of this
condition and take the maximum result since we are looking for a worst-case performance,
i.e., a maximum performance. Thus, to obtain the worst-case performance of FGM-AR,
we compute the worst-case performance for all the possible combinations of restart/no
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restart and take the maximum of the worst-case performance of all these cases. More
precisely, we compute the performance of all possible cases where a restart is triggered or
not at each iteration, i.e., where the restarting condition (FS) or (GS) is satisfied or not
at each iteration. In practice, to achieve this, we constrain the restarting condition (FS)
or (GS) to be respected or not and according to those constraints, a restart is applied or
not, i.e., ◊ is set to 1 or not.
Moreover, we do not consider an adaptive restart at the last iteration since this restart
would not improve the worst-case performance. Indeed, if a restart is applied at the last
iteration, ◊N is set to 1 but does not impact the iterates.
To better understand how the performance of FGM-AR can be obtained using PESTO,
let us consider the following example: we want to compute the worst-case performance
of FGM-AR with the (FS) condition and after 4 iterations. Therefore, from iteration 1
to iteration 3, we need to consider the case where the restart is applied, i.e., the (FS)
condition is satisfied and ◊ is set to 1, or the case where the restart is not applied, i.e.,
the (FS) condition is not satisfied. We refer to these cases respectively as 1 and 0: a
1 (respectively a 0) in the n

th position means that the restart at iteration n is applied
(respectively is not applied). Then, Figure 8.1 illustrates how the problem is subdivided:
first, we need to consider a restart or not at the first iteration, then at the second iteration
until the (N ≠ 1)th iteration and the last line gives all the cases that must be computed
to determine the worst-case performance of FGM-AR. In our example, we thus have to
compute the worst-case performance of 8 cases.

FGM-AR

0

00

000 001

01

010 011

1

10

100 101

11

110 111

Figure 8.1: Decomposition in cases to compute the worst-case performance of FGM-AR
after 4 iterations. The "0" (resp. "1") in n

th position means the n
th restart, i.e., the restart

at iteration n, is not applied (resp. is applied).

More precisely, we have to compute the performance of FGM-AR by adding the following
constraints for each case, with 1 Æ i + 1 Æ 3:

• 1 in (i + 1)th position … apply a restart at iteration i + 1: adding the constraint
f(yi+1) > f(yi) and set ◊i+1 to 1.

• 0 in (i + 1)th position … do not apply the restart at iteration i + 1: adding the
constraint f(yi+1) Æ f(yi).

Finally, the performance of FGM-AR is given by the worst of the worst-case performance
of all these cases, i.e., the maximum performance among these 8 cases.
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To prove that this reasoning is indeed correct and provides the worst-case performance of
the fast gradient method with adaptive restart, let us write the following proposition:
Proposition 8.2. Suppose the problem

z = max
xœSflT

P(x).

Let S = S1 fi S2 fi · · · fi Sn be a partition of S. Then

z = max
iœ{1,··· ,n}

max
xœSiflT

P(x).

Proof. Since S = S1 fi S2 fi · · · fi Sn, at least one of the sub-domains contains the
maximum, i.e., ÷j œ {1, · · · , n} such that

max
xœSjflT

P(x) Ø max
xœSiflT

P(x) ’i œ {1, · · · , n}

… max
xœSjflT

P(x) = max
iœ{1,··· ,n}

max
xœSiflT

P(x) = z.

This proposition can be applied to our problem. Indeed, our problem is divided into
several cases by imposing a restart or not. Thus, the domain of each case is a sub-
domain of the initial problem and all the sub-domains correspond to the entire domain
since we consider all possible combinations of restart/no restart. Then, the worst-case
performance, i.e., the maximum of our problem, is given by the maximum of all the
obtained worst-case performance from each case.
Afterwards, the number of cases to compute grows exponentially with the number of
iterations N : when N increases, the number of cases to consider increases since at each
iteration, we must consider the cases where we apply a restart or not. Thus, we must
solve 2N≠1 cases with di�erent constraints to obtain the worst-case performance of the
fast gradient method with adaptive restart after N iterations. The ≠1 comes from the
fact that no restart is applied at the last iteration. To be able to consider a larger number
of iterations N , we consider a restarting interval k: this allows us to add a constraint of
restart or no restart only every k iterations. The number of cases to solve then becomes
2Á

N
k Ë≠1.

However, not all possible combinations of restart/no restart are feasible depending on the
restarting condition used. To show that, let us simplify and analyze the iterations of the
fast gradient method at the beginning and after a restart. The three first iterations are
presented below and the iterations after a restart are already explained in Section 7.1. As
a reminder, an usual gradient step means that the gradient step from the same variable,
i.e., yi+1 = yi ≠

1
LÒf(yi) or xi+1 = xi ≠

1
LÒf(xi).
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iteration 0 y0 = x0

◊0 = 1

iteration 1 y1 = y0 ≠
1
LÒf(y0) Usual gradient step

x1 = y1

iteration 2 y2 = y1 ≠
1
LÒf(y1) Usual gradient step

x2 = y2 + ◊1≠1
◊2

(y2 ≠ y1)

iteration 3 y3 = x2 ≠
1
LÒf(x2)

x3 = y3 + ◊2≠1
◊3

(y3 ≠ y2)
...

We can observe that at the two first iterations and two iterations after a restart (see
Section 7.1), the variable y is given by an usual gradient step. Therefore, we know that
the function value must decrease at these steps due to the Descent Lemma 2.12:

f(yi+1) ≠ f(yi) Æ ≠
1

2L
ÎÒf(yi)Î2

2 Æ 0.

This inequality means that the (FS) criterion is infeasible for these iterations and there-
fore, the (GS) criterion is not feasible either, as demonstrated by Proposition 8.1. Thus,
we can conclude that at least the following cases are infeasible for both the function
scheme (FS) and the gradient scheme (GS):

1. the cases where a restart is imposed at the first iteration.
2. the cases where a restart is imposed at the second iteration.
3. the cases where a restart is imposed two iterations after another restart.

Therefore, only the feasible cases can be considered in the computation of the worst-case
performance of the fast gradient method with adaptive method. This allows reducing
the number of computations needed to compute the worst-case performance of FGM-
AR. Indeed, for example, simply by considering no restart at the two first iterations,
computing the worst-case performance of FGM-AR with the restarting interval k = 1 and
N iterations requires 2N≠3 computations instead of 2N≠1.

8.2.2 Strict inequality

As previously mentioned, PESTO cannot handle the strict inequalities and therefore, these
inequalities must be transformed into non-strict ones. To this end, we add a ” Ø 0 term
which allows to remove the strict constraint: f(yi+1) > f(yi) becomes f(yi+1) Ø f(yi) + ”

and ÈÒf(xi), yi+1 ≠ yiÍ > 0 becomes ÈÒf(xi), yi+1 ≠ yiÍ Ø ”.
Note that the case ” = 0 is actually not admissible since f(yi+1) = f(yi) or ÈÒf(xi), yi+1 ≠

yiÍ = 0 should not trigger a restart but this case is interesting to analyze since it gives
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an upper bound on the worst-case performance. Indeed, as ” decreases, the domain over
which we maximize becomes larger and thus, the smallest value of ” gives an upper bound.
The choice of ” could have an impact on the worst-case performance: this will be analyzed
in the next section.

8.3 Worst-case performance analysis

In this section, we analyze the worst-case performance of FGM-AR with the (FS) and
(GS) restarting conditions for several values of ” and µ. Then, we compare it with the
worst-case performance of the classical FGM. To this end, we have chosen three values of
” and two values of µ in order to determine the influence of these parameters:

” œ {10≠3
, 10≠5

, 0} and µ œ {0.01, 0.05}.

Then, we restrict ourselves to N = 30 iterations and a restarting interval k = 5. These
values allow having a good compromise between speed while having a su�ciently high
number of iterations. Indeed, to obtain the worst-case performance at the iterations 26
to 30, we have to compute 2 30

5 ≠1 = 25 = 32 cases, which is rather consequential in term
of computational time.
Figures 8.2 and 8.3 show our results. Note that since the results for the performance
criterion ÎÒf(xN)Î2

2 are quite similar to the ones for f(xN) ≠ f(xú), only the results for
f(xN) ≠ f(xú) are displayed in this section but the results for ÎÒf(xN)Î2

2 are available in
Appendix 8.A.
In a general way, for all values of µ and ”, Figures 8.2 and 8.3 show that FGM-AR does
not seem to improve the performance of the classical FGM. Indeed, for µ = 0.01, the
performance of FGM-AR seems to be worse than FGM, especially for the performance
criterion ||xN ≠xú||

2
2 (see Figure 8.3a). For µ = 0.05, FGM-AR gives results close to FGM

in terms of worst-case performance for all values of ”. Therefore, it seems that the lower
the µ, the worse the performance of FGM-AR is compared to the classical FGM.
Afterwards, we observe that the value of ” influences the worst-case performance, espe-
cially for the performance criterion ÎxN ≠ xúÎ

2
2 (see Figure 8.3). Indeed, it seems that the

bigger the value of ”, the better the worst-case performance is. By analyzing the results
provided by PESTO, it seems that a lot of numerical or infeasible problems appear as ”

increases when we solved the di�erent cases. This seems logical since when ” increases,
the (FS) or the (GS) condition becomes more restrictive. Thus, the solver may have more
di�culty in solving the problem or come across an infeasible case. However, the case
where we imposed that no adaptive restart is triggered, is always successfully solved for
all values of ” considered.
Note that it is important not to confuse numerical errors and numerical problems. On the
one hand, numerical errors appear after a certain number of iterations when the worst-
case performance is close to 10≠6: the problem is successfully solved by the solver but the
precision of the solver is reached. On the other hand, numerical problems appear because
of a break in the computation of the solution: the problem is not successfully solved but
the solver still returns a wrong solution.
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For example, for the performance criterion f(xN) ≠ f(xú), numerical problems are notice-
able on Figure 8.2 for ” = 10≠3 where an unexpected change appear after iteration 20 and
then, the performance stabilize around some value. Concerning the performance criterion
ÎxN ≠ xúÎ

2
2, numerical problems are not apparent since, for this performance criterion,

PESTO returns negative values when numerical problems appear and, thus, these values
are not considered as the worst-case performance since they are not the biggest one among
all restarting cases of FGM-AR.

(a) µ = 0.01 (b) µ = 0.05

Figure 8.2: Comparison between the worst-case performance of FGM and FGM-AR with
the (FS) and (GS) condition, for several values of ”, for 1-smooth µ-strongly convex
functions and fN ≠ fú as performance criterion.

(a) µ = 0.01 (b) µ = 0.05

Figure 8.3: Comparison between the worst-case performance of FGM and FGM-AR with
the (FS) and (GS) condition, for several values of ”, for 1-smooth µ-strongly convex
functions and ÎxN ≠ xúÎ

2
2 as performance criterion.

In fact, by changing the strict inequality into a non-strict one using a ” term, the domain
becomes closed and by analyzing the performance when ” varies, it seems that the lower
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the value of ”, the worse the performance. This would mean that the solutions seem to
tend to the limit of the domain, i.e., the solution satisfies f(yi+1) = f(yi) + ” for the
condition (FS) or ÈÒf(xi), yi+1 ≠ yiÍ = ” for the condition (GS). Therefore, the problem
of finding the performance of FGM-AR is ill-defined (i.e., has no solution) since for both
conditions the solution approaches the boundary of the domain as ” decreases to zero.
Therefore, solving FGM-AR with ” = 0 could give a supremum in the worst-case per-
formance. Indeed, setting ” = 0 gives an upper bound on the worst-case performance
of FGM-AR as explained in Subsection 8.2.2. Moreover, this solution is not acceptable
when the solution is given by the boundary of the domain. Indeed, for ” = 0, we have
f(yi+1) = f(yi) or ÈÒf(xi), yi+1 ≠ yiÍ = 0 when a restart is imposed but this case should
actually not trigger a restart. Therefore, when the condition (FS) or (GS) gives an equal-
ity with ” = 0, this is not a feasible solution for FGM-AR but only an upper bound.
Finally, we observe that the worst-case performance for FGM-AR with the (FS) scheme
is slightly better, i.e., less than or equal to the one with the (GS) scheme for all the values
of µ and ”, except when numerical problems occur.

Figure 8.4: Comparison of the worst-case performance of FGM and several cases of FGM-
AR with the (FS) condition, for ” = 0, µ = 0.01 and fN ≠ fú as performance criterion.
The "0" (resp. "1") in n

th position means that the n
th restart is not applied (resp. is

applied).

In order to understand how the di�erent cases of restart/no restart behave, we analyze the
performance evolution of some of the adaptive cases of FGM-AR with the (FS) condition,
” = 0, µ = 0.01 and the performance criterion f(xN) ≠ f(xú) on Figure 8.4. We see that
all the cases whose performance is worse than FGM contain at least one restart. This
can be explained by the fact that the case where we imposed that no restart is triggered,
i.e., the case 00 · · · 0, gives a feasible solution for FGM since ◊ is never set to 1 in this
case. Therefore, FGM is at least equal to the worst-case performance of the case where
no restart is triggered.
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Moreover, we observe that the performance of the case 00 · · · 0 in which no restart is
applied seems equal to the performance of the classical FGM. If the performance of a
particular case of FGM-AR, i.e., the case without restart, is almost the same as the per-
formance of the classical FGM, this would show that FGM-AR cannot improve much the
performance of the classical FGM. Therefore, an approach is to compare the performance
of the case without restart and the classical FGM: this will be explored in the next section.

8.4 Ine�ciency of the adaptive restart

In the previous sections, we have seen that the fast gradient method with adaptive restart
FGM-AR is more complicated to implement than expected. Indeed, on the one hand,
since we cannot have an If condition on variables with PESTO, we need to separate
the computation of the performance of the adaptive restart into several cases: more
precisely, we need to compute the worst-case performance for each possible combination
of restart/no restart. Thus, the number of computations grows exponentially as the
number of iterations N increases or as the restarting interval k decreases. On the other
hand, using a ” term to remove the strict inequality gives a not well-defined problem.
Then, we have also noticed that the performance of the case in which no adaptive restart
is triggered seems to be always close to the performance of FGM. We will refer to this
case as "FGM-AR without restart". Note that this particular case gives a lower bound
on the performance of FGM-AR since the worst-case performance of FGM-AR is given
by the maximum of all the worst-case performance of the di�erent cases: one particular
case, therefore, gives a lower bound on the performance of FGM-AR. The idea is thus
to compare the performance between the classical FGM and FGM-AR without restart
since this method allows to avoid the two following problems encountered to implement
FGM-AR:

• If condition: by considering only one case, i.e., the case FGM-AR without restart,
we do not need to compute the worst-case performance in all possible cases. There-
fore, we can compute the performance of FGM-AR without restart for a much higher
number of iterations N and with an adaptive restart at every iteration, i.e., k = 1
(in our case, no restart at every iteration).

• Strict inequality: the case with no restart does not have a strict inequality and,
therefore, we do not need to use a ” term.

We apply this idea for the same values of µ as above and for all performance criteria
considered and compare the performance of FGM, FGM-FR with k = kopt and FGM-
AR without restart. Then, to keep a reasonable computational time, we limit ourselves
to N = 80 iterations. Since the results for the performance criteria f(xN) ≠ f(xú) and
ÎÒf(xN)Î2

2 are quite similar, the results for f(xN) ≠ f(xú) are shown in this section but
the results of ÎÒf(xN)Î2

2 are available in Appendix 8.B. Figures 8.5 and 8.6 show the
results.
First, we can see that the worst-case performance of FGM-AR without restart seems
almost equal for both conditions (FS) and (GS) since the worst-case performance curves
appear to be superimposed on all the figures except when there are numerical errors.
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Indeed, as already mentioned in the previous chapters, when the worst-case performance
is close to 10≠6, numerical errors appear and the worst-case performance starts to oscillate
around a certain value.

(a) µ = 0.01 (b) µ = 0.05

Figure 8.5: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-AR without restart with the (FS) and (GS) conditions for 1-smooth
µ-strongly convex functions and fN ≠ fú as performance criterion.

(a) µ = 0.01 (b) µ = 0.05

Figure 8.6: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-AR without restart with the (FS) and (GS) conditions for 1-smooth
µ-strongly convex functions and ÎxN ≠ xúÎ

2
2 as performance criterion.

Then, in a general way, FGM-AR without restart performs very similarly than the classical
FGM. Indeed, we observe that the worst-case performance of FGM-AR without restart
and FGM is close for both conditions (FS) and (GS), for all values of µ considered and
for all performance criteria, especially for f(xN) ≠ f(xú) and ÎÒf(xN)Î2

2. For these two
performance criteria, no di�erence can be distinguished between the performance of FGM
and FGM-AR without restart. However, for the performance criterion ÎxN ≠ xúÎ

2
2, there
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is a small visible di�erence between the worst-case performance of FGM and FGM-AR
but FGM-AR is significantly worse than FGM-FR.
Therefore, these results show numerically that the worst-case performance of the FGM-AR
is ine�cient in terms of worst-case performance since a lower bound on the performance
of FGM-AR is already really close to the performance of FGM.
Afterwards, we would like to analyze how evolves the di�erence between the worst-case
performance of FGM and FGM-AR without restart. To this end, we compute the relative
di�erence between the performance of FGM and FGM-AR without restart for both condi-
tions (FS) and (GS). Figures 8.7 and 8.8 show the results respectively for the performance
criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2 (see Appendix 8.B for the results with ÎÒf(xN)Î2

2
as performance criterion).
First, on both figures, we can observe that there is no di�erence between FGM and FGM-
AR without restart for both schemes until a certain number of iterations. Indeed, in this
case, the worst-case function obtained by solving FGM does not trigger the (FS) or (GS)
condition. Therefore, imposing that no adaptive restart is applied, i.e., imposing that
(FS) or (GS) is not satisfied, gives the same worst-case performance as FGM since the
condition (FS) or (GS) does already not hold for the worst-case function of FGM.

(a) µ = 0.01 (b) µ = 0.05

Figure 8.7: Relative di�erence between the worst-case performance of FGM and FGM-
AR without restart with the (FS) and (GS) conditions for 1-smooth µ-strongly convex
functions and f(xN) ≠ f(xú) as performance criterion.

Then, after a certain number of iterations, a di�erence appears between the performance
of FGM and FGM-AR without restart. This corresponds to the case where the restarting
conditions are triggered in the worst-case function obtained with FGM: their worst-case
performance is thus no longer equal. However, the relative di�erence evolves in various
ways depending on the performance criterion.
On the one hand, for the performance criterion f(xN) ≠ f(xú) (and similarly for the
performance criterion ÎÒf(xN)Î2

2), Figure 8.7 shows that the relative di�erence between
the two methods is quite small, i.e., less than 0.1, for both values of µ and for both
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restarting schemes without considering numerical errors. On the other hand, the relative
di�erence increases slowly for the performance criterion ÎxN ≠ xúÎ

2
2 but stays relatively

small, i.e., less than 0.35, for both values of µ and both restarting schemes.

(a) µ = 0.01 (b) µ = 0.05

Figure 8.8: Relative di�erence between the worst-case performance of FGM and FGM-
AR without restart with the (FS) and (GS) conditions for 1-smooth µ-strongly convex
functions and ÎxN ≠ xúÎ

2
2 as performance criterion.

Therefore, this confirms that FGM-AR does not allow to improve the performance of
FGM, even when the schemes are triggered in the worst-case function of FGM after a
certain number of iterations.
Finally, we can see that the relative di�erence is always bigger for the condition (GS)
than for the condition (FS), except when numerical errors occur. This means that the
worst-case performance is slightly better, i.e., lower, for FGM-AR without restart using
the condition (GS) than using the condition (FS).

8.5 Conclusion

To conclude, we have seen in this chapter that the fast gradient method with adaptive
restart is quite complicated to implement with the toolbox PESTO. On the one hand,
since PESTO cannot deal with If conditions on variables, the computation of the worst-
case performance of FGM-AR must be separated into several cases corresponding to every
possible combination of restart/no restart. The worst-case performance of FGM-AR is
then given by the worst performance among the worst-case performance of all cases.
Thus, the number of cases grows exponentially as the number of iterations increases or as
the restarting interval decreases. On the other hand, to remove the strict inequality, we
use a ” term but this term makes the problem of finding the worst-case performance of
FGM-AR ill-defined: indeed, the ” parameter has a significant influence on the worst-case
performance of FGM-AR.
Then, we have observed that the worst-case performance of FGM-AR without restart,
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i.e., the case where no adaptive restart is triggered, and the classical FGM seemed to
be very close. Thus, we can get rid of the implementation issues by comparing this
particular case, which gives a lower bound on the worst-case performance of FGM-AR,
and FGM. Indeed, implementing and computing the worst-case performance of FGM-AR
without restart is much simpler: we do not need to use a ” term and we can compute
the worst-case performance for a large number of iterations with the restarting interval
k = 1 since we focus only on one particular case. Therefore, since the performance of
FGM-AR without restart and the classical FGM are close for both restarting conditions
and all performance criteria considered, we can conclude that FGM-AR does not allow to
improve the performance of FGM and is ine�cient in terms of the worst-case.
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8.A Worst-case performance analysis for the perfor-

mance criterion ÎÒf (xN)Î2
2

(a) µ = 0.01 (b) µ = 0.05

Figure 8.9: Comparison between the worst-case performance of FGM and FGM-AR with
the (FS) and (GS) conditions, for several values of ”, for 1-smooth µ-strongly convex
functions and ÎÒf(xN)Î2

2 as performance criterion.

8.B Ine�ciency of the adaptive restart for the per-

formance criterion ÎÒf (xN)Î2
2

(a) µ = 0.01 (b) µ = 0.05

Figure 8.10: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-AR without restart with the (FS) and (GS) conditions, for 1-smooth
µ-strongly convex functions and ÎÒf(xN)Î2

2 as performance criterion.
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8.B. INEFFICIENCY OF THE ADAPTIVE RESTART FOR THE PERFORMANCE

CRITERION ÎÒF (XN)Î2
2

(a) µ = 0.01 (b) µ = 0.05

Figure 8.11: Relative di�erence between the worst-case performance of FGM and FGM-
AR without restart with the (FS) and (GS) conditions, for 1-smooth µ-strongly convex
functions and ÎÒf(xN)Î2

2 as performance criterion.
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9 Fast gradient method with soft restart

In Chapter 7, we have seen that the fixed restart allows to considerably improve the
worst-case performance of the classical fast gradient method. The goal of this chapter
is to determine a new e�cient approach for restarting the fast gradient method by us-
ing a soft restart. Several strategies of soft restart have been implemented and analyzed
to determine whether these strategies improve the performance of the classical fast gra-
dient method and the fast gradient method with fixed restart. Finally, the promising
strategy(ies) have been explored in more detail.

9.1 Method

The general idea of the soft restart is to apply a fraction of restart at each iteration instead
of applying a «full » restart after a constant number of iterations as the fixed restart does.
Thus, we define a parameter

– œ [0, 1] such that – =
I

0 if no restart is applied,

1 if a «full » restart is applied,
(9.1)

where the parameter – is called the restarting fraction in this chapter.
In practice, in order to perform a soft restart on the fast gradient method, we can vary
the formula of the momentum parameter ◊. More precisely, we use the parameter – to
control the evolution of the momentum parameter ◊ as follows:

◊i+1 = – · 1 + (1 ≠ –) ·
1 +

Ò
4◊

2
i + 1

2 .

Therefore, the conditions of the restarting fraction (9.1) are respected since we have

– = 0 … ◊i+1 =
1 +

Ò
4◊

2
i + 1

2 … no restart is applied,

– = 1 … ◊i+1 = 1 … a «full » restart is applied.

Then, three strategies with di�erent values for the restarting fraction – have been devel-
oped and explained in the following subsections.

85
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9.1.1 First strategy

The idea of this first strategy is to control the increase in ◊ by fixing the restarting
fraction to – = 1

k which allows applying a k
th of restart at each iteration. Additionally,

the momentum parameter ◊ is reset to 1 every k iterations as for the fixed restart.
This first strategy is fully described in the following algorithm.

FGM-SR1

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd, ◊0 = 1 and restarting interval k Ø 1
– = 1

k
For i = 0, · · · , N ≠ 1

yi+1 = xi ≠
1
L

Òf(xi)

◊i+1 = – + (1 ≠ –) ·
1 +

Ò
4◊

2
i + 1

2
xi+1 = yi+1 + ◊i ≠ 1

◊i+1
(yi+1 ≠ yi)

If (i + 1) mod k == 0
◊i+1 = 1

9.1.2 Second strategy

For the second strategy, the idea is to apply a restart of increasing magnitude by increasing
– and then, resetting – to 0 every k iterations. More concretely, we want the restarting
fraction – to increase from 0 to 1 for k iterations and then, – is reset to 0 and starts
to increase again. Thus, the closer an iteration is to a multiple of the restarting interval
k, the larger a partial restart is applied. Therefore, we want to determine the restarting
fraction – that follows these conditions:

Y
_]

_[

–(j≠1)k+1 = 0 (no restart)
–jk = 1 (full restart)
increasing –i for i œ {(j ≠ 1)k + 1, · · · , jk}

’j œ {1, 2, · · · ,

9
N

k

:
}

To achieve this, two formula have been implemented using the operator modulo. The first
one increases gradually while the second one increases exponentially.

–i+1 = i mod k

k ≠ 1 (a)

–i+1 = e
i mod k

100 ≠ 1
e

k≠1
100 ≠ 1

(b)

The strategy is implemented in the following algorithm.
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FGM-SR2a/b

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd, ◊0 = 1 and restarting interval k Ø 1
For i = 0, · · · , N ≠ 1

yi+1 = xi ≠
1
L

Òf(xi)

–i+1 = formula (a) or (b)

◊i+1 = –i+1 + (1 ≠ –i+1) ·
1 +

Ò
4◊

2
i + 1

2
xi+1 = yi+1 + ◊i ≠ 1

◊i+1
(yi+1 ≠ yi)

9.1.3 Third strategy

This third strategy is very similar to the first one but it does not apply a «full » restart,
i.e., the momentum parameter ◊ is not set to 1, every k iterations. Instead, a restarting
fraction is just set to – = 1

p . This allows analyzing whether a soft restarting scheme
without imposing a «full » restart every k iterations gives better worst-case performance
than FGM and FGM-FR. Note that the larger the value of the restarting factor p, the
lower the soft restart applied at each iteration.
This strategy is implemented in the following algorithm.

FGM-SR3

Input: f œ Fµ,L(Rd), y0 = x0 œ Rd, ◊0 = 1 and restarting factor p Ø 1
– = 1

p
For i = 0, · · · , N ≠ 1

yi+1 = xi ≠
1
L

Òf(xi)

◊i+1 = – + (1 ≠ –) ·
1 +

Ò
4◊

2
i + 1

2
xi+1 = yi+1 + ◊i ≠ 1

◊i+1
(yi+1 ≠ yi)

9.1.4 Comparison between strategies

Since the only di�erence between the classical fast gradient method, the fast gradient
method with fixed restart and these strategies is the evolution of the momentum parameter
◊ and, therefore, the evolution of the momentum coe�cient —i = ◊i≠1

◊i+1
, we can compare

their evolution according to the number of iterations: Figure 9.1 displays the comparison
for a value of k = p = 10. Note that on Figure 9.1a, when there are two values at one
iteration, it corresponds to a change of value of ◊ at the same iteration: for example, for
FGM-FR, if there is a restart at iteration i + 1, ◊i+1 is first set to 1+

Ô
4◊2

i +1
2 and then it

is set to 1 at the same iteration.
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First, we can observe that for FGM-SR1, FGM-SR2a/b and FGM-FR, the evolution of ◊

and — are periodic of period k: this is logical since, in these algorithms, ◊ is set to 1 every
k iterations.
Moreover, the evolution of the parameters ◊ is quite similar for FGM-SR1, FGM-SR2b
and FGM-FR. The parameter — is also close for FGM-FR and FGM-SR1 but for FGM-
SR2b, it explodes after each «full » restart: this can be explained by the fact that ◊i+1 is
set to 1 before the computation of —i contrary to FGM-FR and FGM-SR1 where ◊i+1 is
set to 1 after the computation of —i. Therefore, the value of —i for FGM-SR2b is much
greater than the one for FGM-FR and FGM-SR1.
Afterwards, for FGM-SR2a, even if the parameter ◊ increases much less than for the
other strategies, the parameter — is quite similar at the beginning to the one obtained
with FGM-FR and then, it starts to decrease more smoothly a few iterations before a
«full » restart is achieved.

(a) Momentum parameter ◊ (b) Momentum coe�cient —

Figure 9.1: Comparison of the evolution of the momentum parameter ◊ and the momen-
tum coe�cient — for FGM, FGM-FR and the three strategies of FGM-SR for k = p = 10.

Finally, we can observe that the evolution of the parameter — is similar for FGM and
FGM-SR3 even if the evolution of ◊ is completely di�erent for these two methods: for
FGM-SR3, ◊ increases at the beginning and then, tends to a certain value while for FGM,
◊ is always increasing according to the number of iterations.

9.2 Worst-case performance analysis

In this section, using the toolbox PESTO, we first analyze the worst-case performance for
the three strategies of soft restart with f(xN)≠f(xú) as performance criterion and compare
it with the worst-case performance of FGM and FGM-FR with the optimal restating
interval kopt found in Chapter 7. Then, we analyze the worst-case performance for the two
other criteria, i.e., for ÎxN ≠ xúÎ

2
2 and ÎÒf(xN)Î2

2, but only for the promising strategy(ies)
that allows improving the performance of FGM-FR. As in Sections 7.2 and 8.4, we limit
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ourselves to N = 80 iterations since more iterations would require much more time and
the goal is to have a general idea of the performance obtained with the di�erent strategies
of soft restart. Then, we consider two values of µ, i.e., µ œ {0.01, 0.05}, and the following
values of restarting intervals k and restarting factors p: k, p œ {5, 10, 20, 30, 60, kopt} where
kopt corresponds to the optimal restarting interval found in Chapter 7.
First, we can observe in Figure 9.2 that the worst-case performance of FGM-SR1 seems
to follow a similar pattern than FGM-FR. Moreover, for both values of µ, the restarting
interval providing the best performance seems to be close to the optimal restarting interval
kopt for FGM-FR. This is not surprising since the evolution of the momentum coe�cient
— is quite close for these two methods, as mentioned above.

(a) µ = 0.01 (b) µ = 0.05

Figure 9.2: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-SR1 with several values of restarting interval k, for 1-smooth µ-
strongly convex functions and f(xN) ≠ f(xú) as performance criterion.

(a) µ = 0.01 (b) µ = 0.05

Figure 9.3: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-SR2a with several values of restarting interval k, for 1-smooth µ-
strongly convex functions and f(xN) ≠ f(xú) as performance criterion.
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Then, Figure 9.3 shows that strategy 2a is worse than FGM-FR and even worse than the
classical FGM for small values of µ. This could be due to the momentum coe�cient —

that decreases too quickly to 0 for this strategy.
Moreover, Figure 9.4 shows that depending on the value of k, the FGM-SR2b performs
worse or only a bit better than the classical FGM: this can be explained by the fact that
the momentum coe�cient — explodes after each «full »restart, as mentioned above, which
could be the cause of the oscillations observed in the performance evolution and therefore,
which could considerably slow down the convergence.

(a) µ = 0.01 (b) µ = 0.05

Figure 9.4: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-SR2b with several values of restarting interval k, for 1-smooth µ-
strongly convex functions and f(xN) ≠ f(xú) as performance criterion.

(a) µ = 0.01 (b) µ = 0.05

Figure 9.5: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-SR3 with several values of restarting factor p, for 1-smooth µ-strongly
convex functions and f(xN) ≠ f(xú) as performance criterion.
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Finally, we can see on Figure 9.5 that the third strategy performs better than FGM and
FGM-FR for a specific value of p. Moreover, as for FGM-FR, it seems that there is an
optimal parameter popt depending on the value of µ: indeed, for µ = 0.01 and µ = 0.05,
the optimal popt seems to be respectively around 10 and around 5. Therefore, the optimal
popt seems to be inversely proportional to µ such as kopt for FGM-FR and it could be
interesting to analyze if there is any relation between popt and kopt.
Since the first two strategies do not seem promising but the third one allows to improve
the performance of the fast gradient method with fixed restart, we have computed the
worst-case performance for the two other performance criteria only for FGM-SR3 for the
same values of µ and p.
In a general way, for all performance criteria considered, Figures 9.5, 9.6 and 9.7 show
that FGM-SR3 allows to improve significantly the performance of FGM-FR when p is well
chosen, especially for the criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2. For example, after 80

iterations, with f(xN)≠f(xú) as performance criterion and for µ = 0.01, the performance
of FGM-SR3 is about 10 times better than the performance of FGM-FR (see Figure 9.5a).
Afterwards, we can also observe that the soft restart of strategy 3 does not create rebounds
or oscillations in the evolution of the performance contrary to the fixed restart, which
allows improving considerably the convergence of the FGM-SR3. This seems logical since
we do not apply any «full » restart in this strategy and, therefore, no rebound appears.

(a) µ = 0.01 (b) µ = 0.05

Figure 9.6: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-SR3 with several values of restarting factor p, for 1-smooth µ-strongly
convex functions and ÎxN ≠ xúÎ

2
2 as performance criterion.

Finally, unlike the optimal restarting interval kopt, the optimal parameter popt seems to
be around the same value for a specific value of µ and for all the performance criteria: for
example, popt seems to be close to 10 for µ = 0.01 and close to 5 for µ = 0.05 for the three
performance criteria considered. An interesting approach would therefore be to explore if
the optimal parameter popt is close according to µ for all the performance criteria.
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(a) µ = 0.01 (b) µ = 0.05

Figure 9.7: Comparison between the worst-case performance of FGM, FGM-FR with
k = kopt and FGM-SR3 with several values of restarting factor p, for 1-smooth µ-strongly
convex functions and ÎÒf(xN)Î2

2 as performance criterion.

9.3 Optimal restarting factor

In this section, we implement an automatic strategy based on a specific criterion to
determine the optimal restarting factor. In order to easily compare the optimal restarting
interval kopt for FGM-FR and the optimal restarting factor popt for FGM-SR3, we use the
same strategy to compute popt and kopt, as explained in Section 7.4. More precisely, we
consider the following criterion:
Definition 9.1 (Criterion Nµ,‘(p)). The criterion Nµ,‘(p) is the smallest number of iter-
ations needed for FGM-SR3 with the restarting factor p to reach a specific precision ‘ on
the worst-case performance for 1-smooth µ-strongly convex functions.
Then, the best restarting factor popt corresponds to the restarting factor p that minimizes
Nµ,‘(p) for a specific value of µ and precision ‘:

popt(µ, ‘) = arg min
p

Nµ,‘(p).

In practice, as for the criterion Nµ,‘(k), to compute the criterion Nµ,‘(p) for given values
of µ, ‘ and p and for a specific performance criterion, the idea is to evaluate the worst-case
performance of FGM-SR3 for 1-smooth µ-strongly convex functions with the restarting
factor p for every number of iterations from 1 until the performance is less or equal than
‘: the last number of iterations considered corresponds then to Nµ,‘(p).
Moreover, as for FGM-FR with the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2,

since the performance of FGM-SR3 is decreasing monotonically according to the number
of iterations N for the three performance criteria considered, we compute the precision
reached by FGM-SR3 every 10 iterations until the desired precision is reached. Therefore,
the exact number of iterations Nµ,‘(p) is either this iteration or one of the nine previous
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ones and to find it, we inspect every iteration in this interval until the desired accuracy
is reached.
Then, we apply the same strategy as the one explained in Section 7.4. Particularly, we
consider the same values of precision ‘ depending on µ, the same initial searching space
but in this case for the restarting factors p and we also limit the number of iterations to
15% above the current minimum number of iterations.

9.3.1 Analytical results

In this section, we apply the above strategy to determine the optimal restarting factor popt

for several values of µ and the three performance criteria considered in this master thesis.
For all performance criteria, we take the same range of values of µ: µ œ [0.2, 0.002] since
this range is su�ciently large to obtain a general idea of the evolution of popt according
to µ. Table 9.1 gives the results of the optimal restarting factor popt and displays the
optimal restarting interval kopt for all performance criteria 1.

Table 9.1: Comparison between the optimal restarting interval kopt and the optimal
restarting factor popt for the three performance criteria considered and several values
of µ

1.

(a) f(xn) ≠ f(xú)

µ kopt popt

0.2 5 2
0.17 5 3
0.15 5-6 3
0.12 6-7 3
0.1 7 3
0.07 9 4
0.05 10 4-5
0.02 17 7
0.01 24-27 10
0.007 28 12
0.005 33-39 14
0.002 61 23

(b) Îxn ≠ xúÎ
2
2

µ kopt popt

0.2 5 2
0.17 5-6 3
0.15 6 3
0.12 7 3
0.1 7-8 3
0.07 9-10 4
0.05 11-12 4-5
0.02 19-20 7
0.01 27-28 10
0.007 32 11-12
0.005 39 14-15
0.002 58-59 24

(c) ÎÒf(xN )Î
2
2

µ kopt popt

0.2 4-5 2
0.17 5 2
0.15 6 2-3
0.12 7 3
0.1 6-8 3
0.07 7 3-4
0.05 8 4
0.02 12 7
0.01 16 9-10
0.007 19 11-12
0.005 21 14
0.002 16-20 22

First, we can observe that the optimal restarting factor popt is almost the same for the three
performance criteria and this holds for all values of µ. This observation is rather interesting
since it means that choosing p as popt of a certain performance criterion minimizes the
number of iterations needed to reach a certain accuracy for all the performance criteria.
Moreover, for the performance criterion ÎÒf(xN)Î2

2, there is clearly no relation between
kopt and popt. However, for the two other performance criteria, both kopt and popt increase

1
After an update of the server, memory problems appeared and therefore, we considered Nmax = 150

instead of Nmax = 200. The results obtained with Nmax = 150 are marked in red in the following tables.
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as µ decreases but kopt increases much faster. There does not seem to be an exact linear
relationship between these two parameters but the optimal restarting factor popt seems to
belong to a specific range of values popt œ

Ë
kopt

3 ,
kopt

2

È
.

Then, since popt increases as µ decreases in the same way for all the performance criteria,
it seems that the same formula can be found to approximate popt for all performance
criteria. This will be done in the next section.

9.4 Optimal restarting factor formula

In the previous subsection, we observed that the optimal restarting factor popt for FGM-
SR3 seems to be the same for all performance criteria. Therefore, it would be relevant to
determine an optimal formula that fits with the optimal restarting factors found in Tables
9.1a, 9.1b and 9.1c.
As previously mentioned, the optimal restarting factor popt seems to belong to the range
of values popt œ

Ë
kopt

3 ,
kopt

2

È
. Thus, we have tried to find a multiplicative factor between

1
3 and 1

2 that fits with the optimal restarting factors popt when multiplied to the formula
e

Ò
L
µ . By choosing 3

8 as multiplicative factor, the formula ‚popt = round
1

3
8e

Ò
L
µ

2
seems to

match almost perfectly with the optimal restarting factor popt for a large range of values
of µ and for the three performance criteria. Figure 7.5 displays the function ‚popt and
compares it to the optimal restarting factor popt for all performance criteria.

Therefore, the formula to approximate the optimal restarting factor is ‚popt = round
1

3
8e

Ò
L
µ

2

for all the performance criteria considered.

Figure 9.8: Comparison between the optimal restarting factor popt for the three perfor-
mance criteria considered and the optimal restarting factor formula ‚popt.



95 9.5. GAIN

9.5 Gain

To determine whether FGM-SR3 allows to really improve the worst-case performance of
FGM and FGM-FR, we compute and compare the criterion Nµ,‘(k) for k œ {kopt,

‚kopt, kmax}

and the criterion Nµ,‘(p) for p œ {popt, ‚popt} for the same values of µ as in Subsection 9.3.1
and for each performance criterion. Note that FGM-FR with k = kmax corresponds to
the classical FGM since no restart is applied for this restarting interval. To this end, the
precision is adjusted according to the values of µ as in Table 7.1.
Tables 9.2, 9.3, 9.4 display the results and Figures 9.9, 9.10, 9.11 plot the results only
for the same precision ‘ = 10≠5 in order to display comparable results. Thus, for the
performance criterion ÎxN ≠ xúÎ

2
2, Figure 9.10 displays the results only for µ Ø 0.01.

Moreover, as previously explained in Section 7.5, since we consider a maximum number
of iterations Nmax, Nµ,‘(k) can be bigger than Nmax for some values of µ when k = kmax.
Therefore, on Figures 9.9, 9.10 and 9.11, the points are unfilled when Nµ,‘(k) > Nmax.
Then, as in Section 7.5, we analyze the relative gain depending on the choice of the
fixed restarting interval k = {kopt,

‚kopt, kmax} and/or the choice of the restarting factor
p = {popt, ‚popt}. The gain is calculated as the di�erence between the number of iterations
required to reach some precision for s1 and s2, corresponding either to a restarting interval
or a restarting factor:

Gµ,‘(s1, s2) = Nµ,‘(s2) ≠ Nµ,‘(s1)
Nµ,‘(s2)

.

The relative gain gives the percentage of iterations we gain to reach a certain precision if
we use s1 instead of s2. This formula can only be used when Nµ,‘(s) is known exactly.

Table 9.2: Comparison of Nµ,10≠5(k)
and Nµ,10≠5(p) for di�erent values of
µ, k and p with f(xN) ≠ f(xú) as
performance criterion.

µ kopt
‚kopt popt ‚popt kmax

0.2 13 14 12 12 19
0.17 14 17 14 15 22
0.15 16 17 15 15 24
0.12 18 20 17 17 28
0.1 20 22 18 18 31
0.07 25 26 22 22 39
0.05 30 32 27 27 48
0.02 50 51 41 41 80
0.01 71 71 56 56 116
0.007 84 85 65 65 135
0.005 98 99 74 74 156
0.002 143 143 107 107 198

Figure 9.9: Evolution of the criterion
Nµ,10≠5(k) and Nµ,10≠5(p) according to
µ for di�erent values of k and p with
f(xN) ≠ f(xú) as performance criterion.
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Table 9.3: Comparison of Nµ,‘(k)
and Nµ,‘(p) for di�erent values of µ,
k and p with ÎxN ≠ xúÎ

2
2 as perfor-

mance criterion 1.

µ kopt
‚kopt popt ‚popt kmax

0.2 15 17 15 15 25
0.17 18 19 17 18 30
0.15 19 20 19 19 34
0.12 23 24 21 21 40
0.1 27 29 23 23 53
0.07 35 35 30 30 87
0.05 43 44 37 37 > 200
0.02 76 76 62 62 > 200
0.01 122 122 94 94 > 200
0.007 136 142 108 108 > 200
0.005 116 124 95 95 > 150
0.002 116 118 93 95 > 150

Figure 9.10: Evolution of the criterion
Nµ,10≠5(k) and Nµ,10≠5(p) according to
µ for di�erent values of k and p with
ÎxN ≠ xúÎ

2
2 as performance criterion.

Table 9.4: Comparison of Nµ,10≠5(k)
and Nµ,10≠5(p) for di�erent values of
µ, k and p with ÎÒ(xN)Î2

2 as perfor-
mance criterion.

µ kopt popt ‚popt kmax

0.2 13 12 12 21
0.17 13 14 14 23
0.15 15 15 15 25
0.12 17 17 17 30
0.1 20 18 18 34
0.07 23 23 23 43
0.05 27 27 28 53
0.02 40 42 42 92
0.01 52 58 58 134
0.007 61 67 67 163
0.005 67 77 77 193
0.002 84 112 113 >200

Figure 9.11: Evolution of the criterion
Nµ,10≠5(k) and Nµ,10≠5(p) according to
µ for di�erent values of k and p with
ÎÒf(xN)Î2

2 as performance criterion.

Firstly, compared to the classical fast gradient method, that is FGM-FR with k = kmax,
FGM-SR3 with the optimal restarting factor popt improves significantly the worst-case
performance for all values of µ considered: the relative gain Gµ,‘(popt, kmax) increases
from 37% to 53% as µ decreases for the performance criterion f(xN)≠f(xú). For the per-
formance criteria ÎxN ≠ xúÎ

2
2 and ÎÒf(xN)Î2

2, the relative gain is even bigger: it increases
respectively from 40% to 65% and from 43% to 60% as µ decreases. Indeed, on Figures
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9.9, 9.10 and 9.11, we can see that the relative di�erence between Nµ,‘(popt), i.e., the
yellow line, and Nµ,‘(kmax), i.e., the dark blue line, increases as µ decreases. Therefore,
we can conclude that the restarting factor popt helps to improve significantly the classical
fast gradient method.
Moreover, Tables 9.2, 9.3 and 9.4 show that the criteria Nµ,‘(popt) and Nµ,‘(‚popt) are highly
similar for all values of µ and for all performance criteria. This is logical since the optimal
restarting factor formula ‚popt approximates almost perfectly the optimal restarting factor
popt. Therefore, using ‚popt allows to considerably improve the performance of the classical
fast gradient method: indeed, the relative gain Gµ,‘(‚popt, kmax) is mainly the same as
Gµ,‘(popt, kmax).
Afterwards, the worst-case performance of FGM-SR3 with p = popt requires a lower num-
ber of iterations to reach a specific precision than FGM-FR with k = kopt but surprisingly,
only for the performance criteria f(xN)≠f(xú) and ÎxN ≠ xúÎ

2
2. Indeed, on the one hand,

the relative gain Gµ,‘(popt, kopt) increases from 6% to 25% for f(xN) ≠ f(xú) and from 6%
to 23% for ÎxN ≠ xúÎ

2
2 as µ decreases. On the other hand, for the performance crite-

rion ÎÒf(xN)Î2
2, the criteria Nµ,‘(kopt) and Nµ,‘(popt) are close for the biggest values of

µ, i.e., µ Ø 0.05. For example, Nµ,‘(popt) = 12 < Nµ,‘(kopt) = 13 for µ = 0.2 while
Nµ,‘(kopt) = 13 < Nµ,‘(popt) = 14 when µ = 0.17 (see Table 9.4). However, for the
smallest values of µ, the criterion Nµ,‘(kopt) is always lower than Nµ,‘(popt) and, therefore,
FGM-FR with the optimal restarting interval kopt better improves the worst-case perfor-
mance than FGM-SR3 with the optimal restarting factor popt. Indeed, the relative gain
Gµ,‘(kopt, popt) increases from 5% to 25% as µ decreases from 0.05 to 0.002.
Finally, by computing FGM-SR3 with the restarting factor ‚popt instead of FGM-FR with
the restarting interval ‚kopt, the relative gain Gµ,‘(‚kopt, ‚popt) increases respectively from 14%
to 25% and from 12% to 24% for the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2

as µ decreases. This means that FGM-SR3 with p = ‚popt further improves the worst-case
performance of the classical FGM compared to FGM-FR with k = ‚kopt.

9.6 Robustness

In the previous section, we have seen that FGM-SR3 with p = ‚popt allows to significantly
improve the performance of FGM and FGM-FR with k = ‚kopt. Then, as in Section 7.6,
we would like to know if FGM-SR3 using p = ‚popt is robust to a wrong estimate of the µ

parameter. Therefore, in this section, we analyze and compare the robustness depending
on the estimation of µ for FGM-SR3 using ‚popt = round

1
3
8e

Ò
L
µ

2
as restarting factor,

FGM-FR using ‚kopt = round
1
e

Ò
L
µ

2
as restarting interval and FGM-µ.

Note that since we have found a formula to approximate the optimal restarting factor
popt for the three performance criteria, we compare the robustness of FGM-SR3 with
p = ‚popt and FGM-µ for all performance criteria. However, we compare the robustness
of FGM-SR3 with p = ‚popt and FGM-FR with k = ‚kopt only for the performance criteria
f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2 since there is no formula to approximate the optimal

restarting interval kopt for the performance criterion ÎÒf(xN)Î2
2.
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To this end, we apply the same method as in Section 7.6: we fix the number of iterations
N and then, we compare the precision reached after this number of iterations. For the
performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2, we choose the same number of itera-

tions as in Section 7.6, i.e., N = Nµ,‘(‚kopt), and for the performance criterion ÎÒf(xN)Î2
2,

we consider the number of iterations N = Nµ,‘(‚popt). Indeed, these choices allow to ob-
tain good performance without being too small to avoid numerical errors and, thus, a
stagnation of the performance.
Then, the exact strong convexity parameter is denoted as µú and we consider the same
under- and overestimation of µú as in Section 7.6:

µ œ

;
µú

10 ,
µú

5 ,
µú

2 , µú, 2µú, 5µú, 10µú

<
.

Figures 9.12, 9.13 and 9.14 show the comparison between the robustness of the methods
FGM-FR, FGM-µ and FGM-SR3.
First, in a general way, we can observe that FGM-SR3 always gives the best performance
when µú is known exactly for all values of µú tested and all performance criteria considered.
For the performance criterion ÎxN ≠ xúÎ

2
2, the performance of FGM-µ and FGM-SR3 are

really close when µ = µú (see Figure 9.13) but for the two other performance criteria, the
performance of FGM-SR3 becomes better than the performance of FGM-µ as µú decreases
(see Figures 9.12 and 9.14). For example, for the performance criterion f(xN) ≠ f(xú),
when µú = 0.1, the performance of FGM-µ and FGM-SR3 are almost equal but when
µú = 0.01, the performance of FGM-SR3 is about 12 times better than the performance of
FGM-µ. These results are quite surprising since FGM-µ is a method specifically designed
for smooth strongly convex functions.
Moreover, for underestimations of µú, FGM-SR3 is much more robust than FGM-µ but
is less robust than FGM-FR. For example, for µú = 0.01, for the performance criterion
f(xN) ≠ f(xú) and for FGM-FR, taking µ = µú

10 gives a performance that is only about
5 times worse than with the exact value of µú while for FGM-SR3, taking µ = µú

10 gives
a performance that is about 18 times worse than with the exact value of µú (see Figure
9.12a). However, the performance of FGM-SR3 is better than the performance of FGM-
FR for all underestimations of µú, i.e., for all µ < µú, and for all performance criteria. This
can be explained by the fact that the performance of FGM-SR3 is much better than the
performance of FGM-FR when µú is known exactly. Therefore, even if FGM-SR3 su�ers
from a bigger relative performance loss than FGM-FR when µú is underestimated, FGM-
SR3 gives still better performance. This is quite interesting since it allows users to use
conservative estimates of µú without too much impact on the performance. Then, since
FGM-SR3 is robust to underestimation, it means that this method will take advantage if
the function is better conditioned around the minimum. Indeed, as explained in Section
7.6 for FGM-FR, if the function is better conditioned around the minimum, it amounts
to underestimate locally the parameter µú around the minimum.



99 9.6. ROBUSTNESS

(a) N = 71 and µú = 0.01 (b) N = 32 and µú = 0.05 (c) N = 22 and µú = 0.1

Figure 9.12: Comparison of the performance of FGM-FR with k = ‚kopt, FGM-µ and
FGM-SR3 with p = ‚popt after N = Nµ,‘(‚kopt) iterations for 1-smooth µú-strongly convex
functions for several estimations of µú and f(xN) ≠ f(xú) as performance criterion.

(a) N = 122 and µú = 0.01 (b) N = 44 and µú = 0.05 (c) N = 29 and µú = 0.1

Figure 9.13: Comparison of the performance of FGM-FR with k = ‚kopt, FGM-µ and
FGM-SR3 with p = ‚popt after N = Nµ,‘(‚kopt) iterations for 1-smooth µú-strongly convex
functions for several estimations of µú and ÎxN ≠ xúÎ

2
2 as performance criterion.

(a) N = 58 and µú = 0.01 (b) N = 28 and µú = 0.05 (c) N = 18 and µú = 0.1

Figure 9.14: Comparison of the performance of FGM-µ and FGM-SR3 with p = ‚popt after
N = Nµ,‘(‚popt) iterations for 1-smooth µú-strongly convex functions for several estimations
of µú and ÎÒf(xN)Î2

2 as performance criterion.
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Afterwards, overestimating µú does not have the same impact on the performance accord-
ing to the performance criterion considered.
On the one hand, for the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2, FGM-SR3

is much less robust to overestimation of µú than to underestimation, especially for high
values of µú. For example, for the performance criterion ÎxN ≠ xúÎ

2
2, when µú = 0.01, the

performance obtained with FGM-SR3 for µ = 5µú is about 200 times worse than with
the exact value of µú (see Figure 9.13a) while when µú = 0.1, the performance obtained
with FGM-SR3 for µ = 5µú is about 5000 times worse than with the exact value of
µú (see Figure 9.13c). Therefore, for high values of µú, i.e., µú Ø 0.05, overestimating
the parameter µú gives worse performance for FGM-SR3 than for FGM-µ and FGM-FR.
However, for small µú, FGM-SR3 gives better performance for overestimates of µú than
for FGM-µ and FGM-FR.
On the other hand, for the performance criterion ÎÒf(xN)Î2

2, FGM-SR3 seems to be more
robust to overestimate µú, especially when µú is small. For example, taking µ = 5µú gives
a performance that is only about 2 times worse than with the exact value of µú when
µú = 0.01 (see Figure 9.14a).
Then, we can see on Figures 9.12c, 9.13c and 9.14c that when µú = 0.1, the performance
of FGM-SR3 for µ = 5µú and µ = 10µú are equal: this is due to the fact that ‚popt =
round

1
3
8e

Ò
L
µ

2
is a rounded formula and is therefore the same for both these values of µ.

Finally, for the performance criterion ÎÒf(xN)Î2
2, FGM-µ is more robust to overestimation

of the parameter µú than for the two other performance criteria. For µú = 0.01, we can
observe on Figure 9.14a, that overestimating µú for FGM-µ gives better performance than
by taking the exact value of µú. This can be explained by the fact that the number of
iterations N is too small and after this number of iterations, FGM-µú is not yet better
than FGM-µ with µ Ø 5µú.
To conclude, in a general way, even if FGM-SR3 is less robust to wrong estimations of µú
than FGM-FR, it gives better performance than FGM-FR and FGM-µ when the exact
strong convexity parameter µú is exact or underestimated. For overestimates of µú, FGM-
SR3 is robust only for the performance criterion ÎÒf(xN)Î2

2 but not for the performance
criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2, especially for high values of µú. Therefore, for all

performance criteria, it is better to use FGM-SR3 when the estimation of µú is exact or
too conservative and for large overestimation of µú when µú is high, it is better to use
FGM-µ for the performance criterion ÎÒf(xN)Î2

2 and FGM-FR with k = ‚kopt for the two
other performance criteria.

9.7 Conclusion

In this chapter, we have first seen that the two first strategies of soft restart improve
the classical FGM for high values of µ but they do not improve FGM-FR. However, the
fast gradient with soft restart using the third strategy FGM-SR3 allows to significantly
improve the performance of FGM and FGM-FR for all performance criteria considered
when the restarting factor p is well chosen.
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Afterwards, we have evaluated the best restarting factor popt, i.e., the value of p which
gives the best performance, for a large range of values of µ based on a specific criterion
Nµ,‘(p) for all performance criteria considered. Then, we have derived a formula ‚popt

depending on µ and L which allows to estimate popt for the three performance criteria:
‚popt = round

1
3
8e

Ò
L
µ

2
.

Compared to the classical FGM, FGM-SR3 with p = ‚popt reduces the number of iterations
needed to reach a specific precision from respectively 37% to 53%, 40% to 65%, 43% to 60%
as µ decreases for the performance criteria f(xN) ≠ f(xú), ÎxN ≠ xúÎ

2
2 and ÎÒf(xN)Î2

2.
Moreover, compared to FGM-FR with k = ‚kopt, the relative gain is improved from 14%
to 25% and from 12% to 24% respectively for the performance criteria f(xN) ≠ f(xú)
and ÎxN ≠ xúÎ

2
2 as µ decreases. Those outcomes confirm that FGM-SR3 with p = ‚popt

significantly improves the worst-case performance of FGM and FGM-FR with k = ‚kopt.
Finally, the robustness of FGM-SR3 with p = ‚popt has been analyzed for under- or over-
estimates of the µ parameter and compared with the robustness of FGM-µ and FGM-FR
with k = ‚kopt. Even if FGM-SR3 is less robust than FGM-FR, it allows to improve sig-
nificantly the performance of FGM-FR and FGM-µ for exact and underestimations of
µú. However, for overestimations of µú, FGM-SR3 is robust only for the performance
criterion ÎÒf(xN)Î2

2 but still gives better performance for all performance criteria when
µú is small.
Therefore, we have found a version of the fast gradient method which allows improving
the performance of the classical FGM and FGM-FR for all performance criteria and which
is robust for underestimations of the strong convexity parameter.
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10 Conclusion

Recently, with the growth of computational capabilities, optimization methods have be-
come a powerful tool for making decisions in many di�erent areas such as medicine,
manufacturing, biology, economy, etc. These methods have attracted much attention
from researchers who have invested a lot of work to design or improve methods to solve
optimization problems.
More formally, an optimization problem searches the decision variables x within a set
X which minimize - or maximize - an objective function f . In daily life, almost every
application can be modelled using this optimization framework but no strong guarantees
for solving them are available. Therefore, several assumptions are added on both the
function f and the decision space X , which allows having strong guarantees on the solution
obtained from specific algorithms.
Many methods allow solving this optimization problem. In this master thesis, we consider
iterative black-box first-order optimization methods which only require evaluation of the
objective function f and its gradient at a sequence of iterates. We focus on these methods
since they proved to be successful to solve high-dimensional problem instances.
To compare these optimization methods and determine the most appropriate for solving
specific optimization problems, one can evaluate the performance. More particularly, in
this master thesis, we evaluate the worst-case performance for three performance criteria:
the function value accuracy f(xN)≠f(xú), the distance to the optimal solution ÎxN ≠ xúÎ

2
2

and the residual gradient norm ÎÒf(xN)Î2
2.

Chapter 2 first defines the problem of finding the worst-case performance: given a class of
problems and a first-order method, the idea is to calculate the worst-case accuracy of the
solutions obtained after a given number of iterations for a specific performance criterion.
Then, it describes and defines all the assumptions made throughout this master thesis to
obtain strong guarantees on the worst-case performance: we consider an unconstrained
optimization problem for the class of L-smooth µ-strongly convex functions, i.e., f œ

Fµ,L(Rd). Finally, it presents the methods used and analyzed in this master thesis: the
gradient method, i.e., GM, which moves the iterates by a fixed step size in the direction
of the steepest slope at each iteration and the fast gradient method, i.e., FGM, which
accelerates the gradient method by using a momentum parameter. For each method,
performance bounds and convergence properties for smooth convex functions and smooth

103
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strongly convex functions are given.
However, upper bounds on the worst-case performance are not necessarily exact and thus
we cannot conclude using performance bounds which method works better in practice:
indeed, some methods could converge much faster than their theoretical performance
bound.
Therefore, to better evaluate the worst-case performance, we can use the toolbox PESTO
developed by Adrien Taylor that computes the exact worst-case performance of fixed-step
first-order optimization methods.
Chapter 3 presents the performance estimation problem that turns the problem of finding
the exact worst-case performance of a black-box first-order optimization method into an
optimization problem over a set of smooth (strongly) convex functions and some initial
conditions. Then, it explains how this problem can be formulated as a convex semidefinite
program that can be solved numerically for fixed-step first-order methods. This approach
is implemented in the toolbox PESTO that provides a framework in which methods can
be described quite easily. However, PESTO cannot deal with If conditions on variables
that influence the step size of first-order methods or strict inequalities. Moreover, the
time for solving the problem of finding the exact worst-case performance using PESTO
increases exponentially with the number of iterations applied by the method considered.
Chapter 4 studies the convergence and the exact worst-case performance of the gradi-
ent and fast gradient method using the toolbox PESTO for smooth convex and smooth
strongly convex functions. It turns out that, unlike GM, FGM derives little benefits from
the strong convexity property. Therefore, the goal of this master thesis is to improve the
performance of this method for smooth strongly convex functions.
Chapter 5 provides a preamble on accelerated first-order methods that have been in-
troduced in the literature in the context of continuous unconstrained optimization. This
chapter shows that several versions of FGM, such as FGM-µ, i.e., a version FGM for
L-smooth µ-strongly convex functions which require parameters L and µ in its implemen-
tation, allow improving the performance of FGM for smooth strongly convex functions.
However, under- or overestimating the momentum term can have a severe detrimental
e�ect on the convergence of accelerated gradient schemes. Therefore, tuning accelerated
gradient methods designed for smooth strongly convex functions based on wrong esti-
mates of µ leads to a significant slow down of the convergence: these methods are thus
non-robust to wrong estimations of the parameter µ.
Therefore, another goal of this master thesis is to determine versions of the fast gradient
method that do not depend on the strong convexity parameter µ or methods that are
robust even when the estimation of µ is not accurate. To this end, the restart scheme has
been introduced in the literature: applying a restart consists of stopping the algorithm,
erasing the memory and taking the last iterate as a new initial point.
Now that our goals are identified, Chapter 6 explained the main contributions of our
master thesis. We will implement and analyze three di�erent restarting schemes: the fixed
restart which consists of applying a restart after a fixed number of iterations, the adaptive
restart which consists of applying a restart when a certain restarting condition is satisfied
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and the soft restart which consists of applying a fraction restart at each iteration. The
fixed restart and the adaptive restart have already been implemented in the literature to
solve some specific problems while the soft restart is a completely new approach.
Chapter 7 first explains the fast gradient method with a fixed restart, i.e., FGM-FR:
the idea is to restart periodically FGM after a fixed number of iterations k. In practice,
it amounts to fixing the momentum parameter ◊ to 1 every k iterations. Then, we have
analyzed the worst-case performance of FGM-FR for several values of k and we have
observed that this method helps to improve the worst-case performance of the classical
fast gradient method for strongly convex functions when the restarting interval k is well
chosen.
Afterwards, Chapter 7 evaluates the best restarting interval kopt, i.e., the value of k which
gives the best worst-case performance, for a large range of values of µ based on a specific
criterion for the three performance criteria considered. Then, we have derived a formula
‚kopt depending on L and µ that allows to estimate kopt but only for the performance
criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2: ‚kopt = round

1
e

Ò
L
µ

2
.

Compared to the classical FGM, FGM-FR with k = ‚kopt reduces the number of itera-
tions needed to reach a specific precision by on average 32% for the performance crite-
rion f(xN) ≠ f(xú) and from 32% to 60% as µ decreases for the performance criterion
ÎxN ≠ xúÎ

2
2, which is quite a significant improvement.

Finally, Chapter 7 analyzes and compares the robustness of FGM-FR with k = ‚kopt and
FGM-µ for wrong estimations of the exact strong convexity parameter µú. FGM-FR
with k = ‚kopt is robust when the estimation of the strong convexity parameter µú is not
accurate, especially for large underestimations of the exact value of µú. Unfortunately,
overestimating µú gives some performance losses for FGM-FR but not as many as for
FGM-µ. It is nevertheless better to use FGM-µ when µú is known exactly.
Chapter 8 first describes the fast gradient method with adaptive restart, i.e., FGM-AR,
with two restarting conditions: the function scheme and the gradient scheme. Then, this
chapter explains how to implement FGM-AR using the toolbox PESTO by dealing with
the restarting conditions which are strict inequalities and depend on the variables. We
show that it is more complicated than expected: indeed, on the one hand, a ” parameter is
used to remove the strict inequality but due to its influence on the worst-case performance,
the problem of finding the worst-case performance of FGM-AR becomes ill-defined. On
the other hand, since PESTO cannot deal with If conditions on variables, the compu-
tation of the worst-case performance of FGM-AR must be separated into several cases
corresponding to every possible combinations of restart/no restart and the worst-case
performance of FGM-AR is then given by the worst performance among the worst-case
performance of all cases. Thus, the number of cases grows exponentially as the number
of iterations increases or as the restarting interval k decreases.
To get rid of these issues, Chapter 8 computes the worst-case performance of a particular
case: FGM-AR without restart, i.e., the case where no adaptive restart is triggered, which
gives a lower bound on the worst-case performance of FGM-AR. Indeed, this case does not
need to use a ” term since there is no strict inequality in this case and since we focus only
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on one particular case, the worst-case performance can be computed for a large number
of iterations with an adaptive restart every iteration, i.e., k = 1.
Chapter 8 then compares the worst-case performance of FGM-AR without restart and
the classical FGM. Since the performance of both methods is close for both restarting
conditions and all performance criteria considered, we can conclude that FGM-AR with
these restarting conditions does not allow to improve the performance of FGM and is thus
ine�cient in terms of the worst-case.
Chapter 9 first explains the fast gradient method with soft restart, i.e., FGM-SR, and
develops three di�erent strategies of FGM-SR. The idea is to apply a fraction of restart
at each iteration instead of applying a «full » restart after a constant number of iterations
as the fixed restart does. To this end, we define a parameter – œ [0, 1], called the
restarting fraction, that controls the evolution of the momentum parameter ◊ and the
three strategies have a di�erent restarting fraction –. Then, this chapter compares the
worst-case performance depending on the choice of the soft restart strategy. The two first
strategies slightly improve the classical fast gradient method for high values of µ but do
not improve the fast gradient method with fixed restart. However, the third strategy of
the fast gradient method with soft restart, i.e., FGM-SR3, allows to significantly improve
the performance of FGM and FGM-FR for all performance criteria considered when the
restarting factor p is well chosen. This strategy consists of applying a p

th of restart at
each iteration by setting – = 1

p .
Afterwards, Chapter 9 evaluates the best restarting factor popt, i.e., the value of p which
gives the best worst-case performance, for a large range of values of µ based on a specific
criterion for the three performance criteria considered. Then, Chapter 9 derives a formula
‚popt depending on L and µ that allows to estimate popt for the three performance criteria:
‚popt = round

1
3
8e

Ò
L
µ

2
.

Compared to the classical FGM, FGM-SR3 with ‚popt reduces the number of iterations
needed to reach a specific precision from respectively 37% to 53%, 40% to 65%, 43% to
60% as µ decreases for the performance criteria f(xN)≠f(xú), ÎxN ≠ xúÎ

2
2 and ÎÒf(xN)Î2

2.
Moreover, compared to FGM-FR with k = ‚kopt, FGM-SR3 with ‚popt reduces the number
of iterations needed to reach a specific precision from 14% to 25% and from 12% to 24%
as µ decreases respectively for the performance criteria f(xN) ≠ f(xú) and ÎxN ≠ xúÎ

2
2.

Those outcomes confirm that FGM-SR3 with p = ‚popt significantly improves the worst-
case performance of FGM and FGM-FR with k = ‚kopt.
Finally, the robustness of FGM-SR3 with p = ‚popt has been analyzed for under- or over-
estimates of the exact strong convexity parameter µú and compared with the robustness
of FGM-µ and FGM-FR with k = ‚kopt. Even if FGM-SR3 is less robust than FGM-FR,
it allows to improve significantly the performance of FGM-FR and FGM-µ for exact and
underestimations of µú. However, for overestimates of µú, FGM-SR3 is robust only for the
performance criterion ÎÒf(xN)Î2

2 but still gives better performance for all performance
criteria when µú is small.

To conclude, in this master thesis, thanks to the toolbox PESTO, we were able to evaluate
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and analyze the worst-case performance of accelerated gradient methods using a restart
scheme. This allows us to derive two versions of the fast gradient method which improve
the performance of the classical fast gradient method for all performance criteria: the fast
gradient with fixed restart FGM-FR using an optimal restarting interval formula ‚kopt and
the fast gradient with soft restart with a specific strategy FGM-SR3 using an optimal
restarting factor formula ‚popt.
Further work can be applied to improve the performance of accelerated gradient methods
using restart schemes. First, a further improvement would be to determine the optimal
restarting interval k and the optimal restarting factor p for a larger range of values of
the µ parameter, especially for smaller values of µ since the classical FGM already works
very well and converges fast for high values of µ. This would allow having stronger
certifications and ensuring the accuracy of our optimal restarting formulas ‚kopt and ‚popt.
Then, to enhance the fast gradient method with adaptive restart, one could try to find
other restarting conditions that would improve the worst-case performance. It would be
relevant to start by comparing the worst-case performance of FGM-AR without restart
with these restarting conditions and the classical FGM: if their performance is very close,
we could directly conclude that these restarting conditions do not improve the performance
of FGM. Moreover, further work could focus on the understanding and the analysis of
soft restart from a theoretical point of view and on the reasons why FGM-AR does not
improve the worst-case performance. Afterwards, one could try to find other strategies
of soft restart that would further improve the worst-case performance of the fast gradient
method. Finally, it would be interesting to compare FGM-FR and FGM-SR3 to new
e�cient gradient methods designed for smooth strongly convex functions such as the
Triple Momentum Method [VFL18] or the Information-Theoretic Exact Method [TD21].
The study of optimization methods is a very active research area with many applications
such as machine learning, artificial intelligence, image processing, etc. Through this
master thesis, we believe that we have contributed to the study of first-order optimization
methods, especially the fast gradient method, and helped to improve their performance.
In our opinion, these methods have an essential role to play in our society where they are
used in a multitude of concrete domains.
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