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Abstract
With the growing demand in high data rate and mobile subscriptions triggered by the devel-
opment of the 5th generation of mobile networks, the power consumption of cellular networks
is expected to increase. A growing interest towards greener wireless telecommunications has
therefore been observed, with the view to cut down the carbon footprint of the whole sector.
To this end, a potential solution is to introduce sleep modes strategies for the base stations.
In this thesis, the benefit in terms of energy efficiency of activity based sleeping strategies is
studied using stochastic geometry. A characterisation of the load, defining the activity of each
base stations, is performed for different network configurations involving homogeneous and/or
clustered distribution of users. Different features present in 5G network such as inhomogeneous
networks, beamforming and millimeter wave transmission have been taken into account in the
mathematical expressions developed herein to characterise the energy efficiency. The present
work gives an overview of the impact of various network parameters on the energy efficiency
and shows the benefit of load-dependent sleeping strategies. To sum up, this thesis provides a
general framework to better understand the characteristics of greener 5G networks.

Avec la demande croissante de hauts débits de données et d’abonnements mobiles déclenchée
par le développement de la 5ème génération de réseaux mobiles, la consommation d’énergie des
réseaux cellulaires devrait augmenter. On observe donc un intérêt croissant pour des télécommu-
nications sans fil plus écologiques, dans le but de réduire l’empreinte carbone de l’ensemble du
secteur. À cette fin, une solution potentielle consiste à introduire des stratégies de sommeil pour
les stations de base. Dans cette thèse, l’avantage, en termes d’efficacité énergétique des stratégies
de sommeil basées sur l’activité, est étudié en utilisant la géométrie stochastique. Une caractéri-
sation de la charge, définissant l’activité de chaque station de base, est effectuée pour différentes
configurations de réseau impliquant une distribution homogène et/ou à cluster des utilisateurs.
Différentes caractéristiques présentes dans les réseaux 5G, telles que les réseaux inhomogènes, la
formation de faisceaux et la transmission en ondes millimétriques, ont été prises en compte dans
les expressions mathématiques développées pour caractériser l’efficacité énergétique. Le présent
travail donne un aperçu de l’impact de divers paramètres du réseau sur l’efficacité énergétique
et montre l’avantage des stratégies de sommeil basées sur la charge des stations de base. En
résumé, cette thèse fournit un cadre général pour mieux comprendre les caractéristiques des
réseaux 5G plus écologiques.
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Chapter 1

Introduction

The 5th generation of mobile network (5G) is being developed to meet the growing demand in
data rate and mobile subscriptions, as observed on figure 1.1. This new generation promises a
highly flexible and scalable network technology, providing an ultra-fast data rate for connecting
everyone and everything, everywhere [1, 2]. To achieve this, 5G is being deployed commercially
throughout the world with features such as inhomogeneous deployment of cells, massivemultiple-
input multiple-output (MIMO) to benefit from beamforming and millimeter wave (mm-Wave)
transmission to boost the capacity.

Figure 1.1: Evolution of the number of mobile cellular subscriptions worldwide from 1993 to
2019 [3].

The development of cellular technology has raised the energy consumption in mobile networks.
This increased need in energy for telecommunications has lead to a growing carbon footprint of
this sector, which has negative effects on the environment and human health. In order to address
these aspects, a growing interest towards GREEN (globally resource optimized energy efficient
network) communications has been observed. This field of research focuses on the impact of
resource allocation to optimise the energy efficiency (EE) of cellular networks [4, 5].
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The most energy-intensive resource in cellular mobile networks are base stations (BSs), con-
suming approximately 80% of the total network energy [6]. The increase in the number of small
cell BSs resulting from the limited coverage distance of mm-Wave [7] is expected to further
increase the energy consumption of the network. Therefore, most efforts to improve the EE in
mobile radio networks focus on BSs [8]. An effective technique for this purpose is to introduce
sleep mode for the BSs [9, 10]. Indeed, studies have shown that traffic demand is irregular in
time and space in cellular networks, which opens up opportunities for energy savings by adapt-
ing the sleep mode of BSs to their corresponding load. [11].

In this thesis, the improvement on the EE provided by sleeping mode strategies is studied
in different scenarios featuring various 5G characteristics. The average energetic performances
of the network are evaluated using Stochastic geometry (SG) andMonte-Carlo (MC) simulations.

SG is a mathematical field that provides statistical tools to study the properties of random
spatial patterns [12]. According to the studies in [13, 14], the location of BSs and user equip-
ments (UEs) in different networks form random patterns. By abstracting their location by points
in the Euclidean space, SG provides a general framework for analysing the average performances
of the cellular network for metrics such as the coverage probability or the EE.

MC simulation is an empirical method to study the statistical behavior of a property by draw-
ing a lot of samples and observing the said behavior [15]. Although it gives an overview of the
performance of a network, it does not lead to closed-from expressions allowing to observe the
impact of each network’s parameters. Furthermore, it can be computationally expensive.

This thesis is structured as follows:

First, chapter 2 presents the fundamental theory of SG that is used for the mathematical de-
velopments in this thesis. The different metrics of interest for studying the performances of the
network are also given.

Then, the impacts of different sleep control strategies on the EE are compared for homoge-
neous networks in chapter 3, using SG. The number of UEs served by each BS in this network
configuration is also derived.

Next, in chapter 4, the benefit of the sleeping modes in mm-Wave networks featuring beam-
forming is studied. The performances of the network are compared with results of the analysis
performed in chapter 3. Additionally, different distributions of UEs are considered to observe
their impact on the load of each BS.

Finally, before some conclusions, chapter 5 provides a general framework for a multi-tiers inho-
mogeneous network, presenting the features of 5G networks. The analysis is performed for BSs
whose locations are not independent of the UEs clusters. A new metric is also defined to analyse
the benefit of the sleeping strategies in terms of EE. Moreover, a characterisation of the load in
inhomogeneous network is presented.
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Chapter 2

Fundamentals of stochastic geometry

This chapter outlines the fundamental theory of SG that is used for the mathematical develop-
ments of this thesis. First, the essential concepts of point processes are described. A focus is
then made on a particularly useful type of point process. Next, the framework of Palm’s theory
is defined before stating the metrics studied throughout this thesis. Most of the definitions and
theorems from this chapter can be found in [12, 16, 17, 18].

2.1 Point Process Theory Essentials
A point process (PP) Φ = {Xi : i ∈ N} is a random collection of points residing in a measure
space, which is typically the Euclidean space Rn. Each point Xi is a random variable abstracting
the location of nodes. In the framework of wireless communication, these nodes are UEs or BSs
and Xi describes the coordinates of the ith node in R2. This way of describing a PP is called
the random set formalism.

Another way to interpret the PP is to view it in terms of a random counting measure.
It is defined as a function Ψ(·) that takes a subset A ⊂ Rn as input and returns the number of
point of Φ within this area. By denoting the indicator function as 1(·), the random counting
measure can be mathematically defined as follows:

Ψ : Rn → N : A→
∑

Xi∈Φ
1(Xi ∈ A). (2.1)

A marked point process is obtained when a random characteristic m ∈ M, called a mark, is
attributed to each point of a PP Φ called the ground process. M is the space in which the marks
are defined. The combined marked PP on Rn ×M is denoted Φ̂ = {(Xi,mi)}. The marked PP
is said to be independently marked if the marks of different points are independent. In this case
the marks distribution is denoted Mx. If Mx does not depend on the location of the points then
the marks are independently and identically distributed (i.i.d.). Such PP is referred to as a i.i.d.
marked process.

2.1.1 Properties and Statistical quantities

Two important statistical measures of a PP can be define based on Ψ. First, the void proba-
bility of a PP is a deterministic function denoted v(·) that returns the probability of having no
points of Φ within the area A:

v : Rn → [0, 1] : A→ P(Ψ(A) = 0). (2.2)

Secondly, the intensity measure Λ (also called expectation measure) of a PP is a determin-
istic function that returns the mean of the random counting measure within a subset A ⊂ Rn
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taken as input:
Λ : Rn → R : A→ EΨ{Ψ(A)}. (2.3)

Another form for the intensity measure, based on a location-dependent intensity function λ(x)
(x ∈ Rn), is used in most applications. Λ(x) = λ(x)dx can be interpreted as the infinitesimal
probability to have a point from the PP within the infinitesimal region dx located at x. Equation
2.4 follows from this interpretation:

Λ(A) =
∫
A
λ(x)dx. (2.4)

Two important properties for a PP are the stationarity and the isotropy. A process Φ = {Xi}
on Rn is said stationary if the translated process Φx = {Xi + x} has the same distribution as Φ.
A process Φ = {Xi} on Rn has the isotropic property if its distribution is rotationally invariant.
This property applies only for rotations about the origin of Rn.

2.1.2 Useful theorems and functions

When a performance of interest is evaluated using SG, it often requires the evaluation of ex-
pectations applied on a sum or a product of random variables. When these operations involve
all points of a PP, SG provides two main techniques that allows to transform the operation
in an integral over the PP domain, namely Campbell’s theorem and the probability generating
functional (PGFL).

Campbell’s theorem : This theorem transforms an expectation of a sum over all points of
the PP into an integral over the PP domain. Let Φ be a PP in Rn and f : Rn → R be a
measurable function, then:

E

∑
xi∈Φ

f(xi)

 =
∫
Rn
f(x)Λ(dx). (2.5)

In case of a PP in R2 with intensity λ(x), 2.5 reduces to:

E

∑
xi∈Φ

f(xi)

 =
∫
R2
f(x)λ(x)dx. (2.6)

PGFL : The PGFL transforms an expectation of a product over all points of the PP into
an integral over the PP domain. Unlike Campbell’s theorem, it has no explicit general
expression since the analytical form depends on the type of PP considered. An implicit
expression can be derived where PΦ(f) denotes the expression of the PGFL. Let Φ be a
PP in Rn and f : Rn → R be a measurable function, then:

PΦ(f) = E

 ∏
xi∈Φ

f(xi)

 . (2.7)

2.2 Poisson Point Process
Among the many different types of PP, the most popular one is the poisson point process
(PPP), which is an appealing compromise between mathematical tractability and practicality.
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2.2.1 Definition

The PPP is defined as a PP with intensity measure Λ such that:

• For every set A ⊂ Rn, Ψ(A) is a Poisson random variable defined with a mean Λ(A).

P(Ψ(A) = k) = (Λ(A))k
k! exp(−Λ(A)). (2.8)

• For any sets A,B ⊂ Rn such that A ∩ B = ∅, the random variables Ψ(A) and Ψ(B) are
independent.

An important property of the PPP is that its PGFL is well defined. For a PPP Φ defined in
Rn, the PGFL is given by:

PΦ(f) = exp
(
−
∫
Rn

(1− f(x))Λ(dx))
)
. (2.9)

2.2.2 Homogeneous Poisson Point Process

A particular type of PPP, called the homogeneous poisson point process (HPPP), is defined
by fixing the intensity function λ(x) of the PPP as a constant λ. An important property of a
HPPP is that conditioned on the number of points in a subset A ⊂ Rn, all the points are
independently and uniformly distributed in A. In the case of a HPPP, the expression of the
PGFL in equation 2.9 reduces to:

PΦ(f) = exp
(
−λ

∫
Rn

(1− f(x)))
)
. (2.10)

Figure 2.1 illustrates the differences between a HPPP and an inhomogeneous PPP. The steps
to generate a HPPP in a MC simulation can be found in [19]. An inhomogeneous PPP can be
generated from a HPPP following the methodology described in [12].

(a) HPPP with λ(x) = 30 ∀x (b) inhomogeneous PPP with λ(x) = 30‖x‖

Figure 2.1: Example of a HPPP and of an inhomogeneous PPP in [−1, 1]2. The position of the
points are given by the red circles and the colormap shows the value of the intensity function
λ(x).
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2.2.3 Poisson Cluster Process

A general cluster process is generated by taking a parent PP and assigning a daughter PP to
each of its points. The daughter PPs are then translated to the position of their corresponding
parent point [18]. The cluster process is then formed by the union of all the points from all
daughter PPs.
A Poisson cluster process (PCP) is a cluster process for which the parent PP is a PPP. The
PCP Φ(λp,m, f) can be defined as :

Φ =
⋃

z∈Φp
z + Φz

d, (2.11)

where Φp is the parent PP with intensity λp. Φz
d denotes the daughter PP corresponding to a

cluster center z ∈ Φp [20]. In this thesis, a constant intensity λp is considered. The random
counting measure for each daughter PP is assumed to be given by independent Poisson random
variables of parameter m:

Ψ(Rn) ∼ Poisson(m). (2.12)

These assumptions correspond to a particular class of PCP called Neyman-Scott cluster
processes1. The positions of the daughter points with respect to their cluster center z are i.i.d.
random vectors s ∈ Φz

d where s ∼ f(s). The function f is thus the probability density function
(pdf) associated with the PCP. Using different functions f , two popular types of PCPs can be
defined:

• Thomas Cluster Process: A PCP Φ(λp,m, f) in Rn is called a Thomas Cluster Process
(TCP) if the daughter points s ∈ Φz

d are distributed normally around 0 with a cluster
variance σ2. In R2, f can be expressed as:

f(s) = 1
2πσ2 exp

(
−‖s‖

2

2σ2

)
. (2.13)

• Matérn Cluster Process: A PCP Φ(λp,m, f) in Rn is called a Matérn Cluster Process
(MCP) if the daughter points s ∈ Φz

d are distributed uniformly within a n-ball of radius
rm centered at the origin denoted b(0, rm). In R2, the n-ball is simply a disc and f can be
expressed as:

f(s) = ‖s‖
πr2

m

, 0 < ‖s‖ ≤ rm. (2.14)

The PGFL for the TCP and the MCP can be defined with a general expression that depends
on their respective density functions f [20]:

PΦ(v) = exp
(
−λp

∫
Rn

[
1− exp

(
m

[∫
Rn
v(x + y)f(y)dy− 1

])]
dx
)
. (2.15)

Figure 2.2 illustrates examples of a TCP and of a MCP. The steps to generate both PCPs in a
MC simulation are given respectively in [21] for the TCP and in [22] for the MCP.

1Throughout this thesis, the Neyman-Scott process is referred to as PCP unless otherwise stated.
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(a) TCP (b) MCP

Figure 2.2: Examples of a TCP and of a MCP

2.2.4 PPPs transformations

Two important operations on the PPPs are described in this section:

• Independent thinning: Let g : Rn → [0, 1] be a thinning function and apply it to a PPP
by deleting, with a probability 1 − g(x), each point x independently of all other points.
This thinning procedure generates an inhomogeneous PPP with intensity function λg(x).
This operation could also be applied to a marked PPP, in which case the input to the g
function would be in Rn ×M.

• Superposition: The superposition operation consists in combining N independent PPPs
with intensity functions λi(x), i ∈ {1, 2, . . . , N}. This operation creates a new PPP with
λ(x) = ∑N

i=1 λi(x).

2.3 Palm theory
The Palm theory allows to study the conditioned distribution of a PP given that the PP contains
a point at a certain location. The Palm probability is defined as the probability of a property
E conditioned on the location of a point x. It is equivalently denoted as follows:

P(Φ has property E|x) = P(Φ has property E|x ∈ Φ)
= P(Φ ∈ E|x ∈ Φ)
= Px(E).

This framework formalises the notion of the typical point of the process selected uniformly at
random among all the points of the process. When SG is used to study the performances of a
cellular network, the typical point is a randomly chosen UE equipment called the typical UE.
Equation 2.16 shows that this UE can be considered to be located at the origin without loss of
generality for a stationary process [18].

P(Φ ∈ E|x ∈ Φ) = P(Φx ∈ E|0 ∈ Φ) (2.16)

The reduced Palm distribution is defined as the Palm probability P(Φ ∈ E|x ∈ Φ) but
without counting x has a point of Φ. This distribution can be useful when all transmitting
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nodes of a wireless network form a PP and that one wants to assign one of the node as the
transmitter and the others as interferers. The following notations are used equivalently to refer
to the reduced Palm distribution:

P(Φ \ {x} has property E|x) = P(Φ \ {x} has property E|x ∈ Φ)
= P(Φ \ {x} ∈ E|x ∈ Φ)
= P!x(E).

Theorem 1 (Slivnyak’s Theorem)
The reduced Palm distribution of a PPP is equal to its original distribution. In partic-
ular:

P!x(E) = P(E). (2.17)

A direct consequence of Slivnyak’s Theorem is that points can be added or removed from a PPP
without disturbing the distribution of the other points of the process.

2.4 SG Metrics
The SG framework is used to study the performances of wireless cellular networks by abstracting
the position of BSs and of UEs as appropriate PPs. The metrics of interest for SG are described
in this section. These metrics can be seen as properties of a PP, as it was mentioned in the
section 2.3 about Palm theory.

The success probability is used to assess the quality of service (QoS) experienced by the
typical UE when it is served by a BS located at x:

Psuc(τ,x) = P(SINR(x) > τ), (2.18)

where SINR is the signal-to-interference-plus-noise ratio and τ is a desired QoS threshold. The
expression for the SINR depends on the system model considered for the network.

The coverage probability is obtained by taking the average of this success probability over
the distance to the serving BS:

Pcov(τ) = E‖x‖ [P(SINR(x) > τ)] . (2.19)

Finally, the EE is defined as the ratio between the BS throughput T = Pcov(τ) log2(1 + τ) and
the BS power consumption Ptot:

EE = T
Ptot

= Pcov(τ) log2(1 + τ)
Ptot

. (2.20)

Note that the EE is given in
[

bits
Hz Joule

]
. By multiplying this expression by the bandwidth, the

EE can be expressed in bits per Joule.
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Chapter 3

Sleep Control Strategies in
Homogeneous Networks

In this chapter, the coverage probability and the energy efficiency are derived for a homogeneous
network in which different sleep mode strategies are used. The system model and the different
types of strategies are first defined before deriving the corresponding mathematical expressions.
Numerous simulations are then performed in order to confirm the accuracy of the analytical
expressions and to compare the performances of each strategy.

The goal of this chapter is to extend the results given in [23] using a realistic model for the
activity in each cell. This activity on which the sleep mode strategies are based depends on the
number of UEs served by each BS. This modelling is based on the work done in [24].

3.1 System model
A homogeneous cellular network is considered in this chapter. In such network, the positions of
the UEs and of the BSs are both given by an independent HPPP in the Euclidean plane. The
HPPPs associated to the UEs and the BSs are denoted respectively ΦU with a constant intensity
λU and ΦB with a constant intensity λB. As explained in section 2.3, the analysis is performed
in all generality for a typical UE located at the origin. A universal frequency reuse among all
the BSs is assumed. Therefore, all BSs are interfering with each other and they all transmit
with the same power Pt. All BSs are in open access which means that any UE is allowed to
connect to any one of them. The UE association scheme discussed here is thus location-based.
This means that each UE will be served by the closest BS.

Legend

Typical User

Serving BS

Interfering BS

Other UE

Figure 3.1: Topology of the network

9



Rayleigh fading and no shadowing are assumed for the channel model. The received power
from each BS can thus be expressed as Pt hx‖x‖−α, where α > 1 is the path loss exponent and
hx is the Rayleigh channel coefficient which is a i.i.d. exponential random variable of parameter
λ = 1 (hx ∼ Exp(1)). This coefficient can thus be denoted as a variable h for which the pdf is
given by:

fh(x;λ) =
{
λe−λx if x ≥ 0,
0 if x < 0.

(3.1)

Notice that the path loss model yields to a power amplification when ‖x‖ ≤ 1. A circular
excluding region of radius Rmin around each BS is considered to address this problem. There is
thus no UE in this excluding region.
For the downlink transmission from a BS located at x to a UE located at the origin, the
expression of the SINR is given by:

SINR(x) = Pt h ‖x‖−α

σ2 +∑
y∈ΦB(x) Pt h ‖y‖−α

= Pt h ‖x‖−α

σ2 + I . (3.2)

In this expression, σ2 is the variance of the additive white Gaussian noise (AWGN), ΦB(x) is
the set of nodes interfering with x and I = ∑

y∈ΦB(x) Pt h ‖y‖−α is the interference term. Note
that ΦB(x) = ΦB \ {x} since universal frequency reuse is assumed.

The power consumption model considered is based on [11]. The total power consumption of
a BS is given by:

Ptot =
{
P0 + ∆pPt if the BS is active,
Psleep if the BS is sleeping.

(3.3)

In this model, P0 is the static power consumption of the BS, ∆p is the slope of the load de-
pendent power consumption and Psleep is the sleeping power consumption of the BS. Note that
P0 > Psleep is assumed, which is a valid assumption for BSs with sleeping modes capabilities.

Two types of sleep mode strategies are studied, namely random sleeping (RS) and strategic
sleeping (SS):

• Random Sleeping: For RS, the sleeping strategy is modelled as a Bernoulli trial. The
BS is active with probability q and sleeps with probability 1 − q. The average power
consumption PRS of a BS following this strategy is given by:

PRS = q(P0 + ∆pPt) + (1− q)Psleep [W]. (3.4)

Notice that a RS strategy with probability q = 1 can be interpreted as a no sleeping
(NS) strategy.

• Strategic sleeping: For SS, the BSs are switched off when the activity within their
Voronoï cell is low. While in [23] continuous values for the activity in [0, 1] are assumed,
this thesis is more general. This activity is modelled as a random variable A that can be
discrete (e.g. if it models the load) or continuous (e.g. if it models the traffic demand)
and can take values in A ⊆ R. Further developments are performed in all generality for a
continuous variable. To adapt the expression for a discrete one with a certain probability
mass function (pmf), the corresponding continuous pdf can be replaced by a sum of delta
function as stated in equation 3.5, in which δ(·) denotes the Dirac delta function.

pdfdiscrete(x) =
∞∑

n=−∞
pmf(n)δ(n− x). (3.5)
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The SS is modelled as a function s : A→ [0, 1] : a→ s(a). The input is the activity level
of the BS while the output gives the probability that the BS is active. In other words, if
the activity level of a BS is a, then it is active with probability s(a) and it is sleeping with
probability 1− s(a). The average power consumption PSS per BS is given by:

PSS = E{s}(P0 + ∆pPt) + (1− E{s})Psleep [W] (3.6)

where E{s} , E{s(A)} =
∫
A s(a)fA(a)da and fA(a) is the pdf of the random activity.

When strategic sleeping is applied, the activity can be seen as a random mark associated
to each point of ΦB. The BS can thus be modelled as a marked PP denoted as Φ̂B defined
in R2 × A.

Notice that for both sleeping strategies, the set of interfering BSs ΦB(x) considered in the
interference term I must be thinned accordingly.

3.2 Analytical results
This section is subdivided in three parts. In the first part, some useful lemmas for studying
the coverage probability are stated. In the second, the expression of the coverage probability is
derived for different sleeping strategies without explicitly defining the activity A. In the third
part, a model is developed for this activity based on [24].

3.2.1 Important Lemmas

First, a general expression for the coverage probability is given recalling that the Laplace trans-
form (LT) of a random variable X is defined as LX(s) = EX [exp(−sX)].

Lemma 1
The coverage probability of a BS under the assumption of Rayleigh fading is given by:

Pcov(τ) =
∫ ∞
Rmin
LN

(
rατ

Pt

)
LI
(
rατ

Pt
;λI

)
fR(r;λR)dr. (3.7)

• LN (s) = exp
(
−sσ2) is the LT of the constant noise powera.

• LI is the LT of the interference term I. λI is the intensity of the interfering BSs
HPPP.

• fR is the pdf of the distance to the serving BS. λR is the intensity of the HPPP
of BSs.

aThe constant variable σ2 can be seen as a random variable with pdf(x) = δ(σ2 − x). This allows
the use of the LT definition for constant variables

To use Lemma 1, the distribution of the distance between the typical UE and the closest awake
BS must be derived. For notation convenience, the points of the BSs PP ΦB = {Xi : i ∈ N} are
ordered with respect to their distance to the origin such that ‖Xi‖ ≤ ‖Xj‖ for i < j.

Lemma 2
Assuming that the BSs are distributed as a HPPP of intensity λR, the pdf of the distance
between the typical UE and the ith closest BS is given by:

fRi(ri;λR) = 2(πλR)i
(i− 1)! ri(r

2
i −R2

min)i−1 exp
(
−πλR(r2

i −R2
min)

)
, ri ≥ Rmin. (3.8)

In the next lemma the expression of the LT of the interference is given.
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Lemma 3
When Rayleigh fading and HPPP distributed interfering BSs of intensity λI are as-
sumed, the LT of the interference term is given by:

LI
(
rατ

Pt
;λI

)
= exp

(
−πλI r2ρ(τ, α)

)
(3.9)

with:
ρ(τ, α) = τ2/α

∫ ∞
τ−2/α

1
1 + uα/2

du. (3.10)

3.2.2 Coverage probability

The RS strategy described in section 3.1 can be interpreted as an independent thinning operation
applied on the BSs HPPP ΦB. The thinning function is defined as g(x) = q. Since this function
is not location dependent, the resulting BSs PP is a HPPP with intensity qλB. Proposition 1
states the coverage probability when RS is applied.

Proposition 1
In homogeneous networks with RS, the coverage probability of the typical UE is given
by:

PRScov(τ) = 2πqλB

∫ ∞
Rmin

r exp
(
−rατσ2

Pt

)
exp

(
−πqλB

(
r2(1 + ρ(τ, α))−R2

min

))
dr.

(3.11)

When the noise power is considered to be zero (i.e. σ2 = 0), the expression for the coverage
probability can be simplified.

Corollary 1
For σ2 = 0, the expression of the coverage probability in Proposition 1 reduces to:

PRScov,σ2=0(τ) = exp
(
−πqλBR

2
minρ(τ, α)

)
(1 + ρ(τ, α)) . (3.12)

The expressions for the coverage probability in Proposition 1 and Corollary 1 already allow to
draw some interpretations before proceeding to numerical simulations in section 3.3.
Without noise, the coverage probability is independent of the transmit power Pt. This can be
explained by the fact that in the absence of noise, the SINR is a signal-to-interference ratio. In-
deed, in equation 3.2 the transmit power of the serving BS cancels out with the transmit power
of the interfering BSs when σ2 = 0. Moreover, when the excluding region is not considered (i.e.
by setting Rmin = 0), the coverage probability only depends on the path loss α and on the QoS
threshold τ . In such situation, the coverage probability is independent of the random sleeping
policy q and of the density of BSs λB. In the presence of noise (i.e. σ2 > 0), the coverage
probability is obtained using numerical integration.

To study the SS case, it is first shown that the coverage probability is not a relevant metric
to express the benefit of this strategy compared to RS. Then a new, more appropriate metric
called the weighted coverage probability (WCP) is proposed.

As stated in Proposition 1, the coverage probability in the case of RS can be computed consid-
ering that the awake BSs are distributed as a thinned HPPP of intensity qλB instead of λB. In
this case, the typical UE is served by the closest BS of the thinned HPPP. An equivalent way
to compute this would be to split the total probability into the one of the events in which the

12



UE connects to each BS of the HPPP ΦB of intensity λB. The coverage probability can thus be
expressed as follows:

Pcov(τ) =
∞∑
i=1

Pcov(τ |Nord = i)P(Nord = i). (3.13)

Nord denotes the index of the BS to which the typical UE is connected. P(Nord = i) is therefore
the probability to be connected to the ith closest BS. For RS, P(Nord = i) = q(1 − q)i−1 since
the UE would connect to the ith BS if the i− 1 closer BSs are sleeping and the ith one is awake.
Pcov(τ |Nord = i) is given by Lemma 1 in which fR(r;λR) = fRi(r;λB) is given by Lemma 2.

In the SS case, the coverage probability can be developed as follows:

PSScov(τ) =
∫
A
Pcov(τ |a1)fA(a1)da1

(a)=
∫
A

∞∑
i=1

Pcov(τ |Nord = i)P(Nord = i|a1)fA(a1)da1

(b)=
∫
A

[
s(a1)Pcov(τ |Nord = 1) + (1− s(a1))

∞∑
i=2

Pcov(τ |Nord = i)P(Nord = i|Nord > 1)
]
fA(a1)da1

=E{s}Pcov(τ |Nord = 1)

+
∞∑
i=2

(1− E{s})Pcov(τ |Nord = i)P(Nord = i|Nord > 1)

=
∞∑
i=1

E{s}(1− E{s})i−1Pcov(τ |Nord = i).

(a) is from equation 3.13 and (b) is obtained by definition of the sleeping strategy. The closest
BS is awake with probability s(a1).

Note from this last expression that by taking q = E{s}, the coverage probability of the SS
and of the RS are equivalent when the proportion of awake BSs is the same. With this metric,
the same importance is given to locations where the number of UEs might be very small as to
locations in which it is known that there is a large number of UEs. It would thus be interesting
to use a metric that would weight the importance of each cell. This metric is the weighted
coverage probability.

Definition 1 (WCP metric)
The weighted coverage probability metric is defined as:

PWCP(τ) = 1
E{a}

∫
A
a1Pcov(τ |a1)fA(a1)da1 (3.14)

where E{a} , E{A} =
∫
A afA(a)da.

From now on, the EE is computed by replacing the coverage probability by the WCP. In the
two next propositions, the expressions of the WCP metric for RS and SS are stated.

Proposition 2
In homogeneous networks with random sleeping, the WCP of the typical UE is equivalent
to the coverage probability given in Proposition 1.
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Proposition 3
In homogeneous networks with strategic sleeping, the WCP of the typical UE is given
by:

PSSWCP(τ) =E{as(a)}
E{a}

∫ ∞
Rmin
LN

(
rατ

Pt

)
LI
(
rατ

Pt
;E{s}λB

)
fR1(r;λB)dr

+ (E{a} − E{as(a)})
E{a}

∞∑
i=2

E{s}(1− E{s})i−2
∫ ∞
Rmin
LN

(
rατ

Pt

)
(3.15)

LI
(
rατ

Pt
;E{s}λB

)
fRi(r;λB)dr.

When the noise power is considered to be zero (i.e. σ2 = 0), the expression of the WCP for
strategic sleeping can be simplified.

Corollary 2
For σ2 = 0, the expression of the coverage probability in Proposition 3 reduces to:

PSSWCP,σ2=0(τ) = exp
(
−πE{s}λBR

2
minρ(τ, α)

) 1 + (ρ(τ, α)E{as(a)}/E{a})
(1 + E{s}ρ(τ, α)) (1 + ρ(τ, α)) . (3.16)

Similarly to the analysis performed for the coverage probability of the RS strategy, one can draw
some interpretations before performing numerical simulations in section 3.3.
As for RS, it can be observed that the WCP metric for SS is independent of the transmit power
Pt when σ2 = 0. When no excluding region is considered (i.e. Rmin = 0), the WCP metric
is independent from the density of BSs λB. Unlike the RS case, the metric depends on the
strategy used. When the noise power is not zero, the WCP metric is obtained using numerical
integration.

3.2.3 Modelling of the load

As described in section 3.1, the activity of a cell can be defined in many different ways. In this
thesis, the activity of a BS is modelled as the load of its Voronoï cell. The load is a non negative
integer representing the number of UEs that the BS would serve if no sleeping strategy was
used. The distribution of the activity for a typical BS located at the origin is stated in the next
proposition.

Proposition 4
In homogeneous networks with nearest BS association, the activity, defined as the load of
the Voronoï region, follows a negative binomial (NB) distribution (i.e. A ∼ NB(c, ps)):

fA(a) = Γ(n+ c)
Γ(c)Γ(n+ 1)p

a
s(1− ps)c, a ∈ N (3.17)

where:

• c = 3.575 is a constant linked to the size of the Voronoï region. [25]

• ps = 1
1+cλB/λU

is interpreted as the probability of success for the NB distribution.

• Γ(x) is the gamma function.

The activity is thus a non negative discrete random variable. To be able to compute the expec-
tations E{a},E{s(a)} and E{as(a)}, the SS function s(a) is defined as follows:

s : N→ [0, 1] : a→ s(a) =
{

1 if a ≥ µ,
0 if a < µ,

(3.18)
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where µ is the SS threshold. Using Proposition 4 and the definition of the SS function, the
expressions of the desired expectations are stated in Corollary 3

Corollary 3
For an activity A ∼ NB(c, ps), the expressions of the expectations needed to compute
the WCP metric are given by:

E{a} = psc

1− ps
, (3.19)

E{s(a)} = 1−
dµ−1e∑
k=0

fA(k) = F̄A(dµ− 1e), (3.20)

E{as(a)} = E{a} −
dµ−1e∑
k=0

kfA(k), (3.21)

where F̄A(x) is the complementary cumulative distribution function (ccdf) of the activity.

For SS, the threshold µ can be chosen to reach a targeted ratio qSS of awake BS. In most cases,
E{s} will not be exactly equal to qSS since the activity variable A is discrete. When qSS is
specified, µ is the biggest integer such that E{s} ≥ qSS .
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3.3 Numerical results
In this section, the analytical expressions obtained in section 3.2 are first compared to MC
simulations in order to confirm their validity. Then, the influence of some parameters on the
different metrics is studied based only on the analytical expressions. For each simulation, the
default values from Tables 3.1,3.2 and 3.3 are used unless otherwise stated. The values for the
power consumption parameters are from [11]. The MC parameters n and L are respectively the
number of iterations and the length of the side of the simulation square.

Parameters Values
B[m−2] 10−4

U [m−2] 10−3

α 4
q/qSS 0.5
τ [dB] −10
Pt[dB] 13
σ2 10−6

Rmin[m] 1

Table 3.1: Network parameters

Parameters Values
P0[W ] 130

Psleep[W ] 75
∆p 4.7

Table 3.2: Power consumption parameters

Parameters Values
n 5000

L[m] 5000

Table 3.3: MC simulation parameters

3.3.1 Validity of the expressions using MC simulations

Preliminary note: For each figure, the solid lines represent the result of the MC simulations
while the stars represent the values obtained with the analytical expressions.

Figures 3.2a and 3.2b illustrate respectively the evolution of the coverage probability and of
the WCP metric with respect to the noise variance σ2. RS is applied for the coverage proba-
bility, while SS is used for the WCP metric. As seen in Proposition 2, the coverage probability
is equivalent to the WCP metric for RS. The transmitting power is set to 1[W ] to make the
x-axis correspond to the inverse of the transmitted signal-to-noise ratio. For the tested sleeping
probabilities and densities of BSs, the validity of the analytical expressions of Proposition 1 and
3 is verified. One can observe that for a given noise variance, both the coverage probability for
RS and the WCP metric for SS increase with the density of awake BSs (respectively qλB and
E{s}λB). When the noise level tends towards zero, the curves tend towards an upper bound
which has approximately the same value for all tested parameters. For RS, this observation
confirms the observations made on the analytical expression of the coverage probability without
noise given in Corollary 1. For SS, it confirms the same observations made on the analytical
expression of the WCP metric without noise given in Corollary 2. The slight difference be-
tween the expressions is given by the term exp

(
−πqλBR

2
minρ(τ, α)

)
for RS and by the term

exp
(
−πE{s}λBR

2
minρ(τ, α)

)
for SS. In both cases, these exponential terms are approximately

equal to 1 with the considered parameters, which explains why the curves tend towards the same
upper bound.
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(a) Proposition 1 (b) Proposition 3

Figure 3.2: Comparison of analytical and numerical results for Propositions 1 and 3 with Pt =
1[W ]

Figure 3.3 confirms the accuracy of the pmf of the load given in Proposition 4. Note that even
if solid lines are used for the curves for the sake of readability, the plotted pmfs are discrete.
One can also observe that the standard deviation of the pmf increases when the density of BSs
decreases. As expected, the value of the most probable load increases when the density of BSs
decreases since each BS must serve more UEs.

Figure 3.3: Comparison of analytical and numerical results for Proposition 4 for n = 50000.

Finally, figure 3.4 shows the evolution of the WCP metric without noise with respect to the
QoS threshold. This can be interpreted as the upper bound of the metric for a given τ . The
upper bound provided by SS is always higher than the one provided by RS. The validity of both
expressions is confirmed with a better accuracy for the RS. The slight difference observed for
the SS case can be explained by the model used for the activity. Figure 3.3 confirms the model
for the typical BS, but it is not strictly correct to represent the activity of the nearest BS. Recall
from section 2.3 that Palm theory allows to characterise the distribution of the activity of the
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BSs in a network, by studying this distribution for a typical BS located at the origin. This
distribution can then be generalised for any BS selected uniformly at random amoung all points
of the PP ΦB. When the WCP metric is studied for a typical UE at the origin, the distribution of
interest for the load is the one of the closest BS to the origin. This is not a randomly chosen BS
among all possible choice so Palm theory does not apply. The impact on the distribution for the
first BS is further discussed in chapter 5 in which a more complicated but more precise model for
the activity is studied. For now, an approximation is made by considering that the distribution
of the typical BS can be applied to the closest BS to the typical UE. This approximation allows
to obtain a simpler model with a good accuracy as observed on figures 3.2b and 3.4

Figure 3.4: Comparison of analytical and numerical results for Corollary 1 and 2 with σ2 = 0
and Pt = 1[W ].

3.3.2 SG based interpretations

In this subsection, the curves are obtained from the analytical expressions. Unlike previous
subsection in which stars where used to represent the results of the analytical expressions, solid
lines are used in this section unless otherwise stated.

On Figure 3.5, the two ways of computing the coverage probability with random sleeping are
compared. One can observe that, as expected, both equations 3.11 and 3.13 lead to the same
results.
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Figure 3.5: Comparison of equations 3.11 and 3.13 to compute the coverage probability. The
stars represent the value obtained with 3.11 and the solid line represents the value obtained with
3.13.

Figures 3.6a and 3.6b illustrate the evolution of the EE with respect to the QoS threshold for
two different levels of noise. For both levels, one can observe that SS outperforms RS and NS
for the tested choices of q and qSS . Another important observation is that the optimal choice of
q and qSS depends on the noise variance. This choice does not change for the considered interval
of values of the QoS threshold τ . For σ2 = 10−4, the strategies with higher ratio of awake BSs
result in the highest EE. For σ2 = 10−6, the strategies with smaller ratio of awake BSs result in
the highest EE. Except for RS with q = 0.25 that is the worst strategy in both scenario.
There is thus an optimal choice qSS,opt for the ratio of awake BSs in SS. If qSS > qSS,opt, the
power consumption increases faster than the WCP metric. In this situation, the increased power
consumption does not lead to an increased coverage for the UEs. If qSS < qSS,opt, the WCP
decreases faster than the power consumption. In this situation, the decreased power consumption
does not lead to a sufficient coverage for the UEs. From the observations on Figure 3.6a and
3.6b, the optimal ratio of awake BSs increases with the noise variance.
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(a) σ2 = 10−4 (b) σ2 = 10−6

Figure 3.6: Energy efficiency for different sleeping strategies and levels of noise.

Figure 3.7 confirms the conclusion made on the basis of Figures 3.6a and 3.6b. For lower level
of noise (e.g. σ2 = 10−8), the strategies with a low qSS (here qSS = 0.1) outperform the other
strategies: the power consumption is decreased and the WCP metric is kept at a sufficiently
high level. However, when the noise level increases, the WCP metric decreases faster for low
values of qSS than higher ones. This explains why, for σ2 = 10−6, the ratio providing the best
performances is no longer qSS = 0.1 but qSS = 0.25. When the noise variance gets closer to 10−2,
the optimal strategy is the one with the highest ratio of awake BSs. However, the benefit for the
EE obtained by choosing the optimal strategy gets smaller when the noise variance increases.
For a high level of noise (i.e. σ2 = 10−2), the WCP metric is close to 0 for all strategies. In this
case, the impact of the power consumption on the EE becomes insignificant.

Figure 3.7: Comparison of the Energy Efficiency for different sleeping strategies.

Figures 3.8a and 3.8b illustrate the impact of the SS threshold µ. One can observe that the
power consumption decreases before the WCP metric. This results in an increase of the EE.
When the density of awake BSs tends towards zero, so does the WCP metric. However, the
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power consumption stays to a non zero level because of the sleeping power consumption Psleep.
Hence, the EE tends to zero in this case. Between the situation in which all BSs are awake and
the one in which they are all sleeping, there is thus an optimal choice of µ that maximises the
EE. This optimal choice is different for networks with different density of BSs λB.
On Figure 3.8b, one can observe that there is only one local maximum for the EE, which is
therefore also a global maximum. The optimal µ can be found with the algorithm 1, where
EE(µ) denotes the value of the EE when the SS threshold is µ. The initial point is chosen as
the rounded expectation of the activity. Then the algorithm compares the value of the EE for
the initial point with the one obtained with the previous and the next integers. The initial point
of the next iteration is the one providing the highest EE. The algorithm converges when the
initial point provides the highest EE.

Algorithm 1: Find the optimal µ
Initialisation:
µ0 = round(E{a});
µ∗ = NaN;
while isnan(µ∗) do

µ−1 = max(0, µ0 − 1); µ1 = µ0 + 1 ;
if EE(µ1))>EE(µ0) then

µ0 = µ1;
else if EE(µ−1))>EE(µ0) then

µ0 = µ−1;
else

µ∗ = µ0;
end

end
Result: µ∗ is the optimal µ

(a) (b)

Figure 3.8: Impact of µ on the WCP metric, the power consumption, the energy efficiency and
the ratio of awake BSs for different density of BSs.

The heatmaps of Figures 3.9 and 3.10 show respectively the optimal EE and the corresponding
E{s} for different density of BSs and UEs. One can observe that for a given density of UEs, the
EE increases with the density of BSs. This could be counter intuitive since more BSs results in
an increased power consumption. However one can observe that the corresponding proportion
of awake BSs decreases when the density of BSs increases. This means that for a given density
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of UEs, the network provider should increase the density of BSs to increase the EE. More BSs
will be on sleep mode with a low power consumption while the BSs with a high load will provide
a higher coverage probability.
Furthermore, for a given density of BSs, the energy efficiency increases when the density of UEs
decreases. However, the impact of this parameter is less significant compared to the density
of BSs. What is interesting to observe here is that when the density of UEs decreases, one
could expect the optimal proportion of BSs awake to decrease as well. However the optimal
E{s} appears to stay quite stable compared to the changes observed when the density of BSs
changes. This can be explain by the HPPP distribution of the UEs over the network. Indeed,
their locations being independent with each others, the UEs locations can be very spread. It
means that whatever the density of UEs, the BSs must be spread over the whole network to be
able to serve each UEs.
The conclusion is that the optimal µ mostly depend on the density of BSs, the impact of the
density of UEs being very small.
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Figure 3.9: Comparison of the optimised EE for different densities of UEs and BSs. SS with the
optimal µ is used in each case.
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Figure 3.10: Corresponding ratio of awake BSs for the different densities of UEs and BSs when
SS with the µ optimising the EE is used in each case.

Figure 3.11 compares the evolution of the EE with the noise variance for two strategies with
the same density of awake BSs. For each values of the noise variance, the optimal E{s} is used
for the SS strategy. The obtained EE is compared with the EE of a NS strategy for which the
density of BSs is given by E{s}λB. One can observe that the SS outperforms the NS for every
level of noise. Despite the increased power consumption related to the sleeping BSs that are not
used, the benefit obtained for the coverage probability is sufficient to provide a higher EE. The
conclusion is that, for a network provider, it is interesting, according to the EE metric, to have
a high density of BSs with a low proportion of awake BSs compared to a non sleeping strategy
with an equivalent density of awake BSs.
Figure 3.11 also confirms that the optimal ratio of awake BSs increases with the noise variance
(as observed in Figures 3.9 and 3.10).
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Figure 3.11: Comparison of the energy efficiency of an optimal strategic sleeping and a non
sleeping strategy with the same ratio of awake BSs.
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Chapter 4

Sleep Control Strategies in
Millimeter Wave Networks with
Clustered User Distribution

In this chapter, the benefit of SS is studied for mm-Wave networks. The analysis is carried
out for two different types of UEs distribution, namely the HPPP and the PCP. Firstly, the
system model of chapter 3 is adapted to match the features of mm-Wave network. The derived
analytical expressions are then presented. Secondly, the validity of these expressions is assessed
by MC simulations and an analysis is performed.

The main contribution of this chapter is to extend the coverage analysis performed in [26]
for homogeneous networks. This extension consists in developing the WCP metric for homoge-
neous and clustered networks with sleeping strategies featuring mm-Wave transmissions. The
modelling of the activity for the clustered UEs is based on [27].

4.1 System model
As described in the introduction of this chapter, two types of PP are studied to model the
location of the UEs:

• HPPP: In this case, the PP is denoted ΦH
U and has a constant intensity denoted λU.

• PCP: Here, the PP is denoted ΦC
U. The constant intensity of the parent PP is denoted

λpU. The other parameters are denoted as described in section 2.2.3, except for the cluster
variance of the TCP which is denoted by σ2

U.

The BSs locations are modelled as an independent HPPP ΦB with a constant intensity λB. The
main difference for the BSs, compare to the analysis made in chapter 3, is their ability to perform
beamforming. The BSs are equipped with a directional uniform linear array of Nt antennas.
The distance between the antennas is denoted d while the wavelength is denoted λ. Universal
frequency reuse and constant transmit power Pt is still considered. The association scheme is
therefore location-based. Note that Pt is considered to be the total power transmitted by the
BSs. Hence, each antenna transmits with power Pt

Nt
.

For the received signals, only line-of-sight (LoS) transmissions are considered since non-LoS
transmissions have been shown to be negligible for mm-Wave in [28]. To focus the analysis
on the LoS transmissions to a typical UE located at the origin, the LoS ball blockage model,
introduced in [29], is used. The interfering BSs are located within an annulus of inner radius

25



r0 and outer radius Rmax, r0 being the distance to the serving BS and Rmax being the LoS ball
radius. Figure 4.1 illustrates the topology of the described network.

Figure 4.1: Topology of the network with beamforming and a LoS ball.

For a serving BS located at x0, the received signal for the typical UE is given by:

y =
√
βr
−α2
0 hx0wx0

√
Pt
Nt
sx0 +

∑
x∈ΦB(x0)

√
β‖x‖−

α
2 hxwx

√
Pt
Nt
sx + n0, (4.1)

where hx and wx are respectively the channel and beamforming vectors between a transmitter
located at x and the typical UE, n0 stands for the AWGN noise of variance σ2, sx denotes the
transmitted signal, and β is the path loss intercept.

The effect of the channel is characterised by the Saleh-Valenzuala model [30]:

hx =
√
NtρxaHt (ϑx), (4.2)

where ρx is the complex small-scale fading gain and aHt (ϑx) is the transmit array vector that
can be written as:

at(θx) = 1√
Nt

[
1, · · · , ej2πkϑx , · · · , ej2π(Nt−1)ϑx

]T
, (4.3)

where ϑx = d
λ cosφx is assumed to be uniformly distributed over [− d

λ ,
d
λ ], and in which φx is the

angle of departure from the BS to the served UE.

Rayleigh fading is not a valid assumption anymore due to the poor scattering environment
for mm-Wave networks, as stated in [31]. In this chapter, Nakagami-M fading is therefore
assumed for |ρx|, as in [29].

To maximise the received power, the BS should align the beam in the direction of the UE
(i.e. φx). The optimal beamforming vector is given by:

wx = at(ϕx), (4.4)

where ϕx is a variable depending on the direction of the beam. The beam is aligned if ϕx = ϑx.
The power gain corresponding to the channel effect and the beamforming is deduced from
equations 4.2 and 4.4:

|hxwx|2 = Nt|ρx|2|aHt (ϑx)at(ϕx)|2, (4.5)

where |ρx|2 is the power gain of the small-scale fading, which in the case of Nakagami-M fading
follows a gamma distribution, denoted Gamma(M, 1

M ).
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From equation 4.3, the array gain of the transmitter located at x can be developed as:

|aHt (ϑx)at(ϕx)|2 = 1
N2
t

∣∣∣∣∣
Nt−1∑
i=0

exp (j2πi(ϑx − ϕx))
∣∣∣∣∣
2

= 1
N2
t

∣∣∣∣1− exp (j2πNt(ϑx − ϕx))
1− exp (j2π(ϑx − ϕx))

∣∣∣∣2
= sin2 [πNt(ϑx − ϕx)]
N2
t sin2 [π(ϑx − ϕx)]

= Gact(ϑx − ϕx), (4.6)

where the last step calls for the definition of the Fejér kernel as Gact(x) , sin2(πNtx)
N2
t sin2(πx) . Although

the analytical expression of the kernel is relatively simple, it does not lead to a SG analysis due
to the quotient of the sine functions, which cannot be solved analytically to obtain a closed-form
expression. An approximated kernel for the antenna pattern is thus used in this thesis. Two
possible choices have been considered in the literature:

• The flat-top antenna pattern: This is the most common choice in the literature [26].
The pattern is a step function equal to 1 for |x| ≤ 1

2Nt , and otherwise equal to the first
minor maximum gain of the actual antenna pattern. Despite being highly tractable, this
simplified pattern introduces large errors in the evaluation of the coverage probability. The
gap with the actual Fejér kernel is shown on Figure 4.2.

• The cosine antenna pattern: This pattern is defined as follows:

Gcos(x) =

cos2
(
πNt

2 x
)

if |x| ≤ 1
Nt
,

0 otherwise.
(4.7)

One can observe on Figure 4.2 that this pattern provides a good approximation of the main
lobe. The side lobes are however put to zero. Nevertheless, this pattern is the one used
throughout this thesis because it meets the trade-off between tractability and accuracy.

Figure 4.2: Visualisation of the antenna patterns for Nt = 128.

Assuming perfect alignment of the beam for the served UE at the origin, the expression of the
SINR for the downlink transmission from a BS located at x is given by:

SINR(x) = Ptβ|ρx|2r−α0
σ2 +∑

y∈Φ(x) Ptβgy‖y‖−α
= Ptβ|ρx|2r−α0

σ2 + I , (4.8)
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where r0 = ‖x‖ is the distance between the typical UE and the serving BS, and gy = |ρy|2Gcos(ϑy−
ϕy) includes both the small-scale fading gain and the directional antenna array gain. For the
array gain of the interfering BSs, ϑy and ϕy are independent uniformly distributed random
variables over [− d

λ ,
d
λ ]. This statement stems from the isotropic property of the BSs locations.

The power consumption model and the sleeping strategies are the same as the one presented in
section 3.1.

4.2 Analytical results
The structure of this section is similar to the corresponding one of the previous chapter. First,
the useful lemmas for the derivation of the WCP metric are given. The expressions of the WCP
metric for RS and SS are then presented for a general expression of the activity, before specifying
it for the described distributions of UEs.

4.2.1 Important Lemmas

First, a useful lemma for the development of the coverage probability is stated. This lemma is
used in the proof of Lemma 6.

Lemma 4
If d

λ = 1
2 , the array gain Gact(ϑx − ϕx) is equal in distribution to Gact( dλθx), where θx

is a uniformly distributed random variable over [−1, 1].

A second important lemma states the form of the coverage probability when Nakagami-M
fading is assumed. It is used in section 4.2.4 to determine the WCP metric for the system model
described in section 4.1.

Lemma 5
The coverage probability of a BS under the assumption of Nakagami-M fading is given
by:

Pcov(τ) =
∫ Rmax

Rmin

M−1∑
n=0

(−τMrα)n
n!(Ptβ)n L

(n)
N,I

(
τMrα

βPt
;λI , r

)
fR(r;λR)dr. (4.9)

• L(n)
N,I is the nth derivative of the LT of the noise and interference term σ2 + I

Note from Lemmas 1 and 5 that the effect of Rayleigh fading is equivalent to the one of Nak-
agami fading with parameter M = 1 and Rmax = +∞.

The next lemma provides the expression of the LT of the interference term for the system
model defined in section 4.1.

Lemma 6
For a Nakagami-M fading, beamforming, a minimal distance κ to the typical UE and
HPPP distributed BSs of intensity λI are assumed, the LT of the interference term is
given by:

LI(s;λI , κ) = exp
[
− 2πλI

Nt

{
κ2
[
J0

(
−sβPtκ−α

M

)
− 1

]

−R2
max

[
J0

(
−sβPtR−αmax

M

)
− 1

]}]
, (4.10)
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where:
Jk(x) , 3F2

(
k + 1

2 , k − ν, k +M ; k + 1, k + 1− ν;x
)
. (4.11)

pFq(a1, ..., ap; b1, ..., bq; z) is the generalised hypergeometric function and ν , 2
α .

Given that the noise and the interference terms are independent, the following corollary can be
stated:

Corollary 4
For the considered channel model, the LT of the noise and interference term σ2 + I is
given by:

LN,I(s;λI , κ) = exp [η(s;λI , r)] , (4.12)

where:

η(s;λI , κ) , −sσ2 − 2πλI
Nt

{
κ2
[
J0

(
−sβPtκ−α

M

)
− 1

]

−R2
max

[
J0

(
−sβPtR−αmax

M

)
− 1

]}
. (4.13)

Note that given the independence of the distribution of the BSs and of the UEs, the distribution
of the distance between the typical UE and the ith closest BS is the same for the two considered
distribution of UEs. Consequently, the expression of fR stated in Lemma 2 can be used to derive
the coverage probability.

4.2.2 Coverage probability for a given serving BS

Before deriving the WCP metric for RS and SS, a general expression for the coverage probability
is given for the system model described in section 4.1. This expression is stated in all generality,
knowing that the typical UE is served by its ith closest BS.

Proposition 5
In a network with Nagakami-M fading and homogeneously distributed BSs, the coverage
probability, when the typical UE is served by the ith closest BS, is given by:

PRScov(τ |Nord = i) =
∫ Rmax

Rmin

‖exp {CM(r)}‖1 fRi(r;λR)dr, (4.14)

where:

• ‖exp{·}‖1 is the matrix one norm of the exponential matrix.

• CM is an M ×M lower triangular Toeplitz matrix defined as:

CM(r) =



c0(r)
c1(r) c0(r)
c2(r) c1(r) c0(r)
...

...
... . . .

...
...

... . . .
cM−1(r) · · · · · · c2(r) c1(r) c0(r)


, (4.15)

in which ck(r) = (−s)k
k! η(k)(s;λI , κ) with s = τMrα

βPt
. The expression of the kth
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derivative of η(s;λI , κ) is given by:

η(k)(s;λI , κ) = −1(k≤1)σ
2s1−k − 1(k=0)

2πλI
Nt

(
R2

max − κ2
)

− 4
√
πλI

k!Nt

Γ(M + k)
Γ(M)

Γ(k + 1
2)

(2− αk)

(
βPt
M

)k
[
κ2−αkJk

(
−sβPtκ−α

M

)
−R2−αk

max Jk

(
−sβPtR−αmax

M

)]
. (4.16)

4.2.3 WCP metric for RS

As in section 3.2.2, the coverage probability for RS is derived from Proposition 5 by considering
an independent thinning operation applied on the HPPP of BSs ΦB. Proposition 6 states the
expression of the metric.
As shown in Proposition 2, the WCP metric, when RS is applied, has the same expression as the
coverage probability. Hence, it does not depend on the distribution of UEs considered.

Proposition 6
For the system model described in section 4.1, the WCP metric when RS is applied is
given by:

PRSWCP(τ) =
∫ Rmax

Rmin

‖exp {CM(r)}‖1 fR1(r; qλB)dr, (4.17)

where the entries of the matrix CM(r) are given by:

ck(r) = −1(k≤1)(−1)kσ2 τMrα

βPt
− 1(k=0)

2πqλB
Nt

(
R2

max − r2
)

− 4(−1)k
√
πqλBτ

k

(k!)2Nt

Γ(M + k)
Γ(M)

Γ(k + 1
2)

(2− αk)[
r2Jk (−τ)−R2

max

(
r

Rmax

)αk
Jk
(
−τ

(
r

Rmax

)α)]
. (4.18)

4.2.4 WCP metric for SS

Unlike for RS, the WCP metric for SS is not equivalent to the coverage probability. Its expression
is stated in Proposition 7.

Proposition 7
The WCP metric for the system model described in section 4.1, when SS is applied, is
given by:

PSS
WCP(τ) = E{as(a)}

E{a}

∫ Rmax

Rmin

‖exp {CM(r)}‖1 fR1(r;λB)dr

+ (E{a} − E{as(a)})
E{a}

∞∑
i=2

E{s}(1− E{s})i−2
∫ Rmax

Rmin

‖exp {CM(r)}‖1 fRi(r;λB)dr,

(4.19)
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where the entries of the matrix CM(r) have the following expression:

ck(r) = −1(k≤1)(−1)kσ2 τMrα

βPt
− 1(k=0)

2πE{s}λB
Nt

(
R2

max − r2
)

− 4(−1)k
√
πE{s}λBτ

k

(k!)2Nt

Γ(M + k)
Γ(M)

Γ(k + 1
2)

(2− αk)[
r2Jk (−τ)−R2

max

(
r

Rmax

)αk
Jk
(
−τ

(
r

Rmax

)α)]
. (4.20)

4.2.5 Modelling of the load

To evaluate the WCP metric for SS, the activity of each BS must be modelled. In section 3.2.3,
Proposition 4 states the pmf of the activity for UEs distributed as a HPPP. This expression is
still valid for the system model considered in this chapter when the UEs are distributed as a
HPPP. However, if the UEs are distributed as a PCP, the pmf of the activity must be adapted.
The development of this pmf can be found in [27] and is recalled here.

The pmf is computed for a typical BS, from a HPPP ΦB of intensity λB, that would be lo-
cated at the origin. As described in section 4.1, the UEs are distributed as a PCP ΦC

U.
The typical association cell C0 is defined as:

C0 = {y ∈ R2 : ‖y‖ ≤ ‖y− t‖, ∀t ∈ ΦB}. (4.21)

From this definition, the load of the typical cell is given by the number of UEs within the typical
association cell. This can be computed from the random counting measure of ΦC

U denoted
ΨU(C0). In order to derive the pmf of the load, ΨU(C0) is assumed to be equal to ΨU(b(0, Rc)).
The typical cell of the typical BS is thus approximated as a disk of radius Rc centered at
the position of the BS. This approximation is inspired by [32, Th. 4] and allows to develop
Proposition 8.

Proposition 8
In a network in which the positions of the UEs are given by a PCP ΦC

U, the pmf of the
activity is given by:

fA(n) = IDFT
{
GΦu0

(
ej2πn/N

)}
, (4.22)

where:

• IDFT is the inverse discrete Fourier transform and N is the number of points for
which we compute the activity.

• GΦu0
is the probability generating function of ΨU(C0), given by:

GΨ0(θ) =
∫ ∞

0
exp

{
− 2πλpU

∫ ∞
0

(
1− exp

[
−m(1− θ)ξ(r, w)

])
wdw

}
fRc(r)dr,

(4.23)
in which:
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– ξ(r, w) is given for the two types of PCP by:

ξTCP(r, w) =1−Q1(wσ−1
U , rσ−1

U ), (4.24)

ξMCP(r, w) = 1
r2
m

(
[min (r,max(rm − w, 0))]2

+ 2
π

∫ min(r,rm+w)

min(r,|rm−w|)
u arccos

(
u2 + w2 − r2

m

2uw

)
du

)
, (4.25)

Q1(·) being the Marcum Q-function.

– Rc ∼ Nakagami
(
c, 1
πλB

)
so its pdf is given by:

fRc(r) = 2(πλB)c
Γ(c) ccr2c−1 exp(−πλBcr

2). (4.26)

From Proposition 8, it is straightforward to compute the three expectations of the activity
needed to compute the WCP metric.
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4.3 Numerical Results
In this section, the validity of the analytical expressions obtained in section 4.2 is first confirmed
by Monte-Carlo simulations. Then, the analytical expressions are used to determine the influence
of some parameters on the EE. For each simulation, the default values from Tables 4.1, 4.2,
4.3 and 4.4 are used unless otherwise stated. The values of the network parameters are from
[26], while the values of the BSs and UEs parameters are from [27]. The power consumption
parameters are the same as the one considered in section 3.3. Note that for the MC simulations,
the true beamforming pattern given by equation 4.6 is used.

Parameters Values
M 3
α 2.1

β[dB] 0
q/qSS 0.5
τ [dB] 5
Pt[dB] 13
σ2 10−4

Rmin[m] 1
Rmax[m] 200

Nt 128
d
λ 0.5

Table 4.1: Network parameters

Parameters Values
n 10000

L[m] 5000

Table 4.2: MC simulation parameters

Parameters Values
λB[m−2] 5 10−5

λU [m−2] 10−3

λp[m−2] 5 10−5

m 20
σ2
U 30

rm[m] 50

Table 4.3: BSs and UEs parameters

Parameters Values
P0[W ] 130

Psleep[W ] 75
∆p 4.7

Table 4.4: Power consumption parameters

4.3.1 Validity of the expressions using MC simulations

As in section 3.3.1, the solid lines for each figure represent the results of the MC simulations
while the stars represent the values obtained with the analytical expressions.

Figure 4.3 compares the analytical expression of the WCP metric, as a function of the noise
variance, with the MC simulations. This comparison is performed for the three types of dis-
tribution of UEs defined in section 4.1, and for various strategies. It can be observed that the
analytical curves do not fit exactly the simulated curves, but still provide a good approximation.
As in the previous chapter, this can be explained by the approximation made by considering
that Palm Theory applies for the distribution of the load of the BSs. This approximation is
further discussed in chapter 5, where a more complex and more precise model for the activity is
considered.
One can observe that the NS strategy is the best choice according to the WCP metric. When all
BSs are awake, the average distance to the serving BS is smaller and therefore the received power
increases. In the same time, the interference increases as well. Nevertheless, using beamforming
is overall advantageous, as the advantages related to an increased received power outweighs the
disadvantages related to the increased interference. Another observation is that SS outperforms
RS when the proportion of BSs awake is the same. This confirms the benefit related to the use
of SS, already observe in chapter 3 for another system model.
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(a) TCP
(b) MCP

(c) HPPP

Figure 4.3: Comparison of analytical and numerical results for Propositions 6 and 7 for the
different distribution of ΦU.

The accuracy of the pmf of the load given in Proposition 8 is confirmed on figure 4.4. Two
different densities are used for the HPPP of BSs and for the parent HPPP of the UEs. The
simulation is performed for both types of PCP discussed in this thesis, namely the TCP and
the MCP. The effect of the clusters can be observed by noticing, for the tested parameters, that
the probability to have no UE is higher than the probability to have only one. Since the UEs
form different groups in the Euclidean plane, there are some regions without any UE. This is
even more significant for the MCP since no UE can be found further than a distance rm from
its cluster center.
The blue and the red curves in figure 4.4 can be compared to the curves of the same color in
figure 3.3. While figure 4.4 gives the load for a PCP, figure 3.3 shows the load for a HPPP. The
curves are comparable in both case since the density of BSs is the same. The density of UEs
is however two times bigger for the PCP than the HPPP. Despite this higher density of UEs,
having a load equal to 0 is the most likely event for the PCP while it has a probability close to
zero for the HPPP. This is due to the clusters formed by the UEs for the PCP distribution.
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(a) TCP (b) MCP

Figure 4.4: Comparison of analytical and numerical results for the load in Propositions 8 with
ΦU distributed as a PCP.

4.3.2 SG based interpretations

In this subsection, the curves obtained from the analytical expressions are presented. Solid lines
are used to represent the results instead of stars as in the previous subsection. Each analysis of
parameters or strategy is performed for the three types of UEs distribution, with the same total
density of UEs. This total density is computed for a PCP as mλp.

Figure 4.5 illustrates the evolution of the EE with respect to the QoS threshold, for differ-
ent types of strategies and sleeping probabilities. In each case, SS outperforms both RS and NS
in terms of EE. However, this conclusion does not apply for the HPPP case. Indeed, for low
QoS threshold (i.e. close to 1), RS provides a better EE than the corresponding SS, with the
same proportion of sleeping BSs. RS provides a better global coverage over the whole network
than SS for which network outage may appear in regions having a low number of UEs. For low
values of the QoS threshold, the network outage are less likely for RS, that will serve each UE
equally. But when the QoS increases, the network outage will also happen with RS. By awaking
BSs in regions with more UEs, SS increases the EE.
One can also observe that the optimal ratio of awake BSs among the tested ones is different
for the PCP and the HPPP. A smaller ratio is more efficient for the TCP because the UEs are
grouped together. Therefore, awaking only the BSs that are located next to a cluster will pro-
vide a high coverage without consuming too much of power. The increase in coverage capacity,
that would stem from a higher ratio of active BSs, is not sufficient to compensate the increased
power consumption. For a HPPP, the optimal ratio is higher because the network outages must
be avoided as much as possible. Indeed, potentially a lot of UEs can be placed in these outage
region and a good global coverage is therefore necessary. For the same reasons, the maximum
value for the EE is higher for the PCP than for the HPPP. The conclusion is that, for the same
density of UEs and BSs, the optimal proportion of awake BSs for SS is smaller when the UEs
are grouped together than when they are uniformly distributed over the network.
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(a) TCP (b) MCP

(c) HPPP

Figure 4.5: Energy efficiency for different sleeping strategies and level of noise as a function of
the QoS threshold τ . Three different distributions of ΦU are considered.

Figure 4.6 compares the evolution of the EE with respect to the noise variance, for various
proportions of awake BSs in SS mode. One can observe that, among the tested qSS , both the
biggest and the smallest ones provide the worst EE for each level of noise. This shows that an
optimal ratio exists between a situation in which all BSs are awake and another one in which
almost all BSs are sleeping. In the first case, the WCP metric will be at its highest level, as
shown in figure 4.3, but the corresponding power consumption is maximised. In the second
one, the power consumption is minimised but still higher than zero due to the non-zero sleeping
power consumption Psleep. The corresponding WCP metric tends towards zero when the ratio
of awake BSs tends toward zero. There is therefore an optimal ratio that can be found between
the two cases.
One can also observe that when the noise variance increases, the different strategies tends to
provide the same EE. Therefore, as in figure 3.6, the impact of the power consumption on the
EE becomes less significant when the noise variance increases.
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(a) TCP (b) MCP

(c) HPPP

Figure 4.6: Energy efficiency for SS as a function of the noise variance with different proportion
of awake BSs qSS . Three different distributions of ΦU are considered.

Figure 4.7 shows the impact of the SS threshold µ. One can observe that the power consumption
decreases before the WCP metric, which results in an increased EE. When the threshold µ is high
(i.e. bigger than 50), the proportion of awake BSs and the WCP both tend toward zero. The
power consumption stays stable at a non zero level because of the sleeping power consumption.
Therefore, similarly to what can be seen in figure 3.8, there is an optimal value of µ between
the situation in which all BSs are awake and the one in which they are all sleeping.
One can observe that the optimal choice for µ is different according to the density of BSs and
to the distribution of UEs. For a fixed density of UEs and BSs, the optimal µ for the HPPP is
bigger than the optimal one for the PCP. With the considered parameters, the optimal choice is
the same for the MCP and for the TCP. For each distribution, there is only one local maximum
for the EE, which is therefore a global one too. Algorithm 1 to find the optimal µ can therefore
still be used. This algorithm was described in section 3.3.2.
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(a) TCP: WCP metric and Ptot (b) TCP: EE and E{s}

(c) MCP: WCP metric and Ptot (d) MCP: EE and E{s}

(e) HPPP: WCP metric and Ptot (f) HPPP: EE and E{s}

Figure 4.7: Impact of µ on the WCP metric, the power consumption, the EE and the ratio of
awake BSs for different density of BSs. Three different distributions of ΦU are considered.

Figure 4.8 shows the optimal EE and the corresponding proportion E{s} of awake BSs for various
densities of UEs and BSs. For the two types of PCP, the density of UEs is given by mλp, with
m = 20. A first observation is that the optimal EE increases with the density of BSs, for a fixed
density of UEs. At the same time, the corresponding E{s} decreases. Therefore, the coverage
increases faster than the total power consumption because the awake BSs are located in regions
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with a lot of UEs.
It can also be observed that, for an equivalent density of UEs, the EE is higher for the PCPs
than for the HPPP. This is explained by the corresponding ratio of awake BSs that can be
smaller for the PCP by awaking only the BSs next to a cluster of UEs.
Furthermore, the evolution of the EE with the density of UEs is interesting to study for a
given density of BSs. In section 3.3.2, it was observe that the impact of λU was small as the
corresponding optimal EE and E{s} stayed quite stable. For the system model described in
section 4.1, the influence of the density of UEs is significant. For the two types of PCPs, the
optimal EE decreases when the density of UEs increases. This can be explained by the fact that
the number of cluster increases. As a consequence, it can be observed that the proportion of
awake BSs must increase to serve these clusters. This results in an increased power consumption
that is not counterbalanced by an increased coverage probability.

1e-05 5e-05 0.0001 0.0005
Density of Base stations [1/m^2]

0.01

0.002

0.001

0.0002

D
en

si
ty

 o
f U

se
rs

 [1
/m

^2
]

6.63e-03

5.85e-03

5.96e-03

7.81e-03

1.07e-02

1.37e-02

1.55e-02

1.99e-02

1.10e-02

1.65e-02

1.76e-02

1.56e-02

1.74e-02

1.92e-02

2.30e-02 2.60e-02

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

0.022

0.024

(a) TCP: EE

1e-05 5e-05 0.0001 0.0005
Density of Base stations [1/m^2]

0.01

0.002

0.001

0.0002

D
en

si
ty

 o
f U

se
rs

 [1
/m

^2
]

0.614

0.3973

0.5651

0.3336

0.2143

0.3098

0.2834

0.1683

0.2946

0.2652

0.2045

0.1394

0.9112

0.8729

0.9203 0.9154

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b) TCP: E{s}
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(c) MCP: EE
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(d) MCP: E{s}

Figure 4.8: Part 1
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(f) HPPP: E{s}

Figure 4.8: Part2: Comparison of the optimised EE for different densities of UEs and BSs. SS
with the optimal µ is used in each case and three different distributions of ΦU are considered.
The density of UEs for the PCP is given by mλp with m = 20.

Figure 4.9 depicts the evolution of the WCP metric with the LoS radius Rmax. Comparing the
three subfigures allows to conclude, as the three graphs are very similar, that the impact of the
radius does not depend on the type of PP considered for the UEs distribution. Furthermore,
one can observe that for small radius (i.e. up to 100[m] for σ2 = 10−3 and to 150[m] for
σ2 = 10−4), the WCP increases with the radius. This is because the probability to have a
serving BS increases with the radius. The smaller the radius, the higher the probability to have
no serving BS for the typical UE which leads to network outage. When Rmax is bigger than
100[m] for σ2 = 10−3 and than 150[m] for σ2 = 10−4, the probability to have a serving BS
is almost equal to one. However, the number of interfering BSs within the LoS ball increases,
which leads to a decreasing WCP. There is thus a trade-off between the two situations for which
the WCP metric is optimal. Note however that the WCP eventually stabilises to a non-zero
value when the radius tends toward infinity. Indeed, the further the interfering BSs are from
the typical UE, the smaller their average contribution to the interference. Therefore, even with
an infinite LoS radius, the WCP does not tend towards zero.
The impact of the Nakagami parameter M can also be observed on figure 4.9. One can see
that the maximum WCP is obtained for M = 10 in each scenario. However, for high values of
the LoS radius (i.e. bigger than 350[m]), the best performances are obtained for lower values
of M . Recall that, when M increases, the effect of the fading gain tends toward a delta which
would not affect the received signal. Therefore, for Rmax > 300[m] and M = 10, there are more
interfering BSs within the LoS ball and their signal is less impacted by the fading. This explains
why M = 10 provides the worse performances for Rmax > 300[m].
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(g) TCP (h) MCP

(i) HPPP

Figure 4.9: WCP metric for SS as a function of the LoS radius Rmax for different values of noise
variance σ2 and Nakagami parameter M . Three different distributions of ΦU are considered.

Figure 4.10 illustrates the impact of the number of antennas on the WCP metric. Let us recall
that the number of antennas impacts the beamforming. The more antennas in the uniform linear
array, the narrower the transmitted signal. A first observation is that the impact of the number
of antennas on the WCP is not different according to the UEs distribution. Indeed, the shape
of the graphs on the three subfigures are similar. Overall, it can be observed that the WCP
increases with the number of antennas. The slope is higher for low numbers of antennas (i.e.
Nt < 20). For such number of antennas, the beam of the interfering BSs is wider. Therefore,
the probability to interfere with the signal of the serving BS is higher as well. For Nt ≥ 20, the
antennas are already very directive and the benefit from using more antennas decreases. The
WCP tends towards the no-interference upper bound represented by the dashed line in each
case. Indeed, when Nt tends toward infinity, the antenna pattern in equation 4.7 tends toward
a Dirac delta function. Then, the probability for the typical UE to be in the direction of an
interfering beam, having a sufficient power to influence the SINR, tends toward zero.
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(a) TCP (b) MCP

(c) HPPP

Figure 4.10: WCP metric for SS as a function of the number of antennas Nt for different
values of noise variance σ2 and Nakagami parameter M . Three different distributions of ΦU are
considered. The dashed line represents an upper bound on the WCP metric for which there is
no interference.

Figure 4.11 shows the evolution of the optimal EE with respect to the transmitting power Pt.
Four different numbers of transmitting antennas are compared. It can be observed that the
optimal number of antennas is always the biggest one among the tested ones (i.e. Nt = 128).
This is because the interference decreases when the beam is narrower. Note that this conclusion
is only valid because the model sets a zero energetic cost for the number of antennas. One can
also observe that the distribution of the UEs and the number of antennas have a small impact on
the optimal choice of transmitting power Pt,opt. Indeed, all EE curves from all graphs have their
maximum close to Pt = 16[W ]. The only exception is Nt = 1 for which more power is needed
to optimised the EE. The optimal transmitting power satisfies a trade-off between an increasing
power consumption and an increasing WCP metric when Pt increases too. For Pt < Pt,opt, the
received power is not sufficient compare to the noise variance in the expression of the SINR.
For Pt > Pt,opt, the increase obtained regarding the WCP metric is not sufficient to balance the
increased power consumption. Therefore, in both case the EE is smaller than the optimal one.
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(a) TCP (b) MCP

(c) HPPP

Figure 4.11: Impact of Pt on the optimal EE metric for different number of antennas Nt. Three
different distributions of ΦU are considered.
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Chapter 5

Sleep Control Strategies in 4-Layers
Inhomogeneous Millimeter Wave
Networks

In this last chapter the impact of sleep control strategies on the EE is studied for a 4-layers
inhomogeneous mm-Wave networks. As in the previous chapters, the system model is first
described. The derived analytical expressions are then presented. Finally, MC simulations are
used to confirm the accuracy of the expressions obtained before performing an analysis based
on them.
The contributions of this chapter are manifold. First, the coverage analysis for K-Tier networks
performed in [33] is extended to mm-Wave networks with beamforming. Furthermore, the
position of the UEs are considered, in the paper, to be given by a PCP for which the cluster
centers are BSs. This takes into account the current capacity-driven deployments of BSs which
are placed in regions of high UEs density. This thesis extends the paper by introducing in
the model sleeping mode strategies in a network with 4 different distributions of UEs and BSs
described as different layers. As a consequence, the modelling of the load must be adapted. The
modelling used in the previous chapters based on [24] and [27] is thus extended for this purpose.
Finally, the expression of the WCP metric is adapted to define a new metric that takes into
account the problem expressed in chapter 4, concerning the non-application of Palm Theory,
and the multiple tiers network.

5.1 System model
In this chapter a K̂-tier inhomogeneous network is considered. Each tier is defined according to
one of the 4 following layers:

• Layer 1: BSs without dependent UEs: The BSs corresponding to a tier of this layer
are distributed as an independent HPPP ΦBS

i of density λBS
i > 0, with a transmit power

Pi > 0 and a number of transmitting antennas Nt,i.

• Layer 2: BSs with dependent UEs: The BSs corresponding to a tier of this layer
are distributed as an independent HPPP ΦBS

i of density λBS
i > 0, with a transmit power

Pi > 0 and a number of transmitting antennas Nt,i. UEs are also considered in this layer.
They are distributed as a PCP ΦUE

i having ΦBS
i as a parent PP. The BSs form thus the

cluster centers of the PCP of UEs. If the cluster is a TCP, the corresponding variance is
denoted σ2

i . If the cluster is a MCP, the corresponding radius is denoted rm,i.

• Layer 3: PCP of UEs: This layer introduces independent PCPs ΦUE
i of UEs. There

is thus no BSs as cluster centers. The parent HPPP has a constant intensity λpi . If the
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cluster is a TCP, the corresponding variance is denoted σ2
i . If the cluster is a MCP, the

corresponding radius is denoted rm,i.

• Layer 4: HPPP of UEs: For a tier of this layer, the UEs are distributed as an inde-
pendent HPPP ΦUE

i of density λUE
i > 0.

(a) Layer 1 (b) Layer 2

(c) Layer 3 (d) Layer 4

Figure 5.1: Visualisation of a realisation of the 4 types of layers. TCPs are used for the different
PCPs. The crosses represent the locations of BSs while the dots represent the locations of the
UEs.

The tiers of BSs are thus distributed according to one of the two first layers while the tiers of
UEs are distributed according to one of the three last layers. Notice that there is no restriction
on the number of tiers that are described according to each of the layers.

The association scheme is based on the average received signal at the UE side. It is not lo-
cation based as in previous chapters because the power transmitted by two BSs of different tiers
can be different. The average power received by a UE at the origin from a BS at x ∈ ΦBS

j is
given by Pj‖x‖−α. The typical UE is thus connected to the closest awake BS in terms of power
weighted distance which is defined as ‖x‖P−

1
α

j .

Among the K̂-tiers of BSs and UEs, only K of them are from one of the 2 first layers. For
notation convenience, they are denoted by the first K indexes such that the set of indexes of
these K tiers is defined as K = {1, 2, . . . ,K}. Îk is defined as the set of indexes of all the BSs
from a tier k.

For the channel model, there is no change with the one described in chapter 4. The chan-
nel gain is Nakagami distributed with parameter M and beamforming is considered with the

45



cosine pattern. The LoS model is applied with maximum radius Rmax and the exclusion zone of
radius Rmin is considered around each BS to avoid problems with the path loss model.

With regard to the sleeping strategies, only SS is considered in this chapter as its advantages
over RS have been demonstrated in previous chapters. An activation function sk(·) is defined
for each tier k ∈ K with a threshold µk. The BS serving the typical UE could be any BS from
any tier as all BSs are in open access. The activity is defined as the load of the cell of each BS.
The sleeping probability for each BS is thus E{sk}.

The coverage analysis is performed for a typical UE from one of the tiers of UEs. The analysis
is thus performed for the three types of layers of UEs. In the case of a typical UE from layer 2,
there is a BS at the center of the representative cluster. This BS is located at position y ∈ ΦBS

i .
Using Slivnyak’s Theorem, the thinned process ΦBS

i \ {y} has the same distribution as ΦBS
i . For

notation convenience, another tier ΦBS
0 , which consist only of a single point y, is defined. The

tier referred to by index i will thus be the thinned one. The new set of indexes is defined as
K0 = {0}⋃K = {0, 1, 2, . . . ,K}. Note that the parameters of the 0th tier are derived from the
ith one such that σ2

0 = σ2
i , rm,0 = rm,i, P0 = Pi and Nt,0 = Nt,i.

5.2 Analytical results
In this section a new metric adapted from the WCP one is defined and described. The expressions
of each term of this metric are then successively derived. The modelling of the load is also
adapted to the new system model.

5.2.1 Averaged K-tiers weighted coverage probability

Let us first recall the expression of the WCP metric in the specific case of a discrete random
variable A describing the load of the cell of the typical UE:

PWCP(τ) = 1
E{a}

∞∑
a=0

aPcov(τ |a)fA(a). (5.1)

One can directly observe that this metric must be adapted for a multi-tier system model as the
one described in section 5.1. Indeed, in a single-tier network the activity considered is simply
the activity of the closest BS. This is true no matter what sleeping mode is chosen for the BSs.
In a multi-tier network however, the closest BS could be from any tier and this must be taken
into account in the metric. Furthermore, it was observed in the two previous chapters that Palm
theory cannot be applied to characterise the pmf of the load of the closest BS to the typical
UE, directly from the load of a typical BS. Section 5.2.7 deals with the adaptations to be made
and the impact of the distance between the typical UE and the first BS on the latter’s load. By
taking these new aspects into account, a new metric called the averaged K-tiers weighted
coverage probability (AKWCP) is defined in Definition 2. In this chapter, the EE is computed
from this metric instead of the WCP.
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Definition 2 (AKWCP metric)
The averaged K-tiers weighted coverage probability metric is defined as:

PAKWCP =
K∑
k=0

∫ Rmax

Rmin

P(k∗ = k|rk,1)fRk,1(rk,1|Rmin) 1
E{ak,1}

·
[
E{ak,1sk(ak,1)}Psuc (τ, rk,1|k∗ = k; sk(ak,1) = 1)

+ (E{ak,1} − E{ak,1sk(ak,1)})Pcov (τ |rk,1; k∗ = k; sk(ak,1) = 0)
]
drk,1, (5.2)

where:

• Rk,i is the distance between the ith nearest BS of tier k and the typical UE.

• ak,i is the activity of the ith nearest BS of tier k.

The different terms of the AKWCP metric are described successively. First, a sum is performed
over each tier of BSs. The purpose of this sum is to distribute the events in which the closest
BS to the typical UE belongs to tier k. An integral is then evaluated over the distance to this
nearest BS, for which the pdf is given by the term fRk,1(rk,1|Rmin). The term P(k∗ = k|rk∗,1) is
the probability that the closest BS is from tier k knowing the distance to this closest BS. k∗ is
the index denoting the tier of this closest BS. The quotient of E{ak,1} could already be found
in the WCP metric. It appears because of the weighting of the probability of success by the
activity of the cell. Then, between the brackets, two cases are distinguished. The first one is the
weighted probability of success knowing that the closest BS is awake. It is a success probability
and not a coverage one because there is already an integral performed on the distance to the
serving BS. The second term is the weighted coverage probability knowing that the closest BS

Figure 5.2: Summary of the different quantities to evaluate in order to obtain the expression of
the AKWCP metric. The acronyms D, L, P and C stands respectively for Definition, Lemma,
Proposition and Corollary.

47



is sleeping. The tier to which this BS belongs and the distance to this BS are both known when
this probability is evaluated.

Figure 5.2 summarises all the terms that have to be evaluated in order to obtained the AKWCP
metric. The lemmas, propositions or corollaries corresponding to each term are stated in the
next subsections.

5.2.2 Distribution of the distance and association probability

The first term to develop is the distribution of the distance to the typical UE of the ith closest
BS tier j. The expression of the corresponding pdfs and ccdfs are stated in Lemma 7.

Lemma 7
The pdf and the ccdf of the distance between the typical UE and the ith closest BS from
tier j, given an excluding radius κ, are expressed as:

For j ∈ K:

pdf: fRj,i(rj,i|κ) =
2(λBSj π)i

(i− 1)! rj,i(r
2
j,i − κ2)i−1 exp(−λBSj π(r2

j,i − κ2)), rj,i ≥ κ.

(5.3)

ccdf: FRj,i(rj,i|κ) =
i−1∑
n=0

(λBSj π)n

n! (r2
j,i − κ2)n exp(−λBSj π(r2

j,i − κ2)), rj,i ≥ κ.

(5.4)

For j = 0 and typical UE from a TCP:

pdf: fR0,1(r0,1|κ) = r0,1
σ2

0
exp

(
−

(r2
0,1 − κ2)

2σ2
0

)
, r0,1 ≥ κ. (5.5)

ccdf: FR0,1(r0,1|κ) = exp
(
−

(r2
0,1 − κ2)

2σ2
0

)
, r0,1 ≥ κ. (5.6)

For j = 0 and typical UE from a MCP:

pdf: fR0,1(r0,1|κ) = 2r0,1
r2
m,0 − κ2 , κ ≤ r0,1 ≤ rm,0. (5.7)

ccdf: FR0,1(r0,1|κ) =
r2
m,0 − r2

0,1
r2
m,0 − κ2 , κ ≤ r0,1 ≤ rm,0. (5.8)

Now that the pdf and the ccdf are defined, the expression of the term P(k∗ = k|rk,1) is given in
Lemma 8.

Lemma 8
For the system model described in section 5.1, the probability that the closest BS is from
tier k, knowing the distance to the closest BS of this tier, is given by:

P(k∗ = k|rk,1) =
∏

j∈K1\{k}
FRj,i(P k,jrk,1|Rmin), (5.9)

where P kj =
(
Pj
Pk

)1/α
.
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5.2.3 Characterisation of the interference

The next step in the development of the AKWCP metric is the characterisation of the interfer-
ence, in order to derive the probability of success when the typical UE is served by the ith BS
from tier j. The location of the serving BS is denoted xj,i. Since the typical UE is connected
to the closest BS in terms of power weighted distance, there exists no active BS from tier k,
∀k ∈ K0, within a disc of radius κjk = P jk‖xj,i‖ centered at the typical UE location. This disc
is denoted b(0, κj,k). The interference from the kth tier is thus defined as:

I(j,i;k)(‖xj,i‖) =
∑

yk∈Φ̃BS
k
\b(0,κjk)

Pkβgk‖yk‖−α, (5.10)

where Φ̃BS
k is the PPP of tier k obtained after independent thinning with probability E{sk}.

The total interference is obtained by summing the contribution of each tier to obtain:

Itot(j,i)(‖xj,i‖) =
K∑
k=0
I(j,i;k)(‖xj,i‖). (5.11)

From this expression, the SINR at the typical UE, when it is served by the BS located at xj,i,
can be written as:

SINR(xj,i) = Pjβ|ρ|2‖xj,i‖−α

σ2 + Itot(j,i)(‖xj,i‖)
. (5.12)

At this point, a first observation is that expression 5.12 does not depend on the index of the
serving BS. Indeed, only the corresponding tier and the distance to the BS have an impact.
Therefore, a per-tier success probability can be derived and the interference term can be de-
noted Itotj .

The probability of success when the typical UE is served by a BS of tier j located at xj is
given by:

Psuc(τ,xj) =
M−1∑
n=0

(−τMrαj )n

n!(Pjβ)n L
(n)
N,Itotj

(
τMrαj
βPj

; rj
)
. (5.13)

This expression is obtained from the general expression of the coverage probability given in
Lemma 5 and by defining rj = ‖xj‖. To further develop the success probability, the LT transform
of the noise and interference term is given in Corollary 5, while Lemma 10 states the LT transform
of the interference term alone. To proof Lemma 10, the expression for the LT of the coefficient
g is required. Therefore, Lemma 9 first states this transform.

Lemma 9
The LT transform of the term g, including both the small scale fading gain and the
directional antenna array gain, is given for s ∈ R by:

Lg(s) = 1− 2
Nt

+
∫ 2/Nt

0

(
1 +

s cos2(πNt4 θ)
M

)−M
dθ. (5.14)

Lemma 10
The LT transform of the interference term, when the serving BS is from tier j located
at a distance rj of the typical UE, is given by:

LItotj (s) =
K∏
k=0
LIk(s) (5.15)

= LI0(s)
K∏
k=1
LIk(s), (5.16)
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where LIk(s) is the LT of the interference from the kth tier.

The LT transform of the interference from the kth tier for k ∈ K is given by:

LIk(s) = exp [−ζk(s)] , (5.17)

where:

ζk(s) = 2πE{sk}λBS
k

Nt,k

{
κ2
[
J0

(
−sβPkκ−αjk

M

)
− 1

]

−R2
max

[
J0

(
−sβPkR−αmax

M

)
− 1

]}
. (5.18)

For the interference from tier k = 0, different case have to be taken into account:

• If the typical UE is not from a tier of layer 2 then LI0(s) = 1.

• If j = 0, then LI0(s) = 1.

• If j 6= 0, then

LI0(s) = (1− E{s0}) + E{s0}
(

1− 2
Nt,k

)(
1− FR0,1(Rmax|κj0)

)

+E{s0}
∫ Rmax

κj0

∫ 2/Nt,0

0

1 +
sP0βr

−α
0,1 cos2(πNt,04 θ)

M

−M fR0,1(r0,1|κj0) dθ dr0,1.

(5.19)

Corollary 5
The LT of the noise and interference term σ2 + Itotj is given by:

LN,Itotj (s; rj) = exp
(
−sσ2

)
LItotj (s)

= LI0(s) exp (ζexp(s))
= LI0(s)LIexp(s)

(5.20)

where:

ζexp(s) = −sσ2 −
K∑
k=1

ζk(s). (5.21)

A first observation from Corollary 5 and Lemma 10 is that, when the typical UE is not from
layer 2, the LT transform of the noise and interference term is not an exponential. Therefore, the
success probability cannot be computed with an exponential matrix, as it was done in chapter
4.

The next step in the development of the success probability, is to compute the successive deriva-
tives of the ζexp(s) and LI0(s). This is done respectively in Lemmas 11 and 12, while Corollary
6 states the derivatives of LIexp .

Lemma 11
The lth derivative of the exponent term ζexp in the LT of the noise and interference
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term is given by:

ζ(l)
exp(s) = −1(l≤1)σ

2s1−l −
K∑
k=1

ζ
(l)
k (s), (5.22)

where:

ζ
(l)
k (s) = 1(l=0)

2πE{sk}λBS
k

Nt,k

(
R2

max − κ2
jk

)
+4
√
πE{sk}λBS

k

l!Nt,k

Γ(M + l)
Γ(M)

Γ(l + 1
2)

(2− αl)

(
βPk
M

)l
[
κ2−αl
jk Jl

(
−sβPkκ−αjk

M

)
−R2−αl

max Jl

(
−sβPkR−αmax

M

)]
. (5.23)

Corollary 6
The lth derivative of LIexp can be computed by recursion from:

L(l)
exp(s) =

l−1∑
n=0

(
l − 1
n

)
ζ l−nexp (s)Liexp(s), for l ≥ 1, (5.24)

knowing that L(0)
Iexp(s) = exp(ζexp(s)).

Lemma 12
The lth derivative of the LT transform of the interference from tier 0 can have two
different forms:

• If the typical UE is not from a tier of layer 2 or if j = 0 then

L(l)
I0 (s) =

{
1 if l = 0,
0 otherwise.

(5.25)

• If j 6= 0, then

L(l)
I0 (s) =

∫ Rmax

κj,0

∫ 2/Nt,0

0
E{s0}

1 +
sP0βr0,1 cos2

(
πNt,0

4 θ
)

M

−(M+l)

(−P0β

M

)l
(M)l cos2l

(
πNt,0

4 θ

)
r−lα0,1 fR0,1(r0,1|κj,0)dθdr0,1

+ 1(l=0)(1− E{s0})

+ 1(l=0)E{s0}
(

1− 2
Nt,0

)(
1− FR0,1(Rmax|κj,0)

)
. (5.26)

5.2.4 Success probability

Using the lemmas from previous subsection, the probability of success stated in equation 5.13
can be developed. The expression when the typical UE is not from a tier of layer 2 is stated in
Proposition 9. For a typical UE from a tier of layer 2, if j = 0, then the same proposition gives
the correct expression, while Proposition 10 states the probability for j 6= 0.

Proposition 9
The success probability when the typical UE is served by a BS of tier j located at xj,
for the cases where the typical UE is not from a tier of layer 2 or when the typical UE
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is from a tier of layer 2 but j = 0, is given by:

Psuc(τ,xj) = ‖exp {CM(rj)}‖1 , (5.27)

where rj = ‖xj‖ and the entries of the matrix CM(rj) are given by:

cl(r) = −1(l≤1)(−1)lσ2 τMrαj
βPj

−
K∑
k=1

1(l=0)
2πE{sk}λBS

k

Nt,k

(
R2

max − κ2
jk

)

−
K∑
k=1

4(−1)l
√
πE{sk}λBS

k τ l

(l!)2Nt,k

Γ(M + l)
Γ(M)

Γ(l + 1
2)

(2− αl)r2
j

(
Pk
Pj

)2/α

Jl (−τ)−R2
max

(
rj

Rmax

)αl (Pk
Pj

)l
Jl

(
−τ Pk

Pj

(
rj

Rmax

)α) . (5.28)

Proposition 10
The success probability, when the typical UE is from a tier of layer 2 and served by a
BS of tier j 6= 0 located at xj, is given by:

Psuc(τ,xj) =
M−1∑
l=0

(−τMrαj )l

l!(Pjβ)l
l∑

n=0

(
n

k

)
L(l−n)
I0

(
τMrαj
βPj

)
L(n)
Iexp

(
τMrαj
βPj

)
, (5.29)

where the nth derivative of LI0(s) and LIexp(s) are respectively given by equation 5.26
of Lemma 12 and by equation 5.24 of Corollary 6.

In the expression of the AKWCP metric defined in equation 5.2, the success probability
Psuc (τ, rk,1|k∗ = k; sk(ak,1) = 1) can be computed using either Proposition 9, either Proposition
10. This probability of success is defined when the typical UE is served by the closest BS in
terms of power weighted distance, located at distance rk,1.

5.2.5 Coverage probability

One last term in the AKWCP metric is not yet defined. This term is denoted
Pcov (τ |rk,1; k∗ = k; sk(ak,1) = 0) and refers to the coverage probability of the network when the
closest BS in terms of power weighted distance is sleeping. The distance to this sleeping BS is
known and denoted rk,1. The tier corresponding to this BS is denoted k∗. The distance rk,1
results in an exclusion region of serving BSs around the typical UE depending on the power
transmitted by each tier.

In order to calculate this coverage probability, the coverage provided by each tier is developed
as a weighted sum such that:

Pcov (τ |rk,1; k∗ = k; sk(ak,1) = 0) = Pcov,k∗ (τ |rk,1; k∗ = k; sk(ak,1) = 0)
+

∑
j∈K0\{k∗}

Pcov,j (τ |rk,1; k∗ = k; sk(ak,1) = 0) (5.30)

The coverage probability of tier j must be weighted by the probability of being connected to
this tier. The corresponding event is denoted SΦj so P(SΦj |rc) represents the probability to
be connected to tier j, knowing the distance rc to the closest awake BS from this tier. This
probability is stated in Lemma 13. Then, Proposition 11 states the expression of the coverage
probability in equation 5.30.
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Lemma 13
The probability to be connected to a given tier, knowing the distance rc to the closest
awake BS from this tier, is given by:

For j = k∗:

P(SΦk∗ |rc; rk,1; k∗ = k; sk(ak,1) = 0) = E{sk∗}∏
m∈K0\{k∗}

∏
n∈Îm

(
(1− E{sm}) + F 1(m,n)− F 1(m,n)(1− E{sm})

)
, (5.31)

where F 1(m,n) = FRm,n(P k∗,mrc|P k,mrk,1).

For j ∈ K0 \ {k∗}:

P(SΦj |rc; rk,1; k∗ = k; sk(ak,1) = 0) = E{sj}∏
n∈Îk∗\{1}

(
(1− E{sk∗}) + F 2(j, n)− F 2(j, n)(1− E{sk∗})

)
∏

m∈K0\{j,k∗}

∏
n∈Îm

(
(1− E{sm}) + F 3(j,m, n)− F 3(j,m, n)(1− E{sm})

)
, (5.32)

where F 2(j, n) = FRk∗,n(P j,k∗rc|rk,1) and F 3(j,m, n) = FRm,n(P j,mrc|P k,mrk,1).

Proposition 11
The coverage probability from a tier j, weighted by the probability to be connected to this
particular tier, when the closest BS in terms of power weighted distance is asleep and
located at a distance rk,1, can take two different forms:

For j = k∗:

Pcov,k∗ (τ |rk,1; k∗ = k; sk(ak,1) = 0) =
∫ Rmax

rk,1
P(SΦk∗ |rc; rk,1; k∗ = k; sk(ak,1) = 0)

Psuc(τ, rc|SΦk∗ )
|Îk∗ |∑
i=2

(1− E{sk∗})i−2 fRk∗,i(rc|rk,1) drc, (5.33)

where |Îk∗ | is the cardinality of the set of index of the BSs from tier k∗.

For j ∈ K0 \ {k∗}:

Pcov,j (τ |rk,1; k∗ = k; sk(ak,1) = 0) =
∫ Rmax

Pk,jrk,1
P(SΦj |rc; rk,1; k∗ = k; sk(ak,1) = 0)

Psuc(τ, rc|SΦj )
|Îj |∑
i=1

(1− E{sj})i−1 fRj,i(rc|P k,jrk,1) drc. (5.34)

5.2.6 Modelling of the load

To evaluate the AKWCP metric, the activity of each BS must be modelled. This section aims
to develop a general expression for the pmf of the load of the BSs from each tier. In this thesis,
the characterisation of the load is performed considering the same power transmission for all
tiers, and for a typical BS located at the origin.
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For a BS from layer 1, the UEs served by the BS can be from an independent HPPP (the
corresponding load is denoted load A), from an independent PCP without any BS as cluster
centers (denoted load B), and from an independent PCP with BSs as cluster centers (denoted
load C). It is the same for a BS from layer 2 except that it can also serve UEs from the dependent
PCP (denoted load D). Once the pmf of the four types of loads are define, the total load must
still be derived. The location of the UEs from each source is independent, so the loads from
each source are assumed to be independent as well. With this assumption, the total load is thus
obtained by summing the load from each source. The total pmf is then given by the pmf of a
sum of independent variables. This assumption of independence is discussed in section 5.3 using
MC simulations.

In order to derive the pmf of load A and B, observe that the BSs from all tiers are distributed
as independent HPPPs with different intensities. This allows to benefit from the principle of
superposition of independent HPPPs, resulting in a HPPP with intensity equal to the sum of
the respective intensities. This summed intensity is denoted λBS

tot = ∑K
k=0 λ

BS
k . Hence, for the

characterisation of load A, the expression from Proposition 4 can simply be used by replacing
the intensity of the HPPP of BSs by the total intensity λBS

tot . Similarly, the characterisation of
load B is obtained from Proposition 8 by replacing the intensity of the HPPP of BSs by the total
intensity λBS

tot . A direct observation is that the expression of the load does not depend directly
on the intensity of the tier to which the BS belongs, but only depends on the total intensity of
BSs.

For the characterisation of the pmf of load C, the expression cannot be found in the litera-
ture. However, one can observe that the situation is the same as the one described in load B
except that there is a BS at the cluster center. This aspect is taken into account in Proposition
12 to adapt the expression of the load stated in Proposition 8.

Proposition 12 (Load C)
The pmf of the activity from an independent PCP of tier j with BSs as cluster cen-
ters can be obtained from Proposition 8 by replacing the expression of the probability
generating function of ΨU(C0), in equation 4.23, by:

GΨ0(θ) =
∫ ∞

0
exp

{
−2πλBS

j

∫ ∞
2r

(
1−exp

[
−mj(1−θ)ξj(r, w)

])
wdw

}
fRc(r)dr, (5.35)

in which ξj(r, w) is given by equations 4.24 and 4.25 with the parameters of tier j for
the PCP.

The last pmf to develop describes the distribution of the load from the UEs having the BS of
interest as a cluster center. The position of the UEs are thus linked to the position of the BS.
The expression of the load in Proposition 8 is adapted in Proposition 13 to characterise load
D.

Proposition 13 (Load D)
The pmf of the activity, from the UEs having the BS of interest from tier j as a cluster
center, can be obtained from Proposition 8 by replacing the expression of the probability
generating function of ΨU(C0), in equation 4.23, by:

GΨ0(θ) =
∫ ∞

0
exp

[
−m(1− θ)ξ(r, 0)

]
fRc(r)dr, (5.36)
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in which ξ(r, 0) is given for the two types of PCP by:

ξTCP(r, 0) =1− exp
(
− r2

2σ2
j

)
, (5.37)

ξMCP(r, 0) =
min(r2, r2

m,j)
r2
m,j

. (5.38)

Now that the 4 types of loads have been defined, the pmf of the total load of a BS can be
determined. To do so, lets recall first how to determine the pmf of the sum of two independent
discrete random variables. Let X and Y be two independent discrete random variables. Their
respective pmf is denoted by pX and pY . Then, the pmf of the sum variable Z = X+Y is given
by:

pZ(z) =
∑
y∈RY

pX(z − y)pY (y), (5.39)

where RY is the support of pY .

For a BS of layer 1, the total pmf is obtained by summing the pmf from load A for a HPPP
with intensity λUEtot equal to the sum of the intensities of all tiers of layer 4, with the pmf from
load B for all tiers of layer 3 and the pmf from load C for all tiers of layer 2. The same is done
for a BS of layer 2 except that the load D is added only for the tier to which the BS belongs.

5.2.7 Adaptation regarding Palm theory

As it has been seen in the previous subsections, Palm theory states that the distribution for a
typical BS located at the origin holds for any BS selected uniformly at random among all the
BSs of a PP. However, in the development of the AKWCP metric, the activity is defined for the
load of the closest BS to the typical UE. This is not a random selection and Palm theory does
not actually apply. In previous chapters, this had an impact on the accuracy of the developed
analytical expressions, but this effect was neglected. In this chapter, the load developed for the
typical BS is assumed to be correct for all BSs except for the closest one to the typical UE. For
this BS, two adaptations are performed and described in this subsection.

The first effect that has to be taken into account is that the closest BS to the typical UE
has at least one UE within its Voronoï region. Otherwise, it would not be the closest one. The
pmf of the load must therefore be adapted. This is described in Lemma 14.

Lemma 14
The total pmf of the load of the closest BS to the typical UE must be adapted. The
adaptation has to be performed on the pmf of the load (denoted fA(n)) from the PP to
which the typical UE belongs, before summing up the contribution from all tiers. The
adapted pmf is given by:

fA(n|n ≥ 1) =


fA(n)

1−fA(0) if n ≥ 1,
0 otherwise.

(5.40)

The pmf that must be adapted depends on the layer to which the typical UE belongs, but also
depend on the tier to which the closest BS belongs. The different cases are described successively:

For a typical UE of tier j from layer 2:
If the closest BS is from tier 0, the load D corresponding to tier j must be adapted.
Otherwise, it is the load C corresponding to tier j.
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For a typical UE of tier j from layer 3:
Load B corresponding to tier j must be adapted.

For a typical UE of tier j from layer 4:
Load A corresponding to tier j must be adapted.

The adaptation from Lemma 14 is not the only change to perform to the pmf of the activity
of the closest BS. Up to now, the load of the closest BS of tier k∗ = k was assume to be
independent from its distance to the typical UE denoted rk∗,1. However, with the assumption
of a circular Voronoï region described in section 4.2.5, this is no longer true. Indeed, the radius
Rc of the Voronoï region of the closest BS must be at least bigger than the distance rk∗,1 to the
typical UE. Otherwise, the typical UE would not be in the Voronoï region of the closest BS. By
contradiction, this BS would not be the closest one. In order to take this effect into account,
the circular shape hypothesis must be applied to load A. The distribution of the number of UEs
from a HPPP of intensity λUE in a cell of area A is given by:

Dist(n|A) (a)= (λUEA)n
n! exp(−λUEA). (5.41)

(a) is obtained from equation 2.8. By integrating equation 5.41 on the distribution of Rc, load
A, under the assumption of the circular region A = πR2

c , is given by:

fLoad A(n) =
∫
Rc

Dist(n|A = πr2)fRc(r)dr, (5.42)

where fRc is given in Proposition 8. Corollary 7 states that the assumption of the circular Voronoï
region does not change the distribution of load A when there is no constrain on Rc.

Corollary 7
Under the assumption of the circular Voronoï region, when there is no constrain on the
radius Rc, the activity follows a NB distribution NB(c, ps) with the same parameters
as Proposition 4.

Now that all types of loads are defined with the circular Voronoï region assumption, the change
to apply can be described. For each pmf contributing to the distribution of the total load of
the closest BS, the integration on Rc must be performed from rk∗,1 to infinity instead of 0 to
infinity. The pdf of the radius Rc must also be adapted and is given by:

fRc|rk∗,1(r; c,Ω) = fRc(r; c,Ω)
FRc(rk∗,1)

, r ≥ rk∗,1, (5.43)

where Ω = 1
πλB

and FRc is the ccdf of Rc given by the regularised upper incomplete gamma
function Q

(
c, cΩr

2
k∗,1

)
.

5.3 Numerical Results
In this section, the validity of the model for the load developed in section 5.2.6 is first assessed
through MC simulations for a typical BS. Then, the accuracy of the analytical expression of the
AKWCP metric is verified using MC simulations for a typical UE. The simulations also allow to
verify the benefit of the adaptation of the pmf described in section 5.2.7. Finally, the analytical
expression of the AKWCP metric is used to observe the evolution of the EE with the noise
variance.

The development of the AKWCP has been carried out in all generality for a network of K̂
tiers. A specific network must thus be defined for the simulations. In this thesis, four tiers are
considered, each of them belonging to one of the four defined layers:
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• Tier k = 1 of Layer 1: HPPP of BSs of density λBS
1 = 5 10−5[m−2].

• Tier k = 2 of Layer 2: HPPP of BSs of density λBS
1 = 10−5[m−2]. The position of the

BSs are the cluster centers of a TCP of UEs, with parameter m2 = 20 and σ2
2 = 200

π .

• Tier k = 3 of Layer 3: TCP of UEs of parent density λp3 = 10−4[m−2]. The other
parameters are m3 = 10 and σ2

3 = 200
π .

• Tier k = 4 of Layer 4: HPPP of UEs of density λUE
4 = 5 10−4[m−2].

With regard to the values of the network parameters, MC simulation parameters and power
consumption parameters, no change is made compare to chapter 4.3. They can thus be found
respectively in Table 4.1, 4.2 and 4.4. The only exception is that n = 50000 iterations have been
made for each MC simulation.

Figure 5.3: Visualisation of a realisation of the 4-tiers network considered for the simulations of
chapter 5. The crosses represent the locations of the BSs while the dots represent the locations
of the UEs

5.3.1 MC simulations for the load modelling

Preliminary note: For each figure, the solid lines represent the result of the MC simulation while
the stars represent the values obtained with the analytical expressions.

Figure 5.4 depicts the accuracy of the analytical model characterising the pmf of the load from
each possible source. The MC simulations are performed for a typical BS located at the origin.
It can be observe that the analytical models provide a good approximation of the MC simula-
tions for load A and B, despite the circular Voronoï assumption made to develop the model.
However, a gap between the two curves can be observed for load C and D.
One can observe that load C is the one having the smallest contribution to the total load. In
this case, the UEs are clustered around a BS. Therefore, most of these UEs are served by their
corresponding BS. This would however not be true anymore if the variance of the cluster σ2

2
increases, as in that specific case the UEs of a cluster would be more spread over the network.
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(a) Load A (b) Load B

(c) Load C (d) Load D

Figure 5.4: Comparison of analytical and numerical results for the pmf of the 4 types of loads,
for a typical BS located at the origin.

Figure 5.5 compares the analytical result with a MC simulation for the pmf of the load of the BSs
of tier 1 and 2. No adaptation on the pmf, such as the one described in section 14, is performed
as the model is given here for a typical BS located at the origin. Despite the relatively good
accuracy obtained for load A, B, C and D, as observed in figure 5.4, pmf 1 and 2, computed
from a sum of independent variable, are not as accurate. This shows that the assumption of
independence between the respective loads does not hold.
Some interpretations can be made to explain the interaction between the different loads, despite
the independence of the positions of the UEs from each source. Indeed, if the contribution from
load A, to the total number of UEs within the Voronoï region of the typical BS, is smaller than
its mean contribution, then the one from the other loads has a higher probability to be smaller
than their mean one as well. One of the reason for this could be that load A is small because a
BS is located next to the typical BS. Therefore, this neighboring BS will serve UEs, from each
tier, that are located close to the typical BS. This will decrease their contribution to the total
load of this BS.
The provided explanation is not exhaustive and many other interactions can have an impact
on the distribution of the load. The effect of these interactions can be observe on figure 5.4
as the curve provided by the MC simulation has a higher standard deviation than the one
provided by the analytical results. Unfortunately, SG does not provide tools to take these
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effects into account and to compute an exact expression of the total load from load A, B, C
and D. The independence approximation made in this thesis provides a tractable and intuitive
way of computing the distribution of the load for complex network configuration. The next
subsection discuss the impact of this approximation on the accuracy of the AKWCP metric.

(a) Pmf 1 (b) Pmf 2

Figure 5.5: Comparison of analytical and numerical results for the pmf of the load for the BSs
of tier 1 and 2.

5.3.2 MC simulations for the AKWCP metric

Preliminary note: the evaluation of the AKWCP metric is computationally expensive so exter-
nal resources have been used to obtain the analytical curves of the next graphs. Computational
resources have been provided by the supercomputing facilities of the Université catholique de
Louvain (CISM/UCL) and the Consortium des Équipements de Calcul Intensif en Fédération
Wallonie Bruxelles (CÉCI) funded by the Fond de la Recherche Scientifique de Belgique (F.R.S.-
FNRS) under convention 2.5020.11 and by the Walloon Region.

Figure 5.6 compares the evolution, with respect to the noise variance, of the analytical expres-
sion of the AKWCP metric, with a MC simulation. It can be observed that the result provided
by the analytical expression provides an accurate approximation of the simulated curve. The
small gap between the two curves can be explained by the different assumptions made when
developing the analytical expression.
It can be observed that the AKWCP metric is higher for the UEs of tier 2. Recall that these
UEs are distributed as a TCP with BSs as cluster centers. For a network provider, there is thus
a real benefit in terms of AKWCP metric of having a BS placed at the center of a cluster of
UEs.
The curves for the UEs of tier 3 and 4 are very similar. This shows that, if the network provider
does not place intentionally the BSs according to the position of the cluster of UEs, all UEs will
have access to the same service. Indeed, UEs from tier 4 that are very spread over the network
and UEs from tier 3 that form clusters over the network have similar values for the AKWCP
metric.
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Figure 5.6: Comparison of analytical and numerical results for the AKWCP metric defined in
Definition 2. The expression is evaluated for a typical UE from tier 2, 3 or 4.

Figure 5.7 compares the evolution of the AKWCP metric for different simulations with the
analytical solution. The MC simulation curve is obtained by running a complete MC simulation,
as it was performed for the different comparisons of this thesis. The position of all BSs and UEs
are generated according to their corresponding PP distribution. Two other "fake" simulations
are performed and are denoted A-MC and NA-MC. In these "fake" configurations, only the
position of the BSs are generated at each iteration. For the considered system model, the UEs
have only an effect on the activity of each BSs. Therefore, their influence can be replaced in the
"fake" MC simulations by the developed analytical model of the load. In other words, instead of
counting the number of UEs within the Voronoï region of each BS to determine their activity, the
load is randomly generated from the developed analytical pmf. For the A-MC simulation, the
adapted analytical model, described in section 5.2.7, is used, while for the NA-MC simulation,
the non-adapted one is used. The purpose of this simulation is to verify the impact of the model
developed to characterise the load on the accuracy of the AKWCP metric.
It can be observed that the A-MC simulation fits the MC simulation for a typical UE from
tier 3 and 4, while a small gap can be observed for a typical UE from tier 2. This shows that
the approximations made for the analytical model of the load have a negligible impact on the
accuracy of the AKWCP metric. Furthermore, the fact that the NA-MC curve does not fit the
MC simulation shows the benefit of the adapted model of the load developed in this thesis.
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(a) Typic = 2 (b) Typic = 3

(c) Typic = 4

Figure 5.7: Comparison of the analytical solution of the AKWCP metric with a MC simulation,
a fake adapted MC simulation (denoted AMC) and a fake non-adapted MC simulation (denoted
NAMC). The comparison is performed for 3 types of typical UE.

5.3.3 SG based interpretations

Figure 5.8 depicts the evolution of the EE with respect to the noise variance. For this figure,
the solid lines are obtained from the results of the analytical expression. Different proportion
of awake BSs qSS are compared for the three types of typical UE. One can observe that, among
the tested values of qSS , the smallest proportion (i.e. qSS = 0.25) provides the best EE for
most values of noise. When the noise variance increases, the gap between the different strategies
decreases and their respective EE tend towards 0.
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(a) Typic = 2 (b) Typic = 3

(c) Typic = 4

Figure 5.8: EE for different proportion of awake BSs with SS. The comparison is performed for
3 types of typical UE.
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Chapter 6

Conclusion

In this thesis, a general framework to study the benefit of sleep mode strategies in wireless com-
munication networks has been presented. SG has been used to develop analytical expressions
characterising the evolution of the EE for the different system models considered.

First, a simple system model in which the UEs and the BSs are independently and homoge-
neously distributed over the network has been analysed. The simple model of Rayleigh fading
has been used to evaluate the WCP metric. This new metric extends the coverage probability
to show the benefit of sleep mode strategies in terms of EE. The impact of the densities of UEs
and of BSs on the performances has been studied and the benefit of SS over RS has been proven
for this simple system model.

Next, some of the features of 5G cellular networks, such as beamforming and mm-Wave, have
been considered in a new scenario. The metrics developed in the previous chapter have been
adapted to these new characteristics. Clustered UEs distributions have been introduced in the
model to reflect more realistic situations. The impact of the system parameters on the EE and
the WCP has been analysed in order to identify good practices for network providers.

Finally, a general and tractable multi-tier configuration of network has been presented to study
the inherent inhomogeneous architecture of 5G networks. For this purpose, four different layers
of BSs and UEs have been considered. A new metric, namely the AKWCP, has been defined to
study this system model and to correct the inaccuracy observed in the simpler models used in
the previous chapters. A characterisation of the distribution of the load for each BS has been
derived and adaptations have been performed to integrate the concepts of Palm theory. MC
simulations have been used to validate the accuracy of the obtained models and to evaluate the
benefits of adapting the load model.

In future works, the system model studied in the last chapter could be further exploited:

• The assumed independence of the loads from different PP of UEs has been shown to be
inaccurate in the characterisation of the load in chapter 5. Despite providing an intuitive
and tractable way of approximating the total load, the presented model could be improved.
For this purpose, instead of deriving the loads from each PP independently and then adding
their contribution, the probability generating function of the total load could be directly
computed by benefiting from the independence of the PPs. This would lead to a more
complex integral that would solve the current issue on the load and therefore improve the
accuracy of the characterisation of said load.

• The expression that was developed for the AKWCP metric is very flexible and is based
on an average received power association scheme. Therefore, different transmitting power
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can be used in each tier. However, the current model for the activity, used to evaluate the
metric, is developed for a network with universal power transmission. By developing the
analytical expressions characterising the load, for BSs with different transmitting powers, a
more realistic network model featuring macro, micro, pico and femto cells could be studied.

• A more complete model for the power consumption would be interesting to study to take
into account more aspects in the evaluation of the EE. In this thesis, the energetic cost of
the deployment of BSs and of the use of multiple antennas has not been studied.

• The influence of the network parameters would be interesting to study using the general
framework presented in chapter 5. Different network configurations can be compared
together to derive best practices for network providers wishing to implement GREEN
communications.

• A more complex sleeping strategy could be developed to include intermediate modes of
transmision. In this thesis, the BSs are either awake (they transmit with maximum power)
or asleep (they do not transmit at all). The impact on the EE of adding stand-by modes
with intermediate transmitting powers would be interesting to study in order to develop
more efficient sleeping strategies.

Finally, with the sleeping strategy developed in this thesis, each BS decides of its sleeping mode
independently of the one chosen by neighbouring BSs. This simple scheme is sub-optimal. An
interactive decision scheme, such as the one presented in [34], would allow to optimise the
sleeping strategy of the full network. However, an analysis of such network is not possible with
SG. It would then be interesting to compare the performances, in terms of EE, of an interactive
sleeping strategies with the analytical model developed in this thesis. The performances of the
interactive scheme would be obtained using MC simulations.
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Appendix A

Proofs

A.1 Proofs of the Lemmas

Proof of Lemma 1

The coverage probability can be developed from its definition in equation 2.19. The distance to
the serving BS is denoted R = ‖x‖, with a corresponding pdf fR:

Pcov(τ) =
∫ ∞
Rmin

P [SINR(x) > τ |r] fR(r;λB)dr

(a)=
∫ ∞
Rmin

P
[
Pt h r

−α

σ2 + I > τ

∣∣∣∣r
]
fR(r;λB)dr

=
∫ ∞
Rmin

P
[
h >

rατ(σ2 + I)
Pt

∣∣∣∣r
]

︸ ︷︷ ︸
{1}

fR(r;λB)dr. (A.1)

(a) is obtained from the definition of the SINR in equation 3.2. Since h ∼ Exp(1), the ccdf of
an exponential distribution given by P[h > T ] = exp(−T ) can be used to expand the term {1}:

{1} = EI

[
P
[
h >

rατ(σ2 + I)
Pt

∣∣∣∣r, I
]]

= EI

[
exp

(
−rατ(σ2 + I)

Pt

) ∣∣∣∣r
]

= exp
(
−rατσ2

Pt

)
EI
[
exp

(−rατI
Pt

) ∣∣∣∣r]
(b)= LN

(−rατ
Pt

)
LI
(−rατ

Pt

)
,

where (b) is obtained by identification of the definition of the LT. Introducing {1} back in
equation A.1 finishes the proof.

�
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Proof of Lemma 2

The ccdf of the distance to the ith closest BS can be written as follows:

F̄Ri(R;λR) = P(Ri > R)

= P
(
Having less than i BSs in area π(R2 −R2

min)
)

=
i−1∑
n=0

P
[
Ψ
(
π(R2 −R2

min)
)

= n
]

(a)=
i−1∑
n=0

(πλR)n
(
R2 −R2

min
)n

n! exp
(
−λRπ(R2 −R2

min)
)
.

(a) follows from equation 2.8 for a HPPP of intensity λR. The pdf can be obtained by derivation
of the ccdf:

fRi(ri;λR) =− dF̄Ri(ri;λR)
dri

=−
i−1∑
n=0

(πλR)n2ri
(
r2
i −R2

min
)n−1

(n− 1)! exp
(
−λRπ(r2

i −R2
min)

)

+
i−1∑
n=0

(πλR)n+12ri
(
r2
i −R2

min
)n

n! exp
(
−λRπ(r2

i −R2
min)

)
(b)= 2(πλR)i

(i− 1)! ri(r
2
i −R2

min)i−1 exp
(
−πλR(r2

i −R2
min)

)
.

(b) is obtained after a variable change to simplify terms between the two sums.
�

Proof of Lemma 3

The LT of the interference term I = ∑
y∈ΦB(x) Pt h ‖y‖−α can be developed as:

LI(s;λI) = E [exp (−sI)]

= EΦB(x),h

 ∏
y∈ΦB(x)

exp
(
−sPt h ‖y‖−α

)
= EΦB(x)

 ∏
y∈ΦB(x)

Eh
[
exp

(
−sPt h ‖y‖−α

)]
(a)= EΦB(x)

 ∏
y∈ΦB(x)

1
1 + sPt‖y‖−α


(b)= exp

(
−2πλI

∫ ∞
r

(
1− 1

1 + sPt v−α

)
vdv

)
,

where (a) follows from the LT of a exponential random variable with parameter λ = 1. (b) is
obtained by denoting r = ‖x‖ and using, with polar coordinates, the PGFL for a HPPP, given
in equation 2.10, outside the ball b(0, r).
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To finish the proof the LT transform is evaluated for s = rατ
Pt

:

LI
(
rατ

Pt
;λI

)
= exp

(
−2πλI

∫ ∞
r

(
1− 1

1 + τ
(
r
v

)α
)
vdv

)

= exp
(
−2πλI

∫ ∞
r

(
τ

τ +
(
r
v

)α
)
vdv

)

(c)= exp

−πλIr2
∫ ∞
τ−2/α

τ2/α

1 + uα/2
du︸ ︷︷ ︸

ρ(τ,α)

 ,

where (c) is obtained by applying the variable change u =
(

v
τ1/αr

)2
.

�

Proof of Lemma 4

The goal is to proof that Gact(ϑx−ϕx) is equal in distribution to Gact( dλθx) knowing that d
λ = 1

2
and that ϑx, ϕx

i.i.d.∼ Uniform[− d
λ ,

d
λ ].

Three variablesX , λ
dϑx , Y , λ

dϕx andW , θx can be defined. Hence,X,Y i.i.d.∼ Uniform[−1, 1]
and the difference random variable W = X − Y is distributed as:

fW (w) (a)=
∫ ∞
−∞

fX,Y (x, x− w)dx

=
∫ ∞
−∞

1
41[−1,1](x)1[−1,1](x− w)dx

=1
4

∫ 1

−1
1[−1,1](x− w)dx, (A.2)

where 1[−1,1](·) is the indicator function on the set [−1, 1]. (a) follows from the definition of the
pdf of the difference of two random variables. The integral in equation A.2 can be solved by
considering three different intervals for w:

fW (w) =


1
4(2− w) if w ∈ [0, 2],
1
4(2 + w) if w ∈ [−2, 0[,
0 otherwise.

(A.3)

The function Gact having a period of 1, setting d
λ = 1

2 allows the following statement:{
Gact( θx

2 ) = Gact(1
2(θx − 2)) if θx ∈ [0, 1],

Gact( θx
2 ) = Gact(1

2(θx + 2)) if θx ∈ [−1, 0[.
(A.4)

The distribution of θx can thus be changed accordingly without changing the distribution of
Gact( θx

2 ):

fθx(w) =


1
4(2− w) + 1

4(2 + (w − 2)) = 1
2 if w ∈ [0, 1],

1
4(2 + w) + 1

4(2− (w + 2)) if w ∈ [−1, 0[,
0 otherwise.

(A.5)

Finally, θx ∼ Uniform[−1, 1] follows from equation A.5.
�
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Proof of Lemma 5

From its definition in equation 2.19, the coverage probability can be developed as follows:

Pcov(τ) (a)= Er

[
P
(
Ptβ|ρx|2r−α

σ2 + I > τ

)]

=
∫ Rmax

Rmin
P
[
|ρx|2 >

τrα

Ptβ
(σ2 + I)

]
fR(r;λR)dr

(b)=
∫ Rmax

Rmin

M−1∑
n=0

(τMrα)n
n! EI

[
(σ2 + I)n exp(−τMrα(σ2 + I))

]
fR(r;λR)dr

(c)=
∫ Rmax

Rmin

M−1∑
n=0

sn

n!EI
[
(σ2 + I)n exp(−s(σ2 + I))

]
fR(r;λR)dr. (A.6)

(a) is obtained using the definition of the SINR given in equation 4.8. (b) follows from the ccdf,
of the gamma distributed channel coefficient, given by:

F (x; k, θ) =
k−1∑
i=0

1
i!

(
x

θ

)i
exp

(−x
θ

)
. (A.7)

(c) is obtained by defining s = τMrα.
The noise and the interference term being independent, the LT transform of the sum of these
two random variables can be written as:

LN,I = EI
[
exp(−s(σ2 + I))

]
. (A.8)

The nth derivative of this term is given by:

L(n)
N,I = (−1)nEI

[
(σ2 + I)n exp(−s(σ2 + I))

]
. (A.9)

Identifying this derivative in equation A.6 finishes the proof.
�

Proof of Lemma 6

From its definition, the LT transform of the interference term can be developed as:

LI(s) =EI [exp(−sI)]

=EI

exp

−s ∑
y∈ΦB(x)

βPtgy‖y‖−α


(a)=EΦB(x)

 ∏
y∈ΦB(x)

Eg
{
exp

(
−sβPtg‖y‖−α

)} .
(b)= exp

−πλI 2
∫ Rmax

κ

(
1− Eg

[
−sβPtgr−α

])
rdr︸ ︷︷ ︸

{1}

 . (A.10)

(a) is obtained from all gy that are i.i.d. random variables. (b) comes from the PGFL of a
HPPP and by defining κ as the lower bound of the distance between the typical UE and the
nearest interfering BS.
One can observe that the expectation over g is an integral so the expression of the term {1}
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in equation A.10 involves a double integral. According to Fubini’s theorem, the order of the
two integrals can be swapped. Using this theorem, the term {1} of equation A.10 can thus be
further developed as follows:

{1} =2 Eg

[∫ Rmax

κ

(
1− exp(−sβPtgr−α)

)
rdr

]
(c)=R2

max − κ2 + 2Eg
[∫ Rmax

κ
r exp(−s′gr−α)dr

]
(d)=R2

max − κ2 − Eg

[
ν(s′g)ν

∫ s′gκ−α

s′gR−αmax

exp(−t)
tν+1 dt

]

=R2
max − κ2 − νEg

[
(s′g)ν

∫ ∞
s′gR−αmax

exp(−t)
tν+1 dt− (s′g)ν

∫ ∞
s′gκ−α

exp(−t)
tν+1 dt

]
. (A.11)

(c) is from the definition of s′ , sβPt. (d) is obtained by the variable change t = s′gr−α and by
defining ν , 2

α .
Next, recall the definition of the generalised exponential integral in equation A.12 and its series
expansion in equation A.13:

Ep(z) =zp−1
∫ ∞
z

exp(−t)
tp

dt (A.12)

=zp−1Γ(1− p)−
∞∑
k=0

(−z)k
k!(1− p+ k) . (A.13)

By identifying the definition of Ep(z), equation A.11 can be developed as:

{1} =R2
max − κ2 − νκ2Eg

[
Eν+1(s′gκ−α)

]
+ νR2

maxEg
[
Eν+1(s′gR−αmax)

]
(e)=νR2

max

∞∑
k=1

(−s′R−αmax)k
k!(k − ν) Eg[gk]− νκ2

∞∑
k=1

(−s′κ−α)k
k!(k − ν) Eg[gk]. (A.14)

To further develop the term {1}, the moments of g must be computed. From Lemma 4 g =
|ρ|2Gcos( dλθ). The two factor being independent, the kth moment of g can be computed as:

Eg[gk] = E|ρ|2
[
(|ρ|2)k

]
Eθ

[
Gcos

(
d

λ
θ

)k]
, (A.15)

with d
λ = 1

2 . Since |ρ|2 ∼ Gamma(M, 1
M ), the first term of equation A.15 can be computed, from

the moment generating function of the gamma distribution given byM|ρ|2(t) =
(
1− t

M

)−M
,∀t <

M , as follows:

E|ρ|2
[
(|ρ|2)k

]
= M

(k)
|ρ|2(0)

=
( 1
M

)k (M + k − 1)!
(M − 1)!

= Γ(M + k)
MkΓ(M) . (A.16)
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The second term of equation A.15 can be developed, knowing that θ ∼ Uniform[−1, 1], as follows:

Eθ

[
Gcos

(
d

λ
θ

)k]
=Eθ

[
Gcos

(
θ

2

)k]

=1
2

∫ 1

−1
G2k

cos

(
x

2

)
dx

=1
2

∫ 2
Nt

−2
Nt

cos2k
(
πNt

4 x

)
dx

(f)= 4
πNt

∫ π
2

0
cos2k(u)du. (A.17)

(f) is obtained from the variable change u = πNt
4 x and from the parity of the function cos2k(x)

for k ∈ N.
Recall the various equivalent expression of the Euler Beta function B(x, y) defined for <(x) >
0,<(y) > 0:

B(x, y) =
∫ 1

0
tx−1(1− t)y−1dt (A.18)

= 2
∫ π

2

0
(sin(θ))2x−1(cos(θ))2y−1dθ (A.19)

= Γ(x)Γ(y)
Γ(x+ y) (A.20)

Equation A.17 can be further developed by identifying equation A.19:

Eθ

[
Gcos

(
d

λ
θ

)k]
= 2
πNt

B

(1
2 , k + 1

2

)
(g)= 2√

πNt

Γ
(
k + 1

2

)
k! . (A.21)

(g) is obtained by replacing the Beta function with its form given in equation A.20 and by using
the Gamma function identities Γ(1

2) =
√
π and Γ(k + 1) = k!.

The expression of the kth moment of g in equation A.15 can thus be rewritten, using equations
A.16 and A.21, as:

Eg[gk] = 2√
πNt

Γ(M + k)Γ
(
k + 1

2

)
k!MkΓ(M) . (A.22)

This expression could directly be inserted in equation A.14. But before doing so, the following
identity is defined:

H(z) ,
∞∑
k=1

(−z)k
k!(k − ν)Eg[g

k]. (A.23)

H(z) is developed to identify its expression in equation A.14.

H(z) = 2√
πNt

∞∑
k=1

(−z)k
k!(k − ν)

Γ(M + k)Γ
(
k + 1

2

)
k!MkΓ(M)

= 2
νNt

+ 2√
πNt

∞∑
k=0

(−z)k
k!(k − ν)

Γ(M + k)Γ
(
k + 1

2

)
k!MkΓ(M)

(h)= 2
νNt

(
1− 3F2

(1
2 ,−ν,M ; 1, 1− ν;− z

M

))
. (A.24)
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(h) is obtained by the definition of the generalised hypergeometric function:

pFq(a1, ..., ap; b1, ..., bq; z) =
∞∑
n=0

(
(a1)n...(ap)n
(b1)n...(bq)n

)(
zn

n!

)
, (A.25)

where (a)k and (b)k are pochhammer symbols defined as:

(x)n = Γ(x+ n)
Γ(x) = x(x+ 1)...(x+ n− 1). (A.26)

Finally, identifying equation A.24 into equation A.14 gives the final form of term {1} which can
be inserted in equation A.10 to finish the proof.

�

Proof of Lemma 7

For j ∈ K, the ΦBS
j are independent HPPPs with respect to the typical UE. The situation is

thus the same as Lemma 2 except that the minimal distance is κ and not Rmin. Therefore, the
expression of the pdf and of the ccdf directly follows from the proof of Lemma 2.

For j = 0, the situation is different since the position of the typical UE depends on the po-
sition of the BS which is at the center of the corresponding cluster. There is a predefined
distance distribution depending on the type of PCP considered. For a TCP and a MCP, this
distribution is given respectively by equations A.27 and A.28 [27]:

fTCP
R0 (x) = x

σ2
0

exp
(
− x2

2σ2
0

)
, x ≥ 0, (A.27)

fMCP
R0 (x) = 2x

r2
m,0

, 0 ≤ x ≤ rm,0. (A.28)

The corresponding ccdfs are obtained by integrating the pdfs from x to infinity. Their expressions
are given in equations A.29 and A.30:

F
TCP
R0 (x) = exp

(
− x2

2σ2
0

)
, x ≥ 0, (A.29)

F
MCP
R0 (x) = 1− x2

r2
m,0

, 0 ≤ x ≤ rm,0. (A.30)

The last step to obtain the desired pdf and ccdf is to conditioned the obtained expressions on
the known minimal distance κ. Using Bayes rule, the final expressions stated in the lemma are
obtained from fR0(x|κ) = fR0 (x)

FR0 (κ) , for x ≥ κ, and from FR0(x|κ) = FR0 (x)
FR0 (κ) , for x ≥ κ.

�

Proof of Lemma 8

The proof of this lemma is inspired by the proof of Lemma 1 in [33]. Let Ej be the event that the
closest BS in terms of power weighted distance is from the jth tier. This event can be defined
in terms of its indicator function:

1

(
arg max
j∈K0

PjR
−α
j,1 = j

)
=

⋂
k∈K0\{j}

1(Rk,1 > P jkRj,1), (A.31)
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where P jk =
(
Pk
Pj

)1/α
. The next step consists in computing the probability of the event Ej

knowing the distance Rj,1 = rj,1:

P(Ej |Rj,1 = rj,1) = E

 ⋂
k∈K0\{j}

1(Rk,1 > P jkRj)
∣∣∣∣∣Rj,1 = rj,1


=

∏
k∈K0\{j}

P(Rk,1 > P jkrj,1)

=
∏

k∈K0\{j}
FRk,1(P jkrj,1).

Using the expression of the ccdf with the excluding radius Rmin finishes the proof.
�

Proof of Lemma 9

From its definition, the LT transform of g can be written as:

Lg(s) = Eg [exp(−sg)]

= E|ρ|2,θ̃
[
exp

(
−s|ρ|2Gcos

(
d

λ
θ̃

))]
(a)= Eθ̃

{
E|ρ|2

[
exp

(
−s|ρ|2Gcos

(
d

λ
θ̃

)) ∣∣∣∣∣θ̃
]}

. (A.32)

(a) is obtained from the law of total expectation.
Recall the distribution of the two concern variables:{

|ρ|2 ∼ Gamma(k = M, θ = 1
M ),

θ̃ ∼ Uniform[−1, 1] assuming d
λ = 1

2 .

Recall also the moment generating function of a random variable X ∼ Gamma(k, θ) is well
known and given for t ∈ R by:

MX(t) = EX [exp(tX)] = (1− θt)−k , ∀t < 1
θ
. (A.33)

Considering only real values for s, the expression of the LT in equation A.32 can be further
developed as:

Lg(s) = Eθ̃
[
M|ρ|2

(
−s Gcos

(1
2 θ̃
))]

(b)= Eθ̃


1 +

s Gcos
(

1
2 θ̃
)

M

−M


= 1
2

∫ 1

−1

1 +
s Gcos

(
1
2 θ̃
)

M

−M dθ̃. (A.34)

(b) follows from the definition of the moment generating function in equation A.33 and by
observing that −s Gcos

(
1
2 θ̃
)
≤ 0 < M . Recall the expression of Gcos

(
1
2x
)
:

Gcos

(1
2 θ̃
)

=

cos2
(
πNt

4 x
)

if |x| ≤ 2
Nt
,

0 otherwise.

Inserting this expression into equation A.34 and evaluating the integral finishes the proof.
�
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Proof of Lemma 10

In this proof, the expression of the LT of the interference term is developed. Recall the expression
of this term given in equation 5.11:

Itotj (rj) =
K∑
k=0
I(j;k)(rj), (A.35)

where rj = ‖xj‖. The interference from each tier being independent, the expression of the LT
can be written as:

LItotj (s) =
K∏
k=0
LIk(s), (A.36)

where LIk(s) is the LT of the interference from the kth tier. This term is developed successively
for k ∈ K and k = 0.

For k ∈ K, the position of the typical UE is completely independent from the one of the BSs of
tier k. Therefore, the position of the interfering BSs can be seen as an independent HPPP of
intensity λIk = E{sk}λBS

k . The LT transform for k ∈ K is thus given by lemma 6 with:

• λI = λIk = E{sk}λBS
k .

• κ = κjk = P jkrj .

• Pt = Pk.

For the interference from k = 0, different cases have to be taken into account:

• If the typical UE is not from a tier of layer 2, there is no BS in tier 0 so LI0(s) = 1.

• If j = 0, there is no interference from this term since the BS of tier 0 is the serving one.
So LI0(s) = 1 in this case as well.

• If j 6= 0, there is interference from one BS which is the cluster center.

The LT of the interference term in the third case can be developed from its definition as follows:

LI0(s) =Eg,R0,1,a0,1

[
exp(−sP0βgR

−α
0,1 s0(a0,1))

∣∣R0,1 ≥ κj0
]

=(1− E{s0}) + E{s0}Eg,R0,1

[
exp(−sP0βgR

−α
0,1 )

∣∣R0,1 ≥ κj0
]

=(1− E{s0}) + E{s0}ER0,1

[
Lg(sP0βR

−α
0,1 )

∣∣R0,1 ≥ κj0
]

(a)=(1− E{s0}) + E{s0}ER0,1

1− 2
Nt,0

+
∫ 2/Nt,0

0

1 +
sP0βR

−α
0,1 cos2(πNt,04 θ)
M

−M dθ

∣∣∣∣∣R0,1 ≥ κj0


(b)=(1− E{s0}) + E{s0}

(
1− 2

Nt,0

)(
1− FR0,1(Rmax|κj0)

)

+ E{s0}
∫ Rmax

κj0

∫ 2/Nt,0

0

1 +
sP0βr

−α
0,1 cos2(πNt,04 θ)

M

−M fR0,1(r0,1|κj0) dθ dr0,1.

(a) follows from Lemma 9 and (b) is obtained by replacing the expectation on R0,1 by an integral
from κj0 to Rmax since non-LoS interference is neglected.

�
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Proof of Lemma 11

The expression of ζexp(s) is stated in equation 5.21 and recalled here after:

ζexp(s) = −sσ2 −
K∑
k=1

ζk(s).

The lth derivative of ζk(s) is given by:

ζ
(l)
k (s) = 1(l=0)

2πE{sk}λBS
k

Nt,k

(
R2

max − κ2
jk

)
+ 4
√
πE{sk}λBS

k

k!Nt,k

Γ(M + l)
Γ(M)

Γ(l + 1
2)

(2− αl)

(
βPt
M

)l
[
κ2−αl
jk Jl

(
−sβPkκ−αjk

M

)
−R2−αl

max Jl

(
−sβPkR−αmax

M

)]
. (A.37)

To finish the proof, observe that ζexp(s) is given by a sum so its successive derivatives can be
computed as the sum of the derivatives.

�

Proof of Lemma 12

The computation of this derivative is straightforward from the definition of this term in Lemma
10.

�

Proof of Lemma 13

In the development of P(SΦj |rc; rk,1; k∗ = k; sk(ak,1) = 0), two different cases must be handled
independently:

• j = k∗,

• j ∈ K0 \ {k∗}.

For j = k∗, the typical BS is connected at this tier if at least one BS is awake. A BS from this
tier is awake with probability E{sk∗}. Secondly, all BSs from all other tiers must be either asleep
or further away from the typical UE in terms of power-weighted distance than the serving BS
at tier j. It is calculated as the sum of the probability of being asleep with the probability of
being further away, minus the joint probability. Mathematically, the probability of connection
to tier k∗ is thus given by:

P(SΦk∗ |rc; rk,1; k∗ = k; sk(ak,1) = 0) = E{sk∗}∏
m∈K0\{k∗}

∏
n∈Îm

(
(1− E{sm}) + F 1(m,n)− F 1(m,n)(1− E{sm})

)
, (A.38)

where F 1(m,n) = FRm,n(P k∗,mrc|P k,mrk,1).

For j ∈ K0 \ {k∗}, the typical BS is connected at this tier if at least one BS is awake as it
was the case for j = k∗. A BS from this tier is awake with probability E{sj}. Then, it is known
that the closest BS from tier k∗ is sleeping. The others must either be asleep, either be further
away in terms of power-weighted distance. Finally, the same applies for all other BSs from all
other tiers except that the sleeping state of the closest one is unknown. Mathematically, the
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probability of connection to tier j ∈ K0 \ {k∗} is thus given by:

P(SΦj |rc; rk,1; k∗ = k; sk(ak,1) = 0) = E{sj}∏
n∈Îk∗\{1}

(
(1− E{sk∗}) + F 2(j, n)− F 2(j, n)(1− E{sk∗})

)
∏

m∈K0\{j,k∗}

∏
n∈Îm

(
(1− E{sm}) + F 3(j,m, n)− F 3(j,m, n)(1− E{sm})

)
, (A.39)

where F 2(j, n) = FRk∗,n(P j,k∗rc|rk,1) and F 3(j,m, n) = FRm,n(P j,mrc|P k,mrk,1).
�

Proof of Lemma 14

Let us denote two events and their corresponding probabilities:

• En is the event that the load is equal to n. The corresponding probability is P(En).

• Eu is the event that the load is bigger or equal to 1. The corresponding probability is
P(Eu).

Using Bayes rule, the probability P(En|Eu) is given by:

P(En|Eu) = P(Eu|En) P(En)
P(Eu) . (A.40)

In this expression, P(En) = fEn(n) is the already defined probability of having n UEs within the
Voronoï region, P(Eu) = 1 − P(E0) = 1 − fE0 and P(Eu|En) = 1 if n ≥ 1 and 0 otherwise. fEn
denotes the pmf of the load. Therefore the adapted probability is given by:

fEn|Eu(n) =


fEn (n)

1−fEn (0) if n ≥ 1,
0 otherwise.

(A.41)

�
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A.2 Proofs of the Propositions

Proof of Proposition 1

The coverage probability is obtained by identifying the following terms in Lemma 1:

• fR(r;λR) is given by Lemma 2 with i = 1 and λR = qλB since the typical UE is served by
the closest BS of a HPPP with intensity qλB

• The LT of the interference term is given by Lemma 3 with λI = qλB since the interfering
BSs are distributed as a HPPP with intensity qλB.

�

Proof of Proposition 2

The coverage probability in the case of random sleeping being independent from the activity of
the BSs, equation 3.14 can be developed as follows:

PRSWCP(τ) = PRScov(τ)
E{a}

∫
A
a1fA(a1)da1

= PRScov(τ)
E{a}

E{a}

= PRScov(τ).

�

Proof of Proposition 3

The WCP metric given in equation 3.14 can be developed as:

PSSWCP(τ) (a)= 1
E{a}

∫
A
a1

(
Pcov(τ |Nord = 1)P(Nord = 1|a1)

+ Pcov(τ |Nord > 1)P(Nord > 1|a1)
)
fA(a1)da1

(b)= 1
E{a}

∫
A
a1

(
Pcov(τ |Nord = 1)s(a1) + Pcov(τ |Nord > 1)(1− s(a1))

)
fA(a1)da1

= 1
E{a}

(
E{as(a)}Pcov(τ |Nord = 1) + (E{a} − E{as(a)})Pcov(τ |Nord > 1)

)
. (A.42)

(a) is obtained by splitting the probability into the probabilities of the events of the nearest BS
being awake and asleep. (b) follows from the definition of the SS.
Pcov(τ |Nord > 1) is the coverage probability when the first BS is sleeping. It can be written as
follows by splitting again the probability into the probabilities of the events of the connection
to each BS:

Pcov(τ |Nord > 1) =
∞∑
i=2

Pcov(τ |Nord = i)P(Nord = i|Nord > 1). (A.43)

Both terms can be expressed independently:

• P(Nord = i|Nord > 1) is the probability that the ith BS is awake and that the i−1 closer BSs
are sleeping, knowing that the first one is sleeping. Mathematically this can be expressed
as:

P(Nord = i|Nord > 1) = E{s}(1− E{s})i−2. (A.44)
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• Pcov(τ |Nord = i), for i ∈ N \ {0}, is given by Lemma 1, in which fR(r;λR) = fRi(r;λB) is
given by Lemma 2 and LI is given by Lemma 3 (with λI = E{s}λB).

Introducing equations A.43 and A.44 into equation A.42 and using Lemma 1 as described finishes
the proof.

�

Proof of Proposition 4

The distribution number of UEs n per cell is denoted as Dist(n). Since the UEs are distributed
as a HPPP of intensity λU, this distribution is given, for a know cell area A, by:

Dist(n|A) = P (n UE in area A)
(a)= (λUA)n

n! exp(−λUA). (A.45)

(a) is obtained from equation 2.8. The distribution of a BS cell area A can be approximated
with a gamma function:

fA(x) = (cλB)c
Γ(c) xc−1 exp (−cλBx) , (A.46)

where c = 3.575 [25].
Using equations A.45 and A.46, Dist(n) can be developed as follows:

Dist(n) =
∫ ∞

0
Dist(n|A = x)fA(x)dx

=(cλB)cλnU
Γ(c)n!

∫ ∞
0

xnxc−1 exp(−x(λU + cλB))dx

(b)= (cλB)cλnU
Γ(c)Γ(n+ 1)

1
((λU + cλB))n+c

∫ ∞
0

tn+c−1 exp(−t)dt

(c)= (cλB)cλnU
Γ(c)Γ(n+ 1)

1
((λU + cλB))n+cΓ(n+ c)

= Γ(n+ c)
Γ(n+ 1)Γ(c)

( 1
1 + cλB/λU

)n ( cλB/λU
1 + cλB/λU

)c
.

(b) is obtained by a variable change t = x(λU + cλB) and using the identity Γ(n+ 1) = n!. (c)
is obtained by identification of the definition of the gamma function Γ(z) =

∫∞
0 tz−1 exp(−t)dt.

�

Proof of Proposition 5

This proof is partly inspired by appendix A of [26]. Defining xn , (−s)n
n! L

(n)
N,I(s), the coverage

probability in Lemma 5 can be expressed as:

Pcov(τ |Nord = i) =
∫ Rmax

Rmin

M−1∑
n=0

xnfRi(r;λR)dr. (A.47)

In this expression, xn has to be evaluated for s = τMrα

βPt
. Notice that x0 = LN,I(s)

(a)= exp [η(s)].
(a) is a consequence of Corollary 4. The first derivative of the Laplace transform is thus given
by L(1)

N,I(s) = η(1)(s)LN,I(s) using the derivative chain rule. Using Leibniz’s formula for the nth
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derivative of a product of two functions, the term xn can be expressed as:

xn =(−s)n
n!

dn−1

dsn−1

{
L(1)
N,I(s)

}
=(−s)n

n!

n−1∑
i=0

(
n− 1
i

)
η(n−i)(s)L(i)

N,I(s)

=
n−1∑
i=0

(n− i)
n

(−s)n−i
(n− i)! η

(n−i)(s)(−s)i
i! L

(i)
N,I(s)

(b)=
n−1∑
i=0

(n− i)
n

cn−ixi. (A.48)

(b) is obtained by defining ck , (−s)k
k! η(k)(s).

At this point, xn is thus expressed by the recursive form of equation A.48. In order to solve this
recursive form, two power series are defined as follows:

C(z) ,
∞∑
n=0

cnz
n, (A.49)

X(z) ,
∞∑
n=0

xnz
n =

∞∑
n=0

n−1∑
i=0

(n− i)
n

cn−ixiz
n. (A.50)

Note that the first derivative of C(z) is given by:

C(1)(z) =
∞∑
n=0

ncnz
n−1. (A.51)

The first derivative of X(z) can be developed as follows:

X(1)(z) =
∞∑
n=0

n−1∑
i=0

(n− i)cn−ixizn−1

=
∞∑
n=0

∞∑
i=0

ncnxiz
n+i−1

=
(∑
n=0

ncnz
n−1

)
︸ ︷︷ ︸

C(1)(z)

(∑
i=0

xiz
i

)
︸ ︷︷ ︸

X(z)

= C(1)(z)X(z). (A.52)

The solution of the differential equation in A.52 is given by X(z) = exp{C(z)}. Using this
result, the coverage probability in equation A.47 can be expressed as follows:

Pcov(τ |Nord = i) =
∫ Rmax

Rmin

M−1∑
n=0

1
n!X

(n)(z)
∣∣∣∣
z=0

fRi(r;λR)dr

=
∫ Rmax

Rmin

M−1∑
n=0

1
n!

dn

dzn

{
exp(C(z))

}∣∣∣∣
z=0

fRi(r;λR)dr

(c)=
∫ Rmax

Rmin
‖exp {CM(r)}‖1 fRi(r;λR)dr.

(c) is obtained from [35, p. 14], in which it is shown that the first M coefficients of the power
series exp(C(z)) form the first column of the matrix exponential exp {CM(r)}.
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The last step to finish the proof is thus to compute the kth derivative of η(s), in order to express
the coefficients ck. First, the expression of the kth derivative of a hypergeometric function is
recalled:

dn

dzn
3F2(a1, a2, a3; b1, b2; z) = (a1)n(a2)n(a3)n

(b1)n(b2)n 3F2(a1 +n, a2 +n, a3 +n; b1 +n, b2 +n; z). (A.53)

Then the kth derivative of η(s) is computed as follows:

η(k)(s;λI , κ) = −1(k≤1)σ
2s1−k − 1(k=0)

2πλI
Nt

(
R2

max − κ2
)

− 4
√
πλI

k!Nt

Γ(M + k)
Γ(M)

Γ(k + 1
2)

(2− αk)

(
βPt
M

)k
[
κ2−αkJk

(
−sβPtκ−α

M

)
−R2−αk

max Jk

(
−sβPtR−αmax

M

)]
. (A.54)

Equation A.54 is obtained from its expression given in Corollary 4 and by identifying the fol-
lowing terms: 

(
1
2

)
k

= Γ(k+ 1
2 )

Γ( 1
2 ) = Γ(k+ 1

2 )√
π

,

(M)k = Γ(M+k)
Γ(M) ,

(1)k = k!,
(−ν)k
(1−ν)k = 2

2−αk .

�

Proof of Proposition 6

The expression of the coverage probability can be obtained from Proposition 5 by identifying:
λR = qλB and λI = qλB due to the independent thinning operation,
Nord = 1 since only the first BS is serving,
κ = r because the minimal distance to the interferer is the distance to the serving BS.

TheWCPmetric is then directly obtained from the coverage probability according to Proposition
2.

�

Proof of Proposition 7

This proposition is proven following the same steps as in the proof of Proposition 3 to end up
with this expression:

PSSWCP(τ) = E{as(a)}
E{a}

Pcov(τ |Nord = 1)

+ (E{a} − E{as(a)})
E{a}

∞∑
i=2

E{s}(1− E{s})i−2Pcov(τ |Nord = i). (A.55)

The expression of the coverage probabilities are obtained from Proposition 5 by identifying:{
λR = λB and λI = E{s}λB due to the sleeping strategy,
κ = r because the minimal distance to the interferer is the distance to the serving BS.

�
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Proof of Proposition 8

In the proof of Proposition 4, the distribution of the area A of the typical cell was approximated
by equation A.46. Since the typical cell is approximated by a disc of radius Rc, the distribution
of this radius is obtained using the change of variable Rc =

√
A
π :

fRc(r) = 2(πλB)c
Γ(c) ccr2c−1 exp(−πλBcr

2). (A.56)

This expression is exactly the pdf of a Nakagami distribution with parameters m = c and
Ω = 1

πλB
. Hence Rc ∼ Nakagami

(
c, 1
πλB

)
.

The next step is to derive the probability generating function of ΨU(C0) conditioned on Rc.
Note that ΨU(C0) is denoted Ψ0 in the rest of the proof. From its definition, the probability
generating function can be developed as follows:

GΨ0(θ|Rc) = E
[
θΨ0

]
(a)= E

[
θ

∑
x∈ΦU

1(‖x‖≤Rc)
]

= E

 ∏
x∈ΦU

θ1(‖x‖≤Rc)

 . (A.57)

(a) is obtained from the definition of the random counting measure defined in equation 2.1.
Using the PGFL for a PCP given in equation 2.15, GΨ0(θ|Rc) can be written as follows:

GΨ0(θ|Rc) = exp
(
−λpU

∫
R2

[
1− exp

(
m

[∫
R2
θ1(‖x+y‖≤Rc)f(x)dx− 1

])]
dy
)
, (A.58)

where f is the pdf associated with the PCP (given by equation 2.13 for a TCP and equation
2.14 for a MCP). Equation A.58 can be further developed using polar coordinates such that
v = ‖x‖ and w = ‖y‖:

GΨ0(θ|Rc) = exp
(
−2πλpU

∫
R2

[
1− exp

(
m

[∫ Rc

0
θfd(v|w)dv +

∫ ∞
Rc

fd(v|w)dv − 1
])]

wdw

)

= exp
(
−2πλpU

∫
R2

[
1− exp

(
m

[∫ Rc

0
(θ − 1)θfd(v|w)dv

])]
wdw

)
, (A.59)

where fd(v|w) is the pdf of the distance to the origin for a point of the PCP, knowing the
distance between the corresponding cluster center and the origin. The expression of fd(v|w)
respectively for a TCP and a MCP is given by [27]:

fTCP
d (v|w) = v

σ2
U

exp
(
−(v2 + w2)

2σ2
U

)
I0

(
vw

σ2

)
, for v ≥ 0, w ≥ 0, (A.60)

fMCP
d (v|w) =


2v
r2
m
, for 0 ≤ v ≤ rm − w, 0 ≤ w ≤ rm,

2v
πr2
m

arccos
(
v2+w2−r2

m
2vw

)
, for |rm − w| < v ≤ rm + w.

(A.61)

After some simplifications in equation A.59 and an integration over the distribution of Rc, the
expression of the GΨ0(θ) is given by:

GΨ0(θ) =
∫ ∞

0
exp

{
− 2πλpU

∫ ∞
0

(
1− exp

[
−m(1− θ)ξ(r, w)

])
wdw

}
fRc(r)dr, (A.62)
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where ξ(r, w) is given for the two types of PCP by:

ξTCP(r, w) = 1−Q1(wσ−1
U , rσ−1

U ), (A.63)

ξMCP(r, w) = 1
r2
m

(
[min (r,max(rm − w, 0))]2 + 2

π

∫ min(r,rm+w)

min(r,|rm−w|)
u arccos

(
u2 + w2 − r2

m

2uw

)
du

)
,

(A.64)

where Q1(·) is the Marcum Q-function.
The pmf of the load is finally obtained by performing the inverse z-transform of the probability
generating function, which for numerical computation is approximated by a IDFT:

fA(n) = IDFT
{
GΦu0

(
ej2πn/N

)}
. (A.65)

�

Proof of Proposition 9

Let us recall the expression of the succes probability given in equation 5.13 when the typical UE
is served by a BS of tier j located xj:

Psuc(τ,xj) =
M−1∑
n=0

(−τMrαj )n

n!(Pjβ)n L
(n)
N,Itotj

(
τMrαj
βPj

; rj
)
,

where rj = ‖xj‖.
The LT transform of the noise and interference term is given by Corollary 5 with LI0(s) = 1:

LN,Itotj (s; rj) = exp[ζexp(s)]. (A.66)

The LT transform is thus given by an exponential as it was the case in the derivation of the
coverage probability in Proposition 5. Following the same step,s and by identifying η(s) with
ζexp(s) and using the expression of the lth derivative of ζexp(s) given in Lemma 11, finishes the
proof.

�

Proof of Proposition 10

In this situation, the LT of the noise and interference term cannot be written as an exponential.
The success probability is thus not given by the one norm of an exponential matrix. The lth
derivative of LN,Itotj must therefore be computed using Leibniz’s general derivation rule:

L(l)
N,Itotj

(s) =
l∑

n=0

(
n

k

)
L(l−n)
I0 (s)L(n)

Iexp(s). (A.67)

The nth derivative of LI0(s) and LIexp(s) are respectively given by equation 5.26 of Lemma 12
and by equation 5.24 of Corollary 6. Putting all this together and evaluating the expressions
for s = τMrαj

βPj
finishes the proof.

�
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Proof of Proposition 11

Recall the expression of the coverage probability stated in equation 5.30:

Pcov (τ |rk,1; k∗ = k; sk(ak,1) = 0) = Pcov,k∗ (τ |rk,1; k∗ = k; sk(ak,1) = 0)
+

∑
j∈K0\{k∗}

Pcov,j (τ |rk,1; k∗ = k; sk(ak,1) = 0) (A.68)

As seen in Propositions 9 and 10, the probability of success does not depend on the particular
index of the serving BS. It only depends on the distance to this serving BS. This distance however
has a different distribution for each BS of a tier. Furthermore, knowing that the typical UE
is served by the jth, the probability to be connected to the ith BS of this tier is linked to the
sleeping probability of all closer BSs. Taking all these aspects into account allows to write the
coverage probability of tier j ∈ K0 \ {k∗} as:

Pcov,j (τ |rk,1; k∗ = k; sk(ak,1) = 0) =
∫ Rmax

Pk,jrk,1
P(SΦj |rc; rk,1; k∗ = k; sk(ak,1) = 0)Psuc(τ, rc|SΦj )

|Îj |∑
i=1

(1− E{sj})i−1 fRj,i(rc|P k,jrk,1) drc, (A.69)

where |Îj | is the cardinality of the set of index of the BSs from tier j.
The term ∑|Îj |

i=1 (1− E{sj})i−1 fRj,i(rc|P k,jrk,1) is thus the sum of the pdfs for each BS distance
to the typical UE, weighted by the probability to be connected to each specific BS.

A big difference for j = k∗ is that it is known that the closest BS of this tier is sleeping.
Taking this into account, the expression is given by:

Pcov,k∗ (τ |rk,1; k∗ = k; sk(ak,1) = 0) =
∫ Rmax

rk,1
P(SΦk∗ |rc; rk,1; k∗ = k; sk(ak,1) = 0)Psuc(τ, rc|SΦk∗ )

|Îk∗ |∑
i=2

(1− E{sk∗})i−2 fRk∗,i(rc|rk,1) drc. (A.70)

�

Proof of Proposition 12

The difference with the development performed in Proposition 8 is that the position of the
cluster center is constrained. Indeed, in equation 4.23, an integral over the distance w to the
cluster center is performed from 0 to infinity. This is not the case anymore since the radius of
the circular Voronoï region Rc is known. Therefore, there cannot be any BS within a distance of
2Rc. Since the characterisation of load C is performed for a PCP of UEs having BSs as cluster
centers, the integral on w must be performed from 2Rc to infinity.

�

Proof of Proposition 13

The difference with the development performed in Proposition 8, is that the position of the
cluster center is known to be at the origin of the euclidean plane. In that case, there is no
integral to perform on the position of the cluster center of the UEs. Thanks to Slivnyak’s
theorem, the distribution of the PPP to which the typical BS belongs does not change when it
is thinned by this BS at the origin. The HPPP formed by all BSs is thus a HPPP of intensity
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λBS
tot . Following the steps of the proof of Proposition 8, and knowing that the cluster center is at

the origin, finishes the proof.
�
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A.3 Proofs of the Corollaries

Proof of Corollary 1

The expression of PRScov given in Proposition 1 is evaluated for σ2 = 0:

PRScov,σ2=0(τ) = 2πqλB

∫ ∞
Rmin

r exp
(
−πqλB

(
r2(1 + ρ(τ, α))−R2

min

))
dr

= 2πqλB exp
(
πqλBR

2
min

) ∫ ∞
Rmin

r exp
(
−πqλBr

2(1 + ρ(τ, α))
)
dr

= exp
(
πqλBR

2
min
)

(1 + ρ(τ, α)) exp
(
−πqλBR

2
min(1 + ρ(τ, α))

)
= exp

(
−πqλBR

2
minρ(τ, α)

)
(1 + ρ(τ, α)) .

�

Proof of Corollary 2

The expression of PSSWCP , given in Proposition 3, is evaluated for σ2 = 0:

PSSWCP,σ2=0(τ) =E{as(a)}
E{a}

∫ ∞
Rmin

exp
(
−πE{s}λB r2ρ(τ, α)

)
fR1(r;λB)dr

+ (E{a} − E{as(a)})
E{a}

∞∑
i=2

E{s}(1− E{s})i−2

∫ ∞
Rmin

exp
(
−πE{s}λB r2ρ(τ, α)

)
fRi(r;λB)dr

(a)= E{as(a)}
E{a}

I1 + (E{a} − E{as(a)})
E{a}

∞∑
i=2

E{s}(1− E{s})i−2Ii. (A.71)

(a) follows by defining Ii =
∫∞
Rmin

exp
(
−πE{s}λB r2ρ(τ, α)

)
fRi(r;λB)dr. This integral can be

developed independently as follows:

Ii =2(πλB)i
(i− 1)!

∫ ∞
Rmin

r(r2 −R2
min)i−1 exp

(
−πE{s}λB r2ρ(τ, α)

)
exp

(
−πλB(r2 −R2

min)
)
dr

(b)= (πλB)i
(i− 1)! exp

(
−λBR2

minρ(τ, α)
) ∫ ∞

0
ui−1 exp (−πλBu (1 + E{s}ρ(τ, α))) du

(c)= exp
(
−πE{s}λBR

2
minρ(τ, α)

)
(1 + E{s}ρ(τ, α))i . (A.72)

(b) is obtained by applying the variable change u = r2 − R2
min and (c) by solving the integral.

Before including equation A.72 into A.71, the following identity is derived for 0 < a < 1 and
b > 0:

∞∑
i=2

a(1− a)i−2

(1 + ab)i = a

(1 + ab)2

∞∑
j=0

( 1− a
1 + ab

)j
(d)= a

(1 + ab)2
(1 + ab)
a(1 + b)

= 1
(1 + b)(1 + ab) .
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(d) ks obtained by using the geometric sum identity for 1−a
1+ab < 1. By using equation A.72 and

this identity with a = E{s} and b = ρ(τ, α), equation A.71 becomes:

PSSWCP,σ2=0(τ) =E{as(a)}
E{a}

exp
(
−πE{s}λBR

2
minρ(τ, α)

)
(1 + E{s}ρ(τ, α))

+ (E{a} − E{as(a)})
E{a}

exp
(
−πE{s}λBR

2
minρ(τ, α)

)
(1 + ρ(τ, α))(1 + E{s}ρ(τ, α))

= exp
(
−πE{s}λBR

2
minρ(τ, α)

) 1 + (ρ(τ, α)E{as(a)}/E{a})
(1 + E{s}ρ(τ, α)) (1 + ρ(τ, α)) .

�

Proof of Corollary 3

The expression of E{a} directly follows from the expectation of a negative binomial distribution.
The two other expectations can be developed as:

E{s(a)} =
∞∑
k=0

s(k)fA(k) =
∞∑

k=dµe
fA(k) = 1−

dµ−1e∑
k=0

fA(k) = F̄A(dµ− 1e).

E{as(a)} =
∞∑
k=0

ks(k)fA(k) =
∞∑

k=dµe
kfA(k) = E{a} −

dµ−1e∑
k=0

kfA(k).

�

Proof of Corollary 4

The LT transform of the sum of two independent random variables is given by the product of
their LT transform. The LT transform of the interference and of the noise are respectively given
by Lemma 6 and by exp

(
−sσ2).

�

Proof of Corollary 5

The LT transform of the sum of two independent random variables is given by the product of
their LT transform. The LT transform of the interference and of the noise are respectively given
by Lemma 10 and by exp

(
−sσ2).

�

Proof of Corollary 6

The first derivative of LIexp is given by:

L(1)
Iexp(s) = ζ(1)

exp(s)LIexp(s). (A.73)

The next derivatives can be computed by recursion using Leibniz’s formula as follows:

L(l)
exp(s) =

l−1∑
n=0

(
l − 1
n

)
ζ l−nexp (s)Liexp(s). (A.74)

�
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Proof of Corollary 7

From equation 5.42, the expression of fLoad A can be further developed by identifying equations
5.41 and 4.26 as follows:

fLoad A(n) (a)=
∫ ∞

0

(λUEπr2)n
n! exp(−λUEπr2)2(πλBS)c

Γ(c) ccr2c−1 exp(−πλBScr2)dr

= 2cc
Γ(c)Ωc

(λUEπ)n
Γ(n+ 1)

∫ ∞
0

rr2(n+c−1) exp
[
−r2

(
λUEπ + c

Ω

)]
dr

(b)= 2cc
Γ(c)Ωc

(λUEπ)n
Γ(n+ 1)

∫ ∞
0

tn+c−1(
λUEπ + c

Ω
)n+c exp(−t)dt

(c)= 2cc
Γ(c)Ωc

(λUEπ)n
Γ(n+ 1)

1(
λUEπ + c

Ω
)n+cΓ(n+ c)

= Γ(n+ c)
Γ(n+ 1)Γ(c)

( 1
1 + cλBS/λUE

)n( cλBS/λUE

1 + cλBS/λUE

)c
. (A.75)

(a) is obtained by defining Ω = 1
πλBS . (b) is obtained by the change of variable t = r2

(
λUEπ + c

Ω

)
.

(c) is obtained by identification of the definition of the Gamma function.
Equation A.75 is exactly the definition of a NB distribution.

�
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