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Abstract

Recent advances in data extraction technologies enable researchers to collect new
types of data. Analyzing these data can provide a new level of understanding of
cells and the mechanisms that underlies them. Multiple methods exist to analyze
these data. Including factorization methods. They are intended to reduce the
dimension and enlighten patterns in the data matrices.

The integrative nonnegative matrix factorization with shared and unshared
features (UINMF) method is a new matrix integration method that reduces the
dimension and enlightens clusters in the data. It is derived from the workhouse
method, in the field of matrix factorization, nonnegative matrix factorization
(NMF). It is extended to capture different signals distinctly in cells and account
for all features of the datasets, the features shared across datasets as well as the
features unshared.

The purpose of this work is to evaluate if the algorithm is reliable and can be
used on real biological data. We will therefore test if the algorithm can recognize
patterns and clusters among test datasets. The test datasets will be constructed
such that they will have proprieties similar to real biological data. For instance a
high number of samples (cells) and features (genes).
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Chapter 1

Introduction

The mechanisms that happen in cells are very complex and rely on a lot of different
molecular actors that can be quantified. Recent advances in data collection allowed
us to extract different types of information about cells. Focusing on one cell can give
more precise information and can improve the understanding of some mechanisms
much better than analyzing multiple cells averaged together into an ensemble.
These new technologies, collectively named single-cell technologies, can help us
collect different types of information about cells. Those types of information, the
modalities, are called omics data. Omics refers to a field of study in biological
sciences that ends with -omics, such as genomics, transcriptomics, proteomics, or
metabolomics, i.e. focusing on the whole genomes, transcriptomes, proteomes, or
metabolomes.

Those modalities bring some quantitative information about the cells that can
be used to extract a comprehensive view of cellular mechanisms. Combining the
different types of information and analyzing different types of modalities jointly
or analyzing the same modalities from different cells, from different species of
some cancerous and non-cancerous cells can bring a better understanding of the
cross-modalities interactions that define the cells[I], 4 13} [32].

All this information collected in the cells about all the omics modalities can be
analyzed and treated to extract new knowledge about cells. The new technologies
that extract information create a need for analysis techniques to exploit these data.

In this work, we will discuss some of the analysis challenges that come up with
the emerging data collection possibilities. We will then focus on the integration of
different omics modalities. We will discuss the factorization algorithm that can
enlighten patterns and clusters among the multi-omics datasets.

We will discuss a very common matrix factorization algorithm, the nonnegative
matrix factorization (NMF). This method is widely used to discover structures in



physical or biological data. The purpose of NMF is to reduce the dimension of the
datasets and extract hidden structures in the data. It is done by factorizing the
data matrix into lower dimensional matrices. NMF both compresses the data and
enables a better interpretation. The particularity of NMF is that the components
are nonnegative. For most physical or biological applications the components only
have a meaning if they are nonnegative. NMF is therefore a very natural choice for
the physical or biological applications.

One difficulty of the nonnegative matrix factorization is that it is a non-convex
optimization problem. It is therefore a non-trivial tool. Because of the non-
convexity, the best algorithm can provide local minima. We will overview different
algorithms that were designed to solve the NMF problem. The multiplicative
update rule was one of the first methods created. This method is very popular
for its natural and flexible foundation. The Alternating Least Squares (ALS)
method that is one of the basic workhouse methods. And finally, the alternating
Nonnegative Least Squares (ANLS) methods that is a methods that provides a
very good computational efficiency.

Some different aspects of the problem must be modified to provide a good solu-
tion. Indeed the quality of the solution can be influenced by the initialization. The
initialization is highly dependent on the problem and defining a good initialization
is important. The uniqueness of the solution is also a point of great importance. As
the problem has a high dimension, from the high number of features characteristic
to omics data, the uniqueness of the solution is a concern. Finally, the regularization
is also an important point. Indeed regularization can both enhance the uniqueness
and add prior knowledge. The prior knowledge can influence the result toward a
more realistic solution.

To have a better understanding of biological phenomenon, analysing the cross-
modalities interaction between modalities can be highly valuable. To resolve those
challenges, the NMF framework was extended to allow the integration of multiple
datasets and multi-omics datasets. Joint NMF (jNMF) was developed as an exten-
sion to NMF to integrate multiple datasets that share a set of observations. jNMF
contains a matrix that captures homogeneous signals shared across the datasets.
One limitation of jNMf is that it makes the assumption that the data is homogeneous.
To overcome this limitation, the integrative NMF (iNMF) was introduced. iNMF
is an extension to jNMf that considers both homogeneous and heterogeneous effects.

Finally, UINMF is an extension to integrative NMF that incorporates unshared
features. The unshared features allow the integration to take into account extra



genes, or any other data type measured in only one of the datasets. The algorithm
UINMF reduces the dimension of the dataset by factorizing the data matrices into
lower dimentional matrices. It also enlighten covariance among features through
the latent factors inferred from both shared and unshared.

In this paper we will test the algorithm UINMEF to assess its capacity to extract
the heterogeneous signal from the homogeneous signal in heterogeneous data while
accounting for unshared features. To evaluate the algorithm we will construct
multiple input matrices. We will then perform the integration on the input matrices.
Finally, we will assess and discuss the quality of the solutions. The purpose is to
evaluate if the algorithm is reliable and can be used on real biological data. We
will therefore test if the algorithm can recognize patterns and cluster among test
datasest. We will construct dataset and attribute them a biological interpretation.
We will test possible proprieties of real biological data as, for instance, a high
number of samples (e.g. the cells) and features (e.g. the genes). Moreover we will
test unbalance of modalities, i.e modalities with a lager number or features and/
or sample that the other. We will then discuss how the solution can be improved
using regularization and initialization. Besides we will talk through the effect of
regularization on the relevance and the intelligibility of the solution.



Chapter 2

Biology Background

2.1 Gene expression

The main source of information in the cells is DNA. The DNA contains the whole
genetic information. This information is separated into units, the genes. Each gene
contains information for making specific proteins that have a particular function.
To make a protein, the gene is first transcripted into an RNA copy of the DNA
sequence coding for the gene. The RNA copy carries the information needed to
create the protein. The protein is then obtained by the translation of the RNA
transcripts, or messenger RNA (mRNA), into a sequence of amino acids, the base
unit of the protein. Then post-translational modifications can further define the
activity of the protein. Proteins have a function, and a structure, they are very
complex and insightful sources of information for the cells.

In this paper, we will mostly analyze omics modalities from transcriptomics and
proteomics. Transcriptomics is the study of the transcriptome, the set of all RNA
transcripts. Our transcriptomics data is collected with scRNA-seq, single-cell RNA
sequencing. When scRNA-seq is performed on a batch of cells, we obtain a matrix
that contains, for every gene considered, the count of its corresponding mRNA
for each cell analyzed. The second modality, proteomics, is the study of proteins.
For this, we will use the protein abundance measured by mass spectrometry. As
the protein have different functions in the cells knowing their abundance can give
important information. The data matrix will contain for every gene the amount of
the corresponding protein. [21]

2.2 Data

The first concept for the analysis of the data is its variability. The variability is
what we want the observe and analyze. The interesting genes are those which vary.



To characterize this variability, three types of variability must be distinguished.
Technical variability is due to measurement errors and inaccuracies caused by
the imperfections of the technologies used to extract the information. Biological
variability is the actual variability of gene expression. And finally, the total
variability, which is the sum of the two previous ones, is the variability that is
measured. We are not interested in technical variability, ideally, it should be zero.
What we are interested in is biological variability, because the genes that have great
biological variability are those that react, and are modified following a biological
event. For the analysis to make sense, the biological variability must be greater
than the technical variability.

Multiple big challenges arise from the integration of multi-omics data. Firstly,
the collection of the data is not perfect and induced some technical variability in
the data. As the techniques used to extract the data of the different modalities
are different, there are discrepancies between the technical variability is each data
type. Removing this variability is a challenge.

To cope with those challenges, different types of multi-omics data integrations
were defined and discussed in [, 21, [32]:

o The horizontal integration corresponds to the joint analysis of the same
modalities from independent batches of cells. Therefore the features are
shared between data matrices but not the cells. With this strategy, technical
variability can be identified. The heterogeneity between the samples can come
from the experimental protocols, the platforms, or the tissues that generated
the data. Even though the heterogeneity should be removed when it is
technical variability, heterogeneity, as discussed in [21], is often an important
source of information. For example, if the cells are collected from different
tissues, the tissue will contain some tissue-specific bio-marker that is a very
important source of information that correspond to biological variability.

o The vertical integration is the process of analyzing together different
modalities from the same data batch. The cells are shared between data
matrices but not the features. Jointly analyzing different layers of genomics
information in the same sample can give a good insight into the activity
and the operation of the cells. However, depending on the data types (i.e.
proteomics data, transcriptomics data, ..) and the biological question that
needs to be answered, a lot of different approaches can be designed.

As discussed in [13], horizontal and vertical integration methods have some
restrictions. While horizontal integration is restricted to analyzing the same
modalities, vertical integration is restricted to analyzing a common set of genes
or features shared in all the data-set. In many cases integrating a dataset with
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Figure 2.1: Horizontal and vertical integrationsEl

neither the same number of features nor the same number of samples can give even
more insight into the organisms. By restricting the analysis to shared features,
some very important modality-specific information is not taken into account. For
example, the scRNA-seq contains many more features than the protein abundance
modality. Restricting to only shared features does not benefit from the higher
resolution provided by scRNA-seq.

o The diagonal integration is the case where neither cells nor features are
shared between data batches. Both data set contains different features and
different samples.

« The mosaic integration is the most general integration technique. It
generalizes each of the other techniques, i.e. horizontal, vertical, and diagonal
integration. In mosaic integration, datasets can either share all, some, or
none features, and all, some, or none samples can be from the same batches.
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Figure 2.2: Diagonal and mosaic integrationsﬂ
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2.3 Single-cell technologies

Until recently, the cells were mostly analyzed by bulk technologies that provide
an averaged signal of a sample. A sample contains a tremendous number of cells,
averaging all the cells of the sample will result in aggregating different types of
cells together. For example, in a tumor, bulk technologies samples would contain
cancerous cells as well as immune system cells and other cells. Tumors consist of
a multitude of cellular types [0, 22] and analyzing the cells averaged together is
much harder to interpret than analyzing each cell individually. By averaging, bulk
approaches make the assumption of cellular homogeneity, which is a big limitation.

Single cells offer a completely new way of analyzing cells. Working cell-wise
enable the possibility to account for cellular heterogeneity and to get a closer
view of cellular dynamics. Single cells offer some promising perspectives for the
future. Indeed with the unprecedented resolution they provide, we can expect to un-
derstand a lot of processes that were still considered a black box until now[4] [18 25].

Even if the current single-cell technologies cannot measure all aspects of the
cells and all relevant information. Emerging technologies can capture multiple
omics data from the same cells. Combining all the information collected by all
the different technologies creates a lot of different and complex data integration
challenges [13].
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Chapter 3

Matrix Factorization Background

In this section, we will present the theoretical knowledge that will lead to the
algorithm in section[d We will talk about matrix factorization and machine learning
principles that will be useful for the analysis of the algorithm. Finally, we will
conclude with a presentation of the state of the art of factorization methods.

A machine learning algorithm is a computational process that uses input data
to achieve the desired task without being explicitly programmed to produce a
particular outcome. The algorithm can have various numerical parameters that are
adjusted and optimized iteratively[5]. Techniques based on machine learning can
be applied to diverse fields like computational biology for biomedical and medical
applications and that can do a large variety of tasks.

In our case, we want our analyses to enlighten patterns and clusters among the
multi-omics data set. To address this problem we can use clustering. Clustering
assigns each observation to one of the k groups based on some similarity criteria.
Clustering can be used to identify a group of cells showing similar patterns in their
expression for a set of genes.

3.1 Nonnegative Matrix Factorization

Non-negative matrix factorization (NMF) has been shown to be useful for clustering.
NMF is a powerful tool for data reduction that is widely used to analyse genomics
data. The fact that the factorization keeps positive values gives interpretable
results. Many real-world data are non-negative and the corresponding hidden
components have a physical or biological meaning only when they are non-negative.
The principle of NMF is to decompose the datasets into the components that
underlie them to discover the structures and to extract hidden information [3} [16].
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3.1.1 NMF problem

Let X € R™ ™ be a non-negative matrix and k the desired lower dimension.
The goal of NMF is to find two matrices W € R™* and H € R**" that have
non-negative elements such that X ~ WH

The matrices W and H can be found by solving the following optimization
problem :

min || X — W H||%
W.H (3.1)
st. W>0 H>0

« H: H € R*¥™ contains the basic components of the data

e W: W € R™¥ latent factors associated with the components of H

Thus, NMF approximates each observation, contained in the row of X, by a
linear combination of the basic components, contained in the rows of H, weighted
by the latent factors, contained in the rows of W [12], 30].

3.1.2 Solving NMF

As discussed in [9] 12} 28], solving the problem of NMF as defined in the equation
and with respect to both variables W and H is a non-convex optimization
problem. And it was proven in [9] that finding its global minimum is NP-hard.
Therefore a good algorithm is expected to compute a local minimum of the problem.

However even though NMF is a non-convex problem, the objective function is
convex with respect to only one of the variables W and H. In other words, finding
the optimal matrix W (resp. H) with a fixed matrix H (resp. W) reduces to a
convex optimization problem [3].

The NMF problem is nontrivial, there can be multiple ways to solve it, therefor
multiple algorithms have been developed.

3.1.3 Multiplicative update rule

One of the first and a very popular method was introduced by Lee and Seung [15].
The algorithm, based on multiplicative update rules, is very popular because it is
easy to implement and the convergence properties are guaranteed. It also provides
a natural and flexible basis and can be intuitively adapted. The multiplicative
steps are the following :
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The steps were proven to give convergence for the minimization objective. It
was proven in [I5] that the algorithm guarantees to converge to at least locally
optimal solutions. Local minima are the best performance we can expect for the
NMF problem as it is not convex. However, one drawback of this method is the
overall computation time because of the slow convergence of the multiplicative

updating rule.

3.1.4 Alternating Least Squares

The ALS method is describe in [3] as the basic workhorse approach. As the objective
functions with respect to both W and H is non-convex but is convex with respect
to either W or H, the algorithm solves iteratively the objective function for one of
the variables with the other fixed.

min |X — WH||%, with fixed W

Then all the negative elements of H are set to zero or a small positive value.

2
min HXT — HTWTH ,  with fixed H
W F
Then all negative elements of W are set to zero or a small positive value.

One big drawback of the method, that was pointed out by [3], is that this
algorithm does not guarantee to converge to a global minimum, as the NMF problem
in non-convex, but neither to a stationary point. It converges to a solution where
the objective function stops decreasing. The ALS algorithm as stated above does
not provide stable convergence proprieties and, in most cases, gives a sub-optimal
solution.

3.1.5 Alternating Nonnegative Least Squares

The ANLS framework is another way of solving the NMF problem. It defines one
sub-problem for each variable and iteratively minimizes the objective function with
respect to one variable at a time as ALS, but with the addition of the non-negativity
constraint.

W  argminf(W,H) and H < argminf(W, H)
W>0 H>0
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These sub-problems are :

min [X* ~HW|" and min[x - WH?|
W>0 F H>0 F

Each sub-problems are Nonnegativity constrained Least Squares (NLS or NNLS)
problems. They are convex problems but because of the nonnegativity constraint,
they are a nontrivial optimization problems. Multiple approaches have been defined
to solve the NLS problem.

The ANLS algorithms have been proven to be theoretically sound and efficient
in practice as shown in [I1].

3.1.6 Initialisation NMF

As the best algorithms can only converge to a local minimum, the initialization of
the matrices is very important. The choice of initialization of W and H will affect
the convergence rate as well as the quality of the solution. A bad initialization will
in many cases give slow convergence and will converge to an irrelevant solution.
Moreover, the quality of the initialization directly depends on the dataset. A good
initialization for a dataset can be a poor one for another dataset. A lot of different
types of initialization have been defined.

One initialization technique, named seeding technique, is to iteratively use
random starting points. And to perform the factorization with the different
initialized matrices W and H. However as discussed in [7], while this method is
very intuitive and simple to implement, the fact that it has to perform multiple
factorizations increases significantly the computation time.

3.1.7 Unicity of the solution

One issue of NMF is that the solution is non-unique because every invertible
matrices R satisfying

IX - WH%. = |[X - WR'RH|

will provide another non-negative factorization X ~ WH [3, 24].

To overcome this issue, some techniques were discussed in [3], 28] to obtain a
solution unique, up to permutation and scaling :

e Normalization of the data X

« Normalization of the columns of W and/or the rows of H to unit length.
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« Adding constraints of sparsity and/or smoothness to the factorization.

o Adding constraints as regularization terms to the factorization. It will reduce
the degrees of freedom and therefore reduce the set of solutions to promote
uniqueness. However to add such constraints some prior knowledge about
the problem is required as it will influence the solution, the regularization
must be coherent and reflect the characteristics of the issues.

Regularization

Regularization is a useful tool to add some a priory knowledge of the problem in
the cost function. It can also reduce the degrees of freedom of the problem and
therefore enhance uniqueness.

The principle of regularization is to add one or multiple penalty terms such as :

. 12
Wit [[X = WHT[| -+ a(W) + 5(H),
With «() and 3(), the regularization functions.

The regularization can then take multiple forms. For example, it can use
different norms:

o The Frobenius-norm regularization can prevent each elements of W or H
from getting large absolute values. It was proven in [12] that it can be used
to stabilize the BCD methods, therefore it can stabilize the ANLS method.

o The l;-norm regularization will enhance sparsity in the factorized matrices. As
mentioned above sparsity enhance uniqueness. It also helps with interpretation
and promotes clustering performances as shown in [10].

3.1.8 Large-scale NMF

In many applications of data reduction, for instance, using omics data, the input
matrices can be very large and decomposed with a much smaller number of
components such that £ << m and £ << n. The problem, in this case, is said
to be highly redundant. In this case, using the whole data matrix does not make
sense, only using a subset, random or properly chosen will provide a better result
for most cases. [3, 28]

3.2 jNMF

Joint NMF (jNMF) was developed to go further than NMF. Indeed jNMF integrates
multiple datasets with the same principle as NMF, each data set is represented by

16



a basic components matrix (H;) and a latent factors matrix (W). However, the
integration is made such that the matrix W is shared among the data set. W is
computed such that it corresponds to the latent factors of all the datasets. And
H; is the basic components matrix specific to the data-set i for ¢ € {0,d} where d
is the number of datasets. However, to make sense, j]NMF must be performed on
datasets that share their set of observations [30].

d
min S| X, - WH;|7
Haio

W7 Hlv"'7

st. W >0,
H, >0, i=1,....d

3.3 iNMF

Yang and Michailidis [30] derived, from the algorithms NMF and jNMEF, the
integrative NMF (iNMF) that uses multiple types of data sources to capture the
heterogeneous signal.

The idea behind this algorithm was that in multiple datasets, where the assump-
tion of homogeneity holds. A common integration challenge is the elimination of
technical variability. In those cases, the signal of interest is usually the homogeneous
signal, i.e. the signal common among all sources, while the heterogeneous signal,
i.e. the signal that is different across sources, is unwanted. The purpose of iNMF
is to separate the homogeneous and heterogeneous effects among the sources. To
do so, iNMF considers homogeneous effects WH; and heterogeneous effects V,;H;
for all modalities ¢ € 0,d in the factorization as follows:

; d o ) 112 d .12
W,I%l,l?,Hd, >ie1 “Xz (W+Vy) HZHF + A “VZHZHF
V1. Vy

s.t. WZO, HZZO, V120, Zzl,,d

3.3.1 Regularization

iNMF takes into account both homogeneous and heterogeneous signals. With the
parameter A\, the heterogeneous effect can be tuned. Indeed, increasing the value
of A will result in a higher penalization of the heterogeneous effects[23], 30].
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3.3.2 Discussion

Yang and Michailidis [30] warn us about some limitations we need to have in mind
while analysing the data. Indeed, they show that the matrices W and V might not
perfectly capture respectively the homogeneous and heterogeneous signals. This
result comes from the fact that the matrix W is the element-wise minimum of the
approximated factors W +V; for i € {0, d} where d is the number of data matrices.
Because of that the matrix W is overestimated and might capture too much of the
signal and therefore the matrices V; might not capture enough information.

As the matrix W tend to be overestimated and the matrices V; underestimated,
one must be careful when analysing the heterogeneous and homogeneous. They
might not be correctly represented in the matrix W and in the matrices V;.

The algorithm was introduced in [30] in the context of horizontal integration,
used to remove heterogeneity between samples assumed homogeneous. However,
it can also be used for vertical integration, to distinguish homogeneous signals
from heterogeneous signals in datasets that are not assumed homogeneous. In
many cases, both the similarities and differences are biologically important and
therefore both types of signals are of interest. To analyse both signals, iINMF can be
used to separate the homogeneous and heterogeneous effects among the sources. [29]

Reviews of iNMF [17, 23], discussed that iNMF outperforms jNMf and that
iNMF had successfully identified patterns and clusters in multiple studies. However,
Subramanian and Verma [23] suggested doing multiple runs of the optimization as
the objective function is non-convex and therefore cannot commit to finding the
global minimum. Indeed doing multiple runs with different parameters, different
values for the regularization, and different initializations can provide a better
understanding of the problem and its sensitivity.

3.4 Overfitting

Another possible issue pointed out by Mirza and Wang [20)], is that when integrating
a multi-omics dataset, the number of variables or features to study is increased,
while the number of samples can be the same if the measurements are made in the
same biological sample. If the number of variables gets higher than the number
of samples the algorithm can suffer from the curse of dimensionality, a common
in machine learning issue. The increase of dimensionality of the variables makes
most machine learning techniques vulnerable to an overfitting problem. Overfitting
problems lead to poor generalization capacity from observed data to new data
[27, 131].
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3.5 Features Selection

A widely used solution to avoid overfitting and reducing the high dimensionality of
a problem is feature selection. Selecting a smaller subset of the feature, randomly
or thoughtfully chosen, can be a solution to improve the quality of a machine
learning application.

Moreover, the accuracy of the algorithms was proven to be reduced when some
features are irrelevant. Deleting the irrelevant or redundant features improves the
accuracy and also reduces the complexity of the problem[27]
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Chapter 4
UINMF

The UINMF algorithm is an extension of the integrative nonnegative matrix
factorization that accounts for both shared and unshared features. The goal of
UINMF is to integrate multi-omics data-set even if they do not have the same
number of features and/ or the same number of samples. UINMF does not require
prior knowledge about the shared and unshared features.

However the samples do not have to contain only different features, indeed
they have to have a common set of features. UINMF is therefore a type of mosaic
integration technique. As discussed in Section [2.3] allowing the data matrices to
have unshared features is very useful when it comes to integrating scRNA-seq and
protein abundance as the scRNA-seq modality as a high feature dimensionality
and can therefore potentially provide a lot of information and give an ensemble
view of the organism. Keeping all information while integrating can yield a higher
resolution view of the cells.

The model of the algorithm UINMF as introduced by Kriebel and Welch [13]
is as represented on Figure [f.1 UINMF factorizes, for each modality ¢, the data
matrices, that are separated into shared features matrices E; and unshared features
matrices P;, in block matrices: the latent factors matrices H;, the basic component
of homogeneous signal between the shared features matrix W, the basic component
of heterogeneous signal between the shared features matrices V; and the basic
component of the unshared features matrices U;.

20



g+z;features k factors

n,; cells

g+z,features k factors

n, cells

1%
- (T

x +
~ 2 L w ] 0

where zis the number of unshared features

da

argmin z
HiZ20,W =0,Vi20,U! > 0L
l

(EiPY) — H! ((W 0)+ (ViUi))

HY(V?

2 d
+MZ|
F 7

Figure 4.1: Model UINMF]

4.1 Problem Statement

UINMF is an amelioration of iNMF. The advatage of UINMF is that data from
unshared genes can be integrated together with data from shared genes. The
unshared features are accounted for in the factorization with the matrices U. The

model is the following
[Eb‘:PJ RﬁIIi'

Where

« E; € R"*9: the data matrix for
shared features

e P, € R"*%: the data matrix for
unshared features

« V; € RF*9 : the basic compo-
nents matrix for heterogeneous
effect of shared features

With ¢ € {RNA, Protein}
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W |0,

W € R¥¥9 : the basic compo-
nents matrix for homogeneous
effect of shared features (same
matrix for all modalities)

U, € R¥¥# : the basic compo-
nents matrix for unshared fea-
tures

H, € R%** : the latent factors
matrix

0, € RF*# . matrix of zero
values



And where

e d : number of modalities e z; : number of unshared features

for the modality ¢
e k : number of factors
e n; : number of cell in the dataset
e g : number of shared features of the modality i

The objective function of the UINMF problem is the following minimization:

snemin 3 (BP) <1 (Wo) + (V)[40 1 (v'U)
H'>0,W>0,

(4.1)

‘ 2
F

4.2 Solving UINMF

To solve the UINMF, the method follows the framework of the coordinate block
descent (BCD) as defined in [12]. Each matrix of the factorization is a block. The
algorithm finds iteratively the optimal matrices by updating each block according
to the corresponding sub-problem while holding the other blocks fixed. As each
block-wise optimization is convex, the iterative resolution of each sub-problem
guarantees to converge to a local minimum.

Each sub-problem is a nonnegative least squares optimization, that is solved
with an implementation of the methods described in [11].

4.3 Optimize UANLS

The algorithm is implemented in the open-source LIGER R packageE] as the function
optimize UANLS. To solve the problem [£.2] the problem is divided in an optimization
sub-problem with respect to each variables H;, W, V; and U; for i € (1,...,d).
Each sub-problems is a nonnegative least-square optimization problem.

The algorithm optimizes for each iteration one of the sub-problems with the
others fixed. It iterates until the objective function, that is defined below, ceases
to decrease.

Zhttps://github.com/welch-lab/liger
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argmin 3 [[(BP) — (Wo) + (VU)) B[ + Ay (viu) B .

Vi>0,U>0 ;
H'>0,W>0
(4.2)
Initialization
The factorization matrices are initialized as follows:
V : shared feature of k random cells ¢ U : unshared feature of k ran-
of each modalities dom cells of each modalities
W : g x k random values uniformly e H : k X n random values
distributed in [0, 2] uniformly distributed in [0, 2]
The objective function is defined as :  0bjg.1, = 0bjapprox + OPJpenalty
where :
2
Objapprox = 3 || (E{P}) — (W°0) + (ViU))H}||

2
F

Objpenalty = Ef Ai (V?U?) H?

Sub-problems

After the initialization, the algorithm solves the following sub-problems. Each sub-
problem corresponds to a non-negative least square (NNLS) problem and is solved
with respect to one of the matrices of the factorization, holding the other matrices
fixed. The algorithm iteratively performs the following sub-problem optimization
until the criterion of convergence is met, as discussed below, or until the maximum
number of iterations, defined by iter, is reached.

2ixk i . EZPZ
H! = argmin 0l Vi v H' — ( o+ )< )
H! >0 (v l
(5 )



F
HlT (El . V1H1>T 2
W' = argmin w’ — :
w20 HdT (Ed _ Vde)T

Increment and convergence check

Ob.] train-prev. — Objtrain

Objapprax = Xf | ((B{PY) — ((W°0) + (VIUY)) HY

2
F

2

Objpenaiy = 4 A |[(VIU?) HY|| |

Othrain = ObJapprox + ObJpenalty

The algorithm continues to iterate if t <— ¢ + 1 is inferior than iter and if the
convergence criterion is not met :

abs(0bj,a; — Objirai
delta — ( Jtra.un—prev J‘traln) S tolerance
mean(obJ train-prev» ObJ train)

4.4 Scaling and normalization

The UINMF algorithm as defined in [13] requires the data to be scaled and
normalized. The normalization step divides each value of each sample (the columns
in the algorithm) by the sum of all values of the sample. Then the scaling step
scales the samples to unit variance. As the data must be non-negative the data is
not centered around zero.
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Chapter 5
Practical analyis of UINMF

In this section, we will explore the model UINMF by performing multiple experi-
ments with basic modelizations to see the limits and strengths of the algorithm.
The algorithm we test is the one introduced in [13]. We work all through this paper
with the implantation of the algorithm from the R Library LIGER.

We will first get some intuition about the model and the factor matrices obtained.
Then we will define a framework model. We will then show the importance of
scaling and normalization. Then we will test the sensitivity of the initialization to
different values of the seed. Then we will talk about the effects of regularization and
the different solutions that are computed for different regularization parameters.
And finally, we will test the algorithm with unbalanced modalities, modalities with
different numbers of features, and different sizes of samples.

The model of the algorithm UINMEF as introduced by Kriebel and Welch in
[13], and as presented in Chapter [4] is represented in Figure [5.1]
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Figure 5.1: Template of the modelization for the UINMF model for scRNA-seq
and protein abundance modalities
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Figure 5.1 defines the template that will be used for the modelization of the next
sections. For a given modality, the data matrix is expressed as the concatenation
of the matrix E and the matrix P. The matrix E contains the shared features and
P the unshared features. Each modality is described by a data matrix [E|P] where
for each cell the first g, number of shared features, entries of the corresponding row
are the values for the shared features then the rest of the row corresponds to the
unshared features.

The data matrix is then factorized as the product of the matrix H and the con-
catenation the matrix (V + W), resulting from the element-wise sum of V and W,
with the matrix U.

5.1 Notation

Through all this section, the notation H will refer to both matrices H,p, and Hyp,otin.
The notation used to discuss about the matrix H for a precise modality will be
H, . or Hyotein for respectfully the scRNA-seq modality or the protein abundance
modality. That will hold for all matrices in the model (except W that is always
uniquely defined by W as it is shared among the modalities)
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5.2 Strategy of modalization

The modelizations will consist of two steps: the initialization and the factorization.
We will present two types of figures to illustrate the modalizations, the initialization
figures and the result figures that will show the result of the factorization. All
figures will follow the template defined by Figure [5.1]

Initialization

To have better maneuverability and for the modalizations to be easier to understand.
We will first model the matrices H, W, V and U. By doing so, we will directly see
the specificity of the modelization. The initialized factor matrices will be presented
on the right-hand side of the initialization figures.

Then we will compute the data matrix [E|P]. By computation of the factor
matrices :

vV |U
EP]=H- |+ |+ (5.1)
W0

The data matrices that will be the input of the algorithm will then be expressed,
on the left-hand side of the figures initialization.

Results

We will then factorize the data matrices into factor matrices performing UINMF.
The resulting matrices will be shown on the left-hand side of the figures results.

Finally, we will compute the approximated data matrices by performing the
calculation on the factor matrices obtained. The approximated matrices will
provide a quick idea of the quality of the approximation.

5.3 First intuitions

We will start with the modelization of a very simple scenario that will provide some
intuition about the different parameters and matrices of the factorization.
Initialization

We begin this modelization by the initialization of the factor matrices H, V, U
and W, on the right-hand side of Figure [5.2l The matrices H contain three latent
factors, each representing a cluster of cells of the size of the third of all cells. The
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matrix W contains three components, each expressing a third of the shared genes.
The matrices V contain only zero value. The entries in the matrices V can be
safely set to zeros because the matirces V are added to the matrix W, as W
contains non-zeros value the problems will not suffer from ill-conditioning. Finally
the matrices U, similarly to the matrix W, contains three components, each with
a third of the unshared genes.

After the initialization of the factor matrices, the data matrices [Einitial|Pinitial,
on the left-hand side of Figure [5.2| are created by computing

VvV | U
(Einitial| Pinitil] = H- | + | + (5.2)
Wi|O0

We can see that the data matrices Eiyjiia and Pipitiag contain for both modalities
three groups of cells, each of the groups expresses a third of the set of genes.

Factorization

After that, we perform the integration. The first step is the scaling and normal-
ization of the data matrices. Indeed as discussed in Section [3.1.7, and as we will
demonstrate in Section [5.5] normalization is an important step that enhances
uniqueness and prevents irrelevant solutions. The scaled and normalized matrices
are then factorized by the algorithm UINMEF.

In Figure 5.3, we can see the initial data matrices Ejtia and Piyigia on the
right-hand side and the data matrices after scaling and normalization Egceq and
Pycaleq in the middle of the figure.

Results

The result of this factorization can be seen on the right-hand side of Figure [5.4]
We can observe that the algorithm finds successfully the three clusters. Indeed the
three factors in H successfully represent the three cell clusters. And the matrices
W, U and V successfully represent the corresponding basic components for the
corresponding genes.

We can finally observe on the left hand side of Figure the approximated
matrices Eqpprox and Pappox. They were obtained by performing the same compu-
tation as the one made to obtain Ej.i. and Pipitia, but with the matrices H, W,
U and V calculated by UINMF. The approximated matrices E,pprox and Papprox
are also compared to the initial data matrix and scaled data matrix on Figure [5.3
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VvV |U
[Eapprox|Papprox] =H- + + (53)
W |0

We can see that they show the same cells cluster as the one represented in Ejp;;
and P

As we said previously the solution is unique up the scaling and rotation. We
can here easily understand the definition of uniqueness up to permutation and
scaling. As defined in [14], for NMF :

A matriz X has a unique NMF factorization X ~ WH if the ambiguity is a
permutation and a scaling of the columns in W and rows in H.

We can intuitively expect the same result for UINMF'. In this example, we can
observe that even though the columns of H and the rows of W, V and U are
permuted, the product of the factorized matrices leads to the same matrices E,pprox
and Papprox. It must be noted that the columns of H and the rows of W, V and
U represented in the figures are permuted for the sake of faster intuition about the
result of the factorization.
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5.3.1 Getting to know the factor matrices

In this section, a few modelizations are presented to get acquainted with the factor
matrices and what they represent. We will initialize differently the factor matrices
to understand the effect on the data matrices. Therefore we will understand the
effect and the scope of the data matrices and understand what they represent.

We will start the modelization with the same model as the one defined in the
previous section and tune some parameters to understand their effects and their
scopes.

Initialization H : latent factors for all the other matrices

The matrices H are the latent factors matrix. It multiplies the blocks that contains
the matrices W, V and U. Therefore it represents the hidden component of the
whole dataset. Its scope is both the shared and unshared features.

The matrices H, on the right-hand side of Figure [5.5], represent three clusters
of cells. However, the matrix H,,, has one large cluster and two small clusters.
The matrices W and U represent the corresponding component for the genes of
each cell cluster, a third of the genes set is expressed by each components. As the
entries of both matrices V are empty, there is no heterogeneous signal for both
modalities.

On the left-hand side of Figure [5.5] we can see the corresponding data matrices,
they result from the calculation of the equation with the initialized factor
matrices. We can observe as expected three groups of cells are defined for each
modality, with one larger than the two others for the scRNA-seq modality. Each of
the groups expresses a third of the set of genes for both modalities.

We can add that the change in the matrix H,,, affects both matrices E,,, and
P.... Indeed the latent factors of the matrices H are the latent factors for both
shared and unshared features, a larger cluster expressed in the matrices H represent
larger clusters in the matrices [E|P] of both modalities.

31



RNA

30 2
o 13
15

165
135

o
o

E initial

latent factor

latent factor

036 0121518212427 30 33 3 3 42 4 48

genes

genes
zero

lls
cells

o1

latent factor

03601215182124270 0363 24548

genes

latent factors

genes
Protein

__Pinitial

E initial

200

tent factor
-—Tr
latent factor

25
20
036 0121518212427203H 39245 %

unshared genes
zero

12 oo
100
o1 o4
050 -
To

shared genes

cells

latent factor

= 135
03 609121518212427 03363 24548

genes

o1 2 2
latent factors shared genes

genes

Figure 5.5: Initial matrices for the scRNA-seq and protein abundance modalities

Initialization W : Homogeneous effect shared by both modalities

The matrix W is the basic components matrix that captures the homogeneous
signal of shared features. The matrix W is shared in the factorization of all datasets.
Its scope is the shared features data matrices E of both modalities.

On the right-hand side of Figure [5.6] we can see the matrix W was initialized
representing components that express a fraction of the features, the genes, with
one component that has nonzero values for a larger number of genes that the two
other components.

The corresponding calculated data matrices, on the left-hand side of Figure [5.6
show three groups of cells, with one group expressing a larger fraction of the set of
genes for both modalities. We can also say that W only effects the shared feature
matrices E.n, and Ep;otein and does not affects the matrices Py, and Pprotein-
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Initialization V : Heterogeneous effect specific to the modalities

The matrix W is the basic components matrix that captures the homogeneous
signal of shared features. The matrix W is shared in the factorization of all datasets.
Its scope is the shared features data matrices E of both modalities.

On the right-hand side of Figure [5.7, we can see that the scRNA-seq modality
is initialized with some heterogeneous signal, represented in the matrix V y,.

The corresponding calculated data matrices are on the left-hand side of Figure
. We can see for the matrices Eprotein, Pprotein as well as E,,, three groups of
cells expressing each a thirds of the genes. For the shared features matrix of the
scRNA-seq modality, E,,., we have three groups of cells. However, one group
expresses an additional third of the genes.

Results V : Heterogeneous effect specific to the modalities
After their initialization, the data matrices have been scaled then normalized, and

afterwards factorized with UINMF.

We can see, on the right-hand side of Figure that the algorithm has some
trouble identifying the heterogeneous noise. Indeed some noise appears in the
matrix H,,, and the matrix V,,, does not contains the heterogeneous signal as we
would expect. We can see that the heterogeneous signal is captured by the matrix
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H.,.. The matrix W is correctly estimated.

On the left-hand side of Figure we can see the approximated matrices Eqapprox
and P,pp0x they correspond to the computation of the equation We can observe
in the matrix P,,, an unwilling signal, similar to the one in the matrix E,,, of
the scRNA-seq modality that was expected as it was due to the heterogeneous
signal in the matrix V,,,. We can observe that this noise is due to the noise in the
matrix H,,,. Furthermore, noise appears in the matrix P,,,. Indeed as the matrix
H.,,, multiplies the matrix U,y,, the errors in the matrix Happrox affects the matrix
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Figure 5.7: Initial matrices for the scRNA-seq and protein abundance modalities
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Initialization U : basic component of unshared features

The changes in a matrix U will result in a change in the matrix P. Of the
corresponding modalities. The same experience as the one made for the matrix W,
defining a component expressing a larger subset of the genes than the two others
in one of the matrix U, e.g. U,,,, will lead to a lager value of genes expressed by
the corresponding cell group in the corresponding matrix P, e.g. P ..

5.4 Framework model

In this section, we will define a model inspired by the model defined in [30]1] and
that will be the framework for the modelizations in all of the following sections.

Initialization

The initialization of the model is shown in Figure the matrices H, W |V and
U are defined as they were in Section [5.3]

!The model is tested in Figure 1 of [30] and is explained in detail in the supplementary notes
of the article
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The matrices V contain some heterogeneous noise for both modalities. To
make the heterogeneous noise easier to interpret, we make it always the same for
all simulations. Another note to make about the noise is that it is strictly non
overlapping in the matrices Vs and Viotein. Indeed if some signal is in 'V, as
well as in Vi,otein it would contradict the assumption that the signal in matrices
V is heterogeneous. Therefore the aforementioned signal would be homogeneous
and should be in the matrix W. If the factorization is not realistic it should not
be the solution we expect from the optimization problem. Therefore we could not
compare the solution with the initialized matrices. For a similar reason, that is
however more open to discussion, the matrix W and both matrices V have no
intersection.
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Figure 5.9: Initial matrices for the scRNA-seq and protein abundance modalities
for the framework model

Results

In Figure [5.10, we can see the solution of the factorization for the framework
defined above. On the right-hand side, we have the factorized matrices and on the
left-hand side, the approximated data matrices are computed with the factorized
matrices as in the equation [5.3]
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We can see in Figure[5.10]that the factorization does not provide a great solution.
Firstly, the matrix W captures more than the homogeneous effect, it also captures
the heterogeneous effects of both matrices V. The matrices V contains some of
the heterogeneous signal defined in the model, but also some other signals. The
matrices H contain some off-diagonal block signals that were not defined. Those
noise impact the matrices P,ppox. Finally we can see in matrices E,pprox that some
addition signal appears in comparison to the initial matrices. This additional signal
is mostly induced by the off-diagonal block element of the matrices H and the fact
that the matrix W captures the heterogeneous signal of both modalities.

A similar result was discussed in [30] and in Section [3.3.2] For the iNMF
method, that is defined in Section [3.3] the integration scenarios with heterogeneous
signal the matrix W tends to be overestimated and V underestimated. We can see
here that V seems to be underestimated.
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Figure 5.10: Matrices obtained by UINMF factorization for the scRNA-seq and
protein abundance modalities for the framework model

5.5 Effect of scaling and normalisation

In this section we will discuss the drawbacks and advantages of scaling and normal-
isation. In the UINMF algorithm the data must be first normalized by dividing
each values of a sample by the sum of all values of the sample. Then the samples
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are scaled to unit variance. As the data must be non-negative the data is not
centered around zero.

Initialization

To demonstrate the effects of scaling we will do the following modelization. The
matrices are initialized as in the framework model defined in Section (.4l with
three cells groups defined and heterogeneous signal, different for scRNA-seq and
protein abundance modalities. However each group will show a different intensity
of expression of the genes.

Results

On the left-hand side in Figure [5.11] we can see that the data matrices for the
scRNA-seq modality the initial data matrices Eipitja and Pipitia. In the middle
of Figure Eqcalea and Pgealeq, are the matrices obtains after the scaling and
the normalization of the initial data matrices. They are the input matrices of the
algorithm UINME'. On the right-hand of side of the figure are the matrices Eapprox
and P,pprox. The approximated matrices are calculated from the matrices H, W,
V and U computed by UINMF.

We can see that the information of intensity of gene expression int the initial

data matrices gets lost in the scaling process. This is a limitation of scaling that
one has to keep in mind when performing UINMF.

E initial P initial

H 3
S 2
S

=
%
15
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B
o

Figure 5.11: E and P matrices initial, scaled and approximated

E scaled

. Pscaled

However skipping the scaling of the matrices lead to irrelevant results. Multiple
runs were made without scaling and the results are really irrelevant.

We can see in Figure the result of the framework modelization for the
modality scRNA-seq without scaling and normalization. We can see that all factor
matrices are miscalculated
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5.6 Effect of seeds

Discussed by Wang and Zhang in [28] as an open issue for the NMF problem, the
initialization can influence the quality of the solution. For NMF, depending on the
initialization of the matrices W and V, the convergence can lead to different local
minima and therefore lead to irrelevant solutions. In UINMF the initialization
of H, W, V and U can also lead to different solutions. Intuitively, we can say
than the fact that the factorization contains more matrices give more degrees of
freedom to the problem and will therefore lead to a greater or equal number of
local minima.

Initialization

The algorithm is initialized as discussed in Section [£.3], the matrices V and U are
initialized with £ samples in their rows, where k the number of latent factors. The
part of each sample that contains the values for the shared genes are in the matrix
V and the part that contains the unshared genes are in the matrix U.

The matrices H and W are initialized with random values following a uniform
distribution ¢(0,2). The choice of sample with witch we initialize the matrices is
random and depend on a seed value that is defined in the algorithm signature.

To test the robustness against the different choices of samples that will initialize
V and U, multiple runs on the framework modelization are performed with a range
of seed values.
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Mean error of each approximated matrices for different seed values
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Figure 5.13: Error on each matrix of the UINMF factorization for different values
of seed

Results

In Figure [5.13] we can see for each values of seed the error between each approxi-
mated matrix and the corresponding initial scaled matrix for each factor matrices
[E|P], H, W, V and U and for each modality. The error is the Frobenius norm
of the difference between one input matrix and the corresponding approximated
matrices divided by the square root of the number of element of the matrix. There-
fore the error is the mean error of the elements of the approximated matrix. The
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matrices X, H, W, V and U are normalized before they are compared as the factor
matrices, H, W, V and U, are unique up to scaling and permutation. Therefore
the factor matrices are also permuted before the computation of the error. They
are permuted with the permutation that minimizes the error.

We can see on the figure that the algorithm converges to different solutions
that provide very similar errors. This result gives a good sign of local minima.
The choice of initialization seems relatively robust to modification of the choice of
sample.

5.7 Effect of regularization

In this section, we will analyse the effect of regularization on the model. To do so,
the algorithm was tested for the framework model defined in Section The model
is tested with different values for the regularization parameter . In the algorithm,
A can either be a value that will be used for the regularization of all modalities or
a vector with different values used for the regularization of the different modalities.

5.7.1 Uniform regularization

We will start with the regularization with a value of the factor A common for all
modalities. The default value proposed by LIGER is A = 5.

In Figure [5.14] we can see for each of number of sample tested the mean error
element-wise, calculated as in Section for each factor matrices H, W, V and
U and for the approximated matrices [E|P] obtained with the algorithm.

Results

We can observe that with a higher value of regularization, the error in [E|P)]
increases. This very straightforward result as more constraints are added to the
problem.

Looking at the error plots of the matrices [E|P] , it seems like the lower the
regularization term the better. To evaluate is this intuition is right, we will display
the result of the factorization for different values of the factor A. In Figure [5.15]
we can see the values for the matrices W and V for the scRNA-seq and protein
abundance modalities, and for three different values of the factor A.

On the top of the figure are the modelization for A = %. We can see that V
matrices have most of the signal and contains both shared and unshared signals.
On the middle and bottom of the figure the case where W captures most of the
signal is observed, for respectively A = 4 and A = 100. In both cases the matrix W
and the matrices V contain some heterogeneous and homogeneous signals.
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Two cases are observed, for a very high value of the factor A, the matrix W
contains most of the signal, and for a small value of the factor A the signal is shared
between W and that matrices V. However, it is not shared forming a distinct
separation of homogeneous and heterogeneous signals. Indeed the matrices contain
both some of the heterogeneous and the homogeneous signal.

Therefore very low regularization term does not necessarily provide the most

relevant solution even thought they seem to minimize the errors.

Mean error of each approximated matrices for different values of the regularization term A
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Figure 5.14: Error on each matrix of the UINMF factorization for different values
of the regularization term
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Mean error of each approximated matrices for growing values of sample of the RNA modality
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Figure 5.15: Matrices Vrna, Vprotein and W for different values of A

5.7.2 Modalities specific regularization

We will now discuss the case where the regularization term A is not the same for
all modalities. We will test is it can can bring more flexibility to adjust or favor a
modality.

Initialization

To understand the potential role that the regularization could take we performed
the UINMF factorization on the framework model as in the previous subsection
but with one modality more regulated that the other.
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Results

In Figure [5.16] we can see the matrices V and W for the uniform regularization
with A = 4 and for a regularization of A = 100 and A\ = 4 for the scRNA-seq
modality and protein abundance modality respectively.

We can see that with a higher regularization on the scRNA-seq modality, the
factorization gives a relatively better solution for the heterogeneous effects of the
protein abundance modality. Modality specific can indeed favor the quality of the
solution for one modality at the expense of the other.

Mean error of each approximated matrices for growing values of sample of the RNA modality
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5.8 Effect of unbalanced modalities

In this section we will discuss and analyse the effect of unbalanced modalities, i.e.
when the dimensions of the dataset is not the same for both modalities. In the
case of the scRNA-seq and protein abundance modalities, the scRNA-seq modality
usually have a larger number of features than the protein abundance modality. As
discussed in Section [3.4] the high dimensionality of features is a common problem
in machine learning. Indeed too many features compared to the number of samples
can lead to the curse of dimension problem. As discussed in [26] the amount of
sample necessary for a given number of features grows exponentially with the
number of features. The number of samples needed to have a simulation that is
relevant is therefore much higher for the scRNA-seq modality.

We will in this section discuss about the consequences of a higher number of
feature and what happens if a modality have more sample than the other.
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5.8.1 Unbalanced size of sample

In this subsection we will perform the factorization of the framework model as
defined in Section [5.4] with a growing number of sample for the scRNA-seq modality
and with all the other variables fixed.

In Figure [5.19 we can see form each of number of sample tested the mean error
element-wise for each factor matrices and for the approximated matrices obtained
with the algorithm.

Mean error of each approximated matrices for growing values of nma
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Figure 5.17: Error on each matrix of the UINMF factorization for different values
of Nyna

From the mean error of matrices [E|P]y, and [E|P]pwotein, We can see that
increasing the number of samples for the modality scRNA-seq but with a fixed
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number of sample for the protein abundance modality leads to a improvement in
the approximation of [E|P],,, but it leads to a downgrade for the approximation
of the protein modality. Its seem to infer some inequality during the process of
optimization.

We can also observed on the sub-figure that show the mean error of the matrix
W as nma. grows, the values of W does not improve. This result is intriguing, to
understand it better we can see on Figure 7?7 the factorization of the lager value of
Nma that was performed for Figure [5.19] We can see that the matrix W capture
all the information, both the homogeneous and heterogeneous effect of the RNA
modality.

To try to get an intuition about why this phenomenon happens and from where
it could come from, let us dive back to the optimization problem defining UINMF,
and more specifically to the sub-problem with respect to W,

( I_}g;la ) WT - ( (Erna - VrnaHrna)T T )
Hprotein (Eprotein - VproteianrOtein>

We can have the intuition that is the dimension of Hila and E,,, is much

higher that the dimension of ngotein and Ep;otein, the minimization could produce

a W that focuses on minimizing the objective function only considering the RNA
modality :

2

W' = argmin
Wt—l 20

F

HHT WT - (Erna - VrnaHrna)TH;

rma

5.8.2 Unbalanced features

In this section we will analyse the effect of an unbalanced number of features for
the scRNA-seq modality. All the other variables are fixed except the number of
sample for the scRNA-seq modality n,,, grows. Indeed the avoid having too many
features compared to the number of sample and to keep a relevant problem, the
sample size of the scRNA-seq modality also grows. Additionally to 7., only the
number of unshared values z,,, grows, the number of shared features g remains
fixed.

The model we will used here is slightly different from the framework model
defined in Section [5.4] The unshared features matrix of the scRNA-seq modality
will be changed. The pattern for U,,, will be a little bit more complex. We can
see the initialization in Figure [5.1&%

2The initialization on Figure represent the initialization the biggest value of z.,, an nypa,
for the following experiment multiple dataset were factorized with the same pattern but with
different sizes
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Figure 5.18: Initialization of the scRNA-seq data matrices for the framework model
with a more complex pattern of unshared features

Results

In Figure [5.19] we can see for each number of sample tested the mean error
element-wise, calculated as in the Section for each factor matrices and for the
approximated matrices obtained with the algorithm.

We can see that the unbalanced sizes of the modalities seems to disfavor
the minimization of the optimization of the protein abundance modality. The
computations of the basic component for the homogeneous effects of shared features,
the matrix W, as well as the one for the heterogeneous effects of the protein
abundance modality of shared features, the matrix Vi, otein, suffer from this increase
of unshared features.
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Figure 5.19: Error on each matrix of the UINMF factorization for different values

of Nyna

However, as mentioned in [26], the sample size should grow exponentially with
the number of features to avoid dimentionality problem. Here, as the number of
features is very high it is not possible to have as much sample as required. In the
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modalization the number of sample grows linearly with the feature dimension.
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Chapter 6

Discussion

The modelizations and tests performed in Chapter [5[ showed some imperfections
in the algorithm. Indeed the signal is not always captured by the matrices as we
would expect. The algorithm finds an approximation of the matrix that satisfied
the convergence criterium. The convergence criterium is that the error ceases to
decrease.

The solution does not always represent both unshared and shared features.
Indeed the algorithm sometimes miscalculates the matrices H, leading to noise in
the unshared feature matrices. Furthermore, the solution does not always represent
the homogeneous, heterogeneous signal. Indeed the matrices W and V do not
always represent distinctly the respectively homogeneous and heterogeneous signal.

This last result could have been expected as the model is derived from iNMF.
This phenomenon was mentioned in [30]. They discussed the fact that the matrix
W was expected to capture too much. Leading to an overestimated matrix W and
underestimated matrices V. Therefore the distinction between homogeneous and
heterogeneous signals cannot directly be inferred from the factor matrices W and
V. This result seems to apply here. Indeed we can see that in most cases (not in
those with extremely low regulation values), the matrix W captures more than the
homogeneous effect while the matrices V usually do not capture enough informa-
tion. Therefore the matrix W cannot directly be used to observe the homogeneous
signal. Combining all of the experiments done on the datasets we used, all the
pertinent information can emerge. However, the algorithm does not provide always
a clear and correct clustering of the data, as all the clusters we defined were evident
clusters which is a big concern. Using the tuning parameters to explore the data-set
can bring some idea of the heterogeneous and homogeneous signal but the algo-
rithm often fails to distinguish heterogeneous and homogeneous signals in V and W.
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The regularization was only tested for the penalization of the heterogeneous
effects of the shared feature and the unshared features jointly. Indeed the penalty
term defined in Charpter {4]is a function of the matrices H and (VU) :

d d 2
St o (o) |

The regularization could be defined differently by defining independently the
penalization on the heterogeneous effects of the shared feature, V and the unshared
features U. The different sizes of the matrices could also be penalized, and the

imbalance of modalities could be regulated with an additional penalty term de-
pending on the matrices U

As discussed in [2§], optimizing an objective function is not obviously and
necessarily equivalent to identifying the underlying actual components of the data
sets. The factor matrices come with high dimensionality and finding a good de-
composition of the input matrix might not necessarily be the decomposition of
heterogeneous and homogeneous signal we hope for. To obtain a better solution one
might start by finding the most optimal regularization term and adding constraints
from additional prior knowledge to move the solution toward the global minimum
we expect.

As said by Libbrecht and Noble in [19] "There is no optimal machine learning
algorithm that works best for all problems" . The selection of the method must be
carefully chosen accordingly to the problem and the prior knowledge about the
problem.

Another limitation of the method UINMF implmented in LIGER to take into
account has been pointed out by [2] and [§]. The UINMF method as implemented
in LIGER can only integrate two modalities and that the subset of shared feature
cannot be empty (i.e. E; and E; must be non-empty).
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Chapter 7

Conclusion

To conclude, we can say that the algorithm could be used to analyse real biological
data. However, one must be careful when it comes to the analysis of the result.
Indeed the clustering is not always reliable and the separation of the heterogeneous
and homogeneous signals is not always distinct.

Although the results were not satisfying some aspects have to be taken into
account to improve the integration and the quality of the analysis.

o The initialization : the initialization defined by LIGER might not be the
most efficient for all the problems. Indeed the initialization can be crucial
to converge to a relevant solution. A good initialization is specific to the
problem. The initialization can be also a way to incorporate prior knowledge
or, in the case where factor matrices are initialized with samples as in LIGER,
we could choose directly the sample to favor some relevant samples or samples
that were identified as a framework. Moreover performing multiple runs with
multiple seeds or multiple different initializations is highly recommended.

e The regularization : the regularization can also be chosen specifically
for the problem that must be tackled. Performing UINMF with LIGER,
the regularization term can be adapted by choosing the best value as in
Section by performing multiple runs with different values and analyse
the quality of the different solutions. However the regularization can be even
more specific to the problem, some additional terms can be incorporated into
the problem from the prior knowledge determined by the problem.

e« The formulation : the statement of the problem determines its solution,
and adding some prior knowledge to the objective function could refine the
solution toward a more desired solution. It can be done by adding some
regularization that is adapted to the problem studied.
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e« The uniqueness : the uniqueness of the solution is an unresolved issue,
reducing the set of possible solutions is an important step toward uniqueness.
Adding regularization on the smoothness of the sparsity with penalization
terms can reduce the set of possible solutions and had been proven to be a
good solution

e The unbalanced modalities : avoiding having unbalanced modalities
is important, the number of samples and the number of features in the
same range of values gives a more reliable solution. To do so the most

straightforward option is the selection of a random or properly chosen subset
of the data.

e The dimension of features and samples : having a too high dimension
is important in machine learning. The analysis has been proven to be more
difficult with a high number of features. A model trained on too few data
points with respect to the dimension of the features gives a solution too
specific to the training data and that might not be relevant. Choosing a
subset of the features can be a solution to the problem.
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