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Abstract

This master thesis presents the implementation and validation of a symmetry and no-slip bound-
ary conditions in the 3-D vortex particle-mesh (VPM) method.

The �rst part focuses on the implementation of the no-through �ow using a symmetry bound-
ary condition. The implementation allows the di�usion through the wall, which makes it possible
to study the vortex-ring reconnection at low Reynolds number (ReΓ = 2000).

The second part presents how the no-slip boundary condition is implemented in the vortex
particle-mesh method, which is a vorticity-velocity formulation �ow solver. It presents how the
required vortex sheet at the wall is computed to nullify the slip velocity.

The third part is the validation of the method using two well-known results: the Poiseuille
�ow in a channel and the Blasius boundary layer development. The method provides almost an
exact solution for the Poiseuille �ow. The boundary layer develops in a channel with a slip and
a no-slip wall. The �ow above the boundary layer is thus accelerated but the numerical results
closely match the analytical ones.

The last part is dedicated to test cases. Two mains cases are studied
The �rst one is the interaction between a vortex-ring and a no-slip wall with di�erent initial

angles relative to the ring axis. When the vortex-ring approaches the no-slip wall, a boundary
layer develops. After some time, the boundary layer separation occurs and the vorticity wraps
the vortex ring. It generates a secondary vortex-ring that impacts the dynamic of the primary
one. Omega-loops instabilities are generated, which causes the destruction of the vortex-ring
core.

The second is a turbulent channel �ow at low Reynolds number. The results are compared to
the ones obtained by Moser and Lee. They match each other very closely. Some di�erences are
observed at the middle of the channel, due to the shorter length of the computational domain
used with VPM than the one used by Moser and Lee.

Finally, an appendix shows nice results for a turbulent boundary layer development. The
results are a little bit under resolved but the thicknesses, the Reynolds numbers and some
velocity pro�les are shown and discussed.
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Introduction

Global demand for energy is becoming increasingly important. This increase is indeed exponential
since 1900. Durable solutions have to be found for the future in order to continue living in the
world as we know it today. Since the beginning of the industrial era, most of the energies are
provided by fossil fuels. Today, it is still the source of energy that dominates the production. It
would be illusive to think that the demand in energy will lower in the coming years

A solution still in progress for the energy problem was born. The past decades have seen the
emergence of renewable energy based on solar and wind energy. The most common industrial
application of the renewable energy is the wind turbines. But the increase in the number and
size of the wind turbines needs accurate predictions of their wakes and performances. How
far is the wind turbine's wake harmful for another one? How does the atmospheric turbulent
boundary layer impact the e�ciency and the wake of the wind turbine? How does the ground
and the wake interact together? The TFL1 group of UCL is working on wake prediction of wind
turbines, under others, based on in-house numerical solvers of the �uid dynamic.

In the past decades, the exponential growth of computer performance has lead to the de-
velopment of several numerical tools to solve the Navier-Stokes equations. Two main numerical
tools are currently used: the solvers based on an Eulerian formulation of Navier-Stokes equa-
tion (mesh-based approach) and those based on an Lagrangian formulation (particle method).
Basically, the two methods can be summarized as follows:

• The particle method based on the Lagrangian formulation of the Navier-Stokes equation
uses particles to discretize the Navier-Stokes equations. It allows the use of bigger time
step than those used in a mesh based-approach, which makes the simulation calculation
faster. In addition, the particle method doesn't su�er from dispersion errors and accurately
captures longer distance convection �ows than a mesh-based approach. The Lagrangian
based �ow solver is pretty well suited for the simulations of incompressible, convection-
dominated vortical �ows but are prone to inaccuracy due to Lagrangian distortion.

• The mesh-based approach is easier to compute and imposes boundary conditions and very
well suited to solve the Poisson equation in an e�cient way in terms of computational costs.

This master thesis is focused on an hybrid method: the vortex particle-mesh method or VPM
method. This �ow solver is an in-house three dimensional Navier-Stokes �ow solver. It is a good
compromise between the two methods. It bene�ts from the advantages of the two methods at the
same time. The VPM code is used to compute the wake of vertical and horizontal wind turbines,
blade's �exion, helicopter wake and rotor dynamics and many other applications. The imposed
boundary conditions can be unbounded or periodic. This allows a lot of physical simulations.
But two boundary conditions are still missing: the no-through �ow and no-slip conditions. These
boundary conditions are essential in order to simulate �ow interaction with a �at ground.

The VPM solver is based on the vorticity-velocity formulation of the Navier-Stokes equations.
Therefore, imposing the no-through �ow and no-slip boundary conditions isn't as simple as in a
velocity-pressure based solver. The boundary conditions must be expressed in terms of vorticity
and not in terms of velocity.

This work proposes a simple and e�cient way to compute the needed vortex sheet at the wall
to nullify the slip velocity. The document is organized around �ve chapters:

1. The �rst chapter is a global explanation of the principle behind the vortex particle-mesh
method necessary to understand the implementation of the no-through �ow and no-slip
boundary conditions.

1Thermodynamics and �uid mechanics
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2. The second chapter is the presentation of the symmetry boundary condition used to impose
no-through �ow. By allowing the di�usion through the wall it is possible to study a
fundamental problem in �uid mechanics: the reconnection of two vortex-rings.

3. The third chapter is the development of the method to impose the no-slip boundary condi-
tion. It recalls the needed vorticity at the wall to nullify the slip velocity and details how
this vortex sheet is computed in the numerical code.

4. The fourth chapter is dedicated to the validation of the method presented at the previous
chapter. The validation of the numerical code is done through two well known cases: the
one-dimensional Poiseuille �ow in a channel and the boundary layer development above a
�at plate. The analytical solution is the well known Blasius solution.

5. The last chapter presents two di�erent test-cases of the no-slip implementation. The chap-
ter deals with two main applications: the �rst is the interaction between a no-slip wall and
a vortex ring presented in chapter 2.1. The second is a classical problem in computational
�uid dynamics: the turbulent channel �ow at low Reynolds number.

The simulation of a turbulent boundary layer development is proposed as illustration at the end
of this document.

The conclusion of the thesis is the implementation, validation and application of a no-through
�ow and a no-slip boundary condition in VPM method through analytical cases and test cases.
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Chapter 1

Foreword

The vortex particle-mesh method is an in-house �ow solver developed at UCL-TFL. It is based
on the vorticity-velocity formulation of Navier-Stokes equation. VPM is a hybrid method. It uses
particles to discretize the convection terms and mesh to solve the Poisson equation and computes
the stretching and di�usion terms. It allows a high-e�cient computation of three-dimensional
incompressible, unsteady vortical �ows on massively parallel architectures.

The following section develops the VPM method in basic and its implementation. The inter-
ested reader can �nd more information at [1] and [2].

1.1 Methodology

1.1.1 Navier-Stokes equations

The Navier-Stokes equations for an incompressible �ow are the following:

∇ · u = 0 (1.1)

Du

Dt
=
∂u

∂t
+ u · ∇u = −∇P + ν∇2u (1.2)

By taking the curl of equation (1.2), the vorticity-velocity formulation is obtained, in a La-
grangian formulation, it gives:

Dω

Dt
= (ω · ∇)up + ν∇2ω

The vorticity is de�ned as the curl of the velocity, so if the velocity �eld is recovered from vorticity
�eld through a Poisson-equation:

ω = ∇× u⇒ ∇2u = −∇× ω (1.3)

And �nally, the vorticity �eld is divergence free: the divergence of the vorticity �eld must be zero,
meaning that the vortex lines always form close curves, from the equation of mass conservation
(equation (1.1):

∇ · (∇× u) = ∇ · ω = 0

1.1.2 Vortex particle method

The vortex particles method is a Lagrangian method that uses particles to discretize the Navier-
Stokes equations. Each particle is characterized by a position xp, a volume Vp and a strength
αp:

αp =

∫
Vp

ωdV = ωVp

It yields to the following vorticity �eld:

ω̃ =
∑
p

αpζ (x− xp)

8
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The particles positions and particles strengths are computed using:

dxp

dt
= up (1.4)

dαp
dt

=

∫
V

(
(ω · ∇) + ν∇2ω

)
(1.5)

'
(
(ω · ∇)up + ν∇2ω

)
Vp (1.6)

The vortex method, and more generally the Lagrangian method, o�ers advantages in convection-
dominate problems because the vorticity �eld has a more compact support than velocity. As it
avoid to discretize the convection part of Navier-Stokes equations on a grid, the vortex-method
allows the use of greater time-step while the Eulerian-based methods are constrained by the CFL
condition.

The �rst drawback of the vortex method is that, after few time step, the particles are con-
centrated at some point of the computational domain and some zones are completely depleted
of particles ans thus information. The most common solution is the remeshing procedure. The
remesh operation consists of rearranging the information carried by particles on regular position
in the computational domain. This is done using a high order interpolation scheme from the
actual positions of particles to the new positions.

The second drawback of vortex method is the resolution of the Poisson equation to get the
velocity. It basically uses Green function solution were the Eulerian method can bene�t from
the underlying mesh to use fast Poisson solver.

The third drawback of vortex method is the di�culty to discretize and compute the di�erential
operator of equation (1.6). On a mesh, the di�erential operator can easily be computed using
classical �nite di�erences.

And �nally, the last drawback of Lagrangian method is that it does not keep the zero di-
vergence of the vorticity �eld. So, it is necessary to correct the vorticity �eld after some time
steps.

1.1.3 Vortex particle-mesh method

The vortex particle-mesh method is born by combining the advantages of both methods: particle
method and mesh-based approach. Basically, the convection is computed using particles, the
Poisson equation is solved on a grid, the di�usion and stretching term are also computed on
a grid. The method bene�ts from large time step due to the computation of convection using
particle method, fast resolution of Poisson-equation on a grid and easy computation of di�erential
operators.

The VPM method always passes the information from the particles to the mesh and vice
versa through the operation of particle to mesh and mesh to particle. The interpolation from
particles information (or from the mesh) to the mesh (or to the particle) is done through high
order interpolation. After the initiation of particle intensity, the sub-steps for one time step are
basically the following:

1. Interpolation of particle information to the grip points (particle to mesh step: P2M ).

2. Get the velocity from the vorticity on the mesh through the resolution of equation (1.3).

3. Evaluation of the right hand side (RHS) of equation 1.6 on the mesh using �nite di�erences
and velocity computed at the previous step.

4. Interpolation of the RHS back on particle (mesh to particle step: M2P).

5. Time integration of equation (1.4) and (1.6) using a Rung-Kutta 3 scheme.

Finally, as explained above, the convection using particle has the drawback of not keeping the
divergence-free condition on vorticity. The solution is obtained by the reprojection step. At each
nreprojection time steps, the vorticity �eld is corrected to re-obtain zero divergence, which is done
through the resolution of a Poisson equation.

9



Chapter 2

Vortex-ring reconnection

2.1 Introduction

The �rst part of the implementation of a no-slip boundary condition is to implement a no-through
�ow boundary condition. This chapter is focused on how this condition is implemented in the
vortex particle-mesh method. To achieve this goal, the Poisson solver used in this work imposes a
symmetric domain with the no-through �ow wall as symmetric plane. The constitutive equations
are:

∇2u = −∇× ω

u · n̂ = 0

In order to impose the boundary condition, odd extension on the parallel components of vorticity
has to be imposed: ωx and ωz, and even extension on the normal component of vorticity: ωy:

ωx(x,−y, z) = −ωx(x, y, z)

ωz(x,−y, z) = −ωz(x, y, z)
ωy(x, y, z) = ωy(x, y, z)

This extends the vorticity �eld like this:

ωyωxωz,

Figure 2.1: Extended vorticity �eld

The no-through �ow boundary condition computed like this cancels the normal velocity but
keeps di�usion at the wall. It is useful to study a fundamental problem in �uid mechanics: the
vortex-ring reconnection.
This �rst part studies the vortex-ring reconnection with forced symmetry.

2.2 The vortex-ring

A vortex-ring is a vorticity tube shaped like a ring. It presents a vorticity pro�le axisymmetric
around its central line. The vortex-ring under study is a toroidal vortex-ring because the central
line is a circle. Due to the induced velocity of the ring, it is displacing perpendicular to the plane

10
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formed by the center line.
Several con�gurations are possible for the axisymmetric pro�le: Gaussian and Gaussian compact.
The previous master thesis studied the isolated vortex-ring of di�erent axisymmetric distribution
[3]. The pro�le used in this work is a compact Gaussian as de�ned in [3]. The pro�le is Gaussian
inside the ring but the vorticity is set to zero past a certain distance of the center line, this
distance being de�ned as the tube's radius. Mathematically it gives:

πωθσ
2

Γ
= ξ(ρ) =

 C(β2) exp

(
− ρ2

β2(1−ρ2)

)
if ρ ≤ 1

0 otherwise

With ρ = s/Rc, s
2 = z2 + (r − R)2, r is the distance between the center line and a point in

the domain, R is the center line radius and Rc is the tube radius. The other components of
vorticity: ωr and ωz equal zero because the vorticity is only azimutal.The parameters β is the
dimensionless standard deviation of the Gaussian pro�le: β = σ/Rc. The constant C(β2) is
chosen so that the circulation of the ring equals Γ:∫

S

ωθ(s)dS = Γ∫ 2π

0

∫ Rc

0

ωθ(s)sdsdθ = Γ

2π

∫ Rc

0

ωθ(s)sds = Γ

By introducing the de�nition of ωθ(s):

2π

∫ Rc

0

ωθ

(
s

σ

)
s

σ
d

(
s

σ

)
ds = Γ

2

∫ 1

0

ξ(ρ)ρ dρ = 1

Finally, it gives:

C(β2) =
1

2
∫ 1

0
exp

(
− ρ2

β2(1−ρ2)

)
ρdρ

In this chapter Γ = 1, Rc/R = 1/2, β = 1/4 and it gives C(β2) = 1.11866. The dimensionless
pro�le of the ring is:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ρ

0

0.2

0.4

0.6

0.8

1

1.2

π
σ
2
ω
θ

Γ

Vorticity profile in the vortex ring

Figure 2.2: Vorticity pro�le around the center line
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2.3 Vortex-rings reconnection

2.3.1 Initial condition and numerical setup

In this section, the no-through �ow solver with di�usion through the wall is used to study the
reconnection of two vortex-rings. One vortex-ring is placed at the origin of the computational
domain. The normal vector of the ring is in the êz direction but it is tilted of an angle of 15◦

so it approaches the no-through �ow plane. By forced symmetry another ring approaches the
x − z plane by the other side. After few seconds, the two vortex-rings interact together. The
boundary conditions are unbounded and no-through �ow:

Unbounded

y

x

z

No-through flow

Figure 2.3: Boundary condition ring-reconnection

Figure 2.4: Initial condition for the vorticity and velocity �eld

The vortex-ring located at y < 0 is not in the computational domain but the Poisson solver
supposes that this vortex-ring exists and interacts with the one above.
The parameters of the simulation are the following:

12



CHAPTER 2. VORTEX-RING RECONNECTION

Parameter: Value

Nx ×Ny ×Nz 512× 512× 512
Lx/R× Ly/R× Lz/R 5.0× 5.0× 5.0

tref = R2

Γ 1 [sec]
Time step Adaptive and max. value �xed at ∆τ = 0.01

Dimensionless �nal time 10 [-]

Reynolds based on circulation: ReΓ = Γ
ν 2000 [-]

Remesh and reprojection Every 5 and 20 time step

Table 2.1: Numerical setup of the ring reconnection

The simulation runs on 4× 4× 4 processors during 10 hours of physical time.

2.3.2 Results and discussions

In order to check the resolution of the numerical solution, the mesh Reynolds number based on
vorticity is computed. The de�nition of these quantity is:

Reω =
(|ω|)h2

ν
(2.1)

The values are monitored at each time step, its evolution is the following:

0 2 4 6 8 10 12 14 16 18

τ

3

4

5

6

7

8

9

10

11

R
e
ω

Mesh Reynolds number based on vorticity

Figure 2.5: Time evolution of mesh Reynolds number based on vorticity for the simulation

The spike is when the two vortex-rings reconnect, the two vortex rings �atten one on the
other so vorticity becomes locally high. These values are still low enough and all scales will be
well captured by the numerical simulation.
The two dimensional slices of the reconnection are presented below at �gure 2.7 and 2.8. The
three dimensions results are also provided at �gure 2.9.
At the beginning of the simulation, the vortex-rings approach the symmetry plane by their
induced velocities. At τ ' 5 the vortex-rings get in touch together and the tubes �atten one
on the other to form an elliptical shape as seen at �gure 2.7b. The di�usion through the wall
allow the reconnection of the tubes, but this reconnection isn't complete, some threads connect
the reconnected part together, �gure 2.8d. These threads undergo successive reconnections and
produce small scales of vorticity. At the end, the two vortex rings only form one vortex ring
bigger then initially. If the simulation had run longer, the upper and lower part of the big vortex

13



CHAPTER 2. VORTEX-RING RECONNECTION

ring would have moved closer and then touched to form two smaller vortex-rings. This step is
called the �ssion step, and it is shown in the Schatzle experience [4].

The total circulations in the z-direction (plane of the �gures 2.7) and in the plane of symmetry
(plane of the �gure 2.8) are computed in absolute value:

Γtot =

∫
S

|ω| dS

The results are plotted at the �gure 2.6. The di�erent phases are clearly visible:

1. The step a) corresponds to non-viscous advection phase of the vortex-rings. It ranges from
0 to τ = 4.9. The vortex-rings approach each other with negligible di�usion.

2. The step b) corresponds to reconnection phase (bridging). It ranges from τ = 4.9 to τ = 6.5.
The vorticity di�uses through the wall, the vortex lines are reassociated from the direction
êz to the direction êy which causes a decrease of circulation in the x− y plane.

3. The step c) corresponds to the free evolution of the bigger vortex-ring from the reconnection
of the two initial vortex rings. The di�erence between the curve is due to the non-complete
reconnection of the ring. The threads are stretched by the reconnected part and �nally
disappear. If the reconnection was perfect, the circulation in the two plane would be equal.

a) b) c)

Figure 2.6: Time evolution of the total circulation
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(a) (b)

(c) (d)

Figure 2.7: Time evolution of dimensionless êz component of vorticity in the plane x− y
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(a) (b)

(c) (d)

(e) (f)

Figure 2.8: Time evolution of dimensionless êz component of vorticity in the plane y − z

16



CHAPTER 2. VORTEX-RING RECONNECTION

Figure 2.9: Volume rendering of vortex-rings reconnection

Figure 2.10: Iso-surface of vortex ring reconnextion at ω/ωref = 0.3 and ω/ωref = 1

17



CHAPTER 2. VORTEX-RING RECONNECTION

2.4 Conclusion

The no-through �ow solver is implemented and tested with di�usion at the wall to simulate the
vortex-rings reconnection. The reconnection is simulated for only one vortex-ring but the solver
supposes that another vortex-ring exists by imposing symmetry. The simulation is correctly
resolved and all scales of vorticity are captured. The next step of simulation could be to capture
the �ssion of the �nal big vortex-ring into two smaller vortex-rings as shown by Schatzle in [4].
The next step of this work is to present how the no-slip boundary condition is implemented in
the vortex particle-mesh method using the no-through �ow solver presented here above.
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Chapter 3

No-slip boundary condition

implementation

3.1 Introduction

The goal of this chapter is to show how the no-slip boundary condition can be implemented in a
vortex particle-mesh method. The VPM method is based on the vorticity-velocity formulation
of Navier-Stokes equation. Consequently, the no-slip boundary cannot be simply implemented
just by imposing u = 0 as done in a velocity-pressure formulation code (Big-�ow is an example
of such a code). To impose a no-slip velocity at the wall, a vortex-sheet is computed at each time
step. The strength of this vortex sheet is computed using the velocity above the no-slip wall. It
will be shown how the vortex sheet is computed and how it is numerically implemented in the
code.

3.2 Expression of boundary conditions

3.2.1 3D Vorticy �eld de�nition

In this document, the no-through �ow is always in the êy direction and the surface with no-slip
condition is located at y = 0.
The vorticity has three components:

ω = (  ,  ,  )x      y     z

êy

êxêz

0

Figure 3.1: Vorticity at the wall

It is de�ned as :

ω = ∇× u
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CHAPTER 3. NO-SLIP BOUNDARY CONDITION IMPLEMENTATION

The three components of the vorticity are:

ωx =
∂uz
∂y
− ∂uy

∂z

ωy =
∂ux
∂z
− ∂uz

∂x

ωz =
∂uy
∂x
− ∂ux

∂y

3.2.2 Boundary conditions

At the wall, three boundary conditions must be imposed on the three components of velocity
u = (ux, uy, uz):

1. No through �ow: uy = 0

2. No-slip velocity: ux = uz = 0

The above conditions give the following constraints on the �rst spatial derivative of the velocity
components:

∂uy
∂x
|y=0 =

∂uy
∂z
|y=0 = 0

∂ux
∂x
|y=0 =

∂ux
∂z
|y=0 =

∂uz
∂x
|y=0 =

∂uz
∂z
|y=0 = 0

So, at the wall, the three components of the vorticity become:

ωx =
∂uz
∂y

ωy = 0

ωz = −∂ux
∂y

The vorticity needed at the wall is computed based on the spatial derivative of the velocity using
�nite di�erence.

3.2.3 Decentered �nite di�erence of fourth order

U
0
U
1
U
2
U
3
U
4

Figure 3.2: Vorticity at the wall

Using Taylor series, the decentered �nite di�erence using 5 points (including the point at the
wall) is found:

U1 = U0 + h
du

dx
|0 +

h2

2

d2u

dx2
|0 +

h3

6

d3u

dx3
|0 +

h4

24

d4u

dx4
|0 +

h5

120

d5u

dx5
|0 +O(h6)

U2 = U0 + 2h
du

dx
|0 + 22h

2

2

d2u

dx2
|0 + 23h

3

6

d3u

dx3
|0 + 24h

4

24

d4u

dx4
|0 + 25 h

5

120

d5u

dx5
|0 +O(h6)

U3 = U0 + 3h
du

dx
|0 + 32h

2

2

d2u

dx2
|0 + 33h

3

6

d3u

dx3
|0 + 34h

4

24

d4u

dx4
|0 + 35 h

5

120

d5u

dx5
|0 +O(h6)

U4 = U0 + 4h
du

dx
|0 + 42h

2

2

d2u

dx2
|0 + 43h

3

6

d3u

dx3
|0 + 44h

4

24

d4u

dx4
|0 + 45 h

5

120

d5u

dx5
|0 +O(h6)
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The part including h2, h3 and h4 are cancelled to �nd the decentered �nite di�erence of 4th

order:

du

dx
|0 =

−25U0 + 48U1 − 36U2 + 16U3 − 3U4

12h
− h4

5

d5u

dx5

3.2.4 Numerical expression of boundary conditions

With the no slip boundary condition on velocity: ux = 0 and uz = 0, the numerical approxima-
tions of vorticity needed to enforce the no-slip boundary condition are the following:

ωx(x, 0, z) =
48uz(x,∆y, z)− 36uz(x, 2∆y, z) + 16uz(x, 3∆y, z)− 3uz(x, 4∆y, z)

12∆y

ωz(y, 0, z) = −48ux(x,∆y, z)− 36ux(x, 2∆y, z) + 16ux(x, 3∆y, z)− 3ux(x, 4∆y, z)

12∆y

3.3 Implementation in VPM method

3.3.1 General method

In order to impose no-slip and no-through �ow boundary conditions in the VPM method, the
following steps are done at each time-step:

1. Solve the Poisson-equation with no-through �ow boundary condition only

2. Impose the boundary condition on the vorticity to nullify the slip velocity (section 3.2.4).

3. Evaluate the right hand side of the Navier-Stokes equation

4. Update the location and vorticity of particles

3.3.2 First step: No-through-�ow

The velocity based on the vorticity is computed on a mesh. The �rst step consists of the
interpolation of particle value on a mesh (particle to mesh). The Poisson equation is solved in
the same way as explained in chapter 2.1 except that the di�usion is no-more allowed through
the wall, the normal vorticity being set to zero. This extends the vorticity �eld like this:

ωyωxωz,

Assumed = 0

Figure 3.3: Vorticity at the wall

At the end, the velocity and vorticity �eld both satisfy the no-through �ow condition on the
mesh but a slip velocity exists at the wall.

3.3.3 Second step: Imposing the boundary condition on vorticity

The Poisson solver imposes that the parallel components of vorticity are equal to zero. In order
to enforce the no-slip condition, the values of wall-vorticity must be changed. Recall the formula
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from section 3.2.4. The vortex sheet strength needed to nullify the slip velocity is computed
using:

ωx(x, 0, z) =
48uz(x,∆y, z)− 36uz(x, 2∆y, z) + 16uz(x, 3∆y, z)− 3uz(x, 4∆y, z)

12∆y

ωz(y, 0, z) = −48ux(x,∆y, z)− 36ux(x, 2∆y, z) + 16ux(x, 3∆y, z)− 3ux(x, 4∆y, z)

12∆y

At the wall, the values of the component of velocity computed by the Poisson solver are over-
written and set to zero, to be sure that these values are null everywhere on the no-slip surface:

ux(x, 0, y) = 0

uy(x, 0, y) = 0

uz(x, 0, y) = 0

At the end of this step, the velocity and vorticity �elds on the mesh are consistent with the
no-slip and no-through �ow conditions.

3.3.4 Third step: right hand side of the Navier-Stokes equation

In order to update the location and the vorticity carried by the particles, the right-hand side
of the Navier-Stokes equation (3.1) has to be evaluated. The vorticity-velocity formulation of
momentum conservation in the case of an incompressible �ow in a Lagrangian description is the
following:

Dω

Dt
= (ω · ∇)u + ν∇2ω (3.1)

Three cases are distinguished:

1. Where y ≥ ∆y

2. Where y = 0

3. Where y ≤ 0

3.3.4.1 y ≥ ∆y

The right-hand side is evaluated as usual: the stretching and the di�usion are computed in the
entire domain using fourth order schemes.

3.3.4.2 y = 0

At the wall, the no-through �ow and no slip conditions �x the velocity to: u = 0. The vortex
stretching (ω · ∇)u simply becomes zero, so the previous equation simpli�es to:

Dω

Dt
= ν∇2ω

It shows that, at the wall, the vorticity of the particle only di�uses in the bulk; there are no
stretching and no convection. The Laplacian is computed using a centered �nite di�erence of
second order. In order to compute the Laplacian, a fourth order ghost point at y = −∆y is
computed to ensure the second order of Laplacian scheme:

ω(x,−∆y, z) = 4ω(x, 0, z)− 6ω(x,∆y, z) + 4ω(x, 2∆y, z)− ω(x, 3∆y, z)

Note: a similar way to compute the Laplacian at the wall is to use decentered �nite di�erences
of second order. This exactly provides the same result.

3.3.4.3 y ≤ 0

In the vortex particle-mesh method, the right hand side is computed on a mesh and the convection
on particles. At the beginning of the evaluation of the right-hand side, the values of the particles
are interpolated on a mesh (particle to mesh step), and, at the end of the evaluation of the
right-hand side, it is interpolated back on the particle (mesh to particle step) using a high order
scheme (M ′4) in order to do the time update. The interpolation scheme needs a value beyond
the boundary, so the value of right hand side must be extrapolated beyond the boundary
This is done using a fourth order ghost point on the right hand side.
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3.3.5 Fourth step: time update of particle location and strength

At the end of these steps, the right-hand side based on velocity and vorticity �eld is consistent
with the no-through �ow and no-slip conditions. The last step is to interpolate the right-hand
side back on particles usingM ′4 and update the location and the vorticity carried by the particles
using a Rung-Kutta 3 scheme.

3.4 Conclusion

The method to implement the no-slip condition for a �at wall is presented in this chapter. The
di�usion at the wall is no more allowed, the Poisson-solver con�gured in this way is a purely no-
through �ow. The vortex sheet needed to nullify the slip velocity is computed using decentered
�nite di�erences of fourth order on velocity. At each point on the wall, the velocity is exactly
zero, so the vortex sheet at the wall is only di�used in the bulk. For that reason, no stretching
and no convection occurs to the particles on the wall. In the next sections, the no-slip boundary
condition is �rstly validated using a one-dimensional �ow of Poiseuille, secondly validated using
a two-dimensional �ow of boundary layer development of Blasius.
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Validation

4.1 Introduction

This section proposes to validate the numerical method presented above using two simple cases:

• The time evolution of a one dimensional �ow in a channel with constant mass �ow, the
analytic solution being provided at the steady-state

• The time evolution of a two-dimensional �ow: the development of a boundary layer in a
channel, the steady-state being compared to the analytic solution of Blasius �ow.

4.2 One dimensional �ow

4.2.1 Analytical solution

The �ow inside a thin channel is driven by a constant mass �ow rate (per unit length) that is
�xed by the condition at the inlet:

Q = ρu∞d

The complete velocity pro�le is the following:

u = ux(x, y, z, t)êx + uy(x, y, z, t)êy + uz(x, y, z, t)êz

The channel con�guration is: in�nitely long in the êz and êx direction, thin in the êy direction,
and the incoming �ow is in the êx. Based on this con�gurations, several hypothesis are made on
the �ow:

• The channel is supposed to be in�nitely long in the êz direction, so the velocity component
in the êz direction is zero and the �ow doesn't vary in this direction

• The channel is supposed to be thin, so the velocity component in the êy direction is zero

• The �ow doesn't vary with the êz direction because it is in�nitely long

• The channel is supposed to be in�nitely long in the êx direction so the �ow doesn't vary
in this direction

• The �ow has reached its steady-state

Based on these hypothesis the �ow is simply:

u = ux(y)êx

The Navier-Stokes equations becomes:

0 = −1

ρ

dp

dx
+ ν

∂2u

∂y2
(4.1)
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The dimensionless equations are obtained by choosing three references values: U = U∞, Y = Ly
and ρ:

u′ =
u

U∞

y′ =
y

Ly

x′ =
x

Ly

p′ =
p

ρU2
∞

The dimensionless equation is:

0 = −dp
′

dx′
+

1

Re

∂2u′

∂y′2

With the Reynolds number of the �ow: Re =
U∞Ly
ν .

Conjugated to the no-slip boundary condition and the imposed mass �ow, the velocity pro�le
and the pressure gradient is found at the steady-state, the �nal pro�le is a Poiseuille �ow and is
shown at the �gures 4.2:

u′(y′) = −6(y′2 − y′)
dp′

dx′
= − 12

Re

The analytical vorticity pro�le is easily obtained from the velocity pro�le:

w′z = −du
′

dy′

= 6(2y′ − 1)

4.2.2 Numerical setup

In order to validate the numerical method presented above, the same �ow is solved using the
VPM code. The VPM code is a three dimensions �ow solver. To emulate the one dimensional
�ow behaviour, two periodic boundary conditions are set in the êx and êz directions, the êy is
the no-through �ow direction:

Periodic boundary condition

No-through flow and no-slip

y

x

z

Figure 4.1: Boundary conditions in the numerical simulation

The half height of the channel is δ and the numerical parameters are the following:

25



CHAPTER 4. VALIDATION

Parameter: Value
Nx ×Ny ×Nz 16× 64× 16
Lx/δ × Ly/δ × Lz/δ 0.25× 2× 0.25
Re (based on U∞ and δ) 100 [-]

tref = δ
U∞

0.5 [sec]

Dimensionless �nal time 50 [-]
Remesh and reprojection Every 5 and 20 time step

Table 4.1

4.2.3 Numerical results - Velocity

The numerical result starts from an initial condition of u′(y′) = 1 everywhere except at the
boundary, and converges until it reaches the steady-state. The evolution of the velocity in the
channel is sketched at the following �gure:

Figure 4.2: Time development of the velocity pro�le

At the end of the simulation, the relative error L2 between the numerical solution (un) and
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the exact solution (ue) is computed :

ErrL2 =

∫ Ly
0

(ue − un)2dy∫ Ly
0

u2
edy

= 1.32× 10−4

4.2.4 Results - Vorticity

The same analysis can be performed on the vorticity �eld:

Figure 4.3: Time development of the vorticity pro�le

4.2.5 Pressure gradient evolution

In the simulation, the �ow is driven by a constant mass �ow rate. In order to keep this mass �ow
rate constant, the pressure gradient must be adapted at each time step. The pressure gradient
required to impose the mass-�ow is computed at each time step using �nite di�erences on the
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Navier-Stokes equation of the �ow. The evolution is sketched at the �gure 4.4.

∂p′

∂x′
= −∂u

′

∂t′
+

1

Re

∂2u′

∂y′2

0 1 2 3 4 5 6 7 8

τ

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

d
p
′
/
d
x
′

Pressure gradient evolution when constant mass flow rate is imposed

Numerical evolution

Steady-state analytical value

Figure 4.4: Pressure gradient evolution to impose constant mass-�ow rate

At the beginning of the simulation, the pressure gradient must be in�nite. As the simulation
progresses, the pressure gradient is lower and lower and �nally reaches the steady-state analytical
value.

4.2.6 Conclusion

The implementation of the boundary condition is validated for a one dimensional �ow using an
analytical solution of steady-state �ow in a channel with constant mass �ow. The numerical
solution tends to the analytic one for large time. The pressure gradient required to impose the
mass �ow rate is also computed at each time step.

4.3 Two-dimensional �ow

4.3.1 Introduction

This section studies the numerical resolution of the �ow above a �at plate with the no-slip
boundary condition. The analytical solution is well known as Blasius solution for boundary layer
development. This solution is given for the velocity and the vorticity at appendices A.1 and A.2.

The numerical solution is computed in a channel with a no-slip and a slip wall. The velocity
encounter an acceleration and the velocity above the boundary is not so simple as in the Bla-
sius case, several velocity above the boundary layer are proposed and compared for the spatial
development of boundary layer in a channel.

4.3.2 Numerical setup

To validate the implementation of the method for the no-slip boundary condition, the VPM
code is run using periodic boundary condition in the êz direction in order to emulate the two-
dimensional �ow (VPM code is a three dimensions solver), with an in�ow/out�ow condition in
the êx direction, a no-through �ow and no slip conditions in the êy direction:
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Periodic boundary condition

No-through flow and slip

y

x

z

No-through flow and no-slip

Inflow/outflow conditions

Figure 4.5: Boundary conditions in the numerical simulation

The numerical parameters are the following:

Parameter: Value
Nx ×Ny ×Nz 256× 256× 16
Lx//Lx × Ly/Lx × Lz/Lx 1.0× 1.0× 0.0625 [m]
Re (based on U∞ and Lx) 2400 [-]
tref = Lx/U∞ 15 [sec]
Dimensionless �nal time 7 [-]
Remesh and reprojection Every 5 and 20 time step

Table 4.2: Numerical parameters for the boundary layer simulation

4.3.3 Numerical results - Limitations

This �rst part of numerical results deals with the limitations of the numerical simulation of
boundary layer development in a channel.

The simulation clearly doesn't reproduce the exact Blasius boundary layer solution because
of the no-through �ow at y = Ly.

In the simulation, the vertical velocity has to become zero when y −→ Ly. The �ow outside
the boundary layer will encounter an acceleration because of the restriction of the passing area
due to the boundary layer. But if Ly is large enough, the velocity and vorticity pro�le in the
boundary layer will be well captured by the numerical simulation.

Moreover, the out�ow boundary condition imposes that the streamlines are normal to the
out�ow surface. This out�ow condition in�uences the boundary layer near the outlet.

4.3.3.1 Velocity

The horizontal component outside the boundary layer is accelerated due to the restriction of the
passing area caused by the presence of the boundary layer. The relative acceleration above the
boundary layer is shown at the following �gure:
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Figure 4.6: Relative acceleration of the �ow above the boundary layer

As the boundary layer grows, the �ow is accelerated. The velocity pro�le presents an over-
shoot just above the boundary layer. The local pro�le is shown at the next �gure. The acceler-
ation of the �ow is maximum close to the outlet, but it doesn't exceed 5% of the U∞.

The velocity above the boundary is not as simple as in the Blasius case, it can be the
maximum velocity at the overshoot, the velocity at the slip wall or other de�nitions. This is
clearly discussed in the next sections. However, it can be already observed at the �gure 4.7 and
4.6, that the maximum velocity just above the boundary layer is decreasing then increasing. The
velocity at the slip wall is a monotonously increasing function.
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Horizontal profil overshoot compare to the Blasius solution

Blasius solution

x/Lx = 0.2

x/Lx = 0.4

x/Lx = 0.6

x/Lx = 0.8

Figure 4.7: Local speed overshoot of the �ow above the boundary layer

In addition, the vertical velocity has to become zero, the analytical solution of the Blasius
boundary layer supposes that the �ow is unbounded above the plate. This leads to an additional
di�erence between the numerical pro�le computed with VPM and the analytical one.

4.3.3.2 Streamlines

As brie�y mentioned above, the outlet boundary condition a�ects the �ow near the outlet. In
order to quantify how far the in�uence of the outlet is experienced by the �ow, the streamlines
near the outlet and near the wall are computed and shown at the �gure 4.8.
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0.75 0.8 0.85 0.9 0.95 1

x/Lx

0

0.5

1

1.5

2

2.5

3

y
/
L
y

×10
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Figure 4.8: Streamlines near the outlet

The streamlines are normal at the outlet surface due to the outlet condition and the in�uence
on the streamlines is a negative slope around x

Lx
' 0.9. Physically, for a boundary layer, this

maximum is a no-sense. So, for the accuracy of the comparison, no result beyond x
Lx

= 0.8 will
be considered.

4.3.4 Numerical results - Validations - Velocity

The velocity pro�le in the boundary layer develops proportionally to the square root of the
distance, at a time τ = t

tref
= 5 the solution is completely steady and the comparison with

Blasius can be performed.
The numerical two-dimensional solution is sketched in the following �gures from the beginning
till the end:

Figure 4.9: Velocity magnitude at time τ = 0 and τ = 0.33
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Figure 4.10: Velocity magnitude at time τ = 1 and τ = 5

In order to validate the method and compare the numerical and analytical solutions, the �ow
at di�erent sections in the streamwise direction is shown at the next �gures.

Figure 4.11: Velocity pro�les after convergence for di�erent sections: x/Lx = 0.2, 0.4, 0.6, 0.8,

The numerical solution for the horizontal velocity very closely follows the analytical one.
The vertical velocity follows quite well the analytic solution for low value of y/Ly (e.g. in the
boundary layer). The pro�le goes far from the analytic solution as we move the boundary layer
away because it has to go back to zero. There is no such a condition for Blasius �ow. It supposes
that there is no upper boundary.

4.3.5 Numerical results - Validations - Vorticity

The numerical vorticity pro�le is also compared to the analytical solution. The vorticity is
sketched at di�erent sections in the streamwise direction:
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Figure 4.12: Vorticity pro�les after convergence for di�erent sections: x/Lx = 0.2, 0.4, 0.6, 0.8,

4.3.6 Wall vorticity �ux

The wall-vorticity �ux qω = −ν ∂ω∂y is computed based on the steady-state Navier-Stokes equation:

u
∂u

∂x
+ v

∂u

∂y
= up

dup
dx

+ ν
∂2u

∂y2

At the wall, it becomes:

⇔ up
dup
dx

= −ν ∂
2u

∂y2
= ν

∂ω

∂y
(4.2)

It gives for the vorticity �ux :

qω = −up
dup
dx

(4.3)

In the Blasius solution case, the velocity above the boundary layer is constant, so the vorticity
�ux at the wall is zero, and it is visible at the �gure 4.12:

dup
dx

= 0

⇔ qω =
∂ω

∂y
= 0

The numerical vorticity pro�le is very close to the analytic one but, due to the acceleration of the
�ow above the boundary layer, the wall vorticity �ux is not zero. To compute the vorticity �ux,
two approaches are used : the �rst one directly computes the spatial derivative of the vorticity
at the wall and the second one computes the right hand side of equation (4.3).

The point is to know the possible de�nitions of the up velocity. This answer is not that easy.
Three solutions for up are proposed and compared :

1. up is the velocity reached at the slip wall : at y = Ly

2. up is the velocity at the speed overshoot (�gure 4.7)
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3. up is an equivalent velocity computed using the vorticity �ux at the wall

The last velocity computation is based on the equation (4.3). The vorticity �ux is known and
the following di�erential equation is solved for this velocity :

dueq
dx

= − qω
ueq

The three velocity de�nitions up(x) are shown at the next �gure :
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Figure 4.13: Di�erent velocity pro�les above the boundary layer

In reality the velocity above the boundary layer is not only a function of the streamwise
direction it depends also on the wall-normal direction as shown at the �gure 4.10. It is of the
form of : up(x, y). The Prandl't equation of boundary layer are no-more valid, but the in�uence
is very minimal as the height of the channel is su�ciently high.

The results of the RHS of equation (4.3) are shown at the next �gure. Obviously, the �ux
based on the third de�nition gives the exact result as the velocity used is based on the vorticity
�ux :
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Figure 4.14: Wall vorticity �ux and acceleration of the �ow

Finally, the vorticity at the wall to enforce the no-slip boundary condition is computed and
compared to the analytical one:
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Figure 4.15: Vorticity at the wall

4.3.7 Numerical results - Validations - Boundary layer thicknesses

In order to close the chapter of boundary layer development and two-dimensional �ow valida-
tion, the value of the boundary layer thicknesses are numerically computed and the results are
compared to the analytical solution. The theory of boundary layer thicknesses is developed in
appendix A.3.
For the numerical evaluation of the boundary layer thicknesses, the de�nition is slightly di�er-
ent because the boundary layer develops in a channel. The �ow is accelerated and presents an
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overshoot just above the boundary layer. Two de�nitions for the boundary layer thicknesses are
proposed:

• The �rst one is based on the velocity reached by the �ow at the upper wall (the slip wall
!) the δ0.95 and δ0.99 is the height where the �ow reaches 95% and 99% of the velocity at
y = Ly. For δ

∗ and θ, the integration of the velocity pro�le are performed from the no-slip
wall to the upper wall. The mathematical formulations are given at equations (4.4) and
(4.5).

• The second one is based on the maximum value reached by the �ow at the horizontal speed
overshoot just above the boundary layer. The height where this maximum is achieved is
called δ and its evolution is depicted at �gure 4.16. The δ0.95 and δ0.99 is the height where
the �ow reaches 95% and 99% of this maximum velocity. For δ∗ and θ, the integration of
the velocity pro�le is performed from the no-slip wall to the height where the horizontal
velocity is maximal (δ). The mathematical formulations are given at equations (4.6) and
(4.7).

For the �rst de�nition, let utop (x) := u (x, y = Ly), the δ∗ and θ are computed using:

δ∗ (x) =

∫ Ly

0

(
1− u

utop (x)

)
dy (4.4)

θ (x) =

∫ Ly

0

(
u

utop (x)

(
1− u

utop (x)

))
dy (4.5)

For the second de�nition, let umax (x) := max{u (x, y)}, the δ∗ and θ are computed using:

δ∗ (x) =

∫ δ

0

(
1− u

umax (x)

)
dy (4.6)

θ (x) =

∫ δ

0

(
u

umax (x)

(
1− u

umax (x)

))
dy (4.7)
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Figure 4.16: Height of the maximum value of the velocity

The solution for the boundary layer thicknesses are compared to the method proposed by
Thwaites for laminar boundary layer. The method is based on the integral equation of Von
Karman :

dθ

dx
+ (2 +H)

θ

up

dup
dx

=
CF
2

The following factors are de�ne :

Reθ =
upθ

ν

K =
θ2

ν

dup
dx

S =
CF
2
Reθ

F = 2 (S − (2 +H)K)
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Thwaites introduces a relation between the factor F and K using experimental data :

F (K) = a− bK

It allow the resolution of Von Karman equation and gives the following equation for the momen-
tum thickness :

u6
p(x)θ(x)2

ν
−
u6
p(x0)θ(x0)2

ν
= 0.45

∫ x

x0

u5
p(x)dx

As explained above the up can be the maximum value of the horizontal velocity or the value
reaches at the slip wall.

The numerical results for the two de�nitions for the thicknesses and the results of the method
of Thwaites are shown at the following �gures.

Figure 4.17: Boundary layer thickness at 95% and 99%

Figure 4.18: Displacement and momentum thickness

The values of the thicknesses are computed at x/Lx = 0.8 and compared to the analytical
one:

Quantity Analytic Value First de�nition Second de�nition
δ0.95/Lx 0.072 0.061 0.069
δ0.99/Lx 0.090 0.080 0.086
δ∗/Lx 0.032 0.030 0.029
θ/Lx 0.012 0.010 0.012

Table 4.3: Comparison of analytical and numerical thicknesses at x/Lx = 0.8

The numerical and analytical values are quite close. In the case of boundary layer devel-
opment in a channel, the second de�nition seems to match better. The method of Thwaites
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approximates pretty well the boundary layer thicknesses, the δ∗ predicted by Thwaites in the
case up(x) = umax tend to in�nity because U∞ possesses a minimum so K → 0. The value at
the minimum is de�ned and is represented by a dot.
In general, the values for the thicknesses are lower then the analytical one. This is easily un-
derstandable by the fact that the mass �ow rate is more important in the numerical boundary
layer because of the no-through �ow at y = Ly and the restriction of passing area caused by the
boundary layer.

4.3.8 Isotropic mesh discussion

In all the previous simulations, an isotropic mesh has been used: ∆x = ∆y = ∆z. The question
still remains if an anisotropic mesh can be used in the VPM method. Due to the particle to mesh
and mesh to particle step, the answer is not obvious. Two simulations have been computed in
addition to the ones presented above. They are using two anisotropic meshes. The spatial step
for the two simulations are: ∆x = 2∆y and ∆x = 4∆y. The horizontal and vertical dimensionless
velocity pro�les are plotted on the same �gure to study the e�ect of an non-isotropic mesh. The
results are provided at x/Lx = 0.4. Other section in the streamwise direction can be found in
the appendix B.

Figure 4.19: Isotropic and non-isotropic meshes, velocity pro�le comparison

Using a spatial step in the streamwise direction four times bigger still conserves the good
resolution of the simulation: the variation on the results doesn't come from the reduction of
resolution.

It is shown that only the vertical velocity component is a�ected by the use of anisotropic
mesh. The horizontal velocity pro�le is the same for the three di�erent meshes.

4.3.9 Conclusion

The implementation of the no-slip boundary condition is valid using a two-dimensional �ow: the
Blasius solution of the Prandl't equation in a channel with a slip and a no-slip wall. The e�ects
of the simulation in a channel are multiple:

• The outlet condition forces the streamlines to be normal to the outlet surface, this impacts
the �ow near the outlet; the �ow is impacted till x/Lx ' 0.8 and no solution after can be
used to validate the implementation

• The no-through �ow above causes the acceleration of the �ow due to restriction of the
passing area due to the boundary layer. This causes an overshoot in the speed compared
to the free stream velocity. The overshoot reaches 5% at the outlet.

• The vertical velocity has to go back to zero far from the boundary layer. This a�ects the
vertical pro�le above the boundary layer. See section 4.3.4
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Apart from these limitations, the boundary layer is pretty well captured by the method in terms
of velocity and vorticity. The velocity above the boundary layer de�nition is not as simple as in
the Blasius case because the boundary layer develops in a channel, di�erent velocity is proposed
and compared. For the boundary layer thicknesses, two de�nitions are proposed and compared.

The next section shows some results that can be obtained with a no-slip wall in VPM code.
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Test-cases

This chapter presents some results with the no-slip implementation in the VPM code. The �ows
presented in this section are three-dimensional �ows and no analytical solution exists for them.
The goal of this section is to show some results that can be obtained in a real interaction between
the �ow and a no-slip wall using the vortex particle-mesh (VPM) method.

The chapter 5 is organized around three main topics:

• The simulation of a vortex-ring interacting with a �at wall when the axis of the vortex-ring
is initially perpendicular to the wall

• The simulation of a vortex-ring interacting with a �at wall when the axis is not perpendic-
ular to the wall. Di�erent initial angles are tested.

• The simulation of a turbulent channel �ow at low Reynolds number: Reτ = 180.

5.1 Interaction between a vortex-ring and a no-slip wall per-

pendicular to the ring axis

5.1.1 Numerical setup

Initially, the vortex-ring is in the middle of the box, the no-slip walls are above and below the
ring, as the channel of section 4. The boundary conditions are taken periodic in the other
direction to limit the computational cost of each simulation, and hence allow to investigate
various con�gurations within this work.

The numerical parameters are the following:

Parameter: Value

Radius of the ring R 0.5 [m]
Radius of the tube Rc 0.25 [m]

Initial circulation of the ring Γ 1 [m
2

s ]

tref = R2

Γ 0.25 [sec]

Reference vorticity ω0 = Γ
πσ2 81.5 [s−1]

Nx ×Ny ×Nz 512× 256× 512
Lx/R× Ly/R× Lz/R 6× 3× 6

ReΓ = Γ
ν 2000 [-]

Dimensionless �nal time t
tref

14 [-]

Remesh and reprojection frequency Every 5 and 20 time step

Table 5.1: Numerical parameters of the simulation

The simulation ran on 4× 4× 4 processors during 9 hours (physical).

5.1.2 Mesh Reynolds number

In order to check the resolution of the numerical solution, the mesh Reynolds number based on
vorticity is computed as de�ned by equation (2.1). The values are monitored at each time step;
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their evolution is the following:
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Figure 5.1: Time evolution of mesh Reynolds number based on vorticity for the simulation

The two spikes correspond to the emergence of a secondary and tertiary vortex-ring as ex-
plained later. The value is very small, the simulation is highly resolved.

The nested sections present the time evolution of the interaction between the vortex-ring and
the no-slip wall.

5.1.3 Numerical results and discussions

The �rst slice is in the x− y plane so only the êz component of the vorticity is important.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.2: Dimensionless vorticity evolution ω
ω0
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a)

b)

c)
d)

Figure 5.3: Path of the vortex-rings the continuous lines are curves-�tting of measured data

The paths followed by the di�erent vortex-rings constitute a complex phenomenon between
the separation of the boundary layer and the induced velocity of vortex-rings. The explanations
of the vortex-rings dynamics are presented using the �gures 5.2 and �gure 5.3.
Initially, the primary vortex-ring starts its motion to the wall because of its induced velocity.
Figure 5.2b shows how the vortex-ring's radius increases as it spreads radially outwards when
it approaches the wall. During the ring's approach, a boundary layer has developed at the wall
because of the no-slip condition. Before τ ' 5, the boundary layer remain attached, but, after
that, an adverse pressure gradient slows down the �ow and the boundary layer separation occurs
(�gure 5.2c and 5.5). The separation of the boundary layer occurs at the point a) on �gure 5.3;
this generates a new vortex-ring (blue curve on same �gure). The new pair of counter-rotating
vortices forces the primary vortex-ring to get away from the wall. The path of the primary
vortex-ring seems to bounce on the wall. It happens from point a) to point b) (visible on �gure
5.2d). At point b), the secondary vortex-ring is above the primary one. It causes the primary
vortex-ring to remain globally stationary because the interaction with the wall tends to spread
radially outwards the ring, but the pair of counter vortices tends to move towards the collision
axis as shown at �gure 5.2e. The secondary vortex-ring is less intense than the primary one,
so it turns around the primary vortex-ring core, that causes the descent to the wall and the
radially outwards spreading of primary vortex, �gure 5.2f. At the �gure 5.2f, a tertiary vortex-
ring appears still because of the boundary layer detachment, this causes the primary vortex-ring
to move towards the collision axis, it can be observed on the path of the primary vortex at point
c). Finally, at point d), the tertiary vortex-ring wraps the primary one and it spreads radially
outwards at the same time as it approaches the wall.

To conclude the study of the dynamics of vortex-rings, the trajectory of a vortex-ring interact-
ing with a slip �at ground is computed and compared to the trajectory of the primary vortex-ring
mentioned above. Without the no-slip condition, no boundary layer exists, so no separation oc-
curs and no secondary and tertiary vortex-ring appear. The vortex-ring just spreads radially
outwards. The �gure 5.4 shows the comparison between the trajectories of a vortex-ring in-
teracting with a wall with and without the no-slip boundary condition. At the beginning, the
trajectories are the same, but at y/R '= 0.5, the primary vortex-ring with the no-slip wall
interacts with the boundary layer and the two trajectories split.

Finally it is important to note that periodic boundary conditions were used in this simulation.
It is highly likely that this a�ect the vortex dynamics.
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The total circulation in the x− y plane is computed and the evolution is shown at the �gure
5.7.

Figure 5.4: Path comparison of a wall vortex-ring interaction with and without no-slip boundary
condition

Figure 5.5: Boudary layer separation at τ ' 5

The three dimensional results are shown in the following �gures. The primary, secondary and
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tertiary vortex-rings are also depicted.

(a) (b)

(c) (d)

(e) (f)

Figure 5.6: Iso-surfaces of dimensionless vorticity magnitude

a) b) c) d) e)

Boundary layer developement

a) Initial boundary layer diffusion

b)

Boundary layer separation

c) Secondary vortex ring generation

Secondary vortex ring

d) Primary and secondary ring interactions

Tertiary vortex ring

e) Primary, secondary and tertiary ring interaction

Figure 5.7: Evolution of the absolute value of circulation
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5.1.4 Conclusion

The interaction between a vortex ring and a no-slip wall was studied in this section. The
trajectory of the vortex-ring is is the result of complex interactions between the ring and the
boundary layer generated by the no-slip condition. It is shown that secondary and tertiary
vortex-rings appear caused by the separation of the wall boundary layer. The second and tertiary
vortex-rings have a huge impact on the path followed by the initial vortex-ring. The main impact
is to stop the outwards radial spreading of the initial vortex-ring. To conclude the study, the
path followed by a vortex ring with a slip �at ground is computed and compared to the path
followed by the initial vortex-ring. It is shown that the �rst path only spreads radially outwards
while the second stops due to the presence of secondary and tertiary vortex-rings.

5.2 Interaction between a vortex-ring and a no-slip wall

with an initial angle relatively to the ring axis

5.2.1 Numerical setup

The boundary conditions, numerical setup and ring's parameters are the same as before.

5.2.2 Mesh Reynolds number

The mesh Reynolds number is also computed and monitored to ensure the good resolution of
the simulation:
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Figure 5.8: Time evolution of mesh Reynolds number based on vorticity for the simulation at
an angle of 20◦

The value is very small, the simulation is very highly resolved.

5.2.3 Numerical results and discussion

The interaction between a vortex-ring and a no-slip wall with an initial angle is mostly a three
dimensional problem while the previous present axisymmetry. The case examined in this section1

is the one having an initial angle of 20◦. The initial condition is the following:

1Other initial angles were simulated, the three dimensional results are presented in appendix C
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Figure 5.9: Initial condition for the wall ring interaction

The ring starts its motion because of its induced velocity and approaches the no-slip wall.
An initial vortex sheet is present because of the vortex-ring induced velocity in the entire com-
putational domain. After some time, the lower part of the vortex-ring reaches the wall so the
boundary layer split occurs and a secondary vortex-ring appears. The secondary vortex-ring
starts at the lower part of the primary vortex-ring while the boundary layer is still attached at
the upper part. A second boundary layer separation occurs leading to the creation of a tertiary
vortex ring. At the same time, the boundary layer at the upper part of the primary vortex-ring
splits and the secondary vortex-ring is now complete. The secondary vortex wraps the primary
one and starts generating Ω − loops instabilities at the lower part. It is shown at the �gure
5.11. These Ω − loops are caused by the retraction of the secondary vortex-ring when it wraps
the primary one and goes inside it. The center line is compressed, and �nally it bends. This
creates the Ω shape of the instabilities. These generate other instabilities that go up along the
vortex-ring center line and destroy the vortex-ring structure.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 5.10: Volume rendering of vorticity magnitude
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Figure 5.11: Ω− loops initiation by the secondary vortex-ring

Depending on the initial angle of attack, the Ω−loops instabilities appear at di�erent moments
and the numbers are di�erent. Several initial angles were simulated and the comparison of the
Ω− loops is shown at the �gure 5.12. The higher the angle of attack, the sooner the instabilities
appear, but in smaller numbers. The vortex ring-core collapses faster at high initial angle. At
α = 40◦, two main Ω − loops are dominant while at α = 10◦, 12 loops appear before the
destruction of the vortex ring core.

(a) α = 10◦ at τ = 16 (b) α = 20◦ at τ = 13

(c) α = 30◦ at τ = 12 (d) α = 40◦ at τ = 9

Figure 5.12: Ω− loops for di�erent initial angles of attack

5.2.4 Origins of instabilities discussions

The interaction between a vortex ring and a no-slip wall generate Ω− loops instabilities. These
are physical instabilities but the point is to know if these Ω − loops are not triggered by the
numerical code. Indeed, the vortex-ring is circular structure and the mesh used is square, thus
numerical instabilities could be at the origin of the Ω− loops. The simulation is run again with a
�ner mesh of a factor two in the three directions. The simulation is performed till the instabilities
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appeared and the results are compared to the one obtained above. If the Ω− loops begins at the
same time, same place and have the same aspect, their apparitions are due to the physics and
not the numerical code.

Di�erent results are compared together at exactly the same time. The results with the mesh
used at the previous section are on the left and the results with the mesh twice �ner are on the
right.

(a)

Figure 5.13: τ = 8

(a)

Figure 5.14: τ = 10

(a)

Figure 5.15: τ = 13

(a)

Figure 5.16: τ = 14
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(b)

Figure 5.16: τ = 15

The Ω− loops appear at the same time and the same place in both simulation, the results are
not far from each other, it can be concluded that these are physical and not numerical instabilities.
Some di�erences can be however observed between the two simulations. The instabilities appear
to be bigger with the coarser mesh and the vortex-ring core is perturbed sooner.

5.2.5 Conclusion

The interaction between a vortex-ring and a no-slip wall is shown at this section. The vortex
ring interaction generates Ω− loops instabilities and generate other instabilities that go up along
the vortex-ring center line and destroy the vortex ring structure.
The instabilities origin can be from physical or numerical origin. The simulation is performed
again on a thinner mesh and the results are compared at the same time. The two results were
very close to each other, it can be concluded that the instabilities are well physical and not
numerical.

5.3 Turbulent channel �ow at Reτ = 180

5.3.1 Introduction

In order to close this work, the simulation of the well known turbulent channel �ow at moderate
Reynolds number is studied. The Reynolds number based on the half channel height and mean
�ow velocity is Reδ = 2800 and the Reynolds based on the friction velocity is Reτ = 180. The
results are compared to the DNS results of Myoungkyu Lee and Robert D. Moser [5]. The
implementation of the no-slip boundary condition in the VPM method is strongly validated at
the end of this chapter.

5.3.2 Turbulent channel �ow characterisation

A fully developed turbulent �ow can be described by two components: a mean velocity pro�le
independent of the time and a �uctuation that depends on the moment the �ow is observed:

u (t) = u+ u′ (t) (5.1)

v (t) = v + v′ (t) (5.2)

w (t) = w + w′ (t) (5.3)

For the three components of the velocity, the following relations are valid:

u =
1

T

∫ T

0

u (y, t) dt

v =
1

T

∫ T

0

v (y, t) dt = 0

w =
1

T

∫ T

0

w (y, t) dt = 0

So, the �uctuations have a zero time average. The spanwise and transverse velocity have just a
�uctuation term.
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In the turbulent channel �ow of this section, the mass �ow is imposed. It is computed using the
using the mean �ow velocity :

um =
1

δ

∫ δ

0

u (y) dy

Q = 2ρδum

The Reynolds number based on the half channel width and on the mean velocity is de�ned as:

Reδ =
umδ

ν
=

Q

2ν

The value is taken to Reδ = 2800. Another way to characterise the turbulent channel �ow is to
compute the Reynolds based on the friction velocity. The friction velocity is a form by which the
wall shear stress is expressed as a velocity. The friction velocity is computed after the simulation,
its expression is based on the wall shear stress:

uτ =

√
τw
ρ

τw = µ
∂u

∂y
|y=0

In the simulation, its value is uτ
um

= 0.064. Finally, the Reynolds number based on this velocity
is mostly used to characterise a turbulent channel �ow, its de�nition is the following:

Reτ =
uτδ

ν

The dimensionless variables such as velocity and length in the channel are computed using the
friction velocity, the half height of the channel δ and the dynamic viscosity ν. It gives the
dimensionless velocity and dimensionless wall distance called u+ and y+. The results expressed
in this dimensionless form only depend on the Reτ . This is very useful in order to compare the
result provided by the VPM method with other results already done and validated.

y+ =
uτy

ν

u+ =
u

uτ

5.3.3 Numerical setup

The channel �ow is a complex three-dimensions �ow. Two directions are set with periodic
boundary conditions and one direction is set with no-slip boundary condition:

Periodic

No-slip and no-through flow

Streamwise direction

Figure 5.17: Boundary conditions on the channel
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The dimensions of the channel used to compute the turbulent channel �ow is shorter in the
streamwise and spanwise direction that the one simulated by Moser and Lee. The reason of
that is the fact that the mesh in VPM isn't stretched. To accurately capture the laminar region,
many grid points have to be placed in the entire computationnal domain. Another reason, brie�y
mentioned at the end, is the fact that VPM seems to become inaccurate if the mesh isn't isotropic.
As shown further down, the results of the simulation remained quite good, but some di�erences
appear when statistics on the �ow are computed.

The spatial discretisation is given in dimensionless wall distance and the mesh is isotropic.

h+ =
huτ
ν

Reτ Lx/δ Ly/δ Lz/δ Nx Ny Nz h+

180 6 2 4 768 256 512 1.4

Table 5.2: Numerical parameters of the turbulent channel �ow simulation

There is 5-6 mesh points in the laminar region.
The transitional Reynolds number from laminar to turbulent channel �ow is about Reδ ' 7600.
So, to start the turbulent �ow at this Reynolds number, the initial condition must be a very
perturbed Poiseuille �ow. The perturbation is in the streamwise and wall-normal direction:

ωx = 0

ωy = 0

ωz = −3U∞
δ2

(δ − y) +A

(
ω1 cos(ω1y) + ω2 cos(ω2y)

)
sin(ω3x)

Figure 5.18: Initial perturbation on vorticity �eld

It leads to the following velocity �eld:

Figure 5.19: Initial perturbation on velocity �eld

5.3.4 Numerical results and discussions

The �ow undergoes a transitional phase during τ =' t
tref

= 100, with tref = δ/uτ . After that,

the �ow is fully turbulent and the statistics can be performed.
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Figure 5.20: Fully developed turbulent �ow

As the �ow is three dimensional and periodic in two directions, the mean velocity pro�le is
computed using spatial averages in the streamwise and spanwise directions and temporal average
on the time interval of τ = 100 → 200. It provides Nx × Nz × Nt velocity pro�le along the
wall-normal direction and so very stable mean velocity pro�le. To validate the turbulent channel
�ow, the mean velocity pro�le is compared to the one computed by Lee and Moser [5]
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Figure 5.21: Dimensionless velocity pro�le compared to the one computed by Moser and Lee
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Figure 5.22: Velocity pro�le compared to the one computed by Moser and Lee

The mean velocity pro�le is very close to the one obtained by Moser and Lee, a di�erence
can be observed at the center of the channel but it doesn't exceed 1.1% of the um.

Other quantities such as root mean square values of the velocity pro�les can be computed.
The root mean square (RMS) value is computed based on the variance of the �uctuation term :

〈u′u′〉 =
1

T

∫ T

0

(u (t)− u)
2
dt

=
1

T

∫ T

0

(u′ (t))
2
dt

urms =
√
〈u′u′〉

The RMS values are computed for the three components of velocity and compared to the ones
obtained by Lee and Moser. Based on theses results, the turbulent kinetic energy is computed:

k =
1

2
(〈u′u′〉+ 〈v′v′〉+ 〈w′w′〉)

The RMS values are quite good for spanwise and transverse velocity. For the streamwise velocity,
the value is good for low value of y+ but deviates at the center of the channel of about 30%.
The di�erences may come from the fact that the channel is shorter in the streamwise direction
than the one simulated by Moser and Lee. It leads to some constraints of the turbulent �ow and
lowers the accuracy of the simulation.
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Figure 5.23: RMS values of velocity components
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Figure 5.24: Turbulent kinetic energy

Finally the e�ective turbulent stress pro�le and molecular stress pro�le are computed and
are compared to those obtained by Moser and Lee. The mathematical de�nitions of the two
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quantities are respectively :

Turbulent shear stress : − u′v′

u2
τ

Molecular stress : ν
du/dy

u2
τ

The sum of the two is the total shear stress in the turbulent �ow and should be a strain line.

Figure 5.25
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Figure 5.26
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To summarize the analysis of the results, di�erent values on the turbulent channel �ow are
shown in the following table:

Value VPM results Moser results
Streamwise domain size 6δ 25δ
Spanwise domain size 4δ 9δ

Reτ 179.72 182.09
uτ [m/s] 0.0642 0.0637
u+
c 18.27 18.10

u+
rms|peak 2.71 2.67
v+
rms|peak 0.85 0.85
w+
rms|peak 1.09 1.10
k+|peak 4.26 4.15

Table 5.3: Numerical parameters of the turbulent channel �ow simulation

The value for the mean spanwise, transverse velocity and covariance between velocity compo-
nent (〈u′w′〉, 〈v′w′〉) should be zero due to statistical symmetries in the �ow. These are plotted
at appendix D nevertheless as an indicator of the statistics quality.

5.3.5 Conclusion

The low Reynolds turbulent channel �ow is a well known and classical �ow in computational
�uid dynamics. The section presents the results that can be obtained for such a �ow in the VPM
code with the no-slip boundary conditions. All the results are compared to the DNS of Moser
and Lee at the same Reynolds number.

The turbulent channel �ow using the no-slip boundary condition in the VPM method very
accurately captures the mean horizontal velocity pro�le. The RMS values are also computed
but, due to the shorter size of the channel than the one used by Moser and Lee, these values are
di�erent at the center of the channel. Finally the covariance between the velocity components
are computed and shown in the appendix as an indicator of the statistics quality.

The next step of this section would be to run the simulation using a channel twice as large
and to recompute the RMS values.
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Chapter 6

Conclusion

As a result of this thesis, improvements have been implemented in the vortex particle-mesh
method to enhance the processing of no-through �ow and a no-slip boundary conditions. These
modi�cations were implemented with the ambition to model the interaction between a real �ow
and a no-slip wall, and to maybe one day study the impact of a �at ground with a wake of a
wind-turbine or a helicopter when it is taxiing. The boundary condition is expressed in terms of
a vortex-sheet computed at each time step to nullify the slip velocity.

6.1 A global overview of the work

The �rst step consisted in implementing a no-through �ow solver by using a symmetry boundary
condition with the no-though �ow plane as symmetry plane. The solver con�gured in this
way allowed the di�usion through the wall which makes it possible to study the vortex-ring
reconnection at low Reynolds number (ReΓ = 2000). One main advantage was to only simulate
one vortex-ring, the other one being supposed to be present by the Poisson solver, that reduced
by two the computational costs.

The second step was to implement the no-slip boundary condition. The di�usion through
the wall was �rstly nulli�ed, providing a real no-through �ow solver. In addition, a vortex-sheet
was computed and placed at the wall so that the slip velocity computed by the Poisson-solver
was canceled. The required vortex-sheet at the wall was based on the velocity above and was
computed using decentered �nite di�erences of fourth order.

A validation was performed using two well-known cases, for which analytical solutions are
available: the Poiseuille �ow in a channel and a boundary layer development. The Poiseuille
is a one-dimensional �ow and the analytical solution was computed at the steady state. The
numerical simulation was driven by a constant mass �ow rate and the pressure gradient needed
to achieve this goal was also computed at each time step. The boundary layer development was
done in a channel with a slip and a no-slip wall, which caused an acceleration of the �ow up. This
was due to the restriction of passing area above the boundary layer. It was the main di�erence
with the Blasius analytical solution that assumes no upper boundary exists. As the velocity
above the boundary layer was no longer constant, it generated a velocity overshoot just above
the boundary layer. A detailed discussion about velocity above the boundary layer was made.
Three de�nitions were proposed and compared: the �rst was simply to choose up as the velocity
reached at the upper wall : at y = Ly, the second de�nition was to choose up as the velocity at
the overshoot just above the boundary layer, and a �nal de�nition was based on the vorticity
�ux at the wall. The thicknesses were computed using the �rst and the second de�nitions. By
choosing a height for the channel su�ciently large relativelely to the length of the channel, the
numerical and analytical results were very close. The section �nished by pointing an interesting
problem in VPM: is it possible to use an anisotropic mesh with the method?

The last section was dedicated to test-cases of the no-slip wall. Several simulations were
made and presented. The �rst simulation was the study of the interaction between a vortex-
ring with a no-slip wall. The paths followed by the di�erent vortex-rings constituted a complex
phenomenon between the separation of the boundary layer and the induced velocity of vortex-
rings. The no-slip boundary condition generated a boundary layer that detached to wrap the
primary vortex-ring. The boundary layer that has detached generated a secondary vortex-ring.
A second boundary layer separation occurred, and a tertiary vortex-ring appeared. After that,
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the numerical instabilities generated Ω− loops that perturbated the vortex-ring core and �nally
the ring was destroyed. In conclusion, the path of the primary vortex-ring interacting with a
no-slip wall was compared with the path followed by the same vortex-ring but with a slip wall.

The second test-case was still using a vortex-ring but with an initial angle towards to the ring
axis. A boundary layer also developed at the wall and �nally detached. It generated a secondary
vortex ring that caused the emergence of Ω − loops. They went up along the vortex ring core
and �nally destroyed the vortex-ring structure. A discussion was made about the origin of these
instabilities. Were they triggered by the numerical code? A simulation with a mesh twice �ner
in every direction was made. The Ω− loops arrived at the same time and almost the same place
in both simulations. The Ω − loops seemed to grow less in the �ne resolution but they were
the same in numbers and places. Simulations were made for di�erent initial angles: α = 10◦,
α = 20◦, α = 30◦ and α = 40◦. The larger the angle, the faster the vortex ring core collapsed,
but fewer Ω− loops appeared.

The third test-case was focused on a classical �uid dynamics problem: a turbulent channel
�ow at low Reynolds. The Reynolds number based on the friction velocity was about Reτ = 180.
The simulation's results were compared to the one obtained by Moser and Lee. The mean velocity
pro�le closely matched the Moser pro�le. The RMS value matched the result for low value of
y+ quite good, but di�ered at the middle of the channel. It could be due to the fact that the
channel used in VPM was shorter than the one simulated by Moser and Lee. The turbulent �ow
was more constrained, and it lowered the accuracy of the simulation.

To conclude the implementation of a symmetry and no-slip boundary conditions in the 3-D
vortex particle-mesh method, a study of a turbulent boundary layer development was proposed
in appendix. The simulation was a bit under-resolved in the laminar sub-layer. Making a
wall-resolved direct numerical simulation of a boundary layer without anisotropic and without
stretched mesh is very expensive. But the results remained quite good. A lot of two- and three-
dimensional views were provided to appreciate the method. Statistics were performed over a
long time, so boundary layer thicknesses, Reynolds number and velocity pro�les were computed.
The discussion and the analysis were no performed in depth.

6.2 What's next ?

All the simulations were performed in direct numerical simulation (DNS), that is very expensive
in terms of computational resources. To make a wall resolved simulation, a lot of grid points need
to be use at the wall, but the VPM method doesn't accept a stretched mesh or an anisotropic
mesh. The simulation of bigger problems, such as atmospheric boundary layer, wind turbine
wakes or helicopter wakes is not be possible in DNS with current technological capabilities.

The next step of this work could be the implementation of a wall-model to make Large
Eddy Simulation (LES) with wall interaction which would make it possible to simulate bigger
structures as mentioned above.

It would also be interesting to investigate more in detail the reasons why an anisotropic mesh
doesn't work with the current implementation of VPM.

6.3 Final word

I hope that my work in the VPM method will be appreciated, improved and used to make
additional simulations. It was very interesting to work in such an environment and to use super-
computing facilities of UCL. I would like to thanks to UCL to give me the opportunity to make
this master thesis in such conditions.
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Appendix A

Blasius solution for boundary layer

�ow

The �ow is a two-dimensional �ow of the velocity pro�le in the boundary layer. Some hypothesis
are made on the �ow:

• The �ow is purely a two-dimensional �ow in the plane x− y

• The �ow is laminar and steady

• The di�usion in the êx direction is negligible compared to the di�usion in the êy direction

• The wall at y = 0 respects the no-through �ow and no-slip boundary conditions

A.1 Analytic solution for velocity

The solution is based on the Prandl't equations of the laminar boundary layer solved by Blasius.
In the case of Blasius solution the u∞(x) = U∞ = cst, one can demonstrate that under these
conditions, the equations of Prandl't are:

∂u

∂x
+
∂v

∂y
= 0 (A.1)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
(A.2)

With the boundary conditions: u(x, 0) = v(x, 0) = 0 and u(x, y −→∞) = U∞
The �ow is an incompressible �ow, so the velocity comes from a scalar potential ψ:

u =
∂ψ

∂y

v = −∂ψ
∂x

Balsius introduces the following variable:

δ(x) =

√
2

Re(x)
x =

√
2νx

U∞

η =
y

δ(x)

ψ = U∞δ(x)f(η)

With δ(x)the boundary layer thickness, η the dimensionless variable in the êy direction and ψ
the stream function. The velocities in the two directions are given by the derivative of the stream
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function as mentioned above:

u = U∞δ(x)
∂f(η)

∂y
= U∞δ(x)

df(η)

dη
= U∞δ(x)f ′(η)

∂η

∂y

= U∞f
′(η)

v = −U∞(δ′(x)f(η) + δ(x)
∂f(η)

∂x
) = −U∞(δ′(x)f(η) + δ(x)f ′(η)

∂η

∂x
)

= U∞δ
′(x)(ηf ′(η)− f)

In the same way, we compute the derivative of momentum equation A.2:

u
∂u

∂x
= −U2

∞f
′(η)f ′′(η)η

δ′(x)

δ(x)

v
∂u

∂y
= U2

∞f
′′(η)(ηf ′(η))f(η))

δ′(x)

δ(x)

∂2u

∂y2
= U∞f

′′′(η)
1

δ(x)2

If we put the result above back in the momentum equation (A.2), we obtain a non linear ordinary
di�erential equation (ODE) of third order:

f ′′′(η) + f(η)f ′′(η) = 0 (A.3)

Applying the boundary condition on the velocity to the function f(η) we have:

f(0) = 0, f ′(0) = 0, f ′(η >> 1) = 1

The non linear ordinary di�erential equation is numerically solved as a system of three �rst order
di�erential equations and using the shooting method to satisfy the third boundary condition, we
�nd f ′′(0) = 0.46960. The curves obtained by numerical integration of equation (A.3) are the
following:
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Figure A.1: Solution of Blasius for boundary layer equations

The velocity pro�les are shown at the next �gure at di�erent sections in the direction of U∞:
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Figure A.2: Velocity pro�les at di�erent section

A.2 Analytic solution for vorticity

The vorticity �eld in the boundary layer can be found on the basis of the velocity �eld. The
vorticity of a two-dimensional �ow has only one component, and it is directed in the êz direction,
recall subsection 3.2.1. We have:

ωz =
∂v

∂x
− ∂u

∂y

The challenge is to �nd the partial derivatives of the two components of the velocity. Using the
previous section, we have:

u = U∞f
′(η)

v = U∞δ
′(x)(ηf ′(η)− f)

η =
y

δ(x)

δ(x) =

√
2νx

U∞

Let's de�ne some useful derivatives:

∂η

∂x
= − y

δ(x)2
δ′(x) = −η δ

′(x)

δ(x)

∂η

∂y
=

1

δ(x)

For the derivative of the horizontal component with respect to the êy direction we have:

∂u

∂y
= U∞

∂f ′

∂y
= U∞f

′′(η)
1

δ(x)
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and for the derivative of the vertical component with respect to the êx direction we have:

∂v

∂x
= U∞

(
δ′′(x)(ηf ′ − f) + δ′(x)(

∂η

∂x
f + η

∂f ′

∂x
− ∂f

∂x
)

)
= U∞

(
δ′′(x)(ηf ′ − f) + δ′(x)

(
− η δ

′(x)

δ(x)
f − η2f ′′

δ′(x)

δ(x)
+ η

δ′(x)

δ(x)
f ′
))

The vorticity pro�les are shown in the next �gure at di�erent sections in the direction of U∞:
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Figure A.3: Vorticity pro�les at di�erent section

A.3 Boundary layer thicknesses

The interesting thing about boundary layer is the boundary layer thickness. The �rst way to
de�ne a thickness is to �nd where the horizontal velocity reaches 99% of the free stream velocity
U∞, called the δ0.99. It corresponds to η0.99 = 3.4719 and so, the boundary layer thickness at
99% of U∞ is:

δ0.99(x)

x
=
η0.99

U∞x
2ν

=
4.91

Re1/2

But we can also de�ne the boundary layer thickness at 95% of U∞, it gives:

δ0.95(x)

x
=
η0.95

U∞x
2ν

=
3.92

Re1/2

The boundary layer thickness directly based on velocity is not a speci�c concept, a more speci�c
boundary layer thickness is the displacement thickness. The concept is based on the mass �ow
of the �ow with the boundary layer e�ect and the mass �ow without the boundary layer (e.g.
the free stream U∞). If you consider a �ow without boundary layer, how far should you move
the wall to have the same mass �ow as a �ow with boundary layer ? :
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ζ

δ*

δ
0.99

With ζ de�ned as the height where the �ow reaches the freestream condition. Mathematically,
it gives: ∫ ζ

0

u(y)dy = U∞(ζ − δ∗) = U∞

∫ ζ

0

dy − U∞δ∗

δ∗ =

∫ ζ

0

1− u

U∞
dy

With the Blasius solution, it gives:

δ∗

δ
=

∫ η>>1

0

1− f ′(η)dη = 1.127

δ∗(x)

x
=

1.217
U∞x
2ν

=
1.721

Re1/2

Finally, we de�ne the momentum thickness as:

θ =

∫ ζ

0

u

U∞
(1− u

U∞
)dy

For the Blasius boundary layer solution, the momentum thickness is:

θ

δ
=

∫ η>>1

0

f ′(η)(1− f ′(η))dη = 0.47

θ

x
=

0.47
U∞x
2ν

=
0.664

Re1/2

Physically, the momentum thickness is linked to the friction coe�cient of the plate as follows:

Cf,m(L) = 2
θ(L)

L
(A.4)

The �gure hereafter shows the di�erent boundary layer thicknesses.
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Appendix B

Anisotropic mesh additional results

Non-isotropic mesh is used in the VPM method, additional results and �gures are presented in
this appendix.

B.1 Anisotropic mesh in laminar boundary layer

In the case of Blasius boundary layer, several velocity pro�les with anisotropic mesh are compared
together :

(a)
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(b)

(c)

Figure B.1: Isotropic and non-isotropic meshes, velocity pro�les comparison

B.2 Anisotropic mesh in turbulent channel �ow

To reduce the computational cost of the turbulent channel �ow two techniques can be used, the
�rst is the simplest one : the �ow vary much in the wall normal direction and so it is natural
to use a thinner mesh in that direction. The second is to use more point near the wall then in
the middle of the channel because the variation of the �ow quantities are more important at the
wall than in the middle of the channel, it is called the stretching of the mesh.

An anisotropic mesh where tested for the turbulent channel �ow explained in section 5.3.
The results for the mean velocity pro�le is compared to the one obtained by Moser and Lee [5].
The spatial step in the streamwise and spanwise direction is twice bigger that the spatial step in
the wall-normal direction.
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Figure B.2: Velocity pro�le in dimensionless wall distance with anisotropic mesh
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Figure B.3: Velocity pro�le with anisotropic mesh

Once again the result are not very satisfying. The skin friction are di�erent that the one
obtained by Moser and the pro�le is not the same. The question of why VPM seems to dislike
anisotropic mesh is still pending. The answer could be found in the particle to mesh and mesh
to particle step.
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Ring interaction with the no-slip

wall

Several angles of attack have been simulated. The results of the simulation are provided in the
following �gures.

C.1 Initial angle α = 10◦

The time evolution of the interaction between a vortex-ring and a no-slip is shown at the next
�gures.

(a) (b)

(c) (d)
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(e) (f)

(g) (h)

(i) (j)

Figure C.1: Volume rendering of vorticity magnitude at α = 10◦
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C.2 Initial angle α = 30◦

The time evolution of the interaction between a vortex-ring and a no-slip wall is shown at the
next �gures.

(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

Figure C.2: Volume rendering of vorticity magnitude at alpha = 30◦

C.3 Initial angle α = 40◦

The time evolution of the interaction between a vortex-ring and a no-slip is shown at the next
�gures.

(a) (b)
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(c) (d)

(e) (f)

(g) (h)
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(i) (j)

Figure C.3: Volume rendering of vorticity magnitude at alpha = 40◦
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Appendix D

Statistics quality diagnostic

The values of the mean wall-normal and spanwise velocity components and covariance between
the velocity components (〈u′w′〉, 〈v′w′〉) should be zero due to the statistical symmetries in the
�ow. They are computed as an indicator of the statistics quality.
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Figure D.1: Mean velocity pro�le of wall-normal and spanwise velocity components

Figure D.2: Covariance between spanwise and streamwise and spanwise and wall-normal ve-
locity components
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Appendix E

Turbulent boundary layer

development

E.1 Introduction

This appendix presents a result obtained with the no-slip boundary condition in the VPM
method. The laminar boundary layer at low Reynolds number were presented in a previous
section. This appendix proposes the direct numerical simulation of a boundary layer devel-
opment at a higher Reynolds number. At this Reynolds number, the boundary layer become
quickly unstable and turn to turbulent. The results are presented in appendix because there
are a little bit under-resolved and the analysis is not performed in depth. Indeed, the isotropic
and non-stretched mesh needed for VPM make it necessary to use a lot of grid points in the
entire computational domain to ensure a good resolution at the wall, making the simulation very
expensive.

Nevertheless, the results are visually quite good and turbulent boundary layer constitutes a
good topic to be thoroughly studied. The goal of this appendix is to show some nice animations
that can be obtained with a no-slip wall in the vortex particle-mesh method. The analysis of the
results will not be achieved in-depth as the result is a little bit under-resolved. A lot of pictures
of the �ow will be presented.

The boundary layer thicknesses, friction velocity, friction coe�cient, Reynolds numbers and
mean velocity pro�les are also provided and a bit discussed.

E.2 Numerical setup

The numerical setup is the trickiest part for the turbulent boundary layer simulation. It's a
compromise between numerical resolution , accuracy of the results, computational costs and
initiation of instabilities in the boundary layer. Indeed, a lot of grid points insure the good
resolution of the simulation, but the transient from laminar to turbulent is very long and the
computational costs are high. On the contrary, less grid points generate numerical instabilities
that are favorable for the transition from laminar to turbulent, but the resolution might be
too low. The numerical setup presented in this section is the result of (a lot of) tests. It is
a compromise between the numerical costs and the numerical accuracy. The boundary layer
develops in a channel. The reference length is the length of the channel Lx and the reference
time t0 is based on the time necessary to cross the channel in the streamwise direction t0 = Lx

U∞
:

Ly/Lx Lz/Lx ReL Nx Ny Nz h/L δt/t0
0.1 0.1 5.9× 104 1280 128 128 7.8× 10−4 0.001

Table E.1: Numerical parameters of the turbulent boundary layer simulation

The spatial step in dimensionless wall distance is about h+ = 3.3, so there are not enough
grid points in the laminar sub-layer. A mesh twice �ner would provide more accurate results.

The simulation runs on 4× 4× 16 processors during 40 hours (physical time), the simulation
computed 24.000 time steps.
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E.3 Instantaneous numerical results

E.3.1 Resolution of the simulation : mesh Reynolds numbers

The mesh Reynolds number based on velocity and on vorticity is computed and monitored at
each time step to check the resolution of the simulation. The mesh Reynolds based on velocity is
quite good but the Reynolds number based on vorticity is too high. It shows once again that a
mesh twice �ner would make the simulation enough resolved (it would divide the mesh Reynolds
by four!).
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Figure E.1: Mesh Reynolds number based on vorticity, mean value = 67.3
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Figure E.2: Mesh Reynolds number based on velocity, mean value = 33.4

E.3.1.1 Boundary layer transition to turbulent

Initially, no boundary layer exists. The boundary layer grows up at the same time that insta-
bilities. These are clearly from numerical origin due to the periodicity of these perturbations.
They grow up quickly and generate turbulences but the �ow presents some periodicity due to
theses numerical instabilities. It is needed to wait τ ' 1.5 to get a fully turbulent �ow without
any periodicity. The evolution of the boundary layer since the beginning are shown at the next
�gures.
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Initial instabilities

(a) τ = 0.05

(b) τ = 0.1
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Periodic paterns

(c) τ = 0.3

Fully turbulent part

Still transient part

Laminar to turbulent transition

(d) τ = 1.1

(e) τ = 1.5

Figure E.3: Transition from laminar to turbulent due to numerical instabilities
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E.3.1.2 Three dimensional results for velocity

Additional results for velocity are provided at the next �gures for di�erent dimensionless time.
The �ow is fully turbulent, a transition from laminar to turbulent boundary layer exists, no
solution is considered in this region (x/L ≤ 0.2).

(a) τ = 10

(b) τ = 20

Figure E.4: Fully developed turbulent boundary layer (instantaneous view)

E.3.1.3 Two dimensional results for velocity

The turbulent boundary layer can also be observed in two dimensional slices :

(a) τ = 10

(b) τ = 15
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(c) τ = 20

Figure E.5: Instantaneous slices of the fully turbulent boundary layer in the spanwise direction

The following �gure presents slices in the streamwise direction (the normal vector of the
slices is the streamwise direction) for di�erent x/Lx at the same time. It clearly shows the
space development of the boundary layer in the streamwise direction. One can also observe the
relative acceleration of the �ow above the boundary layer due to the restriction of passing area
(see section 4.3 for more details).

(a) x/Lx = 0.05 and 0.1

(b) x/Lx = 0.2 and 0.4
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(c) x/Lx = 0.6 and 0.8

Figure E.6: Instantaneous slices of the fully turbulent boundary layer in the streawise direction
at τ = 20

And �nally some slices in the wall normal direction at y/Lx = 0.01 :

(a) τ = 10

(b) τ = 15

(c) τ = 20

Figure E.7: Instantaneous slices of the fully turbulent boundary layer in the wall-normal direc-
tion

E.3.2 Three dimensional results for vorticity

The turbulent boundary layer presents a complex vorticity �eld as vorticity is generated at each
time step by the no-slip wall. At the start of the boundary layer (x/Lx ' 0.05), there is a
generation of hairpin vortices. The generated vortex tubes then interact together, and are also
di�used and convected by the �ow. This leads to high turbulences in the boundary layer. Some
three dimensional results of the vorticity �eld are shown at this section.

The transition from laminar to turbulent, the generation of hairpin vortices, the di�usion of
the vortex tubes and the turbulence are clearly observable.
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(a) τ = 10

(b) τ = 15

(c) τ = 20

Figure E.8: Fully developed turbulent boundary layer (instantaneous view)
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E.3.2.1 Two dimensional results for vorticity

(a) τ = 10

(b) τ = 15

(c) τ = 20

Figure E.9: Instantaneous slice of the fully turbulent boundary layer in the spanwise direction

E.4 Average numerical results

The boundary layer becomes very quickly turbulent. The statistics are performed after 1500
time steps (τ = 1.5), when the boundary layer is fully developed and no symmetries are visible
in the spanwise and streamise direction.

As the �ow is three dimensional and periodic in one direction, the two dimensional mean
velocity pro�le is computed using spatial average in the spanwise direction and temporal average
on the time interval of τ = 1.5 → 24. It provides Nz ×Nt velocity pro�le for the average.

E.4.1 Boundary layer thicknesses and Reynolds number

The �rst important quantity is the Reynolds number based on the streamwise direction. The
de�nition is provided at equation (E.1).

As done in the laminar case, the boundary layer thicknesses are computed. Due to the re-
striction of passing area above the boundary layer, the velocity pro�les also present an overshoot,
but this overshoot is very insigni�cant and the value is almost the same than the one obtained
at the slip wall. The integrations for the displacement thickness and momentum thickness are
performed from the no-slip wall to the slip wall. The thicknesses at 95% and 99% are computed
compared to the velocity reached at the slip wall.
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Figure E.10: Velocity above the boundary layer

The values are compared to the those obtained by Prandl't in 1927 with the simpli�ed pro�le
by exponent (see [8] for more details). The formulas obtained are the following :

δ

x
=

0.382

Rex
δ∗

x
=

0.0477

Rex
θ

x
=

0.0371

Rex

Reynolds numbers based on the boundary layer thicknesses can be computed, let's de�ne some
of them :

Reδ =
up(x)δ99

ν

Reθ =
up(x)θ

ν

The evolution of the thicknesses are shown at the next �gures :

Figure E.11: Boundary layer thicknesses at 95% and 99%
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Figure E.12: Displacement and momentum thickness

The main di�erence comes from the fact that the boundary layer development computed in
this section is in a channel. The no-through �ow boundary condition above causes a restriction
of passing area and the �ow accelerates. The velocity above the boundary layer is no-more
constant.

The evolution of the Reynolds numbers based on the boundary layer thicknesses are also
computed and sketched at the following �gures :

Figure E.13: Reynolds number based on the boundary layer thicknesses

E.4.2 Friction coe�cient and friction velocity

The friction velocity is computed in the same way as done is section 5.3. The Reynolds number
based on this velocity and on the streamwise location is de�ned as :

Rex =
U∞x

ν
(E.1)

uτ (x) =
√
τw =

√
µ
du (x)

dy
(E.2)

Reτ (x) =
uτx

ν
(E.3)

The evolution of the skin-friction coe�cient is directly linked to the friction velocity as they are
both based on the skin friction :

Cf =
τw

1
2ρU

2
∞

The value of Reτ and Cf are sketched in function of the streamwise location and in function of
the Reθ :
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Figure E.14: Evolution of Reynolds number based on friction velocity and streamwise direction
in function of the streamwise direction and in function of the Reynolds based on momentum
thickness

Figure E.15: Evolution of skin friction coe�cient in function of the streamwise direction and
in function of the Reynolds based on momentum thickness

The transition region at the beginning of the domain is clearly visible. The �ow seems to
reach a fully turbulent state around x/Lx ' 0.1, which corresponds to Reθ ' 50.

Finally, the Reynolds number in function of the friction velocity and boundary layer thickness
is computed :

Reτ,δ =
uτδ

ν

The value is plotted in function of the Reynolds based on momentum thickness :
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Figure E.16: Evolution of Reynolds number based on friction velocity and boundary layer
thickness in function of the Reynolds based on momentum thickness

E.4.3 Average velocity pro�les

The statistical spatial development of the boundary layer is presented in a two dimensional slice
:

Figure E.17: Statistical velocity evolution in the boundary layer

The statistics totally converge after the 21500 time step and the velocity pro�les are stable.
One can observe that the turbulent boundary layer grows faster than the laminar one. The
turbulent boundary layer reaches ' 4% of the length of the channel at x/Lx = 0.8, while a
laminar one only reaches 1%.

Di�erent velocity pro�les in the streamwise direction are computed. One can observe the
acceleration of the �ow above the boundary layer. Due to the important development of the
boundary layer compared to the height of the channel, the relative acceleration reaches 10% of
the U∞.
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Figure E.18: Velocity pro�les at di�erent location in the streamwise direction

The pro�les can also be expressed in dimensionless wall distance :

y+ =
yuτ
ν

uτ =
u

uτ
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Figure E.19: Dimensionless wall distance velocity pro�les

One can clearly observe that the �ow in the laminar sub-layer y+ ≤ 6 doesn't have enough
grid points. The concavity of the pro�les seem to be in the opposite direction to what it should
be. This is one of the main argument to say that the simulation is a little bit under resolved.

Finally the velocity pro�le in the wall normal direction are sketched at the next �gure :
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Figure E.20: Wall-normal velocity pro�le
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E.5 Conclusion

This appendix has shown the direct numerical simulation of a turbulent boundary layer develop-
ment in a channel. The classical limitations of the simulation in a channel are still in application
(see 4.3 for more detail).

It is pretty hard to �nd a good numerical setup. It is a trade-o� between accuracy and
computational costs. A setup is proposed: not too expensive, but a little bit under resolved in
the laminar sub-layer.

A lot of two and three dimensional instantaneous views for the velocity and vorticity �elds
are shown to appreciate the quality of the method.

Statistics are also made on the �ow, the boundary layer thicknesses and Reynolds numbers
are computed and sketched. The appendix also presents some of velocity pro�les at di�erent
locations in the streamwise direction.

The results are quite satisfactory despite the under-resolution in the laminar sub-layer. A
next step would be to run the simulation again with a mesh twice �ner and perform an in-depth
analysis of the turbulent boundary layer.
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