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Abstract

Supply chain financing modes are increasingly investigated in the literature as means to
optimize firms cash flow. However few emphasis have been done to understand the risk-
taking behavior of agents involved in supply chain financing. We attempt to alleviate this gap
by exploring the impact of supply chain financing on the risk taking behavior of members of
the supply chain and its consequence. We propose a newsvendor model involving a cash-
constrained retailer financed through trade credit by a supplier, which itself relates on an
external financing through bankloan. We explore the behavior of actors of the supply chain
with respect to different consideration such as variability, risk aversion or bankruptcy risk,
under limited liability assumption. We finds overall that supply chain financing leads to an
increased leverage of the supply chain and induce actors to increase their exposure to adverse
outcomes when making their operational decision. These results provides insight on the needs
for decrease information asymmetry between external financier and the members of the

supply chain financing arrangement.
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Introduction

Supply chain financing is raising an increased interest in the literature nowadays, in the context
of increased complexity and globalization of the supply chain, working capital has become an
increasingly important variable of interest as a lever to increase the performance of the firm.
Last decades have risen the efficiency of the supply chain from an operational point of view in
a significant way. The concepts of just-in-time, lean management and supply chain risk
management have allowed the supply chain manager rationalize supply chains in such way to

improve dramatically the performance of their firm.

However, supply chain management improvements have focus mainly on the operational flow
leaving aside the need of rationalization of both the informational and the financial flow. The
development of technologies of information and telecommunication have enable to render the
information flow very efficient as well. We note that the financial flow in the supply chain
remains relatively less understood. Yet, the literature of supply chain finance is rising since the

last decade and is currently developing at a decent pace.

Despite the seminal irrelevance result of Modigliani Miller (1958) that assert that financial and
operational decisions should not interfere, we observe in the reality that this statement does not
hold in a world characterized by many source of market imperfection. This observation leads
us to explore event more the issues relating to the interaction between operational and financial
decision. The need for developing a well tied up theory of supply chain finance becomes

relevant under the conditions of the current imperfect market.

It is especially true in our context where a significant market volatility prevail in the economy,
leading toghether with the highly rational and global supply chains to inflate the exposure of
the firm to adverse events. Along with this, the tightening of credit resulting from the last crisis
and the increased presence of banking regulation have made the issue of capital availability

more important nowadays, especially for small and middle enterprises.

That is what leads us to study opportunity of financing through the supply chain as alternative
to conventional ways of financing such as bank loans. Therefore, we explore supply chain
financing in a quantitative analysis such as to brings further insights on the pros and cons of

such decision.



We first present a review of the relevant literature on the related subject and then propose a

model to explore the issue of supply chain financing through trade credit instrument.

A first part presents the settings of the problem as well as several insights on the impact of such
financing in operational decisions. We introduce several extension in our model such as to grasp
even more the mechanism arising from trade credit financing in the supply chain. We then
provide in a second part an analysis that focuses more on the risk issues. We explore there
variability issues as well an extension that relate on a criteria reflecting the risk aversion of the

decision maker.

In this text, we explore the problem of supply chain financing through the use of trade credit.
We study the impact of this type of financing configuration on the operational decision of the
members of the supply chain. Our research question is “How does supply chain financing
arrangement through trade credit influences operational decisions?”. We answer to this
question through an in depth exploration of each actors of the supply chain under different
assumption such as financial constraint or bankruptcy costs. We furthermore examine
variability issues and risk aversion for extracting insights mainly risk oriented. We emphasize
our analysis on the impact of these variables on the risk-taking behavior of the supply chain’s

agents.

AS a result of our analysis we found different insights about the impact of trade credit in the
behavior of the firm. Among other, we found that trade credit financing help sharing risk
between the retailer and the supplier leading the former to take more risky objectives when its

initial wealth is low.

In addition, we find that this behavior is consistent with that of the financially constrained
supplier, that relates on exernal financing source. Indeed, as its initial wealth is low the supplier
tends to induce the retailer to order more, be extending better credit terms (lower interest rate
or wholesale price) This mechanism reveals to be reduce when introducing retailer’s bankruptcy
cost consideration. We found furthermore an independence between financial and operational
decision in the case of perfect capital market. However, this statement appears to be wrong.
Finally when exploring variability consideration we deduce the existence of a concavity in the

relationship between variance of profit and ordering decision.

Before entering into more details about our findings, we begin with a review of the relevant

literature.



0 Literature Review

In this revue, we present the relevant literature related to the concepts surrounding the financing
decision in supply chain management as well as the repercussion of this decision on the firm.
We explore by turn the fields related with working capital management, capital structure

decision, and a series of financing configuration used in supply chain management.

Chapitre 1. Disruption

1.1.1 Definition

First of all, we take a closer look at the concept of disruption that is relevant for to illustrate the
purpose of our analysis. The definition of disruption vary in the literature depending on the
field. In the financial supply chain management literature disruption is defined by as “an
unplanned event that adversely affects the firm’s normal operations” (Schmidt & Raman,
2012)

We can classify disruption in two broad categories according to the source of disruption: the
source is external or internal to the firm (Schmidt & Raman, 2012). Among internal disruption
we can denote unexpected event occurring directly in the operations in the firms, but also
indirectly from within the supply chain through propagation. For example, the bankruptcy of
members of the supply chain fall in this category. The second category relate to events outside
the control of the supply chain. These events coming from environmental surroundings such as
weather, or natural disasters, fall within hazardous factors that do not arise from
mismanagement of the firm, and is prone to be punished less severely by the shareholder.

Disruption is a phenomena that occurs frequently within companies. For example Aydin,
Babich, Beil and Yang (2012)" illustrated that 58% of the companies have suffered from
financial losses due to supply disruption within the year preceding the study. This consistent
rate led to an increased infatuation on this issue. They present several reason could explain the
infatuation to focus on disruption risk. The first reason is the upward trend for globalization,
making supply chains more complex and vulnerable to disruptions. A second driver is the
increased media attention for such events that lead to sharper reaction of investors, increasing

the adverse outcome of disruptions. This Thirdly, they mentioned the influence of academicians



and practitioners that increasingly strive to highlights benefits of disruption mitigation in terms
of supply chain performance. Finally the increased accountability of managers with respect to
the performance forecast and shareholders value protection, initiated by the Sarbanes-Oxley
Act of 2002 .

However, even if the interest on these issues is rising, the lack of understanding of risk profile
of disruption and its consequence on the financial performance makes the company still

unprepared to face unplanned events. (Babich et al., 2011)

2.1.1 Market Implication of Disruption

a. General Disruption

Yet many scientists explore the link between supply chain disruption and financial
performance. They study among other its impact in the value of the firm. Following the
financial theory, and more precisely the discounted cash flow model, the firm’s market value
evolves according to a trade-off between the perceived risk and reward on investment (Pinto,
Henry, Robinson, & Stowe, 2010). Either operational or financial disruptions in the supply
chain can modify this perception. The ability of the firm to generate sufficient revenue to pay
its loan and dividends is reconsidered just after the disruption in anticipation of adverse
consequence on the revenue resulting therefrom. Indeed, disruption means that demand and
supply cannot be matched anymore. Furthermore, the perceived increase in risk make
stakeholders require a higher reward for keeping investing in this company putting upward
pressure on the cost of capital. These phenomenon tends to decrease the value of the firm.
Similarly, debt holders adjust their required rate of return as the risk of lending has increased,
due to the disruption. This cost of debt is reflected in the market through assignment of credit
rating’s downgrade by agencies such as Standards and Poor’s, Moody’s or Fitch. All these
consequences have negative post-disruption effect through worsening of the financing

conditions.

In the literature, the effect of disruption on firm’s value has been investigated by Hendricks
and Singhal (2003)". They measured the variability of stock prices prior and post
announcement of the supply chain disruption. Empirical evidence from a set of 827 disruptions
announcement during the period between 1989 and 2000 shows that disruption affects equity
price and volatility. In a period lasting from one year before to two years after announcement,
the average equity abnormal return reduces from 33 to 40 percent and stock price volatility

increases by 13.50%. They furthermore insist on the findings of another study of Malatesta



and Thompson (1984)V that highlight the influence of anticipation of disruption on its impact
on the stock price. Unexpected disruptions tend to cause sharper shock. In a reworked version
Hendricks & Singhal (2011)" they add that 62% to 68% of the firms observed that experienced
disruptions underperformed their respective their benchmark within the three years period
following the disruption. Which show that there is a high likelihood that the impact of disruption
really harms the competitiveness of the firm. Indeed, besides the harmful consequences on the
shareholder value, from the firm’s perspective, other variables are directly impacted by the
disruption. This is the case of the total costs (+11%), as well as the declines in sales growth (-
7%) that lead in the end the operating income to fall dramatically (-107%) (Hendricks &
Singhal, 2012).

Disruption have adverse consequence on the firm value but also on other firms. Disruption
propagate through the supply chain and worsen performance of firm’s partners. In this matter,
a study of Pandit, Wasley and Zach (2011)¥" focuses on the externality of disruption
announcement on the valuation of companies in the same supply chain. They show that
externalities of announcement is reflected in seasonal change in customer revenue, earning
persistence or COGS, environmental factor, as well as the mutual dependency of supplier and

customer.

b. Financial disruption
The propagation of financial shock along supply chain is studied in various other scope. Escaith
and Gonguet (2011)Vii takes a macroeconomic point of view and investigate the transmission
of external financial shock throughout supply chain. They explain that financial distress in the
banking sector harm primarily weaker firms. But then it propagates throughout the supply chain
to stronger firms, reducing in the end their ability to back the banking sector. Kiyotaki and
Moore (1997)* taking a more microeconomic point of view developed the concept of credit
chain that helps to understand the propagation mechanism of financial disruption throughout
the supply chain, highlighting the importance of dealing with disruption given its consequence

in the entire supply chain.

The link between firm’s credit-worthiness and the supply chain risk is also investigated in the
litterature. By means of firms’ credit ratings data Cardella (2012)* finds empirical evidences
regarding the dependence between supplier and customer and its influence on the credit rating
of the firm. To illustrate, a customer with a higher concentration in one supplier experienced a
lower credit rating due to exposure to propagation of financial distress. Supporting this evidence

Hertzel, Officer, Li, and Rodgers (2006)¥'shows the actual contagions effect of financial



distress throughout the supply chain, demonstrating that higher level of dependency between
agents lead to worse impact of contagion effect of financial distress. Additionally, they
mentioned an horizontal effect that is beneficial for the competitors of the firm in difficulty.

Finally, it is worth mentioning that the different effects of financial distress are dynamic and do
not have impact until after the filling date or to some extent prior to this date. The effect vary

depending on the economic conditions prevailing at the time of the disruption (Boissay, 2006)*'

All these examples shows the high dependence between members of the same supply chain.
The risk is shared between all parties involved within the same chain. It is relevant to investigate
the mechanism that can help to lower this risks propagation and reduce the risks of the entire
supply chain. Risk can occur in the physical chain as well as in the financial chain that link
companies one to another. The following section focuses mainly on the financial chain and
presents the different practices used by companies to manage the financing cost of their

operation as well as the risk related to these financing solutions.

Chapitre 2. Working Capital Management

According to the European Central Bank, the scarcity in credit for financing supply chains is
rising (Kerle, 2010) X, This worsening in credit lending conditions leads to difficulties of
financing the working capital of many companies, and especially the SME. Knowing that
working capital deficiency results in delay in production, “suboptimal stocking level, higher
prices and financial distress” (Tanrisever, Cetinay, Reindorp, & Fransoo, 2012)*" , working
capital management is worth managing in order to add value to the company. Previously,
companies focused more on the inventory amid the components of working capital (Seifert &
Seifert, 2009) *. The other parts related to the payment velocity, has nearly not changed, and
remain around 30-45 days on average for years. Since recent years, an increased interest in
working capital management has pushed the financing of payable as a major issue of the agenda
of the companies (Seifert & Seifert, 2009).

Recall the definition of working capital from an accounting perspective:
Working Capital = Current assets — Current liabilities.

There exists several strategies to determine the working capital, however a risk-reward trade-
off can helps guiding the decision. On one hand a positive working capital increases the
liquidity and mitigate the risk but on the other hand decreases the overall profitability due to



higher inventory and financing costs. While negative working capital is a more aggressive
strategy, it decreases the funding cost but increases the risk of shortage that can lead to higher
goodwill cost for unfilled demand.(Hofmann and Belin, 2011)* The working capital can be
managed by taking the operational view of the cash-to-cash (C2C) cycle, also called net
operating cycle or cash conversion cycle. It is defined by the CFA Institute (Clayman, Fridson,
Troughton, 2012)V

N° of days of inventory + N° of days of receivable — N° of days of payables

The three variables to optimize are the inventory level, receivables and payables (Randal &
Farris, 2009). The number of days of inventory, is defined by Hoffman and Belin (2011) as
“[...] the time to convert stock of raw material into work in process and then finished product
to be sold”. The two last terms simply refer to the time elapsing between the reception and the
repayment of an order. From the C2C we can deduce three means for reducing the working
capital: extend days of payables, reduce inventory, or reduce days of receivables. There exists
trade-offs for each of these strategies. For example, DPO extension involve shifting working
capital upstream in the supply chain, which could hinder relationship with supplier. While a
reduction in inventory involve increase in shortage risk and potentially higher transportation
cost, especially when using some JIT strategies. Finally, the DSO reduction shifts inventory
downstream leading to increase the risk of liquidity constraint for the buyer. (Hoffman & Belin,
2011).

Cash-to-cash cycle is an efficient variable to manage the working capital. According to
Howorth and (Westhead)i a reduction of 25% of C2C leads on average to an increase of
7.5% of the firm’s value. However, this is the result of decentralized decision. By taking a
supply chain perspective for optimizing cash-to-cash cycle and working capital, the result has
the potential to be even more significant. Indeed several source agree on the idea that supply
chain coordination involve financial chain coordination between agents. As consequence,
working capital and C2C are indicators of supply chain efficiency (Hoffman & Belin,
2011)(Farris & Hutchison, 2003)*,

Increasingly there is a need for adopting a supply chain perspective for viewing working capital
management through supply chain financing by considering the consequence of financing
decision in the entire supply chain. (Randal & Farris, 2009)** highlight the adverse impact of

local working capital management through delay in payment or early payment discounts, that



can lead to sub-optimal decisions. It shows the importance to model the impact of its own C2C

optimization decision on the partner working capital.

At this point, it is interesting to dwell a little on the issues of coordination in the supply chain,

before going further throught the impact of financial decision on the operations of the firm.

Chapitre 3. Supply chain coordination : decentralization, coordination and efficiency

The literature in supply chain management (SCM) identifies three kinds of supply chain flows:
“[...]the flow of goods and services, the information flow, and the financial flow”(Lambert &
Pohlen, 2001)*. That is why it is important to take a supply chain perspective when making
financing decision as well. Maximizing a particular transaction in a single function of the
system results in a sub-optimized outcome that negatively impacts overall firm performance
(Randal & Farris, 2009). This statement is true for the each of these supply chain flows. The
problem is highlighted throughout the wide literature of supply chain coordination which
emphasizes several techniques for improving supply chain efficiency through the use of
structured contracts between agents in the supply chain. Cachon (2003)* proposes an
extensive review of some of them. The wholesale price contract or price-only contract, widely
used in the practice is investigated in depth by Lariviére and Porteus (1999). The wholesale
price is known to coordinate the supply chain only under the condition that the supplier extracts
the entire profit from the sales which means that in practice, coordination is less likely to occurs.
A serie of coordinating contracts exists to circumvent this problem and is often based on a risk-
sharing mechanism that permits the buyer to share the demand risk he faces, with the supplier
and as consequence increase its order. In such way, the risk-sharing mechanism tend to increase

the efficiency of the supply chain.

However, coordinate a long supply chain appears to be challenging as Ding and Chen
(2004)ii present through the study of a multi-level supply chain under information asymmetry.
The supplier at the upstream end of the supply chain is unable to propose a coordinating contract
due to the lack of knowledge about the contract established between downstream players. The
occurrence of a coordinating contract exists but arises by chance in presence of information

asymmetry.

Several drivers are at the origin of uncoordinated supply chain. Babich et al. (2011) gives
insight on the outcomes resulting from decentralization of the supply chain. For example, there

exist misalignment of incentives between suppliers and buyers that result in different objectives



to maximize leading to sub-optimality of decentralized decision. Also, in some cases, the
information flow is hindered by the separation between the entities, resulting in information
asymmetry between buyers and suppliers. The outcome increase the effect of misalignment of
incentive by the fact that the supplier cannot anticipate properly the behavior of the buyer and
vice-versa. Finally, information asymmetry reduces the effectiveness of the use of the best-
response. Babich et al. (2011) highlight some other characteristics of decentralization in the
supply chain arise when there is an asymmetry between the layers of the supply chain in terms
of number of agents. For example, when multiple suppliers rely on the same buyer it can lead
to a fierce competition between suppliers resulting in a closer to perfect competition that
increase the probability of disruption. The case when there are several buyer for one supplier

results in a larger extent of the impact of the supplier’s disruption.

Chapitre 4. Capital Structure and Operational Decision: the role of financing

configuration in the supply chain management

Working capital can be financed by several means. Buzacott and Zhang (2004)*" identified
several strategies for financing the inventory. We classify these sources of financing in three
categories. The internal source consists of delayed payment to suppliers as well as acceleration
of customers’ payment. Secondly, external borrowing without transfer of firm’s ownership.
Bank loan, factoring, enter in this category. The last category consists of the shareholder capital,

raised through issuance of new shares.

Availability of capital being scarced, firms can often not rely only on its internal funding
resource to finance the entire working capital. Companies rather rely on external financing such
as equity or fixed income. However, one’s has to consider the impact of these financing
configurations on the operational performance. A large literature relates on the effect of
financing configuration on the optimal inventory decision and the coordination of the supply

chain.

4.1.Capital constraint

The case of lack of capital for financing the supply chain has been investigated by Kouvelis
and Zhao (2013)*¥which demonstrated that coordinating contracts continue to coordinate
under financial constraint as long as there is a competitively priced bank loan. In the same area,
Khouvelis and Zhao (2012)*! investigate different financing configurations between supplier

early payment discounts, supplier open account financing and bank loan financing. (Kouvelis



& Zhao,2012). They find under relevant assumptions that optimal order quantity are not
modified by the financial constraint. Additionally, they point out that bank credit are more
expansive than the optimally priced trade credit. This finding is consistent with the evidence of
empirical literature (Fabbri & Klapper, 2008)*Vi, We actually observe generally lower
financing costs internally through trade credit facilities than with external financing such as

bank loans.

Yan and Sun (2013)*Viit design a model with capital constrained supplier that rely on external
financing with a finite credit limit. The financing scheme characterized by a credit line level
induce the supplier to choose the appropriate wholesale price such as to achieve supply chain
coordination. They contrast the findings of Lee and Rhee (2010)* testing the coordination
mechanism in the case of a cash constrained buyer that rely on external financing with infinite
loan and positive cost of borrowing (i.e. positive interest rate charged) from financial institution
and shows that all-unit quantity discount, buybacks, two-part tariff and revenue sharing
contracts fail to coordinate the supply chain under this assumption. Coordination can indeed
not be achieved if unlimited credit line is provided to the retailer. Additionally, Yan and Sun
(2013) verify that traditional wholesale price still fails to coordinate the supply chain in the case
of infinite loan provided by the bank. Under finite loan through the use of a credit line by the
financial institution, the traditional wholesale price contract may coordinate the supply chain.

4.2 Capital structure

In any case, these ascertainment refers to the seminal irrelevance result of Modigliani and
Miller (1958)** (MM) that emphasizes the irrelevance of the capital structure decisions of the
firms. As a result, financing and operational decisions should not interfere and be done jointly.
The assumptions of perfect and efficient capital market, no transaction cost, no taxes, no
bankruptcy cost and full information are sufficient to accept the results. They do not deny that
financial decision could increase the expected value of the firm. Indeed they state: “For
decisions which affect the expected value will also tend to affect the dispersion and other
characteristics of the distribution of outcomes. In particular, the use of debt rather than equity
funds to finance a given venture may well increase the expected return to the owners, but only

at the cost of increased dispersion of the outcomes’(Modigliani and Miller, 1958).

In an extension, Miller (1977)* introduced taxes effect and still argue that “even in a world
in which interest payments are fully deductible in computing corporate income taxes, the value

of the firm, in equilibrium will still be independent of its capital structure.”(Miller,1977). He



adds: “Any situation in which the owners of corporations could increase their wealth by
substituting debt for equity (or vice versa) would be incompatible with market
equilibrium ”(Miller,1977). Indeed, from the investors’ point of view the tax deductibility
advantage of corporate interest is counteracted by the income taxes resulting from interest
repayment. As consequence, Investors tend to value differently debt and equity lending such as
in the end, the law of supply and demand moves the value of each financing mode such as to
reach an equilibrium letting the capital decision irrelevant.

Many authors from operations field demonstrate the exactitude of the (MM) theory under
relevant hypothesis in the newsvendor settings. However, when relaxing some assumption
required for market perfection, it is shown that this statement does not hold anymore. This is
the case for Kouvelis and Zhao (2012) i that shows under bankruptcy costs the firm’s
financing and operational decisions are interdependent. In this case, the choice of the financing
configuration affects the operational decision and an optimal capital structure can be derived.
Besides, supplier financing such as trade credit, which is not competitively priced, could be a
better alternative for improving supply chain efficiency by increasing ordering guantity. Xu
and Birge (2004)*it similarly study the effect of bankruptcy cost and also introduce tax
advantages of the debt. In both case, the introduction of imperfection worsen the company’s
performance because there exist a difference between the optimal capital structure and the

optimal operation decisions.

According to Ang, Chua, and McConnell (1982)**" three types of costs influences the

optimal financing decision:

- (1) the direct administrative expenses paid to various third parties involved in the
bankruptcy proceedings;

- (2) the "shortfall" in realized value when assets are sold in liquidation or the "indirect"
costs of reorganization;

- (3) the loss of tax credits which the firm would have received had it not gone bankrupt.’
(Ang, Chua & McConnell, 1982)

In many texts of operation management literatures, bankruptcy costs are often presented as:
fixed costs of bankruptcy, which represent the administrative cost; a variable cost on the sales
or the collateral securing the loan.

However, besides bankruptcy costs, other sources of imperfections can be mentioned. Harris

and Raviv (1991)>*V jdentified the importance of the agency theory in determining the



structure of capital. For example, there exist an agency problem between shareholders and debt
holder because shareholders are incentivized to underinvest after debt holders have invested
due to the asymmetric resulting payoff. Indeed, in this way they can extract the entire upside of

the return distribution (if the return is higher than the face value of the debt).

Other theory of capital structure coming from corporate finance explain the optimal financing
configuration decisions. The Pecking Order Theory (Myers, 1984) relates on adverse selection.
It states that firms always prefer internal capital, and then the external capital with the lowest
information cost (i.e the debt financing, before relying on equity) (Frank & Goyal, 2003V
. In fact, the information cost of equity arise due to the difficulty to appropriately price new
issue of share without over- or underevaluate the price of new issue. A too low issuing price
means that the potential value of fund is exctracted by new investors. But an expensive issuing
price leads to a reduction of the firms value that can increase the cost of capital of the firm. The
Pecking Order Theory fits especially to SME with high growth that experience severe adverse
selection problems and information asymmetry the firm and the stock market. They are as
consequence likely to indeed prefer the financing mode that minimize the information cost
(Frank & Goyal, 2003).

The Static Tradeoff Theory (Kraus & Litzenberger, 1973)*Vil in which the firm choose an
optimal debt ratio resulting from a cost benefits analysis of the sources of borrowing. The trade-
off between the tax advantage and the bankruptcy risk lead to an optimal financial structure.
This optimum moves as the company evolve, and require the company to adjust its structure.
Due to the transaction costs, in practice the ratio is rarely optimal.. Instead, “the firm is viewed
as setting a target debt-to-value ratio and gradually moving towards it, in much the same way
that a firm adjusts dividends to move towards a target payout ratio.”(Myers, 1984). (Kraus &
Litzenberger, 1973) studied the shape of the relationship between the indebtedness and the
value of the firm and found that it can be fundamentally different from the perfect relationship
that was widely envisioned in the traditional view. According to the traditional view (the
modified net income approach), the relation between the debt and the value of the firm is
concave. “An implication of the concavity of the function is [would be ] that if the value is not
at its maximum, the firm’s market value can [could] be increased by a small change in
leverage”. (Kraus & Litzenberger, 1973). Xu & Birge (2004) also verify mathematically in
a newsvendor settings, that the decision of indebtedness is influenced by the trade-off that exists

between tax advantage and bankruptcy risk. Among their findings, they show that an increased



volatility in demand makes the cost of borrowing higher and induces to borrow less. The retailer

renounces part of its tax advantage to reduce increased bankruptcy cost.

Empirical investigation have been done to verify the applicability of this theory. Elkamhi,
Ericsson and Parsons (2012)*Viii find that when comparing the present value of bankruptcy
costs and that of tax benefits, the latter overwhelmingly exceeds the former and the theory does
not hold because firms should always increase their leverage such as to increase their expected
value. However introducing financial distress costs® occurring before the bankruptcy, seems
offsetting the tax benefits of debt and tend to make the theory better suited. Interestingly, they
also find that smaller firms are more influenced by the introduction of fixed bankruptcy costs.
Indeed, the present value of these fixed costs tends to offset the tax benefits faster for the small

firms.

Chapitre 5. Trade Credit

Trade credit represent a major financing contract among account receivable. Account payables
as well as receivables represent an important share of the firm’s value. According to Rajan and
Zinghales (1998)*™ |in the United States at the end of the last century, around payable
accounted for about 17.8% and receivables accounted for 15% of the firm’s value. Trade credit
remains one of the main component of these accounts. According to Camerinelli (2014)¥ the
greater part of B2B transaction (80%) are undertaken mostly on credit terms and 37% of them
are facilitated by trade credit. In addition “In 2004, trade credit represented more than one half
of short-term liabilities in the United States” (Boissay, 2006). All these figures indicate the

importance of studying trade credit in depth.

Trade credit is financing instrument has been used for years around the world as a means for
financing the working capital (Yang & Birge, 2013)'" . Trade credit allows the buyer, to delay
the repayment of the order that has already been received, incurring an amount of interest agreed
with the supplier. The supplier directly deals with the retailer without involving an intermediary
and they agree together about the terms of the contract. In practice, trade credits contract often
allows the buyer to benefits from early payment discount. In fact, the retailer can repay the
supplier without incurring any charge if it is settled within a given period of time defined by

the supplier and then, an interest rate is charged to the retailer (Kouvelis & Zhao, 2012).

! Financial distress costs relate to all kinds of costs resulting in the degradation of financial health of the
company when moving toward the bankruptcy point (lost sales, underinvestment, downgrading).



According to the price discrimination theory of trade credit, early payment discount can
sometimes be a component of the supplier strategy to perform price discrimination against its
customers (Giannetti, Burkart, & Ellingsen, 2011)¥" .However, some financial arrangements
do not allow early payment discount. That is the case for open account financing which is a
form of internal financing instrument (Kouvelis & Zhao, 2012) in which the upstream agent
allows a delayed payment from the retailer without charging interest. In fact, this means that
the supplier accepts to bear the entire bankruptcy risk, since he is not compensated by means
of an interest rate payment (Zhou, 2009)", In practice, “open account refers to an arrangement

whereby sales are with no formal debt contract” (Zhou, 2009)

Trade credit appears as a one of the main alternative of for financing the supply chain. The role
of trade credit in the supply chain has been investigated by many authors. Among others, we
found texts on the impact of trade credit on riskiness of the supply chain. For instance Ellis,
Henry and Shockley (2010)¥Vv study the impact of supply disruption risk on the buyer
perception. This perception and risk aversion could lead the buyer to modify its terms in the

trade credit.

Indeed, trade credit is presented by Yang and Birge (2013) as a risk-sharing mechanism. The
retailer allocates part of the risk to the supplier, and is incentivized to order more. As a result it
increase the supply chain efficiency. The supplier shares a part of the demand risk because the
trade credit repayment is contingent on the demand realization. In this way, the distressed cost
is transferred from the retailer to the supplier. The supplier has furthermore an incentive to
propose lower interest to induce the retailer to order more. In addition, Yang and Birge (2013)
find that the increase in order quantity leads to an increased exposure for the supplier that leads
him to reduce the share of trade credit in the contract terms. This behavior could partly explain
why we can see a wide dispersion between prices of trade credit in practice. The result of the
trade credit arrangement arises from the difference in reservation profit as well as the access to
financing between the retailer and supplier, which determine their bargaining power. A
financially constrained retailer has a lower reservation profit due to its inability to reach
significant profit without relying to an external financing source. An offer from the supplier to
extend credit, can significantly improve its profit. Conversely, a high bargaining power from

the retailer perspective decreases the marginal effect of trade credit in order quantity.

Fabri and Klapper (2009)*" find a relationship between the use of trade credit and the
competitiveness of supplier in terms of horizontal (supplier-supplier) and vertical market power

(retailer-supplier). The party with the lower market power tends to offer better conditions, such



as lower interest rate or longer terms, to the one with the higher market power which benefits
from a higher bargaining power. These findings allow to consider the influence of market power
on the supply chain efficiency.

Burkart et al. (2011) study the use of trade credit in relation to the nature of the activity of the
firm. They compare services, differentiated and standardized products. For example a supplier
providing standardized products have less incentives to extend trade credit and the supplier
providing services although extending as much trade credit, is less likely to provide early
payment discount than the supplier providing differentiated goods. They also shows support the
theory of reservation profit by showing that companies experiencing high growth opportunity
or credit constrained, would be more reluctant to propose trade credit due to its higher
opportunity cost. As a consequence, the supplier will prefer offering more trade credit to

creditworthy buyers

Burkart et al. (2011) present furthermore four reasons encouraging the supplier to extend trade
credit even if bank financing is available for the buyer. Firstly, the supplier often has superior
information about the customer than the bank. Secondly, the moral hazard is greater for the
bank, due to the impact on the trade relationship, the buyer would be more concerned to honor
its loan to the supplier to avoid deterioration of the relationship in the long term. Thirdly, in
case of liquidation, the supplier, operating in similar business, can potentially extract a higher
value from the assets of the insolvent retailer than the bank. Finally, they consider that the

supplier would have a lower opportunity cost that the banker.

Raghavan and Kumar (2009)*V take the viewpoint of the lender and present an interesting
behavior resulting from the financing of an upstream agent in the supply chain. They show that
under uncertain demand, the bank experience an incentive to extend financing to the

downstream firm as well such that it increases its order quantity.

Murfin and Njoroge (2012)Vistudy cash constrained suppliers that offer trade credit to their
larger customer. They note the asymmetry of the impact of trade credit terms in the cash-to-
cash-cycle of both the lender and the borrower in accordance to their relative size. A little
reduction of this cycle for large buyer leads to a large augmentation of cash-to-cash of the
smaller supplier. This behavior can cause a worsening the financing availability of the cash
constrained supplier that can hinder its growth opportunities.

Chod (2014)it focus on agency issue and highlights the power of trade credit to that trade

credit can help to alleviate agency problems. An agency issue arise after debt holder have



provided their capital because shareholders have incentive to maximize the value of equity
rather than the total asset value. Another agency problem results from the misalignment of
incentive between shareholders and managers that lead the latter to improperly achieve the
shareholders desired objectives. In the same field Birge and Xu (2008) X present a
newsvendor model that study the relationship between manager’s inventory decision and
managerial compensation. Their finding showed that product decision are positively correlated
with the weight of performance based bonus compensation while the debt usage increase as

share of managerial equity ownership increases.

Chen and Wang (2012)' present a model that studies the ordering behavior of a retailer with
budget constraint. They propose trade credit as a mean for the retailer to finance its purchase.
They find that the limited liability in case of bankruptcy, tend to makes the retailer ordering
more aggressively. This behavior is even more present as the retailer’s initial budget decreases.
The retailer with lower budget experience higher asymmetry in the distribution of its outcome,
and benefits for larger upside potential. Hence, the retailer is induced to order more through
trade credit, shifting more risk to the supplier. Overall, the trade credit has the potential to create
a larger value in the supply chain and coordination can be partly achieved, providing that the

retailer has limited initial capital.

It is demonstrated in the literature that the supply chain cannot coordinate with external
financing with positive cost and unlimited credit line. However, trade credit can serve as a
coordination tool. On this issue Lee & Rhee (2010) test the influence of trade credit on contracts
that are known to achieve supply chain coordination. They present all-unit quantity discount,
buybacks, revenue-sharing and two-part tariff contracts and find that solely the revenue-sharing
fails to coordinate the supply chain under trade credit. The rational underlying the ability of
trade credit to coordinate the supply chain is that trade credit is used as a mean for the supplier
to subsidize the retailer cost of inventory financing as well as a risk sharing mechanism. Lee
and Rhee (2011)" present furthermore an in-depth analysis of supply chain coordination under
trade credit with markdown allowance. They find that unlike with trade credit, markdown
allowance fail to achieve supply chain coordination when the retailer rely on external financing.
With trade credit, markdown allowance as risk sharing mechanism compensate the retailer for
the increased wholesale price set by the supplier in reaction of trade credit extension and in this
way provide sufficient incentive to achieve the supply chain coordination. Finally, it is

important to add that trade credit achieves coordination only when the supplier’s financing cost



is lower than that of retailer, otherwise the retailer should always switch to a better source of

external finance.

Jing and Seidmann (2014)" study the financial sourcing decision and its impact on the supply
chain coordination. It compared trade credit receipt and bank financing in a one period problem
as ways to finance its inventory under uncertain demand. They find that trade credit is better in
alleviating double marginalization when production costs are relatively low while bank

financing appears to be better in case of high production cost.

Caldentey and Chen (2012)"" compare the performance of trade credit versus bank financing
for the case of a retailer facing constraint in its working capital. They find that internal financing
is more beneficial from the supplier point of view. However the advantage tend to reduce as the
retailer’s initial budget increases since its order quantity reduces. As consequence, the supplier
will offer a lower wholesale price such as to incentivize the retailer to order more. As a result,
adverse selection problem can arise since the retailer has an incentive to understate its initial
capital available and benefits from lower price, but then order less than what is optimal for the

supply chain.

Chapitre 6. Other financial arrangements

6.1.Trade Credit Insurance

“Trade credit insurance (also known as credit insurance, business credit insurance or export
credit insurance) is an insurance policy and risk management product that covers the payment
risk resulting from the delivery of goods or services.” (Jones, 2010)"V. This mechanism allows
to secure its trade credit such as to reduce the uncertainty regarding the expected incomes
coming from its buyer that could arise from credit risk due to protracted default, insolvency,
bankruptcy risk... (Jones, 2010). Trade credit insurance is an efficient risk management
mechanism that enables to avoid propagation of financial distress of the buyer to the supplier
The credit crisis has contributed to foster the infatuation for these insurance in reaction to the
increased exposure to unpaid trade credit resulting from the poor economic conditions(Morel,
2010).V This has made the trade credit insurance market growing to 5.3 Billion euro in 2008,
at the peak of the credit crisis, covering about 2.6 trillions sales (Jones, 2010). From a
macroeconomic point of view, trade credit insurance increases the overall economic stability

by enabling suppliers to share risk with credit insurers that are better equipped to absorb them



(Jones, 2010). Jones (2010) identified a list of benefits of trade credit insurance that are

summarized in Appendix Bis 5.1.

In exchange to the transfer of risk, the trade credit insurer charges a premium that reflect the
overall credit worthiness of the covered buyers (Jones, 2010) in form of regular payment
covering the trade credits extended a defined buyer during a certain period of time. This
premium is proportional to the amount of turnover resulting from trade credit as well as the
historical expected default loss resulting therefrom (Jones, 2010). Generally, the insurer accepts
to bear the risk up to a certain credit limit depending of different underlying risk factors.
Generally the policy covers over 85-90% of the loss incurred by the payment failure of trade
credit (Jones, 2010).The purpose is to incentivize the supplier to continue monitoring properly
its trade credit, by sharing part of the risk with him. In addition, the trade credit insurance cannot
be requested before a determined period of 60 to 180 days following the repayment due date
prompting even more the supplier to manage its receivables and reduce payment delays (Jones,
2010).

Few papers investigates quantitatively trade credit insurance. In the newsvendor setting, to the
best of our knowledge, we only found one recently written article. Li, Zhen and Cai (2014)"
provides a first attempt to grasp the trade credit insurance behavior. They study the case of a
manufacturer encountering financial constraint and retailer repayment risk that makes the
financing decision and at the same time chooses the optimal amount of trade credit insured in
response to the probability distribution of repayment. Specifically, the behavior of the bank
regarding the trade credit insurance coverage decision is explored under both risk neutrality and
risk aversion of the bank Their main findings are that a decrease in interest rate from the bank
causes the manufacturer to increase its credit sales and therefore increase the insurance
coverage. Secondly, the proportion of credit sales uncovered by trade credit insurance decreases
with the interest rate. Then, trade credit insurance as expected reduces supplier risk. But in
contrary to what could be expected, it does not always reduce the interest rate charged by the

bank. The conclude that overall, trade credit insurance is beneficial for both agents.

6.2.Factoring

“Factoring is a traditional product that allows a supplier to pre-finance its receivables whereby
the factor pays a percentage of the face value of the receivables based upon its assessment of

the credit risk and the underlying payment terms. ’(Jones, 2010)



The supplier experiencing delayed repayment can use factoring as a mean to receive cash
directly and in such way manages the match between payables and receivables (Soufiani
2002).Mi In this case, he sells the trade credit receipt to a third party financier— the factor - who
buy it in exchange of a premium depending on the risk incurred by the factor (SCF working
group, 2010)Vii, At the receivable due date, the factor receives the payment in lieu of the

supplier.

Factoring involves the transfer of ownership and, to some extent, the transfer of risk depending
on the type of agreement. We classify it into two main categories: with recourse factoring, and
non-recourse factoring. “With recourse agreement is a legal agreement that provides
protection to lenders, as they are assured of having some sort of repayment — either cash or
liquid assets — in the event that the borrower is unable to satisfy the debt obligation”
(Camerinelli, 2014). With recourse agreement guarantee the factor to receive payment from
the seller (supplier) in case of failure of repayment from the borrower (buyer). In this case the
repayment risks remains borne by the supplier making the premium charged by the factor
cheaper than for without-recourse agreement, that does not involve the supplier’s liability. From
the factoring company point of view, without-recourse factoring is a more risky proposition.
Factoring companies tend to limit the exposure of their portfolio to such contracts. In practice
we note that they tend to purchase without-recourse contract only from the highest quality
receivable (Sopranzetti, 1998)"*. For the with-recourse agreements however they also restrict
their target by limiting the share of the receivable pool of bankrupt prone sellers to avoid

problems of moral hazard (Sopranzetti, 1998)

The reasons that motivate supplier to use factoring are investigated by Summers and Wilson
(2000)*. Among the reason, they denoted the transactions costs. If the factor is able to monitor
the risk of the buyer better than the supplier, it should induce the supplier to use factoring. For
example, when a factor has receivable coming from suppliers that deal with the same pool of
customer, they can benefit from economy of scale in acquiring better information from these
buyers. Then they mentioned the economy of scale of the supplier when monitoring trade credit.
A supplier extending trade credit with many buyers is less likely to benefit from factoring. The
need for cash flow is also mentioned as driver of the use of factoring. Finally they mention the

impact of the industry practice toward factoring.



6.3.Asset based financing

To avoid prohibitively high bank loan, in many cases, firms use their assets as collateral for
their financing needs. This technique is known as asset-based financing. Buzacott and Zhang
(2004) developed a model incorporating collateral for joint financing and operational decision
still in the stream of newsvendor literature taking into account bankruptcy risk. Kouvelis and
Zhao (2012) studied the joint financial and production decision in a case with asset based
financing as well. They proposed a costly bankruptcy and supported the idea that financial
decision should be taken with the operational decision in the case of imperfect market. In both
cases, they showed that bankruptcy cost affects the interest rate the bank will charge, since the
bank concerned by the difficulty of recovering the entire value of the collateral. A reason is that
selling goods is not the business of the bank (Burkart, Giannetti & Ellingsten, 2005). As
previously mentioned, on this issue, the supplier extending a trade credit for financing the buyer
could experience an advantage over the bank to recover most of the amount of the collateral
since it is its business to sell the same category of goods than the supplier. That explain for
example why suppliers are likely to offer lower interest rate than bank. Seniority issue must be
taken into account when pricing both bank- and supplier lending in the case of using collateral.
Longhofer and Santos (2000) proposed a study on that issue state that suppliers are less
likely to make a company going bankrupt that the bank. This result from the seniority of the
loan that makes the supplier junior to the bank such that in case of liquidation it only receives

the residual claim. As consequence, the supplier has also less incentive to monitor the buyer.

6.4.Pre-shipment, Inventory-in-transit, Post-shipment Financing

He et al. (2012) distinguish three category of financing arrangement for the supply chain

according to the event trigger for which financing is needed.

- Pre-shipment relate to the financing needed after the reception of the purchase order
but before the product has been shipped. This financing is need to cover the working
capital and the purchase of raw material. Post-shipment financing takes place to offset
the time to receive cash from the buyer after having shipped the good to him.

(=>Retrouver la réference)

- In-transit finance relate to financing need that arise between the shipment of the good
and the invoice approval. Institution often involve the thrird-party logistic provider in
the operation such as to visualize the material flow to better monitor the risk. This kind



of financing is even more useful for long distance shipment, such as transportation by

boat oversea, which are especially important in the context of offshoring.

- Post-shipment finance includes early-payment discount, account receivable financing,
factoring and reverse-factoring. This category of financing allow the supplier to reduce
the gap between the invoice approval and the actual payment of the buyer in order to
reduce its short terms receivable and improve its working capital position.

6.5.Reverse factoring

An upcoming Supply chain finance solution is reverse factoring in which the supplier with
lower creditworthiness is given financing for its working capital at lower cost by transferring
the liability to the more creditworthy buyer. In other words, after having delivered the order to
the buyer, the supplier discount receivables to the financial institution. It results the transfer of
the obligation to the bank that receives the ownership of the receivable. The bank then wait for
repayment payment from the customer, which is generally endowed with a higher credit
worthiness. The supplier can either wait for the payment scheduled or receive the discounted
amount earlier as if it was a credit. The benefits from the supplier point of view is that it is given
a lower interest rate by benefiting of the higher rating of its buyer. Indeed, in reverse factoring,
the client makes explicit guarantee to the factor that the payment of the obligation will be met
(Klapper, 2006)X, The main difference with factoring arrangement is that here the facility is
arranged with the buyer, not the supplier. The buyer introduce then the service to its supplier
(Demica, 2009)™1,

Relatively few literature have investigated supply chain finance solutions quantitatively. To the

best of our knowledge, we found three recent texts.

Van der vliet et al. (2014) study reverse factoring, which is an important supply chain finance
mechanism. They fund inter alia that extension of payment terms to the buyer’s point of view
induces a non-linear financing cost for the supplier. As consequence, the optimal cost increase

asymptotically with the extention of the payment terms.

Tanrisever and al. (2012) give insight on the estimation of the value of reverse factoring. They
demonstrate that value of reverse factoring depend mostly on the spread between internal
(supplier, customer) and external financing cost (bank), the operating characteristics of the

supplier and the level of the risk-free rate in the economy.



Research Problem

Now that we have further insights on the literature related to the financing of the supply chain,

we will state the direction of our research.

We focus our interest on the behavior of agents of the supply chain with respect to their
financing decision. Therefore we are concern about the impact of such decision on their

operational decision. We state our research problem as follow:

Research Problem: How does supply chain financing arrangement through trade credit

influences operational decisions?

In order to explore this problem in a more structured way, we propose different research

question that will guide our analysis.

In the supply chain finance system, we consider three main actors, the retailer, the supplier, and
the financier (which can be a bank, or another supplier). As consequence we are concerned
about the impact of the financial and operational decisions of the supply chain on each of these

actors.
That is why we will explore a series of research question in turn
Research Question:

- What is the impact of trade credit financing on the retailer’s operational decision?

- What is the impact of trade credit financing on the supplier’s operational decision?

- What is the impact of leverage on the supplier’s operational decision?

- How does the bank react to the supply chain financing systems when defining its interest
rate?

- What is the impact of market perfection on the operation decision? (order quantity,
wholesale price, trade credit interest rate)

- What is the impact of bankruptcy costs on the retailer, the supplier and the financier?

- What is the impact of financial constraint on the retailer’s variance of profit?

- What is the interaction resulting from the combination of CVaR criteria as objective

and financing retailer’s financing need?

We explore these question through our exploratory section and provide proofs for most of them.

The reader is invited to refer to the appendix for more details on the results presented.



In our analysis, we consider the trade credit contract. This kind of financing has already been
investigated widely in the literature as tool for financing the supply chain. We base our analysis
on the findings of Chen and Wang (2012) that explore open account financing in the context
of retailer’s budget constraint. Some similarity are likely to arise regarding the first setting of
the model. Next, we extent the analysis by considering trade credit interest rate and its impact

on the retailer’s ordering decision.

Then we explore the case where the retailer experiences financial constrained as well and relate
to an external source of fund to finance its operations as well as those of its retailer. In this way
we present a supply chain financing arrangement consisting of a pass through of supplier
financing to the supplier by means of delayed payment. We provide insights on the externality
of such arrangement on the behavior of the agents in the supply chain. We envisage the case of
constant and exogenous financing scheme and the case of competitively priced loan arising
from a bank evolving in a perfect capital market without market imperfection such as
bankruptcy costs, information asymmetry, transaction costs or taxes. We found that under these
conditions, the operational and financial decision appears irrelevant, even in the case of a
supplier controlling its wholesale price and interest rate. Next, we consider the introduction of
bankruptcy cost in the analysis and see how this market imperfection influence the supplier
decision regarding its optimal wholesale price and interest rate. We additionally explore the
influence of such imperfection on the relevance of the junction between the operational and
financial decision. In a second part, we analysis the issue of variability of the newsvendor profit
in the context of financial constraint. We explore the convergence of profit as well as the
optimality conditions. Finally, we address the risk aversion through the presentation of the

Conditional Value-at-Risk criteria as an objective. In the end, we summarize all our findings.



Model

Chapitre 7. Supply Chain Financing Model

We follow a two-period, two-level newsvendor model, with the supplier (she) acting as the
Stackelberg Leader, and the retailer (he) acting as the follower in the game. We consider in our
analysis, that supplier and retailer are both financially constrained. Which means that for a level
of order (or production) exceeding their initial capital available, they need to relate on another
source of financing than their internal capital. We propose a supply chain finance system where
both the supplier and the retailer are cash constrained. The supplier finances purchases of the
retailer by extending trade credit. For financing her operations, the supplier borrows a loan to
the bank (it) (alternatively, we will also consider the case where the supplier finances herself
through other financing sources, such as open account financing). The loan is secured by the
expected repayment of the retailer. We assume the retailer has only one external source of
finance, which is, the supplier’s trade credit facility (or open account). The supplier can finance
its operations solely through a bank loan (alternatively, a single external financing source such
as open account financing or others, depending on the assumptions underlying) or its initial
capital. The bank, as the Stackelberg sub-leader determines an endogenous interest rate on the
basis of the supplier risk profile arising from her operations. The bank is assumed to operate in
a perfect capital market. The singularity of perfect capital market is that the bank proposes a
loan such as the marginal cost of capital equates the marginal revenue from this loan. The bank
does not earn a margin for granting the loan and end up with zero profit (in expectation) from
its operations. We assume all three actors in this model are risk-neutral. Which means that there
is no difference in the preferences regarding a deterministic income or an expected revenue.
Agents in the model relate only on the first moment of the demand distribution to determine

their decision.

The retailer faces an uncertain demand ¢ that is common knowledge of the supplier, the retailer
and the bank. Hence, we assume perfect information within the supply chain. In other words,
there does not exist asymmetry in information among participants, including the bank. The
demand follow a probability distribution denoted by F(x) = P(¢ < x), with density f(x) =
F'(x), and the tail distribution is given by F(x) = 1 — F(x). The demand has a finite mean
u < oo and is non negative (i.e. F(0) = 0).



We focus our analysis on demand function with an increasing failure rate (IFR). As defined by

(Lariviére, 2005)*V, the failure rate is given by h(¢) < % = % If (&) is weakly

increasing for all & such that ® (¢§) < 1 we have an increasing failure rate probability
distribution function (Lariviére, 2005). Among known IFR distributions we have the Uniform
distribution, the Normal distribution, the Exponential, the Power distribution for k > 1, the
gamma with parameter k > 1, the Weidbul distribution with shape parameter k > 1, the Beta
Distribution for parameters a, > 1 (Banciu & Mirchandani, 2013)* the log-normal
distribution with parameter A > 1 (Gupta & Lvin, 2005)*¥, It is worth noticing that IFR
distribution are IGFR (Increasing Generalize Failure Rate). The generalized failure rate is given
by £n(&). In the contrary, IGFR do not guarantee that the probability function is IFR.

The sequence of the operations is the following:

1) The supplier anticipates the retailer’s best-response order quantity and sets the
appropriate wholesale price w and interest rate 7, in order to maximize her own profit.

2) The retailer reacts to the offer of the supplier and places an order of Q* units of product
to the such as to maximize his own profit, according to his view of the expected demand.

3) The retailer pays upfront the supplier a share of the total amount (or the entire amount)
of product. We assume the payment is required prior the production and is used by the
supplier to finance her operations.

4) The supplier borrows from the bank the necessary amount of additional fund to its
internal capital and the retailer’s upfront payment in order to finance its activity. She is
charged an interest rate r? determined by the bank according to its view of the expected
supplier’s revenue. (Alternatively, the supplier delays payment under open account
financing or other fixed financing sources. The rate r° is assumed fixed and
exogeneous)

5) The supplier produces (or alternatively procures) Q* unit of product. We assume
thproduction is instantaneous. We assume infinite production capacity and deterministic
supply.

6) The suppliers ships the production to the retailer.

7) The demand is realized and the retailer receives a revenue pmax|[D, Q*].

8) The retailer pays the supplier the remaining fees. If he does not have the sufficient
amount of capital to reimburse, the retailer declares bankruptcy, and all his assets are

transferred to the supplier.



9) The supplier receives the payment of the retailer, she reimburses the loan to the bank.

If she is not able repay its debt, the supplier goes bankrupt.

7.1.Retailer Problem

Let p be the price at which the retailer sells its product to the market. It is exogenously fixed
and is taken as given. The retailer is price-taker in the market and the market price is not
influenced by the quantity put into the market. Let w the wholesale price at which the retailer
procures his product to the supplier. To make the problem interesting, let p > w(1 + rf), in
such way, we avoid trivial result. The retailer would never order any quantity if he does not
earn profit on it.

The retailer has initially an internal capital K and can invest at most this amount without
entering into a trade credit contract to delay the remaining payment. Besides, we consider the
money have an opportunity cost of (1 + rf) where rf is the risk free rate. This rate is assumed
to be the relevant discount rate in this model. An additional assumption here is that risk-free
rate is the same for borrowing or lending money. Adopting this view is relevant under the
assumption of perfect capital market. In a perfect capital market, banks lend fund at their
marginal cost, which is the market borrowing cost. The bid-ask spread is as a consequence
inexistent. The only consideration driving the interest rate up, is the risk incurred by the lender
to provide funds. We will see later in the banks setting how this interest rate is determined
regarding the risk profile of the borrower.

If the retailer does not have sufficient cash to pay the supplier upfront, wg > K, he delays
payment and enter into a trade credit contract which is a form of loan granted by the supplier to
the retailer such as to circumvent the sub-optimal order quantity of the cash-constrained case
(as we will see later). Denote the loan under trade credit contract as L” = (wQ — K"). The
supplier charges the interest rate r. Hence, the retailer is expected to pay at the end of the
season L™ (1 + r%€) to the supplier. For sake of simplicity, we consider only the case where the
supplier’s interest rate is higher than the risk free rate (r* > rf). In such case, the retailer is
always induced to first use its internal capital to finance its operations and then use trade credit
to increase further its order quantity. Note that all interest rate used in the present text are
compounded only once in a fixed horizon represented by the selling period. In this way, the
loan takes the form of a zero coupon bond. In trade credit, we refer to it as trade credit in net

term.



When selling season occurs, the retailer receives pmin[¢, Q] which is the minimum between
demand and the available quantity to be sold. For the remaining of this text, we will consider
normalized parameters suchthatp = 1,and 0 < c(1 +rf) <w(1 +7rf) < 1; w(l +rt) <
1.

We can formulate the retailer profit as following:
n"(Q) = min[§, Q] + (K" —wQ)* (1 +rf) — (WwQ — K")*(1 +rt)

1.1.7 Firstcase: K > wQ*

First, we analyze the case where the retailer has sufficient fund to finance its optimal ordering
decision (K™ > wQ")

The problem becomes: max E[r"(Q)] = max E[min[¢, Q]] + (K" —wQ)(1 + rf)
s.t. wQ < K7

The optimal order quantity can be fund be deriving the expected profit E[ 7" (q)] according to
the order quantity and equating the result to zero. The FOC gives the following result (see Proof
1.1):

FOC: %Q(@] =0 => FQ)=w(l+rf); FQ)=1-w(l+rf)

This result is exactly the same as for the unconstrained newsvendor model. Denote Q = Q* the

result of this problem.

2.1.7 Second case: K < wQ*

Now let explore the behavior of the retailer in the case of insufficient internal capital to order
its optimal quantity. First, we present the financially constrained retailer with no external source

" (Q)]

2
of financing. It is easy to find that, due to the concavity of the profit function (d E([in < 0),

if Q* > K7, the retailer’s optimal order quantity should be at the bound of the feasible set and

the constraint is binding. We find that the optimal quantity is: Q* = % .As consequence, for the

cash-constrained case, the retailer best response function is given by Q* = min [@%]

As consequence, with cash constraint, both the expected profit of the retailer and the supplier

are lower when Q* > K™ , than in the unrestricted case.



In order to increase the efficiency of the supply chain, and allow the retailer ordering more, the
supplier extends financing scheme to the retailer. She grants the loan L” = wQ — K™ in order
to help him purchasing more inventory. He is supposed to reimburse the amount at the end of

the season with an interest rate fixed by the supplier: (wqg — K")(1 + r%¢).
We can rewrite the retailer’s problem as follow:
max E[n7(q)] = E[min[§, Q] — (WQ — K)(1 +r*)]* — K" (1 +rf)
s.t.wQ > K"

Note that the positive sign (a)™ = max[0, a] for the profit express the assumption of limited
liability of the retailer. In fact, when at the end of the period, the sales does not permit to satisfy
the liability, the retailer does not have to compensate the supplier for the deadweight loss the
supplier has incurred. The retailer only goes bankrupt, transfer its wealth to the supplier that
bears the risk of this loss. The limited liability is an interesting setting when analyzing the
behavior of agents in the supply chain. Because it limits the downside consequences of
randomness while letting upside potential free. The result is an incentive for the leveraged agent

to take more risks than in the case of unlimited liability.

Before going through this problem into more details, it is worth defining the bankruptcy
threshold. This threshold represents the level of demand realization under which the retailer
does not have sufficient revenue to repay loan and declare bankruptcy. At this threshold, the
retailer’s assets are transferred to the supplier and he ends up with a terminal value of zero. The
supplier receives the asset’s value, which is always a smaller amount that the initially proposed

loan.

The bankruptcy threshold, which is the minimum quantity needed to be sold in order to avoid
going bankrupt is easily fund by setting the profit to zero. min[¢, Q] — (WwQ — K)*(1 + r%) =
0 since w <1 =p, the threshold is represented by the demand level such that & =
wQ — K)*(1 + rte).

For the remaining of this text, we define the retailer’s bankruptcy threshold as:

b(Q) = b = (wQ —K);(l +r) _ (WO — K)*(1 + 1)

Now, we can rewrite the retailer problem as following (see proof 1.2.2):



maxE[n"(Q)] = —K(A +rf) + fi )F(x)dx
b(q

Similarly to the previous analysis, we can derive the best response function of the retailer

E[

regarding the optimal order quantity (see Proof 1.2). FOC: %Q(*Q*)] = 0. We find:

F(Q) —w@+7r)F(b(Q") =0=>F(Q") =w(l +r*)F(b(Q")

The best response of the retailer is given by: Q* = F~1 (w(l + r“‘)F(b(Q*))). Note that the

FOC possess some similarities with the case without borrowing where we had F(Q*) —w = 0.
This suggests that provided that the supplier propose a sufficiently low trade credit interest rate
rt, we have w>w(+7r)F(b(QY) since 0<F(b(Q)) <1 and as
consequence, F (Q*)trade credit  F()unrestricted \which means that the retailer is induced to
order more with trade credit than in the unrestricted case. This follows our suggestions about

the limited liability. Due to the limited downside risk, the retailer is induced to order more.

With trade credit, the demand risk is shared between the supplier and the retailer due to the
possibility of bankruptcy. Under unrestricted internal capital, the retailer does not need trade
credit unless it is below the risk-free rate. As consequence, the supplier does not share the risk
with the retailer and receives upfront the total amount ordered: wQ*. The future value of this
amount at the end of the season equals: wQ(1 + rf) and is deterministic, and known with

certainty at the time the retailer places its order.

In our cash constrained case, the retailer relates on trade credit financing and pays upfront only
one part of the liability, then at the end of the period, contingent of the demand realization, he
repays the loan or declares bankruptcy and transfers all its asset to the supplier. The risk is
shared since the supplier cannot predict exactly what amount she will receive from the retailer.
The supplier is promised to receive min[D, L" (1 + )] Hence, the expected repayment at the

end of the season can be written as follow:

b(Q) S
E[LF (1 4 7€)] = f xdF(x) + b(Q) [ dF(x)
0 b(Q)
The first term representing the expected revenue from bankruptcy, which comes from the asset
pledged by the retailer to secure its loan to the supplier. We assume here no bankruptcy cost,
and the supplier being senior creditor since we assumed no other sources of financing. The

shareholders of the retailer receives money only after the supplier in case of bankruptcy.



If the retailer had to fund its operation directly from the bank, operating in a perfectly

competitive market, the required interest rate from the bank’s would have been computed as:

fb(Q)xdF(x) + L"(1+71b) ) dF(x) = L"(1 +rf)

0 b(Q)

Such that the expected the bank is indifferent between granting a loan to the retailer or invest
its money at risk free rate. From the supplier’s perspective, the rate resulting is different. Since
the supplier can benefits from bearing more risk on the loan in order to increase sales, the
interest rate becomes here, along the wholesale price, a decision variable to adjust the quantity
ordered by the retailer. We can denote (w, 7€), the set of decision variables of the supplier. We
will further explore how these variables interact with the retailer’s decision and see how they

can help the supplier to maximize its own profit.

7.2.Supplier problem

Before entering into more details, let present the settings of the supplier’s problem. We assume
the supplier has insufficient capital to finance its own operations and rely on a bank loan to
complete its budget for operations. She can furthermore use the upfront payment of the retailer
to finance its operations as previously presented in the sequence of event (Note that we do not
lose insight in the analysis by considering that the supplier would not be able to use the retailer
upfront payment to finance its inventory. The result would only be a higher need for financing

from the supplier’s point of view).
The supplier’s profit is given by the following:
Q) =L"(1+71%) —(cq—K*—KD)*(1+1r?) = (cq— K5 —K")"(1 +7f)
In the case the supplier has sufficient cash to finance its operations we have:
E[r*(Q] =E[L"(A+75)] = (cq —K°*—K")(A +71°)

When the retailer orders more than what can be covered by the capital, in the case, the supplier
has not enough cash to fund its operations solely with initial capital and retailer’s upfront
payment (i.e. K’ + K" < cq). She enters in a loan with a Bank and its problem can be written

as:

max E(75(Q)) = [L*[E[L' (1 + )] — ST (A +rD)] = RA +7f)



Where K™ + K$ = K ;and LS = cQ — K" — K, with K the supplier’s initial capital, L’ the

supplier loan, r* the interest rate charged by the bank to the supplier.

Note that in this case, similarly to the retailer, the supplier becomes prone to bankruptcy. We

can define the supplier bankruptcy threshold as well:

LF(1+7r%) (cQ—K —K°)(1+71°)

g9(Q) = > ”

=(Q—-K"—K*)(1+71%)

This number corresponds to the minimum level of demand required for the supplier to
reimburse its loan, for a given level of indebtedness. Note that this level should be bellow which
of the retailer’s bankruptcy threshold b(Q). Otherwise, the supplier would in any case go
bankrupt, even if the retailer would repay the whole amount of trade credit. It should never
occurs since we assumed ¢ < w, along with the fact that the retailer upfront payment is used to

finance the supplier’s operation.

A bankruptcy threshold such that b(Q) = g(Q) should therefore represent the highest level of
risk permissible from the supplier point of view to be allowed by the bank to enter into a loan.
As a consequence b(Q) reprensents an upper bound for the supplier financing. Normally, the
threshold should always exceed the retailer’s bankruptcy threshold, and therefore, the following
inequality must always hold.

9(Q) < b(Q)

This implies that the supplier should never go bankrupt unless the retailer’s goes bankrupt. This

evidence is consistent with the findings of (Lee & Rhee, 2011)?

Now, let derive the supplier’s problem. First, rewriting the expected profit with regards to the

bankruptcy threshold indicators, we obtain:

b(Q) o L
E[r®] = Kf xdF(x) + b(Q) dF(x))—LS(1+r5)l — KA +7f)
0

b(Q)

2 Trade credit contract with limited liability in supply chain with budget constraint



b(Q) P
E[n’] = f [x — g(QOIdF) + Q) — g1 [ dF@)
gQ) b(Q)

7.3.Retailer’s sensitivities

Before deriving the supplier optimal decision, we need to grasp what really happens to the
retailer ordering decision as the supplier changes the parameters of the contract(w, rt¢). We
present sensitivities of the optimal order quantity relative to the wholesale price, and the trade

credit interest rate.

1.3.7 Sensitivity to the wholesale price. (see Proof 2.1)

First of all, let see the impact of the supplier wholesale price on the retailer’s optimal quantity

decision. We follow the derivation technique used by Chen & Wang (2012) 3. It consists of

X d6(Q") ~
making the use of the implicit function theorem: ‘;iw = — iy (Where G(Q™) = F(q") —
Q

w(l+ rtc)ﬁ(b(q*)) = 0) This techniques allow us to compute the sensitivity of the retailer’s
dQ*

optimal order quantity to the wholesale price set by the supplier. We obtain:

[1-wQ(1+7%)h(b(@M)]
—w[h(@")-w@+rt)h(b(Q)]

< 0. It appears to be a negative function in the feasible regions of the

wholesale price c(1+7rf) <w(@ +7rf)<p=1 (see Proof 2.1.2). As consequence, an
increase in the wholesale price lead the retailer to order less, as intuitively expected. The
optimization of the revenue from the supplier point of view will result in an arbitrage between

size of the order, and the per unit margin.

The particularity of the wholesale price from the retailer’s point of view, is that it influences
the retailer margin on the whole order, even if it relates to the upfront payment. This is not the
case of interest rate as we will see later. Both parameters results in different impact on the order

quantity.
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The figure above shows the influence of the wholesale price on the order quantity (Figure 1.1).
The function is non-linear decreasing and differ depending on the initial wealth. We can see
that a higher wholesale price has less impact on the retailer that does not have initial capital.
Figure 1.2 shows the evolution of the order quantity relative to the initial capital for different
level of given wholesale price. We can notice that the mitigation mechanism resulting from an
increase of the wholesale price reduce as the initial capital is closer to zero. Which means that
the wholesale price could be less efficient as a tools for controlling the retailer’s order quantity

when the retailer experiences significant capital constraint.

2.3.7 Sensitivity to the revenue. (Proof 2.2)

As we said, the supplier decision regarding the revenue takes the form of a trade-off between
the quantity sold and the price at which they are sold. An increase in the wholesale price
decrease part of the order quantity but decrease the amount at which each quantity is sold.
Hence, the relevant measure to take into consideration from the supplier’s point of view is the

sensitivity of her revenue regarding the wholesale price she sets to the retailer.

From the best-response function of the retailer, the supplier can easily deduce the evolution of
its own revenue relative to the wholesale price set to the retailer. Similarly, still following Chen
& Wang (2012), we derive the sensitivity of the supplier’s revenue to the wholesale price.

awQ* _ (dQ” . g AWt (1-Q"h(Q") : :
= (dw)w + Q" We find: — = @ —w @ OR( @] This result will be used to

compute the supplier optimal wholesale price as presented later.



3.3.7 Sensitivity to the Trade Credit interest rate.(see Proof 2.3)

Unlike Chen & Wang (2012), we explore furthermore the evolution of the retailer’s order
quantity with respect to the interest rate charged for delayed payments. Here, we found the

dQ* _ [1-h()(1+7)(wQ*—K)]
drtc —  —[h(Q)-w(1+7)2h(Db)]

following result: < 0 (see Proof 2.3.1).The retailer’s best

response order quantity are negatively correlated with the trade credit interest rate, similarly to

the wholesale price.
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Figure 2.1 illustrates the evolution of the retailer’s optimal quantity with respect to the interest
rate, for different initial capital. We can note here a linear negative relationship and a slope that
does not differ substantially between the different initial wealth. The difference in terms of high
is explained by the behavior resulting from the sensitivity to initial capital that we present in
the following section. The retailer with the lower initial capital tends to indeed order more, and
this is verified for any given level of interest rate. However, the retailer with lower initial capital
experiences a sharper reduction of its profit when the interest rate is increased as the effect of
interest rate is reflected in the part of the order that is financed through delayed payment (Figure
2.2). Note that with low interest rate, the retailer with low initial capital benefits from the limited

downside risk and can foresee a higher opportunity of profit.



4.3.7 Sensitivity to the retailer’s internal capital. (Proof 2.4)

Finally, we derive the optimal order quantity with regard to the retailer internal capital. We

. d_Q* _ (1+th)h(b(Q))
obtain: dk™ ~ —[h(@)- w1 +rt)n(b(Q))] <0

The retailer’s order quantity decreases with its internal capital. This is understandable by
looking at the limited liability benefits. When the retailer has very low internal capital, he is
induced to order more because he incurs a very large upside possibility and a low downside in
its revenues. Providing that the demand distribution remains the same, as the internal capital is
lower, the share of the demand distribution that is above the maximum quantity he is able to
order with internal fund is bigger. This induces the retailer to order even more than its own
resource, especially because he shares the demand risk with the supplier for this part. The
probability to have a demand less than what its own capital can afford is smaller, the lesser he
has initial capital. As consequence, the importance of the upside potential relative to the
downside risk increases and the retailer prefers using external capital. Indeed, he faces a higher
probability to gain money than that of losing money due to low demand. Not only in terms of
probability but even more in terms of expectation, because for the demand realization that result
in bankruptcy, the outcome of the supplier cannot decrease below zero. The lower the internal
capital, the lesser the share of the risk the retailer bears. In consequence, the supplier bears an
increased risk, which is the result of retailer’s bankruptcy event. We will see later, that in order
to circumvent this problem, the supplier is induced to increase its interest rate in order to make

the retailer ordering less, such as to decreases its risk.

7.4.Supplier optimal wholesale price

1.4.7 Unrestricted problem (see Proof 3.1)

Now that we have gained more insights on the reaction of the retailer regarding different
variable, we explore further the analysis of the supplier’s wholesale price. We will derive the
optimal wholesale price such as to maximize the profit of the supplier. We first present the case
where the supplier has sufficient initial capital to finance its operations. The result is similar to
what has been found by (Chen & Wang, 2012).

The supplier objective function can be written as follow:

WQ-K)(1+7t)
T[SZ—KS—Kr-l-f F(x)dx —cQ(1 +7f)
0



We can derive the optimal wholesale price from this profit function through the use of the first

order conditions.

*

d
di>(1+rf)=0

dr(Qw) _ dwQ")
dw T dw

F(h(@))1 471" —c (

That gives us

tey o h (b oy |(L=A@QDFQI)(A + 1)
ds [1-(1+7r*)wQ h(b(Q )] T—wQ (1 + th)h((b(Q*)) —c(l+rf)

dw —w[h(Q") = w(1 +r*)h((b(Q"))]

This can be reduced to this unique optimality condition:

(1-H@))F@)HA+7*)
1—-wQ*(1+ r*)h((wQ* — K™)(1 + rtc))

=c(l+rf)

The right-hand side is fixed, then we compute the wholesale price that equates the marginal
cost. Note that, wQ*(1 + r*)h(wQ* — K") < H(Q*) (by IFR assumption) and F(Q*) <1 .
This means that as w increases, the left hand side increases too. Therefore, if the supplier’s
marginal cost is increased, the supplier is induced to set its wholesale price higher. In such way,
at the same time, she transfers part of the additional cost to the retailer such as to compensate
the potential loss in margin. Then, the increase in the wholesale price induces the retailer to
order less quantity, at a higher price. Due to the risk-sharing mechanism of the trade credit
contract, the supplier is concerned about the risk she takes with respect with the demand
uncertainty. As consequence, as usually seen in newsvendor problems, the higher the
overstocking cost, the higher the risk of resulting from potential left-over inventory at the end
of the season, and the lesser the quantity. The supplier’s overstocking cost correspond to c,
while the understocking cost represent the margin (w — ¢). These two types of costs will guide
the members of the supply chain regarding their operational decision. Here, we see that as the
cost increase, the cost of left-over is higher, the cost of loss sales is lower, and the supplier

prefers order less.

2.4.7 Cash-constrained supplier(Proof 3.2)

We go further in the analysis by exploring the behavior of the supplier when she is prone to
bankruptcy. We explore firstly the problem without considering the response of the financier.

This means that it represents the supplier’s behavior in the case of exogenous interest rate.



If we reason about this problem, we would find similarities in the behavior of the cash-
constrained supplier and the cash-constrained retailer, regarding their risk taking behaviors. The
supplier also faces the limited liability. Therefore, she could benefit from a limited downside.

The supplier’s optimal decision becomes:

(1 - HQ))F@Q@)(L +7%)

T wo (L +ron(gy) O TR

Here, the right hand side is lower (F(g(Q*)) = F(cQ — K" — K®) < 1). Which means that for
the same settings, the supplier is induced now to decrease its wholesale price such as to
encourage the retailer to order more. In fact, when she was not facing bankruptcy risk, she was
bearing the entire risk and then was in a dilemma between decreases its wholesale price such
as to increase orders but increasing its risk, or increase the wholesale price but decrease order
and at the same time the risk. Now, due to the limited downside acquired from the limited
liability, the supplier now shares part of its risk with her financier, as a result she is encouraged
to make the retailer ordering more. Hence, he will chose to decline its wholesale price.

Here, we present the analysis assuming open account financing for both the supplier, and the
retailer. cQ — K" — K° = g(Q) represents the bankruptcy threshold of the supplier. This could
be extended to the trade credit case by replacing the right-hand side by cF((cQ — K" —
K*)(1 + r®)). In fact, this equation holds as long as we are in the case of a constant financing
scheme, independent on the order quantity. For example when there exist information
asymmetry between the financier and the supplier, we can envision a practical case where the

interest rate is exogenously fixed.

3.4.7 Optimality conditions (see Proof 3.3 and Proof 3.4)

Obviously, in order to derive the optimal wholesale price, one’s have to demonstrate the
unimodality of the relationship between the supplier’s profit with respect to its wholesale price.
We prove that in both case presented before, the concavity of the function hold in the area of

interest. We can prove the unimodality for all w > w0, where w0 satisfy [1 — H(Q*(w0)] = 0

d?ns . .
—— < 0 is concave and unimodal

on wo(1+rf) <w(1l+rf). For the following sections, we will explore alternatives

(H (x) denotes the generalized failure rate. We prove that

supplier’s profit function and prove that they remain unimodal.



7.5.Supplier optimal Trade Credit interest rate

We make the same analysis as for the wholesale price here with the Trade Credit interest rate.
Trade credit interest rate is an alternative decision variable for the supplier to control the
ordering decision of the retailer. Unlike the wholesale price, it only applies on the loan part of

the retailer’s ordering decision.

1.5.7 Unrestricted problem (see Proof 4.1)

We find the relationship that gives the optimal interest rate to charge according to the retailer’s
best-response optimal quantity. We consider the wholesale price as constant here. Similarly to

the analysis with the wholesale price, the interest rate is set so that to maximize the profit
through the following equality:

< Mh@*)> F(0") 1| {(1 _ (H(Q) - —h(Q)))F( )]I
[1— (wQ" — K" + r9)h(b(Q")] JI B ll [1— H(bQY] J'

[
|
|
|l
|

In fact, the interest rate has to be increased as the supplier’s production cost increase. So that to
reduce the retailer’s order quantity. It still follow the intuition behind the trade-off between
overstocking and understocking costs. When looking at the classical newsvendor persective,
we note indeed that the critical fractile maximizing the profit with respect to the demand
distribution is given by F(Q*) = ¢ (in the integrated case). Which means that the as the
overstocking cost increases (i.e. ¢ increases), the optimal order quantity decreases. Here, we
have the same intuition. Indeed, by extending trade credit, the supplier also faces the demand
risk, and only prefers incurring risk associated with high order quantity, in the case that the

overstocking cost is low.

2.5.7 Cash-constrained supplier(Proof 4.2)

Similarly to the insights given by the trade credit, similarly to the retailer, the supplier is induced
to take more risk when she shares her risk with her financier. In this case we have the following

optimality conditions for the supplier:

(1- 8= her) Fer)
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In fact, the previous results of optimal trade credit interest rate and wholesale price gives insight
regarding the supplier’s behavior, providing that she finances with constant interest rate or no
interest rate (For example, if he finances through open account financing). These results gives
insights in such way that it permits to consider the case of a three layer supply chain. Assume,
there is a supply chain with a retailer, a manufacturer and a supplier. The manufacturer extends
trade credit (or open account) to the retailer, and the supplier extends delayed payment contract
to the manufacturer. It is interesting for the supplier to know that by inducing the manufacturer
to order more, through trade credit financing, the manufacturer at his turn is induced to set a
lower wholesale price (or trade credit interest rate) and induces the retailer to order more.
Hence, there exists a propagation of the incentive throughout the supply chain. There exist a
multiplicative effect that is worth exploring in a further research.

7.6.Bank’s problem

Coming back to our supply chain finance system, we will demonstrate that when the supplier
finances through bank loan, in the context of perfect capital market, the former result does not
hold anymore. We will prove that the supplier’s optimal operational decision ( w*(Q™)) is not
influenced by its capital structure. Therefore, the problem reduce to the case of the unrestricted

supplier.
In order to grasp this, let present the Bank’s problem at first.

The bank, is assumed to operate in a perfect capital market, without information asymmetry,
transaction cost, bankruptcy cost, or other market imperfection. In consequence, adapts her
interest rate given the size of the loan, such as to guarantee in expectation the risk free rate from
its loan.

xdF(x) + L"(1 + rb)f dF(x) —L°(1+7rf)=0
9(@Q)

9(Q)

7 (Q) = fo

With g(Q) = (cQ — K" — K5)(1 +1?) = L5(1 + r?)

The term —L5(1 + rf) represent the future value of the capital the bank grants to the supplier.
In the perfect capital market, the borrowing rate and the lending rate are the same and banks
make zero profit. Zero profit is the target profit of the bank, it accepts to grant a loan at a rate
such as to guarantee in expectation to make the targeted zero profit. As g(Q) (the supplier’s
bankruptcy threshold) increases, the interest rate required has to increase in order to compensate

the expected loss incurred from bankruptcy E[(L(1 + rf) — x)*]. In fact, intuitively, the bank



charges the supplier an amount in the interest rate that correspond in expectation to the
bankruptcy risk incurred when lending. In this fashion, the supplier is charged for each
additional amount of risk undertaken an additional amount of interest rate for the loan.

7.7.1ndependence between operational and financial decision.

In Proof 5.1, we demonstrate that the interest rate adjustment operated by the bank as the loan

increases cancel the advantage of taking more risk, from the supplier’s perspective.

(1-H@M)F@Q") _
1-wQ*h(wQ*—K")

We can show that the optimality condition of the leveraged case (i.e.

cF(cQ — K" —K®) ) reduces to the conditions of the case of perfect capital market (i.e.

=c(1+rf))

(1-H(Q")F(Q")
1-wQ*h(wQ*—K")

In fact, the increase in order quantity from the retailer leads the supplier to increase its loan. In
the case of open account, trade credit financing or exogenous interest rate, the supplier has the
opportunity to increases its expected profit by taking more risk. Indeed, due to the limited
liability, the supplier faces limited downside risk. The downside risk is shared with the

financier. His financing cost is in this case not appropriately adjusted for the increased risk.

However, when borrowing in a perfect capital market, the supplier is now charged appropriately
by the bank for the additional risk. In this way, the risk sharing mechanism of the loan is
cancelled and the supplier pays for the total risk taken. As consequence, she is not induced to
take more risk than usual. We proved that in fact, the bank financing does not influence the
decision of the supplier regarding the retailer. This proof is consistent with the results of
Kouvelis and Zhao (2012) and Modigliani and Miller (1958).

Adopting another perspective, we can further demonstrate that the size of the loan is not relevant
as an optimal decision variable. We can see that as the supplier increases its loan, the bank’s

adjust its interest rate following this function:

dr(L)  (1+7f) 1+
dL L2 fgozq) f(x)dx b

The supplier, when deriving its profit in relation to the loan size obtain a sensitivity of

dns(r(L),L) _

7 —(1 + rf) which is a constant. (See Proof 5.1.1)



d?ms(r(L),L)
dr?

Taking the second order derivative we obtain = 0, which cannot prove the existence

of an optimum loan size. As consequence, there does not exist an optimum loan size and the
supplier is only concerned on the optimal operational decision in terms of order quantity. The

loan size does not interfere in her decision making.

Chapitre 8. Effect of Bankruptcy costs.

We will now modify our model and propose an extension that takes into account bankruptcy
cost. This relaxation of assumption adds a market imperfection on the analysis. For the
remaining of this section, we assume open account financing (r = 0), to simplify the

notations and the analysis.

Let assume simply that the supply chain is cash constrained, and the retailer has proportional

bankruptcy cost. The supplier expected profit becomes.
oo b
E[ns(Q)] = f wQ — K")(1 + r*)dF (x) + f axf(x) dx
b 9(Q.a)

With g(Q,a) = w with 0 < a < 1 being the proportional bankruptcy recovery rate,

which is the share of revenue of the sale received by the supplier after the retailer’s bankruptcy
proceedings. In fact, when the retailer goes bankrupt, the supplier loses part of the proceeds
(1 — ) proportionally to the revenue resulted by the realized demand. As a consequence, the
supplier is more bankruptcy prone as well since its expected revenue from sales decrease for
demand realized bellow the retailer bankruptcy threshold. Note that the higher the recovery

rate, the lower is the bankruptcy threshold.

The bank problem remains similar, unless the supplier’s bankruptcy threshold is increased in

accordance with the bankruptcy recovery rate.

9(Q,a)

xdF(x) + L' (1 +r?) foo dF(x) - L°(1+rf)=0
9Q.a)

@ =
0
We could consider a variant that take into account the fixed bankruptcy cost that could result

from the payment of the liquidator and all administrative fees associated to the bankruptcy

proceeding.



The amount received by the supplier for any level of demand is(Da — P)*. In order to

reimburse her loan, the supplier needs a sufficient demand level given by:

(cQ— K" —KH(1+7r?)+ P}
a

9(Q,a, P) = min {b(Q),

The bank’s problem in this case becomes:

o

9(Q,a,P)

LS(1+rb)f(x)dx+f (ax — P)f(x)dx — LS(1 + rf)

P/a

Flr @)1 = |

9(Q,a,P)

Note that the threshold P/a define the demand level at which the supplier cannot extract
revenue from retailer’s bankruptcy. As consequence, the supplier end up with a terminal wealth

of zero. There is nothing to transfer to the bank as well.

When now considering both the retailer and the supplier with bankruptcy cost (fixed and

variable), we further have:

o)

E[n®(Q)] = f (cQ — K™ — K)(1+r?) dF (x)

g(Q,a,P",P)

(Q,a,P",P)
+ J ’ [((aB)x — PT) — PS]f(x) dx
l

Where a denote the retailer’s bankruptcy recovery rate and 0 < < 1 the recovery rate of the

supplier. P" and P® denote their fixed cost of bankruptcy respectively.

To recover an amount from the loan, we must have that (aD)B — P™ — PS = 0 which gives

PT+pS

| =

, the demand threshold at which the bank begins to recover something from the loan.

2
Note that this threshold can be simplified to [ = (g) when P" = P = P and 8 = « (i.e. the

retailer and the supplier faces similar bankruptcy costs). We can see that as the number of layer
increases between the financier and the customer, the bankruptcy risks increases for the bank.

The more the layer, the higher the risk resulting from downstream bankruptcy disruption. It

i
increases exponentially (by a factor (g) forilayers). As a result, the interest rate for a loan

increases upstream in the supply chain. As an anticipation to the propagation of the bankruptcy

disruption, the bank charges an interest rate higher to the upstream members in the supply chain.



8.1.Supplier’s Optimal wholesale price.

1.1.8 Unrestricted problem (Proof 6.1)

We continue our analysis to see the impact of bankruptcy cost on the supplier’s optimal
decision. First we assume that the supplier has sufficient capital to fund the operations and does

not rely on external financing. We study here the case with proportional bankruptcy cost.

From the supplier profit function, we find as the First Order Condition with respect to the

wholesale price:

[(1 ~ H@D)F@] ~ [(1 ~ @Iwb(1 -~ HQI)FBQ@D] _
(1 - weh(b(Q"))

We can prove that the second term of the left-hand side is always positive and lower that the
first term. As consequence, this additional term tends to decrease the nominator of the left-hand
side, when comparing to the unrestricted case. For the same given marginal cost c, the supplier
is induced to increase the wholesale price, such as to encourage the retailer to order less. These
results seems relevant. The supplier faces the demand risk through the bankruptcy risk of the
retailer. Since the retailer bankruptcy becomes now more costly, the supplier becomes more

reluctant to propose credit sales.

Note that, when the recovery rate a increase, the second term of the left hand side decreases

and reach zero when the recovery rate equals one (the initial case).

2.1.8 Cash-constrained supplier(Proof 6.2)

Now, we consider the case where the supplier enter in a bank loan. We find as FOC:

[(1-H@)F(@)]-[(1 —awbf(b)(1-HW@Q)]  _ |

With g’ = g = 90, a)

a
Comparing with the unlevered case, the supplier benefits from sharing her risk through the loan
(open account, trade credit). He is induced to increase its wholesale price and induce the retailer
to order more, due to the limited liability. However, she experienced higher optimal wholesale
price than in the case of capital-constrained supplier without bankruptcy cost. As the recovery

rate increases to one, the wholesale price decreases such until reaching the level of the case



without bankruptcy costs. We can note indeed that when a = 1, the FOC converge to the

levered case without bankruptcy cost.

8.2.Dependency between operational and financing decision (Proof 5.2)

We prove that when adding bankruptcy cost, which is a form of market imperfection, the
financing decision becomes relevant when analyzing the operational decision. Indeed, unlike
the finding in the context of the perfect capital market, the supplier’s problem cannot be reduced

to the case without financing.

We obtain as first order condition for this problem

drn® d(wQ")
dw  dw

F(g(@")

P )~ (4 et

dw/|F(g(@") — (1 — a)Lsg(Q")f (9(Q"))

Which is different from the previous result without bankruptcy cost. This suggests that the
irrelevance of financing decision does not hold in this case and the outcome of the optimization

problem will differ when facing bankruptcy costs.

It is interesting to see that as the recovery rate becomes close to 1, the problem converge to the

initial problem without bankruptcy risks.

Chapitre 9. Risk measures

In this section we analyze another important setting in the newsvendor problem, which is the
risk. Generally, models proposed assume the agents of the supply chain to be risk-neutral. As
consequence, the expected value is the only relevant information for the decision making.
However, in the reality, we often care about the risk of the investment when making a decision.
That is why it is interesting to analyze the consequences of availability of capital in the supply

chain in terms of risk.

First of all, we focus our analysis on a widely used measure of risk: the variance of profit. Then
we briefly present the formulation of expected downside formulation in the case of capital
constraint. Finally, we explore the Conditional Value at risk Criteria as objective for operational

decision.



9.1.Variance

1.1.9 Retailer’s Variance:

From Choi and Chui (2012)™ we can define the retailer’s variance of profit of the classical

newsvendor problem as:

~ Q Q 2
Var[rn"(Q)] = Q*F(Q) + f x2f(x)dx — <f F(x)dx)

Following their analysis, we know that the variance of the profit is an increasing concave
function of the order quantity and is bounded above by v, the variance of the distribution of
demand. Indeed, we they prove that limg_.,Var[r"(Q)] = v “assuming a variance with finite
moment. Form this analysis, we add some proof that support this statement (Proof: 7.1.) by

analyzing the first order and second order derivatives relative to the order quantity and find that

Var[rn"(Q)

the variance function, is increasing in the order quantity ( ;Q N 0) and increase in a

0%var[r"(Q)

concave fashion ( P I < 0.) The variance is increasing up to the convergence to the

variance of the demand.

However, when considering a financially constrained newsvendor, the behavior of the variance
in relation with the order quantity differ. We explore the change in the variance behavior when
considering the limited availability of capital. Considering that the retailer relates on an external
source of financing. We consider here a retailer financing through open account. Following the
pecking order hypothesis (Myers, 1984), the retailer uses its internal capital at first and then

delay the payment for an amount equivalent to wQ — K™ = B = b(Q)

The retailer expected profit is written as:

o)

[x = wg = K)AF ) + | 1Q = (g = KJdFGo) - K7
Q

Q

£l @] = |

B

The variance of profit in this case is (Proof 7.2):

“ Note that when considering a different selling price p than 1, the variance of profit becomes p?Var[n"(Q)] and
the variance of the demand is equal to p2v



Q Q Q 2
VaR [r"(Q)] = ZQf F(x)dx — 2f xF (x)dx — <f F(x)dx)

B B

When considering the case where Q tends to the infinity, we find that: limy_Var[n"(Q)] =
0. (Proof 7.3). In fact, intuitively, as the retailer’s order quantity increases to the infinity, the
loan increase in the same fashion. The more the order quantity is above the demand distribution,
the less likely the retailer will end up with sufficient revenue to reimburse its loan. He is likely
to declare bankruptcy and end up with a terminal value of zero. Due to the limited liability
assumption, the retailer is not supposed to finish with a negative terminal wealth. This means
that at a sufficiently high level of quantity ordered, the retailer will always end up with a
deterministic terminal value of zero. In consequence, the variance of the profit decreases to zero

as Q — oo.

Note that the variance of the capital constrained retailer reduces to the unrestricted case when
the initial capital reach the ordering cost. We have: limg._,,o Var[n" (Q)¢] = Var[n"(Q)]. As
consequence, as the initial capital increases, we can note that the variance of profit converge

slower to zero when Q — oo.

2.1.9 Expected Downside Deviation of Profit: Retailer

An alternative to variance for the measure of risk is the semi-deviation of profit. It only
considers the adverse variation of profit and can be very relevant in the case of asymmetric

demand distribution function. The semi-deviation of profit of the classical newsvendor problem
i _ra

is presented by Choi and Chui (2012) as following: gdownside — f1 o F(x)dx[q —

foq F(x)dx — x|dF (x)

We adapt the result for our analysis of the cash constrained retailer and find

' be(Q) F(x)dx Qe
gdownside® — f [f F(x)dx — xl dr (x)
b(Q) b(Q)

As for the variance, we do not find the same results with respect to the convergence issue. We

find that the expected downside deviation of profit converge to zero as the order quantity tend

to the infinity: lim,_,., gdownside® — () |n the unrestricted newsvendor problem, we have as
i i . : downside Js> xf (x)dx

presented by Choi and Chui (2012) : limg,e0 =J,° (x —

fooo xf (x)dx)dF(x) = L(e). Which is the right linear loss function of the demand distribution.



Once again, as the order quantity tends to the infinity, due to the bankruptcy risk and limited

liability, the retailer’s outcome becomes deterministic.

3.1.9 Optimality Conditions

In order to better grasp the behavior of the variance relative to the order quantity in the capital
constrained case, we perform first order and second order conditions such as to determine the

shape of the curve. Analytically, we obtain the following equations:

r Q Q
oVaR(r") _ 2f F(x)dx — 2(Q — B)wF(B) — 2 KJ F(x)dx) (F@ - WF(B))]
0Q 5 i
OZV;ZRQ(TIT) = 2[F(Q) — wF(B)] — 2[(WF (B) + Qw?*f (B)) — (W?F(B) + w*Bf (B))]

Q
—2 l(F(Q) —wF(B))" + ( j F(x)dx) (F(@) - wzf(B))l
B

Analytically, it remains intricate to extract the area in which the second order condition
demonstrate the concavity of the function. However, when looking graphically at the financially
constrained case, we can note that the variance first increase with the quantity, reaches a
maximum, and then decreases to zero. If we analyse the evolution of the second order condition
along with the variance when modifying the order quantity, we note that the maximum exist in
a region where the relationship is unimodal and concave. There exists a bounded concave area

in which the variance function attain its maximum (Figure 3).

Retailer's Variance of Profit: Concavity condition.
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We performed a sensitivity analysis (Appendix Bis 2) for different level of initial capital. With

a normal distribution of standard deviation = 20, mean = 50, We note that there exist a region



in which we can derive the optimal variance in most cases. However, when the internal capital
becomes big relative to the wholesale price, the retailer’s variance of profit does not reach
anymore a maximum expressed by the concavity measures, but level off at the point where it
reaches the variance of the demand v5. When the wholesale price is sufficiently low and there
is enough internal capital, the variance of profit can reach the same level than the that of the
variance of demand. In this situation, the second order condition are not respected anymore and

the maximum variance of profit is equal to v.

Comparing the variance of profit with the expected value, we discover that the maximum
expected profit is not coincident to the maximum of the variance of profit as suggest. To the
best of our knowledge, we see that, the variance of profit reaches its maximum at a level of
order quantity above the optimal decision of the risk-neutral retailer as illustrated in Figure 4.

(see Appendix Bis 3)
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4.1.9 Numerical Analysis with Bankruptcy risk

In this sub-section we present some figures to illustrate deeper the behavior of the variance of

profit under bankruptcy risk. We still take the point of view of a cash constrained retailer.

a. Variance unrestricted case
First of all, we present the variance of an unrestricted retailer’s profit, considering different

level of demand volatility. The graph in Figure 5 present the evolution of the variance of profit

5 Alternatively p?v, when the selling price is different to one.



variance of profit in relation to the order quantity chosen by the retailer, we can see that it
converges indeed to the variance of the demand as Q — oo. The lower the standard deviation of

the demand, the quicker the variance of profit converge.

Variance Retailer: Unrestricted Case (u=50)
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5.1.9 Variance with financial constraint

When we look now at the case with financial constraint, we obtain an interesting result

regarding the variance of the retailer.

When looking at the evolution of the variance regarding the order quantity, we can notice that
indeed the variance converge to zero as the order quantity increase. However, the variance grow
at first, before reaching a maximum and then decrease. We can notice the existence of a region

within which the function is unimodal and admit a maximum.
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In Figure 6.1 we can see that a lower level of initial capital lead to a reduction of the variance
of profit, given the same order quantity. This can be explained by the higher probability of
bankruptcy experienced by a retailer with a lower initial capital, given a level of order quantity.
The limited liability prevent the outcomes to decreases below zero. As a result, there is a lower

uncertainty with respect to the downside risk.

In Figure 6.2 we analyze the impact of the wholesale price on the variability of profit. Here,
the variance of profit converge slower to zero in the case of low wholesale price. Similarly to
the intuition behind the influence of the initial capital, we can deduce that a higher wholesale
price, involving a lower margin, leads to a higher probability of bankruptcy, for a given level
of order quantity. However we can notice a superior variance of profit when the wholesale price
is set lower. In one hand, the higher margin have a positive impact on the absolute value of the
variance, on the other hand, there is less certainty with respect to the adverse outcome, due to
the lower bankruptcy risk. Nonetheless, these absolute measures does not allow to deduce
relevant conclusion about the risk taken by the retailer experiencing with respect with these

different parameters.

In order to make the results comparable, we analyze the coefficient of variation % of revenue®in

order to standardize the variability measures. Figure 7.1 and Figure 7.2 below suggest that
either a higher understocking cost (a high margin) or a low initial capital are associated with a
greater coefficient of variation. Conversely to the prior insights regarding the risk incurred. In
fact, indeed the variability of profit is reduced when either the initial capital is low or the margin
is low, but it happens at the expense of the expected revenue. When looking at the initial capital,
we see that indeed the higher leverage means more risk, in relative terms. In fact both the high
wholesale price and the low initial capital leads the expected revenue downward because of

bankruptcy risk consideration.

& We take the revenue in order to avoid negative values as discouraged for comparability issues. Note that the
variance of profit is equivalent to the variance of revenue, the initial capital being constant for equivalent order
quantity. When looking at positives value of the coefficient of variation of profit, we found consistent result
supporting this analysis. We observe the same ranking in terms of coefficient of variation. (see Appendix Bis 4)
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Concerning the wholesale price, the result show that the decision of the risk-neutral newsvendor
with respect to the expected value tend to reduce the risk when choosing his order quantity since
he reduces his order quantity as the wholesale price increases. However, when looking at the
impact of the internal capital, we can notice that the lower the initial capital, the higher the
coefficient of variation. Nonetheless, the risk-neutral retailer’s optimal decision tends to
increases the order quantity as the internal capital decreases. This means that the decision of

the risk-neutral retailer tend to increase the risk of investment.

From these observation, we could deduce the behavior of a risk-averse newsvendor considering
the coefficient of variation as a decision variable for adjusting for the risk. We would expect
the initial capital to be a variable inducing the retailer to order less, conversely to what we found
in the risk neutral case. The wholesale price could be used as a mechanism for at the same time
increasing the expected revenue and reducing the coefficient of variation, inducing even more

the retailer to increase its order quantity.

9.2.Conditional Value-at-Risk

In this section, we provide an analysis of the conditional value at risk, which raise more
attention in finance and operation research nowadays. This measure takes into account in some
extent the aversion in the decision making. The remaining of this section focuses on the impact
of the CVaR confidence level on the operational decision making in the context of supply chain

financing.



1.2.9 Retailer

By definition, the CVaR represents the expected value conditional to being bellow a target a
level. It represents the expected shortfall. The expected revenue in the worst a% case. This
measure is more informative than the VaR, because it better represents the increased risk arising
from the shape of the tails of the distribution. For the remaining, we follow the definition of
Jammernegg and Kischka(2012)™" The Conditional Value-at-Risk of profit is given by:

F ()

1
cvar (g€ 0) =5 [ 9D

0

Where g (&, q) represents the profit function.

The Conditional Value-at-Risk is a measure that allow to take into consideration the measure
of risk in the operational decision. This measure appears as an alternative as expected value as
a decision criteria for optimizing the supply chain. In fact, the Conditional Value-at-Risk relate
to the expected value we could earn bellow a given confidence level 0 < a < 1. The lower the
a, the more the concern is with respect to the downside risk. In fact, the CVaR can be used as

an indicator either to modelize the downside limit objective as well as downside limit constraint.

Before studying the CVaR in the context of capital constrain, we recall the first order conditions

when using CVaR as objective function in the context of classical unrestricted newsvendor.
The objective: max CVaR%*(g(¢,q)) = max% (foQ(x —cQ)dF(x) + (1 —
QJf; *fx)dx)

From this problem, we obtain Q* = F~(a(1—¢)) < F"*(1—c) 7 (see Proof 8.1)

The parameter a represents the percentile of interest for the decision, the lower we set this
value, the higher concern we have relative to the downside risk. As consequence, we can notice
that the “CVaR-Newsvendor” is induced to order less such as to guarantee a reasonable
conditional expected value. Indeed, when increasing its order quantity, the retailer increases its
downside exposure resulting from the possibility of ending up with a significant amount of left-
over inventory. When he considered the entire demand distribution, this left-over inventory risk
was compensated by the upside of the distribution. As consequence he had an incentive to order

more SO as to retain the opportunity to benefits from this high demand. There was an equal

" The classical Newsvendor critical fractile.



balance between left over inventory and lost sale. However, when considering CVaR criterion,
the emphasis is turned to the leftover risk, more than with respect to the opportunity cost of lost

sales.

2.2.9 Supplier

We turn our analysis to the supplier problem, we will focus on two scenarios. The first one
consider a risk neutral retailer ordering to the loss averse supplier relating in the CVaR criterion.

Secondly, we explore the case of a risk neutral supplier dealing with a CVVaR newsvendor.

a. Risk neutral cash constrained retailer with CVaR criterion for the supplier. (see
Proof 8.2)

We will see how the CVaR objective affect the supplier decision. Here we assume that the

retailer is still risk neutral in its operational decision. Recall (wQ — K) = b(Q) = b8 The

supplier problem is as follow:

Fla b

max CVaR*(rt°(Q,w)) = %E <b f(x)dx +] xdF (x) — cQ)l =0
0

b

Performing the First Order Conditions, we obtain the following equality at the optimum profit.

(1-H@))(F@-wl-a)
T—wohwo —k7 <A +rh)

We can notice that when @ = 1, which means, risk neutral newsvendor, it reduces to the initial
case previously presented. However, as «a increases, the nominator effect conteract the
denominator effect of an increase in wholesale price. Or similarly, accelerate a decrease in
wholesale price. Which suggest that providing that the future value of the production cost
remain the same c(1 + rf), the supplier needs to increase her wholesale price even more in

order to attain the maximization of the objective.

In fact, the supplier is more concerned about the bad prospect regarding the demand. It is more
risk averse and care more about the downside expected value. In fact, by increasing the
wholesale price, the supplier induces the retailer to order less, such as to decrease its leverage.

Which seems really intuitive.

8 We consider here open account financing



b. CVaR criterion for the retailer with risk neutral supplier (see Proof 8.3 and 8.4)
Now, we explore the second case where the retailer is risk-averse, and the supplier is risk
neutral. The first step is to determine the best-response order quantity function of the retailer

with respect to the supplier’s wholesale price. The retailer’s problem is:

d [1/[° Fla
max CVaR*(n" (Q,w, @) = % lg <f (x—L)dF(x)+(Q—1L) f f(x)dx)l =0
L Q

We have,
FQH=wFL)+(1-w)(1-a)

Notethat L = b(Q) = b

When looking at this formula, we can see similarity with the optimality condition of the risk
neutral case, in the context of capital constrained retailer. The new part in the equality is
(1 —w)(1 — a). In fact, if we compare with first the classical newsvendor equilibria F(Q*) =
w, we first have that, the higher the wholesale price, the lower the optimal order quantity. Then,
when adding capital constraint, we note that because F(L) < 1 it reduces the right-hand side
and induces the retailer to order more than with its own capital. The intuition behind that have
already be presented previously. However, when now changing the criteria, we add
(1 —w)(1 — ) to the best-response function. When having a closer look at this part of the
formula we can notice that the lower is the CVaR threshold «, the lesser is the order quantity
of the retailer. The retailer cares more about its expected profit at the bottom of the distribution.
As consequence, he takes less risks. By increasing the order quantity he would takes more risk
and increase its exposure toward the low values Secondly, the higher the wholesale price, the
lesser the impact of CVaR criterion. This is due to the fact that, with a high wholesale price the
retailer is already induced to order less in the context of expected value criteria. As
consequence, the impact of taking a more conservative approach (a lower «) in terms of
ordering decision is reduced. The figure bellow illustrate these ascertainments (Figure
8.1).When comparing with the case without financial leverage, we observe that differences arise
when the margin decreases (Figure 8.2). This difference results from the incentive of capital
constraint retailer to order significantly more when the overstocking cost increases. As the
CVaR criteria becomes more risk-averse oriented (low «), the difference is reduced due to the

increased emphasis on the low outcomes.
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Now, let move to the supplier problem. We can show that the sensitivity of the retailer order

quantity with respect to the wholesale price can be given by (see Proof 8.4):

o 1 wen(b@))] - F(b(Q )

dw [ F@)
ECR IR

From this, we can derive the optimal wholesale price:

FQHF@@I1-H@QI -1 —a) 3
(F(b(@"))[1 —wQr(b(@))]+ (1 - )

The ((1 — a) in the nominator reduce the left hand side, inducing the supplier to charge a higher
wholesale price in order to fulfill the equality garanteeing the optimality. Similarly, when
looking at the denominator, the (1 — a) increases the denominator, such that there is a need for
increasing even more the wholesale price in order to attain the equality with the marginal cost

c. Both (1 — a) reduce the effect of an increase in the whole sale price.

Here is the intuition behind this: the more the retailer is risk averse, the higher we charge to

him, because it is more costly to induce him to order more by decreasing the wholesale price.




The marginal benefits of additional quantity decreases. In fact, the supplier must renounce at a
higher margin to induce the retailer to order more. As consequence, trade-off between margin
and quantity sold turn out to be dominated by the effect of margin.

Note that when the retailer is risk-neutral, which means that a = 1, the problem reduce to the

original problem of capital constrained newsvendor previously explored.

Finally, We can demonstrate that Z—g < 0 still holds in the context of CVaR criteria(see Proof

8.5).

9.3.Summary of the main findings

- There exist a negative sensitivity of retailer’s optimal order quantity to the trade credit
interest rate

- There exist a negative sensitivity of retailer’s optimal order quantity to the wholesale
price

- There exist a negative sensitivity of retailer’s optimal order quantity to the initial capital

- The efficiency of trade credit interest rate effect with respect to the retailer’s optimal
order quantity is more robust to differences in level of retailer’s initial capital than
wholesale price.

- The lower the retailer’s internal capital, the lower the impact of wholesale price as
control variable to define the retailer’s optimal order quantity

- There exist a unique optimal wholesale price that maximize the supplier’s revenue.

- The higher the supplier’s marginal cost c, the higher the wholesale price and the lower
the retailer’s order quantity

- When experiencing financial constraint, the supplier is induced to lower the wholesale
price so that to encourage the retailer’s increasing its order( under assumption of
constant financing scheme)

- The optimality condition of financially constrained supplier remains verified

- Optimality conditions of financially constrained supplier

- There exist a unique optimal interest rate.

- An higher marginal cost lead the supplier to increase the interest rate.

- Cash constrained supplier experience lower interest rate all other things beings equals.



Under Perfect capital market assumption there exist an independence between the
supplier’s optimal order wholesale, price, loan, and order quantity.

Bankruptcy propagation risk lead the upstream members of the supply chain to
experience higher loan in case of bankruptcy cost.

Bankruptcy cost induce the unrestricted supplier to increase its wholesale price,
inducing the retailer to order less.

Under bankruptcy costs, the supplier is still induced to decrease its wholesale price since
he share its risk with a financier. However his wholesale price increases as the
bankruptcy recovery rate decreases.

The optimality condition still holds under bankruptcy costs.

There exist a dependency between operation and financial decision in the context of
variable bankruptcy costs

The variance function of the unrestricted retailer is increasing and concave.
Convergence of the retailer’s variance of profit and expected downside deviation to zero
in the case of limited capital.

The variance of profit function is partially concave for the cash-constrained retailer
problem.

The variance of profit admit a maximum that is always above the maximum expected
profit

A lower initial capital lead to lower variance of profit due to higher probability of
bankruptcy for a given order quantity

Higher wholesale price, higher variance of profit

Higher coefficient of variation of revenue as the initial capital increases

A supplier relying on the CVaR criteria when extending trade credit increases his
wholesale price such as to makes the retailer ordering less

A risk-neutral supplier facing a retailer relying on CVaR criteria tends to propose an
higher wholesale price to maximize its profit.



Conclusion

We have explored the issues of supply chain financing in the case of trade credit. From this
analysis we discover several insights about the relationship between the financing and the
operational decision. We study a supply chain in which trade credit is used as a financing
instrument to transfer wealth from the supplier to the retailer to circumvent suboptimal outcome

resulting from the capital constraint.

We first focused on an analysis of a Stackelberg game where the supplier as leader is the
financier of the retailer. Trade credit is presented as a risk sharing mechanism that allow the
supplier to back the retailer in case of low demand, due to the limited liability assumption. In

this way, the supplier bears the bankruptcy risk and is guarantor for low demand level.

We found that the retailer is more inclined to order important quantity when its initial capital is
low due to the limited downside risk it bears under limited liability assumption. The trade credit
push the bankruptcy risk to the supplier making the retailer more prone to demonstrate a risk
taking behavior. In reaction, the supplier can adjust either the level of the wholesale price or
that of the trade credit interest rate such as to mitigate this behavior. However we notice that
the effect of wholesale price would be decreasing in the initial capital, making the interest rate
potentially more interesting for inducing the retailer to order less, and reduce the supplier

exposure.

Then, we extended our analysis to the case where the supplier experienced at its turn a constraint
in capital availability to finance its operations but yet still extend trade credit to its retailer. In
this case the financier of the supplier acts as a way to mitigate the supplier’s exposure to adverse

demand realization.

We found that the supplier is induced to encourage the retailer to order more and as consequence
increases its risk exposure, due to limited liability in case of bankruptcy. However, when
funding to a bank operating to a perfectly competitive market, that does not experience market
imperfections such as information asymmetry, transaction costs, bankruptcy costs or taxes, the
supplier loses his benefits from increasing its leverage. Indeed, the bank charge the supplier
with the appropriate interest rate with respect to its risk profile such as to end up with an amount
of profit equivalent to the risk free rate, limiting by this means the risk sharing mechanism of

indebtedness. In case of such loan financing the supplier bears its risk entirely. This result in an



irrelevance in joining financial and operational decision when setting wholesale price, interest

rate, or deciding the optimal order quantities.

Next, we extended our analysis by adding bankruptcy costs and find that it mitigate the risk
taking behavior of upstream agents of the financial chain. The supplier becomes more reluctant
to induce the retailer to order more since the bankruptcy risk it bears becomes more costly.
Similarly, the bank tend to increase its interest rate as the exposure to bankruptcy cost increases.
However, it does not appropriately price the loan it grants to the supplier such as to keep joined
operational and financial decision irrelevant. As consequence we notice that there exists an

influence of financial decision to the operational decision.

In the second part of our analysis, we examined the behavior of the variance of profit in the
case of leveraged newsvendor problem in relation to the order quantity. Our findings relates on
the existence of a concave area in the variance of profit function in which the maximum value
can be extracted. We add that the this maximum variance level arises always at a level of order

quantity higher than which that achieved the maximum expected profit.

Finally, in a third part studied the Conditional Value at risk criteria and found that a risk averse
supplier relying on CVaR as an objective function tends to propose a higher wholesale price to
its retailer to induce him to order less and mitigate its risk exposure. In addition, when
considering a risk-neutral supplier dealing with a retailer using CVaR as decision criteria, we
note interestingly that the supplier is induced as well to increase its wholesale price to extract a

higher amount of profit from the retailer.

Several extension from our result are worth studying. When considering the supplier’s set of
decision variable, we explored local optimization of each of them without exploring their
interaction. It could be interesting to explore the optimality condition of the joined decision of
wholesale price and trade credit interest rate setting in the context of financially constrained

supply chain relying on financing arrangement.

Another point relate on the performance measures of such supply chain finance arrangement,
we did not examine the issue of supply chain efficiency and distribution of the shares of revenue
among the players of the supply chain. Especially the impact of supplier’s leverage as well as
the introduction of bankruptcy costs can brings important insight on the consequence of such

arrangement in the supply chain.



From a more practical perspective, our findings contribute to raise important consideration
about the propagation mechanism of incentives throughout the financial chain that leads parties
of the supply chain that benefits from leverage to increase their exposure to the demand risk by
providing better terms to their buyer. We noticed that the financing of operation through the
supply chain can lead to an increased risk for the overall supply chain and in the end, on the
economy. Indeed, leveraged players by inducing their customer to order more propose greater
loan to their customer making them in turn even more likely to increases their exposure and
propagate better financing terms in trade credit extended to downstream agent of the chain.
When considering the trends of increased complexity and length of supply chain, this
mechanism could appears to increase significantly the risks and the exposure to disruptions
such as bankruptcy in the supply chain.

These findings gives important insights on the consequence of supply chain financing. When a
bank extend payment to a supplier, if its does not have sufficient information with respect to
the creditworthiness of the borrower’s customer, we could observe a moral hazard resulting
from the supplier’s limited liability. Indeed, by sharing its risk with the bank, the supplier is
induced to increases its exposure and take riskier decisions. Therefore, the need for efficient
screening mechanism from the financier is becomes relevant as a way for alleviating riskiness
of supply chain financing. Indeed, when considering a competitive financial market we found
that the influence of financial decision on operation does not hold and the supplier is not
anymore induced to increase its exposure due to the appropriate interest charged to him. The

absence of information asymmetry can help reducing this problem.

To conclude we call for increasing research on subjects more related to risk issues of supply
chain financing and its impact on the supply chain as well as on the overall economy such as to
better anticipate the potentially harmful consequence of the unmonitored generalization of this

type of financing means.



APPENDIX

Chapitre 10. Notations

h(x) = % the failure rate

H(x) = xh(x) the generalized failure rate
F(x) = 1 — F(x): the tail of the distribution
IFR: Increasing Failure Rate

IGFR: Increasing Generalized Failure Rate.

Chapitre 11. APPENDIX 1 : Retaliler

11.1. Proof 1.1 : Retailer’s Best Response Optimal

Quantities : Unrestricted

n"(Q) = min[¢, Q] + (K —wQ)(1 +rf)

Q
E[7"(Q)] = j Fo) + (K —wQ)(1+7f)
0

Q
%(J; F(x)+ (K -wQ)(1 +rf)> = F(Q) —w(1 +7f)

FQ)=w(+r1/)

2
dd—Qz = —f(Q) < 0 : the function is unimodal and concave.

11.2. Proof 1.2: Retailer’s Profit : Cash Constrained

Q —_
E[77(Q)] = —K(1 + /) + f F(x)

b(Q)

Q

d
—\| —K(1
( ( +rf)+fb

0 F(x)) = F(Q) ~w(1 +T)F(b(Q))

@




F(Q) —w(@ +r*)F(b(Q")) =0

Where b(Q) = (WQ — K")(1 + rt©)

11.3. Proof 1.2.2: Lagrangian method for optimization

From Yan and Sun (2013) we have that the Lagrangian optimization problem can be reduce to
an unrestricted optimization problem:

_ 0b@Q
LetA = 0

max 7 =max E[pmin(Q,x) + (K" + L —wQ) — L(1 +7)]*
s.tK"—wQ <0

m = E[pmin(Q,x) — (WQ — K")(1 +r)]*

q +
= U F()dx — (wQ —K"H(1 +71)
0

Q
nzf F(x)dx
b(Q)

Q
L(Q,A) = j F(x)dx + A(wQ — K)
b(Q)
dL(q,A)
dr

K
wQ' —K=0=>Q =~

dL(q,A)
dq

=F(Q")—AF(b(Q"))—Aw =0

dL(q, 1)
dq

K\
F (W) — AF(b(Q") = 'w = 0 if " < 0.Then A" = 0

dL(Q.1) _ dn(Q)

ifA=0=>—5"= =

11.4. Proof 1.2.3: Retailer’s unimodality of the best-

response order quantity function

The conditions for unimodality are already verified by Chen and Wang (2012) as follow:




Q_
" =.f F(x)dx
b
dn”
aqQ

d*n”

dQ?

=F@Q) -w(l+r)F(b(Q")) =0

= —f(@+ w1 +r)*f(b(Q))

Q=Q"

f(x)

We know that o h(x), the failure rate. As a consequence, we have:

2.7

dQ?

= —h(Q)F(Q) + w2(1 + r*)2F (b(Q))h(b(Q))

Since wF(b) = F(Q), we have :

d*n”

dQ?

= —F(Q)[h(Q") —w(1 + r*)2h(b(Q))]

Since the demand distribution function is by assumption IFR, we have that h(Q*) > w(1 +
d?n”
2

rt)h(b(Q)). This means that 720

< 0 the profit function is concave and admit a unique

Q=Q
optimum.

Chapitre 12. APPENDIX  2:  Supplier
Sensitivities

12.1. Proof 2.1: Sensitivity wholesale price

G(Q*,w, T K") = G(Q*,w) =F(Q") —w(1 +r*)F(b(Q")) =0

66(5; 28 —[@+7r)F(b(Q")) —wQ(L +r)2f(b(Q"))] = 0

2G(Q7,
@) {7y wrta + oy 5@ o

From the implicit function theorem, we have:




aG(Q*,w)

do* __ —ow — _ _—[A+r)F(b(@")) - w1 +r*)?f(b(Q")]
dw 86((%, w) B _[f(Q*) —w2(1+ th)zf(b(Q*))]

Dividing by F(b(Q*)), that gives us:

dQ*(w) _ [(1+47%) —wQ(1+7t)2h(b(Q))]

" e
Where h(x) = L2 the failure rate.
From G(Q",w) = F(Q") —w(1 +r*)F(b(Q") = 0 we have 7Z T35 = w(1 +7)h(Q")
Finally,
dQ'w) _  [1—wQ(1+7r")h(b(Q")]
dw  —w[h(Q") — w1 + r*)h(b(Q"))]
12.2. Proof 2.1.2 Negative sensitivity to wholesale price

dQ"w) _ [1—-wQ(1+7r*)h(b(Q"))]
dw —w[h(Q*) — w(1 + rt)h(b(Q"))]

We refer to the proof of Proposition 1 (Chen and Wang, 2012). We restate this proof for the

trade credit case.

We will prove that d—Q* < 0, by demonstrating that there does not exist a point in the feasible

region Where > 0 can be verified.
We assume first that ‘Z—g > 0 and w0 satisfy 1 — (1 + r*)Q*(w0)r(Q*(w0)) = 0, assuming
rt¢ set constant. As consequence, wQ* and Q*h(Q*) are also increasing in w.

From the above equation following our assumption, we can see that that when w < w0 the

equation is negative (‘Z—g < 0) since we always have h(Q*) —w(1 + rtc)h(b(Q*)) >0 by




definition of IFR function. Also the result of [1 —wQ(1 + r“‘)h(b(Q*))] remain positive.

aQ*
dw

Similarly, when w > w0, > 0. In this way wQ achieve its minimum at w0

Recall The feasible region for the present value of the wholesale price is (c, ﬁ)

First case: w0 > L We obtain,
1+7rf

Q' Wh(Q' W) < " (1= f)h<Q (1 f)> < Q' (WO)h(Q" (w0))

L awQ* 1-Q"h(Q")
Which involve that —= = @) rORG @] 0 (see Proof 2.2)

Contradictory, because when w < w0, Z—g > 0. Indeed, Q*(wO)h(Q*(wO)) = 1 as we have

assumed.

1
Second case: ¢ < w0 < —,
1+rf

The same problem occurs here, the revenue wQ* is decreasing in (c, w0). This not match with
do*

dw

the assumption > 0.

Third case: ¢ = w0, As we have of IFR distribution and recall that w(1 + r¢) < 1, we have:
wQ*(c)(1 +r*)h(wQ*(c) = K) < Q*(c)r(Q*(c)) = 1

This means that for all K > 0 this equation cannot hold. Assuming Z—ﬁ}* > 0 is contradictory

with this equation.

To conclude, in the feasible set of wholesale price contract [c, ﬁ] we always have Ziw <0

12.3. Proof 2.2: Sensitivity Revenue

dwQ" (dQ*

dw dw)W+Q




dwQ” _ [1-wQ( +7r*)h(b(Q"))] — Q*[R(Q") — w(1 + r*)R(b(QM))]
dw ~[h(@") = w1 +rt)h(b(QM))]

dwQ" _ 1-Q"h(@Q")
dw — —[r(Q") —w(l +rt)h(b(Q"))]

12.4. Proof 2.3: Sensitivity Trade Credit interest rate.

GQ" e w,K") = G(Q, 1) = F(Q) —w(@ +r*)F(b(Q")) =0

aG(Q*,r*)

— — [Wﬁ(b(Q)) +w(l +r)wQ - K) (—f(b(Q)))]

G (Q*, 1)

a0~ J@+wi+nifb)

By the implicit function theorem we obtain:

aG(Q*,r')

dQ'(r') gk

drtc 090G (Q* 1tc)
0Q

dQ*(r') _ —[wF(b(@) +w@ +r)wQ = K)(=f(B))]

are ~F(Q) + w2l + 12/ (b)
Divising by F(b(Q))
dQ*(r') __[w = h(b(@)w(l +r)(wQ ~ K)]
drte F(’;(—g;)) —w2(1+ )2h(b(Q))
dQ'(r'e) __ wll — h(b(@)(1 +r*)(wQ — K)]
aree WIh(Q) — wl + NZR(G Q)]
dQ*(r'e) _ [1= h(b(@)(1 +r)(wQ — K)]
arie . [hQ) — w(l + 1)2h(b(Q))]
dQ'(r') | [w—h((@)w(l +r)wQ ~ K)]

drte [w(l + rte) I{Eg% w2(1+ rtc)zh(b(Q))]




Q') _ wil—h(b@)1+r)WQ —K)]
drie = W[+ (h(Q) — w(I + )?h(b(Q)]

dQ*(r®) _ _ [1—-h(®B@)(1+r*)WQ — K)]
drte —(1+7r)[(h(Q) — w(1 + rt)R(b(Q)))]

12.5. Proof 2.3.1: Negative Sensitivity to Trade Credit

interest rate.

dQ*(r™) _ 1 —h®(@)1+r*)(wQ - K)]
dre¢ —(1+ 1) [(h(Q) = w(l +rt)R(b(Q))]

dQ (r) _ [1 - b(@h(b(Q))]
dree —(1+ 1) [(h(Q) = w(l +rt)r(b(Q))]

dQ*(rtC) _ [1 - H(b(Q))]
drte -1+ rtC)[(h(Q) -w(1+ th)h(b(Q)))]

1+ r)[(rR(Q) — w(1 + r*)h(b(Q)))] is always positive due to IFR distribution and the

assumption w(1 + rf) < 1.

For a given wholesale price w, Assume 1— H(Q*(r°¢)) =0, we have always 1—
H((Q")) >0

do*

drtc

49"

> 0, for rt¢ < r0tc,
thC

For art > r%¢ we have

<0,

Recall The feasible region for the trade credit
wl+rf)<w@+r9H<p=1

1 1—w
rfSrtCSB—lz——lz—

S
S
S

Assume ;r—Q:C > 0, then Q*h(Q™) is increasing in .
Note that (1 + r¢¢)(wQ — K) < pQ = Q and bh(b) < Qh(Q)

First case: 7% = rf. We have, following the property of increasing failure rate functions,
assuming w(l+rf) < 1,and K > 0.

wQ" —K)(L+r"*Nh(b(@Q")) < Q" W, 1+7/HR(Q" (W, 1+1f)) =1




But since we assumed that Q* was increasing in r we should have (wQ* — K)((1+

te Y > - - [1-H®BQ)]
r*)h(b(Q*)) = 1, following the equation SO —w RG]

1_
Second case: r%t¢ > TW

Assume 7% > 1_7‘” Due to IFR ( => IGFR) Function, we have:

0CrOrQ e <0 (=) (Q* (1_7””)) <QEMOFQ ()

Which induce that for all 7, we have 1 — Q*(r**)f(Q*(rt¢) > 0 . There is a contradiction

[1-H(®bQ))]

between the assumption and the formulas. Indeed in this case — THOR@) Wt EORG@))]

becomes < 0.
Third case: rf < r°¢ < 1_7“’

We have that
1- 1-
QI () < Q' CUFQ ™) < @' (—=) f@' ()

w

otc [1-H(b(Q))] .
For the cases between (rf,7°), makes the formula - TR —warrORB@))] 0. Which

lead to a contradiction.

Finally, the best-response order quantities should be decreasing in the interest rate.

12.6. Proof 2.4: Sensitivity Internal Capital.

%ém = w2(1 +r2£(b(Q)) - £(Q)
d0G(Q,K"
WD) (~waa + v (£ (@)
G (0~
Q™ _ a%Qr)
dK™  0G(QY)
aQ*
dQ*(K") _ —w(1+1)?f(b(Q))

dKk™ —[f(Q — w21 +rt)2f(b(Q))]




Dividing by F(b(Q))

dQ'(K) _ w41 h(b(Q)
aKr _ F(’;(—(QQ))) — w2(1 4 r)2h(b(Q))
From G(Q*, K™)
dQ*(K") _ —w(1+19%(b(Q)
dK" —w(L+7t)[h(Q) — w(l +1t)h(b(Q))]
dO'K) _ (A+Th(b(@))

dK™  —[h(Q) — w(1 +rt)h(b(Q))]

Since h(x) = 0, and the probability function is assumed to be IFR, (h(Q) > h(b(Q))), as

well as w(1 + r%¢) < 1, the order retailer’s order quantities are decreasing as K" increases

Chapitre 13. APPENDIX 3: Supplier : Optimal
Wholesale prices

13.1. Proof 3.1: Unrestricted Problem

We derive the optimal wholesale price from the supplier’s expected profit function

wQ-K)(1+7%¢)

E[m5(Q,w)] = f F(x)dx — cQ(1 +1f)
0
drQw) _dwe) o dQ’
T = (L T)F(b(Q ))_C(W> (1 +7f)
With b(Q*) = (wQ* — K)(1 + rtc)
Recall
d(wQ*(w)) _ dQ* dwQ* 1-Q"h(Q")

Q" +———w=

dw dw aw  Z[Q") — w( + rr(b(Q)]

dQ'(w) _  [1—wQ(L+7r")h(b(Q")]
dw —w[h(Q*) —w(1 + rt)h(b(Q*))]




Which gives

dn®(Q,w) _ ( 1-0Q7h(Q)
A\

dw h(Q*) —w(1+ rfc)h(b(Q*))]> (L rOFGE) = e

[1 = wQ(1 +7"*)h(b(Q))] )
e (—w[hw*) Wi+ rR(b(Q )]
dm®(Q,w) _ w(l—Q"h(@)N(A+r*)F(b(Q")) — c(1 +rA[1 —wQ(L + r*)h(b(Q")
dw ~w[h(Q") —w(1 +1t)h(b(Q")]
dr’(Q,w)
dw

w(1=Q'h(@)(+rIF(b@7) _ |- (b0
1—wQ( +r)r(b(Q") c(1+7)|[1—wQ(1 + r)h(b(Q")]

—w[h(Q*) — w(1 + rt)h(b(Q"))]

e [(L= H@D)FQ)(U +75)
ans [1 - wQ h(b(Q"))] [1 —w0 G+ (b)) At
dw —w[h(Q") —w(1 +7t)h(b(Q")]

At the optimum,

dn® _ (1-H@))F@QHA+71)
dw — 1—wQ*(1+7r)h(b(Q")

—c(1+rf)=0

We have

(1-H@))F@QH+1) _
1 —wQ*(1+rt)r(b(Q*))

c(L+rf)

The optimal wholesale price can be determined with this formula.

13.2. Proof 3.2: Cash-constrained Supplier

wQ-k"(1+7%¢)
T[S=—Kr—KS+J F(x)dx
(cQ—K"—=KS)(1+4715)

WQ—-K")A+r*)=bQ)=band (cQ — K" —K5)(1+1r5) =g(Q); S >7f




dn®_dwQ) .
= S (1 rOFB@) — ¢

dQ*
dw

)@+ rF @)
At the optimum,

dr® _(1-H(Q))F@Q)HA+7)
dw 1 —-wQ*(1+rt)r(b(Q"))

—c(1+7°)F(g(@") =0

We have
(1-H@")FQHU+7) _ . .
1 —WQ*(1+TtC)h(b(Q*)) - C(1+T' )F(g(Q ))
13.3. Proof 3.3: Concavity optimal wholesale price

function: Case with unrestricted supplier.

We will restate the approach of Chen and Wang (2012) as a proof of unimodality of the
supplier’s function of profit. We set the interest rate constant. For convenience of notation, we
assume the trade credit interest rate *¢ = 0. This is used as an illustration in order to prove

further the behavior of the “leveraged case” and “bankruptcy cost case” function.

We come back to our profit sensitivity formula:

b0y [ H@D)F@)
dms ~ [1—-wQ h(b(Q™))] ll —wQ*h(wQ* —K") —c(1+71f)

dw —w[h(Q*) — wh(wQ — K™)]
From dwo'w) _ Q"+ 49y and as well as d—Q*, we know that ——w&hb@I 0, which
dw dw dw -w[h(@*)-wh(wQ—-K")]

(1-H(Q"))F(Q")
1-wQ*h(wQ*—KT)

means that it remain to look at [ —-c(1 +rf)] to determine the sign of the

(1-H(Q"))F(Q")
1-wQ*h(wQ*—KT)’

equation. Let §(w) = If §(w) —c(1 +rf) > 0 we have Z—’VT: <0 andif§ —

c(1+rf) < 0wehave thati—’vr: > 0.

Let w0 the wholesale price that achieve 1 — H(Q*) = 0. It is easy to see that in this case

d(w) = 0 we obtain —c(1 + rf) < 0, which means that‘:i—’j > 0 in this case. If we prove that

dé(w)
w

> 0 always hold when w > w0, it is sufficient to prove the unimodality. Since ¢(1 + r)

dé(w)
dw

is constant, if >0, §(w) —c(1+rf) will cross zero only once, at the optimum. In




consequence, the sensitivity of the profit function ‘Ziw change sign only once. It is a sufficient

condition to prove the unimodality of the relationship.

da(w) _ ¢ H'(Q[1-wQh(wQ-K)Q") . (1-H(Q))[H'(wQ-K")+K"h' (WwQ- KT)(WQ))

We can prove that [1-wQh(WQ—KT]? [1-wQh(WQ—KT]?

((1—H(Q))[—(Qh’(Q)—th’(wQ—KT))]Q’)
(1—WQh(WQ—KT))2

> 0 (see Proof 3.1.1)

As consequence, 6 (w) — c(1 + rf) crosses zero at the optimal wholesale price w. Therefore,
the profit function is decreasing when w < w, and increasing whenw > w, and attain its

maximum at w, when §(w) = c(1 + rf)

13.4. Proof 3.3.1 Details Concavity : Normal problem.

ds(w) _ d (1-H@))F(@Q")
dw  dwl—wQ*h(wQ* —K")

F(Q)

dQ* .
_4e (Q*) > 0. It remains to prove
dw

that

(1-H(@")

WO hwa KT > 0 as well

lety =1—-—wQ*h(wQ* — K")

ds(w) 1
dw y?

[-Q'H'(Qy + (1 — H(@))(—wQ) (r(b) + wQ(wQ)'h'(b))]
1
=3 [—Q'H'(Q)y + (WQ)'[h(b) + wQR' (B)](1 — H(Q)] ]

We can see that H'(b) = ((WQ — K)h(b))' = (wQ)'h(b) + (WwQ — K)h'(b)(wQ)'

We can therefore rewrite the problem as:

1
7 [-Q"H'(Q)y + (WQ)'[H'(b) + K"h'(D)](1 — H(Q)] ]

(as in the case we are

concerned for), we have Q(W)F(Q(W)) < Q(WO)F(Q(WO)). Recall that h(wQ — K) < h(Q)




by IFR assumption, then wQ < Q. As consequence, since we have, 1—H(Q(W0)) =0,

alternatively H(Q(w0)) = 1, we must have that 1 — wQ*h(wQ* — K") < 1
> %[—Q'H'(Q) + (wQ)'[H'(B) + K"h'(b)](1 — H(Q)] ]
> S 1Q'-H'(@)+ H'(B) + KW ()]~ H(Q)])
= (1 - HQ)[(r(b) — h(Q)) — (N’ (@) — wQN' (WQ — K r))]Q’]y—lz

_ (G- H@)=(er@ - wer'twe - k)]Q)
(1 - wQhwQ — K7’

See the original proof on Chen and Wang (2012)

13.5. Proof 3.4. Concavity optimal wholesale price : case

with financial constraint.

An adaptation of the case without constraint.
Let, b =b(Q); r° =0

ds‘w) d (1-H@Q")F(@Q" x

dw  dw1l—wQ*h(wQ* — K")F(cQ* — K™ — K9) B ye

1
% [Q'H'(Qy+ (1-H(Q)y']

y¢' = (1 - wQ*h(wQ* — K")F(cQ* — K" — K%))'
y=1-wQ"h(wQ* —K")
= (WQ)'[h(b) + wQR (B)IF(cQ* — K" — K%) + (1 = wQ*h(WQ* — K"))(—cQ'f(9))

We have then

1
— [-Q'H' Q)
y

+ (1= H@Q@)(wWQ)'[h(b) + wQR'(D)]F (cQ* — K" — K*)
+ (1= wQ h(wQ* —K")(—cQ'f ()]




_ yi [—y[Q'H'(Q)F(g) + cQ'f(g)]

+ (1= H(@))(wQ)'[h(b) + wQh'(B)IF (cQ* = K" — K*)]

1 _
> 2 [—[Q"H'(Q)F(g) + cQ'f(g)]

+ (1 - H@Q))((wQ)'[h(b) + wQR' (B)]F (cQ* — K" — K*)]
1 _ _
> 2 [-[Q'H'(Q)F(g) + cQ'f(g)] + (1 — H(Q))([h(bB) + wQR'(b)]F (g)]

cQ'f(g)F(g)

Ry )+ (1~ H@)URD) + wok ()IF (9)]

1 _
= — [-[Q'H'(Q)F(g) +
yC

1 _ _ _
=5 [-[Q"H'(QF(9) + cQ"h(9)F (@] + (1 — H(@)([h(b) + wQh' (D)]F (9)]

- }% [—[Q'H'(Q) + cQ'h(g)] + (1 — H(Q)([h(D) + wQR' (D)]]
> y—lz [—[Q'H'(@) + cQ'h(b)] + (1 — H(Q))([A(b) + wok (B)]]
> y—lz [~[Q"H'(Q) + cQ'h(b)](1 — H(@)[H'(B) + K"k’ (b)]]
S y_12 [(1 = H(Q))[H'(b) + K"h'(b) — H'(Q) — ch(h)]Q]

- y_12 [(1 — H@)[(h(b) — k(@) — (QI'(Q) — wQR' WQ — k")) — ch(B)] ]
Recall Q' < 0
> }% [(1-H@)[-(QR'(Q) —wQh' (WQ —KT)) — ch(b)]Q"]

>0

As long as H(Q) < 1, as assumed since we explore w > w0




Chapitre 14. APPENDIX 4 : Supplier : optimal
Interest rate.

14.1. Proof 4.1: Unrestricted Problem

Let now see how the retailer optimal order quantities evolve with the interest rate.

Recall see Proof

dQ*(r™) _  [1—-h®B(@)( +r*)wQ - K)]
dree —(1+ 1) [(h(Q) = w(l +rt)R(b(Q))]

Now we compute the optimal trade credit interest rate for a given w, assuming the supplier have

enough capital K > cQ

WQ-K)(1+7) _
s = f F(x)dx — cQ
0

dms (rtc) _ (d(WQ* -KA+ r“)> Fwo" —K) — ¢ (dQ*)

drtc drtc thC

Firstly,

dwQ —K)(1+7r*) dwQ"—K)
drtc - drtc

(14 7%+ (wQ* — K)

dwQ —K)(1+7") wdQ”

s = (147 + (wQ* - K)

w1+ rt[1—h(b)(1 +r€)WwQ — K)] — wWQ* — K)(1 + r*)[(h(Q) — w(1 + r*)h(b

-1+ rtc)[(h(Q) -w(l+ rtc)h(b))]

w1 —h(D)(1+ 1) WQ — K)]— wQ* — K)[(h(Q) —w(1 + r*)h(D))]
[(R(Q) = w(1 + rt)h(b))]

dwQ' - KA+ w—wQ - Kh(Q)
drte —[(h(Q) — w(1 +rt)h(b))]




Then, we replace in the profit sensitivity function:

dms (rte) _ < w = WQ = K)h(Q) )F(b)
arte ~ \~[(h(Q) - w(T + r*)h(D))]
c[1 = h(b)(A + ) (wQ = K)]
B (—(1 +ro)[(h(Q) - w(l + rtC)h<b>)]>

_ ((1 + 1) (w = WQ — K)h(Q))F(b) — c[1 — h(b)(1 + r*)(wQ — K)])
—(1+ rtc)[(h(Q) -w(l+ rfc)h(b))]

(L + 7)) (w — (WQ — K)R(Q))F (b) c
dTL.S(rtC) _ / [1 — h(b)(l + T‘tc)(WQ _ K)] - Cl [1 - h(b)(l +rt )(WQ - K)]\

drtc -1+ rtc)[(h(Q) —w(l+ th)h(b))]

SN—

(1 +r ) (w = (wQ — K)h(Q))F(b) Cl
[1—hB)(1 + 1) (WQ - K)]

+ rt9)w
[1—=h(b)A+r*)(wQ — K)]

1+ 7 (w = (w0 ~ KYA(Q)) (s ‘
—C

(1 - (WQW—_K)h(Q)> F(Q)
L= hB)(A + ) WQ — K]

—C

Finally, we obtain:

wQ —K) =
dn.S(rtC) _ <1 - Th(Q)> F(Q)
drtc [1 — bh(b)]

—C

[ K _ 1
dn-S(,rtC) ~ I(l - (H(Q) - Wh(Q)>> F(Q) ) |
" l [1—HBQ )] ¢




14.2. Proof 4.2: Cash-constrained Supplier

For sake of simplicity, we assume r® =

dms(r'e) _ (d(wQ* —K)(1+ rfC)) by ¢ (dQ*

drte drte drtc) F(eQ" — K7 — K%)

N

T =

(WQ-K")(1+7)
f F(x)dx
(

cQ—KT—KS)

dQ*

drtc) F(cQ* — K™ — K¥)

dr®(r*)  (dwQ* — K)(1 + 1)
drtc drtc

>F(WQ*—K)—C<

dwQ —K)(1+7r*) dwQ*—K)
drtc - drtc

() _ < w = WQ* = K)h(Q")
arte ~ \=[(a(Q) - w(T + r*)h())]

3 < c[1-h(B)A+7*)(WQ" —K)]
—(1 +r)[(R(Q*) —w(1 + rt)h(b))]

(1+7%)+ WwQ* —K)

)F(b)

)F(cQ* — K" - K*)

dn.S(rtC)
drte

_ ((1 + 1) (W — WQ" — K)R(Q))F(b) — c[1 — h(b)(A + r*)(WQ" — K)IF(cQ" — K" —
—(1 + ) [(r(Q*) —w(1 + rt)r(b))]

dﬂ's(th)
drtc

l(l + 1) (w — (wQ* — K)h(Q*))F(b)
[1—h(B)A +r*)(wQ* — K)]

—cF(cQ — K" - Ks)l [1—h(B)(A+r)WQ" {

Ks)>

-1+ rtc)[(h(Q*) —w(l+ rtc)h(b))]

_ [+ ) (w — (wQ* — K)h(Q))F (b)
[1—hB)(A + 1w — K)]

—cF(cQ* — K" — Ks)l

-m\

S~—




A+rw

[1—hB)(A + 1w - K)]

1+ ) (w - WwQ* — K)h(QM) (1F(Q*) 7 )
_ _CFCQ*_KT_KS

[( we. ’“h@ﬂ)ﬂoﬂ
il—th1+ﬂ0m@ =K1

1
|
— cF(cQ* — K" — K9]

Finally,

( W' — )MQOFW)
u—bMM]

dT[S(TtC)
thC

[
I

=| — cF(cQ* — K" — K®)
I

S ——

14.3. Proof 4.3 Concavity of the relationship between

interest rate and supplier’s profit.

[ (WQ K)
dn.S(rtC) I( h(Q" )) F(Q )
drte [ [1—b(Q@")h(B(Q))]

—C

e e e

dQ ___ [1-rm)(a+r)(we-K)] . .
Recall that, — = TR (@ WL+ R D))] < 0, which means that the only condition to

(WQ -K)
T | o ) s
determine the sign of —— isto find the sign of [ b @RG@ ]

(WQ -K)
1————"h(Q") |F(Q")
H H 1 1 1 Tt — ( )
Here, similarly to the analysis with the wholesale price, let §7 = [1—b(Q RG]

dQ*h(Q* d *
Q*h(Q") <0, wQ
drt drt

. We

de — _<0. (see Proof 2.3.1), which means that <0 and

ar

proved that

a(Q*-5)n(@"

e < 0. Let w0 be the wholesale price that satisfy (W?N—_K)h(Q) = 0, when w < w0,

we have that 67 < 0. Alternatively, when w > w0, we have that 57" > 0.Whenw = w0, then

5(rt) =0and 6(r") — ¢ < 0. In the region encompassing [6°(r?), c] and [c, o] we have as




wholesale price w > w0. Since c is a constant, We need to prove that 220 ( D is an increasing

function when w > w0 as sufficient proof to guarantee that &§(r%) crosses ¢ only once,

involving the unimodality of the function.

a(s(r?)  a <<1 W =Bner ))F(Q ))
[ :

drtc ~ drtc 1-b(Q*)h(b(Q"))]

dF(Q™) _
drtc

We already know that —%f(Q*)>0, the problem reduce to

drtc [1-bh(b)] drte

(WQ K) )
: <<l oy >> = % (5) (Letx =1 -=L2R(Q)and Y = [1- bh(b)]

1 !
S XY = Y'X]

= —b'H'(b)

K
X=(1- <H(Q) - ;h(@))

K
X'=~Q'[H(Q) -~ h(Q)]
We have,

1 ! !
Sz XY —¥'X] =
-t @ - @i - (( i o) 1~ (1@ - o) )
K
>[-em@ - @) - ([—b'H'(b)] - (n@- —MQ))D
K K
= |-em@ - @]+ e [1 - <H(Q) - ;h(@))]

(Because [1 — (H(Q) - %h(Q))] <landb' <Q)




K K
>=Q'|H'(Q) — (@) + H’(b)] [1 - <H(Q) - ;MQ))] >0
(since H'(Q) > h'(Q))

t
Which prove thatu > 0. Then, the function is unimodal.

8(r
drtc

14.4. Proof 4.4 Concavity of the relationship between

interest rate and profit: cash-constrained case.

1 li !
vz [X'Y —Y'X]
Y' = —[b'H'(b)F(g) + bH(L)(—f(9))]
X=(1- <H(Q) -— (Q))
Xr _ ’ HI Kh/
= —Q'[H'(Q) — — ()]
We have,
—[X'Y-Y'X] =
K
|-o'm@ -y
_ K
- <(—[b’H'(b)F(g) + bH(B)(—f(9))]) [1 - <H(Q) — ;MQ))] )
K
> [—em@ - 2w

_ K
- ([—[b'H’(b)F(g) + bH(B)(=f ()] [1 - <H(Q) - ;h(Q))D
K _ K
= [-e'1'@ - 2K (@1| + (~ H B (@) - BHB) (F(@))) [1 - (H(Q) - ;h(@))]

(Because |1 - (H(Q) - 1(@))] < 1and b’ < @)




>0

K _ K
>|-0 1@ - Cr@ + H®F 9|+ bH®) (F(9))| [1 - <H(Q) - ;h(Q))

(H'(Q) > h'(Q))

Chapitre 15. APPENDIX 5 : Independence
Financing and Operation in case of Perfect
Capital Market.

15.1. Proof 5.1 |Independence Financing and

Operational decision Supplier

From the bank, we have :

o g
Gb = f LS(1 +7r5)dF(x) + f xdF(x) —L°(1+71f)=0
g 0

g=((Q-K)A+7r5)=L1+71°%

Interest rate derivation relative to the wholesale price.

d S_<ars)d *+<ar5>d
m =g ) * 5w/

drs _ <6rs>dQ* ors _ (ars)dQ*

dw _\a0") aw " ow ~\a0") aw
aGY
o 3gr
9Q* 0Gb
ors

aG? 9 ® g
ST ar )L dF(x)+xF(x)|g—fO Fx)dx — L5(1 +7f)




9F@-99f@)+3gFg)+g9'f(g)—g'Flg)—c+7f)
=c(1+7rHF(g) —c(1+71f)

6>
55 =9F@)—99f(9+9F+99f(9)-g'Fg)

= (cQ —K)F(9)
aGP ) )
ors _ _a_Q* _ _C(1+rS)F(g)—C(1+Tf) _C(1+T‘f)_c(1+rs)F
0Q* 96>~ Q-KFg iy 5
ars

Now

ar® (6rs)dQ*
dw \00Q*/ dw

The supplier problem :

dr® d(wQ™)
dw ~ dw

[(cQ" —K)(1 +7%)]
dw

_ d —
F(WQ*—Kr)—< )F((CQ*—K)(1+TS))

d *—K)A+7rS dQ* drs
L(cQ dmz( +r)]=c(%)(1+rs)+(cQ—K) d:v

We assume the supplier extend open account financing to the retailer here (r = 0).

dQ" _ [1—-wQh(b(@))]
dw ~ —w[h(Q") — wh(b(Q")]
dwQ* _ 1-Q"h(Q)

dw — —[h(Q") — wh(b(Q")]




drs _ (ars) dQ* _ [1- WQh(b(Q*))] (_ c(1+ rS)F(g) —c(1+ T‘f))
dw 290/ dw  —w[h(@") ~wh(b(Q")] (cQ — K)F(g)

d[(cQ”" —K)(1 +7%)]
dw

=c(%)(1+rs)+(cQ—K)(

dQ*) <_ c(1+7rHF(g)—c(1+ rf))
dw (cQ — K)F(g)

dQ* s dQ* c(1+7r5F(g) —c(1+7f)
C(dw)(1+r)+(dw)<_ F(g9) >

dQ* s c(1+715F(g9) —c(1 +71f)
(@) [“1 trot (‘ F(9) )l

(dQ*) lc(l +1r5)F(g) N (_ c(1+715F(g) —c(1+ rf))l
dw F(9) F(9)

() 77

Now we put it in the supplier’s profit function:

de® dwQ") _ . do\|cQ+rHl - . s
= FwQ* —K )—(dw)[ 7(9) F((cQ" = K)( +77))
This reduce to
d(wQ")

_ dQ*
T FwQ*—K") —c(1+rf) (%)

Prove the results of Modigliani Miller, and as from Kouvelis and Zhao




15.2. Proof 5.1.1 No influence on operational decision :

Supplier optimal loan size

From the bank problem, we have:

o)

9(@q)
LS(1+7r) f(x)dx+pf xf(x)dx —L*(1+7rf)=0=G(r,L)
9(q@) 0

oG ®
— = Lsf f(x)dx
or 9@

Toan [ fedc-a+rp
9@

dr 1+rf) 1+r
= — - —
dL s fg(q) flodx L

LS(1+7P)

Recall g(Q*) =

drn®(r(L),L) dron®(r(L),L) 0n*(r(L),L)
. dl_or T L

We have

(WQ_Kr)+ (1 _H.r)

7S(r(L),L) = —K° +p J Fo)dx

LS(147r(L))
p

orns(r(L),L)  _I5F <LS(1 + r)>
ar p

oms(r(L), L) _
——— = —(1+n)F <

LS(1+ r))
p

(1+rf) 3 1+r
Lz f;?mf (dx L

dr(r(L),L) _(L*(1+7)
dL =L F( p )

_(L°(1+71)
(1+r)F< > )

= -+

No influence of capital structure on operational decision.




15.3. Proof 5.2 Dependence between Financing and

Operational decision Supplier when bankruptcy costs.

As simplification, we consider no bankruptcy cost for the retailer.

First, we derive the sensitivity of the interest rate to the wholesale price.

d S_(ars)d *+<6r5>d
m =g )t Gn) v

drs _ (ars)dQ* N ars _ (ars)dQ*

dw aQ*/ dw  ow aQ*/) dw
oGP
ars_ 90"
00"~ oGP
ars

o g
GP =f LS(1+r5)dF(x)+aj xdF(x) —L°*(1+7rf)=0
g 0

g=((Q-K)A+7r5)=L1+71°%

E—iLS(1+ S)foodF()+ IF( )|g—ng( )dl—LS(1+ )
6Q" ~ag T SR AT T RO !

9F@)—99'f@)+alg'F(g)+99'f(9) —9g'F(@]—c(1+rf)

=c(1+7)F(g) — 1 - a)(cQ —K)(A +71°)2cf(g9) —c(1 +7f)

b
=9'F(9)—99'f(9) +alg'F(g)+g99'f(9) —9'F(9)]

ars
= (cQ - K)F(g) — (1 —a)(cQ — K)*(1 +1°)f ()
oGP B
or 3@ __c(+F(g) = (1= @)(cQ = K)1+792cf (g) = c(1 +7/)
aQ* %Gb (cQ —K)F(g) — (1 —a)(cQ — K)2(1 +75)f(9)
TS

__c(A+7F(g) — (A - a)(cQ - K)A +1)cf(g) —c(1 +7/)
(cQ —K)[F(g) — (1 —a)(cQ — K)(A +75)f (g)]




_c[A+r)F(@) - A -l (1+7)°f(g) = A +1f)]
L[F(g) - Q- a)ls (1 +1)f(9)]

Now,

ar® <6rs)dQ*
dw \3Q*/ dw

The supplier problem becomes :

drs dwQ) (Al = KA+ s
i = S p g -k - (FL= D e - 10+ )
dl(cQ" — K)(1 +7° do* drs
= duz( +r)]:c(d€v)(1+r5)+(cg_1<)£

We assume the supplier extend open account financing to the retailer here (rt¢ = 0).

dQ* _  [1—-wQh(b(@))]
dw — —w[h(Q*) — wh(b(Q")]

dwQ* _ 1-Q h(Q")
dw  —[h(Q*) — wh(b(Q")]

dr®  (0r®\dQ"

dw ((?Q*) dw

__ [1—won(b@")] <_c[(1 +7r9)F(g) — (1 — LA +79)%f(g) — (A + rf)])
—w[h(Q*) —wh(b(Q")] LS[F(g) — (1 —a)Ls(1 +75)f(g)]

d[(cQ" —K)(A + 7]

dw
=c <C;—a*) (14719
LS (dQ*> (_ c[A+7r)F(g) -~ (1 -a)L*(1+7°)°f(g) — (1 + 7‘f)])
dw LS[F(g) — (1 —a)Ls(1 +75)f (g)]




d[(cQ" — K)(1 +77)]
dw

= c(%) (1+7r%)

4 (di) (_ Fc[1+r)F(g) -1 -a)LlfA+7r9)% (@) - (1 + rf)])
dw LS[F(g) = (1 — a)Ls(1 + 1) (g)]

d[(cQ” —K)(1 +79)]
dw

= c(%) (1+7r%)

N (dQ*) <_ c[1+7r)F(g) - A -a)L*(1+7)*f(g) — (1 + Tf)])
dw [F(g) — (A —a)ls(1+75)f ()]

d[(cQ" —K)(A +7)]

dw
. (dQ*) <C(1 +1)[F(g) -1 —a)L*(1 +r5)f(g)]
dw [F(g) — (1= a)Ls(1 +75)f(g)]
_c[A+7)F(@ - A -l (1+7)%f(g) -1+ rf)])
[F(g) — (1= a)Ls(1 +75)f(g)]
d[(cQ* — K)(1 +1r9)] _ (dQ*) <_ c(1+7f) )
dw dw [F(g) — (1 —a)Ls(1 +75)f(g)]

Now we put it in the supplier’s profit function:

dr® d(wQ")
dw ~ dw

dQ*)I c(1+rf)

dw F(g)_(1—a)Lng(g)lF((CQ*_K)(1+TS))

F(wQ* — K™ —(

There is exist a dependency between operation and financing decision.

Note that when a = 1 the problem reduce to the case without market imperfection.




Chapitre 16. APPENDIX 6: Bankruptcy:
variable cost; Optimal Wholesale price

16.1. Proof 6.1: Optimal Wholesale price: Supplier

without constraint,

The supplier’s profit function in the context of bankruptcy cost is given by:

s = [KS + K" — cQ](1 + rf) + E[L"]

b(Q)
E[L"] =L"(1 +71%) f(x)dx + af xf (x) dx
b(Q) 0

With =b(Q) = WQ — K1 +r) =L"(1+71%) ;0 < a <1, the bankruptcy recovery
rate.

Recall the traditional problem when no bankruptcy risk

dm?® _ dwQ)(1+r) _ (dQ*)
dw

dw dw F@) =
: 2
With (52) = — 32 with G = G(Q",w, 7%, K") = F(Q") — w(1 + r*)F(b(Q")) = 0

aQ

For this demonstration we ignore the trade credit interest rate, we assume open account

financing and rf = 0. Such that,

G(Q",w,K") =F(Q") —wF(b(Q")) =0

b(Q) = wQ — K)
db(Q") B d(wQ* — K) B dwQ*
dw dw T dw

Here we have

b

dn®  d ”
T = 2 K KT = Q]+ wQ = K) [ G dx + al GOl - [ P00 d

d _ b
=E[KS + K" — cQ(w)] + bF(b) + a[ bF(b) —j; F(x) dx]




- ()= (G0) ] (52) 0245 () rr - () ] < (255
:<%)F(b)—b(%)f(b)+a[( >f(b)] <dQ(W)>

= (£)F) ~ - (5) re) —c <d(fi$:”))

= (S0 Fwo ~ K) ~ (1~ @)@ — k) (Td) fwg — ) — ¢ (52

We know that

dwQw)) . dQ* 1-Qh(Q)
dw =0+ aw T —[h(Q) — wh(wQ — B)]
dQ*__w_ 1 —wQh(wQ — B)
dw  dG(Q*,w,B) —w[h(Q*) — wh(wQ — B)]
— dor
The equation becomes
1—Qh(Q) _ 1-Qh(Q)
(—[h(Q) = wh(b)]) FE S @) <—[h(o> = wh(b)])f ®)

B ( 1 —wQh(b) )
“\=wlh(@) — wh(®)]

[w(1 - Qhr(Q)F(b)] - [(1 — @)wb(1 — Qh(Q))f(B)] — c(1 — wQh(D))
—w[h(Q*) — wh(b)]

[[w(l — Qh(Q)F ()] — [(1 — a)wb(1 — QR(Q))f(B)]

(1 — WQh(b)) — cl (1 — WQh(b))

—w[h(Q*) — wh(b)]

l[W(l —HQ)F@] - [(1 —a)wb(1 - H(Q)f(b)]
(1 — wQh(b))
—w[h(Q*) — wh(b)]

[(1 - H@)F@] - [A — a)wb(1 - H@)fB)] _
(1 —wQh(b))

- cl (1 —wQh(b))

Qw)

)




[(1-H@)F@] [ -awb(1-H@)F®)] _
(1 — wQh(b)) (1 — wQh(b))

Assume w0 satisfy (1—H(Q)) =0, in the normal case, when w < w0 the function
[(1-HQ@)F(Q@)] _ . . .
“owonm)) e(w) < 0, since IFR function and wQh(b) < Qh(b) < Qh(Q) so that if
(1-H(Q)) =0, H(Q) =1, we have (1 —wQh(b)) > 0

Prove that:
[(1-H@)F(@)]=[(1-awb(1-H(Q)f(D)]
F(Q") = (1 — a)wbf(b)

_F@) _ A -awbf®) _(1-a)wbf(b)

SRy @ WwE(D)

= (1 — a)bh(b)

(1—-a)bh(b) =1 —a)(wQ — K)h(b)
wQh(b) < wQh(Q) = wH(Q)
Because IFR function are also IGFR.

Since (1 —a) < 1,wQh(b) < wQh(Q),wQ > K, we have that 1 > (1 — a)bh(b) and as a
consequence, the second term of the left-hand side of the equation is smaller that the first term:

[(1-H@)F(@)] = [(1—a)wb(1—-H(Q)fb)]

(1 -H@)F@] [(1=awb(1-H@)f®)]
(1 — wQh(b)) (1 — wQh(b))

When w increases, at the same time it decreases [(1 — a)wb(l — H(Q))f(b)] and increases

(1 — WQh(b))

[(1-H(@)F(Q)] [A-a)wb(1-H(Q))f(b)]

IS increasing in w, and

(1-wQh(b)) (—woh(®)) increasing in w and
- Kl_a){:ﬁ&&ig;)f ®)] is decreasing in w. The second terms decreases the profit, for the same

wholesale price. Which makes the supplier increasing furthermore the wholesale price.




[(1-H(Q)F(Q)]

For the same equality — ¢ = 0 we now need a higher wholesale price to make

(1-wQh(b))
[(1-H@)F@] _ [A-a)wb(1-H@)FB)] _
(1-wQh(b)) (1-wQh(b))

The result seems logical, since the bankruptcy risk have increased, the supplier prefer now
inducing the retailer to order less, such as to decrease its exposure to bankruptcy. Because now,

the bankruptcy has become more costly.

[wb(1-H(Q))f (b)]
(1-wQh (D))

If we derive with respect to a, we obtain which show the profit is increasing in

the recovery rate. The more the recovery rate, the less the effect of bankruptcy in the profit. The
less the second term of the left hand side is significant. And for the same c, it is now necessary
to give a lower wholesale price to find the optimal expected profit. The supplier does not need

really more downside protection, he induce the retailer to order more via lower price.

16.2. Proof 6.2: Optimal Wholesale price : Supplier

with constraint.

The original problem is
g=L"14+7r%)=(cQ" —K"—K)(1+71°)
b=L"(1+71%%)

,_9.,.499
9 _aidw

d_g’ _c (dQ*) db (WQ*)

dw  a\dw/ dw \dw
We assume set 75, ¢ = 0 for this analysis.

When K° + K" < cq




+

wQ-K"
E[nS(Q*,a,W)]=—KS—Kr+lpf F(x)dx — L5(1 +71%)
0

wQ—Kr_
—KS—Kr+pf F(x)dx

LS
The problem was
b

max —K$ — K" +pf F(x)dx
g

L*+K"'+K°>cq
Now with bankruptcy costs we have.

b

E[n(Q", a,w)] = —K° — K" + lLrjoof(x) dx+aJ xf(x) dx—LSl
b 0

max E[r*(Q", a,w)] = —K* + [(L" - Ls)foof(X) dx + a_[b (x _£>f(X) dx
b %Lgr a
dE[n(Q*'a'WO] d T s ” b ’ s
dw =E[(L —L)jb f(x)dx+aJL_S=gl(x—g)f(x)dx —K

L"'=»b
db\ _ db’ d(gh\ = (dg’
- (E)F(b) —b <dw> fb) - <a< dw >F(b) — 9 <dw>f(b)>
d b
+ W(“ IxF(x)|Z, - LIF(x) de

dg’\ (" | (ab d@\ ., ,
—a<<dw)fi_g,f(x)dx+g l<ﬁ>ﬂb)_< T )f(g)D




db\ _ db’
= (o) Fy —b (E) £(b)
(db
d
d(g")
_<< dw )F

+a

, (9) ,
<)+<d ) 9" -

—<a< (9 )>F(b)— <d‘1g”’>f(b)>

_((
- (@)r-s(

d(g") d(g’'
dw >F(b) _< dw
(( —)bf ()

(g")

Ay,

>F(g’)+g’

)F(b) + ( )bf(b) - F(b))

(&)ro)

(e

()0 -2

= (S)F) ~ - () o) - (—(

(db
d

Finaly, the problem becomes:

() Fo-a- o (G-

) 760) <l

SNF®) ~ - (T ) F®) ~a (@))F( )

) £ @)~ ae (S2) i

[(db d
<%>f(b)—< g )>f( )D
d(g)) =

dw )F(b)>

d(g")
dw

1 Qh(@) - 1 - Qh(Q)
<—[h(Q) - wh(b)]) Fb) = -mb (—[h(Q) - wh(b)]>f (b)
1 —wQh(b) _
T (—w[h«z*) = wh<b>]> Flg)

[w(1 - Qhr(Q)F(b)] -

[(1 = )(b)(1 = Qr(Q))f ()w] = c(1 — wQh(b))a F(g"))

—w[h(Q") — wh(b)]




l[w(l —QMQ)ED)] ~ [~ ) B)(1 - QR@)f W] _ F(g’))l (1 - wQh(b))

(1 — wQh(b))
—w[h(Q*) — wh(wQ — K)]

l[W(l —HQ)FW)] - [A -a)()(1 - H@)f)w]
(1 — wQh(b))
~w[h(Q") — wh(b)]

c(a F(g’))] (1 - wQh(b))

[(A-H@)F@] - [0 -awbf®)1-HQ)] _ |

16.3. Proof 6.3 Concavity Optimal Wholesale Price :

Case with bankruptcy costs.

From Proof 3.3.1, we know that the first term of the nominator is positive. We just need to

prove that the second term (1 — a)wa(b)(l — H(Q)) is positive as well but inferior.

(1-H@)F(@] - [(1 = a)wbf(b)(1 - H(Q))]
(1 — WQh(b))

i sbe(w) = i [
dw dw

d [a-a)wbf(b)(1-H(Q))]
dw (1-wQh(b))

Let derive the second term:

1 /
2|1~ 0~ wbf () (1~ H@)]'y + [~ wbf B)(1 -~ H@)]|
With [(1 — @)wbf(B)(1 = H(Q))] = (1 = &)[(wbf (b)) (1 = H(Q)) + whf (b)(1 —
H(Q))
= (1 - a) [(wb)' () + (wbwQ)'f'(B))) (1 — H(Q)) + whf (b)(—Q"H"(Q))]

We have

%[(1 — a) [((wb) £ () + (wbwQ)'F'(0))) (1 — H(Q)) + wbf (b)(—Q'H'(Q))]| ¥

+ (= (—~w) (h(b) + wQwQY'R' (1)) [(1 — )wbf(B)(1 - H(Q))])]

1
>5[ = @ (@) F®) + (wbwe)' £ (1)) (1 = H@) + whf () (-Q'H' (@)
+ (= (~we) (h(b) + wQwQ)'h' (1)) [(1 — )wbf(B)(1 - H(Q))])]




- ylz[u — a) [(wb)'£(b) + (wbwQ)'f'())) (1 - H(Q))]

+ (1 - a)wbf(b)(—Q'H'(Q))
+ (= (~we) (h(b) + wQwQ)'h' (1)) [(1 — )wbf(B)(1 - H(Q))])]

_ %[(1 — ) [(wbY FB) + (wbwQ@)' ') ) (1 — H(Q))]
+ (1

— whf () (W) (h(b) + wow)' W' (1)) [(1 - H@)|(-Q'H'@)) )]

The first part of the second term is also positive

> 5[4 = @wbre) () (hG) + wowa) ' ®) - 1'@) [(1 - H@)]@))

1
= 5[~ @wbr () ((H'®) + KW ()~ H'@)[(1 ~ H@)]@)))

>0

Now, if we compare both term we obtain

1
v2

" [(1-H@)y+(1-H@)y >

5[ - wbr ) (1 - @)y + [ - wbr ) (1~ H@)]|

- [ - @ (wbr®)a - H@)] v + ' Twbr @)1 - H@))]

(1 - a) [(wb) F(b) + (wb(wQ)'f'(8))) (1 — H(Q)) + wbf (b)(—Q'H'(Q))]

(1-H(Q)) = -Q'H'(Q)

All terms are positive. There still exist a concave relationship between the supplier’s optimal

wholesale price and its profit.




Chapitre 17. APPENDIX 7: Variance of profit:
retailer

17.1. Proof 7.1: Classical Newsvendor variance of profit

_ _ 2
The variance Q?F(Q) + fOQ x2f(x)dx — (fOQ F(x)dx) can be rewritten by some manipulation

as: 20 fOQ F(x)dx — 2 fOQ xF (x)dx — (fOQ F(x)dx)2 (proof 7.1.1)

oVaR(n™) _ (© ¢ ¢ i
r = 2Qf0 F(x)dx — 2[0 xF(x)dx — <f0 F(x)dx)

For %fOQ xF (x)dx , we know that f;—x(u(x)v(x))dx = [u' (x)v(x)dx + [u(x)v'(x)dx

Which gives us [?xF(x)dx = [P F()dx + [ xf ()dx = [ F(x)dx + xF(x)|§ -

[P F(x)dx = QF(Q)

Q Q
zf F(x)dx + 2QF(Q) — [2QF(Q)] — 2 <f F(x)dx> F(Q)
0 0

Q
2(1-F(Q) (f F(x)dx) >0
0

Increasing function
0°VaR(n")

72— =2 ((—f(Q)) ( j QF(x)dx) + (—F(@))F(@)

Q 2
2 (f(o) ( j F(x)dx) +(F) ) <0
0

Concave function

Furthermore from Choi and Chui (2012), the variance can be explore to the infinity as

following.




~ Q Q 2
VaR(r™) = Q*F(Q) + f x2f(x)dx — (f F(x)dx>

Q Q 2
= Q*F(Q) +f x2f(x)dx — (q —j F(x)dx)
0 0

With g — fOQ F(x)dx =q—qF(q) + fOQ xf (x)dx

~ Q Q 2
VaR(n™) = Q2F(Q) + f fo(x>dx—(q—qF(q>+ j xf(x)dx)
0

0

We know furthermore that lim_,c, fOQ x2f(x)dx = E(x*) and limgy_e fOQ xf(x)dx = E(x)
the the demand expectation. limQ_mF(Q) = 0 the demand distribution assumed to be bounded
above, limy,,QF(Q) =0 even if limy,,Q =oo since F(Q) converge faster.
limg o, F(Q) = 1

In conclusion we have

limg_wVar[r"(Q]=0+Ex?) —(q—q+ E(x))2 =Ex*)—-EXx)?=v

17.2. Proof 7.1.1: Retailer VVariance Transformation.

On the basis of Choi and Chui (2012), we know that 7" (Q) = min(x,Q) —cQ = (1 —¢)Q —
Q-7

Q Q 2
Var(min(§, Q) — cQ) = Var(min(¢,Q)) = Q?F(Q) + J x2f(x)dx — <J F(x)dx)
0 0
=Var((1-¢c)Q - (@ —x)*) =Var((Q - x)*)

Q Q 2
= f (Q — x)2dF (x)dx — <f Q — x)dF(x)dx)
0 0

First, we have for the first term

Q
f [Q% — 2xQ + x?]dF (x)dx
0

Q Q Q
= sz f(x)dx—ZQJ. xf(x)dx+f x2f (x)dx




Q Q
= Q2F(Q) - 20 <QF(Q) - f F(x)dx) 1 Q2F(Q) -2 f *F () dx
0 0

Q Q
= ZQ.[; F(x)dx—Z.l; xF (x)dx

The second term,

Q
f (Q — x)dF (x)dx
Q
= QF(Q) —f xdF (x)dx

0

Q
=QF(Q) — <xF(x)|3 —J F(x)dx)

0

= j;QF(x)dx

Finally,

Q Q Q 2
Var[n"(Q)] = ZQJ F(x)dx — ZJ xF (x)dx — <J F(x)dx>
0 0 0

17.3. Proof 7.2: Cash-constrained retailer VVariance

B=wQ -K

Q
E [ ()] = j [x — (wq — K)IdF(x) + j [0 — (wq — K)IdF(x) — K
wQ-K Q

Q
=—K +f F(x)dx
wQ-K

o0}

Q
E [ (q?)] = j [x — (wq — K)2dF(x) + j [0 — (wq — K)PdF(x) — K
wQ-K Q

Q Q
j [x — B]?dF(x) = J [x? — 2xB + B?]f (x)dx
B B

With




Q Q
f x2f(x)dx = xZF(x)|g - Zf xF (x)dx
B B

Q Q
—ZBf xf(x)dx = —2B <xF(x)|g —f F(x)dx)

B B

Q
BZL fx)dx = BZF(x)|g

What gives us

Q Q
x2F(x)|2 - 2] xF(x)dx — 2B <xF(x)|g - j F(x)dx) + B2F(x)|$
B B

Q Q
Q2F(Q) — B2F(B) — zf xF(x)dx — 2BQF(Q) + 2B2F(B) + 23[ F(x)dx + B2F(Q)
B B

— B2F(B)

Q Q
[Q? — 2BQ + B?]F(Q) + [2B? — B> — B?]F(B) + ZBJ F(x)dx — ZJ xF(x)dx
B B

Q Q
[02 — 2BQ + B2]F(Q) + [2B% — B — B2]F(B) + ZBJ F(x)dx — zf xF (x)dx
B B

Q Q

F(x)dx — 2 f xF(x)dx

B

= [Q - BI?F(Q) + 2B j

B

et

oo

f [ — BIdF(x) = f [Q2 — 2B + B2]f(x)dx = [Q — BI2F(Q)
Q Q

Q Q

F(x)dx — 2[ xF (x)dx

B

E [n"(¢?)] = [Q — B]? + 2B f

B

Q Q Q_ 2
VaR [7"(Q)] = [0 — B]? + zBf Fx)dx — 2] XF()dx — (f F(x)dx)

B B B

Where (fBQ F(x)dx) - ((Q —B) - f;1~"(x)dx)2 = (Q-B)?*-2(Q-B) [PF(x)dx +

(fzf F(x)dx)2




That gives us

Q Q
VaR [27(0)] = [0 — B]? + ZBf Fx)dx — zf F (x)dax

B

Q Q 2
—<(Q—B)2—2(Q—B)f F(x)dx+<f F(x)dx))

Q Q Q 2
VaR [7"(Q)] = 2Qf F(x)dx — 2] xF (x)dx — (j F(x)dx)
B

B B

17.4. Proof 7.3 limit Q » oo

lim,,o VaR [1"(g*)] =0

The variance of profit converge to zero when reaching the infinity since lim,_,,wQ — k =

lim,,,Q . Hence, lim,_, (Q — (WQ —k)) =0

However, we observe at first an increase in the variability and then it reach a maximum.

17.5. Proof 7.4. Limit K - 0

Q Q Q_ z
limg_q VaR [n"(g*)] = [Q — 0]* + 2(O)J F(x)dx — ZJ xF (x)dx — <J F(x)dx>
0 0 0

Q Q 2
=0%2-2 F dx — — F d
0 j()x(x)x (Q jo @) x)

Q Q Q 2
=0%2-2 F dx — 22 F d F(x)d
0 fox(x)x (Q Qfo (x)x+(f0 @ x))

Q Q Q 2
= ZQJ;) F(x)dx — ZJ;) xF (x)dx — (fo F(x)dx)




Which is equivalent to the variance of profit for the unconstrained newsvendor.

17.6. Proof 7.5 : Concavity of the variance function.

0B
B=(WQ—K);%=BI=W

2

Q Q Q
VaR [nt"(Q)] = ZQf F(x)dx — 2f xF (x)dx — <f F(x)dx)
B B B

r Q
oVar(m) _ j F(x)dx +2Q[F(Q) — wF(B)] — 2[QF(Q) — wBF (B)]
9Q B
Q
-2 Kj F(x)dx> (F(@) - WF(B))]
B
oVaR(w™)

Q Q
0 - sz F(x)dx — 2(Q — B)WF(B) — 2 KL F(x)dx) (F(Q) - WF(B))]

62 T
%(n) = 2[F(Q) —wF(B)] — 2[(WwF(B) + Qw?f(B)) — (W?F(B) + w?Bf(B))]

2 Q
—2[(F(Q) —wF(B))" + < f F(x)dx) (F(@ —w?f(B))]

We have

0%VaR(m"

Q
-2 l(F(Q) ~wF(B))" + <f F(X)dX> (f(Q) - sz(B)l
B

2 r
Prove that 222200 <
02Q

2[(wF(B) + Qw?f(B)) — (W?F(B) + w2Bf(B))] = 0
Because Qw?f(B) > Bw?f(B), wF(B) > w?F(B) (because w < 1)

Then,

2 Q
2|(F(@Q) —wF(B)) +( f F(x)dx) (f(@ —-w?f(B))|[=0
B




if(f(Q) —w?f(B)) 20
The function is always concave when

2[F(Q) —wF(B)]
< 2[(WF(B) + Qw2f(B)) — (W?F(B) + w2Bf(B))] + 2[(F(Q) — wF(B))"

Q
; ( f F(x)dx) (F(Q) — w2f(B))]
B

There exist a region where this inequality hold, the maximum variance can be found in this

area.

Chapitre 18. APPENDIX 8 CONDITIONAL
VAR

18.1. Proof 8.1 Classic Newsvendor

1 Q Flq
CVaR® = E(f (x —cQ)dF(x)+ (1 — c)Qf f(x)dx>
0 Q
1 Q
2([[ 3are + car @)+ gt - @)1 - cola - re@))
0

Q
é(jo xdF(x) + Qla — F(Q)] — cQa)

dCVaR®
dQ

= —(QF(@ +a~[F(Q) + 0f(Q)] ~ ca) = 0

a—[F(@]—-ca=0

dCVaR“

g =@ F@l-ca=0

Q" =F(a(l-0)

dCVaR*%
= (1-0)0




18.2. Proof 8.2: Supplier problem (without loan)

assuming risk neutral retailer.

Fla b
s = bfb f(x)dx +f0 xdF(x) — cQ

Supplier profit maximization

dms d Fla b
i :E<b fb f0)dx + f xdF(x)—cQ)

d(wQ") Fi@ o, (AwQ") d(wQ") Q"
( i )F( I ( >f(b)+< )bf(b)— (%)
d(wQ") ~1(q) g’
( dw )F(x)lz — ¢ (W)

1-Q"h(Q") ) Fi@ ( [1 - wQh(b(@")] )
<—[h(Q*)—wh(b(Q*))] Ol D\ e — wh(b@)]

w(1 - Q*h(Q" ))F(an @ _ @ +r)(1 - wQh(b(@Q))
wlh(Q") — wh(b(Q"))]

(1-HQ)F@ @w
1—-wQ*h(wQ* — K")

dw —w[h(Q*) — wh(wQ — K7)]

[1—wQ"h(b(Q@"))]
dm?®

—c(1+rf)

FOOIT @ =aq-Fb)=1-F(b)—(1—a)=F(b)— (1 -a)

. o [L=H@Q))(F(Q) —w(1—a))
drs [1 —-wQ h(b(Q ))] 1— WQ*h(WQ* — KT) — C(l + T'f)
dw —w[h(Q*) — wh(wQ — K™)]

Finally we have




(1-HQ)FQ@ -wd - o) _
T—wohwo —k) A +mD

18.3. Proof 8.3: Best response order guantity function

risk averse retailer.

The retailer’s Conditional-Value-at-Risk Objective function:

Q Flq
CVaR® = %(fL (x — L)AF () + (Q — L)fQ f(x)dx)
1 Q
CVaR® = E(f xdF (x) — LF(x)|? + Q[a — F(Q)] — L[a — F(Q)])
1 Q
CVaR* = - <f xdF(x) — L(F(Q) — F(L)) + Q[a — F(Q)] — L[a — F(Q)])

Q
CVaR% = %(f xdF (x) + LF(L) — QF(Q) + (Q — L)a)

L

The problem becomes :

dCVaR* 1 d Q
a0 = EE(L xdF(x) + LF(L) — QF(Q) + (Q —L)a)
We know,
d (¢ d Q
25| e = @(mxnf -| F(x)dx) = QF(Q) - wLf(L)
Then

1
= E(Qf(Q) —wLf(L) + wF(L) + wLf(L) — (F(Q) + Qf(Q)) + (1 — w)a)

1
=—WF(L) = F(Q) + (1 - w)a)

FOC
F@)—wF(L) = (1-w)a

a—FQ)=w(a-F(L))




FQ-Q-a)=w(FL)-(1-a))
FQ-wFL)-(1-w)(1-a)=0

FQ=wFL)+(1-w)(1—-«a)

18.4. Proof 8.4: Risk-neutral supplier problem with

risk-averse (CVaR

GQ"wW) =F(Q@)-wFL)-(1-w)(1-a)=0
Same as before :

aG(Q*,w)
0Q*

= —[f(@" —w?f(b(Q")]

aG(Q*,w)
ow

= —[F(b(@")) —wQf(b(@))]+ (1 —a)

- _ ([F(b(Q*)) —wQf(b(@M)] - (1 - a))

dQ” _ [F(b(Q@) —wef(b(@))] -1 —a)
dw (@) —w2f(b(@")]

ag [T wer(b(@)] -

dw [ _f@)
F(b(@")

F(b(Q ))
—w2h(b(Q"))

Recall: wF(b(Q")) =F(Q)— (1 —w)(1—a)

[1—wQh(b(@"))] - F(b(Q )

dw 09
_l f Q _a) —th(b(Q*))]

Fl@Q-0-w)@

w




[1—-wQhr(b(Q@"))] - F(b(Q )

dQ*
dw "~ 7@ 5
- [F(Q) -1-w)(1-a wh(b(Q" ))]

The revenue,

dwQ dQ-
dw =0 +W<W)
o ([17w0n0@)] -5t ) - 0| D - wreee)

~Fo G e he@))

<[1—th(b(Q )] - F(b(Q“))) Q —WFJC((ZDQ(B*))—wh(b(Q*))l

i0D) )
~[F =G S~ he@))

st ol
F(b(Q") wF(b(Q")
i0D) - )

~[F = e~ he@)

<1 _lef@n+wa - a)D

dwQ* wF(b(Q")
= iGD) 3 *
Fo e~ @)

<[F(Q) ~(1-a1-w)-Qf(@)-—w(l-a) >
wF(b(Q"))
£(@) ,
~[F =& oma—a ~ @)
([F(Q) ~(1-a) - Qf(Q*)D
WF(b(Q*))

) .
TWEFD) A -—w)(d—-a) wh(b(Q ))]

The supplier problem




il e LCCRRN vy

/ (lﬁ(@) -—(l-a)- Qf(Q*)D
WF(b(Q*))

| *
\_ [F(Q) — (];(? 14)1)(1 —a) Wh(b(Q*))]

/ [1 th(b(Q ))] +F(b(Q )) \

—c
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18.5. Proof 8.5: Sign of the best response order

quantities in the context of conditional CVaR.

We verify that ‘;—(‘: <0
—[1 =wQr(b(Q))] + =—= F(b(Q )

f(Q*)
v [F(Q) —1-w(1-a) wh(b(Q" ))]

dQ*

dw

By the increasing failure rate assumption, we know that h(Q) > h(b) > wh(b). Also, it is easy

_ (@) £@9) EeaN (1 B L
to show that h(Q) = Q) < O =) aslongas F(Q) — (1 —w)(1 — a) = 0 whichis

garanteed by the first order conditions F(Q) — (1 — w)(1 — a) = wF(b(Q")).

F(@Q") N
Hence, from h(Q*) — wh(b(Q*)) = 0 we have that ST —wh(b(Q*)) =0

Then, in order to prove that Z—g is still > 0 in the case of CVaR criteria, we need to prove that

. 1-a
—[1 = wQh(b(@"))] + DR 0

~[1 - wQr(b(@"))] + % <
—[F(b(@") —wQf(b(Q))] + (1 - Q) _
F(b(Q")

—(1—F®)-wQf(b(@9))+(1—a)<0

F(b) —wQf(b(Q%)) — a < 0dd




Which is true since a > F(b)
Indeed
GQ W) =F(@Q) -wF(L)—(1-w)(1-a)=0
Rewritten
GQ W) =1-F(@Q) -w(1-F()) - (1-w)(1-a)
1-F(QQ —-w+wFMb)—1+a+w—aw =0
—-F(Q)+wF(b)+a—aw =0
G(Q",w) =F(Q) —wF(b) —(1-w)a=0
Which gives us

_F(Q) —wF(b) __ F(b)—wF(b) _(1—w)F(b)
=, T T 1w T 1o

= F(b)

Chapitre 19. APPENDIX BIS

19.1. Appendix Bis 1

VBA Function: Simpson Approximation for integration (Source)

Function IntegraleSimpson(f As String, a As Double, b As Double, n As Integer) As Double
Dim h As Double

Dim k As Integer

Dim ak0 As Double, ak1 As Double

Dim i As Double

Dim fO As Double, f1 As Double, f2 As Double

h=(b-a)/n

ak0=a




fO = Evaluate("+" & Replace(Replace(f, "xxx", a), ",", "."))

Fork=1Ton

akl=a+k*h

f1 = Evaluate("+" & Replace(Replace(f, "xxx", Replace(ak0 + h /2, ",", ".")), ",", ".")
f2 = Evaluate("+" & Replace(Replace(f, "xxx", Replace(akl, ",", ".")), ",", "."))
izi+fo+4*fl+1f2

fo=12

ak0 = akl

Next

IntegraleSimpson =i*h /6

End Function

19.2. Appendix Bis 2 Variance Concavity

Sensitivity analysis of the variance of profit for the capital constrained retailer.

(There exist a bias resulting from the Simpson approximation for integration. We assume that

395.51 means 400, the variance of the demand.)




K=0

5,00

10,00
15,00
20,00
25,00
30,00
35,00
40,00
45,00
50,00
55,00
60,00
65,00
70,00
75,00
80,00
85,00

90,00

Normal

sd=0,2 p=50 Dist

0,90 0,80 0,70 0,60 0,50 0,40 0,30 0,20 0,10

SOD  Variance SOD Variance SOD  Variance SOD  Variance SOD  Variance SOD  Variance SOD  Variance SOD  Variance SOD  Variance
0,00 0,00 0,00 0,01 0,00 0,02 0,00 0,04 0,00 0,06 0,01 0,08 001 011 001 0,14 0,01 0,17
0,00 0,02 0,00 0,08 0,00 0,16 0,01 0,26 0,01 0,37 0,01 0,50 0,01 0,63 0,01 0,76 0,01 0,88
-0,00 0,08 -0,00 0,28 -0,00 0,56 -0,00 0,90 -0,00 1,26 0,00 1,63 0,00 1,99 0,00 2,33 0,00 2,65
-0,01 0,22 -0,02 0,77 -0,03 1,53 -0,05 2,38 -0,06 3,26 -0,06 4,11 -0,07 4,90 -0,07 5,61 -0,08 6,23
-0,03 0,51 -0,09 1,79 -0,15 3,47 0,21 5,32 0,26 7,15 -0,29 8,86 -0,31 10,36 -0,33 11,64 -0,34 12,69
-0,09 1,04 -0,27 3,59 -0,48 6,92 -0,66 10,49 -0,79 13,93 -0,89 17,00 -0,96 19,61 -1,00 21,72 -1,03 23,37
-0,21 1,87 -0,67 6,45 -1,18 12,39 -1,63 18,68 -1,98 24,60 -2,22 29,75 -2,37 33,96 -2,46 37,22 -2,52 39,63
-0,43 3,01 -1,38 10,46 -2,46 20,17 -3,42 30,40 -4,16 39,92 -4,66 48,02 -4,98 54,44 -5,16 59,22 -5,25 62,59
-0,70 4,38 -2,38 15,43 -4,37 30,08 -6,18 45,59 -7,59 59,98 -8,54 72,05 -9,11 81,38 -9,42 88,09 -9,58 92,60
-0,96 5,78 -3,47 20,84 -6,66 41,32 -9,73 63,36 -12,14 83,91 -13,78 101,04 |-14,75 114,05 |-1525 123,13 |-15,49 128,98
-1,05 6,95 -4,22 25,85 -8,72 52,49 -13,35 81,95 -17,15 109,80 |-19,75 133,08 |-21,27 150,54 |-22,03 162,44 |-22,36 169,82
-0,82 7,66 -4,09 29,54 -9,61 61,90 -15,90 99,03 -21,39 135,00 |-25,26 165,36 |-27,50 188,04 |-28,559 203,19 |-29,03 212,28
-0,19 7,74 -2,66 31,20 -8,42 67,98 -16,12 112,25 -23,46 156,62 -28,86 194,79 -32,02 223,38 -33,51 242,21 -34,07 253,17
0,75 7,20 0,11 30,57 -4,69 69,80 -13,10 119,85 |-22,21 172,29 |-29,36 218,67 |-33,64 253,75 |-3562 276,65 |-36,32 289,65
1,80 6,19 3,80 27,87 1,33 67,23 -6,69 121,06 |-17,22 180,61 |-26,27 235,23 |-31,87 277,26 |-34,44 304,63 |-3529 319,81
2,69 4,94 7,66 23,72 8,73 61,00 2,41 116,21 |-892 181,36 |[-19,90 243,89 |-27,06 293,19 |-30,35 325,38 |[-31,39 342091
3,24 3,67 10,87 18,93 16,19 52,33 12,90 106,50 |1,62 175,36 |-11,23 245,12 |(-20,19 301,88 |-24,36 339,24 |-25,63 359,27
335 2,54 12,86 14,21 22,46 42,63 23,30 93,59 13,08 164,07 |-1,44 240,09 |-12,45 304,36 |-17,70 347,23 |-19,25 369,95
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110,00
115,00
120,00
125,00
130,00
135,00
140,00
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1,40
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0,04
0,02

0,01
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1,01

0,58

0,32

0,16

0,08

0,04

0,02

0,01

0,00

0,00

0,00

13,40
12,67
11,04
8,97
6,85
4,94
3,38

2,20

10,07

6,76

4,31

2,62

1,52

0,85

0,45

0,05

0,03

0,01

26,69
28,55
28,22
26,17
22,99
19,27
15,49
11,97
8,92

6,42

4,46

3,00

33,11
24,61
17,56

12,08

0,66
0,37

0,20

32,35

39,23

43,61

45,53

45,27

43,25

39,92

35,72

31,06

26,28

21,66

17,39

79,22
64,84
51,48
39,78
29,98
22,07
15,90
11,21
7,75

5,26

3,49

2,28

24,29

34,39

42,95

49,79

54,92

58,40

60,30
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59,81
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54,51
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149,24

132,49

115,16

98,25

82,42

68,06

55,37

44,40

35,10

27,36

21,03

15,94

8,44

17,75
26,23
33,87
40,80
47,15
52,98
58,28
62,97
66,97
70,17

72,48
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217,20
202,04
185,77
169,09
152,47
136,28
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106,06
92,36

79,72

68,21

-4,85
2,00

7,91

13,01
17,56
21,84
26,07
30,38
34,84
39,46
44,21

49,05

301,99
296,08
287,73
277,74
266,67
254,87
242,57
229,93
217,06
204,06
191,02

178,05

11,41
-6,12
2,02

0,99

4,93
6,40
7,79
9,22
10,75
12,41

14,22

350,68
350,91
348,97
345,64
341,42
336,60
331,36
325,76
319,85
313,65
307,18

300,43

-13,32

-8,47

-4,91

-2,53

-1,05

-0,18

0,31

0,60

0,80

0,97

1,12

1,28

376,29
379,60
380,97
381,17
380,71
379,89
378,87
377,74
376,54
375,27
373,94

372,55




K=30

5,00

10,00

15,00

20,00

25,00

30,00

35,00

40,00

45,00

50,00

55,00

60,00

65,00

70,00

75,00

80,00

85,00

90,00

95,00

100,00

105,00

Normal

sd=0,2 u=50 Dist

0,90 0,80 0,70 0,60 0,50 0,40 0,30 0,20 0,10

SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance
0,00 0,20 0,00 0,20 0,00 0,20 0,00 0,20 0,01 0,20 0,01 0,20 0,01 0,20 0,01 0,20 0,01 0,20
0,00 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01
-0,01 2,94 -0,01 2,94 -0,01 2,94 -0,01 2,94 -0,00 2,94 -0,00 2,94 -0,00 2,94 -0,00 2,94 0,00 2,94
-0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76
-0,34 13,54 -0,34 13,54 -0,34 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54
-1,00 24,61 -1,01 24,61 -1,02 24,61 -1,03 24,61 -1,04 24,61 -1,04 24,61 -1,04 24,61 -1,05 24,61 -1,05 24,61
2,42 40,69 2,47 41,34 2,49 41,34 -2,50 41,34 2,52 41,34 2,53 41,34 2,54 41,34 2,54 41,34 -2,55 41,34
-4,83 61,06 -5,09 63,83 -5,19 64,84 -5,22 64,84 -5,24 64,84 -5,27 64,84 -5,28 64,84 -5,29 64,84 -5,30 64,84
-8,35 86,12 -9,03 91,31 -9,40 94,66 L)l 95,46 -9,55 95,46 -9,59 95,46 -9,62 95,46 -9,64 95,46 -9,65 95,46
12,47 114,05 14,05 _ 123,13 14,92 128,98 15,35 132,49 15,42 132,49 15,48 132,49 15,53 132,49 15,56 132,49 15,58 132,49
15,92 141,75 19,17 - 156,59 21,01 166,27 21,93 172,05 22,24 174,02 22,33 174,02 22,40 174,02 22,45 174,02 22,48 174,02
16,71 165,36 22,68 _ 188,04 26,23 203,19 28,03 212,28 28,83 217,20 28,96 217,20 29,06 217,20 29,13 217,20 29,17 217,20
12,72 - 181,13 22,55 - 213,59 28,79 236,03 32,08 249,72 33,55 257,13 33,93 258,84 | 34,07 258,84 34,16 258,84 34,22 258,84
-2,50 186,47 17,03 _ 229,96 27,11 261,48 32,71 281,24 35,25 292,01 36,08 296,08 36,26 296,08 36,39 296,08 36,47 296,08
13,91 180,61 -5,27 235,23 20,27 277,26 29,20 304,63 33,38 319,81 34,95 327,01 35,18 327,01 35,35 327,01 35,45 327,01
34,71 164,81 12,32 229,18 -8,26 282,45 21,63 318,88 28,21 339,63 30,71 349,52 31,21 350,91 31,42 350,91 31,55 350,91
56,72 141,88 34,13 213,17 8,18 277,42 10,73 324,10 20,62 351,64 24,47 364,93 25,37 368,09 25,63 368,09 25,79 368,09
76,20 115,41 57,74 189,70 27,80 263,53 2,57 321,16 11,68 356,74 17,42 374,24 18,91 379,60 19,23 379,60 19,42 379,60
89,98 88,85 80,40 161,81 | 49,21 242,74 17,46 311,36 | -2,24 356,10 10,57 378,72 12,90 386,81 13,27 386,81 13,50 386,81
96,18 64,84 99,54 132,49 71,01 217,20 | 33,41 296,08 7,24 350,91 -4,46 379,60 |[-7,98 391,02 -8,41 391,02 -8,67 391,02
94,59 44,92 113,17 104,25 91,88 189,03 50,16 276,60 16,75 342,12 0,77 377,89 -4,16 392,31 |-4,85 393,33 -5,15 393,33
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86,47

73,94

59,43
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8,57
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6,36
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47,13
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346,60

336,77

325,78

313,66

300,43

-1,44
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9,28

11,56
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388,07

385,80

383,13

380,06

376,54
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-2,46

-1,00

-0,15

0,32

0,59

0,74

0,86

0,95

1,04

394,51

395,08

395,34
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395,49

395,50

395,51

395,51

395,51

-2,81

-1,39

-0,59

-0,17

0,04
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K=50

10

15

20

25

30

35

40

45

50

55

60

65

70

75
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100

105

110

115

Normal

sd=0,2 u=50 Dist

0,9 0,8
SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance  SOD Variance
0,00 0,20 0,00 0,20 0,00 0,20 0,00 0,20 0,01 0,20 0,01 0,20 0,01 0,20 0,01 0,20 0,01 0,20
0,00 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01 0,01 1,01
-0,01 2,94 -0,01 2,94 -0,01 2,94 -0,01 2,94 -0,00 2,94 -0,00 2,94 -0,00 2,94 -0,00 2,94 0,00 2,94
-0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76 -0,08 6,76
-0,34 13,54 -0,34 13,54 -0,34 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54 -0,35 13,54
-1,00 24,61 -1,01 24,61 -1,02 24,61 -1,03 24,61 -1,04 24,61 -1,04 24,61 -1,04 24,61 -1,05 24,61 -1,05 24,61
-2,45 41,34 -2,47 41,34 -2,49 41,34 -2,50 41,34 -2,52 41,34 -2,53 41,34 -2,54 41,34 -2,54 41,34 -2,55 41,34
-5,11 64,84 -5,15 64,84 -5,19 64,84 -5,22 64,84 -5,24 64,84 -5,27 64,84 -5,28 64,84 -5,29 64,84 -5,30 64,84
-9,33 95,46 -9,39 95,46 -9,46 95,46 -9,51 95,46 -9,55 95,46 -9,59 95,46 -9,62 95,46 -9,64 95,46 -9,65 95,46
-15,06 132,49 -15,17 132,49 -15,27 132,49 -15,35 132,49 -15,42 132,49 -15,48 132,49 -15,53 132,49 -15,56 132,49 -15,58 132,49
-21,69 174,02 -21,86 174,02 -22,01 174,02 -22,13 174,02 -22,24 174,02 -22,33 174,02 -22,40 174,02 -22,45 174,02 -22,48 174,02
-27,26 214,29 -28,28 217,20 -28,49 217,20 -28,67 217,20 -28,83 217,20 -28,96 217,20 -29,06 217,20 -29,13 217,20 -29,17 217,20
-29,88 250,48 -32,62 257,51 -33,29 258,84 -33,54 258,84 -33,76 258,84 -33,93 258,84 -34,07 258,84 -34,16 258,84 -34,22 258,84
-27,54 279,04 -33,04 290,89 -35,23 296,08 -35,56 296,08 -35,85 296,08 -36,08 296,08 -36,26 296,08 -36,39 296,08 -36,47 296,08
-18,60 297,05 -28,71 315,85 -33,23 325,24 -34,28 327,01 -34,65 327,01 -34,95 327,01 -35,18 327,01 -35,35 327,01 -35,45 327,01
-2,21 302,83 =19/23 330,95 -27,35 345,59 -30,07 350,91 -30,53 350,91 -30,91 350,91 -31,21 350,91 -31,42 350,91 -31,55 350,91
21,63 296,17 -4,70 335,84 -18,32 357,62 -23,72 367,43 -24,54 368,09 -25,01 368,09 -25,37 368,09 -25,63 368,09 -25,79 368,09
51,90 278,13 14,59 330,95 -6,81 361,93 -15,82 376,44 -17,91 379,60 -18,48 379,60 -18,91 379,60 -19,23 379,60 -19,42 379,60
86,60 250,86 38,29 317,27 6,78 359,40 -7,52 380,15 -11,71 386,81 -12,38 386,81 -12,90 386,81 -13,27 386,81 -13,50 386,81
122,66 217,20 65,98 296,08 22,50 350,91 0,88 379,60 -6,59 391,02 -7,37 391,02 -7,98 391,02 -8,41 391,02 -8,67 391,02
156,21 180,38 96,85 268,92 40,75 337,20 9,58 375,60 -1,84 391,52 -3,64 393,33 -4,34 393,33 -4,85 393,33 -5,15 393,33
183,11 143,52 129,46 237,49 62,00 318,88 19,16 368,61 2,27 390,29 -1,09 394,51 -1,89 394,51 -2,46 394,51 -2,81 394,51
199,77 109,29 161,57 203,66 86,48 296,55 30,35 358,87 6,22 387,71 0,56 395,08 -0,35 395,08 -1,00 395,08 -1,39 395,08
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395,51

395,51

395,51

-0,15

0,32

0,59

0,74

0,86

0,95

395,34
395,44
395,49
395,50
395,51
395,51

395,51

-0,59

-0,17

0,04

0,15

0,20

0,23

0,26

395,34
395,44
395,49
395,50
395,51
395,51

395,51

Appendix Bis 3 Comparaison Optimum Variance and Expected Value




K=0

5,00

10,00
15,00
20,00
25,00
30,00
35,00
40,00
45,00
50,00
55,00
60,00

65,00

Normal

sd=0,2 u=50 Dist

0,90 0,80 0,70 0,60 0,50 0,40 0,30 0,20 0,10

Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation
0,02 0,98 0,08 1,96 0,16 2,94 0,26 3,93 0,37 4,91 0,50 5,90 0,63 6,89 0,76 7,88 0,88 8,88
0,22 1,88 0,77 3,78 1,53 5,70 2,38 7,63 3,26 9,58 4,11 11,54 4,90 13,51 5,61 15,49 6,23 17,47
1,04 2,58 3,59 5,24 6,92 7,99 10,49 10,80 13,93 13,66 17,00 16,55 19,61 19,48 21,72 22,43 23,37 25,40
3,01 2,90 10,46 6,05 20,17 9,42 30,40 12,95 39,92 16,63 48,02 20,41 54,44 24,27 59,22 28,17 62,59 32,12
5,78 2,75 20,84 5,98 41,32 9,64 63,36 13,69 83,91 18,03 101,04 22,61 114,05 27,34 123,13 32,19 128,98 37,11
7,66 2,18 29,54 5,06 61,90 8,65 99,03 12,90 135,00 17,71 165,36 22,95 188,04 28,51 203,19 34,27 212,28 40,14
7,20 1,44 30,57 3,67 69,80 6,82 119,85 10,94 172,29 15,96 218,67 21,71 253,75 27,99 276,65 34,62 289,65 41,45
4,94 0,79 23,72 2,27 61,00 4,75 116,21 8,43 181,36 13,37 243,89 19,42 293,19 26,32 325,38 33,78 342,91 41,54
2,54 0,35 14,21 1,20 42,63 2,94 93,59 5,97 164,07 10,56 240,09 16,69 304,36 24,07 347,23 32,30 369,95 40,98
1,01 0,13 6,76 0,55 24,61 1,63 64,84 3,92 132,49 7,94 217,20 13,92 296,08 21,63 350,91 30,55 379,60 40,13
0,32 0,04 2,62 0,21 12,08 0,81 39,78 2,40 98,25 5,72 185,77 11,33 277,74 19,19 345,64 28,73 381,17 39,19
0,08 0,01 0,85 0,07 5,16 0,36 22,07 1,37 68,06 3,95 152,47 9,02 254,87 16,86 336,60 26,91 379,89 38,22
0,02 0,00 0,23 0,02 1,96 0,15 11,21 0,73 44,40 2,62 120,75 7,02 229,93 14,66 325,76 25,12 377,74 37,25




70,00
75,00
80,00
85,00
90,00
95,00
100,00
105,00
110,00
115,00
120,00
125,00
130,00
135,00
140,00
145,00

150,00

0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

-0,00

0,00

0,00

0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

0,05
0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

0,00

-0,00

0,00

-0,00

0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

0,66
0,20
0,06
0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

0,05
0,02
0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

5,26
2,28
0,92
0,34
0,12
0,04
0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

0,37
0,17
0,07
0,03
0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

27,36
15,94
8,30
4,60
2,28
1,07
0,48
0,20
0,08
0,03
0,01
0,00
0,00
0,00
0,00
0,00

0,00

1,67
1,01
0,59
0,32
0,17
0,08
0,04
0,02
0,01
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

92,36
68,21
48,61
33,43
22,19
14,22
8,80
5,26
3,04
1,70
0,92
0,48
0,24
0,12
0,06
0,03

0,01

5,34
3,96
2,86
2,01
1,37
0,91
0,59
0,37
0,22
0,13
0,07
0,04
0,02
0,01
0,01
0,00

0,00

204,06
178,05
152,63
128,45
106,07
85,90
68,21
53,09
40,50
30,28
22,19
15,94
11,23
7,76
5,26
3,49

2,28

12,61
10,73
9,02
7,49
6,14
4,96

3,96

1,83
1,37
1,01
0,73
0,52
0,37
0,25

0,17

313,65
300,43
286,19
271,01
255,04
238,44
221,38
204,06
186,69
169,48
152,63
136,34
120,77
106,07
92,36

79,72

68,21

23,37
21,67
20,01
18,40
16,86
15,37
13,96
12,61
11,34
10,14
9,02
7,98
7,02
6,14
5,34
4,61

3,96

375,27
372,55
369,60
366,42
362,99
359,30
355,35
351,13
346,63
341,84
336,78
331,42
325,78
319,86
313,66
307,18

300,44

36,29
35,32
34,37
33,41
32,46
31,52
30,59
29,66
28,73
27,82
26,91
26,01
25,12
24,24
23,37
22,51

21,67







K=30

5,00

10,00
15,00
20,00
25,00
30,00
35,00
40,00
45,00
50,00
55,00
60,00
65,00
70,00
75,00
80,00
85,00

90,00

Normal

sd=0,2 p=50 Dist

0,90 0,80 0,70 0,60 0,50 0,40 0,30 0,20 0,10

Varianc Expectatio Varianc Expectatio Varianc Expectatio Varianc Expectatio Varianc Expectatio Varianc Expectatio Varianc Expectatio Varianc Expectatio Varianc Expectatio
e n e n e n e n e n e n e n e n e n
1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87
6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45
24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37
61,06 30,14 63,83 34,10 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08
114,05 27,34 123,13 32,19 128,98 37,11 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06
165,36 22,95 188,04 28,51 203,19 34,27 212,28 40,14 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08
186,47 17,53 229,96 23,46 261,48 29,86 281,24 36,55 292,01 43,42 296,08 48,37 296,08 48,37 296,08 48,37 296,08 48,37
164,81 12,02 229,18 17,82 282,45 24,54 318,88 31,88 339,63 39,58 349,52 47,47 350,91 49,45 350,91 49,45 350,91 49,45
115,41 7,32 189,70 12,44 263,53 19,03 321,16 26,74 356,74 35,15 374,24 43,93 379,60 49,87 379,60 49,87 379,60 49,87
64,84 3,92 132,49 7,94 217,20 13,92 296,08 21,63 350,91 30,55 379,60 40,13 391,02 50,00 391,02 50,00 391,02 50,00
29,60 1,82 7891 4,60 160,10 9,56 254,09 16,85 330,44 26,00 374,27 36,28 392,27 47,06 394,51 50,03 394,51 50,03
11,12 0,73 40,36 2,40 105,92 6,14 203,89 12,61 300,26 21,67 362,82 32,46 389,95 44,10 395,34 50,04 395,34 50,04
3,48 0,25 17,82 1,12 62,86 3,66 152,61 9,02 263,09 17,62 346,60 28,73 385,80 41,15 395,49 50,04 395,49 50,04
0,91 0,07 6,83 0,46 33,43 2,01 106,07 6,14 221,37 13,96 325,78 25,12 380,06 38,22 395,51 50,04 395,51 50,04
0,20 0,02 2,28 0,17 15,94 1,01 68,21 3,96 178,05 10,73 300,43 21,67 372,55 35,32 395,51 50,04 395,51 50,04
0,04 0,00 0,66 0,05 6,83 0,46 40,50 2,40 136,34 7,98 271,01 18,40 362,99 32,46 394,11 48,05 395,51 50,04
0,01 0,00 0,17 0,02 2,63 0,19 22,19 1,37 99,09 5,73 238,44 15,37 351,13 29,66 392,34 46,07 395,51 50,04
0,00 0,00 0,04 0,00 0,92 0,07 11,23 0,73 68,21 3,96 204,06 12,61 336,78 26,91 390,13 44,10 395,51 50,04




95,00

100,0

105,0

110,0

115,0

120,0

125,0

130,0

135,0

140,0

145,0

150,0

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

-0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,01

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,29

0,08

0,02

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,02

0,01

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

5,26

2,28

0,92

0,34

0,12

0,04

0,01

0,00

0,00

0,00

0,00

0,00

0,37

0,17

0,07

0,03

0,01

0,00

0,00

0,00

0,00

0,00

0,00

0,00

44,42

27,36

15,94

8,80

4,60

2,28

1,07

0,48

0,20

0,08

0,03

0,01

2,62

1,67

1,01

0,59

0,32

0,17

0,08

0,04

0,02

0,01

0,00

0,00

169,48

136,34

106,07

79,72

57,84

40,50

27,36

17,84

11,23

6,83

4,01

10,14

7,98

6,14

4,61

3,37

0,73

0,46

0,29

0,17

319,86

300,44

278,71

255,04

229,95

204,06

178,05

152,63

128,45

106,07

85,90

68,21

24,24

21,67

19,20

16,86

14,66

12,61

10,73

9,02

7,49

6,14

4,96

3,96

387,40

384,08

380,06

375,27

369,60

362,99

355,35

346,63

336,78

325,78

313,66

300,44

42,13

40,17

38,22

36,29

34,37

32,46

30,59

28,73

26,91

25,12

23,37

21,67

395,51

395,51

395,51

395,51

395,51

395,51

395,51

395,51

395,51

395,51

395,51

395,51

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04




Normal

K=50 sd=0,2 u=50 Dist

w 0,9 0,8 0,7 0,6 0,5 0,4 0,3 0,2 0,1

Q Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation Variance Expectation

5|1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87 1,01 9,87

10| 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45 6,76 19,45
15| 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37 24,61 28,37
20 | 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08 64,84 36,08
251132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06 132,49 42,06
30 (214,29 42,12 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08 217,20 46,08
35(279,04 35,59 290,89 42,43 296,08 48,37 296,08 48,37 296,08 48,37 296,08 48,37 296,08 48,37 296,08 48,37 296,08 48,37
40 (302,83 28,15 330,95 35,70 345,59 43,51 350,91 49,45 350,91 49,45 350,91 49,45 350,91 49,45 350,91 49,45 350,91 49,45
45 (278,13 20,66 330,95 28,56 361,93 37,08 376,44 45,90 379,60 49,87 379,60 49,87 379,60 49,87 379,60 49,87 379,60 49,87
50 (217,20 13,92 296,08 21,63 350,91 30,55 379,60 40,13 391,02 50,00 391,02 50,00 391,02 50,00 391,02 50,00 391,02 50,00
55|143,52 8,48 237,49 15,37 318,88 24,23 368,61 34,36 390,29 45,08 394,51 50,03 394,51 50,03 394,51 50,03 394,51 50,03
60 | 79,57 4,61 169,32 10,14 270,84 18,40 346,45 28,73 383,90 40,17 395,34 50,04 395,34 50,04 395,34 50,04 395,34 50,04
65 | 36,82 2,20 106,05 6,14 212,71 13,27 313,63 23,37 372,53 35,32 394,08 48,05 395,49 50,04 395,49 50,04 395,49 50,04
70 | 14,21 0,91 57,84 3,37 152,63 9,02 271,01 18,40 355,35 30,59 390,13 44,10 395,51 50,04 395,51 50,04 395,51 50,04
75 | 4,60 0,32 27,36 1,67 99,09 5,73 221,38 13,96 331,42 26,01 384,08 40,17 395,51 50,04 395,51 50,04 395,51 50,04
80 | 1,25 0,10 11,23 0,73 57,84 3,37 169,48 10,14 300,44 21,67 375,27 36,29 395,51 50,04 395,51 50,04 395,51 50,04
850,29 0,02 4,01 0,29 30,28 1,83 120,77 7,02 263,12 17,62 362,99 32,46 394,85 49,05 395,51 50,04 395,51 50,04




90

95

100

105

110

115

120

125

130

135

140

145

150

0,06
0,01
0,00
0,00
0,00
0,00
0,00
0,00

0,00

-0,00

-0,00

0,01

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

1,25
0,34
0,08
0,02
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00

0,10

0,03

0,01

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

0,00

14,22

6,00

2,28

0,78

0,24

0,07

0,02

0,00

0,00

0,00

0,00

0,00

0,00

0,91
0,41
0,17
0,06
0,02
0,01
0,00
0,00
0,00
0,00
0,00
0,00

0,00

79,72
48,61
27,36
14,22
6,83

3,04

0,48

0,17

0,06

0,02

0,00

0,00

4,61

2,86

1,67

0,91

0,46

0,22

0,10

0,04

0,02

0,01

0,00

0,00

0,00

221,38

178,05

136,34

99,09

68,21

44,42

27,36

15,94

8,80

4,60

2,28

1,07

0,48

13,96

10,73

7,98

5,73

3,96

2,62

1,67

1,01

0,59

0,32

0,17

0,08

0,04

346,63

325,78

300,44

271,01

238,44

204,06

169,48

136,34

106,07

79,72

57,84

40,50

27,36

28,73

25,12

21,67

18,40

15,37

12,61

10,14

7,98

6,14

4,61

3,37

2,40

1,67

392,34

388,84

384,08

377,77

369,60

359,30

346,63

331,42

313,66

293,43

271,01

246,81

221,38

46,07
43,11
40,17
37,25
34,37
31,52
28,73
26,01
23,37
20,83
18,40
16,11

13,96

395,51
395,51
395,51
395,51
395,51
395,51
395,51
395,51
394,11
392,34
390,13
387,40

384,08

50,04
50,04
50,04
50,04
50,04
50,04
50,04
50,04
48,05
46,07
44,10
42,13

40,17

395,51
395,51
395,51
395,51
395,51
395,51
395,51
395,51
395,51
395,51
395,51
395,51

395,51

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

50,04

19.4.

Coefficient of Variation of Profit vs Wholesale Price (Retailer)
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Coefficient of variation of profit(u=50; sd=20; K=20)
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BENEFITS

e |t transfers the payment risk to the trade credit insurers, whose credit expertise,
diversification of risk and financial strength enable them to assume these risks;

e It provides insured suppliers with access to professional credit risk expertise and related
advice;

e |t can help prevent insured suppliers from suffering liquidity shortages or insolvency due to
delayed or non-payments;

¢ |t reduces earnings volatility of insured suppliers by protecting a significant portion of their
assets against risk of loss;

e |t facilitates the access by insured suppliers to receivables financing and improved credit
terms from lending institutions, some of which will insist on trade credit insurance
before providing financing;

e |t enables insured suppliers to extend credit to customers rather than requiring payment in
advance or on delivery, or requiring security such as a letter of credit, thus allowing the
supplier to effectively compete in a global marketplace where many buyers only buy on credit;
and

e Allows insured suppliers to move up the value chain and accept direct buyer risk, thus cutting
out the wholesaler or auction house.

Jones, P. (2010). Trade Credit Insurance (Primer Series on Insurance issue 15). Worldbank,
Washington DC
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