
UNIVERSITÀ CATTOLICA DEL SACRO CUORE 

Faculty of Agricultural, Food and Environmental Sciences 

Cremona 

Laurea magistrale in Agricultural and Food Economics- 

Economia e Gestione del Sistema agro-alimentare 

 

 

Bridging Positive Mathematical Programming and Econometrics for 

Agricultural Policy Analysis 

 

 

Supervisors: Professor Bruno Henry de Frahan and Professor Paolo Sckokai 

 

Final Thesis 

 

Baumert, Josef Lubentius 

 

 

 

Student no: 4906322 
Academic year 2021/2022 



                

 

 

Agricultural, Food and Environmental Policy Analysis (AFEPA) 

Master’s Thesis 

 

 

10 January 2022 

 

 

 

Bridging Positive Mathematical Programming and Econometrics 

for Agricultural Policy Analysis 

 

 

by 

Josef Lubentius Baumert 

 

 

 

1st supervisor: 

Prof. Bruno Henry de Frahan  

UC Louvain / Earth and Life Institute 

 

2nd supervisor: 

Prof. Paolo Sckokai 

UCSC Piacenza / Department of Agricultural and Food Economics 

 

Additional supervisor and referee: 

Prof. Frédéric Gaspart 

UC Louvain / Earth and Life Institute 





i 

Dear reader, 

this work is the fruit of the many hours that I have spent studying with and learning from ex-

tremely kind, dedicated, and inspiring fellow students, teachers, and professors. Their com-

mitment for intercultural friendship, their scientific curiosity to understand the world, their 

passion for agricultural economics and their appreciation for commonly enjoyed food and 

beverages are the four columns of what is affectionately known as “our AFEPA family”. 

Almost one year ago I started to immerse myself into the world of positive and econometric 

mathematical programming. Today I am proudly looking back at what I have learned, all 

thanks to Professor Bruno Henry de Frahan, who guided and supported me along this jour-

ney with invaluable commitment, knowledge, patience, and advice. I owe him my deepest 

respect and gratitude and truly enjoyed working with him. 

I would also like to thank Professor Paolo Sckokai and Professor Frédéric Gaspart for their 

constant and reliable support and advice, not only related to this thesis, but throughout the 

entire master’s programme. 

The genuine interest in the wellbeing and the success of their students can barely be appre-

ciated enough. 

 

Josef Baumert 

January 2022  

  



 

ii 

Abstract 

It has long been recognized that Positive Mathematical Programming (PMP) and economet-

rics can be combined to estimate consistent cost function parameters for agricultural supply 

analysis. Yet, the literature on Econometric Mathematical Programming (EMP) and its practi-

cal applicability is comparably scarce. This thesis methodologically refines a recently pro-

posed EMP modelling framework and then applies it to simulate the introduction of a green-

house gas emission cap for three major agricultural regions in France. The first-order condi-

tions of a non-linear total net revenue maximization problem are directly employed to esti-

mate the cost function parameters of a model that calibrates to reference values. Error terms 

are specified as the deviation between the observed and the true values of activity levels, 

fixed-input levels and fixed-input prices. Then, the developed approach is applied to estimate 

the cost functions of French dairy, cattle, and crop farms, using panel data from the EU’s 

Farm Accountancy Data Network (FADN) for the years 2005-2012. The estimated cost func-

tions are finally used to simulate the introduction of a greenhouse gas (GHG) emission cap at 

regional level and retrieve marginal abatement costs (MAC) as the dual value of the emission 

constraint, which can be interpreted as the market price of an emission cap-and-trade sys-

tem. A comparison with MAC estimated by other researchers confirms that the MAC simulat-

ed in this thesis are in a reasonable range. While the levels of almost all farm activities are 

reduced if an emission cap is imposed, the magnitude of the reduction depends on the emis-

sions per unit value and the level of an activity produced by a farm in the reference scenario. 

The simulations with GHG emission caps reveal that reductions in activity levels and GHG 

emissions fall proportionally more on farms with smaller activity levels than on farms with 

larger activity levels.   
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1. Introduction 

Agricultural policies are globally transitioning from price or income support schemes towards 

measures to reduce environmental degradation and incentivize the provision of ecosystem 

services. This shift fuels the demand for tools for agri-environmental policy analysis that al-

low to spatially disaggregate resource allocation and output production and link decisions 

made on farms with environmental outcomes at regional or national level (Mérel and Howitt 

(2014); Pe’er et al. (2019)). A frequently used framework to investigate the impact of an agri-

cultural or an environmental policy on farmers’ choices ex ante is provided by Mathematical 

Programming (MP) models, which represent farmers’ objectives as constrained optimization 

problems (Carpentier et al., 2015). A milestone in the development of MP models was the 

emergence of Positive Mathematical Programming (PMP) and its formalization by Howitt 

(1995): By introducing calibrated non-linear terms in the objective function, PMP allows to 

construct models that exactly replicate observed reference values of produced activities. In 

opposite to linear programming models this is possible even if the number of activities ex-

ceeds the number of justifiable constraints. At least equally important is the much more real-

istic simulation behaviour obtained with PMP, as the non-linearity obviates abrupt disconti-

nuities in the modelled supply response. These features have led to a renewed interest in 

MP in the early 2000s, especially as PMP makes it possible to handle decision problems 

even if data (for example, at the subregional or farm level) is too scarce to perform econo-

metric procedures (Henry de Frahan et al., 2007).  

However, it soon became apparent that the response behaviour of standard PMP models 

would always exhibit a certain arbitrariness if the number of parameters to be specified ex-

ceeds the number of observations (Heckelei and Britz, 2000). Additionally, Heckelei and 

Wolff (2003) demonstrated that PMP yields inconsistent parameter estimates and that it is 

therefore not well suited for the exploitation of additional information, in opposite to econo-

metrics. They propose a general alternative which directly employs the optimality conditions 

without the need to first set-up a linear model with a calibration constraint. Their attempt to 

combine econometrics and MP initiated a field of research to develop models belonging to a 

class that was later termed Econometric Mathematical Programming (EMP) (Buysse et al., 

2007). In spite of its theoretical soundness and its usefulness for agri-environmental policy 

simulations, empirical works applying EMP are still scarce or contain potentially harmful ves-

tiges of PMP, such as first-phase linear models that may introduce bias into the final model 

used for simulations. (Britz and Arata (2019); Heckelei et al. (2012)).  

Contributing to the methodological literature on EMP, Henry de Frahan (2019) proposes a 

framework to simultaneously estimate and calibrate model parameters using the Least 

Squares criterion. This thesis builds on the suggested approach and follows three objectives: 



1. Introduction 

2 

First, we assess the applicability of the procedure suggested by Henry de Frahan (2019) for 

agricultural policy analysis. Second, we develop a methodological refinement to relieve the 

rigid relationship between fixed-inputs and outputs and, thereby, also acknowledge the im-

pact of fixed-input levels on total variable costs. Third, we use the estimated model to simu-

late the introduction of a hypothetical greenhouse gas (GHG) emission cap-and-trade system 

for specialized crop, dairy, and cattle farms in the three main agricultural regions in France. 

The next chapter sets the scene by outlining the theoretical framework of PMP, starting with 

a description of the original procedure and a discussion of its shortcomings. Then, the in-

creasing incorporation of econometrics into PMP is described from early applications of the 

Generalized Maximum Entropy and Bayesian approaches to more recent examples that use 

the Least Squares criterion and sometimes also account for uncertainty and risk aversion. 

Finally, the method proposed by Henry de Frahan (2019) is delineated. 

Chapter 3 describes and then critically reviews the methodology which the tested cost func-

tion estimation approach is based upon. Using a Monte Carlo simulation with artificial data 

we show that the estimated cost function parameters indeed converge to their true values 

with increasing sample sizes. However, we also reveal a decisive flaw that is rooted in the 

Leontief fixed-input-output coefficient. A modification of the model specification proposed by 

Henry de Frahan (2019) is developed to circumvent this limitation. 

Chapter 4 shows the implementation of the cost function estimation using cross-sectional 

FADN data. After describing the data and the necessary preparation processes, the calibra-

tion to observed reference values is validated. Then, output price changes are simulated. 

Using a model specification identified as promising in chapter 4, chapter 5 simulates the re-

gional introduction of a GHG emission cap-and-trade system. After providing a brief theoreti-

cal background on emission trading systems, an emission constraint is added to the model. 

With average values for GHG emissions per output level, the simulation is performed for mul-

tiple emission reduction scenarios and marginal emission abatement costs are estimated.  

Finally, chapter 6 concludes by discussing the suitability of the modelling framework for ap-

plied agricultural and environmental policy analysis, drawing from the methodological discus-

sion in chapter 3, but most importantly from the empirical analyses in chapter 4 and 5. Sev-

eral pathways for further developments of the modelling framework are provided. 

The simulation of the emission trading system helps to evaluate in how far the model can be 

used to answer highly relevant applied research questions. However, it is important to note 

that the objective of this thesis is not to provide exact information on emission mitigation 

costs. At best, we contribute to a better understanding of emission trading systems and how 

they might affect different farm types. Most importantly, this thesis aspires to illustrate the 

potential of EMP models and address some of the challenges that have thus far confined the 

applicability of EMP.  
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2. Theoretical Framework 

This chapter describes the theoretical foundations behind Positive Mathematical Program-

ming (PMP). The weaknesses of the original approach and the alternatives that led to the 

development of Econometric Mathematical Programming (EMP) are illustrated. Finally, this 

chapter introduces the theoretical framework suggested by Henry de Frahan (2019), which 

provides a novel cost function estimation method that can be assigned to the realm of Econ-

ometric Mathematical Programming. 

2.1. Evolution of Positive Mathematical Programming 

2.1.1. Original Positive Mathematical Programming Framework 

Positive Mathematical Programming is an approach for cropping decision modelling that al-

lows for exact calibration of decision variables to observed levels, while responding smoothly 

to changes in prices or other external variables. The method was used by several agricultural 

economists already in the late 1980s and early 1990s, but first formalized by Howitt in 1995 

(Henry de Frahan et al., 2007). Even though several shortcomings of PMP were noted and 

addressed by researchers in subsequent years, the paper by Howitt (1995) initiated the 

widespread application and discussion of calibrated optimization models in agricultural eco-

nomics. It is continuously considered a seminal contribution to the field by reviewers and is 

cited by modellers (see for example Henry de Frahan et al. (2007), Heckelei et al. (2012), 

Mérel and Howitt (2014), Paris (2017), or Britz and Arata (2019)). The success of PMP origi-

nates in the advantages that the framework provides compared to its alternatives available in 

the late 20th century:  

Before the development of the PMP approach, attempts to model farmers’ production deci-

sions often relied on normative mathematical programming approaches based on concepts 

from operations research. A substantial problem of these models is the often-imposed lineari-

ty assumption for the objective function and the constraints, which at least partly was pro-

voked by lack of computational power. Consequently, the number of activities produced by a 

farm in the optimal solution was determined by the number of binding constraints, which in 

many cases impeded calibration to observed activity levels. While various ad hoc approach-

es were developed to improve calibration, a fundamental shortcoming of linear programming 

approaches remained unsolved, namely the jumpy supply behaviour induced by the changes 

of prices or other external variables. This significantly impaired their aptitude for policy simu-

lations. The PMP approach formalized by Howitt (1995) finally provided a framework to gen-

erate more realistic simulation results without the need to impose weakly justified constraints 

on the model (Heckelei and Britz (2005) and Mérel and Howitt (2014)). 
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The PMP approach consists of a three-step procedure at the end of which a non-linear total 

net revenue maximization function for a single economic agent (e.g., a farm) is received with 

the observed activity levels as the optimal solution.  

In the first step a linear total net revenue (TNR) maximization function of the following form is 

specified (Howitt, 1995): 

𝑚𝑎𝑥𝒙𝑇𝑁𝑅 = 𝐩′𝐱 − 𝐝′𝐱      (2.1) 

subject to  𝐀𝐱 ≤ 𝐛  [𝐲]      (2.2) 

   𝐱 ≤ 𝐱𝐨 + 𝛆 [𝛌]      (2.3) 

   𝐱 ≥ 𝟎        (2.4) 

With the vector 𝐱 being the vector of decision variables (a vector of output or activity levels) 

and 𝐱𝐨 being a vector of the I observed and realized output or activity levels. Vector 𝐩 is a 

vector of market output prices and 𝐝 is a vector of variable costs per output unit, both with 

dimension 𝐼 × 1. Vector 𝐛 is referring to the J fixed-input constraints. 𝐀 represents a fixed-

input-output matrix of the dimension 𝐽 × 𝐼 and indicates the usage of fixed-resource 𝐽 per unit 

of output or activity 𝐼. Finally, 𝛆 is a vector of small perturbations that must be positive and 

that are determined by the modeller. It guarantees that the calibration constraint (2.3) is de-

coupled from the resource constraint (2.2) and therefore the dual value 𝐲 of each of the 𝐽 

resource constraints is larger than zero (Paris, 2017). 

The intention of the first step is to retrieve the 𝐼 × 1 vector of dual values 𝛌 of the calibration 

constraint that can be interpreted as the differential marginal costs for each activity. Thus the 

model (2.1)-(2.4) allows to obtain a measure of the total marginal cost of producing the out-

put or activity vector 𝐱, which is the sum of the accounting cost vector 𝐝 and the differential 

marginal cost vector 𝛌 faced by the farmer (Paris and Howitt, 1998). The utilization of all 

available information on observed decisions of an economic agent to infer essential econom-

ic behavioural determinants like the marginal costs is the principal tenet of the PMP frame-

work. It renders the approach “positive”, in contrast to “normative” mathematical program-

ming that is used to optimize the production plan of a firm (Paris, 2010). 

In the subsequent steps a non-linear total net revenue maximization function is set up, for 

example with a quadratic functional form1: 

primal:   𝑚𝑎𝑥𝒙 𝑇𝑁𝑅 =  𝐩′𝐱 − 𝐜′𝐱 −
1

2
𝐱′𝐐𝐱    (2.5) 

subject to  𝐀𝐱 ≤ 𝐛    [𝐲]    (2.6) 

with the corresponding dual problem:  

dual:   𝑚𝑖𝑛𝒚 𝑇𝐶 = 𝐛′𝐲 +
1

2
𝐱′𝐐𝐱      (2.7) 

subject to  𝐀′𝐲 + 𝐜 + 𝐐𝐱 ≥ 𝐩  [𝐱]    (2.8) 

 
1 Howitt (1995) defines the derivation of the calibrating parameters as the second step and the specification of 

model (2.5) - (2.6) as the third step. 
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with non-negativity imposed on output or activity levels 𝐱 for both the primal and the dual 

problem. To retrieve the linear vector 𝐜 (𝐼 × 1) and the quadratic and symmetric matrix 𝐐 

(𝐼 × 𝐼), the only terms in the model that are unknown thus far, the PMP approach makes use 

of the values for the total marginal costs received in the first step: 

𝐌𝐂 = 𝐜 + 𝐐𝐱 = 𝐝 + 𝛌     (2.9) 

Consequently, by setting the marginal costs derived from the total net revenue maximization 

model (2.5) – (2.6) equal to the sum of the accounting costs 𝐝 per unit and the differential 

marginal costs 𝛌, the cost function parameters 𝐜 and 𝐐 can be retrieved, completing the 

quadratic programming model.  

The total net revenue maximizing activity levels obtained by solving model (2.5) – (2.6) are 

identical to the optimal activity levels derived by solving the linear model (2.1) – (2.4), indicat-

ing that the PMP model calibrates perfectly to observed activity levels without having to im-

pose additional constraints (Howitt, 1995). While the non-linearity of model (2.5) – (2.6) 

therefore is an agreeable feature from a pragmatic angle, Howitt (1995) also provided an 

agronomic justification: Heterogeneous land quality caused the decreasing gross margin, 

together with declining marginal yields as the share of an activity increases within a region. 

This interpretation also illustrates why the non-linear cost function parameter must be con-

vex, requiring that matrix Q be positive (semi)definite.  

The model (2.5) – (2.6) also allows to quantify the impact of a change in output or activity 

prices (𝐩) or fixed-input quantities (𝐛) on optimal output or activity levels (𝐱) or shadow prices 

(𝐲), a property that makes the PMP approach so interesting for policy analysis (Paris, 2010).  

Heckelei and Britz (2005) explain the popularity of PMP-type modelling at the end of the 

1990s and at the beginning of the 2000s also partly by a general shift in the paradigm of (Eu-

ropean) agricultural policy away from price support: They argue that policy instruments such 

as quotas or set-aside obligations could in many cases not be sufficiently well simulated by 

standard econometric approaches. Programming models, on the other hand, allow the link-

age between economic and bio-physical aspects (such as natural resource requirements) 

explicitly, a feature that largely prevents implausible results. Mérel and Howitt (2014) add that 

the modest data requirements of PMP models facilitate their specification at very fine geo-

graphical resolution (e.g., farm level), making them attractive for the simulation of agri-

environmental policies. 

2.1.2. Shortcomings of Positive Mathematical Programming and Development 

of Alternatives 

The attention that PMP received in the modelling community evoked a critical discussion 

about both the flaws and the merits of the methodology, culminating in an array of papers 

suggesting modifications to the original approach. Heckelei and Britz (2005), Henry de 

Frahan et al. (2007) and Mérel and Howitt (2014) review the early developments extensively. 
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This section focusses on three aspects: first, on the justification for a non-linear, convex cost 

function specification, which deserves attention as it illustrates the conceptual link between 

the rather theoretical model formulation and the agronomic reality. Second, on the second-

order behaviour of under-determined PMP models and third, on the estimation bias caused 

by inconsistency between the models received in the different PMP phases. The remedies 

that were developed in the early 2000s to address the under-determinacy and the estimation 

bias constitute the foundation for econometric mathematical programming approaches, such 

as the methodology developed and evaluated in this thesis. 

2.1.2.1. Justification for the Global Convexity of the Cost Function 

As mentioned in the previous section, Howitt (1995) justified the nonlinearity in the second 

and third step of PMP with declining marginal crop yields, mainly due to the heterogeneity of 

land. Besides, increasing marginal costs are caused by the fixed nature of many farm inputs 

(Howitt, 1995). A first objection against land heterogeneity as the reason for decreasing mar-

ginal yields was expressed by Heckelei (2002): If an increase in activity levels of a crop led to 

continuously decreasing yields of this crop, one must assume that the additional unit of land 

is the most productive unit of all available land that is not yet allocated to the respective activ-

ity. However, as in reality land is allocated to multiple activities, it is hard to justify why the 

expansion of one crop by one unit should always lead to marginally lower average yields. 

Mérel and Howitt (2014) later shared these reservations, remarking that land heterogeneity 

could nevertheless lead to decreasing yields if one assumes that the land characteristics that 

make land favourable vary between activities.  

Mérel and Howitt (2014) also discuss the justification that fixed endowment led to increasing 

marginal costs. They argue that, for example, crop-specific machinery or labour that cannot 

be adjusted in the short run could decrease average gross margins if an activity is expanded. 

However, they admit that this argument does no longer hold if the fixed-input is not activity-

specific.  

The different justifications for nonlinearity also imply different assumptions about which part 

of the net revenue function causes the convexity, as pointed out in the review by Mérel and 

Howitt (2014): either, the marginal yield is decreasing or, as it is much more frequently as-

sumed in literature, the marginal cost is increasing in activity levels. The few papers that ap-

plied the former conceptualization usually implemented it using a yield function (like the orig-

inal paper by Howitt (1995)), a Cobb-Douglas function or a Constant-Elasticity-of-Substitution 

framework. On the other hand, increasing marginal costs are mostly implemented in litera-

ture using a simple quadratic functional form or, in some cases, the generalised Leontief cost 

function (Henry de Frahan, 2019). 

In the review of Mérel and Howitt (2014), the authors express their moderate preference for 

the decreasing marginal yield approach, arguing that the marginal cost approach implied the 
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rather unrealistic assumption of constant yields. On the other hand, Heckelei and Britz (2005) 

remark that it was unlikely that either only the yield changed but input application remained 

constant or vice versa. 

Given these equivocal argumentations, Mérel and Howitt (2014) summarize that most PMP 

studies have taken the rather pragmatic stance that the net revenue maximization problem 

must be concave to ensure that a solver may find a global optimum, regardless of whether 

this is reached through decreasing marginal yields or increasing marginal costs.  

2.1.2.2. Under-Determination Problem 

The original PMP model as formalized by Howitt (1995) was developed as an approach to 

represent the total net revenue maximization problem of one individual economic agent, typi-

cally a farm manager. This reflects the initial objective to develop a modelling framework that 

can be used if data is too scarce to apply standard econometric approaches based on be-

havioural functions. However, the consideration of only one observation led to a problem that 

was soon understood to be a general shortcoming of the PMP approach: the under-

determination of the system of equation (2.9), which consists of 𝐼 equations used to derive 𝐼 

linear and 𝐼(𝐼 + 1)/2 quadratic cost function parameters. The implication of this is that equa-

tion (2.9) can be fulfilled by an infinite number of parameters, all of which calibrate the model 

but imply different response behaviour of the economic agents. Heckelei and Britz (2005) 

elaborate this point and show that the change of the optimal level of each activity for a 

change in output prices depends on the entire 𝐐-matrix, i.e., not only the cost function pa-

rameters for the respective activity (see Annex I):  

∂x

∂p
= 𝐐−1 − 𝐐−1𝐀′(𝐀𝐐−1𝐀′)−1𝐀𝐐−1    (2.10) 

Several ad-hoc approaches were developed to address the under-determination problem, as 

summarized by Henry de Frahan et al. (2007). They mainly concerned the assumptions 

made for the cost function parameters 𝐜 and 𝐐: By assuming that the off-diagonal elements 

𝑞𝑖,𝑗 with 𝑖 ≠ 𝑗 of matrix 𝐐 are all equal to 0, the number of parameters to be estimated can be 

reduced to 𝐼 + 𝐼. As the resulting model would still be ill-posed, additional assumptions have 

to be made for the linear cost function parameter 𝐜:  

By setting the parameter 𝐜 equal to 0, the diagonal elements of matrix 𝐐 would reflect the 

accounting costs and the differential marginal costs (divided by the activity level) of each ac-

tivity i in 𝐼:  

𝑞𝑖𝑖 =
(𝑑𝑖+λ𝑖)

𝑥𝑖
  ,   𝑐𝑖 = 0  ∀𝑖 = 1, … , 𝐼 

Or, by assuming that the vector 𝐜 is equal to the accounting cost vector 𝐝, the quadratic cost 

parameter 𝐐 would be equal to the differential marginal costs 𝛌 divided by the activity level 𝐱: 
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𝑞𝑖𝑖 =
λ𝑖

𝑥𝑖
  ,   𝑐𝑖 = 𝑑𝑖    ∀𝑖 = 1, … , 𝐼  

The average cost approach provides yet another alternative to calculate the parameters 𝐜 

and 𝐐, by presuming that the accounting cost vector 𝐝 for each activity unit is equal to the 

average total variable costs. This assumption can then be used, together with the first order 

condition (equation 2.9), to derive the parameters 𝐜 and 𝐐 as follows: 

𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑇𝑉𝐶𝑖 = 𝑐𝑖 −
1

2
𝑥𝑖𝑞𝑖𝑖 = 𝑑𝑖  ∀𝑖 = 1, … , 𝐼 

 𝑞𝑖𝑖 = 2
λ𝑖

𝑥𝑖
  ,   𝑐𝑖 = 𝑑𝑖 − λ𝑖    ∀𝑖 = 1, … , 𝐼 

It is noteworthy that this average cost approach requires that variable inputs can be attribut-

ed to each of the activities in 𝐼, an assumption that renders the off-diagonal elements of 𝐐 to 

be zero by definition, but that is also inconsistent with the joint technology of a multi-product 

cost function (Heckelei and Britz, 2005). 

All of these approaches facilitate calibration, but they have some significant drawbacks, 

which become apparent if one brings to mind the meaning of the elements of matrix 𝐐. They 

are the second derivatives of the variable cost function with respect to activity levels 𝐱 and, 

consequently, indicate how the marginal costs change when activity levels change. If only 

one observation for the dual values of the calibration constraint (2.3) is considered it is simply 

impossible to infer information on the change of marginal costs, meaning that the second-

order behaviour of the respective model becomes arbitrary and potentially unsatisfactory 

(Heckelei and Britz, 2000).  

An option to derive the parameters of the quadratic cost function in a less arbitrary way is the 

incorporation of exogenous elasticities as prior information. Helming et al. (2001), who im-

plemented this method first, consider only own price elasticities (leaving aside the off-

diagonal elements of 𝐐) and ignore the marginal effect of price changes on shadow prices 

(Heckelei, 2002). This leads to a myopic calibration with model elasticities being lower than 

the exogenous values. Mérel and Bucaram (2010) conclude that the utilization of exogenous 

elasticities for better second-order behaviour may under certain circumstances allow perfect 

calibration. However, they also note that exogenous cross-price elasticities are not often 

available. Heckelei and Britz (2005) argue that the incorporation of exogenous information on 

supply changes nevertheless presented the only convincing use of PMP if just one observa-

tion is considered. 

Yet another approach was introduced and tested by Paris and Howitt (1998), who recovered 

a total variable cost function by combining PMP with elements from the maximum entropy 

approach. By using the Generalized Maximum Entropy (GME) estimator (see section 2.1.3.1) 

as an econometric criterion, this “path breaking” contribution also prepared the ground for the 

estimation rather than calibration of the cost function parameters (Heckelei and Britz (2005, 

p. 59)). Besides, even though Paris and Howitt (1998) continued to use just one observation 
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for the derivation of the cost function, their approach generally made the incorporation of 

multiple observations possible. A first application of PMP for cross-sectional datasets was 

then provided by Heckelei and Britz (2000). By including multiple observations, they could 

derive changes in marginal costs based on observed differences between regions. 

2.1.2.3. Inconsistent Parameter Estimation 

The incorporation of multiple observations and the utilization of the Generalized Maximum 

Entropy approach addressed the under-determination problem of PMP, but they largely built 

on the original framework with its three-step procedure. Heckelei and Wolff (2003) scruti-

nized the PMP approach more generally. They concluded that it does not allow for consistent 

parameter estimation and therefore is not well suited for the exploitation of additional data 

information. The reason for this is that the shadow prices obtained in the first step are differ-

ent from the ones obtained in the second step, indicating that equation (2.9) cannot be seen 

as unbiased. To elaborate this argument, equation (2.11) displays the first order condition of 

the quadratic model (2.5) – (2.6), with rearranged terms, assuming strictly positive activity 

levels and binding resource constraints: 

𝐲 = (𝐀𝐐−𝟏𝐀′)
−𝟏

(𝐀𝐐−𝟏(𝐩 − 𝐜) − 𝐛)    (2.11) 

However, the vector 𝐲 of shadow prices of the resource constraints is different in stage one 

of the PMP procedure, when being obtained with the linear model (2.1) – (2.4). To see this, it 

is necessary to introduce the reader to the notion of ‘preferable’ and ‘marginal’ activities, that 

follows from the linear model defined in the first PMP step: The vector 𝛆 of perturbations in 

the calibration constraint (2.3) allows the optimal activity levels 𝐱 to be 𝛆 units larger than the 

observed levels 𝐱𝐨. However, to comply with the resource constraint (2.2), the elements of 𝐱 

cannot be larger than the corresponding elements of 𝐱𝐨 for all activities. Thus, the calibration 

constraint (2.3) is binding only for those activities with the highest marginal net revenue 𝐩𝐢 −

𝐝𝐢. Those activities are usually named ‘preferable’ activities. The remaining ‘marginal’ activi-

ties are confined by the resource constraint (2.2). Consequently, the dual value 𝛌 of the cali-

bration constraint is zero for all marginal activities and strictly positive for all preferable activi-

ties, whereas the dual value 𝐲 of the resource constraint takes positive values only for mar-

ginal activities and is zero for all preferable activities. This property allows to partition the 

activity level vector 𝐱 into an ((𝐼 − 𝑀) × 1) vector of preferable activities 𝐱𝐩 with the respec-

tive parameters 𝐀𝐩, 𝐩𝐩 and 𝐝𝐩, and an (𝑀 × 1) vector of marginal activities 𝐱𝐦 with the re-

spective parameters 𝐀𝐦, 𝐩𝐦 and 𝐝𝐦, with 𝑀 being the number of marginal activities. There-

fore, the fixed-input shadow price derived from the linear model (2.1) – (2.4) in step one is 

𝐲 = (𝐀𝐦′
)

−𝟏
(𝐩𝐦 − 𝐝𝐦)     (2.12) 



2. Theoretical Framework 

10 

This shows that in the linear model in the first PMP step the dual values of the resource con-

straints are determined by different parameters than the dual values of the resource con-

straints in the quadratic model (equation 2.11). This also has implications for the dual values 

of the calibration constraints, 𝛌𝐩, which can be derived for preferable activities from the first 

order condition of the linear model:    

𝛌𝐩 = 𝐩𝐩 − 𝐝𝐩 − 𝐀𝐩′𝐲     (2.13) 

As the dual values 𝛌𝐩 depend on the fixed-input shadow prices 𝐲 determined in the first step, 

and since the other values 𝛌 are used to specify the marginal costs of the quadratic model, 

Heckelei and Wolff (2003) argue that this leads to inconsistency between the linear and the 

non-linear models. This inconsistency can also be grasped by recalling the reason for why 

the calibration constraint was introduced at all, in the first PMP step as formulated by Howitt 

(1995): It represents the unobserved factors that limit the expansion of the ‘preferable’, thus 

the most profitable activities. In the quadratic model, however, calibration is achieved by en-

suring that marginal returns decrease in activity levels. Consequently, whether an activity is 

among the most profitable activities depends on its level. This also implies that the dual value 

of the fixed-input constraint is not necessarily determined only by those activities that are 

among the ‘marginal’ activities in the first step. Given this erroneous calculation of the dual 

values, the shadow prices 𝐲 do not converge to the true shadow prices 𝐲 when additional 

observations are added (Henry de Frahan et al., 2007). 

2.1.2.4. A General Alternative to Positive Mathematical Programming 

From the perspective of an econometrician, the selected model specification should repre-

sent what is assumed to be the true data generating process. Heckelei and Wolff (2003) 

elaborated an approach to estimate a model that is consistent with the modeler’s assumption 

about the ‘true’ model. The important feature to ensure consistency is the simultaneous esti-

mation of dual values and parameters in one step. In the case of a concave, quadratic total 

net revenue maximization function, the objective function can be expressed as follows: 

𝑚𝑎𝑥𝐱𝐟
𝑇𝑁𝑅𝑓  =  𝐠𝐦𝐟

′𝐱𝐟 − 𝐜′𝐱𝐟 −
1

2
𝐱𝐟

′𝐐𝐱𝐟  (2.14) 

subject to  𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟  [𝐲𝐟]    (2.15) 

where 𝐠𝐦 is a 𝐼 × 1 vector of (observed) gross margins. Besides, non-negativity for the activ-

ity levels 𝐱 is imposed. A striking difference between model (2.14) – (2.15) and the non-linear 

model set up in the second and third step of the PMP process (equation (2.5) – (2.6)) is the 

introduction of indices for every observation (e.g., farm) f = 1, … , F. This reflects the econo-

metric stance of considering a subsample of a population, in contrast to the original PMP 

approach that was explicitly developed for cases with only one observation. Therefore, 𝐠𝐦𝐟, 
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𝐱𝐟, 𝐛𝐟 and 𝐲𝐟 are the vectors of gross margins, activity levels, fixed-input constraints and 

fixed-input shadow prices, respectively, for each farm f. However, apart from the fact that 

Heckelei and Wolff (2003) replace the vector of prices 𝐩 by the vector of gross margins 𝐠𝐦, 

the objective function at the farm level is equivalent to the non-linear model specified by 

Howitt (1995). The first-order conditions of model (2.14) – (2.15) can be written as 

𝐠𝐦𝐟 − 𝐲𝐟
′𝐀𝐟 − 𝐜 − 𝐐(𝐱𝐟

𝐨 + 𝐡𝐟) ≤ 𝟎   (2.16) 

𝐀𝐟(𝐱𝐟
𝐨 + 𝐡𝐟) ≤ 𝐛𝐟      (2.17) 

To ensure that curvature conditions are fulfilled (such as positive semi-definiteness of matrix 

Q), second order conditions like the Cholesky factorisation must be imposed as well2. The 

vector 𝐡𝐟 represents an 𝐼 × 1 vector of stochastic errors with mean zero and standard devia-

tions 𝜎𝑖. Consequently, and in opposite to the vector of perturbations 𝛆 introduced in the first 

step of the traditional PMP approach, the elements of the vector 𝐡𝐟 may take negative val-

ues. Heckelei and Wolff (2003) provide several interpretations of this error specification: It 

may represent an error incurred by the analyst (e.g., a measurement error) or an optimization 

error by the farmer. In any case does it imply that the optimal activity level for each observa-

tion is not necessarily equal to the observed activity level, as an observed activity level xfi
o 

varies from the optimal activity level xfi by this idiosyncratic error hfi. 

Making use of the Karush-Kuhn-Tucker conditions, it is possible to transform equations 

(2.16) – (2.17) into equalities: 

(𝐱𝐟
𝐨 + 𝐡𝐟) ⊙ (𝐠𝐦𝐟

𝐨 − 𝐲𝐟
′𝐀𝐟 − 𝐜 − 𝐐(𝐱𝐟

𝐨 + 𝐡𝐟)) = 𝟎 (2.16’)  

𝐲𝐟 ⊙ (𝐛𝐟
𝐨 − 𝐀𝐟(𝐱𝐟

𝐨 + 𝐡𝐟)) = 𝟎    (2.17’) 

Where the symbol ⊙ represents the elementwise (or Hadamard) product of two matrices. As 

it will be elaborated in section 3.1.2, the representation of these conditions as an equality is 

particularly useful if constraints may not be binding for every observation. 

Heckelei and Wolff (2003) chose a generalized maximum entropy specification as the 

framework for the parametrization of the error vectors, which they used to set up an objective 

function with equations (2.16) and (2.17) as the constraints. This allowed them to simultane-

ously estimate the unknown dual values 𝐲 and the cost function parameters 𝐜 and 𝐐 and to 

analyse the impact of additional prior information (see also Heckelei and Britz (2005)). They 

remarked that other estimation techniques such as the Least Squares or Generalized Meth-

ods of Moments could have been applied as well, given that their estimation problem is “well-

posed”.  

 
2 The Cholesky factorisation is not explicitly written as a constraint here and for the following non-linear models, 

as it just constitutes an easily implementable means of ensuring convexity, without being part of the generic mod-
el. For a more detailed description of the implementation, see subchapter 3.1.1.  
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Heckelei and Wolff (2003) pointed out that the direct use of optimality conditions for estima-

tion purposes had already been used before, even though mainly in the context of invest-

ment models, but not yet as an alternative to the standard PMP framework. Heckelei and 

Britz (2005) discussed the reasons for this comparably late adoption for programming model 

estimation. They concluded that, apparently, mathematical programmers did not see the ne-

cessity for the estimation of programming models with multiple observations, while, on the 

other hand, econometricians seem to have largely ignored the mathematical programming 

literature.  

2.1.3. Evolution Towards Econometric Mathematical Programming 

The road for a more systematic incorporation of econometrics into the positive mathematical 

programming framework was paved by Paris and Howitt (1998), who introduced an econo-

metric criterion (the GME estimator) and then by Heckelei and Wolff (2003), who provided a 

more consistent alternative to PMP. Besides, the inconsistency between the linear and the 

nonlinear model of the traditional PMP approach unveiled by Heckelei and Wolff (2003) 

prompted most researchers after 2003 to estimate first- and second-order conditions directly, 

without estimating a linear model first (Henry de Frahan, 2019). These developments largely 

describe the advent of a framework that Buysse et al. (2007) termed “Econometric Mathe-

matical Programming” (EMP). The following section concisely summarizes the evolution to-

wards EMP: First, the GME principle and the Bayesian approach are briefly outlined. Then, 

more recent developments are depicted with a focus on those papers that provide the con-

ceptual foundations for the methodology developed and implemented in this thesis. 

2.1.3.1. The Generalized Maximum Entropy and Bayesian Approaches 

The possibility to systematically extract information provided by more than one observation is 

a fundamental precondition for cost function parameter estimation, rather than calibration. 

Heckelei and Wolff (2003) argue that the incorporation of information from multiple observa-

tions could in principle be accomplished with classical estimation techniques, such as Least 

Squares. One may therefore wonder why so many modellers have employed the much less 

classical (Generalized) Maximum Entropy procedure for estimation, such as Paris and Howitt 

(1998), Heckelei and Britz (2000), Paris (2001), Arfini et al. (2008), Petsakos and Rozakis 

(2011) or Graveline and Mérel (2014). One reason for the popularity of GME in early papers, 

mainly Paris and Howitt (1998), certainly is that it provides a solution to the problem of under-

determinacy, even if only one observation is available. To comprehend this property, it is 

important to understand the basic functionality of the Maximum Entropy approach.   

The concept of entropy in statistics was first formalized by Shannon (1948), who measures it 

as follows, for discrete probabilities: 
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− ∑ 𝑝𝑖𝑙𝑛(𝑝𝑖)𝑛
𝑖=1       (2.18) 

where 𝑝𝑖 stands for the probability of the 𝑖th among 𝑛 support points. If entropy is maximized, 

this usually implies that 𝑛 probabilities 𝑝𝑖 are calculated so that equation (2.18) is maximized, 

subject to the sum of all probabilities being equal to 1. One can easily verify that this is the 

case if 𝑝𝑖=1 =
1

𝑛
= 𝑝𝑖=2 = ⋯ = 𝑝𝑖=𝑛, i.e., if all support points are equiprobable, in concurrence 

with Laplace’s rule. The intuition behind maximum entropy is to find the probability distribu-

tion that best represents available information about a system while imposing as little as-

sumptions as possible about unknown aspects of this probability distribution. In a context of 

econometrics the approach experienced a breakthrough in the late 1990s and early 2000s, 

following the publication of a book by Golan, Judge and Miller (1996). They present a gener-

alized maximum entropy framework, consisting of a set of techniques that make it possible to 

use prior information on estimation results. A feature that made GME particularly relevant for 

the early PMP literature is that, given its strictly concave function of probabilities, it allows to 

find a unique solution also for ill-posed problems with comparably little prior assumptions 

(Paris and Howitt (1998)).  

Heckelei and Wollf (2003) employ GME as a framework for the cost function parameter esti-

mation of a “well-posed” problem. They do this by reparametrizing the vector of error terms 

𝐡𝐟 of model (2.16) – (2.17) as expected errors, with a discrete probability distribution. They 

set a support point at five standard deviations above and below the observed activity level 

𝐱𝐟
𝐨, respectively. Striving to assign each support point the same probability, the entropy is 

maximized for the vector 𝐜 and matrix 𝐐 that allow the vector of error terms 𝐡𝐟 to be as close 

as possible to 0. Consequently, the GME approach can be used as an error term minimiza-

tion framework, comparable to the Least Squares method. In fact, Preckel (2001) shows that 

for support points that are centred around zero and spanning a wide range, Least Squares 

and GME produce essentially identical coefficient estimates.  

GME also provides a useful framework for the incorporation of exogenous prior information, 

such as elasticities. Again, Heckelei and Wolff (2003), provide an instructive example: First, 

they write the vector of land allocation elasticities 𝐞 with respect to own gross margins as a 

function of the cost function parameters, the fixed-input-output coefficient, the sample mean 

of the gross margin and the sample mean of observed land allocations, for each activity. 

Then, they define an upper and a lower support point for each own-price elasticity, based on 

exogenous information. Entropy maximization pulls the elements of vector 𝐞 towards the 

mean of the two elasticity support points, while at the same time the other entropy criterion 

continues to minimize the vector 𝐡𝐟 of error terms. The authors point out that smaller support 

ranges for the exogenous information lead to higher penalties for deviation from the support 

centre, as this would require unequal probabilities for each support point and consequently 

lower the entropy. The perspective on GME as a penalty function that punishes deviations 
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from prior information with an intensity that depends on the strength of this prior information 

is outlined by Preckel (2001) in more detail.  

Also several more recent studies used GME for the incorporation of exogenous elasticities, 

for example Severini and Cortignani (2012) or Petsakos and Rozakis (2015).  

While GME has evidently served as a useful procedure in a PMP context and facilitated the 

evolution from standard PMP towards EMP, it also entails some pitfalls that were outlined for 

example by Heckelei et al. (2008). An important shortcoming is the lack of interpretability of 

the interaction between the choice of support points, the choice of reference prior probabili-

ties and data information. Besides, the additional variables (such as probabilities) and equa-

tions that are introduced to incorporate GME in the estimation process render the model 

computationally difficult. Therefore, the authors suggest a Bayesian alternative, which also 

allows to find unique solutions to underdetermined systems of equations by identifying 

Bayesian highest posterior density solutions. They argue that this approach successfully ad-

dressed the above-defined flaws of GME, while being able to reproduce the behaviour of 

GME models perfectly, if desired. One example for the practical applicability of the Bayesian 

approach was provided by Jansson and Heckelei (2011), who use it to estimate behavioural 

parameters of supply models for 219 regions in the EU, within the framework of the CAPRI 

model. Henry de Frahan (2019) provides a more extensive summary of the functionality and 

the various applications of the Bayesian approach in recent literature. 

2.1.3.2. Standard Econometric Approaches to Cost Parameter Estimation 

2.1.3.2.1. Application of Least Squares Estimators 

An important advantage of GME or the Bayesian approach for estimation purposes certainly 

is that it allows to find unique solutions even for underdetermined problems. However, with a 

sufficiently large number of degrees of freedom more classical approaches, such as Least 

Squares or the Generalized Methods of Moments, can be applied for parameter estimation 

(Heckelei and Wolff (2003)). In the EU, the Farm Accountancy Data Network (FADN) pro-

vides a rich source of farm data and is frequently used in mathematical programming models 

(Heckelei et al. (2012)). It is conceivable that its continuous extension in the early 2000s fa-

cilitated the rise of modelling approaches with comparably high data requirements. The im-

pact assessment of the “Health Check” of the EU’s Common Agricultural Policy by Arfini and 

Donati (2011) presents an example for the incorporation of the Least Squares estimation 

method in a PMP setting. In a first step, the authors set up an estimation model with the min-

imization of the squares of error terms 𝐮 as the objective function: 

𝑚𝑖𝑛𝐮𝐟,𝐝𝐟,𝛌𝐟,𝐐𝐿𝑆 =
1

2
𝐮𝐟

′𝐮𝐟     (2.19) 

subject to  𝐝𝐟 + 𝛌𝐟 ≤ 𝐐𝐱𝐟
𝐨 + 𝐮𝐟     (2.20) 

   𝐝𝐟
′𝐱𝐟

𝐨 ≤ 𝑇𝑉𝐶𝑓      (2.21) 
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   𝐮𝐟
′𝐱𝐟

𝐨 +
1

2
𝐱𝐟

𝐨′𝐐𝐱𝐟
𝐨 ≥ 𝑇𝑉𝐶𝑓    (2.22) 

   𝐝𝐟 + 𝛌𝐟 + 𝐀𝐟
′ 𝐲𝐟 ≥ 𝐩𝐟     (2.23) 

   𝐛𝐟
′𝐲𝐟 + 𝛌𝐟

′𝐱𝐟
𝐨 = 𝐩𝐟

′𝐱𝐟
𝐨 − 𝐝𝐟

′𝐱𝐟
𝐨    (2.24) 

   ∑ 𝐮𝐟
𝐹
𝑓=1 = 0      (2.25) 

To ensure convexity of the quadratic cost matrix 𝐐 the Cholesky factorisation is implemented, 

too. Using the same notation as, e.g., in equations (2.1) – (2.8), the vectors 𝐝 represent the 

accounting variable costs and the vectors 𝛌 the differential marginal costs. The scalars TVC 

are the total farm variable costs retrieved from the FADN. Thus, they are observed parame-

ters. It is noteworthy that, in opposite to the original PMP approach, the accounting cost vec-

tors 𝐝 are endogenous. Constraint (2.21) ensures that the accounting costs cannot be larger 

than the observed TVC. The left-hand side of constraint (2.22) becomes the new cost func-

tion and must be at least as large as the observed TVC. Constraint (2.23) is the first order 

condition of a TNR maximization function, equivalent to equation (2.8) and (2.16) of the pre-

viously defined nonlinear models. Equation (2.24) states that the optimal solution for the dual 

problem must equate the optimal value for the primal problem. The estimated quadratic cost 

function parameter 𝐐̂ and the vector of error terms 𝐮̂ can then be employed in a TNR maxi-

mization problem that can be used to simulate farm responses: 

𝑚𝑎𝑥𝐱𝐟
𝑇𝑁𝑅𝑓 = 𝐩𝐟

′𝐱𝐟 − 𝐮̂𝐟
′𝐱𝐟 −

1

2
𝐱𝐟

′𝐐̂𝐱𝐟   (2.26) 

subject to  𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟  [𝐲𝐟]    (2.27) 

with non-negative activity levels 𝐱𝐟. Here, the meaning of the error terms 𝐮 becomes evident: 

They are the linear terms of the quadratic cost function that we denoted with 𝐜 in the above-

mentioned models. First, this implies that the interpretation of the vector 𝐮 of error terms is 

different from the interpretation of the vector 𝛆 of error terms in Howitt (1995) or 𝐡 in Heckelei 

and Wolff (2003). The latter defined the elements of 𝐡 as the deviation of the observed activi-

ty level from the “true” unobserved activity level, a perspective that does not apply for the 

elements of 𝐮. Second, by minimizing the elements of 𝐮 Arfini and Donati (2011) must as-

sume that, with increasing sample size, the linear term of the cost function converges to ze-

ro.  

Henry de Frahan (2019) remarked that the zero-profit condition imposed by constraint (2.24) 

was a questionable assumption, as it implies that all farms observed in the sample must 

have already reached their long-run equilibrium.  

Another example for the application of Least Squares estimation in a PMP framework is Par-

is (2017). As several aspects of his paper provide the foundation for the model implemented 

and analysed in this thesis, we will outline his approach in some detail. Different from Arfini 

and Donati (2011) but similar to Heckelei and Wolff (2003), Paris (2017) distinguishes be-
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tween economically optimal activity levels 𝐱 and observed activity levels 𝐱𝐨 which deviate 

from 𝐱 by an unrestricted error term 𝐡, so that 𝐱 = 𝐱𝐨 + 𝐡. Another important feature is the 

explicit incorporation of observed shadow prices 𝐲𝐨 in the cost function estimation model. 

The idea to make use of potentially available information on the prices of fixed-resources 

certainly is not new in itself. Early approaches to include observed land rents into a PMP 

model specification to obtain more reliable results were developed for example by Gohin and 

Chantreuil (1999), Cypris (2000) and Röhm and Dabbert (2003). Heckelei and Wolff (2003) 

then describe how exogenous information on the mean value of shadow prices of the fixed 

factors may be incorporated as prior information in their GME framework. Based on their 

Monte Carlo simulations they conclude, that especially for small sample sizes this additional 

piece of information may actually significantly reduce the Mean Square Errors of estimated 

parameters. Paris (2017) incorporates land prices observed at farm level in his model, argu-

ing that “if the information on land price and other important limiting inputs is available, it 

should be used (…) in order to avoid violating the principal tenet of the methodology: all the 

available information should be used” (p. 21). By assuming that observed land prices 𝐲𝐨 de-

viate from the “true” shadow prices 𝐲 by an unrestricted error 𝐮, he establishes the relation 

𝐲 = 𝐲𝐨 + 𝐮. The vector of error terms 𝐮 makes it possible to include information on fixed-

resource prices, even if it is only available at a higher level of aggregation, for example at 

regional level. However, as the vector 𝐮 is finally minimized together with the vector 𝐡 in a 

Least Squares setting, a consistent parameter estimation hinges on the assumption that the 

expected value of the vector 𝐮 is 0. By alluding to the original PMP approach developed by 

Howitt (1995), Paris (2017) starts by setting up a linear model in a first phase, starting with 

the primal problem: 

𝑚𝑎𝑥𝐱𝐟,𝐡𝐟
𝐴𝑈𝑋𝑓 = 𝐩𝐟

′𝐱𝐟 − 𝐝𝐟
′𝐱𝐟 −

1

2
𝐡𝐟

′𝐖𝐟𝐡𝐟  (2.28)    

subject to  𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟  [𝐲𝐟]    (2.29) 

   𝐱𝐟 = 𝐱𝐟
𝐨 + 𝐡𝐟  [𝛌𝐟]    (2.30) 

with 𝐱𝐟 ≥ 0. Equation (2.28) is an auxiliary function that is equal to a TNR maximization func-

tion subtracted by a weighted square of the error terms, 
1

2
𝐡𝐟′𝐖𝐟𝐡𝐟. The matrix 𝐖 is a weight 

matrix with the only purpose to ensure consistent units of measurement3. The vectors 𝐝 rep-

resent the unit accounting costs of each farm that are known to the modeller. From equations 

(2.28) – (2.30) the following Lagrangian function with its first-order conditions can be derived: 

𝐿𝑀𝐴𝑋𝑓(𝐱𝐟, 𝐡𝐟, 𝐲𝐟, 𝛌𝐟) = 𝐩𝐟
′𝐱𝐟 − 𝐝𝐟

′𝐱𝐟 −
1

2
𝐡𝐟

′𝐖𝐟𝐡𝐟 + 𝐲𝐟
′[𝐛𝐟 − 𝐀𝐟𝐱𝐟] + 𝛌𝐟

′[𝐱𝐟
𝐨 + 𝐡𝐟 − 𝐱𝐟]  (2.31) 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐱𝐟
= 𝐩𝐟 − 𝐝𝐟 − 𝐀𝐟

′ 𝐲𝐟 − 𝛌𝐟 ≤ 𝟎      (2.32) 

 
3 See section 2.2 for more details. 
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𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐡𝐟
= −𝐖𝐟𝐡𝐟 + 𝛌𝐟 = 𝟎      (2.33) 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐲𝐟
= 𝐛𝐟 − 𝐀𝐟𝐱𝐟 ≥ 0    (2.34) 

 
𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝛌𝐟
= 𝐱𝐟

𝐨 + 𝐡𝐟 − 𝐱𝐟 = 0    (2.35)  

substituting (2.33) in (2.32) we can rewrite equation (2.32) as: 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐱𝐟
= 𝐀𝐟

′ 𝐲𝐟 + 𝐖𝐟𝐡𝐟 + 𝐝𝐟 ≥ 𝐩𝐟     (2.36) 

The respective dual problem looks as follows: 

           𝑚𝑖𝑛𝐲𝐟,𝐮𝐟
𝐴𝑈𝑋𝑓 = 𝐛𝐟

′𝐲𝐟 +
1

2
𝐮𝐟

′𝐕𝐟𝐮𝐟      (2.37) 

subject to  𝐀𝐟
′ 𝐲𝐟 + 𝐝𝐟 ≥ 𝐩𝐟  [𝐱𝐟]    (2.38) 

   𝐲𝐟 = 𝐲𝐟
𝐨 + 𝐮𝐟  [𝛙𝐟]    (2.39) 

with 𝐲𝐟 ≥ 0. Analogous to the primal problem, the squared and weighted error terms that indi-

cate the difference between the optimal and the observed value of the shadow prices are 

appended to the objective function to form an auxiliary function. Paris (2017) names the 

weight matrix ensuring consistency of measurement units in the dual problem 𝐕. The respec-

tive Lagrangian function and its first order conditions are as follows: 

𝐿𝑀𝐼𝑁𝑓(𝐲𝐟, 𝐮𝐟, 𝐱𝐟, 𝛙𝐟) = 𝐛𝐟
′𝐲𝐟 +

1

2
𝐮𝐟

′𝐕𝐟𝐮𝐟 + 𝐱𝐟
′[𝐀𝐟

′ 𝐲𝐟 + 𝐝𝐟 − 𝐩𝐟] + 𝛙𝐟
′[𝐲𝐟 − 𝐲𝐟

𝐨 − 𝐮𝐟]          (2.40) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝐲𝐟
= 𝐛𝐟 − 𝐀𝐟𝐱𝐟 + 𝛙𝐟 ≥ 0    (2.41) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝐮𝐟
= 𝐕𝐟𝐮𝐟 − 𝛙𝐟 = 0      (2.42) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝐱𝐟
= 𝐀𝐟

′ 𝐲𝐟 + 𝐝𝐟 − 𝐩𝐟 ≥ 0     (2.43) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝛙𝐟
= 𝐲𝐟 − 𝐲𝐟

𝐨 − 𝐮𝐟 = 0    (2.44) 

and again, by substituting (2.42) in (2.41) we can rewrite equation (2.41) as: 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝐲𝐟
= 𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟 + 𝐕𝐟𝐮𝐟    (2.45) 

It is possible to combine the first-order conditions (2.36) and (2.45) to receive a system of the 

following equations: 

𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟 + 𝐕𝐟𝐮𝐟 [𝐲𝐟]    (2.46)  

𝐀𝐟
′ 𝐲𝐟 + 𝐖𝐟𝐡𝐟 + 𝐝𝐟 ≥ 𝐩𝐟 [𝐱𝐟]    (2.47) 

𝐱𝐟 = 𝐱𝐟
𝐨 + 𝐡𝐟  [𝐖𝐟𝐡𝐟]     (2.48) 

𝐲𝐟 = 𝐲𝐟
𝐨 + 𝐮𝐟   [𝐕𝐟𝐮𝐟]    (2.49) 

Paris (2017) shows that the Least Squares solution for equations (2.46) – (2.49) is unique. 

According to the Karush-Kuhn-Tucker conditions, condition (2.46) is an equality if the re-
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source constraint is binding, and condition (2.47) is an equality if the respective activity level 

is positive. The objective of this first step is to generate estimates of the marginal cost levels 

𝐀𝐟
′ 𝐲̂𝐟 + 𝐖𝐟𝐡̂𝐟 + 𝐝𝐟 and of the input demand levels 𝐀𝐟𝐱̂𝐟. In a second phase Paris (2017) uses 

these estimated levels to estimate a nonlinear cost function, more specifically an extended 

Leontief specification of the following form: 

𝐶𝑓(𝐱𝐟, 𝐲𝐟) = (𝐠𝐟
′𝐲𝐟)(𝐥𝐟

′𝐱𝐟) +
1

2
(𝐠𝐟

′𝐲𝐟)𝐱𝐟
′𝐐𝐱𝐟 + (𝐥𝐟

′𝐱𝐟) [(𝐲𝐟
𝟏 𝟐⁄

)
′

𝐆𝐲𝐟
𝟏 𝟐⁄

]   (2.50) 

𝐥𝐟 and 𝐠𝐟 may take on any value, but 𝐥𝐟
′𝐱𝐟 and 𝐠𝐟

′𝐲𝐟 must both be strictly positive. As in all non-

linear models described above, the matrix 𝐐 is a symmetric, positive definite matrix of the 

dimension 𝐼 × 𝐼. The matrix 𝐆 is of dimension 𝐽 × 𝐽 with the only restriction that all its off-

diagonal elements be non-negative. Paris (2017) connects this nonlinear model with the es-

timates from the first phase as follows: first (equation 2.51), he derives the marginal costs of 

the Leontief specification (equation 2.50) and equates it to the estimated marginal costs of 

the linear model (equation 2.47). Then (equation 2.52), he calculates the input demand func-

tion by applying the Shephard lemma as the derivative of equation (2.50) with respect to the 

fixed-input price 𝐲𝐟 and equates it to the estimated fixed-input demand from the linear model 

(equation 2.46)4: 

(𝐠𝐟
′ 𝐲̂𝐟)𝐥𝐟 + (𝐠𝐟

′ 𝐲̂𝐟)𝐐𝐱̂𝐟 + 𝐥𝐟 [(𝐲̂𝐟
𝟏 𝟐⁄

) 𝐆𝐲̂𝐟
𝟏 𝟐⁄

] = 𝐀𝐟
′ 𝐲̂𝐟 + 𝐖𝐟𝐡̂𝐟 + 𝐝𝐟  (2.51) 

(𝐥𝐟
′ 𝐱̂𝐟)𝐠𝐟 +

𝟏

𝟐
𝐠𝐟(𝐱̂𝐟

′𝐐𝐱̂𝐟) + (𝐥𝐟
′ 𝐱̂𝐟)∆ (𝐲̂𝐟

−𝟏 𝟐⁄
)

′
𝐆𝐲̂𝐟

𝟏 𝟐⁄
= 𝐀𝐟𝐱̂𝐟  (2.52) 

Where ∆ (𝐲̂𝐟
−𝟏 𝟐⁄

) is a diagonal matrix with terms 𝐲̂𝐟
−𝟏 𝟐⁄

 on the main diagonal. To ensure con-

vexity, the Cholesky factorization is applied on matrix 𝐐. The objective of equations (2.51) 

and (2.52) is to estimate parameters 𝐥𝐟, 𝐠𝐟, 𝐐 and 𝐆, thanks to the estimates 𝐱̂𝐟, 𝐲̂𝐟 and 𝐡̂𝐟 

derived in the first phase5. In addition to the two equations depicted here Paris (2017) ap-

pends his model by four equations that allow for the incorporation of exogenous elasticities of 

supply in the model. Besides, he notes that matrices 𝐐 and 𝐆 could be specified at farm, re-

gional or even national level. Finally, he formulates the following calibrating equilibrium mod-

el:    

𝑚𝑖𝑛𝐳𝐩𝐟,𝐳𝐝𝐟,𝐱𝐟,𝐲𝐟
𝐶𝑆𝐶𝑓 = 𝛒𝐩𝐟

′ 𝐲𝐟 + 𝛒𝐝𝐟
′ 𝐱𝐟     (2.53) 

subject to (𝐥̂𝐟
′𝐱𝐟)𝐠̂𝐟 +

1

2
𝐠̂𝐟(𝐱𝐟

′𝐐̂𝐱𝐟) + (𝐥̂𝐟
′𝐱𝐟)∆ (𝐲𝐟

−1 2⁄
)

′
𝐆𝐲𝐟

1 2⁄
+ 𝛒𝐩𝐟 = 𝐛𝐟 + 𝐕𝐟𝐮̂𝐟 (2.54) 

  (𝐠̂𝐟
′𝐲𝐟)𝐥̂𝐟 + (𝐠̂𝐟

′𝐲𝐟)𝐐̂𝐱𝐟 + 𝐥̂𝐟 [(𝐲𝐟
1 2⁄

) 𝐆𝐲𝐟
1 2⁄

] = 𝐩𝐟 + 𝛒𝐝𝐟   (2.55) 

 
4 Note that the Shephard lemma is generally applied with respect to the prices of variable inputs and not fixed-

inputs. However, Paris (2017, p. 24) calculates the vector of demand functions for fixed-inputs by deriving the cost 
function with respect to fixed-input shadow prices y.  
5 Paris (2017) estimates the parameters of the nonlinear cost function by minimizing the sum of the square of two 

auxiliary slack variables. For reasons of brevity, this is not explicitly stated in the depicted model. See Paris (2017, 
p. 27) for details.  
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where slack-surplus variables for the primal constraints (𝛒𝐩𝐟) and for the dual constraints 

(𝛒𝐝𝐟) are added. Note that this model now uses the estimates from the second phase (model 

(2.51) – (2.52)) to simulate activity levels and fixed-input prices, 𝐱̂𝐟 and 𝐲̂𝐟, respectively. Paris 

(2017) remarks that model (2.53) – (2.55) does no longer include matrix A, whose presence 

rendered the relation between fixed-inputs and outputs fixed. He shows that the objective 

value of equation (2.53) reaches zero and the optimal values received for 𝐱̂𝐟 and 𝐲̂𝐟 are iden-

tical to the solutions of model (2.46) – (2.49), indicating that the model calibrates perfectly to 

observed values adjusted by the error terms 𝐡̂𝐟 and 𝐮̂𝐟. Model (2.51) – (2.53) may then be 

used for policy simulation purposes.  

2.1.3.2.2. Incorporation of Uncertainty 

The models developed and analysed in the later chapters of this thesis ignore how uncertain-

ty (e.g., about prices) might affect farmers’ decision making. In spite of the neglect of this 

important aspect in this work, the reader should be aware that various papers have been 

published in recent years showing how risk can be incorporated in a PMP or EMP framework 

(for example, Petsakos and Rozakis (2011), Severini and Cortignani (2012), Paris (2015), 

Arata et al. (2017), Britz and Arata (2019)).  

These approaches typically replace the vector of prices 𝐩 (or gross margins 𝐠𝐦, as for ex-

ample in Severini and Cortignani (2012)) by a vector of expected prices 𝑬(𝐩̃𝐟) (or gross mar-

gins 𝑬(𝐠𝐦̃𝐟), respectively). Then, risk is introduced via a matrix of (co-)variances that deter-

mines the uncertainty about prices or gross margins. A setup that is frequently used to link 

these two elements is the so called “mean-variance” (or “E-V”) approach that was mainly 

developed by Markowitz (1952) in the context of investment portfolio selection. The basic 

idea in a PMP context is to estimate cost function parameters as well as farmers’ risk aver-

sion by maximizing the total net revenue minus a risk component. The model developed by 

Arata et al. (2017) integrates risk into the setup conceptualized by Arfini and Donati (2011) 

that was already presented above (model (2.19) – (2.25)) and may therefore serve as a use-

ful illustration. They first specify a minimization function as follows: 

𝑚𝑖𝑛𝐮𝐟,𝐲𝐟,𝛌𝐟,𝛂𝐟
=

1

2
𝐮𝐟

′𝐮𝐟 + 𝐲𝐟
′𝐛𝐟 + 𝐝𝐟

′𝐱𝐟
𝐨 + 𝛌𝐟

′(𝐱𝐟
𝐨 + 𝛆) + 𝛂𝐟𝐱𝐟

𝐨′
𝐕𝐱𝐟

𝐨 − 𝑬(𝐩̃𝐟)′𝐱𝐟
𝐨 (2.56) 

subject to  𝐝𝐟 + 𝛂𝐟𝐕𝐱𝐟
𝐨 + 𝐀𝐟

′ 𝐲𝐟 + 𝛌𝐟 ≥ 𝐄(𝐩̃𝐟)   (2.57) 

   𝐝𝐟 + 𝛌𝐟 = 𝐐𝐱𝐟
𝐨 + 𝐮𝐟     (2.58) 

with non-negativity constraints for 𝐲𝐟, 𝛌𝐟 and 𝛂𝐟. Matrix 𝐕 is an exogenous (𝐼 × 𝐼) variance-

covariance matrix of output prices, that is common to all farms and that is derived based on 

monthly crop price time series. The vector 𝛆 represents a perturbance that has the sole pur-

pose to prevent linear dependency between the resource and the calibration constraints, as 
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in the early PMP models6. 𝛂𝐟 is a coefficient representing the farmer’s absolute risk aversion. 

The concept of risk aversion plays a crucial role for the incorporation of uncertainty in behav-

ioural models. According to classical theory of risk aversion as formalized by Pratt (1964) 

and Arrow (1965) an agent is risk averse if for every uncertain wealth the expected utility of 

this wealth is lower than the utility of the expected wealth. In other words: A risk averse agent 

prefers a lower expected profit with low variance over a higher expected profit with high vari-

ance. It can easily be seen from (2.56) that for a risk-neutral decision maker 𝛼𝑓 = 0, as the 

(co-)variances of activity prices do not influence her decision. A risk-averse individual, how-

ever, strives to minimize the variance of revenues, implying that 𝛂𝐟 > 𝟎.7 Constraint (2.55) 

states that marginal costs must be larger or equal to the (expected) marginal revenue and is 

equivalent to constraint (2.23) of the model by Arfini and Donati (2011) for a risk neutral 

agent. Constraint (2.58) connects the linear and the non-linear model and is equivalent to 

constraint (2.20). The estimates 𝐐̂, 𝐮̂𝐟 and 𝛂̂𝐟 are then employed in a non-linear model that 

calibrates activity levels to the base year and can be used for simulation: 

𝑚𝑎𝑥𝐱𝐟
𝐸𝑈(𝜋̃)𝑓 = 𝐩𝐟

′𝐱𝐟 − 𝐮̂𝐟
′𝐱𝐟 −

1

2
𝐱𝐟

′𝐐̂𝐱𝐟 −
1

2
𝛼̂𝑓𝐱𝐟

′𝐕𝐱𝐟 (2.59) 

subject to  𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟  [𝐲𝐟]    (2.60) 

with non-negative activity levels 𝐱𝐟. Note that for a risk-neutral decision maker where 𝛼̂𝑓 = 0 

problem (2.59) – (2.60) will be equivalent to model (2.26) – (2.27) from Arfini and Donati 

(2011).  

Paris (2015) incorporates risk in a PMP framework by setting up a model similar to the one 

that was already outlined in equations (2.53) – (2.55) (Paris, 2017). Different from Arata et al. 

(2017), he explicitly includes a coefficient capturing relative risk aversion, besides the coeffi-

cient for absolute risk aversion, as the exponents of the gross revenue and of the variance of 

the revenue, respectively. This allows the model to reflect all possible combinations of in-

creasing, constant or decreasing absolute and relative risk aversion, whereas Arata et al. 

(2017) assumes constant absolute risk aversion. Finally, the model by Paris (2015) includes 

a wealth parameter 𝐰𝐟
𝐨 measuring exogenous income that does not depend on the produced 

activity levels. This feature makes it possible to capture, for example, the effect of decoupled 

direct payments on production decisions, which might be present under non-constant risk 

aversion.  

 
6 The authors do not provide any further interpretation and refer to the paper by Paris and Howitt (1998), where 

the perturbance term 𝛆 takes on an arbitrary small, but positive values, like in Howitt (1995). 
7 By imposing non-negativity for 𝛂𝐟 Arata et al. (2017) rule out the possibility of risk-affinity.  
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2.1.4. Preliminary Conclusions 

The previous sections demonstrate that the “original” PMP approach formalized by Howitt 

(1995) ignited the evolution of a strand of research with significant relevance for the devel-

opment of agricultural policy simulation models. Actually, a vast array of relevant regional, 

national or international models for policy evaluation is at least partly based on PMP, among 

them CAPRI for the EU, DRAM for Canada, and REAP for the USA (Heckelei et al., 2012). 

While PMP was at the beginning mainly a calibration procedure that often relied on ad-hoc 

solutions (e.g., for the problem of underdetermination), with the time it evolved increasingly 

towards a framework for parameter estimation based on econometric assumptions and pro-

cedures. This development was initiated by Paris and Howitt (1998) who made it possible to 

consider more than one observation and who introduced GME as an econometric criterion. 

The cornerstone for consistent parameter estimation was then laid by Heckelei and Wolff 

(2003) whose paper certainly coins the PMP literature until today. However, it is noteworthy 

that, even though they illustrated how cost function parameters can be estimated in one sin-

gle step, many researchers still employ a multi-step procedure (e.g., Arfini and Donati (2011), 

Paris (2015, 2017) or Arata et al. (2017)). They first set up the first-order conditions of a line-

ar model and use them as the constraints of an error term minimization function. Arfini and 

Donati (2011) and Arata et al. (2017) estimate the non-linear cost function parameters al-

ready in this step by equating the marginal costs of the linear model with the marginal costs 

of the non-linear model, just like in Howitt (1995).8 Paris (2015, 2017) estimates only the er-

ror terms for the activity levels and the fixed-input shadow prices in the first step and uses 

them to estimate the parameters of a Leontief cost function in a second step. He therefore 

also relies on the questionable assumption that the derivative of the costs with respect to the 

fixed-input shadow price corresponds to the fixed-input demand function.  

Apart from the differences in estimation procedures, various interpretations of the error terms 

that are to be minimized exist: Paris (2015, 2017), for example, considers the error terms of 

the activity levels and the fixed-input shadow prices as positive or negative deviations of op-

timal activity levels or fixed-input prices from observed activity levels or fixed-input prices, 

respectively. This interpretation is equivalent to the one suggested by Heckelei and Wolff 

(2003) and also provides a coherent explanation for why the squares of the error terms 

should be minimized: If error terms are idiosyncratic and the cost function specification is 

correctly determined, the cost function parameters that require the smallest error terms to 

fulfil equations (2.44) – (2.47) for the sample observations should be the best approximation 

of the population’s cost function. Other researchers, such as Arfini and Donati (2011) or Ara-

ta et al. (2017), minimize the error terms 𝐮𝐟 that in fact can be interpreted as the linear cost 

 
8 However, in opposite to the early PMP models they do not face the problem of an underdetermined model, as 

they estimate the cost function parameters with multiple observations and therefore should have sufficient de-
grees of freedom. 
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function parameter in the final model (see equation (2.20) and (2.58)). Furthermore, Arata et 

al. (2017) employ the “perturbance” terms 𝛆 that were used in the very early PMP specifica-

tions to avoid linear dependency between constraints. As argued by Heckelei and Wolff 

(2003) and later elaborated by Paris (2017), there should not be any necessity for this arbi-

trary, user determined and barely interpretable perturbances if one captures all deviations 

between optimal and observed activity levels in a vector of errors, in this thesis denoted as 

𝐡𝐟. While the discussion in this thesis focusses on methodologies conceptualized and applied 

in scientific literature, Heckelei et al. (2012) review some of the existing models that were 

built for repeated use in policy analysis. Interestingly, they conclude that many models still 

use a multi-step procedure with a linear model in the first phase, leading to biased shadow 

prices and myopic calibration.  

2.2. A One-Step Cost Function Estimation and Calibration Procedure  

The model specification that is further developed and tested in this thesis was conceptual-

ized by Henry de Frahan (2019). It bases upon the work that was conducted by researchers 

in the field of PMP within the last three decades and bridges several of the conceptions that 

were presented in section 2.1, especially the contributions by Heckelei and Wolff (2003) and 

by Paris (2017). This approach allows to estimate in only one step the cost function parame-

ters of a non-linear model that is able to reproduce base-year values without the need of a 

calibration constraint. Like suggested by Paris (2015, 2017) the first-order conditions of a 

primal maximization problem and of the respective dual minimization problem are used as 

the constraints of a (squared) error term minimization problem. However, an important dis-

tinction between the framework proposed by Henry de Frahan (2019) and many of the ap-

proaches published in recent years (Arata et al. (2017), Arfini and Donati (2011), Paris (2015, 

2017)) is that no vestiges of a linear “first phase” model are required. The definition and in-

terpretation of the error terms follows the stance taken by Heckelei and Wolff (2003). The 

observed values of the decision variables deviate from the optimal values by an idiosyncratic 

error term that may represent both measurement errors made by the econometrician as well 

as imperfect production decisions made by the farmer (see constraint 2.63). As in Paris 

(2015, 2017), this reasoning is also applied on shadow prices of the resource constraint, as-

suming that some exogenous, “observed” fixed-input prices are available. The resulting pri-

mal total net revenue maximization problem, following Henry de Frahan (2019) is as follows: 

           𝑚𝑎𝑥𝐱𝐟,𝐡𝐟
𝐴𝑈𝑋𝑓 = 𝐩𝐟

′𝐱𝐟 − 𝐜′𝐱𝐟 −
1

2
𝐱𝐟

′𝐐𝐱𝐟 −
1

2
𝐡𝐟

′𝐖𝐟𝐡𝐟   (2.61)    

subject to  𝐀𝐟𝐱𝐟 ≤ 𝐛𝐟  [𝐲𝐟]    (2.62) 

   𝐱𝐟 = 𝐱𝐟
𝐨 + 𝐡𝐟  [𝛌𝐟]    (2.63) 
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where activity levels 𝐱𝐟 are non-negative. For better readability (and to remain consistent with 

the notation in the previous models) the index f = 1, … , F is the only index explicitly stated, 

representing all farms in the sample. However, one must be aware that, when using panel 

data, all variables also have a dimension t = 1, … , T representing the points in time (usually 

years) for which data is available. Using the same notation as above, the matrix 𝐐 is symmet-

ric, (semi-) positive definite, of dimension (𝐼 × 𝐼) and represents the quadratic cost function 

parameters, while 𝐜 is a vector of linear cost function parameters. An important feature of this 

model specification is that no vector of accounting costs 𝐝𝐟 is introduced, as all costs that 

increase linearly in activity levels, whether they are explicit or implicit, are captured by the 

vector 𝐜. As in Paris (2015, 2017), an auxiliary maximization function is formed (2.61) that 

strives to minimize the (squared) error terms 𝐡𝐟. The diagonal weight matrix 𝐖𝐟 is of dimen-

sion (𝐼 × 𝐼) and ensures consistency of the units of measurements. For each time and farm 

its diagonal elements are 𝑤𝑓,𝑖𝑖 = 𝑝𝑓,𝑖 𝑥𝑓,𝑖
𝑜⁄ . The Lagrangian and the respective first order con-

ditions are as follows: 

𝐿𝑀𝐴𝑋𝑓(𝐱𝐟, 𝐡𝐟, 𝐲𝐟, 𝛌𝐟) = 𝐩𝐟
′𝐱𝐟 − 𝐜′𝐱𝐟 −

1

2
𝐱𝐟

′𝐐𝐱𝐟 −
1

2
𝐡𝐟

′𝐖𝐟𝐡𝐟 + 𝐲𝐟
′[𝐛𝐟 − 𝐀𝐟𝐱𝐟] + 𝛌𝐟

′[𝐱𝐟
𝐨 + 𝐡𝐟 − 𝐱𝐟] 

(2.64) 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐱𝐟
= 𝐩𝐟 − 𝐜 − 𝐐𝐱𝐟 − 𝐀𝐟

′ 𝐲𝐟 − 𝛌𝐟 ≤ 0    (2.65) 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐡𝐟
= −𝐖𝐟𝐡𝐟 + 𝛌𝐟 = 0      (2.66) 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝐲𝐟
= 𝐛𝐟 − 𝐀𝐟𝐱𝐟 ≥ 0     (2.67) 

𝛛𝐋𝐌𝐀𝐗𝐟

𝛛𝛌𝐟
= 𝐱𝐟

𝐨 + 𝐡𝐟 − 𝐱𝐟 = 0     (2.68) 

And, by substituting (2.66) in (2.65): 

   𝐩𝐟 ≤ 𝐜 + 𝐐𝐱𝐟 + 𝐀𝐟
′ 𝐲𝐟 + 𝐖𝐟𝐡𝐟   (2.69) 

Note that the only – but fundamental – difference between constraints (2.65) – (2.68) and 

constraints (2.34) – (2.37) by Paris (2017) is that the marginal costs, which are on the right-

hand side of (2.69), are the marginal costs of the final, non-linear model. Henry de Frahan 

(2019) then sets up the respective dual problem with an auxiliary minimization function con-

taining the weighted squares of the errors 𝐮𝐟 related to the resource prices as in Paris (2015, 

2017): 

          𝑚𝑖𝑛𝐲𝐟,𝐮𝐟
𝐴𝑈𝑋𝑓 = 𝐛𝐟

′𝐲𝐟 +
1

2
𝐱𝐟

′𝐐𝐱𝐟 + (𝐱𝐟
𝐨 + 𝐡𝐟)′𝛌𝐟 +

1

2
𝐮𝐟

′𝐕𝐟𝐮𝐟    (2.70) 

subject to  𝐀𝐟
′ 𝐲𝐟 + 𝐜 + 𝐐𝐱𝐟 + 𝛌𝐟 ≥ 𝐩𝐟  [𝐱𝐟]  (2.71) 

   𝐲𝐟 = 𝐲𝐟
𝐨 + 𝐮𝐟    [𝛙𝐟]  (2.72) 
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where the matrix 𝐕𝐟 is a diagonal weight matrix of dimension (𝐽 × 𝐽) with the elements 𝑣𝑓,𝑗𝑗 =

𝑏𝑓,𝑗 𝑦𝑓,𝑗
𝑜⁄ . It is the equivalent of the matrix 𝐖𝐟 in the primal problem and ensures consistency 

of the units of measurement. Then, the Lagrangian function and its first-order conditions are 

stated: 

𝐿𝑀𝐼𝑁𝑓(𝐲𝐟, 𝐱𝐟, 𝐮𝐟, 𝛙𝐟) = 𝐛𝐟
′𝐲𝐟 +

1

2
𝐱𝐟

′𝐐𝐱𝐟 + (𝐱𝐟
𝐨 + 𝐡𝐟)′𝛌𝐟 +

1

2
𝐮𝐟

′𝐕𝐟𝐮𝐟 + 𝐱𝐟′[𝐩𝐟 − 𝐜 − 𝐐𝐱𝐟−𝐀𝐟
′ 𝐲𝐟 −

𝛌𝐟] + 𝛙𝐟′[𝐲𝐟
𝐨 + 𝐮𝐟−𝐲𝐟]        (2.73) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝐲𝐟
= 𝐛𝐟 − 𝐀𝐟𝐱𝐟 − 𝛙𝐟 ≥ 𝟎     (2.74) 

𝛛𝐋𝐌𝐈𝐍𝐭

𝛛𝐱𝐭
= 𝐩𝐭 − 𝐜 − 𝐐𝐱𝐭−𝐀𝐭

′ 𝐲𝐭 − 𝛌𝐭  ≤  𝟎   (2.75) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝐮𝐟
= 𝐕𝐟𝐮𝐟 + 𝛙𝐟 = 𝟎      (2.76) 

𝛛𝐋𝐌𝐈𝐍𝐟

𝛛𝛙𝐟
= 𝐲𝐟

𝐨 + 𝐮𝐟−𝐲𝐟 = 𝟎     (2.77) 

substituting (2.76) in (2.74) we can rewrite (2.74) as: 

𝐛𝐟 ≥ 𝐀𝐟𝐱𝐟 − 𝐕𝐟𝐮𝐟       (2.78) 

Equivalently to equations (2.46) – (2.49) as formulated by Paris (2017), Henry de Frahan 

(2019) sets up a system of four equations by combining the first-order conditions from the 

primal and the dual problems: 

𝐀𝐟
′ (𝐲𝐟

𝐨 + 𝐮𝐟)  + 𝐖𝐟𝐡𝐟 + 𝐜 + 𝐐(𝐱𝐟
𝐨 + 𝐡𝐟) ≥ 𝐩𝐟  (2.79) 

𝐀𝐟(𝐱𝐟
𝐨 + 𝐡𝐟) − 𝐕𝐟𝐮𝐟 ≤ 𝐛𝐟    (2.80) 

𝐱𝐟
𝐨 + 𝐡𝐟 ≥ 𝟎      (2.81) 

𝐲𝐭
𝐨 + 𝐮𝐭  ≥ 𝟎      (2.82) 

Finally, the cost function parameters 𝐜 and 𝐐 can be estimated by minimizing the squared 

errors 𝐡𝐟 and 𝐮𝐟 with the following objective function, subject to constraints (2.79) – (2.82): 

𝑚𝑖𝑛𝐡𝐟,𝐮𝐟,𝐜,𝐐𝐿𝑆 = ∑
1

2
(𝐡𝐟

′𝐖𝐟𝐡𝐟 + 𝐮𝐟
′𝐕𝐟𝐮𝐟)𝐹

𝑓=1    (2.83) 

It is crucial to recall that the objective of this minimization is the estimation of nonlinear cost 

function parameters, i.e., those parameters that the modeler believes to be best representing 

the true data generating process. In opposite to Paris (2017) and building upon the reasoning 

developed by Heckelei and Wolff (2003), no second phase is necessary. 

Henry de Frahan (2019) then suggests to impose that 𝐡𝐟 and 𝐮𝐟 be equal to a vector of zero 

for a year t serving as the base year for calibration. Under this assumption it is possible to 

set up the following simulation model for each farm f in the reference year t, similar to model 

(2.53) – (2.55) by Paris (2017), using the cost function parameters 𝐜̂ and 𝐐̂ that were esti-

mated for the entire sample: 
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𝑚𝑖𝑛𝛒𝐩𝐟,𝛒𝐝𝐟,𝐱𝐟,𝐲𝐟
𝐶𝑆𝐶𝑓 = 𝛒𝐝𝐟

′ 𝐱𝐟 + 𝛒𝐩𝐟
′ 𝐲𝐟   (2.84) 

subject to  𝐀𝐟
′ 𝐲𝐟 + 𝐜̂ + 𝐐̂𝐱𝐟 = 𝐩𝐟 + 𝛒𝐝𝐟    (2.85) 

   𝐀𝐟𝐱𝐟 + 𝛒𝐩𝐟 = 𝐛𝐟     (2.86) 

with non-negativity imposed for 𝛒𝐩𝐟, 𝛒𝐝𝐟, 𝒚𝐟 and 𝐱𝐟. As in equations (2.53) – (2.55), the vec-

tors 𝛒𝐩𝐟 and 𝛒𝐝𝐟 represent slack variables and are related to the primal and the dual con-

straints that take the value of zero if constraints (2.80) and (2.79) are binding, respectively. 

According to Henry de Frahan (2019), model (2.84) – (2.86) may then be used for policy 

simulation, by evaluating, e.g., the impact of an output price change or availability of limiting 

inputs. However, as we will show in section 3.3.1, it is not necessarily possible to simply 

equate the vectors 𝐡𝐟 and 𝐮𝐟 of the error terms to a vector of zeros for an arbitrary base year. 

Consequently, model (2.84) – (2.86) must be amended by incorporating the error terms 𝐡𝐟 

and 𝐮𝐟, as it will be done in section 3.3.1. 

3. Methodological Framework 

Henry de Frahan (2019) conceptualizes a methodology to estimate and calibrate the pa-

rameters of a non-linear cost function in a one-step procedure, as we have seen in the previ-

ous chapter. This chapter prepares the methodological ground for the practical implementa-

tion of the approach with farm data in chapters 4 and 5. First, some general, methodological 

foundations of non-linear programming models that were touched upon in the previous chap-

ters are outlined in more detail, such as the Karush-Kuhn-Tucker conditions and the Chole-

sky Factorization. Then, we will provide suggestions for amendments and extensions of the 

approach, notably a within transformation to capture fixed effects, the introduction of a time 

trend and a more complex cost function specification, based on a methodological note pro-

vided by Henry de Frahan for this thesis.  

3.1. Methodological Foundations  

3.1.1. Convexity of the Cost Function 

As discussed in section 2.1.2.1, non-linearity of a PMP or EMP model requires that either the 

marginal revenue is decreasing in outputs or that marginal costs are increasing in outputs. In 

the approach that is scrutinized in this thesis non-linearity is on the cost side, requiring that 

the cost function be convex in output activity levels. Only then there is a unique maximum of 

the TNR for which marginal costs are equal to marginal revenue (see figure 1). Convexity of 

the cost function can be ensured by forcing the non-linear parameters of the matrix 𝐐 to be 

symmetric positive (semi)definite. One method to impose symmetric positive semi definite-

ness on a matrix that has frequently been used in the PMP literature is the Cholesky factori-

zation, an approach that was first published by Benoit (1924). The rationale behind it is that a 

symmetric, positive semidefinite matrix 𝐐 may be decomposed in the product of a unit lower 
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triangular matrix 𝐋, its transposed, a unit upper triangular matrix 𝐋′, and a diagonal matrix 

with nonnegative elements, 𝐇: 

𝐐 = 𝐋𝐇𝐋′      (3.1) 

 
Figure 1: Relation between variable costs, gross revenue and total net revenue for a nonlinear, convex 
cost function. The optimum corresponds to the activity level for which the TNR is maximized and MC=MR (red 
dot). Source: own visualization 

This means that, instead of estimating the 𝐼(𝐼 + 1) 2⁄  elements of matrix 𝐐 directly, the 

𝐼(𝐼 + 1) 2⁄ − 𝐼 elements of 𝐋 and the 𝐼 elements of 𝐇 are estimated, subject to non-negativity 

of the diagonal elements of 𝐇. Therefore, we append model (2.79) – (2.83) by9: 

𝐐 = 𝐋𝐇𝐋′      (3.1) 

𝑙i,i′ = 1   ∀ 𝑖 = 𝑖′    (3.2) 

𝑙𝑖,𝑖′ = 0   ∀ 𝑖 < 𝑖′    (3.3) 

ℎ𝑖,𝑖′ > 0   ∀ 𝑖 = 𝑖′    (3.4) 

ℎ𝑖,𝑖′ = 0  ∀ 𝑖 ≠ 𝑖′    (3.5) 

It should be noted that the Cholesky factorization can also be implemented without a diago-

nal matrix 𝐇, but with the following constraints, instead: 

𝐐 = 𝐋𝐋′       (3.6) 

𝑙𝑖,𝑖′ = 0   ∀ 𝑖 < 𝑖′    (3.7) 

where the diagonal elements of 𝐋 are free (note that equations (3.7) = (3.3)). This latter fac-

torization was applied for example by Heckelei and Wolff (2003), whereas Paris and Howitt 

(1998) and Paris (2015, 2017) use the former factorization. 

 
9 We restate equation (3.1) for the sake of completeness.  
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3.1.2. The Karush-Kuhn-Tucker Conditions and Duality 

Figure 1 visualizes the TNR for a linear revenue function and a convex cost function. The 

TNR maximizing activity levels can be found where marginal costs are equal to marginal rev-

enues, in consistency with economic theory. In figure 1 we implicitly assume that no con-

straint exists that might impact the optimal activity level. Figure 2 depicts the same situation 

(1) but complements it by introducing a fixed-input constraint, e.g., a constraint for farmland, 

for situations (2) and (3). In situation (2) this constraint forces the farm to produce at an activ-

ity level for which 𝐜 + 𝐐𝐱 < 𝐩𝐟. If the farm is endowed with one more unit of this limited fixed-

resource, it could increase its TNR by 𝐀𝐟
−𝟏(𝐩𝐟 − 𝐜 − 𝐐𝐱). The parameters of matrix 𝐀𝐟 are 

coefficients that indicate how many units of this fixed-resource are required to produce an 

additional unit of the respective activity. We denote this implicitly derived value by which the 

TNR could be increased, the “shadow price” of the respective fixed-resource, with 𝐲𝐟. In the 

cost function estimation framework by Henry de Frahan (2019) it is assumed that the ele-

ments of 𝐲𝐟 must be “close” to the observed price of the fixed-resource 𝐲𝐟
𝐨, a feature that 

connects values endogenously derived in the model with exogenous information. Figure 2 

also indicates why the shadow price is strictly positive only if the resource constraint is bind-

ing: In situation (3) a constraint exists and would allow production up to a point where 

MC ≥ MR, but it would be irrational for a farm to exploit this fixed-resource beyond the level 

for which MC = MR. An additional unit of this fixed-resource would be of no value to the farm, 

its shadow price 𝐲𝐟 therefore must be zero.  

 

Figure 2: Impact of resource constraints on the optimal activity level and shadow price. Situation (1) is 
equivalent to the simplified situation in figure 1 where constraints are ignored. Situation (2) shows the impact of a 
constraint at a level where MC<p (left orange line) and situation (3) the impact of a constraint at a level where 

MC>p. Source: own visualization 

Transferring the situation depicted in figure 2 to model (2.79) – (2.83), one can state that sit-

uation (2) indicates equality of constraint (2.80), whereas situation (3) indicates inequality. 
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However, in both cases, constraint (2.79) is an equality, as MC=MR in situations (2) and (3). 

This raises the question under which circumstances constraint (2.75) is an inequality. To an-

swer it, it is useful to recall that increasing marginal costs urge farms represented in a non-

linear model to diversify their production portfolio – a fundamental property of PMP and the 

practical reason for convexity of the cost function. However, it is possible that, for some activ-

ities, marginal costs are larger than or equal to marginal revenues already for the first unit. 

As marginal costs increase whereas marginal revenues remain constant, a rational decision 

maker would not produce a single unit of the respective activity. This implies that, for a con-

cave TNR function with a global maximum, either the derivative with respect to the activity 

level is zero or the activity level itself is zero. Therefore, the first-order condition can be trans-

formed from an inequality into an equality as follows: 

    
𝛛𝐓𝐍𝐑

𝛛𝐱
= 𝐌𝐑 − 𝐌𝐂 ≤ 𝟎 → 𝐱′

𝛛𝐓𝐍𝐑

𝛛𝐱
= 𝐱′(𝐌𝐑 − 𝐌𝐂) = 𝟎  (3.8) 

where 𝐌𝐑 and 𝐌𝐂 represent vectors of the activities’ marginal revenues and the marginal 

costs, respectively. This theorem was discovered originally by Karush (1939) and then pub-

lished by Kuhn and Tucker (1951), which is why it is often referred to as (one of) the Karush-

Kuhn-Tucker (KKT) conditions (see for example Paris (2010). Making use of these KKT con-

ditions, constraint (2.79) can be rewritten as 

(𝐱𝐟
𝐨 + 𝐡𝐟)(𝐩𝐟 − 𝐀𝐟

′ (𝐲𝐟
𝐨 + 𝐮𝐟) − 𝐖𝐟𝐡𝐟 − 𝐜 − 𝐐(𝐱𝐟

𝐨 + 𝐡𝐟)) = 𝟎  (2.79’) 

Equivalently, and by applying the reasoning depicted in figure 2, the resource constraint 

(2.80) may be restated as 

(𝐲𝐟
𝐨 + 𝐮𝐟)(𝐛𝐟 − 𝐀𝐟(𝐱𝐟

𝐨 + 𝐡𝐟) + 𝐕𝐟𝐮𝐟) = 𝟎  (2.80’) 

Thus, the KKT conditions allow to write the constraints in a way that they are correct regard-

less of whether they are binding or not. If one is willing to assume that all resource con-

straints are binding and all activity levels are strictly positive, constraints (2.79) and (2.80) are 

equalities, without the need to employ the KKT conditions. Paris (2017) concludes that for his 

first phase model both constraints can always be written as equalities: The resource con-

straint is binding by construction, because the fixed-input-output coefficients of matrix 𝐀𝐟 are 

calculated as 𝑏𝑓 𝑥𝑓
𝑜⁄ . As we will see in chapter 3.5.1, this is also the case when implementing 

the model by Henry de Frahan (2019). However, a fundamental difference between the 

models conceptualized by Paris (2017) and Henry de Frahan (2019) concerns the constraint 

that MC must be larger than or equal to MR. To see it, it is important to note that both ap-

proaches hinge upon the following assumption: The error terms ℎ𝑓,𝑖 and 𝑢𝑓,𝑖 must be zero if 

𝑥𝑓,𝑖
𝑜  and 𝑦𝑓,𝑖

𝑜  are zero, respectively, and the sum of 𝑥𝑓,𝑖
𝑜  and 𝑦𝑓,𝑖

𝑜  as well as the sum of 𝑦𝑓,𝑖
𝑜  and 

𝑢𝑓,𝑖 must be strictly positive, if 𝑥𝑓,𝑖
𝑜  and 𝑦𝑓,𝑖

𝑜  are strictly positive, respectively. In other words, 
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the “true” or “optimal” activity level or fixed-input price is strictly positive if the observed activi-

ty level or fixed-input price is strictly positive, and vice versa. The intuition behind this as-

sumption is particularly clear if the discrepancy between observed and “true” activity levels or 

fixed-input prices can be largely explained by measurement errors made by the analyst. It is 

likely that the observed value is an under- or overestimation of the “true” value, but it seems 

unreasonable that a strictly positive level is measured if the true level is zero or vice versa. 

Therefore, constraints (2.81) and (2.82) may be stated more precisely as: 

𝐱𝐟,𝐢
𝐨 + 𝐡𝐟,𝐢 > 𝟎     ∀ 𝑥𝑓,𝑖

𝑜 > 0 and  𝐱𝐟,𝐢
𝐨 = 𝐡𝐟,𝐢 = 𝟎  ∀ 𝑥𝑓,𝑖

𝑜 = 0 (2.81’) 

𝐲𝐟,𝐣
𝐨 + 𝐮𝐟,𝐣 > 𝟎   ∀ 𝑦𝑓,𝑗

𝑜 > 0 and 𝐲𝐟,𝐣
𝐨 = 𝐮𝐟,𝐣 = 𝟎   ∀ 𝑦𝑓,𝑗

𝑜 = 0 (2.82’) 

Where indices 𝑖 and 𝑗 indicate that this is valid for each activity 𝑖 and each fixed-input 𝑗. 

These rules that define under which circumstances 𝐡𝐟 and 𝐮𝐟 have strictly positive elements 

are also valid for model (2.46) – (2.49) by Paris (2017). Following the reasoning given above, 

MC can only be larger than MR if the respective activity level is zero, in all other cases they 

must be equal. However, constraint (2.81’) helps understand why, for the model of Paris 

(2017), MC equate to MR under all circumstances. If the observed level 𝑥𝑓,𝑖
𝑜  of an activity is 

zero, there is no information on the respective element of the fixed-input-output coefficient 

𝑎𝑓,𝑗,𝑖, the unit accounting costs 𝑑𝑓,𝑖, or the price 𝑝𝑓,𝑖
10. Consequently, these coefficients will 

take on the null value. Since ℎ𝑓,𝑖 is zero, the left-hand side and the right-hand side will both 

be zero, meaning that MC always equal MR and constraint (2.45) is in both cases an equali-

ty: 

∑ [𝑎𝑓,𝑗,𝑖
′ (𝑦𝑓,𝑗

𝑜 + 𝑢𝑓,𝑗)]
𝐽
𝑗=1 + 𝑊𝑓,𝑖ℎ𝑓,𝑖 + 𝑑𝑓,𝑖 = 𝑝𝑓,𝑖  ∀ 𝑥𝑓,𝑖

𝑜 > 0  (2.47a) 

∑ [0(𝑦𝑓,𝑗
𝑜 + 𝑢𝑓,𝑗)]

𝐽
𝑗=1 + 0 + 0 = 0     ∀ 𝑥𝑓,𝑖

𝑜 = 0  (2.47b) 

It is important to understand why this is not the case for the model developed by Henry de 

Frahan (2019): The estimate for the linear cost function parameter 𝐜, that is estimated over 

all observations in the sample, constitutes a summand of the marginal costs and is on the 

left-hand side of constraint (2.75): 

∑ (𝑎𝑓,𝑗,𝑖
′ (𝑦𝑓,𝑗

𝑜 + 𝑢𝑓,𝑗))𝐽
𝑗=1 + 𝑊𝑓,𝑖ℎ𝑓,𝑖 + 𝐜 + 𝐐(𝑥𝑓,𝑖

𝑜 + ℎ𝑓,𝑖) = 𝑝𝑓,𝑖 ∀ 𝑥𝑓,𝑖
𝑜 > 0 (2.79a) 

∑ (0(𝑦𝑓,𝑗
𝑜 + 𝑢𝑓,𝑗))𝐽

𝑗=1 + 0 + 𝐜 + 𝐐(0 + 0) ≥ 0       ∀ 𝑥𝑓,𝑖
𝑜 = 0 (2.79b) 

Constraint (2.79) must be fulfilled for all farms and years in the sample and for each activity. 

If for only one observation in the sample an observed activity level was 0, this would force 

the linear cost function parameter 𝐜 to be positive, as (2.79b) shows. Besides, if information 

on activity prices is not available at farm level but only at a higher geographic scale, it is hard 

 
10 Paris (2017, p. 32) sets 𝑝𝑓,𝑖 = 0 if there is no information about non-produced crops. 
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to justify why 𝑝𝑓,𝑖 should be 0 if 𝑥𝑓,𝑖
𝑜 = 0. If a reasonable value is available for 𝑝𝑓,𝑖 even if the 

respective activity level is 0, this would imply that (2.79b) becomes: 

𝑐𝑖 ≥ 𝑝𝑓,𝑖   ∀ 𝑥𝑓,𝑖
𝑜 = 0     (2.79b’) 

Allowing this would significantly impact the result, as the estimate 𝐜̂ would have to be at least 

as large as the highest output price of all activities in the sample for which a level of zero is 

observed. Consequently, by applying the KKT conditions and transforming the inequalities 

into equalities as in constraint (2.79’), this problem can be evaded when estimating the cost 

function parameters of the model by Henry de Frahan (2019). 

3.2. Introduction of a Fixed Effect and a Time-Varying Component 

The purpose of the EMP model developed by Henry de Frahan (2019) is to receive con-

sistent estimates for the parameters of the “true” cost function, i.e., the cost function that de-

scribes the costs that the population of farms in the respective region faces. By using (unbal-

anced) panel data, one can capitalize on information from multiple years. So far, we have 

assumed that the objective function (2.83) can be minimized subject to constraints (2.79) – 

(2.82) for all farms in all available years at once. Hence, 𝐹 farms in 𝑇 years would be inter-

preted as 𝐹 ∗ 𝑇 independent observations with error terms that are minimized in one process, 

using pooled OLS. However, this only produces consistent estimates for the cost function 

parameters if there is no unobserved effect that is constant over time, specific for each unit 

(e.g., farm) and correlated with an explanatory variable (Wooldridge, 2016, p. 413). This un-

observed effect would manifest itself as part of the activity level and fixed-input price-related 

error terms, so that, for example: 

𝐡𝐭,𝐟 = 𝛆𝐭,𝐟 + 𝛍𝐟      (3.9) 

where 𝛆𝐭,𝐟 are vectors of idiosyncratic error terms and 𝛍𝐟 indicate vectors of unobserved 

components that remain constant over time but vary between farms. It is reasonable to as-

sume that a farm’s cost function is influenced by geographic features such as soil quality or 

altitude, by the skills and education of the manager, or by any other factors that are constant 

through time but not explicitly included in the model. Those factors are captured by the farm 

fixed effect 𝛍𝐟. If there is reason to believe that 𝛍𝐟 might be different from 0, pooling all ob-

servations and minimizing their squared error terms would therefore lead to inconsistent pa-

rameter estimates. A potential solution is the so-called random effects estimator. However, it 

only is efficient if 𝛍𝐟 is not correlated with any explanatory variables (ibid.). In the case of 

farm models, it seems more likely that activity levels are correlated, e.g., with soil conditions 

or market access11. For example, dairy production activities seem to be correlated with land 

 
11 A classical theory that connects farmers’ land use decisions with distance from a central market place is von 

Thünen’s location theory (1842).  
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characteristics, sunk costs linked to buildings and equipment, available forage area and spa-

tial agglomerations (Ievoli et al. (2017), Mosnier and Wieck (2010)). Therefore, a more ade-

quate approach may be a within transformation: By subtracting the individual mean over time 

of each variable and error term from the annual value of the variables and error terms, the 

term 𝛍𝐟 is eliminated, being constant in time. To incorporate the within transformation in the 

model conceptualized by Henry de Frahan (2019), constraint (2.79) is rewritten as a time-

demeaned constraint for each farm 𝑓: 

𝐀𝐲°̃
𝐭 + 𝐀𝐮̃𝐭 + 𝐖𝐡̃𝐭 + 𝐐(𝐱̃𝐭

𝐨 + 𝐡̃𝐭) = 𝐩̃𝐭   (2.79_FE)  

subject to  𝐖𝐡̅̅ ̅̅ ̅ =
𝟏

𝐓
∑ 𝐖𝐭𝐡𝐭

𝐓
𝐭=𝟏  

   𝐀𝐮̅̅ ̅̅ =
𝟏

𝐓
∑ (𝐀𝐭,𝐣

′ 𝐮𝐭)
𝐓,𝐉
𝐭=𝟏,𝐣=𝟏  

𝐡̅ =
𝟏

𝐓
∑ 𝐡𝐭

𝐓
𝐭=𝟏   

where tilde (~) indicates the demeaned value, thus the value for the respective year sub-

tracted by the farm mean over all years (see Annex II for more details). Note that the vector 𝐜 

of linear cost parameters has vanished from equation (2.79_FE), because its parameters are 

fixed over time, and unlike the coefficients of matrix 𝐐, they are not multiplied by any varia-

ble. However, after having received the estimates 𝐡̂, 𝐮̂ and 𝐐̂, the vector 𝐜 can be recovered 

as follows: 

𝐜̂ = 𝐩̅ − [𝐀̅′𝐣(𝐲̅𝐣
𝐨 + 𝐮̅̂𝐣) + 𝐖𝐡̅̅ ̅̅ ̅ + 𝐐̂ (𝐱𝐨̅̅ ̅ + 𝐡̅̂)]  (3.10) 

It is important to note that the parameters of the linear cost function are now farm dependent, 

even though they remain constant over time. Writing out all subscripts, 𝑐̂𝑖 (the ith element of 

a (𝐼 × 1) vector) now becomes 𝑐̂𝑓,𝑖 (an element of a (𝐹 × 𝐼) matrix). The estimates of vectors 

𝐡̂, 𝐮̂, 𝐜̂ and of matrix 𝐐̂ may now be used in model (2.84) – (2.86) for simulation purposes as 

before, with the only difference that the estimated vectors 𝐜̂ are now farm-individual.  

The within transformation is useful if differences between farms are presumed to be non-

variant in time, thus, if a farm fixed effect exists. However, regardless of whether there is a 

relevant unobserved, farm specific component or not, it seems conceivable that some pa-

rameters change over time, such as technology. Frick and Sauer (2021), for example, meas-

ure a technological change of on average 1% per year for German dairy farms from 1995-

2013. This can be captured by model (2.79) – (2.83) by including a vector t of time-varying 

components that take the values 𝑡 = 1, … , 𝑇 in equation (2.79), for each farm 𝑓:   

𝐀𝐭
′ (𝐲𝐭

𝐨 + 𝐮𝐭) + 𝐖𝐭𝐡𝐭 + 𝐜𝟎 + 𝐜𝟏
′ 𝐭 + 𝐐(𝐱𝐭

𝐨 + 𝐡𝐭) ≥ 𝐩𝐭  (2.79_t) 

where we decompose the vector 𝐜 in a (𝐼 × 1)  vector 𝐜𝟎 + 𝐜𝟏
′ 𝐭 where 𝐜𝟏

′ 𝐭 may capture a linear 

time trend. If it appears reasonable to combine a farm fixed effect and a time trend, equation 

(2.79_FE) can be modified as follows, for each farm 𝑓: 
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𝐜𝟏t̃ + 𝐀𝐲°̃
𝐭 + 𝐀𝐮̃𝐭 + 𝐖𝐡̃𝐭 + 𝐐(𝐱̃𝐭

𝐨 + 𝐡̃𝐭) = 𝐩̃𝐭        (2.79_FE_t) 

where 𝑡̃ is the time-demeaned time index and 𝛝𝑡̃ can be interpreted like a component of the 

linear cost function parameters of the vector 𝐜 that varies in time and is farm-independent, as 

in model (2.79_t).  

3.3. Validation and Simulation 

3.3.1. Minimization of the Complementary Slackness Conditions 

After having solved model (2.79) – (2.83) the cost function parameter estimates 𝐜̂ and 𝐐̂ may 

then be used for market or policy analysis. Under the assumption that the model reflects the 

true data generating process adequately, 𝐜̂ and 𝐐̂ provide sufficient information to simulate 

farms’ responses to a change in output prices, coupled subsidies, or constraints. Paris 

(2017) suggests to implement this via a model that minimizes the complementary slackness 

conditions (CSC) of the resource constraint and the constraint that MC should be equal to 

MR (model (2.53) – (2.55)). Henry de Frahan (2019) proposes a similar approach (model 

(2.84) – (2.86)). The intuition behind this procedure is, for the example of an output price 

change, that farms will adjust their production so that MR again equals MC for every activity 

while complying with all resource constraints. Consequently, when keeping all variables un-

changed compared to a reference year 𝑡𝑟𝑒𝑓 that is used for parameter estimation, the esti-

mated, CSC minimizing output levels and fixed-input shadow prices are expected to be 

𝐱̂𝐭𝐫𝐞𝐟
= 𝐱𝐭𝐫𝐞𝐟

𝐨 + 𝐡̂𝐭𝐫𝐞𝐟
 and 𝐲̂𝐭𝐫𝐞𝐟

= 𝐲𝐭𝐫𝐞𝐟

𝐨 + 𝐮̂𝐭𝐫𝐞𝐟
. In other words, the model is expected to calibrate 

perfectly to the optimal reference year values. From now on we refer to this phase in which 

we validate whether the model replicates the variable levels of the reference year as the “val-

idation” phase. The phase in which the same model is applied with different exogenous vari-

ables is referred to as the simulation phase. However, we argue that the model suggested by 

Henry de Frahan (2019) (model 2.84 – 2.86) must be modified slightly before being able to 

perform this phase. The reason for this is that Henry de Frahan (2019) imposes the vectors 

𝐡𝐭 and 𝐮𝐭 to be zero for the reference year 𝑡𝑟𝑒𝑓. Therefore, unless the estimates 𝐡̂𝐭 and 𝐮̂𝐭 

truly are zero, model (2.84) – (2.86) does not yield activity levels and fixed-input shadow 

prices that are equal to 𝐱𝐭𝐫𝐞𝐟

𝐨 + 𝐡̂𝐭𝐫𝐞𝐟
 or 𝐲𝐭𝐫𝐞𝐟

𝐨 + 𝐮̂𝐭𝐫𝐞𝐟
, respectively. To show this, let us recall that 

with the estimated error terms and cost function parameters constraint (2.79) of the estima-

tion phase is an equality for positive activity levels in the year taken as the reference for the 

validation, for each farm:  

𝐀𝐭𝐫𝐞𝐟
′ (𝐲𝐭𝐫𝐞𝐟

𝐨 + 𝐮̂𝐭𝐫𝐞𝐟
) + 𝐖𝐭𝐫𝐞𝐟

𝐡̂𝐭𝐫𝐞𝐟
+ 𝐜̂ + 𝐐̂(𝐱𝐭𝐫𝐞𝐟

𝐨 + 𝐡̂𝐭𝐫𝐞𝐟
) = 𝐩𝐭𝐫𝐞𝐟

 (3.11) 

Equation (2.85) of the validation phase states the following: 

𝐀𝐭𝐫𝐞𝐟
′ 𝐲𝐭𝐫𝐞𝐟

+ 𝐜̂ + 𝐐̂𝐱𝐭𝐫𝐞𝐟
− 𝐳𝐝𝐭𝐫𝐞𝐟

= 𝐩𝐭𝐫𝐞𝐟
   (3.12) 
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Consequently, if the validation truly yields 𝐱̂𝐭𝐫𝐞𝐟
= 𝐱𝐭𝐫𝐞𝐟

𝐨 + 𝐡̂𝐭𝐫𝐞𝐟
 and 𝐲̂𝐭𝐫𝐞𝐟

= 𝐲𝐭𝐫𝐞𝐟

𝐨 + 𝐮̂𝐭𝐫𝐞𝐟
 we can 

equate (2.79) and (2.85) and write it as follows: 

𝐀𝐭𝐫𝐞𝐟
′ (𝐲𝐭𝐫𝐞𝐟

𝐨 + 𝐮̂𝐭𝐫𝐞𝐟
) + 𝐖𝐭𝐫𝐞𝐟

𝐡̂𝐭𝐫𝐞𝐟
+ 𝐜̂ + 𝐐̂(𝐱𝐭𝐫𝐞𝐟

𝐨 + 𝐡̂𝐭𝐫𝐞𝐟
) 

= 𝐀𝐭𝐫𝐞𝐟
′ (𝐲𝐭𝐫𝐞𝐟

𝐨 + 𝐮̂𝐭𝐫𝐞𝐟
) + 𝐜̂ + 𝐐̂(𝐱𝐭𝐫𝐞𝐟

𝐨 + 𝐡̂𝐭𝐫𝐞𝐟
) − 𝛒𝐝𝐭𝐫𝐞𝐟

 

→ 𝐖𝐭𝐫𝐞𝐟
𝐡̂𝐭𝐫𝐞𝐟

= −𝛒𝐝𝐭𝐫𝐞𝐟
     (3.13) 

First, since 𝛒𝐝𝐭𝐫𝐞𝐟
 is a vector of slack variables that must not take any negative values, (3.13) 

is insolvable if elements of 𝐡̂𝐭𝐫𝐞𝐟
> 𝟎, since 𝐖𝐭𝐫𝐞𝐟

 is always positive. Second, as the objective 

function (2.84) attempts to minimize the slack variable 𝛒𝐝𝐭𝐫𝐞𝐟
, it is reasonable that model 

(2.84) – (2.86) finds values for 𝐱𝐭𝐫𝐞𝐟
 and 𝐲𝐭𝐫𝐞𝐟

 that will lead to |𝛒𝐝𝐭𝐫𝐞𝐟
| < 𝐖𝐭𝐫𝐞𝐟

𝐡̂𝐭𝐫𝐞𝐟
. Therefore, let 

us reformulate the CSC minimization problem so that the optimal solution is the “true” activity 

level or fixed-input shadow price, i.e., the error term received in the estimation phase added 

to the observed value. This can be done by simply restating the two constraints (2.79) and 

(2.80) of the estimation phase as an equality with slack variables, with all estimates 𝐡̂𝐟, 𝐮̂𝐟, 𝐜̂ 

and 𝐐̂ incorporated. Being a modification of the original CSC minimization model (2.84) – 

(2.86), equations (3.14) and (3.15) display constraints that are applied for the reference year 

𝑡𝑟𝑒𝑓 only:  

𝐀𝐟
′ (𝐲𝐟) + 𝐖𝐟𝐡̂𝐟 + 𝐜̂ + 𝐐̂(𝐱𝐟) = 𝐩𝐟 + 𝛒𝐝𝐟   (3.14) 

𝐀𝐟(𝐱𝐟) − 𝐕𝐟𝐮̂𝐟 + 𝛒𝐩𝐟 = 𝐛𝐟    (3.15) 

Together with the objective function (2.84), constraints (3.14) and (3.15) constitute a model 

that can be used to estimate 𝐱𝐟 and 𝐲𝐟 both to validate the results and to simulate a policy or 

price change. Note that for validation we expect the elements of 𝛒𝐝𝐟 and 𝛒𝐩𝐟 to be zero if 

(2.79) and (2.80) of the estimation phase are equalities. If a time index is added in the esti-

mation phase, instead of 𝐜̂ constraint (3.10) must contain the decomposition 𝐜̂𝟎 + 𝐜̂𝟏
′ 𝐭, as in 

(2.79_t).  

As the subscripts of the objective function (2.84) indicate, the CSC are minimized for each 

farm individually. For some policy scenarios, like the one implemented in chapter 5, it might 

be necessary to impose constraints that encompass a group of farms, for example, all farms 

in a region or subregion. Besides, so far, we assume that each of the 𝐽 resources is fixed at 

farm level. While this might be a reasonable assumption especially in the short run, there are 

certainly scenarios that would become more realistic if farmland, for example, could be ex-

changed among farmers. However, this necessitates that the resource constraint (3.15) is 

imposed at the respective geographic level and that some link between the resource re-

quirements of each of the 𝐹 individual farms is established. Fortunately, the CSC minimiza-
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tion model can easily be modified to accommodate multiple farms at once, by modifying the 

objective function (2.84) accordingly: 

𝑚𝑖𝑛𝛒𝐩𝐟,𝛒𝐝𝐟,𝐱𝐟,𝐲𝐟
𝐶𝑆𝐶 = ∑ [𝛒𝐝𝐟

′ 𝐱𝐟 + 𝛒𝐩𝐟
′ 𝐲𝐟]𝐹

𝑓=1   (3.16) 

subject to constraints (3.14) and (3.15) if the resource constraint persists at farm level. Sec-

tion 5.2 provides an example of how a resource constraint can be imposed at a higher geo-

graphic scale. The objective function (3.16) with the constraints (3.14) and (3.15) yields the 

same estimates for activity levels and fixed-input prices as objective function (2.84) This is 

because, as long as resources are confined at farm level, each farm allocates its own fixed-

inputs to produce outputs up to a level for which MC equate to MR. 

3.3.2. Maximization of the Total Net Revenue 

The interpretation of the objective value of a CSC minimization model and, consequently, the 

interpretation of the shadow prices of the constraints, is not as obvious as in the case of a 

TNR maximization model. The slack variables 𝛒𝐝𝐟 and 𝛒𝐩𝐟 indicate for each farm, how much 

larger the marginal costs are than the marginal revenue and how much more of a resource is 

available than what is used by the farm, respectively (see equations (3.14) – (3.15). By mul-

tiplying 𝛒𝐝𝐟 with the vector of activity levels and 𝛒𝐩𝐟 with the vector of shadow prices of the 

resources in the objective function (2.84), the CSC indicate the loss that a farm incurs by 

deviating from optimality conditions. This is the reason why we would expect the CSC to be 

zero for validation, because the estimates 𝐜̂, 𝐐̂, 𝐡̂𝐟 and 𝐮̂𝐟 are estimated subject to the con-

straint that all optimality conditions be fulfilled. If an output price changes or a new constraint 

is introduced, the CSC would not indicate how this impacts the total net revenue. It merely 

presents a mean to mathematically express the objective of finding activity levels and shad-

ow prices for which the optimality conditions are fulfilled as good as possible. A more intuitive 

approach might be to use the estimated cost function parameters and error terms to set up 

the cost function of a farm TNR maximization problem. To ensure that CSC minimization and 

TNR maximization yield the same solution, the TNR maximization should represent the pri-

mal problem whose first order conditions correspond to constraints (3.14) and (3.15) of the 

CSC minimization problem. As the CSC minimization, it is applied for the reference year 𝑡𝑟𝑒𝑓: 

𝑚𝑎𝑥𝐱𝐟
𝑇𝑁𝑅𝑓 = 𝐩𝐟

′𝐱𝐟 − 𝐜̂′𝐱𝐟 −
1

2
𝐱𝐟

′𝐐̂ 𝐱𝐟 − 𝐱𝐟′𝐖𝐟𝐡̂𝐟 (3.17) 

subject to  𝐀𝐟
′ 𝐱𝐟 − 𝐕𝐟𝐮̂𝐟 ≤ 𝐛𝐟  [𝐲𝐟]   (3.18) 

and subject to 𝐱𝐟 ≥ 𝟎. Model (3.17) – (3.18) represents the problem that the farmer faces, 

where the only decision variable are the activity levels 𝐱𝐟. Note that, instead of having two 

equations with slack variables to minimize, as in model (3.14) – (3.15), the derivatives of 

model (3.17) – (3.18) are inequalities to which the KKT conditions may be applied to trans-
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form them into equalities. The vector 𝐲𝐟 implicitly includes all shadow prices of the resource 

constraint. As we will see in chapter 5, an appealing feature of this simulation model is that it 

can be complemented by other constraints whose shadow prices can be interpreted intuitive-

ly: It is the value that the farm manager would be willing to pay to loosen the constraint by 

one unit. Like the CSC minimization model, the TNR maximization model can be adapted to 

maximize the TNR of multiple farms at once, by simply summing the objective function over 

all respective farms (as in objective function 3.16). 

3.4. Monte Carlo Evidence for the Cost Function Estimation 

The incorporation of econometrics into the traditional PMP framework entails the notion of a 

“true” model whose parameters can be estimated rather than calibrated, based on a repre-

sentative sample. In their pioneering paper, Heckelei and Wolff (2003) illustrate with Monte 

Carlo simulations that their GME-based estimation approach truly yields consistent cost func-

tion parameters estimates for the non-linear parameters of matrix 𝐐. They first define a ma-

trix 𝐐 of “true” parameters. Then, they generate a dataset with 𝐹 random observations for 

gross margins and land availability and calculate the corresponding optimal activity levels. 

They add normally distributed errors to the activity levels and then estimate the parameters 

of matrix 𝐐. They repeat this procedure for increasing sample sizes one thousand times per 

sample size and show that the estimation error decreases in sample size.  

Before applying the model conceptualized by Henry de Frahan (2019) with some of the 

amendments introduced in the methodology chapter to real farm data, we test it with a Monte 

Carlo simulation, similar to the setup by Heckelei and Wolff (2003). The obvious advantage 

over real world observations is that the “true” cost function parameters of the vector 𝐜 and the 

matrix 𝐐 as well as the vectors 𝐡 and 𝐮 of the “true” error terms are known since they (or 

their range) are determined by the analyst. This allows to assess the precision of the estima-

tion approach under different circumstances, such as increasing farm sample sizes. For dif-

ferent sample sizes 𝐹 ranging from 𝐹 = 10 to 𝐹 = 150 we generate 𝑅 = 100 datasets con-

taining each 𝐹 farms with random fixed-resource availability and random activity prices with a 

predefined mean (see Annex II for more details). To keep the model simple, three different 

activities (𝐼 = 3) can be produced by farms with one fixed-resource (𝐽 = 1). The fixed-input-

output coefficient matrix 𝐀 is set to a vector of 1, so that 𝑏 can be interpreted as farmland per 

farm and 𝐱 is a vector indicating the activity level, which in this case is the farmland attributed 

to each activity. The vector 𝐱 of optimal, “true” activity levels and the shadow price 𝑦𝑓 for 

each farm in the respective sample are calculated by minimizing the CSC (model (2.84), 

(3.14) – (3.15)). Finally, the error term vectors 𝐡 and 𝐮 are drawn from a normal distribution 

with zero mean and a standard deviation of 5% of the average land allocation of each activity 
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or the average shadow price.12 By adding the error terms to the “true” activity levels and 

fixed-input shadow prices, for each farm in the sample we receive vectors 𝐱𝐟
𝐨 and 𝐲𝐟

𝐨, which 

are finally used to estimate the set of cost function parameters for each farm sample accord-

ing to the model proposed by Henry de Frahan (2019) (model (2.79) – (2.83)).  

Following the example set by Heckelei and Wolff (2003), we assess estimation precision with 

the root mean squared error (RMSE) of the parameter estimates, which we calculate for 

each sample size. In other words, the square root was taken of the mean squared distance 

between parameter estimates and their true values over the one hundred datasets for each 

sample size, so that the RMSE for parameters 𝐜 and 𝐐 is calculated for each sample size 𝐹 

as: 

𝑅𝑀𝑆𝐸_𝑄𝑖,𝑖𝑖 = √
1

𝑅
∑ (𝑞̂𝑟,𝑖,𝑖𝑖 − 𝑞𝑖,𝑖𝑖)2𝑅

𝑟=1     (3.19) 

𝑅𝑀𝑆𝐸_𝑐𝑖 = √
1

R
∑ (ĉr,i − ci)

2R
r=1      (3.20) 

Finally, as in Heckelei and Wolff (2003), we sum the RMSE of all elements of the matrix Q 

and vector c for each farm sample size 𝐹 to receive one single measure per sample size for 

the estimation precision of matrix 𝐐 and vector 𝐜, 𝑆𝑅𝑀𝑆𝐸_𝑄 and 𝑆𝑅𝑀𝑆𝐸_𝑐, respectively.  

𝑆𝑅𝑀𝑆𝐸_𝑄 = ∑ ∑ RMSE_Qi,ii
𝐈
𝐢𝐢=𝟏

𝐈
𝐢=𝟏     (3.21) 

𝑆𝑅𝑀𝑆𝐸_𝑐 = ∑ RMSE_ci
𝐈
𝐢=𝟏      (3.22) 

Figure 3 shows the extent to which 𝑆𝑅𝑀𝑆𝐸_𝑄 and 𝑆𝑅𝑀𝑆𝐸_𝑐 decrease with increasing farm 

sample size 𝐹. The absolute value of the SRMSE is not particularly meaningful as it de-

pends, among others, on the absolute values of the parameter elements. However, its 

change in farm sample size 𝐹 reveals that for small farm samples with 𝐹 < 30 the estimation 

error is significantly higher than for larger farm samples. While the improvement is much 

smaller for farm sample sizes with 𝐹 > 30, it is noteworthy that the SRMSE seems to be con-

tinuously decreasing even for farm sample sizes of 𝐹 > 100. 

 
12 Heckelei and Wolff (2003) generate their error terms in a similar way, but with a standard deviation of 2% in-

stead of 5%.  
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Figure 3: SRMSE of matrix Q and vector c for increasing farm sample sizes based on estimations with 
model (2.79) – (2.83). The left vertical axis shows the SRMSE for the quadratic cost function parameter matrix Q 
and the right vertical axis indicates the SRMSE for the vector c of linear cost function parameters. The horizontal 
axis displays the farm sample size and each dot is the result of 100 random datasets of the respective farm sam-
ple size. The standard deviation of the error terms is set to 5% of the average activity level.    
Source: own calculations and visualizations.   

Figure 4 depicts the individual estimates for each element 𝑞𝑖,𝑖𝑖 of the non-linear cost parame-

ter matrix 𝐐. Each dot represents the estimate of element qi,ii for one run 𝑟 (out of 𝑅 = 100 

datasets) for the respective farm sample size 𝐹. To interpret figure 3 and 4, it is useful to re-

call that the mean standard error (MSE) of 𝑞̂,𝑟,𝑖,𝑖𝑖 is the sum of the variance of 𝑞̂𝑟,𝑖,𝑖𝑖 and its 

squared bias (Wooldridge, 2016, p. 680). Accordingly, figure 4 implies that the estimates 

𝑞̂𝑟,𝑖,𝑖𝑖 seem to be largely unbiased (the blue horizontal line represents the true value 𝐪𝐢,𝐢𝐢), 

while their variance seems to be particularly large for farm sample sizes of 𝐹 < 50. This 

would suggest that the SRMSE in figure 3 is mainly determined by the standard deviation of 

𝑞̂𝑟,𝑖,𝑖𝑖.  
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Figure 4: Convergence of estimates for the elements of matrix Q towards their true values with increasing 
sample sizes. Note that matrix Q is a quadratic, positive (semi-) definite matrix and therefore its elements 𝑞𝑖,𝑖𝑖 =

𝑞𝑖𝑖,𝑖. Each dot represents an estimate 𝑞̂𝑟,𝑖,𝑖𝑖. The blue horizontal line indicates the true value of the element 𝑞𝑖,𝑖𝑖. 

Source: own calculations and visualizations. 

3.5. Development of a Cost Function Specification Including Activity 
Levels and Fixed-Input Levels 

3.5.1. Fixed Relationship Between Fixed-Inputs and Outputs 

The Monte Carlo simulation underpins that the cost function parameter estimation approach 

suggested by Henry de Frahan (2019) with the amendments from the methodology section is 

a consistent procedure, in principle. We have also presented methodological remedies for 

the potential correlation between the errors of individual units (farm fixed effect) or trends in 

the underlying technology (time trend). However, a potentially significant shortcoming per-

sists. The fixed-input-output coefficient matrix 𝐀𝐭,𝐟 gives the model some rigidity, as it pre-

sumes that input-output ratios cannot be changed. Besides, in many cases information is 

only available on the produced activity levels and the available quantities of fixed-resources, 

but not on the allocation of fixed-resources to individual activities. As we will see in the next 
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chapter for real farm data, erroneous fixed-input-output coefficients may have devastating 

implications for the plausibility of the resulting estimates. To show this, let us again assume 

that we have the information that a farm has 𝑏𝑗 units of 𝐽 fixed-inputs and that it produces 𝑥𝑖
𝑜 

units of 𝐼 activities. A first challenge is that in many cases the quantity of fixed-input 𝑗 allocat-

ed to the production of activity 𝑖, is not known to the analyst. Actually, the correct allocation of 

fixed costs to outputs may also be difficult for the farm manager, since the exact contribution 

of some fixed-inputs such as family labour or equipment to the production of individual activi-

ties is often hard to quantify (Mußhoff and Hirschauer, 2020). In section 4.2.1 we apply the 

following approach to calculate 𝑎𝑗,𝑖: 

𝑎𝑗,𝑖 =
𝑏𝑗

∑ 𝜔𝑗,𝑖𝑥𝑖
𝑜𝐼

𝑖=1

      (3.23) 

Where the parameter 𝜔𝑗,𝑖 is a dummy that takes the value 1 if the analyst has reason to be-

lieve that activity 𝑖 uses fixed-input 𝑗 and 0 otherwise. The coefficient 𝑎𝑗,𝑖 then indicates the 

average fixed-resource requirements per activity level. In how far it is justifiable to assume 

that all activities require the same amount of fixed-input per produced level evidently de-

pends also on how the activity levels are measured. In any case, often it is impossible for the 

analyst to validate her choice of fixed-resource attribution, which makes the calculation of 

matrix 𝐀𝐭,𝐟 prone to arbitrariness. Incorrect assumptions about the allocation of fixed-

resources certainly may deteriorate the model. However, for some fixed-inputs, such as 

farmland, information about the allocation to activities is usually available. For example, in 

many cases farm data reveals the acreage of a certain crop. Therefore, it is possible to es-

tablish an unambiguous link between fixed-inputs (cropland) and activities (acreage of 

crops). If the analyst knows that 𝛽𝑗,𝑖 units of fixed-resource 𝑗 are dedicated to the production 

of 𝑥𝑖
𝑜 units of output activity 𝑖, the calculation of the respective fixe- input-output coefficient 

𝑎𝑗,𝑖 is straightforward:  

𝑎𝑗,𝑖 =
𝛽𝑗,𝑖

𝑥𝑖
𝑜       (3.24) 

If the activity level 𝑥𝑖
𝑜 is measured as acreage of activity 𝑖 and if 𝑗 is cropland, then 𝑎𝑗,𝑖 would 

equal unity, as in the artificial example for the Monte Carlo simulations. If 𝑥𝑖
𝑜 is measured in 

quantities sold or harvested, 𝑎𝑗,𝑖 would still be easy to calculate. However, one may question 

if 𝑎𝑗,𝑖, that was calculated with observed activity levels of the farm in a given year, is a suita-

ble fixed-input-output coefficient for policy simulation. If farmers can adapt the input intensity 

of production, 𝑎𝑗,𝑖 would impose an unrealistically rigid relation between the fixed-input and 

the respective output. This rigidity becomes particularly problematic if a fixed-input is con-

sumed by only one activity. Then the model does not allow an extension of this activity if the 

resource constraint is already binding for observed activity levels and estimated errors, im-



3. Methodological Framework 

40 

plying an inelastic response to changing (especially increasing) prices. The significant short-

coming of the model in this situation is that the matrix 𝐀𝐭,𝐟 forces the marginal rate of tech-

nical substitution to be equal to zero. As we will see in section 4.2.1, an example for this fea-

ture is the fixed-input grassland for a farm that produces crops and dairy outputs. Evidently, 

the only activity that may possibly require grassland is the dairy output. Therefore, the fixed-

input-output coefficient for grassland and dairy outputs is calculated as area of available 

grassland divided by the observed level of dairy outputs. Even if the matrix 𝐀𝐭,𝐟 acknowledg-

es that other inputs (such as capital or labour) are required to produce dairy outputs, the re-

source constraint for grassland prohibits to extend dairy production compared to the level in 

the reference scenario without extending the available level of grassland. In practice, a farm 

could presumably substitute the grassland required for an extension of dairy outputs to some 

extent by other fixed-inputs, such as cropland (to substitute grass in a feed ratio by maize, for 

example) or a combination of labour and capital (e.g., to intensify grassland utilization).  

3.5.2. Conceptualization of an Activity Level and Fixed-Input Level Dependent 

Cost Function Specification 

As demonstrated in the previous section, the matrix of constant technical coefficients 𝐀𝐭,𝐟 is 

prone to misspecification and ignores potential substitutability between fixed-inputs. Accord-

ingly, it is unlikely that a model that relies on the matrix 𝐀𝐭,𝐟 to connect activity levels with 

fixed-inputs correctly represents the true choices of producers. This is one of the reasons 

why the calibrating equilibrium model set up by Paris (2017) in the second phase contains an 

extended Leontief cost function specification, as this eliminates the matrix 𝐀𝐭,𝐟 which is still 

required in the first phase. However, an extension of the approach suggested by Henry de 

Frahan (2019) to remove some rigidity from the relationship between fixed-input and output 

levels would have to appear already in the primal problem (2.59) – (2.61), to comply with the 

fundamental tenet that the parameter estimation does not require two phases. Besides, a 

crucial requirement for a cost function is that the resulting model may adequately represent 

the true data generating process (Heckelei and Wolff, 2003). Consequently, it must avoid the 

rigidity entailed in a constant fixed-input-output coefficient matrix and at the same time be 

consistent with economic theory. Based on a methodological note by Henry de Frahan we 

start by including both activity levels and fixed-input levels in a cost function. To make a clear 

conceptual distinction between available fixed-input levels 𝐛𝐟 and (utilized) fixed-input levels, 

we name the latter 𝐳𝐭,𝐟. According to Chambers (1988), a well behaved neo-classical cost 

function should be non-decreasing and convex in output quantities, non-increasing as well as 

convex in fixed-inputs, and regular. The two conditions for output quantities and the regularity 

condition are fulfilled for the activity level dependent cost function specification presented 

above and utilized by Henry de Frahan (2019). The Cholesky factorization ensures convexity 
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in output levels and by multiplying the parameters 𝐜 and 𝐐 with the activity levels the total 

variable costs will always be zero if all activity levels are null. Finally, the optimality condition 

which imposes MC to be larger than or equal to MR ensures that the total variable costs are 

not decreasing for positive output quantities. A cost function that also includes fixed-input 

levels must also fulfil the additional requirements: Convexity in fixed-inputs can be ensured 

by imposing positive semi-definiteness on a quadratic parameter that is multiplied with fixed-

inputs, equivalent to the role that matrix 𝐐 plays for output levels. We denominate this quad-

ratic (𝐽 × 𝐽) matrix 𝐅, so that convexity in fixed-input levels of the new cost function is guaran-

teed by the term 0.5𝐳𝐭,𝐟
′ 𝐅𝐳𝐭,𝐟. The estimated elements of the matrix 𝐅 provide information on 

the total variable costs for given levels of fixed-inputs. However, this requires that the term is 

null if all activity levels are null (regularity condition). This could be ensured by multiplying the 

term with a fixed-weight output quantity index 𝛟′𝐱𝐭,𝐟, as in Henry de Frahan et al. (2011) 

where 

𝜙𝑙𝑥
= 𝑇−1 ∑ [

∑ 𝑝𝑡,𝑓,𝑙𝑥
𝐹
𝑓=1

∑ ∑ 𝑝𝑡,𝑓,𝑖
𝐹
𝑓=1

𝐼
𝑖=1

]𝑇
𝑡=1      (3.25) 

where the index 𝑙𝑥 denotes the respective activity. The vector of fixed-weight output quantity 

indices, which only has the purpose to maintain regularity, can be approximated to 𝛟′𝐱𝐭,𝐟
𝐨 , so 

that it can already be employed in the estimation phase. The third requirement for the behav-

iour of a cost function is that costs must be non-increasing over the range of observed fixed-

input levels. To understand the rationale behind this condition, it is important to recall that it 

refers to the derivative of total variable costs with respect to fixed-input levels, that is, a 

change in fixed-input levels while keeping activity levels constant. The criterion states that no 

rational farmer would employ an observed level 𝑧𝑗
𝑜 of fixed-input 𝑗 leading to 𝑇𝑉𝐶𝑜 if the 

same activity levels could be produced with input level 𝑧𝑗
𝑜−1 < 𝑧𝑗

𝑜 at lower total variable costs 

𝑇𝑉𝐶𝑜−1 < 𝑇𝑉𝐶𝑜. Consequently, one can infer that 𝜕𝑇𝑉𝐶 𝜕𝑧𝑗⁄ ≤ 0, and if a minimum of TVC in 

fixed-input levels has been reached, then 𝜕𝑇𝑉𝐶 𝜕𝑧𝑗⁄ = 0. However, in this thesis, we consider 

available quantities 𝐛𝐟 of fixed-inputs as truly invariable, an assumption that seems justifiable 

in the short- and mid-terms. Therefore, if the resource constraint is binding and the utilized 

fixed-input level 𝐳𝐭,𝐟 = 𝐛𝐟, it is possible that 𝜕𝑇𝑉𝐶 𝜕𝑧𝑗⁄ < 0. While a farm could then produce 

the same outputs at lower TVC if it had a higher level 𝐛𝐟, it is impossible to achieve this long-

run equilibrium in the short- or midterm.  

Besides the quadratic parameter 𝐅, let us define a 𝐽 vector 𝐠 of linear fixed-input-related cost 

function parameters. Just as the quadratic term, the product 𝐠′𝐳𝐭,𝐟 must be multiplied by 𝛟′𝐱𝐭,𝐟 

to ensure that the regularity condition 𝑇𝑉𝐶(𝐱 = 0, 𝐳) = 0 holds.  

A cost function capable of capturing the influence of fixed-input levels and activity levels on 

TVC may also be extended by a term that accounts for potential interactions between the 
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two. We denominate the respective (𝐽 × 𝐼) matrix 𝐇. Since it is multiplied by 𝐱𝐭,𝐟 and 𝐳𝐭,𝐟, the 

regularity condition is fulfilled. After having defined the additional cost function parameters 

and the conditions they need to comply with, the complete TNR maximization function con-

taining the extended cost function specification can be stated for each farm in each year as 

follows: 

 𝑚𝑎𝑥𝐱𝐭,𝐟,𝐳𝐭,𝐟,𝐡𝐭,𝐟,𝐬𝐭,𝐟
 𝐴𝑈𝑋𝑡,𝑓 = 𝐩𝐭,𝐟

′𝐱𝐭,𝐟 − 𝐜′𝐱𝐭,𝐟 −
1

2
𝐱𝐭,𝐟

′𝐐 𝐱𝐭,𝐟 − (𝛟′𝐱𝐭,𝐟)  𝐠′ 𝐳𝐭,𝐟  −
1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟)  −

𝐳𝐭,𝐟
′𝐇 𝐱𝐭,𝐟 −

1

2
𝐡𝐭.𝐟

′ 𝐖𝐭.𝐟𝐡𝐭.𝐟 −
1

2
𝐬𝐭.𝐟

′ 𝐓𝐭.𝐟𝐬𝐭.𝐟        (3.26) 

subject to  𝐳𝐭,𝐟 ≤ 𝐛𝐭,𝐟  [𝐲𝐭,𝐟]    (3.27) 

   𝐱𝐭,𝐟 = 𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟  [𝛌𝐭,𝐟]    (3.28) 

   𝐳𝐭𝐦𝐟 = 𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟 [𝛋𝐭,𝐟]    (3.29) 

with nonnegative elements of vectors 𝐱𝐭,𝐟 and 𝐳𝐭,𝐟 and the vectors of dual values indicated in 

square brackets. As it was already implemented for activity levels and fixed-input shadow 

prices, it is possible to account for potential disparities between observed and optimal utilized 

fixed-input-levels by introducing a vector of error terms 𝐬𝐭,𝐟 (constraint 3.29). The further 

steps follow the procedure for the generation of the cost function parameter estimation model 

(2.64) – (2.83) as presented by Henry de Frahan (2019): An auxiliary function (3.26) includes 

the squared error terms of vectors 𝐡𝐭,𝐟 and 𝐬𝐭,𝐟 multiplied with a diagonal weight matrix to 

harmonise the units of measurement. The matrix 𝐖𝐭,𝐟, again, has the elements 𝑝𝑡,𝑓,𝑖 𝑥𝑡,𝑓,𝑖
𝑜⁄  on 

its main diagonal, and the diagonal elements of matrix 𝐓𝐭,𝐟 are 𝑦𝑡,𝑓,𝑗
𝑜 𝑧𝑡,𝑓,𝑗

𝑜⁄ . Then, the Lagran-

gian function is set up with its corresponding first order conditions: 

𝐿𝑀𝐴𝑋𝑡,𝑓(𝐱𝐭,𝐟, 𝐳𝐭,𝐟, 𝐡𝐭,𝐟, 𝐬𝐭,𝐟, 𝛌𝐭,𝐟, 𝛋𝐭,𝐟) = 𝐩𝐭,𝐟
′ 𝐱𝐭,𝐟 − 𝐜′𝐱𝐭,𝐟 −

1

2
𝐱𝐭,𝐟

′ 𝐐𝐱𝐭,𝐟 − (𝛟′𝐱𝐭,𝐟)  𝐠′ 𝐳𝐭,𝐟 −

1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟) − 𝐳𝐭,𝐟
′𝐇 𝐱𝐭,𝐟 −

1

2
𝐡𝐭,𝐟

′ 𝐖𝐭,𝐟𝐡𝐭,𝐟 −
1

2
𝐬𝐭,𝐟

′ 𝐓𝐭,𝐟𝐬𝐭,𝐟 + 𝐲𝐭,𝐟
′ [𝐛𝐭,𝐟 − 𝐳𝐭,𝐟] + 𝛌𝐭,𝐟

′ [𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟 −

𝐱𝐭,𝐟] + 𝛋𝐭,𝐟
′ [𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟 − 𝐳𝐭,𝐟]         (3.30) 

𝛛𝐋𝐌𝐀𝐗𝐭,𝐟

𝛛𝐱𝐭,𝐟
= 𝐩𝐭,𝐟 − (𝐜 + 𝐐𝐱𝐭,𝐟 +  𝜙𝑙𝑥

 𝐠′ 𝐳𝐭,𝐟  + 
1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 𝜙𝑙𝑥
+  𝐇′ 𝐳𝐭,𝐟 + 𝛌𝐭,𝐟) ≤ 𝟎 (3.31) 

 
𝛛𝐋𝐌𝐀𝐗𝐭,𝐟

𝛛𝐳𝐭,𝐟
= −((𝛟′𝐱𝐭,𝐟) 𝐠 + 𝐅𝐳𝐭,𝐟(𝛟′𝐱𝐭,𝐟) +  𝐇 𝐱𝐭,𝐟 + 𝐲𝐭,𝐟 +  𝛋𝐭,𝐟) ≤ 𝟎  (3.32) 

 
𝛛𝐋𝐌𝐀𝐗𝐭,𝐟

𝛛𝐡𝐭,𝐟
= −𝐖𝐭,𝐟𝐡𝐭,𝐟 + 𝛌𝐭,𝐟 = 𝟎       (3.33) 

 
𝛛𝐋𝐌𝐀𝐗𝐭,𝐟

𝛛𝐬𝐭,𝐟
= −𝐓𝐭,𝐟𝐬𝐭,𝐟 + 𝛋𝐭,𝐟 = 𝟎       (3.34) 

 
𝛛𝐋𝐌𝐀𝐗𝐭,𝐟

𝛛𝛌𝐭,𝐟
= 𝐱𝐭,𝐟

𝐨 + 𝐡𝐭,𝐟 − 𝐱𝐭,𝐟 = 𝟎       (3.35) 

 
𝛛𝐋𝐌𝐀𝐗𝐭,𝐟

𝛛𝛋𝐭,𝐟
= 𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟 − 𝐳𝐭,𝐟 = 𝟎       (3.36) 
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With nonnegativity for the elements of vectors 𝐱𝐭,𝐟 and 𝐳𝐭,𝐟. Equations (3.31) and (3.32) may 

be transformed into equalities by applying the KKT conditions and multiplying them by vec-

tors 𝐱𝐭,𝐟 and 𝐳𝐭,𝐟, respectively. Note that equations (3.33) and (3.34) allow to replace the vec-

tors of dual values 𝛌𝐭,𝐟 and 𝛋𝐭,𝐟 in constraints (3.31) and (3.32) by the products 𝐖𝐭,𝐟𝐡𝐭,𝐟 and 

𝐓𝐭,𝐟𝐬𝐭,𝐟, respectively. Paris (2010, p. 69) describes how the dual problem of any nonlinear 

maximization problem can be derived from the Lagrangian function of the primal problem. By 

following this guideline, we can write the dual problem as 

𝑚𝑖𝑛𝐱𝐭,𝐟,𝐳𝐭,𝐟,𝐲𝐭,𝐟,𝐡𝐭,𝐟,𝐬𝐭,𝐟𝐮𝐭,𝐟
 𝐴𝑈𝑋𝑡,𝑓 =

1

2
𝐱𝐭,𝐟

′𝐐𝐱𝐭,𝐟 + 𝜙𝑙𝑥
𝐱𝐭,𝐟 𝐠′ 𝐳𝐭,𝐟 +

1

2
𝐱𝐭,𝐟 𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 𝜙𝑙𝑥
+ 𝐳𝐭,𝐟

′𝐇𝐱𝐭,𝐟 +

1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟) + 𝐲𝐭,𝐟
′ (𝐛𝐭,𝐟) + 𝛌𝐭,𝐟

′  [𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟] + 𝛋𝐭,𝐟

′  [𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟] +

1

2
𝐮𝐭,𝐟

′ 𝐕𝐭,𝐟𝐮𝐭,𝐟  (3.37) 

subject to 𝐜 + 𝐐𝐱𝐭,𝐟 + 𝜙𝑙𝑥
 𝐠′ 𝐳𝐭,𝐟  +  

1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 𝜙𝑙𝑥
+  𝐇′ 𝐳𝐭,𝐟 + 𝛌𝐭,𝐟 ≥ 𝐩𝐭,𝐟 [𝐱𝐭,𝐟] (3.38) 

  (𝛟′𝐱𝐭,𝐟) 𝐠 + 𝐅𝐳𝐭,𝐟(𝛟′𝐱𝐭,𝐟) +  𝐇 𝐱𝐭,𝐟 +  𝛋𝐭,𝐟 ≥ −𝐲𝐭,𝐟  [𝐳𝐭,𝐟] (3.39) 

  𝐲𝐭,𝐟 = 𝐲𝐭,𝐟
𝐨 + 𝐮𝐭,𝐟       [𝛙𝐭,𝐟] (3.40) 

With the elements of vectors 𝐱𝐭,𝐟, 𝐲𝐭,𝐟 and 𝐳𝐭,𝐟 all being non-negative, and the elements of the 

error term vectors 𝐡𝐭,𝐟, 𝐬𝐭,𝐟 and 𝐮𝐭,𝐟 free. Again, it is possible to form an auxiliary function 

which contains the sum of the squared deviations of vector 𝐮𝐭,𝐟 weighted by the diagonal ma-

trix 𝐕𝐭,𝐟. The Lagrangian function with its first-order conditions is as follows: 

𝐿𝑀𝐼𝑁𝑡,𝑓(𝐲𝐭,𝐟, 𝐱𝐭,𝐟, 𝐳𝐭,𝐟, 𝐮𝐭,𝐟, 𝛙𝐭,𝐟) =
1

2
𝐱𝐭,𝐟

′𝐐𝐱𝐭,𝐟 + 𝜙𝑙𝑥
𝐱𝐭,𝐟 𝐠′ 𝐳𝐭,𝐟 +

1

2
𝐱𝐭,𝐟 𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 𝜙𝑙𝑥
+ 𝐳𝐭,𝐟

′𝐇𝐱𝐭,𝐟 +

1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟) + 𝐲𝐭,𝐟
′ (𝐛𝐭,𝐟) +  𝛌𝐭,𝐟

′  [𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟] + 𝛋𝐭,𝐟

′  [𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟] +

1

2
𝐮𝐭,𝐟

′ 𝐕𝐭,𝐟𝐮𝐭,𝐟 + 𝐱𝐭,𝐟′ [𝐩𝐭,𝐟 − 𝐜 −

𝐐𝐱𝐭,𝐟 −  𝜙𝑙𝑥
 𝐠′ 𝐳𝐭,𝐟 −  

1

2
𝐳𝐭,𝐟

′𝐅𝐳𝐭,𝐟 𝜙𝑙𝑥
−  𝐇′ 𝐳𝐭,𝐟 − 𝛌𝐭,𝐟] + 𝐳𝐭,𝐟

′[−𝐲𝐭,𝐟 − (𝛟′𝐱𝐭,𝐟) 𝐠 − 𝐅𝐳𝐭,𝐟(𝛟′𝐱𝐭,𝐟) −

 𝐇 𝐱𝐭,𝐟 −  𝛋𝐭,𝐟] + 𝛙𝒕,𝒇
′ [𝐲𝐭,𝐟

𝐨 + 𝐮𝐭,𝐟− 𝐲𝐭,𝐟]         (3.41) 

𝛛𝐋𝐌𝐈𝐍𝐭,𝐟

𝛛𝐲𝐭,𝐟
= 𝐛𝐭,𝐟 − 𝐳𝐭,𝐟 − 𝛙𝐭,𝐟 ≥ 𝟎       (3.42) 

𝛛𝐋𝐌𝐈𝐍𝐭,𝐟

𝛛𝐱𝐭,𝐟
= 𝐩𝐭,𝐟 − 𝐜 − 𝐐𝐱𝐭,𝐟 − 𝜙𝑙𝑥

 𝐠′ 𝐳𝐭,𝐟 − ½𝐳𝐭,𝐟
′𝐅𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟)− 𝐇′ 𝐳𝐭,𝐟 − 𝛌𝐭,𝐟  ≤  𝟎 

(3.43)≡(3.31) 

𝛛𝐋𝐌𝐈𝐍𝐭,𝐟

𝛛𝐳𝐭,𝐟
=  −𝐲𝐭,𝐟 − (𝛟′𝐱𝐭,𝐟) 𝐠 − 𝐅𝐳𝐭,𝐟(𝛟′𝐱𝐭,𝐟) −  𝐇 𝐱𝐭,𝐟 −  𝛋𝐭,𝐟 ≤  𝟎        (3.44)≡(3.32) 

𝛛𝐋𝐌𝐈𝐍𝐭,𝐟

𝛛𝐮𝐭,𝐟
= 𝐕𝐭,𝐟𝐮𝐭,𝐟 + 𝛙𝐭,𝐟 = 𝟎        (3.45) 

 
𝛛𝐋𝐌𝐈𝐍𝐭,𝐟

𝛛𝛙𝐭,𝐟
= 𝐲𝐭,𝐟

𝐨 + 𝐮𝐭,𝐟−𝐲𝐭,𝐟 = 𝟎       (3.46) 

with nonnegativity imposed on the elements of vectors 𝐱𝐭,𝐟, 𝐲𝐭,𝐟 and 𝐳𝐭,𝐟. Again, it is possible to 

transform constraints (3.43) and (3.44) into equalities by making use of the KKT conditions. 

The vector 𝛙𝐭,𝐟 of dual variables in constraint (3.42) may be replaced by the product −𝐕𝐭,𝐟𝐮𝐭,𝐟 

based on condition (3.45). According to the conditions (3.35), (3.36) and (3.46) it is possible 

to replace the "optimal” activity levels, fixed-input shadow prices and fixed-input levels by 



3. Methodological Framework 

44 

(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟), (𝐲𝐭,𝐟

𝐨 + 𝐮𝐭,𝐟) and (𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟), respectively. Finally, by combining the first-order 

conditions from the two Lagrangian functions the following optimality conditions may be de-

rived: 

𝐜 + 𝐐(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟) + 𝜙𝑙𝑥

 𝐠′ (𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟) +

1

2
(𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟)′𝐅(𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟) 𝜙𝑙𝑥

+ 𝐇′(𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟) + 𝐖𝐭,𝐟𝐡𝐭,𝐟 ≥

𝐩𝐭,𝐟  (3.47) 

(𝛟′(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟)) 𝐠 + 𝐅(𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟)(𝛟′(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟)) +  𝐇(𝐱𝐭,𝐟

𝐨 + 𝐡𝐭,𝐟) + 𝐓𝐭,𝐟𝐬𝐭,𝐟 ≥ −(𝐲𝐭,𝐟
𝐨 + 𝐮𝐭,𝐟)   

(3.48) 

(𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟) − 𝐕𝐭,𝐟𝐮𝐭,𝐟 ≤ 𝐛𝐭,𝐟       (3.49) 

𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟 ≥ 𝟎         (3.50) 

 𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟 ≥ 𝟎         (3.51) 

 𝐲𝐭,𝐟
𝐨 + 𝐮𝐭,𝐟 ≥ 𝟎         (3.52) 

Besides, the Cholesky factorization is implemented for the quadratic matrices 𝐐 and 𝐅 to en-

sure their positive (semi) definiteness, as described in section 3.1.1. These conditions serve 

as the constraints of the following weighted squared error minimization function, which allows 

to estimate the vectors and matrices 𝐜, 𝐐, 𝐠, 𝐅 and 𝐇 of cost function parameters as well as 

the vectors of error terms 𝐡𝐭,𝐟, 𝐬𝐭,𝐟 and 𝐮𝐭,𝐟: 

𝑚𝑖𝑛𝐡𝐭,𝐟,𝐬𝐭,𝐟,𝐮𝐭,𝐟,𝐜,𝐐,𝐠,𝐅,𝐇𝐿𝑆 =
1

2
∑ ∑ (𝐡𝐭,𝐟′𝐖𝐭,𝐟𝐡𝐭,𝐟 + 𝐬𝐭,𝐟

′ 𝐓𝐭,𝐟𝐬𝐭,𝐟 + 𝐮𝐭.𝐟′𝐕𝐭,𝐟𝐮𝐭,𝐟)𝐹
𝑓=1

𝑇
𝑡=1  (3.53) 

Constraint (3.42) states that MC should be larger or equal to MR, equivalent to constraint 

(2.79) of the model with only activity levels as arguments of the cost function, as introduced 

by Henry de Frahan (2019). Following the reasoning outlined in section 3.1.2 and applying 

the KKT conditions, MC equal MR for strictly positive activity levels. According to constraint 

(3.48) the marginal total variable costs with respect to the fixed-input levels of vector 𝐳𝐭,𝐟 must 

be larger than or equal to the element of the negative fixed-input shadow price vector 𝐲𝐭,𝐟. 

Again, by applying the KKT conditions this constraint becomes an equality for positive fixed-

input levels. This implies that, if vector 𝐳𝐭,𝐟 > 𝟎, total variable costs are non-increasing in 

fixed-input levels, as required by the monotonicity condition for well-behaved cost functions. 

Constraint (3.48) and the fixed-resource constraint (3.49) designate a fundamental difference 

between the cost function specified only in activity levels and this more complete cost func-

tion: In model (2.79) – (2.83) the vector of available fixed-resources, 𝐛𝐭,𝐟, confines the exten-

sion of activity levels 𝐱𝐭,𝐟 beyond a certain point. The fixed-resource constraint (3.49) consti-

tutes a limit for the fixed-input levels of vector 𝐳𝐭,𝐟, but the maximal admissible activity level of 

the vector 𝐱𝐭,𝐟 is only determined by the optimality condition that MC equals MR. When per-

forming simulations with the cost function as estimated in model (3.47) – (3.53), the optimal 

activity levels of vector 𝐱𝐟 depend on the estimated cost function parameters and not on the 
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exogenous fixed-input-output coefficient matrix 𝐀𝐭,𝐟. The liberation from the fixed technologi-

cal coefficients is a pivotal advantage of the more complete cost function. However, it impli-

cates that the simulated activity levels could become unrealistically large if the elements of 

matrix 𝐐 are all close to zero, as we will see in chapter 4.2.2. The different formulations of the 

fixed-resource constraint in the two model specifications also impact the fixed-input shadow 

prices of vector 𝐲𝐭,𝐟. As visualized by figure 2, an element of vector 𝐲𝐟 is only strictly positive if 

the respective element of vector (𝐜 + 𝐐𝐱𝐭,𝐟) < 𝐩𝐭,𝐟. The shadow price 𝑦𝑗 therefore indicates by 

how much a farm could increase its TNR if an additional unit of the fixed-resource 𝐽 permitted 

the production of higher activity levels. In contrast, the resource constraint (3.49) in model 

(3.47) – (3.53) never restricts the expansion of activity levels. However, by limiting 𝐳𝐭,𝐟 it pre-

vents a further reduction of the total variable costs. The elements of 𝐲𝐭,𝐟 therefore are the 

values by which the TVC could be reduced if for given activity levels of vector 𝐱𝐭,𝐟 the farm 

could employ one more unit of the fixed-input 𝐽. In other words, since the elements of vector 

𝐛𝐭,𝐟 do not confine an expansion of the activity levels but only a reduction in TVC, an addi-

tional unit of an element of vector 𝐛𝐭,𝐟 would not have an impact on the revenue but only on 

the cost side of the TNR function. Applying the KKT conditions, constraint (3.48) is an equali-

ty if the respective element of vector 𝐳𝐭,𝐟 > 𝟎. Then, the marginal costs w.r.t 𝐳𝐭,𝐟 must equal 

the shadow prices of vector 𝐲𝐟.  

If it is reasonable to assume that a time trend exists (e.g., thanks to technology changes over 

time), it is possible to extend the estimation model (3.47) – (3.53) to capture a time trend by 

decomposing the vector 𝐜 into the vectors 𝐜𝟎 and 𝐜𝟏𝐭 and vector 𝐠 into the vectors 𝐠𝟎 and 𝐠𝟏. 

Equations (3.47) and (3.48) are therefore modified as follows: 

𝐜𝟎 + 𝐜𝟏𝐭 + 𝐐(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟) + 𝜙𝑙𝑥

𝐠𝟎
′  (𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟) + 𝜙𝑙𝑥
𝐠𝟏

′  (𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟)𝐭 +

𝟏

𝟐
(𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟)′𝐅(𝐳𝐭,𝐟
𝐨 +

𝐬𝐭,𝐟) 𝜙𝑙𝑥
+ 𝐇′(𝐳𝐭,𝐟

𝐨 + 𝐬𝐭,𝐟) + 𝐖𝐭,𝐟𝐡𝐭,𝐟 ≥ 𝐩𝐭,𝐟   (3.47_t) 

(𝛟′(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟)) 𝐠𝟎 + (𝛟′(𝐱𝐭,𝐟

𝐨 + 𝐡𝐭,𝐟)) 𝐠𝟏𝐭 + 𝐅(𝐳𝐭,𝐟
𝐨 + 𝐬𝐭,𝐟)(𝛟′(𝐱𝐭,𝐟

𝐨 + 𝐡𝐭,𝐟)) +  𝐇(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟) +

𝐓𝐭,𝐟𝐬𝐭,𝐟 ≥ −(𝐲𝐭,𝐟
𝐨 + 𝐮𝐭,𝐟)        (3.43_t) 

where now a distinction is made between 𝐜𝟎 and 𝐜𝟏 as well as 𝐠𝟎 and 𝐠𝟏 to differentiate be-

tween linear cost function parameters that remain constant over time and those that evolve 

over time. As in the case of the cost function specification with only activity levels, the esti-

mated parameters may then be used for policy simulation either in a CSC minimization 

framework or in a TNR maximization function.  

Equivalent to the objective function (2.84) with constraints (3.14) and (3.15), the CSC mini-

mization model can be defined as follows for each farm in a reference year t:  

𝑚𝑖𝑛𝛒𝐝𝐱𝐭,𝐟,𝛒𝐝𝐳𝐭,𝐟,𝛒𝐩𝐲𝐭,𝐟
,𝐱𝐭,𝐟,𝐳𝐭,𝐟,𝐲𝐭,𝐟

𝐶𝑆𝐶𝑡,𝑓 = 𝛒𝐝𝐱𝐭,𝐟
′𝐱𝐭,𝐟 + 𝛒𝐝𝐳𝐭,𝐟

′𝐳𝐭,𝐟 + 𝛒𝐩𝐲𝐭,𝐟
′𝐲𝐭,𝐟 (3.54) 

subject to  𝐜̂ + 𝐐̂𝐱𝐭,𝐟 +  𝜙𝑙𝑥
 𝐠̂′𝐳𝐭,𝐟  +

1

2
𝐳𝐭,𝐟

′𝐅 ̂𝐳𝐭,𝐟 𝜙𝑙𝑥
+  𝐇̂′𝐳𝐭,𝐟 + 𝐖𝐭,𝐟𝐡̂𝐭,𝐟 = 𝐩𝐭,𝐟 + 𝛒𝐝𝐱𝐭,𝐟

   (3.55) 
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 (𝛟′(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟))  𝐠̂ + 𝐅̂ 𝐳𝐭,𝐟(𝛟′(𝐱𝐭,𝐟

𝐨 + 𝐡𝐭,𝐟)) + 𝐇̂ 𝐱𝐭,𝐟 + 𝐓𝐭,𝐟𝐬̂𝐭,𝐟 = −𝐲𝐭,𝐟 + 𝛒𝐝𝐳𝐭,𝐟
   (3.56) 

 𝐳𝐭,𝐟 − 𝐕𝐭,𝐟𝐮̂𝐭,𝐟 +  𝛒𝐩𝐲𝐭,𝐟
= 𝐛𝐭,𝐟       (3.57) 

with non-negativity imposed on the six decision variables. As for the CSC minimization in 

model (2.84) – (2.86), vector 𝛒𝐩𝐲𝐭,𝐟
 is a slack-surplus variable vector that indicates the level of 

unused fixed-inputs and is therefore multiplied by vector 𝐲𝐟. Another vector of slack variables, 

𝛒𝐝𝐱𝐭,𝐟
, is related to the primal constraint and denotes by how much MC with respect to activity 

levels exceed MR. The third vector of slack variables, 𝛒𝐝𝐳𝐭,𝐟
, is introduced for this cost func-

tion specification. It is related to the dual constraints and takes strictly positive values if the 

MC with respect to fixed-input levels are larger than the negative of the element of the shad-

ow price vector 𝐲𝐟. If constraints (3.47) – (3.49) are fulfilled as equalities for the reference 

year, then the CSC minimization is equal or very close to zero and yields vectors 𝐱𝐟 = 𝐱𝐟
𝐨 +

𝐡𝐟, 𝐲𝐟 = 𝐲𝐟
𝐨 + 𝐮𝐟 and 𝐳𝐟 = 𝐳𝐟

𝐨 + 𝐬𝐟. As demonstrated for the cost function including only activity 

levels in the objective function (3.16), the CSC minimization with this more complete cost 

function specification may also be performed over multiple farms (for example, located within 

a region) at once, by summing the right-hand side of the objective function (3.54) over the 

respective farms 𝑓. If the parameter estimation model contains a time trend, the CSC minimi-

zation model can be slightly modified: 

𝐜̂0 + 𝐜̂1𝐭 + 𝐐̂𝐱𝐭,𝐟 + 𝜙𝑙𝑥
 𝐠̂𝟎

′ 𝐳𝐭,𝐟 + 𝜙𝑙𝑥
 𝐠̂𝟏

′ 𝐳𝐭,𝐟𝐭 +
1

2
𝐳𝐭,𝐟

′𝐅 ̂𝐳𝐭,𝐟 𝜙𝑙𝑥
+   𝐇̂′𝐳𝐭,𝐟 + 𝐖𝐭,𝐟𝐡̂𝐭,𝐟 = 𝐩𝐭,𝐟 + 𝛒𝐝𝐱𝐭,𝐟

 

 (3.55_t) 

(𝛟′(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟))  𝐠̂0 + (𝛟′(𝐱𝐭,𝐟

𝐨 + 𝐡𝐭,𝐟))  𝐠̂1𝐭 + 𝐅̂ 𝐳𝐭,𝐟(𝛟′(𝐱𝐭,𝐟
𝐨 + 𝐡𝐭,𝐟)) +  𝐇̂ 𝐱𝐭,𝐟 + 𝐓𝐭,𝐟𝐬̂𝐭,𝐟 = −𝐲𝐭,𝐟 +

𝛒𝐝𝐳𝐭,𝐟
  (3.56_t) 

If the modeler wishes to perform validation and simulation using a TNR maximization frame-

work instead, for better interpretability of the dual values, the following model can be solved, 

like (3.17) – (3.18):  

𝑚𝑎𝑥𝐱𝐭,𝐟,𝐳𝐭,𝐟
 𝑇𝑁𝑅𝑡,𝑓 = 𝐩𝐭,𝐟

′𝐱𝐭,𝐟 − 𝐜̂′𝐱𝐭,𝐟 −
1

2
𝐱𝐭,𝐟

′𝐐̂ 𝐱𝐭,𝐟 − (𝛟′𝐱𝐭,𝐟)  𝐠̂′ 𝐳𝐭,𝐟  −
1

2
𝐳𝐭,𝐟

′𝐅̂𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟) −

𝐳𝐭,𝐟
′𝐇̂ 𝐱𝐭,𝐟 − 𝐱𝐭,𝐟′𝐖𝐭,𝐟𝐡̂𝐭,𝐟 − 𝐳𝐭,𝐟′𝐓𝐭,𝐟𝐬̂𝐭,𝐟        (3.58) 

subject to  𝐳𝐭,𝐟 − 𝐕𝐭,𝐟𝐮̂𝐭,𝐟 ≤  𝐛𝐭,𝐟  [𝐲𝐭,𝐟]   (3.59) 

Again, if a time trend is included in the estimation model, the TNR maximization model can 

be adapted to distinguish between time-variant and time-invariant linear cost function param-

eters, by substituting vectors 𝐜̂ and 𝐠̂ in the objective function (3.58) by vectors 𝐜̂𝟎 and 𝐜̂𝟏𝐭 

and vectors 𝐠̂𝟎 and 𝐠̂𝟏𝐭, respectively. 
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4. Model Implementation 

In this chapter we apply the approach developed in the previous chapters to estimate an ac-

tivity level dependent cost function as well as an activity level and fixed-input level dependent 

cost function using farm data from the EU’s Farm Accountancy Data Network (FADN). After 

a concise description of the farm samples, we outline how the data was prepared and aggre-

gated to be used in the modelling framework. Then, the results of the cost function estimation 

are presented, focussing on the estimated parameters themselves, the error terms, the re-

sults of the validation phase and the simulated elasticities of supply. 

4.1. Farm Data 

4.1.1. Descriptive Statistics 

The farm dataset used for applying the EMP models in this thesis is an unbalanced panel of 

farms received from the FADN. The selected farm samples cover three of the most important 

agricultural regions of the EU, namely Central France for crop production, West France for 

dairy production and South-West France for beef production, in the years from 2005 to 2012. 

Table 1 provides an overview of several (sub)regional farm characteristics in 2010 and, for 

comparison, the French national average: 

 

Table 1: Farm statistics at NUTS2 level for the main EU cropping, dairy and beef regions and the French 
average in 2010. Source: Eurostat (2021d). 

As table 1 reveals, the three NUTS 1 regions together cover almost 70% of the entire French 

farmland. The share of cereal, dairy or beef specialist farms indicates the share of farms that 

generate more than two thirds of their standard output with cereals, dairy products, or beef 
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carcasses. Especially the subregions Centre, Brittany, and Limousin exhibit a high degree of 

specialization for cereal, dairy, and beef production, respectively. Besides having highly spe-

cialized farms, all six subregions of the Central France region belong to the largest cereal, 

oilseed, and protein (COP) producers in the EU. Together, they account for ca. 10% of the 

total EU’s cereal production and almost 22% of the total EU’s pulses and oilseed production 

on average over the years 2005-2012 (Eurostat, 2021c). Likewise, on the 2005-2012 aver-

age, the West France region produces almost 6% of the EU’s cow milk, with Brittany being 

the subregion with the highest cow milk production in the entire EU (Eurostat, 2021g, 2021f). 

During the same period, more than 6% of all bovine animals in the EU are raised in West 

France, and almost 4% in the subregions Aquitaine, Midi-Pyrénées and Limousin in South-

West France (Eurostat, 2021b). These figures together with table 1 highlight the weight of the 

Central, West, and South-West regions of France within the context of European agriculture, 

but they also illustrate the regional differences between farming activities. However, when 

estimating a cost function with a sample of farms, a crucial assumption is that all farms in this 

sample share the same cost function. If this is the case, one would expect a certain degree 

of similarity between farms with respect to the geographic, technological and climatic condi-

tions and the agricultural specialization. This prompted us to a) split the French farm data at 

NUTS 1 level to receive three regional farm datasets and b) select for each region only those 

farms with the specialization that is dominant in the respective region. The rules according to 

which farms are defined as either crop farms, dairy farms or cattle farms are outlined in An-

nex III. Following this categorization, we receive three unbalanced panel datasets for the 

years 2005 - 2012:  

• on average, 698 crop farms per year from Central France (Champagne-Ardenne, 

Picardy, Upper Normandy, Centre, Lower Normandy, Burgundy),13 

• on average, 238 dairy farms per year from West France (Pays de la Loire, Brittany, 

Poitou-Charentes), 

• on average, 238 cattle farms per year from South-West France (Aquitaine, Midi-

Pyrénées, Limousin).  

Table 2 depicts the fixed-resource endowment of the specialist crop, dairy and cattle farms in 

the selected farm samples on average over the years 2005-2012. Note that the size of farms 

measured as the sum of cropland and grassland in ha UAA is in each subregion significantly 

higher for the selected samples than for the corresponding farm population as depicted in 

table 1. This disparity results from the fact that only those farms which are large enough to 

be considered commercial are represented in the FADN (Neuenfeldt and Gocht, 2014). An 

obvious difference between all three farm types and regions is that crop farms in Central 

 
13 The crop farm sample is later split in two samples, one containing the crop farms in the northern subregions, 

the other the crop farms in the southern subregions of Central France (see chapter 4.1.2.4) 
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France have a fundamentally higher share of cropland compared to grassland, whereas dairy 

farms in the West have roughly equal shares and cattle farms in the South-West have con-

siderably more grassland than cropland. Furthermore, the land-unpaid labour ratio reveals 

that dairy farms in the West have the highest unpaid labour intensity (relative to their total 

farmland), followed by cattle farms in the South-West, whereas the unpaid labour intensity of 

crop farms in the Centre region is rather low. Note that the standard deviation of grassland 

belonging to crop farms is larger than the mean, which indicates that some farms must have 

considerably more grassland than the average, while others do not have grassland, at all. 

Another important characteristic, even though not displayed by table 2, are the standard de-

viations within farms, that is, between different years for the same farm. On average over all 

farms in all three farm samples the standard deviation within a farm is 4.1 for cropland, 2.6 

for grassland, and 0.08 for unpaid labour. This underpins that the largest share of the stand-

ard deviation presented in table 2 is caused by differences between farms, whereas the 

fixed-resource endowment of each farm does not change much between years. 

 
Table 2: Means and standard deviations of fixed-resource endowments of all farms in the three farm sam-
ples, over the years 2005-2012. The land labour ratio is the ratio between the sum of the subregional means of 
cropland and grassland (=total land) and the subregional mean of unpaid labour in AWU. Source: own calculation 
based on EU-FADN – DG AGRI. 
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Table 3: Share of farmland dedicated to the production of different crops in % of total farmland. Average 
over all farms in the three farm samples from 2005-2012. The rows do not add up to 100% as a) only the most 
important crops are displayed and b) fodder crops are not displayed. Source: own calculation based on EU-FADN 

– DG AGRI. 

Table 3 indicates that the most important crops produced by the crop farms in the central 

France are common wheat, oilseeds, and barley, as well as sugar beets, for most subre-

gions. The other industrial crops with a comparably high share in Upper and Lower Norman-

dy are mainly flax for fibre production, while oilseeds are mainly rapeseed for all regions in 

Central France and Brittany and sunflowers for the subregions in South-West France, Pays 

de la Loire and Poitou-Charentes. As for crop farms, the most important cereal produced by 

dairy and cattle farms is common wheat, followed by barley and other cereals (such as rye), 

even though their shares are rather small.  

The rows in table 3, especially for the dairy farms, do not add up to 100. The reason for this 

is mainly that only those cropland outputs that are sold are considered in this study. There-

fore, fodder crops that are used on the farm, such as maize for silage, are ignored.  

Table 4 shows the average number of livestock units (LU) per farm in each subregion. While 

it might appear surprising that in all subregions the specialized cattle farms have, on aver-

age, more dairy cows (in LU) than cattle, it is important to note that the categorization of the 

farm type depends on the (economic) standard output generated by the respective activities 

and not on the number of LU. Besides, one should keep in mind that calves, dairy cows, cat-

tle for fattening and heifers are, by nature, to some extent complements in production. Final-

ly, table 4 indicates that, in all subregions, the rearing of non-bovine animals plays only a 

marginal role for the farms in the samples. 
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Table 4: Animals in livestock units (LU) per farm. Average over all farms in the sample from 2005-2012. 

Source: own calculation based on EU-FADN – DG AGRI. 

4.1.2. Data Aggregation and Preparation 

Before being able to apply the estimation procedures (2.79) – (2.83) or (3.47) – (3.53) with 

farm data, the modeller must specify several attributes, such as the level of aggregation for 

decision variables and output prices, the units of measurement for the decision variables and 

the fixed-inputs considered.  

4.1.2.1. Output aggregation 

The datasets received from the FADN distinguish between 22 different marketable crops and 

27 different types of animal outputs. While some of them, such as common wheat or dairy 

cows, are of high importance for the farms in the sample, others, such as ornamental flowers 

or rabbits, are economically negligible. Let us also recall that for the cost function specifica-

tion with only activity levels as decision variables, the number of parameters to be estimated 

is 𝐼 + 𝐼(𝐼 + 1)/2, which is 1274, for 49 activities. For the fixed-input and output level depend-

ent cost function, which also considers fixed-input levels and the interactions between fixed-

input levels and activity levels, this number is even higher. In other words, to avoid potential 

under-determinacy of the estimation problem, the number of activities to choose from must 

be drastically reduced, even for comparably large sample sizes with several hundreds or 

even thousands of observations. Besides, the rationale for estimating a flexible cost function 

is also to capture potential interactions between different activities. It is unlikely that, for ex-

ample, the wheat production decision of a specialized crop farm is strongly influenced by 

price changes for dairy products (provided that the wheat price remains unaffected), or that 

the price for potatoes has a strong effect on the level of beef produced by a grassland-based 

cattle farm. We therefore deemed it necessary to aggregate outputs in a different way for 
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crop farms and the livestock farm types, receiving the following aggregated categories: 

 

Table 5: Aggregated output categories. Source: own presentation based on Henry de Frahan et al. (2015). 

Annex III provides more details on the aggregation scheme. While for crop farms we distin-

guish between four different crop categories and aggregate all animal outputs, for dairy and 

cattle farms all crop outputs are aggregated. The output category “dairy products” aggre-

gates all outputs from dairy cows, but dairy cows as an output themselves (e.g., if they are 

sold) are categorized as “other bovine animal outputs”. This distinction may be important for 

some policy evaluation scenarios, as we will see in chapter 5 in the case of greenhouse gas 

emission constraints. At the same time, it points towards the more general challenge of spec-

ifying decision variables in a coherent way for crops, animal products and living animals.  

4.1.2.2. Output Level and Output Price Specification and Retrieval 

For the Monte Carlo simulation in chapter 3.4 it was possible to interpret activity levels as 

land allocations. Britz and Arata (2019) use the share of land (instead of absolute values) 

dedicated to the production of a crop as the decision variable. Using the absolute or relative 

land allocation certainly is appealing, as it reflects the decision that a farmer makes on her 

farm, especially if variable inputs are ignored, as in this thesis. Britz and Arata (2019) fo-

cussed only on specialized crop farms and removed all observations of farms with livestock. 

However, the absolute value or relative share of land dedicated to a certain crop is unlikely to 

represent animal output levels adequately and therefore is unsuitable for this thesis, as two 

of the three selected farm types are specialized on livestock activities. Therefore, we meas-

ure activity levels, and thus the decision variable, as the aggregated sales quantity in base-

year values. Their computation requires that a measure for output prices is available. Fig-

ure 5 provides a schematic overview on how observed activity levels and output prices are 

retrieved from FADN data or, if output prices are missing, imputed with prices from Eurostat 

or the OECD: 
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Figure 5: Schematic representation of the activity level and output price retrieval from raw data. Calcula-
tion of the aggregated sales quantity in base-year values and the output price index. Source: own visualization 

based on Henry de Frahan et al. (2015). 

The calculation and the retrieval of observed activity levels and output prices is performed 

within an existing FADN data preparation framework that uses the software package Stata 

and that was developed and documented by Henry de Frahan et al. (2015). The observed 

decision variable 𝑥𝑡,𝑓,𝑖
𝑜  is calculated as the aggregated observed output sales value divided 

by the Törnqvist output price index. The net sales value is the sales value corrected for varia-

tion in output stock values, to ensure that the sales value truly reflects output production of 

the respective year. The Törnqvist index is a changing-weight index (see, for example, Dean 

et al. (1996)) that is used in the context of this thesis to aggregate activity prices at regional 

level. The reason for this aggregation is that farm-level aggregate price indices prove too 

erratic, as explained by Henry de Frahan et al. (2015), who use the same farm data. In their 

Stata routine, the Törnqvist price index for outputs is constructed as follows:  

𝜏𝑚𝑟𝑡 = ∏ (
𝑝𝑛𝑟𝑡

𝑝𝑛𝑟𝑡𝑜

)

𝑔𝑛𝑟𝑡+𝑔𝑛𝑟𝑡0
2𝑁𝑚

𝑛=1       (4.1) 

where   𝑔𝑛𝑟𝑡 =
𝑉𝑛𝑟𝑡

∑ 𝑉𝑘𝑟𝑡
𝑁𝑚
𝑘=1

      and      𝑔𝑛𝑟𝑡0
=

𝑉𝑛𝑟𝑡0

∑ 𝑉𝑘𝑟𝑡0
𝑁𝑚
𝑘=1

  (4.2)       

The index 𝜏𝑚𝑟𝑡 is the Törnqvist price index for the aggregated output category 𝑚 in region 𝑟 

at time 𝑡. The number 𝑁𝑚 represents the number of output components 𝑛 which constitute 

the output aggregate 𝑚. The variable 𝑝𝑛𝑟𝑡 denotes the average farm-gate price of output 

component 𝑛 in the respective region 𝑟 at time 𝑡. The subscript 𝑡𝑜 represents the base-year, 

which is the year 2005, in our case. The variable 𝑉𝑛𝑟𝑡 is the total revenue generated by all 

farms in region 𝑟 with output component 𝑛 in year 𝑡. This variable is divided by the revenue 

generated in this region 𝑟 and year 𝑡 with all output components of output aggregate 𝑚. Con-
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sequently, the variable 𝑔𝑛𝑟𝑡 is the share of output aggregate 𝑚’s revenue that is generated 

with output component 𝑛 in a region 𝑟 in year 𝑡, while the variable 𝑔𝑛𝑟𝑡0
 is this share for the 

reference year. As outlined by figure 5, the annual average farm-gate price 𝑝𝑛𝑟𝑡 in region 𝑟 is 

obtained by dividing the nominal value of the total production of output 𝑛 in this region 𝑟 by 

the number of units sold. The Stata routine developed by Henry de Frahan et al. (2015) 

comprises a mechanism for the removal of extreme farm-gate prices and their replacement 

by regional or national prices, along with the imputation of missing values following a scheme 

that is described in Annex III. The computed price index 𝜏𝑚𝑟𝑡 is then used to calculate the 

aggregated activity level, as depicted in figure 5, but it also serves as the output price 𝑝𝑡,𝑓,𝑖 

for the cost function parameter estimation. The rationale behind this calculation process is, 

besides aggregation, to receive an inflation-adjusted measure for observed activity levels 

that can be used for all types of farm outputs. If the nominal aggregated output price increas-

es, this would also raise the nominal aggregated sales value, even if produced quantities 

remain constant. However, by dividing the sales value by the Törnqvist price index, the activi-

ty level 𝑥𝑡,𝑓,𝑖
𝑜  would only increase if the relative raise in sales value is larger than the relative 

increase of prices, indicating that a farm produces higher quantities of an activity.  

Before the calculated, “observed” activity levels 𝑥𝑡,𝑓,𝑖
𝑜  are provided as inputs for other applica-

tions, the Stata program scales them, to ensure numerical stability for the solver: 

𝑥𝑡,𝑓,𝑖
𝑜 (𝑠𝑐𝑎𝑙𝑒𝑑)

= 𝑥𝑡,𝑓,𝑖
𝑜 ∗ 𝑠𝑡,𝑓,𝑖    (4.3) 

   𝑠𝑡,𝑓,𝑖 = 10
(−𝑖𝑛𝑡[𝑙𝑜𝑔10√𝐸[𝑥𝑡,𝑓,𝑖

𝑜 ]2+𝑉𝑎𝑟[𝑥𝑡,𝑓,𝑖
𝑜 ]])

  (4.4)  

where int[ ] is the nearest integer, so that by multiplying 𝑥𝑡,𝑓,𝑖 with 𝑠𝑡,𝑓,𝑖 the mean squared 

error of the scaled activity lies between 1 and 10. Consequently, 𝑠𝑡,𝑓,𝑖 may be different for 

each activity. Note that, when maximizing the TNR according to equations (3.58) – (3.59), it 

is necessary to maximize the unscaled TNR, to receive interpretable shadow prices. Howev-

er, the maximization of the unscaled TNR would only yield the same optimal activity levels as 

the CSC minimization (3.54) – (3.57) if the scale factor is the same for all activities. There-

fore, we scale all activities by the same factor before estimating the activity level and fixed-

input dependent cost function.14 Table A.4 in Annex III provides an overview of the aggregat-

ed activity levels 𝑥𝑡,𝑓,𝑖
𝑜  in each region. 

4.1.2.3. Retrieval of Fixed-Input Levels and Fixed-Input Prices 

The fixed-inputs considered in this thesis are cropland, grassland, and unpaid labour. Again, 

the data preparation was implemented with the Stata code developed by Henry de Frahan et 

 
14 For the output cost function that depends on activity levels only, we just apply the CSC minimization, as we are 

not using it for the policy simulation. Therefore, for the estimation of this cost function it is tolerable if different 
activities are scaled by different scale factors.  
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al. (2015). The information on all fixed-input levels is retrieved from the FADN. Cropland is 

the total utilized agricultural area (UAA) of a farm subtracted by the area that is leased to 

others and by temporary grassland, permanent pasture, as well as rough grazing land. The 

sum of the latter three constituents is the fixed-input grassland. Accordingly, if a farm leases 

out some of its land, then the sum of the two land types considered in the simulation 

(cropland and grassland) is smaller than the total UAA owned by a farm. Excluding leased-

out farmland from the resources available in the mid-term can be justified by the fact that 

French tenant protection laws stipulate long-term land contracts (Ciaian et al., 2012). The 

third fixed-input, unpaid labour, is measured in annual work units (AWU) and refers to the 

family labour that is remunerated by a farm’s total net revenue, like other fixed-inputs. 

As mentioned above (e.g., table 3), the sum of the land allocations for each crop (or for all 

aggregates) is in some cases smaller than the total available cropland, since fodder crops 

are not incorporated in either output category. To ensure that the cropland constraint is bind-

ing for observed activity levels (to justify strictly positive observed resource prices 

𝑦𝑡,𝑓,𝑐𝑟𝑜𝑝𝑙𝑎𝑛𝑑
𝑜 ) the available resource level 𝑏𝑡,𝑓,𝑐𝑟𝑜𝑝𝑙𝑎𝑛𝑑 is defined as the sum of the cropland 

allocated to the aggregates. The available resource levels 𝑏𝑡,𝑓,𝑔𝑟𝑎𝑠𝑠𝑙𝑎𝑛𝑑 and 𝑏𝑡,𝑓,𝑢𝑛𝑝𝑎𝑖𝑑 𝑙𝑎𝑏𝑜𝑢𝑟 

are equal to the available grassland and unpaid labour, as retrieved from FADN and as ex-

plained above. The cost function specification that involves activity levels and fixed-input lev-

els requires values for the observed used fixed-input levels 𝑧𝑡,𝑓,𝑗
𝑜 . In practice, usually it is im-

possible to distinguish between observed used fixed-input levels (which appear as 𝑧𝑡,𝑓,𝑗
𝑜  in 

the model) and available fixed-input levels (𝑏𝑡,𝑓,𝑗). Therefore, we set 𝑧𝑡,𝑓,𝑗
𝑜 = 𝑏𝑡,𝑓,𝑗, lacking any 

other information on fixed-resource usage. Remember that it is nevertheless important to 

make a conceptual distinction between available fixed-resources and utilized fixed-

resources. We must allow for the case that, in simulation, not all of the available fixed-input 

levels are used, leading to simulated shadow prices of zero. One may wonder why the differ-

entiation between “observed” and “true” utilized fixed-input levels is not equally applied to 

available fixed-input levels 𝑏𝑡,𝑓,𝑗, given that utilized and available fixed-input levels are prone 

to the same kind of measurement errors. In fact, we conceptualized and tentatively imple-

mented a model in which observed and true available fixed-input levels are linked via an er-

ror term 𝑟𝑡,𝑓,𝑗, so that 𝑏𝑡,𝑓,𝑗 = 𝑏𝑡,𝑓,𝑗
𝑜 + 𝑟𝑡,𝑓,𝑗. However, this extension is not further considered in 

this thesis.15  

In the activity level-dependent cost function specification (model 2.79 – 2.83) the product 

𝐀𝐭,𝐟,𝐣𝐱𝐭,𝐟 indicates the fixed-input usage and 𝐀𝐭,𝐟,𝐣 is defined so that 𝐀𝐭,𝐟,𝐣𝐱𝐭,𝐟
𝐨 = 𝑏𝑡,𝑓,𝑗. In section 

 
15 The results of the first implementation trials are not convincing enough to pursue this extension further for this 

thesis. Besides, a general reservation concerns the correlation between the error terms 𝐫𝐭,𝐟,𝐣 (fixed-resource avail-

ability) and 𝐬𝐭,𝐟,𝐣 (fixed-resource usage). It seems likely that, if the fixed-resource usage is under- or overestimated, 

so is the fixed-resource availability, especially if the data does not allow to distinguish between fixed-resource 
usage and availability. 
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3.5.1 we already described the calculation of the individual elements of 𝐀𝐭,𝐟,𝐣 (equations 3.23 

and 3.24). FADN provides information on allocation of cropland to (disaggregated) activities, 

as depicted in table 3. The land allocated to each of the crop-related aggregated activities 

can therefore easily be calculated. The fixed-input-output coefficient 𝑎𝑡,𝑓,𝑐𝑟𝑜𝑝𝑙𝑎𝑛𝑑,𝑖 for each 

farm in a given year is then computed as the cropland allocated to aggregate 𝑖 divided by the 

observed activity level 𝑥𝑡,𝑓,𝑖
𝑜  of aggregate 𝑖, so that 𝑎𝑡,𝑓,𝑐𝑟𝑜𝑝𝑙𝑎𝑛𝑑,𝑖 represents the cropland re-

quired to generate one quantity unit of output 𝑖 measured in base-year values. As fodder 

crops are not incorporated in either output category (since their sales value is unknown if 

they are used on the farm, as it usually is the case) cropland is not allocated to either of the 

animal output categories. Instead, the entire grassland is allocated to the aggregated animal 

outputs. For crop farms this implies that all grassland is used for the generation of just one 

output category (animal outputs), whereas for cattle and dairy farms grassland must be dis-

tributed over the production of dairy products, other bovine animals and non-bovine animals 

(see equation 3.23). Consequently, the requirement of grassland per activity level is identical 

for all animal outputs, while their absolute usage is proportional to their activity levels, since 

𝐀𝐭,𝐟,𝐣𝐱𝐭,𝐟
𝐨 = 𝑏𝑡,𝑓,𝑗. It certainly is a bold assumption that animal outputs do not require any 

cropland. However, tables 2 and 3 indicate that, especially for cattle farms in the South-West 

region, the production of bovine animals is indeed mainly grassland-based. The fixed-

resource unpaid labour is required by all output activities and, as for grassland, the resource 

requirements per activity level are identical.  

When selecting suitable “observed” fixed-input prices 𝐲𝐭,𝐟
𝐨  for cropland and grassland, infor-

mation typically comes either in the form of (annual) rental prices or sale prices. In the EMP 

approach suggested by Henry de Frahan (2019) 𝐲𝐭,𝐟
𝐨  is interpreted as the observed value of 

the shadow price of the resource constraint. The shadow price of a constraint in a TNR max-

imization problem that is solved annually (we assume that farmers make their production 

decision on an annual basis) indicates by how much the annual TNR could increase if the 

constraint was loosened by one unit. In other words, the shadow price of the land constraint 

is the annual value a farm would be willing to pay for one more unit of land. In a perfectly 

competitive market this value would be the rental price. Rental prices for grassland and 

cropland are obtained from Eurostat (2018) at national level, which is why 𝐲𝐭,𝐟
𝐨  is identical for 

every farm. Presumably, this aggregation represents the most important driver of a potential 

deviation between the observed rental price and the “true” fixed-input price.16  

The price for unpaid labour could be interpreted as the opportunity costs of a family mem-

ber’s labour, which is assumed to be at least the national minimum wage. We calculate it as 

 
16 Note that a potential pitfall might stem from the fact that all farms in a region might face systematically higher or 

lower “true” fixed-input prices compared to the observed national rental price, as one would expect land prices in 
a region to be correlated.   
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the minimum annual wage for France in the years 2005-2012 (OECD, 2021), divided by the 

national purchasing power parity, as retrieved from the Penn World Table. 

4.1.2.4. Final Sample Preparation 

The scaled observed activity levels 𝑥𝑡,𝑓,𝑖
𝑜 , the output price indices 𝑝𝑡,𝑓,𝑖, the fixed-input availa-

bility 𝑏𝑡,𝑓,𝑗, the observed fixed-input usage 𝑧𝑡,𝑓,𝑗
𝑜 , the observed fixed-input price 𝑦𝑡,𝑓,𝑗

𝑜  and the 

matrix 𝐀𝐭,𝐟, of fixed-input-output coefficients can finally be used for the cost function estima-

tion, following the procedure described in the previous chapters.  

While some of the subregions of Central France, such as Upper and Lower Normandy, are 

located in the maritime north of France, other subregions, such as Centre and Burgundy, 

extend several hundreds of kilometres further south (IGN, 2021). To account for the geo-

graphic and potentially climatic heterogeneity, we decide to split the crop farm sample in 

farms from northern Central France (Champagne-Ardenne, Picardy, Upper Normandy, and 

Lower Normandy) and from the southern subregions of Central France (Centre and Burgun-

dy). Besides, we detect observations with invalid values: In every sample some farms exhibit 

negative “observed” activity levels, which presumably results from sale of stock without pro-

duction in the respective year. Every observation for which at least one activity level is strictly 

negative is discarded from the initial farm sample, which affects per year on average 2.1 

farms of the crop farms from northern Central France, 0.6 crop farms from southern Central 

France, 11.5 dairy farms from West France and 54.6 cattle farms from South-West France. 

The following table indicates the size of the samples that is finally used for parameter estima-

tion: 

 

Table 6: Sample size of data sets over the years used for parameter estimation. Source: own calculation 
based on EU-FADN – DG AGRI. 

4.2. Results 

This section presents the results of the cost function estimation, applied on the crop, dairy, 

and cattle farm samples from Central, West and South-West France, respectively, over the 
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years 2005-2012. A core objective of this thesis is the implementation of the approach sug-

gested by Henry de Frahan (2019) to estimate a quadratic cost function that depends on ac-

tivity levels. Therefore, we first apply four different model specifications based on this estima-

tion framework, namely: 

• The “pure” estimation approach, as suggested by Henry de Frahan (2019) and as 

outlined in equations (2.79) – (2.83). 

• A farm fixed effect extension with equation (2.79_FE) instead of equation (2.79). 

• A time index extension with equation (2.79_t) instead of equation (2.79). 

• A combination of farm fixed effect and time index with equation (2.79_FE_t) instead 

of equation (2.79). 

Second, we use the cost function specification that is based on activity levels and fixed-input 

levels, as presented in model (3.47) – (3.53), for all three farm types with and without a time 

index.  

First, the results of the activity level dependent cost function are presented, followed by the 

results of the activity level and fixed-input level dependent cost function. For each cost func-

tion specification, three different phases can be distinguished: 

1. In the estimation phase we estimate the cost function parameters, as well as the error 

term vectors 𝐡𝐭,𝐟, 𝐮𝐭,𝐟 and 𝐬𝐭,𝐟 for activity levels, fixed-input prices, and fixed-input levels, 

respectively, with the optimization software GAMS, using the CONOPT4 solver. This 

solver is suitable for large-scale nonlinear optimization problems and uses the general-

ized reduced gradient method (McCarl et al., 2016). As described in the previous chap-

ters, the estimation procedure consists of the minimization of the sum of the squared er-

ror terms. To facilitate the finding of a feasible solution, initial values for the cost function 

parameters were given (usually 1). The optimization process takes several minutes for 

each of the different specifications of the output cost function, and multiple hours for the 

estimation of each of the activity level and fixed-input level dependent cost functions.  

For the artificial Monte Carlo simulation, the assessment of the estimation quality is 

straightforward, as the cost function parameters of the population are known. This is not 

the case for this simulation with actual farm data. However, the coefficient of determina-

tion (R2) may serve as an indicator to evaluate the extent to which an estimated cost 

function specification fits the data. We calculate R2 for each activity level, fixed-input price 

and fixed-input level as follows, for the example of activity levels: 

   𝑅_𝑎𝑐𝑡𝑖𝑣𝑖𝑡𝑦𝑖
2 = 1 −

∑ ∑ (ℎ̂𝑡,𝑓,𝑖)22012
𝑡=2005

𝐹
𝑓=1

∑ ∑ (𝑦𝑡,𝑓,𝑖
𝑜 −𝑦̅𝑡,𝑓,𝑖

𝑜 )22012
𝑡=2005

𝐹
𝑓=1

  (4.5) 

2. In the validation phase we test if the estimated models satisfactorily replicate the ob-

served values of a base-year, adjusted by the error terms. Calibration has been a deci-
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sive property of the PMP related models since the first formalization by Howitt (1995). To 

validate that the estimated model calibrates, Paris (2017) introduces a CSC minimization 

as a “calibrating equilibrium model”. This approach is also adopted by Henry de Frahan 

(2019) (see equations 2.84, 3.14 and 3.15 or equations 3.54 – 3.57). For this thesis, it is 

implemented with the CSC minimization and with the TNR maximization model (3.17 – 

3.18 or 3.58 – 3.59), which both yield identical results.  

The measure of validation used in this section is the Theil’s inequality coefficient, which 

typically is used for forecast evaluation and compares true values with simulated values 

(Cook, 2019). We calculated it as proposed by Pindyck and Rubinfeld (1998). The indica-

tor 𝑇ℎ𝑒𝑖𝑙_𝑥𝑡,𝑖 is the Theil inequality coefficient for activity levels in the reference year 

2012: 

𝑇ℎ𝑒𝑖𝑙_𝑥𝑡,𝑖 =
√

1

𝐹
∑ [(𝑥𝑡,𝑓,𝑖

𝑜 +ℎ̂𝑡,𝑓,𝑖)−𝑥̂𝑡,𝑓,𝑖]2𝐹
𝑓=1

√1

𝐹
∑ (𝑥𝑡,𝑓,𝑖

𝑜 +ℎ̂𝑡,𝑓,𝑖)
2

𝐹
𝑓=1 +√

1

𝐹
∑ (𝑥𝑡,𝑓,𝑖)

2𝐹
𝑓=1

   (4.6) 

Note that the simulated values 𝑥𝑡,𝑓,𝑖 are compared with the observed values plus the es-

timated error term ℎ̂𝑡,𝑓,𝑖 as, according to the interpretation of the error term, 𝑥𝑡,𝑓,𝑖
𝑜 + ℎ̂𝑡,𝑓,𝑖 

represents the “true” activity level. 

3. In the simulation phase we examine the response of the estimated model to a price 

change by calculating supply elasticities to output prices. Replication of base-year values 

is a necessary but not a sufficient condition for a PMP or EMP model to be satisfactory. It 

is equally important that its responses to changes (e.g., output price changes) largely re-

flect the behaviour of the farms represented by the model. In fact, a main problem of the 

early ad-hoc solutions that were developed to cope with the under-determinacy of PMP 

(see section 2.1.2) was the often arbitrary simulation behaviour, even if calibration is 

guaranteed (Heckelei and Britz (2000); Heckelei and Wolff (2003)). We calculate supply 

elasticities to prices for the two cost function specifications by simulating a 10% output 

price increase for one activity, while keeping the prices of all other activities constant. The 

percentage change of activity levels is then calculated relative to the simulated activity 

levels of the reference scenario (i.e., the simulated activity levels of the validation phase), 

so that the supply elasticity of output 𝑖 with respect to a price change of output 𝑘 is: 

   𝜀𝑖𝑘 =
100∗

∑ (𝑥̂𝑡,𝑓,𝑖−𝑥̂𝑡,𝑓,𝑖
∗ )𝐹

𝑓=1

∑ 𝑥̂𝑡,𝑓,𝑖
∗𝐹

𝑓=1

%∆𝑝𝑘
    (4.7) 

where 𝑥𝑡,𝑓,𝑖
∗  indicates the activity level that is optimal in the reference scenario, in our 

case the year 2012, without price changes. The denominator %∆𝑝𝑘 represents the per-

centage change of the price of activity 𝑘, and is determined by the analyst. 
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4.2.1. Activity Level-Dependent Cost Function 

Estimation Phase 

Table 7 displays the coefficients of determination (R2) for different specifications of the cost 

function that depends on activity levels, for all four farm samples. The R2 values are one or 

close to one for all activity levels in all farm samples, implying that the non-linear model with 

its vectors 𝐜 and 𝐐 can explain a significant share of the deviation in the observed activity 

levels. However, it is important to remark that the model contains a second error term, 𝑢̂𝑡,𝑓,𝑗, 

which is why it cannot be guaranteed that the entire explanatory power suggested by the 

high R2 values for activity levels is solely due to the estimated cost function parameters. The 

negative R2 value for grassland in the crop farm samples and for cropland in the dairy and 

cattle farm samples can partly be explained by the low variance in fixed-input prices, which 

only vary between years, but not between farms. However, a closer look at those farms for 

which (𝑢̂𝑡,𝑓,𝑗)2 is particularly high reveals that 𝑢̂𝑡,𝑓,𝑗 equals the negative observed shadow 

price, meaning that the sum of 𝑦𝑡,𝑓,𝑗
𝑜  and 𝑢̂𝑡,𝑓,𝑗 is zero. For crop farms, this is more the case 

for farms which are employed with grassland but do not have any animal outputs in the re-

spective year, for whatever reason. For dairy and cattle farms, this situation emerges if a 

farm is employed with cropland but does not produce any crop outputs in the respective year. 

The right column in table 7 indicates the least squares (LS) values of the estimation problem, 

which is the sum of the weighted squared errors. The absolute LS values are not comparable 

between different farm samples, as a sample with more observations also has more error 

terms. However, for different model specifications within a farm sample these LS values are 

meaningful: They reveal that in all cases the squared error terms could be reduced by em-

ploying a farm fixed effect, a time index, or a combination of the two. The lowest LS value is 

given for all farm samples by the cost function specification that combines farm fixed effects 

and time indices. 
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Table 7: Precision of the estimation of the activity-level dependent cost function. The coefficient of determi-
nation is calculated for each activity and for each fixed-input price. The right column indicates the least squares 
(LS) value of the estimation function. Source: own estimation.   

Figure 6 visualizes the vector of error terms ℎ̂𝑡,𝑓,𝑖 estimated with the activity-level cost func-

tion for crop farms in southern Central France. Each dot represents an estimated error term 

for one farm in one year and for one activity. On the horizontal axis, each point represents 

one farm, so that all dots on a vertical trajectory are the error terms of the same farm, over all 

years for which the farm produced any activities. Farms are sorted from left to right according 

to the mean of all error terms for this farm. For the model specification without farm-fixed 

effects and a time index, it appears that for some farms most of the error terms are negative 

(on the left side of the horizontal axis), whereas for others most activity related error terms 

are positive (on the right side of the horizontal axis). This indicates that there exists a sys-

tematic effect which biases all activity related error terms of a farm. Indeed, the use of a 

farm-fixed effect specification removes some farm-specific bias of the error terms.  

Figure 7 shows all activity level error terms that are estimated over all years, all farms, and 

all activities, but sorted by year. As indicated by the sum of weighted squared errors in the 

right column of table 7, the incorporation of a time index seems to have a stronger effect on 
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the LS value for most farm samples than the use of a farm fixed effect. The use of the time 

index seems to slightly reduce the time-specific variations in error terms, as figure 7 sug-

gests, and as one would expect.  

 

Figure 6: Estimated activity-level error terms 𝒉̂𝒕,𝒇,𝒊 per farm. Estimation for crop farms in southern Central 

France for different specifications of the activity-level cost function. Source: own visualization.    
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Figure 7: Estimated activity-level error terms 𝒉̂𝒕,𝒇,𝒊 per year. Estimation for crop farms in southern Central 

France for different specifications of the activity-level cost function. Source: own visualization.    

The purpose of the entire estimation process is to receive estimates for vector 𝐜 and matrix 𝐐 

of the cost function parameter. The parameters determine the relationship between the dif-

ferent activities, which is scrutinized in the “simulation phase” section. The estimated param-

eters themselves are presented in Annex III.  

Validation Phase 

Table 8 depicts the Theil inequality coefficient for the activity levels and fixed-input prices, 

simulated using the activity-level dependent cost function. The closer the value is to zero, the 

smaller is the difference between the simulated values and the “true” values (the observed 

value plus the estimated error term) for the exact same exogenous parameters and varia-

bles, indicating calibration. The reference year is 2012, which means that the output prices, 

the fixed-input-output coefficient matrices, the fixed-input limits, the error terms and the 

weight matrices 𝐩𝟐𝟎𝟏𝟐,𝐟, 𝐀𝟐𝟎𝟏𝟐,𝐟, and 𝐛𝟐𝟎𝟏𝟐,𝐟, 𝐡̂𝟐𝟎𝟏𝟐,𝐟, 𝐮̂𝟐𝟎𝟏𝟐,𝐟, 𝐖𝟐𝟎𝟏𝟐,𝐟 and 𝐕𝟐𝟎𝟏𝟐,𝐟 are used in 

the CSC minimization model (2.84), (3.14) and (3.15).  

The low Theil inequality coefficient for almost all activities indicates that the model seems 

largely capable of replicating the “true” activity levels of a reference year. Interestingly, it ap-

pears that including solely a time index decreases the model’s ability to replicate reference 
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activity levels in some cases, while it improves the replication of fixed-input prices (e.g., for 

the crop farm samples). 

 
Table 8: Theil inequality coefficients comparing simulated and “true” values for activity levels and fixed-
input prices, using the model based on the activity-level dependent cost function for the year 2012. A 
coefficient of 0 indicates that all simulated values are equal to the “true” values. Source: own simulation.    

Simulation Phase 

For each farm sample and for each specification of the activity-level dependent cost function, 

a 10% output price increase of each activity was simulated consecutively, while keeping the 

other output prices constant, as observed for the year 2012. Table 9 displays the resulting 

supply elasticities to prices for crop farms in southern Central France and dairy farms in West 

France. 

The supply elasticities to prices for crop farms from northern Central France and for cattle 

farms can be found in Annex III (tables A.7 and A.8). However, the limited usefulness of the 

estimated models for simulation purposes becomes apparent when inspecting table 9. Ac-

cording to the simulated model, the supply of crops is entirely irresponsive to its own price for 
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dairy farms. The reason for this is the fixed matrix of fixed-input-output coefficients, 𝐀𝐭,𝐟, 

which prevents any extension of crop production, as crops are the only outputs that require 

cropland. For the sample of crop farms the same limitation exists, even if it is expressed less 

obviously. As remarked above, animal outputs are the only activity that may utilize grassland. 

Thus, a farm that has grassland cannot extend its animal activity level. The reason why the 

supply elasticity to its own price is still positive is that farms without grassland (e.g., pork or 

poultry farms) may increase the level of animal activities. This significant shortcoming of the 

activity-level dependent cost function is the reason why from now on we apply the activity 

level and fixed-input level dependent cost function.  
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Table 9: Elasticity of supply for crop farms in southern Central France and dairy farms in West France, calculated with the cost function that depends on activity levels 
only (“simple” cost function). Elasticities were calculated for a 10% increase of the price of the activities indicated on the vertical axis. Source: own calculation 
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4.2.2. Activity Level and Fixed-Input Level Dependent Cost Function 

Estimation Phase 

By minimizing the weighted sum of squared errors according to model (3.47) – (3.53), the 

parameters of the activity level and fixed-input level dependent cost function are estimated. 

As outlined in chapter 2, the matrix 𝐐 of the quadratic activity level dependent cost function 

parameters has always been of particular interest for modellers using PMP or EMP, as its 

elements are the second derivatives of the cost function with respect to the activity levels. In 

other words, the diagonal elements 𝑞𝑖𝑖 of this matrix 𝐐 indicate by how many Euros the mar-

ginal costs of activity 𝑖 change if a farm changes its output of that activity level 𝑖 by one unit.  

Annex III provides an overview of the parameter estimates for the four farm samples, with 

and without a time index. Strikingly, many of the diagonal elements of matrix 𝐐 are close to 

zero (see tables A.11-A.14). This implies that marginal costs raise only negligibly if a farm 

increases the production of an activity, e.g., dairy outputs for the dairy farm sample. This has 

serious implications. A small change of the marginal revenue (i.e., output prices) would re-

quire a much more drastic change in outputs to re-establish the relationship that marginal 

costs equal marginal revenue17. This can be seen when solving the relation MC=MR (equa-

tion 3.47) for activity level 𝑥𝑡,𝑓,𝑖 and then taking the derivative of 𝑥𝑡,𝑓,𝑖 with respect to its own 

output price 𝑝𝑡,𝑓,𝑖: 

𝜕𝑥𝑡,𝑓,𝑖

𝜕𝑝𝑡,𝑓,𝑖
=

1

𝑞𝑖𝑖
       (4.8) 

The elasticity of supply for a change of activity 𝑖’s own price can then be calculated as: 

𝜀𝑡,𝑖,𝑖 =
1

𝑞𝑖𝑖

𝑝̅𝑡𝑟𝑒𝑓,𝑖

𝑥̅𝑡𝑟𝑒𝑓,𝑖
      (4.9) 

Where the variable 𝜀𝑡,𝑖,𝑖 is the supply elasticity of activity 𝑖 to its own price, the value 𝑝̅𝑡𝑟𝑒𝑓,𝑖 

the annual average output price of activity 𝑖 in the reference scenario, and the value 𝑥̅𝑡𝑟𝑒𝑓,𝑖 

the annual average level of activity 𝑖 in the reference scenario. Note that the elasticity calcu-

lated in equation (4.9) only approximates the true, simulated elasticity, as it disregards the 

off-diagonal element of matrix 𝐐. Using the cost function estimates for dairy farms with a time 

index and the price-activity level ratio for 2012, the elasticity for dairy outputs as calculated 

with equation (4.9) would take a value of almost 900 000. Therefore, to ensure that elastici-

ties are in a more reasonable range, we impose a lower boundary 𝑞_𝑚𝑖𝑛𝑖𝑖 for the diagonal 

elements of matrix 𝐐̂ as an ad-hoc solution: 

 
17 In principle, it is also possible that marginal costs with respect to activity levels are adapted through a change of 
utilized fixed-input levels 𝐳. However, as the resource constraint usually is binding for the reference scenario, it is 

not possible to extend 𝐳. Reducing 𝐳 would imply that the resource constraint is no longer binding, which would 
require that marginal costs with respect to fixed-input levels must become zero. According to our test, the model 
responds to a change in output prices mainly by adjusting output levels.    
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𝑞𝑖𝑖 ≥ 𝑞_𝑚𝑖𝑛𝑖𝑖      (4.10) 

The rationale behind this intervention is that, if 𝑞𝑖𝑖 ≥ 𝑞_𝑚𝑖𝑛𝑖𝑖, the own-price elasticity of sup-

ply, 𝜀𝑡,𝑖,𝑖, could not become unrealistically large, according to equation (4.9) and for a given 

ratio 𝑝̅𝑡𝑟𝑒𝑓,𝑖 𝑥̅𝑡𝑟𝑒𝑓,𝑖⁄ . This raises the question what value the modeller should attribute to 

𝑞_𝑚𝑖𝑛𝑖𝑖 to yield realistic own-price elasticities. If one has a notion of a realistic value for the 

own-price elasticity of supply of activity 𝑖, for example, because exogenous supply elasticities 

𝜀_𝑒𝑥𝑜𝑔𝑖,𝑖 are available, it is possible to calculate 𝑞_𝑚𝑖𝑛𝑖𝑖 by solving equation (4.9) for 𝑞𝑖𝑖 and 

employing condition (4.10):  

𝑞_𝑚𝑖𝑛𝑖𝑖 ≤
1

𝜀_𝑒𝑥𝑜𝑔𝑖,𝑖 

𝑝̅𝑡𝑟𝑒𝑓,𝑖

𝑥̅𝑡𝑟𝑒𝑓,𝑖
    (4.11) 

To maintain comparability between the farm samples, we decide to use one single value 

𝑞_𝑚𝑖𝑛𝑖𝑖 that is imposed as a minimum value for the diagonal of matrix 𝐐̂ of all four farm sam-

ples for all 𝐼 activities. For each farm sample, we gather exogenous information on the own-

price elasticities of supply for the most important activity in each sample, being cereals for 

crop farms, dairy products for dairy farms, and other bovine outputs for cattle farms. We re-

trieve the following values for 𝜀_𝑒𝑥𝑜𝑔𝑖,𝑖 from literature: 

• 1.50 for cereals (Jansson and Heckelei (2011, p. 147); average of the supply elas-

ticity estimate for soft wheat, maize, and barley, computed with CAPRI) 

• 0.41 for dairy products (Jongeneel and Tonini (2009, p. 275); average of dairy sup-

ply elasticities used by AGMEMOD, CAPSIM and EDIM for France) 

• 1.06 for other bovine outputs (Balkhausen et al. (2005, p. 578), supply elasticity for 

beef calculated with ESIM-GAMS) 

Using these values as 𝜀_𝑒𝑥𝑜𝑔𝑖,𝑖 in equation (4.11) with information on 𝑝̅𝑡𝑟𝑒𝑓,𝑖 𝑥̅𝑡𝑟𝑒𝑓,𝑖⁄  for the 

respective farm sample and the respective main activity 𝑖, we calculate 𝑞_𝑚𝑖𝑛𝑖𝑖 for each of 

the four farm samples and then calculate the average over these four values, which is 0.2. 

We therefore add to the cost function estimation model (3.47) – (3.53) the following con-

straint: 

𝑞𝑖𝑖 ≥ 𝑞_𝑚𝑖𝑛𝑖𝑖 = 0.2     (4.12) 

Table 10 shows the estimates for the activity level and fixed-input level dependent cost func-

tion with a time index for the dairy farms in West France, having imposed constraint (4.10) in 

the estimation process. As the scale factor for dairy farms is 10 000 for all activities, the di-

agonal elements of matrix 𝐐 indicate by how many base-year Euros the marginal costs of 

activity 𝑖 increase if a farm increases its output of 𝑖 by a quantity that is worth 10 000 base-

year Euros, while the levels of all other outputs remain equal. However, a change in the level 
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of activity 𝑖 also impacts the marginal costs with respect to activity levels of all other activities 

via the off-diagonal elements of 𝐐, and the marginal costs with respect to fixed-input levels 

via the elements of matrix 𝐇. The net effect of a price change of activity 𝑖 on activity levels 

and fixed-input prices is therefore hard to evaluate by looking at table 10. This is why only 

the cost function parameters for dairy farms are exemplarily depicted, while the remaining 

estimated parameters are presented in Annex III. Instead, we discuss the corresponding 

elasticities in more detail in the next section, where they are calculated by simulating a price 

change.  

 
Table 10: Estimated parameters of the activity level and fixed-input level dependent cost function for dairy 
farms for the cost function specification with a time index. Lower boundary for the diagonal 𝑞_𝑚𝑖𝑛𝑖𝑖 = 0.2. 

Source: own estimation.  

Nevertheless, a look at the signs of the parameters in table 10 already reveals something 

about the relationships between the four different activities and the three fixed-inputs. It is 

important to recall that positive off-diagonal elements of matrix 𝐐̂ indicate a substitutive rela-

tionship between two activities, whereas a negative off-diagonal element of matrix 𝐐̂ implies 

a complementary relationship. The second element of the 𝐐̂ matrix indicates that the margin-

al costs of other bovine animal outputs decrease by -0.064 base-year Euros, if the production 

of dairy products is increased by a value of 10 000 base-year Euros ceteris paribus, and vice 

versa. This suggests that an increase of dairy outputs simultaneously leads to an increase of 

other-bovine animal outputs, to maintain the relationship that MC=MR. A potential explana-
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tion is the complementarity, e.g., between milk production and calves that are born and 

sold18. However, whether the cross-price elasticity of supply is positive between dairy prod-

ucts and other bovine outputs, as we would expect for complementary goods, also depends 

on the interrelation with other outputs. 

Matrix 𝐇̂ indicates how the marginal costs of the outputs change if an additional unit of a 

fixed-input is used. However, the observed utilized fixed-input levels 𝑧𝑡,𝑓,𝑗
𝑜  are equal to avail-

able fixed-input levels 𝑏𝑡,𝑓,𝑗 and 𝑏𝑡,𝑓,𝑗 varies much more between farms than between years. 

Consequently, the elements of matrices 𝐇̂ and 𝐅̂ do not necessarily indicate how the margin-

al costs of a farm change if the farm utilized more of a fixed-input, but rather how marginal 

costs differ between farms with either a small or a large fixed-input endowment over the 

years in the sample. By imposing positive (semi-) definiteness on matrix 𝐅̂ marginal costs 

with respect to fixed-inputs inevitably increase in fixed-inputs. The reason why the value for 

unpaid labour on the diagonal of matrix 𝐅̂ is so much larger than the other values may simply 

be that the average levels of cropland and grassland are considerably higher than the levels 

of unpaid labour (see table 2). The interplay between matrices 𝐅̂ and 𝐇̂ complicates the in-

terpretation of the elements of the two matrices, but by taking the derivative of the two MC 

functions with respect to fixed-input levels it is possible to see how a change of fixed-input 

levels impacts marginal costs:  

𝜕2𝑇𝑉𝐶

𝜕𝑥𝑖𝜕𝑧𝑗
= 𝜙𝑙𝑥

𝑔̂0𝑗
+ 𝐭 𝜙𝑙𝑥

𝑔̂1𝑗
+ 𝜙𝑙𝑥

∑ (𝑓𝑗𝑘𝑧𝑘)
𝐽
𝑘=1 + ℎ𝑖𝑗  (4.13)          

𝜕2𝑇𝑉𝐶

𝜕𝑧𝑗𝜕𝑧𝑗
= 𝑓𝑗𝑗 (4.14) 

The average dairy farm in Brittany, for example, has 39.2 ha of cropland, 33.8 ha of grass-

land and 1.8 AWU of unpaid labour (see table 2). The value the time index takes for the year 

2012 is 8, since 2012 is the 8th year for which we have observations in the farm sample. Tak-

ing dairy outputs as an example, with 𝜙𝑙𝑑𝑎𝑖𝑟𝑦
̅̅ ̅̅ ̅̅ ̅̅ ̅ = 0.22, the change in marginal costs with re-

spect to dairy outputs if one more AWU of unpaid labour was available is 0.22 ∗ (−3.406) +

8 ∗ 0.22 ∗ (−0.045) + 0.22 ∗ (0.002 ∗ 33.8 + 0.221 ∗ 1.8) + 0.509 = −0.217, according to equa-

tion (4.13). With the output price index for dairy outputs being 1.109 in 2012, this implies that 

marginal costs for dairy outputs would decrease by almost 20% for the average dairy farm in 

Brittany, if one more family AWU was available.  

Marginal costs with respect to the fixed-input unpaid labour would change by 0.221, accord-

ing to equation (4.14). The price for the fixed-input labour would decrease by this value.  

 
18 It is also conceivable that dairy farms increase dairy outputs by culling dairy cows later or by increasing the 

herd size with heifers raised on the farm, instead of selling heifer calves. This could lead to a short-term decrease 
in other bovine animal outputs. However, De Vries et al. (2008) argue that an increasing number of dairy farms 
specializes on dairy cow milking and buys pregnant dairy heifers instead of rearing them. For those farms, calves 
are mere by-products that are sold. If such a specialized farm increases dairy outputs by extending its herd size 
with purchased pregnant heifers, it would indeed be reasonable to expect that other bovine outputs increase with 
an increase of dairy outputs.    
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The vector 𝐜̂𝟏 of linear, time-dependent cost function parameters indicates that MC with re-

spect to the output levels of dairy products and non-bovine animal outputs decrease over the 

years 2005-2012, while the MC with respect to the levels of other bovine animal outputs and 

crops increase. A likely explanation for the decreasing MC of dairy outputs over time is the 

steady rise of dairy activity levels while output prices remained largely stable (see figures A.3 

and A.4 in Annex III). Presumably, the increase of dairy output levels over time is at least 

partly due to the phasing out of the dairy quota, as well as some technological progress.  

Table 11 depicts the coefficients of determination (R2) and the sum of the weighted squares 

of errors in the right column. All R2 values are one or close to one, except for crop outputs in 

the cattle sample, and the right column indicates that the sum of the weighted squared errors 

is much lower than in the case in which the activity level dependent cost function is used 

(see table 7). For dairy farms, the inclusion of the time index allows to reduce the least 

squares value quite significantly. For cattle farms it notably increases the R2 value for crops. 

The coefficient of determination R2 reveals that, overall, all error terms are comparably small.  

 

Table 11: Precision of the estimation of the activity level and fixed-input level dependent cost function 
with a minimum value of 0.2 for the diagonal elements of matrix Q . The coefficient of determination is calcu-
lated for each activity, each fixed-input price and for each fixed-input level. The far-right column indicates the least 
squares value of the minimized objective value of the estimation function. Source. own simulation.  

However, table 11 does not inform about potential relationships between errors stemming 

from systematic deviations for individual farms or for different years. Figures A.5 - A.16 in 

Annex III visualize the distribution of all three types of error terms for the four farm samples. 

While the activity level related error terms ℎ̂𝑡,𝑓,𝑖 do not seem to be strongly correlated within 
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farms, deviations from observed fixed-input levels (𝑠̂𝑡,𝑓,𝑗) and fixed-input prices (𝑢̂𝑡,𝑓,𝑖) appear 

to be correlated at the farm level, for the four farm samples. It is quite striking that, e.g., for 

crop farms in southern Central France, both 𝑠̂𝑡,𝑓,𝑗 and 𝑢̂𝑡,𝑓,𝑗 are systematically strictly positive 

for cropland or strictly negative for grassland. A potential remedy would be the inclusion of a 

farm-fixed effect, as it was done for the activity level dependent cost function. However, this 

would presumably make the matrix 𝐅 redundant: As the variation of fixed-input levels within 

farms is minimal, 𝐅 largely captures differences in costs between farms.19 

Validation Phase 

Table 12 displays the Theil inequality index for each sample, each activity and for each fixed-

input, for a lower boundary of 0.2 for the diagonal elements of matrix 𝐐. Again, a Theil ine-

quality index of zero indicates that the simulated values equal the observed value plus the 

error term (the “true” value) or are at least very close. Therefore, the size of the error terms 

ℎ̂𝑡,𝑓,𝑖, 𝑢̂𝑡,𝑓,𝑖 and 𝑠̂𝑡,𝑓,𝑖 that was discussed in the previous section should not impact the quality 

of the calibration. The highest value the index can take is one, which means, for our applica-

tion, that there is no calibration, at all. The validation is performed with the parameters and 

error terms that are estimated in the estimation phase, with the output prices that are ob-

served for 2012. We implement this step by using the TNR maximization function (3.58) – 

(3.59), as the TNR maximization is also used for the policy simulation in section 5.  

 
19 Actually, the first tentative trials with the inclusion of a farm fixed effect into the activity level and fixed-input 

level dependent cost function confirm that matrix 𝐅 becomes redundant if a within transformation is performed. 
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Table 12: Theil inequality coefficients comparing simulated and “true” values for activity levels, fixed-
input prices, and fixed-input levels for the reference year 2012. A minimum boundary of 0.2 for the diago-
nal elements of matrix Q is imposed. Values are simulated with the TNR maximization function. A coefficient of 
0 indicates that all simulated values are equal to the “true” values. Source: own simulation.    

The Theil inequality index is useful because it expresses the quality of the calibration for 

each activity level, fixed-input level, and fixed-input price in a single value. However, a high 

Theil inequality index does not inform about how simulated values deviate from “true” values. 

Besides, for the crop farms in northern Central France and the cattle farms, the Theil inequal-

ity coefficients do not univocally indicate if the application of the time index leads to a better 

calibration. The share of simulated values that deviate very little (≤1%) or very much (≥100%) 

is therefore presented in table 13. In most cases the application of a time index reduces the 

share of extreme deviations. For activity levels and fixed-input levels, almost all deviations 

seem to be either very small or very large. In many cases, a deviation of at least 100% indi-

cates that the simulated activity or fixed-input level is erroneously zero.  
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Table 13: Share of simulated values that deviate by less than 1% and by at least 100% (in brackets) for the 
reference year 2012. A minimum boundary of 0.2 for the diagonal elements of matrix Q is imposed. Values are 
simulated with the TNR maximization function. Source: own calculation. 

Simulation Phase 

The employment of a time index seems to improve the validation of the model for all farm 

samples. It allows to capture a potentially existing time trend, which is particularly helpful for 

the dairy sample, as table 11 and figures A.5 - A.16 in the Annex reveal. However, also for 

the three other farm samples it appears reasonable to believe that there is a trend in costs 

per outputs over the observed period. Therefore, all simulations are performed using the cost 

function estimates with the time index. Table 14 depicts the simulated supply elasticities to 

prices for the four farm samples, using 2012 as the reference year. The own-price elasticity 

is in a reasonable range for the major activities of each farm type (cereals for crop farms, 

dairy products for dairy farms, and other bovine animal outputs for cattle farms).  
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Table 14: Supply elasticities to prices, simulated using the activity level and fixed-input level dependent 
cost function with a time index and a lower boundary of 0.2 for the diagonal elements of matrix Q for 
2012. Elasticities are simulated for a 10% increase in output prices of the activity indicated on the vertical axis. 

Source: own simulation.  

The own-price elasticities of non-bovine animal outputs appear unrealistically high for dairy 

farms, but especially for cattle farms. The reason for this is that MC of other bovine animal 

outputs increase quite significantly if the activity level of non-bovine animal outputs is in-

creased, as the element of the matrix 𝐐̂ that connects the two is quite large (see table 10 in 

Annex III). Therefore, other bovine animal outputs and non-bovine animal outputs seem to be 

strong substitutes in production: If the price of other bovine animal outputs increases, the 

total level of non-bovine animal outputs drops to zero for farms that produce both in the ref-

erence scenario, and vice versa. However, the quantity of non-bovine animal products pro-

duced by dairy and cattle farms is negligible (see table A.4 in Annex III) and the number of 

observations is low, which may explain the drastic supply response.  

Using the TNR maximization model (3.54) – (3.55), fixed-input prices can be retrieved as the 

dual values of the resource constraints. Figure 8 depicts the simulated fixed-input prices for 

an increase of the price of the most important output for each farm type by 5%, 10%, and 

15%. 



4. Model Implementation 

76 

 

 

  

Figure 8: Simulated fixed-input prices for an increase of the output price of the most important activity 
per sample. Price increase of 5%, 10%, and 15% for dairy products for dairy farms, other bovine animal products 
for cattle farms, and cereals for crop farms. Fixed-input prices are simulated as the dual values of the resource 
constraint (3.59). The simulation is performed using the estimated activity level and fixed-input level dependent 

cost function with a time index. Source: own simulation. 

Surprisingly, the rental rate of grassland increases quite significantly for crop farms in north-

ern Central France if the price of cereals increases, whereas the rental rate of unpaid labour 

decreases. A potential explanation for the rise of the grassland rental rate is that the cross-

price elasticity between cereals and animal outputs for a price increase of cereals is positive-

ly (see table 14), indicating a complementarity between cereals and animal outputs. As the 

increase of the TNR significantly enhances the remuneration for cropland and grassland, it 

induces a decrease of the remuneration for unpaid labour. This is possible as the model ac-
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counts for the impact of activity levels on MC with respect to fixed-input levels – whether this 

specific reaction is realistic or not is debatable.  

5. Application for a Greenhouse Gas Emission Cap Simulation 

In this chapter the estimated parameters of the activity level and fixed-input level dependent 

cost function with a time-index are applied to simulate the introduction of a greenhouse gas 

(GHG) emission constraint at regional level for dairy farms in West France, cattle farms in 

South-West France, and crop farms in southern Central France20. First, a theoretical back-

ground on agricultural GHG emission mitigation and abatement costs is provided. Then, we 

modify our model for the incorporation of a GHG emission constraint. We describe the com-

pilation and the preparation of GHG emission data to generate a link between the simulated 

production decisions and farms’ GHG emissions. Finally, we simulate regional GHG emis-

sion caps of different magnitude, up to a reduction of 20% compared to the GHG emissions 

in the reference scenario. The simulated marginal abatement costs, activity level changes 

and fixed-input price changes are presented and discussed.  

5.1. Agricultural Greenhouse Gas Emission Mitigation and Abatement 

Cost Estimation in Literature 

5.1.1. Agricultural Greenhouse Gas Emissions  

According to the United Nation’s Intergovernmental Panel on Climate Change (IPCC) human 

influence has unequivocally warmed the global climate and continues to do so, posing un-

precedented risk mainly to vulnerable populations and ecosystems (see for example IPCC 

(2014b, 2021)). Against this backdrop, a first legally binding international agreement attempt-

ing to limit global warming to well below 2 degrees Celsius was signed by 196 parties in Par-

is in 2016 (United Nations, 2021). The EU’s approaches to comply with the Paris Agreement 

and to tackle climate change were bundled and communicated by the European Commission 

in 2019 in the so-called “Green Deal” strategy (European Commission, 2019). In 2021 the 

European Climate Law was adopted by the European Parliament and the Council, a regula-

tion that establishes the legislative framework for achieving climate neutrality by 2050 and 

cutting greenhouse gas emissions by at least 55% for 2030 compared to 1990 levels (Regu-

lation (EC) 2021/1119, n.d.). Within the Green Deal, the “Farm-to-Fork Strategy” constitutes 

the overarching concept to ensure that the agri-food sector contributes “appropriately” to the 

objectives set out by the European Climate Law (European Commission, 2020, p. 3)21. 

 
20 We do not present the simulation results of crop farms from northern Central France, as they proofed too errat-
ic. The reason for this seems to be that the optimal solution found in the validation phase for many farms is only a 
local maximum, and therefore a TNR that is larger than in the reference scenario was found for many farms if the 
emission constraint is imposed. Below, we describe the same problem and its consequences in more detail for 
cattle farms but disregard the results for crop farms from northern Central France for reasons of brevity.  
21 To our knowledge, no binding emission reduction targets have been set so far for the agricultural sector. 
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Agriculture is affected by climate change, but at the same time it contributes to global warm-

ing through the emission of greenhouse gases. In the EU-28, agriculture accounted for 10% 

to 12% of all GHG emissions over the years 2010-2020. Methane (CH4) emissions from en-

teric fermentation of livestock and nitrous oxide (N2O) emissions from agricultural soils con-

tributed 38% and 32% of the total agricultural emissions in 2016, respectively. The use of 

mineral and organic nitrogen fertilizers as well as livestock manure management are addi-

tional important contributors of non-CO2 GHG emissions (EEA, 2019, 2021). In total, when 

accounting also for the production, the transport, and the processing of feed, the livestock 

sector is responsible for more than 80% of the agricultural GHG emissions. Almost 60% of 

the emissions from livestock are caused by cattle production (dairy and beef with roughly 

equal shares), and about 25% by pork production (Leip et al. (2010), Peyraud and MacLeod 

(2020)).  

The absolute value of the agricultural sector’s emissions in the EU has significantly de-

creased in the early 1990s, followed by a moderate decline until 2012. Presumably at least 

partly because of the phasing out of the dairy quota, agricultural emissions then increased 

again slightly until 2017, before they declined in 2019 back to the level of 2009 (EEA, 2021; 

Klootwijk et al., 2016).  

In France, agriculture emitted about 84,000 kilotons of CO2 equivalents in 2019, which corre-

sponds to a share of almost 20% of the country’s total emissions (12% on average in the EU-

28).22 France’s emissions from agriculture were approximately 10% lower in 2019 than in 

1990, whereas the average reduction in the EU-28 over the same time period was 20% 

(EEA, 2021). These figures highlight the particular importance of the agricultural sector for 

the design of effective emission reduction strategies for France and the other EU member 

states. 

5.1.2. Marginal Emission Abatement Costs  

While the contribution of agriculture to anthropogenic GHG emissions is indisputable, its cen-

tral function for food production and the provision of ecosystem services complicates the role 

it may play for emission mitigation (Eory et al. (2018)). Besides, ill-designed GHG mitigation 

strategies for the agricultural sector in Europe may deteriorate food security in low- and mid-

dle-income countries quite significantly, if they induce food price increases. Further on, espe-

cially if mitigation policies are implemented solely in the EU, this would impact producers’ 

global competitiveness and limit their income. Emission savings would be partly offset 

through carbon leakage, i.e., the relocation of GHG emissions to countries outside the EU 

(Beckman et al. (2020), Hasegawa et al. (2018), Himics et al. (2018)). To minimize the ad-

 
22 The global warming potential of a ton of CH4 or N2O is considerably higher than that of a ton of CO2. To calcu-

late the total emissions of a country or a sector it is common practice to account for non-CO2 emissions by ex-
pressing their global warming potential in CO2 equivalents. See, for example, IPCC (2014a, p. 714). 
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verse side-effects of emission mitigation, Fellmann et al. (2018) suggest a more flexible im-

plementation of mitigation efforts that would allow to reduce agricultural emissions where the 

reduction is least costly, instead of a strict adherence to national mitigation targets.  

A commonly used framework to assess and compare the cost effectiveness of different GHG 

mitigation options is the marginal abatement cost (MAC) curve approach. Marginal abate-

ment costs are the costs of eliminating an additional unit of GHG emissions. They can be 

plotted against a corresponding emission reduction amount to obtain the MAC curve. The 

area under the MAC curve then indicates the total abatement costs, i.e., the total costs of 

reducing a certain quantity of emissions with the respective mitigation option (Eory et al., 

2018; Morris et al., 2012).23 However, the variety of production types, farm sizes, and general 

farming conditions in the EU causes significant heterogeneity of the mitigation potential and 

the MAC within the agricultural sector (Domínguez and Fellmann (2015), Fellmann et al. 

(2018), Macleod et al. (2015)). Vermont and De Cara (2010) remark that MAC are rarely ob-

servable in an agricultural context, often because mitigation measures have not yet been 

implemented, which is the reason why one has to resort to model simulations. In their meta-

analysis, they distinguish three categories of models that have been used for MAC assess-

ment. 

First, in a strand of literature abatement potential and costs are analysed with engineering 

approaches. Based on information about available technology, a set of potential emission 

mitigation options is compiled along with the mitigation potential and the implementation 

costs of each option. Options with their total mitigation potential are then ranked according to 

their costs per unit of emission reduction to obtain the MAC curve. A recent example of the 

engineering approach is the analysis of the abatement potential of GHG emissions in the 

Irish agriculture (Lanigan et al., 2018). Various measures, such as the improvement of beef 

genomics, extended grazing, or the selection of different fertilizer types, are ranked accord-

ing to their abatement costs per ton of CO2-equivalents, so that the total costs for a given 

emission reduction can be derived. 

Second, partial or general equilibrium models with endogenous equilibrium prices are used 

to assess the effects of a mitigation policy. If an emission tax is introduced, this particularly 

affects the supply-side directly and indirectly, through the change in equilibrium prices. The 

economic assessment of GHG mitigation options for EU agriculture by Van Doorslaer et al. 

(2015) represents such an approach, where the Common Agricultural Policy Regionalised 

Impact (CAPRI) model is extended by options to account for GHG emissions and implement 

technological mitigation options.  

Third, micro-economic supply-side models are used to describe the behaviour of a sample of 

representative farms who maximize their TNR subject to resource constraints. MAC can then 

 
23 The term “welfare loss” might be more precise than “total costs”. If “producers” of mitigated emissions can ex-

ploit a producer’s rent, the costs paid e.g., by a government agency, will be higher than the area under the curve. 
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be computed by introducing an emission tax, as it is done, for example, by De Cara et al. 

(2005) who also use the FADN as their primary source of data. However, a second option to 

compute MAC with farm models is by imposing an emission constraint whose dual value rep-

resents the MAC.  

The calculation of MAC as the dual value of an emission constraint is pursued for example 

by Morris et al. (2012), although their approach does not focus on the agricultural sector and 

uses a computable general equilibrium model, instead of a farm supply model. Their interpre-

tation of the dual value is that it reflects the market price that would be obtained for the right 

to emit one unit of GHG if emission allowances are traded under a cap-and-trade system. 

The European Commission operates such an emission trading system (EU ETS) since 2005, 

where a cap is set on the total amount of GHG emitted by all market participants of certain 

sectors, who may trade allowances with one another. The cap is set low enough to be a 

binding constraint and is reduced each year (European Commission, 2021). Although the EU 

ETS does not comprise the agricultural sector, De Cara and Jayet (2011) argue that a cap-

and-trade system for agricultural emissions could significantly lower the total abatement 

costs for the EU, compared to inflexible national mitigation targets. Given their advocacy for 

the method and the theoretical appeal of a market for emission allowances, we apply the 

model developed and tested in the previous chapters for the simulation of a GHG emission 

constraint. 

5.2. Incorporation of a Greenhouse Gas Emission Constraint into the 

Initial Model 

In chapter 3.3.2 we developed a total net revenue maximization model as an alternative to 

the minimization of the complementary slackness conditions (CSC) for the validation of the 

estimated cost function and for the simulation of output price changes. While TNR maximiza-

tion and CSC minimization yield identical optimal fixed-input and activity levels, the optimal 

fixed-input prices are obtained in a different way. In the CSC minimization framework, they 

(minus the value of a slack variable) are equated to the negative of the marginal costs with 

respect to the fixed-input (equation 3.52). In the TNR maximization framework, they are re-

trieved as the shadow prices of the respective resource constraint and do not explicitly ap-

pear in the model as the optimization software calculates them (equation 3.59). This property 

renders the TNR maximization particularly useful for policy simulation, as it allows to interpret 

the dual values of constraints that were not included in the estimation phase. In the case of 

an emission constraint, their dual values indicate the change in TNR for the elimination of an 

additional unit of GHG emissions.  

The crux of a cap-and-trade system in a perfectly competitive market for GHG emission al-

lowances is that the market price indicates the lowest costs per unit of GHG emissions at 

which a desired amount of GHG emission savings can be achieved. For this market price to 
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be positive, the total quantity of GHG emissions granted to all farms in the market via allow-

ances must be lower than the total GHG emissions of farms in a refence scenario without a 

GHG emission cap. We define the total annual GHG emissions of the reference scenario 𝑇𝐸𝑡
∗ 

as 

𝑇𝐸𝑡
∗ = ∑ 𝜔𝑡,𝑓(𝐞𝐭,𝐟′𝐱𝐭,𝐟

∗ )
𝐹𝑟
𝑓=1       (5.1) 

where the coefficient 𝜔𝑡,𝑓 is a farm weight that is provided by the FADN dataset and that in-

dicates how many farms in the population are represented by each farm in the sample (Neu-

enfeldt and Gocht, 2014). The elements of vector 𝐞𝐭,𝐟 serve as a GHG emission factor, repre-

senting the emissions of CO2 equivalents for each of the 𝐼 activities per unit of output. It may 

vary between farms and years. The vector 𝐱𝐭,𝐟
∗  represents the activity levels of each farm that 

are optimal in the reference scenario without emission cap and 𝐹𝑟  stands for all farms partici-

pating in the market. Note that it is possible that 𝐹𝑟 does not comprise all 𝐹 farms considered 

for the cost function estimation, if the modeller imposes the emission constraint, for example, 

at subregional level. As a perfectly competitive GHG emission market allows to maximize the 

total welfare subject to the GHG emission constraint, the optimization problem (3.58 – 3.59) 

must be rewritten to maximize the sum of the individual 𝑇𝑁𝑅𝑡,𝑓. We can therefore express the 

optimization problem as 

𝑀𝐴𝑋𝐱𝐭,𝐟,𝐳𝐭,𝐟
 𝑇𝑁𝑅𝑡 = ∑ 𝜔𝑡,𝑓[𝐩𝐭,𝐟

′𝐱𝐭,𝐟 − 𝐜̂′𝐱𝐭,𝐟 − ½𝐱𝐭,𝐟
′𝐐̂ 𝐱𝐭,𝐟 − (𝛟′𝐱𝐭,𝐟)  𝐠′ 𝐳𝐭,𝐟  −

𝐅𝐫
𝐟=𝟏

½𝐳𝐭,𝐟
′𝐅̂𝐳𝐭,𝐟 (𝛟′𝐱𝐭,𝐟)  − 𝐳𝐭,𝐟

′𝐇̂ 𝐱𝐭,𝐟 − 𝐱𝐭,𝐟′𝐖𝐭,𝐟𝐡̂𝐭,𝐟 − 𝐳𝐭,𝐟′𝐓𝐭,𝐟𝐬̂𝐭,𝐟]      (5.2) 

subject to  𝐳𝐭,𝐟 − 𝐕𝐭,𝐟𝐮𝐭,𝐟 ≤  𝐛𝐭,𝐟   [𝐲𝐭,𝐟]      (5.3) 

∑ 𝜔𝑡,𝑓(𝐞𝐭,𝐟
′ 𝐱𝐭,𝐟)

Fr
f=1 ≤ (1 − α) ∑ 𝜔𝑡,𝑓(𝐞𝐭,𝐟

′ 𝐱𝐭,𝐟
∗ )

Fr
f=1 = (1 − 𝛼) 𝑇𝐸𝑡

∗  [ϻ 𝑡] (5.4) 

and subject to non-negativity for 𝐱𝐭,𝐟 and 𝐳𝐭,𝐟. Note that the individual farm’s 𝑇𝑁𝑅𝑡,𝑓 is 

weighted by the farm weight coefficient 𝜔𝑡,𝑓. The parameter α [0,1] is a GHG emission reduc-

tion factor that is set by the policy analyst to impose an upper boundary on the total GHG 

emissions of the 𝐹𝑟 farms. The dual value ϻ 𝑡 indicates the marginal abatement costs (MAC) 

per unit of GHG emissions for the reference year t, in the same currency units as used in the 

objective function. When taking the derivative of the national (or regional) TNR maximization 

function (5.2) with respect to the activity levels, the dual value ϻ of the GHG emission con-

straint appears in the new optimality condition for each farm and each activity as follows: 

𝐌𝐂𝐭,𝐟 + ϻ𝑡𝐞𝐭,𝐟 ≥ 𝐩𝐭,𝐟     (5.5) 

where 𝐌𝐂𝐭,𝐟 summarizes all terms that constitute the MC with respect to activity levels before 

the introduction of the emission constraint. Equation (5.5) can be solved for ϻ𝑡, and for posi-

tive activity levels it can be written as the following equality: 
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ϻ𝑡 = (𝐞𝐭,𝐟)
−𝟏

(𝐩𝐭,𝐟 − 𝐌𝐂𝐭,𝐟)     (5.6) 

In the cap-and-trade system for the agricultural sector as modelled by Van Doorslaer et al. 

(2015) all tradeable GHG emission permits are distributed at the beginning of the simulation 

among market participants (either homogenously or according to distribution factors). The 

EU ETS also grants a certain number of initial free allowances to some market participants, 

which they may then trade (European Commission, 2021). Transferring this concept to our 

model would imply that each farm initially receives allowances for (1 − 𝛼) 𝑇𝐸𝑡,𝑓
∗  units of GHG 

emissions. The value of an additional emission allowance may now vary between farms: For 

some farms, the gain in TNR they could generate if they had one more allowance may be 

larger than the decline in TNR that other farms would incur if they had one allowance less, 

indicating that the MAC of the former farms are higher than that of the latter farms. The for-

mer farms would become net buyers whereas the latter farms would become net sellers of 

emission allowances. However, our model does not calculate the MAC for each farm, but 

only the MAC of the last allowance that is traded on the market before market clearing is 

completed, which is seen as the market price. The MAC that each individual farm faces for 

the market equilibrium may lie below the market price, if the farm is a net suppler of emission 

allowances, or above the market price, if the farm is a net receiver of emission allowances. 

The sum of the supplier rents and the receiver rents is the welfare gain generated by the 

emission allowance trade, compared to the situation where each farm must reduce its GHG 

emissions by the factor 𝛼. 

5.3. Policy Scenario Simulation 

5.3.1. Greenhouse Gas Emission Data Preparation and Aggregation 

The vectors and matrices 𝐜̂, 𝐐̂, 𝐠̂, 𝐅̂ and 𝐇̂ of the cost function parameters as well as the vec-

tors of error terms 𝐡̂𝐭,𝐟 and 𝐬̂𝐭,𝐟 were estimated in the estimation phase. The vectors and ma-

trices 𝛟, 𝐩𝐭,𝐟, 𝐖𝐭,𝐟 and 𝐓𝐭,𝐟 are exogenous to the model. The vectors of optimal activity levels 

𝐱𝐭,𝐟
∗  of the reference scenario can be easily estimated by running model (5.2) – (5.4) with the 

GHG emission factor 𝛼 set to zero. For policy simulation, the GHG emission reduction factor 

𝛼 is set by the modeller. The only parameters of the simulation model with the emission con-

straint that still need to be defined before being able to run model (5.2) – (5.4) is 𝐞, vector of 

emission factors for each activity.  

An obvious shortcoming of the calculation of the total GHG emissions as the product of a 

vector 𝐞 of emission factors and the vector of activity levels is that it pretends that GHG 

emissions depend exclusively on activity levels. The very important implication of this is that 

farmers can reduce emissions only (and linearly) by lowering activity levels. This certainly 

does not reflect reality since, for example, manure management, N-fertilizer application or 
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soil management also have a significant impact on GHG emissions from farm practices, as 

outlined in section 5.1.1. However, as our model does not take variable-input levels or poten-

tially available information on farm-specific technology into account, we resort to the use of 

emission factors for activities, while being aware of the limitations of this approach.  

To construct the vector 𝐞 of GHG emission factors, that indicates GHG emissions per level of 

the aggregated activity, we start by collating data on the GHG emissions of each of the 49 

disaggregated activities. The IPCC elaborates guidelines for the estimation of agricultural 

GHG emissions and distinguishes three tiers of detail for calculation: Tier 1 is the simplest 

method and appears suitable under the conditions of this thesis, at least for the estimation of 

GHG emissions stemming from livestock activities. The IPCC (2006) provides GHG emission 

factors for different categories of livestock in different production systems (mainly catego-

rized by geographic region) that indicate average values of methane emissions from enteric 

fermentation and manure management per head of animal. We transform these values into 

CO2-equivalents, based on data on the global warming potential of methane from IPCC 

(2014a, p. 714), and use them as the starting point for the calculation of GHG emissions from 

livestock.  

GHG emission factors for crops and dairy products are retrieved from the freely accessible 

and simplified database of Agribalyse (2020a, 2020b) as tons of CO2-equivalents emitted per 

ton of the product, measured at the farm-gate for the average farm in France.24  

In the following step, the total GHG emissions per farm in the sample, for each year and for 

each disaggregated activities are calculated by multiplying the emission factors of each of 

the 49 disaggregated activities with the quantities produced in each year by each farm. As 

indicated in figure 5 in section 4.1.2, produced quantities in the FADN dataset are expressed 

in tons or LU. Consequently, GHG emission factors from IPCC have to be converted from 

GHG emissions per head of animal to emissions per LU, using data on heads of animals per 

LU from Eurostat (2020).  

Then, the total GHG emissions per aggregated activity in each year for each farm are calcu-

lated by summing all the emissions of the disaggregated activities that belong to the same 

aggregate. To avoid double counting of emissions from dairy outputs and the output “dairy 

cows” (usually referring to animals sold alive), we assumed that all emissions from a dairy 

cow are captured by the dairy outputs. Finally, the total GHG emissions per aggregated ac-

tivity are divided by 𝑥𝑡,𝑓,𝑖
𝑜 , the observed level of the aggregated activity measured in base-

year monetary values, to receive 𝑒𝑡,𝑓,𝑖. Note that this GHG emission factor varies between 

years and farms, as the composition of an aggregated activity also varies along these two 

dimensions. In some cases, the produced quantities of a disaggregated activity in weight 

 
24 As the freely accessible datasets from Agribalyse do not provide information on GHG emissions from oat pro-

duction, we use the estimates from Rajaniemi et al. (2011). 
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units are not provided by the FADN dataset. This concerns the aggregated activity “other 

crops” in the crop farm samples, and one (four) observation in the dairy (cattle) sample. The 

reason seems to be that for vegetables, fruits, flowers or mushrooms only the sales value or 

the cultivation area are provided. While this allows calculation of aggregated activity levels 

(using exogenous output prices), it is not possible to calculate emission factors for aggregat-

ed activities according to the procedure applied for the other farms and activities. Therefore, 

missing values of 𝑒𝑡,𝑓,𝑖 are imputed with the subregional average 𝑒̅𝑡,𝑠𝑢𝑏𝑟𝑒𝑔𝑖𝑜𝑛,𝑖, if available, or 

with the annual farm average for all other crops, 𝑒̅𝑡,𝑓. Table 15 displays the mean, the median 

and the standard deviation of the emission factors 𝑒𝑡,𝑓,𝑖 for each sample in 2012. 

 

Table 15: Mean, median and standard deviation of the emission factor 𝒆𝒕,𝒇,𝒊 for three samples of farms in 

France in the year 2012. The farm’s weighted average is the average emission factor per farm weighted by the 
farms activity levels. Source: own calculation based on Agribalyse (2020a, 2020b), EU-FADN – DG AGRI, Euro-
stat (2020), IPCC (2006) and Rajaniemi et al. (2011).  

Strikingly, the means of the GHG emission factors for crops in the dairy and the cattle farm 

samples are large compared with the GHG emission factors of other activities of dairy and 

cattle farms, but also compared with the crop activities of the crop farms. At the same time, 

the standard deviation of the GHG emission factor for crops is very large for dairy and cattle 

farms. It is important to recall that the GHG emission factor 𝑒𝑡,𝑓,𝑖 indicates the GHG emis-

sions per output value and not per output weight. The differences between the GHG emis-

sion factors for crops, both within and between the dairy and cattle farm samples, result al-
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most entirely from a different average value per ton of produced crops: Dairy farms generate 

on average 92.29 base-year Euros per ton of crop output and cattle farms only 52.64 base-

year Euros. The emissions per weight unit of crop output do not vary significantly between 

the two samples. 

However, the different emission factors of non-bovine animal outputs can be explained by 

the types of non-bovine animals kept by farms: In the cattle farm sample sheep and pigs 

dominate, whereas the few non-bovine animal outputs produced by dairy farms in 2012 are 

mainly poultry.  

Table 15 also indicates the mean of each farm’s weighted average emission factor, which 

indicates how many kg of CO2-equivalents are emitted per average activity level in base-year 

Euros. Notably, crop farms have lower average emissions per value unit than dairy or cattle 

farms. 

5.3.2. Policy Simulation Results 

This section presents the results of the simulation of the introduction of a GHG emission cap 

at regional level. To receive a MAC curve, eight reduction scenarios are simulated, ranging 

from a 2.5% reduction compared to the reference level in 2012, to a 20% reduction. Besides 

the MACs, which are presented first, other important simulation results are the impact of the 

GHG emission cap on activity levels and fixed-input prices. All farms are weighted by the 

farm weight that the FADN dataset provides and that indicates how many farms in the popu-

lation are represented by each farm in the sample (Neuenfeldt and Gocht, 2014).     

5.3.2.1. Estimated Marginal Abatement Costs  

Figure 9 depicts the simulated MAC for dairy farms, cattle farms, and crop farms for eight 

different emission caps at the regional level. The MAC displayed on the vertical axis are the 

equilibrium prices of an emission trading system that would establish if the admissible GHG 

emissions of the region are reduced by the value on the horizontal axis. The area under each 

curve from the origin to a point on the horizontal axis represents the total GHG emission 

abatement costs incurred by the region for the respective emission reduction. For a 10% 

emission reduction the simulated MAC are 10.14 €/tCO2eq for cattle farms, 17.51 €/tCO2eq 

for dairy farms, and 29.99 €/tCO2eq for crop farms in southern Central France. In section 5.4 

we demonstrate that these values appear reasonable, when comparing our MAC with MAC 

estimates from other researchers. The MAC curves for dairy farms and crop farms increase 

linearly, so that the MAC for a 20% emission reduction are twice as high as the MAC for a 

10% reduction. For cattle farms, the MAC curve has a slightly increasing upward slope, with 

an interruption for an emission reduction between 15% and 17.5%.  
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Figure 9: Marginal Emission Abatement Costs (MACs) for GHG emissions from dairy, cattle, and crop 
farms. The horizontal axis displays the emission reduction scenario. 

A likely explanation for the differences of the simulated MAC between the three samples are 

the average GHG emissions generated by farms in each sample per activity level. As indi-

cated by table 15, crop farms emit less GHG per average activity level than dairy farms, and 

dairy farms emit less GHG per average activity level than cattle farms. This implies that the 

abatement of a ton of GHG on average requires a stronger activity level reduction for crop 

farms than for dairy or cattle farms. It therefore appears reasonable that abatement costs per 

ton of GHG are highest for crop farms, followed by dairy farms, while cattle farms have low-

est MAC.  

The regional MAC do not reveal how farms change their supply behaviour or how the emis-

sion reduction is distributed between individual farms. In section 5.2 we briefly elaborated 

that some farms would become net buyers, whereas others would become net sellers of 

GHG emission certificates. Before assessing the simulated behaviour of individual farms, let 

us recapitulate the process represented by the model. Farms can only reduce GHG emis-

sions by reducing outputs, and the reduction of the level of activity 𝑖 ceteris paribus leads to a 

decrease in the MC with respect to the level of activity 𝑖, as the underlying cost function is 

upward sloping. In other words, the existence of a binding GHG emission constraint makes it 

impossible (at least for some farms) to fulfill the economic optimality condition 𝑀𝐶𝑡,𝑓,𝑖 =

𝑀𝑅𝑡,𝑓,𝑖 and, hence, 𝑀𝐶𝑡,𝑓,𝑖 < 𝑀𝑅𝑡,𝑓,𝑖 for the scenario.25 According to equation (5.6) the MAC 

is equal to the difference between 𝑀𝑅𝑡,𝑓,𝑖 and 𝑀𝐶𝑡,𝑓,𝑖, divided by the emission factor 𝑒𝑡,𝑓,𝑖. 

Importantly, the dual value ϻ𝑡 in equation (5.6) is identical for each farm and activity, as it 

 
25 Note that what we refer to as MC does not include the emission costs per activity unit, see equation (5.5).  
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stems from the national (or regional) GHG emission constraint. Besides, for our application 

𝑀𝑅𝑡,𝑓,𝑖 does not vary between farms, because the reference output prices are identical for all 

farms within the same region. The coefficient 𝑒𝑡,𝑓,𝑖 is exogenous to the model, so that farms 

can fulfil constraint (5.6) only by adjusting their 𝑀𝐶𝑡,𝑓,𝑖. Figure 10 shows exemplarily for dairy 

outputs of dairy farms in West France that farms’ marginal costs are indeed (anti-) propor-

tional to their GHG emission factor 𝑒𝑓,𝑖. 

 

Figure 10: Simulated marginal costs with respect to dairy outputs for each of the dairy farms from West 
France, represented by the respective GHG emission factor 𝒆𝒕,𝒇,𝒅𝒂𝒊𝒓𝒚. Four different emission reduction sce-

narios are displayed. Source: own simulation and visualization. 
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Figure 11: Relationship between the change of the simulated activity levels and the respective emission 
factors 𝒆𝒕,𝒇,𝒊 for dairy farms. Four different emission reduction scenarios are displayed. Source: own simulation 

and visualization. 

The MC with respect to the other three outputs of dairy farms are displayed in Annex IV and 

exhibit the same relation towards the emission factor. Figure 11 shows that, by reducing the 

levels of most activities, farms adjust their MC according to the total required GHG emission 

reduction and according to the GHG emission factor of the respective activity. However, fig-

ure A.21 in Annex IV shows that the relation between the change of the activity level and the 

emission factor is not equally distinct for all activities. The reason for this is that the MC of 

dairy outputs, for example, is also affected by the levels of all other three activities, through 

the matrix 𝐐 and other interaction parameters. This explains why it is possible that the activity 

level of other non-bovine animal outputs even increases for one farm if an emission cap is 

imposed (top left corner of figure 11, where one observation exhibits a positive activity level 

change). Nevertheless, the absolute change in activity levels clearly depends on the GHG 

emission factor, overall. This dependency has important implications. A farm that has high 

activity levels in the reference scenario can adjust the MC with a relatively smaller change of 

activity levels, compared to a farm that has the same GHG emission factor but that has low 

activity levels in the reference scenario. This is because the change of marginal costs with 

respect to activity levels in activity levels is determined by matrix 𝐐, implying that a certain 

change in MC requires the same absolute activity level change for each farm. The reader be 

reminded that the GHG emissions caused by an activity are largely proportional to its simu-

lated activity level (see figure A.17 in Annex IV). For an emission cap at 10% below the re-

gional reference GHG emissions we hypothesize that the GHG emissions of an individual 

activity are reduced by more than 10% if the reference activity level is rather small and if the 

emission factor 𝑒𝑡,𝑓,𝑖 is comparably large. Figure 12 confirms this hypothesis:  
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Figure 12: Emission reduction of dairy farms per activity for a 10% emission cap, for all four activities. 
Each dot represents one of the four outputs produced by dairy farms. Dots that lie above the horizontal line are 
activities for which the emission reduction is less than 10%. The color of the dots indicates if the emission factor 
for this activity of the respective farm is above or below the median over all farms and over all activities. Source: 
own simulation and visualization. 

Figure 12 represents the relative GHG emission reduction for each of the 𝐼 activities for all 𝐹 

farms, which is calculated as 

  𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒_𝐺𝐻𝐺_𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛_𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑡,𝑓,𝑖 = 100
(𝑒𝑡,𝑓,𝑖𝑥𝑡,𝑓,𝑖−𝑒𝑡,𝑓,𝑖𝑥𝑡,𝑓,𝑖

∗ )

𝑒𝑡,𝑓,𝑖𝑥𝑡,𝑓,𝑖
∗  (5.7) 

where 𝑥𝑡,𝑓,𝑖
∗  is the optimal activity level in the reference scenario without a GHG emission 

cap. Figure 12 shows that the relative GHG emission reduction is stronger the lower the ref-

erence activity level 𝑥𝑡,𝑓,𝑖
∗ . The GHG emissions of all activities for which the level in the refer-

ence scenario was below a certain threshold (ca. 103.5 base-year €) are reduced by 100%, 

indicating that farms cease the production of these activities. Figure A.22 in annex IV shows 

that this concerns almost exclusively the cropping activities of dairy farms. It also indicates 

that most of the activities in the top right corner, i.e., activities with a high reference activity 

level 𝑥𝑡,𝑓,𝑖
∗  and a comparably low relative emission reduction 𝑒𝑡,𝑓,𝑖, are dairy outputs.  

To answer the question which farms would become net buyers of emission certificates and 

which farms would become net sellers, the relative farm GHG emission change over all activ-

ities matters, not the relative farm GHG emission change per activity. Nevertheless, as the 

total relative GHG emission change of a farm is composed of the emission changes of each 

activity supplied by the farm, the pattern observed for individual activities is also largely valid 

for entire farms. Table 16 indicates that the average net GHG emission buyer (i.e., a farm 

that reduces its GHG emissions relatively little) has considerably higher activity levels in the 

reference scenario and emits less GHG per activity level than a net GHG emission seller.  
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Table 16: Characteristics of net GHG emission right buyers and sellers for a 10% GHG emission reduction 
scenario. Net buyers are farms that reduce their emissions by less than 10%. The first row indicates the mean of 
each farm’s total activity level in the reference scenario (the sum of the levels of each activity produced in 2012). 
The mean of farms’ weighted average emission factor in the second row indicates how many kg of GHG are emit-
ted per output level on average. Source: own simulation.  

In conclusion, farms with higher activity levels reduce their GHG emissions proportionally 

less than farms with lower activity levels. Already in the reference scenario farms contribute 

unevenly to GHG emissions (see Lorenz curve in figure 13). This uneven contribution be-

comes even more pronounced the more restrictive the regional GHG emission cap, which 

indicates that farms with comparably high GHG emissions in the reference scenario buy 

GHG emission rights from others, usually farms with lower reference activity level. Besides, 

the levels of activities with high GHG emissions per reference output value are stronger re-

duced than the levels of activities with a comparably smaller GHG emission factor. 

 
Figure 13: Lorenz curve indicating that emissions become more unevenly distributed if an emission cap 
is imposed. Source: own simulation and visualization. 
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5.3.2.2. Effect of Greenhouse Gas Emission Reduction on Activity Levels, 

Shadow Prices and Farm Total Net Revenues 

Figure 14 depicts the total levels of activities produced by the three farm samples in the ref-

erence scenario, in a scenario with a GHG emission cap at 90% of the reference emissions 

and 80% of the reference GHG emissions. The levels of almost all activities decrease, as 

farms can only reduce their emissions by reducing their activity levels. Importantly, the 

strongest relative decrease of activity levels in every sample is observed for activities that 

already have a comparably low level in the reference scenario: crop activities in the dairy and 

in the cattle farm sample, and animal outputs in the crop farm sample. The contribution of the 

main activities to GHG emission reduction is less than proportional for dairy farms and crop 

farms (see figure A.25 in Annex IV).  

As elaborated in the previous section, the explanation for this seems to be that the adjust-

ment of marginal costs requires an absolute change of activity levels that is relatively less 

important for the most dominant activities. Surprisingly, the levels of other non-bovine animal 

outputs produced by cattle farms increase by 529% if a regional GHG emission constraint at 

10% below the reference level is imposed, and even more for a 20% emission reduction. A 

look at the impact of the simulation on individual farms reveals that not all farms that pro-

duced other non-bovine animal outputs in the reference scenario increase their activity lev-

els. An important determinant for the supply response of non-bovine animals seems to be the 

relation between the GHG emission factor 𝑒𝑡,𝑓,𝑖 for other non-bovine animal outputs and the 

farm’s GHG emission factor for other bovine outputs (see figure A.24 in Annex IV). If a farm 

has higher GHG emissions per base-year € of other bovine outputs than per base-year € of 

non-bovine animal outputs, it reduces only the former outputs. As the element of matrix 𝐐 

that connects the two activities is positive and quite large, a reduction of other bovine outputs 

induces an increase of other non-bovine animal outputs for the respective farm. A closer look 

at the disaggregated activities produced by the individual farms reveals that those cattle 

farms that increase their outputs of other non-bovine animals mostly fatten pigs while those 

that decrease the level of other non-bovine animals predominantly produce sheep. According 

to our farm data, sheep cause more emissions per value unit than pigs, which is a likely ex-

planation for why the change of the levels of other non-bovine animal outputs is so different 

between farms.  
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Figure 14: Activity level change for dairy, cattle and crop farms induced by an emission cap. The height of 
each columns indicates the total quantity of the output produced by all farms in the sample. The reference scenar-
io and two emission reduction scenarios (10% and 20% reduction) are displayed. The percentage change refers 
to the output level in the reference scenario. Source: own simulation 

Table 17 shows that the vectors 𝐳𝐟 of the fixed-input levels employed by dairy and crop farms 

are not impacted by the emission cap. However, this is different for the cropland and the un-

paid labour of cattle farms. For a GHG emission cap at 10% below the reference GHG emis-

sion nine farms abandon their cropland entirely and give up the activity crop outputs. For a 

GHG emission cap at 20% below the reference GHG emission this number grows to 14 

farms. If the regional GHG emission is reduced by 17.5% or more, three farms entirely cease 

their employment of unpaid labour.  
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Table 17: Change of fixed-input prices and fixed-input levels induced by an emission cap at 10% and 20% 
below the reference emissions. The change of the fixed-input price is the weighted (by farm weight and fixed-
input level) average of individual farm’s fixed-input price change. Source: own simulation 

Strikingly, by reducing the level of employed cropland or unpaid labour to zero, these farms 

increase their TNR. This explains the raise of the TNR generated by all farms together in the 

cattle sample for some scenarios in figure 15. However, the fact that the objective value of 

the TNR maximization problem is larger with a GHG emission constraint than without it indi-

cates that the optimum found in the reference scenario is only a local optimum for the cattle 

sample. We will discuss the reasons and implications of this in chapter 6. It is important to 

remark that the increase in TNR and the reduction of the utilized fixed-input levels to zero is 

only observed for 15 out of 203 cattle farms. Consequently, for the large majority of farms the 

TNR decreases, and the employed fixed-input levels remain constant at their reference level. 

The impact of the GHG emission constraint on fixed-input prices as represented in table 17 is 

different for each sample. The displayed fixed-input price changes are averaged over all 

farms in the respective sample and weighted by the farm’s population weight and the fixed-

input levels. As activity levels influence the MC with respect to fixed-input levels, the shadow 

price of the fixed-input constraint is also affected by activity levels via matrix 𝐇. Again, a 

closer look at the fixed-input prices of individual farms is informative. For example, the shad-

ow price of unpaid labour of cattle farms increases only for 36 out of 203 farms. Noteworthily, 

almost all farms for which the level of non-bovine animal outputs increases also exhibit in-

creasing prices of unpaid labour. On the other hand, for those farms that reduce their pro-

duced levels of non-bovine animal outputs the shadow price of unpaid labour decreases. 

This relation is explained by the strongly negative element of matrix 𝐇 that connects non-

bovine animal outputs and unpaid labour for cattle farms (table A.10 in Annex IV). If non-

bovine animal output levels increase, the MC with respect to the level of unpaid labour de-

crease (i.e., they become more negative), and the shadow price of unpaid labour conse-
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quently increases. Similar interrelations determine the changes of the prices of the other 

fixed-inputs.  

 
Figure 15: Relative Total Net Revenue generated together by all farms of each farm sample (reference 

scenario=100%). Source: own simulation. 

While we have outlined that activities contribute differently to the total GHG emission reduc-

tion, it is important to point out that GHG emission mitigation also varies between subregions 

within one region. Figure A.26 in Annex IV shows that GHG emissions from farms from Poi-

tou-Charentes (West France), Midi-Pyrénées and Aquitaine (South-West France) as well as 

from Burgundy (southern Central France) decrease more than the average regional GHG 

emissions. Even though the subregional differences are not substantial, they underpin that 

the most efficient GHG emission reduction is not necessarily the most even reduction.  

5.4. Discussion of Policy Scenario Simulation Results 

To assess the reasonability of the simulated MAC presented in the previous section (figure 9) 

the values estimated by other studies may represent a suitable benchmark. However, we 

acknowledge that GHG emission abatement from agriculture constitutes a comprehensive 

and complex field of research. As our simulation is based on very simplified assumptions and 

mainly serves as a practical test for the developed methodology, comparability with the re-

sults found in literature is limited. Nevertheless, the literature provides a range for the order 

of magnitude that can be expected for MAC:  

One of the most comprehensive meta-analyses up to this date was published by Vermont 

and DeCara (2010) and reviews the assessments of marginal abatement costs of non-CO2 

GHG emission from agriculture based on 21 studies. The reviewed studies include bottom-
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up, engineering approaches, supply-side mathematical models, and general or partial equi-

librium models. The authors find that, on average over all 21 studies, a 10% emission 

abatement rate corresponds to an emission price of 20 €/tCO2eq. This suggests that our es-

timated MAC for a 10% emission reduction of 10.14 €/tCO2eq for cattle farms, 17.51 

€/tCO2eq for dairy farms, and 29.99 €/tCO2eq for crop farms are in a justifiable range. Ver-

mont and DeCara (2010) also conclude that the estimates for MAC vary significantly be-

tween studies: An emission price of 20 €/tCO2eq may lead to an emission abatement be-

tween 1% and 57%. Abatement rates for given emission prices are lower for supply-side 

models than for engineering approaches, as the latter often detect measures that allow to 

reduce a share of agriculture’s GHG emissions at low or even negative costs (Vermont and 

De Cara (2010)). This is also the case for a more recent engineering study by Pellerin et al. 

(2017), who focussed on the GHG mitigation potential of agriculture in France: They find that 

about 10% of the total agricultural emissions in France in 2010 could be abated at negative 

costs, while another 10% would cause costs of less than 25 €/tCO2eq. 

Mosnier et al. (2017) analyze the impact of several GHG reduction scenarios on beef and 

dairy farms in France with an ex-ante simulation for the year 2035. An emission tax of 

40 €/tCO2eq would lead to a GHG emission reduction for grassland-based dairy farms of 

about 20%. As figure 9 indicates, also according to our model a 20% GHG emission reduc-

tion corresponds to an emission price of about 40 €/tCO2eq for dairy farms. For dairy and 

cattle farms with temporary grassland and annual crops Mosnier et al. (2017) simulate a re-

duction of more than 70% for dairy farms and more than 50% for cattle farms. The grassland-

based cattle farms would cease beef production entirely, while all other farms either produce 

organically or implement other changes of the production system.  

Overall, literature confirms that the MAC estimated in this thesis are plausible and in some 

cases very close to the values estimated by other researchers. The significant variance be-

tween the values calculated in different studies also underpins that the estimation approach, 

the study region, and the analyzed activity types crucially impact the results. As farms in our 

model can only reduce their emissions by lowering their output quantity, it seems likely that 

we overestimate MAC. For example, if farms have the option to convert to organic production 

as in Mosnier et al. (2017) or to adjust their nitrogen fertilization as in the engineering ap-

proach implemented by Pellerin et al. (2017), emission mitigation might be cheaper. On the 

other hand, an equilibrium model that accounts for market feedback on output prices would 

presumably also yield lower MAC. If the GHG emission cap induced a significant decrease of 

market supply this would most likely have positive effects on output prices, a feed-back that 

our model disregards. 

We have addressed the shortcoming that our model only allows to reduce emissions by low-

ering activity levels. A further reason for scepticism might concern the calculation of the vec-
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tor 𝐞 of emission factors, which admittedly is oversimplified. For example, the selection of 

average emission factors for the disaggregated output quantities may in some cases only 

poorly reflect the true emissions of an activity produced under the respective conditions in 

West, South-West, or Central France. Besides, the aggregation of emission factors based on 

observed values pretends that the composition of an activity aggregate cannot be changed. 

For example, a dairy farm in our model would rather cease crop production entirely than to 

switch to the production of less GHG emission intensive crops.  

Finally, a problematic feature of the model is that the TNR for cattle farms increases if an 

emission cap is imposed. The reason for this seems to be that some cattle farms modify the 

levels of utilized fixed-inputs to change their marginal costs. While it is reasonable that farms 

reduce their levels of employed cropland to zero if they stop producing crop outputs, it has 

the illogical implication of an increasing TNR. Therefore, the maximum TNR found by the 

solver in the reference scenario cannot be a global maximum. As this seems to be a meth-

odological issue, we will elaborate on it in the discussion in the next chapter. 

However, regardless of the accuracy of the estimated MAC or the modelled supply response, 

the emission cap simulation performed in this thesis reveals some important properties of the 

mechanism behind agricultural emission mitigation. Whenever the supply of outputs is asso-

ciated with costs per ton of emissions, this reduces a farm’s marginal costs with respect to 

activity levels 𝑖 by ϻ𝑡𝑒𝑡,𝑓,𝑖, where ϻ𝑡 is the cost per emission unit and 𝑒𝑡,𝑓,𝑖 the GHG emissions 

per activity level, as in equation (5.5). If the underlying cost function is upward sloping in ac-

tivity levels, it is likely that farms reduce their MC by reducing their activity level. Notably, this 

is even the case if farms could reduce GHG emissions by changing technology without re-

ducing activity levels, as long as ϻ𝑡𝑒𝑡,𝑓,𝑖 is larger than the increase in marginal revenue.  

The reduction of activity levels that is necessary to achieve a certain reduction of marginal 

costs depends only on the elements of matrix Q, provided that the fixed-input levels remain 

constant. We demonstrated that, consequently, the relative activity level reduction is anti-

proportional to the absolute level of an activity supplied by a farm in the reference scenario. 

We have also seen that GHG emissions are unevenly distributed between farms and that the 

farms that already accounted for a disproportionally high share of GHG emissions in the ref-

erence scenario reduce their emissions relatively less. As emissions are largely proportional 

to activity levels, it seems that smaller farms reduce their activity levels relatively more than 

larger farms. This finding should be independent of the model complexity.  

Additionally, our model and the simulation show that the change in marginal costs crucially 

depends on the GHG emissions per activity unit, with implications for the activity levels. For 

example, according to our simulation, the change of other non-bovine animal outputs pro-

duced by some cattle farms hinges on the relationship between the GHG emissions per ac-

tivity level of other bovine outputs and non-bovine animal outputs (see figure A.24 in Annex 
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IV). However, the strong increase of other non-bovine animal outputs supplied by some cat-

tle farms underpins that one must not ignore how the marginal costs of one activity are im-

pacted by the levels of other activities, through the off-diagonal elements of matrix Q. The 

acknowledgement of these interactions between different activities represents an important 

strength of the modelling approach analysed throughout this thesis.  

6. Conclusion 

This chapter concludes by compiling the strengths and weaknesses of the design, the devel-

opment and the application of the model. First, we discuss and attempt to answer the re-

search questions defined in the introduction of this thesis. Then, the remaining challenges 

are carved out to identify potential pathways for future research. 

6.1. General Discussion 

The first objective of this thesis was to test the validity and the applicability of the cost func-

tion estimation and calibration approach developed by Henry de Frahan (2019). As in Paris 

(2017), the differentiation between observed and true values is not only made for activity lev-

els, but also for fixed-input prices. This proved particularly useful as the observed fixed-input 

prices used for our simulation are national averages, with no distinction made between 

grassland and cropland, or proxies such as the national minimum wage in the case of unpaid 

labour. It is very likely that those observed values are not the true fixed-input prices faced by 

the individual farm. A crucial characteristic of the procedure suggested by Henry de Frahan 

(2019) is that it performs parameter estimation and calibration in a one-step procedure, in 

opposite to, e.g., Paris (2015), Petsakos and Rozakis (2015), and Paris (2017). The cost 

function parameter estimates are those values that allow to fulfil the first-order conditions of 

the final, non-linear TNR maximization problem, by minimizing the error terms of variables 

that are prone to error. Therefore, the approach accounts for the principle findings of Hecke-

lei and Wolff (2003), who proofed that the traditional PMP two-step procedure does not allow 

consistent parameter estimation. Instead, Henry de Frahan (2019) follows their econometric 

perspective that the estimated parameters should belong to the model that best represents 

the true data-generating process – in this case assumed to be a non-linear cost function de-

pending on activity levels. With the Monte-Carlo simulation performed in section 3.4 we show 

that the parameter estimates indeed converge to their true values, provided that the error 

terms have a mean of zero. We extend the model by Henry de Frahan (2019) with a time 

index and the possibility to capture farm fixed effects. This could improve the independence 

of the error terms (see section 4.2.1). However, a fundamental weakness becomes apparent 

when simulating a price change with the FADN data set: The fixed-input-output matrix 𝐀𝐭,𝐟 

renders the relationship between fixed-inputs and activity levels so rigid that the supply elas-

ticities of some activities are estimated to be zero – ignoring potential substitutability between 
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fixed-inputs. This prompts us to modify the underlying model and to employ the same estima-

tion approach for a cost function that does not impose fixed-input-output coefficients.  

The development and the exploration of a cost function that depends on activity levels and 

fixed-input levels is therefore a second objective of this thesis, based on a methodological 

note provided by Henry de Frahan for this thesis. Importantly, the resulting model not just 

allows to simulate activity levels and fixed-input prices, but also fixed-input levels. This is why 

a third vector 𝐬𝐭,𝐟 of fixed-input level-related error terms is introduced that allows the true uti-

lized fixed-input levels to deviate from the observed levels. A crucial property of this more 

complete cost function is that it no longer imposes a strict relationship between fixed-input 

and activity levels. Therefore, the resource constraint no longer confines the extension of 

output levels. Instead, a farm only stops to produce more of an activity if the marginal costs 

with respect to it becomes larger than its marginal revenue. As we have seen, this leads to 

unrealistically large supply elasticities to prices if marginal costs increase too slowly in activi-

ty levels, i.e., if the elements of the matrix 𝐐 are very small. To circumvent this problem, we 

impose minimum values for the diagonal elements of the matrix 𝐐. 

By confining the extension of fixed-input levels the resource constraint ensures that the fixed-

input price can be positive: In the reference scenario farms find themselves on the part of the 

convex TVC function that is downward sloping in fixed-input levels. Consequently, the dual 

value of a fixed-input is positive, as an additional unit of the fixed-input allows the farm to 

decrease its TVC. Without the fixed-input constraint farms would not enhance their fixed-

input utilization infinitely, but until the MC with respect to fixed-input levels are zero.  

We demonstrate that with the estimated cost function parameters and error terms it is possi-

ble to set up a model that replicates reference values and that can be used for simulation. 

Instead of simulating activity levels, fixed-input levels and fixed-input prices by minimizing the 

complementary slackness conditions as proposed by Paris (2017) and Henry de Frahan 

(2019), we perform a TNR maximization using the estimated cost function parameters and 

error terms. This allows a more intuitive interpretation of the objective value and dual values. 

The simulated response to an output price increase is in a reasonable range. 

Finally, we test the applicability of the model for agricultural or environmental policy analysis, 

based on the activity level and fixed-input level dependent cost function. As variable inputs 

are assumed constant, the range of policies that can be modelled is confined to interventions 

that affect or are directly linked to fixed-input levels, fixed-input prices, activity levels, or out-

put prices. We deem GHG emissions of agricultural outputs, especially dairy and beef, suffi-

ciently tied to activity levels to apply our model for the simulation of an emission cap at re-

gional level. A comparison of the simulated MAC with MAC estimated by other researchers 

reveals that our MAC are in a very reasonable range. However, the strong simplification of 

agricultural emission processes in our model might impair trustworthiness of the accuracy of 
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the results. Researchers or policy actors interested in precise estimates for emission mitiga-

tion costs may therefore find models more useful that account for the complex interrelations 

between emissions and technology, farming systems or variable inputs. However, in many 

cases the objective is not to accurately predict MAC curves, but rather to provide a “coherent 

forum for the (…) complex discussions surrounding agricultural GHG mitigation” (Eory et al., 

2018, p. 714). We believe that, from this perspective, the model developed and discussed in 

this thesis can serve as a truly helpful tool:  

First, being a farm supply model, it bases on the assumption that economic optimality condi-

tions are fulfilled. Thereby the model draws attention to the impact of an emission price on 

marginal costs and, potentially, marginal revenue. If marginal costs are not constant in activi-

ty levels, farms adjust their output levels accordingly. In other words, farms do not only re-

duce their activity levels to lower their GHG emissions, but because the pricing of GHG 

emissions impacts the MC and therefore requires a change of activity levels to maintain the 

condition that MC equal MR. As we have seen, the direction and the magnitude of the output 

level change is not homogenous across activities, because of the interactions between activi-

ties. Our model allows to simulate the net effect of GHG emission pricing by acknowledging 

these interactions between activity levels.  

Second, the model illustrates that an efficient reduction of GHG emissions requires to look at 

an activity’s emissions relative to its value, and not so much at the emissions relative to its 

quantity. For example, dairy and cattle farms reduce their crop activity relatively more than 

their livestock activities. Admittedly, it is possible that a more elaborated calculation of emis-

sion factors may lead to different conclusions in this specific case. Nevertheless, our results 

highlight that the “low hanging fruits” in terms of GHG emission reduction are not necessarily 

those activities with the highest GHG emissions per quantity.  

Third, the same is true with regard to which farms reduce GHG emissions. We show that the 

most efficient allocation of GHG emission rights may not always lead to even GHG emission 

reduction across farms and subregions. This supports at a regional level the results that De 

Cara and Jayet (2011) as well as Fellmann et al. (2018) found for the EU as a whole: Market-

based emission reduction may lead to considerably lower mitigation costs compared to in-

flexible national reduction targets. Presumably, the MAC calculated in this thesis would be 

lower and the GHG emission reduction even more efficient if the emission cap was imposed 

at national or European level. Besides, the fact that MAC vary between crop farms, dairy 

farms and cattle farms implies that a trade of GHG emission certificates between farms with 

different specialization would very likely reduce total GHG emission abatement costs. How-

ever, some researchers have pointed out that efficient, but uneven GHG emission reduction 

may have undesired effects on distributional justice and may be perceived as unfair (Caney 

and Hepburn (2011)). For example, our simulation results suggests that a GHG emission cap 
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at regional level would lead to a relatively stronger reduction of GHG emissions and activity 

levels by smaller farms. The model could therefore help quantify the benefits of market-

based environmental protection and identify potentially problematic distributional inequalities, 

so that policies can be designed that sufficiently balance efficiency and social acceptability.  

6.2. Challenges and Future Improvements 

Several limitations and challenges remain that must be addressed in the future for the model 

to fully unfold the potential described in the previous section. A first reservation concerns the 

compliance with a fundamental precept of PMP-related models, namely the inclusion of all 

available information. As suggested by Paris (2017) and Henry de Frahan (2019), we incor-

porate observed fixed-input prices into the model as shadow prices of the resource con-

straint. However, for all farm samples, except for the dairy sample, the fixed-input price-

related error terms 𝐮𝐭,𝐟 seem to be systematically strictly positive for cropland and systemati-

cally strictly negative for grassland (see figures A.6, A.9 and A.15 in the Annex IV). Recall 

that the observed price for both grassland and cropland in France is the national average 

rental price of land. It is likely that the “true” rental rates systematically deviate from this ob-

served value at the spatial dimension (e.g., between regions) and between the types of us-

age (cropland or grassland). From Eurostat (2021a) we can retrieve the information that land 

sales prices in all years from 2011 to 2016 are above the national mean in Central France 

(Bassin Parisien) and South-West France and that, across the EU, cropland is more expen-

sive than permanent grassland. It is conceivable that these relations also exist between rent-

al rates of land in the years 2005 - 2012. This raises the question how the model could be 

adapted to acknowledge justified assumptions, for example that rental rates for cropland are 

higher than for grassland, even if no certain and precise information on rental rates for 

cropland and grassland for the respective years and regions is available. The ignorance of 

these likely (but uncertain) relations seems to violate the independency of the error terms.  

A second weakness of the model based on the fixed-input and activity level dependent cost 

function became apparent when implementing the GHG emission cap simulation for cattle 

farms: the simulated regional TNR for some GHG emission reduction scenarios is larger than 

in the reference scenario, which confirms that the optimal solution found in the reference 

scenario is a local optimum. The fixed-input and activity levels simulated for the reference 

scenario are very close to the “true” values given as the sum of the observed value and its 

error term. This shows that there are other admissible values that allow to generate a higher 

TNR than the TNR obtained with the “true” values, which by definition fulfil the optimality 

conditions. To understand this apparent paradox, it is important to see that the individual 

farms whose TNR is larger if a GHG emission constraint is imposed than their TNR in the 

reference scenario all reduce at least one of their fixed-input levels to zero. In the estimation 
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phase we set the vector of fixed-input levels 𝐳𝐭,𝐟
𝐨  equal to the vector of fixed-input constraints 

𝐛𝐭,𝐟 and therefore state that the elements of the vectors 𝐲𝐭,𝐟
𝐨  and 𝐲𝐭,𝐟 are strictly positive for 

every observed fixed-input. We thereby assume that the fixed-input constraint is binding in 

the optimal solution, and only under this assumption the generated TNR is optimal. As long 

as output prices or constraints are identical or very close to their values in the estimation 

phase, the GAMS solver finds a local optimum where simulated activity and fixed-input levels 

are equal to their “true” values. This is the conventional idea of calibration and, in our case, it 

can be improved by using the “true” values as initial values for the solver. However, if output 

price changes or modifications of the constraints require the solver to search for optimal val-

ues that are away from the reference values, it detects that setting at least one of the fixed-

input levels to zero may lead to an optimal solution. Note that this means that the MC with 

respect to fixed-input levels no longer need to be equal to the shadow price, which becomes 

zero. While this leads to the illogical result of a TNR value that is higher with a GHG emission 

constraint than without, it also means that the total level of fixed-inputs used at the regional 

scale decreases, i.e., that crop- or grassland falls idle. At the same time, the shadow price of 

cropland and grassland is positive for many other farms, indicating that there is still demand 

for crop- and grassland. A potential pathway for further improvements of the model could 

therefore be to allow trade of fixed-inputs between farms within one subregion, so that the 

fixed-resource constraint at the farm level is replaced by a fixed-resource constraint at the 

subregional level. This means that the shadow price of each resource is positive for all farms 

as long as there is at least one farm which could decrease its TVC if more fixed-resources 

are available at the subregional level than in the reference scenario. Without a fixed-input 

constraint at the farm level that prevents the extension of a farm’s crop- or grassland it is 

possible that all except one farm exit the market, while the remaining farm uses the entire 

crop- and grassland of a subregion. However, in the reference scenario the model would 

calibrate to optimal fixed-input levels that are equal to the observed fixed-input level 𝑧𝑡,𝑓,𝑗
𝑜  

plus a minimized error term 𝑠𝑡,𝑓,𝑗, which should prevent the agglomeration of fixed-inputs. 

Besides, thanks to the upward sloping MC with respect to activity levels it seems unlikely that 

MC would still equal MR if one single farm drastically increased its activity levels. If one re-

stricts the level of unpaid labour at the farm level, which appears reasonable, the growth of 

individual farms would be limited even stronger. The change of the level at which the fixed-

resource constraint is imposed would have to be implemented already in the estimation 

phase and the number of fixed-input price-related error terms would decrease to the number 

of subregions multiplied by the number of years. This would help address another problem: 

Currently, constraint (3.49) imposes a rigid relationship between the vector 𝐬𝐭,𝐟 of fixed-input 

level related error terms and the vector 𝐮𝐭,𝐟 of fixed-input prices related error terms. Conse-

quently, the fixed-input level related error terms are impacted by the same independency 
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problems that we already discussed for the fixed-input price related error terms. If the fixed-

input price related error terms indicate deviations between observed and true fixed-input 

prices at the subregional level, the rigid linkage to the fixed-input level related error terms, 

which are defined at the farm level, would cease to exist. It remains to be seen how this mod-

ification would impact the problem of a TNR that is larger with a GHG emission constraint 

than without it.  

A third obvious shortcoming of the simulation performed in this thesis is the fact that we im-

pose minimum boundaries for the diagonal of the quadratic cost function matrix 𝐐 to receive 

estimates for the elasticities that are in a reasonable range. This is certainly an important 

deficiency, as an explicit objective of bridging PMP and econometrics is to derive the neces-

sary information on the cost function parameters from the data. Besides, as the supply re-

sponse to an emission constraint is significantly determined by matrix 𝐐, all interventions that 

affect matrix 𝐐 are likely to also impact the simulated MAC.  

Presumably the reason for why the diagonal elements of 𝐐 are so close to zero when there is 

no lower boundary is that the output prices for an activity received by a farm are identical for 

all farms in the region. Consequently, there are only eight different observations (one per 

year) for the marginal revenue and therefore the marginal costs of each activity. As the ele-

ments of 𝐐 indicate the change of marginal costs for a change of an activity level, the estima-

tion of 𝐐 requires many sufficiently different observations for marginal costs. We therefore 

expect that by using output prices with stronger variance the imposition of lower boundaries 

for the diagonal elements of matrix 𝐐 would become redundant. However, one must keep in 

mind that the law of a single market prevents large variations between the activity prices 

faced by different farms within the same region. Therefore, the inclusion of observations from 

more years in the estimation phase might be a promising approach to obtain stronger vari-

ance of marginal revenues across the full panel data set.  

We have shown that with the EMP approach developed and tested throughout this thesis it is 

possible to estimate cost function parameters that can replicate base-year values and that 

can be used to simulate policy scenarios. This EMP approach allows to bridge the PMP pro-

cedure with the econometric conception of a “true” underlying model that can be estimated if 

sufficient data is available. Even though the methodological foundations for EMP have al-

ready been laid in the early 2000s, there are still only few applications of econometric math-

ematical programming for agricultural or environmental policy analysis. Contrarily, the set-up 

of a first-stage linear model as well as other vestiges of the original PMP method persist in 

younger literature. The approach presented and applied in this thesis therefore represents an 

easily implementable alternative belonging to the class of EMP models. Some of the flaws 

that we identified in the previous section could presumably be remedied by using exogenous 

variables that exhibit stronger variance between observations. Other shortcomings might 
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require some model adjustments, such as the introduction of the possibility to trade some 

fixed-inputs between farms. Further developments and applications of the model are neces-

sary to shed more light on the identified flaws and to explore the model’s potential for the 

analysis of different agricultural or environmental policies.  
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Annex I – Theoretical Framework 

Derivation of equation 10 based on Heckelei and Britz (2005) 

First, state the Lagrangian formulation of the non-linear PMP model (equations (5) and (6)): 

𝐿(𝑥) = 𝐩′𝐱 − 𝐜′𝐱 − 0.5𝐱′𝐐𝐱 + 𝐲(𝐛 − 𝐀𝐱)     (I.1) 

If all optimal activity levels are positive, the first order conditions are: 

  
𝛛𝐋

𝛛𝐱
= 𝐩 − 𝐜 − 𝐐𝐱 − 𝐀′𝐲 = 𝟎      (I.2) 

𝛛𝐋

𝛛𝐲
= 𝐛 − 𝐀𝐱 = 𝟎       (I.3) 

Solving (I.2) for x: 

𝐱 = 𝐐−𝟏(𝐩 − 𝐜 − 𝐀′𝐲)        (I.4) 

Substituting (I.4) in (I.3): 

𝐛 − 𝐀 (𝐐−𝟏(𝐩 − 𝐜 − 𝐀′𝐲)) = 𝟎      (I.5) 

Solving (I.5) for y: 

𝐲 = (𝐀𝐐−𝟏𝐀′)
−𝟏

(𝐀𝐐−𝟏(𝐩 − 𝐜) − 𝐛)     (I.6) 

Substituting (I.6) in (I.2) and solving for x: 

𝐱 = 𝐐−𝟏(𝐩 − 𝐜) − 𝐐−𝟏𝐀′((𝐀𝐐−𝟏𝐀′)
−𝟏

(𝐀𝐐−𝟏(𝐩 − 𝐜) − 𝐛)  (I.7) 

Finally, equation (10) can be derived as the derivative of (I.7) w.r.t. p: 

𝛛𝐱

𝛛𝐩
= 𝐐−𝟏 − 𝐐−𝟏𝐀′(𝐀𝐐−𝟏𝐀′)−𝟏𝐀𝐐−𝟏       

Cholesky factorization example 

For a (3 × 3) symmetric, positive semidefinite matrix the Cholesky factorization would look as 

follows (Paris, 2010): 

[

𝑞11 𝑞12 𝑞13

𝑞21 𝑞22 𝑞23

𝑞31 𝑞32 𝑞33

] = [

1 0 0
𝑙21 1 0
𝑙31 𝑙32 1

] [

ℎ11 0 0
0 ℎ22 0
0 0 ℎ33

] [
1 𝑙21 𝑙31

0 1 𝑙32

0 0 1

]  (I.8) 

Annex II – Methodological Framework 
Within Transformation for simple cost function 

The within transformation of constraint (2.75) looks as follows (assuming positive activity lev-

els): 

[𝐀𝐭,𝐤,𝐦
′ 𝐲𝐭,𝐤

𝐨 + 𝐀𝐭,𝐤,𝐦
′ 𝐮𝐭,𝐤 + 𝐖𝐭,𝐦𝐡𝐭,𝐦 + 𝐜𝒎 + 𝑸𝒎,𝒎𝒎(𝐱𝐭,𝐦

𝐨 + 𝐡𝐭,𝐦)] − [𝐀𝐲°̅̅ ̅̅ ̅
𝐦 + 𝐀𝐮̅̅ ̅̅

𝐦 + 𝐖,𝐦𝐡,𝐦
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ +

𝐜𝒎 + 𝑸𝒎,𝒎𝒎(𝐱̅,𝐦
𝐨 + 𝐡̅𝐦)] = 𝐩𝐭,𝐦 − 𝐩̅𝐦              (I.9) 

By indicating the time-demeaned variables with tilde (~) we get: 

𝐀𝐲°̃
𝐭,𝐦 + 𝐀𝐮̃𝐭,𝐦 + 𝐖𝐡̃𝐭,𝐦 + 𝐐(𝐱̃𝐭,𝐦

𝐨 + 𝐡̃𝐭,𝐦) = 𝐩̃𝐭,𝐦 (I.10))  
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subject to  𝐖𝐡̅̅ ̅̅ ̅
𝐦 =

𝟏

𝐓
∑ 𝐖𝐭,𝐦𝐡𝐭,𝐦

𝐓
𝐭=𝟏  

   𝐀𝐮̅̅ ̅̅
𝐦 =

𝟏

𝐓
∑ (𝐀𝐭,𝐤,𝐦𝐮𝐭,𝐤)𝐓,𝐊

𝐭=𝟏,𝐤=𝟏  

𝐡̅𝐦 =
𝟏

𝐓
∑ 𝐡𝐭,𝐦

𝐓
𝐭=𝟏   

 

Where: 

𝐀𝐲°̃
𝐭,𝐦 = 𝐀𝐭,𝐤,𝐦

′ 𝐲𝐭,𝐤
𝐨 − 𝐀𝐲°̅̅ ̅̅ ̅

𝐦 

𝐀𝐲°̅̅ ̅̅ ̅
𝐦 =

𝟏

𝑻
∑ (𝑨𝒕,𝒌,𝒎𝐲°𝐭,𝐤)𝐓,𝐊

𝐭=𝟏,𝐤=𝟏   

𝐀𝐮̃𝐭,𝐦 = 𝐀𝐭,𝐤
′ 𝐮𝐭,𝐤 − 𝐀𝐮̅̅ ̅̅

𝐦 

   𝐖𝐡̃𝐭,𝐦 = 𝐖𝐭,𝐦𝐡𝐭,𝐦 − 𝐖𝐡̅̅ ̅̅ ̅
𝐦 

   𝐱̃𝐭,𝐦
𝐨 = 𝐱𝐭,𝐦

𝐨 − 𝐱̅𝐦
𝐨  

   𝐱̅𝐦
𝐨 =

𝟏

𝑻
∑ 𝐱°𝐭,𝐦

𝐓
𝐭=𝟏  

𝐡̃𝐭,𝐦 = 𝐡𝐭,𝐦 − 𝐡̅𝐦 

𝐀𝐲°̃
𝐭,𝐦, 𝐀𝐲°̅̅ ̅̅ ̅

𝐦, 𝐱̃𝐭,𝐦
𝐨  and 𝐱̅𝐦

𝐨  must be defined and calculated before the estimation, because 

they consist only of exogenous parameters. Note that 𝐜𝒎 vanishes from (I.9). However, after 

having estimated 𝐐, 𝐡𝐭,𝐦 and 𝐮𝐭,𝐤, we can recover 𝐜 from (I.9) as follows: 

    𝐩̅𝐦 − [𝐀̅′𝐤,𝐦(𝐲̅,𝐤
𝐨 + 𝐮̅̂,𝐤) + 𝐖,𝐦𝐡̂,𝐦

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝐐̂𝒎,𝒎𝒎 (𝐱̅,𝐦
𝐨 + 𝐡̅̂𝐦)] = 𝐩𝐭,𝐦 − [𝐀𝐭,𝐤,𝐦

′ (𝐲𝐭,𝐤
𝐨 + 𝐮̂𝐭,𝐤) +

𝐖𝐭,𝐦𝐡̂𝐭,𝐦 + 𝐐̂𝒎,𝒎𝒎(𝐱𝐭,𝐦
𝐨 + 𝐡̂𝐭,𝐦)] 

From (2.75) we see that: 

𝐩𝐭,𝐦 − [𝐀𝐭,𝐤,𝐦
′ (𝐲𝐭,𝐤

𝐨 + 𝐮̂𝐭,𝐤) + 𝐖𝐭,𝐦𝐡̂𝐭,𝐦 + 𝐐̂𝐦,𝐦𝐦(𝐱𝐭,𝐦
𝐨 + 𝐡̂𝐭,𝐦)] = 𝐜̂𝐦 

So 

𝐩̅𝐦 − [𝐀̅′𝐤,𝐦(𝐲̅,𝐤
𝐨 + 𝐮̅̂,𝐤) + 𝐖,𝐦𝐡̂,𝐦

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝐐̂𝐦,𝐦𝐦 (𝐱̅,𝐦
𝐨 + 𝐡̅̂𝐦)] = 𝐜̂𝐟,𝐦 

Monte Carlo simulation 

In a first step, the linear cost parameter c and Q were set by the modeller (while ensuring 

that Q is positive semi-definite), assuming that farmers can produce three activities 𝑖1, 𝑖2 and 

𝑖3:  

𝐜 = [
1.5
5
2

],    𝐐 = [
4 2 0.2
2 17 0.5

0.2 0.5 9.02
] 

Then, the range of sample sizes 𝐹𝑠 was set as [𝐹1 = 10, 𝐹2 = 30, … , 𝐹𝑆 = 150]. For each sam-

ple size 𝐹𝑠 farms were “created” by drawing 𝐹𝑠 “land endowments” 𝐛𝐟 from a random normal 

distribution with a mean 𝜇 = 100 and a standard deviation 𝜎 = 25. The fixed-input availability 

matrix 𝐛 therefore is an (𝐹𝑠 × 1) vector, since the number of fixed-inputs 𝐽 = 1. Besides, since 
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each farm can produce 𝐼 = 3 activities, an 𝐼 × 𝐹𝑠 matrix of output prices 𝐩 was generated. For 

each of the 𝐼 activities a mean was defined around which its prices would be distributed, with 

𝜇𝑝1
= 340,  𝜇𝑝2

= 420 and 𝜇𝑝3
= 410. To ensure that there is some heterogeneity in the pric-

es farmers face, 𝐩 was drawn from a discrete uniform distribution with a range of ±10% from 

the respective mean 𝜇𝑝𝑖
. Finally, for each farm 𝑓 the optimal, “true” activity levels 𝐱𝐟 and 

fixed-input prices 𝐲𝐟 were calculated by minimizing the CSC according to model (2.80), (3.10) 

and (3.11) with the generated output prices 𝐩𝐟 the fixed-input availabilities 𝐛𝐟 and with the 

“true” cost function parameters 𝐜 and 𝐐. In other words: Whereas the CSC minimization is 

used in the validation phase to estimate the values of 𝐱𝐟 and 𝐲𝐟 with the previously estimated 

cost function parameters, we now use the true cost function parameters to generate the true 

values of 𝐱𝐟 and 𝐲𝐟. This procedure mimics the decision-making process of farmers who 

know the true parameters of the cost function they face. Finally, error terms were added to 

the “true” values to create “observed” activity levels and fixed-input prices. These error terms 

were drawn from a standard normal distribution with 𝜇 being the mean of the “true” activity 

level or the “true” fixed-input price over all farms. The standard deviation 𝜎 was 5% of the 

mean of the respective activity level or fixed-input price. Heckelei and Wolff (2003) use a 

similar procedure (but a standard deviation of only 5%). For each sample size, this whole 

procedure was repeated 𝑅 = 100 times. Then, with the “observed” values the cost function 

parameters were estimated for each of the 100 samples per sample size, using model (2.75) 

– (2.79) as proposed by Henry de Frahan (2019). To evaluate the estimates, the root mean 

squared errors (RMSE) and the summed root mean squared errors (SRMSE) were calculat-

ed, as described in chapter 3.4.   



Annex III – Model Implementation 
 

119 

Annex III – Model Implementation 
Regions 

 

 

Figure A.1: Location of the study areas in France. The dark blue area indicates the NUTS1 region that the farms in each of the farm samples are located in, being West France 

(dairy farms), South-West France (cattle farms) and Central France (crop farms). Source: Eurostat (2021e).
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Grouping farms according to their specialization 

The cost function parameter estimation procedure presupposes that all farms in the sample 

for estimation share a common cost function. For this to be a realistic assumption we select-

ed for each region only those farms that share common production characteristics, such as 

farm specialization. Farms were grouped as either “dairy farms”, “cattle farms” or “crop 

farms” according to the following rules: 

Farm type for cost function 

parameter estimation 

Type of farming at recording 

in A30 FADN code  

Description 

Crop farms 1310; 1320; 1330; 1410; 

1420; 1443;  

Specialist cereals, oilseeds 

and proteins (COP); special-

ist rice; COP and rice com-

bined; specialist root crops; 

cereal and root crops com-

bined; various field crops 

combined;   

Cattle farms 4210; 4220; 4310; 4320 Cattle rearing; cattle fatten-

ing; dairying with rearing & 

fattening; rearing & fattening 

with dairying 

Dairy farms 4110; 4120 Milk; Milk & cattle rearing 

Table A.1: Definition of farm types “crop farms”, “dairy farms” and “cattle farms”. Source for description of 

FADN code: (Butault et al., 2011) 

Aggregation of farm outputs for each farm type 

FADN Varia-
ble 

FADN description 

Aggregation category 

Crop Farms Dairy Farms Cattle 
Farms 

K162sa  Milk sales animal outp. dairy outp. dairy outp. 

K163sa  Milk products sold animal outp. dairy outp. dairy outp. 

N23sa  Calves/fattening animal outp. oth. bovine oth. bovine 

N24sa Other cattle (<12m) animal outp. oth. bovine oth. bovine 

N25sa  Male cattle (12-24m) animal outp. oth. bovine oth. bovine 

N26sa  Female cattle (12-24m) animal outp. oth. bovine oth. bovine 

N27sa  Male cattle (>24m) animal outp. oth. bovine oth. bovine 

N28sa  Breeding heifers animal outp. oth. bovine oth. bovine 

N29sa  Heifers/fattening animal outp. oth. bovine oth. bovine 

N30sa Dairy cows animal outp. oth. bovine oth. bovine 

N31sa  Cull dairy cows animal outp. oth. bovine oth. bovine 

N32sa  Other cows animal outp. oth. bovine oth. bovine 

N38sa Goat (breeding female) animal outp. non-bovine non-bovine 
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N39sa  Other goats animal outp. non-bovine non-bovine 

N40sa Ewes animal outp. non-bovine non-bovine 

N41sa  Other sheep animal outp. non-bovine non-bovine 

N43sa  Piglets animal outp. non-bovine non-bovine 

N44sa  Breeding sows animal outp. non-bovine non-bovine 

N45sa  Pigs/fattening animal outp. non-bovine non-bovine 

N46sa  Other pigs animal outp. non-bovine non-bovine 

N47sa  Table chickens animal outp. non-bovine non-bovine 

N48sa  Laying hens animal outp. non-bovine non-bovine 

N49sa  Other poultry animal outp. non-bovine non-bovine 

N22sa  Horses animal outp. non-bovine non-bovine 

N33sa Bees animal outp. non-bovine non-bovine 

N34sa Rabbits (breeding female) animal outp. non-bovine non-bovine 

N50sa  Other animals animal outp. non-bovine non-bovine 

K129sa Dry pulses pulses & oils. crops crops 

K132sa  Oil seeds pulses & oils. crops crops 

K120sa  Common wheat cereals crops crops 

K121sa  Durum wheat cereals crops crops 

K126sa Grain maize cereals crops crops 

K127sa  Rice cereals crops crops 

K122sa  Rye cereals crops crops 

K123sa  Barley cereals crops crops 

K124sa  Oats cereals crops crops 

K125sa Summer cereal mix. cereals crops crops 

K128sa Other cereals cereals crops crops 

K130sa  Potatoes indust. crops crops crops 

K131sa  Sugar beet indust. crops crops crops 

K135sa Other industrial crops indust. crops crops crops 

K133sa Hops other crops crops crops 

K134sa  Tobacco other crops crops crops 

K136sa Vegetables other crops crops crops 

K137sa  Vegetables other crops crops crops 

K138sa  Vegetables other crops crops crops 

K139sa  Mushrooms other crops crops crops 

K140sa  Flowers other crops crops crops 

K141sa Flowers other crops crops crops 
Table A.2: Aggregation of farm outputs for each farm type. Source: Henry de Frahan et al. (2015) 

Imputation of mission or extreme farm gate prices 

The following description is based on Henry de Frahan et al. (2015), who provide an even 

more detailed explanation of the data preparation procedure. Average regional output prices 

are calculated by removing extreme farm-gate prices. A farm-gate price is considered ex-

treme if it has a probability of occurrence that is less than one over twice the sample size: 

|(𝑝𝑡,𝑓,𝑚 − 𝑝𝑡,𝑟,𝑚)| > ɸ−1 (1 −
1

2
𝐹𝑟) ∗ 𝑆𝐷𝑝𝑡,𝑓,𝑚
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where 𝑝𝑡,𝑓,𝑚 is the price of an output disaggregate 𝑚 for each farm and 𝑝𝑡,𝑟,𝑚 the regional 

average, ɸ is a fixed weight input price index, as described in the text, 𝐹𝑟 is the number of 

farms in the respective region, and 𝑆𝐷𝑝𝑡,𝑓,𝑚
 is the standard deviation of farm-gate prices for 

disaggregate 𝑚 for each farm in the year and region. Extreme and missing values are re-

placed by their regional average if available, or otherwise, by the national average.  

The following table demonstrates the process of the imputation of missing prices exemplary 

for dry pulses: 

 
Table A.3: Illustration of the price imputation scheme for the example of dry pulses. Source: Henry de Fra-
han et al. (2015, p. 45). 

 

 

Table A.4: Aggregated activity levels in base year Euros, average values from 2005-2012. Source: EU-

FADN – DG AGRI. 

 



Annex III – Model Implementation 
 

123 

 

Figure A.2: relative land labour ration for all four samples in ha of land per AWU (2005=1). Source: own 
visualization based on EU-FADN – DG AGRI. 
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Figure A.3: relative average aggregated output levels per farm (2005=1). Source: own visualization based on 
EU-FADN – DG AGRI. 
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Figure A.4: relative output prices for dairy, cattle, and crop farms (2005=1,00€). Source: own visualization 
based on EU-FADN – DG AGRI. 
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Activity Level Dependent Cost Function 

 
Table A.5: estimated parameters of the activity level dependent cost function for crop farms in Central France. Source: own simulation. 
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Table A.6: estimated parameters of the activity level dependent cost function for dairy and cattle farms in West and South-West France. Source: own simulation.  
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Table A.7: Elasticities of supply for crop farms in the northern and in the southern part of Central France, calculated with the activity level dependent cost function. 
Elasticities are calculated for a 10% increase of the price of the activities indicated on the vertical axis. Source: own simulation 
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Table A.8: Elasticity of supply for dairy farms in West France and cattle farms in South-West France, calculated with the activity level dependent cost function. Elastici-
ties are calculated for a 10% increase of the price of the activities indicated on the vertical axis. Source: own simulation 
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Activity level and fixed-input level dependent cost funtion  

Estimated cost function parameters 

 

Table A.9: Parameter estimates used for all simulations – activity level and fixed-input level dependent cost function with time index and q_minii = 0.2 for crop farms. 
Source: own simulation 
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Table A.10: Parameter estimates used for all simulations – activity level and fixed-input level dependent cost function with time index and q_minii = 0.2 for dairy and 
cattle farms. Source: own simulation 
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Table A.11: Parameters of the activity level and fixed-input level dependent cost function with time index and q_minii = 0 for crop farms. Source: own simulation. 
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Table A.12: Parameters of the activity level and fixed-input level dependent cost function with time index and q_minii = 0 for dairy and cattle farms. Source: own simula-
tion. 



Annex III – Model Implementation 

134 

 

 

Table A.13: Parameters of the activity level and fixed-input level dependent cost function without time index and q_minii = 0 for crop farms. Source: own simulation. 
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Table A.14: Parameters of the activity level and fixed-input level dependent cost function without time index and q_minii = 0 for dairy and cattle farms. Source: own 
simulation. 
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Table A.15: Parameters of the activity level and fixed-input level dependent cost function without time index and q_minii = 0.2 for crop farms. Source: own simulation. 
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Table A.16: Parameters of the activity level and fixed-input level dependent cost function without time index and q_minii = 0.2 for dairy and cattle farms. Source: own 
simulation. 

 

 

.
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Estimated error terms of the activity level and fixed-input level dependent cost function with 

q_miniii=0.2 – comparison between estimation with and without time index 

 

 

Figure A.5: Distribution of estimated activity level related error term 𝒉̂ for crop farms in southern Central 
France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level depend-
ent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.6: Distribution of estimated fixed-input price related error term 𝒖̂ for crop farms in southern Cen-
tral France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level de-
pendent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.7: Distribution of estimated fixed-input level related error term 𝒔̂ for crop farms in southern Cen-
tral France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level de-
pendent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.8: Distribution of estimated activity level related error term 𝒉̂ for crop farms in northern Central 
France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level depend-
ent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.9: Distribution of estimated fixed-input price related error term 𝒖̂ for crop farms in northern Cen-
tral France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level de-
pendent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.10: Distribution of estimated fixed-input level related error term 𝒔̂ for crop farms in northern Cen-
tral France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level de-
pendent cost function with q_minii = 0.2. Source: own simulation and visualization. 

 



Annex III – Model Implementation 

144 

 
Figure A.11: Distribution of estimated activity level related error term 𝒉̂ for dairy farms in West France. 
Relative size of error term, measured in % of observed value. Activity level and fixed-input level dependent cost 
function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.12: Distribution of estimated fixed-input price related error term 𝒖̂ for dairy farms in West France. 
Relative size of error term, measured in % of observed value. Activity level and fixed-input level dependent cost 

function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.13: Distribution of estimated fixed-input level related error term 𝒔̂ for dairy farms in West France. 
Relative size of error term, measured in % of observed value. Activity level and fixed-input level dependent cost 
function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.14: Distribution of estimated activity level related error term 𝒉̂ for cattle farms in South-West 
France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level depend-
ent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.15: Distribution of estimated fixed-input price related error term 𝒖̂ for cattle farms in South-West 
France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level depend-
ent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Figure A.16: Distribution of estimated fixed-input level related error term 𝒔̂ for cattle farms in South-West 
France. Relative size of error term, measured in % of observed value. Activity level and fixed-input level depend-
ent cost function with q_minii = 0.2. Source: own simulation and visualization. 
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Annex IV – Application for a Greenhouse Gas Emission Cap 

Simulation  
GHG emissions for all outputs in CO2 equivalents 

 

 
FADN vari-

able  

Source 

CO2 
equivalents 
in kg per kg 
or ton per 

ton 

CO2 
equivalents 
in tons per 

LU 

description 

K162 Agribalyse 1.18 
 

Cow milk, national average, at 
farm gate/FR U 

K163 Agribalyse 4.74 
 

Average of all dairy products 

N23 IPCC livestock 
emissions 

 
3.68 Calves/fattening 

N24 IPCC livestock 
emissions 

 
5.4 Other cattle (<12m) 

N25 IPCC livestock 
emissions 

 
3.24 M cattle (12-24m) 

N26 IPCC livestock 
emissions 

 
3.24 F cattle (12-24m) 

N27 IPCC livestock 
emissions 

 
2.17 M cattle (>24m) 

N28 IPCC livestock 
emissions 

 
2.96 Breeding heifers 

N29 IPCC livestock 
emissions 

 
2.96 Heifers/ fattening 

N30 IPCC livestock 
emissions 

 
4.09 Dairy Cows 

N31 IPCC livestock 
emissions 

 
3.02 Cull dairy cows 

N32 IPCC livestock 
emissions 

 
2.77 Other Cows 

N38 IPCC livestock 
emissions 

 
1.44 Goat (breeding F) 

n39 IPCC livestock 
emissions 

 
1.44 Other goats 

N40 IPCC livestock 
emissions 

 
2.29 Ewes 

N41 IPCC livestock 
emissions 

 
2.29 Other Sheep 

N43 IPCC livestock 
emissions 

 
2.3 Piglets 

N44 IPCC livestock 
emissions 

 
0.76 Breeding sows 

N45 IPCC livestock 
emissions 

 
0.89 Pigs/fattening 

N46 IPCC livestock 
emissions 

 
1.07 Other pigs 

N47 IPCC livestock 
emissions 

 
0.08 Table chickens 

N48 IPCC livestock 
emissions 

 
0.06 Laying hens 
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N49 IPCC livestock 
emissions 

 
0.05 Other poultry 

N22 IPCC livestock 
emissions 

 
0.68 horses 

N33 IPCC livestock 
emissions 

 
0 no data for bees 

N34 IPCC livestock 
emissions 

 
0 no data for rabbits 

N50 IPCC livestock 
emissions 

 
0 no data for other animals 

K129 Agribalyse 0.29 
 

average of the following catego-
ries in Agribalyse: French bean, 
conventional, national average, 
at farm gate/FR U; Spring faba 
bean, conventional, national 
average, at farm gate/FR U; 
Spring pea, conventional, 15% 
moisture, animal feed, at farm 
gate, production/FR U; Winter 
pea, conventional, 15% mois-
ture, at farm gate/FR U 

K132 Agribalyse 0.47 
 

average of the following catego-
ries in Agribalyse: Sunflower 
grain, conventional, 9% mois-
ture, national average, animal 
feed, at farm gate, produc-
tion/FR U; Rapeseed, conven-
tional, 9% moisture, national 
average, animal feed, at farm 
gate, production/FR U; Soybean, 
national average, animal feed, at 
farm gate/FR U 

K120 Agribalyse 0.30 
 

average of the following catego-
ries: Soft wheat grain, conven-
tional, breadmaking quality, 15% 
moisture, at farm gate/FR U; Soft 
wheat grain, conventional, na-
tional average, animal feed, at 
farm gate, production/FR U 

K121 Agribalyse 0.30 
 

average of the following catego-
ries: Soft wheat grain, conven-
tional, breadmaking quality, 15% 
moisture, at farm gate/FR U; Soft 
wheat grain, conventional, na-
tional average, animal feed, at 
farm gate, production/FR U 

K126 Agribalyse 0.25 
 

Maize grain, conventional, 28% 
moisture, national average, ani-
mal feed, at farm gate/FR U 

K127 Agribalyse 0 
 

no data for French rice 

K122 Rajaniemi et 
al. 2011 

0.85 
 

rye 
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K123 Agribalyse 0.29 
 

average of the following catego-
ries: Spring barley, conventional, 
downgraded quality, animal 
feed, at farm gate/FR U; Spring 
barley, conventional, malting 
quality, animal feed, at farm 
gate/FR U; Winter barley, con-
ventional, malting quality, ani-
mal feed, at farm gate/FR U; 
Winter forage barley, conven-
tional, animal feed, at farm 
gate/FR U 

K124 Agribalyse 0.37 
 

Oat grain, national average, an-
imal feed, at farm gate/FR U 

K125 Agribalyse 0.28 
 

average of the following catego-
ries: Spring wheat, from inter-
crop, organic, system n°2, at 
farm gate/FR U; Sorghum grain, 
conventional, national average, 
animal feed, at farm gate/FR U; 
Triticale grain, conventional, 
national average, animal feed, at 
farm gate, production/FR U 

K128 Agribalyse 0.28 
 

average of the following catego-
ries: Spring wheat, from inter-
crop, organic, system n°2, at 
farm gate/FR U; Sorghum grain, 
conventional, national average, 
animal feed, at farm gate/FR U; 
Triticale grain, conventional, 
national average, animal feed, at 
farm gate, production/FR U 

K130 Agribalyse 0.06 
 

average of the following catego-
ries: Ware potato, conventional, 
variety mix, national average, at 
farm gate/FR U; Starch potato, 
conventional, national average, 
at farm gate/FR U 

K131 Agribalyse 0.03 
 

Sugar beet roots, conventional, 
national average, animal feed, at 
farm gate, production/FR U 

K135 Agribalyse 0.05 
 

average of the following catego-
ries: Sugar beet roots, conven-
tional, national average, animal 
feed, at farm gate, produc-
tion/FR U; Ware potato, conven-
tional, variety mix, national av-
erage, at farm gate/FR U; Starch 
potato, conventional, national 
average, at farm gate/FR U 

K133 Agribalyse 0 
 

no data for French hop 

K134 Agribalyse 0 
 

no data for French tobacco 
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K136 Agribalyse 0.18 
 

average of the following catego-
ries: Carrot, conventional, na-
tional average, at farm gate/FR 
U; Cauliflower, national average, 
at farm gate/FR U; Chicory wit-
loof, conventional, national av-
erage at farm gate/FR U; Leek, 
national average, at plant/FR U; 
Lettuce, conventional, national 
average, at farm gate/FR U; 
Melon, open field, conventional, 
at farm gate/FR U; Onion, na-
tional average, at farm/FR U; 
Squash, open field, conventional, 
at farm gate/FR U; Strawberry, 
open field, conventional, at farm 
gate/FR U;  

K137 Agribalyse 0.32 
 

average of the values for 
pCO2otc_136 and pCO2otc_138 

K138 Agribalyse 0.46 
 

average of the following catego-
ries: Carrot, conventional, na-
tional average, at farm gate/FR 
U; Cauliflower, national average, 
at farm gate/FR U; Chicory wit-
loof, conventional, national av-
erage at farm gate/FR U; Leek, 
national average, at plant/FR U; 
Lettuce, conventional, national 
average, at farm gate/FR U; 
Melon, national average, at farm 
gate/FR U; Onion, national aver-
age, at farm/FR U; Squash, con-
ventional, national average, at 
farm gate/FR U; Strawberry, 
national average, at farm 
gate/FR U; Tomato, average 
basket, conventional, heated 
greenhouse, national average, at 
greenhouse/FR U; Tomato, aver-
age basket, conventional, soil 
based, non-heated greenhouse, 
at greenhouse/FR U;  

K139 Agribalyse 0 
 

no data for mushrooms 

K140 Agribalyse 0.77 
 

average of the following catego-
ries: Potted shrub, national av-
erage, at production site/FR U; 
Rose (cut flower), soilless, low-
heated, conventional pest man-
agement, at greenhouse/FR U; 
Rose (cut flower), soilless, low-
heated, integrated pest man-
agement, at greenhouse/FR U 
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K141 Agribalyse 0.93 
 

average of the following catego-
ries: Potted shrub, national av-
erage, at production site/FR U; 
Rose (cut flower), production 
mix, national average, at green-
house/FR U; Rose (cut flower), 
soilless, heated and enlighted, 
conventional pest management, 
at greenhouse/FR U; Rose (cut 
flower), soilless, heated and 
enlighted, integrated pest man-
agement, at greenhouse/FR U 

Table A.17: GHG emissions of each activity in tons of CO2equ/t or LU. These values were used as the input 
values to calculate the emission factors for each aggregated activity and farm.  

Note: “Agribalyse” indicates Agribalyse (2020b) for conventional products and Agribalyse 

(2020a) for organic products. “IPCC livestock emissions” refers to IPCC (2006). 

 

 

Figure A.17: Emissions per activity as a function of the activity level. Activity emissions depend largely on 
the activity level. Source: own visualization and calculation. 
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Emission Cap 

 
Figure A.18: Simulated marginal costs w.r.t. other bovine outputs for dairy farms, for four different emis-
sion reductions scenarios. Source: own visualization and simulation. 

 
Figure A.19: Simulated marginal costs w.r.t. other non-bovine animal outputs for dairy farms, for four 

different emission reductions scenarios. Source: own visualization and simulation. 
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Figure A.20: Simulated marginal costs w.r.t. crop outputs for dairy farms, for four different emission re-
ductions scenarios. Source: own visualization and simulation. 

 

Figure A.21: Impact of emission factor on outputs by dairy farms. Source: own visualization and simulation. 



Annex IV – Application for a Greenhouse Gas Emission Cap Simulation 
 

157 

 
Figure A.22: impact of activity level in reference scenario on the emission reduction for a 10% emission 
cap. Source: own visualization and simulation. 

 

Figure A.23: Dairy farm’s emission reduction for an emission cap of 10% compared to the reference sce-
nario.  Farms that lie above the black line are net emission right buyers, whereas the farms below the line are net 
sellers of emission rights. Source: own visualization and simulation. 
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Figure A.24: Impact of the emission factors of other bovine outputs and non-bovine animal outputs of 
cattle farms on the activity level change of non-bovine animal outputs. If the emission factor of non-bovine 
animal outputs is larger than the emission factor of other bovine outputs, cattle farms reduce the level of non-
bovine animal outputs. If the emission factor of non-bovine animal outputs is comparably small, farms increase 
the level of non-bovine animal outputs. This relationship explains why for a few cattle farms the level of non-
bovine animal outputs increases if an emission cap is imposed. Source: own visualization and simulation. 
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Figure A.25: Impact of different GHG emission caps on GHG emissions caused by each output category. 
Source: own visualization and simulation. 
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Figure A.26: Impact of emission cap on emissions from each subregion. Source: own visualization and 

simulation.  
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