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Abstract

The field of numerical simulation has been in constant
progression for the last several decades. One important
domain for which such simulations can be interesting to
perform concerns the submarine processes, occurring in
the seas and the oceans of the world. Those numerical
analysis may be performed using finite element methods,
which requires a discretization of the space. Several tech-
niques to perform such a task are available, and different
coordinate systems can be distinguished. This thesis will
be interested in one system in particular, called the z co-
ordinates, which may happen to be more dissipative. In
this report, this decay of energy have been analyzed and
quantified on a simple simulation setting. As this de-
cay has been considered to be significant, a new remesh-
ing strategy have been developed . Although a solution
could be to refine the mesh on strongly dissipative zone,
the technique implemented in the context of this thesis
tries to lower this energy dissipation while keeping the
size of the elements similar. This lead to the creation
what has been referred to as the contour-fitted meshes.
Although we did not have the time to test this new kind
of meshes on real-life test cases, the results obtained on
the simple setting are a good reason to expect a notable
and positive impact of their usage. It is in consequence
to be hoped that further work will be performed in order
to test this concept in a broader perspective.
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Introduction

Contextualisation

During the last few decades, computers are become more and more ef-
ficient [1], opening to a whole world of new possibilities. A really inter-
esting one is the ability to perform complicate numerical simulations,
allowing to solve countless analytical problems, but also to provide real
world predictions based on actual measurement. We could, for exam-
ple, think about atmospheric data allowing to predict the weather [2],
or even submarine processes based on tides and temperature data [3,4].
This second kind of simulations is the one concerned in this master the-
sis.
Indeed, many interesting processes may happen in the oceans and seas
of the world. It is thus of a great importance to be able to study those,
and even predict or prevent them. We could cite, as examples out of
many, the analysis of the changes due to the climate changes [5], or
even more localized and punctual issues such as the extent of an oil
spill occurring somewhere [6], allowing to optimize our way of reacting
to these.
Furthermore, oceans amount for a large part of the earth [7]. As one
of the quest of humanity has always been to be able to understand the
mechanism of the world and its subtleties, improving our comprehen-
sion of the marine phenomenons could perhaps help us to achieve this
goal.
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For this purpose, the current state of the art uses finite element meth-
ods [8], consisting in a discretization of the space to analyse and of the
resolution of the conservation equation on each of the elements. Those
discrete elements are all collected in a structure called a polygon mesh,
simply referred as mesh in the following. Although other techniques
are still in development and might be useful in later studies [9], usual
finite element methods have already been proved very effective, pro-
viding accurate results in a reasonable amount of time [10].

The different types of meshes

In the field of numerical analysis, several kinds of mesh are used in or-
der to perform simulation. As this thesis concerns the modelization of
aquatic processes, we can distinguish two categories of meshing strate-
gies [11], depending on their direction: the horizontal meshing and the
vertical meshing. The first one can be seen as the discretization of the
surface of the water, while the second takes its depth as well as the
seabed into account.
In terms of horizontal coordinates, two main types of mesh exists: the
structured and the unstructured grid. In structured, or regular, grids,
quadrilateral elements are uniformly spaced across the surface to mesh.
Of course, since the surface of the earth is spherical, the use of curvilin-
ear lines is mandatory, and the space between elements obviously vary.
An example of such mesh is given on figure 1a. The other kind of the
mesh uses an unstructured grid. The elements are usually triangles,
and their size may vary strongly along the mesh. An example is visi-
ble on figure 1b. Concerning the vertical coordinates, several strategies
exists, although two can be considered as the main ones: the σ coordi-
nates and the z coordinates [11]. Other systems may be the isopycnal
or the hybrid coordinates, but they can mainly be seen as extensions
of the first two. The σ coordinates uses the same number of elements
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(a) (b)

Figure 1: Examples of a structured mesh [12] on the left, and a
structure mesh on the right [13, 14]

per water column. Furthermore, their bottom elements adapts to the
seabed, allowing to fit the actual bathymetry closely. They are mainly
used at low depth, and are convenient to represent stratified zones in
the oceans and seas. The other kind of vertical meshing strategy uses
what are called z coordinates. In contrary to the previous one, the
number of elements per column of water changes with respect to their
depth. There are thus more elements per water column as the sea gets
deeper. Furthermore, the surface of their upper and lower surfaces are
always kept flat, and are at the same depths for all the elements for
all the i-th elements of each column. A schematic representation of
such coordinate system is shown on figure 2. As one could expect, the
choice of the coordinate systems strongly depends on the application.
In the following of this thesis, the coordinates system that will be used
are unstructured triangular meshes using z-coordinates.
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(a) (b)

Figure 2: Representation of the σ and the z coordinate systems [15]

The numerical errors when using z-coordinate
and the development of a new remeshing
strategy

The aim of this master thesis will be dedicated to the analysis of the
numerical errors that occurs when using z coordinates. Although eas-
ier to set up and more computationally efficient, this types of elements
suffer from a lack of accuracy when the resolution gets too small. In-
deed, figure 2b shows that the bathymetry resulting from the usage of
such system is formed by steps. If, furthermore, these resulting lines
of isobathymetry are sharp and strongly non-smooth, we can expect
strong turbulent flows to arise around these, where the flow with the
actual bathymetry could have been laminar. Such cases could poten-
tially lead to a large amount of numerical errors. One way to avoid
these would be to refine the horizontal mesh near those contour lines
situated around the plateaus formed by the z coordinates. This strat-
egy could probably work in practice, although it would unfortunately
increase the computational cost of the simulations, reducing the effi-
ciency such software using finite element methods.
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In this thesis, we develop another solution to avoid this apparition of
turbulence and reduce the amount of errors. Instead of increasing the
resolution, the idea is to implement a remeshing strategy that would
adapt existing horizontal meshes to the initial lines of isobathymetry.
By doing so, it is expected to obtain meshes using z coordinates which
would still closely fit to the actual bathymetry, but presenting much
smoother isobaths. This would consequently avoid the creation of un-
expected turbulent zones, thus reducing the amount of numerical er-
rors. It will also be possible to obtain accurate results while using less
elements, impacting positively the time required to perform the simu-
lations. By analogy to the term body-fitted meshes [16, 17], the mesh
resulting from such a remeshing strategy will be frequently referred as
contour-fitted meshes.

Structure of the thesis

This thesis would be divided in three chapters.
The first chapter present a type of data structure that are used to
represent and adapt meshes, namely the half-edges [18, 19]. The dif-
ferent parts composing this data structure will be detailed, along with
the different local transformations that they allow to easily perform.
Other implemented features will be mentioned, such as the addition of
points into the mesh, as well as the definitions of size maps. One of the
interesting way to define such a map based on a line of isobathymetry
will also be explained, as well as a simple smoothing strategy going
along with it. We will also mention how it is possible to read an exist-
ing mesh or create a new one based on the user’s needs, and how they
can be written using σ or z coordinates. After that, the algorithm used
to update the mesh will be detailed, along with the quality indices that
are used to define which local transformations should be applied and
where. The chapter will end by showing the kind of meshes that can
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Figure 3: Satellite visualisation of the two geographical zones used in
the following chapters

be obtained, mostly focusing on the reading of existing meshes and on
the adaptation to lines of isobathymetry. Three different bathymetries
will be used to define those contour lines: an analytical, smooth and
axisymmetric bathymetry, a bathymetry of the Lake Tanganyika, and
a bathymetry of the seabed of the Seychelles. Those last two zones
are situated close of each other in the Eastern part of Africa, and are
visible at figure 3.
The second chapter will be dedicated to test the concept of contour-
fitted meshes, in order to justify the interest of such mesh adaptation.
Indeed, although the intuition tends to make us feel that this idea
should help to decrease the numerical degradation of the energy, this
must imperatively be verified before computing the actual algorithm
to automate the process. For this purpose, a basic test case will be
defined where the initial solution can be found analytically. The ini-
tial total energy of the setting will be computed, and its decay will be
measured over time and compared for two types of mesh. The first
one is adapted to the chosen isobaths and the another one does not
takes them into account. Since the concept of contour-fitted meshes
still needed to be verified, the contours were chosen in such a way that
adapting the mesh to them would remain simple. For this reason, the
contour-fitted mesh used in this chapter was simply created with the
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Gmsh software [20]. The full description of the test case will be given,
along with the computation of the initial fields required to start the
simulations. Those will be performed using SLIM [21]. The name of
SLIM stand for Second-generation Louvain-la-Neuve Ice-ocean Model.
It uses Discontinuous Galerkin finite element method [22, 23] and un-
structured mesh in order to perform hydrodynamic simulation with a
high precision. Furthermore, as this thesis was performed in associ-
ation with its development team, it was of course an obvious choice.
The results of the simulations will then be displayed and commented,
and we will end this chapter by discussing about the potential interest
of automating this remeshing strategy which adapts a mesh to the lines
of isobathymetry.
Chapter 3 will be dedicated to the development of the algorithms that
were used in order to automate the process of adapting existing meshes
to the contours of bathymetry. This task will be decomposed into four
principal steps: the computation of the lines, their filtering when they
get too close to each other, their handling during the process of the
algorithm to improve the mesh qualities, and the attribution of each
element of the mesh to their corresponding plateau. Throughout this
chapter, two different strategies will be detailed and their implemen-
tation will be compared for each of the four steps. One of the strategy
will consider the contour lines as a set of points, and will be referred to
as the pointwise strategy. The other, in contrary, will represent them
as a composition of segments and will try to maintain the continuity
of the curves. It will thus be referred as the segmentwise strategy.
The chapter will proceed by displaying various meshes using the same
bathymetries as the one defined in Chapter 1. The results will be shown
using three different methods. The first will be a naive method, simply
consisting in setting each elements to their closest plateau, while the
other two will use the aforementioned strategies. Finally, the different
meshes obtained will be discussed, pointing out the advantages and
the disadvantages of both strategies, as well as mentioning the further
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improvement that could still be added.
In the end, we will conclude by summarizing the methods and algo-
rithms that were defined in this report, as well as the results obtained
at the end of each chapter. We will finish by making some suggestions
of improvement that could be interesting to investigate in the future.
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Chapter 1

The mesh generation
and improvement

This chapter will be relatively general and will concern the develop-
ment of a mesh generation algorithm. It will use local transformations
to update existing or new meshes, and a data structure called the
half-edges [19], also known as the doubly connected edge list [24]. Al-
though there already exists some packages and programs implementing
this kind of mesh generation, the interest of its development detailed
in the following of this chapter is twofold: first, it was a good intro-
duction in order to familiarize with the structures and the operation in
question; and second, it allowed to merge the whole process of reading
an existing mesh or creating a new one, translating it into a half-edges
representation, computing the contours from the mesh, including them
into the mesh, and update this mesh while taking the contours into ac-
count.
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1.1 Introduction

This chapter is composed of the details of the algorithms used in order
to obtain and update a mesh by using half-edges. The whole program
can start either by using an existing mesh, or by creating a custom
one, only requiring some information about the needs of the user. Fig-
ure 1.1 shows a general flow-chart of the program, with the possible
input and outputs as well as the optional steps. Some of these steps
contains parameters that can be tuned by the user, up to some extent,
but the specific details about their tuning are out of the scope of this
document. In contrary to most of the flow-charts in the following of
this report, it does not only shows the initial inputs, but also details
the intermediate outputs of each boxes. All along this chapter, almost
all of the boxes will be detailed and sometimes split into several inter-
mediates steps, while avoiding to dive too deep into the actual lines
of the code. The only part which will not be detailed in this chapter
concerns the computation of the contours, as this will be the subject
of the Chapter 3.
The first important part of the program that will be explained are
the data structures that are used throughout the whole algorithm [25].
After that, the different mesh operations that have been used will be
detailed, with the help of schematic drawings. Those operations are
of five kind: the edge swap, the edge collapse, the edge split, the face
split and the vertex relocation [26, 27]. Of course, there exists other
operations, such as the vertex split [28], which will not be used nor
detailed here. An interesting suggestion in order to improve the algo-
rithm could be to include those operation in the update algorithm.
After this section, several features will be briefly explained. Those
features concerns the initial addition of points into the mesh, the defi-
nitions of the size maps, the smoothing of the bathymetry, the creation
or the reading of meshes, and the two types of methods to write those
in .msh files. Those two last methods differs in the type of coordinates
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used to display the mesh, the one using σ and the other z coordi-
nates [11].

Then, the update algorithm, also referred in the following as the main
loop, will be explained. This is the one in charge of deciding which
operations should be applied and where. To achieve this, we need to be
able to measure if an operation will improve the mesh or not. This lead
to the choice and the definition of quality measures that will describe
the positive or the negative effect of applying a local transformation to
a given edge. Finally, most of the local operations will be put together,
in order to obtain the main loop updating a mesh.
This chapter will then conclude by showing the meshes that we can
obtain thanks to this update algorithm, using various parameters for
the origin of the mesh and for the size map.

1.2 Materials and methods

In this section, the details on how mesh are read, stored, written and
modified will be detailed. A first step had been to connect the provided
codes for which the two main parts were in Python and in C99. This
implies that the code have been made usable with both languages.
Indeed, even though the program for the whole process, starting from
an existing mesh and finishing with a mesh of a reasonable quality, has
been fully automated, the interested user can also implement its own
algorithms using half-edges structures to store a mesh and improving
it with local transformations. In any case, it is recommended to tune
at least the values used for the size map and for the number of contours
to compute. A GitHub repository is currently in preparation order to
make the aforementioned code available.
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(a) (b)

Figure 1.2: Representation of a vertex; on the left in the code, on the
right in the mesh

1.2.1 The structures

The first important point concerns the detailing of the structures that
will be used by the various algorithm developed in this chapter, as well
as in Chapter 3 [25, 29]. A description of a structure content will be
accompanied by a scheme showing its actual representation in a mesh.
The most basic data structure that are used by the half-edges are the
Vertex. It is visible on figure 1.2. They represent the nodes of the
mesh and contains consequently its x and y coordinates in a vector p,
along with other fields providing information about the vertex. These
fields include the value provided by the size map at its position, as
well as its depth, a data value which may be used to differentiate each
vertices, and an integer called is model. This last field will be detailed
later in this chapter and its usage will be extended in Chapter 3. It
serves to define if the node is part of the border, a contour lines or none
of these. A last field, necessary for the half-edges, is the pointer to one
of its incident half-edges he. It may be seen as the link of a vertex to
its neighbours in the mesh. This is of an uttermost importance when
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(a) (b)

Figure 1.3: Representation of a half-edge; on the left in the code, on
the right in the mesh

dealing with local operations, or when one wants to find all the incident
faces of a node. The algorithm to do such tasks will be detailed at the
end of this subsection, showing why this field is so meaningful.

The second structure, shown at figure 1.3, contains the information
about the HalfEdge, which is obviously the one giving its name to
the whole data structure. Similarly to the Vertex, it has a field to
hold a data or to define if it is a model edge or not. This field will
not be used before the Chapter 3. Besides containing a pointer to
its origin vertex, and to the face on which it belongs, three pointers
contains the address of three other HalfEdge structures. The pointer
prev and next, as shown on figure 1.3b, contains simply the addresses
of the previous and the next half-edge on the same face as the current
half-edge. It is important to note that the arrows are arranged in the
counter-clockwise order. This is the case for each faces, and during
the complete simulations. If the half-edges of a face would happen
to appear in the clockwise order, this would show an error which will
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(a) (b)

Figure 1.4: Representation of a face; on the left in the code, on the
right in the mesh

have to be treated. The next section detail how the local operations
checks the resulting mesh before being applied, in order to avoid such
issues. The final pointer contains the address of the opposite half-edge,
which can be seen as the other half of the edge situated between the
two half-edges. We can see that it is directed in the other direction,
mainly to keep the counter-clockwise order on all the faces. It is useful
to mention that the opposite of the opposite of an half-edge equals the
half-edge itself. This is also true for the next half-edge of the previous
one, the previous of the next one, or even for the one obtain after
following three next or prev pointers.
Even though this might seem slightly surprising, the structure of

a face, on figure 1.4, is the simplest. It only stores a data, which
is rarely used, and a pointer to one half-edge situated on this face.
Indeed, thanks to this pointer, all the required information we would
need for a face are already available.
Finally, a list of all the faces, the half-edges and the vertices created
during the running of the algorithm are stored in arrays, themselves
stored into one structure called PolyMesh. This is why in the following,
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(a) (b)

Figure 1.5: Representation of the whole half-edges data structures;
on the left in the code, on the right in the mesh

the complete structures representing the mesh will be sometimes called
polymesh. The other arrays that it contains are a matrix of cells and
an array of arrays containing pointers to vertices. The first one is
a data structure used for the size map, while the second is used to
represent the contours [30]. Both will be detailed in Chapter 3. Other
fields are actually present in the code, but since they are not required
for the understanding of this report, they have not been included on
this figure.
These structures, put together, allow to easily obtain the neighbouring
faces, edges and vertices of a node. This is the main reason why it is so
useful when one wants to work with local operations, as it is the case
here. For example, the algorithm shown on figure 1.6 shows a simple
algorithm to visit all the neighbouring vertices of a given Vertex v.

1.2.2 Description of the local transformations

This section will details the five local transformations that are used in
the following algorithms. Most of the explanations will rely on draw-
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Figure 1.6: Small and efficient algorithm to visit all the incident faces
of a given vertex using the half-edges

ings where the structures that are added or modified can be visualised
at each step. The common thread of this subsection will start with the
simple mesh visible on figure 1.7, and will transform it subsequently
by applying each of the operations on the identified edges.

Edge swap

The swapping, also called the flipping, of an edge is an operation con-
sisting of disconnecting an edge from its two end-vertices, and recon-
necting them to the opposite vertices of its neighbouring face [31]. The
operation may seem quite simple, but some additional considerations
need to be mentioned. Indeed, this operation will not be valid if the
quadrangle formed by removing the edge is not convex. For example,
figure 1.8 shows such a case, where the red and the blue faces form
a concave shape. The resulting mesh shows the blue face overlap-
ping the red face, thus not respecting the manifoldness property of the
mesh [32,33]. In contrary, figure 1.9 shows the complete process of the
swapping procedure, starting from an edge which respect the convex
shape condition.
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(a) (b)

Figure 1.7: Initial mesh used in this section; without its half-edges on
the left; and with its half-edges on the right

(a) The red edge is the edge to swap,
with its two initial neighbouring faces

colored in red and blue.

(b) Mesh obtained after the swapping
operation. We can see that the two
initially neighbouring faces are now

collapsing.

Figure 1.8: Swap operation failing the validation check
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(a) The red edge identifies the edge
to swap, while h1 and h2 are its two

half-edges.

(b) First, we have to ensure that the
half-edges pointed by the two

end-vertices are different from h1 and
h2.

(c) Then, the actual swap is
performed by setting the green

half-edges and the red half-edges to
their correct face, and setting

correctly the prev and next pointers.
Then, the origin of the red half-edges
is changed, and we ensure that each
created face point to a half-edges it

contains.

(d) Final mesh obtained after the
performing of the swap.

Figure 1.9: Step-by-step visualisation of a successful swap
transformation using half-edges
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Edge collapse

The edge collapse is an operation consisting of merging two vertices
into a unique vertex [34]. It is possible to find several version in the lit-
erature, taking different point to place the final vertex. Three versions
are used in the current algorithm: one choosing the position of the ori-
gin of the half-edge, one taking the origin of the opposite half-edges,
and a last one which takes the position at the center of the edge.
This operation is one of the most error prone as there are two con-
ditions which needs to be satisfied if we want to ensure the resulting
mesh to be manifold [35]:

1. First, the two end-vertices of the edge to swap should only have
to common neighbours. If this condition is not satisfied, the
connectivity property of the resulting mesh is not guaranteed.
This case is shown on figure 1.10.

2. Second, we have to ensure that no triangle gets inverted after
the operation. In order to be verified, this condition requires to
compute the orientation for each of the resulting faces. As de-
tailed previously, when using the double connected linked list, the
half-edges of each faces needs to appear in the counter-clockwise
direction. This condition is thus not validated if one of the faces
happens to have the direction of its half-edges inverted. In this
case, the results does not respect the geometry of the initial mesh.
Such a situation is shown at figure 1.11. It uses the mesh before
the swap operation, in order for the resulting errors to be more
easily visible.

A situation of an edge collapse where those two conditions are satisfied
is shown at figure 1.12, for each of the three versions.
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(a) The red edge is the edge to
collapse, while h1 and h2 are its two

half-edges.

(b) When performing the first
validation check, we detect that the
two origins of the identified half-edges

share more than two neighbours,
highlighted with the blue dots.

(c) Resulting mesh when
collapsing the origin of
h2 on the one of h1

(d) Resulting mesh when
collapsing the origin of
h1 on the one of h2

(e) Resulting mesh when
collapsing both origins
into their mid-point

Figure 1.10: Collapse operation failing the first validation check. We
can see on the second line that every version of the operation fails
since they create some kind of concave quadrangles, not respecting

the connectivity of the mesh
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(a) The red edge is the edge to
collapse, while h1 and h2 are its two

half-edges.

(b) The initial shape of two faces
incident to the end-vertices are
highlighted in blue and in red.

(c) Resulting mesh when
collapsing the origin of
h2 on the one of h1

(d) Resulting mesh when
collapsing the origin of
h1 on the one of h2

(e) Resulting mesh when
collapsing both origins
into their mid-point

Figure 1.11: Collapse operation failing the second validation check.
We can see on the second line that every versions of the operation fail
as faces get traversed by edges. This does not respect the geometry

property of the mesh.
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(a) The red edge is the edge to collapse using its
mid-point. Its neighbouring half-edges have been

made visible.

(b) First, a new vertex is created in the middle of the
edge, and the half-edges starting from the two

end-vertices are given this vertex as their new origin.

(c) Second, it is ensures that the
third vertex of each of the

neighbouring faces points toward
an incident half-edges that would
still exist after the operation.

(d) The red half-edges and dots
are then removed, and the

opposites of the green half-edges
are correctly set.

(e) Final mesh obtained after the
operation is performed.

(f) Resulting mesh when collapsing the origin of h1

on the one of h2

(g) Resulting mesh when collapsing the origin of h2

on the one of h1

Figure 1.12: Step-by-step visualisation of a successful collapse
transformation using half-edges
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Edge split

The edge split operation divides an edge as well as its two neighbouring
faces into two parts. In the way it has been implemented, it does not
require any additional check to be performed. Indeed, if the new point
linking the two created edges is situated on the original edge, there
is no case where the resulting mesh would not be manifold. As the
implemented version always cuts an edge in its middle, the operation
is always performed when it has to be applied. The detailed steps of
the transformations, using the half-edges, are visible on figure 1.13.

Face split

As its name suggests, the face split is similar to the edge split, as it
consist in dividing one element, namely a face, into several ones. More
precisely, a face split takes a points and divides the face containing it
into three faces. A vertex is created at the position of the point, and
three edges, so six half-edges, are created to connect the new vertex to
the ones of the face which has been split. Similarly as the split of an
edge, the only condition for a face split to be valid is that the point lies
inside the face. It is indeed fairly easy to imagine the resulting mesh
if one were to split a face using a point lying outside of it. The steps
performed for a successful face split are shown on figure 1.14.

Vertex relocation

The last important operation which will be used in the following is
the vertex relocation. This operation is also known in the literature as
the mesh smoothing, vertex averaging, or vertex re-positioning [36,37].
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(a) The red edge is the edge to
split using its mid-point. Its
neighbouring half-edges have

been made visible.

(b) The mid-point is shown by
the green dots, and the two

initial neighbouring half-edges
are depicted in red.

(c) Then, six additional
half-edges are created, and their

origin are correctly set.
Furthermore, the next, prev
and opposite pointer are
correctly set. Finally two

additional faces are created,
with their contained half-edge

correctly identified.

(d) After the first swap has been performed,
another can be made on the edge marked in

red.

(e) Final mesh, resulting of the application
of the two split operations

Figure 1.13: Step-by-step visualisation of an edge split
transformation using half-edges, followed by a second split operation
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(a) The green point is the point to
include in its surrounding triangle,
whose half-edges have been made

visible.

(b) A new vertex is created at the
location of the point. Six half-edges
are created and set correctly, while 2
additional faces are created. Those
faces set to point to one of the

half-edges they contain.

(c) Final mesh obtained after the
insertion of the new vertex by means

of a face split

Figure 1.14: Step-by-step visualisation of a successful face split
transformation using half-edges
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(a) The black vertex is
the one to relocate. The
cavity that is created
when it is removed is
highlighted in blue.

(b) The green line links
the initial position of v
with the center of mass
of the vertices of the
previously highlighted

zone.

(c) The line is then
bisected in order to find
the location of the new
vertex maximizing the
minimal quality of its
neighbouring elements.
The vertex is then
relocated at this

location.

Figure 1.15: Step-by-step visualisation of a successful vertex
relocation transformation using half-edges

The version implemented here is based on the one developed by Shep-
hard and Georges [38]. It consists in tracing a line connecting the
initial position of the vertex to the mean position of its neighbouring
vertices. Then, it tries to find the position on this line which would
maximize the minimum quality of the surrounding elements, by using
a bisection method [39]. A successful relocation is shown at figure 1.15.
A condition that needs to be verified is that the new position needs to
be inside the cavity made by removing the vertex. Indeed, as visible on
figure 1.16, the center of mass of the surrounding vertices can be situ-
ated outside of the cavity [40]. The procedure to take such cases into
account mainly relies on the bisection method used and on the check
to ensure that no triangle gets inverted, as for the collapse operation.
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(a) The black vertex is
the one to relocate. The
cavity that is created
when it is removed is
highlighted in blue.

(b) The red line links
the initial position of v
with the center of mass
of the vertices of the
previously highlighted

zone. It is visible that it
is not contained in the
aforementioned zone.

(c) The line is thus cut
in order to be fully
contained inside the
previously highlighted
zone. The bisection

method then happens as
usually.

Figure 1.16: Step-by-step correction of the line to be bisected when
using the relocate vertex transformation
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1.2.3 The function add points

The add points function is one of the most important function which
is provided. Even though it is composed of only a few big steps, as vis-
ible on figure 1.17, most of them uses quite interesting though complex
existing algorithm. The function takes as input a mesh, a list of points
and an initial face. Consequently, a mesh has to be created first in or-
der to use it. In the algorithm implemented, an initial mesh composed
of two triangles forming a square is initially created. It is ensured
that this initial square will contain all the points subsequently added.
The first step of the actual algorithm implies a Hilbert sort of the
points [41]. More precisely, it first finds the coordinate of each points
on a Hilbert curve, and sort the points according to their corresponding
coordinate value. Figure 1.18 shows such Hilbert curves. More details
about them can be found in the specialized literature [41–46]. Without
entering into all the details on how their are constructed, we can see
that they are all composed of the same patterns, which is repeated in
such a way that a whole square region gets filled by the lines. The
reason why this sorting is performed is simple: it allows to include the
points in an order such that each one is close to the next one. Doing
so definitely helps the face finding to happen faster, and might also be
helpful for the edge flip algorithm for Delaunay triangulation detailed
later, since the flips take care of one localized region at a time. The
second important step involves this finding of the face surrounding the
current point p. Starting from the initial face F, one can easily traverse
the whole mesh, as detailed in section 1.2.1. A check on each of the
edges of a face is performed to see if the triangles formed by the two
points of an edge and the current point to insert p form a triangle in
the clockwise or in the counter-clockwise direction [47]. Based on this
information for the three edges, it is possible to select the next face
on which to iterate in order to arrive to the desired face. Once this
is done, we set F to be equal to this face, such that the search for the
next, supposedly close point will start from there.
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Point list PPolymesh Initial face F

Hilbert sort of 
the point list P

Finding 
enclosing face

Face split

Edge swap 
algorithm 

locally

p = P.pop()

Is P 
empty ?

          Yes, 
return the mesh

No

Figure 1.17: Flow-chart for the function add points
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Figure 1.18: Example of the Hilbert curves obtained with different
scale values

The final step performed for each point to insert is to split the face
where it belongs, and to preform what is known as the edge swap algo-
rithm for Delaunay triangulation . A Delaunay triangulation [48–50]
is simply a mesh containing only triangles, and for which each 2D el-
ement respects the following condition: its circumcircle formed by its
three vertices must not contain any vertex of another element [12].
Figure 1.19 depicts such a case and its counter case. Although differ-
ent algorithm to obtain such triangulations [51], the algorithm used
here to ensure this property for all the edges is the one developed by
Charles Lawson [52–54]. It can be expressed, in our case, as follow:

1. Push the three half-edges created by the face split and starting
from the new vertex in a stack, and mark them as inside the
stack.

2. Pop the first edge in the stack.
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3. Erase its mark stating that it is inside the stack.

4. If the Delaunay condition is ensured, we do nothing; otherwise,
the edge is swapped, and the four neighbouring half-edges be-
longing to its two incident faces are included in the stack, but
only if they or their opposite half-edge are not already marked
as being in the stack.

5. Mark the included half-edges as being inside the stack.

6. Repeat step 2 until the stack is empty.

At the end, since there are no more half-edges in the stack, it im-
plies that there are no more edge which does not respect the Delaunay
condition. This directly lead to that fact that the whole mesh is a
Delaunay triangulation. More information about the Delaunay trian-
gulation and its interests are available in the literature [51,55].
Finally, we can note that this function is not directly present on the
figure 1.1. This is simply because, as for the local transformations and
the half-edges structures, it is simply used by other some of these steps,
but does not represent an really important step by itself. Currently, it
is only used when reading a mesh from an existing file.

(a) (b)

Figure 1.19: Schematic representation of a mesh composed of two
faces, with one of the circumcircle visible; the left mesh respect the

Delaunay criterion, the right mesh does not
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1.2.4 The definition of the size map

The size map can be defined in three ways divided in two categories,
as shown on figure 1.1.
One easy way is to define a constant value for the element size, which
will be the same for all edges during the whole simulation.
Apart from this trivial way, two other types of size map are included
in the name ”Size map structure” on figure 1.1. The first type of
size maps are the ones defined in the Gmsh package [20]. Simply put,
it is a function which basically takes the coordinates of a point and
returns the desired size for the mesh at this position. Another way,
which has been implemented specifically for the task at hand, uses the
distance from a contour line to find the desired size. It is based on four
parameters that should be defined by the user, depending of his needs.
The first two are the minimum and the maximum size of the elements
in the mesh. They go in pair with the other two, which represent two
distances, named dmin and dmax. The required size at a given position
is then defined as follow:

• If the minimal distance between the given coordinates and the
contour line is lower than dmin, the desired size equals the mini-
mum one.

• If the minimal distance between the given coordinates and the
contour line is higher than dmax, the desired size equals the max-
imum size given by the user.

• Otherwise, the mesh size is linearly interpolated between dmin

and dmax, using the value of the minimal distance as in the other
cases.

In order to compute this minimal distance efficiently, a matrices of
cells are used to store the points of the contour lines defined [30, 56].
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This structure will be detailed later in section 3.2.2, when mentioning
the different filtering algorithm implemented.

1.2.5 The smoothing of the bathymetry

As mentioned in the previously in the introduction, it is possible to
apply a particular type of smoothing on the stored mesh, in order to
flatten some zone where the bathymetry is considered as more noisy or
simply less important. In order to perform such smoothing, two simple
algorithm have been implemented.
The first one is the algorithm known as the Laplacian smoothing [57],
for which a hybrid extension is already used to perform the vertices
relocation. Its particularity is that is only applied on the depth of
each points, modifying thus only the vertical coordinate and without
touching to the horizontal one.
The working of this algorithm is quite simple. for each vertex, it takes
the average depth of all its surrounding vertices, and perform the fol-
lowing computation:

vdepth = vdepth + α(vsdepht − vdepth)

where vdepth is the depth of the vertex considered, vsdepht is the average
depth of the surrounding vertices, and α is a weighting factor, which
has been here set to 1

2 . The average depths are thus first computed
for each vertex in a first loop, and then the mean between the current
depth of a vertex and the corresponding average of its neighbours are
set to be the new depth.
The second algorithm simply generalize the first one. Although the
usual Laplacian smoothing could be simply run multiple times in or-
der to perform a stronger smoothing and extending the range of the
smoothing, another strategy have been used in order to do so. Instead
of only looking to the neighbours, other layers of neighbours are con-
sidered. More precisely, if the number of layers equals 2, the average
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Figure 1.20: Schematic representation of the smoothing function
based on the moving average algorithm; the black point is the current
vertex, the green points are its first layer of neighbours, and the red

points are its second layer of neighbours

of the neighbours’ depths would be added to the one of the neighbours
of the neighbours which has not been considered yet, and added to
the current depth of the vertex. This value would then be divided by
3, and the resulting depth would be the one of the vertex considered.
This could be seen as performing a moving average smoothing on the
vertices of the mesh [58]. A depiction of this case is given on figure
1.20.
Those particular smoothing algorithm are especially useful in for the
current task at hand. Indeed, as this smoothing is performed on the
neighbouring vertices of a node, it is stronger in the zones where the
mesh is coarser. By using the size map based on lines of isobathymetry
defined in the previous subsection, it is possible to refine the mesh
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near the contours that we think are the most interesting. If the Lapla-
cian smoothing is performed then, the bathymetry will then get more
smoothed on the zone that we find less interesting to fit precisely.
As this smoothing step can be applied in various places of the flow-
chart visible on figure 1.1, it has not been placed on it for a better
readability.

1.2.6 The creation of meshes based on the user’s

needs

In order to create a mesh, only a reduced amount parameters need to
be defined by the user. More precisely, only 4 parameters are required:
the minimum values of the x and the y coordinates, as well as their
maximum.
Initially, the mesh returned will only contain two big right-angle tri-
angles. The user can of course define a size map and the main loop
until the given size has been reached, while ensuring the good quality
of the mesh. A last feature that can already be defined by the user is
the bathymetry that has to be taken into account. This can be done in
two ways: either by defining a function giving for each position x and
y its corresponding depth, or by using a .tiff that will be read and
interpolated if needed to obtain these depths. It is advised, although
not required, to use a .tiff file such that its domain contains the
coordinates given as initial parameters. Even though the required val-
ues would be extrapolated anyway via the nearest-neighbor method, it
may avoid unpredictable behaviour.
Besides the definition of the size map detailed previously and the choice
of the desired number of contours, nothing more is required in order to
obtain a mesh adapted to the user’s preferences. Nevertheless, another
option than using four corners to get a rectangular mesh is also avail-
able. Instead, the user can also use an existing .msh file, in order to
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only define the boundaries of the mesh. The inner parts of this initial
mesh will simply be considered as empty, and the previous parameters
such as the bathymetry and the size map can be added in order to
perform the remeshing of the inner zone of those boundaries.

1.2.7 The reading of existing mesh files in .msh

Of course, the natural continuation to the reading of the border of a
mesh is the addition of its inner nodes and edges. With the use of the
add points method referred previously, this task is quite straightfor-
ward in most of the cases. Indeed, if the hypothesis is made that the
initial mesh is of good quality, the edge flip algorithm for Delaunay
triangulation used when including new points should lead to a good
mesh, thus resembling to the one given as input.
Nevertheless, there may be reasons motivating a user to retrieve a half-
edges representation of the exact same mesh as the one passed as input.
For example, a mesh may contain triangular zones which are actually
not part of the studied area, such as islands. If such cases are not taken
into account, an edge could unfortunately be swapped at the location
of the islands. This would in consequence include these zones into the
studied area, which may lead to wrong results and errors during the
simulations. Although such occurrences are already fully treated with
the current algorithm, this can still be enhanced. Indeed, the strategy
followed currently mainly boils down to a comparison of all the faces
in the mesh to be read with the mesh stored in half-edges. When an
inconsistency is detected, swaps are performed in order for this first
to be correctly represented. This tedious work, from which the full
details will not be given, could be avoided in a quite simple way. A
simpler strategy would be to consider the fact that the boundary edges
are already marked so in the .gmsh file that have been currently used.
As ensuring the consistency of the boundary would already suffice to
keep the studied zone fixed, this could represent an interesting aspect
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to improve in the near future, in order to make the reading of existing
meshes faster.

1.2.8 The two types of methods to write a mesh

in a file

Although only shown at the end of the algorithm on figure 1.1, a mesh
can be written between each of the steps. This can be achieved thanks
to two distinct function, each using a different coordinate system for
the .msh files they return. Indeed, one uses the σ coordinate system
and the other uses the z coordinate system. Both were already de-
scribed in the introduction [15]. Another parameter can be used to
modify the scale of the depth of the mesh. Indeed, it is not uncommon
that the zone which is meant to be meshed has larger dimension in
the x and y direction than in the z coordinate. In order to make the
visualization easier, the scale can be tuned by the user. It is also useful
to mention that this parameter is just present for convenience, as it is
also possible to change the scale by using software such as Gmsh.
Additionally, the function to write a mesh using the z coordinate sys-
tem has also be expanded with two features. The first one allows to
fit the faces to their closest plateau. It takes as parameter a number
of contours, and divides equally the total range of depth in order to
compute as many levels. The minimum depth of each faces it then
compared to the list of depth and the closest value in the list is the
one given for the height of the current face. The second features takes
care of a similar concern, but uses the structures of the contours in
order to set each face to its corresponding plateau. This matter is
detailed in section 3.2.4. Examples of meshes resulting from these two
features will be shown and commented in section 3.3.
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1.2.9 Description of the algorithm to improve or

maintain the quality of a mesh

In this last subsection, the main algorithm used to update the mesh and
improve its quality will e detailed. This algorithm as well as the qual-
ity measures used are strongly inspired from the work of Christophe
Geuzaine and Jean-François Remacle [59].

The quality measures and their competing goals

In order to enhance the quality of the mesh, an accurate definition a
what is expected needs to be given. More precisely, two features are
usually desired for a mesh: it has to be consistent with the given size
map, and most of its elements should be regular, i.e. should be close
to equilateral triangles in our case. The second condition can also be
defined as the aim of having a number of neighbours close to six for
each vertex [36]. It is easy to understand that those two condition
may contradict themselves. Indeed, when using a size map which is
not constant, the fact of having elements with edges of different sizes
is unavoidable. The update algorithm must in consequence find the
best compromise in order to maximize both of the quality measures,
or to favour one upon the other.
Mathematically, the first condition can be computed by performing
the integral of the function given by the size map on a given edge.
The value obtained would represent the edge length prescribed at the
position of the edge. Nevertheless, in the program, the actual integral is
not performed. Instead, the values prescribed by the size map are only
taken at the two end-vertices of the edges and averaged. This strategy
was only used in order to simplify the algorithm and to avoid taking
too much time, mainly when the size map is based on the distance
from contours. The length obtained is then used to divide the actual
length of the edge, resulting in the adimensional length le of the edge.
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In order to take the adimensional lengths into account at the mesh
level, the following formula can be used to defined the efficiency index
τ [60]:

τ = exp(
1

ne

ne−1∑
e=0

τe)

where ne is equal to the number of edges. For a given edge index e, its
corresponding value τe is defined as τe = le− 1 if le < 1 and τe =

1
le
− 1

otherwise. It ranges from zero to one, and should be as high as possi-
ble.
The second measure, to evaluate how close the elements are from reg-
ular ones, uses the ratio between the radius of the incircle and the
radius of the circumcircle. This ratio is normalized so that it is equal
to one when the triangle is equilateral, and to zero if its three vertices
are aligned. By representing the three angles of a triangle by â, b̂ and
ĉ, the normalized ratio can be defined as:

γ = 4
sin (â) sin (b̂) sin (ĉ)

sin (â) + sin (b̂) + sin (ĉ)

Detailing of the main algorithm

Now that every ingredients have been detailed, the update algorithm
can be described. A flow-chart representation is available at figure
1.21. It mainly consist of three loops: two loops on the half-edges, and
one on the vertices.
The first loop on the half-edges tries to apply three local transforma-
tions. The first operation, the swap, needs to validate two checks in
order to be performed. The first one is based on the quality mea-
sure γ defined previously. It is valid only if the minimum quality of
the neighbouring faces of the half-edge after the swap is higher than
this minimum quality before the swap. An additional verification also
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Figure 1.21: Flow-chart of the main loop used to update a mesh
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checks that the edge is not part of the border, nor part of a contour
line. After this first validation step, a second one is performed to en-
sure that the swap would keep the mesh manifold. This verification
has already been explained when defining the swap operation. The
second operation is the split. The check to validate its application re-
quires to compute the adimensional length le of the edge [59]. Then,
if its value is higher than the value of 2

√
2, the edge is split, and the

loop continues. Otherwise, the adimensional length is used to define if
the edge should be collapsed. Indeed, the first validation step of the
collapse operation is passed only if le is lower or equal to

√
2. This

value is of course not random. It is the value of x which results in τe
to be equal for both x and 2x. Those thresholds are thus used in order
to maximize the efficiency index τ . Of course, other checks need to be
performed before collapse the edge, as detail when the local transfor-
mation has been defined.
After this first loop through all the half-edges, another loop through
all the half-edges has been added. It passes through the previous half-
edges, as well as through the ones created during the first loop. As
only swaps are considered during this traversal, it mainly aims at max-
imizing the quality of the elements in the mesh than maximizing the
consistence with the size map, which is here simply a design choice.
Afterwards, a last loop traverse the list of vertices, and applies the
vertex relocation operation if the vertices are not part of the border or
of a contour.
Finally, the resulting mesh is returned, along with the quality indices
τ , the average of the values of γ for all the elements, as well as the
minimum value of γ encountered. In this way, the function can be eas-
ily placed inside a while or a for loop, and stopped when convergence
is reached for one, two or all the indices, or after a certain number of
iterations if such convergence can not be reached.
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(a) (b)

Figure 1.22: On the left, initial mesh used in the section 1.3.1; on the
right, the analytical bathymetry used

1.3 Resulting meshes

This section will show the types of meshes that can be obtained with
all the algorithm detailed in this chapter. The main feature that are
going to be shown concerns the creation of a mesh with user-defined
parameters and the reading of existing meshes, as well as their adaption
to a line of iso-bathymetry. The program can be used with a wide
variety of meshes and bathymetries. In this section, three bathymetries
will be used: an axisymmetric and smooth bathymetry on a circular
mesh, the bathymetry of the Lake Tanganyika, and the bathymetry of
a zone in the Seychelles.

1.3.1 The circular mesh

The initial mesh and its bathymetry used in this subsection are shown
at figure 1.22.
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On figure 1.23, we can visualize the some intermediate steps as well
as the final mesh that can be obtained after setting the size map to a
constant, smaller value than the initial one. The mesh algorithm con-
verged after 8 steps, and we can see that most of the elements looks
close to equilateral.
Another adaptation of the mesh uses the distance from a contour to
define a size map. Figure 1.24 shows the computed contour on the final
mesh obtained at figure 1.23. After only 6 steps, the algorithm con-
verges to a mesh where the elements close to the contour are smaller,
and gets bigger as they get further to it.

1.3.2 The meshes based on the bathymetry of the

Lake Tanganyika

The initial meshes used in this subsection are the ones of figure 1.25,
with the bathymetries of the zone they represent are shown at figure
1.26. It is useful to note that the first mesh has been obtained by using
a constant size map and user-defined coordinates for the creation of
the mesh, while the second has been obtained with Gmsh, using a size
map where the elements gets bigger as they are far from the coast.
Figure 1.27 shows the adaptation of the first mesh based on a constant
size map. The process required 10 iterations before converging. After
this first adaptation step, the mesh has been reused in order this time
to adapt to a line of iso-contour. The successive iterations and final
mesh can be seen on figure 1.28. It is visible from both figure that
meshes are efficiently refined, and that the last adaptation effectively
produces smaller elements around the displayed isobaths.
As a last result for this geographical zone, figure 1.29 shows the

adaptation process of the second mesh of figure 1.25. This adaptation
is performed based on a deeper contour lines than for the previous one.
Also, it is important to note that the boundary of the zone meshed
has been effectively conserved until to end of the algorithm, which is
a requirement of the implemented algorithm.
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(a) (b)

(c) (d)

Figure 1.23: Refinement of the initial mesh on figure 1.22 with a
constant size map; after (a) 1 iteration, (b) 3 iterations, (c) 6

iterations and (d) 8 iterations
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(a) (b)

(c) (d)

Figure 1.24: Refinement of the resulting mesh of figure 1.23 based on
a contour line; (a) initial contour line, and after (b) 1 iteration, (c) 4

iterations and (d) 7 iterations
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(a) (b)

Figure 1.25: Initial meshes of the Lake Tanganyika zone used in
section 1.3.2

(a) (b)

Figure 1.26: Corresponding bathymetries of the meshes in figure 1.25
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(a) (b)

(c) (d)

Figure 1.27: Refinement of the initial mesh on figure 1.25a based on a
constant size map; after (a) 1 iteration, (b) 4 iteration, (c) 6

iterations and (d) 10 iterations
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(a) (b)

(c) (d)

Figure 1.28: Refinement of the resulting mesh on figure 1.27 based on
a contour line; (a) initial contour line, and after (b) 1 iteration, (c) 3

iterations and (d) 8 iterations
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(a) (b)

Figure 1.29: Refinement of the initial mesh on figure 1.25b based on
a contour line; (a) initial contour line, and (b) after 8 iterations
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(a) (b)

Figure 1.30: Bathymetries used in section 1.3.3

1.3.3 The meshes based on the Seychelles bathymetry

Finally, a last zone on which the program has been tested is situated
in the Seychelles. The bathymetries are available at figure 1.30.
The first results were obtained by defining the coordinates of the

corners of the zone in order to create an initial mesh. The whole
process, starting from a simple, big square zone and ending with a
mesh of a good quality is shown at figure 1.31, and converged after 11
iterations. This newly created mesh can be considered of good quality
since most of its elements are indeed close-to-equilateral. It can be
furthermore refined, until obtaining the mesh of figure 1.32, which still
keeps a good quality and proves that the algorithm are able to deal
with a large amount of elements. As a last refinement, we could also
fit it to computed contour lines. This process, as well as the lines on
which the size map is based, are shown at figure 1.33, and shows again
an accurate and correct working of the implemented functions.
As a next interesting example, the steps obtained when starting from
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(a) (b)

(c) (d)

Figure 1.31: Creation of an initial mesh based on the coordinates of
the four corners of the bathymetry visible on figure 1.30a and based
on a constant size map; (a) resulting mesh at creation, after (b) 2

iteration, (c) 4 iterations and (d) 11 iterations
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(a) (b)

Figure 1.32: Refinement of the resulting mesh on figure 1.31 based on
a constant size map; (a) initial mesh used, and (b) after 9 iterations

(a) (b)

Figure 1.33: Refinement of the resulting mesh on figure 1.32 based on
a contour line; (a) initial contour line, and (b) after 11 iterations
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a fine mesh computed with Gmsh to a coarser mesh with a size map
based on contour lines is shown at figure 1.34. Again, it is interesting to
see that the initial border of the provided mesh are correctly conserved
during the whole simulation.
Finally, a last interesting results that can be visualized is the effect

of the smoothing function on an irregular bathymetry such as the one
of the Seychelles. We used the final mesh shown at figure 1.33b, and
applied the generalized smoothing algorithm up to a number of 2 layers.
The resulting bathymetry is available at figure 1.35. We can see that, as
the mesh was refined around a given level of contour, the zone where
the mesh was coarser were more strongly affected by the smoothing
operation, as desired. Furthermore, there is less peaks than previously,
and the one still presents are lower. Such a smoother bathymetry has
been used in Chapter 3 in order to obtain the desired, clean contour
lines.

1.4 Discussion on the results

Although this chapter concerned general and well known algorithms,
the obtained results shows their correct working. In consequence, they
will be perfectly usable when additional algorithm will be implemented
in Chapter 3. It is also interesting to mention that, in addition with
the usual functions to read, write and update meshes, some convenient
function for the task at had have also been specified and included. We
could cite the size map based on contour lines, which goes perfectly in
pair with the smoothing algorithm used and the task at hand in this
master thesis. It is furthermore visible through the results obtained in
this chapter that those work indeed as expected. Some results, though,
have not been showed in the previous section. Indeed, the difference
between the two types of writing a mesh have not been clearly iden-
tified. Nevertheless, the writing of meshes using z coordinates will be
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(a) (b)

(c) (d)

Figure 1.34: Refinement of a mesh created with Gmsh based on a
contour line; (a) the initial mesh, (b) the initial contour line, and

after (c) 1 iteration and (d) 9 iterations
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(a) (b)

Figure 1.35: Visualisation of the effect of smoothing when using the
version inspired by the moving average strategy with a number of 2

layers; on the left the initial shape of the bathymetry of the
Seychelles, on the right the resulting bathymetry after smoothing

extensively used in Chapter 3. Therefore, it would have been unneces-
sary to make this chapter heavier than it should be by showing quite
trivial results as those.
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Chapter 2

Validation of the
concept on a simple test
case

This chapter aims to test the idea on the base of this thesis in order to
check if it might be an interesting add-on to the SLIM software [21] or
to other finite element programs [61–63] for real-life cases. To perform
such a validation, the contour-fitted meshing strategy will be applied
on a simple, axisymmetric case from which it is possible to compute the
analytical solution. After that, the three-dimensional finite element
mesh generator Gmsh [64] will be used to obtain an initial, random
mesh in a circular area, and another mesh where elements have been
forced to fit along concentric circles, representing the chosen lines of
isobathymetry. The axisymmetric loads will then be applied, and a
simulation will be run for both meshes using the SLIM software. The
goal is to verify that, using z coordinates, the numerical dissipation [65]
of the total energy decreases when using the second, contour-fitted
mesh instead of the random one.
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2.1 Introduction

As the whole concept studied in this master thesis had not been proven
to be effective yet, it was utterly needed to test it before going further.
Indeed, even though the initial structures detailed in the first chapter
have already been made available, the actual algorithm to automate
the process of finding the isobaths still needed to be added. This may
have implied a large amount of useless work if an adequate validation
of the concept had not been developed first. The obvious solution to
perform such a task was to test it on a really simple case, with a well
known solution, allowing to start from an equilibrium state. Through-
out long time simulations though, it is expected that this equilibrium
will not be maintained by a numerical solver. Indeed, even if the initial
solution is a steady-state solution of the equation, the software pro-
grams based on finite element suffer from a small lack of precision due
to the fact that numbers have to be expressed with a fixed number of
bits [66], while real number could in reality require an infinite among of
digits.Nevertheless, these seemingly negligible errors in the beginning
can grew up to really large values when nothing is done to prevent this
kind of behaviour.
Furthermore, the meshes developed in this thesis are meant to be used
with the z coordinate system [15]. As detailed in the introduction, it
creates columns composed of a varying number of prism, but having all
similar intermediate depths, their difference in number in each column
of water depending on the total depth of the column. For the sake of
illustration, we can imagine the case of a submarine cliff with a close-
to-infinite gradient, as depicted on figure 2.1 in perspective and from
the top. If this zone had to be extruded at constant z coordinates, the
user could end up with a mesh as the one visible on figure 2.2. The
smooth line that originally separated the two depth levels has now be-
come completely irregular and contains several sharp turns. During
the simulation, reaching convergence at those tight corners becomes a
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really difficult task, while the line separating the two levels was much
more smooth in the original bathymetry, and even though the mesh
used was of a good quality. We can naturally imagine that the accumu-
lation of errors at these zones is in consequence really large compared
to the error accumulation on flat areas, or at the places where the tran-
sition between two levels happens more smoothly. These sharp corners
would thus really need to be avoided.
Taking cares of these zones directly leads to the concept of contour-
fitted meshes developed in this report. Indeed, when forcing the ele-
ments to lie on such lines where the depth slope is really strong, one
could obtain a mesh such as the one depicted on figure 2.3. When
looking now at the interface between the two levels, it easy to see that
it is much more smooth compared to a mesh which does not take the
same considerations. However, both meshes contain mainly elements
of good quality, i.e. with roughly the same size and containing mostly
close-to-equilateral triangles, and are consequently both appropriate
to be used in simulations.
In the following of this section, this concept of adapting a mesh to the
isobaths will be verified more formally, instead of only relying on some
vague observations and conclusions. First, the actual test case will be
fully detailed, along with its analytical solution for its elevation field
and the prescribed velocity field. Then, the results obtained when run-
ning a simulation using SLIM will be shown and detailed, using both
2D and 3D simulations as the fourth version of the software already of-
fered this possibility. Then, conclusions will be drawn on the potential
effectiveness and interest of this original type of mesh in more realistic
situations.
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(a) View in perspective (b) Top view of the cliff

Figure 2.1: Depiction of a bathymetry with a steep slope

2.2 Materials and methods

This section will focus on the precise description of the test case. A
field for the bathymetry and for the velocity will be chosen, and the
corresponding elevation field will be expressed. Then, the setting of
the simulation will be defined in order to obtain the results of the
following section.

2.2.1 Description of the test case and its initial

fields

The initial test case used to validate the solution has been chosen to
be an axisymmetric problem with a well-known solution. The aim is to
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Figure 2.2: Non-fitted meshing of the bathymetry shown in figure 2.1;
each color corresponds to a level of depth

Figure 2.3: Contour-fitted meshing of the bathymetry shown in figure
2.1; each color corresponds to a level of depth
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deploy the concept on SLIM, which simulates the behaviour of oceans
and seas around the globe. One of the interesting possibility was to
use the equation of the geostrophic equilibrium [67, 68], on a circular
mesh and with an axisymmetric bathymetry.
The computation of the equations used as a base in this section are
the shallow-water equations [69]. More precisely, we will start from
the resulting momentum equation, which expresses as follow:

Du

Dt
+ fk× u = −g∇H (2.1)

where Du
Dt is the material derivative [70] of u and which can also be

expressed as ∂u
∂t + u · ∇u. As usual, g is the gravitational acceleration

and f is the Coriolis coefficient, while u is the velocity vector.
The velocity vector that will be imposed, in order to keep the problem
axisymmetric, will represent a rotational speed of the form:

u =

 ωy
−ωx
0

 (2.2)

with ω the chosen rotational speed. Furthermore, as we aim for the
solution in (dynamic) equilibrium, this velocity vector will be consid-
ered as constant with respect to the time, leading to the first term
in the expanded form of the material derivative to be equal to zero,
i.e ∂u

∂t = 0. Also, as the direction of the velocity vector u is totally
angular, its gradient ∇u is fully radial, and so both vector fields are
tangent, leading to the second term of the material derivative equation
u · ∇u to be also null in this case.
In order to expand the right-hand term of equation 2.1, one can make
use of the definition of H = h + η, where h corresponds to the height
between the seabed and the surface of the water at rest and η corre-
sponds to the elevation of this surface with respect to its resting level,
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Figure 2.4: Example of a cut in the ocean where at y is equal to a
constant cst. η represent the surface elevation, while h is the depth

with respect to the reference level, and H the total depth [71]

as schematized on figure 2.4). In the current situation, h will be con-
sidered as constant for a given x and y coordinate, i.e. the bottom of
sea does not change with respect to the time t. Moreover, we consider
a bathymetry composed of flat zones, called plateaus, delimited by cir-
cular lines of infinite slope. This flat zones have obviously a gradient
equal to zero. Furthermore, the gradient on a contour line is also null,
as their derivatives are always equal to zero when the value of r tends
to the radius of the contour in both direction. When applying the
gradient operator to H, we thus obtain the following results:

∇H(x, y) = ∇(h+ η(x, y)) = ∇h+∇η(x, y) = 0 +

∂η
∂x
∂η
∂y

0

 (2.3)
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When putting equations 2.2 and 2.3 into equation 2.1, and since in our
case Du

Dt equals zero, we obtain:00
f

×

 ωy
−ωx
0

 = −g

∂η
∂x
∂η
∂y

0



⇔

fωxfωy
0

 = −g

∂η
∂x
∂η
∂y

0

 (2.4)

This results in a system of two differential equations, which can be
solved in order to obtain the elevation field in function of the position:

fωx = −g ∂η
∂x

fωy = −g ∂η
∂y

0 = 0

⇔


∫

(fωx) dx = −gη(x, y)∫
(fωy) dx = −gη(x, y)

⇔

{
− f

2gωx
2 + Cx(y) = η(x, y)

− f
2gωy

2 + Cy(x) = η(x, y)

where Cx and Cy are constants with respect to their variable in sub-
script. By putting those two relations together, we obtain the expres-
sion of the η up to a constant value C:

η(x, y) = − f

2g
ωx2− f

2g
ωy2+C ⇔ η(x, y) = − f

2g
ω(x2+y2)+C (2.5)

Before finding the expression of the constant, it is useful to remind
that, as expected for an axisymmetric problem, the expression of the
elevation field only depends on r, since the well-known relation r =√

x2 + y2 [72] can easily be replaced in equation 2.5. The elevation in

64



polar coordinates can then be expressed as:

η(r, θ) = − f

2g
ω(r2) + C (2.6)

Finally, boundary conditions have to be imposed in order to define the
constant C. In this case, we will simply consider that the domain ex-
actly encloses the perturbations provoked by the chosen velocity field.
In consequence, we have that η(r, θ)|r=R = 0 for all the values of θ.
This leads to C being equal to f

2gω(R
2). The final expression of η in

polar coordinate can now be obtained as:

η(r, θ) =
f

2g
ω(R2 − r2) (2.7)

We still have to take care of the continuity equation. As written previ-
ously, the field of bathymetry considered in this section is axisymmet-
ric. This is actually required if we want this relation to be valid, given
the chosen rotational velocity. Indeed, the equation of mass conserva-
tion under the shallow-water hypothesis can be expressed as:

∇ · (Hu) = 0 (2.8)

This relation can also be written as:

u · ∇H +H∇ · u = 0 (2.9)

The definition of the chosen velocity field u has been given in equation
2.2, and leads to the following for the second term of the left-hand side
of equation 2.9:

H∇ · u = H (
ux
∂x

+
uy
∂y

) = H (
(ωy)

∂x
+

(−ωx)

∂y
) = 0 (2.10)

This means that, in order to satisfy equation 2.8, we need to have
that u · ∇H equals to zero, meaning that the variation of the field H
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should be tangent to the vector field u everywhere in the domain. As
the velocity u only depends on r in cylindrical coordinates, and as we
found previously that the elevation field η only depends on r, i.e. its
gradient is strictly radial, this leads to the fact that h should also only
depends on r, and thus should be axisymmetric.

2.2.2 Setting of the simulations

After having found the expression of the elevation field η, the param-
eters of the simulation still need to be defined.
As mentioned previously, it is required to have an axisymmetric field
for the bathymetry. Also, this field has been defined as being a com-
posed of piecewise constant functions, representing plateaus, in order
for its gradient to be also neglected. As the aim of the meshing strat-
egy, fitted to the isobaths, is to decrease the error when facing high
gradient of this field, this field containing a finite number of concen-
tric contour lines of infinite gradient seemed to be a convenient option.
Such kind of bathymetry is depicted in figure 2.5, with a number of flat
zones, or plateaus, equals to 6. In order to fully define the simulation
case, we can distinguish seven parameters:

1. R: the radius of the domain.

2. ncontour: the number of contours to use. Arbitrarily, it has been
defined that there would be one plateau more than the num-
ber of contours, so that each isobath are situated between two
plateaus. For example, a characteristic value for ncontour for the
shape drawn on figure 2.5 would be 5.

3. lc: The characteristic length of the mesh elements in the simula-
tion. As we use 2D triangles, it is simply the desired size of their
edges.
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(a) Side view (b) Top view

Figure 2.5: Example of a bathymetry that may have been used for
the current test case

4. h: The depth variation of each step of bathymetry, defined to be
constant in our case.

5. hinit: The depth of the highest plateau.

6. ω: The magnitude of the rotational speed.

7. dt: The time step to use during the simulation.

Although simulations have been launched for various values of these
parameters, we will only retain one as most of the results were quite
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similar. The chosen parameters in the following of this chapter are:

R = 5e5 [m];

ncontour = 2 [-];

lc =
R

10
[m] = 5e4 [m];

h = 5 [m];

hinit = 12 [m];

ω = 2e− 6 [
m

s2
];

dt = 10 [s];

Figure 2.6 shows the resulting seabed using these values. The careful
reader might have noticed that the surface of the border has not been
displayed on this plot, contrarily to the one on figure 2.5.
As there were no certitude at this point about the interest of contour-
fitted meshes, the mesh-generator Gmsh has been used to compute the
triangulations used in this section, as it already allowed to fit a mesh
on given analytical curves such as the circles in this test case. The
resulting meshes are shown on figure 2.7.
Although this might seem trivial, it is important here to choose at

which depth an element crossing two or more contours will be situ-
ated. In this section and for the rest of this document, the height of
a triangle will always be the one of the lowest plateau that it crosses.
The bathymetries obtained when applying this to our two meshes are
available at figures 2.11a and 2.11b.
Finally, we can insert those values into the equations 2.2 and 2.7, in
order to obtain the initial velocity and the elevation fields displayed in
figures 2.9 and 2.10.
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(a) Side view (b) Top view

Figure 2.6: Actual bathymetry used for the current test case

(a) Mesh not fitting the contour lines (b) Mesh fitting the contour lines

Figure 2.7: Obtained meshes for the the current test case
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(a) Mesh not fitting the contour lines (b) Mesh fitting the contour lines

Figure 2.8: Obtained meshes for the the current test case, with their
faces set to the depth of their lowest vertex

Figure 2.9: Initial velocity field obtained from the analytical
calculations
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Figure 2.10: Initial velocity field obtained from the analytical
calculations

(a) (b)

Figure 2.11: Plot of the fields in function of the radius r at y = 0; the
x-axis correspond to the value of r divided by the radius of the

setting R; the left plot shows the velocity field, the right plot shows
the elevation field.
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2.3 Results of the simulations

In order to have meaningful results, the simulations have been carried
for a relatively long period of time, namely for around 1200 hours, or
50 days. Of course, as the goal was to analyze its degradation over
time, no artificial source of energy was used during the simulations.
The resulting energies were computed by performing the integral of
the energy over all the elements [73,74].
In total, eight different simulation cases have been kept, and their
results will be shown in the following of this section.

1. Simulation (2D, flat, not fitted): using the 2D version of SLIM,
with the mesh non-fitted mesh given on figure 2.11a, and with
a flat bathymetry (of depth equal to 12 meters, i.e. the highest
step);

2. Simulation (2D, flat, fitted): using the 2D version, with the
contour-fitted mesh given on figure 2.11b, and with the flat bathymetry
(it is expected to behave as the simulation (2D, flat, not fitted));

3. Simulation (2D, depth, not fitted): using the 2D version, with
the non-fitted mesh, and with the stepped bathymetry shown on
figure 2.6;

4. Simulation (2D, depth, fitted): using the 2D version, with the
contour-fitted mesh, and with the stepped bathymetry;

5. Simulation (3D, flat, not fitted): using the 3D version of SLIM,
with the mesh non-fitted mesh, and with the flat bathymetry (it
is expected to behave as the simulations (2D, flat, not fitted) and
(2D, flat, fitted));

6. Simulation (3D, flat, fitted): using the 3D version, with the
contour-fitted mesh, and with the flat bathymetry (expected to
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behave as the simulation (2D, flat, not fitted), (2D, flat, fitted)
and (3D, flat, fitted));

7. Simulation (3D, depth, not fitted): using the 3D version, with
the non-fitted mesh, and with the stepped bathymetry (expected
to behave as the simulation (2D, depth, not fitted));

8. Simulation (3D, depth, fitted): using the 3D version, with the
contour-fitted mesh, and with the stepped bathymetry (expected
to behave as the simulation (2D, depth, fitted)).

The first interesting results to compare are the outcomes of the simu-
lations that are supposed to bring approximately similar results. The
intermediate and final fields of the velocity and the elevation are given
on figure 2.12. As expected, they behave almost in the exact same way.
What is also important to note is that, for such a flat bathymetry, the
fields do not tend to change a lot. This is actually a hypothesis that
could have been made initially, as it is obviously a desirable property
for a program based on finite elements. In terms of energy dissipa-
tion, on figure 2.13, the observations also corresponds to the initial
expectations. Two details may seem quite surprising though:

• First, we can see that, even for such a simple configuration, the
total loss of energy still amount to 1% of the total initial energy.
This shows that it can be important to take care of the numerical
energy dissipation for long term simulation, even for ones that
look trivial. Nevertheless, we can observe that this is mainly due
to kinetic energy losses, which tend to decrease slower over the
time.

• Second, the energy loss is slightly lower in the 3D version than
in the 2D one.
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(a) Results of the simulation (2D, flat, not fitted)

(b) Results of the simulation (2D, flat, fitted)

(c) Results of the simulation (3D, flat, not fitted)

(d) Results of the simulation (3D, flat, fitted)

Figure 2.12: Fields obtained for the simulations with a flat
bathymetry after 50 days of simulation; the left column shows the
velocity fields, and the right column shows the elevation field; the

respective colorbars of each field are the same as those used in figures
2.9 and 2.10
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(a) Potential energies (b) Kinetic energies

(c) Total energies

Figure 2.13: Plot of the evolution of the energies for the simulation
with a flat bathymetry; the x-axis represents the time in hours, and
the y-axis represents the percentage of the energies with respect to

their initial values
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(a) Results of the simulation (2D, depth, not fitted)

(b) Results of the simulation (2D, depth, fitted)

(c) Results of the simulation (3D, depth, not fitted)

(d) Results of the simulation (3D, depth, fitted)

Figure 2.14: Fields obtained for the simulations with the stepped
bathymetry after 50 days of simulation; the left column shows the
velocity fields, and the right column shows the elevation field; the

respective colorbars of each field are the same as those used in figures
2.9 and 2.10
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The results of the four other simulation are available on the figure 2.14.
In contrary to the previous ones, large differences can be noted on
these plots. Fortunately, these results are as one could have expected.
Namely, we can see that the shape of the velocity and elevation fields
obtained with the non-fitted mesh have completely changed during the
process of the simulation, both in the 2D and the 3D versions. We can
even see on these top views that the shape of their contour lines tend
to align with the isobaths visible on figure 2.11a. In the same way,
since these curves formed almost perfect circles on the mesh depicted
in figure 2.11b, the contour lines of u and η obtained with the fitted
mesh are almost the same as the one of their initial configuration.
Moreover, figure 2.15 shows that the amount of energy lost when using
the unfitted mesh amounts to almost 20% of the initial total energy.
This quantity is an order of magnitude higher than the loss obtained
with the mesh which takes the contours into account.
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(a) Potential energies (b) Kinetic energies

(c) Total energies

Figure 2.15: Plot of the evolution of the energies for the simulation
with the bathymetry given in figure 2.6; the x-axis represents the
time in hours, and the y-axis represents the percentage of the

energies with respect to their initial values
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2.4 Discussion and conclusion on the use-
fulness of the idea

As a last important result to observe, we can compare the plots ob-
tained using a flat bathymetry with the ones obtained with the adapted
mesh. Surprisingly enough, these curves, put together on figure 2.16
happen to be almost exactly the same.
This means that, thanks to the consideration of the lines of iso-

bathymetry during the meshing process, the solver is able to maintain
the total energy as good as if there were no variation in depth, at least
for such a simple test case where it is possible to obtain the analytical
solution quite easily.
Nevertheless, these outcomes are assuredly promising and shows that
the concept should definitely be tested on real-life cases. Even though
reaching such improvements should not be expected on more com-
plicated seabeds, the hope that a notably better accuracy could be
achieved has been strong enough to validate the idea behind the contour-
fitted mesh. Consequently, the next chapter will try to automate the
process of finding isobaths and adapting existing meshes to them.
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(a) Potential energies (b) Kinetic energies

(c) Total energies

Figure 2.16: Plot of the evolution of the energies for the simulations
(2D, flat, fitted), (2D, depth, fitted), (3D, flat, fitted) and (3D,

depth, fitted); the x-axis represents the time in hours, and the y-axis
represents the percentage of the energies with respect to their initial

values
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Chapter 3

The contour-fitted mesh
adaptation

This chapter aims at describing the structures and the algorithms im-
plemented to obtain the desired contour-fitted meshes. It details how
in practice the line of isobathymetry are taken into account, and what
modifications had to be made to the local transformations in order
to do so. Two methods will be proposed with their advantages and
drawbacks.
In the end, the results obtained on real bathymetries will be displayed
and commented, emphasizing the difference between the two strategies
considered as well as the flaws that should be rectified in the future.
The chapter will conclude by pointing the most promising one on which
further work still needs to be done.

3.1 Introduction

Based on the structures and the algorithms detailed in Chapter 1, and
after having performed the validation in Chapter 2, the actual algo-
rithm to fit the mesh on the isobaths can be implemented.
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In its final form, four steps can be highlighted and will be detailed
below. Also, it is necessary to mention that two versions to store and
treat the contours will be explained. The first and more naive one
treat the contours as an ensemble of points, and does not ensure that
the contours keep forming closed curves. The second, on the other
hand, treats the contours as segments and curves. In consequence, it
has to ensure the continuity of the curves all along the following mesh
updates. The differences between both will be pointed for each of the
four steps.
Detailing those, the first one concerns the finding of the lines, and
their inclusion in the mesh. It mainly uses a double for-loop, travers-
ing each edge for each depth where a contour has to be placed. The
biggest challenge was to keep the points in the order in which they
appear on the contours. This feature was optional for the first ver-
sion, but was of a uttermost importance for the second method, where
contours should be fully traceable. The second step required to filter
the isobaths at complicated zones, where only element of bad qualities
would be created. As this will be explained, this was supposedly less of
an issue for the second method. Nevertheless, it was noted that such
zones were inevitable. Therefore, another more sophisticated filtering
strategy ended to be implemented in order to ensure the overall good
quality of the mesh. The third important step is about the handling
of the computed lines during the update algorithm detailed in section
1.2.9. With the first method, as the curves are only considered through
points, most of the transformations occurs similarly. The biggest dis-
tinctions implies the vertices created by the split of an edge which
should be considered as part of the contour, and the vertex relocation,
which is simply skipped. Indeed, since the lines are only described by
points, and since those are not kept in order, it is not possible to ensure
that the points stays on the curve when freely moving it in its cavity.
With the second method, more differences are present, for mostly all of
the transformations. The most notable changes were performed for the

82



split of an edge of the contour. A fully new algorithm have been imple-
mented to this aim, using a method to recover arbitrary edges, which
was then also added to the filtering step. Finally, an easier but essen-
tial last step implies the attribution of their corresponding plateau to
each face. As usual, it resulted being harder with one method, namely
the first, and trivial for the second. This is due to the fact that, again,
the contours were not considered as continuous curve, and they had
to be completed before performing this last step. This issue was the
main reason for which the second method was developed.

3.2 Description of the algorithm to fit the
mesh to the isobaths

This section will cover the four steps that can be highlighted in order
to take the contours into account. Besides the first one, they all differ
more or less for the two different method. Again, the biggest distinction
between those methods is that the one treats the contours as set of
points while the second one considers segments and continuous curves.

3.2.1 Computation of the lines and their inclusion

in the mesh

In contrary to the following steps, no differences arose here between
the two methods to compute the contours. Figure 3.1 shows a detailed
flow chart in the finding of the points belonging to the isobaths. The
last box on the path, representing the filtering, is actually the second
of the four steps, which thus takes place right after this first one. The
most important part is the traversal of each edges in order to detect
the points where a contour is crossed. When an intersection is found,
it is useful to know the relative position of this point with respect
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Figure 3.1: Flow-chart detailed the first steps of the treatment of the
contours
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to the other ones in the current line. It is important to precise that
the depth is considered to vary linearly over the edges. Their slope
thus strictly increasing, decreasing, or constant with respect to the
z coordinate. This has the interesting implication that, for a given
triangular element, the number of intersections will be at maximum
equal to two: it would be zero when there is no intersection, one if it
crosses a vertex, and two if an edge is intersected. Here, we will not
detail the special case of an edge at constant depth crossing a contour,
but such cases are trivially treated in the code. Having this information
about the number of intersections, it is possible to compute, for each
intersected edge, which edges of its neighbouring faces will also be
crossed by a contour line.
For this purpose, three arrays were created:

1. An array containing, in the order in which they have been crossed,
the data of the edge which will be split.

2. An array containing, in the order in which they have been crossed,
the data values of the neighbouring crossed edges of the current.

3. An array with a number of rows equal to the number of edges,
and with three columns. It is initially filled with negative values.
Those will be changed each time an edge is crossed. For example,
let the edge 10 being the second edge crossed, and its neighbour
on the right being edge 5 and on the left 15. As it is the second,
its data will be present at index 1 in the first array, and its
neighbour’s data values will be at index 1 in the second array.
This means that, in this third array of three columns, the value
in the middle at index 10 will be set to 1, the leftmost value at
index 5, the right neighbour, will also be set to 1, and similarly
for the rightmost column of the left neighbour.
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The algorithm now to order the contours is now the following:

1. We traverse the first array to obtain the data d an edge crossed
by the contour. This has to be done twice : first to find the
curves which are not close, and then to find the closed ones.

2. As we first aim for the open curves, a check is done in the third
array to check that the leftmost column at the index d has a
negative value, meaning that the edge is the first of the open
curve.

3. Since the position of the edge in the first array is known, as it
is given by the middle value in the third array, we can find its
neighbours by looking in the second array at the same position.

4. The current edge is split. Then, this current edge is updated by
setting it to the right neighbour. Indeed, the third column of the
third array gives its index in the first array, as well as the one of
its neighbours in the second array. This allows to continue until
the end of the open curve, i.e. when the next index, given by the
third column is negative.

5. The process is repeated until all the open curves are found. The
same operations are then performed for the closed lines, with the
difference that the curve is considered as ended when the next
index equals to first one that was found for the current curve.

Although not fully expanded in the flow-chart, this may imply the
creation of several contours for one depth, each contour representing
a full closed or open curve. As it may be guessed from figure 3.1, the
contours are represented by lists of ordered vertices, themselves being
stored in the Polymesh structure in a list a contours. Once this step
has been performed, we can continue to the filtering of the complicated
zones.
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3.2.2 Filtering of the problematic zones/areas that

would contain badly shaped elements

The concerned zones here are simply those that would inevitably lead
to badly shaped elements if they were not treated previously. Here,
the distinction between the two different methods has to be made.
As mentioned previously, the first and more naive one simply consid-
ered the contours as a set of points. Nevertheless, they are still initially
separated in different contours, thanks to the method described in the
previous section. The filtering method was in consequence obvious: it
has to ensure that there is enough space between the points. The up-
date algorithm will then be able to fit elements of good quality which
respects the size map the points left. The methodology followed here
can be seen on figure 3.2. Even though not fully explained in the flow-
chart, each point of each contour is compared to the other points in the
other contours. When a point is considered as close, the other point is
remove. The definition of close here needs to be fixed. With the size
map, it is possible to obtain for each vertices the element size required
at its position. Two points are then simply considered to be close when
there distance is lower than a factor multiplied by the average of the
prescribed sizes.
Here, it is important to mention a structure which has been used to
make this search more efficient. Indeed, the search would have re-
quired, for each point of each contour, to perform the check for all
the subsequent points. To make this process faster, the vertices are
first mapped into the cells of a virtual grid dividing the whole space,
as visible on figure 3.3. The size of these cells have been set equal to
the maximum length prescribed by the size map. By doing so, for a
given point, it was only required to look in its current cell, and in the
8 neighbouring ones, to find all the other points which would have to
be filtered.
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Figure 3.2: Flow-chart of the algorithm used to filter the contours
with the pointwise method
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(a) (b)

Figure 3.3: Representation of the cells used for the first method. The
left image shows parallel, oblique contour lines, where the blue dots
are the points stored in memory for each of them. The right image

shows the filtering process from the black points. Only the
neighbouring cells of the black point are scanned, so that only the
green and red points are checked. The red circles represent the

distance of influence depending of the size map, which is considered
constant in this drawing. The red points are then simply removed

from the contours.
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The second method to store and treat the contours considers them
as segments, forming continuous curves in the mesh. It was thus im-
portant to verify that the continuity property was valid initially when
the vertices were created. This lead to the necessity of marking also
the edges as being part of a contour, in contrary with the first method
where only the vertices were marked. Although this was not expected
initially, this method required much more considerations than the pre-
vious one. Without entering into all of the details, two additions needs
to be explained. First, cells are still used, as for the previous method,
but they now contains segments. Those segments are represented by
the coordinates of their two endpoints, and not simply a set of discon-
nected points, as shown on figure 3.4. More precisely, a segment from
a contour is split into different pieces if it crosses different cells in the
grid. Additional points are then used to represent on segment of the
contour, but they are still considered to be part of the original contour
segment. This means that, when performing the comparison, if one
piece of a segment is too close from a piece of segment from another
contour, the whole segment is erased.
With this new storing strategy, the comparison during the filtering

step has drastically changed. A schematic representation of it is de-
tailed at figure 3.5. This algorithm works as follow:

1. If, by using the new cells, the minimal distance between a less
important segment hweak and a more important segment hstrong

is considered as too low, i.e. d < D on the figure, a filtering has
to be performed.

2. In order to do so, we start from the current close segment on the
contour having a weaker importance.

3. The segment is removed, and we set hweak to be one of its neigh-
bours.
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(a) (b)

Figure 3.4: Representation of the cells used for the second method.
The left image shows parallel, oblique contour lines, where the blue
dots are the initial points stored in memory for each of them. The
right image shows the filtering process from the black piece of
segment, as well as the additional points appearing at the

intersections between the segments and the cells. Even if some pieces
of segments are not crossed, they are erased because another piece of
this segment has been considered as too close from the black piece of
segment. The red zone represent again the distance of influence with
the same size map as in figure 3.3, but now for the whole piece of

segment in black.
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(a) Initial contour lines considered. Contours have
different importance. Here, the green contour has

a stronger importance than the red one.

(b) When performing the comparison step from
the edge hweak, the edge hstrong is considered as
too close, namely the distance between the

segments d is smaller than the one based on the
size map D.

(c) The initial edge hweak is removed from the red
contour, and the comparison step is performed on
its left neighbour. Again, a close stronger edge is

found.

(d) The process continues, erasing the previous
hweak and traversing the green contour in the

same direction.

(e) Until an edge hweak is found such that the
minimal distance from a stronger segment d gets

lower than D.

(f) The two points P1 and P2 are stored.

Figure 3.5: First part of the algorithm to compare the contours with
the second method
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(g) Then, a second traversal is launched by
starting from the right side of the initial hweak.

(h) Again, the previous hweak is removed, the next
one being found by traversing the contour in the

right direction.

(i) Of course, P1 and P2 are still known and fixed
during this process. Also, each value of d and D
might be different, following the found distance

and the size map defined.

(j) The process still goes on, until another edge
hweak is found to be sufficiently far from every

stronger segments.

(k) The points P3 and P4 are then found and
stored.

(l) Finally, an optional edge recovery may occur
between the points P1 and P2, and between the
points P3 and P4. This first recovery step may

also have been done directly after P1 and P2 were
found.

Figure 3.5: Final steps of the algorithm to compare the contours with
the second method
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4. Then, from this new edge, we find the closest segment on a
stronger contour.

5. If we find another segment which is too close, we go back to step
3. Otherwise, we have found two distant enough segments. We
then conserve two points, one on the less important contour, and
one on the most important one.

6. Those two points, called P1 and P2 are stored, and the procedure
is performed in the other direction until we find the points P3

and P4.

7. In the end, an edge recovery may be performed between points
P1 and P2, and another between P3 and P4, in order to maintain
the continuity of the weaker contour.

All these steps are also detailed in the flow-chart on figure 3.6, which
gives more insight on the actual implementation of the algorithm. At
this point, two features have to be detailed in order to fully understand
this flow-chart: the arbitrary edge recovery algorithm and the defini-
tion of the concept of importance and of order in which each contour
is traversed.
The arbitrary edge recovery is a well known subject which has been
described in several papers [75, 76]. Its main goal is to start from two
arbitrary points, which may or may not be part of the mesh, and to
connect them through an edge. To do so, the mesh is modified and
new elements get formed. While those operations are performed, we
have to take care that the mesh still remains manifold [33] and that no
triangle gets inverted in the process, as detailed when discussing the
swap and the collapse operations in Chapter 1. The chosen algorithm
here is the recursive swapping algorithm [76], and we will only consider
the case where the two endpoints are part of the mesh. Basically, it
requires performing the following steps, also visible at figure 3.9:
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1. We define a starting vertex, like v1 or v2, and a target vertex, v.

2. A virtual line is traced between the two vertices. From the start-
ing vertex, we scan its neighbouring faces to find one crossing
the virtual line linking the two vertices.

3. Take the edge of this face opposed to the starting vertex, called
h1 on the figure, and insert it into a queue of edges.

4. On one side of this edge, there is the face containing the starting
vertex, and on the other side, we know that either one of vertex
of the face is the target vertex, or that another of its edge is
crossed by the virtual line. If it exists, this edge h2 can be found,
and added to the queue of edges.

5. From this next edge, step 4 can be repeated until the target is
reached.

6. The final step requires to traverse the queue of edges, and to pop
each edge until the queue gets empty. For a given edge, we check
if it is possible to swap it keeping the mesh manifold. If not, it is
put back at the end of the queue. Otherwise, it is swapped, and
only put back into the queue if it still crosses the virtual linking
line.

7. The process at step 6 stops when the queue is empty, meaning
that the last swapped edge is the one linking the starting and
the target vertex that we wanted to recover.

This edge recovery algorithm will also be used in the following subsec-
tion when detailing the split of a contour edge with the second method.
The second feature concerns the concept of importance of the contours
and the order in which they contours are treated. The figure 3.6 shows
two traversals of the contours: one from the last included contour to
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 9 5 10 3 11 6 12 2 13 7 14 4 15 8 16 1

Table 3.1: Example of the importance given to each contour in terms
of their index. The first line represents the indices, ordered by

increasing depth. The second line is the importance attributed to
each of them, where the most important contours are the one with

the lowest value in this row.

the first one, and a second traversing the contours in an order that
needs to be defined for each line. Even though it was only briefly
mentioned earlier, the isobaths have an intrinsic order of importance
which is fixed and defines which contour should be filtered in algorithm
shown at figure 3.5. This order has been chosen to obtain the most
space possible between two adjacent contours, when ordered in terms
of their importance. As an example, table 3.1 shows the resulting order
for ncontours = 17. The first row indicate their order in terms of their
depth, while the second line is their order of importance, the lowest
one being the strongest. We can see that contours at indices 0, 16 and
8 are the most important, then we have the indices 4 and 12 and so
forth. This order is quite simple to find:

• First, we take the highest value i such that i is a power of 2 lower
to the number of contour, so here i = 16.

• Then, we set the first contour to have the most importance, and
the one at index i to be the second.

• After that, i is recursively divided by 2 after all of its multi-
ples have been given their corresponding importance, known by
maintaining an index which grows when encountering a contour
which has not been given its importance yet.
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Although not specified, this order is actually the one followed when
initially inserting the contours in the structure, in the algorithm shown
on figure 3.1.
From this order of importance, the order of traversal of the second
loop can be found. Simply, it imply doing the inverse transformation
of the one explained, in order to cross to contour from the closest to
the furthest one in terms of depth. For example, let us consider that
we want to find the order to traverse the contours from the one at
index 9. We can see that it has an importance of 13. We will start the
traversal with the contours of index 8 and 10, which have been included
respectively in the third and seventh position. We would then continue
by traversing the contours 7, 6, 12, 5, 4, 14, 3, 2, 16, 1 and 0, the others
being skipped as having a smaller importance. Although this was not
required, it was preferred to choose this order to avoid as much as
possible to cross a contour edge when performing the edge recovery.
It is of course necessary to mention that since the bathymetry is not
forced to be strictly increasing or decreasing from a given depth, it is
not because two contours are close in depth that they are in terms of
their actual distance.

3.2.3 Handling of the contours in the algorithm

used to improve the mesh qualities

In this section, similarly to the previous one, the distinction between
the two methods is really important. Indeed, the second one inferred
a different consideration of the edges and lead to more complicated
functions in order to keep the contours as continuous as possible. The
common initial step was to consider the vertices which are part of the
computed isobaths as another kind of vertex. For this purpose, they
have been given a field called is model, which has a value of zero for a
usual vertex, a value of 1 for a vertex part of the border of the mesh,
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and a value of two for a vertex part of a contour.
With the first method, almost all the operations in the update algo-
rithm were performed in the same way. The swap between two points
of the same contour was allowed, as their continuity did not have to be
imposed. This actually relied on the fact that the points had been al-
ready filtered to be at a distance slightly lower than the one prescribed
by the size map at their positions. One could thus have expected that
an edge would have to link two consecutive points of a contour in or-
der to maximize the overall quality of the elements while respecting
the size map as much as possible. The problem arising from this as-
sumption is that we rely too much on the update algorithm. This lead
to the definition of another function to complete the contour in order
to obtain continuous curves, required for the last step. This small al-
gorithm will be detailed in the dedicated section. Another difference
with respect to the initial transformations concerns the split opera-
tion. Indeed, it is desirable that a point created between two points of
a contour results in another points part of that contour. When it was
detected that such a split occurred, the point was simply put at the
end of the contour structure, and it was also given a model value of
2. In consequence, the end of the contour structure contained all the
new contour vertex created after the previous steps. Concerning the
collapse operation, they are simply not performed when both vertices
are models, and thus applied only when the vertex to collapse was not
a model, or when none of the two was from a contour or a border.
Finally, as mentioned previously, a last operation to change was the
relocation of a vertex. As the order is not preserved with the pointwise
method, it is not possible to know which points are supposed to be the
previous or the next one in the current contour. Consequently, this
operation was simply skipped when encountering a contour vertex.
The second method lead to more modifications. First, in order to
maintain the continuity property of the curves, not only the vertices
but also the edges had to be marked as model segments of type 2.
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Their consideration in the swap operation is simple: they are simply
never swapped during the whole simulation. Concerning the collapse
operation, most of the considerations summarize to the ones for the
pointwise method, up to some minor differences. For example, when
an edge is collapse into another, a check has to be done so that when
two apart edges are combined, the fact that one half-edge is a model
edge is also transmitted to its opposite.
Two transformations remain to be detailed: the edge split and the
vertex relocation. Since, with this second strategy, the order of the
vertices in the structure had to be maintained, it was possible to know
and to get for each contour node the previous and the next vertex on
the current contour. This also means that, when storing the contour,
it was possible to consider points between the vertices which were not
part of the mesh, but only part of the contours. Indeed, with un-
ordered set of coordinates, those points would have been useless as
there would be no clue about the line which they would belong. Since
it was possible with this method, the idea was then to keep, in ad-
dition to the initial points and segments of a contour, via-points in
between, which may or may not be part of the mesh. By doing so,
the initial form of the contour can be kept all along the simulation,
even if those are not necessarily visible on the mesh. Figure 3.7 shows
in green the initial points of a contour, in black the points created
which are not part of the mesh but well of the contour, and in red
the points created which are part of both. It is useful to mention
that the segments separating green points are straight lines, due to
the consideration that the depth varies linearly on the edges. Now if
the algorithm would require to split a half-edge, care should be taken
such that its mid-points remains situated on the contour. The algo-
rithm used to perform this operation is detailed in the flow-chart of
figure 3.8, along with a schematic representation in figure 3.9, which
also details the arbitrary edge recovery algorithm. First, the mid-
point has to be found, but this step not as trivial as it might seems.

100



Figure 3.7: Types of points stored for a contour with the second
method

Indeed, two pieces of data have to be taken into account: the distance
between the two points following the shape of the contour, and the side
of the contour on which this mid-point should be placed. This second
one is only valid for closed curves, as there are two points which are
equally distant from the two end-vertices of the edge to split. The
first one is handled by conserving, for each curve, a parametric value
ranging from 0.0 to 1.0. The first point of the curve is given a value of
0.0, and the last one a value of 1.0, while all the intermediary points
get their value by computing their distance on the curve from the first
point, and dividing it by the total length of the curve. The required
parametric value of the node to find is thus equal to the mean of
the parametric values two end-vertices, or this average plus or minus
0.5 if we have to place the mid-point on the other part of the contour.
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Figure 3.8: Flow-chart of the function created to split a contour edge
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(a) Initial shape of the contour
stored. Only the edges between two
successive red dots represent the

contour in the mesh.

(b) We can imagine that edge h,
between the points v1 and v2 should

be split.

(c) Point v is the point situated on
the contour and between v1 and v2

(d) v is found to be inside a face.
Consequently, a face split occurs to

include into the mesh.

(e) A virtual line is traced linking v1
and v. It crosses three edges,
identified as h1, h2 and h3.

(f) As the validation check mentioned
in section 1.2.2 is verified for h1, it is

simply swapped.

Figure 3.9: First part of the schematic representation algorithm to
split an edge of a contour
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(g) h2 does not verify the condition,
so it is put at the end of the queue.
h3, in contrary, satisfy the condition,

and is thus swapped.

(h) Then, h2 can be swapped, in
order to recover the desired edge.

(i) The same process is repeated by
starting from v2. Only one edge h1 is

found.

(j) h1 is then simply swapped,
revering the desired edge.

(k) Finally, the initial edge h is split
as a usual edge, while the new vertex
v is inserted in consistently in the

contour.

Figure 3.9: Continuation of the schematic representation algorithm to
split an edge of a contour
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The way to handle the second issue and to know which part of
the contour should be considered will not be detailed, but this mainly
requires to keep, for each vertex in a contour and present in the mesh,
a pointer to the next and the previous vertex in the same contour and
also present the mesh. When this is done, we obtain the coordinate of
the mid-point. The next step is to check if the two recoveries will be
feasible, namely if we will be able to connect both end-vertices of the
edge to split to the new position found, without crossing a model edge.
This is performed by starting the edge recovery algorithm detailed in
the previous section for both edges to be recovered. After gathering for
each side the edges crossed, a check is performed to ensure that none
is model. For now, the function simply return NULL if this happens.
Otherwise, the actual operations are performed. Since we followed
the first steps of the edge recovery algorithm, we can know on which
element the vertex should be placed. This can either be inside a face,
on an edge, or simply on a vertex. Following the type of the element
found, a local transformation is performed to obtain the vertex that
will be included in the contour, as detailed in the flow-chart on figure
3.8. In the end, the two edge recoveries are performed, and the new
vertex is inserted in its correct position in the contour.
Finally, a last operation can be modified in order to be consistently
used with the second method to compute the contours, namely the
relocation of a contour vertex. This function behaves in a similar way
to the original. As a reminder, it involves to virtually removing the
vertex and considering the formed cavity as empty, then tracing a
line linking the initial position of the vertex and the center of mass
of the surrounding vertices, and performing a bisection method which
tries to maximize the lowest quality of the neighbouring elements of
the vertex. The difference here is that, instead of considering the
line mentioned, we consider the part of the contour which goes from
the previous contour node to the next contour node of the vertex to
relocate. Furthermore, only the fraction which traverse the cavity is
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considered. The figure 3.10 shows a representation of such a line.
Also, as the curve is not a straight line, the bisection method has
been replaced by a traversal of the curves with a given constant step,
making the function relatively slow for now. Furthermore, it is also
important to take care that no triangle gets inverted during the process,
as for the initial relocation operation. Unfortunately, it was noted that
this method frequently lead to badly shaped element for a currently
unknown reason. In consequence, it has not been used in the resulting
meshes shown on section 3.3.

3.2.4 Attribution of the elements to their plateau

A last step requires to find for each faces the depth at which it should
be set, or more precisely between which contour lines it was situated.
As mentioned in chapter 2, the depth of a face is considered to be the
one of the lowest contour that its plateau is in contact with. A special
treatment has thus been applied to the zone touching only one isobath,
i.e. which are completely encircled by only one such line, but this will
not be detailed here.
The algorithm starts with the creation of an array of size equal to the
number of vertices. Each of its values is set to DBL MAX, the maximum
value of a float defined in the package <float.h> in C. All the faces are
then traversed in a loop. When encountering a face where one the three
values of its vertices in the array are equal to DBL MAX, it means that
the face belongs to a zone which has not been checked and set to its
correct depth yet. Consequently, its vertices which are not models are
put in a queue q1, which is traversed by popping its elements. When
popping a vertex from q1, we check all of its neighbours: if it is a model
vertex from a contour, it is not put in the queue and its depth is stored;
otherwise, it is put into two queues, into q1, and another queue q2 which
will contain all the touched vertices of the current zone. Once q1 gets
empty, it means that all the vertices of the zone have been found, and
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(a) Actual representation of the
stored contour line

(b) If v is supposed to be relocated,
we ensure that it stays somewhere on

the blue segment.

(c) The green segment shows the part of the blue
segment contained in the initial cavity of v. Only
those lines are considered when moving v, applying
also a check to ensure no triangle gets inverted. This
check is the same as the second one mentioned in

section 1.2.2.

Figure 3.10: Line segments considered during the relocation of a
vertex in a contour
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that we stopped either at boundaries of the map, or at contour lines.
From the stored depths of the contours encountered, we can compute
the minimum depth and assigned it to all the vertices touched and
store in q2. After all the faces have been traversed, all the vertices
have been given the depth of the lowest contour on the plateau which
they belong to, and the final mesh can be written by taking this new
assigned depth in consideration.
A last problem, which has already been mentioned, is the fact that
the contour were not continuous with the first method. This lead
this coloring method to leak on different plateaus, giving them the
same depth while they should not. In order to overcome this, a last
function had to be added to complete the contours. This algorithm
has been only made in a quite naive way and will thus not be detailed
here. Indeed, it simply consisted in traversing all the edges, and when
one crossed a contour, set on of its end-vertex to be a model one, or
do nothing if both were already model. This initial strategy has not
been improved, as it was then decided to focus on the second method,
considering the contours as continuous curves.

3.3 Obtained results

In this section, three methods will be considered and their outcomes
will be compared based on three different bathymetries, already used
in Chapter 1. An additional method to compute the contours has been
used here, which is simply a naive method taking a mesh as input and
setting each elements to the closest contour in terms of depth. This
is the strategy which has been defined as the usual strategy, without
applying the modifications to obtain a contour-fitted mesh described
in this chapter.
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(a) (b)

Figure 3.11: On the left, the initial meshed used; on the right, the
defined bathymetry

3.3.1 The circular mesh using a smooth axisym-

metric bathymetry

The initial mesh used along with the bathymetry considered in this
subsection are depicted on figure 3.11. It can be guessed that the size
map has been set to constant. Furthermore, it is easy to see that the
contour lines should have a circular shape.
When applying the two methods to fit the mesh to the contours on this
initial mesh, with a number of contours equal to 20, the two meshes vis-
ible on figure 3.12 are obtained. The final bathymetries obtained when
using the naive method, the pointwise method and the segmentwise
method are then displayed on figure 3.13. Even though the contours
are already more smooth when using the first method with respect to
the naive one, they are much more when using the second method.
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(a) (b)

Figure 3.12: Meshes obtained after applying the contour-fitting
methods to the mesh of figure 3.11; on the left, using the first

method; on the right, using the second method. We can see that the
iso-contours are visible on both images, even though they are clearer

with the second method
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(a)
(b)

(c)
(d)

(e)
(f)

Figure 3.13: Bathymetries obtained after applying the contour-fitting
methods to the mesh of figure 3.11 using 20 contours; the first line
shows the result obtained with the naive method; the second line

with the pointwise method; and the third line with the segmentwise
method; the left column shows the result from the top view; the right

column shows the results in perspective
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In order to show the robustness of both methods, figure 3.14 shows
the resulting bathymetries obtained with a larger number of contours.
We can see that the naive method here completely fails retrieving the
shape of the contours. Even with respect to the first method where
the contours are distinguishable, we can see that the second method
performs roughly similarly as with a lower number of contours.

3.3.2 The custom mesh based on the bathymetry

of the Lake Tanganyika

The next results were obtained using the initial mesh and bathymetry
displayed at figure 3.15. The mesh used has been already pre-treated
to have smaller elements around an iso-contour, as in Chapter 1. The
results for the three methods, using 20 contours, are visible at figure
3.16 with a top view and at figure 3.17 in perspective. We can observe
that the segmentwise method, in addition to having much smoother
contour lines, also fits more correctly to the initial bathymetry and to
the one obtained with the naive method. This proves again it superi-
ority with respect to the pointwise method.

3.3.3 The custom mesh based on the smoothed

bathymetry of the Seychelles

As a last example, we can compare the results obtained on the smoothed
bathymetry of the Seychelles, obtained in chapter 1. The initial mesh
and this bathymetry are shown on figure 3.18. It is useful to mention
that the smoothed bathymetry used has been obtained in the same way
as detailed in Chapter 1. Again, a top view and a view in perspective
for the three different algorithm are visible respectively at figure 3.19
and 3.20.
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(a)
(b)

(c)
(d)

(e)
(f)

Figure 3.14: Bathymetries obtained after applying the contour-fitting
methods to the mesh of figure 3.11 using 100 contours; the first line
shows the result obtained with the naive method; the second line

with the pointwise method; and the third line with the segmentwise
method; the left column shows the result from the top view; the right

column shows the results in perspective
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(a) (b)

Figure 3.15: On the left, the initial meshed used; on the right, the
bathymetry used
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(a)

(b)

(c)

Figure 3.16: Top view with a zoom of the bathymetries obtained
after applying the contour-fitting methods to the mesh of figure 3.15
using 20 contours; the first line shows the result obtained with the
naive method; the second line with the pointwise method; and the

third line with the segmentwise method.
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(a)

(b)

(c)

Figure 3.17: View in perspective and with a zoom of the
bathymetries obtained after applying the contour-fitting methods to
the mesh of figure 3.15 using 20 contours; the first line shows the
result obtained with the naive method; the second line with the

pointwise method; and the third line with the segmentwise method.
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(a) (b)

Figure 3.18: On the left, the initial meshed used; on the right, the
bathymetry used

The number of contours used is still 20. We can clearly see that,
even with such a complicated field of bathymetry, the two methods
developed in this chapter allow to obtain much smoother lines be-
tween two plateaus. Also, it is even more obvious that the segmen-
twise method is more faithful to the original bathymetry, as most of
the shapes of its plateaus looks like the ones obtained with the naive
method, but with much smoother contours obviously.
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(a)

(b)

(c)

Figure 3.19: Top view with a zoom of the bathymetries obtained
after applying the contour-fitting methods to the mesh of figure 3.18
using 20 contours; the first line shows the result obtained with the
naive method; the second line with the pointwise method; and the

third line with the segmentwise method.
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(a)

(b)

(c)

Figure 3.20: View in perspective and with a zoom of the
bathymetries obtained after applying the contour-fitting methods to
the mesh of figure 3.18 using 20 contours; the first line shows the
result obtained with the naive method; the second line with the

pointwise method; and the third line with the segmentwise method.

119



3.4 Discussion of the results and on fur-
ther improvements

As it can be visually concluded, the meshes obtained with the seg-
mentwise method are definitely more faithful to the initial lines of
isobathymetry than those obtained with the pointwise method. Fur-
thermore, it obviously shows much smoother isobaths than the one
obtained with the naive method, and even so with respect to the first
method. Those final meshes happen to be really promising when used
in real-life simulation, allowing to fit the bathymetry closely while con-
taining a reasonable number of elements.
It is important to note that, throughout this report, most of the meshes
qualities were comparable. The first quality index on the edges length
τ oscillated around 72%, while the mean quality of the elements were
always at least equal to 90%. The minimal element quality though,
vary greatly, being sometimes lower than 10% when using the point-
wise method, at least equal to 25% with the segmentwise mehtod, and
being above 50% when the contours were not taken into account.
This last index is mainly due to some consideration that are still
required to perform. More precisely, the elements of lowest quality
mainly appears around the borders. Indeed, in the filtering strategy,it
should be interesting to take it into consideration, for example by con-
sidering them as contour and giving them an order of importance of
-1.
As we can see when comparing the results on figure 3.13 and figure
3.14, the segmentwise method is much more robust. Indeed, this lack
of robustness of the pointwise method, mainly due the the fact that
the contours had to be completed afterwards, was the main reason
motivating the development of the segmentwise method. Nevertheless,
we can note that it still suffers from some defaults.
For example, the edge recoveries happening when filtering the contour
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are not guaranteed to complete. Indeed, we could face the case where
a contour will be crossed while performing this step. The recovery
will thus simply returns NULL and terminate. This has a dangerous
implication, leading to the fact that some contours not be continuous
anymore, provoking wrong results when attributing each faces to their
plateaus.
Furthermore, the contours does not filters themselves. Of course, a
segment should not filter other segments in its close neighbourhood,
but we can easily imagine a contour line going far in both direction and
reappearing close to the initial point. This would lead to a similar case
as the one depicted on figure 3.5, but with the two contours having the
same importance. It could be interesting to detect such occurrences,
and to preform the filtering in the two direction of both parts of the
curve.
Also, although not specifically detailed, a small additional step tra-
verses all the contours and removes the curves which boiled down to
only one vertices. A small add-on to this could be to removes also the
curves composed of less than three of four vertices, in order to avoid
plateaus of one or two elements.
Finally, a last suggested improvement concerns the final steps of at-
tributing each elements to its plateau. Of course, this step is impor-
tant as it is the one which gives the final shape to the boundary. As
mentioned in section 3.2.4, the vertices are traversed. This has the
implication that some faces are not given their correct plateau. Such
cases only happens on the border of the mesh, where the finding of the
plateau stops, and occurs in consequence mostly on the corner element.
It could be interesting to use a traversal on the edges instead of the
vertices, in order to properly overcome these issue. Indeed, the corner
elements may have three vertices belonging to the boundary, but the
usually at least one of their edges does not.
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Conclusion and
discussion on further
work and possible
improvements

This thesis aimed at developing a new kind of remeshing strategy in
order to take the contour line of the bathymetry into account. The
idea was to verify that meshes formed in such a way would help to
reduce the numerical errors which are inevitably present during large
scale finite element simulations. The type of remeshing could then be
an interesting feature that could be added to mesh generator software,
such as Gmsh and Seamsh [77].
The first chapter started by detailing the initial structures and algo-
rithm that could be useful to perform this task. For this purpose, a
data structure called the half-edges were used. Additional function
allowing to read, write and enhance a mesh were also implemented in
order to conveniently manipulate existing meshes. In addition, the pos-
sibility to refine a mesh based on line of isobathymetry was provided,
giving the ability to choose which zones should contain the smoother
contours. This refinement strategy goes along with the possibility to
smooth the bathymetry of the mesh. Indeed, the smoothing being per-
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formed based on the provided mesh, it is stronger on the zones where
the mesh is coarser. This allows to define on which part of the mesh
we should focus, and compute the most accurate contour lines.
In the second chapter, the interest of this new remeshing strategy was
tested on a simple test case. The chosen problem consisted in solving
the shallow water equations for a geostrophic equilibrium. The setting
of the velocities and the bathymetry were detailed, and the correspond-
ing elevation field was computed. Four different simulations settings
were used: two in 2D, with a flat and a stepped bathymetry, and two
in 3D with those same bathymetries. Each of those have been per-
formed by using two distinct meshes, namely one which did not take
the bathymetry into account, and one which was remeshed to fit to the
isobaths. The results of the simulation revealed quite promising, al-
lowing to obtain a similar decrease in energy with the flat bathymetry
than with the stepped bathymetry with a contour-fitted mesh. Those
preliminary results were considered satisfying enough to motivate the
development of a process automating the fitting of a mesh the the con-
tours of bathymetry.
In consequence, the third and final chapter dedicated to the complete
description of this algorithm. Throughout the chapter, four steps were
distinguished in order to completely fulfil this complicated task: the
computation of the contours, their filtering at problematic areas, their
handling during the main loop, and the attribution of each faces to its
corresponding plateau. When detailing all those steps, two different
methods were compared, the pointwise and the segmentwise method.
Both had their corresponding challenges, although the first one re-
quired to implement easier algorithms than the second one. Finally,
the obtained bathymetries were shown, using the two aforementioned
methods and a really naive one serving as initial comparison point.
Although the results were already convincing in some cases with the
pointwise method, they were definitely much better using the segmen-
twise method. But the end of the chapter detailed the cost of such
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strategy, namely tedious its implementation, resulting in the fact that
some points needs to be improved. Nevertheless, the actual version
already suffices to use the meshes to perform simulations.
Unfortunately, the time did not permit to achieve such simulations in
order to compare the differences in the energy decay. Although we
can be convinced that the would be a change for the better thanks to
the results of Chapter 2, a considerable amount of work should still
be provided in order to definitely validate the concept and quantify its
impact. Finally, it would be interesting to focus on the flaws noted in
the discussion of Chapter 3, and maybe also on the other strategy to
efficiently retrieve the boundary of the initial mesh, briefly discussed
in section 1.2.7. Even though the resulting contour-fitted mesh fol-
lows correctly the isobaths while maintaining a good quality, it could
improve the robustness of the algorithms when dealing with some ex-
treme cases.
Nevertheless, we really hope that this new method will be enhanced,
tested and used in the future, and that it will be a useful feature to
add for real-life simulation,s in order to improve their precision and
their time efficiency.
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vain., 2008, https://www.slim-ocean.be/index.php/phd-thesis/.
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May 2004, https://www.slim-ocean.be/wp-content/plugins/
zotpress/lib/request/request.dl.php?api user id=778265&dlkey=
YA7DY24C&content type=application/pdf.

[72] I. Doghri, Mechanics of Deformable Solids: Linear, Nonlinear,
Analytical and Computational Aspects. Springer, 2000.

[73] N. Grisouard, “Extraction of potential energy from geostrophic
fronts by inertial–symmetric instabilities,” Journal of Physical
Oceanography, vol. 48, no. 5, pp. 1033—-1051, May 2018, https:
//doi.org/10.1175/JPO-D-17-0160.1.

[74] R. Ferrari and C. Wunsch, “Ocean circulation kinetic energy:
Reservoirs, sources, and sinks,” Annual Review of Fluid Mechan-
ics, vol. 41, pp. 253–282, January 2009, https://doi.org/10.1146/
annurev.fluid.40.111406.102139.

[75] C. Wang, “Bilateral recovering of sharp edges on feature-
insensitive sampled meshes,” IEEE TRANSACTIONS ON VI-
SUALIZATION AND COMPUTER GRAPHICS, vol. 12, no. 4,
pp. 629–639, 2006, https://doi.org/10.1109/TVCG.2006.60.

[76] B. K. Karamete, R. V. Garimella, and M. S. Shephard, “Re-
covery of an arbitrary edge on an existing surface mesh us-
ing local mesh modifications,” International Journal for Nu-
merical Methods In Engineering, vol. 50, no. 6, pp. 1389–1409,
February 2001, https://doi.org/10.1002/1097-0207(20010228)50:
6⟨1389::AID-NME75⟩3.0.CO;2-5.

[77] J. Lambrechts, “Seamsh,” 2020, https://jlambrechts.git-page.
immc.ucl.ac.be/seamsh/index.html.

135

https://www.slim-ocean.be/wp-content/plugins/zotpress/lib/request/request.dl.php?api_user_id=778265&dlkey=YA7DY24C&content_type=application/pdf
https://www.slim-ocean.be/wp-content/plugins/zotpress/lib/request/request.dl.php?api_user_id=778265&dlkey=YA7DY24C&content_type=application/pdf
https://www.slim-ocean.be/wp-content/plugins/zotpress/lib/request/request.dl.php?api_user_id=778265&dlkey=YA7DY24C&content_type=application/pdf
https://doi.org/10.1175/JPO-D-17-0160.1
https://doi.org/10.1175/JPO-D-17-0160.1
https://doi.org/10.1146/annurev.fluid.40.111406.102139
https://doi.org/10.1146/annurev.fluid.40.111406.102139
https://doi.org/10.1109/TVCG.2006.60.
https://doi.org/10.1002/1097-0207(20010228)50:6<1389::AID-NME75>3.0.CO;2-5
https://doi.org/10.1002/1097-0207(20010228)50:6<1389::AID-NME75>3.0.CO;2-5
https://jlambrechts.git-page.immc.ucl.ac.be/seamsh/index.html
https://jlambrechts.git-page.immc.ucl.ac.be/seamsh/index.html




UNIVERSITÉ CATHOLIQUE DE LOUVAIN 
École polytechnique de Louvain
Rue Archimède, 1 bte L6.11.01, 1348 Louvain-la-Neuve, Belgique | www.uclouvain.be/epl


	Introduction
	Contextualisation
	The different types of meshes
	The numerical errors when using z-coordinate and the development of a new remeshing strategy
	Structure of the thesis

	The mesh generation and improvement
	Introduction
	Materials and methods
	The structures
	Description of the local transformations
	The function add_points
	The definition of the size map
	The smoothing of the bathymetry
	The creation of meshes based on the user's needs
	The reading of existing mesh files in .msh
	The two types of methods to write a mesh in a file
	Description of the algorithm to improve or maintain the quality of a mesh

	Resulting meshes
	The circular mesh
	The meshes based on the bathymetry of the Lake Tanganyika
	The meshes based on the Seychelles bathymetry

	Discussion on the results

	Validation of the concept on a simple test case
	Introduction
	Materials and methods
	Description of the test case and its initial fields
	Setting of the simulations

	Results of the simulations
	Discussion and conclusion on the usefulness of the idea

	The contour-fitted mesh adaptation
	Introduction
	Description of the algorithm to fit the mesh to the isobaths
	Computation of the lines and their inclusion in the mesh
	Filtering of the problematic zones/areas that would contain badly shaped elements
	Handling of the contours in the algorithm used to improve the mesh qualities
	Attribution of the elements to their plateau

	Obtained results
	The circular mesh using a smooth axisymmetric bathymetry
	The custom mesh based on the bathymetry of the Lake Tanganyika
	The custom mesh based on the smoothed bathymetry of the Seychelles

	Discussion of the results and on further improvements

	Conclusion and discussion on further work and possible improvements

