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Chapter 1

Introduction

In 2015, the World Health Organization reported that by 2050 the population
of elderly aged 60 and over will increase from 900 million to 20 billion. From this
population, 28−35% will occur a fall each year which can have severe consequences
as anxiety to walk, reduced life satisfaction, and limited mobility but also physical
like a head trauma or a hip fracture [1]. Someone suffering from the latter injury has
25% of chance of dying between 6 to 12 months [2]. Despite the human factor, a fall
should cost approximately 30,000 Dollars to the hospital. It takes into account the
medical staff but also the longer rehab time for the elderly that occupies as room [3].

A fall can come from diverse origins such as osteoporosis, muscle weakening
and neurological conditions that impair some abilities. From walking gait analysis,
abnormalities linked to neurodegenerative diseases responsible for 66% of the falls
can be detected [4].

Therefore, to preserve the elderly health, it is urgent to reduce the number of
falls. Several technologies exist such as exoskeletons like ReWalk [5] or Ekso RN [6]
that are used in a controlled environment as rehab devices. But recently, a team at
the University of Delft in the Netherlands led by Prof. Vallery work on designing
a backpack-like walking assistance device using Control Moment Gyro (CMG).
The latter are well-known for their use in spatial applications for agile control.
Compared to the reaction wheel, for the same amount of power this technology
can deliver a way bigger output torque [2].

The aim of this master thesis is to assess the developed technology with the
information given in the published papers. To verify the capability of this technology,
the objective is to design a down-scaled inverted pendulum mounted with a CMG
modeling the human body. The main specification for this system is to weight
±1 kg. In this work will be presented the designed control law as the mechanical
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dimensioning. This process required the derivation of the dynamical equations of
the system and the use of dynamical scaling relation.
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Chapter 2

Walk dynamics and the causes
leading to falls

To design such an assistance device, one must first understand the walking
biomechanics and its gaits to understand the mechanical and neurological failures
leading to a fall. This is useful to implement and detect incipient falls to extract
the torque at stake for the system to design.

2.1 Walking dynamic
Walking is a cyclic process with two distinct phases. The first one, called the

Stance phase, corresponds to the time when the foot is in contact with the ground,
while the portion of time where the leg is swinging is called the Swing phase.

The transition between those two phases is characterised by two events. The
first one is when the heel enters in contact with the ground and is called Left or
Right heel contact, at that time the leg switch from the Swing phase to the Stance
phase. The second event occurs when the toe is lift off the ground and is called Left
or Right toe-off, at that time the leg switch from the Stance phase to the Swing
phase. The illustration of those phases for someone walking at constant speed and
on level ground is depicted in Fig.2.1. One can see that most of the time the legs
are in different phases except for a small duration where the weight is transferred
from one leg to the other and both are in stance [7]. Also, one can observe that
the Stance phase lasts longer than the Swing phase, the distribution is respectively
60% and 40% of the total cycle time [8].

To achieve those movements, our body requires the excitation of five distinct
groups of muscles where each one will be involved in a specific movement; the
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Figure 2.1: Illustration of the walking cycle on a straight line at constant speed
where the left and right limbs are depicted in white and black respectively. A leg
cycle can be divided into two specific phases, the Stance phase when the foot is
touching the ground and the Swing phase when the leg swings freely in the air.
The transition from one phase to another happens either when the heel enters in
contact with the ground, Left or Right heel contact, or when the toe is lifted off
the ground, Left or Right toe-off. While walking, the body will either be supported
by a single leg or by both. [7]

pelvic rotation, the pelvic tilt, the knee flexion for the leg, and the ankle and toe
flexion.

Those five degrees of freedom and the ability of muscles to act like dampers
allow a person to walk smoothly with very little oscillations of the center of mass
along the frontal plane while walking. Moreover, it was observed that while walking
at constant speed on level ground along a straight line, there was no back and forth
movement of the pelvic on the sagittal plane. Those observations are depicted in
Fig.2.2 where the plot’s axis is along the frontal plane and one can see that the
center of mass oscillation follows an "8" pattern. The experiment was performed
for 3 different walking speeds, 3.5km/h, 5.1km/h and 6.2km/h, for which one can
see that the shape of the center of mass’s oscillation is getting stronger and steeper
as the velocity increase. Thus one can see that for a relatively high walking speed,
6.2km/h, the vertical and horizontal oscillations are of more or less 4 cm [7].

During stance, the leg muscles have three distinct tasks. They must ensure the
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Figure 2.2: Oscillation of the center of mass in function of the walking speed along
the frontal plane. Measurements of the center of mass position were performed at
three different speeds, 3.5km/h, 5.1km/h and 6.2km/h. [7]

support of the body by counteracting the downward pull of gravity, they are also
responsible for accelerating the body forward and for controlling the mediolateral
balance at each step.

The first two functions are ensured by five muscles: the gluteus maximus,
gluteus medius, vasti, soleus, and gastrocnemius. The three first account for the
hip extension, hip abduction, and knee extension respectively during the first half
of the stance. The ankle plantar-flexion is ensured by the 2 last muscles during the
other half.

To understand muscle coordination during locomotion, the individual contribu-
tion of each of them must be studied [9]. Therefore, by measuring the contribution
to the vertical, fore-aft, and mediolateral ground reaction forces of the five muscles
at slow, preferred, and fast walking speed, it was highlighted that muscle coordi-
nation is affected by slower walking speed. As depicted in Fig.2.3, one can see
that when the walking speed increase compared to the preferred velocity, the three
functions allocated to the leg muscles during stance are ensured. On the other
hand, when walking slowly, the hip and knee extensors (GMAX and VAS) are
negligible in their role of support and deceleration of the center of mass. It is the
hip abductor (GMED) and the limb posture (LP) that will ensure this support
function. This shows that muscles coordination changes when humans walk slower
than their preferred speed [10].
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Figure 2.3: "Abbreviations: SW, slow walk; PW, preferred walk; FW, fast walk.
(b) Peak contributions of selected muscles and limb posture (LP) to the vertical,
fore-aft, and mediolateral ground reaction forces for slow walking (SW, 0.7 [m/s]),
preferred walking (PW, 1.4 [m/s]), and fast walking (FW, 2.1 [m/s]). LP represents
the contribution of all gravitational forces to the ground reaction force and describes
the resistance to the downward pull of gravity provided by the bones and joints
of the stance leg. Results are the mean of the calculated values obtained for five
subjects. Muscle symbols: GAS, medial and lateral portions of gastrocnemius
combined; GMAX, medial and lateral portions of gluteus maximus combined;
GMED, anterior and posterior portions of gluteus medius/minimus combined; SOL,
soleus; VAS, vastus medialis, vastus intermedius, and vastus lateralis combined.
Data from Y-C Lin, M. Jancic, and M.G. Pandy, unpublished analysis." From [10]

2.2 Causes leading to falls
For a healthy elderly only affected by muscles fatigues and losses due to aging,

one can foresee an increase of the instability and thus the risk of falling if the
gluteus medius is not strong enough when the muscle coordination is changed.
Therefore, maintaining a sufficient walking speed is primordial for older adults.
From monitoring gait velocity, one can predict fall probability and adverse health
events [11].

Nevertheless, a fall does not only occur when someone walks slowly but also from
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some neurological diseases impairing biomechanical functions. Gait abnormalities
such as a reduced gait speed, step length, or poor postural balance can appear
and might end up causing the person to fall. Some of the neurological conditions
exhibit characteristic gaits patterns as some of them highlighted below.

The most prevalent disorders are Parkinsonism and sensory ataxia. The first
one is a well-known neurodegenerative disease with resting tremor and rigidity
manifestation as the main conditions. People suffering from Parkinson’s disease
have a reduced stance and swing phase time compared to a control group. They
also present gait abnormalities such as slow walking and a reduced stride length
with increased variability of the stride. Moreover, patients can suffer from a short
and temporary inability to move their feet forward that often leads to a fall. This
event is commonly called freezing of gait.

The sensory ataxia is a condition that impairs muscle movement coordination
as people suffering from it are unable to locate the different parts of their body
with respect to each other and the ground. They will exhibit hard foot strike on
each step and staggering gait pattern.

Only to mention, other neurological conditions such as stroke, traumatic brain
injury, Alzheimer’s disease, multiple sclerosis,. . . lead to gait abnormalities and falls
[4].
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Chapter 3

State of the art of assisting
technologies to prevent falls and
CMG

Gait analysis algorithms are used to detect and study neurological diseases
dysfunctions in a patient. They provide digital gait characteristics that can play a
crucial role in planning interventions, physical or pharmaceutical. To perform that,
non-wearable or wearable sensors can be used in devices.

Wearable technologies have gained interest for monitoring gaits during daily ac-
tivities at home and in the community like the G-WALK from BTS Bioengineering
[12] or the MoveMonitor from McRoberts [13] that allow clinicians to follow their
patient activities like their postural balance deficits. For the data assessment of
wearable devices, magnetic, inertial measurement, and force sensors can be used
[4].

Therefore, in this chapter, the state of the art of balancing assistance devices to
prevent falls is covered. Then, a description of the Control Moment Gyro technology
is given before its state of art.

3.1 Walking assistance devices
While there is a fullness of devices to monitor and detect when someone falls,

to actively prevent it is more challenging, and such technologies are more scars.
Indeed, many bulky and expensive rehab assisting devices like Lokomat, a lower
limb exoskeleton on a treadmill, is used for gait training on patients how had a
stroke.
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It is only in recent years that a craze for lightweight and easier exoskeleton to
assist walking balance for patients that lost their walking ability due to a condition,
stroke, trauma,...

Figure 3.1: ReWalk exoskeleton [5]

From such devices, the exoskeleton
ReWalk depicted in Fig.3.3 can be men-
tioned, a wearable device that powers
the hip and knees. It is the first FDA-
approved device of the kind for personal
and rehabilitation use that can be fully
customized. It mimics the natural gait
of the legs by transferring the weight
from limb to limb that initial the steps
[5].

Similarly, Ekso Bionics commer-
cialises the Ekso NR [6], a lower limb
exoskeleton, that also has motors at the
hip and knees joints to initiate and assist the patient’s steps.

Depending on the condition state of the patient in rehab, those technologies
can be used with crushes.

A more evolved device comes from Cyberdyne with HAL-5 that not only assists
but also increases the physical functions of the wearer. To achieve that, it uses
electromyography techniques such as electrodes placed on the skin to measure
the muscle’s electrical activities that are treated as a torque command for the
exoskeleton. The signal can be either used for the suit to be synced with the desired
movements voluntarily commanded or to realise human-like movements.

Less bulky and invasive, Honda has developed the walking assist, a device that
is worn on the hip and actuates only the legs as depicted in Fig.3.2. With an angle
sensor, the motors are activated to improve the symmetry of timing during the
swing phases and to increase the step stride.

Figure 3.2: The Honda walking assist device [14].
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Figure 3.3: Kickstart walk assist system,
image taken from [15].

While the latter were active ex-
oskeleton, there exists passive de-
vices such as the Kickstart walk
assist system that is spring-loaded.
The advantage of such a passive
technology is primarily the weight
and cost reduction but also in this
case, how easier it is to operate
[15].

Lastly, a device of interest for this
master thesis and developed at the Uni-
versity of Delft that takes the form of a
backpack using Control Moment Gyro
(CMG) to assist balance during quiet
stance or walking. The technology is developed under the leadership of Prof. Vallery
[2]. It has the particularity that, unlike the aforementioned devices, no sensors
or actuators need to be attached to the lower limb or the hips. All the torque
generation happens in the backpack which is less invasive and more comfortable if
it was to be worn outside daily to assist elders in their common tasks.

3.2 Control Moment Gyro technology
A CMG is a simple mechanism that consists of a high-speed spinning wheel

maintained by one or more actuated gimbals. By changing the angular position
of the plane in which the wheel is spinning, a gyroscopic torque is generated.
Compared to the reaction wheel technology that accelerates and decelerates to
induce a torque, the power efficiency is better. Indeed, rotating a gimbal requires
less power than continuously change the speed of the wheel.

3.2.1 Principal behind the CMG
Newton’s second law states that to change the velocity of an object, a force

needs to be exerted on it toward the change.
If a rotating wheel is taken, at time t0, a point of the wheel has a velocity vector

~vt0 in a specific direction. Now, if the wheel was tilted by a certain angle, the same
point would see its velocity vector ~vt1 change of direction as illustrated in Fig.3.4.

Following Newton’s second law, a change in velocity implies a force ~Ft1 coming
from an actuator tilting the wheel. If now the event is observed from the top view
of the CMG as illustrated in Fig.3.5, the opposite point to the one that was just
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Figure 3.4: Scheme of the front plane of a flywheel and its shaft rotating with an
angular speed ω to illustrate what happens when the wheel is tilted. In Yellow are
the speed vectors at time t0 and t1 and in red the force vector.

observed designated by a prime ’ is also under the same perturbation. But with
its velocity vector ~v′t1 in the opposite direction, the force ~F ′t1 is also. One can see
that their sum is null but torque is generated in between.

Figure 3.5: Scheme of the top plane of a flywheel and its shaft rotating with an
angular speed ω to illustrate what happens when the wheel is tilted. In Yellow are
the speed vectors at time t1, in red the force vectors and in blue the torque.

By action-reaction, the opposite forces are applied from the wheel on the gimbal,
the torque generated by the CMG τCMG is the opposite to the one depicted τ .

Therefore, for a wheel rotating about an axis x and mounted on a single gimbal
with its degree of freedom along the axis y, the torque generated when the latter
rotates is along the axis z. This orthogonal frame xyz is fixed to the gimbal,
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therefore the axis on which the torque is generated follows the gimbal rotation.

3.2.2 Control Moment Gyro state of the art

Figure 3.6: CMG from Airbus [16]

CMGs are a technology that is usually
used for attitude control of spacecraft such
as in the ISS but also on satellites for target
tracking on the ground. This technology
suits very well the space applications as it
requires a little power to maintain the wheel
speed and to tilt it.

CMG for space application can be
bought directly from Airbus that offers their
last generation CMG being compact, cost-
effective, and performances with two more
orders of magnitude than conventional CMG
[16].

Then, CMGs became a solution to con-
trol the roll of a boat at sea [17]. The system will continuously measure the tilt of
the boat and by actuating the gimbal, a counter torque is produced and the roll is
drastically reduced. The product can operate in boats from 5 Tons and 7 meters
up to a boat of 100 Tons and 26 meters.

Figure 3.7: CMG in boat roll control application [17]

More recently, a collaboration between NASA and Cornell University designed
a rover using only a single CMG to move around [rover].
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Figure 3.8: Rover designed to move around with a single CMG [18].

The device developed by the team of Prof. Vallery [2] aims at assisting the
balancing of elders that are subject to conditions impairing their walking ability.
Their goal is to design a backpack as depicted in Fig.3.9 that will use a set of CMG
to control the generate torque and reorient someone falling.

Figure 3.9: Backpack like design of the assistance device developed by the team of
Prof. Vallery [2].

Compared to the others technologies presented in the first section, the latter is
less invasive as it does not require the wearer to place sensors on its different limbs
nor to put an exoskeleton on. Also, most of them require the presence of a skilled
operator due to the complexity of the suits while for the backpack, once designed
and its safety assessed, it can be worn casually without the need of a third party.

The fact that all of what is needed to reorient someone can be gathered in a
backpack that can be put on and off easily and characterized by a high power
efficiency makes it promising.

Therefore, to assess the capacity of this technology numerically, the dynamical
equations describing the system need to be derived before simulations can be run.
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Chapter 4

Derivation of the dynamic
equations for the inverted
pendulum and CMG

Figure 4.1: Use of an inverted pendulum
as a simplified model of a body where
the tip of the rod would correspond to
the center of mass with a mass m. It
can swings along with the n̂u and n̂v axis
thanks to a ball joint. [Adapted from [19]]

While modeling bipedal walking is a
challenge using gait analysis techniques
because of the number of degrees of lib-
erty in the lower limb, a body can be
represented as a simple inverted pendu-
lum tracking the center of mass. It is a
sufficiently representative model of the
stabilization of the pelvis during walk-
ing to study incipient falls. Indeed, with
the pivot of the latter just below the
bust when standing, the walk balancing
as depicted in Fig.2.2 can be monitored
and seen as oscillations of the pendulum
[7].

As illustrated in Fig.4.1, the pen-
dulum is composed of a ball joint, a
mass-less beam and at its tip a ball
corresponding to the body’s position
of center of mass (CoM) and of mass
m.

Nevertheless, the torque produced
by the CMG along a controlled orienta-
tion can easily be decomposed into two orthogonal components. If the oscillation

15



can be controlled in one vertical plane, it can be done in any other vertical plane.
Therefore, the pendulum can be reduced to one degree of freedom with a hinge
joint instead of a ball joint to study the oscillations in the frontal plane for example.
With this simplification, only one CMG is needed to generate the required torque
for the inverted pendulum to remain in the defined equilibrium position.

This section aims to derive the necessary dynamical equations that will be used
later in the control diagram of the system. First, the dynamic equation of an
inverted pendulum is derived. Then the expression of the torque produced by the
CMG is obtained through the Euler’s equation of rotational motion and linked to
the first equation.

4.1 Inverted pendulum dynamic equation
The equation characterizing the dynamics of an inverted pendulum is a well-

known expression. Indeed, it has many applications in the engineering field as,
among others, a model to simplify a more complex system like in the case of this
master thesis. The following equation relates to the inverted pendulum dynamic
and can be obtained in different ways.

ml2φ̈−mgl sin (φ) = τinv_pend − fφφ̇ (4.1)

The equation is composed of the inertial term, ml2, a viscous/ damping term,
fφ, the gravitational term, mgl, and an external torque, τinv_pend.

The different parameters characterizing the dynamics of the pendulum are: the
length l in meter from the joint to the center of mass of mass m in kg. The torque
τinv_pend in Nm produced by the CMG along the axis n̂v. The viscous damping
coefficient fφ is expressed in Nm ·s/rad and refers to the damping naturally present
in human physiology. This parameter induced by muscles and other visco-elastic
tissue reduces oscillations. It also decreases the angular position of the pendulum
exponentially with time [20] which can be demonstrated by solving the homogeneous
part of the differential equation 4.1. The form of the latter solution is:

φ(t) = Aex1t +Bex2t with x1,2 =
−fφ ±

√
f 2
φ + 4gm2l3

2ml2

Where x1,2 are the roots of the characteristic polynomial and with the initial
condition of φ = 0 at t = 0, the constant A and B are equals. Thus, the solution
can be simplified as:
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φ(t) = C e
−fφt
2ml2 cosω0t with ω0 =

√
f 2
φ + 4gm2l3

2ml2

4.2 Derivation of the equations characterizing the
dynamics of Control Moment Gyro

The external torque τinv_pend defined in Eq.4.1 corresponds to the component
of the torque generated by the CMG τCMG along the n̂v axis. The latter torque is
the coupling variable between the pendulum and CMG dynamics.

Whenever a rigid body is rotating, Euler’s equation of rotational motion can
be used. The latter links all the torques τ applied on the body with the rate of
change of angular momentum Ḣ.

Ḣ = τ (4.2)
To study the dynamic of the assisting device, a CMG is mounted on the inverted

pendulum defined above as depicted in Fig.4.2. From it, several parameters are
defined.

The different frames defined to solve the problem are:

• N the reference frame fixed on the ground {n̂u, n̂v, n̂w}

• B the pendulum reference frame {b̂u, b̂v, b̂w}

• G the gimbal reference frame {ĝs, ĝt, ĝg}

• W the wheel reference frame {ŵs, ŵt, ŵg}

The different variables defined to solve the problem are:

• φ, φ̇ the tilt angle and the angular velocity of the inverted pendulum respec-
tively w.r.t the reference frame N

• γ, γ̇ the tilt angle and the angular velocity of the gimbal respectively w.r.t
the reference frame B

• Ω the angular velocity of the wheel w.r.t the reference frame G

• m the body mass

• l the distance from the hinge to the center of mass
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Figure 4.2: Lookalike illustration of what is to be prototyped, an inverted pendulum
mounted with a CMG and its degrees of freedom. In this illustration, the different
reference frames and variables (state or parametric) are represented.

Single gimbal control moment gyro have only two degrees of freedom that
are the wheel and the gimbal free to rotate. Because it was decided that the
flywheel rotates at constant angular velocity, Ω is a parametric variable. The state
variables are thus the tilt angle and the angular velocity of the pendulum and gimbal.

The development to obtain the dynamic equations of the assisting device is
strongly inspired by the work of J. Junkins and H. Schaub in their book [21]. If
one wishes to read the complete adapted development, the demonstration is in the
Appendix Section 11.1.

To solve Eq.4.2, the first step is to derive the expression of the angular momen-
tum of the system in frame B. Which is defined as the product between the inertia
matrix and the angular velocity. Also, the parameter H can be decomposed in the
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sum of the gimbal and wheel angular momentum expressed in frame B.

HCMG = HG + HW H = [I ]ω (4.3)

Once the expression of HCMG is obtained, it can be derived to obtain the
following equation:

ḢCMG = ĝs
[
(Js − Jt + Jg) γ̇φ̇ cos (γ) + Jsφ̈ sin (γ)

]
+ ĝt

[
IWs γ̇Ω + (Js − Jt − Jg) γ̇φ̇ sin (γ) + Jtφ̈ cos (γ)

]
+ ĝg

[
Jgγ̈ + φ̇2 sin (γ) cos (γ) (Jt − Js)− IWsΩφ̇ cos (γ)

]
(4.4)

Where Js, Jt and Jg are the diagonal components of the inertial matrix of the
CMG system, composed of the wheel and the gimbal; IWs is the inertial component
of the flywheel along its axis of rotation.

Equation 4.4 can be simplified because the angular speed of the wheel Ω is
several orders of magnitude higher than the angular speeds of the gimbal γ̇ and
pendulum φ̇. The equation above thus becomes:

ḢCMG = ĝs
[
(Js − Jt + Jg) γ̇φ̇ cos (γ) + Jsφ̈ sin (γ)

]
+ ĝt [IWs γ̇Ω]
+ ĝg

[
Jgγ̈ − IWsΩφ̇ cos (γ)

]
(4.5)

The torque needed to actuate the gimbal corresponds to the component along
the ĝg-axis of ḢCMG from Eq.4.5 and defined as τGM .

τGM = Jgγ̈ − IWsΩφ̇ cos (γ) (4.6)

Finally, the component along the ĝt-axis of ḢCMG from Eq.4.5, the expression
of the torque generated by the CMG, τCMG, is given.

τCMG = IWs γ̇Ω (4.7)

To couple the dynamic equations of the pendulum with the one of the CMG,
the expression above must be transposed from frame G to frame B such that:

τB = τCMG sin (γ)b̂u + τCMG cos (γ)b̂v

= τCMG sin (γ)b̂u + τinv_pend b̂v (4.8)
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It is also interesting to note that the bigger the angle of the gimbal is, the
higher the angular speed would have to be for generating a similar torque.

γ̇ = τinv_pend

IWsΩ cos (γ) (4.9)
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4.3 Summary
From this chapter, the equations characterizing the different systems were

derived.
The first one, concerning the dynamics of the pendulum, was obtained from

the Euler-Lagrange equation. The result reminded bellow takes into account an
external torque, τinv_pend, which is applied by the CMG on the pendulum; and
a viscous damping, fφ, which accounts for the damping naturally present in the
human physiology.

ml2φ̈−mgl sin (φ) = τinv_pend − fφφ̇

The second system studied was the CMG. More complex, the equations charac-
terizing the latter have been obtained from the rate of change of angular momentum
Ḣ that is equal to a torque. By solving this relation in the appropriate frame, B,
the expression of the torque generated by the CMG was obtained along each axis
of the frame by the CMG is obtained.

The torque obtained along the b̂v-axis corresponds to the effective torque that
the CMG will apply on the pendulum.

τinv_pend = IWs γ̇Ω cos (γ)

The second torque expression of interest is along the b̂w-axis. Indeed, it
corresponds to the amount of torque needed to make the gimbal rotates.

τGM = Jgγ̈ − IWsΩφ̇ cos (γ)

Those three equations put together characterize the dynamics of the pendulum
mounted with a CMG. With those information, the behaviour of the system can be
studied when it is subjected to perturbations. For this, a law allowing to control
the dynamic model of the pendulum and CMG must be designed and implemented
in Simulink.
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Chapter 5

Control of the inverted pendulum

Now that the equations describing the dynamics of the inverted pendulum and
CMG have been derived, the design of the control system can be made. The aim
of this chapter is, first, to build the dynamics models of the systems and their
controllers which are inspired by the diagram depicted in the article published by
the team of Prof. Vallery [22].

Then, the unknown parameters will be estimated and an algorithm to keep the
gimbal at the desired angle will be added to the control diagram.

Finally, the stability of the overall system will be studied through the poles and
zeros of transfer functions of the linearized system.

5.1 Design of the systems to control and their
controllers

In control theory, models and algorithms are developed to control dynamic
systems so that they are driven to a desired state. There are two types of control
design; open-loop control in which the controller does not consider the output
of the system. This leads to errors between the expected and real controlled
parameters. On the other hand, a closed-loop feedback control does consider the
output generated by the system. If there is a difference between the expected
and real controlled parameters, the controller is aware of it and a correction is made.

For the inverted pendulum control, the second type of design is preferred and
a representation of the latter is depicted in Fig.5.1. The reference also called the
setpoint is the desired state for the system to reach. The measured error is the
difference between the setpoint and the measured output of the system, its state.
The system input or command is the parameter that commands the modelled
system to control.
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The block system also called plant corresponds to the model of the system to
control. In this master thesis, the system is the modelled dynamics of the inverted
pendulum and CMG.

Then, the block controller is the algorithm that will generate the adequate
command to drive the system to the desired state based on the error. The controller
can include a Proportional, Integral, and/or Derivative controller and take the
form of a P, PI, PID, or PD controller. The proportional term amplifies the error
while the integral term integrates the error to cancel it and the derivative term
damps the response.

Finally, the block Sensor is the measured parameter compared to the reference
value. In this work, the sensor corresponds to an accelerometer measuring the tilt
of the pendulum [23].

Figure 5.1: A generic representation of closed-loop feedback control including the
system to control, a controller, and the feedback [23].

This general representation is used to design the closed-loop feedback control
of the system. With the latter is composed of two sub-systems, the dynamics of
the inverted pendulum and CMG, the diagram will be composed of a High-level
feedback loop for the pendulum and a Low-level feedback loop for the CMG.

High-level feedback loop design

The high-level feedback loop depicted in Fig.5.2 has for plant the modelled
dynamic of the inverted pendulum. This block is characterized by the equation
derived in the previous chapter and reminded in the figure. The objective of the
controller is to maintain the pendulum in a vertical position therefore the reference
variable is the angular position of the pendulum φ. The command is naturally
the external torque τinv_pend that will be generated by the CMG. Therefore, the
angular acceleration of the pendulum φ̈ is first obtained, and then by integration,
φ̇ and φ are found.

For the control law, a proportional controller is chosen. With the dynamics of
the pendulum characterized by a damping term, adding a derivative term is not
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relevant. No integral action is implemented either as it is in the lower level feedback
control that the error will be corrected. The controller takes the form of a virtual
spring as described in Eq.5.1 with the proportional coefficient kvs. Whenever the
pendulum moves away from the desired position, a torque in the opposite direction
is requested as a spring pulling back a mass moving off.

τinv_pend = kvs εφ (5.1)

Figure 5.2: High-level feedback loop with the inverted pendulum dynamic to control
with a proportional controller. The reference parameter is the angular position of
the pendulum and the command is the external torque applied on the latter.

Low-level feedback loop design

Similarly, the low-level feedback loop depicted in Fig.5.3 has for plant the
modelled dynamic of the CMG. This block is characterized by the equation derived
in the previous chapter and reminded in the figure. This equation is the expression
of the torque along with the axis b̂w corresponding to the torque needed to rotate
the gimbal. Therefore, the command is the torque τGM and the variable controlled
is the angular velocity of the gimbal γ̇. Indeed, the latter is chosen instead of the
angular position as the torque generated by the CMG, reminded in Eq.5.2, depends
on γ̇ and not γ.

τCMG = IWs γ̇Ω (5.2)

The latter being part of the derived dynamical equation, it is considered in the
plant. The torque generated by the CMG and transmitted to the pendulum is the
parameter of interest.
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One can see that the system is not SISO but MIMO because of the dynamic of
the two subsystems. Indeed, one can see that Eq.4.6 depends on the angular speed
of the pendulum φ̇. With τGM and φ̇, the angular acceleration of the gimbal γ̈ is
obtained, and by integration, γ̇ and γ are found to compute the effective torque
generated.

For the control law, a Proportional-Integral controller is chosen to make sure
that the gimbal angular velocity required is correctly tracked as it is directly linked
to the generated torque.

Figure 5.3: Low-level feedback loop with the CMG dynamic to control with a PI
controller. The reference parameter is the angular velocity of the gimbal and the
command is the torque applied on the gimbal to rotate it.

Incorporating the Low-level feedback control into the High-level feed-
back control

The integration of the Low-level feedback loop into the High-level feedback loop
is done in between the controller and the plant of the latter. As the expression
of the torque transmitted to the pendulum τinv_pend derived at the output of the
low-level feedback loop system block can directly be linked to the input of the
high-level feedback loop plant.

On the other hand, the input of the low-level feedback loop is the angular
velocity of the gimbal. The transition between the required torque at the output
of the Proportional controller and γ̇ is possible with an allocation law as defined
in the paper published by the team of Prof. Vallery [22]. This law is expressed in
Eq.4.9 and reminder below.

γ̇ = τinv_pend

IWsΩ cos (γ)
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The overall control diagram implemented in Simulink is depicted in Fig.5.4.
One can see the high- and low-level feedback loop framed in the orange and green
dashed lines respectively. The system blocks are the two on the far right, the CMG
dynamic and pendulum dynamic blocks. While the other three blocks, the virtual
spring, the allocation law, and the PI blocks, are the controllers to control the
system.

Figure 5.4: The overall diagram to control the inverted pendulum mounted with a
CMG implemented in Simulink. The low-level controller is framed by green dashed
lines while the high-level controller is framed by orange dashed lines.

Compared to the control diagram depicted in the article by the team of Prof.
Vallery [22], one can see that the gimbal actuator unit block is missing. It corre-
sponds to the physic of the motor used to actuate the gimbal. In this work, the
actuators are assumed ideal explaining the missing block in the diagram.
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5.2 Simulation of the dynamic system

5.2.1 Parameters definition
To run the simulation, the different parameters characterizing the dynamic

models and controllers have to be estimated. To get an idea of some values orders
of magnitude, the paper published by the team of Prof. Vallery reported some of
their data [22]. In Tab.5.1, the parametric variables are listed with their values if
given in the article.

In the paper, with the objectives to make the wearable device as thin and light
as possible, they have made the design decision that the device will be equipped
with three CMG. Each one should generate an effective torque of 90Nm during
0.1s to reorient a human at a 10 degree angle of 1.7m tall and weighing 70kg.

For this model, the same design choice is made to keep the parameters order.
Therefore, to take into account the three identical CMG in the control of the
system, the torque required after the virtual spring block is divided by three while
the output torque of the CMG dynamic block is multiplied by three.

Table 5.1: The parameters characterizing the models of dynamic systems and
controllers.

Parametric variables Symbols Values Units
Mass m 70 kg
Elder height h 1.7 m
Height of the CoM l m
Viscous damping fφ Nms/rad
Inertia of the flywheel along the s-axis IWs 0.02 kgm2

Inertia of the CMG along the g-axis Jg kgm2

Angular speed of the flywheel Ω 5400 rpm
Virtual spring constant kvs 600 to 1200 Nm/rad
Proportional constant of the PI controller kP Nms/rad
Integral constant of the PI controller kI Nm/rad

Parametrization of the weight and height of the pendulum

The average weight and height of elders are data found in anthropometry
papers that measure human body proportions. From articles based on healthy aged
populations from Taiwan [24], Australia [25], United States [26], and Belgium [27],
the average stature and weight of males and females of the latter populations are
gathered in Tab.5.2.
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For the design of the wearable device, the parameters must be selected so that
most of the targeted population can benefit from the technology. When looking
at data from different regions of the world, one can see that males are taller and
heavier than females such that their average height is 168cm and weight is 74kg.
The values selected in the paper by the team of Prof. Vallery are therefore relevant
as it is lighter but taller.

As explained in Chapter 4, for the design of the pendulum modeling the human
body, its mass is located at its tip representing the center of mass. The latter is
said to be located at 57% of a male height so for someone 1.7m tall, its center of
mass is at 0.97m [28].

Table 5.2: Average anthropometry of elderly males and females from different
countries.

Country Age Stature [m] Weight [kg] Year of measures
Male
Taiwan [24] 71 1.64 63 1989-1991
Australia [25] 76 1.66 72 2001
United state [26] Over 60 1.74 85 2003-2006
Belgium [27] 65-80 1.67 75.8 2005
Average \ 1.68 74 \
Female
Taiwan [24] 71 1.51 56 1989-1991
Australia [25] 77 1.51 61 2001
United state [26] Over 60 1.6 72 2003-2006
Belgium [27] 65-80 1.57 68.4 2005
Average \ 1.55 64.4 \

Parametrization of the viscous damping of the pendulum

For the viscous damping, a paper on the stiffness and damping in postural
control reported measurements of the latter on seven adults aged 68 to 81 years
and ten younger ones aged 21 to 30 years. For the damping, they distinguished
the active damping neurally mediated implying a delay from the passive damping
that does not. The latter comes from the intrinsic visco-elasticity of muscles and
stiffness of tendons producing a gravity counter-force. The result of the experiment
showed that older adults are stiffer with normalized active and passive damping of
4.9s−1 and 0.6s−1 respectively [29]. In the case of this work, it is assumed that
there is no delay so that the viscous damping fφ is equal to 5.5s−1.
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Therefore, one could wonder how much damped the model of the pendulum
dynamical system is. In system theory, a transfer function of order two and higher
is characterized by a damping ratio ζ, a natural frequency ωn, and a gain K. The
canonical form of such a second order function is given in Eq.5.3.

Tr(s) = K
ω2
n

s2 + 2ζωns+ ω2
n

(5.3)

The damping ratio characterizes the frequency response of the system as the
damping reduces or prevents oscillations. The energy stored in the latter is
dissipated through processes that produce the damping [30]. According to the
value of ζ, the system is said:

• Undamped for ζ = 0

• Underdamped for 0 < ζ < 1

• Overdamped for ζ > 1

• Critically damped for ζ = 1

A critically damped system has for main properties that it has no overshoot
and the fastest response time which is often looked for in a mechanical design.

To evaluate the damping ratio of the pendulum, its dynamical equation reminded
below is linearized while considering there are no external forces applied to the
system.

ml2φ̈+ fφφ̇−mgl sin (φ) = 0

The linearization of the equation is done using the Taylor approximation on the
states variables, φ and φ̇, around a fixed point x = [π; 0], the pendulum downward.
From the approximations, the matrices of the state-space representation for each
block are obtained and so their transfer function.

State-space representation:ẋ = Ax+Bu

y = C x
⇒ Transfer function: Tr = C (sI − A)−1 B
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With u the command vector, y the output vector, I the identity matrix, and s
the Laplace transform variable.

The transfer function obtained, Eq.5.4, is compared to Eq.5.3 to find the
damping ratio ζ for fφ = 5.5 · Ipend. The inertia of a pendulum is equal to ml2 for
which the values obtained above are used. The viscous damping fφ is thus equal to
362.25Nms/rad.

Trpend(s) =
1
ml2

s2 + fφ
ml2

s+ g
l

(5.4)

The damping ratio found is equal to 0.864 which means that the system is
underdamped. To be critically damped, ζ = 1, the viscous damping must be equal
to 418.83 Nms/rad.

A comparison of the pendulum dynamic system with both values of fφ is depicted
in Fig.5.5. For this simulation, the control was removed to let the pendulum fall
freely from 170 to 180 degrees, a stable position.

Figure 5.5: A comparison of the system behaviour when it is underdamped,
fφ = 362.24Nms/rad, and critically damped, fφ = 418.83Nms/rad.
The pendulum is under no control and let free to fall from 170 to 180 degrees.

One can see that the underdamped system only has a tiny overshoot compared
to the critically damped one. To respect the model of the human body represented
by the pendulum, the first value obtained for the viscous damping is kept.
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Parametrization of the inertia of the CMG

While the inertia of the flywheel along its spinning axis was given in the paper,
the inertia of the CMG along the actuated axis of the gimbal was not. This
parameter being proper to the design, it was impossible to estimate it directly.
Nevertheless, in articles giving both inertia magnitude [31, 32], it was observed
that Jg was usually the half of IWs . Therefore, the missing inertia can be estimated
at 0.01kgm2.

5.2.2 Simulation of the inverted pendulum controller
To run the simulation, the three coefficients of the feedback controllers, kvs,

kP , and kI , need to be tuned. For the virtual spring constant, several values were
given in the paper by the team of Prof. Vallery [22]. The higher the parameter
amplitude, the stronger the answer to a perturbation is. Therefore, after several
tests on a model without the low-level feedback loop implemented, the value for
kvs is set to 1200Nm/rad. This amplitude leads to a fast system response without
requiring too much torque, equivalently, the controller will ask the system to
generate 21Nm/degrees.

The PI parameters have also been determined through trail and error on the
complete system that led to a kP of 40 and a kI of 20.

To perform those parameters tuning, the initial condition on the angular posi-
tion φ of the pendulum is set to 3 degrees. This small perturbation is sufficient to
validate the controllers and dynamic models implemented.

Then, with the parameters settled, the perturbation is increased to 10 degrees
which represents a bigger challenge and is closer to what the designed device
should correct. Nevertheless, the parameters selected are not high enough for
the controllers to bring the pendulum back to its vertical position. To validate
this milestone, the angular velocity of the wheel Ω and both inertia IWs and Jg
are increased for the three CMG to generate greater torque. The value of the
parameters used to successfully control the angular position of the pendulum are
gathered in Tab.5.3.

This experiment is also the one described in the article by the team of Prof.
Vallery [22], the pendulum initially tilted by 10 degrees.
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Table 5.3: The new parameters characterizing the models of dynamic systems and
controllers to successfully bring back the pendulum.

Parametric variables Symbols Values Units
Mass m 70 kg
Elder height h 1.7 m
Height of the CoM l 0.97 m
Viscous damping fφ 362.25 Nms/rad

Inertia of the flywheel along the s-axis IWs 0.02 → 0.06 kgm2

Inertia of the CMG along the g-axis Jg 0.01 → 0.03 kgm2

Angular speed of the flywheel Ω 5400 → 8000 rpm
Virtual spring constant kvs 1200 Nm/rad
Proportional constant of the PI controller kP 40 Nms/rad
Integral constant of the PI controller kI 20 Nm/rad

In Fig.5.6 are depicted the angular positions of the pendulum and gimbal with
the effective torque generated by one CMG. One can see that the control model
succeeded in pulling back the inverted pendulum to the desired position. The
behaviour of the controller involves no overshoot, and a rapid settling time.

Figure 5.6: Control of the inverted pendulum tilted by 10 degrees with the corrected
values of the parameters.
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On the second plot, the torque generated by a single CMG reaches 75Nm at its
peak; it is smaller but close to the magnitude of the torque required in the article
from the team of Prof. Vallery [22].

Finally, the angular position of the gimbal is displayed. One can see that the
gimbal has stopped past 60 degrees which is close to the singularity. Indeed, the
torque transmitted to the pendulum is the cosine of the one generated by the
CMG and in this configuration, only half of it is effectively transmitted. Thus,
the more the gimbal rotates, the smaller the effective torque is applied on the
system. Moreover, the sign of the torque depends on the one of the angular velocity
of the gimbal. Therefore, if the stabilized pendulum was subjected to a second
perturbation in the same direction, γ̇ would have to be negative again, and γ get
closer to the singularity.

τinvpend = τCMG cos γ τCMG = IWs γ̇Ω

5.2.3 Attractive potential field
A contribution of this Master thesis has been to augment the gimbal controller

with a mechanism forcing it to move back to its initial angular position. With the
effective torque being the cosine of the one generated by the CMG, leaving the
gimbal in an angular position other than 0 degree to counter a perturbation is not
efficient and can lead the gimbal to the singularity.

It exists an algorithm in robotics called "Potential Field path planning" used for
navigation that creates attractive and repulsive gradients, ∇Uatt(q) between the
desired position and the robot, and ∇Urep(q) between an obstacle and the robot
[33, 34]. The concept is defined in Eq.5.5 with F (q) the resulting force applied on
the system, U(q) the resulting potential field, and q the states variables that in our
case corresponds to γ. Variations of this algorithm have already been used with
CMG to avoid singularities with super-quadratic iso-potential contours function of
the gimbal angle [35]; by considering singularities as obstacles [36]; or to prevent
the saturation of the momentum in the attitude controller and to steer gimbal [37].

F (q) = −∇U(q) with U(q) = Uatt(q) + Urep(q) (5.5)

Because the device will work in a defined environment and the objective is for
the gimbal to come back to its initial position, only the attractive field is relevant.
Nevertheless, if the gimbal was to get too close to the singularity because of a too
important perturbation, the controller should be stopped.

The attractive potential is defined in Eq.5.6 as a parabolic function with a
positive scaling factor katt.
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Uatt(q) = 1
2 katt ρ

2
goal(q) with ρgoal(q) =‖ q − qgoal ‖ (5.6)

By solving Eq.5.5 using Eq.5.6, the expression of the attractive force is derived.
The desired angle is represented by γgoal and the actual angle by γ.

Fatt(γ) = −katt (γ − γgoal) (5.7)

Figure 5.7: Top view of a CMG scheme
with the attractive gradient Fatt and the
references frames of the gimbal G in red
and pendulum B in yellow.

In Fig.5.7, one can see a top view
representation of the CMG rotated from
γ with respect to frame B. In this
configuration, the attractive gradient
should pull frame G toward frame B,
thus the b̂u component of Fatt should be
positive.

To respect the sign of Fatt and its
parameters definition, the negative sign
in the expression of Eq.5.7 is removed.
Leaving it makes the gimbal rotates
more and thus add perturbation to the
system.

To test this algorithm, the attrac-
tive gradient is added to the reference
angular velocity γ̇0 in the allocation law
block as depicted in Fig.5.8. The scal-
ing factor is set to 0.4 such that it does
not interfere with the control of the pen-
dulum when it is subjected to a pertur-
bation. This value was chosen by trial
and error with the objective for the pen-
dulum to be stable and for the gimbal to be back to its initial angular position in
under 10 seconds.

The validation of this new control law is done in the same environment as for
the first system, the angular position of the pendulum φ initially tilted by 10 degrees.

In Fig.5.9, one can observe the effect of the potential field algorithm integrated
into the control diagram. One can see already that the attractive potential field
succeeded in its task to bring the gimbal back under the 10 seconds. A greater
constant katt will reduce even more the time for the gimbal to reach its initial
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orientation but will generate a more important torque on its way back. Oscillations
would then be observed.

One can see that the pendulum takes much longer to reach the desired upright
position and now has an overshoot with the new steering law. When the gimbal
rotates back to its initial configuration, a torque is generated justifying the longer
response time. The gimbal is then in its optimal position to respond to the next
perturbation. Also, no significant differences are observed regarding the torque
generated by the CMG.

Figure 5.8: The implementation of the attractive potential field added into the
allocation law block in simulink.

Figure 5.9: Comparison of the controller behaviour with and without the effect of
the potential field algorithm. The same conditions were applied to the pendulum
as in Fig.5.6.
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5.3 Analysis of the control diagram stability
To study the stability of the controller, each of the blocks must be linearized

using the Taylor approximation on the states variables around a fixed point x as
explained earlier. The latter are for the pendulum φ and φ̇ with the fixed points
at [0; 0], and for the gimbal γ and γ̇ with the fixed points at [0; 0]. From the
approximations, the matrices of the state-space representation for each block are
obtained and so their transfer function.
State-space representation:ẋ = Ax+Bu+Dv

y = C x
⇒ Transfer functions: Tr = C (sI − A)−1 B

Tv = C (sI − A)−1 D

With u the command vector, y the output vector, v the disturbance, I the
identity matrix, and s the Laplace transform variable. The transfer function from
the setpoint to the output is Tr while Tv is from the disturbance to the output.

Each block that has multiple inputs and/or multiple outputs (MIMO), has
multiple transfer functions that relate the system outputs to its inputs. Therefore,
the allocation law, the CMG dynamic, and the pendulum dynamic blocks have
several transfer functions stored in matrices of size [nbr_output x nbr_input]. A
MIMO system can thus be written as:

[
o1
o2

]
=
[
Tr11 Tr12 Tr13
Tr21 Tr22 Tr23

] i1i2
i3


In Fig.5.10, the linearized control diagram is depicted with each block transfer

functions. The complete expression of those transfer functions as their state-space
matrices are gathered in Appendix Section 11.2.

Figure 5.10: Representation of the linearized control diagram with their transfer
functions in matrix form.
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5.3.1 High-level controller stability - closed loop setpoint
to output

With the obtained transfer functions, the one from φ0 to φ is computed and
displayed in Eq.5.8. The poles and zeros of this function have relevant information
about the stability of the system’s overall control.

Numerically, the equation is of order 8 and has 5 zeros where each of them
have their real part negative attesting of the system’s stability around φ = 0 as
one could have observed in the previous experiments. The poles-zeros map of the
overall controller is depicted in Fig.5.11 with the poles and zeros.

Tr = φ

φ0
=

CLp1Lc11Lγ1K
1−C(Lγ2Lc21−Lc31)

1−Lp2

(
Lc12+

CLc11(Lγ2Lc22−Lc32)
1−C(Lγ2Lc21−Lc31)

)
1 +

CLp1Lc11Lγ1K
1−C(Lγ2Lc21−Lc31)

1−Lp2

(
Lc12+

CLc11(Lγ2Lc22−Lc32)
1−C(Lγ2Lc21−Lc31)

) (5.8)

Figure 5.11: Poles and zeroes map of the high-level feedback loop from the setpoint
φ0 to the output φ attesting of the system’s stability.
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5.3.2 High-level controller stability - closed loop distur-
bance to output

In the same manner, the transfer function from the disturbance to the output
φ is obtained and given below. The latter has its five poles with their real part
negative, and one zero out of three has its real part positive. The response of the
system controlled to an external perturbation is then stable. The poles-zeros map
of the feedback loop is depicted in Fig.5.12.

Tv = φ

v
=
Lp1

1 +
Lp2

(
Lc12+

CLc11(Lγ2Lc22−Lc32)
1−C(Lγ2Lc21−Lc31)

)
1−Lp2

(
Lc12+

CLc11(Lγ2Lc22−Lc32)
1−C(Lγ2Lc21−Lc31)

)
1 +

CLp1Lc11Lγ1K
1−C(Lγ2Lc21−Lc31)

1−Lp2

(
Lc12+

CLc11(Lγ2Lc22−Lc32)
1−C(Lγ2Lc21−Lc31)

) (5.9)

Because of the positive zero, the system is said to be at a non-minimum of phase
and should show an inverse response at first. To observe that, a torque perturbation
is added to τinv_pend between the two dynamic blocks which is similar to someone
is giving a push to the physical pendulum. The amplitude of the external torque
added is chosen such that the tilt induced by the latter reaches 10 degrees.

With the result depicted in Fig.5.13, one can see the inverse response in the
gimbal angular position and generated torque.

Figure 5.12: Poles and zeroes map of the high-level feedback loop from the distur-
bance v to the output φ attesting of the system’s stability and its non-minimum
phase characteristic.
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Figure 5.13: System behaviour when an external perturbation of 600Nm is applied
during 0.1 second on the pendulum with the potential field algorithm. The gimbal
angular position and the generated torque show the inverse response expected from
the positive zero.
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5.4 Summary
In this section, the control diagram of the dynamic system and control law was

designed based on the information given in the paper published by the team of Prof.
Vallery [22]. From the latter, some of the parameters were obtained but three of
them needed to be increased, the required gimbal angular velocities were different,
and thus the generated torques. The unknown parameters were either obtained
from papers or trail and error for the controllers’ coefficients. Those parameters
are all gathered in Tab.5.4.

In addition, to make the gimbal return to its initial position, a potential field
algorithm was integrated into the controller. It added some time for the system
to reach the equilibrium state but the CMG is now in the optimal orientation to
deal with the next perturbation. Indeed, the transmitted torque is related to the
generated torque by the cosine of the gimbal angle.

Finally, the system stability was analyzed by linearizing each block of the
diagram and computing the transfer function of the high- and low-level feedback
loops. The results showed that the system controlled is stable and present a
non-minimum phase behaviour under external perturbations.

Table 5.4: The selected parameters characterizing the models of dynamic systems
and controllers.

Parametric variables Symbols Values Units
Mass m 70 kg
Elder height h 1.7 m
Height of the CoM l 0.97 m
Viscous damping fφ 362.25 Nms/rad
Inertia of the flywheel along the s-axis IWs 0.06 kgm2

Inertia of the CMG along the g-axis Jg 0.03 kgm2

Angular speed of the flywheel Ω 8000 rpm
Virtual spring constant kvs 1200 Nm/rad
Proportional constant of the PI controller kP 40 Nms/rad
Integral constant of the PI controller kI 20 Nm/rad
Attractive potential factor katt 0.4 1/s
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Chapter 6

Dynamic scaling of the inverted
pendulum

Since the objective of this work is to prove the concept that the team of Prof.
Vallery designed with a scaled-down system [22], the parameters in Tab.5.4 char-
acterizing a full-scale human must be converted. This model must therefore have
the same dynamics as observed in the previous chapter for a mass of about 1kg.
Only one parameter should remain constant for design specifications, the angular
velocity of the flywheel, Ω = 8000rpm.

6.1 Dynamic scaling theory
Scaling a system to a size other than the one intended is particularly challenging,

but its complexity is reduced by the use of dynamic scaling. The latter uses a set
of relationships that maintains the geometric, kinematic, and dynamic properties
between a system and its scaled version without the need for the dynamic model.
Moreover, it has the advantages of preserving, among other things, the stability
and relative speed of systems [38].

For two systems to be geometrically similar, they must have the same shapes. It
implies then for the scaled model to have its dimensions proportional to a constant
factor αL and that all angles are kept the same.

To ensure similar steady-state motions, kinematic similarity requires that a
point of the system and its equivalent in the model have scaled velocities and in
the same direction. Since a constraint on the distance is already fixed with αL, a
constraint factor on the time αT is sufficient to satisfy the condition on the velocity.

For the transient response, the dynamic similarity requires for the forces to be
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scaled by a constant factor αF .
Depending on the system to scale, other relations can be added to require elastic

similarity or stress similarity [38].

In his thesis, Bruce D. Miller [38] explains two approaches to obtain dynamic
scaling relations.

The intuitive one focuses on the force-balance approach that compares two
similar dynamic systems. The scaling factors are therefore obtained by comparing
the two equations to find the relationships, which can be tedious.

The second method is based on the dimensional analysis of fundamental physical
quantities such as length, time, and force. From the latter three, the scaling factors
of all the other system variables are obtained.

In Tab.6.1, one can see the parameters that needs to be down scaled with their
units expressed in the three fundamental quantities; F for newton, L for meter,
and T for second.

Table 6.1: The parameters to scale and their dimensions expressed with the
fundamental quantities selected; F for newton, L for meter, and T for second.

Parametric variables Symbols Units
Dimensions in
fundamental
quantities

Mass m kg FL−1T 2

Height of the CoM l m L
Viscous damping fφ Nms/rad FLT
Inertia of the flywheel along the s-axis IWs kgm2 FLT 2

Inertia of the CMG along the g-axis Jg kgm2 FLT 2

Angular speed of the flywheel Ω rad/s T−1

While the gravity applied on the ground is the same for the system and its
scaled model, its dimension in fundamental quantities, LT−2, says otherwise. With
the latter giving the scaling relation, it needs to be equal to 1 for the gravity
to remain constant. Therefore, the latter is constrained to be scale independent
leading to αL = α2

T .
A second constraint arises when both systems are made of the same materials

and thus have the same density. Therefore, a new relation to simplify the scaling
factors is obtained: αF = α3

L [38].

44



6.2 Dynamic scaling of the system

Figure 6.1: Dynamic scaling factors for dif-
ferent physical quantities simplified with the
two constraints aforementioned (Reproduced
from [39]).

With the constraints applied on
the dimensions in Tab.6.1, a table
with the scaling factors of several
parameters is build and depicted in
Fig.6.1.

The objective for the scaled pen-
dulum is to reduce the weight from
70kg to approximately 1kg. Thus,
with the mass scaling relation, the
length factor is found.

mscaled_pend = α3
Lmpend

αL = 0.2426

Therefore, the variables of the
pendulum and CMG that need to
be scaled, are computed using the
relations established in Fig.6.1. In
Tab.6.2 are gathered those param-
eters with their normal and scaled
values as their scaling relations.

Table 6.2: The parameters with their normal and scaled values, and the scaling
relations used to compute them.

Parametric variables Symbols Normal
values

Scaling
factors

Scaled
values

Mass [kg] m 70 L3 1
Height of the CoM [m] l 0.97 L 0.235
Viscous damping [Nms/rad] fφ 362.25 L9/2 0.62
Inertia of the flywheel along
the s-axis [kgm2] IWs 3× 0.06* L5 1.5e−04

Inertia of the CMG along the
g-axis [kgm2] Jg 3× 0.03* L5 7.6e−05

Angular speed of the flywheel
[rad/s] Ω 837.76 L−1/2 1700

* The inertia are multiplied by three as there are three CMGs in the full-scale model.
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The normalized expression of the viscous damping could have been used to
compute it using the scaled values of the mass and height. As a reminder, in
a paper by M. Cenciarini [29], they found that elderly have a viscous damping
normalized by the body inertia of 5.5s−1. For a pendulum, the expression of the
inertia is ml2.

Using this relation, the viscous damping equals 0.3Nms/rad which is half of
the one obtained from the dynamic scaling relation. By looking at the damping
ratio, the latter has been reduced to 0.43 by using this expression while with the
scaled viscous damping, the ratio of 0.86 is conserved. The value of 0.62Nms/rad
is thus kept.

Also, it was decided to keep the same angular velocity of the flywheel. With
the latter smaller than the one obtained with the scaling factor, the inertia of the
flywheel and consequently the one of the CMG must increase.

For the controller to work with Ω = 8000rpm, the inertias have become:

IWs = 5e−04 Jg = 2.5e−04

In the following development, the values of the parameters gathered in Tab.6.2
will be referred to as the scaled parameters. While those obtained to maintain the
angular velocity Ω will be referred to as the scaled parameters modified. The latter
differs from the first one by the value of Ω but also the inertia of the wheel IWs

and the CMG Jg.

For the controller coefficients, the high-level parameter kvs was obtained by
matching as closely as possible the transient responses of the full-scale and scaled
pendulum. The control diagram used did not include the low-level controller, and
the result is depicted in Fig.11.3 in Appendix Section 11.3.

kvs = 3.25

The PI controller coefficients of the scaled pendulum were determined in the
same way than those of the full-scale pendulum, by trail and error. The values of
the coefficients for both scaled pendulum are:
Scaled parameters:

kP = 0.13 kI = 0.1

Scaled parameters modified:

kP = 0.87 kI = 2
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In Fig.6.2 is depicted the behaviour of the scaled pendulum initially tilted by
10 degrees with the scaled parameters and the ones modified.

One can see that the gimbal angular position almost reaches the singularity
with the scaled parameters while with the modified ones, the amplitude of the peak
is divided by 2. This situation is preferable and comes from an oversizing of the
wheel’s inertia.

The torques generated to bring the pendulum back are close in both cases.
The transient responses of the pendulum angular position show overshoots in

both cases and a similar response time.

The answers of both versions to a perturbation with the potential field algorithm
are depicted in Fig.11.4 in Appendix Section 11.4.

Figure 6.2: Comparison of the scaled pendulum controllers implemented with the
scaled parameter and the modified ones.
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6.3 Summary
In this chapter, the theory of dynamic scaling was introduced and the different

scaling relations were derived based on two constraints. The first one was about
the gravity applied on both systems that is the same at the surface of the earth.
The second constraint regarded was the density of the full-scale and scaled systems
that should be the same if the same materials are used.

With those relations and from the previous chapter, the parameters of the
dynamic systems to control were scaled to respect a specification on weight, from
70kg to 1kg. Nevertheless, a second set of scaled values were derived as it was
desired to keep the angular velocity of the flywheel constant, Ω = 8000 rpm.

Then, the coefficients of the controller were obtained. The one of the virtual
spring by matching the full-scale and scaled pendulums behaviours, and the other
two by trail and error.

Finally, the values of the second set of parameters are gathered in tab.6.3 and
will be used as constraints for the mechanical design in the next chapter.

Table 6.3: The selected scaled parameters used for the control of dynamic systems
and later for the design.

Parametric variables Symbols Values Units
Mass m 1 kg
Height of the CoM l 0.235 m
Viscous damping fφ 0.62 Nms/rad
Inertia of the flywheel along the s-axis IWs 5e−04 kgm2

Inertia of the CMG along the g-axis Jg 2.5e−04 kgm2

Angular speed of the flywheel Ω 8000 rpm
Virtual spring constant kvs 3.25 Nm/rad
Proportional constant of the PI controller kP 0.87 Nms/rad
Integral constant of the PI controller kI 2 Nm/rad
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Chapter 7

Mechanical design of the inverted
pendulum and CMG components

With the different parameters characterizing the pendulum and CMG obtained,
the mechanical design process can be conducted. In this chapter, the methodology
taught in the course of Machine Design, LMECA2801 at UCLouvain, will be strictly
followed. Moreover, the reference book of Machine Component Design will be used
in the dimensioning process of mechanical parts [40].

Once the problem thoroughly stated, the specifications of the device will be
reviewed. In the case of this master thesis, no functional graph is needed as the
design choice is already made. Then, the most suitable design for the requirements
will be selected and drawn by performing morphological graph analysis.

Then the internal loads will be computed to be used for the mechanical dimen-
sioning.

7.1 Problem statement
The device to design is an inverted pendulum mounted with a Control Moment

Gyro that aims to model the down-scaled human body. Its purpose is to prove
that CMG technology is relevant to actively prevent incipient falls in the elderly
without being cumbersome. Indeed, the technology developed by the team of Prof.
Vallery at TUDelft takes the form of a wearable backpack-like with a set of CMGs
[2].

49



7.2 Technical specifications of the device

Context: Design of a CMG to prevent an inverted pendulum to fall
Date

Main Function
10/07 MF1: Maintain the pendulum vertically

Functional requirements: criteria and levels

10/07 FR1.1: Able to reorient the pendulum initially tilted by 10
degrees

10/07 FR1.2: Able to reorient the pendulum under external pertur-
bations up to 1.1Nm (tilted up to by 10 degrees)

Constraints
10/07 C1: Use only one CMG
10/07 C2: Limit range for the gimbal angular position
10/07 C3: Reproduce human viscous damping on a reduced scale
10/07 C4: Correspond to a down-scaled version of the human body
10/07 C5: Material selection

Constraint Requirement: criteria and levels
10/07 C1.1: Flywheel inertia of 5e−04kgm2 along its spinning axis

10/07 C1.2: CMG inertia of 2.5e−04kgm2 along the gimbal spinning
axis

10/07 C1.3: Flywheel angular velocity of 8000rpm
10/07 C2.1: Range for the angular position of ±60 degrees
10/07 C3.1: Viscous damping of the 0.62Nms/rad
10/07 C4.1: System overall weight of ±1kg
10/07 C4.1: Pendulum center of mass height of ±0.24cm
10/07 C5.1: Use of raw materials
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7.3 Morphological graph

7.3.1 Definition of criteria and rating scale
Depending on the technical function, the following criteria will be applied to

select the most appropriate design.

• Alignment accuracy (3): Accuracy of CMG rotation axis alignments.

• Implementation (2): Complexity of the system to design.

• Bulk (1): Space required by the function to integrate.

• Conformity (3): How close the function is to the device on which it is
based.

• Quality of the transmission (1): Amount of mechanical play.

The assessment of the solutions is made with the following relative scale: −, 0, +
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7.3.2 Fixation of the CMG on the pendulum

Table 7.1: Assessment of the solutions for the CMG mounting type.

Criteria Lateral side On top
Conformity (3) 0 −
Bulk (1) 0 +
Implementation (2) 0 −
Total 0 −4

Justifications:

• Conformity: The objective of this technology is to take the form of a wearable
device like a backpack. Therefore, fixing the CMG on the side of the pendulum
is more conform to the end goal of the technology than if it was placed at the
tip of the pendulum. The CMG will be off-centered from the human head-toe
axis like a backpack is.

• Bulk: With the CMG mounted at the tip of the pendulum, the design will
have to be more compact and use fewer parts. Indeed, fixed on the side, the
device will need additional parts to maintain it in place and aligned.

• Complexity: With the CMG placed on top of the pendulum, the complexity
increases to respect the alignment and rigidity of the system as the available
surface for the fixation is reduced or more complex to reach.

7.3.3 Selection of the gimbal shape

Table 7.2: Assessment of the solutions for the gimbal shape.

Criteria U/N shape O shape C shape
Alignment accuracy (3) 0 + 0
Bulk (1) 0 − −
Implementation (2) 0 + 0
Total 0 4 −1

Justifications

• Alignment accuracy: For the O-shape, the alignment of the shafts is optimal
and ensured by two sets of bearings placed at the ends of rods. For the C-
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and U/N-shapes, one of the two shafts has single side support that would
require mounting the wheel on the actuator axis which is not recommended
because of the device size. The second option would be to place a larger set
of bearings relatively close to each other to support and align the shafts.

• Bulk: Compared to the other design, the U/N-shape with its half gimbal
requires fewer parts and is, therefore, less bulky. With the C-shape also
corresponding to a half gimbal, the latter still requires almost as many parts
as the O-shape design.

• Implementation: Both U/N-shape and C-shape are more complex to design
because of the half gimbal used while the O-shape is fixed from both sides of
both rotating axes.

7.3.4 Selection of the motors transmission

Table 7.3: Assessment of the solutions for the motors transmission.

Criteria Gears Key hole in the shaft
Implementation (2) 0 −
Bulk (1) 0 +
Total 0 −1

Justifications

• Implementation: While using gear is straightforward with the actuator on
a different axis than the shaft, the direct transmission from the actuator to
the shaft implies more constraints that can require the addition of an elastic
coupling.

• Bulk: The actuator mounted on the shaft makes it more difficult but space
is gained with both on the same axis.

7.3.5 Selection of the flywheel transmission

Table 7.4: Assessment of the solutions for the flywheel transmission.

Criteria Key Spline shaft Clamping screw
Quality of the transmission (1) 0 + −
Total 0 +1 −1
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Justifications

• Quality of the transmission: The spline shaft is the design that offers lesser
play because the contact surface is larger with the tooth meshing. It also
has a superior load transmission than other techniques. The clamping screw
is the design that has the most play while the use of a key reduces it, but
the transmission quality is not as high as with the spline shaft and is more
subject to wear and fatigue failure.

7.4 Concepts
For this section, three concepts of what could the CMG looks like and how it

could be fixed on the pendulum were drawn and depicted in Fig.7.1-7.3.
The first concept in Fig.7.1 is a design with the CMG mounted on the side of

the pendulum with an O-shape gimbal. The type of motor transmission for both
shafts is gears, and a spline shaft is used for the flywheel transmission.

The second concept in Fig.7.2 is a design with the CMG mounted on top of the
pendulum with a U/N-shape gimbal. Both types of motor transmissions are used,
and the flywheel transmission is ensured with a spline shaft.

The third concept in Fig.7.3 is a design with the CMG mounted on the side of
the pendulum with a C-shape gimbal. Both types of motor transmissions are used
and the flywheel transmission is ensured with a key.

The assessment of the concepts uses the criteria and scale defined in the previous
section.

Table 7.5: Assessment of the concepts presented in Fig.7.1-7.3.

Criteria Concept 1 Concept 2 Concept 3
Alignment accuracy (3) 0 0 −
Implementation (2) 0 − −
Bulk (1) 0 + 0
Conformity (3) 0 − +
Quality of the transmission (1) 0 0 −
Total 0 −4 −3
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Figure 7.1: The first concept is made
of the following functions: CMG
mounted on the lateral side; an O-
shape gimbal; motors transmissions
with gears; and flywheel transmission
with a spline shaft.

Figure 7.2: The second concept
is made of the following functions:
CMG mounted on top; a U-shape gim-
bal; both motor transmissions; and
flywheel transmission with a spline
shaft.

Figure 7.3: The third concept is made
of the following functions: CMG
mounted on the lateral side; a C-
shape gimbal; both motor transmis-
sions; and flywheel transmission with
a key.
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Justifications

• Alignment accuracy: The first two concepts are considered to have the same
quality of alignment because of their use of 2 sets of bearings for the shafts.
The third one has an alignment accuracy lower as the flywheel is directly
mounted on the actuator.

• Implementation: The added complexity for the second concept lies in the
alignment and fixation of the gimbal while for concept 3, the flywheel actuation
is more complex.

• Bulk: From the drawings, concept 2 is the design that takes the fewer space.
Concept 3 is considered as bulky as concept 1 because of the fixation type
to the pendulum. Not much space is gained with the half gimbal in this
configuration.

• Conformity: As explained in the previous justifications, the objective of this
technology is to be worn as a backpack. Therefore the concept 2 with the
CMG on top of the pendulum is not conform compared to concepts 1 and 2.

• Quality of the transmission: The use of spline shafts in concepts 1 and 2
allows the least play because the tooth surface meshed. Compared to concept
3, the use of a key increases the play between mechanical parts and is more
subject to wear and fatigue failure.

7.5 Final solution
The final solution obtained after the assessment of the morphological chart and

several concepts is as follow:

• The CMG is mounted on the lateral side of the pendulum.

• The gimbal is designed with an O-shape.

• The torque transmission of the actuator to the shafts is ensured by gears.

• The flywheel is actuated by the mean of a spline shaft.
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Figure 7.4: Technical drawing of the shaft at the top of the gimbal screwed to
the frame. It is maintained and aligned by a ball bearing on this side and a
gear attached with a clamping screw transmit the torque from the actuator. An
adjustment disk is also used.

Figure 7.5: Technical drawing of the spline shaft with the flywheel maintained in
position with two snap rings and an adjustment disk. It is maintained and aligned
by a set of ball bearings at each side and a gear attached with a clamping screw
transmit the torque from the actuator.
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Figure 7.6: Technical drawing of the shaft at the bottom of the gimbal screwed to
the frame. It is maintained and aligned by a ball bearing on this side.

7.6 Kinematic chain and free-body analysis
In Fig.7.7-7.8 are depicted the kinematic chain of the spline shaft and gimbal

shaft respectively. The free-body analysis are depicted in Appendix Section 11.5-
11.6.

Figure 7.7: Kinematic chain of the spline shaft with: a = 5 mm ; b = 5 mm ;
c = 20 mm ; l = 60 mm
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Figure 7.8: Kinematic chain of the gimbal shaft with: e = 5 mm ; f = 5 mm ;
g = 60 mm ; h = 25 mm; i = 60 mm

With the relations derived from the equilibrium equations and the free-body
analysis, the values of the different forces are computed. Nevertheless, there are
two cases considered to compute the forces. One is when the gimbal is locked
and the wheel is settling from rest to 8000 rpm; the other is when the wheel has
reached its speed and the control of the CMG is activated, the torque generated to
maintain the wheel velocity is then assumed negligible.

General parameters selection

The safety factor Sf was set to 2 because the environment in which the pendulum
operates is controlled, and the loads are determined. Also, the material properties
are well known justifying the choice of Sf .

From Tab.6.3, the inertia of one axis of the wheel is given and with it, the first
sketch of its design was made to estimate its weight around 400 grams.

59



7.6.1 Spline shaft: loading diagram
To solve the equations, the radius of the shaft and the gear have both needed

to be estimated to 0.005m and 0.01m.
From Fig.6.2, one can see that for the pendulum initially tilted by 10 degrees,

the generated torque is approximately equal to 0.6Nm. Therefore, MCMGz is equal
to τCMG ∗ Sf = 1.2Nm

Also, the torque needed to reach 8000 rpm depends on the time the actuator
has to accelerate the wheel. After trial and error with the actuator selection,
the settling time is set to 30seconds. The torque MCx required to accelerate the
flywheel up to 8000 rpm is equal to 0.028Nm and is obtained using the inertia
IWs, the acceleration, and the safety factor.

The values of the forces are gathered in Tab.7.6 and the loading diagrams are
depicted in Fig.7.9.

Force Case 1 [N ] Case 2 [N ]
YA -2.37 22.04
YB 1.02 0
YC 2.91 3.92
YD -1.56 -25.96
ZA 1.12 0
ZB 2.79 0
ZC -2.79 0
ZD -1.12 0

Table 7.6: Values of the different forces acting on the spline shaft stirring the
flywheel in both considered cases.
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Figure 7.9: Loading diagram of the spline shaft with in red, case 1, and in purple,
case 2.
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7.6.2 Gimbal shaft: loading diagram
To solve the equations, the radius of the shaft and the gear have both needed

to be estimated to 0.004m and 0.008m.
From the same simulation with the results depicted in Fig.6.2, the torque τGM

of the gimbal reached a value of 0.12Nm. With the safety factor applied, MFy is
equal to 0.24Nm.

With a wheel weighing approximately 0.4 kg, the gimbal weight was assumed
to 0.5 kg.

The values of the forces are gathered in Tab.7.7 and the loading diagrams are
depicted in Fig.7.10.

Force Case 1 [N ] Case 2 [N ]
XE -2.74 -1.03
XF -3.06 10.92
XI -0.32 11.96
YG -2.37 22.04
YH -1.56 -25.96
YI 0.98 0.99
P 4.91 4.91
ZE -8.06 28.8
ZF -8.4 30
ZG 1.12 -4
ZH -1.12 4
ZI -0.34 1.2

Table 7.7: Values of the different forces acting on the gimbal shaft in both considered
cases.
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Figure 7.10: Loading diagram of the gimbal shaft with in red, case 1, and in purple,
case 2.
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7.7 Parts dimensioning

7.7.1 Spline shaft dimensioning
The material selected for the shaft is stainless steel 304A which is commonly

used for this kind of application.

From the loading diagram, one can see that the momentums at the shoulders
are equal to zero where the stress concentration usually is. Nevertheless, as drawn
in Fig.7.5, the flywheel is axially maintained with two circlips which is acceptable
as there are no axial forces applied. Therefore, the maximal stress location is at
one of the two. For further developments, the momentums at l/2 are used as if
they were applied at the circlip position.

Static load

The nominal bending stress is computed with the equation 4.8 p.138 from the
reference book [40] and can be reduced to:

σnom =
32
√
M2

y +M2
z

πD3 = 0.488
D3

The nominal torsion stress is computed with the equation 4.4 p.135 of the same
book and can be reduced to:

τnom = 16Mx

πD3 = 0.142
D3

The values of the momentums obtained in Case 1 are used here.
To resist in static, the Von Mises equivalent stress relation below is compared

to the yield strength of the material giving the minimal diameter acceptable. The
yield strength of stainless steel 304A is equal to 276 MPa. No safety factor is
applied to it as one was already used on the forces and momentum.

σyield =
√
σ2
max + 3τ 2

max

The maximal bending and torsion stresses are obtained from their nominal
values by multiplying them with their respective stress concentration factors Kt_b
and Kt_t.
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From the drawing book "Méthode active de dessin technique" [41], the groove
for a shaft with a diameter of 10 mm is 0.4 mm deep. The ratio between the shaft
diameter D and the smaller diameter d is equal to 1.04. From the design book [40],
the value for the stress concentration factors in bending and torsion are found in
Fig.4.36 p.164 with a radius r the smallest possible.

Kt_b = 3 Kt_t = 2

The Von Mises relation can now be solved to find:

σyield =
√
σ2
max + 3τ 2

max

D =
(

(σnom ∗Kt_b)2 + 3 ∗ (τnom ∗Kt_t)2

σyield

)1/6

= 0.0018 m

With the values from Case 2, the minimal diameter D is 0.0039.

Fatigue analysis

For the fatigue in bending, the endurance limit Sn is first computed with the
following relation:

Sn = S ′nCLCGCSCT CR

The parameter S ′n is the R.R. Moore endurance limit and is equal to half of the
ultimate tensile strength. The load factor CL and the gradient factor are equal to
1 in bending and for a shaft smaller than 10 mm. The surface factor Cs is equal
to 0.9 to have the shaft commercially polished and the temperature factor CT is
equal to 1. To have a 99% reliability, the factor CR is set to 0.814. The endurance
limit is thus equal to:

Sn = 286 ∗ 1 ∗ 1 ∗ 0.9 ∗ 1 ∗ 0.814
= 210 MPa

For the fatigue analysis, the fatigue stress concentration factor Kf needs to be
found. Using the relation 8.2 p.335 in the design book [40], their expression are
obtained.

65



Kf_b = 1 + (Kt_b − 1)qb Kf_t = 1 + (Kt_t − 1)qt
= 1.92 = 1.54

with qb = 0.46 and qt = 0.54. Now, the equivalent alternating stress σea and
the equivalent mean stress σem can be computed.

σea = Kf_b
32
√
M2

y +M2
z

πd3 τem = Kf_t
16Mx

πd3

= 0.94
d3 = 0.22

d3

To find the value of σea, its ratio with σem equal to 4.27 is used in the fatigue
diagram depicted in Fig.7.11. The design overload point is at 193 MPa.

With σea found, the minimal diameter can be computed using:

σea = 0.94
d3 = 193 ∗ 106

d = 0.0017 with D = 1.04d

The minimal diameter D is thus 0.0018. The same procedure was repeated
with the values of Case 2 and the minimal diameter for D is 0.0039.

Figure 7.11: Fatigue diagram of the spline shaft using the values of Case 1.
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Selection of the spline shaft

From the results, the shaft diameter must be greater than 4 mm which is less
than what was initially assumed, thus its size can be reduced.

By looking in the manufacturer catalog, a spline shaft with a diameter of 8 mm
is found as depicted in Fig.7.12 at Misumi. Its particularity is that the shaft comes
with a flange that can be fixed with a clamping screw. Therefore, there is no more
need for the two grooves for the circlips. Also, the shaft is two-side stepped with a
smaller diameter of 6 mm.

Moreover, a wrench flat can be added for the spur gear to be fixed.

Figure 7.12: Screenshot from the catalog of the selected shaft.

7.7.2 Gimbal shaft dimensioning
The material selected for the shaft is stainless steel 304A which is commonly

used for this kind of application.

From the loading diagram, one can see that the momentums at the shoulders
are equal to zero where the stress concentration usually is. The static analysis is
thus performed where the maximal stress location is, at e+ f + g where the spline
shaft is fixed. The fatigue analysis makes no sense as the gimbal does not rotate
constantly.

Static load

Using the same relations as in the previous section, the nominal bending stress
is computed and can be reduced to:
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σnom =
32
√
M2

x +M2
z

πD3 = 0.21
D3

The nominal torsion stress is computed with the equation 4.4 p.135 of the same
book and can be reduced to:

τnom = 16My

πD3 = 0

Unlike for the spline shaft, the momentums used in each stress equation are
not the same because of the axes change. The values of the momentum obtained
in Case 1 are used here.

To resist in static, the Von Mises equivalent stress relation below is compared
to the yield strength of the material giving the minimal diameter acceptable. The
yield strength of stainless steel 304A is equal to 276 MPa. No safety factor is
applied to it as one was already used on the forces and momentum.

σyield =
√
σ2
max + 3τ 2

max

Because there are no shoulder nor groove, the nominal values of the stresses
are used as the maximal values in the equation above.

The Von Mises relation gives then:

σyield =
√
σ2
max + 3τ 2

max

D =
(
σ2
nom + 3 ∗ τ 2

nom

σyield

)1/6

= 0.0009 m

With the values from Case 2, the minimal diameter D is 0.003.

Selection of the gimbal shaft

From the results, the shaft diameter must be greater than 3 mm which is less
than what was initially assumed and its size can be reduced.

Nevertheless, because of the shaft design, shape, and size, it was decided that
this two-part shaft will be machined and not bought. Its diameter is reduced from
10 to 8 mm.
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7.7.3 Bearings dimensioning
For the selection of the bearings, the design book [40] is used.

Bearings for the spline shaft

First, the radial and tangential forces Fr and Ft are identified. For the spline
shaft, the position D has larger forces applied on and their expression is:

Fr =
√
Y 2
D + Z2

D Ft = XD

These values can be recovered from Tab.7.6 and one can see that only Case 2 is
considered for the selection of the bearings.

Fr = −25.96N Ft = 0N

For radial ball bearing, the relation 14.3 p.608 in the design book [40] is used.
Because the ratio Ft/Fr is null, the pure radial equivalent load Fe is equal to Fr.

Then, the life in revolution L is computed based on the shaft angular velocity
and the working hours. The design life was selected using table 14.4 p.609 of the
design book [40] and set to 500 hours; instruments and apparatus for infrequent
use.

L = 8000 ∗ 500 ∗ 60
= 240.106 rev

Finally, the relation 14.5b p.609 of the design book [40] is used to compute
the required value of the rated capacity Creq. For a reliability of 90%, the life
adjustment reliability factor Kr is equal to 1, it was obtained from Figure 14.13
p.607. The application factor Ka is set to 1.2 (gearing-light impact applications)
and obtained from table 14.3 p.609. For the last, the life corresponding to rated
capacity LR is set to 90.106 revolutions.

The required rated capacity is thus equal to:

Creq = FeKa

(
L

KrLR

)0.3

= 41.8N
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Bearings for the gimbal shaft

Following the same procedure, the expression of the radial and tangential forces
are:

Fr =
√
X2
E + Z2

E Ft = YE

These values can be recovered from Tab.7.6 and one can see that only Case 2 is
considered for the selection of the bearings.

Fr = 28.82N Ft = 0N

For radial ball bearing, the relation 14.3 p.608 in the design book [40] is used.
Because the ratio Ft/Fr is null, the pure radial equivalent load Fe is equal to Fr.

Then, the life in revolution L is computed based on the shaft angular velocity
and the working hours. The design life was selected using table 14.4 p.609 of the
design book [40] and set to 500 hours; instruments and apparatus for infrequent
use. The angular speed was set to 3 rpm which is completely arbitrary as the
gimbal does not rotate continuously.

L = 3 ∗ 500 ∗ 60
= 90.103 rev

Finally, the relation 14.5b p.609 of the design book [40] is used to compute
the required value of the rated capacity Creq. For a reliability of 90%, the life
adjustment reliability factor Kr is equal to 1, it was obtained from Figure 14.13
p.607. The application factor Ka is set to 1.2 (gearing-light impact applications)
and obtained from table 14.3 p.609. For the last, the life corresponding to rated
capacity LR is set to 90.106 revolutions.

The required rated capacity is thus equal to:

Creq = FeKa

(
L

KrLR

)0.3

= 4.35N
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Bearings selection

Based on the results, the bearings are selected in the catalog from Misumi and
it was decided to use bearings designed with flange to reduce the distance between
the two surfaces retaining it as depicted in Fig.7.13.

The same type of bearing with the reference SFL686ZZ will be used for the
spline and gimbal shaft alignment.

Figure 7.13: Screenshot from the catalogue of the selected type of bearings with
the one chosen highlighted.

7.7.4 Actuators selection
Wheel actuator selection

The actuator needed for the flywheel should make the latter reach an angular
velocity of 8000 rpm by applying a torque of 28mNm computed in Section 7.6.1.
For such requirements, it is decided that the transmission ratio between the gears
is equal to 1.
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Therefore, by looking at the manufacturer catalogue, a brush DC motor is
selected from Portescap. The latter has a maximal continuous torque of 33mNm
and a maximal continuous speed of 10000 rpm. Also, a compatible magnetic
encoder was selected from Portescap.

The datasheets of the selected motor, 25GST2R82-230E.1, and encoder, MR2,
are depicted in Appendix Section 11.7.1.

Gimbal actuator selection

To actuate the gimbal, a servo or a stepper motor should be selected for their
high torque and precise motions. For a gear ratio of 2 with the pinion on the actu-
ator shaft, the motor should generate a torque of at least 120mNm as explained
in Section 7.6.2.

From catalogs, a stepper from Trinamic is found. The latter has a stepper
torque of ±100mNm up to 2000 pps, 600rad/s, as depicted in Fig.7.15. This
motor was selected even though the required torque was not reached because of
dimension and supply constraints. Indeed, for an actuator generating a larger
torque, the dimension goes from a square width of 28 mm to 42 mm which is
considered too wide for the design of the CMG. Also, taking a bigger motor also
increased the supply voltage to 24V and more. The specifications of the selected
stepper are depicted in Fig.7.14.

Figure 7.14: Specification of the selected motor, QSH2818-51-07-012.

72



Figure 7.15: The torque generated in function of the speed for the selected motor.

7.7.5 Spur gears selections
Gears to actuate the spline shaft

With the motor and shaft selected, the bore diameters for the gear on the
actuator is 3 mm and for the gear on the shaft 8 mm. Both gears should be fixed
with a clamping screw and as small as possible.

For such characteristics, the choice of gear is limited and with the desire to have
then as small as possible, they are found in the catalog of Misumi with a module
of 0.5.

For the one on the shaft, with a bore diameter of 8 mm, the smallest pitch
diameter is 26 mm for a width of 7 mm. The selected gear has for reference
GEAB0.5-52-2-8 with an allowable transmission force of 0.22Nm.

For the one on the actuator shaft, with a bore diameter of 3 mm, the tallest
pitch diameter is 25 mm. The selected pinion has for reference GEABN0.5-50-2-B-3
with an allowable transmission force of 0.95Nm. The ratio is thus 0.96 instead of
1.

The datasheet of the spur gears is available in Appendix Section 11.8.

From the datasheet of the DC motor in Appendix Section 11.7.1, the maximal
load at 5 mm from the bearing is given, 12N radially and 68N axially. As spur
gears are used, there will be no axial forces on the motor shaft. On the other
hand, the radial force for Case 1 is computed from the torque transmitted with the
following relations:

MMx = rgZM YM = ZM tanφ
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With MMx the torque generated, rg the radius of the gear, ZM the tangential
force acting on the gear, YM the radial force acting on the gear, and φ the pressure
angle equal to 20 degrees. From the torque to accelerate the flywheel of 0.028Nm,
the tangential force ZM is obtained with the gear radius and is equal to 2.15N .
The radial force is thus equal to

YM = 0.78N

There are no risks for the shaft of the actuator to break the bearings inside due
to overloading.

Gears to actuate the gimbal shaft

With a bore diameter of 5 mm for the pinion on the stepper shaft and 8 mm
for gear on the gimbal shaft, gears with a ratio of 2 must be found. By following
the same procedure in the same catalog of gears, the gear and pinion for the torque
transmission to the gimbal are selected.

The pinion reference is GEABN0.5-40-2-B-5 and has a pitch diameter of 20 mm
with an allowable transmission force of 0.72Nm.

The gear reference is GEABN0.5-80-2-B-8 and has a pitch diameter of 40 mm
with an allowable transmission force of 1.65Nm.

Unfortunately, the maximal load applied to the shaft was not given in the
datasheet.
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7.8 Summary
In this chapter, the different possible designs for the CMG and its fixation on

the pendulum were studied through a morphological chart and the presentation of
several concepts. Then, the selected design had its rotating part drawn.

From that, dimensions were assumed for the free-body and loading diagram
analysis to obtain the different forces and momentums at stake.

With those parameters known, the design of the shafts, bearings, and gears was
studied to finally select the actuators that will be used.

For the shaft actuating the wheel, a first static and then fatigue analysis was
conducted to obtain the minimal shaft diameter equal to 4 mm. From catalogs, a
commercial spline shaft with a flange was selected from Misumi.

For the shaft actuating the gimbal, only the static analysis was conducted as
the shaft does not constantly rotate. The minimal diameter obtained for the shaft
is equal to 3 mm. Because of the particular design of the shaft, it was decided that
it will be machined.

For the bearings, the required rated capacity was computed for both shafts and
are equal to 41.8N for the one holding the wheel and 4.35N for the one guiding
the gimbal. Bearings with flange were selected from the catalog of Misumi for their
compactness.

Then, based on the specifications of the dimensions and constraints, the motors
were selected. To actuate the spline shaft, a brush DC motor from Portescap is
used while for the gimbal, a stepper motor from Trinamic is found.

Finally, the gears to transmit the torque from the DC motor to the spline shaft
and from the stepper to the gimbal shaft are obtained from the KHK gears catalog.

With the different dimensioned parts gathered in Tab.7.8, the complete drawing
of the inverted pendulum and CMG system can be made on SolidWorks.
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Part Reference Price [e]

Spline shaft BSJMS8-60-F15-E5
-P6-Q6-FC5-A5 Unknown

Gimbal shaft Machined Unknown
Bearings SFL686ZZ 4x 3.72
Flywheel actuator 25GST2R82-230E.1 191.07
Gimbal actuator SH2818-51-07-012 45.15
Spur gear on the spline shaft GEAB0.5-52-2-8 13.82
Spur gear on the DC motor shaft GEABN0.5-50-2-B-3 13.61
Spur gear on the gimbal shaft GEABN0.5-80-2-B-8 18.07
Spur pinion on the stepper shaft GEABN0.5-40-2-B-5 12.22

Table 7.8: Summary of the selected part after the dimensioning of the latter with
their reference and price if given.
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Chapter 8

Technical drawing of the final
solution

With all the selected parts in the previous chapter and the parameters obtained
from dynamic scaling, the final design presented is drawn in SolidWorks. The result
is depicted in Fig.8.1 and Fib.8.2 with parts that are bought designated by the red
arrows and the ones machined by the blue arrows.

In the following chapter, a brief description of the parts bought that were not
covered in the previous chapter is given then each machined part will be commented
on. The plans of the parts machined are gathered in Appendix Section 11.9.

8.1 Commentary on the parts bought
A damping hinge is selected to support the pendulum and reproduce the viscous

damping naturally present in the human body. This hinge is produced by Hanaya
and its reference is 2000-0001-HNG R. The latter has a variable damping torque
between 0.11 and 0.34Nm. The plan of the latter is depicted in Appendix Section
11.8.1.

The angles are used to ensure the support but also the positioning of the
pendulum fixations. They are bought from Misumi and three screw holes are made
in them. The reference is LRA3_A40_B33_L30 and the datasheet is depicted in
Appendix Section 11.8.2.

Regarding the rest of the parts bought, they have already been covered in the
previous chapter.
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Figure 8.1: Assembly of the complete inverted pendulum mounted with a CMG.
The parts identified on the drawing by a red arrow refers to bought materials and
those designated by a blue arrow are those machined.
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Figure 8.2: Assembly of the CMG without the flywheel. The parts identified on
the drawing by a red arrow refers to bought materials and those designated by a
blue arrow are those machined.
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8.2 Commentary on the parts to machine
Hinge support

The hinge support as depicted in Fig.8.3 helps to support the hinge and the
pendulum such that it is high enough for the edges of the beam not to touch the
board. It is a basic block of wood as using raw material like aluminium for this part
is considered as waste. The hinge is fixed with two screws and the non-rotating
part is rested in the groove part of the block.

Figure 8.3: Hinge support

Pendulum

The pendulum is an aluminium beam of 15x30x270 mm and is supported by
the hinge place in the hole and screws maintain it in place. Boring is made to align
and place the angles. For those reasons, the beam needs to be machined.

Figure 8.4: Pendulum

80



Pendulum fixation bottom

This part has for purpose to hold the CMG and maintain the gimbal axis
aligned with the bearing. For that, it is better to machine it for enhanced accuracy
on a 3 mm thick plate.

Figure 8.5: Pendulum fixation bottom

Pendulum fixation top

This part has the same purpose as the one above but also to hold the stepper
motor actuating the gimbal with gears. For the required precision, it is better to
machine it on a 3 mm thick plate.

Figure 8.6: Pendulum fixation top

Flywheel

The main part of the CMG is machined as no manufacturer was found to make
it. The wheel 40 mm wide has an outer diameter of 86 mm and an inner one of 66
mm. The four holes and the large bore diameter are for the wheel to be fixed on
the flange of the spline shaft.

The reason for the inner corner to be rounded is to prevent unbalance due to
fluid and materials caught on the lip [42].
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Figure 8.7: Flywheel

Gimbal support top

This part has the role of holding in place the gimbal together and is directly
linked to the gimbal shaft. Because of its complexity, the hole to maintain the
shaft in place and transfer efficiently the torque and the screw holes on the side,
the part should be machined on a 8 mm thick plate.

Figure 8.8: Gimbal support top

Gimbal support bottom

This part has the same role as the one above but does not need to be locked on
the gimbal shaft as no torque is transmitted to it. Because of its complexity, no
manufacturer was found to produce the part therefore it should be machined on a
8 mm thick plate.
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Figure 8.9: Gimbal support bottom

Gimbal lateral support

The gimbal lateral support plays a crucial role in aligning the spline shaft and
also to the others gimbal supports. The 3 mm plate needs then to be machined.

Figure 8.10: Gimbal lateral support

Gimbal support motor

This part has the same role as the one above but also holds the DC motor
in place. With the required accuracy for alignment and placement, the part is
machined on a 3 mm thick plate.

Figure 8.11: Gimbal support motor
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Gimbal shaft

The gimbal shaft is a two-part rod of 8 mm that is clamped to the gimbal
support top and bottom with a screw.

Figure 8.12: Gimbal shaft top Figure 8.13: Gimbal shaft bottom
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Chapter 9

Discussion of the results

The objective of this master thesis was to design a down-scaled inverted pendu-
lum weighing 1 kg and from the 3D drawing on Solidworks depicted in Fig.9.1, one
can see that the objective is met. Indeed, the pendulum weight is just above 1 kg
and with its center of gravity at 24 cm as wanted from the dynamic scaling of the
big pendulum.

From the control, it was shown that CMGs could be promising in the balance
assistance field with their high torque generation. Also, because the work of this
master thesis stopped at the mechanical design of the solution, no comparison
between the model and its real capability can be made.

From the mechanical point of view, one can directly see from the solution the
size of the CMG system compare to the height of the pendulum. I believe it is
mostly due to the fact that it is the CMG that contributes the most in the overall
weight of the system. Therefore, if the scale is increased, realistic proportions
between the CMG system and the height of the center of mass should be observed.
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Figure 9.1: Image of the inverted pendulum mounted with a CMG with its mass
properties displayed.
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Chapter 10

Conclusion

The CMG technology has shown through this work it capability in assisting
the balance of an inverted pendulum through numerical simulation. A complete
mechanical design was made so that it is ready to assemble and physical measure-
ments can be made.

Nevertheless, using a single CMG is costly in weight and space as a single wheel
must generate the torque. Configuration of CMG said scissor-pair, the wheels are
rotation in the opposite direction, are particularly interesting as they cancel each
other their non effective torque, the sine part. In this case the pendulum had only
one degree of freedom but once the system is transferred to a system having more
than one DoF, this sine part will be added perturbation to the system. Therefore,
by selecting the right configuration for both CMG, the torque generated will be
only on one axis.

Moreover, when three or more CMG are used in a specific configuration, an
algorithm called "Null motion" can be implemented. The drawback of the poten-
tial field algorithm was the added time for the system to reach its equilibrium
position. This was cause by the fact that the gimbal was slowly rotating back
which was generating a torque knocking off the pendulum. The null motion al-
gorithm is able to find a way for the CMGs to reach a desired angular position
without generate a single torque on the system. They all cancel each others torques.

Because the system aims at proving that the concept works, the design of
the CMG was kept as simple as possible which made it bulky. If the technology
should be integrated in a more end-design, some improvement could be made by
integrating the motor actuating the wheel inside the gimbal. The same goes for the
stepper actuating the gimbal, a better configuration could be found for the CMG
to take less space. Finally, the wheel angular velocity should be increased as highly
as possible to reduced the size of the latter.
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Chapter 11

Appendix

11.1 Complete derivation of the CMG dynamic
equation

The different frames defined to solve the problem are:

• N the reference frame fixed on the ground {n̂u, n̂v, n̂w}

• B the pendulum reference frame {b̂u, b̂v, b̂w}

• G the gimbal reference frame {ĝs, ĝt, ĝg}

• W the wheel reference frame {ŵs, ŵt, ŵg}

The different variables defined to solve the problem are:

• φ, φ̇ the tilt angle and the angular velocity of the inverted pendulum respec-
tively w.r.t the reference frame N

• γ, γ̇ the tilt angle and the angular velocity of the gimbal respectively w.r.t
the reference frame B

• Ω the angular velocity of the wheel w.r.t the reference frame G

• m the body mass

• l the distance from the hinge to the center of mass
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Figure 11.1: Lookalike illustration of what is to be prototyped, an inverted pen-
dulum mounted with a CMG and its degrees of freedom. On this illustration,
the different reference frames and variables (state, control or parametric) are
represented.

Thus to obtain the torque, the angular moment of the CMG defined as the
product of the inertia matrix and the angular velocity must be computed first.

The angular velocity vectors of the different frames can be defined with respect
to the parent frame:

ωW/G = Ω ĝs ωG/B = γ̇ ĝg ωB/N = φ̇ b̂v (11.1)

and the inertia matrices of the gimbal and wheel in their respective frame:

[IG] = G[IG] = diag(IGs , IGt , IGg) [IW ] = W [IW ] = diag(IWs , IWt , IWg) (11.2)

The inertia matrices are diagonal because the coordinate frames G and W are
aligned with the principal body frame axes. Also, the inertia parameters IWt and
IWg are equal because of the symmetric geometry of the wheel about the axis ĝs.
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Therefore, the inertia matrix of the wheel in the reference frame W is unchanged if
expressed in the reference frame G, W [IW ] = G[IW ].

The axis of the frame G expressed in frame B can be written where γ0 is the
initial gimbal angle.

ĝs(t) = cos (γ(t) − γ0) ĝs(t0) + sin (γ(t) − γ0) ĝt(t0)

ĝt(t) = − sin (γ(t) − γ0) ĝs(t0) + cos (γ(t) − γ0) ĝt(t0) (11.3)
ĝg(t) = ĝg(t0)

From those equations, the rotation matrix [BG] to rotate from the frame G to
B can be written as [ĝs ĝt ĝg]. With this relation, the inertia tensors defined in
Eq.11.2 can be expressed in the frame B.

B[IG] = [BG] G[IG] [BG]T = IGsĝsĝTs + IGtĝtĝTt + IGg ĝgĝTg
B[IW ] = [BG] G[IW ] [BG]T = IWsĝsĝTs + IWtĝtĝTt + IWtĝgĝTg (11.4)

The angular momentum of the inverted pendulum about its center of mass can
be decomposed as:

HCMG = HG + HW H = [I ]ω (11.5)

where HG is the angular momentum of the gimbal and HW is the angular
momentum of the wheel. The angular momentum is defined as the product of the
inertia matrix with the angular velocity of the body.

The different angular momentum can thus be computed, first for HG and to be
expressed in the reference frame N, the angular velocity of the gimbal in the latter
frame is the sum of the ones of the gimbal with respect to the pendulum and of
the pendulum with respect to the frame N.

HG = [IG]ωG/N with ωG/N = ωG/B + ωB/N

=
(
IGsĝsĝTs + IGtĝtĝTt + IGg ĝgĝTg

)
ωB/N + IGg γ̇ ĝg Using Eq.11.1-11.4

To simplify the notation, the projection of ωW/B onto the G frame can be
written as:

ωs = ĝTs ωB/N

ωt = ĝTt ωB/N (11.6)
ωg = ĝTg ωB/N
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And thus HG becomes

HG = IGsωsĝs + IGtωtĝt + IGg (ωg + γ̇) ĝg (11.7)

In the same manner HW is computed

HW = [IW ]ωW/N with ωW/N = ωW/G + ωG/B + ωB/N

= IWs (ωs + Ω) ĝs + IWtωtĝt + IWt (ωg + γ̇) ĝg Using Eq.11.1-11.4 (11.8)

In the further demonstrations, ωB/N will be written as ω and it can also be
defined in the gimbal frame G as

Gω = ωsĝs + ωtĝt + ωgĝg (11.9)

With the Eq.11.7-11.8 obtained, Ḣ can be computed and to do that the inertial
derivatives of the different vectors {ĝs, ĝt, ĝg} and those of the body angular velocity
in the G frame {ωs, ωt, ωg} are first obtained.

For the first set, the transport theorem is used and states that

Let N and B be two frames with a relative angular velocity vector of
ωB/N , and let r be a generic vector; then the derivative of r in the N
frame can be related to the derivative of r in the B frame as [21]

Nd

dt
(r) =

Bd

dt
(r) + ωB/N × r (11.10)

Then, using Eq.11.10 with Eq.11.3-11.9

˙̂gs =
Bd

dt
(ĝs) + ω × ĝs ˙̂gt =

Bd

dt
(ĝt) + ω × ĝt ˙̂gg =

Bd

dt
(ĝg) + ω × ĝg

= γ̇ĝt + ωgĝt − ωtĝg = −γ̇ĝs − ωgĝs + ωsĝg = 0 + ωtĝs − ωsĝt

= (γ̇ + ωg)ĝt − ωtĝg = −(γ̇ + ωg)ĝs + ωsĝg = ωtĝs − ωsĝt (11.11)

Whereas for the inertial derivative of the body angular velocities in the G frame,
the Eq.11.6 is derived using Eq.11.1-11.11 are used.

ω̇s = ˙̂gTs ω + ĝTs ω̇ ω̇t = ˙̂gTt ω + ĝTt ω̇ ω̇g = ˙̂gTg ω + ĝTg ω̇

= (γ̇ + ωg)ωt − ωtωg + ĝTs ω̇ = −(γ̇ + ωg)ωs + ωsωg + ĝTt ω̇ = ωtωs − ωsωt + ĝTg ω̇

= γ̇ωt + ĝTs ω̇ = −γ̇ ωs + ĝTt ω̇ = ĝTg ω̇

(11.12)
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The inertial derivative of the angular momentum of the gimbal Eq.11.7 and of
the wheel Eq.11.8 can now be computed using the results of Eq.11.11-11.12.

ḢG = IGs
(
ω̇sĝs + ωs ˙̂gs

)
+ IGt

(
ω̇tĝt + ωt ˙̂gt

)
+ IGg

[
(ω̇g + γ̈) ĝg + (ωg + γ̇) ˙̂gg

]
= IGs

[(
γ̇ωt + ĝTs ω̇

)
ĝs + ωs (γ̇ + ωg) ĝt − ωsωtĝg

]
+ IGt

[(
−γ̇ωs + ĝTt ω̇

)
ĝt − ωt (γ̇ + ωg) ĝs + ωsωtĝg

]
+ IGg

[(
ĝTg ω̇ + γ̈

)
ĝg + (ωg + γ̇) (ωtĝs − ωsĝt)

]
= ĝs

[
IGs

(
γ̇ωt + ĝTs ω̇

)
− IGtωt (γ̇ + ωg) + IGgωt (ωg + γ̇)

]
+ ĝt

[
IGsωs (γ̇ + ωg) + IGt

(
ĝTt ω̇ − γ̇ωs

)
− IGgωs (ωg + γ̇)

]
+ ĝg

[
−IGsωsωt + IGtωsωt + IGg

(
ĝTg ω̇ + γ̈

)]
= ĝs

[(
IGs − IGt + IGg

)
γ̇ωt + IGsĝTs ω̇ − ωtωg

(
IGt − IGg

)]
+ ĝt

[(
IGs − IGt − IGg

)
γ̇ωs + IGtĝTt ω̇ + ωsωg

(
IGs − IGg

)]
+ ĝg

[
IGg

(
ĝTg ω̇ + γ̈

)
+ ωsωt (IGt − IGs)

]
And for the wheel,

ḢW = IWs

[(
ω̇s + Ω̇

)
ĝs + (ωs + Ω) ˙̂gs

]
+ IWt

(
ω̇tĝt + ωt ˙̂gt

)
+ IWt

[
(ω̇g + γ̈) ĝg + (ωg + γ̇) ˙̂gg

]
= IWs

[(
γ̇ωt + ĝTs ω̇ + Ω̇

)
ĝs + (ωs + Ω) (γ̇ + ωg)ĝt − (ωs + Ω)ωtĝg

]
+ IWt

[(
−γ̇ ωs + ĝTt ω̇

)
ĝt − ωt(γ̇ + ωg)ĝs + ωtωsĝg

]
+ IWt

[(
ĝTg ω̇ + γ̈

)
ĝg + (ωg + γ̇)ωtĝs − (ωg + γ̇)ωsĝt

]
= ĝs

[
IWs

(
γ̇ωt + ĝTs ω̇ + Ω̇

)
− IWtωt(γ̇ + ωg) + IWtωt (ωg + γ̇)

]
+ ĝt

[
IWs (ωs + Ω) (γ̇ + ωg) + IWt

(
−γ̇ ωs + ĝTt ω̇

)
− IWtωs (ωg + γ̇)

]
+ ĝg

[
−IWsωt (ωs + Ω) + IWtωsωt + IWt

(
ĝTg ω̇ + γ̈

)]
= ĝs

[
IWs

(
γ̇ωt + ĝTs ω̇ + Ω̇

)]
+ ĝt

[
(IWs − 2IWt) γ̇ωs + IWtĝTt ω̇ + (IWs − IWt)ωsωg + IWsΩ (ωg + γ̇)

]
+ ĝg

[
(IWt − IWs)ωsωt − IWsωtΩ + IWt

(
ĝTg ω̇ + γ̈

)]
(11.13)

Therefore, by summing ḢG and ḢW the rate of change of angular momentum
of the CMG system is obtained which is equal to the external torque applied.
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ḢCMG = ḢW + ḢG

And to simplify the equations, the CMG system’s inertial matrix J is defined
as the sum of the inertial matrices of the gimbal and the wheel.

G[J ] = [IG] + [IW ] = diag(Js, Jt, Jg)

As the equations are long and to make it more readable, Ḣ will be solved axis
by axis.

Ḣĝs = IWs

(
γ̇ωt + ĝTs ω̇ + Ω̇

)
+
(
IGs − IGt + IGg

)
γ̇ωt + IGsĝTs ω̇ − ωtωg

(
IGt − IGg

)
= IWsΩ̇ +

(
Js − IGt + IGg

)
γ̇ωt + JsĝTs ω̇ + ωtωg

(
IGg − IGt

)
(11.14)

Ḣĝt = (IWs − 2IWt) γ̇ωs + IWtĝTt ω̇ + (IWs − IWt)ωsωg + IWsΩ (ωg + γ̇)
+
(
IGs − IGt − IGg

)
γ̇ωs + IGtĝTt ω̇ + ωsωg

(
IGs − IGg

)
= IWs γ̇Ω +

(
Js − IGt − IGg

)
γ̇ωs + JtĝTt ω̇ + ωsωg (Js − Jg) + IWsωgΩ− 2IWtωsγ̇

(11.15)

Ḣĝg = ωsωt (IWt − IWs)− IWsωtΩ + IWt

(
ĝTg ω̇ + γ̈

)
+ IGg

(
ĝTg ω̇ + γ̈

)
+ ωsωt (IGt − IGs)

= Jg
(
ĝTg ω̇ + γ̈

)
+ ωsωt (Jt − Js)− IWsωtΩ (11.16)

Further simplifications can be done by solving Eq.11.6 as ωB/N is known and
defined in Eq.11.1. Thus Eq.11.12 can also be rewritten using the new expressions
of ωs, ωt and ωg with Eq.11.3 where γ0 is assumed equal to 0◦.

ωs = ĝTs ωB/N ωt = ĝTt ωB/N ωg = ĝTg ωB/N

= φ̇ sin (γ) = φ̇ cos (γ) = 0 (11.17)

ω̇s = γ̇ωt + ĝTs ω̇ ω̇t = −γ̇ ωs + ĝTt ω̇ ω̇g = ĝTg ω̇

= φ̇γ̇ cos (γ) + φ̈ sin (γ) = −φ̇γ̇ sin (γ) + φ̈ cos (γ) = 0 (11.18)

Also to express as much as possible the equations with the inertial components
of the gimbal plus wheel system, in Eq.11.14 (−IWt + IWg)γ̇ωt is added which
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is possible as IWt = IWg because of the wheel geometry. Moreover, because the
flywheel is actuated at a constant angular velocity, Ω̇ is null. After simplifications
of Eq.11.14-11.15-11.16 using Eq.11.17-11.18, ḢCMG is obtained.

ḢCMG = ĝs
[
(Js − Jt + Jg) γ̇φ̇ cos (γ) + Jsφ̈ sin (γ)

]
+ ĝt

[
IWs γ̇Ω + (Js − Jt − Jg) γ̇φ̇ sin (γ) + Jtφ̈ cos (γ)

]
+ ĝg

[
Jgγ̈ + φ̇2 sin (γ) cos (γ) (Jt − Js)− IWsΩφ̇ cos (γ)

]
(11.19)

Moreover, because the angular speed of the wheel Ω is of several order of
magnitude higher than the angular speeds γ̇ and φ̇ of the gimbal and the body
respectively. The equation above thus become,

ḢCMG = ĝs
[
(Js − Jt + Jg) γ̇φ̇ cos (γ) + Jsφ̈ sin (γ)

]
+ ĝt [IWs γ̇Ω]
+ ĝg

[
Jgγ̈ − IWsΩφ̇ cos (γ)

]
(11.20)

The torque needed to actuate the gimbal corresponds to the component along
the ĝg-axis of ḢCMG from Eq.11.20 and defined as τGB.

τGB = Jgγ̈ − IWsΩφ̇ cos (γ) (11.21)

Finally, from the component along the ĝt-axis of ḢCMG from Eq.11.20, the
expression of the torque generated by the CMG, τCMG, is given.

τCMG = IWs γ̇Ω

To couple the dynamic equations of the pendulum with the one of the CMG,
the expression above must be transposed from frame G to frame B such that:

τB = τCMG sin (γ)b̂u + τCMG cos (γ)b̂v

= τCMG sin (γ)b̂u + τinv_pend b̂v (11.22)

It is also interesting to note that the bigger the angle of the gimbal orientation
is, the higher the angular speed would have to be for a similar torque.

γ̇ = τinv_pend

IWsΩ cos (γ) (11.23)
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11.2 State space matrices and transfer functions
of the MIMO blocks

Figure 11.2: Representation of the linearized control diagram with their transfer
functions

11.2.1 Linearization of the inverted pendulum block
The equation to linearize is the equation obtained in section 4.1 reminded

bellow. The state variables are φ and φ̇ and their setpoint are [0; 0]. The command
u is the torque τd.

ml2φ̈−mgl sin (φ) = τinv_pend − fφφ̇

As reminded in Fig.11.2, this bloc only has one input, u, and two outputs x.
The state space matrices and the two transfer functions are given here-under.

A =
[

0 1
g/l −fφ/(m ∗ l2)

]
B =

[
0
1

m∗l2

]
C =

[
1 0
0 1

]
D = 0

Lp1 = 0.01518
s2 + 5.5s− 10.11

Lp2 = 0.01518s
s2 + 5.5s− 10.11

11.2.2 Linearization of the CMG block
The equation to linearize is the equation obtained in section 4.1 reminded

bellow. The state variables are γ and γ̇ and their setpoint are [0; 0]. The command
u is the torque τGM and the angular speed of the pendulum φ̇.
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τGM = Jgγ̈ − IWsΩφ̇ cos (γ)

As reminded in Fig.11.2, this bloc has two inputs, u, and three outputs y,
[τd; γ; γ̇]. The state space matrices and the six transfer functions are given here-
under.

A =
[
0 1
0 0

]
B =

[
0 0
1
Jg

IWs
Jg

Ω

]
C =

0 IWs Ω
1 0
0 1

 D = 0

Lc11 = 1676s
s2 Lc12 = 8.422e04s

s2

Lc21 = 33.33
s2 Lc22 = 1676

s2

Lc31 = 33.33s
s2 Lc32 = 1676s

s2

11.2.3 Linearization of the allocation law block
The equation to linearize is the equation obtained in section 4.1 reminded bellow

to which the attractive gradient is added. The state variable is γ̇ and the command
u is the torque τd and the angular position of the gimbal γ.

γ̇ = τd
IWsΩ cos (γ) + katt γ

As reminded in Fig.11.2, this bloc has two inputs, u, and one output x. With its
setpoint at 0, the cosine can be rounded to 1 and angular speed is thus proportional
to the torque and the angular position.

γ̇ = 1
IWsΩ

τd + katt γ

The transfer function expression is thus straightforward.

Lγ1 = 0.01989 Lγ2 = 0.4
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11.3 Matching of the full-scale and scaled pen-
dulum dynamics

Figure 11.3: Matching of the full-scale and scaled pendulum dynamics.
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11.4 Scaled pendulum control under an external
perturbation with both sets of scaled pa-
rameter

One can see in Fig.11.4 that both versions of the scaled pendulum with the
field potential algorithm can handle a perturbation of 0.45Nm during 0.1 second.
The non-minimum of phase behaviour can also be seen in the transient responses
of the gimbal angular velocity and generated torque.

Figure 11.4: Responses of the controllers to an external perturbation for both sets
of scaled parameters.

101



11.5 Free body analysis of the spline shaft
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11.6 Free body analysis of the gimbal shaft
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11.7 Plans and datasheets of the parts bought

11.7.1 Datasheets of the actuators selected to actuate the
spline shaft and its encoder
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11.8 Datasheet of the selected spur gears
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11.8.1 Plan of the damping hinge
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11.8.2 Datasheet and plan of the angle
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11.9 Plans of the different parts to machine

11.9.1 Hinge support
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11.9.2 Pendulum
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11.9.3 Pendulum fixation bottom
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11.9.4 Pendulum fixation top
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11.9.5 Flywheel
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11.9.6 Gimbal support top
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11.9.7 Gimbal support bottom
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11.9.8 Gimbal lateral support
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11.9.9 Gimbal support motor
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11.9.10 Gimbal shaft
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