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Introduction

“No one has yet discovered any warlike purpose to be served by the
theory of numbers or relativity, and it seems unlikely that anyone will
do so for many years.

G.H. Hardy – A Mathematician’s Apology (1941)

In this master’s thesis, we study the Černý conjecture and some related prob-
lems. We would do well to first consider here what value there is in this pursuit,
aside from the purely personal value one derives from the satisfaction of one’s
intellectual curiosity.

In the case of most master theses in applied mathematics, one starts with a
concrete, practical problem, the resolution of which requires the application of
non-trivial mathematics, and finally the value of the work likes quite simply in the
solution provided. In our case however, the situation is quite different. We consider
the Černý conjecture to be inherently worthy of study for its own sake, as prosecut-
ing this research is likely to provide important insights into the foundational notion
of synchronization. Applications will then follow as they always do1, and some of
them are detailed in the following chapter. Indeed in the course of our research
we shall develop new algorithms for solving synchronization problems (amongst
others) that seem to improve on at least one of the best known algorithms in the
case studied. Algorithms of the sort are of practical importance in robotics and
communications systems.

Although the theory of finite state automata goes back to the dawn of the
computing era, and Černý’s elegant conjecture on synchronizing automata was
first proposed in 1964, the conjecture has remained open to this day, despite
considerable efforts on the part of the mathematical community. What is most
surprising about this situation is that the conjecture is extremely simple, easily

1The Hardy quote in the epigraph predates the Manhattan Project – which would have been
impossible were it not for the prior development of relativity theory – by only a few years. The
question of whether this particular practical application was of any value is best left aside.
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understandable by the average layman, yet mathematicians so far have failed
to crack the problem. It is, in that way reminiscent of some the most enticing
problems in mathematics, like the Goldbach Conjecture and the Collatz Conjecture.

By contrast, the theory of primitive sets of matrices is quite recent, indeed most
of the results of this theory that we shall be exploring are not more than a few years
old. In light of some of these results, it seems clear that the theory of primitive
matrix sets is quite closely related to the theory of synchronizing automata. We
shall therefore study problems quite similar to Černý’s in this framework to see if
this approach yields fruitful results.

Approaching the problem from this angle allows us to utilize the tools of
automata theory, linear algebra, graph theory and combinatorics to explore a
challenging research problem in applied mathematics/theoretical computer science.

The general structure of our thesis is as follows.

• Chapter 1 gives a survey of the literature concerning the theory of synchro-
nizing automata and primitive sets of matrices. It also defines some of the
notions/problems we shall explore in greater detail in the following sections,
in particular the k-RT (k-Rendezvous-Time) of a primitive matrix set.

• Chapter 2 introduces the notations we shall employ in our presentation,
and some simple lemmas that shall be used extensively throughout this
manuscript.

• Chapter 3 consists of a theoretical analysis of the k-RT of NZ primitive
sets. Several functions providing upper bounds on the k-RT are derived and
compared in this section. Surprisingly, we show that the k-RT of an NZ
primitive set is bounded by a linear function of the matrix size n for large n.

• Chapter 4 presents the results of our analysis of an algorithm that was recently
proposed for the random generation of slowly synchronizing automata/NZ
primitive sets with large exponents. We present arguments that the au-
tomata/matrix sets generated by this algorithm will all belong to a certain
restricted class of automata/matrix sets with high probability.

• Chapter 5 introduces a heuristic algorithm that we developed for approx-
imating the k-RT and the exponent of NZ primitive sets, notably those
produced by the algorithm studied in the preceding chapter. We compare
the performance of our new heuristic to a generalization of the well-known
Eppstein heuristic.
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Chapter 1

Literature review

1.1 Synchronizing automata and the Černý con-
jecture

The theory of automata grew naturally out of the theory of computation during
the early 20th century when automata were defined as mathematical models of
computing machines in order to facilitate a more abstract analysis of their prop-
erties. They were initially defined in more than one way. Some of the pioneering
seminal works in this domain were the classic papers by Pitts and McCulloch [27],
and Kleene [23] on nerve-nets, wherein they study the neurophysiological basis
of mental computation and related mathematical problems1. Building on their
work, Rabin and Scott introduced their definition of finite automata in [30] as a
more realistic model of computing machines than Turing machines. The latter were
introduced by Turing in his classic paper [45].

Since then, the theory of automata has found diverse applications not only
in the study of neurophysiological processes and computability theory, but also
among various other fields of mathematics, science and engineering such as formal
linguistics [12], robotics [29] and logic [10].

For the scope of this thesis, we shall restrict our attention mainly to complete,
deterministic, finite state automata which we introduce here below.

Definition 1. A (complete, deterministic, finite state) automaton is a triplet
A “ xQ,Σ, δy where Q “ tq1, . . . , qnu is a finite set of states, Σ “ ta1, . . . , amu is
a finite set of input symbols (the letters of the automaton) and δ : Qˆ Σ Ñ Q is

1Also, in the case of Pitts and McCulloch, distinctly philosophical problems.
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the transition function. Let i1, i2, ..., il P t1, ...,mu, then w “ ai1ai2 ...ail is called a
word (of length l) and we define δpq, wq “ δpδpq, ai1ai2 ...ail´1q, ailq.

Remark 1. The automaton A can be equivalently represented by the set of bi-
nary2, row-stochastic3 matrices tA1, . . . , Amu where, for all i “ 1, . . . ,m and
l, k “ 1, . . . , n, pAiqlk “ 1 if δpql, aiq “ qk, pAiqlk “ 0 otherwise. This matrix
representation will be used to show the connection between synchronizing automata
and primitive matrix sets (see section 1.4).

Synchronizing automata were explicitly defined for the first time in 1964, in
Černý’s famous paper [46] (although they were called directable automata at the
time). For an automaton representing a certain system, its synchronizability
captures the idea of the possibility of driving the system to a given state, without
knowing its initial state. This problem arises in many applied domains: for example
the automatic orientation of mechanical parts for manufacturing and assembly
([29]), the synchronization of molecular automata in biocomputing applications
(see [6, 49]) or resilient data compression (see [38]). Some of the notions and
results were re-invented independently a few times, for example in [26, 43]. For an
overview of the history of synchronizing automata, see [49]. The formal definition
of synchronizing automata is as follows:

Definition 2. An automaton is synchronizing if and only if it admits a word w,
called a synchronizing word (or a reset word), and a state q such that δpq1, wq “ q
for any state q1 P Q. The reset threshold of an automaton A, denoted by rtpAq, is
the length of the shortest reset word of the automaton.

We illustrate the notion of synchronization by showing its applicability to a
recent development in computing: biocomputing. In recent times, the possibility
has emerged of solving difficult computational problems that resist conventional
methods by exploiting molecular computers. The latter are notable because of
their excellent energy efficiency, high information density and parallelism, and have
been put to use to solve NP-Hard problems with large number of variables, see for
example [9] wherein the authors present their method of solving a 3-SAT problem
in 20 variables. In a recent paper, [6], Benenson et al present a method of using
DNA molecules as input data/fuel to molecular computers to solve computational
problems. The molecular computer that they developed can be modeled by a
unidirectional read-only Turing machine which in turn can be represented by a
finite state automaton, as explained below.

2A matrix is binary if each entry is either zero or 1.
3A matrix is row stochastic if the entries in each row sum to 1.
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A finite automaton can be seen as a unidirectional read-only Turing machine
whose input is a finite string of symbols. The Turing machine starts with a starting
input symbol and an initial state. Initially, we first read the leftmost input symbol,
in a default initial state. Each transition moves one symbol to the right, possibly
changing its internal state. The Turing machine needs transition rules: given a
current state and symbol, the transition rule specifies the next state. After the
last input symbol is read, the final state is the output of the system, some of
these states being said to be accepting. We say that the automaton representing
such a machine accepts an input if, starting from the initial state and following
the transitions dictated by the input symbols it ends in an accepting final state.
These automata can then be “programmed” by choosing the transition rules and
accepting states adequately.

The Figure 1.1 shows an example of a automaton with an initial state, and one
accepted state. For example, we can easily verify that the input sequence abba is
accepted, since, starting from the initial state 1, if we apply the input sequence, we
end up at an accepted state (in this case, 1).

1start 2

a

b b

a

Figure 1.1: Finite automaton with an initial state, and one accepted state. The
transition rules are represented by the labeled arrows. A double circle represents
an accepting state.

In their experiment, Benenson et al. produced a solution containing 3ˆ 1012

identical molecular automata per micro litre which work in parallel on different
inputs. Once a computation has been completed, and these automata are in
their various output states, if we want to perform a new computation, we need to
synchronize them, that is to say bring them all to the initial state, by adding to
the solution sufficiently many copies of a DNA molecule whose nucleotide sequence
encodes a reset word.

Although the problem of determining whether an automaton is synchronizing
can be solved in polynomial time (see e.g. [49]), computing its reset threshold is an
NP-hard problem [13]. However, this does not exclude the possibility of finding
a theoretical upper bound on the reset threshold of an arbitrary synchronizing
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automaton. In his paper [46], Černý presented a family of n-state automata for
n ą 2 with a reset threshold of pn´ 1q2, and stated his famous conjecture:

Conjecture 1 (The Černý Conjecture [46]). The reset threshold of any synchro-
nizing automaton on n states is at most pn´ 1q2.

Clearly, if the conjecture is true then this bound can not be further improved
given the existence of Černý’s family of automata. The conjecture has remained
open to this date, though it has been shown to be true for certain classes of
automata (see [21, 41, 48]). So far the best known asymptotic upper bound on the
reset threshold of an arbitrary synchronizing automaton is Szykula’s cubic bound
of p85059n3` 90024n2` 196504n´ 10648q{511104, where n is the number of states
of the automaton. This bound slightly improves previous cubic bounds [32, 14].

Informally speaking, the reset threshold of an n-state synchronizing automaton
gives the length of the shortest word that maps all n states to the same output
state. It seems natural to investigate the more general problem of bounding the
k-rendezvous time (k-RT) of a synchronizing automaton A (written rtkpAq) which
is defined as the length of the shortest word that maps k distinct states of the
automaton to the same output state. So far the only known bound on the k-RT
(outside of the trivial4 results for k “ 1 and k “ 2) is the quadratic bound on the
3-RT found by Jungers and Gonze in [17].

Recent years have seen a growth of interest in families of automata with reset
thresholds that are quadratic in the number of states of the automaton, called
extremal or slowly synchronizing automata. It is hoped that such families may help
improve our understanding of the behaviour of possible counter-examples to the
Černý conjecture. However such families seem to be hard to find, see [4, 11, 47, 20]
for some examples.

1.2 Algorithmic aspects of synchronization
Although computing the reset threshold of a synchronizing automaton is an NP-hard
problem, an algorithm was developed by Kisielewicz et al. in [22] that computes the

4Clearly the case k “ 1 is trivial since in a complete automaton we can always find some state
that is mapped to some other state, hence 1-RT = 1. The case k “ 2 is also trivial since any
automaton which never maps two states to the same state may only have letters that act as
permutations on the set of states, and any such automaton can not be synchronizing, since the
composition of permutations is a permutation. Hence for any synchronizing automaton, 2-RT =
1.
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reset threshold in polynomial time for quite a few families of slowly synchronizing
automata. Of course the worst-case behaviour is exponential, but a number of
heuristics implemented as part of the algorithm make the algorithm work quite
well in general.

One of the heuristics used is a reduction of the search space using upper bounds
provided by the Eppstein heuristic on the words used to make up the reset word.
The Eppstein heuristic was presented in [13] as a polynomial-time algorithm for
computing short reset words of synchronizing automata. It was shown to produce
reset words that are at most cubic in the number of states of the automaton, in
cubic execution time (see [13]). It was also shown (see [3]) that the reset word
produced by the Eppstein heuristic for an n-state automaton A is of length at
most pn´ 1q ¨ rtpAq. We shall make use of the Eppstein algorithm in later sections,
as it seems to be the most widely used heuristic for finding reset sequences of
synchronizing automata. Indeed, quite a few of the other algorithms are actually
based on the Eppstein heuristic.

There exist other algorithms for finding (short) reset words of a synchronizing
automaton. Some examples include the following.

• Trahtman’s Cycles algorithm, which works similarly to Eppstein’s algorithm,
see [44].

• Roman’s SynchroP algorithms which is a (computationally much slower)
attempt at improving the Eppstein heuristic, see [36].

• The FastSynchro algorithm proposed by Kudłacic et al as an improvement
of Roman’s SynchroP algorithm, as the name suggests it is faster than the
original, see [25].

• Kowalski and Szykula’s CutOff-IBFS algorithm that builds synchronizing
words in reverse, starting from the end and finishing with the first letter, see
[24].

• Roman’s evolutionary algorithm based on the simple genetic algorithm model,
see [35].

An algorithm was also proposed in [44] for generating automata with large reset
thresholds. A new randomized algorithm for generating automata with large reset
thresholds was also recently proposed in [11]. We shall be analyzing this algorithm
in greater detail in Chapter 4.
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1.3 Primitive matrix sets and their exponents
The theory of primitive matrix sets was developed quite recently (see [34, 1, 2, 7] for
example) as a natural generalization of the Perron-Frobenius theory of nonnegative
matrices5 which was developed by Perron for positive matrices6 in [31] and general-
ized by Frobenius to nonnegative matrices in [15]. The Perron-Frobenius theory
has enjoyed a very widespread and diverse applicability to fields like economics [8],
probability theory (specifically the theory of Markov chains [28]) and population
modeling (see [28]) among others.

A fundamental result in the theory of nonnegative matrices relates the notions
of primitivity, irreducibility and aperiodicity.

Definition 3. A matrix A is irreducible iff for every pair of indices i and j, there
is a natural number k such that pAkqij ą 0.

Definition 4. A matrix A is primitive iff it is nonnegative and there is some m
such that Am ą 0. The smallest m satisfying this condition is called the exponent
of A, denoted by exppAq.

Definition 5. Let A be a nonnegative matrix of dimension nˆ n. The A-period
of an index i, denoted by τApiq, is the greatest common denominator of all natural
numbers k such that pAkqii ą 0. A is aperiodic iff for all indices i P t1, . . . , nu,
τApiq “ 1.

Theorem 1 (See Theorem 1.4 in [40], p. 21). A nonnegative matrix is primitive
iff it is irreducible and aperiodic.

One of the many interesting results that came out of the Perron-Frobenius
theory is known as the Wielandt bound. This result gives a (tight) quadratic bound
on the exponent of a primitive matrix:

Theorem 2 (Wielandt’s bound [37]). If A is a primitive n ˆ n matrix, then
Aq ą 0, where q “ n2 ´ 2n ` 2. Further, there is such a matrix A for which
Aq´1 is not positive. In other words, for any primitive matrix A, we have that
exppAq ď n2 ´ 2n` 2.

The bound on the exponent of a primitive matrix raises a more general question:
what is the length of the shortest product of matrices of a given set that gives
a positive matrix? This is the problem of bounding the exponent of a primitive
matrix set (the Wielandt bound solves this problem for the special case of sets

5A nonnegative matrix is a matrix such that every element of the matrix is nonnegative.
6A positive matrix is a matrix such that every element of the matrix is positive.
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with only one element).

Though the concept of primitive matrix sets had already made appearances in
[19, 33, 18, 39], it was first explicitly defined by Protasov and Voynov in [34] in
the following way:

Definition 6. A set of nonnegative matricesM “ tM1, . . . ,Mmu is called prim-
itive if there exist some indices i1, . . . , ir P t1, . . . ,mu such that the product
Mi1 ¨ ¨ ¨Mir is entrywise positive. A product of this kind is called a positive product
and the length of the shortest positive product of a primitive set M is called its
exponent and it is denoted by exppMq. The set of all finite products of matrices
of M is written M˚, and the set of all products of at most d matrices of M is
writtenMd.

Protasov and Voynov derived a necessary and sufficient condition for the
primitivity of a matrix set belonging to the class of irreducible, NZ matrix sets.
Before stating their theorem we need to define the following notions:

Definition 7. An NZ matrix is a nonnegative matrix with no zero rows or columns,
an NZ matrix set is a set of NZ matrices.

Definition 8. A matrix setM is irreducible if and only if for every pair of indices
i and j, there is a product M PM˚ such that Mij ą 0.

Definition 9. Let Ω “ tΩ1, . . . ,Ωqu be a partition of t1, . . . , nu and let Sq be the
symmetric group7 of order q. We say that an nˆ n matrix A acts as permutation
σ P Sq on Ω iff, for all k P t1, . . . , qu, i P Ωk and any index j P t1, . . . , nu we have
that j R Ωσpkq ùñ Aij “ 0. We say that A acts as a permutation on Ω iff there
exists a permutation σ P Sq such that A acts as permutation σ over Ω.

In other words, an nˆn matrix A acts as a permutation on a partition of the set
t1, . . . , nu iff, when transformed by simultaneous row and column permutations into
a block form corresponding to the partition, each block row and column contains
exactly one nonzero block.

For example, consider the following matrix:

¨

˚

˝

1 2 3 4
1 0 0 1 0
2 0 1 0 0
3 1 0 0 0
4 0 0 0 1

˛

‹

‚

7The symmetric group of order q is the group of all permutations on q elements under the
composition operation.
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It can be shown that it acts as a permutation on the partition P “ tt1, 3u, t2, 4uu
by noting that simultaneously permuting the second and third rows and columns
(to obtain a block form corresponding to the partition P ) gives8:

»

—

–

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

fi

ffi

fl

»

—

–

0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

fi

ffi

fl

»

—

–

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

fi

ffi

fl

T

“

¨

˚

˝

1 3 2 4
1 0 1
3 1 0
2 1 0
4 0 1

˛

‹

‚

One could also obtain the same result by simultaneously permuting columns
and rows to obtain another block form corresponding to the partition P :

»

—

–

0 1 0 0
0 0 0 1
1 0 0 0
0 0 1 0

fi

ffi

fl

»

—

–

0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

fi

ffi

fl

»

—

–

0 1 0 0
0 0 0 1
1 0 0 0
0 0 1 0

fi

ffi

fl

T

“

¨

˚

˝

2 4 1 3
2 1 0
4 0 1
1 0 1
3 1 0

˛

‹

‚

Finally, the statement of the Protasov-Voynov characterisation theorem is as
follows.

Theorem 3 (Protasov and Voynov’s theorem [34]). An irreducible, NZ matrix set
M of nˆ n matrices is not primitive iff there exists a partition of t1, . . . , nu on
which every matrix fromM acts as a permutation.

Comparing this result to Theorem 1, one might expect to find some relationship
between the notion of aperiodicity and the notion of matrices acting as permuta-
tions over a partition of the index set. The results of Chapter 4 shed some light on
this relationship.

Protasov and Voynov’s proof of Theorem 3 was based on a geometric approach,
and they conjectured that the theorem could be proved using purely combinatorial
reasoning. Blondel, Jungers and Olshevsky answered this question by giving a
purely combinatorial proof in [7]. Another – arguably simpler – proof was provided
by Al’pin and Al’pina in [1]. They also generalized the theorem to sets of matrices
with no zero rows (or columns) in [2].

8The blank entries are all zeros.
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It was shown in [7] that recognizing primitive matrix sets is an NP hard
problem for matrix sets with more than 2 matrices. However, for NZ matrix sets,
Protasov and Voynov presented a polynomial time algorithm solving this problem
in [34]. Blondel et al also showed in [7] that the exponent of a matrix set could be
exponentially large. However, for NZ primitive matrix sets we shall see that it is
possible to obtain a cubic bound on the exponent with respect to the matrix size.

1.4 Connecting synchronizing automata to prim-
itive matrix sets

In recent years, various connections have been discovered between the theory of
synchronizing automata and the theory of primitive matrix sets as the two prob-
lems turn out to be related. For example, primitive matrix sets have been used in
algorithms for finding slowly synchronizing automata, see [11, 4].

The following definition was suggested in [7], relating matrix sets and automata
(See Remark 1 for the representation of automata as matrix sets):

Definition 10. Let M be a NZ and finite set of binary n ˆ n matrices. The
automaton associated to the set M is the automaton AutpMq such that A P

AutpMq if and only if A is a binary and row-stochastic matrix and there exists
M PM such that A ďM (entrywise). We denote with AutpMT q the automaton
associated to the setMT “ tMT

1 , . . . ,M
T
mu.

The following theorem was also proved, showing a strong connection between
the exponent of a primitive matrix set and the reset thresholds of two associated
automata:

Theorem 4 ([7], Theorems 16-17). LetM“tM1, . . . ,Mmu be a primitive set of
binary NZ matrices. Then AutpMq and AutpMT q are synchronizing and it holds
that:

rt
`

AutpMq
˘

ď exppMq ď rt
`

AutpMq
˘

` rt
`

AutpMT q
˘

` n´ 1. (1.1)

The restriction to binary matrix sets in Theorem 4 is without loss of generality,
as the primitivity of a matrix set does not depend on the magnitude of the positive
entries of the matrices of the set. In view of this fact, in this manuscript we will
restrict ourselves to the set of binary matrices by using the boolean product as
opposed to the usual matrix product, so setting for any binary matrices A and B
that pABqij “ 1 if and only if

ř

sAisBsj ą 0.
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We note in particular that a primitive matrix set with an exponent greater than
2pn´ 1q2` n´ 1 would disprove the Černý conjecture. However it was also shown
(in [7]) as a corollary of the preceding theorem that a general bound on the reset
threshold of synchronizing automata automatically gives a bound on the exponent
of any NZ primitive matrix set:

Corollary 1 (See [7], Theorem 17). For any NZ primitive set of matrices M of
dimension n there is a product of length smaller than 2fpnq ` n´ 1 with positive
entries, where fpnq is any upper bound on the minimal length of a synchronizing
word for n-state automata.

In view of Szykula’s bound on the reset threshold of a synchronizing automaton
(see [42]) one can easily obtain, using the preceding corollary, the following cubic
bound on the exponent of an NZ primitive matrix set of matris size n, written
expNZpnq.

expNZpnq ď p15617n3 ` 7500n2 ` 56250n´ 78125q{46875 (1.2)

In this thesis we shall also extend the notion of the k-RT from automata to
matix sets via the following definition.

Definition 11. LetM be a primitive set of nˆn NZ matrices and 2 ď k ď n. We
define the k-rendezvous time (k-RT) ofM to be the length of the shortest product
of matrices fromM having a column or a row with k positive entries and we denote
it by rtkpMq. We indicate with rtkpnq the maximal value of rtkpMq among all the
primitive setsM of nˆ n NZ matrices.

We shall obtain some upper bounds on the k-RT of NZ primitive matrix sets in
Chapter 3. Indeed, we shall show in particular that for large n, rtkpnq is bounded
by a linear function of n.
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Chapter 2

Preliminaries

We begin by defining some notions and proving some simple results that will be
used extensively throughout this manuscript.

2.1 Associated graph of a matrix set
Definition 12. Let M be a finite set of binary n ˆ n matrices. We define the
associated graph ofM, as the directed graph GpMq “ pVM, EMq, where the set of
vertices is VM “ t1, . . . , nu. The edge pi, jq P EM ðñ DM PM : Mij ą 0, and
we label the edge with all the matrices inM that satisfy this property.

Definition 13. A directed graph G “ pV,Eq is strongly connected if and only if
for all i, j P V , there is a path from i to j in G.

Lemma 1. LetM be a finite set of binary nˆ n matrices. The associated graph
ofM is strongly connected if and only ifM is irreducible.

Proof. Trivial by Definition 8.

Definition 14. We define the support of a vector x, denoted by supppxq, as the
following set : supppxq “ ti | xi ą 0u. We define the weight of a vector as the
cardinality of its support.

Lemma 2. Let M be a finite set of binary nˆ n matrices. Let C PM and i, j
two indices such that Cij ą 0. Then for any A PM : supppA˚iq Ď suppppACq˚jq.

Proof. The j-th column of AC is equal to pACq˚j “ C1jA˚1 ` ¨ ¨ ¨ ` CnjA˚n. The
result follows as Cij ą 0.

Lemma 3. LetM be a finite set of binary nˆn matrices and letMi1 , . . . ,Mis PM.
Then pMi1 . . .Misqij ą 0 iff there is a path labeled by Mi1 , . . . ,Mis from i to j in
GpMq.
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Proof. We prove the claim by induction. By definition of GpMq, the lemma is
trivially true for s “ 1.

Suppose now that the proposition is true for some s P N0. Suppose also
that Mis`1 is a matrix such that pMi1 . . .MisMis`1qij ą 0. Then since all the
matrices are nonnegative, this implies that there exists k P t1, ..., nu such that
pMi1 . . .Misqik ą 0 and pMis`1qkj ą 0. Therefore there exists a path in GpMq from
i to k and from k to j. It follows that there is a path from i to j in GpMq.

Suppose now that there exists a path in GpMq from i to j labeled by
Mi1 , . . . ,Mis ,Mis`1 . Then there exists a vertex k P t1, ..., nu such that there is
a path from i to k labeled by Mi1 , . . . ,Mis and there exists an edge from k to
j labeled by Mis`1 . This implies that pMi1 . . .Misqik ą 0 and pMis`1qkj ą 0, it
follows by nonnegativity ofM that pMi1 . . .MisMis`1qij ą 0.

Proposition 1. LetM be an irreducible and finite set of binary nˆ n matrices,
A PM, and let A˚i be an arbitrary column of A, then for any j “ 1, . . . , n there
exists B PMn´1 such that supppA˚iq Ď suppppABq˚jq.

Proof. Since M is irreducible, GpMq is strongly connected and there is a path
of length at most n´ 1 between any two nodes in GpMq. Therefore there exists
a path a1 “ i Ñ a2 Ñ ¨ ¨ ¨ Ñ am “ j in GpMq, where m ď n. Picking one
matrix from the label of each edge in this path, we find a sequence of matrices
C1, . . . , Cm´1 PM . By Lemma 3, we know that pC1 . . . Cm´1qa1,am ą 0. Applying
Lemma 2, we conclude that:

supppA˚iq Ď suppppAC1 . . . Cm´1q˚jq

Therefore the required matrix B is given by C1 . . . Cm´1.

2.2 Permutation matrices
We prove some results about permutation matrices here that will be used in Chapter
4 to study characteristics of the automata generated by a randomized algorithm
for generating slowly synchronizing automata (see [11]).

Definition 15. We say that a matrix P is a permutation matrix (of size nˆ nq
iff P is a binary matrix with exactly one nonzero entry in every row and every
column. Moreover, let δji be such that

δji “

"

1 if i “ j
0 otherwise.
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and ei be a column vector such that peiqj “ δji . We say that a permutation
matrix P is the permutation matri associated to a permutation π of t1, . . . , nu iff
P “ reπp1q, . . . , eπpnqs.

Remark 2. For the remainder of this thesis we let Pn denote the set of n ˆ n
permutation matrices.

Lemma 4. Let A be a binary nˆ n matrix, and P be a permutation matrix. The
graph GptPAP Tuq “ pV,EPAPT q is such that pπpiq, πpjqq P EPAPT ðñ pi, jq P
EA

Proof. Let δji be as defined above. Let i1 “ πpiq, j1 “ πpjq, we calculate:

pPAP T qi1j1 “
ÿ

a

ÿ

b

Pi1aAabpP
T qbj1 “

ÿ

a

ÿ

b

Pi1aAabPj1b

“
ÿ

a

ÿ

b

δi
1

πpaqAabδ
j1

πpbq “ Aij

and this implies that:

pπpiq, πpjqq P EPAPT ðñ pi, jq P EA

The following lemma fully characterizes the associated graph of a permutation
matrix.

Lemma 5. Every strongly connected component of the graph GptPuq is a cycle iff
P is a permutation matrix.

Proof. Let P be a permutation matrix, and GptPuq “ pV,Eq its associated graph.
For any i1 P V , there is exactly one edge (i1, i2) out of it, and the same holds true
for i2, etc. So we can create exactly one path i1 Ñ i2 Ñ . . . , but since the graph
is finite this path must end somewhere, either on some node that has no out-edges
(not possible), or the sequence eventually returns to some previously visited vertex,
but then the first revisited vertex must be i1, otherwise some node would have two
in-edges. Therefore we have just proved that the strongly connected component
containing i1 must be a cycle.

Conversely, let each strongly connected component in GptPuq “ pV,Eq be
a cycle, then there can be no edges between two distinct strongly connected
components as then they would not be cycles. Hence there is exactly one edge in
and out of each vertex, and so P has exactly one nonzero entry per row and per
column, and is therefore a permutation matrix.
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In what follows, we shall often refer to the cycle lengths of a permutation matrix
as a convenient shorthand for the lengths of the cycles in the associated graph
of the permutation matrix. In Chapter 4, the max cycle length of a permutation
matrix, shall play an important role, it is defined here below:

Definition 16. Let P be the permutation matrix. The max cycle length of P ,
written L˚pP q, is the length of the longest cycle in the associated graph of P .

2.3 Pair digraph of a matrix set
Definition 17. LetM be a finite set of binary nˆ n matrices. The pair digraph
of the matrix set M is a digraph PDpMq “ pVM, EMq with VM “ tpi, jq | 1 ď
i ď j ď nu and ppi, jq, pi1, j1qq P EM ðñ DM P M : Mii1 ą 0,Mjj1 ą 0 or
Mji1 ą 0,Mij1 ą 0. A vertex of the form ps, sq is called a singleton.

Lemma 6. Let M be a finite set of binary n ˆ n matrices. A path of length
d in the pair digraph PDpMq connecting the non-singleton pi, jq to a singleton
ps, sq defines a sequence of matrices A1, . . . , Ad inM, such that for any A PM :
supppA˚iq

Ť

supppA˚jq Ď suppppAA1 . . . Adq˚sq.

Proof. The path from pi, jq to ps, sq defines a sequence of matrices A1, . . . , Ad
in M, such that pA1 . . . Adqi,s ą 0 and pA1 . . . Adqj,s ą 0. The thesis follows by
applying Lemma 2 with C “ A1 . . . Ad.

2.4 Synchronizability and primitivity
Theorem 5. LetM be a finite set of binary nˆ n matrices with non zero rows.
Then there exists M PM˚ and j P t1, ..., nu such that for all i P t1, ..., nu, Mij ą 0
if and only if in its pair digraph PDpMq “ pVM, EMq, for all pi, jq P VM, there
exists a path from pi, jq to some singleton.

Proof. If there exists M P M˚ and j P t1, ..., nu such that for all i P t1, ..., nu,
Mij ą 0, then by definition of the pair digraph, for all i, k P t1, ..., nu there exists
a path from pi, kq to pj, jq in the pair digraph.

Let us suppose now that for all i, j P t1, ..., nu, there exists a path from pi, jq
to some singleton in the pair digraph. Let us take an arbitrary matrix B PM.
Let j1 P t1, ..., nu. If |supppB˚j1q| “ n, we are done. Otherwise, there exists
i P t1, ..., nu such that i R supppB˚jq. Since B has non zero rows, there exists
j2 P t1, ..., nu such that Bi,j2 ą 0. Since there exists s P t1, ..., nu such that there
is a path in PDpMq from pj1, j2q to ps, sq, by Lemma 6, there exists a matrix
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D PM˚ such that |supppB˚j1q| ă |supppBDq˚s|. If we repeat this process, it is
clear that we will have the desired matrix M in at most n´ 1 steps.

Remark 3. It follows from the preceding theorem that given an automaton A,
we can easily check synchronizability of A by checking whether the matrix set
representing A (see Remark 1) satisfies the conditions of the theorem.

It is interesting that the same necessary and sufficient condition suffices for
primitivity of irreducible NZ matrix sets. This is proved below.

Lemma 7. An irreducible, NZ and finite matrix setM of nˆn matrices is primitive
if and only if in its pair digraph PDpMq “ pVM, EMq, for all pi, jq P VM, there
exists a path from pi, jq to some singleton.

Proof. SupposeM is primitive. Then the existence of a positive product makes
PDpMq strongly connected. This trivially implies that for all pi, jq P VM, there
exists a path from pi, jq to some singleton.

Let us now suppose that for all pi, jq P VM, there exists a path from pi, jq to
some singleton. Let A PM. SinceM is NZ, for each i “ 1, . . . , n there exists a
column ji P t1, . . . , nu such that Aiji ą 0. Let s1 “ j1. For i “ 1, ..., n´ 1, let si`1
be one of the vertices such that there exists a path from psi, ji`1q to psi`1, si`1q.
Then, according to Lemma 6, by post-multiplying A with matrices in the labels
of the edges of these paths we can produce a matrix A1 that merges the columns
indexed by j1, . . . , jn into an all-ones column in AA1.

We now prove by induction the existence of a positive matrix inM. WLOG
we suppose that the first k columns of some matrix A are positive (recall that
Proposition 1 proves the existence of a matrix with a positive first column given a
matrix with any positive column). If k “ n then we are done, otherwise, since A
has a positive entry in each column, let ik`1 be the row-index of a positive entry
in column k ` 1. Letting B PM such that the ik`1-th column of B is positive
(again, Proposition 1 ensures its existence), we conclude by noting that the k ` 1
first columns of BA are positive.
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Chapter 3

Bounding the k-RT of NZ
primitive matrix sets

In this chapter, we consider a problem very similar to the problem of finding an
upper bound on the reset thresholds of synchronizing automata: we find an upper
bound on the k-rendezvous time of a primitive set of NZ matrices.

In view of the connection between synchronizing automata and primitive sets,
in Chapter 1, we extended the k-RT problem to primitive sets by introducing the
k-RT of a primitive setM, which is the length of the shortest product having a
row or a column with k positive entries. The following proposition shows how the
k-RT of a primitive setM of NZ matrices (denoted by rtkpMq) is linked to the
length of the shortest word for which there exists a set of k states mapped by it
onto a single state in the automata AutpMq and AutpMT q (denoted respectively
by rtkpAutpMqq and rtkpAutpMT qq ).

Proposition 2. Let M be a primitive set of n ˆ n binary NZ matrices and let
AutpMq and AutpMT q be the automata defined in Definition 10. Then for every
2 ď k ď n, it holds that rtkpMq “ min

 

rtk
`

AutpMq
˘

, rtk
`

AutpMT q
˘(

.

Proof. We remind that the support of a nonnegative vector v is the set of the
indices of its positive entries and its weight is the cardinality of its support.
By Definition 10, each matrix of AutpMq and AutpMT q is entrywise smaller than
a matrix ofM. It follows that rtkpMq ď min

 

rtk
`

AutpMq
˘

, rtk
`

AutpMT q
˘(

.
Let now M “Mi1 ¨ ¨ ¨Miu be the product that attains the k-RT, that is a product
of length rtkpMq having a column or a row with k positive entries. Suppose that
M has a column with k positive entries: we show that rtkpMq ě rtk

`

AutpMq
˘

.
Let j be the index of this column and S be its support. We claim that for every
r P rus we can safely set to zero some entries of Mir in order to make its rows
be stochastic while making sure that the final product still has the j-th column
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with support S. In other words, we claim that for every r P rus we can select
a binary row-stochastic matrix Ar ď Mir (entrywise) such that the j-th column
of the product A1 ¨ ¨ ¨Au has support S. If this is true, since by hypothesis the
matrices A1, . . . , Au belong to AutpMq, it holds that rtk

`

AutpMq
˘

ď rtkpMq.
We now prove the claim: let Dr be the digraph on n vertices and edge set Er such
that p Ñ q P Er if and only if pMirqpq ą 0. The fact that the j-th column of
Mi1 ¨ ¨ ¨Miu has support S means that for every s P S there exists a sequence of
vertices vs1, . . . , vsu`1 P rns such that:

vs1 “ s , (3.1)
vsu`1 “ j , (3.2)
vsr Ñ vsr`1 P Er @r “ 1, . . . , u . (3.3)

We can impose an additional property on these sequences: if at step t two sequences
share the same vertex, then they have to coincide for all the steps t1 ą t. More
formally, if for some t P rus we have that vst “ vs

1

t for s ‰ s1, then we set vs1t1 “ vst1
for all t1 ą t as the new sequence vs11 , . . . , v

s1

t , v
s
t`1, . . . , v

s
u`1 for vertex s1 fulfills all

the requirements (3.1), (3.2) and (3.3). For every r P rus, we now remove from Er
all the edges that are not of type (3.3). Furthermore, for every r P rus and vertex
w R tvsrusPS, we remove from Er all the outgoing edges of w but one. We call this
new edge set Ẽr and let D̃r be the subgraph of Dr with edge set Ẽr. Then, for
every r P rus, we set Ar to be the adjacency matrix of D̃r. Since Mir is NZ, if Ar
has some zero-rows we can always add a one in each of them while preserving the
property Ar ďMir . We do so in order to make Ar row stochastic. By construction,
for all r P rus, Ar has exactly one positive entry in each row and it is entrywise
smaller than Mir , so Ar P AutpMq. Finally, the j-th column of A1 ¨ ¨ ¨Au has
support S by construction.

The case when M has a row with k positive entries can be proved via a similar
reasoning by observing that the product MT “MT

iu ¨ ¨ ¨M
T
i1 has a column with k

positive entries, and so for every r P rus we can select a binary matrix Br ďMT
ir

(entrywise) such that Br P AutpMT q and B1 ¨ ¨ ¨Bu has a column with k positive
entries. This implies that rtk

`

AutpMT q
˘

ď rtkpMq.

In view of the above proposition, by upper bounding the k-RT of all primitive
sets of NZ matrices, then for any of these setsM, we also bound the minimum
between the k-RT of the automata associated toM, and the k-RT of the automata
associated toMT . In this chapter, we therefore attempt to find a bound on the
k-RT of primitive sets of NZ matrices. It is hoped that this may shed light on the
behaviour of the k-RT of automata associated to these sets, and thereby also on
the Černý’s conjecture.
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In the first section, we find a recurrence relation for a function that upper
bounds the k-rendezvous time of NZ primitive matrix sets. In the second section,
we solve this recurrence relation and show that for any k, the k-rendezvous time of
an NZ primitive matrix set with matrices of dimension n is bounded by a linear
function in n for large n. In the third section, we show that we cannot improve
this bound by improving the value of one parameter that will be defined later. The
fourth section shows some numerical results. The two next sections make some
small modifications to the original argument in order to derive an improved upper
bound.
The results of sections 3.1 to 3.4 were submitted (and accepted) in a conference
paper to Developments in Language Theory 2019, see [5].

3.1 Derivation of a recurrence relation bounding
the k-RT

In this section, we prove a recurrence relation for a function Bkpnq that upper
bounds the k-RT.

Our goal is then to find, for any n ě 2 and 2 ď k ď n, a function Bkpnq such
that rtkpnq ď Bkpnq.

Definition 18. Let n, k integers such that n ě 2 and 2 ď k ď n´ 1. We denote
by Snk the set of all the nˆ n NZ matrices having every row and column of weight
at most k and at least one column of weight exactly k. For any A P Skn, let CA
be the set of the indices of the columns of A having weight equal to k. We define
ankpAq “ mincPCA |ti : supppA˚iq Ę supppA˚cqu| and ank “ minAPSkn a

n
kpAq.

In other words, ankpAq is the minimum over all the indices c P CA of the number
of columns of A whose support is not contained in the support of the c-th column of
A. Since the matrices are NZ, it clearly holds that for any A P Skn, 1 ď ank ď ankpAq.
The following theorem shows that for every n ě 2, we can recursively define a
function Bkpnq ě rtkpnq on k by using the term ank .

Theorem 6. Let n ě 2 integer. The following recursive function Bkpnq is such
that for all 2 ď k ď n, rtkpnq ď Bkpnq.

#

B2pnq “ 1
Bk`1pnq “ Bkpnq ` np1` n´ ankq{2 for 2 ď k ď n´ 1.

(3.4)
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Proof. We prove the theorem by induction, for the base case, let k “ 2. Any
primitive set of NZ matrices must have a matrix with a row or a column with
two positive entries, as otherwise it would be made of just permutation matrices
and hence it would not be primitive. This trivially implies that rt2pnq “ 1 ď B2pnq.

Suppose now that rtkpnq ď Bkpnq, we show that rtk`1pnq ď Bk`1pnq. We
remind that we denote with Md the set of all the products of matrices from
M having length smaller than or equal to d. If in MrtkpMq`n´1 there exists a
product having a column or a row with k ` 1 positive entries then rtk`1pMq ď
rtkpMq ` n´ 1 ď Bk`1pnq.

Suppose now that this is not the case. This means that inMrtkpMq`n´1 every
matrix has all the rows and columns of weight at most k. Let A PMrtkpMq be a
matrix having a row or a column of weight k, and suppose it is a column. The case
when A has a row of weight k will be studied later. By Proposition 1 applied on the
matrix A, for every i P rns there exists a matrix Wi PMrtkpMq`n´1 having the i-th
column of weight k (and all the other columns and rows of weight ď k). Every Wi

has at least ank (see Definition 18) columns whose support is not contained in the
support of the i-th column of Wi: let c1

i , c
2
i , . . . , c

ank
i be the indices of these columns.

Notice that any product B of matrices fromM of length l such that Bis ą 0 and
Bcji s

ą 0 for some s P rns and j P ranks would imply that WiB has the s-th column
of weight at least k ` 1 and so rtk`1pMq ď rtkpMq ` n´ 1` l. We now want
to minimize this length l over all i, s P rns and j P ranks: we will prove that there
exists i, s P rns and j P ranks such that l ď npn´ 1´ ankq{2` 1. To do this, we
consider the pair digraph PDpMq “ pV , Eq (see Definition 17) and the vertices:

p1, c1
1q,p1, c2

1q, . . . , p1, cak1 q

p2, c1
2q,p2, c2

2q, . . . , p2, cak2 q

... ... ...
pn, c1

nq,pn, c
2
nq, . . . , pn, cakn q

(3.5)

By Lemma 7, for each vertex in Eq.(3.5) there exists a path in PDpMq connecting
it to a singleton. By lemma 6, a path of length l from pi, cji q to a singleton ps, sq
would result in a product Bj of matrices fromM of length l such that WiBj has
the s-th column of weight at least k ` 1. We hence want to estimate the minimal
length among the paths connecting the vertices in Eq.(3.5) to a singleton. Notice
that Eq.(3.5) contains at least rnank{2s different elements, since each element occurs
at most twice. It is clear that the shortest path from a vertex in the list (3.5) to a
singleton does not contain any other element from that list. The vertex set V of
PDpMq has cardinality npn` 1q{2 and it contains n vertices of type ps, sq. It fol-
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lows that the length of the shortest path connecting some vertex from the list (3.5)
to some singleton is at most of npn`1q{2´n´ rnank{2s`1 ď npn´1´ankq{2`1.
In view of what said before, we have that there exists a product B of matrices from
M of length ď npn´ 1´ ankq{2` 1 and i P rns such that WiBj has a column of
weight at least k ` 1. Since WiBj belongs toMrtkpMq`n´1`npn´1´ank q{2`1, it follows
that rtk`1pMq ď rtkpMq ` npn` 1´ ankq{2 ď Bk`1pnq.

Suppose now APMrtkpMq has a row of weight k. We can use the same argument
as above on the matrix setMT made of the transpose of all the matrices inM.

Notice that the above argument stays true if we replace ank by a function bpn, kq
such that for all n ě 2 and 2 ď k ď n ´ 1, 1 ď bpn, kq ď ank . It follows that
Eq.(3.4) still holds true if we replace ank by bpn, kq.

3.2 Solution of the recurrence relation
We now find an analytic expression for a lower bound on ank and we then solve the
recurrence (3.4) in Theorem 6 by using this lower bound. We then show that this
is the best estimate on ank we can hope for.

Lemma 8. Let n, k integers such that n ě 2 and 2 ď k ď n´ 1, and let ank as in
Definition 18. It holds that ank ě n´ kpk ´ 1q ´ 1.

Proof. Let now A P Skn (see Definition 18) and let a be one of its columns of
weight k. Let S “ supppaq; by assumption, the rows of A have at most k positive
entries, so there can be at most pk ´ 1qk columns of A different from a whose
support is contained in S. Therefore, since A is NZ, there must exist at least
n´ kpk ´ 1q ´ 1 columns of A whose support is not contained in supppaq and so
ank ě n´ kpk ´ 1q ´ 1.

Lemma 9. Let n, k integers such that n ě 2 and 2 ď k ď n´ 1, and let ank as in
Definition 18. It holds that ank ě rpn´ kq{ks.

Proof. Let again A P Skn and let a be one of its columns of weight k. Let S “
rnszsupppaq; S has cardinality n´k and since A is NZ, for every s P S there exists
s1 P rns such that Ass1 ą 0. By assumption each column of A has weight of at most
k, so there must exist at least rpn´ kq{ks columns of A different from a whose
support is not contained in supppaq. It follows that ank ě rpn´ kq{ks.

Lemma 10. Let n, k integers such that n ě 2 and 2 ď k ď n´ 1, and let ank as
in Definition 18. It holds that ank ě maxtn´ kpk ´ 1q ´ 1, rpn´ kq{ks, 1u.
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Proof. We have that ank ě 1 since k ď n ´ 1 and the matrices are NZ. The
conclusion follows from Lemma 8 and Lemma 9.

Since rpn´ kq{ks ě pn´ kq{k, n´ kpk ´ 1q ´ 1 ě pn´ kq{k for k ď t
?
nu

and pn ´ kq{k ě 1 for k ď tn{2u, the recursion (3.4) with ank replaced by
maxtn´ kpk ´ 1q ´ 1, pn´ kq{k, 1u now reads as:

B̃k`1pnq “

$

’

’

’

&

’

’

’

%

1 if k “ 1
B̃kpnq ` np1` kpk ´ 1q{2q if 2 ď k ď t

?
nu

B̃kpnq ` np1` npk ´ 1q{2kq if t
?
nu` 1 ď k ď tn{2u

B̃kpnq ` n2{2 if tn{2u` 1 ď k ď n´ 1

. (3.6)

The following proposition shows the solution of the recursion (3.6):

Theorem 7. Equation (3.6) is fulfilled by the following function:

B̃kpnq“

$

’

’

’

’

’

&

’

’

’

’

’

%

npk3 ´ 3k2 ` 8k ´ 12q
6 ` 1 if 2 ď k ď t

?
nu

B̃t
?
nupnq `

npn` 2qpk ´ t
?
nuq

2 ´
n2

2
k´1
ř

i“t
?
nu

1
i

if t
?
nu` 1 ď k ď tn2 u

B̃tn2 upnq `
pk ´ tn2 uqn2

2 if tn2 u` 1 ď k ď n

.

(3.7)
Therefore, for any constant k such that k ď

?
n, the k-rendezvous time rtkpnq is at

most linear in n.

Proof. If 2 ď k ď t
?
nu, let Ckpnq “ B̃kpnq{n. By Eq.(3.6), it holds that:

Ck`1pnq ´ Ckpnq “ 1` kpk ´ 1q{2.

By setting Ckpnq “ αk3 ` βk2 ` γk ` δ, it follows that:

3αk2 ` p3α` 2βqk ` α` β ` γ “ k2{2´ k{2` 1.

Since this must be true for all k, by equating the coefficients we have that:

Ckpnq “ k3{6´ k2{2` 4k{3` δ.

26



Imposing the initial condition B̃2pnq “ 1 gives finally the desired result

B̃kpnq “ npk3 ´ 3k2 ` 8k ´ 12q{6` 1.

If t
?
nu` 1 ď k ď tn{2u, let again Ckpnq “ B̃kpnq{n. By Eq.(3.6), it holds that:

Ck`1pnq ´ Ckpnq “ 1` npk ´ 1q{2k

and so

Ckpnq “ Ct
?
nupnq ` pk ´ 2qp1` n{2q ´ pn{2q

k´1
ÿ

i“t
?
nu

i´1.

Since Ct
?
nupnq “ B̃t

?
nupnq{n, it follows that

B̃kpnq “ B̃t
?
nupnq ` pk ´ t

?
nuqnpn` 2q{2´ pn2{2q

k´1
ÿ

i“t
?
nu

i´1.

If tn{2u` 1 ď k ď n´ 1, by Eq.(3.6) it is easy to see that:

B̃kpnq “ B̃tn{2upnq ` pk ´ tn{2uqn2{2,

which concludes the proof.

3.3 Limitation of this technique
We now show that ank“maxtn´ kpk ´ 1q ´ 1, rpn´ kq{ks, 1u, and so we cannot
improve the upper bound B̃kpnq on rtkpnq by improving our estimate of ank .

Lemma 11. Let n, k integers such that n ě 2 and 2 ď k ď n´ 1. It holds that:

1 ď ank ď upn, kq :“

#

n´ kpk ´ 1q ´ 1 if n´ kpk ´ 1q ´ 1 ě rpn´ kq{ks

rpn´ kq{ks otherwise
.

Proof. We need to show that for every n ě 2 and 2 ď k ď n´ 1, there exists a
matrix A P Skn such that ankpAq “ upn, kq (see Definition 18).

We define the matrix Cm1ˆm2
i as the m1 ˆm2 matrix having all the entries of

the i-th column equal to 1 and all the other entries equal to 0, and the matrix
Rm1ˆm2
i as the m1 ˆm2 matrix having all the entries of the i-th row equal to 1
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and all the other entries equal to 0. We indicate with 0m1ˆm2 the m1 ˆm2 matrix
having all its entries equal to zero and with Imˆm the mˆm identity matrix. Let
vnk “ rpn´ kq{ks` 1 and q “ n mod k.

Suppose that n´kpk´1q´1 ě rpn´kq{ks and set α “ n´kpk´1q´1´rpn´

kq{ks.Then the following matrix Â is such that ankpÂq “ n´kpk´1q´1 “ upn, kq:

Â “

»

—

—

—

—

—

–

C
kˆvnk
1 R

kˆpk´1q
1 R

kˆpk´1q
2 ¨ ¨ ¨ R

kˆpk´1q
k

C
kˆvnk
2
... 0 pn´kqˆrkpk´1qs D

C
kˆvnk
vn
k
´1

C
qˆvnk
vn
k

fi

ffi

ffi

ffi

ffi

ffi

fl

,

D “

»

–

0kˆα
Iαˆα

0pn´k´αqˆα

fi

fl .

Indeed by construction, the first column of Â has exactly k positive entries.
The columns of Â whose support is not contained in Â˚1 are the columns Â˚i
for i “ 2, . . . , vnk and all the columns of D. In total we have rpn´ kq{ks` α “

n´ kpk ´ 1q ´ 1 columns, so it holds that ankpÂq “ n´ kpk ´ 1q ´ 1.

Suppose that n´ kpk ´ 1q ´ 1 ď rpn´ kq{ks. Then the following matrix Ã is
such that ankpÃq “ rpn´ kq{ks “ upn, kq:

Ã “

»

—

—

—

—

—

—

–

C
kˆvnk
1 R

kˆpk´1q
1 R

kˆpk´1q
2 ¨ ¨ ¨ R

kˆpk´1q
k´1 R

kˆpn´vnk´pk´1q2q
k

C
kˆvnk
2
...

C
kˆvnk
vn
k
´1 0pn´kqˆpn´vnk q

C
qˆvnk
vn
k

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Indeed by construction, the first column of Ã has exactly k positive entries and
the columns of Ã whose support is not contained in Ã˚1 are the columns Ã˚i for
i “ 2, . . . , vnk . Therefore it holds that ankpÃq “ vnk ´ 1 “ rpn´ kq{ks.
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3.4 Numerical results
We report here some numerical results that compare the theoretical bound B̃kpnq on
rtkpnq of Eq.(3.7) with either the exact k-RT or with an heuristic approximation of
the k-RT when the computation of the exact value is not computationally feasible.
In Fig. 3.1 we compare our bound with the real k-RT of the primitive setsMCPR

andMK reported here below:

MCPR “

$
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’
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¨
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‚

,
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/
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/
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/
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-

.

The setsMK andMCPR are primitive sets of matrices that are based on the
Kari automaton [20] and the Černý-Piricka-Rozenaurova automaton [47] respec-
tively. We can see that for small values of k, the upper bound is fairly close to the
actual value of rtkpMq.

When n is large, computing the k-RT for every 2 ď k ď n becomes hard, so
we compare our upper bound on the k-RT with a method for approximating it.
The Eppstein heuristic is a greedy algorithm developed by Eppstein in [13] for
approximating the reset threshold of a synchronizing automaton. Given a primitive
setM of binary NZ matrices, we can apply a slightly modified Eppstein heuristic
to obtain, for any k, an upper bound on rtkpMq.

In Fig. 3.2 we compare our upper bound with the results of the Eppstein
heuristic on the k-RT of the primitive sets with quadratic exponent presented by
Catalano and Jungers in [11], Section 4; here we denote these sets byMCn where
n is the matrix dimension. Finally, Fig. 3.3 compares the evolution of our bound
with the results of the Eppstein heuristic on the k-RT of the familyMCn for fixed
k “ 4 and as n varies. It can be noticed that the bound B̃kpnq does not increase
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(a) n “ 4,M “MCPR
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Figure 3.1: Comparison between the bound B̃kpnq, valid for all primitive NZ sets,
and rtkpMq forM “MCPR (left) andM “MK (right).

very rapidly as compared to the Eppstein approximation.

In the previous sections, we used ank to find a first upper bound on the k-RT
based on Equation (3.7), and we showed that we cannot improve this bound by
improving our estimate ank . However, there are other ways to improve the bound,
we explore some in the next two sections.
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(a) n “ 10,M “MC10
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Figure 3.2: Comparison between B̃kpnq and the Eppstein approx. of rtkpMq, for
M “MC10 (left) andM “MC25 (right). We recall that B̃kpnq is a generic bound
valid for all primitive NZ sets, while the Eppstein bound is computed on each
particular set.
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Figure 3.3: Comparison between B̃kpnq and the Eppstein approx. of rtkpMCnq

for k “ 4. We recall that B̃kpnq is a generic bound valid for all primitive NZ sets,
while the Eppstein bound is computed on each particular set.

3.5 A first attempt at improving the result
In the previous sections, we obtained an upper bound on rtkpnq given by the
equation (3.7). In this section, we try to improve this bound. In light of the fact
that our preceding bound on the k-RT works well for small k, the idea here is to
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use products of matrices with columns of weight k for small k to obtain a matrix
with large column weight.

In what follows, we will always use the assumption that A has a column of
weight k. This is W.L.O.G, since if A has a row of weight k, we can use the same
arguments on the matrix setMT made of the transpose of all the matrices inM.

Let us now suppose that A P Skn
Ş

MBkpnq for some k P t1, . . . , n ´ 1u, and
let p P t1, . . . , n´ ku. In what follows, we find an upper bound on the length of
a product D PM˚ such that AD has two columns such that the union of their
support is of cardinality at least k ` p. We shall use this bound to obtain a new
upper bound on the pk ` pq-RT.

Let us denote by al the vector representing the l-th column of the matrix A.
Let’s fix l P t1, ..., nu such that al P CA. We note S “ supptalu “ trS1 , rS2 , ..., rSk u.
In what follows, let us define the set S̃ “ trS̃1 , rS̃2 , ..., rS̃n´ku “ t1, ..., nuzS. Since A
is NZ, for all i P t1, ..., n´ ku there exist cS̃i P t1, . . . , nu such that A

rS̃i ,c
S̃
i
ą 0. We

therefore define T̃ “ tcS̃1 , ..., cS̃n´ku1, the set of the indices of the columns of A that
have positive entries in the rows indexed by S̃.

Let g be a column of an arbitrary NZ matrix G of size n ˆ n. We refer to
|supptguX T̃ | as the T̃ -weight of g. For all positive integers p such that 1 ď p ď |T̃ |
we denote by Cp

G the set of all columns of G of T̃ -weight at least p. Finally, letting
Sp be the set of all nˆ n, NZ matrices G such that Cp

G ‰ H, we define d˚p as the
smallest integer satisfyingMd˚p

Ş

Sp ‰ H.

Remark 4. It should be understood that S, S̃, T̃ ,Sp and d˚p actually depend on
the choice of A, k and l. But because A, k and l are fixed, we omit writing this
dependence explicitly in order to lighten the notations.

We show that any matrix D P Sp satisfies the condition that AD has two
columns such that the union of their support is of cardinality at least k ` p.

Lemma 12. Let D P Sp, t P Cp
D such that for all j P t1, ..., pu, we have D

cS̃j ,t
ą 0.

Then there exists u P t1, ..., nu such that for all i P t1, ..., ku, j P t1, ..., pu we have
pADqrSi ,u ą 0 and pADq

rS̃j ,t
ą 0.

1We note that these elements are not, in general, distinct, and so T̃ may have cardinality less
than n´ k.
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Proof. Since D is NZ, there exists u P t1, ..., nu such that Dl,u ą 0. Then, for all
i P t1, ..., ku, we have :

pADqrSi ,u “
n
ÿ

k“1

ArSi ,kDk,u.

Since A and D are nonnegative, pADqrSi ,u ą 0 iff there exists k P t1, ..., nu such
that ArSi ,k ą 0 and Dk,u ą 0. This condition is fulfilled by k “ l.

Similarly, for all j “ 1, ..., p, we have pADq
rS̃j ,t
ą 0 since A

rS̃j ,k
ą 0 and Dk,t ą 0

for k “ cS̃j .

It follows that we can bound the pk ` pq-RT using the following lemma.

Lemma 13. Letting d˚p be as defined above, we have an upper bound on rtk`ppnq
given by Bkpnq ` d˚p ` w, with w “ npn´1q

2 .

Proof. By hypothesis, A P MBkpnq. This implies that there exists D P Sp such
that AD P MBkpnq`d

˚
p . By Lemma 12, there exists u P t1, ..., nu such that for

all i P t1, ..., ku, j P t1, ..., pu, we have pADqrSi ,u ą 0 and pADq
rS̃j ,t

ą 0. By
construction of the pair digraph of the matrix set M , the shortest path between
the node pu, tq and a singleton is of length at most w. Using Lemma 6, we can
conclude the proof.

Trivially, the bound we derived above stays true if we replace the value of d˚p
by one of its upper bounds. All that remains to be done now is to obtain an upper
bound on d˚p , so we can use Lemma 13 to bound the pk ` pq-RT. For this purpose,
we define the following set Σp of matrices in Sp of maximal T̃ -weight p.

Σp “
 

G P Sp
ˇ

ˇ for every column g of G, |supptgu X T̃ | ď p
(

For every G “ rg1, . . . , gns P Σp we define ãppGq “ mingPCpG|ti : supptgiuX T̃ Ę
supptgu X T̃u|. We then define ãp :“ minGPΣp ãppGq. This allows us to bound d˚p
as a function of ãp in the same way that we bounded the k-RT as function of ank in
the previous section. We obtain the following recurrence.

Lemma 14. Let 1 ď p ď |T̃ |. Then d˚p ď Bp
kpnq, where :

#

B1
kpnq “ 1

Bp`1
k pnq “ Bp

kpnq `
n
2 p1` n´ ãpq for 1 ď p ď |T̃ | ´ 1.

(3.8)

Proof. Similar to Theorem 6.
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Lemma 15. Let p and k be as defined above. We have ãp ě
ank´p

p
.

Proof. Using the same reasoning as Lemma 9, we have that ãp ě |T̃ |´p
p

. Observing
that |T̃ | “ ankpAq ě ank , we can conclude the proof.

Using the preceding lemma we can finally calculate an explicit bound on d˚p as
a function of n, k and p. The recursion (3.8) with ãp replaced by the preceding
lower bound:

#

n´kpk´1q´1´p
p

if k ď t
?
nu

n´k
k
´p

p
if t
?
nu ă k ď tn2 u

.

gives, if k ď t
?
nu, the following expression:

B̃p`1
k pnq “

#

1 if p “ 0
B̃p
kpnq `

n
2

´

1` n´ n´kpk´1q´1´p
p

¯

if 1 ď p ď |T̃ | ´ 1.
(3.9)

and if t
?
nu ă k ď tn2 u, it gives :

B̃p`1
k pnq “

#

1 if p “ 0
B̃p
kpnq `

n
2

´

np1´ 1
kp
q ` 2` 1

p

¯

if 1 ď p ď |T̃ | ´ 1.
(3.10)

Solving these recurrence relations, we find an explicit bound on d˚p given by the
following functions.

Theorem 8. Equation (3.9) is fulfilled by the following function:

B̃p
kpnq “

n2

2

˜

p´ 1´
p´1
ÿ

q“1

1
q

¸

`
n

2

˜

2pp´ 1q `
p´1
ÿ

q“1

1
q
pk2 ´ k ` 1q

¸

` 1.

And the recurrence (3.10) is solved with the following function:

B̃p
kpnq “ n2

˜

pp´ 1q
2 ´

1
2k

p´1
ÿ

q“1

1
q

¸

` n

˜

p´ 1` 1
2

p´1
ÿ

q“1

1
q

¸

` 1

Proof. For the recurrence (3.9), let C̃p
kpnq “ B̃p

kpnq{n. We have:

C̃p`1
k pnq ´ C̃p

kpnq “
n

2 ´
n

2p `
k2

2p ´
k

2p `
1
2p ` 1.
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From the above equation, we can deduce:

C̃p`s
k pnq ´ C̃p

kpnq “
sn

2 `
1
2

s´1
ÿ

q“0

1
p` q

pk2 ´ k ´ n` 1q ` s.

And then, we have:

B̃p
kpnq “

n2

2

˜

p´ 1´
p´1
ÿ

q“1

1
q

¸

`
n

2

˜

2pp´ 1q `
p´1
ÿ

q“1

1
q
pk2 ´ k ` 1q

¸

` B̃1
kpnq

Then the desired result follows from the initial condition B̃1
kpnq “ 1.

For the recurrence (3.10), let again C̃p
kpnq “ B̃p

kpnq{n. Then it is clear that the
following equation holds:

C̃p`1
k pnq ´ C̃p

kpnq “
n

2 ´
n

2kp ` 1` 1
2p.

From this equation, we can obtain:

C̃p`s
k pnq ´ C̃p

kpnq “
sn

2 ´
n

2k

s´1
ÿ

q“0

1
p` q

` s`
s´1
ÿ

q“0

1
2pp` qq

.

And it easily follows that:

B̃p
kpnq “ n2

˜

pp´ 1q
2 ´

1
2k

p´1
ÿ

q“1

1
q

¸

` n

˜

p´ 1` 1
2

p´1
ÿ

q“1

1
q

¸

` B̃1
kpnq

Now the desired result follows from the initial condition B̃1
kpnq “ 1.

Finally by combining the results of Lemma 13, Lemma 14 and Theorem 8, we
obtain that rtk`ppnq ď B̃kpnq ` B̃p

kpnq ` w “ Cp
npnq, with w “

npn´1q
2 .

In the Figure 3.4 and Figure 3.5 we plot the values of B̃k`ppnq and Cp
kpnq, two

upper bounds on rtk`p.

In Figure 3.4, on the left, we use the values of k “ 70 and p “ 30, and we
plot those upper bound for some values of n. On the right, we use the values of
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Figure 3.4: Comparison between B̃kpnq and Cp
kpnq.
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Figure 3.5: Comparison between B̃kpnq and Cp
kpnq, with n P t10000, 15000u and

p “ 30.

n “ 10000 and k “ 90, and we graph the upper bounds for some values of p.

On the Figure 3.5, we use the values of n P t10000, 15000u and p “ 30, and we
plot those upper bounds for some values of k.

As we can see on those figures, this technique is not very efficient. Indeed, for
each values of p, k, n P N0 such that 1 ď p ď k ď n and p ` k ď n, the upper
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bound Cp
kpnq seems to be bigger than B̃k`ppnq.

However, in the previous argument, we did not take into account the fact that
if T̃ has a cardinality less than n´ k, and if D has a T̃ -weight of p, it is possible
that the matrix AD has two columns such that the union of their support is of
cardinality strictly more than k ` p. For example, it should be noticed that if D
has a column of T̃ -weight of |T̃ |, then AD has two columns such that the union of
their supports has cardinality n. The previous argument could therefore possibly
be improved by leveraging this fact.

3.6 An improvement of the result
In this section, we present another method for improving the bound we found in
Theorem 7. We first begin this section by an intuitive explanation of what we will
do in the rest of this section. This explanation is not rigorous, its only goal is the
help the understanding.

Intuitively, in order to obtain the bound given by Equation (3.7), we sup-
posed that for each k, we had at least ank columns that we could "merge" with a
fixed column of weight k to obtain a column of weight at least k`1 (using Lemma 6).

But in fact, we did not take into account the weight of the column we merged
with the one of weight k. Indeed, maybe we can merge the column of weight k
with another column such that the resulting column is of weight k ` p ą k ` 1.

In what follows, we improve the previous argument by considering that if k ă n,
there always exists some integer p such that if we merge the column of weight k
with any of the other columns we get a resulting column of weight at most k ` p,
while there exists a column such that if we merge it with the one of weight k we
obtain a column of weight k ` p. Then, in this case, we consider the two following
techniques:

1. Merging the column of weight k with the "fixed" column such that the resulting
column is of weight k ` p

2. Merging the column of weight k with any columns that improve the weight
of the column (which means such that the resulting column is of weight at
least k ` 1)

Then, starting from a matrix A PMl that has a column of weight k, suppose
that we can find a matrix M1 PMm1 and M2 PMm2 , for "small" m1,m2 P N, such
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that M1 and M2 are the matrices we obtain by applying the first technique and the
second technique respectively (which means that the matrix AM1 has a column
of weight k ` p, and AM2 has a column of weight at least k ` 1). Then we have
a bound on the shortest product of matrices fromM that gives a matrix with a
column of weight k ` p (resp. at least k ` 1) given by l`m1 (resp. l`m2). We
can then reiterate the argument with the new weight of the column we have obtained.

Then, for every k ď kf ď n, suppose that starting from a product A PMl that
has a column of weight k, we want to end with a product B PM˚ with a column
of weight at least kf . Then any combination of techniques 1 or 2 that produces at
the end a column of weight at least kf gives a matrix M PM˚ such that the length
of the matrix AM is an upper bound on the value of the length of the smallest
product of matrices fromM that gives a column of weight kf . We can then choose
the combination that gives the smallest upper bound. However, since at each stage
the true value of p is unknown, we have to consider the worst case scenario. This
is further formalized below.

Let 1 ď k ď n´ 1, and A P Skn and fix l P t1, ..., nu such that al P CA. We note
Sl “ supptalu. Let S̃l “ t1, ..., nuzSl. We call the S̃l-weight of a column c of A
the number y such that y “ |supptcu X S̃l|.

Let 1 ď p ď minpk, n´ kq and Skn,p be the set of all matrices A P Skn such that
for all am P CA, all other columns of A have an S̃m-weight of at most p, and there
exists at least one column al P CA such that there exists a column of A of S̃l-weight
p. Trivially, we have:

minpk,n´kq
ď

p“1
Skn,p “ Skn. (3.11)

For every A P Skn,p, let C
p
A be the set of all columns al P CA such that there

exists a column of A of S̃l-weight p.

For every A P Skn,p, we define ank,ppAq :“ minaPCpA |ti : supppA˚iq Ę supppA˚aqu|
and ank,p :“ minAPSkn,p a

n
k,ppAq.

Remark 5. It is clear that ank,p ě ank , so every lower bound on ank still holds for
ank,p.

Lemma 16. Let ank,p be as defined above. Then it follows that ank,p ě n´k
p
.

Proof. Similar to Lemma 9.
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Let’s fix kf such that k ă kf ď n. Let us also define :

Okfk pnq “ max
APSkn

mintx : DD PMx such that AD has a column of weight at least kfu.

Let Bkpnq be as defined in Theorem 6. It is clear that :

rtkf pnq ď Bkpnq `O
kf
k pnq (3.12)

In what follows, we will find a downward recurrence relation in order to compute
an upper bound on the value of Okfk pnq. Let 1 ď p ď minpk, n´ kq and further
define:

Õkfk,ppnq “ max
APSkn,p

mintx : DD PMx such that AD has a column of weight at least kfu.

Then, it follows from (3.11) that:

Okfk pnq “ max
pPt1,...,minpk,n´kqu

Õkfk,ppnq (3.13)

Lemma 17. Let 1 ď p ď minpk, n´ kq and k ă kf ď n. Then we have:

Õkfk,ppnq ď O
kf
k`ppnq `

n

2 pn´ 1q.

Proof. We need to prove that for any matrix A P Snk,p, there exists a matrix
B PMn

2 pn´1q such that AB P Snk`p. Let am P C
p
A, such that there exists a column

al of S̃l- weight p. By construction of the pair digraph of the matrix set, we can
find an upper bound on the length of the shortest path between the node pm, lq
and a singleton. The shortest path from any node to any other node is of length at
most npn` 1q{2´ 1. Removing from this path all the extra singletons, and using
Lemma 6 we get the desired result.

Lemma 18. Let 1 ď p ď minpk, n´ kq and k ă kf ď n. Then we have that:

Õkfk,ppnq ď O
kf
k`1pnq `

n

2 p1` n´ ank,pq.

Proof. We need to prove that for any matrix A P Snk,p, there exists a matrix
B P M

n
2 p1`n´a

n
k,pq such that AB P Snk`1. Since we have the assumption that

A P Snk,p, we can adapt the proof of Theorem 6 by replacing ank by ank,p.

Theorem 9. Let 1 ď p ď minpk, n ´ kq and k ă kf ď n. Let ãnk,p “ maxtn ´
kpk ´ 1q ´ 1, n´k

p
, 1u. Then we have :

Õkfk,ppnq ď mintOkfk`ppnq `
n

2 pn´ 1q;Okfk`1pnq `
n

2 p1` n´ ãnk,pqu
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Proof. Trivial in view of Remark 5, Lemma 16, 17 and 18.

Using the relation (3.13) and Theorem 9, we have the following inequality:

Okfk pnq ď max
pPrminpk,n´kqs

mintOkfk`ppnq `
n

2 pn´ 1q;Okfk`1pnq `
n

2 p1` n´ ãnk,pqu

Finally we obtain the following bound:

Theorem 10. Let n ě 1 be an integer and ãnk,p “ maxtn´ kpk ´ 1q ´ 1, n´k
p
, 1u.

Then we can define a function Ukf
k pnq such that for all 1 ď k, kf ď n, Ukf

k pnq ě

Okfk pnq by the following relation :
#

U
kf
k pnq “ 0 if k ě kf

U
kf
k pnq “ max

pPrminpk,n´kqs
mintUkf

k`ppnq `
n
2 pn´ 1q;Ukf

k`1pnq `
n
2 p1` n´ ãnk,pqu if k ă kf

.

(3.14)

For a fixed value of kf and n, the value of Ukf
k pnq can be computed for all value

of k using dynamic programming.

Theorem 11. Let 1 ď kf ď n be integers. Let B̃kpnq be as in equation (3.7), and
U
kf
k pnq be as in equation (3.14). Then, for all 1 ď k ď kf , we have an upper bound

on rtkf pnq given by :
rtkf pnq ď B̃kpnq ` U

kf
k pnq (3.15)

We know from equation (3.7) that B̃kpnq grows as a linear function of n if
k ď t

?
nu, and increases as a quadratic function of n otherwise. Figure 3.6 shows

the difference between the upper bound for the rtkf pnq we get using equation (3.15)
with k “ kf (which is the same upper bound on the kf -RT we had from equation
(3.7)), and the one we get with k “ 2, for multiple values of n. In the plot on the
left, we choose kf “ 100 and the values of n such that kf P t1, ..., t

?
nuu for all

value of n. In the plot on the right, we choose kf “ 100 and the values of n such
that kf P tt

?
nu` 1, ..., tn{2uu for all value of n.

Figure 3.7 also compares the value of B̃kpnq`U
kf
k pnq in the case where k “ kf ,

and in the case where k “ 2, for multiple values of n. But this time, in the plot on
the left, we choose kf and n such that kf P ttn{2u` 1, ..., nu, and in the plot on
the right, we choose kf “ n.

Figure 3.8 shows the difference between B̃kpnq ` U
kf
k pnq in the case where

k “ kf , and in the case where k “ 2, for multiple values of k, and with n “ 1000.
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Figure 3.6: Comparison of B̃kpnq ` U
kf
k pnq in the case where k “ kf , and in the

case where k “ 2.
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Figure 3.7: Comparison of B̃kpnq ` U
kf
k pnq in the case where k “ kf , and in the

case where k “ 2.

This technique is interesting, as it happens to give a better upper bound on
rtkf pnq than the one we found in equation (3.7) for all values of 2 ď k ă kf .
Moreover, for all 2 ď kf ď n, the best upper bound on rtkf pnq was always observed
with k “ 2. However, obtaining a simple analytic expression for Ukf

k seems to be
difficult. It could be simpler to find an upper bound on Ukf

k close enough to the
true value of the function, in order to improve the bound (3.7). This is left for
future work.
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k pnq in the case where k “ kf , and in the

case where k “ 2, for multiple values of k, and with n “ 1000.
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Chapter 4

Analysis of a randomized
algorithm for generating extremal
automata

In this section we study an algorithm, henceforth referred to as C, proposed
by Catalano and Jungers in [11] for randomly generating slowly synchronizing
automata with high probability. The value of their contribution lies in the fact that
the algorithm always provides n-state, m-letter minimally synchronizing automata,
for the chosen values of n and m. The definition of minimally synchronizing
automata is as follows.
Definition 19. A synchronizing automaton is minimally synchronizing if the
elimination of any letter from the set of letters results in an automaton that is not
synchronizing.

We argue that this high probability of finding slowly synchronizing automata is
due to the fact that the algorithm produces automata from a very limited class of
automata with high probability. Indeed we provide theoretical upper bounds on
the probability that the automata generated by this algorithm will have large cycle
lengths, and show that these can be expected to decrease as a function of m and n.
We also provide results of numerical simulations of our implementation of C that
further confirm this hypothesis.

4.1 The algorithm C

4.1.1 Summary of the algorithm
The idea behind C is to construct minimally synchronizing automata by first
constructing minimally primitive perturbed permutation sets, the definition of which
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is given below.

Definition 20. A perturbed permutation set is a set of permutation matrices
where one of the matrices has had one of its zero entries changed to a 1.

Definition 21. A set of NZ matricesM is minimally primitive iff it is primitive,
and every proper subset ofM is not.

To do this, the algorithm constructs a perturbed permutation set M “

tM1, . . . ,Mmu, while using the Protasov-Voynov theorem (see Theorem 3) to
ensure that every subset of m´ 1 matrices fromM is not primitive.

More specifically, the algorithm takes as input a seed vector p “ rq1, . . . , qms
containing m prime numbers and initializes the matrix setM to contain m all-ones
matrices1 of dimension nˆ n, where n “ q1 . . . qj. Then for any j P t1, . . . ,mu,
lettingMj “MztMju, the algorithm imposes that every matrix fromMj acts
as a permutation2 over a qj-partition Ωj of t1, . . . , nu by setting certain entries to
zero. The definition of a q-partition is given below.

Definition 22. A q-partition of a set S is a partition of S into q subsets of equal
cardinality.

We also define the notion of a matrix with a q-permutation structure.

Definition 23. An n ˆ n matrix A has a q-permutation structure iff it acts as
a permutation over some q-partition of t1, . . . , nu. We say that A has a block
permutation structure iff it has a q-permutation structure for some q P N.

However, since we ultimately want the algorithm to produce a perturbed
permutation set, we have to ensure each time we impose a new q-permutation
structure on a matrix that the matrix still dominates a permutation. This notion
is defined below, as is the notion of compatibility.

Definition 24. A matrix M dominates a permutation iff there exists a permutation
matrix P such that A ě P (entrywise).

Remark 6. Let M be a nˆ n matrix, and I, J Ď t1, . . . , nu. We introduce the
notation MI,J for the submatrix of M consisting of the rows indexed by I and the
columns indexed by J .

1An all-ones matrix is a matrix such that all its entries are equal to 1.
2The method for choosing the permutation depends on the parameter met which takes either

the value 2 or 3. (To make comparison with the original article easier for the reader we use the
same numbering of methods used in the original article, and we consider only the methods 2 and
3, this explains the absence of a met=1 option.). The methods 2 and 3 are explained in the next
subsection.
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Definition 25. For all q P N0, we denote by Sq the symmetric group of order q.

Definition 26 ([11], Definition 10). Given an nˆ n matrix M and a q-partition
of t1, . . . , nu, Ω “ tΩ1, . . . ,Ωqu, we say that a permutation σ P Sq is compatible
with M and Ω if for all i “ 1, . . . , q, there exists a permutation matrix Qi such that
MΩi,Ωσpiq ě Qi . We say that a q-partition Ω is compatible with M if there exists a
permutation σ P Sq such that σ is compatible with M and Ω.

Clearly if we want the algorithm to produce perturbed permutation matrix sets,
we need to make sure at each step, that for each matrix Mi, the algorithm only
imposes a block permutation structure over a partition that is compatible with
Mi. In practice, the algorithm randomly chooses partitions (uniformly from the set
of all partitions), rejecting the incompatible ones until a compatible one is found,
over which a block permutation structure is then imposed.

Once the matrix setM satisfying these constraints has been constructed, each
matrix Mi in M is replaced by a permutation matrix dominated by Mi. The
choice of the extracted permutations is once again determined by the choice of the
parameter met. M is now a set of permutation matrices, all that remains to be
done now is to select a matrix inM uniformly at random, and to change one of the
zero entries to a 1 while taking care to preserve the block permutation structures
of the matrix.

Finally, the perturbed permutation matrix set M produced by C is checked
for primitivity3, if it is not primitive, it is discarded, otherwise we construct the
associated automaton AutpMq (See Definition 10). Now, by Proposition 9 in [11],
if the automaton ĚAutpMq (this is AutpMq with the permutation matrix to which
the 1 was added removed) is synchronizing, then it is minimally synchronizing,
otherwise AutpMq is. So by checking synchronizability of ĚAutpMq using the pair
digraph criterion (see Lemma 5 and Remark 3), we obtain a minimally synchronizing
automaton.

4.1.2 Two methods of finding a permutation matrix domi-
nated by a given matrix

Given a matrix M , the algorithm C needs to be able to extract a permutation
matrix P such thatM dominates P . However, there are often multiple permutation
matrices P satisfying this condition. It shall be shown in the following section
that the choice of P has a significant impact on the probability distribution of
the cycle lengths of the permutation matrices in the perturbed permutation set

3For this, the Protasov Voynov algorithm is used, see [34].
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produced by the algorithm. This choice is determined by the value of the parameter
met passed as an argument to the algorithm C. It can be shown that if met =
2, the permutation matrix P is chosen randomly following a uniform probability
distribution over the set of permutation matrices dominated by M . In the case
where met = 3, the choice is deterministic.

The pseudocode for the ExtractPerm function (see [11]) used by C to extract a
dominated permutation matrix P from a given matrix M is provided below.

Algorithm 1: Pseudo-code for permutation extraction algorithm

Input: An nˆ n matrix M .
Output: A permutation matrix P such that M dominates P .

B ÐÝ 0 ;
P initialized to a zero matrix of dimensions nˆ n ;
iÐÝ 0 ;

while B “ 0 and i ď n do

iÐÝ i` 1 ;
j ÐÝ non-blacklisted row or col of min weight in M ;

if supp(j) = H then
B ÐÝ 1 ;

end
else

Pick a positive entry in supp(j) ; /* See Remark 7 */

Set corresponding entry in P to 1 ;
Blacklist row and col corresponding to this entry ;

end

end

if B “ 1 then
M does not dominate a permutation

end

return P;
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Remark 7. (See pseudocode above). The choice of this entry is dictated by met.
If met = 2, then this entry is chosen randomly following a uniform distribution
over supp(j). However if met = 3, the first entry in lexicographical order is chosen.

4.1.3 Pseudocode for algorithm C

The pseudocode for the part of algorithm C relevant to our analysis is given below
(see [11] p.9 for further details). To obtain the numerical results of this chapter we
implemented this algorithm in Matlab.

Algorithm 2: Pseudo-code for algorithm C

Input:
• A seed vector of prime numbers p “ rq1, . . . , qms,

• a value of parameter met = 2 or 3,

• a natural number T , the max number of attempts to find a compatible
partition.

Output: A perturbed permutation matrix setM “ tM1, . . . ,Mmu that, if
primitive, is minimally primitive.

Initialize M1, . . . ,Mm to all-ones matrices ;

Continued on next page...
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for j “ 1, . . . ,m do

tÐÝ 0 ; B ÐÝ 0 ;

while t ă T and B “ 0 do

tÐÝ t` 1 ; B ÐÝ 1 ; Choose a qj-partition Ωj ;

for k “ 1, . . . ,m and k ‰ j and B “ 1 do

if Ωj is compatible with Mk then

Ak ÐÝMk with a compatible qj-permutation structure
imposed over Ωj, the choice of permutation being decided by
met ;
B ÐÝ 1 ;

end
else

B ÐÝ 0 ;
end

end

end

if t “ T and B “ 0 then
No compatible partition found after T tries ;

end
else

for k “ 1, . . . ,m and k ‰ j do
Mk ÐÝ Ak ;

end
end

end

for k “ 1 . . . ,m do
Mk ÐÝ A permutation matrix dominated by Mk, chosen according to
met ;

end

Select a matrix inM and change a 0 entry to a 1 while respecting the
block-permutation structures ;
returnM; 48



4.2 Bounding the max cycle lengths as a func-
tion of the prime numbers used

We are interested in analyzing how the distribution of cycle lengths in the au-
tomata generated by C is affected by the choice of p “ rq1, . . . , qms. We shall
see that for both possible choices of the parameter met we can expect the cycle
lengths to be smaller relative to the state space dimension n for larger values of
q˚ “ maxtq1, . . . , qmu.

Let π be a permutation in the symmetric group of order q, Sq. We shall find
bounds on the max cycle lengths of the permutation matrices generated by the
algorithm as a function of the choice of the first prime number in the seed vector
p, written q “ q1. We remind that according to C, at this step a q-permutation
structure is to be imposed over a q-partition Ω.

For the purposes of this section, we define4 the following function of the random
variable π, and the q-partition Ω:

Lnpπ,Ωq “ max
PPPnpπ,Ωq

L˚pP q

where Pnpπ,Ωq “ tP P Pn | P acts as permutation π over Ωu (we remind that
the notation Pn was defined in Remark 2). Clearly, Lnpπ,Ωq is an upper bound on
the cycle lengths of any permutation matrix acting as permutation π over Ω, and
therefore provides us with an upper bound on the cycle lengths of the matrices in
the matrix set produced by C.

We shall study the behaviour of Ln separately for the two different cases met =
2 and met = 3.

4.2.1 The case met = 3

If met = 3, the choice of the first block permutation structure is deterministic,
indeed the identity permutation is always chosen, so π „ UniformptidSquq, where
idSq is the identity in Sq. Imposing an identity block permutation structure over a
q-partition implies that PrLnpπ,Ωq “ n{qs “ 1.

4See Definition 16 for the definition of the function L˚.
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4.2.2 The case met = 2

Supposing met = 2, since the first block permutation structure is chosen uniformly
at random, we can find an upper bound on the probability of a particular matrix
in the matrix set generated by C being cyclic5 using the following theorem.

Theorem 12. Let Ω be a q-partition of t1, . . . , nu and let π „ UniformpSqq. Then
it follows that: PrLnpπ,Ωq “ ns “ 1{q.

Proof. Lnpπ,Ωq “ n iff π is a cyclic permutation. There are pq ´ 1q! cyclic
permutations of the set Q, hence PrLnpπ,Ωq “ ns “ pq ´ 1q!{q! “ 1{q.

We note that the probability of obtaining a cyclic letter after imposing a
permutation structure over a q-partition must be less than 1{q, so for large q,
this situation is highly improbable. We can generalize this result to smaller cycle
lengths as well. Letting the notation be as before, we have the following result.

Theorem 13. Let Ω be a q-partition of t1, . . . , nu and let π „ UniformpSqq.:
PrLnpπ,Ωq “ pq ´ 1qn{qs “ 1{pq ´ 1q.

Proof. Lnpπ,Ωq “ pq´ 1qn{q iff π has a cycle of length q´ 1. There are qpq´ 2q!
such permutations of the set Q (since there are q choices for the element that
must be mapped to itself and pq ´ 2q! cyclic permutations on the q ´ 1 remaining
elements), hence PrLnpπ,Ωq “ npq ´ 1q{qs “ qpq ´ 2q!{q! “ 1{pq ´ 1q.

The preceding results suggest that the probability of obtaining letters with large
cycle lengths relative to the dimension of the matrices decreases as the prime num-
bers used get larger. Of course this is unsurprising given that for larger q there are
more possibilities for the cycle lengths of permutations on q elements, so we should
expect all the probabilities to decrease as the probability distribution gets spread
out over t1, . . . , qu. What is more relevant is the expectation of Lnpπ,Ωq. We note
however, that for all prime numbers q, PrLnpπ,Ωq “ npq´1q{qs ě PrLnpπ,Ωq “ ns
since PrLnpπ,Ωq “ npq ´ 1q{qs{PrLnpπ,Ωq “ ns “ q{pq ´ 1q ą 1.

Generalizing these results gives the probability distribution of Lnpπ,Ωq. The
generalization is not developed here as the problem is equivalent to finding the
probability distribution of the max cycle length of a permutation chosen uniformly
at random from the symmetric group of order q, and a recurrence relation for the
number of permutations on n objects with greatest cycle length k was derived by
Golomb and Gaal in [16]. The recurrence is not reproduced here but the relevant

5A permutation matrix of dimension qˆ q is cyclic iff its max cycle length is q. A permutation
is cyclic iff the associated permutation matrix is.
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interesting results from Golomb and Gaal’s paper are given below.

We define first the normalized max cycle length of a permutation matrix.

Definition 27. The normalized max cycle length, denoted by ĎL˚, of a permutation
matrix P of dimensions q ˆ q is the max cycle length of P divided by q. More
formally, ĎL˚pP q “L˚pP q{q.

Naturally, we are interested in the expected value of the normalized max cycle
length of P for P „ UniformpPqq. Unsurprisingly, it decreases as a function of n.

Theorem 14 (See [16] p.7). Let πq „ UniformpSqq. The expectation of the
normalized max cycle length of the permutation matrix Pπq associated to πq is a
decreasing sequence in q and tends to λ for large q, where λ « 0.62432965.... More
formally:

lim
qÑ8

Er ĎL˚pPπqqs “ λ « 0.62432965...

To determine the median normalized max cycle length for large q we cite the
following theorem from the same paper.

Theorem 15 (See [16] p.9). Let πq „ UniformpSqq. Letting Pπq be the permutation
matrix associated to πq, we have that, for large q, Pr ĎL˚pPπqq ą as “ lnp1{aq for
a P r1{2, 1s.

It follows that, asymptotically for large q, the probability that the normalized
max cycle length is larger than 1/2 is given by lnp2q « 0.69315 and also that there
is a one-in-two chance of a permutation on q elements having a normalized max cy-
cle length larger than 1{

?
e « 0.60653 (or in other words, the median value is 1{

?
e).

To conclude, Theorem 14 gives us reason to expect that the normalized max
cycle length of the permutation matrices in the matrix set produced by C should
decrease as the prime numbers used in the seed vector p get larger. The least
restrictive case would then seem to be the case where p “ rq1, . . . , qms “ r2, . . . , 2s.
This case is analyzed in greater detail in Section 4.5. It is important to note however,
that all the preceding results depend crucially on the choice of the probability
distribution according to which permutations are chosen, it may well be possible
to find a distribution such that the expectation of the normalized max cycle length
does not decrease as the prime numbers grow larger, this was not attempted.
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4.3 Bounding the max cycle lengths as a func-
tion of the number of block permutation struc-
tures imposed

We would like to establish bounds in this section on the max cycle length of
a permutation matrix that acts as permutation σj over the qj-partition Ωj for
all j “ 1, . . . ,m ´ 1. These bounds will then be used to study the perturbed
permutation matrix sets produced by C in Section 4.5. We begin by proving
the following lemma, which is a generalization of the well-known bipartite graph
theorem6.

Lemma 19. Let M be a permutation matrix, GptMuq “ pV,Eq its associated
graph, and Ω “ tΩ1, . . . ,Ωqu a partition of V . If the matrix M acts as a cyclic
permutation over the partition Ω, then the length of the cycle, q, divides the length
of any cycle in GptMuq.

Proof. Let v0 Ñ v1 Ñ ¨ ¨ ¨ Ñ vl “ v0 be a cycle (of length l) in GptMuq. WLOG,
we may relabel the sets in Ω such that v0 P Ω0 and @i “ 0, . . . , q ´ 1 all the edges
from Ωi go to Ωi`1pmod qq. Since v0 P Ω0, then v1 P Ω1pmod qq, and v2 P Ω2pmod qq, and
more generally:

vr P Ωrpmod qq, @r “ 0, . . . , l (4.1)

But v0 “ vl and by (4.1), v0 P Ω0 and vl P Ωlpmod qq. Since Ω is a partition, it
follows that Ω0 “ Ωlpmod qq ùñ l “ 0 (mod q) ùñ q | l, that is to say that q
divides l.

We can also study the sequence of nodes in the cycles of a permutation matrix
with a more general block permutation structure. Recalling that any permutation’s
graph is a union of disjoint cycles (see Lemma 5), we develop a notation for
partitions over which a matrix acts as a permutation. The fact that the following
renumbering of sets of a partition is always possible follows trivially from the
definition of a matrix acting as a permutation over a partition.

Definition 28. Let σ P Sq be a permutation with k cycles7 of lengths c1, . . . , ck.
Also let n be an integer such that n ě q, and let Ω “ tΩ1, . . . ,Ωqu be a partition of

6The bipartite graph theorem states that a graph is bipartite if and only if every cycle in the
graph is of even length.

7That is to say such that the graph associated to the matrix associated to σ is made of k
disjoint cycles.
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t1, . . . , nu. Finally let v P t1, . . . , nu. We say that Ω1 is Ω numbered according to v
and σ iff v P Ω1,0 and for all r “ 1, . . . , k: all the edges from Ωr,s go to Ωr,s`1pmod crq
for all s “ 0, . . . , cr ´ 1 and Ω1 “ tΩr,s | r P t1, . . . , ku, s P t0, . . . , cr ´ 1uu “ Ω.

Generalizing the result of Lemma 19, we get the following lemma on cycles in a
permutation matrix satisfying m´ 1 block permutation structures.
Lemma 20. Let M be a permutation matrix, GptMuq “ pV,Eq its associated
graph, and Ωj “ tΩj

1, . . . ,Ωj
qj
u be partitions of V for j “ 1, . . . ,m´ 1. Also let

v0 Ñ v1 Ñ ¨ ¨ ¨ Ñ vl “ v0 be a cycle in GptMuq. For every j “ 1, . . . ,m´ 1, if M
acts as permutation σj over Ωj, then assuming8 Ωj to be numbered according to v1
and σj, we have the following constraint:

vs P Ωj

1,spmod cj1q
for all s “ 0, . . . , cj1 ´ 1. (4.2)

Proof. Follows trivially from Definition 28.

This immediately gives a bound on the maximal cycle length of the permutation
matrices in the perturbed permutation matrix set produced by C, as stated in the
following corollary.
Corollary 2. Let M be a permutation matrix, GptMuq “ pV,Eq its associated
graph, and Ωj “ tΩj

1, . . . ,Ωj
qj
u be partitions of V for j “ 1, . . . ,m´ 1. Also let

v0 Ñ v1 Ñ ¨ ¨ ¨ Ñ vl “ v0 be a cycle in GptMuq. For every j “ 1, . . . ,m´ 1, if M
acts as permutation σj over Ωj, then assuming Ωj to be numbered according to v0
and σj, we have that:

l ď

˜

min
sPt1,...,lcmpc1

1,...,c
m´1
1 qu

∣∣∣∣∣∣
č

j“1,...,m´1
Ωj

1,spmod cj1q

∣∣∣∣∣∣
¸

lcmpc1
1, . . . , c

m´1
1 q

Proof. Let c “ lcmpc1
1, . . . , c

m´1
1 q so cj1 | c for all j “ 1, . . . ,m ´ 1. By equation

(4.2) in Lemma 20, we have that vkc P
Ş

j“1,...,m´1 Ωj
1,0 for all k P N0. Since a cycle

can only visit each element once, it follows that l ď
∣∣∣Şj“1,...,m´1 Ωj

1,0

∣∣∣c.
Now renaming the partition Ω according to vs, we can reapply the same reasoning

to deduce that:

l ď

∣∣∣∣∣∣
č

j“1,...,m´1
Ωj

1,spmod cj1q

∣∣∣∣∣∣c for all s “ 1, . . . , c.

The conclusion follows.
8WLOG of course.
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Remark 8. It also follows from this reasoning that any cycle in the associated
graph of M must have a length of at least c.

Since the expected value of the parameter c for a random sequence of permuta-
tions seems to be difficult to calculate, we obtain also the following bound, which
is easier to apply in the general case.
Corollary 3. Let M be a permutation matrix, GptMuq “ pV,Eq its associated
graph, and Ωj “ tΩj

1, . . . ,Ωj
qj
u be partitions of V for j “ 1, . . . ,m´ 1. Also let

v0 Ñ v1 Ñ ¨ ¨ ¨ Ñ vl “ v0 be a cycle in GptMuq. For every j “ 1, . . . ,m´ 1, if M
acts as permutation σj over Ωj, then assuming Ωj to be numbered according to v0
and σj, we have that:

l ď

∣∣∣∣∣∣∣
m´1
č

j“1

cj1´1
ď

s“0
Ωj

1,s

∣∣∣∣∣∣∣
Proof. Let j P t1, . . . ,mu. By Definition 28 and Lemma 20, v0 P Ωj

1,0 and if
vi P Ωj

1,i then vi`1 P Ωj

1,i`1p mod cj1q
. Therefore:

vi P

cj1´1
ď

s“0
Ωj

1,s for all i “ 0, . . . , l´ 1 ùñ tv0, . . . , vl´1u Ď

cj1´1
ď

s“0
Ωj

1,s.

Since j was arbitrary, it follows that tv0, . . . , vl´1u Ď
Şm´1

j“1
Ťcj1´1

s“0 Ωj
1,s. And

the conclusion follows by noting that the v0, . . . , vl´1 are distinct since they form a
cycle, and so the set tv0, . . . , vl´1u has cardinality l.

These corollaries seems to suggest an intuitive reason for why the cycle lengths
of the permutation matrices diminish as a function of m. Indeed the intersections
of the various partitions can be expected to contain fewer and fewer elements as m
increases, so if the rate of decrease of the cardinality of these intersections exceeds
the rate of increase of n as a function of m, the maximal cycle length can be
expected to diminish as well. We shall study the issue further in section 4.5.

4.4 A result on compatible block permutation
structures

In this section we investigate in greater detail the notion of compatibility. We shall
do so by studying how a matrix acts over its intersection partitions.
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Definition 29. Let a square binary matrix M of dimension n “ q1 . . . qm act
as permutation σj P Sqj over qj-partition Ωj “ tΩj

1, . . . ,Ωj
qj
u of t1, . . . , nu for

j “ 1, . . . ,m´ 1. For all k “ 1, . . . ,m´ 1, letting nk “ q1 . . . qk we define the k-th
intersection partition as :

Γk “
 

Γk1, . . . ,Γknk
(

“

!

Ω1
i1

č

. . .
č

Ωk
ik

ˇ

ˇ

ˇ
ij P t1, . . . , qju for all j P t1, . . . , ku

)

.

Where Γki pΩ1, . . . ,Ωkq “ Ω1
pi´1qpmod q1q`1

Ş

ˆ

Şk

j“2 Ωj

t
i´1

q1...qj´1
upmod qjq`1

˙

. Clearly

Γm´1 forms a partition of t1, . . . , nu.

Lemma 21. Let a square binary matrix M of dimension n “ q1 . . . qm act as
permutation σj P Sqj over qj-partition Ωj “ tΩj

1, . . . ,Ωj
qj
u of t1, . . . , nu for j “

1, . . . ,m ´ 1. Then M acts as a permutation over the pm ´ 1q-th intersection
partition of t1, . . . , nu, Γm´1 “

 

Γm´1
1 , . . . ,Γm´1

nk

(

:

Proof. We prove this lemma by induction, for m “ 1, this is trivial.

We now suppose the theorem true for all m “ 1, . . . ,m1 and show that it
holds also for m “ m1 ` 1 when we impose a new permutation σm1`1 over a
qm1`1-partition Ωm1`1. Letting nm1 “ q1 . . . qm1 , we have by the inductive hypoth-
esis that M acts as some permutation π over tΓm11 , . . . ,Γm1nm1u. To this end, we
consider the submatricesMΓm1i ,Γm1

πpiq
for i “ 1, . . . , nm1 as all the other blocks are zero.

Let i P t1, . . . , nm1u. Since M acts as a permutation π on Γm1 , if M acts also as
a permutation σm1`1 on Ωm1`1, then if Mi,j ą 0 there exist k1 P t1, ..., nm1u, k2 P

t1, ..., qm1`1u such that i P Γm1k1 and Ωm1`1
k2 , j P Γm1πpk1q

and j P Ωm1`1
σm1`1pk2q

. The
conclusion follows.

We shall see that the submatrices we just considered turn out to hold the key
to the notion of compatibility. We have the following result.

Theorem 16. Let a square binary matrix M of dimension n “ q1 . . . qm act
as permutation σj P Sqj over qj-partition Ωj “ tΩj

1, . . . ,Ωj
qj
u of t1, . . . , nu for

j “ 1, . . . , k, k ă m ´ 1. Let q1 . . . qk “ nk and let π be the permutation such
that M acts as π over Γk, the k-th intersection partition of t1, . . . , nu. Then a
qk`1-partition Ωk`1 is compatible with M iff there exists a permutation σk`1 in
Sqk`1 and a matrix M 1 dominated by M such that for all i “ 1 . . . , nk, and all
k1, k2 P t1, . . . , qk`1u such that Γki

Ş

Ωk`1
k1 ,Γkπpiq

Ş

Ωk`1
k2 are not empty the following

holds:
σk`1pk1q ‰ k2 ùñ M 1

Γki
Ş

Ωk`1
k1

,Γk
πpiq

Ş

Ωk`1
k2
“ 0, (4.3)
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and M 1

Γki ,Γ
k
πpiq

dominates a permutation.

Proof. The forward direction follows trivially from Lemma 21 and Definition 26.

For the reverse direction it suffices to note that since M acts as π over Γk and
M 1 ďM , for all i1, i2 P t1, . . . , nku, πpi1q ‰ i2 ùñ M 1

Γki1 ,Γ
k
i2
“ 0. Condition (4.3)

then ensures that M 1 acts as σk`1 over Ωk`1. Now clearly if each of the submatrices
M 1

Γki ,Γ
k
πpiq

dominates a permutation, then M 1 does too. The conclusion follows.

The preceding theorem is applied in the next section to study the compatibility
of 2-partitions.

4.5 Analysis of a particular case
We consider the behaviour of C in the case where p “ r2, . . . , 2s and met = 2. We
shall see that in this case there are two ways to arrive at the same result.

Let P be a matrix belonging to the perturbed permutation set produced by C.
By Corollary 2, we know that:

ErL˚pP qs ď 2E
”∣∣∣Γm´1

1

∣∣∣ı (4.4)

where Γm´1
1 is an arbitrary element of Γm´1, the pm´1q-th intersection partition

of t1, . . . , 2mu.

The other way to come to the same conclusion is to note that following the
reasoning of Lemma 21, we can prove that P must act as an involution9 over Γm´1.
So the expected max length of a cycle in P is bounded by twice the expectation of
the cardinality of an aribtrary element of Γm´1. The proof that P must act as an
involution is given below.

Theorem 17. LetM be the perturbed permutation matrix set produced by C with
inputs p “ rq1, . . . , qms “ r2, . . . , 2s and met = 2 or 3. Also let Γm´1 be the
pm´ 1q-th intersection partition of t1, . . . , 2mu. Then any P PM acts on Γm´1

as an involution.

Proof. The theorem is proved by induction on the Γj for j “ 1, . . . ,m´ 1. The
case j “ 1 is trivial since any permutation on 2 elements is an involution.

9An involution is a permutation that is its own inverse.
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We now suppose that P acts as an involution π on Γj´1 and show that if we
impose a 2-permutation σ over a 2-partition Ωj, then P will act as an involution
over Γj. Let nm´1 “ q1 . . . qm´1 and let v0 Ñ v1 Ñ ¨ ¨ ¨ Ñ vl “ v0 be a cycle in
GptPuq. then, numbering Ωj according to σ and v0, we have that if v0 P Γj´1

i

Ş

Ωj
1,0

for some i P t1, . . . , nm´1u, then v1 P Γj´1
πpiq

Ş

Ωj
1,1pmod c1q

ùñ v2 P Γj´1
i

Ş

Ωj
1,0. It

follows that P acts as an involution over Γj.

We note γj the cardinality of an arbitrary element of Γj for j “ 1, . . . ,m´ 1.
Trivially, Erγ1s “ n{2. Now if the partitions were chosen without regard to compat-
ibility, we would have that γj`1 „ Hypergeometricpn, γj, n{2q for j “ 1, . . . ,m´1.
We easily obtain then, by noting that the mean of a random variable distributed
hypergeometrically with population n, number of success states γ and draw size n{2
is γ{2, that: Erγj`1s “

řn{2
i“0 Erγ

j`1 | γj “ isPrγj “ is “ p1{2q
řn{2

i“0 iPrγ
j “ is “

Erγjs{2. It follows that E
”∣∣∣Γm´1

1

∣∣∣ı “ 2, and so equation (4.4) gives ErL˚pP qs ď 4,
regardless of the value of m.

However, if we take into account the fact that the partitions chosen must be
compatible, the analysis becomes a lot more complicated. We have the following
theorem on compatibility of 2-partitions.

Theorem 18. Let M be an nˆ n binary matrix acting as an involution π P Snj
over some partition Γ “ tΓ1, . . . ,Γnju of t1, . . . , nu such that for all i “ 1, . . . , nj,
MΓi,Γπpiq is either empty if Γi or Γπpiq is, or else is an all-ones matrix. Then
a 2-partition Ω “ tΩ1,Ω2u of t1, . . . , nu is incompatible with M iff there exist
i1, i2 P t1, . . . , nju, i1 ‰ i2, such that Γi1 ,Γπpi1q,Γi2 ,Γπpi2q ‰ H and there exists
k P t1, 2u:

´

Γi1
ď

Γi2
ď

Γπpi1q
¯

č

Ωk “ H,Γπpi2q
č

Ωk “ Γπpi2q (4.5)

Proof. Let i1, i2 P t1, . . . , nju, i1 ‰ i2, Γi1 ,Γπpi1q,Γi2 ,Γπpi2q ‰ H, k P t1, 2u such
that (4.5) is satisfied and consider the submatrices of M :

Mi1 “

ˆ

Γπpi1q
Ş

Ω1 Γπpi1q
Ş

Ω2

Γi1
Ş

Ω1 . .
Γi1

Ş

Ω2 . .

˙

Mi2 “

ˆ

Γπpi2q
Ş

Ω1 Γπpi2q
Ş

Ω2

Γi2
Ş

Ω1 . .
Γi2

Ş

Ω2 . .

˙
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Then, letting k1 “ 2 if k “ 1 and k1 “ 1 if k “ 2, compatibility implies that
the second block in the k1-th row of Mi1 must dominate a permutation, but also
that the first block in the k1-th row of Mi2 must dominate a permutation. But
then, if M is to act as a permutation over Ω, the first condition implies that the
permutation must be the identity, and the second implies that the permutation
must be cyclic. But no such permutation exists. Therefore Ω is incompatible with
M .

In the reverse direction, let us suppose that Ω is not compatible with M . By
hypothesis all non-empty Mi “ MΓi,Γπpiq for i P t1, . . . , nju are all-ones matrices.
Clearly if all the Γi

Ş

Ωk for i P t1, . . . , nju, k “ 1, 2 are non-empty, there exists
M 1 ďM and σ P S2 such that M 1 acts as σ over Ω and dominates a permutation
matrix. The same is true if in each Mi at most one of the block rows or columns is
empty. If both rows or both columns are empty then the submatrix is empty. We
note then that we only have incompatibility if either (4.5) is satisfied, or the following
is satisfied for some i1, i2 P t1, . . . , nju, such that Γi1 ,Γπpi1q,Γi2 ,Γπpi2q ‰ H, and
some k P t1, 2u.

´

Γπpi1q
ď

Γπpi2q
ď

Γi1
¯

č

Ωk “ H and Γi2
č

Ωk “ Γi2 (4.6)

However, since π is an involution, (4.5) is satisfied for some value of i1, i2 iff
(4.6) is satisfied by πpi1q, πpi2q. Therefore (4.5) is necessarily satisfied.

By using condition (4.5), we should be able to count the number of partitions
compatible with a given matrix M using combinatorial methods (indeed finding the
number of partitions satisfying (4.5) for fixed i1, i2 turns out to be identical to a
standard problem of drawing colored balls from an urn without replacement). And
since the number of 2-partitions of t1, . . . , nu is given by p1{2qp nn{2q, we can then
also compute the probability of finding a compatible partition. However as the
same partition can satsify (4.5) for different values of i1, i2, it is not clear how to use
this equation to count the number of incompatible partitions without overcounting.
This problem has yet to be solved.

4.6 Numerical validation of the conjecture
In this section, we aim to show that numerical simulations support the hypothesis
that the normalized cycle lengths of the permutation matrices produced by the
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algorithm C decrease on average as a function of m. We implemented the algorithm
C in Matlab, and a function that computes the maximum normalized cycle length of
an arbitrary matrix set consisting of permutation matrices. We produced 15 sets for
each of the values of m, for met=2, and met=3, using the seed vector p “ r2, . . . , 2s
(p is a vector of length m).
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(a) met = 2
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(b) met = 3

Figure 4.1: Graphs showing the decrease of the mean normalized cycle length as a
function of m.

As expected, the maximum normalized cycle length of the matrices in the
primitive perturbed permutation sets produced by C is seen to decrease as a func-
tion of m. We also note that when using met=3, the decrease is a lot more rapid
than with met=2, which is unsurprising given the results of section 4.2. Indeed,
it seems quite plausible that the higher average pair digraph diameter of the au-
tomata produced by C using met=3 as opposed to met=2 observed in [11] can be
explained by the fact that the cycle lengths are a lot smaller in the former case,
thereby raising the likelihood of the algorithm producing the families of slowly syn-
chronizing automata (which all have a max cycle length of 2) presented in this paper.

We note also that in the case met = 3, we seem to have the bound 1{2m´1

on the expectation of the max normalized cycle length, the proof of this fact for
arbitrary m has yet to be attempted10.

10This is easy to prove for m “ 2, 3 since all 2-partitions are compatible and therefore the
partitions are chosen according to the hypergeometric distribution, as described in the previous
section.
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Chapter 5

Heuristic algorithms for the
approximation of reset thresholds
and exponents

In the literature, there exist several heuristic methods for approximating the k-RT
of automata. Since computing the true reset threshold is NP hard, these heuristics
are very useful in practice, since they allow us to find a synchronizing word of an
automaton (the reset threshold being equal to the n-RT of an automaton) in a
reasonably short amount of time. These heuristics can be easily extended for the
purposes of approximating the k-RT of matrix sets. One of the most widely used
heuristics is the Eppstein heuristic, that will be described in the first section. In the
second section, we present a new heuristic: the transpose graph heuristic. In the
third section, we show how we can use these heuristics in order to approximate the
exponent of a primitive matrix set. Heuristics for approximating the exponent of a
primitive matrix set are, to the best of our knowledge, unknown in the literature.
In the last section, we compare both heuristics on the automata generated by the
randomized algorithm (C) for generating extremal automata which was presented
in the preceding chapter. We shall see that our new heuristic outperforms the
Eppstein heuristic in this case, though it is somewhat slower.

5.1 Eppstein heuristic
In [13], Eppstein proposed an algorithm for finding short reset words of a synchro-
nizing automaton. The idea is simple, given an automaton and its set of states Q,
we produce the reset word τ in the following manner: at each iteration we pick two
distinct states q1, q2 in Q, find a word τ 1 that sends them to the same state, and
finally set τ to ττ 1 and Q to the image of Q by τ 1.
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At each iteration, there are of course different ways to choose the two distinct
states q1 and q2, and different ways of choosing the word τ 1. A simple strategy in
each case is the greedy strategy. The greedy strategy for choosing τ 1 is to pick the
shortest τ 1 such that δpq1, τ

1q “ δpq2, τ
1q, and the greedy strategy for the choice

of q1 and q2 consists in choosing whatever pair of distinct states in Q gives the
shortest τ 1, the latter being chosen according to the greedy strategy for choosing
τ 1. In order to evaluate the quality of this strategy as a method for approximating
the reset threshold, we introduce the notion of the approximation ratio.

Definition 30 (See [3], Section 1). Let Z be an algorithm giving the length of
a (short) reset word for any synchronizing automaton so that for an arbitrary
synchronizing automaton A, ZpAq ě rtpAq . The approximation ratio of Z is the
following function of n:

RZpnq “ suptZpAq{rtpAq | A is a synchronizing automaton with n statesu

It was shown in [3], Theorem 3.4 that the approximation ratio of the greedy
Eppstein heuristic is at least n{6 for n ą 6. Nevertheless, the reset words found by
this heuristic are upper bounded by a cubic function of n (see [13], Theorem 7).

We extend the algorithm to binary nˆ n matrix sets with non zero rows that
have a product with a positive column (we know from Lemma 5 that for those kind
of matrix sets, there is a path from every non singleton to some singleton in the
pair digraph) as follows. The idea is to use the greedy strategies for the Eppstein
heuristic to find products with successively larger column weight at each iteration
using the result of Lemma 6 until we arrive finally at a product with a positive
column. Given a matrix set M, for any nodes pi, jq and pk, lq in SGpMq (see
Definition 17), let us denote by dSGpMqrpi, jq, pk, lqs the length of the shortest path
from pi, jq to pk, lq in SGpMq. We also denote the set t1, . . . , nu by the convenient
shorthand rns. The Eppstein heuristic for primitive sets is formalized by Algorithm
1.

Now since this algorithm increases the weight of the column i at each iteration
of the while loop, it also provides us with an upper bound on the the k-RT of
the corresponding matrix set for all k by producing a (short) product whose i-th
column is of weight greater than or equal to k. So at each iteration we also check
the weights of the rows of A in case the algorithm happens to produce a larger
row weight than the maximal column weight, thus improving the bound on the k-RT.
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Algorithm 3: Pseudo-code algorithm for the Eppstein heuristic

Input: A matrix setM which has a product with a positive column
Output: A matrix M PM˚ with a positive column

AÐÝ arg maxXPM maxiPrns |supppX˚iq|;
iÐÝ arg maxjPrns |supppA˚jq|;
S ÐÝ supppA˚iq;

while S ‰ rns do

C ÐÝ tj P rns : supppA˚jq Ę Su;
j˚ ÐÝarg minjPC dSGpMqrpi, jq, ps, sqs for s P t1, ..., nu arbitrary;
Ap1 , . . . , Apl ÐÝ labels of shortest path from pi, jq to ps, sq;
iÐÝ s;
AÐÝ AAp1 ¨ ¨ ¨Apl ;
S ÐÝ supppA˚iq;

end

return A;

5.2 A new heuristic: the transpose graph heuris-
tic

We propose here another heuristic for finding short reset words of an automaton, or
more generally a method of solving the following problem: given a matrix setM
of m binary matrices satisfying the conditions of Lemma 5, to find a short product
of matrices fromM which gives a matrix that has a positive column. To the best
of our knowledge, the heuristic presented in this section is new, we could not find
it anywhere in the literature. Our heuristic is based on the simple idea stated in
the lemma below.

Lemma 22. The matrixM “M1 . . .Ms has a positive column iffMT “MT
s . . .M

T
1

has a positive row.

Proof. Trivial.

In light of the preceding lemma, instead of finding a product of matrices inM
which gives a matrix with a positive column, we search for a product of matrices
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inMT which gives a matrix with a positive row. Then we can solve the original
problem simply by reversing the order of this product and replacing the matrices
by their transposes.

The advantage of using the transpose graph is that it allows us to build the
synchronizing word in reverse. So we can use information about the end of our
synchronizing word to make better decisions at the beginning of our synchronizing
word. There is evidence suggesting that methods that build synchronizing words
in reverse work better on average, see [24]1.

By Lemma 3, we know that the product MT “ MT
1 . . .M

T
s has a positive

row if and only if there exists i P t1, . . . , nu such that there is a path labelled by
MT

1 , . . . ,M
T
s from i to j in GpMT q, for all j P t1, . . . , nu. Now in order to find

such paths, we introduce some supplementary notions.

Definition 31. LetM be a set of binary matrices, GpMT q “ pV,ET q its associated
graph and let 2V be the powerset of V . For ease of notation we define the function
˚ : 2V ˆMT Ñ 2V : pU,MT q ÞÑ tv P V | Du P U : pu, vq P ETwith label MTu.
We write ˚pU,MT q as U ˚MT . We also extend the notation so that for all U Ď
V,MT

1 ,M
T
2 PMT , we have: U ˚MT

1 M
T
2 “ pU ˚M

T
1 q ˚M

T
2 .

Definition 32. Let GpMT q “ pV,ET q. We call u P V a branching node if and
only if there exist v, w P V,MT PMT such that the following three conditions are
fulfilled:

• v ‰ w,

• v P tuu ˚MT ,

• w P tuu ˚MT .

MT is then called a branching letter for u.

The following lemma shows the relevance of these notions to the construction
of the required paths.

Lemma 23. Let MT “ MT
1 . . .M

T
s have a row i of weight k, k P t1, . . . , nu,

where MT
1 , . . . ,M

T
s P MT . Let U “ tu1, . . . , uku “ suppppMT qi˚q. Now if

MTMT
s`1 . . .M

T
s`t has row i of weight ą k, then there exists some x P t0, . . . t´ 1u,

some branching node v‹ P V and some branching letter MT
‹ PMT for v˚ such that

v˚ P U ˚M
T
s`1 . . .M

T
s`x and MT

s`x`1 “MT
‹ .

1It is to be noted that the algorithm they present is similar to the transpose graph heuristic,
but not quite the same.
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Proof. Straightforward by contradiction. Indeed, unless you apply a branching
letter to a branching node, the cardinality of the image set is always less than or
equal to that of the set.

This suggests a simple strategy for solving our problem. Start with a matrix
that has a row, say row i, of weight at least 2, see what nodes the (at least two)
corresponding edges lead to, and let S be the set of these nodes. Now for each
node in S, find the shortest path sending it to a branching node, if the labels
corresponding to this path give a matrix product that increases the maximum row
weight then proceed to the next step, otherwise try again with some other node in
S. If all nodes in S have been tried with no success, then we apply one step of the
Eppstein algorithm to increase the weight and we set S to be the set of all nodes
reached by the paths found so far. Now for each node in S we find the shortest
paths sending it to a branching node ... and so until we finally have a positive row.
This idea is captured by the following pseudocode algorithm.

Algorithm 4: Pseudo-code algorithm for the Transpose-graph heuristic

Input: A matrix setM which has a product with a positive column
Output: A matrix M PM˚ with a positive column

AÐÝ arg maxXPM maxiPrns |supppX˚iq|;
iÐÝ arg maxjPrns |supppA˚jq|;
S ÐÝ supppA˚iq;
T ÐÝ tv P V | v is a branching nodeu;

Continued on the next page...
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while S ‰ rns do

B ÐÝ 0;
dists ÐÝ pairwise distances from S to T in GpMT q;
paths ÐÝ the corresponding paths;

while B “ 0 and paths not empty do

Ap1 , . . . , Apl ÐÝ a path from s P S to t P T in paths of shortest
distance in dists;
A˚ ÐÝ a branching letter for t.
if |S ˚ Ap1 ¨ ¨ ¨AplA

˚| ą |S| then
AÐÝ AAp1 ¨ ¨ ¨AplA

˚;
S ÐÝ supppA˚iq;
B ÐÝ 1;

end
else

remove this path from paths;
if no more paths corresponding to this distance then

remove this distance from dists;
end

end

end

if B “ 0 then

apply a step of the Eppstein heuristic to increase row weight;
update S accordingly;

end

end
return A;
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Clearly, at each iteration, if a successful path is found without recourse to an
Eppstein step, then the length of this path is bounded by n (because it takes at
most n ´ 1 steps to reach a branching node, and then we multiply the matrix
corresponding to the labels of the two branching edges of the branching node).
Therefore if the algorithm never uses Eppstein, the length of the final synchronizing
word found is bounded quadratically, by npn´ 2q ` 1 “ pn´ 1q2.

5.3 Approximating the exponent
In the previous sections of this chapter, we presented some heuristics that allow us
to find a product with a positive column. In what follows, we explain how we can
use those heuristics in order to approximate the exponent of a primitive matrix set.
Borrowing an idea from [7], Theorem 17, given a primitive matrix setM we can
construct a positive matrix in the following manner. Let H stand for any of the
preceding heuristics, we then apply H toM andMT to obtain a matrix M PM
with a positive j-th column and another matrix M 1 PMT with a positive j-th
column as well, for some index j. Then pM 1qT PM, and it has a positive j-th
row. We then have that MpM 1qT PM˚ is positive, and the length of the product
MpM 1qT gives an upper bound on the exponent ofM.

5.4 Comparisons
In this section, we compare the Eppstein heuristic and the transpose graph one.
For this goal we use the randomized algorithm for generating extremal automata
described in the previous chapter for multiple values of n. For all couples of prime
numbers i, j such that ij ď nmax “ 57, we generate 5 primitive sets using this
algorithm. For each different value of n Figure 5.1 shows the mean of the value
of the length of the product that gives a positive column of those 5 primitive sets
(left) and the mean of the execution time (right), for both techniques. Figure 5.2
gives the mean of the approximation of the exponent for both techniques.

As we can see, the transpose graph heuristic gives a smaller upper bound on
the n-RT than the Eppstein one. But the computation time needed to compute it
grows a lot faster than the Eppstein’s heuristic.

However, it seems that in some special cases, the transpose graph heuristic
does not give a smaller bound than the Eppstein heuristic. Indeed, we tested both
heuristics on a family of primitive matrix sets based on a slowly synchronizing
automaton (we just change one of its zero entries to a 1, in order to make the set
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Figure 5.1: Mean of the value of the length of the product that gives a positive
column of 5 primitive sets generated from the randomized algorithm for generating
extremal automata (left) and the mean of the execution time (right), for the
Eppstein’s heuristic and the transpose graph one.
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Figure 5.2: Mean of the approximation of the exponent of 5 primitive sets generated
from the randomized algorithm for generating extremal automata for the Eppstein’s
heuristic and the transpose graph one.

NZ and primitive). The following family of matrices is as follows: M “ tA,Bu,
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where:

Ai,j “

#

1 if j “ i(mod n)` 1 @i P t1, ..., nu or i “ n, j “ 2
0 otherwise.

.

And,

Bi,j “

#

1 if j “ i(mod n)` 1 @i P t1, ..., nu
0 otherwise.

.

In this case, both heuristics seem to give the same bound for any value of n.
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Conclusion

At the end of this manuscript we would like to point out that the theory of primitive
matrix sets seems to be quite closely related to the theory of synchronizing automata,
and allows us to leverage results from one theory to attack problems in the other
theory. This was seen for example in the exploitation of the Protasov-Voynov
theorem in the conception of algorithm C to generate slowly synchronizing automata,
or in the use of synchronization algorithms like Eppstein’s to find positive products
of primitive sets. Studying the two simultaneously seems therefore to be a profitable
endeavour, and we hope that some of the results developed here, notably those
of Chapter 3 can be used in this fashion. We conclude our thesis with a short
summary of our results.

• In Chapter 3 we proved a link between the k-rendezvous times of primitive
matrix sets and associated automata. We also showed how the study of the
pair digraph of NZ primitive matrix sets allows us to prove bounds on the
k-RT of these sets. We believe our results in this section may serve to shed
light on the synchronization process by analyzing what classes of automata
satisfy the conditions required in proofs of the kind we present (based on
the pair digraph) of an asymptotic linear bound on the k-RT for fixed k.
Moreover, in the two last sections, we proposed some methods of improving
the bound on the k-RT we found and the arguments we presented there can
be developed further, and we proposed some ways to do so.

• In Chapter 4 we showed how a graph-theoretical analysis of the associated
graphs of the primitive matrix sets produced by algorithm C could be used to
prove nontrivial results about the kind of matrices these sets may contain. We
also showed how a matrix-oriented approach studying the structure of these
matrices over the intersection partitions elucidates the notion of compatibility,
and enables us to derive necessary and sufficient conditions on partitions
compatible with these matrices. Finally, we note that combinatorial analysis
and probability theory allowed us to derive results on the expected behaviour
of these matrices.
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Although we only inspected the problem in detail for a particular case, we
believe that these same methods can be employed to study the behaviour of
C in more general scenarios. It may be possible that a more in-depth analysis
would allow us to derive a better method of choosing permutations than the
ones we investigated. In any case, sampling from a distribution other than
the uniform distribution indeed seems advisable given the results of Section
4.2.

• Finally, in Chapter 5 we developed a new heuristic for approximating the
k-RT of NZ primitive sets, and showed that it works quite well, at least
for the sets produced by C. Our new heuristic is slower than the Eppstein
heuristic, but this is to be expected, given that it does, in general seem to
give a better approximation. Indeed, for large n the difference can be fairly
significant.

Based on these heuristics, we also presented a new heuristic for approximating
the exponent of NZ primitive sets. Heuristics for approximating the exponent
of a primitive matrix set are, to the best of our knowledge, unknown in the
literature.

We note however that it is unlikely that the transpose-graph heuristic would
perform as well for more general classes of automata/matrix sets than the
ones tested, for three reasons:

– The method is to some extent based on trial-and-error, and this seems
(based on some preliminary numerical experiments not included here)
to be less costly (in terms of the length of the final reset word found)
for such sets than in the general case.

– For automata, where one of the transition matrices (say M) contains
a zero column, we have nodes in the transpose graph that do not map
to any node under M reducing the number of ways to increase the row
weight of the transposed product we’re working with at a given iteration.

– For matrix sets with multiple similar letters, there can be exponentially
many labelled sequences corresponding to the same path in the transpose
graph, and since the algorithm checks each of them until it finds a path
that increases the weight of the row it’s working on, this can be very
slow. This problem is easily avoided however by imposing a limit on
the maximum number of labelled sequences tried corresponding to a
given path, making the algorithm resort to using an Eppstein step at
this iteration.
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It seems likely that by incorporating some sort of statistical heuristic governing
the order in which labelled sequences corresponding to a given path are chosen
(say by giving lesser preference to sequences containing a transition matrix
with fewer 1s) the behaviour of our heuristic could be improved as regards
both time complexity and accuracy of estimation, this is left for future
work. Another direction worth exploring is to use the transpose square-graph
rather than the transpose graph, this heuristic can be expected to be slow,
but preliminary numerical investigations suggest that this approach is quite
promising with regards to estimation quality. We could not, regrettably,
include those results here.

We hope that both our presentation of these exciting problems and our results
will have been of interest to our readers, and are extremely grateful to the latter
for their patience in the reading of this manuscript. We also apologize for any
accidental mistakes/lack of clarity/dryness in the quality of our writing, and look
forward to the opportunity to learn from any comments and criticism on their part.
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