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Abstract

One of the challenges regarding the SKA radio-telescope is the determination of the radiation
pattern of the low frequency antenna in presence of a finite ground plane. In this Master Thesis,
a methodology based on a spectral approach is built to calculate relatively fast the current
induced in a finite ground plane placed under a given source. The field radiated by the source
is estimated thanks to a method based on the decomposition into inhomogeneous plane waves
and the current induced in the ground plane is calculated by solving a Method of Moments
linear system of equations. The method is applied to the low frequency antenna of the SKA for
different frequencies and ground plane diameters. The results are validated against the ones
obtained with the EM simulation software FEKO.
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Glossary

A−n Area of the triangle carrying a decaying edge basis function

A+
n Area of the triangle carrying a rising edge basis function

ê TM polarization vector

ε Permittivity

Ep Electric field for polarization p

η Free space impedance

f Frequency

Fp Radiation Pattern for polarization p

Γ Reflection coefficient

HARP Harmonic-polynomials

k The wavenumber
−→
k Direction of polarization

λ The wavelength

LFAA Low Frequency Aperture Array

MFAA Mid Frequency Aperture Array

m̂ TE polarization vector

µ Permeability

Nbf Number of basis functions on the antenna

Ntf Number of testing functions on the ground plane

φ Azimuth angle

SDP Steepest Descent Path

SKA Square Kilometer Array

SKALA SKA Log-periodic Antenna

θ Elevation angle

v Excitation vector on the ground plane
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Chapter 1

Introduction: The SKA

The Square Kilometer Array (SKA) [1], [2] is the next generation of radio telescope. Its target
sensibility aims to be significantly higher than any other current telescope and its long term goal
is to bring answers to important questions like:

• What did the universe look like when the first galaxies formed ?

• What are gravitational waves ?

• How are planets formed ?

• What is dark matter ?

The desired high sensitivity requires a huge number of elements and a significantly large collecting
area to be able to overcome the sky brightness temperature. The full SKA will contain more
than 3 million elements and the implementation is currently taking place in South Africa and in
Australia. The construction sites are remote areas chosen far away from cities to benefit from a
minimum radio interference. The total collecting area of the SKA will be over one square kilometer.

The SKA will be built in two phases. The first one takes place between 2017 and 2023 and is
about procurement and construction. The needed sensitivity for the first phase requires already
about 250,000 elements. The second phase should end during the 2020s.

The use of so many elements means a high signal processing capability. The central signal
processor needs to convert signals from the receivers to valid information like images of deep
space astronomical phenomena. The central signal processor will use the latest generation of
high-speed processors and high capacity memory chips.

Apart from the technological part is the need for a low design cost of the elements. The
design approach is limited by the price of such a huge number of elements. Moreover, the SKA
is specified to be operative for at least 30 years which means a high reliability of the elements.

The targeted goals of the SKA require a high frequency bandwidth of the installation. The re-
ceivers must cover a frequency bandwidth from 50 MHz to 10 GHz. Scanning all these frequencies
means different receiver implementations.
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The SKA receivers
The SKA is equipped with three types of receivers covering different frequency bands. These
receivers are described below:

1) The Low Frequency Aperture Array (LFAA)

The LFAA is made of stationary antennas, board am-
plifiers and local processing elements. It also requires a
local signal processing station to combine the antennas.
This implementation is the so-called low-SKA and
will cover the frequency band from 50 MHz to 350 MHz.

Figure 1.1: Low Frequency Aperture
Array in Australia. Reference: [1].

2) The Mid Frequency Aperture Array (MFAA)

The MFAA will cover the frequencies from 450 MHz
to 1500 MHz. This aperture will be deployed in the
second phase of the SKA construction.

The MFAA will have specific planned missions
such as measuring the effects of dark energy. It needs
to detect very small signal variations and then requires
a significantly high sensitivity.

Figure 1.2: Mid Frequency Aperture
Array in South Africa. Reference:
[1].

3) The High Frequency Network

A combination of several thousands of 15 meters wide
dishes gives the telescope its high frequency capability
(from 1500 MHZ to 10 GHz). This network of dishes
will be used as an interferometer.

In contrast with the LFAA and the MFAA, these
antennas will be steerable. The dishes will be
composed of carbon fiber composites and will be able
to resist high winds and environmental stresses. Figure 1.3: The 15 meter wide dish.

Reference: [1].
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The low-SKA
In this master thesis we will focus on the elements of the Low Frequency Aperture Array. The
design of the LFAA antenna has been quite challenging due to the many requirements of the
radio-telescope. Indeed it should be a dual-pol element with significant performance in terms of
radiation patterns, low cross-polarization, impedance matching,... The proposed design is the
SKALA (SKA Log-periodic Antenna) element and is pictured in Figure 1.4.

Figure 1.4: Artist’s image of SKA-low array dipole antennas – Swinburne Astronomy Produc-
tions/ICRAR/U. Cambridge/ASTRON. Reference: [1].

The antenna has two orthogonal horizontally polarized V-shaped log-periodic elements. Due to
dimensions constraints, the antenna has a maximum height of 1.5 m.

1.1 Context and goal of the Master Thesis
The latest requirements of the SKA stipulate that each of the low-SKA stations will contain 256
elements. The sensitivities of the array elements are different from each other due to mutual
coupling. A software code named HARP [3], [17] developed at UCL measures efficiently the
effect of mutual coupling taking into account an infinite ground plane.

In this Master Thesis, we want to estimate the radiation pattern of the antennas including the
presence of a finite ground plane. The culmination of the project requires the following steps:

1. Find a way to compute the electric field radiated by the antenna on the finite ground plane.

2. Determine the current induced in the ground plane.

3. Compute the radiation pattern of the antenna in the vicinity of the finite ground plane.
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The Master Thesis is organized as follows: the first chapters will introduce and describe the
different methods used to compute the field incident to the ground plane and the current induced
in this one. After that, the methodology will be applied and validated with several kinds of
antennas and finally with the SKALA antenna.

More precisely, the Chapter 2 will explain how to compute the electric field radiated by a
3D antenna on a plane situated just below this one using a spectral approach. Advantages
and disadvantages of the method will be discussed and a validation using dipoles will be described.

The Chapter 3 gives some notions about the Method of Moments and explains how it can
be used to determine the current induced on the finite ground plane. The Chapter 4 is devoted to
the computation of discrete integrals which will help us to solve the system of equations dictated
by the application of the Method of Moments.

After that, the Chapter 5 will describe the validation of the method with different antennas.
Finally, the method is applied to the SKALA antenna in Chapter 6.
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Chapter 2

Estimation of the field radiated by a
source on a finite ground plane

The first step towards the calculation of the induced current in the ground plane is the deter-
mination of the incident field. The challenge is to find a fast method capable of handling 3D
antennas. The method proposed here is a spectral approach based on the decomposition into
inhomogeneous plane waves [4].

This chapter will first give a background necessary to the understanding of the considered
method. After that, the approximated radiated field using this approach is validated against its
exact solution when considering small dipoles. The advantages and limitations of the spectral
approach are then discussed.

Finally, the calculation of the reflection coefficients at a single interface is described.

2.1 Definitions
Let us consider a two semi-infinite medium environment as depicted in Figure 2.1.

Figure 2.1: Coordinates in a two semi-infinite medium environment
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The electromagnetic fields can be decomposed into TE and TM plane waves and can be expressed
in each of the propagating media as:

−→
E = (−m̂ ATE + ê ATM ) e−jkxxe−jkyye±jkzz

−→
H = 1

ηi
(ê ATE + m̂ ATM ) e−jkxxe−jkyye±jkzz

(2.1)

where ηi =
√

µi
εi

is the free space impedance of the medium i with permittivity εi and permeability
µi, ATE and ATM are the complex amplitudes of the TE and TM plane waves and where the
sign ± corresponds to a wave propagating in the ∓z direction.

Each plane wave is characterized by its direction of propagation
−→
k = (kx, ky,∓kz). The

norm of
−→
k is equal to the wavenumber k.

Considering β ,
√
kx

2 + ky
2, k can also be expressed as:

k2 = β2 + k2
z (2.2)

with
IR{kz} ≥ 0

II{kz} ≤ 0.

The normalized direction of propagation û and the TE and TM polarization vectors m̂ and ê
are defined as follows:

û ,
−→
k /k, (2.3)

m̂ ,
1
β

−kykx
0

 , (2.4)

êu ,
1
βk

kxkykykz
−β2

 , (2.5)

for waves propagating in the +z direction and

û ,
−→
k /k, (2.6)

m̂ ,
1
β

−kykx
0

 , (2.7)

êu ,
1
βk

−kxky−kykz
−β2

 , (2.8)

for waves propagating in the −z direction.

It can be noticed that the TE component characterized by m̂ is always parallel to the boundary
between the two media and that the polarization vectors m̂, ê and the direction of propagation û
form an orthonormal basis:

û = ê× m̂. (2.9)
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2.2 Electric Field on Ground
Starting from a current distribution situated above the finite ground plane given by −→J (−→r ′), the
potential vector −→A (−→r ) reads:

−→
A (−→r ) =

∫ ∫ ∫
V

−→
J (−→r ′) G(R) dV (2.10)

where −→r ′ corresponds to the source point, −→r is the observation point and R = |−→r −−→r ′|.

The Green function G(R) can be expressed as the Weyl [5] integral as follows:

G(R) = e−jkR

4πR = 1
(2π)2

∫ ∫ +∞

−∞

exp (−j (kx(x− x′) + ky(y − y′) + kz|z − z′|))
2jkz

dkx dky. (2.11)

In our context, we are mainly interested in the waves going in the −z direction, thus e−jk|z−z′|
can be rewritten ejkze−jkz′ .

From there, the electric field component with p polarization can be written as:

Ep = −→E · êp = −jkη(−→A + ∇(∇ · −→A )
k2 ) · êp

= −jkη
(2π)2

∫ ∫
(kx,ky)

exp (−j(kxx+ kyy − kzz))
2jkz

êp · {I−
−→
k
−→
k

k2 }∫ ∫ ∫
V

−→
J (−→r ′) exp

(
−j(kxx′ + kyy

′ + kzz
′)
)
dV dkx dky

(2.12)

where I is the identity operator.

One may notice that the integration over spatial and spectral coordinates have been swapped.
As the direction of propagation is orthogonal to each of the polarization directions, the term in
−→
k
−→
k

k2 falls.

More generally, the field propagating in the −z direction can be expressed as:

Ep(x, y, z) = −jkη
(2π)2

∫ ∫
Fp(kx, ky)

exp (−j(kxx+ kyy − kzz))
2jkz

dkx dky (2.13)

where Fp(kx, ky) is the radiation pattern of the considered current distribution for a polarization p.

The radiation pattern Fp(kx, ky) is then given by:

Fp(kx, ky) =
∫ ∫ ∫

V
[−→J (−→r ′) · êp] exp

(
−j(kxx′ + kyy

′ + kzz
′)
)
dV. (2.14)
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2.3 Contour deformation
Different contour deformations like the Steepest Descent Path (SDP) [4] [8] or the parabolic
contour [6] have been adopted in the literature. As will be seen later, the appropriate contour
deformation depends on the height of the current source with respect to the ground.

Let us first consider the SDP contour deformation. In this contour, the imaginary part of
β is related to its real part by:

βI = βR
S

(2.15)

with S =
√

1 +
(
βR
k

)2
.

The complex wavenumbers kx = kxR + jkxI and ky = kyR + jkyI need to fulfill the follow-
ing equations:

β2 = k2
x + k2

y, (2.16)

βR
2 = kxR

2 + kyR
2. (2.17)

Knowing that β2 = βR
2 + 2jβRβI − βI2, the imaginary part βI2 can be found by subtract-

ing (2.17) to the real part of (2.16), which produces:

βI
2 = kxI

2 + kyI
2. (2.18)

Taking the imaginary part of (2.16), we have:

βRβI = kxRkxI + kyRkyI . (2.19)

Considering (2.18) and (2.19), we can write:

βR
2
(
βI
βR

)2
= kxR

2
(
kxI
kxR

)2
+ kyR

2
(
kyI
kyR

)2

, (2.20)

βR
2
(
βI
βR

)
= kxR

2
(
kxI
kxR

)
+ kyR

2
(
kyI
kyR

)
. (2.21)

by multiplication with ratios of type ε
ε [6].

From equations (2.17), (2.20) and (2.21), the following equation can be inferred:

βI
βR

= kxI
kxR

= kyI
kyR

= 1
S

(2.22)

At this stage, it is possible to integrate (2.13) only with respect to the real part of kx and
ky provided a few modifications [6].
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Starting from (2.13) and considering the following polar coordinates of kx and ky:

kx = β cos(α), (2.23)

ky = β sin(α), (2.24)

β =
√

(kx2 + ky
2), (2.25)

the integral resulting from the change of variable reads:

Ep(x, y, z) = −jkη
(2π)2

∫
β

∫
α
Fp(kx, ky)

exp (−j(βcos(α)x+ βsin(α)y − kzz))
2jkz

|det (J(βcos(α), βsin(α))) | dα dβ
(2.26)

where J(βcos(α), βsin(α)) is the Jacobian of the transform. The determinant of the Jacobian
produces: |det (J(βcos(α), βsin(α))) | = β.

The integral should now be computed with the real part of β and, as we know that β = βR + jβI ,
it can be written as follows:

Ep(x, y, z) = −jkη
(2π)2

∫
β

∫
α
Fp(kx, ky)

exp (−j(βcos(α)x+ βsin(α)y − kzz))
2jkz

βR

(
1 + j

βI
βR

)(
1 + j

dβI
dβR

)
dα dβR

(2.27)

Coming back to the real domain of kx and ky, the integral reads:

Ep(x, y, z) = −jkη
(2π)2

∫ ∫
Fp(kx, ky)

exp (−j(kxx+ kyy − kzz))
2jkz

(
1 + j

βI
βR

)(
1 + j

dβI
dβR

)
dkxR dkyR.

(2.28)

If we consider the SDP contour deformation, the following results can be inferred:

βI
βR

= 1
S
, (2.29)

dβI
dβR

= 1
S3 , (2.30)

Ep(x, y, z) = −jkη
(2π)2

∫ ∫
Fp(kx, ky)

exp (−j(kxx+ kyy − kzz))
2jkz

(
1 + j

S

)(
1 + j

S3

)
dkxR dkyR.

(2.31)
Thanks to this result, we can restrict ourselves to the integration with the real parts of (kx, ky).
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2.4 Validation
In this section, we validate the approximation of the electric field using the method of decompo-
sition into inhomogeneous plane waves as described in the previous section.

2.4.1 Validation using a z-oriented point source

We first consider a z-oriented unit point source for which the exact solution of the radiated field
reads [9]:

−→
E = e−jkr

4πr

(
âθ sin(θ)jkη

(
1− j

kr
− 1

(kr)2

)
+ âr cos(θ)

2η
r

(
1− j

kr

))
. (2.32)

We are interested in the field radiated just below the source. Accordingly, we place the point
source at a height z = λ

2 m and we compute the field on a [λ× λ] m2 square considering a 110
MHz frequency. Hence a frequency used in the LFAA bandwidth.

The Figures 2.2 and 2.3 represent the Ex, Ey, Ez components of the exact solution.

Figure 2.2: Exact x and y components of the electric field for a z-oriented point source

Figure 2.3: Exact z component of the electric field for a z-oriented point source
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After that, the field can be estimated using the spectral approach. We obtain the results depicted
in the Figures 2.4 and 2.5 using a [64× 64] table of inhomogeneous plane waves with the SDP
contour. The accuracy of the result depends on the number of plane waves considered. The
required number of waves decreases with increasing distance between the observation point and
the source.

Figure 2.4: Approximated x and y components of the electric field for a z-oriented point source

Figure 2.5: Approximated z component of the electric field for a z-oriented point source

The error along the axis x = λ is given in Figures 2.6 , 2.7 and 2.8. The approximation is
supposed good enough when the error is more than 30 dB under the superposition of the exact
and the approximate solution.
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Figure 2.6:

Figure 2.7:

Figure 2.8:
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2.4.2 Validation using a y-oriented point source

The same procedure can be applied to a y-oriented point source.

First of all, we need to find the exact expression of the radiated field.
The following development is similar to the one done for a z-oriented point source in [7].

Assuming an infinitesimal y-oriented dipole, the expression of the potential vector reads:

−→
A = µ

4π

∫
δ(x, y, z) ây

e−jkr

r
dr′ (2.33)

We can derive the spherical coordinates of the potential vector in equation (2.33) using the
rectangular to spherical transform given by the following matrix: Ar

Aθ
Aφ

 =

sin(θ)cos(φ) sin(θ)sin(φ) cos(θ)
cos(θ)cos(φ) cos(θ)sin(φ) −sin(θ)
−sin(φ) cos(φ) 0


 Ax
Ay
Az

 . (2.34)

Leading to the following spherical coordinates:

Ar = sin(θ) sin(φ) µ

4πre
−jkr,

Aθ = cos(θ) sin(φ) µ

4πre
−jkr,

Aφ = cos(φ) µ

4πre
−jkr.

(2.35)

Given that −→H = 1
µ

(
∇×

−→
A
)
, the magnetic field produces:

Hr = 0,

Hθ = jk cos(φ)e
−jkr

4πr

(
1 + 1

jkr

)
,

Hφ = jk cos(θ) sin(φ)e
−jkr

4πr

(
−1− 1

jkr

)
.

(2.36)

Knowing that −→E = 1
jωε

(
∇×

−→
H
)
, the electric field can be inferred:

Er = η sin(θ) sin(φ)e
−jkr

2πr2

(
1 + 1

jkr

)
,

Eθ = jkη sin(θ) cos(φ)e
−jkr

4πr

(
−1− 1

jkr
+ 1

(kr)2

)
,

Eφ = jkη cos(φ)e
−jkr

4πr

(
−1− 1

jkr
+ 1

(kr)2

)
.

(2.37)
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The electric field radiated by the y-oriented source at a height: z = λ
2 m is pictured in Figures

2.9 and 2.10.

Figure 2.9: Exact x and y components of the electric field for a y-oriented point source

Figure 2.10: Exact z component for a y-oriented point source
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Using the spectral approach with a [64 × 64] table of plane waves with the SDP contour, we
obtain the results depicted in Figures 2.11 and 2.12.

Figure 2.11: Approximated x and y components of the electric field for a y-oriented point source

Figure 2.12: Approximated z component of the electric field for a y-oriented point source

The error on the axis x = λ is pictured in Figures 2.13, 2.14 and 2.15. The error is again less
than 30 dB under the superposition of the solution and the approximation.
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Figure 2.13:

Figure 2.14:

Figure 2.15:
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The precision of the method is improved when a larger number of plane waves is considered. The
Figure 2.16 shows the error for diverse values of nk, considering a [nk × nk] table of plane waves
and a SDP contour deformation for a z-oriented point source.

Figure 2.16:

The same error is plotted with a y-oriented point source in Figure 2.17.

Figure 2.17:

25



2.5 Compensation between aliasing and truncation error
The method of decomposition into inhomogeneous plane waves owns a remarkable property when
considering the SDP contour deformation. If we consider a domain of integration [−kmax, kmax]
discretized into nk points, the combination of well selected kmax and nk can lead to a compensa-
tion between aliasing and truncation errors in equation (2.31) [4] [8].

This compensation is due to the resemblance between the integral in equation (2.31) and
the Fourier transform of a Gaussian function with standard deviation close to (k/2z)

1
2 , with k

the wavenumber and z the distance between the source and the antenna. A relation can then be
established between the normalized half width of the integration domain kmax

σ and the number
of points nk.

Due to this property, the numerical integration leading to the estimation of the field in (2.31)
converges rapidly with a simple integration using rectangles. When using higher order numerical
integration methods, the compensation of errors is less pronounced and the convergence is slower.

One can see the different errors made when estimating the Ex component of the radiated
field of a z-oriented point source with, on the one hand, a simpson numerical integration method
and, on the other hand, an integration with rectangles in Figure 2.18. The integration is computed
here with a table of [64× 64] plane waves.

Figure 2.18: Error on the estimated field considering integration with simpson and rectangles
methods

This result can also be compared to the previous results obtained for the z-oriented point source
in Figure 2.6. Another choice of domain range has been made here to show that, even with the
same number of plane waves, the error can be significantly lowered (or increased) when taking
another kmax. As an example, the kmax considered here is equal to 7 k and the kmax leading to
the result in Figure 2.6 is equal to 9 k, with k the wavenumber.
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2.6 Choice of the contour deformation

We have seen so far that the SDP contour deformation can give good results. Unfortunately,
the quality of the approximation decreases with decreasing distance between the source and the
observation point. However, it appears that considering a lower contour deformation gives better
results in these circumstances. Let us consider a new contour deformation given by:

S2 = 1 / (A exp(−βR/k)) (2.38)

with A a carefully chosen constant. The relation between the imaginary and the real parts of β
produces now βI = βR /S2.

Let us call this contour: " the exponential contour". The SDP contour and the exponen-
tial contour are depicted in Figure 2.19. One can see that the exponential contour (plotted here
with A = 0.7) is significantly lower than the SDP contour.

Figure 2.19: Comparison between the SDP and the exponential contours

Let us consider a z-oriented point source at a z = λ
6 m height. The x component of the radiated

field is estimated in Figure 2.20 with the two different contours of Figure 2.19 considering a
[64× 64] table of plane waves.

Figure 2.20: Comparison between the approximations considering the SDP and the exponential
contour deformations
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The exponential contour gives better performance and the result obtained with the SDP contour
is not acceptable anymore. The SDP contour would need more plane waves to achieve a good
result and thus would take a longer execution time.

The exponential contour needs to be considered due to the geometry of the SKALA antenna.
Indeed, some of the arms of the antenna are very close to the ground plane. The lowest arm of
the antenna is placed at a 0.18 m height (which is close to λ

15 at a 110 MHz frequency).

2.7 Determination of the reflection coefficients at a single inter-
face

In this section, a formulation of the reflection coefficients [10] for both TE and TM waves is
given. The need for the reflected field will appear when computing the projection of the total
field (incident and reflected) on the testing functions in order to compute the current induced in
the ground plane as will be seen in Chapter 3.

Considering two semi-infinite media as depicted in Figure 2.1, a plane wave reaching the
boundary induces a reflected wave and a transmitted wave.

The reflection coefficient is defined here as the ratio of the incident wave to the reflected
wave:

Γu = Eu−

Eu+

Γd = Ed+

Ed−

(2.39)

where u and d respectively denote the upper and lower media.

As the TE and TM waves are orthogonal to each other, they give the advantage of dealing with
the Γ coefficients independently. As a result, the ΓTE and ΓTM reflection coefficients can be
calculated separately and they only need to be recombined in the final solution.

Given an interface with no sources, the reflection coefficients can be determined by enforc-
ing the following boundary conditions:

ẑ × Eu = ẑ × Ed

ẑ ×Hu = ẑ ×Hd.
(2.40)

These equations mean that the electric and magnetic fields need to be continuous across the
interface.

Let us consider the following relations:

ẑ × êu = ctu
β

−kykx
0

 = ±ctu
ctd

ẑ × ê±, (2.41)

ct ,
kz
k

= cos(θ) (2.42)

where θ is the elevation angle of k̂ in the layer considered.
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Placing the interface on the plane z = 0 and imposing the equations (2.40), the reflection
coefficients at a single interface read:

ΓuTE = ctuηd + ctdηu
ctuηd − ctdηu

ΓuTM = ctuηu + ctdηd
ctuηu − ctdηd

(2.43)

for the upper medium and

ΓdTE = ctdηu + ctuηd
ctdηu − ctuηd

ΓdTM = ctdηd + ctuηu
ctdηd − ctuηu

(2.44)

for the lower medium.

The calculations leading to (2.43) are described in Annex A.

2.8 Conclusion
Thanks to the spectral approach described in this chapter, we can now estimate the radiated field
of any given source on a finite ground plane. The next step consists in computing the current
induced in the ground plane from the incident field and will be investigated in the following
chapter.
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Chapter 3

Method of Moments

This chapter gives an introduction on the basis of the Method of Moments and explains how the
current induced in the finite ground plane will be computed.

Basically, once the electric field is calculated on the finite ground plane, the Method of Moments
permits us to find the induced current in the ground plane by resolving a linear system of
equations.

3.1 Definition
The Method of Moments [11], [12], [14] is a numerical tool used to solve electromagnetic systems
with integral equations representing radiation and scattering problems. The general form of the
system to solve is the following:

Lf = g (3.1)

where L is a linear integro-differential operator, g is a known excitation and f is the function to
be determined.

The unknown function f can represent quantities such as charge or current and can be expanded
in a set of functions fn as follows:

f =
∑
n

αnfn (3.2)

where αn are constants and fn are the so-called basis functions.

The basis functions are used here to model the behavior of the unknown function f.

After that, a set of N testing functions wm can be chosen and an inner product < ., . > can be
defined. Applying the inner product to (3.1) with one of the testing functions produces:∑

αn < Lfn, wm >=< g,wm > . (3.3)

As a result, the problem can be expressed as a N ×N system of equations as follows:

[Zmn][αn] = [gm] (3.4)

with Zmn =< Lfn, wm > and gm =< g,wm >.
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3.2 Basis functions
The domain of the unknown function f will be discretized into non-overlapping sub-domains using
the software Gmsh [13] and equivalent currents will be estimated on each of them. According to
the geometry, a type of basis function can be chosen. In this work, the types of basis function
used are rooftop and Rao-Wilton-Glisson (RWG) basis functions.

3.2.1 Rooftop basis function

Let us consider a simple rectangular domain on which we discretize the x, y coordinates into a
set of points (xi, yi), i = 0, 1, ..,M .

The rooftop basis function is the combination of two basic functions: a triangular function
in one direction and a rectangular function in the direction orthogonal to the first one.

Basically, it can be expressed as:

−→
Jx(x, y) =

(
1− |x|

dx

)
rect

(
y

Wy

)
x̂ (3.5)

for a x-oriented basis function with |x| ≤ dx and dx = xi+1 − xi.

Accordingly, the y-oriented basis function is expressed as:

−→
Jy(x, y) =

(
1− |y|

dy

)
rect

(
x

Wx

)
ŷ (3.6)

with |y| ≤ dy and dy = yi+1 − yi.

The x and y-oriented rooftop basis functions are pictured in Figure 3.1.

Figure 3.1: x and y-oriented rooftop basis functions

This type of basis function will be used to describe the current on a patch antenna in the
validation part.
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3.2.2 RWG basis function

When the geometry to discretize is more complicated, the RWG basis function can be considered
on a triangular mesh.

Considering the domain pictured in Figure 3.2, the basis function can be described as follows:

−→
J (x, y) =

−→r (x, y)−−→r0

h+
n

(3.7)

if (x, y) ∈ S+
n and

−→
J (x, y) =

−→r1 −−→r (x, y)
h−n

(3.8)

if (x, y) ∈ S−n .

h+
n and h−n respectively represent the height of the triangles described by S+

n and S−n and
−→r0 , −→r1 are the coordinates of the external edges of the triangles.

Figure 3.2: RWG basis functions

In this work, the finite ground plane will be described with a triangular mesh. Thus, the RWG
basis function will be considered.

3.3 Application of the Method of Moments

The Method of Moments will be used to find the current induced on the finite ground plane
considering the incident field radiated by an arbitrary source.

The steps to find the current are the following:

1. Compute the incident and reflected fields.

2. Discretize the ground plane.

3. Integrate the projection of the field on the testing functions.

4. Solve the MoM linear system of equations.

The incident field is computed using the decomposition into inhomogeneous plane waves described
in Chapter 2. The mesh describing the finite ground plane is pictured in Figure 3.3.
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Figure 3.3: Mesh describing the finite ground plane obtained with the Gmsh software

Let us define −→J the current on the ground plane which can be decomposed into a series of N
basis functions:

−→
J =

N∑
j=0

αj
−→
J j (3.9)

Considering
−→
Ei as the summation of the incident field and the reflected field, and −→Es

(−→
J
)
the

field scattered by the whole current distribution, a relation involving the two fields can be found
at the boundary between the two media:

−→
Ei +

−→
Es
(−→
J
)

= 0. (3.10)

The inner product of the Method of Moments described above can be chosen as the integral of
the projection of the fields on the testing functions −→Jti . Applying this inner product to (3.10)
produces: ∫ −→

Es
(−→
J
)
·
−→
Jti dS = −

∫ −→
Ei ·
−→
Jti dS (3.11)

where S represents the finite ground plane.

In this case, the chosen testing functions correspond to the basis functions of the ground
plane.

Using the series representation of the current −→J , (3.11) can also be expressed as:

N∑
j=0

αj

∫ −→
Es
(−→
Jj
)
·
−→
Jti dS = −

∫ −→
Ei ·
−→
Jti dS (3.12)

which can be written in matrix form as follows:

[Zij ][αj ] = −[vi] (3.13)
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The calculation of the Method of Moments matrix Z in equation (3.13) will be performed using
a routine developed at UCL. The approach in this routine is based on the layered medium Green
functions [11], [10]. As we consider that the Z matrix is known in this work, the main point
is the calculation of the so-called excitation vector present in the right side of equation (3.13).
Once this vector is calculated, one only needs to multiply it by the inverse of the Z matrix to
find the induced current.

Furthermore, the radiation pattern of the ground carrying the induced current will be cal-
culated using a routine from UCL based as well on the layered medium Green functions.

3.4 Conclusion
In this chapter, a method to compute the current induced in the ground plane has been described.
Nevertheless, this method is based on the integration of a continuous field. We will see in the
next chapter how to solve the integral only with a few points per testing function.
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Chapter 4

Quadratures

A method to compute the field incident to the finite ground plane has been described in Chapter
2. The incident field should be projected on some testing functions in order to calculate the
excitation vector as explained in Chapter 3. Unfortunately, the field incident to the ground plane
is only known on a finite number of points. However, the integral of the projection of the field
on a triangular testing function can be performed with a few points using quadratures.

In this chapter, some Gaussian quadratures for triangles are described then an approximation of
the integral of the right side of equation (3.12) is given.

4.1 Gaussian quadratures for triangles
The general problem consists in approximating the integral I of a given function G on an arbitrary
triangular element S. This integral can be written as:

I =
∫ ∫

S
G(x, y) dx dy. (4.1)

In our case, the G function represents the projection of the incident field on the testing function
and is only known on a finite number of points. Using quadratures, the integral in (4.1) can be
estimated using some chosen points with corresponding weights:

I ' 1
2
∑
i

wiG(xi, yi). (4.2)

The weights are given by the Gaussian quadrature for triangular elements. A set of them are
depicted in Figure 4.1.

Figure 4.1: Quadrature for triangular elements [15]
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Even though the Gaussian quadrature is defined on this type of triangle, the integral I of equation
(4.1) needs to be estimated on any arbitrary triangle. A mapping between a given triangle and
the one presented in Figure 4.1 needs to be performed. This mapping can be done using nodal
shape [15],[16].

Let us define the nodal shape functions Q(α, β) and T (α, β) as the mapping between the
(x, y) coordinates of the arbitrary triangle and the (α, β) coordinates of the regular triangle. This
mapping is illustrated in Figure 4.2.

Figure 4.2: Mapping between the two triangles

The nodal shape functions M1,M2,M3 for triangles are the followings:

M1(α, β) = 1− α− β,
M2(α, β) = α,

M3(α, β) = β.

(4.3)

The mapping using nodal shape functions can be achieved as follows:

x = Q(α, β) = x1M1(α, β) + x2M2(α, β) + x3M3(α, β),
y = T (α, β) = y1M1(α, β) + y2M2(α, β) + y3M3(α, β),

(4.4)

where the coordinates (x1, y1), (x2, y2) and (x3, y3) correspond to the coordinates of the edges of
the arbitrary triangle.

After that, the integral on the arbitrary triangle needs to be mapped into an integral on
the regular triangle. Considering (4.1), a change of variable produces:

I =
∫ ∫

S′
G(x, y)dxdy =

∫ ∫
S
G(Q(α, β), T (α, β))|J(α, β)| dα dβ (4.5)

where S′ characterizes the arbitrary triangle and J(α, β) represents the Jacobian of the transfor-
mation.
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Denoting AS′ as the area of the arbitrary triangle S′, the Jacobian reads:

|J(α, β)| = 2 ∗AS′ (4.6)

where
AS′ = |x1(y2 − y3) + x2(y3 − y1) + x3(y1 − y2)|

2 . (4.7)

From there, the integral I can be expressed as:

I = 2AS′
∫ ∫

S′
G(Q(α, β), T (α, β)) dα dβ. (4.8)

Replacing the integral by a sum with one of the N points Gaussian quadrature shown in Figure
4.1 yields:

I = AS′
N∑
i=0

wiG(Q(αi, βi), T (αi, βi)). (4.9)

It is also important to know that a Gaussian quadrature of N points performs perfectly the
integration of a N-1 degree polynomial.

4.2 Integration of the electric field over a testing function
The following integral corresponding to the right side of equation (3.12) can now be approximated
using a few values of the incident field:

−
∫ −→
Ei ·
−→
Jti dS. (4.10)

Let us consider the triangular testing function depicted in Figure 4.3 and denote h+
n and

h−n the heights of the triangles S+
n and S−n . In this example, a N = 3 points Gaussian quadrature

is considered.

Figure 4.3: RWG basis functions

The integral in equation (4.10) can be decomposed into two sub-integrals: one for the rising side
in S+

n of the testing function and one for the decaying side in S−n of the testing function.

Considering first the rising side, the value of the testing function produces:
−→ri −−→r0

h+
n

(4.11)

for a given point described by the coordinate vector −→ri .
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Choosing the three points corresponding to the centers of the three edges, the integral for the
rising side can be approximated as follows:

−A
+
n

h+
n

3∑
i=0

wi[
−→
E (−→ri ) · (−→ri −−→r0)] (4.12)

with A+
n the area of the triangle carrying the rising testing function.

Considering now the decaying side, the value of the testing function reads:
−→r1 −−→ri
h+
n

(4.13)

for a given point described by the coordinate vector −→ri .

The integral on the decaying side can be approximated by:

−A
−
n

h−n

3∑
i=0

wi[
−→
E (−→ri ) · (−→r1 −−→ri )] (4.14)

with A−n the area of the triangle carrying the decaying testing function.

Finally, the approximation of equation (4.10) using a three points quadrature reads:

−A
+
n

h+
n

3∑
i=0

wi[
−→
E (−→ri ) · (−→ri −−→r0)]− A−n

h−n

3∑
i=0

wi[
−→
E (−→ri ) · (−→r1 −−→ri )]. (4.15)

In the case of a three points quadrature, the weights wi are all equal to 1
3 .

4.3 Conclusion
At this stage, we have all the background necessary to calculate the current induced in the
ground plane by a given source. The next chapter is dedicated to the validation of this approach.
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Chapter 5

Validation of the Method

In this chapter, the current induced in the finite ground plane is calculated for different sources
using the methods described in Chapters 2, 3 and 4. A x-oriented basis function will be first
considered then the method will be validated with a patch antenna.

The radiation pattern of the ground carrying this current will be compared to the one generated
with a method developed at UCL which has been validated by the simulation software IE3D.

5.1 Validation with a x-oriented basis function
Let us consider a x-oriented basis function situated above the ground plane as depicted in Figure
5.1. The basis function is placed 0.5 m above the ground and a diameter of 6 m is considered for
the finite ground plane. The coordinates of the basis function are described by three points: the
edges −→r0 and −→r2 and the middle points −→r1 . The chosen coordinates are the followings:

−→r0 = (−0.1, 0, 0.5)
−→r1 = (0, 0, 0.5)
−→r2 = (0.1, 0, 0.5)

(5.1)

Figure 5.1: x-oriented basis function above the finite ground plane

The electric field radiated by the basis function is calculated using the method of decomposition
into inhomogeneous plane waves described in Chapter 2.
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Firstly, the radiation pattern of the basis function needs to be computed:

Fp(kx, ky) =
∫ ∫ ∫

V

−→
J (−→r ′) exp

(
−j(kxx′ + kyy

′ + kzz
′)
)
dV (5.2)

Here the integration is produced along a straight line.

The triangular basis function can be expressed as

−→
J (x, y) = s

−→r1 −−→r0
||−→r1 −−→r0 ||

(5.3)

for the rising edge and,
−→
J (x, y) = (1− s)

−→r2 −−→r1
||−→r2 −−→r1 ||

(5.4)

for the decaying edge, with s going from 0 to 1 in both cases.

The point corresponding to the amplitude s is given by
−→
r′ = −→r0 + s(−→r1 − −→r0) for the ris-

ing edge and
−→
r′ = −→r1 + s(−→r2 −−→r1) for the decaying edge.

The integration can now be performed by adding the integrals of both the rising edge and
the decaying edge:

Fp(kx, ky) =
∫ 1

0
s [
−→r1 −−→r0
||−→r1 −−→r0 ||

· êp] exp
(
j(
−→
k · (−→r0 + s(−→r1−−→r0)))

)
ds

+
∫ 1

0
(1− s) [

−→r2 −−→r1
||−→r2 −−→r1 ||

· êp] exp
(
j(
−→
k · (−→r1 + s(−→r2−−→r1)))

)
ds

(5.5)

where the product
−→
k ·
−→
r′ is defined as kxr′x + kyr

′
y − kzr′z with

−→
r′ = (r′x, r′y, r′z) and where p

represents the polarization (either TE or TM).

When introducing the following notations:

a1 =
−→
k · (−→r1 −−→r0),

a2 =
−→
k · (−→r2 −−→r1),

(5.6)

the integral in equation (5.5) can be solved by parts and the result produces:

Fp(kx, ky) = exp
(
j(
−→
k · −→r0

)
[
−→r1 −−→r0
||−→r1 −−→r0 ||

· êp]
(
e(ja1)

a1
+ e(ja1) − 1

a2
1

)

+ exp
(
j(
−→
k · −→r1

)
[
−→r2 −−→r1
||−→r2 −−→r1 ||

· êp]
(
−1
ja2

+ −e
(ja2) + 1
a2

2

) (5.7)

for a polarization êp.

The radiation pattern can then be calculated for both TE and TM polarizations and the
field on the ground plane can be computed as follows:

Ep(x, y, z) = −jkη
(2π)2

∫ ∫
Fp(kx, ky)

exp (−j(kxx+ kyy − kzz))
2jkz

dkx dky. (5.8)
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After that, the field reflected by the ground plane has to be taken in account. The total tested
field Etp for polarization p is the result of the addition of the incident field and the reflected field:

Etp(x, y, z) = Ep(x, y, z) + Ep(x, y, z)
Γp

(5.9)

with Γp the reflection coefficient for polarization p calculated with the equations (2.43).

Once the tested field is computed, the excitation vector on the ground plane can be obtained
by computing the integration of the projection of the tested field on the testing functions as
described in Chapter 3 . After that, the system of equations in (3.13) can be solved to find the
induced current. As a reminder, the Method of Moment matrix Z as well as the radiation pattern
of the ground plane are calculated using routines from UCL as explained in the end of Chapter 3.

The radiation pattern of the finite ground plane carrying the induced current is compared
to the exact solution in Figure 5.2. The data called "IPW" (Inhomogeneous Plane Waves) is the
one obtained with the method described here and the data called "traditional MoM" is the one
from the method developed in UCL and validated with IE3D. The radiation pattern is shown
here for azimuth angles φ = 0◦ and φ = 90◦. The plane characterized by φ = 0◦ is aligned with
the x axis. One can see that the results overlap quite well.

The excitation vector has been calculated here at a 110 MHz frequency using a [128× 128] table
of plane waves and a 3 points quadrature.

Figure 5.2: Ground radiation pattern with a x-oriented basis function source
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5.2 Validation using a patch antenna

In this section, the method is validated with something more consistent than just a basis function.
Let us consider a patch antenna represented with discrete points in Figure 5.3. The antenna is
placed 0.5 m above the 6 m diameter finite ground plane.

Figure 5.3: Patch antenna

The current on the patch antenna can be modeled using the rooftop basis function described in
Chapter 3. The radiation pattern of one of these basis function can be computed similarly to
(5.5) except that the result needs to be multiplied by the width of the rectangle.

Performing the same development as the one for the x-oriented basis function except for the
radiation patterns of the basis functions, we obtain the results depicted in Figure 5.4. The two
solutions overlap quite well once again.

Figure 5.4: Ground radiation pattern with a patch antenna source
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5.3 Conclusion
At this stage, we have all the tools necessary to compute the current induced in the finite ground
plane and we have ensured that the methods are consistent.

The methodology can now be applied on the SKALA antenna.
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Chapter 6

Radiation pattern of the SKALA
antenna

This chapter is dedicated to the computation of the whole SKALA antenna radiation pattern in
presence of a 6m diameter circular finite ground plane. In the previous chapters, the methods
leading to the calculation of the finite ground plane radiation pattern have been described and
can now be applied to the SKALA antenna depicted in Figure 6.1.

Figure 6.1: SKALA antenna.

This chapter is first devoted to the radiation pattern of the antenna above a ground plane
carrying no sources. The radiation pattern of the ground carrying the induced current is then
considered. After that, the radiation pattern of the antenna in the vicinity of the finite ground
plane carrying the induced current is studied and validated with the software FEKO. The impact
of the diameter of the ground is then discussed. Finally, the end of the chapter is devoted to the
limitations of the method and the suggested improvements.

6.1 Radiation pattern of the antenna
In the case of the antenna radiation pattern above a ground plane, two kinds of plane waves
need to be taken into account:

1. The waves propagating directly above the antenna.

2. The waves reflected on the ground plane.
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Considering first the waves propagating above the antenna and using the Far Field approximation,
the radiation pattern due to the current on one of the antenna wires can be estimated as follows:

FTE =
∫ (

[(−−→J (
−→
r′ ) · û+)û+ +−→J (

−→
r′ )] · ête

)
ejkr

′û+
dL ête

FTM =
∫ (

[(−−→J (
−→
r′ ) · û+)û+ +−→J (

−→
r′ )] · êtm

)
ejkr

′û+
dL êtm

(6.1)

where −→J is the current carried by the wire of length L and where û+ = (kx,ky ,kz)
k is the normalized

direction of propagation.

The direction of propagation û+ is considered here for plane waves described by:

kx = k sin(θ)cos(φ)
ky = k sin(θ)sin(φ)
kz = k cos(θ)

(6.2)

with k, the wavenumber, θ ∈ [0, π2 ] the elevation angle and φ ∈ [0, 2π] the azimuth angle.

Gathering all the currents on the antenna and performing the equations (6.1) for each of
them using the HARP code, the radiation pattern of the antenna in free space can be calculated.
The result, considering a 110 MHz frequency, is depicted in Figure 6.2. The plane characterized
by φ = 0◦ is aligned with the dipole exciting the antenna on top of it.

Figure 6.2: Radiation Pattern of the antenna in free space

As mentioned before, the waves reflected by the ground need to be taken into account. A way to
account for the reflected waves is to calculate the reflection under the assumption of an infinite
ground plane.
The radiation pattern induced from the reflected plane waves in Far Field can be expressed as:

FTE = ΓTE(û−)
∫ (

[(−−→J (
−→
r′ ) · û−)û− +−→J (

−→
r′ )] · ête

)
ejkr

′û−dL ête

FTM = ΓTM (û−)
∫ (

[(−−→J (
−→
r′ ) · û−)û− +−→J (

−→
r′ )] · êtm

)
ejkr

′û−dL êtm

(6.3)

where the expression of the reflection coefficients ΓTE(û−),ΓTM (û−) is given in Chapter 2 . The
direction of the propagation vector now reads: û− = (kx,ky ,−kz)

k considering the same azimuth
and elevation angles as in equation (6.2).
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The radiation pattern from direct and reflected plane waves can now be added. The Figure 6.3
depicts the resulting radiation pattern at a frequeny of 110 MHz and compares it to the one
obtained with the EM simulation software FEKO.

Figure 6.3: Radiation pattern of the antenna above an infinite ground and validation with FEKO

The resulting radiation pattern overlaps quite well with the one from FEKO and thus proofs its
consistency. The radiation pattern can be calculated in 15 seconds with the HARP code using
MATLAB with an Intel i5 Core processor.

6.2 Radiation pattern of the finite ground plane
The SKALA antenna radiation induces currents in the finite ground plane. This section is de-
voted to the computation of these currents and the resulting radiation pattern of the ground plane.

At first, the field incident to the ground plane needs to be computed. In the HARP code,
there are Nbf = 1218 basis functions on the antenna describing the currents. Following the
method described in Chapter 2, the radiation pattern of each one of the basis functions should
be calculated.

The total radiation pattern of the antenna is equivalent to the sum of the radiation patterns of
all the basis functions weighted by their respective currents. Starting from equation (2.14), the
radiation pattern of one basis function can be expressed as:

Fp(kx, ky) =
∫ ∫ ∫

V
[−→J (−→r ′) · êp] exp

(
−j(kxx′ + kyy

′ + kzz
′)
)
dV (6.4)

for polarization p. Considering the integration only along wires, the following equation can be
inferred:

Fp(kx, ky) =
∫

[−→J (−→r ′) · êp] exp
(
−j(kxx′ + kyy

′ + kzz
′)
)
dL. (6.5)

The integral is similar to the one obtained in Chapter 4 for a x-oriented basis function and can
be solved in the same way.
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Organizing the radiation patterns of all the basis functions as shown below allows to compute
them once for any antenna. After that, one only needs to multiply the matrix of radiation
patterns by the current vector of a given SKALA antenna. Noting Fbi the radiation pattern for
the basis function i, we have: 

Fb1
Fb2
...

FbNbf

 . (6.6)

This matrix has dimensions [Nbf × (nk× nk)] when considering a [nk× nk] table of plane waves.

The total radiation pattern of a given antenna can then be inferred for any SKALA antenna.
Defining Ii the current carried by the basis function i and Fbt the total radiation pattern, Fbt can
be obtained by summing and weighting the columns of the radiation pattern matrix as follows:

Fbt =
[
I1 I2 ... INbf

]
×


Fb1
Fb2
...

FbNbf

 (6.7)

where each plane wave in Fbt carries the information of all the basis functions on the antenna.
This operation has to be performed for both TE and TM polarizations.

After that, the field incident to the ground on a given point (x, y, z) produces:

Ep(x, y, z) = −jkη
(2π)2

∫ ∫
Fbt(kx, ky)

exp (−j(kxx+ kyy − kzz))
2jkz

dkx dky (6.8)

for polarization p.

The next step to find the current in the finite ground plane consists in solving the linear
Method of Moments system of equations described in Chapter 3.

Starting from equation (3.12), the projection of the incident field on the testing functions
reads:

v = −
∫ −→
E ·
−→
JtdS (6.9)

The ground plane will be described here with Ntf = 1273 testing functions.

The mesh characterizing the finite ground plane is composed of triangular basis functions.
Using the quadratures described in Chapter 4, the function can be integrated on a chosen number
of points by testing functions.

One may notice that the testing functions overlap which means that the field in the inte-
gral (6.9) should be calculated several times on the same point. A lot of computation time can
be saved by keeping the calculated field in memory and use it on the redundant points.

Starting from the current on the antenna, the excitation vector v in equation (6.9) can be
found quite rapidly. If a [nk×nk] table of inhomogeneous plane waves and a 3 points quadrature
is considered, the average execution time of Tables 6.1 and 6.2 can be achieved using MATLAB
with an Intel i5 Core processor. As a reminder, these execution times are computed considering
an antenna carrying Nbf = 1218 basis functions and a ground plane described with Ntf = 1273
testing functions.
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Table 6.1: Execution time for different number of plane waves nk and a 3 points quadrature.

nk Execution Time [s]

32 0.9
64 2.2
128 8.14
256 32.4

The performance of Table 6.2 is obtained when considering a 4 points quadrature.

Table 6.2: Execution time for different number of plane waves nk and a 4 points quadrature.

nk Execution Time [s]

32 1.5
64 4.5
128 16
256 60

The difference of execution times between Tables 6.1 and 6.2 is mainly due to the different configu-
rations of the quadratures. Indeed, when a 3 points quadrature is considered, the points of interest
are placed on the edges of the triangles in contrast with the 4 points quadrature (Figure 4.1).
Knowing that the testing functions overlap and are also placed one across the other, they share
a lot more points in the case of the 3 points quadrature than in the case of the 4 points quadrature.

At this stage, the radiation pattern of the ground plane can be calculated. Considering a
[128× 128] table of inhomogeneous plane waves and a 3 points quadrature, the radiation pattern
of the ground plane at a 110 MHz frequency is depicted in Figure 6.4.

Figure 6.4: Radiation pattern of the ground plane at f = 110MHz
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6.3 Radiation pattern of the antenna taking into account the
finite ground plane

In this section, the contribution of the radiation pattern of the antenna and the finite ground
plane are added together and compared to the one obtained with the EM simulation software
FEKO.

Using a [128× 128] table of inhomogeneous plane waves and a 3 points quadrature, the total
radiation patterns considering frequencies of 80 MHz, 110 MHz and 200 MHz are depicted in
Figures 6.5 , 6.6 and 6.7. The radiation pattern at a frequency of 350 MHz requires more plane
waves, the result using a [256 × 256] table of plane waves is pictured in Figure 6.8. One can
see in Figure B.1 that using a table of [128×128] plane waves in the 350 MHz case is not sufficient.

The comparison with FEKO is quite good at low frequencies, the shift between the two radiation
patterns does not exceed 0.5 dB at grazing angles and 0.2 dB for vertical angles. More differences
appear when considering the 200 MHz and 350 MHz frequencies. In the case of the 350 MHz
simulation, the worst case shift reaches 3 dB for elevation angles around 70◦. The shift is globally
less pronounced for vertical angles.

The differences between the FEKO curves and the approximations may come from different
factors:

• The accuracy of the method of decomposition into inhomogeneous plane waves may decrease
when considering larger frequencies.

• The currents on the antenna calculated with the infinite ground plane assumption in the
HARP code.

• The thin wire assumption and the modeling of the tubular support represented as a cage
made of thin wires with square sections made in the HARP code [17].

The radiation pattern presents more spikes at higher frequencies. These spikes may be due to
the higher contribution of the short arms of the SKALA antenna. Indeed, at low frequencies the
wavelength is larger and the radiation pattern from the current present in the short arms on top
of the antenna do not have a great contribution on the radiation pattern. When we increase the
frequency, the wavelength is smaller and the current in the short arms has a greater impact on
the total radiation pattern.
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Figure 6.5: Total radiation pattern at f = 80 MHz and comparison with FEKO

Figure 6.6: Total radiation pattern at f = 110 MHz and comparison with FEKO
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Figure 6.7: Total radiation pattern at f = 200 MHz and comparison with FEKO

Figure 6.8: Total radiation pattern at f = 350 MHz and comparison with FEKO
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6.4 Influence of the ground
In this section, the influence of the finite ground plane is more precisely discussed. The total
radiation pattern has been computed considering a ground diameter of 8 m instead of 6 m. The
results are depicted and compared to those of FEKO for different frequencies in Figures B.2, B.3
and B.4. We chose to have about the same number of testing functions on the 8 m diameter
ground and on the 6 m diameter ground plane. It means that the triangles composing the mesh
in the 8 m diameter ground are bigger than in the 6 m diameter ground. The integration using
quadrature is then less accurate and we need a 4 point quadrature instead of 3 to have acceptable
results. The execution time is then impacted by the increase of the ground plane diameter.

Let us first consider the radiation pattern of the ground plane at a frequency of 110MHz.
There is a strong difference when considering a diameter of 8 m instead of 6 m as one can see in
Figure 6.9.

Figure 6.9: Radiation pattern of the ground plane considering 6 m and 8 m diameters.

An analogy can be established between the finite ground plane and concentric circles of antennas.
Let us consider small antennas in place of the testing functions. We can assume that the ampli-
tudes of all the antennas placed on the same circle are quite constant thanks to the symmetry of
the SKALA antenna. From there, increasing the size of the circular ground plane is equivalent to
add concentric circles containing antennas with different amplitudes changing then the radiation
pattern of the system.

One can see the impact of the 6 m and 8 m diameter ground planes on the radiation pat-
tern of the antenna in Figure 6.10 for azimuth angle φ = 90◦. The red curve represents the
radiation pattern of the antenna above an infinite ground plane carrying no sources. The green
and blue curves represent the total radiation pattern taking into account the 6 m and 8 m
diameter ground planes. The radiation pattern is significantly influenced by the finite ground
plane for elevation angles |θ| < 50◦, it can be less or more intense in this region depending on the
ground plane diameter. However, the total radiation pattern is decreased for angles |θ| > 50◦.
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Figure 6.10: Radiation pattern of the antenna alone above the infinite ground and total radiation
pattern when including the ground plane

6.5 Limitations and suggested improvements
The speed of the method directly depends on the number of plane waves considered. It appears
that using a table of [32×32] plane waves instead of [128×128] gives the same result at 110 MHz
for the 6 m diameter ground plane. Referring to the execution times of Table 6.1, the induced
current can be estimated in less than one second. However, the increase of the frequency means a
higher number of plane waves and the execution time grows considerably. At 350 MHz, we need
a table of [256× 256] plane waves which leads to an execution time above 30 seconds. When
considering tables of hundreds of SKALA antennas, these changes of execution time may become
important.

In this project, the currents on the antenna have been calculated under the assumption of
an infinite ground plane. We could achieve improvements by calculating the current on the
antenna and on the finite ground plane with an iterative method. The main idea is to solve
iteratively the following matrix system:

Z x = b (6.10)

with x composed of the excitation vectors of both the antenna and the ground plane, b the current
induced and Z the matrix composed of the impedance matrix of the antenna, the impedance
matrix of the ground and the two matrices corresponding to the mutual impedances between the
ground and the antenna.

The Z matrix has the following form: [
Z11 Z12
Z21 Z22

]
(6.11)

where Z11 is the impedance matrix of the antenna, Z22 is the impedance matrix of the ground
plane and Z12, Z21 are the mutual impedances between the antenna and the ground plane.
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The Z12 matrix can be obtained by a matrix multiplication of the radiation pattern matrices of
the antenna and the ground plane. Let us call A the matrix composed of the radiation patterns
of the basis functions of the antenna. A corresponds to the matrix shown in (6.6). Another
matrix corresponding to the radiation patterns of the testing functions placed on the ground
plane can be defined as B. The mutual impedance matrix Z12 can be calculated as: Z12 = A ∗B.
After that, Z21 is found by transposing the matrix Z12.
The system in equation (6.10) could be solved using the Krylov method [19].

6.6 About the software FEKO
This section gives some characteristics of the EM simulation software FEKO [18].

FEKO is based on the Method of Moments and was the first software to use the multi-level fast
multipole method (MLFMM) to solve electrically large problems. The MLFMM is based on the
Method of Moments but allows lower memory requirements.
The Method of Moments in FEKO is hybridized with the following techniques:

• Finite Element Method.

• Physical Optics.

• Ray-launching Geometric Optics.

• Uniform Theory of Diffraction.
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Chapter 7

Conclusion

From the method of decomposition into inhomogeneous plane waves to the Gaussian quadratures,
a method to compute relatively rapidly the current induced in a finite ground plane placed under
a given source has been built.

The method was tested, then applied to the SKALA antenna and the results were validated
against the EM simulation software FEKO. This method can be adapted to changes of frequency
and of ground plane diameter. However, when considering the high frequencies of the SKALA
antenna (350 MHz for example), the method can be accurate but may need more execution
time.

Furthermore, there is still a lot of place for research in this field. The method has to be
applied in a relevant environment, not only for one SKALA antenna, but for a table of hundreds
of antennas composing the Low Frequency Array Aperture of the SKA.
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Appendix A

Calculation of the reflection
coefficients

The boundary conditions read:

ẑ × Eu = ẑ × Ed

ẑ ×Hu = ẑ ×Hd.
(A.1)

Starting with a wave coming from the upper medium and considering first the TE case, the first
equation in (A.1) gives:

ẑ ×
(
−m̂EiTE − m̂ErTE

)
= ẑ ×−m̂EdTE (A.2)

where EiTE and ErTE are the TE amplitudes of the incident and reflected waves. The polarization
vector in the interface needs to be the same in the two sides of the equation.

From there, the following equation can be inferred:

EiTE + ErTE = EdTE . (A.3)

From the second equation in (A.1), we have:

1
η1
ẑ ×

(
êu−EiTE + êu+ErTE

)
= 1
η2
ẑ × êd−EdTE . (A.4)

Using the fact that ẑ × êu− = −ẑ × êu+,

1
η1
ẑ × êu−

(
EiTE − ErTE

)
= 1
η2
ẑ × êd−EdTE . (A.5)

Considering (A.3),

1
η1
ẑ × êu−

(
EiTE − ErTE

)
= 1
η2
ẑ × êd−

(
EiTE + ErTE

)
. (A.6)

Using (2.39) and (2.42),
η2
η1

ctu
ctd

(ΓuTE − 1) = ΓuTE + 1, (A.7)

ΓuTE = ctuηd + ctdηu
ctuηd − ctdηu

. (A.8)

For the TM case, the first equation in (A.1) gives:

ẑ ×
(
êu−EiTM + êu+ErTM

)
= ẑ × êu−EdTM , (A.9)
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leading to
ctu
ctd

(
EiTM − ErTM

)
= EdTM . (A.10)

Given the second equation in (A.1) for the TM case,

1
η1
ẑ ×

(
m̂EiTM + m̂ErTM

)
= 1
η2
ẑ × m̂EdTM . (A.11)

Using (A.10),(2.39) and (2.42) :

η2
η1

ctd
ctu

(ΓuTM + 1) = ΓuTM − 1 (A.12)

which finally leads to:
ΓuTM = ctuηu + ctdηd

ctuηu − ctdηd
. (A.13)
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Appendix B

Different radiation patterns

Figure B.1: Total radiation pattern at f = 350 MHz for a 6 m diameter ground with nk = 128

Figure B.2: Total radiation pattern at f = 80 MHz for a 8 m diameter ground with nk = 64
and comparison with FEKO
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Figure B.3: Total radiation pattern at f = 100 MHz for a 8 m diameter ground with nk = 64
and comparison with FEKO

Figure B.4: Total radiation pattern at f = 200 MHz for a 8 m diameter ground with nk = 64
and comparison with FEKO
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