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Abstract

This master’s thesis explores how Kernel Independent Component Analysis (KernelICA)
can solve the identification problem in Structural Vector Autoregressive models. Identifying
structural shocks is essential for accurately interpreting and forecasting multivariate time
series data. We start by discussing the basics of SVAR models and the difficulties in
identifying these shocks. Then, we introduce KernellCA as a new method of identification
and compare it to traditional Independent Component Analysis techniques. Using Monte
Carlo simulations, we test how well KernellCA identifies independent shocks and compare
its performance with existing methods. An empirical analysis using data from Blanchard
and Perotti shows KernellCA’s practical use. Our results indicate that KernellCA is a

strong alternative for identifying structural innovations in SVAR models.
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Chapter 1
Introduction

Every day, large amounts of data are created, creating a growing need for analysis to
better understand the world around us. In econometrics, which uses statistical methods
to analyze economic data, data-driven approaches are becoming increasingly important to

fully utilize the available data.

Models that handle multiple variables are essential because the interactions between
different factors are often complex. Among these models, Structural Vector Autoregressive
(SVAR) models are useful tools for analyzing how different time series variables affect each

other over time.

A key challenge in using SVAR models is identifying the structural innovations—unexpected
changes in the data that drive the system. While there are many methods to identify
these shocks, Independent Component Analysis (ICA) has become a popular approach,

assuming these structural innovations are independent.

This thesis will explore different methods for identifying independent structural inno-
vations, with a focus on Kernel Independent Component Analysis (KernellCA). We will
evaluate how well KernellCA performs in identifying these innovations and compare it

with other ICA methods using Monte Carlo simulations.

Finally, the empirical part of this study will demonstrate how Kernell CA can be applied

to real-world economic data, showing its potential as a useful tool in econometric analysis.

The code used for this master’s thesis is available on GitHub. (https://github.com/
victordujardin/Kernell CA-for-SVAR-identification)


https://github.com/victordujardin/KernelICA-for-SVAR-identification
https://github.com/victordujardin/KernelICA-for-SVAR-identification
https://github.com/victordujardin/KernelICA-for-SVAR-identification

Chapter 2

Structural VAR

Econometrics often tries to understand and measure relationships between different eco-
nomic variables. The Vector Autoregression (VAR) model, introduced by Sims (1980)),
does precisely so by allowing for the joint modeling of multiple time series, such as GDP,
inflation rates, and unemployment rates. In this model, each variable is represented as a
linear combination of its own lagged values and the lagged values of the other variables.
Even though VAR models are powerful tools in econometrics, this model does identify

interpretable movements in the data, also named structural shocks or innovations.

SVAR models improve on traditional methods by adding restrictions to the VAR
framework. These restrictions help identify structural shocks. By isolating these shocks,

SVAR models clarify the cause-and-effect relationships between economic variables.

Consider a vector Y; comprising economic indicators observed at regular intervals.
The SVAR model posits that the current value of Y; can be explained by its past values,
embodying the autoregressive nature. Specifically, the value of Y; is influenced by its
own previous values (e.g., Y;_1,Y; o,...) as well as by the lagged values of other variables
within the vector. Moreover, SVAR captures the contemporaneous interactions among
variables, allowing for the modeling of immediate effects one variable may have on another

within the same time period.

Through this framework, the SVAR model offers a nuanced understanding of how
economic indicators interact, accounting for both historical data and the immediate

relationships among variables.



Formally, the SVAR model is expressed by Kilian and Liitkepohl (2017, p. 109) as

follows:

Boyr = B1yi—1 + Boyp—o + - - + Bpyp—p + wy (2.1)

where the K x 1 vector y; is presumed to have zero mean. The dimension of B; for
t=0,...,pis K x K. In this thesis, the components wy, ..., wg; of the K x 1 vector w,
are assumed to be mutually independent and to have a non-Gaussian distribution except
possibly for one component, with reasons for this choice discussed in the next chapter.

Additionally, we assume By to be invertible.

As stated by Moneta and Pallante (2022), this model is structural because it tracks

the effect of statistically independent shocks on endogenous variables.

This model can be expressed in reduced-form as per Kilian and Liitkepohl (2017,
p. 109):

ys = By'Biyi_1 + -+ + By ' Bpyi—p + By lw; (2.2)
=Aya+ o Ay, (2.3)

This reduced-form is called a VAR process. The parameter matrices of a VAR process
can be estimated using Maximum Likelihood and these estimates are asymptotically normal.
It is important to note that the VAR process does not account for contemporaneous

relationships between the variables, which is a limitation.

Please note that the reduced-form residuals u; are a linear mixture of the structural

shocks w;, namely:

Wy = Bgut (24)

This is the B-model described by Liitkepohl (2005).

A VAR(p) process is termed stable if

det(Ig — Ayz — -+ — Ap2P) # 0 for |z] < 1.

3



This condition ensures that the process does not "explode," meaning it prevents the
values generated by the model from growing uncontrollably over time. A stable VAR(p)
process can be expressed as the weighted sum of past and present innovations (Kilian &

Liitkepohl, 2017} p. 25).

For a VAR(1) process, we have

Y = A1yp—1 + Uy

Successive substitution implies

o0
i
Yy = § A1ut—i'
i=0

The sum on the right-hand side of this infinite-order representation exists if the
eigenvalues of A; are all less than 1 in modulus. Similarly, a representation in terms of
past and present innovations of a VAR(p) model can be obtained via the corresponding

VAR(1) representation, resulting in

Yy = A(L>_1Ut
=S JALIUL
1=0

1=0

where J = [Ik, O x i (p—1)] is @ K x Kp matrix, and the K x K coefficient matrices of the
inverse VAR operator A(L)™! = 32, ®;L° are given by ®; = JA'J', for i =0,1,....

The existence of the inverse VAR operator is ensured by the stability of the process.

This representation is known as the vector moving average (VMA) representation.

The idea of SVAR, in contrast to its reduced-form, is to study the impact of a shock in
one of the variables on the system. However, in a basic VAR(p), the different residuals
may be correlated with each other, meaning a shock in a particular variable can affect

another one. That is, the variance-covariance matrix ¥, is not diagonal.

By performing a linear transformation, we can impose orthogonality between the

variables so that the variance-covariance matrix of the structural shocks ¥, is diagonal.
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With this restriction, it becomes easier to study the impact of one particular structural

shock on the system.

2.1 The Identification Problem

To achieve full identification of the SVAR model described in Equation it is necessary

to estimate the By matrix, which contains K x K parameters.

Sims (1980) argues that a model’s identification occurs when different sets of parameters
within its framework lead to uniquely observable behaviors or outcomes. Essentially, this
means that by changing the values of the parameters, we can see different patterns or
reactions in the model’s variables, highlighting a direct relationship between parameter

values and the model’s observable behavior.

The identification problem arises because the matrix By, which contains K x K elements,
where K is the number of variables in the system, is not directly observable. As a result,
there exists an infinite set of different values of By which all imply the same probability
distribution for the observed data (Gottschalk, 2001). To estimate By, we need additional

restrictions or assumptions based on economic theory and statistical properties.

To achieve identification of the model, a lot of strategies can be employed, some are
explained below by Kilian and Liitkepohl (2017)):

Identification by Short-Run Restrictions

Consider the model where w; represents the structural innovations with mean zero

and serially uncorrelated errors. The variance-covariance matrix of w; is normalized as:
/
E(wtwt) = Ew = [K,

implying that structural shocks are uncorrelated and have unit variance. This normalization
is only about the scaling of the system and helps simplify the estimation process without

altering anything of substance, as explained by Gottschalk (2001).
To estimate the structural model, its reduced-form representation can be used:
A(L>yt = Uy,

5



where A(L) =1 — AL —---— A,LP.

From standard estimation methods, we can consistently estimate the parameters A;,

the reduced-form errors u;, and their covariance matrix:

Equation 2.4] leads to:
E(usut) = By 'Su(By ).

Given ¥, = I, identifying B, ' requires solving the equation :
S = By ' (By")' (2.6)

This involves imposing additional restrictions on By, such as zero restrictions on specific
elements. Based on economic theory, certain variables are assumed not to have a direct
immediate effect on others. These assumptions introduce zeros in the By matrix, providing

necessary restrictions for identification.

This symmetry of the covariance matrix specifies K (K + 1)/2 different equations, and
we still need K (K — 1)/2 further relations to identify all K2 elements of By (Liitkepohl,
2005)).

A common method is to use recursive identification via Cholesky decomposition of >3,.

Define a lower-triangular matrix P such that:
PP =3,

This decomposition imposes a recursive ordering on the contemporaneous relationships
among variables, essentially assuming a hierarchical structure in which the order of variables
matters. This can sometimes be a limitation, as the imposed causality may not always be

justifiable or evident in real-world data, as critiqued by Moneta and Pallante (2022).

Identification by Long-Run Restrictions

Another idea is to place limits on how variables respond to shocks in the long term. This

can help identify some shocks, especially when some variables have unit roots, and others



do not. This approach can simplify things by focusing on long-term aspects of models,
which economists tend to agree on, rather than the more debated short-term restrictions.
(Kilian, [2011))

We consider the structural VAR model, denoted by B(L)y; = w;, and its structural
VMA representation, y; = ©(L)w,. Similarly, for the reduced-form VAR model, represented
as A(L)y; = u;, we have the corresponding VMA representation, y, = ®(L)u,.

The relationship between the structural and reduced-form models can be established
using A(L) = By 'B(L). For L = 1, we derive By* = A(1)B(1)~".

By manipulating these equations and with the help of equations 2.4 and [2.6] we derive
the relation ®(1)%,®(1)7 = ©(1)©(1)?. With sufficient restrictions on ©(1), specifically

K(K—1)

5— restrictions, we can uniquely identify the elements of ©(1).

To ensure these restrictions are met, we often assume a recursive structure, allowing
the use of a Cholesky decomposition on the matrix ®(1)¥,®(1)?. These restrictions enable
us to identify ©(1) = B(1)~!, representing the long-run effects of structural shocks.

Ultimately, with ©(1) determined, we can estimate B;' as A(1)©(1), combining

short-run and long-run restrictions in the estimation process.

Identification by Sign Restrictions

Kilian (2011 explains that an alternative approach is to identify structural shocks by

setting restrictions on the sign of the responses of certain variables to these shocks.

The key to sign-identified models is associating each identified shock with a unique
pattern of sign changes. These sign restrictions can be based on economic theory and

applied to the coefficients in the model.
To implement this approach, we follow these steps:
1. Start with a reduced-form VAR model and compute its variance-covariance matrix.
2. Use the Cholesky decomposition to obtain an initial estimate of the structural matrix.

3. Randomly draw orthogonal matrices and combine them with the initial estimate to

generate candidate models.



4. Among the candidate models, retain only those that satisfy the predefined sign

restrictions on the impulse response functions.

Identification by Heteroskedasticity

Rigobon (2003) introduces a method for solving the VAR identification problem by using
the heteroskedasticity of structural shocks. Heteroskedasticity, which can occur during
events like financial crises, allows the identification of structural parameters when it can
be described as a two-regime process. Rigobon demonstrates that under this condition,
the structural parameters can be identified. He also extends this method to more complex
situations, such as having more than two regimes or unobservable common shocks. However,
the method has limitations. It can be difficult to determine the existence, number, and

timing of variance regimes.

Identification by Non-Gaussianity

Going beyond the assumption of uncorrelated residuals, we can identify the model by
assuming that the residuals are statistically independent. This stronger assumption
facilitates the identification of the By matrix by exploiting the non-Gaussian nature of the

residuals. This method of identification is further detailed in Section [3l

Alternative Structural VAR Approaches

Kilian and Liitkepohl (2017)) explain that other identification strategies exist, such as

identification based on extraneous data.

We can also achieve identification by the spectral decomposition of 3,. Spectral
decomposition offers a different perspective on matrix decomposition, focusing on the
eigenvalues and eigenvectors of the variance-covariance matrix. For 3, the spectral
decomposition can be expressed as ¥, = BoA By, where By is a matrix composed of the
eigenvectors of ¥, and A is a diagonal matrix containing the corresponding eigenvalues.
Each column By, of By represents an eigenvector, and each diagonal element A; of
A corresponds to an eigenvalue \;. By using the Spectral decomposition we impose a

symmetry between the effects of one variable on the other.



The choice among these strategies depends on the specific characteristics of the data
and the underlying economic theory. Each method has its advantages and limitations, so
selecting the right approach is essential for accurate SVAR model interpretation. In our case,
we focus on the use of independent component analysis, which relies on Non-Gaussianity,

as discussed in more detail in Chapter [3]

2.2 Structural Impulse Response Function Analysis

In SVAR models, analyzing the effects of shocks within the system is fundamental. Consider
the Equation 2.4l The focus is on how each element of y,, our vector of variables, responds
to an impulse in w;. This response is described by the structural impulse response function

(IRF), initially introduced by Sims (1980), and is mathematically expressed as:

OYt 44
ow,

where O, is a K x K matrix that captures the response of y; to the shock in w, after ¢
periods (Kilian & Liitkepohl, 2017, pp. 110).

=0, fort=0,1,2,..., H,

To derive the structural impulse responses (6,1,), we start by considering the responses
of y44; to the reduced-form errors u;. These can be obtained from the VAR(1) representation
of the VAR(p) process:

Y, =AY, + U,
where:
Ay A, A, A, y
" Ixe 0 -~ 0 0 ot
Y, = : , A= 0 Iy 0 0 , U, =
Yi—p+1 ; : . : 0
o o0 --- I 0

Through successive substitutions for Y; ;, we can express it as:

Yigi =AY+ Z AjUt+i—j-

=0



By left-multiplying by J = [Ik, Ok xx(p—1)], we derive:

Yeri = JATY, 0+ > JAU,

=0

= JA™Y, + Y JAV T JUpyi

Jj=0

= JA™Y, + ) JA Ty

J=0

The response of variable 7 = 1,..., K to a unit shock ug;, k = 1,..., K ¢ periods ago,

is given by:

D, = [pjri] = JA'T .

These responses are known as dynamic multipliers or reduced-form impulse responses
(Kilian & Liitkepohl, 2017, p. 111).

If y; is covariance stationary, meaning that its covariance structure is independent
of time, it can be represented as a weighted average of current and past shocks with

diminishing weights ®;. This VMA representation is:

Yt = Z Qiup; = Z ®; By ' Bow—; = Z Ow; i,
=0 =0

1=0

where w; 1 = Bouy—; and ©; = ¢, By 1. Therefore,

0y, _ OYtti
ow, ;  Ow,

These responses can be calculated by post-multiplying ®;, i = 0,..., H, by By*:

In cases where the VAR is not stable, this method still applies, though the impulse
responses may not converge to zero as ¢ — 0o, and they will not reflect the coefficients of
the structural MA representation (Kilian & Liitkepohl, 2017, p. 111).

As noted by Kilian and Liitkepohl (2017), it is customary to scale By* so that the

structural shocks represent one standard deviation, viewing such a shock as typical in

10



magnitude. Structural shocks are generally unit-free and cannot be expressed in the units
of the model variables (Kilian & Liitkepohl, 2017, p. 112).

To estimate impulse responses in practice, the unknown parameters in the reduced-
form VAR(p) model are replaced with consistent estimates. With estimates of the VAR

parameters A;, j =1,...,p, and f]u, and the implied estimate of By*, <i>, (and thus éz)
can be constructed recursively for ¢ = 0,..., H (Kilian & Liitkepohl, 2017, p. 112).

To illustrate the application of structural impulse response functions, consider the
VAR model by Kilian and Park (2009)) which explores the global crude oil market and
the U.S. stock market. This model includes the growth rate in global crude oil produc-
tion (Aprod;), a measure of the global business cycle in industrial commodity markets
(reat), the real price of crude oil (rpoil;), and U.S. real dividend growth (Ard;). Let
v = (Aprody, reay, rpoily, Ard,). The objective is to decompose the reduced-form innova-

tions into structural shocks: oil supply shocks (w(y **”P"¥) aggregate demand shocks for

industrial commodities (w3f? 9" demand) - ol specific demand shocks (wgi—sPectfic demandy
and a residual shock capturing other determinants of U.S. real dividends (w§e"). By
imposing a recursive ordering on By ' so that the elements above the diagonal are zero,
the remaining elements can be uniquely identified from ¥,. With estimates of A; and thus
®;, i =0,...,H, and knowledge of By!, the corresponding structural impulse response

matrices ©; can be estimated (Kilian & Liitkepohl, 2017, p. 112).

To quantify the effects of oil demand and supply shocks on U.S. real dividends (measured
in percent deviations from the baseline), we compute the cumulative effects of these shocks
on the fourth variable in the VAR model by summing the estimates of 41, 042, and 043 ;
fori=0,...,H. The figure illustrates that a positive global aggregate demand shock
increases U.S. real dividends by about 1% one year later, supporting the notion that a
global demand boom positively impacts the U.S. economy. Conversely, positive oil-specific
demand shocks and negative oil supply shocks reduce real dividends by approximately
0.5% and 1%, respectively, indicating that supply disruptions and other adverse events in
the global oil market negatively affect the U.S. economy (Kilian & Liitkepohl, 2017, p.
113).

11
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Figure 2.1: Point estimates of responses of U.S. real dividends to selected structural shocks,

Source : Kilian and Park (2009)

2.3 Forecast Error Variance Decomposition

Forecast Error Variance Decomposition (FEVD) is a technique used to understand the
impact of various structural shocks on the forecast error when predicting future values of
a variable within a SVAR model. FEVD breaks down the contribution of each shock to
the forecast error variance for a specific variable (Kilian & Liitkepohl, 2017, p. 113).

To compute FEVD, we consider the proportion of the Mean Squared Prediction Error
(MSPE) of 4, attributable to each shock. For a VAR process, the h-step ahead forecast

error can be written as:

h—1 h—1
Yt+h — Yt+ht = Z Qi yp—i = Z Oiwyypn—i
i=0 i=0

where u; = By Yw,, allowing the substitution of ®;u.4p_; with ©;w p_1 (Kilian & Liitke-

pohl, 2017, p. 114).

The MSPE at horizon h is then given by:

12



Denote 8y, as the ;™" element of ©;,. The contribution of shock j to the MSPE of
Yit, for k =1,..., K, at horizon h is:

MSPEF(h) =070+ ...+ 0301
The total MSPE of vy, for K =1,..., K, at horizon h is:

K K
MSPE"(h) =Y MSPEF(h) => (6,0 + -+ 02 1_1)
Jj=1

Jj=1

By dividing:

K
MSPE"*(h Z MSPE?(h

by MSPE*(h), we obtain the following decomposition for a given h and k:

{— MSPEy(h) MSPE%(h) MSPEY-(h)
~ MSPEF)  MSPE*Mh) " MSPEk(h)
Each ratio indicates the fraction of the contribution of the j* shock to the MSPE(h)

. . MSPE®(h) .
of variable k for j = 1,..., K. Therefore, FEV D = ASPE(r Measures the fraction of the

contribution of shock j to the forecast error variance of variable k (Kilian & Liitkepohl,

2017, p. 115).

The application of FEVD is best illustrated through practical examples. For instance,
in their model explained in Section of this thesis, Kilian and Park (2009) explore how

13



much variability in U.S. real dividend growth is explained by oil demand and oil supply
shocks. This can be evaluated using FEVD for U.S. real dividend growth. Kilian and Park
analyze horizons of 1, 2, 3, and 12 months, and also consider an infinite horizon
(h = o0) for stationary real dividend growth (Ard,). The results are shown in the following

Table 2.2

Percent of h-Step Ahead Forecast
Error Variance Explained by:

Oil supply Aggregate Oil-specific Residual
Horizon shock demand shock demand shock shock
I 1 I 0.2 ' 02 ’ LT ! LA
2 0.6 0.4 2.1 7.0
3 0.8 0.5 2.1 96.6
12 2.8 6.5 4.5 85,8
o0 6.6 8.4 7.9 7.1

[ K T T T

Figure 2.2: Forecast error variance decomposition for U.S. real dividend growth, Source :

Kilian and Park (2009))

Ignoring rounding errors, the entries in each row of the table sum to 100 % by design.
The entries for horizon oo represent the variance decomposition of U.S. real dividend
growth. Practically, co can be approximated by a sufficiently large number, showing that
further increases in the horizon do not significantly change the results (Kilian & Liitkepohl,
2017, p. 115).

Analyzing FEVD across different horizons reveals patterns of interest. In this example,
oil supply and oil demand shocks combined account for only 2 % of the MSPE of U.S. real
dividend growth at the one-month horizon, but their explanatory power rises to 22.9 % in
the long run. This suggests a weak relationship between the global oil market and the
U.S. stock market. Additionally, the relative contributions of different shocks at specific
horizons are notable. At the one-month horizon, oil-specific demand shocks are more
significant than oil supply or aggregate demand shocks in explaining the forecast error
variance of real dividend growth. However, in the long run, each type of shock contributes
approximately equally to the unconditional variance (Kilian & Liitkepohl, 2017, p. 115).

14



2.4 Linking Structural VAR and ICA for Identifica-
tion

As explained in Section [2.1], achieving identification in an SVAR model requires imposing
certain restrictions. One way to do this is by using Independent Component Analysis,
which assumes that the model’s residuals are statistically independent. This assumption is
reasonable if we consider the structural innovations as unrelated shocks that independently
affect the system. In the next section, we will present three different ICA algorithms,
including Kernel Independent Component Analysis, which is the primary focus of this
thesis. These algorithms aim to recover independent time series from dependent ones
by estimating an unmixing matrix, denoted as W. In the context of the SVAR model,
the matrix B in Equation corresponds to this unmixing matrix W. Therefore, these
different algorithms are valuable for recovering the structural innovations within the SVAR

model.
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Chapter 3
Independent Component Analysis

To address the issue of identification of structural innovations within the previously
discussed structural models, we will employ a method known as independent component
analysis or ICA for short. This approach aims to discover new, independent features
by decomposing a multivariate signal into its additive subcomponents. It is an effective
strategy for revealing the fundamental structure of a model. The identification will be

based on the hypothesis of the independence of these residuals.

There are various methods within ICA, but the fundamental principle can be summa-
rized as follows: the relationship between observed signals x and sources s is represented by
the equation x = As, where s is a latent random vector with m independent components,
A is an m x m matrix of parameters, assumed invertible, and x is an observed vector of
m components. The sources s can be retrieved by multiplying the observed signals x with

the inverse of the mixing matrix, W = A~!, also referred to as the unmixing matrix.

We want to find an estimate of A and recover the values of s by solving the linear system
of equations. The distribution of s is assumed to be unknown, and ICA is formulated as
a semiparametric model (Bickel et al., |[1998). Bach and Jordan (2003) explain that the
objective of ICA is to estimate A using maximum likelihood estimation. First, consider
the population version of Independent Component Analysis, where p*(x) represents the
true distribution of x, and p(z) represents the model distribution. We aim to minimize
the Kullback-Leibler (KL) divergence between p* and p, denoted as D(p*(z)||p(z)). The

KL divergence is defined as

D(p*|lp) = / p*(z)log (Zg;) da (3.1)

16



and measures the difference between two probability distributions. Given that the KL
divergence remains invariant under invertible transformations, we can apply W to x in

both arguments of the KL divergence. Consequently, the problem reduces to minimizing

D(p*(s)[lp(s))-

Let p(s) denote the joint probability distribution obtained by taking the product of
the marginals of p*(s). According to Cover and Thomas (1991)), for any distribution p(s)

with independent components, we can decompose the KL divergence as follows:

D(p*(s)llp(s)) = D(p*(s)l1p(s)) + D(B(s)lIp(s)),

Therefore, for a given A, the optimal distribution p(s) that minimizes the objective
function is achieved when p(s) = p(s), with the minimum value being D(p*(s)||p(s)). This
value represents the mutual information between the components of s = Wx. Therefore,
maximizing the likelihood with respect to W is equivalent to minimizing the mutual

information between the components of s = Wx.

In practice, since the true distribution p*(y) is unknown, we need to replace mutual
information or KL divergence with empirical estimates. Although empirical mutual
information or likelihood can be computed and optimized with respect to W, a more
typical approach in ICA is to use approximations of mutual information Amari et al., 1996},

Comon, [1994; Hyvérinen, 1999 or alternative contrast functions Jutten and Herault, [1991.

The ability to identify independent components is constrained to potential permutations

and scaling of the sources, as explained from the following theorem, derived in Eriksson
and Koivunen (2004) Th. 3 :

Theorem 1 Consider the model: © = As. Under the following conditions:
(i) A is invertible,
(ii) The components sy, ..., Sk are independent, with at most one Gaussian distribution,

then matriz A is identifiable up to the post multiplication by D~'*PT, where P is a

permutation matriz and D a diagonal matriz with non-zero diagonal elements.

In other words A is identifiable up to a permutation of indexes and to signed scaling.
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Kilian and Liitkepohl (2017)) explain that this follows by noting that any other K-
dimensional random vector, with independent components, that is obtained by a linear
transformation of w; must be just a reordering of the components of w;, possibly with a
reversed sign. Hence, the only linear transformations that preserve the independence of
the components are of the form PBy, where P is a permutation matrix that permutes
the rows of By. Hence P~! is also a permutation matrix and By 'P~! is the matrix By’
with permuted columns. In other words, the matrix of impact effects is unique apart from

column permutations and column sign changes.

Independent Component Analysis can be seen as an extension of Principal Components
Analysis (PCA). While PCA produces uncorrelated components based only on second-order
moments, ICA goes further by generating independent components. Consequently, every
ICA solution also satisfies the conditions of a PCA solution, although the reverse does
not hold. In practice, ICA algorithms often leverage this relationship by using PCA as a
preprocessing step. This involves whitening the random variable y, which is achieved by
multiplying y by a matrix P, resulting in y = Py with an identity covariance matrix. The
matrix P can be selected as the inverse of the square root of the covariance matrix of y.
This approach offers computational benefits: once the data are whitened, the resulting

matrix W must be orthogonal (Hyvérinen et al., [2001)).

A criterion for independence is required to determine the Independent Components.
Independence is often defined through either the maximization of non-Gaussianity or the

minimization of mutual information.

Maximization of Non-Gaussianity

Within the domain of blind source separation, we posit that the sources exhibit non-
Gaussian characteristics. When we combine independent signals, the resultant signal

becomes increasingly Gaussian, a phenomenon attributed to the Central Limit Theo-

rem. To elaborate, if a set of signals s = (s1, s9,...,8)) are independent, with means
(1, poy - - -, par) and variances (0%,03,...,0%,), then, for a large number M of signals s,
the signal

M
r = ZSJ'
j=1

has a probability density function (pdf) which is approximately Gaussian, with mean

>; 1j and variance 3; o7,
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From this perspective, by reverse logic, as explained in Stone (2004), it is plausible to
perceive the sources as those signals exhibiting the highest deviation from Gaussianity. To
extract the sources, it is necessary to assume that they follow a non-Gaussian distribution,

with the possibility of at most one exception.

Minimization of Mutual Information

To assess independence, Comon (1994)) explains that the Kullback-Leibler divergence can

be used as follows :

Let Y be a random vector with values in R, and let p(y) denote its joint probability
density function, with p;(y,) representing the marginal density of the j-th component Y;.

The components of Y are mutually independent if and only if

py) = ﬁ pi(y:).

The mutual information, first introduced by Shannon (1948)), between the m components
Yy, ..., Y, of Y is the KL divergence between the joint distribution of ¥ and the product
of the marginal distributions of its components, as detailed in Equation (3.1)) (Izenman,

2008)). Specifically, the mutual information is given by:

MI(Y) = KL (p || ﬁpj) |

=1

where []72; p; denotes the product of the marginal densities of Y;.

The Kullback-Leibler divergence is nonnegative. Formally,

> —logE,

following from Jensen’s inequality E{f(z)} > f(E{z}) applied to the convex function
f(x) = —log(z). The KL divergence is zero if and only if p = ¢q. Here, E, denotes the
expectation with respect to the density p (Izenman, 2008).
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This property motivates using mutual information to characterize the dependence

between random variables.

3.1 FastICA

As described by Hyvérinen and Oja (2000)), The FastICA algorithm has become a widely
acknowledged method for blind source separation and serves as a benchmark in the field of
Independent Component Analysis. Its core principle lies in the maximization of negentropy,

which is an indicator of non-Gaussianity.

Negentropy is mathematically represented as:

J(y) = H(ygauss) - H(y)

where Ygauss is a Gaussian random variable with the same covariance matrix as y, and H

symbolizes entropy. Entropy, first introduced by Shannon (1948), is defined as:

H(y) =~ [ f)log f(y) dy

for continuous variables, and

HY)=- ZP(Y =a;)log P(Y = a;)

for discrete variables.

Calculating negentropy directly is challenging in practice. By employing the maximum

entropy principle, an approximation can be derived as:

J(y) = [E{G(y)} — E{G()}]* (3.2)

where v is a standard normal variable and G is a non-quadratic function used to approximate

negentropy.
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3.1.1 FastICA for one Unit

We can start with the one-unit version of FastICA. By a "unit", we refer to a computational
unit, possibly an artificial neuron, having a weight vector w that a neuron can update by
a learning rule. The FastICA learning rule finds a direction, i.e. a unit vector w such that
the projection w’z maximizes non-Gaussianity. Non-Gaussianity is here measured by the
approximation of negentropy J(w”z). The variance of w’z must here be constrained to

unity; for whitened data, this is equivalent to constraining the norm of w to be unity.

The basic form of the FastICA algorithm is as follows :

1. Choose an initial (e.g., random) weight vector w.
2. Let wm = E{xg(w'x)} — E{¢(W'x)}w.
wT

3. Normalize the new weight vector: w = W

4. If not converged, go back to step 2.

Origin of the Nonlinearity Functions

The nonlinearity functions g, which are the derivatives of the nonquadratic function G
used in Equation [3.2] are selected for their effectiveness in approximating negentropy
(Hyvérinen, |1999).

e g1(u) = tanh(a;u) where 1 < a; < 2 is a constant, often taken as a; = 1: This
function is derived from the logistic function and is used because it approximates
the cumulative distribution function of a super-Gaussian distribution. g; emphasize
larger values of u, helping to identify the non-Gaussian features. The parameter a,
adjusts the steepness of the function, ensuring flexibility in capturing different levels

of non-Gaussianity:.

e g2(u) = uwexp(—wu?/2): This function is inspired by the Gaussian function and is
also useful for identifying super-Gaussian sources. It behaves similarly to a Gaussian
distribution but emphasizes the tails, making it effective for handling data with

outliers. The form of g, allows it to act like a sigmoid function for small values of

21



u while attenuating larger values. Thus, this function provides robustness against

extreme values and ensures stable convergence of the algorithm.

These specific forms of g are chosen because they are effective in practical scenarios for

maximizing non-Gaussianity.

3.1.2 Relationship with Mutual Information

Negentropy has a direct relationship with mutual information. Assuming that the
components y; are uncorrelated and each has unit variance, the mutual information

I(y1,92,--.,Yyn) can be expressed as:
](ylvaa"'7yn) = C_Zj(y’b>

where C' is a constant.

3.1.3 FastICA for Multiple Components

To find multiple independent components, the FastICA algorithm can be extended using

two main approaches: deflation and symmetric decorrelation.

Deflation Approach

In the deflation approach, independent components are estimated one by one. After
estimating each component, the algorithm removes its effect from the data and normalizes

the resulting weight vector.

T
1. Let Wpt1 < Wpi1 — Z?:l (Werle)WJ"

Wp+1

2. Normalize w ¢ et
p+l [lwpt1l

Symmetric Decorrelation

In the symmetric decorrelation approach, all components are estimated simultaneously,

and the weight vectors are orthogonalized in each iteration.

W

1. Normalize the weight matrix: W < W

2. Update the weight matrix: W <= W — ZWWTW.
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3.2 Kernel Independent Component Analysis

This section presents the Kernel Independent Component Analysis (KernellCA) algorithm
as detailed in the paper by Bach and Jordan (2003). The explanation follows closely from
their work. Kernell CA, like other Independent Component Analysis techniques, is a blind

source separation method aimed at extracting underlying latent vectors.

Kernell CA does commit to a predefined distribution for z and uses a semiparametric
approach instead. This flexibility makes KernellCA different from other methods, allowing

it to adapt to various distributions.

KernellCA, as with other ICA algorithms, is related to minimizing mutual information
among independent components. The latter indirectly maximizes the non-Gaussianity of
the data distribution. However, calculating mutual information is hard when dealing with
finite sample size, so Bach and Jordan (2003)) uses an approximation of mutual information

as the objective function.

In their approach, Bach and Jordan (2003) do not rely on a single nonlinear function
whose expectations could robustly approximate mutual information. Instead, they opt for
an entire spectrum of candidate nonlinear functions. Specifically, they utilize functions
from a reproducing kernel Hilbert space, leveraging the kernel trick for efficient exploration
of this functional space. This strategy enables the KernellCA algorithm to adjust to

various sources, enhancing its robustness.

3.2.1 Canonical Correlation

To go further in the explanation of KernellCA, it is necessary to understand the concept
of canonical correlation. Bach and Jordan (2003)) detail in their paper how Kernell[CA

makes use of this concept.

Canonical correlation analysis (CCA) (Hotelling, |1936) is a technique used to ex-
plore the linear relationships between two vector variables by identifying a pair of linear
transformations of the vectors x; and x5, which have dimensions p; and ps, respectively.
These transformations are designed so that one component from each transformed set is
correlated with a corresponding component in the other set (Bach & Jordan, 2003). As a

result, the correlation matrix between x; and x5 is simplified to a block diagonal matrix
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L pi
composed of two-by-two blocks, where each block takes the form ( P ) . The values p;
Pi

are known as canonical correlations.

CCA can be described in a recursive manner, addressing one component at a time.
Specifically, the first canonical correlation is defined as the maximum achievable correlation

between the projections &7 x; and £2x, of x; and x.

p(x1,Xz) = max corr (€] x1, &3 Xo)
1,

cov(&xy, E3%3)
= max
§1,€2 \/Val" fl Xl) var(fg XQ)
&1 Ci2o
= max
€1,62 \/51Tcn§1 gZTngéz

Chp C
where C = CH 012 is the covariance matrix of (x1,x3). By differentiating with
21 U2
respect to & and &, we derive the following:
£ Ciaby £ Ciabo
Ci2éo = fiTCn& Cii&r and Cypéy = 5202252 Caéo.

By normalizing the vectors & and & such that é7Cp1€ = 1 and €8 Cyé, = 1, the

CCA formulation simplifies to the following generalized eigenvalue problem:

0 Ci2\ (& _ Cu O S
Cyy O & 0 Cxn/\&/

The problem yields p; + p, eigenvalues: {p1, —p1,...,pp, —pp,0,...,0}. We can note

that the generalized eigenvector problem can also be expressed as follows (Bach & Jordan,

2003):
(Cll C12) (51) (1 p) (Cll O ) (fl) ’
C21 022 52 0 CZQ 52

The eigenvalues are given by {1+ p1,1 —p1,...,1+p,, 1 —p,, 1,...,1}. It is worth
noting that determining the maximum generalized eigenvalue, A\pnax = 1 + pmax, Where

Pmax represents the highest canonical correlation, is equivalent to finding the minimum
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generalized eigenvalue, Apin = 1 — pmax. This latter value lies between zero and one,
offering a more natural progression when extending the analysis to more than two variables.
Thus, the primary objective will be to compute the minimum generalized eigenvalues.

Generalizing to More Than Two Variables

The extension to multiple variables can be described as follows. Given m multivariate

random variables x1, ..., X,,, the goal is to determine the smallest generalized eigenvalue
A(X1,...,Xp) in the following problem:

Cu G - Cyy &1 Cnu 0 - 0 &1

Co G -+ Gy, ) 1\ 0 Cyp - 0 &2
or, in short, C¢ = AD¢, where C represents the covariance matrix of (xi, X, .. .,X,,) and

D is a block-diagonal matrix containing the covariances of the individual vectors x;.

The minimum generalized eigenvalue is confined to the range [0, 1], while the maximum
generalized eigenvalue varies depending on the dimensions of the variables. Therefore,

focusing on the minimum generalized eigenvalue is more convenient.

3.2.2 Reproducing Kernel Hilbert Space

To explore the functional space efficiently, Bach and Jordan (2003) use a reproducing

kernel Hilbert space and make use of the "kernel trick".

Bach and Jordan (2003]) explain the kernel trick as follows:

Let K(x,y) be a Mercer kernel (Saitoh, [1988) on X € RP?, that is, a function
for which the Gram matrix K;; = K(z;,z;) is positive semidefinite for any
collection {x;};—;. n in X. Corresponding to any such kernel K there is a

map ® from X to a feature space F, such that:

K(z,y) = (B(x), 2(y)).

That is, the kernel can be used to evaluate an inner product in the feature

space. This is often referred to as the “kernel trick.”
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A useful feature space is the reproducing kernel Hilbert space (RKHS) associated with
a kernel K. Consider the set of functions {K (-, x) : € X}, where K (-, x) represents a
function indexed by x in the input space X. The span of these functions forms a linear

space, which can always be completed into a Hilbert space, as shown by Saitoh (1988).

A key property of these Hilbert spaces is the reproducing property, which states that

for any function f in the space:

f@) =(K(,x),f) VfeF

If we define the mapping ®(x) = K (-, x) from the input space to the RKHS, then:

(®(x), ®(y)) = (K (- x), K(-,y)) = K(z,y),

showing that ®(z) = K(-,x) is an instantiation of the "kernel trick."

To focus on translation-invariant kernels, consider kernels of the form K (z,y) = k(z—vy),
where £ is a function from R? to R. For these kernels, the feature space F is infinite-
dimensional. The RKHS can be described using Fourier theory (Girosi et al., [1995).
Specifically, for a given function k, the space JF consists of functions f € L?(RP) such that:

[MOF o
Rp

v(w)

where f(w) is the Fourier transform of f and v(w) is the Fourier transform of k. For k
to be a Mercer kernel, v(w) must be real and positive. This implies that functions in F

have rapidly decaying Fourier transforms, indicating that F consists of smooth functions.

Consider an isotropic Gaussian kernel in p dimensions:

1
K(w,) = Golw = y) = exp (=5 5o = ).

The Fourier transform of this kernel is v(w) = (2702)?/? exp (—"—;HwH2>, and the
feature space F, includes functions with rapidly decaying Fourier transforms. Alternatively,

functions in F, can be interpreted as convolutions of functions from L?(R?) with a Gaussian

kernel G, 5(z) = exp (=& |z]?).

As o increases from 0 to oo, the Gaussian kernel G, /3 transitions from an impulse to
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a constant function, and the corresponding function spaces F, change from L*(RP) to an

empty set.

3.2.3 JF-Correlation

The foundation of the Kernell CA algorithm is the concept of F-correlation :

Theorem 2 Let 1 and x5 be random variables in X = RP. Let K; and Ky be Mercer
kernels with feature maps ®; and ®,, and feature spaces Fi and Fo C RY. Then the

canonical correlation pr between ®1(x1) and Po(xs), which is defined as

PF = R Fs corr ({@1(21), f1), (P2(22), f2))

s equal to

max  corr(fi(x1), fa(x2)).

pr= (f1,f2)EF1xF2

This comes from the reproducing property explained in Section [3.2.2]

The F-correlation represents the highest correlation achievable between one-dimensional
linear projections of ®(x;) and ®(x3), which aligns with the concept of the first canonical

correlation between ®(z1) and ®(z3).

If the variables are independent, the F-correlation will be zero. Moreover, if the space
F is large enough, the converse holds true as well. We will take the case of a gaussian

kernel.

Theorem 3 If F is the RKHS corresponding to a Gaussian kernel on X =R, then pr =0
if and only if the variables y; and yo are independent.
This theorem does not hold if the function space has finite dimension.

In order to compute the canonical correlations in an RKHS, we now need to to develop
an empirical estimate of the F-correlation. The approach of Bach and Jordan (2003) is to

develop a kernelized version of canonical correlations.
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Kernelization of CCA

For two variables, the goal is to maximize the correlation between their projections in
the feature space. Directly mapping data points to this high-dimensional space and using
CCA would be computationally inefficient or even impossible. Therefore, we perform all

calculations in the input space instead.

Consider the sets {z1,..., 20} and {x},... 25}, which represent N empirical obser-
vations of x; and x5, respectively. Let the corresponding feature space representations
be {®(z}),...,®(z))} and {®(xd),..., ®(x))}. Assume, for the moment, that the data
are centered in the feature space, meaning >0, ®(2%) = =% ®(2%) = 0. The empirical
canonical correlation, denoted as pr(x1,x2), is based on empirical covariances rather than
population covariances. As we will see, this empirical canonical correlation pz(z, xs) is
determined solely by the Gram matrices K; and K5 corresponding to these observations.

Therefore, we will also use the notation pr(K7, K3) to refer to this canonical correlation.

We need to focus solely on the subspace of F that encompasses the span of the data.
Given fixed f; and f5, the empirical covariance of the projections in feature space can be

expressed as:

cov((B(aen), ) (Blra), £)) = 7 L 0(a) £0(), )

Let &1 and Sy denote the linear spaces spanned by the ®-images of the data points.
Consequently, we can express f; and fo as fi = Sa_, ab®(2¥)+ fi- and fo = Sh_, a2®(2h)+
f3-, where fi- and f; are components orthogonal to S; and Sy, respectively. Then, we

have:

con((@a0). Al (Ban) ) = 3 3 (2leh) T ate(al)) (00 3 ao(eh))

] NN N 1
NZZZ IKI 1’171’1 K2($27x§)a32 N<041TK1K2042)7

where K; and K, represent the Gram matrices corresponding to the data sets {z%} and

{z}}, respectively. Additionally, we derive:
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var((®(zy), f1)) = Jb(alTKfozl) and  var({(®(xs), fo)) = ]17(

Combining these results, the kernelized CCA problem reduces to the following maxi-

al K2ay).

mization problem:

TK\K.
pr(Ki, K3) = max L1 (3.3)

N .
ar,a2€R \/oz?Klzal \/agKgag

Equation is equivalent to conducting CCA on two vectors of dimension N, where

K? KK,
KK, K3 |

Therefore, we can perform a kernelized version of CCA by solving the following

the covariance matrix is given by:

generalized eigenvalue problem:

e ) ()= (5 ) () »

If the points ®(2%) are not centered, we can still compute the Gram matrix for the
centered data points using the following method: Given the Gram matrix K for the
non-centered data, the centered Gram matrix K is obtained as K = NyKN,, where
No=1-— %llT is the centering matrix (Scholkopf et al., [1998). We assume that any
Gram matrix used has been centered in this way.

Regularization

The issue with the eigenequation

K2 0
is that ( 01 K2 will be singular because centering

2
makes both Gram matrices, K; and Ko, singular. Additionally, all pairs of "kernel canonical
variates" in feature space will be perfectly correlated, even if the non-centered K; and Ky

are invertible. (Izenman, 2008)

Therefore, this "naive" kernelization approach does not yield a practical estimator for
general kernels. However, it serves as a foundation for developing a useful regularized

estimator, which we will now explore. Our regularization strategy involves penalizing
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the RKHS norms of f; and f5, thereby offering control over the statistical properties of
KernellCA.

In particular, we define the regularized F-correlation p, r as:

_ cov(fi(z1), f2(x2))
= max ’
18 var(fu(20)) + Rl 1|3y var(fa(w2)) + k] f2l%

where « is a small positive constant. The choice of x is detailed when we discuss the choice

pn,]:

of free parameters. Note that the regularized F-correlation inherits the independence
characterization property of the F-correlation. In order to estimate it from a finite sample,

we expand var(fi(z1)) + &/ f1||% up to second order in x, to obtain:

1 1 Nk
var(fi(z1)) + 6|l f1ll5 = Noff[(fal + kol Koy = N%T(Kl + TI)Qal.
Thus, the regularized kernel CCA problem becomes:
N &1TK1K2042
Prr(K1, K3) = max (3.5)

on,02€RY \/%T(Kl + %1)2061\/045(1(2 + %1)2042’

The value of k determines the balance between the penalty terms and the variance
terms. As k approaches zero, the variance term becomes more dominant. However, as
k increases, the influence of the penalty term grows. Therefore, careful consideration is

needed when choosing the value of k. (Izenman, 2008)

Differentiating Equation with respect to a; and ay and then setting the result

equal to zero yields the following generalized eigenvalue problem :

0 K1K2 (05} o (K1 —+ %I)Q 0 (5]
KoK, 0 o —f 0 (Ko + 2002 ) \ao)

The regularized kernel CCA problem can be reformulated into a more computationally
stable eigenvalue problem. Additionally, the regularized first canonical correlation offers
a key statistical benefit compared to the unregularized version—it acts as a consistent
estimator of the regularized F-correlation. This implies that as the sample size N

approaches infinity, the estimate converges in probability to the true population value.

30



Generalizing to More than Two Variables

The extension of regularized kernelized canonical correlation analysis (CCA) to more than
two sets of variables follows naturally from the generalization of CCA itself to multiple
variables. We define KC,; as an m/N x mN matrix, where its blocks are (K,);; = K;K; for
i # g, and (Ky)i; = (K; + %1)2. Additionally, let D, be the mN x mN block-diagonal

matrix with blocks (K; + %] )2. This leads us to the following generalized eigenvalue

problem:
(K1 + 2e1)? KK, KK, o
K2K1 (KQ + %I)Q KQKm (%))
K, K K, K, (K + 2ET)? U
(K1 + 2e1)? 0 0 o
N 0 (Ko + Ze1)? 0 Qo
0 0 oo (Ko + 22T U

This can be compactly written as .o = AD,a. The smallest eigenvalue from this
problem is denoted by 5\,@, 7(Ky, ..., K,,) and is termed the first kernel canonical correlation,

also referred to as an (empirical) F-correlation.

In the case of two variables, we defined a function pz(x1,x2) that is based on the
covariances of the random variables ®(x;) and ®(z3). From this, we derived an empirical
contrast function p, r(z1,z2) by replacing population covariances with empirical covari-
ances and introducing regularization. For the case involving m variables, we have directly
defined the empirical function 5\,@;(K1, e Ko

To define our contrast functions, we use the negative logarithm of canonical correla-
tions due to the relationship between canonical correlations and mutual information, as
discussed in the section [3.2.4] Specifically, we define a contrast function I, (x1, ..

—3log Ap (21, ..

-axm) =

., Zy,) and aim to minimize this function.

For the empirical contrast function, we denote it as I ~(KG, ..
highlighting that this contrast function is determined by the data solely through the Gram

matrices.
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3.2.4 Kernell CA Algorithms

Now that the contrast function has been defined, one can understand the KernelICA-KCCA
algorithm from Bach and Jordan (2003]). The resulting algorithm is as follows:

Input: Data vectors y*, 42, ..., y"

Kernel K (z,y)

1. Whiten the data

2. Minimize (with respect to W) the contrast function C(W) defined as:

(a) Compute the centered Gram matrices K1, Ko, ..., K, of the estimated sources
{z1,%o,..., 2N}, where 2t = Wy
(b) Define S\;(K 1, -+, Kp) as the minimal eigenvalue of the generalized eigenvector

equation K,a = A\D,.«
(c) Define C(W) = I\ (K1,...,Kp) = —3log N (K1, ..., K,)

Output: W

Kernel Generalized Variance

The concept of F-correlation can be expanded to more closely approximate mutual

information.

For jointly Gaussian variables x; and x5, the mutual information is given by:
1Z 9
I(21,22) = —3 > log(1 - p})
i=1

where p; represents the canonical correlations.
This formulation can be adapted for m Gaussian variables, leading to:

1. detC 1 &
I(Jfl,l’g, e ,,Im) = —510gm = —5210g()\1)
i=1

Here, \; are the eigenvalues from solving the equation C'¢ = AD¢.
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The kernel generalized variance (KGV) is then defined as:

A det I\
5]'—(K17 s 7K’ITL) - detD

And the contrast function is formulated as:

~ 1 A
Is,. = —3 log 0% (K, ..., Ky)

F

This motivates the following algorithm known as Kernell CA-KGV.

Input: Data vectors yi,ys, ..., YN
Kernel K (z,y)

1. Whiten the data.
2. Minimize (with respect to W) the contrast function C(WW') defined as:

(a) Compute the centered Gram matrices Ky, Ky, ..., K, of the estimated sources
{zb, 22, ..., 2N}, where 27 = Wyt

(b) Define 6%(K1, ..., K,,) = det K./ det D,.

(c) Define C(W) =I5, (K1, ..., Kp) = —+log 65%(Ky, ..., Kp).

)

Output: W

Free Parameters

The Kernell CA algorithms involve two adjustable parameters: the regularization parameter

r and the kernel width o, assuming identical Gaussian kernels are used for each source. In
their experimental work, Bach and Jordan (2003) found that the KernellCA algorithms
were reasonably robust to the settings of these parameters. Their choices were to set
k=2x 1073, 0 = 1/2 for large samples (N > 1000) and x = 2 x 1072, o = 1 for smaller
samples (N < 1000).

Leurgans et al. (1993) suggest using cross-validation to choose a good value for k.

However, they found that cross-validation is more effective for the leading canonical variate

than for the subsequent ones.
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For a finite NV, selecting a very small o results in diagonal Gram matrices, making
the criteria trivial. Conversely, as N increases, the Kernel Generalized Variance (KGV)
converges to the mutual information as ¢ approaches zero, indicating that o should be
as small as possible. However, computational considerations must also be taken into
account—when o is too small, the eigenvalues of the Gram matrices decay more slowly,
leading to increased computational complexity. This issue can be addressed by choosing
an appropriate k; specifically, the algorithm could adjust x to maintain a constant number

of retained eigenvalues for each Gram matrix (Bach & Jordan, 2003)).

3.3 Distance Covariance (DCov)

To estimate the Independent Component (IC) model, Matteson and Tsay (2017) propose

leveraging distance covariance, a statistical measure introduced by Székely et al. (2007)).

Distance covariance I(X(®), X)) serves as a multivariate measure of independence
between random vectors X() € R% and X® € R%, where d; and d, are arbitrary
dimensions. It applies to distributions with finite first absolute moments. In this context,
|- | denotes the Euclidean distance. Let (X1, X®7) and (X1 X2") denote independent
and identically distributed (i.i.d.) copies of (X, X)), Distance covariance is defined as

follows:

I(XW, X)) =E [|X(1) — XM x® — X(Q)/”
+E [\X(l) _ X(l)/ﬂ E UX@) _ X(Q)’”
_E Ux(l) — X0 x® — X(Z)””
_E Ux(l) _ X(l)'/||X(2) _ X(Q)’” ‘

The distance covariance measure has several important properties. It is always
non-negative, meaning 0 < I(X™®,X®). Additionally, it is invariant under orthogo-
nal transformations: for any constant vectors a; and as, non-zero scalars by and bs,
and orthogonal matrices C; and C5 of conforming dimensions, the measure satisfies
I(a; + 00, XM ag + byCy X)) = |by||bo|Y21(XD)| X?)), Finally, the distance covariance
I(XM X®) equals zero if and only if X and X are independent.

For a sample {(Xi(l), X¢(2)) i =1,...,n}, the empirical distance covariance I,,(X 1), X))

is approximated using U-statistics. The approximation involves:
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Ty (X0, x®) = Loy XM = X0 |x® - x|,
()
Ty (XD, X®) = (12\)(5” X@\) ( ! > [x® —X@\) :
(Z) i<y ’ <2> i<y ’
Ty (XD, X@)) = 1 3 1“)('(1) _ X(l)‘ ’X@) _ X}gz)‘
| (3) 52310 S
+|x0 = XX - xP)+ [ xP - x| x - x2)
+|x0 = xPHxP - xP)+ [xP - x| - xP)

+

— e

X - x| [x® - X,fﬂ |

Therefore, the empirical distance covariance is given by:

]n(X(l),X(2)) _ Tln(X(l),X(Q)) + Tgn(X(l),X(2)) _ Tgn(X(l),X(Q)).

As the sample size n approaches infinity, 7,(X®, X®) converges to (X", X®).

In the context of ICA, the objective is to estimate the unmixing matrix Wy such that
the components of S(6) = WyZ are as independent as possible. Z is the uncorrelated
observed data. To achieve this, Matteson and Tsay (2017)) propose defining the objective

function J,,(6) as follows:

d—1

Jn(0) = > 1,(Sk(6), S+ (6)).

k=1
where Sy () is the k-th component of S(f), and Sy (0) refers to the subsequent components,

i.e., the components that follow Si(#) in the sequence.

The task then becomes finding 6 that minimizes J,,(6), which estimates the unmixing
matrix Wy. The objective function has d(d — 1)/2 parameters, which can be estimated

jointly.

In the two-dimensional case, where there is only one angle to estimate, the mixing

matrix is:
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G(9) =

cosf) —sind
sinf cosf |

In the three-dimensional case, where there are three angles to estimate, the mixing

matrix is expressed as:

cosf; —sinf; 0| [cosfy 0 —sinby| |1 0 0
G(0) = |sinf; cosf, O 0 1 0 0 cosf; —sinbs
0 0 1| |sinfy 0 cosf, 0 sinf; cosf;

In summary, the ICA problem involves finding 6 such that the dependence among the

components resulting from G(#) 'u; is minimized. The resulting mixing matrix By is set

to G(h).
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Chapter 4
Monte Carlo Simulation

To assess the efficacy of KernellCA in identifying structural innovations and comparing
its performance with other identification methodologies, we will adopt the comprehensive
evaluation framework proposed by Moneta and Pallante (2022). This approach is inspired
by the methodology outlined by Matteson and Tsay (2017). Our analysis will evaluate the

performance of three distinct techniques: KernellCA, FastICA, and Distance-Covariance.

4.1 Data Generating Process

In our simulation, we utilize data generated from a p-generalized normal distribution. This
choice is motivated by the distribution’s adjustable Gaussianity parameter, p, offering
a versatile framework for our analysis. As detailed by Kalke and Richter (2013)), this
distribution is defined by the probability density function :

1—1

f(x7p):p - exp<_|x’p>7 ZCER,p>O
ekl

Here, I' represents the gamma function, and p serves as a shape parameter that adjusts
the distribution’s gaussianity. Specifically, the distribution is gaussian at p = 2. For p > 2,

it becomes sub-gaussian, while values of p < 2 lead to a super-gaussian distribution.

This distribution is useful for our study because it allows us to systematically examine
how the gaussianity of data, controlled by p, affects the performance of the methods we
are investigating. Figure [4.1] illustrates the density curves for various p values, showcasing

how the distribution deviates from gaussianity.
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Density Functions of the p—generalized Normal Distribution for Different Shape Parameter
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Figure 4.1: Density functions for different p values in the p-generalized normal distribution

4.2 Evaluating the Performance

4.2.1 Simulation Setup

Our simulation setup is designed to evaluate the performance of ICA methods by assessing
how accurately they estimate a randomly generated mixing matrix in each experiment.
The random mixing matrices are generated using the mixmat function from the ProDenICA
R package (Hastie & Tibshirani, [2010). The matrices are constructed by performing

singular value decomposition, with singular values drawn uniformly from the interval [1,
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2], ensuring a condition number between 1 and 2.

We opted for a sample size of 200 to maintain a balance between computational
efficiency and adequate sample size. Our goal is to assess the performance of ICA methods
across datasets with different sizes and complexities. To achieve this, we designed our
evaluation to cover three key scenarios: the first involving datasets with 2 variables, the

second with 3 variables, and the third with 4 variables.

To study how ICA methods handle different non-Gaussian levels, we changed the
shape parameter (p) across a range of values. This approach helps us assess how well ICA

methods adapt to varying non-Gaussian conditions.

Each method is initialized five times for each Monte Carlo iteration, with the selection
of the best-performing initialization for further analysis. This comparative analysis is
facilitated through 1000 Monte Carlo iterations to ensure the generation of substantial

statistical data.

Regarding the implementation of specific ICA methods, KernellCA is applied using
the kernel_ica function from the KernelICA R-package. The FastICA algorithm is
made available through the fastICA R-package, and the Distance-Covariance method is
implemented using the steadyICA package.

Choice of Parameters

As advised by Bach and Jordan (2003)), for a Gaussian kernel, we have chosen xk = 2 x 1072

and o = 1 since our sample size is less than 1000.

For FastICA, we have chosen the function g(z) = tanh(az), where a = 1 and the

independent components are extracted in parallel.

4.2.2 FEvaluation Metric

After generating independent vectors, we combine them using a randomly generated
mixing matrix. The accuracy of the ICA methods’ estimated matrices is then assessed by
comparing them to the original mixing matrix. For this comparison, we employ a metric
proposed by Ilmonen et al. (2010) and recommended by Matteson and Tsay (2017)). This
metric, called the Minimum Distance Index (MDI), is specifically designed to address the

39



intrinsic indeterminacies of the ICA model, such as the limitations in identifying the scale,

sign, and permutation of the columns of Bj.

The metric is defined as follows:

D (BB = it BB~ 1],

) represents the original randomly generated mixing matrix for

In this equation, B{™
the m-th replication, and Eém) denotes its estimated counterpart. The term C' stands
for PLD,, where P. is any signed permutation matrix of size k x k£ , and D, is any
k x k diagonal matrix with strictly positive diagonal elements. The Frobenius norm is
represented by || - ||r. The closer the Minimum Distance Index is to zero, the more accurate
the estimate Eém) is in relation to the true mixing matrix B((]m)7 providing a quantitative

measure of the ICA method’s performance.

Other metrics can be used; for example, Bach and Jordan (2003) selected the Amari

errors, defined as

dvwy = Lo [ ZiE el L Lzl
’ 2m = | max; |a;;| 2m = | max; |a;| ’

where a;; = (VIWW™1);;. Amari errors use the ¢, norm, while the Minimum Distance Index
(MDI) uses the Frobenius norm, related to the £ norm. The choice of MDI over Amari
errors is motivated by the fact that MDI does not depend on the model formulation, since
the Amari errors are not affine invariant. Therefore, there might be pitfalls when different

algorithms are compared using the Amari index. (Ilmonen et al., 2010)

4.2.3 Implementation Details

The simulation was automated through a series of R scripts, facilitating the execution of

multiple Monte Carlo iterations across the defined values of p. Each iteration involved:

Generating synthetic data using the p-generalized normal distribution.

Mixing the generated data using a random matrix.

Applying various ICA methods to estimate the mixing and unmixing matrices.

Calculating the MDI for each method to evaluate performance.
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The process was parallelized using the parallel and doParallel packages in R to

enhance computational efficiency.

4.3 Results

This section presents our simulation results, shown in figures displaying the mean evaluation
metric for each method and value of p. These results reveal how different ICA methods
perform with varying shape parameters (p) of the p-generalized normal distribution used

for generating synthetic data.

Figure displays the results for a model with two variables.

0.4

Method
Distance-covariance

—=— FastliCA

—=— KernellCA

Performance

05 071 0893 114 136 157 179 2 221 243 264 286 307 329 35 4 28 5 76 100

r

Figure 4.2: General assessment with 2 variables

For the two-variable simulation, a distinct peak in MDI occurs at p = 2, indicating
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normally distributed data. The KernellCA method performs best near p = 2, except
precisely at p = 2, where the Distance-Covariance method excels. FastICA outperforms
the others for p values above 3.07 but lags behind KernellCA in the intermediate range of
1.36 to 2.86.

Figure shows the results for a model with three variables.

0.6

Method
Distance-covariance
—=— FastliCA
KernellCA

Performance

05 071 0893 114 136 157 179 2 221 243 264 286 307 329 35 4 28 5

r

Figure 4.3: General assessment with 3 variable

The 3-variable simulation also show a performance minimum at p = 2. Unlike the
2-variable simulation, the KernellCA method outperforms Distance-Covariance for nearly
all p values, except at low values where their performances are almost similar. KernellCA
is the best method around p = 2. FastICA significantly outperforms KernellCA at high p

values, a difference from the 2-variable case.

Figure [£.4) illustrates the results for a model with four variables.
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Figure 4.4: General assessment with 4 variables

With four variables, the results are similar to the three-variable scenario: KernellCA
performs best for p values near 2, while FastICA shows significantly superior performance

at high p values.

The performances of the various methods appear to converge as the number of vari-
ables in the model increases. As noted by Moneta and Pallante , FastICA tends
to demonstrate better results as the dimensionality increases. KernellCA excels with
distributions close to Gaussian but is outperformed by FastICA for more extreme values
of p. This observation underscores the importance of conducting normality tests before

choosing the identification method.
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Chapter 5
Empirical Exercice

In this chapter, we undertake an empirical investigation using real data to analyze economic
dynamics. Our focus will be on data from Blanchard and Perotti (2002), which examines
the impact of government spending and taxes on U.S. activity in the postwar period. The
dynamic relationships and effects of these fiscal policies are studied through the estimation

of a SVAR model.

5.1 The Blanchard-Perotti Model

Government spending is defined by Blanchard and Perotti (2002)) as the total purchases
of goods and services, i.e., government consumption plus government investment. The
revenue is defined as the total tax revenues minus transfers (including interest payments).

We will call it "taxes" for short to be consistent with the original paper.

In the formulation provided by Kilian and Liitkepohl (2017) on page 236, the Blanchard-

Perotti model for y, = [tax,, govy, gdpy] is expressed without loss of generality as follows:

1 0 b13,0 'Lbiax 1 C12 0 wf‘”
0 1 b2370 utgov = C21 1 0 ’LU;?OU

d d

b3170 b3270 1 U? P 0 0 1 wtg P

such that
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tar __ gdp gov tax
w = —bizouy - + crpwy 4w,

gov __ gdp t gov

uf” = —baz oui™ + corwi™ + wi”, (5.1)
gdp __ ¢ gov gdp

Uy = —bgl,out‘” — bgg’out + wy .

Here, y; = [taxy, govy, gdpy|" is a n = 3 dimensional vector in the logarithms of quarterly

taxes, primary expenditure, and GDP - all measured in real, per capita terms.

In the system of equations [5.1] the first equation shows that unexpected movements
in taxes within a quarter, u{®*, can come from three sources: the response to unexpected
movements in GDP, represented by —b1370utgdp, the response to structural shocks to

government spending, represented by cpwi®, or structural shocks to taxes, represented

by wi**. The second equation can be understood similarly for unexpected movements
in government spending. The third equation suggests that unexpected movements in
output can be caused by unexpected movements in taxes, government spending, or other

d
unexpected shocks, wi™.

Kilian and Liitkepohl (2017)) discuss the work of Blanchard and Perotti (2002)), who
initially provides institutional reasoning for the delay restriction bego = 0, which prevents
immediate feedback from economic activity to government spending within the same
quarter. They demonstrate that the within-quarter response of taxes to economic activity,
represented by —by30, can be calculated using external estimates of tax elasticity, yielding
b130 = —2.08. The parameters b3; ¢ and b3z ¢ remain unrestricted. To address the potential
endogeneity between taxes and spending, either co; = 0 or ¢;5 = 0 is imposed. In the

latter scenario, for example, the following result is obtained.

d
ul®® = 2.08uf™” + wi,

gov __ tax gov
Uy = W™ +wy o,

gdp __ tax gov gdp
up = —b31 0w ™ — bygouy +wi .

This system has enough restrictions and can be estimated numerically.
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5.2 Model Estimation

We will estimate a SVAR model for the Blanchard-Perotti data using FastICA, KernellCA,
and Distance Covariance methods. This empirical exercise aims to compare in practice
the different ICA methods presented in this thesis.

In the estimation of our model, we obtained the following mixing matrices for the
residuals. These matrix elements have been multiplied by 100 and rounded to facilitate

interpretation.

-1 -1 -1
BO,FastICA BO,KernelICA BO,DC

Wy 1 Wy 2 Wy, 3 Wy 1 Wy, 2 Wt 3 Wy 1 Wt 2 Wt,3

) )

Gy 0.67 -0.37 -0.15 0.73 -0.26 0.08 0.72 -0.19 -0.24
Tax, 1.09 1.41 0.68 0.62 1.59 0.86 0.78 1.61 0.65
GDP, 0.22 -0.13 0.59 0.05 -0.07 0.64 0.31 -0.09 0.56

Table 5.1: Comparison of mixing matrices using FastICA, KernellCA, and Direct Covari-
ance Methods

These matrices capture the contemporaneous relationships between the model variables,
enabling the recovery of the system’s structural innovations. As discussed in Chapter 3]
the identification of independent components is determined up to a permutation of the

sources.

Following the approach of Moneta and Pallante (2022)), we select the permutation matrix
according to the LINGAM criterion (Shimizu et al., 2006). The LINGAM criterion explores
the space of all possible permutation matrices to find the matrix P that minimizes a cost
function. This function specifically penalizes small absolute values in the main diagonal
of the permuted mixing matrix. Based on this criterion, we identify two independent
shocks that primarily influence taxes and government spending, and a third shock that
significantly impacts both output and taxes. This configuration aligns with the findings of
Blanchard and Perotti. Consequently, similar to the labeling in Blanchard and Perotti
(2002), we can designate the first (w;) and second (w9) shocks as a spending shock and a

tax shock, respectively.

The main difference between the mixing matrix estimated using Kernell CA and the

other two is the entry representing the relationship between the spending and the shock
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ws, which is positive whereas this entry is negative in the other matrices. This observation
can be balanced by the fact that the magnitude of this entry is small in absolute value for

the three matrices.

Another observation is that the entry representing the relationship between the taxes
and w; is greater with the FastICA method than with the other two methods.

The next step is to include Cholesky and Spectral decomposition to enrich our analysis

and to compare them to the ICA methods.

5.3 Structural Impulse Response Function Analysis

As discussed previously, we can leverage impulse response functions to observe the rela-
tionships between variables. In this empirical exercise, we will examine how the impulse
response functions estimated by KernellCA compare to other methods and assess their

consistency with economic theory.

We begin by studying the impulse response functions of a tax shock and employ a
bootstrapping procedure to compute confidence intervals for FastICA, Distance-Covariance,
and Kernell CA. The upper and lower dashed lines represent the 84th and 16th percent
quantiles, respectively, of the bootstrap estimates, following the approach of Moneta
and Pallante (2022). The mixing matrices have been normalized so that each structural
innovation has a unit contemporaneous impact on the logarithm of the corresponding

variable.

The exact estimates of the impulse response function are in Appendix [A.]] and
A3
Figure illustrates the normalized impulse response functions to a tax shock, with

confidence intervals obtained through bootstrapping.
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Figure 5.1: Normalized impulse response functions to a tax shock with bootstrap

FastICA, Distance-covariance, and Kernell CA exhibit similar trends in the impulse
response functions. The response of tax to a tax shock gradually declines to slightly below
zero after 10 quarters. All methods indicate that tax shocks have a negative impact on
output and that this effect decreases over time. Moreover, each method demonstrates
a negative response of government spending to a tax increase, initially decreasing to a
minimum between the tenth and fifteenth quarter before returning to zero. These trends
align with the findings of Blanchard and Perotti (2002).

We replicate this procedure to analyze the impulse response functions to a spending

shock on Figure [5.2]
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fastICA DCov
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Figure 5.2: Normalized impulse response functions to a spending shock with bootstrap

The outcomes are consistent with Blanchard and Perotti (2002), where a positive
government spending shock has a positive effect on output, whereas a positive tax shock
negatively affects output. However, methodological differences become more apparent. The

tax response to a spending shock in the first periods is more pronounced with KernellCA.

We now present a comparative analysis of the impulse response functions, incorporating
both spectral decomposition and Cholesky decomposition techniques. This comparison
allows us to observe the distinctive effects and patterns revealed by each method under
consideration.

Figure [5.3] displays the different IRFSs, the upper row shows responses to a spending
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shock, while the lower row shows responses to a tax shock.
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Figure 5.3: Impulse response functions including Cholesky and Spectral decomposition

Across the methods, there is a general consistency in the patterns observed. However,
there are notable differences, particularly in the initial quarters’of the spending response
to a tax shock. Specifically, the Cholesky and spectral decompositions suggest a positive
effect in the early quarters, contrasting with the negative effect indicated by Kernell CA
and FastICA. This divergence highlights the variability in methodological outcomes,

underscoring the importance of choosing the appropriate decomposition technique for
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accurate impulse response analysis.

5.4 Forecast Error Variance Decomposition

In this section, we delve deeper into the analytical frameworks with a specific focus on
the Forecast Error Variance Decomposition (FEVD) methodology that was introduced in
Section [2.3] Our primary aim here is to dissect and understand the varying contributions

of different economic variables to the fluctuations observed in GDP over time.

Figure presents the Forecast Error Variance Decomposition (FEVD) of GDP
attributed to spending and tax shocks.

Forecast Error variance of GDP explained by spending

Variance Proportion

method
5 10 15 20

i Cholesk:
Forecast Horizon Y

—— Spectral

Forecast Error variance of GDP explained by taxes —— KernellCA

20 FastICA

15

10

Variance Proportion

5 10 15 20
Forecast Horizon

Figure 5.4: Forecast error variance decomposition of GDP for different methods
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The exact estimates of the forecast error variance decomposition can be found in

Appendix [A.4]

The Forecast Error Variance Decomposition analysis reveals how different methods
distribute the variance of GDP across various economic variables. Specifically, the FastICA
method allocates a larger share of GDP variance to government spending and taxes
compared to its counterparts. This suggests a perspective where public policy components,

such as spending and taxation, are seen as primary influencers of GDP fluctuations.

Conversely, KernelICA initially ascribes the bulk of GDP variance to the GDP itself,
indicating a strong self-referential dynamic in the early quarters. However, this self-
attribution diminishes more rapidly over time, suggesting a quicker diversification in the

factors influencing GDP variance.

Spectral decomposition shares a similar pattern with KernelICA, with the notable
difference being a slight adjustment in the variance attributed to spending and taxes. It
allocates a bit more of the variance to government spending and slightly less to taxation,

pointing to a nuanced view on the relative impact of these fiscal policies on GDP.

Cholesky decomposition, meanwhile, assumes a balanced approach but gradually shifts
more variance attribution to government spending over the long haul. This indicates an
evolving understanding of fiscal policy’s role in driving GDP changes over time, particularly

government spending.

Interestingly, we can note that the results of KernellCA and FastICA are not the most

similar ones, even though they rely on the same hypothesis of independence.
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Chapter 6
Conclusion

In this thesis, we investigated the application of Kernel Independent Component Analysis
for identifying structural innovations in Structural Vector Autoregressive models, evaluating
its performance by comparing it to other independent component analysis methods and
other alternative identification strategies. KernellCA uses the concepts of reproducing
kernel Hilbert spaces and canonical correlation to effectively maximize non-Gaussianity
and minimize mutual information among components. KernellCA was tested using a series
of Monte Carlo simulations in comparison with FastICA and Distance Covariance methods.

Kernell CA consistently outperformed the other methods in close-to-Gaussian scenarios.

We illustrated KernellCA’s usefulness by using it to the Blanchard-Perotti dataset of
postwar US government expenditure, taxes, and GDP. This showed that KernellCA is
capable of extracting significant structural shocks and yielding comprehensible impulse

response functions. The results aligned with what was found using conventional techniques.

Even if KernellCA produced encouraging findings, there are a few issues that need to
be looked into further. The choice of kernel parameters and regularization coefficients
significantly impacts KernellCA’s performance; hence, future work may concentrate on

creating adaptive or data-driven techniques for parameter selection to improve resilience.

Kernell CA presents a robust and innovative solution for identifying structural innova-
tions in SVAR models, offering substantial improvements over traditional methods. Its
ability to handle a wide range of data characteristics and provide clear, interpretable
results makes it a valuable tool for both researchers and policymakers. Continuing to

refine and extend this approach holds the potential to unlock deeper insights into the com-
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plex dynamics of multivariate time series data, ultimately contributing to more informed

decision-making across various fields.
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Appendix A

Appendix

Table A.1: impulse response functions for FastICA

Horizon w[gov] = gov  wltaz] = gov  wlgdp] = gov  wlgov] = tax  wltax] — tax  wlgdp] — tax  wlgov] = gdp wltaz] = gdp  wlgdp] — gdp
0.0 0.0109 0.0T41 0.0068 0.0022 -0.0013 0

1 067 -0.0037 -0.0015 .0059
2 0.0074 -0.0042 -0.0008 0.0087 0.0059 0.0148 0.0021 -0.0014 0.0070
3 0.0068 -0.0042 -0.0003 0.0078 0.0060 0.0180 0.0021 -0.0013 0.0074
4 0.0075 -0.0047 -0.0007 0.0089 0.0031 0.0202 0.0015 -0.0017 0.0073
5 0.0072 -0.0049 -0.0002 0.0062 0.0028 0.0189 0.0011 -0.0018 0.0065
6 0.0065 -0.0048 0.0003 0.0046 0.0020 0.0168 0.0010 -0.0020 0.0055
7 0.0062 -0.0048 0.0006 0.0036 0.0011 0.0137 0.0008 -0.0021 0.0044
8 0.0057 -0.0047 0.0010 0.0027 0.0005 0.0107 0.0008 -0.0022 0.0033
9 0.0052 -0.0046 0.0013 0.0022 -0.0001 0.0077 0.0009 -0.0023 0.0022
10 0.0047 -0.0045 0.0016 0.0021 -0.0006 0.0050 0.0010 -0.0023 0.0014
11 0.0043 -0.0044 0.0017 0.0021 -0.0010 0.0028 0.0011 -0.0024 0.0008
12 0.0039 -0.0043 0.0018 0.0021 -0.0013 0.0011 0.0012 -0.0024 0.0003
13 0.0036 -0.0042 0.0019 0.0023 -0.0015 -0.0001 0.0014 -0.0024 0.0000
14 0.0033 -0.0041 0.0018 0.0024 -0.0017 -0.0009 0.0014 -0.0024 -0.0001
15 0.0030 -0.0040 0.0018 0.0025 -0.0018 -0.0012 0.0015 -0.0023 -0.0002
16 0.0028 -0.0039 0.0017 0.0025 -0.0018 -0.0014 0.0015 -0.0023 -0.0002
17 0.0026 -0.0038 0.0016 0.0025 -0.0018 -0.0013 0.0015 -0.0022 -0.0001

18 0.0025 -0.0037 0.0014 0.0024 -0.0018 -0.0010 0.0015 -0.0021 0.0000
19 0.0024 -0.0036 0.0013 0.0023 -0.0017 -0.0007 0.0014 -0.0021 0.0002
20 0.0023 -0.0035 0.0012 0.0021 -0.0017 -0.0004 0.0014 -0.0020 0.0003

Table A.2: Impulse response functions for KernellCA

Horizon w[gov] = gov wltaz] = gov  wlgdp] = gov  wlgov] = tax  wltaz] — tax  wlgdp] — tax  wlgov] — gdp wltaz] = gdp wlgdp] — gdp
0.0008 0.0062 0.0159 0.0086 0.0 -0.000 0.0

1 0.0073 -0.0026 005 064
2 0.0078 -0.0030 0.0017 0.0030 0.0077 0.0162 0.0001 -0.0008 0.0074
3 0.0071 -0.0031 0.0020 0.0011 0.0078 0.0190 -0.0000 -0.0007 0.0078
4 0.0080 -0.0035 0.0019 0.0019 0.0052 0.0216 -0.0006 -0.0013 0.0076
5 0.0076 -0.0037 0.0023 -0.0002 0.0044 0.0196 -0.0006 -0.0014 0.0067
6 0.0067 -0.0037 0.0026 -0.0010 0.0033 0.0172 -0.0004 -0.0016 0.0057
7 0.0064 -0.0037 0.0027 -0.0009 0.0021 0.0140 -0.0002 -0.0018 0.0046
8 0.0058 -0.0037 0.0030 -0.0007 0.0013 0.0109 0.0001 -0.0019 0.0035
9 0.0051 -0.0036 0.0031 -0.0002 0.0005 0.0080 0.0005 -0.0020 0.0026
10 0.0047 -0.0036 0.0032 0.0006 -0.0001 0.0054 0.0008 -0.0021 0.0018
11 0.0042 -0.0036 0.0032 0.0013 -0.0005 0.0033 0.0012 -0.0021 0.0012
12 0.0038 -0.0035 0.0032 0.0019 -0.0009 0.0018 0.0014 -0.0021 0.0008
13 0.0034 -0.0035 0.0031 0.0024 -0.0011 0.0007 0.0016 -0.0021 0.0006
14 0.0031 -0.0034 0.0030 0.0028 -0.0013 0.0000 0.0018 -0.0021 0.0005
15 0.0029 -0.0034 0.0029 0.0030 -0.0014 -0.0003 0.0018 -0.0020 0.0004
16 0.0027 -0.0033 0.0027 0.0030 -0.0014 -0.0004 0.0018 -0.0020 0.0005
17 0.0026 -0.0033 0.0026 0.0030 -0.0014 -0.0003 0.0018 -0.0019 0.0005
18 0.0025 -0.0032 0.0024 0.0028 -0.0014 -0.0001 0.0017 -0.0019 0.0006
19 0.0024 -0.0031 0.0022 0.0026 -0.0014 0.0001 0.0016 -0.0018 0.0007
20 0.0023 -0.0031 0.0021 0.0024 -0.0013 0.0004 0.0015 -0.0017 0.0008
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Table A.3: Impulse response functions for DCov

Horizon w[gov] = gov  wltaz] = gov  wlgdp] = gov  wlgov] — tax  wltax] = tax  wlgdp] — tax  wlgov] = gdp wltaz] — gdp  wlgdp] — gdp
0.0072 -0.0019 -0.0024 0.0078 0.0T61 0.0065 0.0031 -0.0009 5

1 .0056
2 0.0080 -0.0022 -0.0017 0.0086 0.0075 0.0142 0.0031 -0.0010 0.0067
3 0.0075 -0.0025 -0.0011 0.0080 0.0073 0.0175 0.0031 -0.0010 0.0071
4 0.0083 -0.0028 -0.0017 0.0100 0.0047 0.0194 0.0026 -0.0015 0.0071
5 0.0081 -0.0030 -0.0011 0.0073 0.0038 0.0183 0.0022 -0.0016 0.0063
6 0.0075 -0.0031 -0.0006 0.0057 0.0026 0.0164 0.0020 -0.0018 0.0053
7 0.0072 -0.0031 -0.0003 0.0046 0.0015 0.0133 0.0017 -0.0019 0.0041
8 0.0068 -0.0032 0.0002 0.0036 0.0009 0.0104 0.0016 -0.0020 0.0030
9 0.0062 -0.0032 0.0006 0.0030 0.0003 0.0074 0.0016 -0.0021 0.0020
10 0.0058 -0.0032 0.0009 0.0027 -0.0002 0.0047 0.0017 -0.0021 0.0012
11 0.0054 -0.0032 0.0011 0.0025 -0.0005 0.0025 0.0017 -0.0021 0.0005
12 0.0050 -0.0032 0.0012 0.0025 -0.0007 0.0008 0.0018 -0.0020 0.0001
13 0.0046 -0.0032 0.0013 0.0026 -0.0009 -0.0004 0.0019 -0.0020 -0.0002
14 0.0043 -0.0032 0.0013 0.0026 -0.0010 -0.0012 0.0019 -0.0019 -0.0004
15 0.0041 -0.0032 0.0013 0.0027 -0.0011 -0.0016 0.0020 -0.0019 -0.0005
16 0.0038 -0.0031 0.0012 0.0027 -0.0011 -0.0017 0.0020 -0.0018 -0.0004
17 0.0036 -0.0031 0.0011 0.0027 -0.0011 -0.0016 0.0020 -0.0018 -0.0003

18 0.0035 -0.0030 0.0010 0.0026 -0.0011 -0.0013 0.0019 -0.0017 -0.0002
19 0.0033 -0.0030 0.0009 0.0025 -0.0011 -0.0010 0.0019 -0.0016 -0.0001
20 0.0032 -0.0029 0.0008 0.0024 -0.0011 -0.0007 0.0018 -0.0016 0.0001

Table A.4: Values of forecast error variance decomposition

Horizon FastICA Kernell CA DCov

gov tax gdp gov tax gdp gov tax gdp

1 0.1193 0.0407 0.8399 0.0069 0.0129 0.9803 0.2295 0.0185 0.7520
2 0.0947 0.0374 0.8679 0.0030 0.0123 0.9847 0.1950 0.0189 0.7860
3 0.0860 0.0343 0.8797 0.0018 0.0110 0.9871 0.1819 0.0177 0.8004
4 0.0723 0.0390 0.8886 0.0028 0.0152 0.9820 0.1635 0.0238 0.8127
5 0.0641 0.0442 0.8918 0.0038 0.0197 0.9765 0.1526 0.0297 0.8177
6 0.0599 0.0521 0.8880 0.0039 0.0261 0.9700 0.1483 0.0374 0.8144
7 0.0574 0.0615 0.8811 0.0038 0.0339 0.9623 0.1465 0.0461 0.8074
8 0.0565 0.0726 0.8709 0.0037 0.0431 0.9532 0.1474 0.0559 0.7968
9 0.0569 0.0851 0.8580 0.0042 0.0536 0.9422 0.1503 0.0661 0.7835
10 0.0582 0.0983 0.8434 0.0061 0.0646 0.9293 0.1544 0.0764 0.7691
11 0.0604 0.1117 0.8279 0.0097 0.0757 0.9146 0.1594 0.0864 0.7542
12 0.0634 0.1248 0.8118 0.0150 0.0865 0.8984 0.1650 0.0956 0.7394
13 0.0670 0.1373 0.7958 0.0217 0.0967 0.8816 0.1711 0.1040 0.7249
14 0.0710 0.1488 0.7802 0.0291 0.1060 0.8648 0.1775 0.1115 0.7111
15 0.0753 0.1594 0.7652 0.0369 0.1145 0.8486 0.1840 0.1182 0.6979
16 0.0797 0.1691 0.7512 0.0443 0.1221 0.8336 0.1904 0.1241 0.6855
17 0.0839 0.1779 0.7382 0.0512 0.1290 0.8199 0.1967 0.1295 0.6739
18 0.0878 0.1859 0.7263 0.0572 0.1351 0.8077 0.2026 0.1343 0.6631
19 0.0913 0.1931 0.7156 0.0625 0.1406 0.7969 0.2081 0.1387 0.6533
20 0.0945 0.1996 0.7059 0.0668 0.1456 0.7876 0.2130 0.1427 0.6443
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