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Abstract

This thesis tackles the problem of predicting the outcome of tennis matches using low-

rank approaches. The work postulates the existence of a true winning probability matrix

which generates the results of all matches. Three types of approaches are proposed in order

to find this matrix back from the dataset. The first idea consists in setting up a low-rank

matrix completion (LRMC) problem. Several classical LRMC techniques as well as new ones

adapted to this problem are tested. We introduce second approach consisting in solving a

maximum a posteriori (MAP) problem on the probability matrix while imposing a low-rank

structure. The third novel formulation uses the famous Bradley-Terry-Luce (BTL) model in

order to convert the probability guessing problem into a rating guessing problem. This idea

reduces the number of constraints and allows for the inclusion of one more feature in the model

such as the tournament in which a match is played. The last formulation develops a MAP

formulation on the ratings constrained to be low-rank, and the probabilities of winning are

computed afterwards via the BTL formula. The new techniques introduced in this work give

similar or better results compared to classical LRMC techniques for this problem. Finally,

an important statement about the winning probabilities is proved. Even if it is guessed

that they should avoid being too large or too small, it turns out that in order to maximize

the prediction accuracy, they need to be clipped to zero or one. This implies that, in the

MAP framework, any prior distribution that could be chosen symmetric for normalization,

is useless.
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Introduction

The two first sections of this introduction are written in collaboration with Julien Herman

as we have shared the same topic for our master’s theses: predicting the outcome of tennis

matches. Julien focused on dynamical and optimization aspects [Her22], while my work

investigates low-rank approaches.

Problem relevance

Competitive sports have always been a source of motivation, unwinding, passion and

amazement for humans. As far as in Ancient Greece, professional players were competing

to win the Olympic Games. People have been supporting their favourite teams and players

since then, trying to guess if they will be able to win a match, a tournament or even a

championship. For the fans, guessing the outcome of the games played by their favourite

contestant and his rivals is part of their DNA.

Moreover, it seems to be in the human nature to make predictions. Everyday, we try

to guess the weather, how the day’s meetings will unfold or which gifts will receive at our

birthday. Of course, this is also true for the sports games of the week. Maybe this common

behaviour could be due to the powerful feeling of being able to predict the future?

Besides the supportive, sportive and satisfactory aspects, the prediction of matches has

another bigger motivation: money. Indeed, high-level sport has always worked in pair with

financial incentive. In particular, bets make up a huge part of competitive sports. They al-

ready existed during the Antiquity [fra20] and they continue to have huge financial prospects.

The extension of online betting has been a new driving force for the sector. In 2020 in France,

the market for online betting was worth 5.3 billion euros and continues to grow every year

[ANdJ21].

However, the main driving force of the researchers who have already given a try to

this problem is the intellectual challenge: the problem carries a lot of difficulties, which are

explained below. So, fortunately for the fans, the betters and the players, the sport will
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always keep its part of unpredictability and randomness and will always stay interesting and

enjoyable to follow and to play. This thesis is another attempt at the match prediction

problem. In particular, three low-rank approaches are developed. Top-level male tennis is

used as a case study.

Challenges

The problem of guessing the result of a match when knowing the results of previous

matches presents several difficulties. First of all, there is a variety of tools from completely

different fields that could be used to state and model the problem. The choice of the hy-

potheses and of the angle of attack plays a crucial role in the final results. Unfortunately,

there seems to be no absolute correct approach. Then, the quantity of information taken

into account highly influences the solution. Features can be as varied as the outcome of the

last games, the importance of the tournaments, the court’s surface, the scores of previous

games, the meteorological conditions, the financial incentives, the tiredness of players, and

so on. The number of features that the model can handle can thus be a limiting factor,

as well as the selection of the most pertinent ones. Another concern about the data is the

uncertainty: some features could be subject to outliers or to noise. Finally, the considera-

tion of prior knowledge and prejudice about the problem’s variables can lead to significantly

different results. How to model this prior knowledge wisely in order to improve results?

In addition to all those data-related concerns, once the modelling part is done, other

issues appear about the solving part. The characteristics of the method can also influence

the results. For example, convexity, size and smoothness of the optimization problem are

critical. Moreover, the tuning of the hyper-parameters of the method could have a huge

impact. Finally, defining correct quality criteria and error metrics is also tricky. Some

metrics could be appropriate for some methods but not for others.

Related works

Sports events based on past results are hard to predict in general [Buu]. Several tech-

niques have already been used in order to predict the outcome of a tennis game. In 2015, a

prediction of the outcome based on point-by-point data and stochastic models such as Markov

chains was proposed by Martin Bevc. This approach is designed to predict the winner of a

match at a given moment of the game. He showed that predicting the correct outcome of a

game is increasingly more difficult the further from the end of the match we are since there

are fewer data available [Bev15].
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In 2017, Robin Praet investigated the possibility of predicting the outcome of sports

events based on recommendation techniques and machine learning. He focused on tennis

during his master’s thesis and found that players are more predictable in Grand Slam tour-

naments compared to other competitions. The conclusion admits that predicting sports

results remains a complicated area since the algorithms are not able to exceed the border of

70% [Pra]. In 2020, predicting tennis matches using machine learning was again explored.

The main result is that the logistic regression model greatly outperforms the official ATP

(Association of Tennis Professionals) ranking in terms of accuracy [DS20].

In 2019, a new ranking model combining the BTL model and nonnegative matrix factor-

ization was proposed to predict the outcome of tennis games between top players. It shows

that the surface is a key determinant of the performances of male players, but the effects of

the surface are attenuated for females [XTFF19]. In 2019, different measures for forecasting

tennis matches outcome were explored, such as ATP ranking, betting odds and Elo rating

system. The paper also uses adjusted Elo ratings to predict the outcome of matches, which

takes the skill of the player on specific surfaces and betting odds into account. They found

that betting odds perform well on forecasting and adjusted Elo ratings are a better predic-

tor for higher-ranked players [WLG19]. A network-based approach using Long-Short Term

Memory was also explored, to predict the result of the next match by using teams’ historical

match data [ZZH+21]. Based on this technique, the accuracy of the predictions of the five

next games of football teams was around 70% on average.

Overview of the thesis

This thesis tackles the problem of matches outcome prediction with the study case of

top male tennis. Tennis has some comfortable properties: there is no tie possibility in the

outcome, it is an individual sport and therefore offers less variability through the years (in

contrast to a team sport where the team composition is changing every year), and lots of

matches data are easily available. The ATP Tour is composed each year of twenty or so

tournaments, with the most important ones being the four famous Grand Slams [ATP22].

The dataset gathers 46 652 matches spanning from 2000 to 2016.

During this thesis, an important assumption is made: the existence of a true winning

probability matrix, from which the dataset was created through sampling. The thesis devel-

ops low-rank approaches in order to estimate this matrix. The low-rank hypothesis means

that there exists a hidden structure in the matrix which limits its number of degrees of free-

dom. The hope is to reveal some main types of players, or type of tournaments, which should

give the same kind of results. The thesis is divided into 4 main chapters.
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Chapter 1 of this thesis states the game outcome prediction problem that it seeks to

tackle. Building on the main assumption of the existence of a true probability matrix gener-

ating the whole dataset, the problem is explained in general terms: finding back the matrix

of winning probabilities between a pair of players P from this generated dataset. Then,

mathematical notations for all important objects are established. They will be needed to

set up properly the different formulations coming in the following chapters. In the last part

of the first chapter, the error metrics used throughout the work are described. The most

important one is the prediction accuracy. It appears that in order to maximize this value,

probabilities need to be clipped to zero or one.

Chapter 2 develops the low-rank matrix completion approach to solve the problem. The

low-rank structure hypothesis is crucial for this work. It turns out that low-rank matrix

completion is a domain which has been extensively researched. However, the main difficulty

appears to be the building the incomplete matrix from the dataset, that will be completed

afterwards. Several estimator choices are presented: maximum likelihood (ML), maximum

a posteriori (MAP) and condition mean (CM). MAP and CM assume a prior distribution

on the probabilities, some possibilities are detailed. It turns out that choosing a symmetric

prior does not affect the prediction accuracy. Then, new matrix completion formulations

are introduced, inspired by the state of the art and imposing the constraints inherent to

the probability-based prediction problem. The last part of this chapter shows the results of

experiments using classical and new low-rank matrix completion techniques.

Chapter 3 tackles the prediction problem directly, without creating an intermediate

incomplete matrix. The approach used is the MAP estimation. The general formulation is

discussed, as well as specific choices for the prior distribution. As this thesis always postulates

a low-rank structure for the matrix of interest, two novel low-rank MAP formulations for the

prediction problem are proposed. Only one of them has been successfully implemented, and

is tested in the last section of this chapter.

Chapter 4 first presents a common model in order to make winning predictions: the

Bradley-Terry-Luce model. This model assigns a rating E to each player, from where it is

possible to compute winning probabilities. This last chapter develops a way to extract those

ratings from the dataset, based on a low-rank MAP approach on those E ratings. What’s

more, these ratings can be differentiated by tournament to include more information about

the problem. This novel formulation extends an ML technique on alternative nonnegative

S ratings proposed in [XTFF19], by including prior knowledge and removing nonnegativity

constraints. Some concerns about the interpretability of the low-rank structure of E are

expressed. A block-coordinate descent (BCD) algorithm to solve this formulation is stated

as well. Lastly, all methods and formulations mentioned above are tested and compared in

the final section.
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Appendices A to E gather all secondary, complicated or boring mathematical develop-

ments that are used throughout the thesis.

All Python codes used in this thesis are available here: [mas22].
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Chapter 1

Problem statement

1.1 Basic assumptions

In order to tackle the problem of match prediction, this thesis is built upon basic sim-

plifying assumptions:

1. There exists a winning probability matrix P̃ , called the true probability matrix, which

contains the probabilities of players winning against other players. This matrix is

constant, unknown and complete.

2. The dataset D was produced by sampling this true probability matrix P̃ independently

for each match.

These assumptions have the following consequences. Firstly, the outcome of each match

from D (played between players i and j) was determined only by P̃ij, the probability of i

being the winner (or equivalently by Pji = 1 − Pij, the probability of j being the winner).

In particular, it is not influenced by a lot of external parameters that could feel intuitively

important. For example, it is independent of the surface on which they play, the importance

of the tournament, the weather, the financial incentives, the age of players, the ranking

of players, and so on. Secondly, as all matches are independent, the result of a match is

not influenced by the previous matches they played, and it does not influence the outcome

of future games. This means that the players’ current state of fitness and their former

confrontations are not taken into account. Implicitly, it neglects any notion of time as well.

In summary, the only determining factors for the match outcome are the players’ indices i

and j, because they fully determine P̃ij.
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1.2 Big picture

Based on the mentioned assumptions, the goal is of course to recover this somewhat

magical matrix P̃ on the basis of the dataset D, in other words, to find the matrix P which

best approximates (or ideally matches) the true matrix P̃ , given D. Indeed, if we succeed,

then we can predict in the best way possible the outcome of a new match according to the

assumptions:

P ≈ P̃ .

There are still two things to address. On the one hand, how to define what best means

in this case: error metrics are therefore detailed in Sections 1.4 to 1.6. On the other hand,

how to set up an optimization problem to find this best approximation, maybe using extra

assumptions in the process. This leads to two types of problem that will be explored in

this work: matrix completion (Chapter 2) and maximum a posteriori (MAP) estimation

(Chapters 3 and 4).

1.3 Notation

We first set up some notations in order to properly define and derive the different problem

formulations we want to tackle.

• N is the set of all players.

• n = |N | ∈ N is the total number of players.

• P ∈ Rn×n is the probability matrix variable that we want to find. The element Pij

contains the predicted probability of winning for player i over player j. This matrix is

constrained by 3 probability constraints :

1. Bounds constraints. Pij are bounded by definition of a probability:

0 ⩽Pij ⩽ 1 ∀(i, j) ∈ (N ×N ). (1.1)

2. Winner constraints. There is always a winner between i and j, i.e. there is no

draw possibility. This condition means that diag-symmetric entries always add up

to 1:

Pij + Pji = 1 ∀(i, j) ∈ (N ×N ). (1.2)
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3. Diagonal constraints. We deduce the value of Pii for consistency, even if it is

useless as a player will never play against himself:

Pii =
1

2
∀i ∈ N . (1.3)

Those conditions can be formulated in matrix form, with 0 and 1 being matrices of size

n× n full of zeros and ones respectively:

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.

• P ⊂ Rn×n is the set of all acceptable probability matrices, i.e. all matrices respecting

the probability constraints. Therefore, P ∈ P :

P =

{
P ∈ Rn×n : 0 ⩽ Pij ⩽ 1, Pij + Pji = 1, Pii =

1

2
,∀(i, j) ∈ (N ×N )

}
=
{
P ∈ Rn×n : 0n×n ⩽ P ⩽ 1n×n, P + P⊤ = 1n×n

}
. (1.4)

• P̃ ∈ P is the true probability matrix, complete but unknown, that we want to approach.

• D is the dataset containing all results of matches. D is randomly divided into two

disjoint subsets:

D = Dtr ·∪ Dte.

• αte ∈]0, 1[ is the testing percentage, i.e. the fraction of the dataset kept for testing

purposes.

• Dtr ⊂ D is the training dataset that is used to solve the problem and find P .

• Dte ⊂ D is the testing dataset that is used to measure the quality of the constructed

P .

• dij,k ∈ D is the result of the kth match played between player i and player j in the

dataset D. dij,k can be interpreted as a realization of the random variable Dij,k as well.

From assumption 2, we consider Dij,k as a Bernouilli random variable with parameter

P̃ij, equal to 1 when player i wins, and to 0 when player j wins:

Dij,k ∼ Ber(P̃ij)⇐⇒

 P[Dij,k = 1] = P̃ij,

P[Dij,k = 0] = 1− P̃ij.

We can notice that Dji,k = 1−Dij,k ∼ Ber(1− P̃ij) = Ber(P̃ji) by symmetry.
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• Dij ⊂ D is the set of all matches played between players i and j:

Dij =
⋃
k

{dij,k ∈ D} .

• mij ∈ N is the number of matches played between player i and player j: mij = |Dij| ⩾ 0.

Obviously, mij = mji by symmetry. If mij = 0, we are in the case where no match

has been played between players i and j. Obviously, mii = 0 as a player cannot play

against himself.

• W ∈ Rn×n is the matrix called confrontation matrix. It is a nonnegative integer matrix

that contains the number of wins by player i over player j in the element wij:

wij =

mij∑
k=1

dij,k.

Trivially, we have 0 ⩽ wij ⩽ mij by definition, wji = mij − wij by symmetry and

wii = 0.

• Ω ⊂ (N ×N ) is the set of all pairs of players (i, j) that have already played one against

the other in the dataset D:

Ω = {(i, j) ∈ (N ×N ) : mij > 0} .

• Ωc = (N ×N ) \Ω is the complement set of Ω. It contains all pairs of players that have

never played one against the other. It could equivalently be defined as follows:

Ωc = {(i, j) ∈ (N ×N ) : mij = 0} .

1.4 Prediction accuracy metric A

The first way of defining how well a method performs at predicting the outcome of

matches consists in making predictions for the matches from the testing set and comparing

it with the real data. This is the most intuitive metric, and it is the main metric used in this

thesis.

For the prediction of the match dij,k ∈ D (the kth game between players i and j coming

from the dataset D), let us define the new binary random variable Cij,k. It equals 1 if the

prediction is correct and 0 otherwise. cij,k is a realisation of this random variable Cij,k. It

is obvious that the prediction made depends on Pij, and therefore Cij,k also depends on Pij.

The global prediction accuracy A on a dataset D is then defined as the ratio of the number of
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correctly guessed games over the total number of matches. In order to not count any match

twice, we impose i > j. This accuracy depends on P :

A(P ) =
# good guesses

# matches
=

∑
(i,j)∈Ω

i>j

mij∑
k=1

cij,k

∑
(i,j)∈Ω

i>j

mij

.

Obviously, this accuracy A(P ) needs to be maximized by finding P as optimally as

possible. Intuitively, one could argue that if we find Pij for all (i, j), which hopefully are

close to the true P̃ij, then we should predict the victory of player i with a probability Pij and

his defeat with a probability 1− Pij.

It turns out that this predictive pattern is suboptimal, even in the case of perfect recon-

struction (Pij = P̃ij). Note that all details concerning the developments and proofs about

this prediction accuracy metric A are described in Appendix A. Let us first examine optimal

solution on average, then the optimal solution experimentally.

The optimal solution on average consists of predicting that the winner is always the

player with the highest victory probability, and never betting (even with a small probability)

on the supposed weakest player. To make it formal, the clipping operator C on a probability

Pij or on the whole probability matrix P (by element-wise application) is defined as:

Pij
∗ =

[
C(P̃ )

]
ij
= C(P̃ij) =


0 if 0 ⩽ P̃ij <

1
2

1
2

if P̃ij =
1
2

1 if 1
2
< P̃ij ⩽ 1

∀(i, j) ∈ (N ×N ).

The optimal P in order to maximize the experimental accuracy has a different expression,

i.e. how should we choose P such that the prediction accuracy of a particular dataset Dte.

It is linked to the maximum likelihood (ML) estimator Pij
ML ≈ wij

mij
, which will be developed

in Section 2.5.2. This result indicates that the ML estimator is natural and even desirable.

The optimal solution is given by:

Pij
∗ = C

(
wij

mij

)
= C

(
Pij

ML
)

∀(i, j) ∈ Ω.

Let us remark that in practice, the prediction accuracy is computed on Dte, while P is

computed using Dtr. Thus, the optimal solution Pij
∗ = C

(
Pij

ML

te

)
= C

(
wijte

mijte

)
is in reality

not directly accessible. Hence, using the ML estimator on the training set is not necessarily

enough. In order to maximize A(P ) in practice, we need to find Pijtr for all (i, j) in Ωte (at
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least) such that:

C
(
Pijtr

)
= C

(
Pij

ML

te

)
∀(i, j) ∈ Ω.

Obviously, we can hope that C
(
Pij

ML

tr

)
= C

(
Pij

ML

te

)
since Pij

ML

te and Pij
ML

tr are both

estimators of P̃ij, which would motivate the use of the ML estimator nevertheless. Though,

this desired equality is not guaranteed. Moreover, it does not apply when (i, j) /∈ Ωtr ∩ Ωte,

therefore we necessarily need some clever method to guess those missing entries.

It is possible to show (see Appendix A) that there exists two fundamental upper bounds

on the accuracy reachable in this framework, one in the average case, one for a given exper-

iment:

E [A(P )] ⩽
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1

2
+

∣∣∣∣12 − P̃ij

∣∣∣∣)

A(P ) ⩽
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1

2
+

∣∣∣∣12 − wij

mij

∣∣∣∣) .

It is often true that wij and mij for (i, j) ∈ Ω are small (⩽ 2) in a real dataset D.
Therefore, the ratio

wij

mij
is subject to a large variance and is biased towards 0 or 1. This

allows the experimental accuracy to be better than the expected one.

From this analysis, a question comes in mind: why are professional betters then still

betting on outsiders, is this not a losing strategy? The reason is that betters do not want to

be right as often as possible, they aim to maximize their gains. Namely, the gain is higher if

the weakest player wins as his odds are higher. Therefore, if the expected gain is higher when

betting on the weakest player, they have every interest in betting on the weakest player.

1.5 Matrix completion metrics

The following metrics are standard but can only be applied when there is a matrix P to

compare to: MSE, RMSE, Weighted MSE and Weighted RMSE. In other words, it is valid

only for matrix completion methods from Chapter 2, not for the MAP approaches (Chapters

3 and 4).
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1.5.1 MSE

The MSE is defined as the Mean Square Error. Because of the square, MSE does not

have the same units as the variable it measures. For a dataset D, it is defined as follows:

MSE =
1

|Ω|
∑

(i,j)∈Ω

(
Pij − Pij

)2
.

1.5.2 RMSE

The RMSE is defined as the Root Mean Square Error. Unlike the MSE, this metric

shares the same units as the variable it measures (a probability measure). For a dataset D,
it is defined as follows:

RMSE =
√
MSE =

√
1

|Ω|
∑

(i,j)∈Ω

(
Pij − Pij

)2
.

1.5.3 Weighted MSE

The MSE and RMSE metrics have a flaw: each element Pij with (i, j) ∈ Ω contributes

the same amount in the metric. However, in the dataset, the number of matches played by a

pair of players mij largely varies from pair to pair. Intuitively, the pairs which played more

games should be predicted better. Therefore, the weighted MSE (WMSE) is defined in order

to put more weight the more a pair had played together:

WMSE =
1

|D|
∑

(i,j)∈Ω

mij

(
Pij − Pij

)2
.

1.5.4 Weighted RMSE

The weighted RMSE (WRMSE) is the square root of WMSE. WRMSE has the advantage

over WMSE to share units of a probability.

WRMSE =
√
WMSE =

√
1

|D|
∑

(i,j)∈Ω

mij

(
Pij − Pij

)2
. (1.5)

1.6 Other metrics

1.6.1 Rank

The rank of a matrix A, denoted rank(A), provides important information about the

matrix A, in particular the number of ”degrees of freedom” of the matrix. Mathematically,
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it is defined as the number of linearly independent columns (or rows) of the matrix A. This

consideration is especially critical in the context of low-rank approaches developed in this

thesis (see Section 2.3). This low-rank structure implies that the matrix has either its rank

minimized, either its rank bounded, or its rank fixed, as explained in Section 2.4. It is

important to verify if those constrained are satisfied or not.

1.6.2 Singular values distribution

Knowing the distribution of singular values σi(A) ⩾ 0 yields even more information

than the rank alone. Indeed, via the SVD decomposition, the matrix can be seen as a

weighted sum of rank 1 matrices orthogonal to each other, and singular values tell about

the amplitude of those rank 1 components. Those components can be seen as the degrees

of freedom of the matrix. The rank can even be defined as the number of non-zero singular

values: rank(A) = |{σi(A) > 0}| [Cle21]. What is more, the distribution of σi(A) informs

about ”how much low-rank” a matrix is. For example, if there exists a huge gap in size

between the first and second half of the singular values (all are strictly positive), the matrix

still carries a low-rank structure, despite being full-rank.

In order to study the distribution of the P matrix’s singular values, it is useful to

separate P into its symmetric and skew-symmetric parts: P = 1
2
1n×n + P ′. 1n×n is the ones

matrix of size n × n, it is of rank 1 and has its unique singular value equal to n
2
. Suppose

r = rank(P ′). As the matrix P ′ is skew-symmetric, its singular values come in pairs and

its SVD decomposition can be written as a sum of r
2
rank 2 skew-symmetric components:

P ′ =
∑ r

2
k=1 σ2k(u2kv2k

⊤ − v2ku
⊤
2k). All these facts are proven in Appendix B.

Combining the singular values distributions of P ′ and 1
2
1n×n, we have that P has σ1 ≈ n

2

coming from its symmetric shift, and the rest has globally the same shape as the distribution

of P ′.

1.6.3 Running time

This metric is self-explanatory. Each method tried takes some time in order to compute

a solution. Depending on the complexity of the method and the structure of the optimization

problem, the running time can vary a lot.

1.6.4 Violation of constraints

There are 4 types of constraints that need to be verified in order for the solution of any

method to be acceptable. The idea is to simply compute the percentage of those constraints
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that are violated (or relaxed) by the solution. During experiments, some constraints are

often imposed afterwards in order to be able to compute other metrics such as A.

1. Bounds constraints:

0 ⩽Pij ⩽ 1 ∀(i, j) ∈ (N ×N ).

2. Winner constraints:

Pij + Pji = 1 ∀(i, j) ∈ (N ×N ).

3. Diagonal constraints:

Pii =
1

2
∀i ∈ N .

4. Rank constraint:

rank(P ) ⩽ r.

If the method imposes a limit r on the rank, then the solution should also respect this

constraint. In most cases, the clipping operation C destroys this rank constraint.
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Chapter 2

Low-rank matrix completion on

probability matrix

2.1 Big picture

A first way to tackle the prediction problem is to set up a matrix completion problem.

The idea is to assume that the fundamental matrix P̃ has an inner structure, which means

that its entries are correlated. Often, like in this thesis, the inner structure is considered to

be a low-rank structure. Then, an incomplete matrix P ∈ P is computed directly from D via

some chosen function g(D), derived from some estimators. The incompleteness of P comes

from the fact that in general, some players have not played against each other in D. For the
entries where we have data (corresponding to (i, j) ∈ Ω), we expect Pij ≈ P̃ij as D is assumed

to be sampled from P̃ . Pij entries have to be computed carefully because most of them rely on

a really small set of data (mij is small), so they are subject to a lot of uncertainty. Afterwards,

we try to complete the matrix P , giving the matrix P . For (i, j) ∈ Ω, the completion process

aims to find Pij ≈ Pij (and thus Pij ≈ P̃ij). For (i, j) ∈ Ωc, the method guesses Pij by

exploiting the inner structure of P̃ which P and P should inherit, hoping that Pij ≈ P̃ij as

well. Afterwards, Pij are clipped to C(Pij) to maximize the prediction accuracy.

2.2 Notation

In order to properly define the completion matrix problem, we need some extra notation.

• P ∈ P is the incomplete probability matrix that we can partially compute and that

we want to complete. The function g(D) need to be designed. Several estimators are

proposed in Section 2.5. An intuitive choice is the maximum likelihood (ML) estimator
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Pij
ML

= gij(D)ML =
wij

mij
,∀(i, j) ∈ Ω. For (i, j) ∈ Ωc, although having no real influence,

a value need to be chosen. To make the parallel with the coding part of this work,

Pij = Nan, were Nan is not a number, a way to store a hole in Python:

Pij =

 gij(D) if (i, j) ∈ Ω,

Nan if (i, j) ∈ Ωc.

• BΩ ∈ {0, 1}n×n is a binary mask for the known entries:

[BΩ]ij =

 1 if (i, j) ∈ Ω,

0 if (i, j) ∈ Ωc.

• PΩ is called the projection operator. It takes a matrix A as input and it outputs the

same matrix with 0 at the entries in Ωc. This projection operation is linear as it can be

rewritten using a linear element-wise matrix (Hadamard) product ⊙ with the binary

mask BΩ:

[PΩ(A)]ij = [BΩ ⊙ A]ij =

 Aij if (i, j) ∈ Ω,

0 if (i, j) ∈ Ωc.

This reformulation is useful for the implementation. Notice that we define 0.Nan = 0.

2.3 Low-rank structure

In order to guess the missing entries, we necessarily need to assume that they are some-

how related to the known entries. If it was not the case, then the completion process would

not do any better than random guessing. This is encoded into an inner structure of the

matrix.

During this thesis, this inner structure is assumed to be a low-rank structure. Let rank(A)

be the rank of the matrix A ∈ Rm×n. It is defined as the number of linearly independent

columns (or rows) of the matrix. The rank is considered low:

rank(A)≪ min{m,n}.

Mathematically, it means that all columns of A are linear combinations of rank(A)

linearly independent columns. The low-rank assumption is the main structure used for matrix

completion and has given rise to the low-rank matrix completion (LRMC) field. This area

has been active for over 15 years, therefore low-rank matrix completion is well understood

by the scientific community.
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An additional advantage of the low-rank structure is that it carries some physical sense

in plenty of real applications. In our case, the low-rank structure of P is somewhat hard

to interpret. There is intuitively the feeling that some types of players exist (strong on clay

courts, strong on hard courts, offensive players, defensive players, left-handed players,...) and

that each player is a combination of those meta-players. Thus, a guess is that it should some-

how be reflected in the winning probabilities. However, it stays unclear why this idea should

translate into a low-rank structure for this matrix P̃ . It would be nice to be able to verify

this low-rank assumption by examining the singular values distribution of P̃ . Unfortunately,

assuming this matrix truly exists, it will forever stay unknown. Therefore, it is not possible

to confirm that this low-rank assumption is correct.

2.3.1 Rank fixed

A first way to represent this low-rank matrix A is to consider it as an element of the

set of all matrices with a given rank r. This set is known as the Riemannian manifold of

fixed-rank matrices [AAM14]:

Rm×n
r = {A ∈ Rm×n : rank(A) = r}.

A downside of this viewpoint is that this manifold is not a convex set and thus not a

vector space. Therefore, optimization on this set cannot be tackled with the results of convex

optimization and requires specific tools such as Riemannian optimization.

A nice implication of the low-rank property with known rank r is that we can factorize

the matrix A in two full-rank r low-dimension matrices, see Appendix B.5. If we define

U ∈ Rm×r
r and V ∈ Rn×r

r , then the Bilinear Matrix Factorization (BMF) reads:

A = UV ⊤.

So, the manifold of fixed rank matrices can be equivalently defined by its factorized form:

Rm×n
r = {UV ⊤ : U ∈ Rm×r, V ∈ Rn×r, rank(U) = r, rank(V ) = r}.

This factorization is not unique. It is defined up to a invertible matrix of size r, see

Appendix B.6. Therefore, some conditions can be imposed on U or on V if needed in our

formulations without losing this factorization, as long as there exists an invertible matrix

transforming a valid factorization into a new one which satisfies the additional constraints.

In particular, U can be imposed to have orthogonal columns: U⊤U = Ir. Notice that this

specific factorization is not unique either, see Appendix B.7.
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2.3.2 Rank bounded

The rank constraint can be relaxed in order to handle a more manageable set for the

optimization: rank(A) ⩽ r. Indeed, its low-dimensional BMF UV ⊤ also exists, but this

time, the factors are not constrained. Even if U and V both live in vector spaces which are

convex sets (Rm×r and Rn×r), the subset of Rm×n
⩽r containing A is not convex. For the sake

of precision, we use the term determinantal variety [OGA22]:

Rm×n
⩽r = {A ∈ Rm×n : rank(A) ⩽ r} = {UV ⊤ : U ∈ Rm×r, V ∈ Rn×r}.

This decomposition is often used in the optimization methods for matrix completion

as the factors have a smaller size than the initial matrix and because the bounded rank

constraint naturally arises while optimizing in conventional vector spaces.

2.4 Literature review

Matrix completion is a topic that has been deeply studied for several years since the

famous Netflix Prize spanning from 2006 to 2009 [Net09]. The goal of this competition was

to predict the rating (integer between 1 and 5) that users would give to films they have never

seen before. Precisely, the goal was to minimize the RMSE [Net22]. This problem is the

prototype of matrix completion. Indeed, the goal is to complete the score matrix where sij is

the rating given by the user i to the film j, knowing a part of the entries. Moreover, it seems

to be a case for Low-rank Matrix Completion (LRMC). There is a clear low-rank structure:

users should act like a composition of meta-users and therefore give the same kind of notes to

similar films. For example, users who like romance and action films should note films in the

same way. In the best case scenario, the low-rank structure should make the meta-players

appear.

For this overview of the literature of LRMC, let X ∈ Rm×n be the true matrix that we

want to find back. Let PΩ(X) ∈ Rm×n be the incomplete matrix with some entries known

from the dataset. Let M ∈ Rm×n be the variable matrix which is reconstructed during the

matrix completion procedure.

Low-rank matrix completion techniques are summarized in several literature reviews on

which this review is based [CW22] [LHSZ19] [NKS19] [RYL+18]. Here is a non-exhaustive

summary of the techniques preponderant in the literature and/or relevant to this work. They

can be split into three main categories: techniques with no rank information (leading to rank

minimization), techniques with a bound on the rank and techniques with a rank fixed. One

last type of completion worth mentioning here is the nonnegative matrix completion, where

the matrix is additionally constrained to be nonnegative.
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2.4.1 No rank information

Rank minimization. The most basic idea in order to work in the low-rank framework

is to simply minimize the rank of the reconstructed matrix M , which require no prior infor-

mation about it. To set up the problem correctly, entries Mij with (i, j) ∈ Ω are imposed to

match the known entries [CR08]:

min
M

rank(M) (2.1)

PΩ(M) = PΩ(X).

The constraint PΩ(M) = PΩ(X) is coming back later but can be a bit too restrictive. On

the one hand, values [PΩ(X)]ij can be altered by some noise, so it is not necessarily wanted

to have exact equality. On the other hand, strict equalities can heavily restrict the minimum

rank. Therefore, a relaxation of this constraint can be used in all formulations mentioned in

this Section:

∥PΩ(M)− PΩ(X)∥F ⩽ δ.

This relaxation uses the Frobenius norm ∥A∥F =
√
tr(A∗A) =

√∑m
i=1

∑n
j=1 |Aij|2 =√∑min{m,n}

i=1 σ2
i and a small δ > 0 that needs to be fixed, which is in itself a hard problem.

Another problem with formulation 2.1 is that the objective function rank(M) is not

convex, unlike the constraints. Convex optimization results can thus not be used. What is

more, it has been proven to be an NP-hard problem [Faz02].

Nuclear norm minimization (NNM). The solution is to consider the convex envelope

of the rank as objective function. It is called the nuclear norm [Faz02]:

∥A∥∗ = tr
(
(A∗A)

1
2

)
=

min{m,n}∑
i=1

σi(A).

It is interesting to define the Schatten p-norm, as they generalize the nuclear and Frobe-

nius norms:

∥A∥Sp =

min{m,n}∑
i=1

σi(A)
p

 1
p

.

In particular, ∥A∥∗ = ∥A∥S1 and ∥A∥F = ∥A∥S2 [Sch22]. This will be useful for later

formulations.

Here is the new NNM convex formulation:

min
M
∥M∥∗ (2.2)
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PΩ(M) = PΩ(X).

Semidefinite programming NNM. Problem 2.2 can be rewritten as a semidefinite

program, for which special algorithms exist [CR08]. It uses two additional positive semidefi-

nite matrices W1 ∈ Rm×m and W2 ∈ Rn×n:

min
M,W1,W2

tr(W1) + tr(W2) (2.3)

PΩ(M) = PΩ(X)W1 X

X⊤ W2

 ≽ 0

W1 ≽ 0

W2 ≽ 0.

Iteratively Reweighted Least Squares (IRLS). Some papers propose to rewrite the

problem 2.2 in order to tackle it with IRLS schemes [FRW11] [MF12]:

min
M,W
∥W

1
2M∥2F (2.4)

W = (MM∗)−
1
2

PΩ(M) = PΩ(X).

NNM with regularization. A standard technique to avoid overfitting is to add a

regularization term to the NNM problem 2.2, for example, the Frobenius norm of the matrix

[CCS08]. The regularization term is chosen such that the problem stays convex. We define a

trade-off parameter τ > 0. If τ →∞, then the formulation reduces to problem 2.2. It reads:

min
M

1

2
∥M∥2F + τ∥M∥∗ (2.5)

PΩ(M) = PΩ(X).

A common method to solve such a constrained problem is to minimize the unconstrained

lagrangian, with the Langrangian multiplier Y and where ⟨A,B⟩ =
∑m

i=1

∑n
j=1AijBij desig-

nate the Frobenius inner product:

min
M,Y
L(M,Y ) = min

M,Y

1

2
∥M∥F + τ∥M∥∗ + ⟨Y,PΩ(M)− PΩ(X)⟩.

In [CCS08], the lagrangian formulation is solved using the Singular Value Thresholding

(SVT) algorithm.
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LASSO relaxation. The strong constraint PΩ(M) − PΩ(X) from problem 2.2 can be

shifted to the objective as a penalty function:

min
M

1

2
∥PΩ(M)− PΩ(X)∥2F + τ∥M∥∗. (2.6)

This relaxation is solved for example by the SoftImpute algorithm [MHT10]. It is called

LASSO matrix completion because it is similar to the standard least absolute shrinkage

and selection operator (LASSO) [TY10] [MGC11]. Recall what the LASSO regression for

finding the solution to the linear system Ax = b is: minx
1
2
∥Ax − b∥2ℓ2 + τ∥x∥ℓ1 , where

∥x∥ℓp = (
∑n

i=1 |xi|p)
1
p is the standard vector p-norm [LAS22]. The parallel with the LASSO

regression is now obvious: the standard ℓp norms have been replaced with the Schatten Sp

norms. The Frobenius norm term produces a least squares regression while the nuclear norm

term acts as a shrinkage regularizer, reducing the (convex envelope of the) rank and therefore

limiting the number of degrees of freedom.

Robust Principal Component Analysis (RPCA). The rest of the techniques with-

out rank information try to tackle the completion problem in presence of noise on the entries

PΩ(X). The problem 2.2 can be equivalently reformulated in order to resemble the usual

RPCA problem for complete perturbed matrices [LCM13]. It introduces a noise matrix

S ∈ Rm×n which is imposed to be sparse:

min
M,S
∥M∥∗ (2.7)

M + S = PΩ(X)

PΩ(S) = 0.

Weighted NNM (WNNM). The idea behind [GXM+17] is to add weights on the

singular values in order to control how they shrink. The weighted nuclear norm is defined

with a given positive vector w ⩾ 0:

∥A∥w,∗ =

min{m,n}∑
i=1

wiσi(A).

This leads to the next formulation to tackle the robust matrix completion problem:

min
M,S
∥M∥w,∗ (2.8)

M + S = PΩ(X)

PΩ(S) = 0.
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2.4.2 Bound on the rank

Frobenius Norm Minimization (FNM). If an upper bound r is given for the rank

of the matrix to reconstruct, then it becomes a constraint of our problem and is therefore

removed from the objective function. A new valid objective function is the error on known

entries, computed with a Frobenius norm. This formulation is known as Frobenius Norm

Minimization (FNM) or as the minimum rank approximation problem [LB09]:

min
M

1

2
∥PΩ(M)− PΩ(X)∥2F (2.9)

rank(M) ⩽ r.

A method to solve this problem is called IterativeSVD [TCS+01].

Weighted FNM (WFNM). In some cases, elements of PΩ(X) are known with a higher

confidence than others, i.e. they are less subject to noise. This leads to the idea that those

more certain entries should be more important to reproduce precisely during the completion

process than the less certain ones. This is called weighted matrix completion. A weight matrix

W ∈ Rm×n with Wij > 0 for (i, j) ∈ Ω is defined in order to create the weighted Frobenius

norm: ∥A∥2F,W = ∥W (1/2) ⊙ A∥2F =
∑m

i=1

∑n
j=1WijA

2
ij, where W (1/2) is the element-wise

square root matrix of W . This leads to the following formulation [FNP+19]:

min
M

1

2
∥PΩ(M)− PΩ(X)∥2F,W (2.10)

rank(M) ⩽ r.

Bilinear Matrix Factorization (BMF). The factorization explained in Section 2.3

allows to write M = UV ⊤, where U ∈ Rm×r and V ∈ Rn×r have by construction their ranks

constrained [HH09]. Problem 2.9 can be rewritten as problem 2.11. Even if this avoids the

constraint rank(M) ⩽ r in the optimization problem, it deteriorates the objective function

as it becomes non-convex in (U, V ) while still block-component-wise convex:

min
U,V

1

2
∥PΩ(UV ⊤)− PΩ(X)∥2F . (2.11)

The solution to this non-convexity is to optimize alternatively on U and V . Indeed, if all

but one factor are fixed, the objective stays convex (block-component-wise convexity). Some

methods exist, such as the Alternating Minimization for matrix Completion (AltMinCom-

plete) [JNS12] and the Alternating Steepest Descent (ASD) [TW16].

The BMF formulation deteriorates the problem in another way. It has been shown that

all local minima of formulation 2.9 are stationary points of this formulation 2.11. However,

the opposite is not necessarily true, meaning that there could exist stationary points of 2.11
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towards which the mentioned algorithms could converge that are not local minimizers of 2.9

[HLB20].

A similar problem is solved by another alternating method, the LMaFit method [WYZ12]:

min
U,V,Z

1

2
∥UV ⊤ − Z∥2F (2.12)

PΩ(Z) = PΩ(X).

Mixed NNM and BMF. The NNM and BMF approaches are combined in [CDlTCB13].

It uses the variational definition of the nuclear norm: ∥Z∥∗ = min
U,V

Z=UV ⊤

1

2

(
∥U∥2F + ∥V ∥2F

)
. For

the trade-off parameter τ > 0, the problem then reads:

min
U,V

1

2
∥PΩ(UV ⊤)− PΩ(X)∥2F +

τ

2

(
∥U∥2F + ∥V ∥2F

)
. (2.13)

ℓp-norm minimization. There is a priori no reason to stick to the Frobenius norm.

On the contrary, it is well-known that regression with ℓp (pseudo-)norms for 0 < p ⩽ 2 are

more robust against outliers. Let us recall that ℓp norms on matrices (also called Lp,p norms)

are defined as : ∥A∥p =
(∑m

i=1

∑n
j=1 |Aij|p

) 1
p
. The norm is convex for 1 ⩽ p ⩽ 2. This leads

to the following formulation [ZS18], adaptation of problem 2.11:

min
U,V

1

2
∥PΩ(UV ⊤)− PΩ(X)∥pp. (2.14)

Alternating Projections (AP). This projection technique does not use the bilinear

matrix factorization. The idea is instead to project alternatively on two sets to which the

solution should belong. The algorithm stops when it finds their intersection as the solution

should belong to both sets simultaneously. On the one hand to the determinantal variety

(M ∈ Sr = Rm×n
⩽r ) and on the other hand to the fidelity constraint set (M ∈ Sp, where δp

needs to be chosen):

Sr = Rm×n
⩽r = {A ∈ Rm×n : rank(A) ⩽ r} (2.15)

Sp = {A ∈ Rm×n : ∥PΩ(A)− PΩ(X)∥pp ⩽ δp}.

Truncated Nuclear Norm Regularization (TNNR). NNM reduces all singular

values. However, it is in some applications appropriate to not focus on reducing the first r

singular values, but only the smaller ones. We then define the truncated nuclear norm:

∥A∥r =
min{m,n}∑
i=r+1

σi(A) =

min{m,n}∑
i=1

σi(A)−
r∑

i=1

σi(A) = ∥A∥∗ −
r∑

i=1

σi(A).
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By the SVD decomposition of A we have A = UΣV ⊤ and thus Σ = U⊤AV . Moreover,∑r
i=1 σi(A) is equal to the trace of the truncated diagonal matrix of singular values Σr. Yet,

Σr = U⊤
r AVr, where the orthogonal matrices Ur and Vr are the matrices U and V truncated

after the rth column. We have therefore the equality
∑r

i=1 σi(A) = maxU,V tr(U⊤MV ), where

U ∈ Rm×r and V ∈ Rn×r such that U⊤U = V ⊤V = Ir. In the end, the minimization of the

truncated nuclear norm is [HZY+13]:

min
M

(
∥M∥∗ −max

U,V
tr(U⊤MV )

)
(2.16)

PΩ(M) = PΩ(X).

2.4.3 Rank fixed

Optimization over the manifold of fixed-rank matrices. When the rank is fixed,

then matrix M belongs to the manifold of fixed-rank matrices Rm×n
r . The easiest formulation

consists in adapting 2.9:

min
M∈Rm×n

r

∥PΩ(M)− PΩ(X)∥2F . (2.17)

This problem can be tackled using tools from Riemannian optimization [AMS08]. For

example, [Van12] uses the SVD factorization of any matrix in Rm×n
r in order to apply a

Riemannanian non-linear conjugate gradients algorithm.

Optimization over the Grassmann manifold. The manifold of orthogonal matrices,

also called the Stiefel manifold, is a subset of the manifold of fixed-rank matrices: St(m, r) =

{Q ∈ Rm×r : Q⊤Q = Ir} [BZA20]. As discussed in Section 2.3, any matrix M ∈ Rm×n
r can

be factorized M = QR⊤, with Q ∈ St(m, r) and R ∈ Rn×r.

Problem 2.17 can be expressed using this orthogonal decomposition as follows [DM10]:

min
Q∈St(m,r)

(
min

R∈Rn×r
∥PΩ(QR⊤)− PΩ(X)∥2F

)
. (2.18)

We observe that the function f(Q) = minR∈Rn×r ∥PΩ(QR⊤)− PΩ(X)∥2F has a minimum

when f(Q) = 0. Therefore, the goal of this formulation is to find Q ∈ St(m, r) such that

f(Q) = minR∈Rn×r ∥PΩ(QR⊤)−PΩ(X)∥2F = 0. This root-finding problem is unconstrained on

the Stiefel manifold, but unfortunately, the solution is not unique due to the non-uniqueness

of the M = QR⊤ decomposition.

This is reflected in the fact that for any C ∈ Rr×r orthogonal (C⊤C = CC⊤ = Ir),

we have f(Q) = f(QC). This leads to the realization that the value of f only depends

on span(Q), the space spanned by the columns of Q. By definition, this set span(Q) is a
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subspace of dimension r of Rm. The Grassmann manifold is then introduced: Gr(m, r) is set

of all r-dimensional linear subspaces in Rm. A shift of perspective allows to search for the

right subspace span(Q) ∈ Gr(m, r) such that f(Q) = 0. The problem is then unconstrained

on the Grassmann manifold [DM10].

2.4.4 Nonnegative matrix completion

Nonnegative LASSO. If the matrix M is known to have only nonnegative entries,

then it can be useful to add this convex constraint into the optimization problem [ZCW18].

For example, adapting 2.6 keeps a convex problem:

min
M

1

2
∥PΩ(M)− PΩ(X)∥2F + τ∥M∥∗ (2.19)

M ⩾ 0.

Based on Nonnegative Matrix Factorization (NMF). Another well-researched

topic is the Nonnegative Matrix Factorization problem. It consists in finding a decomposition

of any nonnegative matrix A ∈ Rm×n such that A = UV ⊤, where U ∈ Rm×r, U ⩾ 0 and

V ∈ Rn×r, V ⩾ 0. It can also be denoted U ∈ Rm×r
+ and V ∈ Rn×r

+ . U and V are two

nonnegative factors and where r ⩽ min{m,n} is the (nonnegative) rank. Even if the NMF is

not unique, it has the asset to be easily interpretable: U is a dictionary and V is a coefficient

matrix [XYWZ12].

This NMF is very similar to the BMF and can be exploited for nonnegative matrix

completion formulations with a given rank r:

min
U,V

1

2
∥PΩ(UV ⊤)− PΩ(X)∥2F (2.20)

U ⩾ 0

V ⩾ 0.

2.5 Estimators for the matrix to complete

2.5.1 Motivation of estimators

The entries Pij need to be computed ∀(i, j) ∈ Ω in order to set-up the matrix completion

problem properly. This is linked with the choice of the functions gij(D). The field of statistics

has developed specific tools in order to estimate as best as possible an unknown variable

from some data samples: estimators. This step can thus be understood as finding wisely the

estimator Pij = gij(D) of the true value P̃ij from D.
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It is clear that any estimator Pij should respect the probability constraints for (i, j) ∈ Ω

(P ∈ P , see equation 1.4), so the functions gij need to agree with those constraints.

A key observation useful to compute estimators is that the element P̃ij only influences

the outcomes of the matches dij,k ∈ Dij. The only games that could possibly be linked with

P̃ij and on which P̃ij could depend are the ones in Dij. Therefore, it seems logical that Pij

should only be a function of those matches only:

Pij = gij(D) = gij(Dij).

2.5.2 Maximum likelihood (ML) estimator

The likelihood function L(P̃ij|Dij) of Dij is defined as the probability of generating the

dataset Dij assuming the model P̃ij: L(P̃ij|Dij) = P[Dij|P̃ij]. This function depends on

P̃ij. The maximum likelihood (ML) estimator for P̃ij corresponds to the value of P̃ij that

maximizes the likelihood:

Pij
ML

= argmax
0⩽P̃ij⩽1

L(P̃ij|Dij)

= argmin
0⩽P̃ij⩽1

− ln(L(P̃ij|Dij)). (2.21)

Let us compute the likelihood function in the context of matches prediction. Using the

assumptions of Section 1.1, matches are supposed independent. By also remembering that

Dij,k are considered as Bernouilli random variables:

L(P̃ij|Dij) = P[Dij|P̃ij]

= P

 ⋂
dij,k∈Dij

dij,k|P̃ij


=

∏
dij,k∈Dij

P
[
dij,k|P̃ij

]

=

wij∏
k=1

dij,k=1

P
[
dij,k|P̃ij

]
.

mij∏
k=wij+1

dij,k=0

P
[
dij,k|P̃ij

]

= P̃ij

wij
(
1− P̃ij

)mij−wij

. (2.22)

ML estimation is maybe the most common form of estimation because it requires no

information about prior distribution and it is often easy and straightforward to compute.

Moreover, it has sometimes intuitive interpretation, which is the case in the framework of

the game outcome prediction problem. The natural idea to approximate the probability of
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winning by the ratio of matches won over matches played has solid mathematical foundations:

it corresponds to the ML estimator Pij
ML

=
wij

mij
. This is shown in Appendix D.2. Finally,

as explained in Section 1.4, the ML estimator is the most efficient way to approximate P̃ij in

order to maximize the prediction accuracy A.

Note that we could also want to maximize the probability of the total number of wins

of i over j P
[
wij|P̃ij

]
, instead of each game independently P

[
Dij|P̃ij

]
. However, this would

lead to the exact same formulation. This is shown in Appendix D.

2.5.3 Maximum a posteriori (MAP) estimator

The idea of the MAP estimator is to find the P̃ij that could have best produced the

matches Dij. Concretely, MAP estimation maximizes the posterior probability distribu-

tion of P̃ij, which is defined as the distribution of the parameter P̃ij given the dataset Dij:

fP̃ij |Dij
(P̃ij). The Bayes formula [Bay22] applies and allows to express the posterior distri-

bution in terms of the likelihood of the observations P[Dij|P̃ij], the prior belief distribution

fP̃ij
(P̃ij) on P̃ij and a normalizing constant P[Dij].

Pij
MAP

= argmax
0⩽P̃ij⩽1

fP̃ij |Dij
(P̃ij)

= argmax
0⩽P̃ij⩽1

P[Dij|P̃ij].fP̃ij
(P̃ij)

P[Dij]

= argmax
0⩽P̃ij⩽1

P[Dij|P̃ij].fP̃ij
(P̃ij)

= argmin
0⩽P̃ij⩽1

− ln
(
P[Dij|P̃ij]

)
− ln

(
fP̃ij

(P̃ij)
)
. (2.23)

We can observe that the MAP estimator depends directly on the choice of the prior dis-

tribution of P̃ij. In other words, the MAP estimator needs the assumption of some knowledge

on P̃ij prior to the discovery of Dij. Table 4.1 gives an overview of some prior distributions

that could be used for P̃ij, such as the Beta distribution and the Beta-like distribution. A

particular case happens when the prior is uniform, because the MAP estimator becomes

equivalent to the ML estimator: Pij
MAP

= Pij
ML

=
wij

mij
. Indeed, the objective function of

2.23 reduces to the one of the ML estimation 2.21 as the prior term is constant, thus achieving

the same optimal point. Conceptually, a uniform prior does not give any useful information

about the variable, thus it is equivalent to assuming no prior knowledge.

A big default of an uniform prior distribution is that often mij is small (⩽ 2), which

forces the estimator towards extreme probabilities zero or one. However, it seems impossible

to have P̃ij = 0 or P̃ij = 1 in reality: each player has some non-zero chances to win any
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game. It is possible to use prior distribution to tackle this issue. For example, choosing

a Beta prior distribution Beta(b, b) with b > 1 (fP̃ij
(x) = xb−1(1−x)b−1

B(b,b)
, see Appendix E.2)

solves the problem because 0 < b−1
mij+2b−2

⩽ Pij
MAP

⩽ mij+b−1

mij+2b−2
< 1. Prior distribution has

a normalization role: it prevents Pij to get unrealistic values by normalizing it towards 1
2
.

Considering only this normalization role, it seems logical for the prior distribution to be

identical for all (i, j) ∈ Ω. Associated with the winner constraint, it implies that the prior

is a symmetric distribution around 1
2
. However, it turns out that this idea is insufficient in

order to improve results, this is described in Section 2.7.3 and in Appendix D.6.

For some prior choices, the MAP estimator could either be really hard or even impos-

sible to express explicitly. In general, a small optimization subproblem needs to be solved

iteratively in order to find Pij
MAP

. To guarantee global optimality and fast convergence, a

natural requirement is to ask the negative log-prior distribution to be convex. This condition

will come back later in Section 3.1. This subproblem simply re-writes the problem 2.23 by

including the expression of the likelihood function 2.22:

Pij
MAP

= argmin
0⩽P̃ij⩽1

−wij ln
(
P̃ij

)
− (mij − wij) ln

(
1− P̃ij

)
− ln

(
fP̃ij

(P̃ij)
)
. (2.24)

2.5.4 Conditional mean (CM) estimator

Another commonly used estimator is the conditional mean (CM) estimator: Pij
CM

=

E
[
P̃ij|Dij

]
. Assuming a prior distribution fP̃ij

(p̃ij), we have the following integral expression

for the CM estimator:

Pij
CM

= E
[
P̃ij|Dij

]
=

∫ 1

0

p̃ij.fP̃ij |Dij
(p̃ij) dp̃ij

=

∫ 1

0

p̃ij.
P[Dij|P̃ij].fP̃ij

(p̃ij)

P[Dij]
dp̃ij

=

∫ 1

0

p̃ij.
p̃ij

wij (1− p̃ij)
mij−wij .fP̃ij

(p̃ij)

P[Dij]
dp̃ij

=

∫ 1

0

p̃ij
wij+1 (1− p̃ij)

mij−wij .fP̃ij
(p̃ij)∫ 1

0
p̃ij

wij (1− p̃ij)
mij−wij .fP̃ij

(p̃ij)dp̃ij
dp̃ij. (2.25)

The CM estimator has also a normalizing effect on P̃ij, regardless of the chosen prior

distribution. For example, considering a uniform prior distribution, we find that Pij
CM

=
wij+1

mij+2
, see Appendix D.3. This estimator avoids to predict extreme results 0 and 1 and

pushes the estimate towards 1
2
. There is even an easy bound in the uniform prior case:

0 < 1
mij+2

⩽ Pij
CM

⩽ 1− 1
mij+2

< 1.
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It has the very desirable property to minimize the MSE, and is therefore called Minimum

MSE (MMSE) estimator: Pij
MMSE

= E
[
P̃ij|Dij

]
= Pij

CM
. The proof is in Appendix D.4.

2.5.5 Summary table

Prior fP̃ij
(x) Posterior fP̃ij |Dij

(x) Pij
ML

Pij
MAP

Pij
CM

Uni(0, 1) Beta(wij,mij − wij)
wij

mij

wij

mij

wij + 1

mij + 2

Beta(b, b) Beta(wij + b,mij − wij + b) /
wij + b− 1

mij + 2b− 2

wij + b

mij + 2b

fP̃ij
(x)

P[Dij|P̃ij].fP̃ij
(x)

P[Dij]
/ 2.24 2.25

Table 2.1: Table of estimators in function of prior distributions

Table 2.1 summarizes different possible choices of estimators Pij, in function of the prior

distribution chosen. For the Beta prior distribution, the proofs are found in Appendix D.5.

Note that, for all estimators, it can be verified that the probability constraints are verified:

Pij = 1− Pji, and 0 ⩽ Pij ⩽ 1 for all (i, j) ∈ Ω.

2.6 Low-rank matrix completion formulations on P

Based on classical methods, let us introduce two new LRMC methods adapted to the

winning probability guessing problem. These methods compute the probability matrix P by

completing the incomplete probability matrix P (and constructed with some chosen estima-

tors), in order to approximate the true probability matrix P̃ .

LASSO. One formulation dedicated to the matrix completion of the probability matrix is

a restriction of the LASSO formulation 2.6 by adding the constraints of P ∈ P :

min
P

1

2
∥PΩ(P )− PΩ(P )∥2F + τ∥P∥∗ (2.26)

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.

WLASSO. Formulation 2.26 could be improved by using the weighted Frobenius norm,

which is an idea developed with problem 2.10. A natural weight matrix to use is the con-

frontation matrix W : ∥P∥2F,W =
∑n

i=1

∑n
j=1 wijP

2
ij. This leads to a new weighted LASSO
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(WLASSO) formulation:

min
P

1

2
∥PΩ(P )− PΩ(P )∥2F,W + τ∥P∥∗ (2.27)

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.

2.7 Results

Several completion methods have been tested in order find P by matrix completion:

• SDP NNM: solution to problem 2.3, implementation with [cvx] by [Fel].

• SoftImpute: solution to problem 2.5 with trade-off parameter τ , implementation of

the SVT algorithm by [Fel].

• iterative SVD: solution to problem 2.9 with rank r (for missing entries), implementa-

tion of the IterativeSVD algorithm by [Fel].

• lmafit: solution to problem 2.12 with rank r, implementation of the LMaFit algorithm

by [DV].

• LASSO: solution to problem 2.26 with trade-off parameter τ , implementation with [cvx]

by myself.

• WLASSO: solution to to problem 2.27 with trade-off parameter τ , implementation with

[cvx] by myself.

• kNN: neighbourhood matrix completion technique (no low-rank assumption) with pa-

rameter k, implementation of k-Nearest Neighbours (k-NN) algorithm by [Fel].

• columns mean: neighbourhood matrix completion technique, naive method, implemen-

tation of the column-averaging algorithm by myself.

• rows mean: neighbourhood matrix completion technique, naive method, implementa-

tion of the row-averaging algorithm by myself.

The LASSO and WLASSO methods have probability constraints build-in. On the contrary,

the other methods mentioned above are direct implementations of low-rank matrix completion

techniques or neighbourhood matrix completion techniques, without adding the constraints

of P being a matrix of probabilities. This is problematic as the prediction accuracy A can
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only be computed from a matrix P respecting the constraints of a probability matrix. A

small procedure to impose the constrains afterwards consists of the following steps:

1. Project all Pij < 0 to 0 and all Pij > 1 to 1 such that 0 ⩽ Pij ⩽ 1 for all i and j.

2. Scale values in order to have Pij + Pji = 1 with the formula Pij ← Pij

Pij+Pji
.

3. Impose Pii =
1
2
.

Throughout this section, results are presented for the LRMC techniques introduced in

this chapter. First, optimal methods’ parameters are found. Then, the singular values

distribution of P coming from the different methods is studied. After, the influence of the

choices of estimator and prior distribution are discussed. Finally, the variability of the testing

dataset due to its random selection is demonstrated. Note that comparisons against other

methods are done in the last chapter (Section 4.8.5).

2.7.1 Optimal parameters

Let us first compute the optimal parameters for each method according to three criteria:

prediction accuracy, RMSE and WRMSE.

(a) iterative SVD: ropt = 2 (b) lmafit: ropt = 2
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(c) kNN: kopt = 10 (d) SoftImpute: τopt = 5.0

(e) LASSO: τopt = 5.0 (f) WLASSO: τopt = 5.0

Figure 2.1: Finding best r for iterative SVD and lmafit, k for kNN, τ for SoftImpute,

LASSO and WLASSO. n = 50 players, season 2013, ML estimator, αte = 0.3

.

Several observations can be made from the Figure 2.1:

• Ranges of best values for the parameters according to the different metrics overlap

nicely. It indicates that improving results on one metric also improves on the other

ones.
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• RMSE and WRMSE graphs are almost always parallel. This holds true for P and C(P ),

and for all methods. This similarity is probably due to the fundamental resemblance

of their definitions.

• WRMSE < RMSE for all methods. This is indeed expected. From the way the training

and testing sets are created, we expect wij,te ≈ αtewij and wij,tr ≈ (1 − αte)wij, so

wij,te ≈ αte

1−αte
wij,tr. Therefore, the bigger wij,te, the bigger wij,tr. In other words, the

more important an element is in the WRMSE ((i, j) ∈ Ωte), the more likely it is taken

into consideration in the completion process ((i, j) ∈ Ωtr). If an element has not been

trained on (wij,tr = 0), its reconstruction is probably less accurate. But if this element

is nevertheless in Ωte, it is likely that wij,te is really small (especially when αte is small),

and have therefore a small impact on WRMSE, while it would have a relatively higher

impact on RMSE.

• RMSE(P ) < RMSE(C(P )) and WRMSE(P ) < WRMSE(C(P )) for most of methods.

This seems logical since P should be the matrix such that Pij ≈ P̃ij. As the clipping

operator sends every entry to zero or to one, it should only increase the distance with

P̃ij.

• A(C(P )) > A(P ), which is expected from the analysis in Section 1.4 and was moreover

the motivation of the definition of the clipping operator.

• For trade-off methods (SoftImpute, LASSO, WLASSO), there exists a sweet spot for the

regularization parameter τ , implying that the regularization approach works for this

problem.

• A low-rank structure seems to appear for this problem. By looking at methods using a

maximum rank r (iterative SVD, lmafit), it is clear that the best results are reached

when r is small, even close to one. Let us choose r = 2 as optimal rank. This is a nice

sign that the low-rank approach for this matches prediction problem makes sense and

could be fruitful.

• The imposed rank methods (iterative SVD, lmafit) seem to perform badly between

r = 5 and r = 12 concerning RMSE and WRMSE. This could be because the proba-

bility constraints are not imposed during the optimization process, but this has to be

confirmed.

• kNN method quickly reaches a plateau in all three metrics, around k ⩾ 10.

• LASSO and WLASSO seem to give the best results, proving that these new methods are

motivated. This improvements could be due to the constraints integrated by definition
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into the problems, while the other methods have their output matrix modified in order

to satisfy the constraints and be able to compute the prediction accuracy metric.

2.7.2 Singular values distribution

Let us have a look at the distributions of the singular values of P for different methods in

order to better understand the possibly low-rank structure of the problem. Some interesting

ideas are developed in Section 1.6.2.

On Figure 2.2, the distribution of singular values of P computed via different methods

are represented. Singular values of P ′ = P − 1
2
1n×n and of their clipped versions C(P ) and

C(P ′) are shown as well.

(a) SDP NNM (b) SoftImpute

(c) iterative SVD (d) lmafit
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(e) LASSO (f) WLASSO

(g) kNN (h) columns mean
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(i) rows mean

Figure 2.2: Singular values distributions of different methods before and after clipping, for

P and for P ′ = P − 1
2
1n×n (centered): blue - original, orange - centered, green - clipped, red

- clipped and centered. n = 10 players, season 2013, ML estimator, αte = 0.3

.

Some predictions were made in 1.6.2 and are verified:

• σ1(P ) is always big, slightly over n
2
.

• The singular values of P ′ come in pairs as P ′ is skew-symmetric.

• If the rank is bounded (such as in lmafit), or minimized via the nuclear norm (such as

in SDP NNM, LASSO and WLASSO), the smallest singular values of the non-clipped matrices

drop close to 0. This represents the low-rank structure imposed by the methods.

• As expected, applying the clipping operator destroys the low-rankness. Indeed, C(P )

is always full rank, for all methods.

2.7.3 Estimators for P̃ij

As exposed in Section 2.5, in order to set up a matrix completion problem for guessing

the outcome of tennis matches, the function gij(Dij) needs to be chosen in order to compute

Pij for (i, j) ∈ Ω. The most logical way to do it is to use tools from statistics and in particular

estimators.

Three types of estimators are studied in this thesis: ML (maximum likehihood), MAP

(maximum a posteriori) and CM (conditional mean). The two last ones need to assume a

prior distribution on P̃ij. If the prior is uniform, which is equivalent to considering no prior,
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then the MAP estimator reduces to the ML estimator. In this section, the MAP and CM

estimators are considered under the assumption of a Beta prior distribution: P̃ij ∼ Beta(b, b).

The PDF is fP̃ij
(x) = xb−1(1−x)b−1

B(b,b)
, with parameter b ⩾ 1 such that − ln(fP̃ij

(x)) is convex. A

special case is b = 1, because the beta distribution becomes the simple uniform distribution.

For the experiments showed in Figure 2.3, P tr from the training set (for (i, j) ∈ Ωtr) is

computed with MAP and CM estimators. For the comparisons with the testing sets by the

RMSE and WRMSE metrics, P te from the testing set (for (i, j) ∈ Ωte) is computed with the

same estimator, but also with the ML estimator. Indeed, choosing twice the same MAP or

CM estimator for training and testing sets leads irrevocably to a decrease to 0 for RMSE

and WRMSE when choosing big values of b. Indeed, as shown in Appendix D.5, assuming a

symmetric Beta prior distribution tends to shrink the range of possible values of Pijtr towards
1
2
, even more when b increases. Therefore, the entries Pij found after optimization should also

be closer to 1
2
. Choosing an estimator taking prior knowledge into account for the testing

matrix would force Pijte towards 1
2
as well, therefore decreasing the RMSE and WRMSE

metrics. In order to avoid this phenomenon, the solution is to also choose an estimator

independent of any prior distribution for the testing part, with a range of possible values

from 0 to 1: the ML estimator.

(a) MAP for training and testing (b) CM for training and testing
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(c) MAP for training, ML for testing (d) CM for training, ML for testing

Figure 2.3: Influence of parameter b of the Beta(b, b) prior distribution, for MAP (ML when

b = 1) and CM estimators. n = 50 players, season 2013, LASSO method with τ = 5.0,

αte = 0.3

.

As expected, RMSE and WRMSE decrease to 0 (in the non-clipped case) for identical

training and testing estimators when b increases (see Figures 2.3a and 2.3b). On the contrary,

they increase when compared with the ML estimator for testing (still in the non-clipped case,

see Figures 2.3c and 2.3d). This is explained in the previous analysis as well. Besides, the

ML estimator is known for often going to extreme probabilities (zero or one) because of the

small size of the dataset compared to the number of unknowns. Using the ML estimator for

testing (whose dataset is even smaller) means that a lot of testing values are zeros or ones,

while on the contrary the training probabilities are pushed towards 1
2
. We could expect that

the errors (RMSE, WRMSE) grow to 0.5 when b increases, and this is indeed what happens.

Another important observation is that, perhaps surprisingly, adding prior knowledge

never improves the prediction accuracy. This phenomenon is due to the symmetry of the

prior distribution around 1
2
mentioned in Section 2.5.3. Let us explain this assertion.

When the prior distribution is assumed symmetric and negative log-convex, then it is

rather noteworthy that the clipped MAP estimator is equal to the clipped ML estimator:

C
(
Pij

MAP
)
= C

(
Pij

ML
)
. This is shown in Appendix D.6. We could expect that the same

kind of equation holds true for the reconstructed entries: C
(
Pij

MAP
)
= C

(
Pij

ML
)
. Therefore,

no matter the prior assumed, as long as it is symmetric, the clipped version of the solutions

coming from the ML and MAP frameworks should be identical. This is indeed what is
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observed on Figures 2.3a and 2.3c.

What is more, this phenomenon has a physical interpretation. As explained in Section

1.4, in order to maximize the prediction accuracy, the winner should always be the player

considered the strongest, i.e. the one with the highest winning probability: probabilities

should be projected to zero or to one. This was by the way the reason behind the introduction

of the clipping operator. Yet, by only using symmetric prior distribution to normalization

purpose (this was motivated in Section 2.5.3), the probabilities during the training process

are pushed towards 1
2
, but they always stay on the same side of this threshold. By clipping

them afterwards for testing, the effect of the normalization just disappears, and thus the prior

distribution has no impact at all on the prediction accuracy. Physically, the strongest player

always stays the strongest player, even if his margin decreases. So, from the beginning, the

idea of normalization was useless in terms of prediction accuracy. However, it can still be

correctly motivated in terms of other metrics such as RMSE or WRMSE.

The same process is assumed to happen for the CM estimator: C
(
Pij

CM
)
= C

(
Pij

ML
)

from where we can expect C
(
Pij

CM
)
= C

(
Pij

ML
)
. This relation is proved in the case of a

Beta distribution, but it still lacks a proof in the general case (see Appendix D.7).

2.7.4 Variability of the testing set

Figure 2.4: Different runs of LASSO method with τ = 0.5. n = 50 players, season 2013, ML

estimator, αte = 0.3

.
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For a given dataset D, the testing set is composed of αte.|D| randomly selected matches

within D. The training set gathers all matches not selected in the testing set. A problematic

feature comes from this randomness: some testing sets are more favourable than others

for prediction. Indeed, the dataset over one year typically counts around 3000 matches,

separated into training and testing sets of approximately 2100 and 900 matches (αte = 0.3).

Meanwhile, for n = 50 players, the matrix P has n2−n
2

= 1225 degrees of freedom. Even if

the low-rank assumption aims to reduce this number, the training set stays relatively small

compared with the number of variables. This leads to the overfitting phenomenon, which

tells that the model is highly susceptible to variance. In this case, the variance is introduced

by the randomness in the testing selection. Therefore, the prediction accuracy can strongly

vary from run to run. Figure 2.4 shows exactly that phenomenon: the prediction accuracy

can vary up to 6% for the same method and the same dataset D. A solution to this flaw

would be to introduce a new more reliable way of selecting the testing set, probably without

using randomness.
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Chapter 3

Low-Rank MAP formulations on the

probability matrix

3.1 General MAP formulation

A different approach to matrix completion can be tried to tackle the match prediction

problem. We call it the maximum a posteriori (MAP) approach. It sets up an optimization

problem which has the following goal: finding the matrix P that could have best produced

the dataset D, i.e. maximizing the posterior distribution of P knowing D, fP |D(P ). This

kind of approach is often used in statistics and machine learning. In this MAP framework,

the optimal matrix is found directly, in contrast to the matrix completion approach, where

the matrix to complete was computed with statistical tools. Obviously, the mathematical

developments of this whole section are really similar to the ones in Section 2.5.3, with the

difference of working on P and D instead of P̃ij and Dij.

P ∗ = argmax
P∈P

fP |D(P )

= argmax
P∈P

P[D|P ].fP (P )

P[D]
= argmax

P∈P
P[D|P ].fP (P )

= argmin
P∈P

− ln (P[D|P ])− ln (fP (P )) . (3.1)

We recognize both terms in the last expression. The first one, P[D|P ] = L(P |D) is

known as the likelihood of the data D assuming the parameters P . Let us compute its

expression with several remarks. First, using the assumptions of Section 1.1, we consider the

matches to be independent: P[D|P ] =
∏

(i,j)∈Ω
i>j

P[Dij|P ]. The set D can be decomposed pair

by pair, with each pair (i, j) having played mij matches. In order to not count any match
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twice, we will only consider i > j. Then, also from assumptions of Section 1.1, matches

between players i and j only depend on the probability Pij: P[Dij|P ] = P[Dij|Pij]. Finally,

P[Dij|P̃ij] is recognized as the likelihood L(Pij|Dij), and has been computed in equation 2.22.

This gives:

L(P |D) = P[D|P ]

=
∏

(i,j)∈Ω
i>j

P[Dij|P ]

=
∏

(i,j)∈Ω
i>j

P[Dij|Pij]

=
∏

(i,j)∈Ω
i>j

Pij
wij (1− Pij)

mij−wij

=
∏

(i,j)∈Ω
i>j

Pij
wij

∏
(i,j)∈Ω

i>j

(1− Pij)
mij−wij

=
∏

(i,j)∈Ω
i>j

P
wij

ij

∏
(i,j)∈Ω

i>j

Pji
wji

=
∏

(i,j)∈Ω
i>j

Pij
wij

∏
(i,j)∈Ω

j>i

Pij
wij

=
∏

(i,j)∈Ω

Pij
wij . (3.2)

Let us replace this development into problem 3.1:

P ∗ = argmin
P∈P

− ln

 ∏
(i,j)∈Ω

P
wij

ij

− ln (fP (P ))

= argmin
P∈P

−
∑

(i,j)∈Ω

wij ln (Pij)− ln (fP (P )) .

Then, the second term includes fP (P ) the prior distribution of P . Obviously, the optimal

matrix P ∗ depends on the choice of its prior distribution, which is discussed in Section 3.2.

In the end, the MAP estimation problem consists in minimizing the negative log-likelihood

minus the log-prior. Notice that the problem is convex if and only if − ln (fP (P )) is convex,

as − ln(L) is always convex (see Appendix C.2).

min
P
−
∑

(i,j)∈Ω

wij ln (Pij)− ln (fP (P )) (3.3)

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.
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3.2 Prior distribution of P

The MAP formulations need to account for the prior distribution of the matrix P : fP (P ).

Two main choices are possible and are detailed in this section. Firstly, one could assume a

uniform prior distribution, which leads to an ML formulation. Secondly, a non-uniform prior

can be considered. Each probability Pij requires its own prior distribution to be defined. Two

important simplifying assumptions are then made (Pij mostly independent and identically

distributed), leading to symmetric prior distributions.

3.2.1 Uniform prior (ML)

Assuming a uniform prior distribution on P (equivalently assuming a uniform prior on

each Pij) is equivalent to consider no prior knowledge on P (or on the elements Pij). The

MAP formulation then reduces to an ML formulation, similarly to what is described in

Section 2.5.3:

min
P
−
∑

(i,j)∈Ω

wij ln (Pij) (3.4)

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.

If no extra assumption is made, the problem is underdetermined and unusable in practice.

Indeed, the elements Pij ∈ Ωc do not appear in the objective function and the constraints

are not strong enough in order to fix them.

3.2.2 Non-uniform symmetric prior

In order to compute the expression of a non-uniform prior distribution, we need two

significant assumptions.

The first main hypothesis about prior knowledge distributions in this work is to consider

that all Pij are a priori independent. However, exceptions occur between pairs of players Pij

and Pji, as they are linked by the winner constraint Pij +Pji = 1, which can be rewritten as

fPji
(x) = fPij

(1− x). This implies:

fP (P ) =
∏

(i,j)∈(N×N )

fPij
(pij) =

∏
(i,j)∈(N×N )

i>j

fPij
(pij)fPij

(1− pij)
∏
i∈N

fPii
(pii).
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The second assumption is even stronger: all Pij share the same distribution d(x), ∀(i, j) ∈
(N ×N ). This assumption extends for all pairs: fPij

(x) = fPji
(x) = d(x). It implies directly

that the common distribution d(x) is symmetric around 1
2
: fPij

(x) = fPji
(x) = fPij

(1− x) =

d(x). We get:

fP (P ) =
∏

(i,j)∈(N×N )

d(pij) =
∏

(i,j)∈(N×N )

fPij
(pij).

This second assumption can be motivated as follows. On the one hand, since all entries

represent the same kind of value (probabilities of a player i winning against another player

j), they should therefore be treated equally. On the other hand, it traduces symmetry, which

is, in general, a good sign for a real problem.

Using these two main assumptions, the MAP problem 3.3 then becomes:

min
P
−
∑

(i,j)∈Ω

wij ln (Pij)−
∑

(i,j)∈(N×N )

ln
(
fPij

(Pij)
)

(3.5)

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.

Several choices can be made for the prior distribution of Pij, as long as − ln
(
fPij

(Pij)
)

is convex such that problem 3.5 stays convex, and symmetric around 1
2
. Different suitable

prior distributions are described in Section 4.5.

This formulation 3.5 concerns all elements Pij, even the ones with (i, j) ∈ Ωc. However,

without additional constraints, the latter are all set to 1
2
, as the prior distribution is symmetric

and negative log-convex (see Appendix C.5). Besides, for the Pij with (i, j) ∈ Ω, the clipped

value (optimal for maximizing prediction accuracy), is the same as the one in the ML problem.

Indeed, the symmetric prior has only a normalization role (see Section 2.5.3), and this effect

vanishes after clipping. Therefore, changing the prior does not affect the solution. This

phenomenon has been fully explained in Section 2.7.3.

3.3 Low-rank MAP formulations on P

The MAP formulation 3.5 is convex as − ln
(
fPij

(Pij)
)
is chosen convex (see Table 4.1),

which means that all tools and guarantees of convex optimization techniques can be applied.

However, it has one big flaw: it does not include in any way the low-rankness of matrix P . In

order to account for the low-rank feature while preserving a convex problem, two solutions

already explored in the matrix completion framework are possible.
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3.3.1 MAP with NNM

MAP NNM. The first solution consists in adding a regularization term involving the nuclear

norm, the convex envelope of the rank, with a trade-off parameter τ :

min
P
−
∑

(i,j)∈Ω

wij ln (Pij)−
∑

(i,j)∈(N×N )

ln
(
fPij

(Pij)
)
+ τ∥P∥∗ (3.6)

P ⩾ 0n×n

P ⩽ 1n×n

P + P⊤ = 1n×n.

3.3.2 MAP with BMF

MAP BMF. The second idea is to use the bilinear matrix factorization P = UV ⊤ with given

rank r, U ∈ Rm×r, V ∈ Rn×r. This means that Pij =
∑r

k=1 UikVjk:

min
U,V
−
∑

(i,j)∈Ω

wij ln

(
r∑

k=1

UikVjk

)
−

∑
(i,j)∈(N×N )

ln

(
fPij

(
r∑

k=1

UikVjk

))
(3.7)

UV ⊤ ⩾ 0n×n

UV ⊤ ⩽ 1n×n

UV ⊤ + V U⊤ = 1n×n.

This problem is not convex anymore, but it is still block-component-wise convex. In order

to tackle this last formulation, a natural try is thus to use convex optimization by alternating

minimization on U and V . However, this is really hard or even sometimes impossible to do due

to the last equality matrix constraint. During the following explanations concerning this fact,

we suppose that U is fixed and that V is the optimization variable, but the reasoning holds in

the opposite situation as well due to symmetry. Then, the constraint UV ⊤+V U⊤ = 1n×n gets

really problematic. Let us denote the number of independent equalities as e(n). Noticing the

symmetry, there are at most n2+n
2

independent equalities: e(n) ⩽ n2+n
2

. Yet, each component

has only rn degrees of freedom and the low-rank framework particularly asks for small r.

So, most of the time, there are too many equalities compared to the number of variables:

rn < e(n). For example, if e(n) = n2+n
2

, then this happens when rn < n2+n
2
⇐⇒ r < n+1

2
.

This implies that the feasible set F of V (not even satisfying the other inequalities) can be

empty, which makes this problem infeasible. More precisely, it depends on U and thus on

how many of the n2+n
2

equations are independent.

For some U , this feasible set is not empty. An easy example is U = 1n×r√
2r
. However,

this implies that V = 1n×r√
2r

as well. The feasible set is a singleton, there is no room for
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optimization. Moreover, V is of rank 1, which is not interesting as the hope was that the

optimization reached the upper bound for the rank r. More crucially, this imposes Pij =
1
2

for all (i, j), which is a completely useless solution.

The only example of U I could come up with in this thesis which allows some freedom

to V is the following: U = (1n×1√
2
|0n×r−1) and V = (1n×1√

2
|V ′). We can easily verify that the

equality constraints are verified, while the submatrix V ′ of size n× r− 1 is free. However, by

definition of U , V ′ disappears in the objective function and becomes irrelevant, while Pij =
1
2

for all (i, j) once again.

To summarize about MAP BMF, the low-rank problem 3.7 can seemingly not be tackled

via alternating convex minimization because the probability constraints are too restrictive.

Most values of U (or V ) make the problem infeasible. An especially critical step is therefore

the initialisation of those matrices. It is an open question to determine the conditions on U

(or on V ) such that the feasible set is non-empty, and even further such that this set is not a

singleton. Note that other optimization techniques could potentially solve this problem 3.7.

3.4 Results

In this section, we present results for the MAP NNM method introduced in this chapter. In

particular, we look at the influence of the method’s parameter and of the prior distribution

choice. Comparisons against other methods are done in the last chapter (Section 4.8.5).

3.4.1 Optimal parameters

Figure 3.1: MAP NNM: τ = 5.0. Finding best τ for MAP NNM. n = 50 players, season 2013, fP (P )

uniform, αte = 0.3.
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Figure 3.1 tells that the optimal parameter for the MAP NNM method is τ = 5.0 according

to the prediction accuracy metric. Recall that RMSE and WRMSE criteria are not applicable

in the MAP context. Surprisingly, the clipped version keeps a high prediction accuracy even

when the non-clipped version dramatically decreases (τ > 10).

3.4.2 Prior distribution

Figure 3.2: MAP NNM. Influence of parameter b of the Beta(b, b) prior distribution. n = 50

players, season 2013, τ = 5.0, αte = 0.3.

Figure 3.2 shows that modifying parameter b of the Beta prior distribution assumed on

Pij does not affect the prediction accuracy for the MAP NNM method when the P matrix is

clipped. This result is extremely similar to the ones in Section 2.7.3 for matrix completion

with MAP estimators. As detailed in 3.2.2, it is expected for a solution to problem 3.5

that the choice of the prior distribution (and its parameter) should not influence the clipped

accuracy. However, MAP NNM solves the slightly different problem 3.6, which includes an

additional nuclear norm term. This term however does not depend on the prior. It can

thus be guessed that the clipped accuracy should behave identically as it does without this

additional term, i.e. stay constant. This is indeed what is observed.
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Chapter 4

Low-rank MAP rating formulation

4.1 Motivation of rating formulation

The probability matrix formulations, introduced in Chapter 1 and detailed in Chapters

2 and 3, have several fundamental flaws, inevitably preventing them from achieving good

results. Here follows a non-exhaustive list of shortcomings:

1. The matrix P is heavily constrained as it belongs to P : 0 ⩽ Pij ⩽ 1, Pij + Pji = 1 and

Pii =
1
2
.

2. The diagonal elements Pii have no real meaning, but they need to be taken into account

during the optimization process as they are constraints and could have an impact on

the assumed low-rank structure.

3. It is unclear why matrix P should have some low-rank structure.

4. Except for simplicity purposes, it is hard to motivate any prior distribution on a prob-

ability Pij.

5. Too little information is taken into account in order to reach prediction levels, as

described in Section 1.1.

This Chapter 4 explores ideas in order to tackle all those issues. First, the widely used

Bradley-Terry-Luce (BTL) model for outcome prediction will be detailed. It justifies how

to link winning probabilities Pij with rating levels in simple ways. Two different ratings

could be used: Si, which is positive, and Ei, which is unconstrained. Then, this BTL model

is extended by a new dimension such as the tournament in order to account for one more

feature from the dataset. The variable becomes a matrix of ratings, where Si
c and Ei

c
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represent the rating of player i in tournament c. In their paper [XTFF19], Xia, Tan, Filstroff

and Févotte tackled the S ratings formulation. In addition to the low-rank structure, they

exploit the nonnegativity of S for interpretability purposes. In this work, the focus is set

on the second unconstrained ratings E. We can easily motivate this rating matrix to be

low-rank. Using a MAP framework on it allows us to finally write a new formulation of the

prediction problem, called the E rating formulation.

4.2 Bradley-Terry-Luce model

The Bradley-Terry-Luce (BTL) model is a widely used model in the context of con-

frontations between two players or two teams [BTL22]. It assigns the probability of winning

a match only by knowing the rating difference ∆Eij between players i and j thanks to a

logistic relation, i.e. a sigmoid function [Sig22]. The parameter λ is a scaling parameter,

which can be fixed arbitrarily, often to λ = 1:

Pij =
1

1 + e−λ∆Eij
.

The BTL formula can be inverted in order to find the rating difference from winning

probabilities. This implies the inverse sigmoid function, also called logit function [Log22b]:

∆Eij =
1

λ
ln

(
Pij

1− Pij

)
.

In order to fully understand this model, its parameters and variables, we will reconstruct

it step by step. The BTL model is derived from an intuitive transitive property on the odds of

winning Rij. The odds of player i winning a match against player j represent the probability

that i wins over the probability that j wins. It is a way to represent relative strength between

players:

Rij =
Pij

1− Pij

Pij =
Rij

1 +Rij

.

From the definition of probability, there is an intrinsic positivity constraint: Rij ⩾ 0.

Furthermore, there is an inverse relationship between Rij and Rji:

Rij =
Pij

1− Pij

=
1− Pji

Pji

=
1

Rji

. (4.1)

The idea of the BTL model is to assume that the odds are multiplicative transitive:

RijRjk = Rik.
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To rephrase, if Rij = l (i beats j l times more often than j beats i), and Rjk = m (j

beats k m times more often than k beats j), then Rik = ml (i beats k lm times more often

than k beats i). In terms of probability, this transitive property is not trivial and reads:

Pij

1− Pij

Pjk

1− Pjk

=
Pik

1− Pik

.

Before going further, let us remark that this transitivity hypothesis is questionable.

Indeed, in the real world, a strong player could have trouble against a particular player

which is supposed to be weaker, like his pet peeve. Similarly to the signs in rock-paper-

scissors, there could be no stronger player within a triplet of players: they each beat one

another. In other words, these players, like these signs, are not transitive. However, this

assumption allows to define the easy yet effective BTL model, so let us continue.

We can define a vector S for which Si ⩾ 0 corresponds to a rating (or level, or points,

or score) of player i. The odds Rij of i beating j are simply the ratio between their ratings:

Rij =
Si

Sj

.

This vector S is defined up to a multiplicative constant, i.e. multiplying S by any

constant would not impact the odds Rij. This extra degree of freedom implied by this

definition of S can be fixed by normalization of this vector. We could for example impose

S1 = 1, or ∥S∥ = 1. The choice in this thesis is to impose that the product of all components

equals to 1 and is explained further:
n∏

i=1

Si = 1. Moreover, this vector S naturally relates to

matrix P :

Pij =
1

1 +
Sj

Si

=
Si

Si + Sj

.

The properties of S are desirable. First, the stronger the player is, the bigger his rating Si

will be and the higher his winning probability will be. Then, the probability Pij is extremely

easy to compute. Pij has a nice interpretation as well: the fraction of points that i owns

compared to the total points that are involved in the match. Finally, the transitive property

is naturally satisfied.

However, there are two downsides to S. On the one hand, it is constrained to be positive.

Even if it can be natural to define a score to be positive (for example, Netflix films are rated

between 0 and 5 [Net22]), it is an extra restriction that needs to be taken into account during

the optimization process, and which is preferably avoided. On the other hand, even though

it intrinsically satisfies the multiplicative transitivity, we would prefer a rating score which is

additive transitive. In other words, the probability should depend on the difference in rating

instead of the quotient of ratings.
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This leads to the definition of vector E which fulfils those last requirements and can be

seen as simply a parametrization of S, with a free to choose coefficient λ:

Ei =
1

λ
ln(Si)

Si = eλEi .

E gives an absolute score for each player, corresponding to another rating for each

player. The ratings can be either positive or negative, avoiding the positivity constraint.

This vector is translation invariant as the winning probability only depends on the difference

of ratings, so we impose that the average rating is zero in order to fix this degree of freedom:
1

n

n∑
i=1

Ei =
n∑

i=1

Ei = 0. Note that this condition is equivalent to the normalization of S

described above
n∏

i=1

Si = 1. Other choices are possible for fixing this translation degree of

freedom, such as E1 = 0. The vector E is also scaling invariant: the parameter λ encodes

the standard deviation of E.

The matrix ∆E holds the value of the score differences between two players i and j. The

element ∆Eij = Ei−Ej =
1
λ
ln(Rij) =

1
λ
ln( Si

Sj
) is the rating difference between two players. If

i beats j, then Ei > Ej ⇐⇒ ∆Eij > 0, which is an elegant and intuitive condition. Besides,

it satisfies naturally the additive transitivity constraint:

∆Eij +∆Ejk = ∆Eik.

Finally, we have found the BTL model equation back. This model is rather easy to

understand and grasp and is therefore applied in a variety of situations. For example, the

chess world uses its ELO rating system built on top of the BTL model. The ELO system uses

λ = 1
400

and it can be normalized for a average rating of Ei
c = 1500, such as on Lichess [ELO].

The ELO system adds a dynamical aspect: it introduces an update formula for the ratings

after each new result. It predicts winning probability based only on the current ratings of

players, not accounting for any other external factors. This makes it compatible with the

assumptions of Section 1.1, but at the same time it inherits all flaws associated with those

assumptions.

4.3 Increasing by one dimension

In order to complexify the model to improve results, we can add a new dimension to

our problem. This allows to take one more feature into the model. For example, we can

differentiate the played matches by the surface, the tournament or any other complementary

criterion. Considering that the extra dimension is the tournament, let us fix some notation:
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• T is the set of all tournaments in the dataset D.

• t = |T | is the number of tournaments.

• Pij
c is the probability of player i beating player j in tournament c. It is still constrained

as usual: 0 ⩽ Pij
c ⩽ 1, Pij

c + Pji
c = 1 and Pii

c = 1
2
.

• Ei
c is a rating for player i in tournament c.

• ∆Eij
c = Ei

c − Ej
c is the rating difference between players i and j in tournament c.

• Si
c = eλEi

c
is the positive rating for player i in tournament c (Si

c ⩾ 0), and λ > 0 is a

free parameter.

• Rij
c =

Pij
c

1−Pij
c = Si

c

Sj
c is the odds of player i beating player j in tournament c. It is

positive: Rij
c ⩾ 0.

• Ω is redefined in order to account for the extra dimension:

Ω = {(i, j, c) ∈ (N ×N × T ) : mij
c > 0} .

The constitutive relations of the BTL model still hold true:

Pij
c =

1

1 + e−λ∆Eij
c =

Si
c

Si
c + Sj

c . (4.2)

4.4 Low-rank formulations on ratings

4.4.1 ML on S ratings

In paper [XTFF19], Xia, Tan, Filstroff and Févotte use the positive ratings S ∈ Rn×t

(called Λ⊤ in the paper) and impose a low-rank nonnegative matrix factorization (NMF, as

described in Section 2.4.4) Λ = WH such that W ∈ Rt×r
+ and H ∈ Rr×n

+ . The skill level

of player i on surface j is then Si
c = Λci = [WH]ci =

r∑
k=1

WckHki. This decomposition

naturally imposes S ratings to be positive and low-rank. Moreover, by adding some column

normalization on W (
∑t

c=1 Wck = 1, ∀1 ⩽ k ⩽ r ⇐⇒ 1⊤t×1W = 1) and global normalization

on H (
∑r

k=1

∑n
i=1Hki = 1⇐⇒ ⟨H, 1r×n⟩ = 1), we gain the uniqueness of this decomposition

and more interpretability. Matrix W can be seen as the dictionary matrix where Wck gives

the probability of tournament c to be of type k. Matrix H is the coefficient matrix and Hki

gives the skill level of player i on tournaments of type k.
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The optimization problem associates an ML framework with the BTL model and the

NMF. Let us recall the expression of the likelihood function from 3.2 and the expression of

Pij
c =

Sc
i

Sc
i+Sc

j
from 4.2. It gives:

min
W,H
−

∑
(i,j,c)∈Ω

wc
ij

(
ln

(
r∑

k=1

WckHki

)
− ln

(
r∑

k=1

WckHki +
r∑

k=1

WckHkj

))
(4.3)

1⊤t×1W = 1

⟨H, 1r×n⟩ = 1

W ⩾ 0

H ⩾ 0.

The formulation [XTFF19] has two major flaws that could be tackled. First, even if it

has interpretability purposes, working with S ratings instead of E ratings adds positivity

constraints, and constraining a problem can only deteriorate the optimal point. Then, the

formulation does not use any prior distribution on ratings as it falls into the ML framework

and not into the MAP framework.

4.4.2 MAP on E ratings

Eratings. This leads to a new MAP ratings formulation, which includes the prior distri-

bution of E. The assumptions from Section 3.2.2, i.e. that all Pij
c are assumed i.i.d. a priori,

allow to express the prior fE(E) of E in function of independent and identically distributed

Ei
c: fE(E) =

∏
(i,c)∈(N×T )

fEi
c(Ei

c). Indeed, as all Pij
c are i.i.d., the inverse BTL formula tells

that all rating differences ∆Eij
c should be independent and identically distributed as well.

If the ratings are themselves i.i.d., this always holds true. We then get the following MAP

problem on the E ratings:

min
E

∑
(i,j,c)∈Ω

wc
ij ln

(
1 + e−λ(Ei

c−Ej
c)
)
−

∑
(i,c)∈(N×T )

ln (fEi
c(Ei

c)) . (4.4)

Note that this problem is convex as the likelihood term is convex (see Appendix C.3)

and as − ln (fEi
c(Ei

c)) is chosen convex as well.

Section 4.6 motivates that E should have a low-rank structure. The BMF method is

used to impose a low-rank constraint on E ∈ Rn×t
⩽r as we define E = CT⊤, with C ∈ Rn×r

and T ∈ Rt×r. We have Ei
c =

∑r
k=1 CikTck. Moreover, we choose E to be centered at 0,

and therefore
∑n

i=1Ei
c = 0. An easier sufficient condition asks 1⊤n×1C = 0. Before defining

the MAP problem on E, we will first define the objective function O(C, T ) for clarity and
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conciseness. Note that this function is not convex due to BMF as proved in Appendix C.4

O(C, T ; fEi
c) =

∑
(i,j,c)∈Ω

wc
ij ln

(
1 + e−λ(

∑r
k=1(Cik−Cjk)Tck)

)
−

∑
(i,c)∈(N×T )

ln

(
fEi

c

(
r∑

k=1

CikTck

))
.

(4.5)

The problem then reads:

min
C,T

O(C, T ; fEi
c) (4.6)

1⊤n×1C = 0.

Several choices are possible for the prior distribution of Ei
c and are listed in Table 4.1.

For example, Ei
c can be assumed logistic zero-mean Ei

c ∼ Log(0, s), like it is done for chess

ratings based on the BTL model [Log22a]:

O(C, T ; Log(0, s)) =
∑

(i,j,c)∈Ω

wc
ij ln

(
1 + e−λ(

∑r
k=1(Cik−Cjk)Tck)

)

+
∑

(i,c)∈(N×T )

(
1

s

r∑
k=1

CikTck + 2 ln
(
1 + e−

1
s(

∑r
k=1 CikTck)

))
.

4.5 Prior knowledge on E

This section enumerates possible choices for the prior distribution of E. More generally,

it also enumerates possible choices for the other variables ∆E, S, R and P . Indeed, regardless

of the variable chosen to impose the prior distribution, the prior distribution on the other

variables can be deduced thanks to the BTL model equations. However, assuming simple

prior distribution on some variable can lead to really complicated and unusual distributions

which sometimes hardly make intuitive sense and lack interpretability.

Table 4.1 summarises some prior distributions. Starting from one distribution assumed

on one of the variables, the prior distributions implied for the other variables are shown. The

derivations can be found in Appendix E. It is worth noticing that most prior distributions

from the table are negative log-convex, which make them suitable for the optimization prob-

lems throughout this thesis. In particular, this is true for the uniform distribution, for the

beta distribution and for the logistic distribution, which are the distributions tested in this

thesis.
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Ei
c, Ej

c ∆Eij
c Si

c, Sj
c Rij

c Pij
c

Gumbel Logistic Inverse Exponential Lomax Uniform

Gumbel
(
−γ

λ
, 1
λ

)
Log

(
0, 1

λ

)
InvExp (eγ) Lomax(1, 1) Uni(0, 1)

Logistic Diff-Logistics Burr ? Beta-like

Log (0, s) DiffLog (s) Burr
(

1
sλ
, 1, 1

)
BetaLike

(
1
sλ

)
? Pow-Logistic ? ? Beta

PowLog
(
0, l

λ
, b
)

Beta(b, b)

”Uniform” / / / /

Impossible

/ / ”Uniform” / /

Impossible

Table 4.1: Table of prior distributions, initial assumption in bold, ? for still to be computed

distributions, / for not properly defined distributions because uniform distribution on Ei
c

and Si
c are not properly defined (infinite domain).

Let us note that the prior of Ei
c cannot be assumed uniform. Indeed, the uniform

distribution is only well-defined on a finite domain, but the domain of Ei
c is infinite (from

−∞ to +∞). However, considering no prior knowledge can still be done by removing the

log-prior term in problem 4.4. In this case, the problem transforms into an ML formulation.

For the same reason, a uniform prior prior cannot be assumed on S (its domain is infinite

from 0 to ∞).

4.6 Interpretability of low-rank structure on E

Could we interpret physically matrices C and T of the E = CT⊤ decomposition? With-

out any complementary constraints, it seems hard to do. Indeed, as seen in Section 2.3, the

decomposition is not unique.

The idea behind the low-rank decomposition of E is that there exist meta-tournaments,

which represent the possible types of tournaments. Intuitively, we guess that the main feature

of a tennis tournament is the surface on which it is played. The low-rank structure should

naturally identify those types of tournaments and express each tournament as a combination

of meta-tournaments. In order to do that, we can ask T ⩾ 0 and T1r×1 = 1t×1. Then, C and

T could be understood similarly as H and W in Section 4.4.1. Indeed, the element Ei
c is the
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skill level of a player i at tournament c and is equal to
∑r

k=1CikTck. So, Cik would represent

the skill level of player i at tournaments of type k, and Tck can be seen as the probability of

tournament c being of type k, or as the similarity of tournament c with meta-tournament k.

However, the initial goal of working on ratings E instead of rating S is precisely to avoid

constraints in order to get a better solution. So, it looks odd to add new ones, even if it

has some interpretability purposes. A compromise that can be done is to impose only one

of those constraints. For example, if T1r×1 = 1t×1 is added in formulation 4.6, it means that

the rating in tournament c is an affine combination of ratings in meta-tournaments.

4.7 BCD algorithm for the low-rank MAP rating for-

mulation

In this section, a Block Coordinate Descent (BCD) algorithm is created in order to solve

the Eratings problem 4.6.

As seen in Section 2.4.2, the factorization destroys the convexity of the problem. The

solution is then to optimize alternatively on C and T , because the problem stays block-

component-wise convex (see Appendix C.3). The global algorithm can be viewed as a Block

Coordinate Descent (BCD) algorithm, also called Gauss-Seidel algorithm [Lyu21]. As we

have two block coordinates, it is expected to converge to a stationary point, i.e. to a local

optimum [Gri00]. In addition to the optimal value to converge, it is intuitive to ask for the

variable E to converge as well, hence the definition of δt in the BCD algorithm:
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Algorithm 1 BCD for Eratings problem

Inputs:

Confrontation tensor W ∈ Nn×n×t

Rank bound r such that 0 < r ⩽ min{n, t}
Initial players matrix C0 ∈ Rn×r such that 1⊤n×1C0 = 0

Initial tournaments matrix T0 ∈ Rt×r (such that T0 ⩾ 0, T01r×1 = 1t×1)

Initial ratings matrix E0 = C0T0
⊤ ∈ Rn×t

BTL parameter λ > 0,

Prior distribution on Ei
c with parameter(s) θ (identical for all i, c) fEi

c(x; θ)

Tolerance ϵ > 0

Maximum number of iterations nmax > 0

Outputs:

Ratings matrix E ∈ Rn×t

Players matrix C ∈ Rn×r

Tournaments matrix T ∈ Rt×r

Probability tensor P ∈ Rn×n×t

Algorithm:

t = 0

δt = 2ϵ

while δt > ϵ and t < nmax do

Ct+1 = argmin
C

O(C, Tt; fEi
c) such that 1⊤n×1C = 0r×1

Tt+1 = argmin
T

O(Ct+1, T ; fEi
c) (such that T ⩾ 0, T1r×1 = 1t×1)

Et+1 = Ct+1Tt+1
⊤

δt+1 = ∥Et+1 − Et∥2F
t = t+ 1

end while

C = Ct

T = Tt

E = Et

P such that Pij
c = 1

1+e−λ(Ei
c−Ej

c)

4.8 Results

In this last section, we present results for the Eratings method introduced in this

chapter. In particular, we look at the influence of the method’s parameters and of the prior

distribution choice. Then, a global comparison is made between all methods presented during
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this thesis. Two metrics are examined: the running time and the prediction accuracy over

the 2000 to 2016 seasons.

4.8.1 Optimal parameters

In order to compare the Eratings method with the ones from the other chapters, we

have to first find the best parameters λ (from the BTL formula), s (from the logistic prior

distribution) and r (the rank imposed by the BMF).

(a) λopt = 10 for s = 1, r = 2 (b) sopt = 10 for λ = 1, r = 2

(c) ropt = 2 for λ = 10, s = 1

Figure 4.1: Finding best λ, s and r for Eratings. n = 50 players, season 2013, Ei
c ∼

Log(0, s), nmax = 20, αte = 0.3.

From Figure 4.1a and 4.1b, it seems that the range of optimal values for λ and s is

closely related. Indeed, it seems that it is in fact the product sλ which is truly important,

and not simply the individual values of λ and s. The optimal range spans sλ ∈ [3, 100], so

we will choose sλ = 10 as the optimal value. A theoretical explanation of the importance of

the product is given in Section 4.8.2.

From Figure 4.1c, we can observe that the accuracy grows when r gets small. There
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are two factors creating this phenomenon. The first explanation is simply that the low-rank

structure seems to be an efficient approach for this problem, which is what this thesis hopes

to demonstrate: the lower the rank is, the better the prediction will be. This is true as

for a given precision threshold ϵ (with no maximum number of iterations), the accuracy

decreases when r increases. The other explanation involves a slower convergence of the BCD

algorithm for larger r. Indeed, it turns out that a larger r requires more steps in order

to converge, certainly because there are more variables to handle. Then, as the maximum

number of iterations nmax = 20 stays identical, stopping after nmax in every case means that

we get further from the optimal point when r grows. The prediction accuracy then decreases.

Experimentally, this is verified as well: in order to reach a given threshold ϵ = 10−1, the

BCD algorithm required 6 iterations for r = 1, 60 for r = 2 and 69 for r = 3. However,

the importance of each effect in the final result needs to be quantified better and explored

deeper.

4.8.2 Scaling invariance and product sλ

On the one hand, the parameter λ encodes the scaling invariance of the distribution of

E from the BTL model. λ appears only in the term corresponding to the likelihood of the

winning probabilities P (the first term in the objective function 4.5). To understand how

this term influences the final distribution of E, we remind ourselves that the likelihood term

of P considers an uniform prior on P . It implies on the ratings that E ∼ Gumbel
(−γ

λ
, 1
λ

)
(see Table 4.1), which has a standard deviation proportional to 1

λ
. This means that the term

of maximum likelihood induces a dispersion of the ratings inversely proportional to λ.

On the other hand, a logistic distribution is assumed as prior: E ∼ Log (0, s). This dis-

tribution has a standard deviation proportional to s. So, the prior term induces a dispersion

of the ratings proportional to s.

If both terms grow in the same way, then the final distribution should be a scaled version

of the previous one. In other words, the only difference is that the standard deviation σE

should be multiplied by the growth factor. In order to make sure that both terms increase

in the same manner, a simple condition is to ask for the ratio of their individual deviations
s
1
λ

to stay constant, or equivalently the product sλ stays constant.
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(a) No optimal λ (b) No optimal s

(c) Linear relation with σE

Figure 4.2: Keeping the product λs = 10 constant. n = 50 players, season 2013, Ei
c ∼

Log(0, s), r = 2, nmax = 20 αte = 0.3.

The experiment which kept product sλ = 10 constant shows, in Figures 4.2a and 4.2b,

a strongly oscillating behaviour of the prediction accuracy when varying λ or s, without a

global increasing or decreasing trend. This indicates that it is only the value of this product

which has a deep impact on the accuracy, even if there is a large variance.

However, the product λs has a clear impact on matrix E, which is shown in Figure 4.2c.

The standard deviation of the ratings E denoted σE depends linearly on s when λs is fixed

(σE is multiplied by 10 when s is multiplied by 10 and λ divided by 10), which was expected

from the theoretical analysis.

4.8.3 Interpretability

Some experiments have been made in order to verify if the addition of the constraints

T ⩾ 0 and/or T1r×1 = 1t×1 could be beneficial for the interpretability of the low-rank
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structure. This turns out not to be the case.

The intuitive idea that meta-tournaments should represent different surfaces (clay, grass,

hard) is not reflected in matrix T . It was expected that, for a rank 3 decomposition, the

biggest coefficient between Tc1, Tc2 and Tc3 tells which type the tournament should probably

be. However, the biggest coefficients for all tournaments for a given surface do not coincide.

Moreover, the predictions are less accurate than when considering no constraint. This

was expected as adding constraints to an optimisation problem can only deteriorate its opti-

mal point. To make things worse, the convergence of the BCD algorithm is empirically much

slower with the added constraints.

4.8.4 Running time

The running time can heavily vary between methods as showed in Table 4.2. The general

rule is that methods calling external solvers (such as cvxpy [cvx]), namely SDP NNM, LASSO,

WLASSO, MAP NNM and Eratings, take much longer to run than direct methods. The slowest

method is Eratings, because the BCD algorithm calls the external solver twice per iteration.

In fact, the algorithm is stopped because it reached the maximum number of iterations, not

because it converged.

Method Run time [s] Parameters

SDP NNM 263.406

SoftImpute 0.068 τ = 5.0

iterativeSVD 0.164 r = 2

lmafit 0.047 r = 2

kNN 0.032 k = 10

LASSO 158.329 τ = 5.0

WLASSO 191.635 τ = 5.0

columns mean 0.000

rows mean 0.000

MAP NNM 382.213 τ = 5.0

Eratings 665.599 r = 2, λ = 1.0, s = 10.0, nmax = 20

Table 4.2: Running time for different algorithms, season 2001

61



4.8.5 Comparison of all methods over the seasons

On Figure 4.3, we compare the accuracy of all methods over the seasons 2000 to 2016.

We can observe several elements:

• As shown in Section 2.7.4, depending on the data randomly selected in the testing

dataset, the prediction accuracy can vary a lot. Therefore, values in this experiment

need to be taken with caution. However, it looks like some seasons were more pre-

dictable than others. From the specific runs of this experiment, the worst year for

prediction was 2000 (0.51-0.56 % accuracy), and the best was 2012 (0.63-0.70 % accu-

racy). Surprisingly, the most recent seasons were on average more predictable than the

oldest ones.

• The LASSO and WLASSO methods introduced in Section 2.6 (in green) are among the

best methods for almost all seasons. In particular, they seem to outperform classical

LRMC algorithms such as SDP NNM, lmafit or SoftImpute. This is probably due to

the fact that the probability constraints are built in these new formulations, while they

need to be imposed afterwards for the classical algorithms.

• The weights added to WLASSO are conclusive as they allow WLASSO to outperform LASSO

for the majority of the seasons, reaching a peak of 70% for the 2012 season.

• The MAP NNM method introduced in Section 3.3 (in pink) also scores as one of the top

methods. However, it seems to be in general a bit less accurate than LASSO and WLASSO

methods.

• The Eratingsmethod introduced in Section 4.4.2 (in red) lacks robustness. Indeed, the

results vary considerably from year to year: sometimes being the best method (2009)

and other times the worst one (2004).

• The naive methods rows mean and columns mean actually do not score as bad as ex-

pected, for example by beating more complex methods such as SDP NNM.
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Figure 4.3: Comparison of accuracy over 2000-2016 seasons. n = 50 players, αte = 0.3, all

hyper-parameters are tuned identically as is Table 4.2. Remark: Despite being independent,

points are linked together to improve the readability of the graph.
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Conclusion

Summary

The hard problem of guessing the outcome of sports events is tackled in this thesis by

using low-rank approaches. The problem, which is stated in the Chapter 1, makes two main

assumptions. Firstly, there exists a matrix P̃ which dictates the winning probabilities of each

player. Secondly, the sampling of each match of the dataset from the matrix is performed

independently. Those assumptions are big limitations of the model. On the one hand,

they imply that the only feature influencing the outcome of a confrontation is the pair of

players. This excludes plenty of elements which should intuitively matter such as the surface

of the match, the current state of fitness of players, the importance of the tournament, the

ranking of the players or the results of their previous encounters. On the other hand, winning

probabilities are fundamentally constrained in two ways: probabilities are bounded between

zero and one and the sum has to be one for each pair of players.

Despite the intrinsic flaws of the probability matrix formulation, two low-rank techniques

are tested in order to retrieve an approximation P of the true probability matrix P̃ : matrix

completion and MAP estimation. They are compared on the basis of several metrics, but

the most important and intuitive one is prediction accuracy. By exploring the properties of

this accuracy metric, it turns out that it is maximized when the probabilities are clipped to

zero or to one. This possibly counter-intuitive phenomenon has massive consequences on the

problem. First, avoiding probabilities to go to the extremes (one or zero) by normalization

towards 1
2
becomes useless. Then, physically, it shows that the only important information

is to know which player should most likely win.

Low-rank matrix completion is the first technique used to tackle this problem. The main

issue with this approach is the creation of the matrix to complete from the dataset. Three

different estimators are tested (ML, MAP and CM) but, in the end, they give all identical

results concerning the prediction accuracy. Indeed, adding symmetric prior knowledge in

order to normalize the probabilities is useless, as explained before. A second issue is that the

low-rank structure of the P matrix is hard to motivate, even if it is rather easy to implement,
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using NNM of BMF formulations and even if it seems to give better results. A third concern

is that in order to avoid that the matrix becomes too sparse and to keep a manageable size for

the solvers, only the most active players are considered. One last problem of classical LRMC

methods is that they do not impose any of the probability constraints. In order to integrate

them into the problem, two new LRMC formulations are introduced: LASSO and WLASSO,

where the W stands for the weights added to the standard constrained LASSO. These new

methods, despite running slower, slightly outperform classical matrix completion methods,

and the WLASSO method ultimately comes on top.

A second attempt consists in formulating directly a MAP low-rank estimation problem,

without setting up a matrix to complete in the first place. This leads to two new formulations:

MAP NNM and MAP BMF. The second approach is currently not viable because it is too hardly

constrained, but the first one works and gets results competing with LASSO and WLASSO

methods. As for the matrix completion problem, the addition of a prior distribution does

not improve results as long as it stays symmetric. A solution would be to use an asymmetric

prior distribution which is described further in the future work section below.

The last part of this work tries to make a shift of perspective by guessing the ratings of

the players instead of their winning probabilities directly. Indeed, the latter can be computed

afterwards from the ratings via the famous BTL model. This idea has multiple purposes: it

removes the constraints due to probabilities and it allows to include one extra dimension in

the problem, which can for example be the tournament. This time, the low-rank assumption

is made on the ratings, which gives rise to the hope of gaining more interpretability as

the low-rank assumption is this time made on the ratings. However, it is hard to extract

any physical sense. Using BMF for the low-rank structure, a new MAP formulation called

Eratings is introduced, as well as a block-coordinate descent algorithm in order to solve it.

Disappointingly, the algorithm is pretty slow and the accuracy of the predictions does not

benefit from this new angle of attack. Moreover, assuming zero-mean priors on the ratings

leads to the same useless normalization as the previous MAP formulations.

The main contribution of this work is probably the proof that maximizing the prediction

accuracy metric requires to clip the winning probabilities to zero or one. It has some rather

counter-intuitive but important consequences. First, in order to be right as often as possible,

betters should always bet for the supposed best player, never for the weakest one. Then, it

implies the uselessness of looking to normalize the probabilities towards 1
2
in order to make

them more realistic. Finally, it has the consequence that symmetric normalizing priors on

probability distributions are useless as well.

These low-rank approaches outperforms classical LRMCmethods by only a small margin.

The main flaw of these techniques is certainly the lack of information taken into account.

Considering more features, similarly to what is done in the rest of the literature, could
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drastically improve the results. In particular, this could be done by considering asymmetric

prior on the probabilities. This clue is the main idea which could lead to future researches

and is explained below. Some other unexplored thoughts are detailed as well.

Future work

1. Use asymmetric (around 1
2
) prior distributions on Pij (for Pij formulations) in order

to affect the solution after clipping. This asymmetry reflects what is truly expected

from prior knowledge about the players: which one should a priori be the best, with-

out considering the results of previous games. This asymmetric prior could be easily

extracted from the current ATP ratings of the players or from an ELO rating that they

could be attributed. It could even be a function of plenty of other features in order

to include them into the problem, as the limited number of features is heavily prob-

lematic in the original problem statement. An easy way to model asymmetric prior on

probabilities Pij is to use asymmetric Beta distribution Beta(a, b), a ̸= b which is very

versatile, easy to manipulate and the derived estimators have short closed expressions.

This clue could be the main topic for further research about low-rank approaches for

match predictions.

2. The same idea of asymmetric prior could be brought to the rating formulations. This

implies that Ei
c and Ej

c should be independent but not identically distributed. In

particular, they could have similar prior distributions, but with different means. Oth-

erwise, the prior distribution on ∆Eij
c is always zero-mean symmetric (see Appendix

E.4), which implies that the prior on Pij
c is always symmetric around 1

2
, making it

useless in the end.

3. In order to maximize the prediction accuracy, it is proven that all probabilities need

to be clipped to zero or one (see Section A). This change of perspective could poten-

tially lead to new formulations of the prediction problem, where the objective function

directly takes this feature into account. It could possibly have several benefits: more

accurate, simpler or faster methods. For example, considering the matrix completion

problem, we could constrain the matrix to complete P to be clipped: Pij = C
(
gij(D)

)
.

Another idea is to convert the MAP formulations to combinatorial problems, by adding

the constraint that the variable matrix is binary: P ∈ {0, 1}n×n.

4. Let us consider the BTL model without any dimensional extension. There should exist

an ELO-like rating vector E. The matrix ∆E can be rewritten in terms of this vector:

∆E = E1⊤ − 1E⊤. This matrix has rank 2 (this can be deduced from Appendix B.4).

Therefore, it could be interesting to apply matrix completion with an imposed rank of
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2 on this matrix. In order to compute the known elements, the idea is to first compute

Pij for (i, j) ∈ Ω with estimators described in this work, and then to apply the inverse

BTL formula to get ∆Eij. Note that this is already a relaxation as a rank two matrix

does not need to be in the form E1⊤−1E⊤. However, it has the advantage of removing

all constraints from the probability matrix formulations while having a motivation for

the low-rank structure.
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Appendix A

Prediction accuracy metric A

A.1 Definition

A way of defining how well a method performs at predicting outcomes of matches consists

in making predictions for the test set and comparing it with the real data.

Intuitively, one could argue that if we find Pij, which we hope is close to the true P̃ij,

then we should predict the victory of player i with a probability Pij and its defeat with a

probability 1− Pij.

It turns out that this predictive pattern is suboptimal, even in the case of perfect recon-

struction (Pij = P̃ij). Let us demonstrate where this claim comes from and let us find out

what the optimal strategy actually is.

First, the forecasting Fij,k of the result of the k
th match between players i and j is defined

as a Bernouilli random variable with parameter Pij. Fij,k = 1 when we predict that player i

will win the match, Fij,k = 0 when we predict that player i will loose the match:

Fij,k ∼ Ber(Pij)⇐⇒

 P[Fij,k = 1] = Pij,

P[Fij,k = 0] = 1− Pij.

According to the definitions, a correct prediction happens when fij,k = dij,k, for a match

dij,k ∈ Dte. On the contrary, a wrong prediction means that fij,k ̸= dij,k. We can define

a new binary random variable Cij,k which is equal to 1 if the prediction is correct and 0

otherwise. Its distribution is not trivial and is discussed further. We can now define the

global prediction accuracy A on a dataset D as the ratio of the number of correctly guessed
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games over the total number of matches:

A(P ) =

∑
(i,j)∈Ω

i>j

mij∑
k=1

cij,k

∑
(i,j)∈Ω

i>j

mij

.

A.2 Explicit expression

In order to be able to derive an expression for the global accuracy, we need to find the

distribution of Cij,k. In other words, we need to find what is the probability for a good

prediction (P[Cij,k = 1]) and for a wrong prediction (P[Cij,k = 0]). To simplify the analysis,

we will assume that Fij,k and Dij,k are independent random variables: P[Fij,k = fij,k∩Dij,k =

dij,k] = P[Fij,k = fij,k]P[Dij,k = dij,k]. Four cases can occur.

1. Win correctly predicted: fij,k = 1, dij,k = 1, with probability PijP̃ij.

2. Win wrongly predicted: fij,k = 0, dij,k = 1, with probability (1− Pij)P̃ij.

3. Loss wrongly predicted: fij,k = 1, dij,k = 0, with probability Pij(1− P̃ij).

4. Loss correctly predicted: fij,k = 0, dij,k = 0, with probability (1− Pij)(1− P̃ij).

Therefore, we can express the probability of a correct prediction for the kth match be-

tween i and j, that we will consider as our objective function:

P[Cij,k = 1] = P[Fij,k = Dij,k]

= P[Fij,k = 1, Dij,k = 1] + P[Fij,k = 0, Dij,k = 0]

= PijP̃ij + (1− Pij)(1− P̃ij)

= 1− Pij − P̃ij + 2PijP̃ij.

From this, we can conclude that Cij,k is a Bernouilli random variable with parameter

1− Pij − P̃ij + 2PijP̃ij. As P̃ij is fixed, Cij,k depends only on the variable Pij:

Cij,k ∼ Ber(1− Pij − P̃ij + 2PijP̃ij)⇐⇒

 P[Cij,k = 1] = 1− Pij − P̃ij + 2PijP̃ij,

P[Cij,k = 0] = Pij + P̃ij − 2PijP̃ij.

Moreover, Cij,k = Cji,k by symmetry. Here is a little proof:

P[Cji,k = 1] = P[Fji,k = Dji,k]
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= P[Fji,k = 1, Dji,k = 1] + P[Fji,k = 0, Dji,k = 0]

= PjiP̃ji + (1− Pji)(1− P̃ji)

= (1− Pij)(1− P̃ij) + PijP̃ij

= 1− Pij − P̃ij + 2PijP̃ij

= P[Cij,k = 1].

Let us now develop the expression of the expected prediction accuracyA. As a remainder,

the expectation of a Bernouilli random variable B is equal to its paramater p: E [B] =

1.p+ 0.(1− p) = p:

E [A(P )] = E



∑
(i,j)∈Ω

i>j

mij∑
k=1

cij,k

∑
(i,j)∈Ω

i>j

mij



= E


∑

(i,j)∈Ω
i>j

 1∑
(i,j)∈Ω

i>j

mij

mij∑
k=1

cij,k




=
∑

(i,j)∈Ω
i>j

 1∑
(i,j)∈Ω

i>j

mij

mij∑
k=1

E [cij,k]



=
∑

(i,j)∈Ω
i>j

 1∑
(i,j)∈Ω

i>j

mij

mij∑
k=1

1− Pij − P̃ij + 2PijP̃ij


=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1− Pij − P̃ij + 2PijP̃ij

)
.
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A.3 Optimal strategy on average I

The goal is to find the whole matrix P that maximizes the expected accuracy of predic-

tion. This can be formulated as the following optimization problem:

argmax
P∈P

E [A(P )] = argmax
P∈P

∑
(i,j)∈Ω

i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1− Pij − P̃ij + 2PijP̃ij

)

= argmax
P∈P

∑
(i,j)∈Ω

i>j

mij

(
1− Pij − P̃ij + 2PijP̃ij

)
.

The last optimization problem is separable: it is equivalent to several smaller independent

optimization problems which are easier to solve. In our case, each subproblem only involves

one scalar variable Pij:

P ∗ = argmax
P∈P

∑
(i,j)∈Ω

i>j

mij

(
1− Pij − P̃ij + 2PijP̃ij

)
Pij

∗ = argmax
0⩽Pij⩽1

mij

(
1− Pij − P̃ij + 2PijP̃ij

)
∀(i, j) ∈ Ω, i > j

= argmax
0⩽Pij⩽1

1− Pij − P̃ij + 2PijP̃ij ∀(i, j) ∈ Ω, i > j.

In the end, P needs to be found in order to maximize the probability of a good prediction

for every pair (i, j) of players, which is a natural equivalence for maximizing the total accuracy

over all pairs (i, j). Moreover, we can notice that the values Pij for (i, j) ∈ Ωc do not influence

the accuracy of the predictions, which is logical since there is no match to predict for those

pairs. Finally, we only need the values of Pij with (i, j) ∈ Ω but such that i > j because the

other ones are simply computed as Pji = 1− Pij.

To finally find the optimal Pij, we can solve analytically one of the subproblems. The

objective value of these subproblems now corresponds to the probability of good prediction

for a game between the two interested players:

argmax
0⩽Pij⩽1

1− Pij − P̃ij + 2PijP̃ij = argmax
0⩽Pij⩽1

−Pij + 2PijP̃ij

= argmax
0⩽Pij⩽1

Pij

(
2P̃ij − 1

)
.

Therefore, we find the optimal value of Pij with respect to P̃ij:

Pij
∗ =


0 if 0 ⩽ P̃ij <

1
2

1
2

if P̃ij =
1
2

1 if 1
2
< P̃ij ⩽ 1.
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It is noticeable that we always satisfy the equality Pij
∗ = 1 − Pji

∗ for all (i, j) ∈ Ω.

Besides, when P̃ij =
1
2
, the optimal value of Pij is not constrained : Pij

∗ ∈ [0, 1]. However,

we choose Pij
∗ = 1

2
to preserve symmetry around 1

2
and make sure that the constraints

Pii
∗ = 1

2
are satisfied. Another choice is Pij

∗ = 0 or Pij
∗ = 1, as it allows Pij

∗ to be a simple

binary variable.

A.4 Clipping operator C

In order to simplify the solution, we define the clipping operator C on a probability Pij

or on the whole probability matrix P (by element-wise application):

[
C(P )

]
ij
= C(Pij) =


0 if 0 ⩽ Pij <

1
2

1
2

if Pij =
1
2

1 if 1
2
< Pij ⩽ 1.

The solution is therefore:

P ∗ = C(P̃ ).

We can nicely interpret physically this result. The goal of our problem is to find which

player is stronger in each pair (i, j), and then always bet that he will win the coming con-

frontations.

This seems to contradict the basic idea of the existence of the matrix P̃ , when our

objective was to reconstruct P such P ≈ P̃ . Instead, according to this metric A, the correct
objective would be to find P ≈ C(P̃ ).

Fortunately, there is a way to conciliate those two paradoxical claims and continue to

try methods such that P ≈ P̃ . We have to realize that, on the one hand, the usual objective

is stronger than the new one, and, on the other hand, that we can find back a good solution

for the weaker objective if we already own one for the strongest one. Indeed, if we have found

a matrix P ≈ P̃ , then we simply apply the clipping operator in order to get a matrix P cl

approaching the optimal when maximizing A:

P cl = C(P ) ≈ C(P̃ ) = P ∗.

Mathematically, the following implication is true, but its inverse is false in general,

proving that the usual objective is stronger:

P ≈ P̃ =⇒ C(P ) ≈ C(P̃ ).
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During the clipping process, we lose information: matrix P cl = C(P ) is less complex than

the original P . Indeed, each Pij can have a uncountable number of values on the interval

[0, 1], while P ′
ij can basically only take 3 values in {0, 1

2
, 1}. Physically, we go from knowing

what is the percentage of player i winning against j, to simply knowing whether he is more

likely to win or to lose: we do not care about how much stronger or weaker the player is with

respect to his opponent.

A.5 Optimal strategy on average II

What is the best accuracy theoretically reachable on average? As we have seen, the

prediction accuracy seems to be fundamentally linked with P̃ij. In some sense, the outcome

of a game is fundamentally probabilistic and hereby unpredictable. This whole development

still follows from the assumptions that the whole dataset depends only on the mystical

probability P̃ij, determined only by the identities of players i and j. It seems rather logical

that the expected accuracy could be improved by using more information and getting rid of

this assumption:

E [A(P )] ⩽max
P∈P

E [A(P )]

= E
[
A
(
C(P̃ )

)]
=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1−

[
C(P̃ )

]
ij
− P̃ij + 2

[
C(P̃ )

]
ij
P̃ij

)

=
∑

(i,j)∈Ω,i>j

0⩽P̃ij⩽
1
2

mij∑
(i,j)∈Ω

i>j

mij

(
1−

[
C(P̃ )

]
ij
− P̃ij + 2

[
C(P̃ )

]
ij
P̃ij

)

+
∑

(i,j)∈Ω,i>j
1
2<P̃ij⩽1

mij∑
(i,j)∈Ω

i>j

mij

(
1−

[
C(P̃ )

]
ij
− P̃ij + 2

[
C(P̃ )

]
ij
P̃ij

)

=
∑

(i,j)∈Ω,i>j

0⩽P̃ij⩽
1
2

mij∑
(i,j)∈Ω

i>j

mij

(
1− P̃ij

)
+

∑
(i,j)∈Ω,i>j
1
2<P̃ij⩽1

mij∑
(i,j)∈Ω

i>j

mij

(
P̃ij

)

=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1

2
+

∣∣∣∣12 − P̃ij

∣∣∣∣) .

We can compare the accuracy to what the intuitive method gives, i.e. finding the perfect
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reconstruction Pij = P̃ij:

E
[
A
(
P̃
)]

=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1− P̃ij − P̃ij + 2P̃ijP̃ij

)

=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1− 2P̃ij + 2P̃ij

2
)

=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1

2
+ 2

(
1

2
− P̃ij

)2
)
.

A.6 Experimental optimal strategy

During experiments, P̃ is unknown. Hence, the average prediction accuracy E [A (P )]

seems uncomputable. However, once our data test set is revealed, we can compute the

experimental optimal prediction accuracy. When dij,k = 0, then cij,k = 1 when fij,k = 0,

which happens with probability 1− Pij. When dij,k = 1, then cij,k = 1 when fij,k = 1, which

happens with probability Pij. What is the maximum experimental prediction accuracy?

P ∗ = argmax
P∈P

A(P ) = argmax
P∈P

∑
(i,j)∈Ω

i>j

mij∑
k=1

cij,k

∑
(i,j)∈Ω

i>j

mij

= argmax
P∈P

∑
(i,j)∈Ω

i>j

 ∑
1⩽k⩽mij
dij,k=0

cij,k +
∑

1⩽k⩽mij
dij,k=1

cij,k


∑

(i,j)∈Ω
i>j

mij

= argmax
P∈P

∑
(i,j)∈Ω

i>j

 ∑
1⩽k⩽mij
dij,k=0

(1− Pij) +
∑

1⩽k⩽mij
dij,k=1

Pij


∑

(i,j)∈Ω
i>j

mij
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= argmax
P∈P

∑
(i,j)∈Ω

i>j

(
(mij − wij)(1− Pij) + wijPij

)
∑

(i,j)∈Ω
i>j

mij

= argmax
P∈P

∑
(i,j)∈Ω

i>j

mij

((
1− wij

mij

)
(1− Pij) +

wij

mij

Pij

)
∑

(i,j)∈Ω
i>j

mij

Pij
∗ = argmax

0⩽Pij⩽1

(
1− wij

mij

)
(1− Pij) +

wij

mij

Pij ∀(i, j) ∈ Ω, i > j

= argmax
0⩽Pij⩽1

Pij

(
2
wij

mij

− 1

)
∀(i, j) ∈ Ω, i > j.

The optimal P in order to maximize the experimental total accuracy is given by: Pij
∗ =

C
(

wij

mij

)
. By the way, the result indicates that the likelihood estimator

wij

mij
≈ P̃ij is nat-

ural and even desirable. The upper bound for the experimental accuracy is now explicitly

computable:

A(P ) ⩽max
P∈P

[A(P )]

= A
(
C
(
wij

mij

))

=

∑
(i,j)∈Ω

i>j

mij

((
1− wij

mij

)(
1− C

(
wij

mij

))
+

wij

mij

C
(
wij

mij

))
∑

(i,j)∈Ω
i>j

mij

=
∑

(i,j)∈Ω
i>j

mij∑
(i,j)∈Ω

i>j

mij

(
1

2
+

∣∣∣∣12 − wij

mij

∣∣∣∣) .

A major difference in this result compared with the previous expected upper bound is

that it is often true that wij and mij for (i, j) ∈ Ω are small (⩽ 2) in a real dataset D.
Therefore, the ratio

wij

mij
is subject to a big variance and is biased towards 0 or 1. This allows

the experimental accuracy to be better than the expected one.
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Appendix B

Rank and singular values distribution

of skew-symmetric matrices

B.1 Singular value of 1
21n×n

We can easily rewrite the matrix 1
2
1n×n as a product of vectors, which means that it is

of rank 1. Moreover, the vector can easily be normalized:

1

2
1n×n =

1

2
1n×11n×1

⊤ =
n

2

(
1n×1√

n

)(
1n×1√

n

)⊤

.

This last expression represents the SVD decomposition of the matrix. It is clear that

σ1 =
n
2
is the only non-zero singular value.

B.2 Proof that P ′ is skew-symmetric

Recall that by definition P = 1
2
1n×n +P ′. It is trivial that 1

2
1n×n is symmetric: 1

2
1n×n =

1
2
1n×n

⊤. Then, P ′ = P − 1
2
1n×n is skew-symmetric:

P ′ = P − 1

2
1n×n

= (1n×n − P⊤)− 1

2
1n×n

=
1

2
1n×n − P⊤

=
1

2
1⊤n×n − P⊤

= −
(
P − 1

2
1n×n

)⊤
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= −P ′⊤.

B.3 Eigenvalues of skew-symmetric matrix

Let matrix A ∈ Rn×n be skew-symmetric: A = −A⊤. Note that this matrix is real, thus

A = A, where A is the complex conjugate matrix of A. Let λ an eigenvalue of A: Ax = λx.

This implies that x∗Ax = x∗λx = λx∗x = λ∥x∥2.

Moreover, we have:

(Ax) = (λx)

Āx̄ = λ̄x̄ = Ax̄ as Ā = A A is real

Ax = λx =⇒ x∗Ax = x∗λx = λx∗x = λ∥x∥2

Ax̄ = λ̄x̄⇐⇒ (Ax̄)T = (λ̄x̄)T

x̄TAT = T̄ λ̄T

x∗AT = x∗λ̄

=⇒ x∗AT = x ∗ λ̄x = λ̄x∗x = λ̄∥x∥2

x∗(−A)x = λ̄∥x∥2

− x∗Ax = λ̄∥x∥2

x∗Ax = −λ̄∥x∥2

=⇒ x∗Ax = −λ̄∥x∥2 = λ∥x∥2∀x ∈ C

⇐⇒ λ = λ̄

λ = a+ bi

− λ̄ = −(a− bi) = −a+ bi a, b ∈ R

⇐⇒ a+ bi = −a+ bi

λ = bi

All eigenvalues are complex λj = bi or λj = 0. If λ is an eigenvalue and λ̄ = −λ (since

A = −AT ) :

Ax = λx

(Ax) = (λx) = Āx̄ = λ̄x̄ = Ax̄ = −λx̄
y = x̄∀y ∈ C

Ay = −λy
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=⇒ −λ = λ̄ = bi is also an eigenvalue

If A = AT = Ā ( A real skew-symmetric), then all λ are either λ = bi either λ = 0. If

λj = bi , b ̸= 0 =⇒ λj+1 = −bi = −λj = λ̄j

All nonzero eigenvalues are strictly imaginary and come in conjugated pairs.

Rank of A is pair (r = 2m)

λ ∈ {b1i,−b1i, ..., bmi,−bmi, 0, ..., 0}

B.4 Singular values of skew-symmetric matrix

uiv
T
i and viu

T
i are linearly independent if and only if vi ̸= k, ui.

vi ̸= k, ui because otherwise Ai = uiu
T
i = AT

i =⇒ symmetric and not anti-symmetric.

uiv
T
i and viu

T
i are linearly independent.

Eigenvalues of ATA : Ax = λA
j x ∀x ∈ C

λATA
j = ATAx = ATλA

j x = λA
j A

Tx = −λA
j Ax = −λA

j λ
A
j x

λATA
j x = −(λA

j )
2x

λATA
j = −(λA

j )
2

If λA
j = λA

2k = bki =⇒ −(λA
j )

2 = −(bki)2 = b2k = λATA
j = λATA

2k

If λA
j = λA

2k+1 = −bki =⇒ −(λA
j )

2 = −(bki)2 = b2k = λATA
j = λATA

2k+1

σA
j :=

√
λATA
j =

√
b2k = bk ⩾ 0

σ2k = σ2k+1 = bk −→ Always 2 identical singular values

σ ∈ {b1, b1, ..., bm, bm, 0, ...., 0}

A+ AT = 0 =
n∑

i=1

σiuiv
T
i +

n∑
i=1

σiviu
T
i =

n∑
i=1

σi(uiv
T
i + viu

T
i ) = 0

=
r∑

i=1

σi(uiv
T
i + viu

T
i )

=
m∑
k=1

σ2k−1(u2k−1v
T
2k−1 + v2k−1u

T
2k−1) =

m∑
k=1

σ2k(u2kv
T
2k + v2ku

T
2k)

=
m∑
k=1

σ2k(u2k−1v
T
2k−1 + v2k−1u

T
2k−1 + u2kv

T
2k + v2ku

T
2k)
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As uiv
T
i is linearly independent of viu

T
i and independent of ui+1v

T
i+1.

uiv
T
i = vi+1ui+1 ⇐⇒ viu

T
i = −ui+1v

T
i+1

u2k−1v
T
2k−1 + v2k−1u

T
2k−1 + u2kv

T
2k + v2ku

T
2k = −v2kuT

2k − u2kv
T
2k + u2kv

T
2k + v2ku

T
2k = 0

Conditions :

• σ2k−1 = σ2k

• u2k−1v
T
2k−1 = −v2kuT

2k

u2k−1v
T
2k−1 = −v2kuT

2k

u2k−1v
T
2k−1v2K−1 = −v2kuT

2kv2k−1

u2k−1 = −v2kuT
2kv2k−1 α = uT

2kv2k−1

u2k−1 = −v2kα
∥u2k−1∥ = 1 = ∥ − αv2k∥ = |α|∥v2k∥ = |α|
=⇒ α = ±1 = uT

2kv2k−1

=⇒ u2K−1 = ±v2k

By the same reasoning, we can deduce : v2k−1 = ±u2k.

We choose u2k−1 = −v2k,v2k1 = u2k.

A =
r∑

i=1

σiuiv
T
i =

m∑
k=1

σ2k(u2k−1v
T
2k−1 − u2kv

T
2k)

=
m∑
k=1

σ2k(−v2kuT
2k + u2kv

T
2k)

=
m∑
k=1

σ2k(u2kv
T
2k − v2ku

T
2k)

B.5 BMF decomposition of rank r matrix

Suppose that there exist BMF of the matrix A ∈ Rm×n of rank r, with U ∈ Rm×r and

V ∈ Rn×r: A = UV ⊤. It is easy to prove that U and V are full-rank r. Obviously, we have

rank(U) ⩽ r and rank(V ) ⩽ r by the size of the matrices. Then, it is well-known that a

classical matrix multiplication can only reduce the rank of the matrices, i.e. we have the

following inequality [Mat]:

r = rank(A) = rank(UV ⊤) ⩽ min{rank(U), rank(V ⊤)} = min{rank(U), rank(V )}
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⇐⇒

 r ⩽ rank(U)

r ⩽ rank(V ).

This implies that r ⩽ rank(U) ⩽ r and r ⩽ rank(V ) ⩽ r, or equivalently rank(U) =

rank(V ) = r.

B.6 Non-uniqueness of BMF

Let A = UV ⊤ be a BMF of A and rank(A) its rank. Let now T be any matrix in the

set of invertible matrices of size r (which is Rr×r
r ), we can then find new matrices UT = UT

and VT = V T−⊤ which have the same rank r and such that UTVT
⊤ is another BMF of A:

A = UV ⊤ = UIV ⊤ = U
(
TT−1

)
V ⊤ = UTT−1V ⊤ = UT

(
V T−⊤)⊤ = UTVT

⊤.

B.7 Non-uniqueness of the orthogonal BMF

Suppose that we have the following orthogonal BMF of A ∈ Rm×n
r , with Q ∈ Rm×r and

R ∈ Rm×r such that Q⊤Q = Ir:

A = QR⊤.

Even this more constrained factorization is not unique. By choosing T ∈ Rr×r orthogonal

(T⊤T = TT⊤ = Ir), we get A = QR⊤ = QTT⊤R⊤ = (QT )(RT )⊤ = QTR
⊤
T , where QT is

orthogonal again. Indeed, QT
⊤QT = (QT )⊤QT = T⊤Q⊤QT = T⊤IrT = T⊤T = Ir. A

special case of this factorization is to ask R⊤ to be upper triangular. Then this even more

specific factorization is known as the rank reduced QR decomposition [Hac12].
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Appendix C

Convexity of objective functions

C.1 Definition of convexity

Let us recall that a function f : Rn → R : x→ f(x) is convex if ∀x, y ∈ Rn,∀t ∈ [0, 1]:

f(tx+ (1− t)y) ⩽ tf(x) + (1− t)f(y).

If the function is twice differentiable, then an equivalent condition is that its hessian is

positive semi-definite:

∇2f(x) ≽ 0.

If the function is univariate (n = 1), then it is enough to ask that its second derivative

is positive: d2

dx2 (f(x)) ⩾ 0.

C.2 Convexity of negative log-likelihood

Recall that L(Pij|Dij) = P
wij

ij (1− Pij)
mij−wij , with 0 ⩽ Pij ⩽ 1 and 0 ⩽ wij ⩽ mij. It is

easy to prove the convexity of − ln (L(Pij|Dij)) = −wij ln (Pij) − (mij − wij) ln (1− Pij) by

proving that its second derivative is always positive:

d2

dx2
(− ln (L(x|Dij))) =

d2

dx2
(−wij ln(x)− (mij − wij) ln(1− x))

=
d

dx

(
−wij

1

x
− (mij − wij)

−1
1− x

)
=

wij

x2
+

mij − wij

(1− x)2

⩾ 0. (C.1)
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C.3 Convexity of ln
(
1 + e−c

⊤x
)

Let’s prove that ln
(
1 + e−c⊤x

)
is a convex function where x ∈ Rn and c ∈ Rn, by

showing its hessian is positive semi-definite. The hessian is given by:

∂

∂xi

(
ln
(
1 + e−c⊤x

))
= −ci

e−c⊤x

1 + e−c⊤x

= −ci
1

1 + ec⊤x

∂

∂xl

(
∂

∂xi

(
ln
(
1 + e−c⊤x

)))
=

∂

∂xl

(
−ci

1

1 + ec⊤x

)
=

ec
⊤x(

1 + ec⊤x
)2 cicl

∇2
(
ln
(
1 + e−c⊤x

))
=

ec
⊤x(

1 + ec⊤x
)2 cc⊤

Its hessian is indeed positive semi-definite:

x⊤∇2
(
ln
(
1 + e−c⊤x

))
x = x⊤

(
ec

⊤x

(1 + ec⊤x)2
cc⊤

)
x

=
ec

⊤x

(1 + ec⊤x)2
x⊤cc⊤x

=
ec

⊤x

(1 + ec⊤x)2
(c⊤x)2

⩾ 0

∇2
(
ln(1 + e−c⊤x)

)
≽ 0.

Moreover, for some c this function is strictly convex.

C.4 Non-convexity of ln (1 + e−xy)

However this function ln (1 + e−xy) is not convex as it contains the product of two vari-

ables x and y. Here is a counterexample proving that this function is not convex:

∇2
(
ln(1 + e−xy)

)
=

exy

(1 + exy)2

 y2 xy − 1− 1
exy

xy − 1− 1
exy

x2

 .

When x = y = 1
2
, the hessian is not semi-positive definite : the smallest eigenvalue is

negative (λ2 ≈ −0.314).
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C.5 Maximum of symmetric prior distribution with con-

vex negative log-prior

Let fP̃ij
(x) for 0 ⩽ x ⩽ 1 be the prior distribution of P̃ij. fP̃ij

(x) is symmetric around 1
2

(fP̃ij
(x) = fP̃ij

(1− x)) and − ln(fP̃ij
(x)) is convex.

As fP̃ij
(x) is symmetric around 1

2
, − ln(fP̃ij

(x)) is also symmetric around 1
2
: − ln(fP̃ij

(x)) =

− ln(fP̃ij
(1− x)). Let us use the notation l(x) = − ln(fP̃ij

(x)) to simplify the rest of the ar-

gument. Associated with its convexity, the symmetry of l(x) implies that it has its minimum

at x∗ = 1
2
. Indeed, let us define a point x ∈ [0, 1

2
]. Then, we can prove that for any point

z ∈ [x, 1 − x] (where z can be parameterized as follows: z = tx + (1 − t)(1 − x), for any

t ∈ [0, 1]) we have l(z) ⩽ l(x):

l(z) = l(tx+ (1− t)(1− x)) ⩽ tl(x) + (1− t)l(1− x)

= tl(x) + (1− t)l(x)

= l(x).

This inequality is true for all x ∈ [0, 1
2
]. Notice that z = 1

2
can always be chosen, for any

value of x (when t = 1
2
). Therefore, l

(
1
2

)
⩽ l(x),∀x ∈ [0, 1

2
]. Moreover, by symmetry, l

(
1
2

)
⩽

l(x) = l(1 − x) = l2(y), ∀(1 − x) = y ∈ [1
2
, 1]. Summing up, we get l

(
1
2

)
⩽ l(x),∀x ∈ [0, 1].

In other words, x∗ = 1
2
is the minimum of the function on its domain.
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Appendix D

Estimators for P̃ij

This appendix contains boring proofs and tedious mathematical developments of Section

2.5.

D.1 Equivalence between maximizing P
[
Dij|P̃ij

]
and max-

imizing P
[
wij|P̃ij

]
Let us first show that Wij follows a binomial distribution. Similar to what was done

for Dij,k and dij,k in Section 1.3, we can consider the random variable Wij and wij as its

realization. As all Dij,k are identically distributed Bernouilli and independent random vari-

ables from assumption 2: Dij,1, · · · , Dij,mij

i.i.d.∼ Ber(P̃ij). Therefore, Wij follows a binomial

distribution:

Wij =

mij∑
k=1

Dij,k ∼ Bin(mij, P̃ij).

Here is a reminder of the probability mass function of a binomial random variable:

P[Wij = wij] =

(
mij

wij

)
P̃ij

wij
(
1− P̃ij

)mij−wij

0 ⩽ wij ⩽ mij. (D.1)

Let us now prove the equivalence we are interested in. We could want to maximize

the probability of the total number of wins of i over j P
[
wij|P̃ij

]
, instead of each game

independently P
[
Dij|P̃ij

]
(which corresponds to the likelihood function 2.22). However,

this would lead to the exact same formulation. Indeed, the consideration that the order of

the won games does not matter is encoded into the combinatorial coefficient − ln
((

mij

wij

))
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disappearing in the final objective function as it is constant:

− ln
(
P
[
wij|P̃ij

])
= − ln

((
mij

wij

)
P̃ij

wij
(
1− P̃ij

)mij−wij

)
= − ln

((
mij

wij

)
P
[
Dij|P̃ij

])
= − ln

((
mij

wij

))
− ln

(
P
[
Dij|P̃ij

])
.

D.2 ML estimator

The ML estimator Pij
ML

=
wij

mij
is really easy to compute thanks to the negative log-tick:

Pij
ML

= argmax
0⩽P̃ij⩽1

L(P̃ij|Dij)

= argmax
0⩽P̃ij⩽1

ln
(
L(P̃ij|Dij)

)
= argmin

0⩽P̃ij⩽1

− ln
(
L(P̃ij|Dij)

)
= argmin

0⩽P̃ij⩽1

− ln

(
P̃ij

wij
(
1− P̃ij

)mij−wij

)
= argmin

0⩽P̃ij⩽1

−wij ln
(
P̃ij

)
− (mij − wij) ln

(
1− P̃ij

)
0 = ∇

(
−wij ln

(
P̃ij

)
− (mij − wij) ln

(
1− P̃ij

))
0 = −wij

1

P̃ij

− (mij − wij)(−1)
1

1− P̃ij

wij(1− P̃ij) = (mij − wij)P̃ij

Pij
ML

=
wij

mij

.

D.3 CM estimator for uniform prior

It is known from Appendix E.1 that P̃ij follows a Beta posterior distribution when the

prior is uniform: P̃ij|Dij ∼ B(wij+1,mij−wij+1). It is then easy to show that Pij
CM

=
wij+1

mij+2
:

Pij
CM

= E
[
P̃ij|Dij

]
=

∫ 1

0

p̃ij.(mij + 1)

(
mij

wij

)
p̃ij

wij (1− p̃ij)
mij−wij dp̃ij
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= (mij + 1)

(
mij

wij

)∫ 1

0

p̃ij
wij+1 (1− p̃ij)

mij−wij dp̃ij

= (mij + 1)

(
mij

wij

)
.B(wij + 2,mij − wij + 1)

= (mij + 1)
mij!

wij!(mij − wij)!

(wij + 1)!(mij − wij)!

(mij + 2)!

=
wij + 1

mij + 2
.

D.4 CM estimator is MMSE estimator

It is easy to prove mathematically that Pij
MMSE

= E
[
P̃ij|Dij

]
= Pij

CM
from the theo-

retical definition MSE = E
[(

P̃ij − Pij

)2 ∣∣∣Dij

]
, where the expectation is made over P̃ij and

the optimization variable is Pij:

Pij
MMSE

= argmax
0⩽Pij⩽1

E
[(

P̃ij − Pij

)2 ∣∣∣Dij

]
= argmax

0⩽Pij⩽1

E
[
P̃ij

2
|Dij

]
+ E

[
Pij

2|Dij

]
− 2E

[
P̃ijPij|Dij

]
= argmax

0⩽Pij⩽1

E
[
P̃ij

2
|Dij

]
+ Pij

2 − 2PijE
[
P̃ij|Dij

]
0 = ∇

(
E
[
P̃ij

2
|Dij

]
+ Pij

2 − 2PijE
[
P̃ij|Dij

])
0 = 2Pij − 2E

[
P̃ij|Dij

]
Pij

MMSE
= E

[
P̃ij|Dij

]
= Pij

CM
.

D.5 MAP and CM estimators of beta prior

Assuming a Beta prior distribution of parameter b for P̃ij, then the posterior distribution

of P̃ij follows a Beta distribution Beta(wij + b,mij − wij + b), as shown in Appendix E.2.

Therefore, both MAP and CM estimators are easy to compute. They simply correspond to

the mode and the mean of this distribution, which can be found in [Bet22]:

Pij
MAP

=
wij + b− 1

mij + 2b− 2

Pij
CM

=
wij + b

mij + 2b
.
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A symmetric Beta prior distribution has the effect of pushing P̃ij towards
1
2
. To quantify

this phenomenon, it is easy to compute the bounds that each estimation method sets on the

estimators and plot them:

b− 1

mij + 2b− 2
⩽ Pij

MAP
⩽

mij + b− 1

mij + 2b− 2

b

mij + 2b
⩽ Pij

CM
⩽

mij + b

mij + 2b
.

(a) mij = 1 (b) mij = 5

Figure D.1: Upper and lower bounds for the estimation of Pij in function of b. The blue line

corresponds to the MAP estimator and the orange line to the CM estimator.

D.6 Proof of the irrelevance of symmetric prior for

MAP estimation

In this section, we will proof the following statement, implying that using symmetric

negative log-convex prior distribution does not improve the prediction accuracy:

C
(
Pij

MAP
)
= C

(
Pij

ML
)
=


0 if 0 ⩽ wij

mij
< 1

2

1
2

if
wij

mij
= 1

2

1 if 1
2
<

wij

mij
⩽ 1.

Let fP̃ij
(x) for 0 ⩽ x ⩽ 1 be the prior distribution of P̃ij. fP̃ij

(x) is symmetric around 1
2

(fP̃ij
(x) = fP̃ij

(1− x)) and − ln(fP̃ij
(x)) is convex.

The MAP estimation problem consists in solving problem 2.24. The objective function is

made of two convex terms. First, the negative log-likelihood term: l1(x) = − ln (L(x|Dij)) =

−wij ln (x) − (mij − wij) ln (1− x). The proof of convexity is given in Appendix C.2. The

minimum of l1(x) is at x1 =
wij

mij
= Pij

ML
(see Appendix D.2). The second term is the
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negative log-prior − ln(fP̃ij
(x)) = l2(x), convex by hypothesis. It can be proven that it has a

minimum at x2 =
1
2
(see Appendix C.5).

The objective function of problem 2.24, denoted l3(x) = l1(x) + l2(x), is the sum of

two convex functions and is therefore convex. We define xm = min{x1, x2} and xM =

max{x1, x2}. We will now prove that its minimum x3 = Pij
MAP

lies on the interval [xm, xM ].

For this purpose, we will show that for any xl ∈ [0, xm], we have l3(xm) ⩽ l3(xl) and for any

xr ∈ [xM , 1], we have l3(xM) ⩽ l3(xr).

First, let us prove that l1(xm) ⩽ l1(xl). There are two cases. If xm = x1 ⩽ x2, then the

inequality l1(x1) ⩽ l1(xl) is trivial as x1 is the minimizer of l1(x) and is thus always true. If

xm = x2 ⩽ x1, then we have to use the convexity of l1(x). Since xl ⩽ x2 ⩽ x1, there exists a

t2 ∈ [0, 1] such that we can parameterize x2 = t2xl + (1 − t2)x1. Therefore, we can use the

definition of convexity:

l1(x2) = l1(t2xl + (1− t2)x1) ⩽ t2l1(xl) + (1− t2)l1(x1)

⩽ t2l1(xl) + (1− t2)l1(xl)

= l1(xl).

So, we have proved that l1(xm) ⩽ l1(xl). The exact same reasoning can be applied to

show that l1(xM) ⩽ l1(xr). Moreover, the developments can be adapted for l2, and thus:

l2(xm) ⩽ l2(xl) and l2(xM) ⩽ l2(xr). Associating those four inequations two by two, we get

the desired inequalities:

l3(xm) = l1(xm) + l2(xm) ⩽ l1(xl) + l2(xl) = l3(xl)

l3(xM) = l1(xM) + l2(xM) ⩽ l1(xr) + l2(xr) = l3(xr).

It is now a fact that x3 ∈ [min{x1, x2},max{x1, x2}]. Applying this result to the MAP

problem gives x3 = Pij
MAP ∈

[
min

{
wij

mij
, 1
2

}
,max

{
wij

mij
, 1
2

}]
. Finally, after applying the

clipping operator, we get the exact same expression for the MAP estimator as for the ML

one, which concludes the proof.

D.7 Proof of the irrelevance of symmetric Beta prior

for CM estimation

If P̃ij ∼ Beta(b, b), b ⩾ 1, the statement is almost trivial:

C
(
Pij

CM
)
= C

(
wij + b

mij + 2b

)
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= C
(
wij

mij

)
= C

(
Pij

ML
)
.

The proof in the general case is still lacking.
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Appendix E

Derivation of prior distributions

The relations between prior distributions seen in Table 4.1 are derived in this section.

E.1 Uniform prior on Pij
c

If the prior of Pij
c is considered uniform fPij

c(x) = 1, 0 ⩽ x ⩽ 1, then its posterior

distribution can be computed explicitly. The random variable Pij
c with a uniform prior

follows a Beta distribution, i.e. Pij
c|Dij

c ∼ B(wij
c + 1,mij

c − wij
c + 1):

fPij
c|Dij

c(x) =
P[Dij

c|Pij
c].fPij

c(x)

P[Dij
c]

=
P[Dij

c|Pij
c].fPij

c(x)∫ 1

0

P[Dij
c|Pij

c].fPij
c(x)dx

=
P[Dij

c|Pij
c].1∫ 1

0

P[Dij
c|Pij

c].1dx

=
xwij

c
(1− x)mij

c−wij
c∫ 1

0

xwij
c

(1− x)mij
c−wij

c

dx

=
xwij

c
(1− x)mij

c−wij
c

B(wij
c + 1,mij

c − wij
c + 1)

= (mij
c + 1)

(
mij

c

wij
c

)
xwij

c

(1− x)mij
c−wij

c

.

Uniform prior probability density function (PDF) on Pij
c means that its cumulative

density function (CDF) is as follows for 0 ⩽ x ⩽ 1: FPij
c(x) = P[Pij

c ⩽ x] = x. In order
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to understand how Rc
ij and ∆Eij

c are distributed, we need to compute their CDF and then

their PDF by deriving it:

FRij
c(x) = P[Rij

c ⩽ x] x ⩾ 0

= P

[
Pij

c

1− Pij
c ⩽ x

]
= P

[
Pij

c ⩽
x

1 + x

]
=

x

1 + x
x ⩾ 0

fRij
c(x) =

d

dx

(
FRij

c(x)
)

=
1

(1 + x)2
x ⩾ 0.

Rij
c can be described as following a Lomax distribution of shape parameter α = 1 and

scale parameter λ = 1: Rij
c ∼ Lomax(1, 1) [Lom21]. Moreover, the tensor of difference of

ratings ∆Eij
c follows a logistic distribution: ∆Eij

c ∼ Log
(
0, 1

λ

)
:

F∆Eij
c(x) = P[∆Eij

c ⩽ x]

= P

[
1

λ
ln(Rij

c) ⩽ x

]
= P

[
Rij

c ⩽ eλx
]

=
eλx

1 + eλx

=
1

1 + e−λx

f∆Eij
c(x) =

d

dx

(
F∆Eij

c(x)
)

=
λe−λx

(1 + e−λx)2
.

Can we know the prior distribution of Ei
c and Ej

c knowing the distribution of ∆Eij
c?

Even if we consider them to be independent and identically distributed, this problem is

underdetermined up to a translation. An equivalent condition to ∆Eij
c = Ei

c−Ej
c tells that

the product of the moment generative functions (MGF) of those random variables evaluated

at t and −t respectively is equal to the MGF of ∆Eij
c:

M∆Eij
c(t) = MEi

c(t)MEj
c(−t).

The latter is well-known [Log22a] and implies the beta function B(x, y), which can be

rewritten in terms of the famous gamma function Γ by the identity B(x, y) = Γ(x)Γ(y)
Γ(x+y)

:

M∆Eij
c(t) = B

(
1− t

λ
, 1 +

t

λ

)
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=
Γ
(
1− t

λ

)
Γ
(
1 + t

λ

)
Γ
(
1− t

λ
+ 1 + t

λ

)
=

Γ
(
1− t

λ

)
Γ
(
1 + t

λ

)
Γ (2)

=
Γ
(
1− t

λ

)
Γ
(
1 + t

λ

)
1

= Γ

(
1− t

λ

)
Γ

(
1 +

t

λ

)
= eµtΓ

(
1− t

λ

)
e−µtΓ

(
1 +

t

λ

)
= eµtΓ

(
1− 1

λ
t

)
eµ(−t)Γ

(
1− 1

λ
(−t)

)
.

Gumbel distributions with parameters µ and 1
λ
: Ei

c, Ej
c ∼ Gumbel

(
µ, 1

λ

)
fulfill the

condition [Gum22]. Indeed,

MEi
c(t) = eµtΓ

(
1− 1

λ
t

)
fEi

c(x) = λe−(λ(x−µ)+e−λ(x−µ))

FEi
c(x) = e−e−λ(x−µ)

.

We notice that µ can be chosen freely, confirming that the problem is underdetermined to

a translation ! Even if these distributions can be made zero-mean by choosing µ = −γ
λ
, where

γ ≈ 0.57721 is the Euler-Mascheroni constant: Ei
c, Ej

c ∼ Gumbel
(
−γ

λ
, 1
λ

)
. Disappointingly,

the Gumbel distribution is never symmetric.

The distribution of the positive rating Si
c can be obtained from the one of Ei

c and is

known as the Inverse Exponential distribution: Si
c ∼ InvExp(e−λµ) [Inv]. If µ = −γ

λ
, then

the dependance on λ disappears: Si
c ∼ InvExp(eγ ≈ 1.78107):

FSi
c(x) = P[Si

c ⩽ x] x ⩾ 0

= P
[
eλEi

c

⩽ x
]

= P

[
Ei

c ⩽
1

λ
ln(x)

]
= e−e

−λ(( 1
λ

ln(x))−µ)

= e−e−(ln(x)−λµ)

= e−e
ln( 1

x)eλµ

= e−
e−λµ

x x ⩾ 0

fSi
c(x) =

d

dx
(FSi

c(x))
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=
e−λµe−

e−λµ

x

x2
x ⩾ 0.

E.2 Beta prior on Pij
c

The prior distribution of Pij
c is assumed to be a symmetric Beta distribution of parameter

b ⩾ 1: Pij
c ∼ Beta(b, b). So for 0 ⩽ x ⩽ 1:

fPij
c(x) =

xb−1(1− x)b−1

B(b, b)
.

Then the posterior distribution of Pij
c is then also a Beta distribution, but with different

parameters: Pij
c|Dij

c ∼ Beta(wij
c + b,mij

c − wij
c + b):

fPij
c|Dij

c(x) =
P[Dij

c|Pij
c].fPij

c(x)

P[Dij
c]

=
P[Dij

c|Pij
c].fPij

c(x)∫ 1

0

P[Dij
c|Pij

c].fPij
c(x)dx

=
xwij

c
(1− x)mij

c−wij
c

.x
b−1(1−x)b−1

B(b,b)∫ 1

0

xwij
c

(1− x)mij
c−wij

c

.
xb−1(1− x)b−1

B(b, b)
dx

=
xwij

c+b−1 (1− x)mij
c−wij

c+b−1∫ 1

0

xwij
c+b−1 (1− x)mij

c−wij
c+b−1 dx

=
xwij

c+b−1 (1− x)mij
c−wij

c+b−1

B(wij
c + b,mij

c − wij
c + b)

.

E.3 Logistic prior on Ei
c

When assuming Ei
c ∼ Log(0, s), then we can prove that Pij follows a really compli-

cated distribution which looks like a Beta distribution, therefore we will call it a Beta-like

distribution depending on α = 1
sλ
: Pij ∼ BetaLike(α),

fPij
(x) =

α
(

x
1−x

)α (−2 ( x
1−x

)α
+ α

(
x

1−x

)α
ln
(

x
1−x

)
+ α ln

(
x

1−x

)
+ 2
)

(1− x)x
((

x
1−x

)α − 1
)3 .

Visually, we can find that this distribution is negative log-convex (and therefore accept-

able) only for approximately α ⩾ 1.55 (the exact value of α has not been calculated).
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Empirically, we can find that BetaLike(α) ≈ Beta(b, b) when we have the relation b ≈
0.35α2 + 0.25. This holds for the whole acceptable range of values of α ⩾ 1.55 (or b ⩾ 1.1,

really close to the true convexity condition on b: b ⩾ 1).

Let Ei, Ej ∼ Log(µ, s):

fEi
(x) =

e−
x−µ
s

s(1 + e−
x−µ
s )2

FEi
(x) =

1

1 + e−
x−µ
s

.

What distribution does ∆Ei,j = Ei − Ej follow? Let us compute its CDF:

P [∆Ei,j ⩽ z] = P [Ei − Ej ⩽ z]

= P [Ej ⩾ Ei − z] .

As Ei and Ej are i.i.d., we have:

fEi,Ej
(ei, ej) = fEi

(ei).fEj
(ej)

=
e−

ei+µ

s

s(1 + e−
ei−µ

s )2
.

e−
ej+µ

s

s(1 + e−
ej−µ

s )2
.

Let R represent the half-plane represented by the inequality ej ⩾ ei − z:

F∆Ei,j
(z) = P [∆Ei,j ⩽ z]

= P [Ej ⩾ Ei − z]

=

∫∫
R

fEi,Ej
(ei, ej)deidej

=

∫ ei=∞

ei=−∞

∫ ej=∞

ej=ei−z

e−
ei−µ

s

s(1 + e−
ei−µ

s )2

e−
ej−µ

s

s(1 + e−
ej−µ

s )2
deidej

=

∫ ei=+∞

ei=−∞

e−
ei−µ

s

s(1 + e−
ei−µ

s )2
.

(
−
∫ ej=∞

ej=ei−z

−e−
ej−µ

s

s(1 + e−
ej−µ

s )2
dej

)
dei.

Let us make the change of variable: u = 1+ e−
ej−µ

s , du = −1
s
e

ej−µ

s dej, ej =∞→ u = 1,

ej = ei − z → u = 1 + e−
ei−z−µ

s :

F∆Ei,j
(z) =

∫ +∞

−∞

e−
ei−µ

s

s(1 + e−
ei−µ

s )2
.

(
−
∫ u=1

u=1+e−
ej−z−µ

s

1

u2
du

)
dei

=

∫ +∞

−∞

e−
ei−µ

s

s(1 + e−
ei−µ

s )2

[
1

u

]1
1+e−

ei−z−µ
s

dei
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=

∫ +∞

−∞

e−
ei−µ

s

s(1 + e−
ei−µ

s )2

(
1

1
− 1

1 + e−
ei−z−µ

s

)
dei

=

∫ +∞

−∞

e−
ei−µ

s

s(1 + e−
ei−µ

s )2
dei −

∫ +∞

−∞

e−
ei−µ

s

s(1 + e−
ei−µ

s )2

1

(1 + e−
ei−z−µ

s )
dei.

The first term is the integral over its whole domain of the PDF of the logistic distribution

and is therefore 1 by definition. For the second term, we make a change of variable: u =

1 + e−
ei−µ

s , du = −1
s
e

ei−µ

s dej, ei = ∞ → u = 0, ej = −∞ → u = ∞. Moreover, we define

β = e
z
s :

F∆Ei,j
(z) = 1 +

∫ 0

∞

1

(1 + u)2
1

1 + βu
du

= 1 +

∫ 0

∞

1

(1− β)2

(
−βu+ (1− 2β)

(1 + u)2
+

β2

1 + βu

)
du

= 1 +
1

(1− β)2

∫ 0

∞

−βu+ 1− 2β

(1 + u)2
du+

β2

(1 + β)2

∫ 0

∞

1

1 + βu
du

= 1 +
1

(1− β)2

∫ 0

∞

−β(1 + u) + (1− β)

(1 + u)2
du+

β2

(1 + β)2

∫ 0

∞

1

1 + βu
du

= 1 +
−β

(1− β)2

∫ 0

∞

(1 + u)

(1 + u)2
du+

(1− β)

(1− β)2

∫ 0

∞

1

(1 + u)2
du+

β2

(1− β)2

∫ 0

∞

1

1 + βu
du

= 1 +
−β

(1− β)2

∫ 0

∞

1

1 + u
du+

1

1− β

∫ 0

∞

1

(1 + u)2
du+

β

(1− β)2

∫ 0

∞

1
1
β
+ u

du

= 1 +
β

(1− β)2

∫ 0

∞

−1
1 + u

du+
β

(1− β)2

∫ 0

∞

1
1
β
+ u

du+
1

1− β

∫ 0

∞

1

(1 + u)2
du

= 1 +
β

(1− β)2

∫ 0

∞

(
−1
1 + u

+
1

1
β
+ u

)
du+

1

1− β

∫ 0

∞

1

(1 + u)2
du

= 1 +
β

(1− β)2

[
− ln(1 + u) + ln

(
1

β
+ u

)]0
∞
+

1

1− β

[
− 1

1 + u

]0
∞

= 1 +
β

(1− β)2

[
ln

(
1
β
+ u

1 + u

)]0
∞

+
1

1− β

[
− 1

1 + u

]0
∞

= 1 +
β

(1− β)2

(
ln

(
1
β

1

)
− ln(1)

)
+

1

1− β

(
−1

1
− (−0)

)
= 1 +

β

(1− β)2
ln

(
1

β

)
− 1

1− β

= 1− β ln(β)

(1− β)2
− 1

1− β

= 1−
z
s
.e

z
s

(1 + e
z
s )2
− 1

1− e
z
s
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= 1− z

s

e
z
s

(1− e
z
s )2
− 1

1− e
z
s

= 1−
1 + (1− z

s
)e

z
s

(1− e
z
s )2

=
1− e−

z
s (1 + z

s
)

(1− e−
z
s )2

f∆Eij
(z) =

∂F∆Eij
(z)

∂z

=
−e z

s (e
z
s ( z

s
− 2) + z

s
+ 2)

(
1

e
z
s

)3
(1− e

z
s )3
(

1

e
z
s

)3
=

e−
z
s

(
( z
s
− 2) + ( z

s
+ 2)e−

z
s

)
(1− e−

z
s )3

.

Let us call this the diff-log distribution. From there, we can compute the distribution of

Pij:

∆Eij =
1

λ
ln

(
Pij

1− Pij

)

FPij
(p) = P[Pij ⩽ p]

= P

[
1

1 + e−λ∆Eij
⩽ p

]
= P

[
1 + e−λ∆Eij ⩾

1

p

]
= P

[
e−λ∆Eij ⩾

1− p

p

]
= P

[
eλ∆Eij ⩽

p

1− p

]
= P

[
λ∆Eij ⩽ ln

(
p

1− p

)]
= P

[
∆Eij ⩽

1

λ
ln

(
p

1− p

)]
= F∆Eij

(
z ⩽

1

λ
ln

(
p

1− p

))

=
1− e−

1
sλ

ln( p
1−p)

(
1 + 1

sλ
ln
(

p
1−p

))
(
1− e−

1
sλ

ln( p
1−p)

)2 .
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Finally, we derive the expression of the Beta-like distribution of Pij:

FPij
(p) =

1−
(

p
1−p

)− 1
sλ
(1 + 1

sλ
ln
(

p
1−p

)
)

(
1−

(
p

1−p

)− 1
sλ

)2

fPij
(p) =

d

dp

(
FPij

(p)
)
=

1
sλ

(
p

1−p

) 1
sλ

(
−2
(

p
1−p

) 1
sλ

+ 1
sλ

(
p

1−p

) 1
sλ
ln
(

p
1−p

)
+ 1

sλ
ln
(

p
1−p

)
+ 2

)
(1− p)p

((
p

1−p

) 1
sλ − 1

)3 .

E.4 Symmetry of difference of i.i.d. distributions

Let X and Y be two independent identically distributed random variables: fX(z) =

fY (z). This means that their joint distribution is symmetric in x and y: fX,Y (x, y) =

fX,Y (y, x). Therefore, their difference X − Y and Y − X should be identically distributed

as well: fX−Y (z) = fY−X(z). We can notice that by construction fY−X(z) = fX−Y (−z),
which implies fX−Y (z) = fX−Y (−z). This concludes the proof that the distribution of the

difference of two i.i.d. random variables is necessarily symmetric around 0.
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